ISSN 2311-0872

MIHICTEPCTBO OCBITU I HAYKU YKPATHU

BICHUK
XAPKIBCbKOI'O HAIIIOHAJIBHOT'O
YHIBEPCUTETY

imeni B.H. KAPA3IHA

Cepia “ PAJIO®DPIZBUKA TA EJEKTPOHIKA”

Bunyck 42

3anouaTkoBaHa 1971 p.

XapkiB 2025



VYV 30ipHHKY NpEeACTaBICHI PE3yJbTaTH TEOPETUYHHX Ta CKCHEPUMEHTAIBHUX JOCTIIKEHb, 110
CHpSIMOBaHI Ha PO3B’S3aHHS aKTyaJbHHX 3a1ad cydacHoi pamiodisuku. [0 HUX BITHOCATHCS:
MOLIMPEHHS PAJiOXBHIbL B HABKOJO3EMHOMY IPOCTOPi, MOTO MiarHOCTHKA 3 BHKOPHCTaHHIM
pamiodi3MYHUX  METOJIB, TOMHUPEHHA 1 Audpakiis  eIeKTPOMAarHiTHUX  XBHWJIb Y
CJIIEKTPOJMHAMIYHUX CTPYKTypax, B3a€EMOJisl JIa3€pPHOTO BUIIPOMIHIOBAHHS 3 PEYOBHHOIO Ta
OiosoriyHIMH 00’ €KTaMu, (DI3WYHI TPUHITUAIIN Y HAMMIBIIPOBIJHUKOBHX MPUJIAIax Ta iH.

Micist )KypHaTy MOJsTae B TOMY, 00 MPEJACTaBUTH CBIXKI TOCATHEHHS B 00J1acTi paaiodi3uku Ta
NPUPOJHUYUX HAyK U1 HAyKOBHUX TMpalliBHUKIB, acCIipaHTIB, CTYJACHTIB CTapIIUX  KYypCiB

pamiodizMIHMUX CIeiaIbHOCTEH.

Kypnan nyOmikye HayKoOBI CTaTTi, KOPOTKI IOBIIOMJICHHS Ta OINIAAA 3 YyCiX Ipodiem
pamiodi3uKu Ta CyMDKHUX TaTy3eH.

HaykoBe ¢axoBe BumanHsa Ykpainu, kareropii «b», ramy3s 3Hanb: 10 Ilpuponnuui Haykw,
crenianbHicTh: 104 ®@i3uka Ta actpoHomis, 105 Ilpukmanna ¢izuka Ta HaHOMATEpiaH.

Hakxaz MOH Vkpainu Nel188 Bix 24.09.2020 p.

3aTBepIKEHO 10 IPYKY piteHHsM Buenoi pagn XapkiBChKOTo HalliOHATBHOTO YHIBEPCUTETY
imeni B.H. Kapasina (mpotokos Ne 17 Bin 30 uepBHs 2025 poky).

Penaxkuiitna xoJierist

Bionosioanvnuii pedakmop — a.¢.-m.H., npod. llynera C.M.

1.¢.-M.H., npod. Apkyma FO.B., Vkpaina npod. bnaynmreitn H., I3paine

o.¢.-M.H., mpod. ['opobers M.M., Ykpaina n.¢.-M.H., mpod. [Jrobko C.I1., Ykpaina
1.¢.-M.H., npod. Katpuu B.O., Ykpaina 1.¢.-m.H., npo¢. HImateko O.0., Ykpaina
1.¢.-M.H., npod. YopHorop JL.D., Ykpaina npod. s ['o, Kurait

npod. fO [xun, Kuraii
3acmynnuxk ionogioanvrozo pedakmopa — K.¢.-M.H., no1l. [{lumban A.M.

Anpeca penakiiitnoi koserii: 61022, m. XapkiB, maitnan CBo6ou, 4
XapkiBcbkuil HaumioHanbHUM yHiBepcuteT imeHi B.H. Kapasina, ¢akynerer pamiodisuku,
010MEIUYHO1 €JIEKTPOHIKU Ta KOMIT FOTEPHUX CUCTEM

e-mail: radiovisnic@karazin.ua
A.Tsymbal@karazin.ua

CratTi NpoHIUM BHYTPIIIHE Ta 30BHIIIHE PELIEH3YBAaHHS

Inentudikarop memia y Peectpi cy0’ekTiB y cdepi menia: R30-04466

(Pimenns Ne 1538 Bix 09.05.2024 p. HanionansHoi pagu Ykpainu

3 MATaHb Tese0adeHHs 1 pagioMoBieHHs. [Ipotokom Ne 15)

3acHOBHUK XypHally XapKiBCbKHI HauioHaibHUN yHiBepcuTeT iMeH1 B. H. Kapasina, Xapkis,
VYkpaina. Pik 3acuyBanns 1971. [lepionnuHicTh BUXOAY 2 pa3H HA PiK.

© XapkiBcbkuil HarioHanbHU yHiBepcuteT imeHi B.H. Kapaszina, 2025


mailto:A.Tsymbal@karazin.ua

ISSN 2311-0872

MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE

Visnyk
of V.N. Karazin Kharkiv
National University

series “Radio Physics and Electronics”

Issue 42

Founded in 1971.

Kharkiv 2025



The goal of the Journal is to publish articles, reports and reviews containing original results of
theoretical and experimental research aimed at solving the current problems of modern Radio
Physics. These include:the propagation of radio waves in the near-Earth space, its diagnosis using
radio physical methods, the propagation and diffraction of electromagnetic waves in
electrodynamic structures, the interaction of laser radiation with matter and biological objects,
physical principles in semiconductor devices etc.

The mission of the journal is to present the latest achievements in the field of radiophysics and
natural sciences for researchers, postgraduate students, and senior students of radiophysical
specialties. The journal publishes research articles, short communications and reviews regarding
all problems of Radio Physics and related fields.

Scientific professional publication of Ukraine, category "B, branch of knowledge: 10 Natural
sciences, specialty: 104 Physics and astronomy, 105 Applied physics and nanomaterials. The
Decree N 1188 of the Ministry of Education and Science Ukraine of 24.09.2020.

Approved for publication by the decision of the Academic Council of V.N. Karazin Kharkiv
National University (protocol Ne 17 dated 30.06.2025).

Editorial Team
The responsible editor — Dr.Sc., Prof. Shulga S.N.

Dr.Sc., Prof. Arkusha Yu.V., Ukraine Prof. Blaunstein N., Israel

Dr.Sc., Prof. Gorobets N.N., Ukraine Dr.Sc., Prof. Dubko S.P., Ukraine
Dr.Sc., Prof. Katrich V.A., Ukraine Dr.Sc., Prof. Shmatko A.A., Ukraine
Dr.Sc., Prof. Chernogor L.F., Ukraine Prof. Qiang Guo, China

Prof. Yu Zheng, China
Deputy Editor-in-Chief — Ph.D., Assoc. Tsymbal A.M., A.Tsymbal@karazin.ua

Adress: 4 Svobody Sq., Kharkiv, 61022, Ukraine
V.N. Karazin Kharkiv National University, School of Radio Physics, Biomedical Electronics and
Computer Systems

e-mail: radiovisnic@karazin.ua
A.Tsymbal@karazin.ua

Avrticles have been reviewed internally and externally

Media identifier in the Register of the field of Media Entities: R30-04466

(Decision Ne 1538 dated May 9, 2024 of the National Council of

Television and Radio Broadcasting of Ukraine, Protocol Ne 15)

The founder of the Journal is V. N. Karazin Kharkiv National University, Kharkiv,
Ukraine. Year of foundation 1971. The journal is published twice a year.

© V.N. Karazin Kharkiv National University, 2025


mailto:A.Tsymbal@karazin.ua
mailto:A.Tsymbal@karazin.ua

BicHuk XapkiBchbKkOro HaioHaJabHoOro ynisepcurery imeni B. H. Kapa3sina

Cepis «Paniogizuka Ta eqexkTpoHikay, Bunmyck 42, 2025.

3MICT

IHlynvea C. M., bazausvka O.B. Mo10B1 po3KJIaJaHHS TIOJIIB Y BUTJISIII COJICHOITATBHUX 1
MOTEHI[IAIbHUX CKJIAJIOBHX Y 3aKPHUTOMY XBUJICBO/II

ITnaxmin B.A., Axmeooe P.JI., /Iymin O.M. Merton wmirpauii Kipxroda B 3amaui
BUSIBIICHHS TIPUXOBAaHMX METaJIeBUX O0’€KTIB 3a JOMOMOTOK HAAUIMPOKOCMYTOBOTO
reopajapy

TI'aspunenxo /I.1., /[ymin O.M. , ITnaxmii B.A. EnepreTuunuii aHaii3 HecTalioHapHOTO
XBHJIBOBOTO TIPOIIECY, 30YKEHOTO TPSIMOKYTHHM IMITYJIbCOM

Jezenvkuit M. M., Byzaii M. A. IIporHo3yBaHHS PO3CISIHHS €JIEKTPOMArHITHUX XBIJIb Ha
CKJIQJIHUX BEJIMKOrabapuTHUX 00’ €KTax

Kokooiiu M.I'., Hamaposa A., Mogenxo C. , I'ypina /., I'apauescvka |. , Hamapoes /1.,
Pyonesa M. Tuck enekTpOMardiTHOrO BUITPOMIHIOBaHHS HA Ty)K€ TOHKI MPOB1THUKHU

Kazanxko O. B., Ienkina O. €., I'onoeéxo O.B. Po3BUTOK METOAOJIOTII mepexony Bif
CHEKTPAJbHOTO PIBHAHHS BIJHOCHO IPOCTOPOBOi 3MIHHOI 10 JU(EpPeHIAIBHOTO
PIBHSHHS BIJHOCHO CIIEKTpPaJIbHOTO Mmapamerpa y mpobiemi Ilrypma-JliyBimns mis
OJTHOBUMIPHO-TIEPI0JUYHOTO ABOMIAPOBOr0 (POTOHHOIO KpHCTala

15

24

38

47

55



Visnyk of V.N. Karazin Kharkiv National University.
“Radiophysics and Electronics”. Ne42, 2025.

CONTENTS

Shulga S.M., Bagatska O.V., Vinnichenko S.0., Maslennikov A.O. Mode
decomposition of fields into solenoidal and potential components in a closed waveguide

Plakhtii V.A., Akhmedov R.D., Dumin O.M. Kirchhoff migration method in the problem
of detecting hidden metal objects using ultra-wideband GPR

Havrylenko D.1., Dumin O.M., Berdnyk S.L. Energy analysis of a transient wave process
excited by a rectangular pulse

Legenkiy M.M., Buhai M.A. Prediction of electromagnetic waves scattering on complex
shape large objects

Kokodii N.G., Natarova A.O., Movenko S.Yu., Gurina D.V., Garyachevska 1.V.,
Natarov D.M., Rudneva M.V. Pressure of electromagnetic radiation on very thin
conductors

Kazanko O.V., Penkina O.E., Golovko O.V. Development of a methodology for
transitioning from a spectral equation relative to a spatial variable to a differential
equation relative to a spectral parameter in the Sturm-Liouville problem for a one-
dimensional periodic two-layer photonic crystal

7

15

24

38

47



7
ISSN 2311-0872 Bicnux Xapkiecvkoeo nayionanvhoeo ynieepcumemy imeni B. H. Kapasina.
Cepis «Paodiogizuxa ma enexmponixay, sunyck 42, 2025. C. 7-14.

Opucinanena cmamms
https://doi.org/10.26565/2311-0872-2025-42-01
VIIK 537.87

C. M. IIYJBbTI'A, 1. ¢.-Mm. H., mipodecop
e-mail: sergeyshulga@karazin.ua _ ORCID ID: http://orcid.org/0000-0002-9392-9366
O. B. BATAIIBKA, k. ¢.-m. H., TO1IeHT
e-mail: bagatska@karazin.ua ORCID ID: https://orcid.org/0000-0002-4078-4132
C. O. BIHHIYEHKO, H.c.
e-mail: winntt1986@gmail.com
A. O. MACJIEHHIKOB, acnipant
e-mail: djanton2011@gmail.com ORCID ID: https://orcid.org/0000-0002-7728-6559

Xapxiscokuu nayionanvruil yhieepcumem imeni B.H. Kapasina, 61022, m. Xapkis, maiioan Ceoboou, 4

MO/IOBI PO3KJIAJIAHHSA MOJIB Y BUTJIAI COJEHOITAJIBHUX 1
MNOTEHUIAJIBHUX CKJIAJOBUX Y 3AKPUTOMY XBUJIEBO/I

AxTyanbHicTh. HanpuKiHII MUHYJIOTO CTOJITTS BUHUKIIA HEOOXITHICTh Y TOYHOMY PO3B’sI3aHHI 3a/1a4i Ipo 30yHKEHHS
HECTAI[IOHAPHUX IIOJIB Y 3aKPHUTHX i BIAKPUTHX EIEKTPOIMHAMIUYHHUX CTpyKTypax. Ha kadenpi Teopernynoi pagiodiznku
y 80-x pokax Oyj0 3ampoNOHOBAaHO albTepHATUBHHN 1Mo Merony Dyp'e meron MomoBoro 0asucy Uil 3aKpUTUX
MOPOKHUCTUX PE30HATOPiB. Y 3alpoIOHOBaHIi POOOTI PO3MIAHYTO ENeKTPOAMHAMIUHY 3amady Hpo 30YMKEeHHS
HECTAIIOHAPHOTO TOJIS Y BIAKPUTOMY IIIIHAPUYHOMY XBHIeBOAi. [Ipn mpoMy 3 camoro moyaTrky BHXiZHY CHCTEMY
piBHSIHD MakcBe1a po30UTO Ha ABI CHCTEMH PiBHSHB IS COJICHOIAATBHUX 1 IIOTEHIIaIbHUX BEKTOPIB.

Mera pobotu. [loka3aTé MOXKIHBICTh 3aCTOCYBaHHS METOIY MOIOBOTO 0a3uCy Uil CYNEPIO3HUIi COJCHOINANBHHX i
MOTCHLIANBHUX TIOJIiB Y XBUJICBOI 3 TIENIEKTPUYHIM 3aIIOBHEHHSIM.

Marepiajau Ta Mmetoau. I1in 9ac po3B'sI3aHHA OKPEMHX CIICKTPAIBHHUX €JICKTPOJMHAMIYHHX 3a/1a4 IS COJICHOIJabHUX 1
MOTCHLIANPHIX CKJIQJOBUX BEKTOPIB €JIEKTPOMATHITHOTO MOJA B POOOTI OBEAEHO OPTOTOHANBHICTH 3a3HAYEHHX
BJIACHUX BEKTOpIB B 00'€eMi XBHJIEBOly 3 yPaxyBaHHSIM YMOBH OOMEKEHOCTI IOJIiB Ha TOPLSX XBUJICBOAY IIPH NParHeHHi
MO3/I0BKHBOT KOMIOHEHTH LMJIIHAPUYHOTO XBHJIEBOIY JI0 IUTFOC/MiHYC HECKIHYEHHOCTI.

PesyabTaT. YV npunyiieHHi MOBHOTH 3HAMICHHX BIIACHUX (YHKIIN IIyKaHe I0Je MPEACTABICHO Y BUIIAAI CyMH
PO3KIIIaHHs 3a €JIeMEHTaMH MOJOBOrO 0a3uCy Ui COJCHOIMATBHHUX 1 MOTCHI[ANbHUX TMOJIB 3 Koe(illieHTaMH, 10
3anexarp Big yacy. [ vacoBux koedilieHTiB OTpuMaHO audepeHIianbHi piBHIHHS IEPIIOTO HOPSAKY.

BucnoBku. Y po0OTi Ha MpuKIagi HECKIHYEHHOTO IWJIIHAPUYHOTO XBHJICBOAY 3 IiCJICKTPHYHHM 1 JiaMarHiTHUM
3aIIOBHEHHSM 3alpOIIOHOBAHO pPI3HOBHJ MOIOBOTO 0a3Wcy, KONM Ha IIOYaTKOBOMY €Taml pO3B'S3aHHS piBHSHDb
MakcBesuia BEKTOpHI BETMYMHN BUXIIHOT 334l MOJAIOTh Y BUIJIA/II CYMH COJICHOIJATbHAX 1 HOTCHIIAIBHUX CKIIaIOBUX.
[Micns  70BeleHHS OPTOTOHAIBHOCTI BIACHUX BEKTOP-QYHKINH JUIS TOTEHI[adbHUX 1 COJICHOIMAJbHUX TMOJIB 1
NPUITYIIEHHs] TXHBOI IIOBHOTH, Y CTATTi OTPUMAHO PO3B'SI3KH 3i 30y/PKEHHs XBHJICBOJly HECTAlliOHAPHUMH JKEpEeNaMu y
BUTJISITI PO3KITAAHHSI 32 BIACHUMHU (DYHKIIISIMU 3 HEBIIOMUMH YaCOBUMH Koe(illieHTaMHu.

KJIFOYOBI CJIOBA: merton monoBoro 6asucy, COJIEHOITAlbHI Ta MOTEHINANbHI CKIaJ0BI IOJs, 3aada Ha
Bi1acHi QyHKil.

Sk muryBatm: I[lyaera CM, Barambka OB. MozoBi po3kiajaHHs IOJIB y BHUINIAA COJICHOIJAIBHUX 1
MOTEHIIAIFBHUX CKJIAJIOBUX Y 3aKpPUTOMY XBHIIEBOAI. BicHuk XapKiBCHKOTO HAI[lOHAIBHOTO YHIBEPCHUTETY iMEHI
B. H. Kapasina. Cepis «Pamiodisuka ta eaekrponika». 2025;42:7-14. https://doi.org/10.26565/2311-0872-2025-
42-01

In cites: Shulga SM, Bagatska OV. Mode decomposition of fields into solenoidal and potential components in a
closed waveguide. Visnyk of V.N. Karazin Kharkiv National University, series “Radiophysics and Electronics”.
2025;42:7-14. (In Ukrainian). https://doi.org/10.26565/2311-0872-2025-42-01

BCTYIl
JIOBiIbHE €EKTPOMArHiTHE TOJIe € CYMOIO COJCHOIJAIILHOTO Ta MOTEHINAJBLHOTO MOMiB. Uepes 1ie BUHUKAE
3a/a4a Mpo MPEACTaBICHHS €IEKTPOMAarHiTHOTO MOJS Y XBWJIEBOJI y BHUIVIAAI CYNEPIO3HUINi OKPEeMHX MOIOBHX
PO3KJIaZaHh 3a COJCHOINAIBbHUMH 1 TOTCHLIATbHUMH CKIQZoBUMH moysl. [t i1 pos3s'sisamHs Mu Oymemo
BHUKOPUCTOBYBATH MeTO MoJ0BOTO 6azucy (MMB) [1-4] aist ABOX CKIIaZOBUX €JIEKTPOMArHiTHOTO mois. PaHime B
po6oTi [4] Oyn0 pPO3TASHYTO OCOOIMBOCTI MOOYMOBHM MOJOBOTO 0a3uCy Ui BiIKPUTHX EJNEKTPOJIMHAMIYHUX
CTPYKTYp. Y 3ampoIoHOBaHid pOOOTI PO3TISHYTO OCOOIHMBOCTI MOOYJOBH MOJIOBOTO 0a3ucCy sl BiJAKPUTOTO

© ynera C. M., baranpka O.B., 2025
Open access. This article is licensed under a Creative Commons Attribution 4.0 https://creativecommons.org/licenses/by/4.0/
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C.M. lllynvea, O.B. bacayvka

XBHJICBOly 3 BHKOPHCTAaHHAM OOMEXEHOCTI HAmpyKEHOCTEH eJIeKTPUYHOrO0 1 MArHITHOTO TIONIB Ui
COJICHOIJAJbHUX 1 IOTEHLIaJbHUX CKIAZOBHX 32 YMOBH IParHEHHS IMO3JOBXHBbOI KOOPAWHATH XBHJIEBOLY IO
HecKiHueHHOCTi. Po3B'A3aHHS 3amadi NMPOBOAWTHCS HA TMPHUKIAAI HECKIHYEHHOTO IMIIHAPUYHOTO XBUIEBOAY 3
JENEKTPUIHUM 1 JiaMarHiTHAM 3anmoBHEHHAM. [licis MOBeIeHHS OpTOTOHANBHOCTI BIACHUX BEKTOP-(PYHKINH Iyt
MOTEHIIAIbHUX 1 COJICHOIZANBHUX IIONIB 1 MPUIYIIEHHS IXHBOI MOBHOTH y CTATTi OTPHMAHO PO3B'S3KH MO0
30yIKeHHS XBWJIEBOAY HECTAI[iOHAPHUMH JDKEpelNaMH Yy BHIUIAAL PO3KIANaHHS 3a BIACHUMH (QYHKISIMH 3
HEBIJOMUMH 4YacoBHMHU KoedimieHtamu. Lli xoedimieHTH Ui COJICHOINANIBPHUX BEKTOPHUX IOJIB 3HAXOISTHCS 13
CHUCTEeMH TU(epeHIiaTbHIX PiBHAHD MEPUIOT0 MOPSIKY, a KOe(illieHTH Iy MOTCHIIaTbHUX BEKTOPHUX TOMNIB — i3
JIBOX He3aJIeKHUX AM(epeHnialbHIX PIBHSIHB TAKOXK MEPIIOTO HOPSIKY.

MOCTAHOBKA 3AJAYI
PosristHeMO IMTIHAPUYHNIN XBIJIEBi, BiCh KOTO CIpsIMOBaHa B3I0BX oci Z . Hexait S —iioro MONIEPEYHHI

nepepi3 y mionmHi Z = 0, oS - KOHTYp, IO OOMEXye S. ChopMyItoeMo €JIeKTpoANHAMIUHY 3a7ady Ipo
30y/PKEHHS HECTAI[IOHAPHOTO MOJI B TAKOMY XBHJIEBOJI

u&H(R t)_ 4n

VxE(R,t) + M (R.1),

& aE(R t) _4ms
ot

diveE(R,t) = 4mp, (R, 1),

divpH (R,t) = 4np, (R,t), 0 <t <+, ReV

3 HyJIbOBHUMH [OYaTKOBUMHM JaHUMH Ta IPAHUYHOI0 YMOBOIO Et (R,t) =0 na 6iusux crinkax xsunesony. Tyt
R= (X, Y, Z) , V — Buyrpimms o6nacts xunesony, J (R,t) i M (R,t) — I'yCTHHHM CTPYMIB, a pe(R,t) i
ph(R,t) — TYCTHHHU 3apsjiB (€JIeKTPUYHOI'0 Ta MAarHiTHOrO THIIB BiamoBigHo), C — mBHAKICTH cBiTIA Y

BaKyyMi, € i |l — mieJeKTpH4Ha Ta MarHiTHa mpoHWKHocTi (€, = const); ET (R,t) — KOMIIOHCHTA IO,

JIOTUYHA 10 OI9HOT MMOBEpXHi Z XBUIICBOITY.
[TpescTaBUMO BEKTOPHI BEJMYMHM BHXITHOI 3ajqadl y BUDISJ CyMH COJICHOINAaJbHUX 1 IOTEHIiaJbHUX
CKJIaJIOBHX:

|

) =H,(Rt)+H (R.t);
M (Rot) = M, (Rot) + M (Rot). ?

;Ux

|

E,(R.1) E( )H(
J( M (

Sk pesynbrar piBHsiHHS MakcBesia (1) po30uBatoThes Ha JIBi 3a/1aui:
- JUISL COJICHOTNAJIbHUX BEKTOPIB:

VxE (R t)+EM:_4_n

ot C

¢ 0E, (R 1) 4_nJ(Rt)
S

diveE, (R,t) =0, 3)
divuH, (R,t) =0,
E.(Rt)=0,H,(Rt)=0,ReX;

M, (R,1),

V x H J(R,t) -
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Mo0oei posxradanns noaie Y 6u2is0i CONEHOIOANbHUX | NOMEHYIAIbHUX CKIA008UX V 3AKDUMOMY X6UE800I.

- JUIA IOTEHITIaJIbHIX BEKTOPIB:

oH_(R,1) .
— P T —_AnM (R, 1),
S »(R,t)
JE. (R,1) .o
e—2 " —4nJ (R,1),
o md,(R,1)
diveE, (R,t) = 4np, (R 1), @

divuH  (R,t) = 4mp, (R.1),
E,.(Rt)=0H,  (Rt)=0,ReZ;
TYT H N — KOMIIOHEHTa MarHiTHOTO OIS, HOpMasbHa JI0 O14HOI MOBEPXHi XBUIEBOIY.

3AJTAYA HA BJIACHI ®YHKIIII 1JIsI COJTEHOITAJIBHUX BEKTOPIB
PiBHstHHS (3) MOPOJKYIOTh TaKy 3a/1a4y Ha BiacHI QyHKii:

V x E, (R, k,) —ik,uH, (R, k,) =0,
V x H,(R,k,) +ik,eE, (R, k) =0,

o (5)
diveE (R,k,) =0,
divuH, (R,k,) =0;
E..(R,k,)=0,0,H,(R,k,)=0,ReZ; (6)
E.(R,k,)| <+, [H (R,k,)|<+00, Z— o, )
Hexait k, # 0 , Tozai po3s's30k 3anaui (5-7) 3amuieTsest y BANISA
E¥(R,w) = E2(F, w)e™@)?, o

HY (R, ) = H (F, w)e™9),
Y mux cmissimmomenmsx [ =(X,Y,0), v=%;, f=eh;, w= K,C:0(w) = C_lwlwzgu—a)nzm ,
|m\/_2 0, @Opn = KpnC: K, BU3HAueHO HIDK4e. IHzjekc L =€ signosinae TM , a ﬁ =h - TE-
XBHJISIM. YMOBa (7) HaK1agae OOMEKEHHs Ha CIEKTp @ @ @ = @, /\/; Benmuuunu E;ﬂn (F, a)) i Hr;ﬁn (F, co)

BUPAKAIOTHCS Yepe3 cKasipHi GyHKuii £, (r) Ta #on (r) 5]

Exero) =2V g, (),

2
mn

I:iniﬁ(r’ w)==+ (!’C:g ZyxV E (T

©)

2
mn

= ih e lou =
Eérr:(r’a)):_ él 'ZOXVL’Zlmn(r)’

mn

I+ | —
Hﬁrq (r’a)) = i%VJ_’z{mn(r);

mn

(10)

ne E,,(r) i #,,, () BusHaueni sx po3s's3ku 3aa4i Ha BIIACH] 3HAYEHHS
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(V2 +2,)Em(F)=0,F €S; &, (F) =0 (F €S);
(V2 4 k2% (F) =0, T € S; Fpp (F) =0 (F € 3S). 4y
Y wax popuynax V3 = 0% + 0%, V- npoexuis onepatopa sadma sa oy Z = 0.
Vbenemo camspuuii obyrok i conemoimamshux Bnacmmx  sextop-gymkuii  ESC (R, @) i
H:ﬂ (ﬁ, a)) B JIBa CIIOCOOM:
WA (0, ') = <5E;ﬂ (R, w),E;"”' (R, a)’)>,
W, (@,0) = (uHY (R @), H ' (R, o). o

KyTOBi IyKKH [03HAYAI0Th TAKY ONEPALLiO LISt JBOX BeKTOPHUX (yHKuii T] u ( R) Ta V(R) .

(nU(R).V(R)) = [nd(RW(R)V. @
\%
BukopucroByroun piBHsHHS (5) 1 rpanuuHi ymoBH (6, 7), mepeTBOPUMO IHTErpalii 3a 00'€MOM XBUIICBOIY

Ha Pi3HHUINO JABOX iHTErPaIiB 3a HOro IoIepeYHHMH TepepizaMu Z = L il=— L :
W, (0,0) = ——|im][ [H? (R, )< E;"' (R, ') -
(0-0) ey (14)
H: ' (R, 0)xE” (R, w)]ds |, ,
WA (@, 0) = %"mjzo[égﬂ(ﬁ, w)xH;# (R, @) -
|(a)_a)) Lo g (15)
E;”'(R,0)xHY (R, 0)lds|=", .

3a J0MOMOroK IWX BHUpa3iB HECKIAIHO IEPEBIPUTH BHUKOHAHHS CHiBBiJHOLICHh OPTOTOHAJBHOCTI B CEHCI
"ckanspaux" 100yTKiB (12)

We:fﬁ;, (0,0") = N (@) 8,115, 0 6 (@0 — )

16
W, (0,0) = ~N (@), 8,830 ), oo
i
N (@) = 47c[ 7, H (F, @) x Ef (F, 0)ds,
S (a7)
N (@) =N (o)
TPH [IBOMY JIJISI TM xsum (B =€)
N (@) =+ 72290 [ 22 (ryas,
Kin S
ams 1E XBI/IJ'[L(B = h)
N (@) =528 (22 (pys, @)
Kmn S

Jus kO =0 3aga4a (5-7) He Ma€ HeTpUBiaJbHUX PO3B’A3KiB. TakuM YMHOM, 3HAYEHHS kO =0s CIIEKTP

3a/a4i Ha BJIAcHI QYHKIIT UIs CONCHOINANbHNUX (DYHKIIIH HE BXOIUTD.

3AZTAYA HA BJIACHI ®YHKIIII J1JISI MIOTEHIIAJIbHUX BEKTOPIB
[epeiinemo 1o 3amadi Ha BIacHI GYHKIIT A7 TOTEHIIATbHUX BEKTOPiB (4). BoHa Mae Burmsz:
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V x Ep(ﬁ,a):o,
V x Hp(ﬁ,y):O,

I - (19)
graddivi (R,a) +aE (R,a) =0,
graddivH ,(R,y) +vH (R,y) =0;

Epr(li,oc):o, I:IpN (R,y)=0,ReY; (20)
Ep(ﬁ,a)‘<+oo, ‘Hp(ﬁ,y)‘<+oo, 7 — Foo, (21)
[i pimenns naetbes Bupazamu
E,(R,a)=-Vy, (R,a); (22)
H (R.y) ==V, (R,y), (23)
ae \Ve(ﬁ, OL)i \Vh(ﬁ,’y) - BIacHi QyHKIIT TaKuX KpalloBux 3amau:
A\pe(ﬁ,(x) + oc\ye(li,oc) =0,ReV,
(24)

\Ve(ﬁ,oc):O, ReY:

‘\Ve(ﬁ, OL)‘ < 400, Z — Foo, (25)

Ay, (RY)+ 7w, (R,y)=0,ReV,

5 = (26)
aN\Ijh(R!’Y) = 01 R € Z,
‘\uh(ﬁ,y) < +00, Z —> *oo, (27)
i BmacHi QpyHKIIT 3aUCYIOTHCS TAKUM YHHOM

W?(R,a) =@, (r)eilgmn(a)z; "
_ L 28

\lfﬁ (R, ’Y) = (thn (r )eilgmn (v)z .

Tyt (Pemn (I_;) i (thn (F) — MeMOpaHnHi (QyHKIil, BU3HaUCHI B IIepepisi S XBHJIEBOJLY PIBHSHHAMH
(V2 +%2 )9, (F)=0, TS, ¢, (F)=0 (F€dS);

(29)

(V3 +70 )o, (F)=0, FeS, 0,9, (F)=0(Feds).

vV 28) §,,(a)= /a—xsmn . §..(7)= /'y—xﬁmn , (ImIZO); ymoBH (25), (27) HaKIamaOTH

obmexeHHs Ha criektp O 1 7Y . Jlerko nepekonarucs, mo ¢ikcoanuMm M i [ BiAnoBigarTe CNEKTpalibHI TOUKH
> 2 . > 2 _ O . .
A=Y 1YV ZYy (3ayBaxknmo, 1o 3HayeHHs O,y = JI0 CIIEKTpa 3aJayl He BXOJThb, OCKIJILKH BOHU
mn mn

Bi/INIOBINAIOTh JIMIIE TPUBIaILHUM PO3B'a3kam (29)). [lna Y, (R, O(,) iy, (R, 'y) BHKOHYIOTBCS CITiBBiTHOIIICHHS

OPTOrOHANBHOCTI B ceHcl ckamsipHoro no0ytky (13). 3 ormsay Ha [6], nerko mokaszaTd, IO CITiBBiIHOLICHHS
OPTOTOHAIBHOCTI /TSI MOTEHIIAILHUAX TOJIB 3aIMCYIOTHCS TAKMM YHHOM:

<€Eé:") (R" a)’ Eé;z (F_é’ a')> = Kmn (a)5mm'§nn’5(a - (X’);

N (30)
(tHP R ) HED (R 7)) = Koo (11600808 =7).
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3a TaKOro BU3HAYCHHS CKAJAPHUX J0OyTKiB HOpMyBanbHi koedinientn K () i K, () nopisriooTs

Ko (@) = 478G, (@) [ 02, (F)OS;
S

Koo (7) = 471G () [ 92, (F)IS.
S

MoykHa TIOKa3aTH, IO CIMEHCTBa CONCHOINANbHUX 1 NOTCHHIaTbHUX BEKTOP-(QYHKIIH TOTOXKHO
OpPTOTOHANBHI

(31)

(32)

JU®EPEHIIAJIBHI PIBHAHHSA 1J151 YACOBUX KOE®IIIEHTIB
[MpunyctumMo, 110 CHCTEMH BJIAaCHHX BEKTOP-(QYHKIIH, $Ki BIANOBIZAIOTH COJEHOIZAJIbHUM 1
MOTEHIIAJIbHAM TOJIsIM, MOBHI. Lle nmae 3Mory 3amucaTtil pinieHHs npo 30YIKSHHS XBHJIEBOJAY HECTalliOHAPHUMHU
CTOPOHHIMH JIKEepEeTaMH y BUTIISL

RH=> > Z[ j doa OEY (R o)+

v=t f=e,h m,n=1 O

[ daa; ®E;(Ra)];
emn (33)

H(Rt Z S j dobl OHY(R,0)+

p=e,hmn=1l ,

mn/fex

j dyby OHR(R»)].

Zhmn
BukopucroByroun criBBigHoIIeHHs oproroHanbHocti (16)-(17) i (30)-(31) mis uwacoBux KoedilieHTIB

¢ (1) i by (t), orpumaemo cncremy mudpepenmiamsunx pisnsmb nepmoro mopamcy, a mma &, (t) i
o (t) - nesanexcui qucpepenniansui pisnsmis nepuroro nopsaxy:

iwag (t)+0by ()=0ag (o1);

ia)bsvmnw(t)+8tas (t) =0 (o,b);

oy, (O =0, (a.t);

ob, (O =ag, (1)

(34)

(35)

Ipasi yactunu B (34), (35) AOPiBHIOOTE:
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V) 4z ¥ -
Oh,, (@,1) N )JM(R HH”(R,w)dV;
9% (o,t)= —Nf,lg—” [IRDE” (R 0)dv;

mn(w)v (36)
v — 4r TP \E-V(D .
qpemn(a!t)—_m\.[J(R,t)Ep (R,a)dV;
Opy, (D) === [MROH" (R, y)dV.

mn( )V

JlomoBHUBINK 3BUYaiiHi audepenmiansai piBHsHHA (34), (35) HeoOXimHMMHM MOYATKOBUMH YMOBAMH,
MPUXOANMO 10 KaHOHIYHOI 3ama4i Komri, po3B's30K SKO1 3HAXOAATH Y SBHOMY BUTJIISAIL 32 JOTIOMOTOI0 CTaHAAPTHUX
3aco0iB [7], HanpuKian, i3 3aydeHHEsIM yacoBuX QyHKUiH ['pina. Crocid iXHPOT MOOYIOBH € BiTOMHUM, HAIPUKJIIA],
[7], i mu #ioro He 0OrOBOPOEMO.

BUCHOBKH

VY poboTi Ha mNpHKIaAI HECKIHUCHHOTO IMIIHAPUYHOTO XBHWJICBOAY 3 MICTNCKTPUYHAM 1 JiaMarHiTHIM
3aMOBHEHHSAM 3alPOMOHOBAHO PI3HOBUA MOJIOBOrO 0a3ucy, KOJHM Ha TMOYATKOBOMY €Tarli PO3B'SI3aHHS PIBHSIHBb
MaxcBemaa BEKTOpHI BETMYMHHM BUXITHOI 3a7adi MONAIOTh Y BHUIBIAI CYMH COJCHOINATbHUX 1 TMOTCHIIATBHUX
cknanoBux. [licis JOBEACHHS OPTOrOHAJIBHOCTI BIACHUX BEKTOP-(PYHKIIN JUIST MOTCHI[ANbHUX 1 CONCHOTNAIBHIX
MOJIB 1 TPHUITYLIEHHS IXHBOI MOBHOTH Y CTATTi OTPUMAHO PO3B'SI3KHM 31 30Y/PKEHHS! XBHJIEBOJY HECTAl[lOHAPHUMHU
JUKepelIaMHu y BHUIIAII PO3KJIaJaHHS 332 BIACHUMH (DYHKIIISIMH 3 HEBIIOMUMH 4YacOBUMHU KoediiieHtamu. Jljis
4acoBUX KOE(DILIEHTIB OTpUMAaEMO Jau(epeHliaNbHi pPIBHAHHA, $SKI HaW4acTille Ha3WUBAIOTh EBOJIOLIHHUMHU
piBHSHHSIMU. PilleHHs nuX piBHSAHB 3 BIAMOBIAHUME (Pi3MYHUMH IMOYATKOBUMH YMOBAaMH 3a3BHYail 3HAXOISTHCS 3a
JIOTIOMOT'0I0 CTAaHAAPTHUX METOAIB MaTeMaTHYHO1 (i3uKu.
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MODE DECOMPOSITION OF FIELDS INTO SOLENOIDAL AND POTENTIAL COMPONENTS
IN A CLOSED WAVEGUIDE
S. M. SHULGA, O. V. BAGATSKA, S. O. VINNICHENKO, A. O. MASLENNIKOV
V. N. Karazin Kharkiv National University, Department of Theoretical Radiophysics,
4, Svobody Square, Kharkiv, 61022, Ukraine

Background. At the end of the last century, it became necessary to solve the problem of excitation of
unsteady fields in closed and open electrodynamic structures. In the 1980s, the Department of Theoretical
Radiophysics proposed an alternative to the Fourier method, the mode basis method for closed hollow
resonators. In this paper, we consider an electrodynamic problem on the excitation of an unsteady field in an
open cylindrical waveguide. At the very beginning, the original system of Maxwell's equations is divided into
two systems of equations for solenoidal and potential vectors.

Obijectives. To show the possibility of applying the mode basis method for superposition of solenoidal and
potential fields in a waveguide with dielectric filling.

Materials and methods. When solving some spectral electrodynamic problems for solenoidal and potential
components of the electromagnetic field vectors, the orthogonality of these eigenvectors in the waveguide
volume is proved, taking into account the condition of field boundedness at the waveguide ends when the
longitudinal component of a cylindrical waveguide tends to plus/minus infinity.

Results. Under the assumption of completeness of the found eigenfunctions, the desired field is represented
as the sum of the expansion by the elements of the mode basis for solenoidal and potential fields with time-
dependent coefficients. The first-order differential equations are obtained for the time coefficients.
Conclusions. In this paper, using the example of an infinite cylindrical waveguide with dielectric and
diamagnetic filling, a type of mode basis is proposed, when at the initial stage of solving Maxwell's
equations, the vector quantities of the initial problem are represented as the sum of solenoidal and potential
components. After proving the orthogonality of the eigenvector functions for the potential and solenoidal
fields and assuming their completeness, the paper presents the solutions for waveguide excitation by
nonstationary sources in the form of an expansion by eigenfunctions with unknown time coefficients.
KEYWORDS: mode basis method, solenoidal and potential field components, eigenfunction problem.
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METOJ MITPALIT KIPXTO®A B 3A/IAUI BUSIBJEHHS IPUXOBAHUX
METAJIEBUX OB’CKTIB 3A JOMOMOI'OIO HAJIIUPOKOCMYT'OBOI'O
TEOPAJIAPY

AxtyanbHicTs: Hammmpokocmyrosi (HIIC) reopamapHi cHCTeMH IIMPOKO BHKOPUCTOBYIOTBCS JUIS BHSBICHHS
npuxoBaHux 00'ektiB. [IpoTe edexTrBHa 00pOOKa JaHMX, OCOOIMBO Y CKIAIHUX CEPEIOBHIIAX i3 HEOTHOPITHOCTIMHY,
3aITHINAETHCS aKTYaIbHOIO MP001eMoto. TOYHICTh BU3HAUCHHS MIMOMHU TaKUX 00'€KTIB 3HAYHOIO MipOO 3aJICKHTh BiJ|
KOPEKTHOTO 3aCTOCYBAaHHS METOJIiB Mirparii Ta monepegHpoi 0OpoOKU CUTHATIB.

Mera poéoru: Po3B’s3aHHS MOIenbHOI 3amadi BH3HAYCHHS TIIIMOMHU MeTajeBoi TpyOW B OJHOPIAHOMY Ta
HEOJHOPITHOMY CEpPEIOBHUII 3 BUKOPUCTAHHAM MeToAy Mirpauii Kipxroda a1 mogansmoro 3acToCyBaHHS MiIXOLy
JI0 peaNbHUX Te0PaTapHUX JaHHX.

Marepianu Ta meToau: Mojenb cepeoBHINa BKITOYAIa OJHOPIIHY 001acTh Ta 00JIACTh i3 TPAHIICERD, IO MiCTHTh
MeTainieBy TpyOy. sl MOZeIOBaHHS MOMMPEHHs CUTHAITY BHKOpHcToBYBaBcs Metox FDTD 3 raycoBuM iMImymnscom
tpuBaiictio 0,6 He. Byno chopmoBanHo B-ckanu 3 15 monokeHs aHTEHHU, a OTPUMAHI JaHi IiJJIaBAIUCS ITOTIepeHIN
00pobui Ta Mirpamii Kipxroga. Y BHIaaKy HEOTHOPIMHOTO CEPENOBHUINA BPAaXxOBYBalach 3MiHA JiCICKTPHYHOT
MIPOHHUKHOCTI.

PesyabTaT: OTprMaHO 4iTKe 300paskeHHs TPyOH MiCIs 3aCTOCYBaHHS METOAY Mirpallii, sike CriBnaaae 3 pakTHIHOO
rOWHOI0 00°€KTa SIK B OJHOPIAHOMY, TaK 1 B HEOTHOPITHOMY CEpEeNOBHUINII. Y pa3i iIrHOpYBaHHS JIOKAJTBHUAX 3MiH
TIENEeKTPUYHOT IPOHUKHOCTI CIIOCTEPIraeThCsl MOXMOKA, SIKa MOXKE I0CATaTH BEJIMYMHH, OJIM3BKO 710 AiaMeTpa TpyOu.
BucnoBkn: Metox mirpaii Kipxroga e edexkTruBHUM JUTsl BU3HAUSHHS ITMOMHU METAJIEBUX 00’ €KTIB Y MOJICIBHOMY
CEepEIOBHIII 32 YMOBH MPABUIBHOT OILIHKK MapaMeTpiB cepeaoBuina. HeoOXiqHo BpaxoByBaTH HEOJIHOPIAHOCTI, TaKi
SIK TpaHIIei, 1711 3MEHIIeHHs TOXUOOK Y PO3paxyHKax, II0 € KPpUTHYHO BaXJIMBUM JUISl IPAaKTUYHKX 3acTocyBanb HIIIC
reopajaapis.

KJIFOUYOBI CJIOBA: mignoBepxHeBHi 00’€KT, reopagap, HaIIUPOKOCMYTOBI IMITyJIbCHI €eKTPOMArHiTHI XBHI,
Mirpanis Kipxroda.

Sk uwurysatu: Ilmaxrtii BA, Axmemos P, Jymin OM. Meton wmirpamii Kipxrodga B 3amaui BUSBICHHS
MPUXOBAaHMX METAJCBHX OO0’€KTIB 3a IOMOMOIOK HAAIIHPOKOCMYTOBOTO reopaaapy. BicHuk XapkiBChKOTO
HarioHamsHOrO yHiBepcutery imeni B. H. Kapazina. Cepis «Pamiodisuka Ta emexrponikay. 2025;42:15-23.
https://doi.org/10.26565/2311-0872-2025-42-02

In cites: Plakhtii VA, Akhmedov RD, Dumin OM. Kirchhoff migration method in the problem of detecting hidden
metal objects using ultra-wideband GPR. Visnyk of V.N. Karazin Kharkiv National University, series
“Radiophysics and Electronics”. 2025; 42:15-23. https://doi.org/10.26565/2311-0872-2025-42-02

BCTYII

[Minnosepxuesi reopagapu (GPR) cboroiHi BUKOPUCTOBYIOTHCS ISl IIMPOKOTO CIIEKTPa 3a/1a4, IT0B’I3aHUX
i3 BHBYECHHSAM BHYTPIIIHBOI CTPYKTYpH TIPYHTIB Ta MaTepiaiiB 0Oe3 IixHboro pyiHyBaHHA. OpHi€o 3
HaBaXIMBIMHUX cdep 3acTOCyBaHHS € OyHIBHHITBO, A€ Teopazap JA03BONSE 0 MOYATKy 3E€MITHUX POOiT
BUSIBJIITH TIPUXOBaHI iH)KEHEpHI KOMYyHiKamii — Taki sk Tpyou [1], B Tomy uumcii He meranesi [2], kxabeui,
BKITIOUAIOYM ONTOBOJIOKOHHI [3], WM JnpeHaxHi cuctemMu. lle 3HAYHO B3HIKYE PHU3BHK IOIIKOKCHHS
iHpPaCTPyKTypH Ta migBHUILYy€ Oe3rnexy pobit. Takoxx GPR akTMBHO BUKOPHUCTOBYIOTH /7Sl 0OCTEKEHHS OETOHHUX
KOHCTPYKIiH, 30KpemMa IJs BHUSBICHHS BHYTPIIIHIX Ae(eKTiB, apMyBaHHSA ab0 MOPOXHHH, IO JIOTIOMArae y
BU3HAYCHHI TEXHIYHOTO CTaHy criopy [4].

VY 10pOXHBOMY Ta aepOJPOMHOMY OYIIBHHMIITBI IreopajapH CIYrylOTh IHCTPYMEHTOM KOHTPOINIO SIKOCTI
JIOPOXKHBOTO TOJIOTHA [5, 6]. BOHM 103BONISIOTH BM3HAYATH TOBIIMHY IIAapiB MOKPHTTS, JIOKaJi3yBaTH 30HH
pO3yLIIbHEHHsT a00 MPUXOBaHI IMOPOXXHUHM, SIKI 3 4aCOM MOXXYTh CHPHYMHHUTH IPOCIJaHHS YM TPIIMHHU Ha

© IMnaxriit B.A., Axmenos P. /1., Aymia O.M., 2025
Open access. This article is licensed under a Creative Commons Attribution 4.0 https://creativecommons.org/licenses/by/4.0/
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noBepxHi. Takox y 3uMoBux ymoBax GPR mae 3Mory crexunTn 3a mpoliecaMy HMpOMEp3aHHS Ta BiITaBaHHS
TPYHTIB, III0 OCOOIMBO aKTyaIbHO U JOPIT Y MiBHIYHUX perioHax [7].

Hapermri, reopagap akTHBHO 3aCTOCOBYETHCS Y BIICHKOBHX 1 TYMaHITapHUX omepamisx [8], 30kpema aist
BHSIBIICHHS MiH, G0enpHmacis a6o TyHes1iB. Moro 31aTHicTh 6aunTh Kpish IPYHT 6€3 (Bi3HIHOr0 BTpYYaHHs pOOUTH
Horo He3aMiHHUM 1HCTPYMEHTOM Y MICisIX pO3MiHYBaHHS Ta B OIIEPAIlisiX IUBUIEHOTO 3aXHCTY.

[IpoTe 06poOKka OTpUMAHNX 3 HIX JaHUX 3AIUIIAETHCS CKIIATHNAM 1 aKTyaJbHUM 3aBIaHHsIM. baraTo migxoxis
JIOTIOMararoTh BUPIMIMTH 1I0 rpodiemy. Hampukian, y3aransHene neperBopenHst Xada [9], uac npossory [10],
[11], meToau mirpauii [12]-[14], mriryuni Helipouni mepexi [ 15]-[16], tomorpadis [17] ta 6arato inmux. [cHYyIOTH
Ppi3HI MeTou Mirparii, siki BAKOPHCTOBYIOThCS 11 0OpOOKH TeopajapHuX CKaHyBaHb. Hanpukian, rinepoosiune
(mudpakuiiine) migcymoByBaHHs, mirpamis Kipxroda, ¢aszoea mirpauis, f-K mirpanis Cronra Ta mirpaiis Ha
OCHOBI 3BOpOTHOT mpoekiiii [ 18]. KoxkeH 3 HUX Mae mepeBaru, HEOMIKHY 1 ISsIKi 0COOJIMBOCTI 3aCTOCYBaHHS. Y IIii
poboti Mu BHKOpHcTOBYBanu Mirparito Kipxroda [19]. [dns xopekTHOI poOOTH METOAy Mirpaiii HeoOXiTHO
OLIHWTH MaTepialbHi mapaMmeTpu cepemoBuma. Y poOoti [20] aBTOopM HaBenW MPUKIAN MiAXOMIB, SKi
JOTIOMAraroTh e 3poOuTH. OCKIUTBKH €Heprisl eNeKTPOMAarHiTHOTO MO, BiIOMTOTO BiJ NMPHXOBAaHOTO 00'€KTa,
Oyna MEHIIOI0, HK BiOMTOTO TOJSA BiJ MOBEPXHI Ta IHIMIHMX MHEPEIIKOA, HEOOXiTHO pPETeIhHO BHKOHYBATH
MOTIEpeTHI0 00POOKY OTpHMAaHMX CUTHaNIB. EQexT TpeMTiHHs "acy ImijJ Jac 3alHcy CHUTHAIY IiIBUIIYE PiBCHb
MEPEIIKO] y Pe3yabTyI0UOMY CUTHAII, 10 MOXE IPHU3BECTH 0 MOTaHOTO BiHOBJIEHHS MPOQUIIO IIPUXOBAHOTO
00’exTa 200 HaBITH O MIOMIUTKOBHUX CIIPalbOBYBaHb [21]. ABTOpH IPOMOHYIOTH JBi crierudikarii, ki HeoOXiaHO
BpPaxOBYBAaTH MPH MPOCKTYBaHHI aHTCH 1 CUCTEM JUIsA PEATICTHYHOI OLIHKKA 1OT0 eekTy. SIKICTh OTpUMaHUX
BiZIoOpa)keHb BiJ] IPUXOBAHUX 00'€KTIB OE3MMOCEPEAHBO 3AJICKUTD BiJl PIBHSI CTOPOHHIX MEPEHIKO/I. 3 LI€I0 METOI0
aBTOPH B [22] 1eMOHCTPYIOTh METO/M OLIHKH PiBHS BIuMBY BinouTTiB Bix HIIC anTeHHoi cucremu. He MeHn
BaXXJTUBO PO3POOUTH aHTCHY, sIKa MAaTHUME MiHIMaJIbHHIA 3B’ 30K MK IepeaBadeM i mpuitMaueM, sIK OKa3aHo B

[23].

MNOCTAHOBKA 3A1AYI
Po3risiHeMo 3ajauy HOPMaJbHOTO MAiHHS IUIOCKOI €JIEKTPOMAarHiTHOI XBHJII Ha MOJIENb CEepellOBHUILA.
YacoBa 3aJIe)KHICTh MA€ BUIJIS rayCcoBOro immysbcy Tpuamictio 0,6 He. CepeqoBuliie po3risiganocst y ITBOX
BUIIAJIKax, CIIOYaTKy OJHOPIIHE CepeloBHUILE 3 TIEICKTPUYHOI MPOHUKHICTIO €2 = 9 1 nposignicTio 6 = 0,005
CM/M i3 3ariauOIIeHOI0 MeTaneBoo Tpyokoro Ha rianbuni Z (Puc. 1).

Jpyruii Bunagok npenacTasiisie MoJeb CEPEJOBHINA, SIKE MICTUTh TPAHIIEIO 3 JIIEEKTPHYHOIO IPOHUKHICTIO
€3=12 (Puc. 2). B o6ox Bumagkax ¢l = 1. Tpanmes mae rmubuny 0,6 M i mmpuny 0,6 M. MertaneBa TpyOa
po3ramoBaHa B cepenuHi TpaHmei. Jiamerp Tpyou cranoButs 0,05 M, a ii rmubuHa konmBaeThes Bix 0,175 M 1o
0,425 M 3 kpokoMm 0,025 M. 3aramom it oTpuMaHHS B-ckany Oyrmo Bukopuctano 15 3oHmiB. Bimcrane mixk

koxHHM 0,1M.
AAAAAAAALALALAAL

0

AAAAOALAAAAAAA

“Th

Puc. 1 T'eometpis 3a1aui 3 0JHOPIAHMM CEpeIOBUIIEM ) Puc. 2 I'eomerpist 3anaui 3 Tpaniieeio
Fig. 1 The geometry of the problem with a homogeneous Fig. 2. The geometry of the problem with the trench
medium
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Mirpauis Kipxroga [Tigroronenmii B-ckan
E(xq 2 Zq ) N R
Fadh! CXp
:' “
z, (o .
A\
A J
X 4 X

Puc. 3 Cxemaruune 306pakeHHst iporiecy mirpairii Kipxroga mix mpocropom 306paskeHHs (Xg, Zg) Ta
miaroTosieHuM B-ckanom (X, t)
Fig. 3 Schematic illustration of the Kirchhoff migration process between the image space (xq, Zq) and
preprocessed B-scan (x, t)

VY naHiii 3aga4i U1 po3paxyHKy YacOBUX 3aJIE)KHOCTEH €JIEKTPOMArHiTHOTO MOJIsSI BAKOPHCTOBYBABCS METOJ
FDTD. [Ins Bu3HaueHHs TIAHMOWHH 3alsiraHHsA MeTaneBoi TpyOm B-ckanm Oynm momepemHpo 0oOpoOiieHi Ta
3actocoBaHo Mmetox wmirpamii Kipxroda. as po3paxyHKy pe3yiabTYOUOrO 300pa)kKeHHS OyJIH BHKOPHCTaHi
sanexxHocri (1) ta (2).

T cos(6) ) 872
I =t )dx,
.[ |I’| at% ( p) | @
typ = 2—hsec(é? + 22 ,sec(0, )\/g
C C , 2)

i
6 - KyT orysiLy HuT (Ha, Hg); 6. - KyT oy B HOBITpI; Oy - KYT OTJISILY B CEPEIOBHIL; 7* - BIICTAHb Bijl aHTEHH
JIO TOYKH Ha TINepOOTiYHIA KPHUBIiL; Xa - TOMOKEHHS CKAHYBaHHS aHTCHH; texp - OYIKYBaHUI Yac MOSBH TiMEpOOITH.

6, Ta 63 MOXHa OTpHMAaTH BUXOIMYi i3 3akoHy CHemiyca. Pe3ympTyroue 300pakeHHs Mirparii Oyio
pO3paxoBaHe 3a arOPUTMOM, SKHU OIUCAHO B [24].

PE3YJbTATHU UUCJIOBOI'O PO3PAXYHKY

HeobOpoOsenuii B-ckan mist momeni cepemoBumia (Puc. 1) mpencraBnenuit Ha Puc. 4. Kommnonenra
EJIEKTPUYHOTO T10JIsl HOPMOBaHa Ha MaKCHMMAJIbHE 3HAUEHHS JIEKTPHUYHOTO TOJISl ISl KOYKHOTO A-CKaHy OKpEMO.
Ha Puc. 4 MoXXHa BIA3HAYUTH TPH BaXJIUBI 00JACTi: BEJMKA aMIUTITyJa MaJalodyoro ['ayCoBOro iMITyJIbCY,
BIIOUTTSI BiI MEXI1 IBOX CEPEOBUII 3 HETATHBHOKO aMILIITYI00 Ta HU3bKOCHEPTeTUYHI BiIOUTTS BiJ METanIeBOl
TpyOKku. J{s Kpamioro aHamizy Ham MOTPiOHO BiOKpEMHTH BifoOpaxkeHHs Bix TpyOku. Mu BigHIMaeMo B
KO)KHOMY A-CKaHi cepeqHe 3HAYEHHS Mi€l aMIDNTYAX CIEKTPUYHOTO IOJIA MPOTATOM B-CKaHy B KOXHOMY
3BOPOTHOMY BiIiKy. CItiJ 3a3HAYUTH, IO TAKUH IMiIX1] MOKIMBHH JIUIIIE 32 HASBHOCTI IIaJIKO1 MOBEPXHI, IO HE
XapaKTepHO IJIS peallbHUX JaHUX. [Hakmie 00poOiieHe B-ckaHyBaHHS MaTUMe 3HAYHI TSP EIIKOIH.

OpHak [BOrO MiJXOMy IOCTATHBO JJIS HAImIOi MONENbHOI 3amavi. Pesymprar momepenHpoi 0OpOOKH
noka3anuii Ha Puc. 5. Tyt noOpe BuIHO BiAOUTTS Bif TpyOH y BUTIISAI TTapaboIIy.

ITicns momepenHpoi 0OpoOKK HEOOPOOIEHUX JaHUX MH MOXEMO 3acTocyBaTH MeToj Mirpamii Kipxroda.
OpHak Ui KOPEKTHOI pOOOTH METOAY HEOOXiJHO MpaBWMIIBHO BKa3aTH BCi MapaMeTpHW, a caMe BHUCOTY
MpUIAMAaNIBHOI CUCTEMH, ii KPOK y IPOCTOPI 1, TOJIOBHE, JieNIEKTPUIHY IPOHUKHICT CEPEOBHIIIA.
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He oOpobncHuit B-ckan

0
9) 0,5
10 0
15 -0,5
0 0,5 1 1,9

[TonoxeHHs CKaHyBaHHA X, M

Yac, HC

Puc. 4 He 06pobnennii B-ckan 11 0JHOPIAHOTO cepeloBHUIIa
Fig. 4 Raw B-scan for a homogeneous medium

[Tonepeaubo 00podaeHuii B-ckan

0 0,03
0,02
5
0,01
0
10
-0,01
15 -0,02
0 0,5 1 1,5

2 3

YHac, HC

[ToNOKEHHS CKAHYBAHHS, M

Puc. 5. [lonepenuso 06podennit B-ckaH 1i1s 0THOPIAHOTO cepeqoBHIIA [Tl THOUHN TpyOoHn z = 0,2 M
Fig. 5 Pre-processed B-scan for a homogeneous medium for pipe depth z=0.2 m
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Mirpamisg Kipxroga
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0 0,5 1 1,5
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Puc. 6 JIBoBuMipHe 300paskeHHst MeToay Mirpanii Kipxroga y yacosiit obnacti st rmubunam tpyou z = 0,2 M
Fig. 6 2D time-domain Kirchhoff migration method image for pipe depthz = 0.2 m

Li napamerpu OynyTh BIUIMBATH Ha TOYHICTh BH3HAUYEHHsS IIMOWHM NpuxoBaHux o0'ektiB. Ha Puc. 6
HaBEJICHO Pe3yJIbTAT Mirparii Uil BUNaAKy OJHOPIAHOTO cepenoBuina €2 = 9 1 mduHu MetaneBoi Tpyou 0,2 M.
MaxcumanbHe 3HaYeHHS Ha OTPIMAaHOMY 300pakeHH1 TOYHO BiJIIOBia€ KOOPINHATI 00'€KTA.

VYV pesympTari po3paxoBaHi IMOWHW mMo3HadeHi Ha Puc. 7. Baummo, mo po3paxoBaHi 3HAYEHHS HE
BiZIPI3HAIOTHCS B pakTHuHUX. Lle Hacmigok 1oOpe HamamToBaHOT MOZETI.

0,45 . .
= ———— (DakTHYHA ITHOHHA
,::“ ()’._l. +| ®  Po3paxoBaHa rimmOHHA :
<
m ~
o 0,35}
=
&
= 03]
T
m -
g 0,25} |
>
2.
2 0,21
[
0,15 : :

0,2 0,3 0,4
daxTuyHa rIMOHHA, M

Puc. 7 3anexHicTh po3paxyHKOBOI IMIHOWHY TPYOH BiJ| (haKTUIHOT TITHOHHI

Fig. 7 Dependence of the calculated depth of the pipe on the actual depth

LikaBime moguBUTHCS Ha poOOTY IIbOIO METOAY B pasi HasgBHOI HeoxHOpigHOCTi. OTKe, MU 1MOOYIyBaIu
MOJIETIb, sIKa IoKa3aHa Ha Puc. 2. OcHOBHa BiJIMiHHICTb ITOJISITA€ B HASIBHOCTI TpaHIuei y Gopmi mapanenerimnenia 3
TpyOoto mocepeanHi. Hanpukmnazn, pozpaxoBaHo xopryc 3 TpaHuieero €3 = 12 rnmbunoo i mmpuHoto 0,6 M i
Tpyboto Ha rnubuni 0,3 M. Ha nHeoOpobnenomy B-ckani (Puc. 8) ocobmmuBux BigMmiHHOCTEH BiJ HONepeIHbOT
mozeni (Puc. 4) Ha mepmmii morysiT He BUIAHO.
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He o6po6nenuii B-ckan
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) 0,5
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2 2

Yac, HC

[TooxeHHs CKaHyBaHHS X, M

Puc. 8 HeoGpoGnenuii B-ckan [1st cepeioBHIIa 3 TPAHIICED
Fig. 8 Raw B-scan for medium with trench

OpnHak micist noneperHpoi 00pooku (Puc. 9) Mu MoXkeMo crioctepiraT 3HauHi GIyKTyaril TpUBANICTIO BiJ
2,5 He 1o 5 He. Leit npoMiXoK yacy BiJIIOBiaB y MONEpeAHFOMY BUNAAKY BiJOOPaXKEHHIO BiJl TOBEPXHI PO3/LTY
JBOX CEpEIOBHIIL.

[Tonepeauro o6pobacHuit B-ckan

0
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ITo/oKEeHHS CKaHYBAHHS X, M

Puc. 9. [Nonepennso 06pobrennit B-ckan st cepeoBHIa 3 TpaHIIEEO It IHOWHY Tpyou z = 0,3 M
Fig. 9. Pre-processed B-scan for medium with trench for pipe depth z=0.3 m

icns 3actocyBanust meToay mirparii Kipxroda 1o nsoro B-ckany Mu oTpumanu pe3yibTar, IpeICTaBIeHu
Ha Puc. 10. BaxxinBo 3a3Ha4uTH, 110 IS PO3PAXYHKY IIOTO 300pakeHHs MapaMeTp CepeIOBHIIA B METOIi OyB
00paHuil piBHUM AieJICKTPUYHINA IPOHUKHOCTI TpaHiiei € = €3 = 12. Omke, MAaKCUMaJIbHE 3HAYCHHS Ha 300pakeHHI
Puc. 10 Bignosigae daxkruunii rimubuni 0,3 M. Takok MOKHA Bi3HAYNTH HasBHICTH Ha 300pakeHHi Puc. 10 Ha
HEBEJIMKIH TIMOMHI HEBEJIMKOTO MKy, KU BigHOCHThCS 1O TpaHuiei. OnHAaK 3aBIsKH BiTHOCHO BEJHKIiH
aMILTTYyi Ta po3Mmipy rinep0oiu, YTBOPEHOI TpyOOK MOPIBHSHO 3 TPAHIICEK, IX MOXHA PO3PIZHUTH Ha
oTpUMaHOMy 300pakeHHi. Hanpukian, Mo)kKHA BBECTH MOPIr aMILITYIH, sSKUW Oyae BKa3yBaTh Ha HasBHICTb
NPUXOBAaHMX METAJIeBUX IIPEIMETIB 1 BHUJAJIEHHS I[OMWIKOBHX CHpAallbOBYBaHb CHCTEMH BiJi HasBHUX
JUENEKTPUIHUX HEOTHOPIMHOCTEH.
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Mirpauig Kipxroda 1073
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Puc. 10 IBoBumMipHe 300paxkerHs: Metoay Mirpaiii Kipxroga y dacosiit o6nacti ast rmubuau Tpyou z = 0,3 M
Fig. 10 2D time-domain Kirchhoff migration method image for pipe depth z=0.3 m

Tenep Oyne KOPUCHO OLIHHUTH BiIXWJICHHS BiJi ()aKTMYHOrO 3HAYEHHS TIMOMHH, SIKIIO MU He Oepemo J10
yBard JAiCJCKTPUUYHY MPOHHMKHICTH TpaHimei. s mporo Ha Puc. 11 mokasaHO po3paxoBaHy 3alekKHICTh
JIeJIeKTpUYHOT TPOHUKHOCTI Bijl ITUOMHM B MeToAl Mirpauii. TyT MoBa iine nmpo Bunaaok cepenosuina €2 =9, €3
= 12 i mbunu Mmetaneoi Tpyou 0,3 M. CuHs KpuBa BiIOBiZae po3paxoBaHuM rinOuHaM. YepBoHMI poMO
BiINIOBia€ IPaBUIIBHIHM MHOWHI. SIKOU B3ATH 3HaYCHHS cepeoBUINa € = 9 Oe3 ypaxyBaHHS TPaHIIEl, TO ITOXHOKa
ckiana 6 0,045, maibxe giamMetp TpyOu.

0,36

o
w
i

Po3zpaxoBana rmuOuHa, M

8 10 12 14 16
JlienekTpuyHa MPOHUKHICTh

Puc. 11 3anexHicTb po3paxyHKOBOT NIMOHHY ISl BUMAAKY 3 TPAHILEEIO BiJl JieIEKTPUYHOT IPOHUKHOCTI B PO3PAXyHKY

Fig. 11 Dependence of the calculated depth for the case with a trench on the permittivity in the calculation

JuBisiurch Ha LI pe3ysIbTaTH, MOXKHA CKa3aTH, L0 TOYHICTh BU3HAYCHHS INTMOMHU OyJie IpsSMO 3ajiewaTH
BiJl NIPaBUJIHOCTI OLIHKH JieJNeKTPUYHOI NMPOHUKHOCTI cepepoBuia. Takox 3po3yMisio, HIO BiIXWIICHHS Bij
CIPaBKHBOTO 3HAYEHHs TIJIMOMHM Oyne TUM Oinble, 4uM Olnblile BIJHOMICHHS pPEalbHOI JieleKTPUYHOT
MPOHHUKHOCTI 1 3aKJIaICHOT B MOJEIII.

BUCHOBOK

VY BukoHaHili po6oTi OyJ0 NOCHIIKEHO 3a/ady BUSIBJICHHS Ta TOYHOTO BH3HAYECHHS TNIMOWHHU 3aJsTaHHS
MeTaeBoi TpyOKH B cepemoBHIi 3a qonomoroto Mmeroay FDTD i noganemioro 3actocyBanns mirpauii Kipxroda
JI0 oTpuMaHux B-ckaHiB. byno po3risiHyTo aBa BapiaHTH MOJEJNICH: OJHOPIAHE CEPEOBUIIE 3 JieICKTPUIHOO
MIPOHMKHICTIO €2 = 9 Ta HEOTHOPiTHE CEPETOBUILE, SIKE MICTUTh KaHABKY 3 O1IBIIONO0 Ai€TEKTPUIHOIO IPOHUKHICTIO
€ = 12. Y mepmioMmy BHITaIKy 3aCTOCYBAaHHS METOAY MIrpallii Jaqo TOYHe CHiBIAAIHHS PO3PaxoBaHOI IMTHOMHH 3
peanbHOIO, IO CBITYMTH PO MPAaBWIBHY pealtizallilo alrOpuTMy Ta TOYHE BpaxXyBaHHS IMapaMeTpiB CepeOBUIIA.
V apyromy BUINAIKy HASBHICTH MI€IEKTPUIHOI HEOJHOPITHOCTI BHOCUTH 3MiHHM B YacOBi 3aJIEXKHOCTI CUTHAJIB,
30KpeMa, CrocTepiraloTbest (GIyKTyallii y 4acoBoMy BiKHI Bifl 2,5 10 5 HC, sIKi HE TO3BOJISIOTH 0€3 J101aTKOBOT
00pOOKH TOYHO BUAITUTH CUTHAJ Bi TPYOKH.
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[Nomepemust o6poOka B-ckaHiB, 1m0 BKIIOYAE BUNAICHHS CEPEOHBOI aMIUTITYOH 1O KOXHOMY A-CKaHy,
JI03BOJIHIIA e(EKTHBHIIIE BUAUTITH KOPUCHI CHTHAJH BiJ MeTajaeBuX 00'eKTiB. [Ticist mbOoTo 3acTOCYBaHHS METOIY
Mirpariii Jajo 3MOTy TOYHO JIOKaJi3yBaTH TPyOy HaBiTh y CKJIAAHINIIN KoHQirypamii cepemouma. [Ipu npomy
MOKA3aHO, IO IPaBUIEHIH BUOIp AieTEKTPHUIHOI MIPOHUKHOCTI CEPEOBHUINA € KPUTHYHO BAXKIIMBHUM JISI TOYHOTO
BHU3HAYCHHS TIIMOMHM. SIKIIO K HE BpPaXOBYBaTH JIOKAJbHI 3MIiHH HieTEKTPUIHUX BIACTHBOCTEH, TO MOXMOKa y
BU3HAYCHHI TNIMOWHN MOXKE CATaTH Maibke Miamerpa TpyOHW, 10 € HENPUIYCTHMHM Y 3a/la4aX BHCOKOTOYHOI
reopasiapHoi AiarHOCTHKH.

TakuM 4MHOM, pe3ynbTaTu poOOTH JAEMOHCTPYIOTH €(eKTHBHICTh MOEIHAHHS YHUCEIHHOTO MOJIEIIOBAHHSI
meronoM FDTD 3 monanbiolo o0poOKoro curHamiB MetogoM Mirpauii Kipxroda mis BU3Ha4eHHsS TIIMOWHU
MPUXOBaHUX 00'€KTiB. BomHOYAC MiAKPECTIOETHCS HEOOXIHICTh BpaXyBaHHS HEOIHOPITHOCTEH CepeIOBHIIA IS
JIOCSITHEHHS BUCOKOT TOYHOCTI. OTpUMaHi pe3yabTaTH MOKYTh OyTH BUKOPHCTAHI AJISl TIOKPAIIEHHS alrOPUTMIB
00poOKH reopailapHUX TaHUX, OCOOIMBO Y BUNAJKaX CKIIAJHUX [€OJIOTIYHUX YMOB.

KOH®JIIKT IHTEPECIB
ABTOpH TIOBITOMIISIIOTH TIPO BiCYTHICTH KOH(MIIKTY iHTEpECiB.
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Background: Ultra-wideband (UWB) GPR systems are widely used to detect hidden objects. However, efficient
data processing, especially in complex environments with heterogeneities, remains a pressing problem. The
accuracy of determining the depth of such objects largely depends on the correct application of migration methods
and signal preprocessing.
Objectives: To solve the model problem of determining the depth of a metal pipe in a homogeneous and
heterogeneous environment using the Kirchhoff migration method for further application of the approach to real
GPR data.
Materials and method: The environment model included a homogeneous region and a region with a trench
containing a metal pipe. The FDTD method with a Gaussian pulse of 0.6 ns duration was used to model signal
propagation. B-scan images were generated from 15 antenna positions, and the data were subjected to pre-
processing and Kirchhoff migration. In the case of an inhomogeneous medium, the change in dielectric constant
was taken into account.
Results: A clear image of the pipe was obtained after applying the migration method, which coincides with the
actual depth of the object in both homogeneous and inhomogeneous media. In case of ignoring local changes in
the dielectric constant, an error is observed that can reach a value close to the pipe diameter.
Conclusions: The Kirchhoff migration method is effective for determining the depth of metal objects in a model
environment, provided that the parameters of the environment are correctly estimated
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EHEPTETUYHHUMN AHAJII3 HECTAIIIOHAPHOI'O XBHJIBOBOI'O ITPOIIECY,
3BY/UKEHOI'O IPAMOKYTHHUM IMITYJIBCOM

AKTYyaJbHiCTb. B yMOBaX akTHBHOTO PO3BHTKY HAAUIMPOKOCMYTOBUX TEXHOJOTIH IMITYJIbCHI aHTEHHU CTAIOTh JIe/1ali
BOKJIMBILINM iHCTPYMEHTOM Y 33/auax pamio3B’s3Ky, JOKamii Ta AUCTaHLIAHOTO 30HAyBaHHS. Ha BimMmiHy Bix
TapMOHIYHUX JDKEpesl, IUHAMIKa SIKUX J0Ope OMUCYETHCS Y YacTOTHIM 001acTi, pealbHi IMIYJIbCHI BUIIPOMiHIOBaYi
MalOTh CKIHYEHHY TPUBAJICTH 30yIDKEHHS, IO CYTTEBO 3MIHIOE SIK XapakTep IOJIsL, TaK i Mpolec IepeHoCy eHeprii.
OnmHuM i3 (i3MYHO aJEKBATHHUX CLEHapiiB 30yMKEHHS € MPSMOKYTHHH IMITYJbC, SIKMH JIO3BOJISIE 3MOJEIIOBATH
CHTYaIlil0, KOJIH JDKEPEJIO aKTHBYETHCS Ha 0OMEXEHHUIT IPOMDKOK Yacy, a MOTIM BUMHUKAETHCs. Takuii iMITyIIbC Kparie
BijoOpakae peanbHi yMOBH pOOOTH IMIYIBCHHX CHCTEM, HDK ileanizoBaHe CTpHOKOMOIiOHEe 30yIKeHHS.
JlocnimkeHHsT eHepPreTHYHNX XapaKTepUCTHK Y YaCOBOMY MPOCTOPi T03BOJISIE HE JIUIIE TIIHOIIE 3p03yMiTH MEXaHi3MH
BUIIPOMIHIOBaHHS, a i IOKPALIUTH MPOEKTYBaHHS e()EKTHBHUX aHTEH Ta JKepell. Lle Mae Oe3mocepenHiil BIUIMB Ha
MiABUIIEHHS NAIBHOCTI, 3aBaOCTIHKOCTI Ta TOYHOCTI Y CHCTEMax 3B’SI3KYy 1 CIIOCTEPEKECHHS, a TaK0X 3MEHIICHHS
SHEPTeTHYHHX BTPAT 1 OMPOMIHEHHS Y ONMKHIN 30HI. AHaJi3 MEpEeTBOPEHHS IMITYJILCHOI €HEprii Ha Pi3HHUX CTamisIX
30yMKEHHS, BiJl YTBOPEHHSI XBWIBOBUX (DPOHTIB 10 X MOIMIMPEHHS, € KIIOYEM JI0 CTBOPECHHS BUCOKOTOUHHX MOJEINCH
€JIEKTPOMArHITHOTO ITOJIS.

Meta podorn. OTpuMaTH aHATITHYHI Ta YHCIOBI 3aJI©KHOCTI, SKI ONHCYIOTH EHEPreTHYHI XapaKTePUCTHKH
€JISKTPOMArHIiTHOTO MOJIs, 30Y/KEHOTO NPSIMOKYTHHM IMITyJbCOM. 30KpeMa, BUBECTH BHpPa3d IJIsl MOTOKY eHepril
gyepe3 MoTepeyHy IUIONIHHY Ha JOBUIBHIN BiJICTaHI Bi/I alepTypH, a TAKOK BU3HAYUTH NOBHY €HEPTil0 XBHJIL Ha PI3HUX
cTafisax il mpocTOPOBO-4acoBOi €BOMIONIT. Y BUTIaKaX, A€ aHANITHYHE PO3B’sI3aHHSI HEMOXKIIUBE, 3aCTOCYBATH YUCIIOBI
Meronu. Hamatu ¢i3wdHy iHTEpHpeTamiro OTpUMAaHWM pe3yJabTaTaM, OIHUTH BIUTMB TPUBAJIOCTI IMITYJIBCY Ha
MOBEIIHKY XBHIIi.

Marepianun Ta Metonu. 3amada GOPMYIIOETBCS SK HECTalliOHapHA TPHBHUMipHA MpobiemMa MomupeHHs H-XBuii,
30yKEHOI PSMOKYTHUM IMIYJIBCOM 3 KPYTJIOi alepTypH Yy BUIBHHIA HAmiBIPOCTip. 3arajibHi PO3B’SI3KU LIS TOJIB
OyIyrOThCS HAa OCHOBI €BOJTIOIIIHOTO MMi1X01y. BOoHM BU3HAYAIOTHCS Yepe3 eBOIONIIHI KOe(illi€HTH, SIKi € PO3B’ I3KOM
HeoHopinHoro piBHAHHA Kieitna-T'opnona, mo 3HaxoauTbest MetonoM ¢yHkuii PimMana. [ BH3HA4YEeHHS MOTOKY
eHeprii BUKOPHCTOBYETBCS IMO3JIOBXKHS KOMIIOHEHTa BekTopa I[loiHTiHra. YWcioBi po3paxyHKH BHUKOHYIOTHCS 3a
Jonomororo Merony I"ayca-Kponpona.

PesyabTaTn. OTpMaHO TOYHI aHATITHYHI BUPA3H LIS TIOTOKY €HEPTrii Ta MOBHOI €Hepril Ha anepTypi 3 MPSIMOKYTHUM
30ymKkeHHIM. [I71s1 MOBUTBHUX IUIOMIMH MOOYAOBAaHO y3arajbHEHI BHUpPasW, IO BPaxOBYIOTh YacOBY Ta MPOCTOPOBY
eBoroLlifo mosi. [IpoBeieHO MOPIBHSHHA 3 HAOMMKCHHSM JajbHbOI 30HU Ta MPOJEMOHCTPOBAHO, IO BOHO MOXKE
3aBHIIYBATH CHEPTETHYHI OLIHKH y OnrkHil 30Hi. [Io0ynoBaHO TpHBUMIpHY KapTHHY IPOCTOPOBO-YaCOBOI THHAMIKH,
sIKa HA0YHO IEMOHCTPYE POPMYyBaHHS XBHIBOBHX (DPOHTIB 11X B3aeMoit0. JIOCIiIKEHO MPOIIeC HAKOMTUYEHHS CHEepTil
y OJIDKHIN 30HI Ta NPOSB e(eKTy «eJIEKTPOMArHITHOTO CHApsIy», KOJNU 30y/KEeHHs iCHY€e Y BUIIAI KOMIIAKTHOTO
€HEePreTHYHOTO IMITYIIBCY.

BucnoBku. Y po6oti Oyi0 Brepuie moOyaoBaHO aHATITHYHI Ta YUCIOBI MOJEINI IS MPSMOKYTHOTO 30ymKeHHs H-
XBUJII alepTypHOTO BHIIPOMiHIOBaua y 4acoBoMy mpoctopi. [Toka3aHo, 1m0 y BUMaAKY CKIHYEHHOTO IMITYJIbCY MOJe
Mae OUTBII CKIIJHY YacOBY IOWHAMIKy, HDX HpH CTpUOKomomiOHOMy 30ymkeHHI. BcTaHOBIEHO, 10 TOTIK €Heprii
nobnu3y aneptypu (GOpPMYeThCsl SIK Pe3yibTaT B3a€MOJIl CTATHMYHHX i XBHJIBOBHUX KOMIIOHEHT, i came d4epe3 Iie
HaOJIMKeHHS JIaflbHbOI 30HHM € HETOYHHMM MPH MallMX 3HAYCHHSX I03J0BKHBOI KOOpAMHATH. IIOBiNbHE criagaHHS
€Hepril 3 BIJICTAaHHIO BKa3ye Ha Te, 10 3Ha4Ha 1i YaCTHHA 30Cepe/KEHA y KOMITaKTHOMY (poHTi, 1110 36epirae cBO
CTPYKTYpY i 4ac nomupeHHs. [IpoBenennii anani3 103BoJIsie yTOUHUTH YMOBH 3aCTOCYBaHHS HAOIMKEHUX MOJENICH,
a TaKoXX Jae OCHOBY JUIS MOJAJIBIINX JIOCHI/KeHb y HANpsAMKY ONTHUMi3allii iMIyJbCHHX aHTEH Ta CHCTEM
BUITPOMiHIOBaHHSI.

KJIFOYOBI CJIOBA: meroj €BOJIOLIHHUX pIBHSIHB, NPSIMOKYTHHH IMITYJIBC, COJITOHOMOAIOHUI pPO3B’S30K,
CHepPreTHYHE EePETBOPEHHS

Ax wuryBatu: IaBpunenko I, dymin OM, bepaamnk CJI. EHepreTnyHi XapaKTepHCTHUKH HECTAI[iOHAPHOTO
XBHJIBOBOTO TIIPOIECy, 30YMKEHOr0 NPSMOKYTHMM IMITyJlbcoM. BicHuk XapkiBCbKOro HamiOHAJIBHOTO
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BCTYII

[HTEepec 10 HecTaliOHApHUX €NEKTPOMArHiTHUX XBWIb 3yMOBJICHHUH MiABUIIEHUMH BUMOTaMH JI0 CY4aCHHUX
pajionoKalifHUX MPUCTPOIB, CHCTEM 3B’sI3KY, HAAIIMPOKOCMYroBux pamapiB [1]. ToduHicTh BH3HAUCHHS
KOOpJHMHAT 00’ €KTIB 32 JOMOMOT'OI0 BiJICOIMITYJIBCIB CYTTEBO 3pocTae. Y JESKUX BUIA/IKaX CTA€ MOKJIMBUM HaBITh
BiJTHOBJICHHS IXHBKOT (hOpMHU.

Po3BuBalOThCS HOBI NEPCHIEKTHBHI HAaNpsIMU, IIOB’s3aHI 3 BUKOPHCTAHHSM BIJOMHMX BJIACTUBOCTEH
€JIEKTPOMArHiTHUX nouiB. OJTHUM i3 TaKUX HAIPSIMIB € JOCIIKEHHS COJIITOHOMOIIOHUX PO3B’SI3KiB XBUILOBOT'O
PIBHSAHHSA, SIKi OTIMCYIOTH MEpeady eICKTPOMAarHiTHOI eHeprii Ha BENHKI BifcTaHi 3 i MOBUIBHIIIMM 3aracaHHIM,
HDK oOepHEeHO-KBaapaTtuuHa. [lepimii Takuii po3B’si30K, Bigomuid sk «(hokycHi xBuiIboBi Moam» (focus wave
modes), Oyo npeacTaBiaeHo B po6oTi [2]. [ToaibHO 10 po3B’sI3Ky [UIst IIIOCKOT XBUITI, BiH OMUCYE €ICKTPOMATHITHE
ToJIe 3 HECKIHICHHOIO CHEPTi€I0 Ta MOBUIFHO 3aTYXaI0UY00 aMIUTITYA0I0 Ha Bi/ICTaHi. 3ro1oM OyIIi OTpUMaHi iHITi
THUIU COJITOHOMOIIOHUX PO3B’SI3KiB, 30KpeMa XBHJII 31 CKiIHUEHHOO eHeprieio [3, 4]. HailinoBHimmii orisy i aHami3
TaKUX PO3B’SI3KiB MOAaHO B poboTax [5, 6]. [leski TeopeTHdHi pe3ynbTaTi OyJId eKCIEPUMEHTAIBHO i ITBEPIKEHI
[UIAXOM BHMIPIOBAaHHS YJIBTPa3BYKOBHX XBHIIb, 1[0 BHIIPOMIHIOBAIHNCH IPaTkor0 [7]. PO3B’s3KH, 5Ki OMHCYIOTH
Oe3aucriepciiiii XBUITbOBI MAKeTH, TaKoX OyIu oTpuMani 1uis piBHsiHb Kineiina-T'opaona ta dipaka [8].

BinpuiicTe BiIOMHX COJNITOHOMOMIOHMX PO3B’S3KIB MICTATh HEPO3/ALTBbHI MPOCTOPOBO-YACOBI KOMIUIEKCHI
3MiHHI. «EJeKTpOMAarHiTHHI cHapsa» € omHuM i3 BHHATKIB [9]. BoHO Mae wmiciie y TpOXEKTOpHiH 30HI
BUIIPOMIHIOBaYa ITiJl Yac ONMPOMIHEHHS JpKepela, 30y PKeHOT0 HecTalliloHapHUM curHanoM. Lle sBuiie nonsrae B
TOMY, IO CHEpris eJCKTPOMArHITHOTO IMOJIS 3araca€ MOBLIBHIIIE, HXK OOCPHEHO MPOIOPIIHHO 0 KBagpara
Bigctani [10], 3aBmsku ii KOHIEHTpali B OZHOMY HanpsMKy. [ eKCIIEpIMEHTAIEHOTO MOJICTIOBAHHS LOTO
e(eKTy BUKOPUCTOBYBAIM MAiCIEKTPUYHI JiH3U, onpoMineni TEM-xBunero 3 xBuneBoay [11]. Martemaruunuii
OITHC SIBUINA OYJI0 OTPUMAHO HE3aJIC)KHO B PI3HUX NOCIIKEHHAX SIK METOZAMH Y YaCTOTHOMY mpocTopi [12], Tak
1 32 JIOMIOMOTOI0 EBOIOIIITHUX PiBHAHB Y yacoBomy mpocTopi [13]. Takox 1o 3aaa4y po3B’s3yBajiy YHCIOBUMHU
MeToxamu [14].

OcTaHHIM YacoM 3’SIBUJIKMCS HOBI ITiIX0/I4 10 TOOY/I0BH COITOHOIOAIOHUX pO3B’sA3KiB PiBHsIHb MaKcBesIa,
30KpeMa B KOHTEKCTI HelliHIiHOT B3aeMOIi1 3 cepeloBHUIIeM ado IHIIMMHU TOJIIMU. ByIo rokaszaHo, 110 y BUNaaKy
30y/DKEHHSI Y CEpeloBUIAX 3 KOTEPEHTHOI aTOMHOI CTPYKTYPOHO (HANpHKiIal, Y MOJENsSX Ha OCHOBI
CKOpOYEHHX piBHSIHb MakcBeiuia-biioxa) iCHyIOTh HOBI TUIIM COJIITOHHUX 1 MEPiOJUYHUX XBUILOBUX PO3B’A3KIB,
30KpeMa XBHJII B3aEMOJIII CONITOHIB i3 KHOImanpbHUMHU XBHIIAMH [15]. KpiM TOro, HemogaBHO 3amporOHOBaHO
MO/IeJIb, Jie piBHSHHS MakcBeiia 3aCTOCOBYIOTh JI0 HEJNIHIHHOTO CKaJSIPHOTO TOJIS, IO OMHCYEThCS PIBHIHHIM
Kneitra-T'opnona. Lle mo3Boisie chopMyBaTH CTiHKI JTIOKaTi30BaHi PO3B’A3KH THITY «T1IOMOPGHIX COMITOHIBY, SIKi
HPOSBIISIOTH ce0e K 3apsKeHI YaCTHHKHU Ha BENMKHUX YacoBuX Maciutabax [16]. Llle onHe cydyacHe DOCHiKeHHS
MATBEPIKYE ACHMOTOTHYHY CTIHKICTh COJITOHIB y [BOBHMIPHHX piBHAHHSAX MakcBemna-Jlopenmna,
JEMOHCTPYIOUH, LI0 HA BEJIHMKUX YACOBHX MacIiTabax pO3B’SI30K PO3KIANAEThCS Ha COJITOH 1 IucHepciiiHy
komroHeHTy [17]. KpiM aHamiTHYHHX METOMIB, 3 SABISFOTBCS TAaKOXX TIOPUAHI MiIXOAHM, a came MO€THAHHS
nepeTBopeHHss JapOy 1 IITYyYHUX HEWPOHHHX MEPeX U BUSBICHHS 1 Baligamii CONITOHHHUX pPO3B’SA3KiB y
3MeHIIeHId Mozeni Makcseuia-bioxa [18].

3HaOYM  aHAIITHYHAN  PO3B’SI30K  ONPOMIHEHHS  IMITyJIbCHOIO — EJIEKTPOMArHiTHOIO  XBWJICKO 31
CTPUOKOMOIIGHO 4acoBOO 3anekHicTio [13], MOKHA 3HAWTH PO3B 30K JUIS CUTHATY y (GOPMi MPSIMOKYTHOTO
IMITyJIbCY LUIIXOM 3aCTOCYBaHHS NPUHLUMIY cyneprno3uuii. Y nid poOOTi OTpUMaHO Ta MpPOaHalli30BaHO
EHEepreTUYHi XapaKTePUCTHKH TAKOTO THITY XBHIIb.

MMOCTAHOBKA 3A1AYI1

JocnikyeTsest HecTaliOHApHUH Tpoliec 30y/KeHHS eJIEKTpOMarHiTHol H-XBHIIl mix Ai€ro MpSMOKYTHOTO
immysbcy. Ha BiaMiny Bix monepeansoi podotu [19], ne aHaniz oOMexyBaBcsi CTpUOKONOAIOHUM 30y KSHHSIM,
TYT PpO3MIISIAETBCS OUIBII CKIagHa W (i3MYHO HaOMMKEeHa MOJENb, Yy SKIH JUKEpeno aKTHBYEThCS Ta
JIEaKTUBYETHCS y (DiIKCOBaHI MOMEHTH Hacy.

BunpomiHioBad 3amgaeThCs KPYyTJOK amnepTypor i3 3aJaHuM CTPyMOM. PO3B’s3aHHS MPOBOIUTHCS Yy
MWTHIPUYHIA cucTeMi KoopAwHAT. [IpocTip HABKOJIO BUMPOMIHIOBAYa BBAXKAETHCS BUTBHMM. B Mexax i€l
Ppo6OTH PO3IJIsi 00MEXKYEThCS MO3I0BKHBOIO CKJIaJ0BOIO BekTopa [ToHHTIHTa, sika XapaKTepH3y€e 'YCTUHY MOTOKY
€JIeKTPOMAarHiTHOI €Heprii B3JJOBXK HANPSIMKY ITOIINPEHHS XBUII:

ZOSZ(p! ®,z, t) = [E(p! ®, 2z, t) X Fi(p: P,z t)] (1)
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30ymKytoda (GYHKIS IPSIMOKYTHOTO IMITYJIbCY 3aIIUCY€ETHCS Y BUIVIS
f(@) =H(@) — H(T - ty), (2)

ne t, — TpuBamicth immynecy, a H(t) — ¢yskuis Xesicaiima. BimmoBimHO 00 TPHHIMIY CYIEPITO3HIIii,
pe3yIbpTYI0UE MOJIe MOYKHA ITOJIATH SIK PI3HUIIIO JBOX BiTYKIB HA CTPHOKOTIOAI0OHE 30y IKCHHS:

E(p,¢,2,t) = Ey(p, 0,2, VH(t) — Eo(p, @, 2,t — to)H(t — to), (3)

ae EO — IorepevyHa KOMITOHEHTAa €JIEKTPUYHOIO IOJIs, BiANOBIAb CUCTEMHM Ha MUTTEBHH iMITyiIbC (OAMHUYHE
30ymKeHHs) y MOMeHT yacy t = 0. [leprumii 1o1aHOK OMMCYE BBIMKHEHHS Keperia Y MOMEHT Jacy t = 0, npyruit
— BUMKHEHHS B MOMEHT 4acy t = t,. TakuMm unHOM, T0JIe icHy€e BIpoAoBx iHTepBany 0 < t < ¢, 1 micisa HBOTO,
MPOTSTOM IIEPEXiTHOTO TPOLECY, TPUBANICTH SKOTO 3aJIC)KHUTH Bill TOUKH CIIOCTEPEKEHHS. AHajorigHa gopma
CIpaBeTNBA 1 IS IHITUX CKIaJOBHX ITOJIS.

[NomepeyHi KOMIIOHEHTH SJICKTPUYHOTO Ta MATHITHOTO TOJIiB BU3HAYAIOTHCS B PAMKaX METOY CBOJIIOIITHUX

piensiasb [13, 20]:

E(p,9,2,t) = Z J dy (Vi (z, t, YH(E) = Vit (z,t — to, YIH(t — ) [Vihm (p, 0, 1) X Zp];
:—000

@
|H(p.<p,zt>—— Z jdx (1% (2t X VH(O) = 1 2, = to, X VH(E = ) Vb (0,0, 2):

k m:—ooo

Bupaszu (4) oTpuMaHO HUISXOM MiJICTAHOBKHU TIOJIiB EO i ﬁo y ¢opmyny (3) i BiamoBigHy 1o Hei dhopmyny aus
MardiTHOrO TONS, 3 ypaxyBaHHAM iX MOJOBOTO NpeAcTaBleHHS. Ilin ¢ynkumismm V1, If:,, PO3YMIIOThCS
EBOJTIOIIIHI KOeQIIli€HTH, SKI BUTIKAIOTh 3 PO3B’sA3aHHS HEOTHOpiAHOTO piBHAHHA KieiHa-I'opgoHa mMeromom
¢yukuii Pimana. BoHM ONKCYIOTh YaCOBO-NPOCTOPOBY JMHAMIKY IMOMEPEYHHX CKIAJOBUX I0JIs, 30yHKESHOTO
OMHUYHHUM iMITysibcoM. Bupasu s nux koedirieHTiB maroth Burisia [13, 20-22]:

JHoJ1(XR)

{V,,’:(z,t to, x) = iAgR~—— (81 + Em-1)lo (X cz(t—to)z—zz);

& \x
I (z,t —to,x) = iA R\/_jlf;(—)(5_m',1 + 8 1) (5)
t—t
k' Jo (X’ c2(t —tg)?* — +Zz<zgt—t0§+z) J2k (X’ Cz(t_to)z_zz)

Bennuuay, 1110 BXOAATE 10 BUpasiB (4)-(5) MaroTh Taky iHTepnperariio: ¥, (p, ¢, ) — 6asucHa QyHKIIis, sSKa €
PO3B’S3KOM PiBHSHHS [ eTbMroJbla B OMEpeYHii IomuHi (oneparop V Takox i€ nuIne B il TUTONMINHI); X, ¥
— CIIEKTPaITbHI TApaMETPH, 3a IKIMH BUKOHYETHCS IHTETPYBaHH;, M, m' — KyTOBi MOJIH, 38 SIKUMH 3/1iHCHIOETHCS
cymyBaHHs; [, — GyHkuis beccens n-ro nopsaky; t, — napamerp 3CyBy yacy. 3a3Ha4MMO, 1110 Pi3Hi MO3HAYCHHS
CIECKTPAJIbHUX MapaMeTpiB Ta KyTOBUX MOJ B CBOJIOIiHHUX KoedimieHTax (5) BBEICHO Ui IMOJIIIICHHS
MOJAIBIIIOTO PO3PAXyHKY 1 aHaNi3y, i Ha (i3WYHNIN CEHC BIUIUBY HE MATUMYTh.

VY Mexax HIbOro JOCHIJKEHHS HPOBOJUTHCS aHaNi3 GHEPreTHYHHMX XapaKTePUCTHK XBHWII, 30y UKEHOI
NPSMOKYTHUM iMIysibcoM. OCHOBHA yBara MNPHIUISETHCS ITIOTOKY €Hepril 4Yepe3 HECKIHYEeHHY IUIOLIMHY,
MEePIEeHANKYJIISIPHY 10 OCi MOIMPEHHS XBIJII, a TAKOX OLIHII MOBHOI eHeprii, lepeHeceHoi B npoctopi. Yactury
NPOMIDKHUX Pe3yJbTaTiB 3a LI€I0 TEMOK Bxke OYyIo onpuirogHeHo B podorti [23]. ¥V maHill cTaTTi 30iHCHIOETHCS
po3ILIMpeHe Ta AeTalli30BaHe JOCHTIPKCHHS BIUIMBY CKIHUCHHOCTI IMITyJIbCY Ha NEPEHECEHHS €Hepril Y BUIbHOMY
MpOCTOPI.

BUBEJEHHS AHAJITAYHNX 3AJEKHOCTEN
IMincraBuMO BHpa3d ISl TIOTIEPEYHHUX CKJIAMOBUX EIEKTPUYHOTO i MArHiTHOTO mojiB (4) y MO3MOBXKHIO
KOMIIOHEHTY BekTopa [loiiuTinra (1):
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1 (o]
ZOSZ(p' @Y,z t) = |:g Z dX (Vw}ll(zv th)H(t) - Vnill(zi t— tO!X)H(t - tO))[lem(p! (p')() X 20] X

0\8

m=—
i r{rh ’ _gh _ ’ _ ’
X M dX Im’(Zv tx )H(t) Im’(zvt to X )H(t tO) Vlzbm’(p! P, X )
0 7
m/=—o g

Emextpudny i MarHiTHy cTtaii BHHECEMO 3-TIiJ BEKTOPHOTO NOOYTKY Ta BHPa3HMO depe3 KBaJApaT IIBHUIKOCTI
cBiTia. BuHecemo omepaTopw CyMyBaHHSA Ta IHTETPYBaHHA 3-Ti IBOTO JOOYTKY, 30epirmm mopsamok ix
BUKOHAHHS. 3aJIMIIAE€THCS BEKTOPHUI JOOYTOK, IO MIiCTUTH TPaNi€HTH 0a3uCHUX (PYHKIIH Ta OPT MO3M0BKHBOI
oci, SIKUH 3BOJUTHCS 10 CKAJIPHOTO NOOYTKY TpadieHTIB O0a3ucHUX (QpyHKITi:

20S,(p, ¢, 2,t) = c? Z f dy Z f dx' (Vi (z,t, )H(E) — Vi (z,t — to, )H(t — t5))
m !

— (6)
0 m'=—c 0
(122, 6 X YH() = 1 (2t = b0, XIH(E = t0)) Z0 (T (0, 0,20 - Vb (0, 0, X))

3anuieMo BU3HAYCHHS TIOTOKY CHEPTil uepe3 MmonepeyHuil nepepis:
P,(z,t) = sz(P: @,z t)ds, (7)
s

ne ds = pdpd@ — eneMeHT oLl y UMIHIPUYHUX KOOPAWHATAX, /1€ MOJSIPHUN pajiiyc 3MIHIOETHCS B HYJIS J10
HECKIHYEHHOCTI, @ KyT — B MeXax OAHOro o0epry kosa. OpieHTalis 30BHIIIHbOT HOPMadi 10 IUIOIIUHU S
361ra€ThCs 3 BEKTOPOM Zg, 110 BU3HAYAC TIO3J0BKHIM HAPAMOK XBUIILOBOTO Ipouecy. IlizcraBumo Bupas (6) y
(7) Ta ckopHCTAEMOCS OPTOTOHANBHICTIO 0A3UCHUX (PYHKITIH:

2 [e3)

f de f pdp (Vb (p, 0,20 Vb (0, 9, X)) = 2m(=1)" 8, 8t — X)-
0 0

Lle 1o3BOIIsIE aHAIIITHYHO BUKOHATH IHTETPYBAHHS 3a CIIEKTPAIBHIM [1APaMeTpoM )’ 1 3BECTH CyMy 3a MOJIaMH JI0
OJIHOTO TOfIaHKy 3 m' = —m. TakuM YHHOM, OTPUMYEMO BHPa3 ISl IOBHOTO TIOTOKY €HEPTii, IEPEeHECeHO] Yepe3
HECKIHYEHHY IOIIepeyuHy INIOUIMHY, KO 30y DKYIOUH CTPYM Ma€e NpsIMOKYTHY (opmy:

P,(z,t) = 2mc? Z (—1)’"f dy (VR(z t, H(E) — Vil (z,t — to, X)H(t — to))
0

m=—oo

(8
(1" (2, t, YH(E) — " (2, t — to, YH(E — to))

3a3HaunmMo, mo skmo Bektop [loiHTiHTa (1) € pe3ynbTaTOM BEKTOPHOTO JOOYTKY OB, SIKi € CYIEPIIO3UIIE0
30y/UKeHb y pi3HI MOMEHTH dacy, TO BHpa3 (8) yxe Mmomae TOTIK €Heprii depes3 BiAMOBiIHI EBOIIOIIHI
KOe(Dil[IEHTH, 10 ONMKCYIOTh peaKilii CHCTEeMH Ha IMITYJIbCHI Jpkepena B MoMeHTH t = 0 Ta t = t.

ITizcTaBUMO BifioMi aHATITHYHI BUpasu i eBojoniiaux koedimientis (5) y pisuicts (8). Uepes cumponu
KpoHekepa, 1110 B HUX HasiBHI, BIAETHCS CIIPOCTUTH HECKIHUEHHY CYMY 110 MOJIaM, 3alMCAaBIIIH, 110

Z (=1 (81 + Sm1) (5omn + Oompr) = —2.

m=—oo

[Ticnst BUHECEHHS CTANNX 3a 3HAK 1HTETpaly Ta HE3HAYHUX CIIPOILEHb OTPUMYEMO OCTATOYHUI BUPA3 I TIOTOKY
eHeprii



28

Enepeemuunuii ananiz necmayionapHozo X6uib08020 npoyecy, 30y0#ceHozo ...

[ee)

R0 = netagRe e | dx}(flo(mhocm (o (x/e2e =22) H@ = Jo (12 = 102 = 22) H(t - 1))
(0 =) 25 (2] s (177 -

o k
_<]0(X cz(t—t0)2—22)+22<%> ]2k()( Cz(t_to)2_22)>H(t_to) p
k=1

SIKHI 1aJTi aHAJTi3yBaTHMEMO.
Jnst kpamoro po3yMmiHHS (i3M4HOI KapTUHM SBUI PO3IJIIHEMO BHIIAJIKU ITOBEJIHKH EHEPreTUYHUX
mapaMeTpiB NOOJM3Y DKepela Ta B JabHIN 30Hi. JInmie micis mboTo mepeiaeMo 10 3arajJbHOTo aHaji3y MOTOKY

9).

MOJEJIOBAHHS TA BI3YAJII3ALIS PE3YJIBTATIB
Bunagok 1.z =0
TyT BOaeThCsl OTpUMATH TOYHHIA aHATITUYHUN PO3B’SA30K, &, OTXKE, 1 3pO3YMITH MOKIHBY (Di3MKY HPOIIECIB.
Bupas s motoky eneprii (9) Ha MJIOIIMHI anepTypH 3HAYHO CIIPOIIYETHCS, OCKIJIBKM 3HHMKAE 3aJIeXKHICTb
aprymenTiB ¢yHKItiit Beccess Big mpocTopoBoi koopauHaTH. KpiM TOro, CKOPUCTAEMOCS TOTOKHICTIO [24]

Jolrete = t)) +2 ) Ju(xe(t = £)) = 1,
k=1

sKa ICTOTHO CIIPOIye OpyTy AyKKy B (9). [Ipuiinemo no Takoro Bupasy:

P(2,)o0 = mc? AZR2 22 f dy ]1()(R)]1(XR)

(JoCeetyH (©) = Jo (xe(e - to))H(t — o)) (H(®) = H(t — £)).
Hani ckopucTaeMocs JOBIIKOBHM pe3yinbraToM [25] mist iHTerpamy, molepeaHb0 YTOYHHBIIM HOTO 3alucC y
3B’S13KY 3 BUSBJICHOIO MOMUJIKOKO Y [KEPEJTi, OB SI3aHOKO 3 BIACYTHICTIO JTY)KKH NIEPE ApPKKOCHHYCOM:

oo

1
] Y h ORI ORI (et = ) =
0

2R 4R?
0, 0 < 2R < c(t —tp).

1 c(t—ty) ct
i = arccosi——\/l}R2 —c?(t—ty)?), 0<c(t—ty) <2R;

[Ticns migcTaHOBKH i OOYUCIICHHS OTPUMAEMO aHAITHYHUI BUPa3 MMOTOKY €HEeprii y IUIONIHMHI alepTypH:

P2, D)0 = T2 AFR? %([711 (arccos 57— e V47 = 72). 0 <t ZR;]H@ -
0, 0 < 2R < ct.
l(arccosM \/4R2 —c2(t —ty)? ) cty < ct < 2R + cty; o
- 2R 4R? or ] mro YH(E—ty) |(HE) — H(t —ty)).
0, cty < 2R + cty < ct.

IMepmmii nomanok y Bupasi (10) ommcye MOTiK eHeprii, 3yMOBIECHHH CTPUOKOMOMIOHUM 30YIDKEHHIM Yy
MoMeHT 4acy t = 0, skuit 6ys10 Z0oCiiKeHO B TotiepeHiit poborti [19]. pyruit momaHoK — Iie Ta cama BiAmoBib,
aJie 3ami3HeHa Ha Jac ty. TakuM 4nHOM, MiJICYMKOBHH pe3yJIbTaT BiANOBIAA€ BIAHIMAHHIO IBOX CTPUOKOIOAI0OHNX
30ymKeHb, Mo 1 popMye edekT npsAMOoKyTHoro iMmmyibcy. Ha Puc. 1 HaBeneno noOyznosani rpadiku (10) mus
(bikCOBaHMX 3HAYEHb TPUBAJIOCTI IMIYNIBECY Cty. SIK BHIHO, 3 HOTO 30LIBIIEHHSIM MIMPHUHA IMITYJIbCY Y TOTOLI
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SHeprii TaKoXkK 3pocTae. Y pasi Mamux 3Ha4eHb TPUBANOCTI (Cty < 2R) BinmOyBaeThes piske OOPHBAHHS MOTOKY B
MOMEHT ct = ct, IO TOSCHIOETHCSA THUM, IO (QPOHT XBWII Ie mepeOyBae B 30HI il pkeperna, i BUMKHEHHS
IMITYJIbCY MHUTTEBO TTO3HAYAETHCS HA AWHAMIMi. HaToMmicTh 1y BUTIAAKY cty, = 2R CIOCTepiracTbes MOCTYIOBUH
CIajl MOTOKY 3a OJHAKOBUM 3aKOHOM, MOJIOHHN A0 BUMAAKY CTPHOKOMOMIOHOTO 30yKEHHA. Y IHOMY PEKUMI
BUMKHEHHS JDKepelia BXKe He MOXKE «Ha3[JOTHATH) XBUITIO, sIKa BIAINIILIIA HA TOCTATHIO BiAcTaHb. TakuM 4MHOM, Y
MeKax anepTypy GpopMyeThCsl yCTaIEHHI TIOTIK €HEpril, 10 BKa3ye Ha 3aBepIICHHS Jii 30y KEeHHs.

VY nopanbmuX po3paxyHKax, SIKIIO HE 3a3HAYCHO iHIIE, BUKOPUCTOBYIOTHCS TaKi IapaMeTpH: aMILITyna
MIOBEPXHEBOTO CTpyMy Ha aneptypi Ao = 1 A/mM, i pagiyc R = 1 M.

N —_— Clg=05mMm
4 \ —-= Clp=10m
N cees Cly=3.0M
\
AN
b3 bR
= AN
— | \\\
. ! ~
S 2 i ~
1 . ~
N i+
< ! "
1
1 "
! I '
1
| . ..
0 L | .
0.0 0.5 1.0 1.5 2.0 2.5 3.0
ct, ™

Puc. 1. YacoBa 3a1eXHICTh MOTOKY €HEPTil XBHJIL, 30yKEHOT MPSIMOKYTHHM IMITYJIBCOM, IUISl Pi3HUX 3HAYCHb TPHBAJIOCTI
30y/UKEHHS Ct
Fig. 1. Time dependence of the energy flux of a wave excited by a rectangular pulse for different values of excitation
duration ct,

Po3rissHeMo MOBHY €Heprito, 110 BUIIPOMIHIOETBCS 3 arepTypH. BiANOBIIHO N0 KIIACHYHOTO BU3HAYEHHS
oo

W) = [ B od. ()
. . 0 . .
[MincraBumo cronm Bupa3 (10). 3aBasku HassBHOCTI B HboMY (yHKIIIIT XeBicaiiia, BEPXHIO MEXY MOXHA OOMEXUTH
3HaYCHHAM t,. OTXKe, MaEMO:

° 1 ct ot
- - 2 _ p2¢2 )
WZ(Z)|Z:0 = T[CZA%RZ%J dt n_(arCCOS 2R 4R2 4R c“t ); 0 <ct <?2R;

2R 4R?
0, cty < 2R + cty < ct.

1 c(t—ty) ct
—|arccos——— VAR — c2(t — t5)? ), cty < ct < 2R + cty;

BusiBisieTbes1, MO 3a€XHO BiJl CHIBBIJHOIIEHHS MK TPUBAIICTIO IMIYJBCY Ta T€OMETPHYHUMH PO3MipamMH
amnepTypH icHye IBi sIKiCHO pi3HI cutyamii. Skmo t, < 2R/c, To QpoHT XBHMJII IIe He BHUHIIOB 3a MEXi
BUIIPOMIHIOBaYa, | HAKOIMYEHHsS EHEprii TpHBa€ 10 MOMEHTY BHMKHEHHS jKepena (TOOTO BEpXHS Mexa
IHTErpyBaHHS 3aJIMIIAETHCS PIBHOIO ty). SIKmmo x ty = 2R /c, To XBUIIS BXKE MOBHICTIO chopMyBasiacs i 3aiuninia
anepTypy. Y 1bOMY BUMAJIKY MOAAJbINE 30y IKSHHS He BIUTMBAE HA TOTIK Yepe3 BUMPOMIHIOBAILHY TUIOIINHY, 1
EHEprist JOCSITa€e CTAIOro 3HAYCHHS Bxke mpu t = 2R /c. Y KOXKHOMY 3 BHIAJKIB IPYrUil JOJAHOK Y BHUpa3i st
eHeprii B MOMEHT t = t;, HE JIOKHTh Y MeXax iHTepBaly IHTETpyBaHHA, 1 TOMY AOpiBHIOE Hymo. [Tomamo i
MipKyBaHHs MaTeMaTHYHO:
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to

f dt (arccos ct 4R? — cztz) ty < E;
w | 2 2R 4R2 c
W,(2)|,=0 = c*A5R? 4 | 2R/c
I f dt (arccos ct 4R?% — c2t2> ty = E
l 2R 4R? 0= ¢

0
i iHTerpamn MokHa OOYMCIUTH aHANITHYHO. [lepmmii MOJaHOK IHTErpyeThCS YaCTHHAMH, a OPYTHUH — 3a

JIOTIOMOTOIO TTiICTAHOBKH 3 BHECEHHSIM MHOKHHKA ITiJ] 3HAK quQepermiana. Pe3ynpTaT MaroTh BUTIISA:
f’

dt arccos— = —| —arccos—+ 1 —

ct  2R{[ct' ct’ ) <ct’>2
2R ¢ \ 2R 2R - ’

,2
fdt4R2 4R?% — ¢t

Kinnesuii Bupa3 assi BANPOMiHEHOI eHeprii:

cto\?
1- (—) . cty < 2R;

( o[ 2 cty cty
cA3R3 —
2R

=+ —-—arccos— —
W(z)lzo=4 2\3" 2R 2R

|

\

Ha Puc. 2 300pakeH0 3aJIe)HICTh BUIPOMiHEHOI eHeprii (12) Bij TpUBAIOCTI IPSIMOKYTHOTO IMITYJIbCY Ct.

[Tpu Manux Horo 3HaUSHHSX, CHEPTis IOCTYIIOBO 3pOCTAE, OCKIIBKH XBUIIA 1€ HE ITOBHICTIO BUHIILIA 3 allepTypH.

Y MoMeHT, ko ct, = 2R, XBWIsI TOBHICTIO chopMOBaHa 1 BUHIIIA 3a MeXi Jukepena. [licms nporo eHepris

JIOCsIra€ HACUUEHHS 1 30epiracThCsi Ha MOCTIHHOMY PiBHI, KUl JOPIBHIOE eHEPrii CTPUOKONOIIOHOTO 30y KEHHSI.

Ileit pe3yabTaT JEMOHCTPYE 3B’A30K MK TPUBATICTIO 30YIKEHHS Ta CTYIIEHEM €HEPreTHYHOT HACHUEHOCTI TOJISt

y Mexax amepTypu. BimsHaummo, mo ¢yHKIis (12) € HemepepBHOIO 1 Mepexii A0 YCTaICHOTO PEKUMY
BinOyBaeThCs 0€3 po3pHBiB.

(12)

cty = 2R.

120

20

0.0 0.5 1.0 15 2.0 25 3.0
ctg, M

Puc. 2. 3anexHiCTh eHeprii, HAKOMMYEHOI Ha allepTypi, Bill TPUBAIIOCTI MPSIMOKYTHOTO IMITYIIECY
Fig. 2. Dependence of the energy accumulated at the aperture on the duration of the rectangular pulse

Bunanok 2. Habaudicennsa 0ansnvoi 30Hu

[Tpumyctmo, mo TOYKa CIOCTEPEKECHHS 3HAXOMUThCA Ha 3HAYHIN BifcTaHi Bif amepTypu. Toai MokHa
MIPUITYCTUTH, 110 OCHOBHUH BHECOK y TIOJIE, @ OTKE 1 y MOTIK eHeprii, AaroTh aume GyHKIii beccens Hyap0BOro
MOPSIZIKY, B TOW Yac SIK BIUTUB PALIB 110 MAPHUX HWTIHAPUIHAX QYHKINSIX € He3HAYHUM:!

© k
Jo (/=7 =22) » 2 ) (%) Jore (2@t = 1) = 22).
k=1

Ie HaOaMXKEeHHs 03BOJISIE CIIPOCTUTH TTOBHUH BHpa3 (9) a0 ¢ 61711 KOMITAKTHO hopmH:

P (2, ) = mc2A2R2 j dy~ Jl(xR)Jl(xR)
J (13)

(5o (r/ezer=22) ) = Jo (x Cz(t_to)2_22>H(t_to)>2
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AHaniTruHe iHTerpyBaHHs pe3ynbTary (13) He € MOXKIIMBUM Yepe3 CKIIaHy CTPYKTYPY HiliHTerpajJbHOTO BUPa3y.
Tomy nojanbmii aHalli3 BUKOHY€EThCs YUcI0BUM MeTooM ["ayca-Kponpona. Ha Puc. 3 HaBeneno iBa cimeiicTsa
rpadikiB IOTOKY €Heprii AK QYHKIIT 9aCOBOi 3aTpUMKH ¢t — Z 171 (GiKCOBaHUX 3HAYCHP BiICTaHI Z JABHBOI 30HM.
Po3rmsamaroThes 1Ba PeKAMU: IMITYIIbC i3 TpUBATiCTIO Cty < 2R (miBumit rpadik) Ta cty = 2R (upaBuit rpadik).
HezanexxHo Bix BUIIAZKy, CIOCTEPITaeThCS OHAKOBA MOBEIiHKa KpUBUX. Ha movaTky yci BOHH AEMOHCTPYIOTh
MIOCTYIIOBE 3aracaHHsA. Y MOMEHT, KOJNH ct — Z = ctgy, BifOyBaeThCs Pi3KUil CTPHOOK aMILTITYJH MOTOKY, IiCIIsA
SKOTO BIH 3HOBY BXOAWTH Y (ha3y 3aracaHHs, HEMOB OW XBWJIS «BIIHOBIIOEThCS». Takuil edexT MoKHa
IHTEPIIPETYBATH HAKJIaJaHHSIM JPYroro XBHJIbOBOTO (PPOHTY, 3yMOBICHOTO BUMKHEHHSM JKepesa, Ha TepLUIui —
¢ponT yBiMKHeHHsL. Lle cBoepifHe HakyIalaHHS, IKe THMYacOBO MJICHIIIOE aMILTITY/ Iy B IEBHIH TOYII TPOCTOPY.
Ha niBomy rpagiky BHIHO, IO KiHI BCIX TPHOX KPHBHX HPSAMYIOTH J0 OJHAKOBUX 3Ha4eHb. AHaJOTi4HA
MOBE/IiHKa XapaKTepHa 1 MpaBOMYy, X04a TaM CIUIECK BUHHUKA€ Ha OUThIN BignaneHomy ¢ponti. [Tpu 36inbimenHi
ct,y CIUIECK BiImaJsleEThCS y Yaci, 1 XapakTep (YHKIIi 10 HHOTO BCe OiNbIe Haragye BUIAIOK CTPHOKOTOiOHOTO
30ymxenHs. [Ipore MOBHOTO Mepexoxy IO HBOTO HE BiNOYBA€ThCSA HABITh NPH 3HAYHUX 3HAUEHHSIX Cty. Lle

CBIIUUTH TIPO Te, Mo Gopmyna (13), Xod i BpaxoBye 4acoBi 3CYBH, 3aNUIIAETHCS HAOIMKCHUM MPEICTABICHHIM
XBHJILOBOT'O MIPOLIECY.

— z=5m — z=5m
35 z=8M z=8m
— z=11lm . — z=11lm

N
%)

", - 10 BT
g
o

.15 a.15
ar
1.0 1.01

0.5 0.5

0.0 0.0
0 1 2 3 4 5 0 i 2 3 4
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Puc. 3. 3anexHicTh MOTOKY €HEPrii B JalbHil 30HI BiJl 4aCOBOT 3aTPUMKH Ct — Z JUIS KiJIbKOX (hiKCOBaHHX BiJICTaHEH Z i
PI3HUX 3HAYCHBb TPUBAIOCTI IMITYJIBCY Ct
Fig. 3. Dependence of the energy flux in the far zone on the time delay ct — z for several fixed distances z and different
values of the pulse duration ct,

e

Ha Puc. 4 300pakeHO 3aJe:)KHOCTI MMOTOKY C€HEprii B HalbHIM 30HI BiJl 9acOBOI 3aTPUMKH Ct — Z Ui
(hikcoBanoi BiactaHi z = 11 M, mpu pi3HUX 3HAYCHHSX TPUBAIOCTI IMIYNBCY Cty. 3 11 30UTBIIECHHSIM CIUIECK
aMIUTITYIN TIOTOKY BiZOyBaeThCS Ha BCE Mi3HIMMUX (PpOHTaX — y TOUKax ct — z = cty. [Ipu mpomMy moBenmiHka

rpadika 1O MOMEHTY CIUIECKY ITOCTYIIOBO HAONIKAETHCS IO 3aJIe)KHOCTI, XapaKTepHOI I CTPHOKOTOIOHOTO
30y IKCHHSI.
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Puc. 4. 3anexHiCTh MOTOKY eHepril B JaJIbHii 30Hi Bi/l 4acOBOT 3aTPUMKH Ct — Z 11 (iKCOBaHOI BicTaHi
z = 11 M npu pi3HUX 3HAYCHHSX TPUBAJIOCTI IMIYIIbCY Ctg
Fig. 4. Dependence of the energy flux in the far zone on the time delay ct — z for a fixed distance z = 11 m at different
values of the pulse duration ct,

[epeiinemo mo anamnizy noBHoi eneprii xBuii (11) y HabmkeHH] aIbHBO1 30HH. [HTETpyBaHHS BUKOHY€ETHCS
yrcIoBUM MetooM. Ha Puc. 5 mokazaHo 3ajexHICTh I1i€] eHeprii Bil KOOpAUHATH Z MpH (iKCOBaHIA TPUBAIOCTI
iMmyinecy ¢ty = 1 M. Ha Manux BizcTaHsx BiJ anepTypH €Heprisi 3MeHIIyeThCs mBHIIe. [{e TOosSCHIOETECS THM,
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10 YaCTHHA €HEeprii IMITyJIbCy BUTPAYa€ThCsl HA (POPMYBAHHS CTATUYHOTO ITOJIS B OJIVDKHIH 30HI, SIKE IIBHJIKO
3aracae 3 BiJICTaHHIO. TakUM YMHOM, IIEPBUHHA CHEPTisl IEPETBOPIOETHCS HE JIUIIE Y XBUIILOBY KOMIIOHEHTY, a i
y JIOKanpHe cTaTudHe noje. Ha Oimpmmx BiACTaHAX IIe TOJe BXKE HE TMIOMITHE, 1 XBHIILOBUH IMITYJIBC ITPOIOBXKYE
MOIIMPIOBATHCA, IO BiNOBia€ TIOBUTEHOMY 3MEHIIIEHHIO TTOBHOI eHepTii 3 BicTtaHHIo. Lle 3aracaHHs 4acTKOBO
OB’ s13aHe 13 pO3IMUPEHHAM (PPOHTY XBIJII Ta KOHIIEHTPAI€EIO i1 eHeprii B3IOBK HOPMAJIi.
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Puc. 5. 3anexHicTs MOBHOT eHepril XBUIIi B JaJIbHIH 30HI BiJl KOOpAWHATH U1t (DIKCOBAHOI TPHBAJIOCTI IMITYJIbCY Cty = 1 M
Fig. 5. Dependence of the total wave energy in the far zone on the coordinate for a fixed pulse duration cty, = 1 m

[ikaBo TakoX JOCIIIUTH, K [TOBHA SHEPTis 3aJCKUTh BiJl CaMOi TPUBAJIOCTI 30y/DKyOUoro iMmynbcy. Ha
Puc. 6 nmpencrasieHo rpadik miei 3aeKHOCTI, AKIIO BiACTaHb NaTbHBO1 30HU cTaHOBUTH 11 M. [ToBeninka eHeprii
TYT SIKICHO BIATIOBia€ TiH, m0 crioctepiranack y Bunaaky z = 0 M (Puc. 2), mo nae y3ropkeHiCTh eHepreTHIHNX
XapaKTepUCTHK. 3a3HAUYMMO, IO HE3HAYHi OCIIAMIl Ha rpadikax (Puc. 5 ta Puc. 6), iiMmoBipHO, mOB’s3aHi 3
MOXUOKAMHU YHCIIOBOTO IHTEIPYBaHHS Uil IIBUAKOOCIHMIIOIOYHMX IMiIHTErpaJbHUX BUpa3iB. BOHU He MarTh
(i3nuHOTO 3HA4YEHHS 1 HE BIUIMBAIOTH Ha 3arajibHi 3aKOHOMIPHOCTI.
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Puc. 6. 3anexHiCTh MOBHOI eHeprii XBUJII B TaJIbHIN 30Hi Bil TPUBAIOCTI IMITYJIbCY JUTs (hiKCOBaHOT BigCTaHi
z=11wm

Fig. 6. Dependence of the total wave energy in the far zone on the pulse duration for a fixed distance z=11 m

Bunanok 3. 3acanvruii

[ToBepHeMocs /10 MOBHOTO BUPA3y JUIA MMOTOKY eHeprii (9), 6e3 )k0THUX CIIPOILEHb, 1 TPOBeIeMO HOTo aHali3.
VY ducnoBoMy po3paxyHKy Oysio BpaxoBaHo repuri 10 wieniB psgy. Ha Puc. 7 300paskeno 1Bi cepii rpadikis
MOTOKY €Heprii sk GpyHKUii 4acoBoi 3aTpUMKH, 1 (PiKCOBAaHUX 3HAUYEHb BIJICTAHI BiJ| allepTypH Z, IO Ja€ 3MOTy
MOPIiBHATH, K 3MIHIOETBhCA JUHAMiKa (POHTY B OJMIDKHIH 1 TanbHii 30HAX, Ta IBOX Pi3HUX 3HAUYEHb TPHBAJIOCTEH
IMITyJIBCY, IO XapaKTEePHU3YIOTh Pi3HI PEKUMH BUIIPOMiHIOBaHHSA. B 000X cepisx rpadikiB kpusi st z = 0 M
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Puc. 7. 3anexHicTh OTOKY €HEpTii Bill 4acoBOi 3aTPUMKH Ct — Z JUT KUIBKOX (hIKCOBAHUX BiAICTaHEH Z 1 pi3HUX 3HaUYEHb
TPUBAJIOCTI IMITYJIBCY Ctg
Fig. 7. Dependence of energy flow on time delay ct — z for several fixed distances z and different values of pulse duration
Cto

MPaKTHYHO MMOBTOPIOIOTH aHANITHYHHUN po3B’si30k (Puc. 1). €anHe BigXuineHHs — Mannil CTpUOOK aMIUTITY/ U B
MOMEHT Ct — Z = Ct,, IKUH 3 ABISIETHCS BXKE MICIIsI TOTO, K KpUBA BUMIILIA HA HYJb (ipaBuii rpadik). Leit edexr
He Mae (i3UIHOT IPUPOIH, a € HACTIIKOM YHCIOBOTO HAOIIMKCHHS: TIPH 00MEKeHiH KITbKOCTI WICHIB Py IIOBHE
cKacyBaHHS MapHUX beccerniB He BinOyBaeThCs, MO Ja€ crieKTpaidbHy MoxuOKy tumy [i6ca. [lpn 30inpmIeHHI
KUTBKOCTI JOAAHKIB [IeH CIUIECK IMOCTYIOBO 3HHUKAE. J{JIs iHITNX 3HaYeHb BiAcTaHi Zz > 0, sk I OIMKHBOI, TakK i
JAITEHOT 30HHU, HABIAKH, MTOAI0HI CTPUOKH MarOTh (pi3UUHE MOXOHKEHHS, OCKUIHKH BiOOpaxaroTh iHTEep(epeHIito
IBOX (POHTIB: Bil BMHUKaHHS Ta BiJ BUMHKAaHHSA IMOynbcy. Take HakiIagaHHi (opMye XapaKTepHHI
SHEePreTUYHUI «ynap», KU He 3HUKAE NMpU 30UIBLICHHI KUIBKOCTI NOAAHKIB PSAAIB, Ta IIO Y3TOJUKYETHCS 3
pe3ynbTaToM, mpejcraBieHuM Ha Puc. 3.

Ha Puc. 8 nomaHo nBa cimeiicTBa rpadikiB 3aJIe)KHOCTI MOTOKY €HEprii Bill 4acoBOi 3aTPUMKH. AHai3
MPOBOJUTHCS [UIsl 1BOX (DikCOBaHMX BifcTaHed z = 0 M Ta z = 2 M, IpH Pi3HUX 3HAYCHHSIX TPUBAJIOCTI IMITYJIbCY
cty = 0,5;2; 3 M. SIk i3 Puc. 7, TyT 111 Hy1boBoO1 BijicTaHi (J1iBHi rpadik) OTpUMaHi pe3ysbTaTH Maiike MOBHICTIO
30iraroThes 3 aHAITHYHUM PO3B’SI3KOM, Npe/CTaBICHIM Ha Puc. 1, 32 BHHATKOM HEBEJIMKOTO CTPHOKa IpH Ct —
z = ct, A TpeThoi (ToukoBOi) KpuBoi. [ HeHyIIbOBOTO Z (TIpaBwid rpadik), Bix OMMKHBOI 0 JaTBHBOI 30HH,
moBeJiHKa TpadikiB sSKiCHO He 3MIHIOEThCS. Todka cTpuOKa 3CyBaeThCS BIPABO, BIMIMOBITHO O dYacy mii
30y/KeHHs, a (opMa XBHJIBOBOrO (POHTY 1O MOMEHTY BHMMKHEHHS Bce Olulblie Harajaye BHIAJOK
cTprOKOIOiIOHOTO 30y KEHHS, TOBTOPIOIOYH JIOTIKY, BXke onucany ajst Puc. 4.
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Puc. 8. 3anexxHicTh HOTOKY €HEpril BiJ] 4acOBOi 3aTpUMKH ct — Z JuIst (piKCOBAHMX BIJICTAaHEH MPH Pi3HNX 3HAYCHHIX
TPUBAJIOCTI IMITYJIBCY Ctg
Fig. 8. Dependence of energy flow on time delay ct — z for fixed distances at
different values of pulse duration ct,

Ha Puc. 9 npeacraBneHo TpUBUMIpHY KapTHHY 3aJIS)KHOCTI ITOTOKY €HEPrii sIK BiJ] 9aCOBOI 3aTPUMKH, TaK i
BiJl KOOPJMHATH BiJl BUIPOMIiHIOBaYa, Ka JEMOHCTPYE NMPOCTOPOBO-YACOBY MUHAMIKY IHOMIMPEHHS IMIYJIbCY Y
BiIBHOMY TIpocTopi. TpHuBamicTh NPSIMOKYTHOTO iMITyJIbCy 00paHo cty, = 3 M. SIkmo ikcyBaTH KOOPAUHATY Z Ta
PO3IIISIATH YacoBY 3aJIEXKHICTh, TO MOOAYMMO HOBEIIHKY, IIEHTHYHY /10 IBOBHMIpHUX rpadikiB, HaBeICHUX Ha
Puc. 3 i Puc. 7. lonamo, 1o 3i 301IbIIEHHSIM Z CIUIECKH aMILTITY[] JEHIO 3TIIaJUKYIOTHCS, ajle 3aJIMIIaroThCs
BUPQKEHUMHU. SIKIO pO3IisigaTy iHIIMK 3pi3, KoM (ikcyeThcs 4acoBa 3MiHHA, a MPOCTOPOBA 3MIHIOETHCS, TO
MOXHA BUJIUINTH Bl CyTTEBI 06acTi. Y 30HI nHo4aTKoBOro (hpoHTy (B OKoJIi IuomuHu ¢t — z = 0 M) NOMITHUH
pi3kuii MakcuMyM o3y z = 0 M, KW TOCTYTIOBO 3aracae 3 pocToM BiacTaHi. Llel mik moB’s13aHuil 3 BHCOKOIO
KOHIIEHTPAIII€I0 eHeprii y ONKHINA 30H1 ofpa3y Micasl YBIMKHEHHs JpKepena. MareMaTudHO BiH 00yMOBIICHUH
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0COOJIMBICTIO MiAIHTErPAILHOTO BUpa3y, 30KpemMa TUM, IO JJIsl MajuxX Z apryMeHT QyHkuii beccens HynboBoro
HOPAZKY AOCATAaE MaKCHMAJIbHOIO 3HaueHHS. JlOOaHOK y BHUIILAL POy B TaKOMY BHUIIAQAKY MaTHMe IpoOOBi
KoedimieHTH, mo HabmmKkaoThes 10 1, Ta GyHkmii beccens mapHUX MOPSAKIB, sKi IpaMytoTs 10 0. Y pe3ynbTarti
CIOCTEpIiTaeThCs IMOCHICHHS IHTETPaJbHOTO BHECKY 3a paxyHOK ¢yHKuii beccems HympoBoro mopsaky. pyra
o6acThb (OKiJI IWIOIIHHY Ct — Z = Ct), 10 OB’ s13aHa 3 GPOHTOM BUMKHEHHS iMITYJIbCY, HE TIOPOKYE HACTLIBKH
TOCTPOTO TKY, a caM ()pOHT IIaBHilIE criafae 3 poctoM z. Lleit edexT nMoB’sa3aHUN 3 THM, IO MICIS TOUTHPEHHS
y TpocTopi XBUJIBOBUH IMIIyJILC 4YacTKOBO iHTepdepye i3 camuMm co00l0, BHACHIJOK YOrO YacTHHA
BHUCOKOYAaCTOTHUX KOJIMBAHb 3IJa/KyeThesl. KpiM TOro, Ha MOMEHT BUMKHEHHS IMITYJIBCY T10JIE B)KE 3alIOBHUJIO

3HA4YHY YaCTHUHY IPOCTOPY, 1 1Oro reoMeTpist 3MiHIOE JIOKaJIbHY IHTEHCHBHICTB OTOKY. SIK pe3ysbTart, hiHanbHUHA
CTPHOOK € MEHIII KOHLICHTPOBAHUM.
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Puc. 9. 3anexHicTh MOTOKY €HEprii BiJl 4acOBOi 3aTPUMKH €t — Z 1 BiZICTaHi BiJ allepTypH Z AJIsI TPUBAJIOCTI IMITYJIbCY Cty =
3M
Fig. 9. Dependence of energy flux on time delay ct — z and distance from aperture z
for pulse duration cty =3 ™

HaocraHok po3sriissHeMo eHepriio 30yIukeHHS NpsSMOKyTHMM immynscoMm (11). Ha Puc. 10 nokazano
3aJIeXKHICTh MOBHOI eHepril sk QyHKIIT BiICTaHI, SKIIO TPUBANICTD IMITYJIbCY Cty = 3 M. [IpoBeieHO TTOPiBHIHHS
pe3yJbTaTiB, OTPUMAHHUX 3a JOTIOMOTOI0 IHTErpYBaHHSI M0 Yacy 3araibHOro BUpasy (9), 3 HaOJIMKEHHSIM TJIbHBOT
30nH (13). Kpura, moOymoBaHa 3a 3araibHUM BUPA30M, JIa€ MEHIII 3HAYCHHS €HEPril, HXK Y HAOMMKEHHI AaIbHBOT
30HM. Lle#l edeKT MOsICHIOETHCS THM, IO B 3arajJlbHOMY BHIIQJKy MHoie (OPMYETHCS HE JIMIIE XBHIILOBOIO
YaCTHHOIO, a i HECTAI[IOHApHUMH CKJIAJ0OBHMH, TIOB SI3aHUMH 3 JIOKAJII30BaHUM 30yPEHHSM MOOJIU3Y anepTypu. Y
MOMEHT 30Y/KEHHsI JDKEPEJIO TeHepye CTaTHYHE I10JIe, K€ YaCTKOBO «3allOBHIOE» OJIMDKHIO 30HY 1 HE CHpHse
MOMIMPEHHIO eHeprii y HanpsIMKy oci. HaTomicTs y HaOnmkeHHI JaabHBOI 30HH BPaXOBYETHCS JIMIIE CHHXPOHHE
MOMMpPeHH (POHTIB, IO /A€ 3aBHUIICHY OIIHKY €HEPreTUYHOTO MOTOKY. Ha BenMkux BinCTaHAX OOWIBI KpHBi
MIOCTYIIOBO BHPIBHIOIOTHCS, III0 BKAa3y€ HA 3HWKHEHHS €HEPTeTHYHUX CKIaJOBUX OnmxHBOTO mois. IloBinbHe
3aracaHHsi eHeprii 3 BIJCTAHHIO Harajaye MOBEAIHKY, XapaKTepHY ISl «EJEKTPOMArHITHOTO CHapsIy»:

30CepePKEHNH IMITYIIbC IEPEHOCUTH CKIHUEHHY KITBbKICTh €HepTii sika 30epiraeTbes B HOTo CTPYKTYpi HA BEMUKIN
Bigcrani [9].
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Puc. 10. 3anexHicTh MOBHOI €HEPTil XBHIII Bil KOOPIMHATH JUIS BUIIAKIB BUNIPOMIHIOBAHHS Y JaJIbHIN 30HI Ta 3arajbHOTO,
SIKIIIO TPUBAJIICTD IMITYNIBCY Cty = 3 M
Fig. 10. Dependence of the total wave energy on the coordinate for cases of radiation in the far zone and total radiation, if the
pulse duration cty = 3 m

Ha Puc. 11 nomaHo 3anexHiCTh €Heprii, MIO MPOXOJHWTh Yepe3 IUIOLMHY Z = CONSt, BiJ TPUBAIOCTI
MPSMOKYTHOTO IMITYNIbCY Cty. [t Manoro yacy crnoctepeskentst ¢t < 2R i BUIIPOMIHIOBAHHS 4epe3 anepTypHy
wiomuHy z = 0 OyJ0 pO3IJISHYTO TPH KPHBi: TOYHHIN PO3B’S30K, NANBHIO 30HY 1 3arajJbHUI BUMAIOK (JIiBUH
rpadik). [TomMiTHO, O TOYHHMI PO3B’S30K 1 3arajbHHUI BUMAJOK il€aIbHO 30IraroThCs, TOJI SIK HAONMKCHHS
JAJTbHBOT 30HH JICI0 HEMPABWILHO OIHIOE CHEPTI0, X0ua SKICHO BIATBOPIOE MOBEAIHKY 3aJIEKHOCTI, 30KpeMa
HAaCUYEeHHS IpH Ccty = 2R. SIKuIo y35TH BiyianeHy nonepeyuHy IomuHy (z = 5 M, npaBuii rpadik) i Benukuii uac
CIIOCTEPEKEHHS, TO KPUBA JAbHBOT 30HH 3HAXOMUTHCS BXKE BHIIE, HIXK JJIsI 3arajibHOTO BUMAAKY. [1osICHEHHS
pOTO imeHTHYHe K i 7o Puc. 10. fxicHa ¢i3nyHa KapTHHA MiXK KPUBUMH € OJHAKOBOIO.
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Puc. 11. a) 3anexnicTs eHeprii Ha anepTypi (z = 0 M) Bi TPHUBAJIOCTI IMIYJIECY IPU OOMEKEHOMY Yaci CIIOCTepEKEHHS
(ct < 2R) nns TpbOX BUMAAKIB aHanizy Gopmynu (12); 0) 3anexHicTb MOBHOT €HEPTil BiJl TPUBAIOCTI IMITyIbCY Ha BincTaHi
z = 5 M 70 BUIIPOMiHIOBaYa JJIsl TBOX BUTIAIKIB aHANI3Y Gopmym (12)

Fig. 11. a) Dependence of energy at the aperture (z=0 m) on pulse duration with limited observation
time ct < 2R for three cases of analysis of formula (12); b) dependence of total energy on pulse duration at a distance z=5m
from the emitter for two cases of analysis of formula (12)

BUCHOBKHU

ITokazaHo, mo HaOMMKEHHS AAIbHBOI 30HM y pasi NPSIMOKYTHOTO iMITYyJIbCHOTO 30YIUKEHHS 3aJ0BLIBHO
BIATBOPIOE SIKICHY (i3MYHY KapTHHY MOLIMPEHHs XBHJI, OJHAK Mae 0OMeKeHy TOYHICTh Y KUIBKICHOMY OMNHCI
EHEePreTUYHNX XapaKTePUCTHK. 30KpeMa, JJIsI MaJHNX YaciB CIIOCTEPEKEHHS BOHO HEJOOIHIOE MOBHY €HEPTilo,
TONI SK A BEJIMKWX 3HA4YEHb 4Yacy CYTTEBO ii MEpEOoIiHIoe B OMIDKHIN 30HI, IO 3yMOBJICHO iTHOPYBAHHAM
CTAaTUYHHUX KOMITOHEHT HOJISL. [IpocTexxyeThCs eeKT «eIeKTPOMAarHiTHOTO CHAPSALY, 32 SIKOTO IMITyJIbCHA €HEePTist
MIOIIMPIOETBCST Y BUTIISAI KOMIAKTHOI CTPYKTYpH 31 cTajoro ¢opMoro. BCTaHOBIIEHO TaKOX HAasBHICTh
MOYaTKOBOT'O €HEPTeTUYHOTO MOTOKY, HEOOX1AHOTO [T (hOPMYyBaHHS CTaATUYHOTO OIS, 1 HOTO BIUIMB Ha MPOIIEC
BUIIPOMIHIOBAHHSI.

KOH®JIIKT IHTEPECIB
ABTOpH TTOBIIOMJISIOTE TIPO BiJICYTHICTH KOHMIIIKTY iHTEpECiB.
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ENERGY ANALYSIS OF A TRANSIENT WAVE PROCESS EXCITED BY A RECTANGULAR
PULSE
D. I. HAVRYLENKO, O. M. DUMIN, S. L. BERDNYK
V. N. Karazin Kharkiv National University, 4, Svobody Square, Kharkiv, 61022, Ukraine

Background. With the rapid advancement of ultrawideband technologies, pulsed antennas are becoming
increasingly essential tools in applications involving radio communication, location, and remote sensing. Unlike
harmonic sources, whose dynamics are well-described in the frequency domain, real pulsed emitters operate with
finite-duration excitations, which significantly alter both the nature of the electromagnetic field and the process of
energy transfer. One of the physically realistic excitation scenarios is the rectangular pulse, which models a
situation where the source is active for a limited time interval and then turned off. This type of pulse more
accurately reflects the actual operating conditions of pulsed systems than idealized step-like excitation.
Investigating the energy characteristics in the time domain not only deepens the understanding of radiation
mechanisms but also contributes to the improved design of efficient antennas and sources. Such insights directly
impact the enhancement of range, noise immunity, and accuracy in communication and observation systems, as
well as the reduction of energy losses and near-field exposure. Analyzing the transformation of pulsed energy at
different stages of excitation, from the formation of wavefronts to their propagation, is key to developing high-
fidelity models of the electromagnetic field.

Objectives. To derive analytical and numerical dependencies that describe the energy characteristics of the
electromagnetic field excited by a rectangular pulse. Specifically, the aim is to obtain expressions for the energy
flux through the transverse plane at an arbitrary distance from the aperture, as well as to determine the total wave
energy at different stages of its spatiotemporal evolution. Where analytical solutions are unattainable, apply
numerical methods. Provide a physical interpretation of the obtained results, and assess the influence of pulse
duration on wave behavior.

Materials and methods. The problem is formulated as a transient three-dimensional propagation scenario of an
H-wave excited by a rectangular pulse from a circular aperture into the free half-space. General field solutions are
constructed using the evolutionary approach. These solutions are expressed through the evolutionary coefficients,
which are obtained as solutions of the inhomogeneous Klein-Gordon equation using the Riemann function method.
To determine the energy flux, the longitudinal component of the Poynting vector is used. Numerical computations
are carried out via the Gauss-Kronrod method.

Results. Exact analytical expressions for the energy flux and total energy at the aperture under rectangular
excitation have been obtained. Generalized formulas have been derived for arbitrary planes, taking into account
the temporal and spatial evolution of the field. A comparison with the far-field approximation shows that it may
overestimate energy values in the near zone. A three-dimensional visualization of the spatiotemporal dynamics
has been constructed, clearly demonstrating the formation and interaction of wavefronts. The process of energy
accumulation in the near field has been analyzed, along with the manifestation of the “electromagnetic missile”
effect, where the excitation exists in the form of a compact energy pulse.

Conclusions. This study presents, for the first time, analytical and numerical models for rectangular excitation of
an H-wave from an aperture radiator in the time domain. It is shown that, in the case of finite-duration pulses, the
field exhibits more complex temporal dynamics than under step-like excitation. It is established that the energy
flux near the aperture arises from the interaction of static and wave components, which render far-field
approximations inaccurate at low values of the longitudinal coordinate. The slow decay of energy with distance
indicates that a significant portion is concentrated in a compact front that retains its structure during propagation.
The analysis refines the applicability conditions of approximate models and provides a foundation for further
research aimed at optimizing pulsed antennas and radiation systems.

KEY WORDS: Evolutionary Equations Method, rectangular pulse, soliton-like solution, energy transformation
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IMPOI'HO3YBAHHSA PO3CISIHHA EJIEKTPOMAT'HITHUX XBUJIb HA
CKJIAJHUX BEJIMKOI'ABAPUTHHUX OB’€EKTAX

AkTtyajabHicTb. HuHI mocrae mutanHs MonemoBaHHA edekTtuBHOI moBepxHi poscisaHs (EIIP) peanpHuX wminew.
ExcniepuMeHTaIbHE BUMIPIOBAHHS € CKJIQTHUM JUTS peasti3anii, a iCHyFo4Yi METOI! TEOPETHIHOTO OOYHCIICHHS 3a3BHYail
noTpeOyroTh 6arato yacy. ToMmy HEOOXiTHO PO3pOOUTH HOBI METOTH 300py i 0OPOOKH CKCIEPUMEHTAILHUX JAHUX Ta
TEOPETHYHOTO MOJICTIOBAHHS, IO JO3BONUTH NpUIBUAMNTH OIiHKY EITP pisHnx 06’ekriB. BaxiamBoro Hapasi
3a/1aueio € CTBOPEHHS pajapy, AKuil Oyae moOpe moMiuaTH HaBiTh TapHO 3aMacKOBaHI IIUIi. 3 iHIIOrO OOKY, MOCTAE
HEOOXIIHICTh 3aMacKyBaTH BiacHI 00’ekTu. BpaxoBytoun HOBITHI TeHACHIIT 3 BUKOPUCTAHHS MaJOIIOMITHHX IIiJIEH,
BiZIOWTHI CUTHAI BiJl IKMX MOXe OyTH Maike Ha PiBHI IIyMy, HeOOXiJHO HABUNTHCS BUIUISTH HOTO 3 TIOMi>K CUTHAITIB
iHImUX 00’ ekTiB. TakuM YUHOM, aKTyaIbHOIO Hapa3si 3aa4er0 € CTBOPEHHS e(EKTUBHUX METOIB AJIs IPOTHO3YBaHHS
PO3CISIHHS Ha TUIOBUX PaXiOJOKAIIMHUX LUIAX, BUKOPUCTAHHS SKUX He Oyzae moTpeOyBaTH Ayke Oarato dacy Ha
MOJIETIOBaHHSL.

Meta po6oTn. OTprMaHHs PiBHSIHHS 111 OOYHCIICHHS e()eKTUBHOI IIOBEPXHI PO3CISTHHS CHCTEMH SICKPABUX TOYKOBHX
BiZIOMBAUIB i3 Pi3HOIO JAiarpamMoro CIIpSIMOBAHOCTI.

Metonu i mMeromosorisi. Bukopucranas MeroziB (i3WYHOI Ta T€OMETPUYHOI ONTHKU JUIS OTPUMAHHS PIBHSIHHS
e(eKTHBHOI TIOBEPXHI PO3CISTHHS CHUCTEM SICKPaBUX TOYKOBHMX BiZOMBadiB. 3aCTOCYBaHHsS MOBH IIPOTPaMyBaHHS
Python, a Takox 6i6miorek 1o Hei NumPy ta Matplotlib st o6uuciens Ta moGymoBH rpadikis.

PesyabTaTn. OTpuMaHO PiBHAHHS Ul OOYUCICHHS €()eKTUBHOI MOBEPXHi PO3CISTHHS CUCTEMH SCKPABUX TOUKOBUX
BiZOMBaYiB M1 BUIAIKIB 130TPOMHOI Ta Pi3HOI KyTOBOT 3alIe:KHOCTI eheKTHBHOI moBepxHi po3cisHHA. [1o0ymoBaHO
rpadiku i Bunazakis, komu EITP koxkHOTO po3ciroBaya MOCTiifHA Ta 3MIHIOETHCS 32 TIEBHIMH 3aKOHAMH.

BucnoBkn. OtpumaHo KiHIeBy Gopmyny st oouncinenns EITP cuctemu sickpaBuX TOYKOBHX BiIOMBAuiB, a TAKOXK
3HaNICHO 3aKOHOMIPHOCTI 71t pi3HUX 3HaueHb EITP BigOuBauis.

KJUIFOYOBI CJIOBA: epextuBHa noBepxHs poscisaus, EIIP, ciuctema sickpaBUX TOYOK, pajioJIoKallisi, TOMITHICTh
i, iHTepdepeHtis.

Sk muryBartu: Jlerenpkuit MM., Byrait MA [Iporao3yBaHHS pO3CisSTHHSI €JICKTPOMArHITHUX XBIJIb Ha CKIIAJHUX
BeNHMKOradapuTHUX 00’ekTax. BicHuK XapkiBchkoro HamioHamsHOTO yHiBepcuTety iMeHi B.H. Kapasina. Cepis
«Pamiodizuka Ta enexrponikay. 2025;42,38-46. https://doi.org/10.26565/2311-0872-2025-42-04

In cites: Legenkiy MM, Buhai MA. Prediction of electromagnetic waves scattering on complex shape large
objects. Visnyk of V.N. Karazin Kharkiv National University, Series “Radiophysics and Electronics”. 2025;42,38-
46 (In Ukrainian). https://doi.org/10.26565/2311-0872-2025-42-04

BCTYII

OCHOBOIO aKTHUBHOI PajiofioKallii € BiOWUTTS €JICKTPOMArHITHUX XBWJIb BiJ mepemkon (00’ekTiB) abo
HEOJTHOpiTHOCTEH - 00JacTi MPOCTOPY, MArHiTHI Ta €NEKTPUYHI BIACTUBOCTI SKUX CYTTEBO BIIPI3HAIOTHCS Bif
BJIACTMBOCTEH CEpeJOBHILA, B SIKOMY IOIIMPIOEThCS XBWIA. [lajaioda eneKTpoMarHiTHa XBHJIS BUKIJIMKAE
BUMYIICHI KOJMBAaHHS BIIBHHUX 1 3B’S3aHUX 3apsAiB, KOTEPEHTHI /0 KOJIHMBAaHb ITaJal0u0r0 BHUIPOMIHIOBAHHS.
BoHM CTBOpIOIOTH BTOpMHHE IOJIE BCEpelMHI 1 330BHI 00’€kTy. B pesyinpraTi HpOro eHeprisi mHaaarodoro
BUIIPOMIHIOBAHHSI PO3CIIOETHCS Y BCIX HAIpsIMKax, B TOMY YHCIi 1 B HampsIMKy 1O paJioJjOKaliiHOi cTaHIil.
BunpoMiHtoBaHHS, SIKE CTBOPIOETHCSI Y€PE3 PO3CISTHHS €Heprii eJIeKTPOMAarHiTHOI XBHJII Ha HEOJHOPIAHOCTSIX,
MepenKoaax Yu 00’eKTaxX, Ha3UBA€THCS BTOPHHHUM BHIIPOMIHIOBAHHSM, & 00’€KTH Ha3WBAIOTHCS IACHBHUMHU
BTOPMHHHMMH BUIIpOMiHIOBauaMu. [lapamMeTpamn HEOJHOpIAHOCTEH MOXYTh OyTH JieIeKTpPUYHA IIPOHHUKHICTD €
Ta MarHiTHa NPOHUKHICTH |l. SIKIIO BOHM HE CHIBNAJAIOTH i3 MapaMeTpaMH CEepesIOBHINA, TO BiIOYBAE€ThCS
BUIIPOMIHIOBaHHSI BTOPUHHUX XBUIIb. [10J1€ BTOPUHHOTO BUITPOMIHIOBaHHS 3aJI€KHUTH BiJl MOJISPU3ALlii T YACTOTH
€JIeKTPOMAarHiTHOI XBHJII, @ TAKOXK BiJl TApaMeTPiB CaMOT0 CEpPEIOBHIIA Ta 00’ €KTa, HA IKOMY PO3CIFOETHCS XBHIIS.
BinOutnii minro curyan — BigOuTa XBUIS, sIKa IPUIIIUIA HAa3a]] y HAPAMKY J0 panapa. [HTeHCHBHICTB Takoi XBUIT
3aIeKUTh BiJl JATBHOCTI A0 IIiJ, 11 reoOMeTprIYHOro po3Mipy a Takox (popmu BigOmBarouoi mosepxHi. s omiHKH
€HEepPreTUYHUX BJACTHUBOCTEHl BTOPMHHOTO BHUIIPOMIHIOBAHHS ~ BBOJMTBHCS TOHATTS €(QEKTUBHOT MOBEPXHI
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poscisias (EITP). Inst po3paxyHKy mapaMeTpiB palioioKaliiHUX CTaHIIN 1 BU3HAYEHHS iX MOXKJIMBOCTEH 11010
BUSBJICHHS LJICit 3HAYHY POJIb BiAIrpae 3HAHHS BIACTHBOCTEH BTOPUHHOTO BUNIPOMiHIOBaHHS [4].

3a3Buuail pamiosIoKaliiHi BIACTHBOCTI 00’ €KTIB BU3HAYAOTHCS IS AaJbHBOT 30HHU, TOOTO IS BiJICTAHEH,
Ha SIKMX BUIPOMIHEHY (SIKIIO MOBA i/ie PO JAJIBHIO 30HY JUIS BUIIPOMiHIOBa4a) abo po3cisHy (SKIIO MOBa e
PO JAIBHIO 30HY JUISl pO3CifoBaya) XBHJIIO MOJKHA BBaXKAaTH IUIOCKOK0. Came JJIs TAKOTO BUNAJIKy c(hOpMyJIbOBaHE
HaBeleHe HIKue BusHaueHHs EITP[3].

B naniit po6oTi otpumano ¢opmyiu s cymaproi EINP cucremu i3 Takux po3ciroBadiB, sIKi po3TalIoBaHi
B Pi3HHX MPOCTOPOBHX TOYKAX y JAajbHIN 30HI BiTHOCHO MepeaaBaya Ta mpuitMada. 3aBIsiku nbomMy cymapHa EITP
CHCTEMH TOYOK 3aJIC)KHUTH JINIIC Bif BiICTaHI MK HUMH Ta Pi3HUII (a3 XBUIb, BIIOUTHX BiJ IIIX po3citoBadiB. I3
MPOCTUX TEOMETPUIHUX MIpPKyBaHb BIA€THCS OTPHUMATH II0 PI3HMITIO Ta BHUKIIOYHTH i3 OTPHUMAaHUX (HOPMYIT

BiJICTaHi 10 IepeaBaya Ta mpuiiMaya.

MOCTAHOBKA 3A1AYI

[onsTTs edpextuBHOI moBepxHi poscisHus (EIIP) mmpoko BUKOPUCTOBYETHCS B y Pi3HUX 00JaCTsIX (Pi3UKH:
PO3CISIHHS CBITJIa, KOTEPEHTHA ONTHKA TOLIO.

EIIP — xapakTepucTuKa Tija, M0 PO3CiIOE. 3a JOMOMOro0 Hel BU3HAYAIOTh 3JIATHICTH TiJIa PO3CiOBATH
NaJaryy XBUIIO.

Heo0OxigHO 3HAWTH (GOpMyIy, 3a KOO MOXKHa Oyme BU3HAUHTH ePeKTHBHY moBepxHIO poscisaHs (EITP)
CHCTEMH TOYKOBHUX PO3CIIOBadiB 3 ypaxyBaHHAM iHTepdepermii XBuiab. BBakaTu, o po3ciroBadi po3TamoBaHi
MoONIN3Y OYAaTKy KOOPIUHAT, a IpUiiMalibHA Ta MIepeaaBaibHa aHTCHH HAa HECKIHUSHHIH Bi/ICTaHi BiJl HBOTO, TOOTO
B anbHiH 30HI. BpaxyBatu, mo EITP koskHOTO po3cifoBaya € (yHKII€IO BiJl KYTiB CEPUIHOT CHCTEMH KOOPIIMHAT.

Heo0xigHO po3paxysatu EITP:

- CHCTEMH ABOX i30TPOITHUX PO3CIIOBAYiB 3a Pi3HUX JOBKHH XBUIII 4,
- CHCTEMH JIBOX BHIIEBKa3aHHX pO3CilOBauiB, 32 yMoBU MO EIIP K0XHOTo 3MIiHIOETHCS 32 3aKOHOM

o(p) =cos’(p), o(p) =cos*(2p), o(p) =cos*(3p).

METO/JMU TA 3ACOBHA
Just oouncnenns EIP BukopuctaHo Metoau Gi3uyHOl Ta reoMeTpu4Hoi onTuk. [1,4-5]
Jnst urcenbHUX OOYHUCICHb 3aCTOCOBAHO MOBY mporpamyBanHs Python, a takox 6i6miorexu NUmMPy Ta

Matplotlib [10-11].

EIIP CUCTEMMU ACKPABUX TOYOK
Hounsrra EITP

EdextuBna mosepxHs poscisaHs (EIIP) — xapakrepucTuka Tina, sika BU3HAYa€ HOTO 3MATHICTH PO3CIIOBATH
BUIIPOMIHFOBaHHs. Po3cisiHa XBHJIA Ma€e NEBHY MOJPU3ALII0 Ta MOLIUPIOETHCS Y HANPsIMI 10 puiiMava. B takomy
Bunanky EIIP mpomopmiiiHa BiTHOIICHHIO 1HTEHCHBHOCTI PO3CISHOTO IO Ois mpuitMada MO iHTEHCHBHOCTI
naaar4oro noiisi Ha 06’ekt (Puc. 1). Jlyis GicTaTHYHOTO BUIIAKY TepeaBad i IpuiiMay po3/iieHi, Ha PUCYHKY [3
— KyT MDXK HampsiMOM BiJl TepeJaBaya 10 Tija 1 HampsMOM BiX Tia 1o npuiiMada, R — Biactane g0 Hux. s
MOHOCTATHYHOT'O BUIAJIKy NMpHUHMaY i TepeaBad 3HaXOsAThCs OJM3bKO OJMH JI0 OJHOTO abo 00’eaHaHi, TOOTO
kyr B=0.
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Puc. 1. JloBinbHE TiJI0, IO PO3CIIOE.
Fig. 1. Arbitrary scattering body.
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Hexaii sk Tijo, 1m0 pO3CiFOE BHCTYIAE ilcanbHE 130TpONMHE TiNO. B TakoMy BUmamky cHepris Oynme
po3citoBaTuCs B YCIX HalpsIMKax OJHAKOBO. BBaxaroum, mo Bigcrab R nocTaTHRO BenMka, 11100 BBaXKaTH, IO
Ma/Ialova XBIIIA IIOCKA, MOXKHA OOYHCIIUTH TIOTYKHICTB, IKY PO3CIIO€ Take TiJIo:

BT 2
P, = Jim 4zRIL,,, )
ae Iy, — rycTHHa OTOKY MOTYXHOCTI XBUWII, SIKY BUIIPOMIHHB NepeaBay. 3 iHIIOTO OOKY:
Pnp = CIInep ! (2)

ne ¢ — EINP — ruroma noBepxHi iieanbHOro i30TponHoro Tija, [y, — rycTHHa NOTOKY MOTY»HOCTI XBUIII,
sIKa TIPUHTIITA 10 puiiMada. I3 pisastes (1) ta (2) Burummsae, 1mo:

2

I1 U
. 2 . 2
o=Ilim4zR*—% = lim 4zR°| /£ | . (3)
R—o H R >
nep np
PiBusHHS (3) cnipaBeasMBe 1Sl BEMUKHX 3Ha4eHb Rj, € T'yCTHHH IOTOKIB ITaAar04oi i po3cisHol XBUIb [lpep

Ta [, mpOoMOpIifiHi KBaZpaTaM aMILTITY/ Maaaryoi Ta BigouToi XBHIb Uye, Ta Uyp [8].

I3 HaBemeHHMX po3paxyHKiB 3po3ymino, mo EIIP (o) mpeacraBnsie co0O0 MIIOIIY TaKOTO iA€albHOTO
130TPOIHOTO pO3CilOBaya, KU, Y BUNIAJKy HOT0 pO3TallyBaHHS 3a MICIIeM 3HaXOJDKEHHs Ui, IpH NaJiHHI Ha
HLOTO T'YCTMHH TOTOKY MOTYXHOCTi 1 BT/M? CTBOpUTE y TOWI, [e 3HAXOJMThLCS NPUHMAaIbHA aHTEHA, TaKy
TYCTHUHY MOTOKY MOTY)KHOCTI, 1110 1 peayibHa 1ijib [3-4].

EIIP cucremu sickpaBuX TOYOK

Hexaii 3anano cuctemy 3 N Touok. Bifctans Bil HO4aTKy KOOPAMHAT JI0 MepelaBabHOT AHTCHU CTAHOBUTH
Ri1, a mo mpuiimansHoi — R2. N, 1 N, — OQWHWYHI BEKTOPH, SKi 33Jal0Th HAIPSIMHM Bifl IOYAaTKy KOOPAHHAT 1O
nepeaBagbHOl 1 MpHUMaNbHOI aHTEHH, BiAMOBiAHO. KoopauHATH KOXHOT TOYKH 3aJa0ThCs BIITIOBIIHUMH
paziyc-Bektopamu I, , a ix EIIP — o (Puc. 2).

BBaxkaemo, 110 KOKHA 13 BKa3aHUX TOYOK OJTHAKOBO PO3CIIO€ Ma/larouy Ha Hel eJIeKTPOMArHITHY SHEpriio B
yCiX HampsMKax, TOOTO € Tak 3BaHUM i30TPOITHUM po3citoBadeM. Uepes Iie Magatourii Ta BIIOUTHIA CUTHAI IS
KO’KHOI 13 TAaKAX TOYKO ITOB’sI3aHI OJUH 13 OJHUM CIIiBBigHOIIEHHM (3).

Hwmxue otpumaemo EINP mms cuctemu i3 TakuX poO3CifoBadiB, TOOTO CIIBBITHOIICHHS MK CHTHAJIOM, IO
MaJia€ Ha TaKi pO3CiroBayi Ta CyMapHUAM CUTHAJIOM, IO MOTPAIUISLE 10 MPUAMAaIbHOI aHTCHH BiJl KOYKHOTO 13 TAKHX
PO3CiroBauiB, 3 ypaxyBaHHsIM iHTepGEPEHIIT BIIOUTHUX BiJ] KOXKHOT'O i3 pO3CiIOBaYiB CUTHAIIB.

TlepenaBau

Ipuitmay

Puc. 2. Cuctema po3citoBadis.
Fig. 2. System of scatters.

JJis nanmpHBOT 30HU MOYKHA BBaXKaTH, 0 R1 — o Ta Ry — o0, ToMy mpomeHi B po3ciroBaya 0 IpuiiManbHO1
AHTEHH Ta BiJ PO3CitOBava JI0 MepeaaBabHOI aHTCHA MOYKHA BBKATH MMapaJieIbHUMH 1 PI3HUII MK HUMH Oy[e
MPOSIBIIATHUCS JIUIIE TOOIHM3Y MOYATKy KOOPAWHAT Yepe3 Pi3Hi HAIPSIMKH Ha MPUHMaY Ta PO3CifoBay. AHAJIOT19HUM
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YUHOM 1 (ha3a CUTHATY B IpUiiMadi Oy/ie 3aexaTH JIMIIE BiJ Pi3HUILI X0y IPOMEHS MiX ABOMa TOUYKaMH B3JJOBX
HaIpsMKy Ha IepeiaBalibHy i IpHiiMalIbHy aHTEHHU.

BBaxxarumemo, 10 Pi3HMIL XOAY BiJ mepefaBada a0 i-ro po3citoBaya cTaHOBHTH ARjj, a 1o mpuiiMaua —
ARi. IX MokHa BHpa3uTH Yepes CKalapHi JoOYTKH paiyc-BeKTOpY i-To po3ciloBaya Ta OJMHHYHUX BEKTOPIB, AKi
3aJal0Th HAIPsIMOK BiJl II0YaTKy KOOPJIMHAT Ta IepeaBaya i mpuiiMaya.

AR, =nr;, )
AR, =n,r, . ®)

Hexaii Ha BX0/i IpuiiMaya OTPUMY€EMO FapMOHIYHHUN CUTHAII:
U, =U,,cos(ot—p, —p,). 6)

ne Ups — cyMapHa aMIUTITyIa BUIIPOMIHIOBAHHS, IIIO BiOMIACS BiJl BCiX pO3CifoBadiB. 3aCTOCYBABIIH 10
piBustHES (6) GOpMYITY IS KOCHHYCY Pi3HHII, OTPHMYEMO:

U,. =U,. cos(at—g,)cos(g;)+U,, sin(at—gp,)sin(g;). ©)

Bynemo BBaxkatw, mo y nanbHii 30HI HaOIr a3y A1 KOXKHOTO po3citoBada @t = CONSt Ta @o = CONSt, Toxmi
U.x Oyze 3anexatn jumne pi3HUi $a3 Bi @s, IKa 3yMOBJICHA B3a€EMHHIM PO3TAITyBaHHSIM PO3CIIOBAdiB:

N 2 N N
U2 cos® g, = [Zcos AgoiJ = Zcos A Zcos Ag; ®)
i 1 J

N 2N N
UZ sin® g, :[Zsin Agoi] =Zsin A@Zsin Ag; . ©9)
i [ J

BpaxoByrouu reoMeTpuuHi MipKyBaHHs, ONMCaH] BULIE, pisHuns Gpaz A@, y piBusuusx (8) ta (9) moxe Gyru

3aImcaHa y HaCTYITHOMY BHIJISII:

27 2T (—— ——
Ag, ZT(AR1i+AR2i):7(nlr}+n2n)' (10)
Toni KBaapaT aMILIITy M CyMapHOTO CHTHATy B IIPUAMAaIbHIH aHTEHI CTAHOBUTHME:
N
U2 =2 (U, U, cosAg, cosAg; +U, U, sinAg sinAg, ). (11)

ij

2
BpaxoByiouH, 110 aMIUTiTy/[a CHrHaity rmos’si3ana 3 EITP posciioBaua sk @ = U , piBasiaas (11) matume

HaCTyHHI/Iﬁ BUT'JISA:
N
O = Z( |o,0; COS A, COSAp; + [0, SiN Ag, sin Ap; ) . (12)
i

[icns mipcranosku (10) B (12) otpumyemo Gopmysty aist BusHadeHHs cymapuoi ETIP cucremu po3citoBadis:
N o C—
N 0,0 COST(nlri+n2ri)0037(nlrj+n2rj)+
O.5 = : (13)
mziz,-: L ) A —
7| t4/0i0; sm—(nlri+n2ri)sm—(nlr.+n2r.)
y) y ] ]

Cnpocrupum piBasiHHs (13) 32 gomoMororo GopMynu Uil KOCHHYCa Pi3HHUII, OTPUMYEMO:
N 2= —\(= —
O =D ooy cos 7| (4, ) (5 - )| (14)
i

Takum unHOM, OTpHMaHa opmyra no3Boisie oounciuti EITP cuctem Touok. [1pu oMy Moske OyTH 3a1aHa
pi3Ha iX KiJIBKICTh, a TAKOXX BPaXOBAaHO BIUIMB ITOJIO’KEHHS TOYOK Ta 3HaueHHsS EIITP K0o)kHOI TOYKHM Ha CyMapHY
EITP cuctemu.

EdextrBHa moBepxHs po3citoBadis y Gpopmyii (14) Moxe He 3aieaTH Bl KyTa MagiHHS Ta CIIOCTEPEKCHHSI
(i3oTpomHi po3citoBadi), a Moxxe OyTH GyHKHi€eI0 Bif HUX. Lle Moxxe OyTH KOPHCHO IPH MOJICTIOBAHHI PealbHUX
00’€KTIB 3a JOIIOMOTOI0 CHCTEM SICKPAaBMX TOYOK (SIK NMPOCTUX, TAKMX SK IIACTHHHU pi3HOT (QopMmH, Tak i
CKJIaHIIINX, K TOBEPXHI BUIIHX IOPSIKIB, & TAKOK PeabHI PAIiONOKaIiiHI iii).

Hwxue HaBemeno mpukiaau obuucieHs EINP cuctemu naBox po3sciroBauiB, EINP skux 3amexuts abo He
3aJIE)KUTh BiJl KyTa CIIOCTEPEIDKEHHS 32 PI3HOTO X MOJI0XKEHHS y IPOCTOPI.
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YUCEJBbHI PE3YJbTATHU JJIS1 AEAKUX CUCTEM TOYOK
EIIP cucremu JBOX i30TPOIHHUX po3ciloBaviB
3a monomororo popmyiu (14) moxna obumcnutu EIIP cucteMu ABOX i30TPONMHHX PO3CIFOBAdiB 3a Pi3HUX

. . . o A .
BIJIHOILIICHB JIOBXKMHU XBUJII 10 BiZICTaHI MK TOUKaMH 4 (Puc. 3- 6). s cnpouieHns nopiBusiHHs EITP koxHOT

TOYKH O12 = 1, 3HaueHHs cymapHoi EIIP Ha pucyHKax HOpMOBaHE, pPO3CiOBadi 3HAXOIATHCA HA IOYATKY

KOOPJWHAT, a TlepeaBad Ta mpuitMad - Ha HeCKiHICHHIN BiJIcTaHi Bill HHOTO.

S g

180°)

Puc. 3. EIIP cuctemun qBOX i30TPOITHUX PO3CilOBadiB ISl BifHOUIEHHS — = 0.25

Fig. 3. RCS of the system of two scatters at the ratio %: 0.25.

Puc .4. ETIP cuctemMu IBOX 130TPOIHUX PO3CiFOBAYiB [UIsl BigHOMIEHHS — = 0.5

Fig. 4. RCS of the system of two scatters at the ratio 3: 0.5

Puc .5. EIIP cucremu 1BOX 130TPOIHUX PO3CIFOBAYiB IS BiTHOMEHHS — =1

Fig. 5. RCS of the system of two scatters at the ratio 3:1 .
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Puc .6. ETIP cucteMu TBOX i30TPOMHUX PO3CIiFOBAYiB IS BIAHOMICHHS — =1.5
g .

Fig. 6. RCS of the system of two scatters at the ratio 2 15

I3 ananizy Puc. 3-6 MoxHa 3poOHUTH BUCHOBOK, IO MPH 301IbIICHH] BITHOIIEHHS — 3MEHIIY€EThCS KUIBKICTh

OOKOBHUX METOCTOK, a MIMPHUHA TOJOBHUX MOCTYIOBO 30UTBIIYETHCS, JOKH BOHH HE PO3IUIIOTHCS HA NEKiTbKa
EIIP cucremu aBox To4ok 3i 3minnoro EITP

PO3CiroBaui 3HAXOAATHCS HA MOYATKY KOOPAMHAT, a MPUiiMaY Ta nepefaBad Ha HeCKIHYCHHIH BificTaHi BiJ HHOTO
(15)

(16)

Hus 3raxomxerns ETIP cucremu nBox po3ciroBauis, s sskux EITP 3MiHIOETBCS 32 IEBHIM 3aKOHOM, MOXKHA
(17)

HENOCTOK.
ckopucratucs piBHsHHAM (14). Jlns coporneHHs MakcuMansHa cymapHa EIIP cuctemMu TOYOK HOpPMOBaHa,

Hexaii ETIP Touok 3a1€XHTh BiJ] a3UMYTaJIbHOTO KyTa @ SK:
o =cos’(p),

(ToOTO Yy NasbHii 30Hi).
o =cos’(2¢),

o =cos’ (3¢).
[Micnst migcranosku (15), (16) ta (17) y (14) orpumaHo HAcTyIHI pe3yJbTaTd JUis Pi3HUX BiIHOIICHb

cos*(3¢),A/d = 0.25
50°

JIOBKHHH XBUJIi 10 BiacTani Mixk Toukamu — (Puc. 7- 10):
Cas’llé},l./d—OZS

cos”(¢), Ald = 0.25
08

i:0.25 .

d

Puc. 7. ETIP cucremu Tphox po3citoBadis, 3mina EITP sikux BinOyBaetsest 3a popmynamu (15), (16) ta (17) mist BigHOMIEHHS
Fig. 7. RCS of systems of three scatters, whose RCS changes by equations (15), (16) Ta (17) at the ratio §:0.25 .
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cos*(2¢),A/d= 0.5 cos*(zw.{ud:o 5
9%0° 30

cos¥(¢). Nd=0.5
a0

Puc. 8. EIIP cucrenM Tprox po3citoBauis, 3mina EINP sikux BinOyBaeThes 3a hpopmynamu (15), (16) Ta (17) nust BigHOIICHHS

£_0s.
d

Fig. 8. RCS of systems of three scatters, whose RCS changes by equations (15), (16) Ta (17) at the ratio 3: 05.

2 cos?(3¢),Md= 1.0
= (wﬁa: e cos?(29).A/d=1.0 i
%0

Puc. 9. EITIP cucremu Tphox poscitoBauis, 3mina EINP sikux BinOyBaethes 3a hpopmynamu (15), (16) Ta (17) nust BigHOIICHHS

Y
d

Fig. 9. RCS of systems of three scatters, whose RCS changes by equations (15), (16) Ta (17) at the ratio §=1 .

2 =
cos™{),Aid= 1.5 cos?(29),A/d=15 cos’ (30)96/}/'1_ 15
s0° %0°
—T

135° ase

1350 5 135 45

- 35 ¢ i 2.0 q
Jl / 15 %0 v \\ 10 \\

/ | 0 05

0| o wo" | or 180" o
|
\ o |\ |
/ \
b . > fise

225° 3150 225

T S = — —
270°

Puc. 10. EIIP cucremu TpboX po3citoBadis, 3miHa EITP sikux BigOyBaeTbes 3a popmynamu (15), (16) ta (17) aust BinHOMIEHHS

% 15,
d

Fig. 10. RCS of systems of three scatters, whose RCS changes by equations (15), (16) ta (17) at the ratio §=1.5 .

OTxe, ITpy 301IIBIICHH] BiTHOILICHHS q 3MEHIIYETHCS KUIbKICTh OIYHUX NEFOCTOK,  TOJIOBHI MEJIIOCTKH ITPH

I[OMY TOCTYIIOBO PO3ALISIFOTHCS Ha JeKijgbka. TakoX Npd 3MiHI KyToBOI 3anmekHocti it EIIP koxHOro



45
M. M. Jlecenviuii, M. A. Byeati

po3citoBaya CroCTepiracThCsi 3MiHa HANPSIMKY 1 KijbKocTi 0iuHMX nemtoctok. [iarpama EINP, sika Bu3HauaeThCs
pieusiHsiME (15) Ta (17), Mae 4 OCHOBHI 30HH i3 GIYHUMH TETIOCTKAMH, & TAKOXX BOHH 3HAXOAATHCS OJMKIE 10
ocHoBHUX TemocTok. st ETIP, sika BusHavaeThes piBHsSHHSIM (16) crocTepiraroThest Juiie ABI OCHOBHI 30HH i3
OIYHMMH METIOCTKAMHU, SIKI 3HAXOAATHCS TIOCEPEMHI Mi>)K OCHOBHUMH TETFOCTKAMH.

BUCHOBKH

s epeKTHBHOTO CTBOPEHHS PaioNOKALifHIX CHCTEM HEOOXiqHO, 30KpeMa, 3HATH €PEKTHBHY TOBEPXHIO
PO3CISIHHS LiJIeH, sIKi BOHa Ma€ BUABILITH. AJle Haif9acTilre Taki 00’€KTH MaloTh CKIIAJHY, BEJIHUKY ITOPIBHSIHO 3
JIOBKHHOIO XBWJI, (OpMYy MOBEpXHi, M0 MPHU3BOAWUTH A0 30imbIIeHHS ckmamgHocTi obumcnens EIIP, sxa mae
OaraTonemocTKOBY (hopMy, a TAKOK 3aJICKUTH BiJ OJSIPU3ALIii, 9aCTOTH XBWII Ta iHIIHUX (akTopiB. Takum 4nHOM
MO/ICTIFOBaHHSI PO3CISIHHS €JIeKTPOMArHITHUX XBHJIb Ha PealbHUX 00’ €KTaX CTae CKIIaIHO0 3a1a4elo.

Jast cnpomtennst oouucnens EITP peanbHuX 00’€KTiB MPONOHYETHCSI BUKOPUCTOBYBATH MOJIENb Y BUTIISLI
HU3KH SICKpPaBHX PO3CIIOBaUiB, SIKi MOKYTbh OYTH 130TPOITHIMH YK aHI30TPOITHUMH (TI0 PI3HOMY PO3CIIOBATH XBHIII
B PI3HMX HANpPsMKax). 3a pi3HOTO MOJIOKEHHS TAKUX TOYOK Y IPOCTOPi, a Takoxk 3MiHu EITP camux Touok cymapHa
MOBEPXHs PO3CISTHHS Ma€ CTaTh OJIM3bKOI0 200 aHasoriuHorw 10 ETIP peanbHUX 00’€KTIB.

3aju1s1 BUKOHAaHHS MOCTaBJIeHOT 3a/1a4i Oyno nociimkeHo 3B’s130k Mk EINIP cuctemu Ta ii mapamerpamu,
TaKAMH K po3TalIryBaHHs ix y mpoctopi Ta EIIP koxHOi Toukn. 3okpema Oyno orpumano miarpamu EITP mis

JIBOX PO3CIIOBAYlB B 3aJIEKHOCT! Bl BIJHOLIECHHS E (Puc. 3-6), a takox EIIP cuctemu posciroBadiB mjis

I30TPONHUX TOYOK Ta TOYOK 3i 3MiHHOW EITP. MopentoBaHHs Ui TaKMX CHUCTEM MOKA3aJlo, L0 Jiarpamu
3BOPOTHOIO PO3CISIHHSI MAlOTh CKJIaJJHY KyTOBY 3aJICXKHICTh Ta OaraTomnentocTkoBuil xapakrep. [Ipu upomy, ass
BCIX BHUINAIKIB NPH HAOMMKEHHI BiACTaHI MK TOYKAMH [0 JOBXKHHH XBHII KITBKICTH OIYHUX ITETFOCTOK
3MCHIITYBaJIacs, a JBi TOJOBHI METFOCTKH 301TBITYBaIHCS B IUPHHI, TOTIM PO3IULIIACS Ha JeKuTbKa. [Ipu npomy
i Bunanky 3minm EITP Towok 3a 3akoHomipHOocTsamu (15), (16) ta (17) mpu 30inbuieHHi KoedilieHTa B
3akoHOMipHOCTi 3MiHM EITP Toukum npu (7 TakoX CIOCTEPIragocs 3MiHEHHs MOJIOXKEHHS 30H i3 OiUHUMH
MEMOCTKAaMHU (711 HemapHUX KOeQilieHTIB 4 30HM, HAOIMKECHHX JO OCHOBHHX IICIIOCTOK, Ta IS MapHUX
KOe(DIIIEHTIB - 2 30HU NOCEPETUHI MI’)K OCHOBHUMH HEIFOCTKAMH).
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PREDICTION OF ELECTROMAGNETIC WAVES SCATTERING ON COMPLEX LARGE OBJECTS
M.M.LEGENKIY, M.A.BUHAI
V. N. Karazin Kharkiv National University, Ukraine, 61022, Kharkiv, Svoboda Square, 4

Relevance. Currently, the question radar cross-section (RCS) modelling of real targets arises. Experimental
measurement is difficult to implement, and existing methods of theoretical calculation usually require a lot of time.
Therefore, it is necessary to develop new methods of collecting and processing experimental data and theoretical
modeling, which will allow to speed up the assessment of the RCS of various objects. An important task now is to
create a radar that will be able to detect even well-camouflaged targets. On the other hand, there is a need to mask
one's own objects. Given the latest trends in the use of low-visibility targets, the reflected signal from which can
be almost at the noise level, it is necessary to learn how to distinguish it from the signals of other objects. Thus,
the current task is to create effective methods for predicting scattering on typical radar targets, the use of which
will not require a lot of time for modeling.

Objective Obtaining an equation for calculating the effective scattering surface of a system of bright point
reflectors with different radiation patterns.

Methods. Using physical and geometric optics methods to obtain the equation of the radar cross-section of bright
point reflector systems. Using the Python programming language, as well as its libraries NumPy and Matplotlib
for calculations and plotting.

Results. An equation for calculating the radar cross-section of bright point reflector systems has been obtained for
the cases of isotropic reflectors and different angular dependence of the effective scattering surface. Graphs have
been constructed for cases where the RCS of each scatter is constant and varies according to certain laws.
Conclusions. The final formula for calculating the RCS of bright point reflector systems was obtained, and
regularities were found for different RCS values of the reflectors.

KEY WORDS: radar cross-section, RCS, bright point system, radiolocation, target visibility, interference.
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PRESSURE OF ELECTROMAGNETIC RADIATION
ON VERY THIN CONDUCTORS

Background.. We use the mechanical action of laser radiation in the optical range for levitation, holding and moving
of microparticles. We use that fact that the radiation beam presses on the particle, pulls it into a region of high field
intensity and holds it there. We use the effect of strong absorption and scattering of microwave radiation by very thin
conductors - metal wires, graphite and semiconductor fibers, to overcome difficulties caused by comparable large focal
spot of the beam in the microwave range.

Obijectives. To provide an analysis of the possibility of levitation and control of the movement of thin metal targets,
which can be metal conductors with a diameter of several micrometers and a length of several millimeters, using mi-
crowave radiation without focusing on the target.

Results. We provide a theoretical analysis of the effect of microwave radiation strong pressure on thin conductors. We
derive a condition for the maximum of radiation pressure - the relationship between the radiation wavelength, the
diameter of wire and its conductivity. Also, we provide results of measurement of forces acting on thin conductors. For
such purpose, we have used a torsion bar scales with a wire suspension with a diameter of several micrometers and an
optical rotation angle reading. We show the good agreement between the calculation and experimental results.

KEY WORDS: radiation beam pressure, thin fiber, wire, levitation

Ak uurysaru: Kokodii NG, Natarova AO, Movenko SYu, Gurina DV, Garyachevska IV, Natarov DM, Rud-
neva MV. Pressure of electromagnetic radiation on very thin conductors. Bicauk XapkiBCbKOTr0 HaIliOHaIBHOTO
yuiBepcurtety imeHi B. H. Kapasina. Cepist «Pagiodisuka ta enexkrponikay. 2025;42:47-54.
https://doi.org/10.26565/2311-0872-2025-42-05

In cites: Kokodii NG, Natarova AO, Movenko SYu, Gurina DV, Garyachevska IV, Natarov DM, Rudneva MV.
Pressure of electromagnetic radiation on very thin conductors. Visnyk of V.N. Karazin Kharkiv National Univer-
sity. Series “Radiophysics and Electronics”. 2025;42:47-54. https://doi.org/10.26565/2311-0872-2025-42-05

INTRODUCTION

The pressure of electromagnetic radiation on material bodies (ponderomotive effect) was predicted by J.
Maxwell in his treatise on electromagnetism (Maxwell 1873). It was first measured by P.N. Lebedev (Lebedev
1901), and his experiments had a strong influence on the development of physics in the late 19th - early 20th
centuries.

For a long time, it seemed that the smallness of light pressure, in the words of J. Poynting, “excludes it
from consideration in earthly affairs” (Poynting 1910). But in the 1950s, intensive research began on the use of
microwave radiation pressure to measure power in waveguide paths. As a result, there were created instruments

© Kokoniit M., Haraposa A., Mosenko C., I'ypina [I., I'apsiueBceka |., Harapos /1., Pynuesa. M., 2025
Open access. This article is licensed under a Creative Commons Attribution 4.0 https://creativecommons.org/licenses/by/4.0/
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for high accuracy radiation power measurement in the centimeter and millimeter ranges (Cullen 1952, Barlow
1966, Barlow et al. 1970, Valitov 1959, Orlov 1962). Then there were developed instruments for measurement of
laser radiation (Kokodii et al. 1988).

An engine was built - a device where a carousel with flat wings rotates under the influence of microwave
radiation pressure in a waveguide (Valitov et al. 1961). It was the world’s first device that used radiation pressure
to perform work and move bodies in space.

Ponderomotive devices did not become widespread, and the pressure of electromagnetic radiation re-
mained as some interesting physical effect without much practical application.

The situation changed radically with the advent of lasers with high radiation coherence and the ability to
focus the beam into a spot whose dimensions are comparable to the light wavelength (sharp focusing). A. Ashkin,
Nobel Prize winner in 2018, in experiments conducted in the 1970s, showed that the light pressure produced by a
laser beam is sufficient to capture, hold and move micron-sized particles (Ashkin 1970, Ashkin 1973).

Ashkin exposed green light from argon laser (A = 514.5 nm) onto transparent polymer spheres with a
diameter of 0.59 - 2.68 um, suspended in water. A focused beam of light on a sphere with a diameter of 2.68 pm
creates a force F = 6.67x1071% N. This force in the biological microcosm is very large. According to Newton's law,
it creates an acceleration of a biological cell of 9.5x107'® kg mass equal to 7x107 m/s?, which is million times
greater than the acceleration of free fall on Earth (g = 9.8 m/s?)!

He has also showed that there is a transverse force that draws a refractive particle into a region of high
light intensity - towards the axis of the beam from its periphery. His research became the basis for the creation of
now widely known optical (laser) tweezers, which can be used to hold or move of microparticles, biological cells
and individual atoms (Shwarz et al. 2021, Andriyanov et al. 2019, Tashtimirova et al. 2021, Jones et al. 2015,
Padgett et al. 2010).

He has also made experiments on optical levitation, where the force of light pressure lifted and held
micron-sized particles in the air.

The success of these experiments is explained by the fact that the focal region of the laser beam has
dimensions comparable to the wavelength of visible light (several micrometers). The radiation intensity there is
very high even with a beam power of several milliwatts, and the light pressure force is sufficient to manipulate
micron-sized particles, which in such case receive all the power of the light beam.

The same research has begun in the microwave range, which is also interesting for use in science and
technology. But in this range, solving the problem of manipulation objects using radiation pressure encountered
great difficulties. This is due to the fact that the size of the focal spot is of the same order as the radiation wave-
length. In the microwave range, this size is about 1 cm. It is impossible to focus a microwave beam more strongly
under normal conditions. In order for the entire beam energy to reach the object, it must have the same dimensions.
But objects of such dimensions have large mass, and it is difficult to manipulate them using radiation pressure. If
the objects are small, just a small part of the beam power hits them, and therefore the effect on them is weak. To
obtain fields whose magnitude is sufficient to manipulate objects, very high radiation powers are required.

But in works (Pettit et al. 2019, Kuzmichev et al. 2003, Akhmeteli et al. 2015, Kokodii et al. 2017, 2023,
2023, Kalambet et al. 2020) it was discovered that in the microwave range there is an effect of strong absorption
and scattering of radiation by thin wires, which diameter is much smaller than the incident radiation wavelength.
The values of absorption and scattering efficiency factors characterizing the interaction between wave and object
can reach several hundreds and thousands. It can be expected that the radiation pressure efficiency factor in these
cases will also be large. This will be described in detail in subsequent sections of such paper.

TASK STATEMENT
The force with which electromagnetic radiation presses on an object can be determined by the formula
P
Fpr = ;Qpr . (1)

Here P is the radiation power, which hits the object, c is the light velocity, Qyr is the radiation pressure
efficiency factor. For example, for a completely absorbing surface Qpr = 1, for an absolutely reflective plate Qpr =
2.

For a circular cylinder on which a plane electromagnetic wave is incident normal to its axis, the radiation
pressure efficiency factor is determined by the formulas (Kerker 1969, Van de Hulst 1981):

2L . ;
er :EZRe(bl +h _2b|b|+1), (2
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The superscripts E and H indicate the direction of polarization of the wave - along the axis of the cylinder
(E-wave) or perpendicular to it (H-wave).

Coefficients by and a; depend on the cylinder diameter D, wavelength A and complex refractive index
m=n-—ik :

- MA(M) i (p) =i (M) (p)
mJ;(mp)H? (p) -3, (mp) HP (p) "

(4)

M3 (mp) (o)~ Ii(mp) Iy ()
| = - , :
mJ, () H® () =3y () H{® (p)
Here p :%, Ji(z) is the Bessel function, H/®(z) is the Hankel function of the 2nd kind, the prime

®)

denotes the derivative of the function with respect to the entire argument.

RADIATION PRESSURE ON A THIN METAL CYLINDER
A feature of the dependencies presented in Fig. 1 is a strong increase of the radiation pressure efficiency
factor in the case of E-polarization on thin conducting cylinders - metal wires and semiconductor fibers. In the
microwave range for wires of nano- and micrometer diameters, its value reaches several hundreds and thousands.
In Fig. 2 presented is the dependence of the radiation pressure efficiency factor for a copper wire on the
parameter p (curve 1). One can see that at a certain value of this parameter, at the maximum, it is greater than

2000. It is interesting, that it can be greater than the radiation pressure efficiency factor for an absolutely reflective

cylinder (curve 2), although the radiation pressure on a flat surface with a finite reflection coefficient always less
than the pressure on absolutely reflective surface.

3000
Qpr

2000

1000

—

0 0.0002 0.0004 0.0006 0.0008 0 0.001

Fig. 2. Radiation pressure efficiency factor dependencies on p for:
in the microwave range
1) thin copper wire, 2) absolutely reflective wire,
3) thin copper wire, calculated using approximate formula.

Let us find the coordinate and value of the maximum of the radiation pressure efficiency factor. For this,
one can use the fact that for a very thin wire the conditions , <1, |[Mp|<<1 are satisfied, and in series (2) and

(3) one can use only the first term, and in the coefficients b, — the first term of the expansion into series of Bessel
and Hankel functions. Let us describe the case of the E-wave. After some transformations, we obtain the following
expression for the radiation pressure efficiency factor, which well describes the trajectory of the function Q7 (p)

in the region of its maximum (curve 3 in Fig. 2):
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mn’p
1+ (r]zp2 In p)2
(6)

Here n is the real part of the complex refractive index. According to Drude theory, the complex refractive
index of a metal in the infrared and microwave regions of the spectrum is determined as

2o, 1) ™)

where o is conductivity, m is circular frequency, go = 8.85-1012 F/m is the dielectric constant of free space.
Position of the maximum can be found by differentiating of the expression (6). As result we obtain the
following equation for determining the coordinates of the maximum,

1-3n*p*In(p)’ —2n°p* In(p) =0.
The last term in this equation is much smaller than the other and can be neglected. Thus, the equation
becomes the following form:

m=

1-3n*p* In(p)2 =0
8

Pimax = exp[1 LambertW ( T j}
1
Pomax = exp(2 LambertW [_\/__n)]
Pamax = exp( —E LambertW [——D
2 J_n

where LambertW(x) is the Lambert function. It was introduced into the MAPLE mathematical computer system
by the developers of this program (Corless et al. 1996), and then into the MATHCAD, MATLAB, MATHEMAT-
ICA programs. Three roots correspond to three branches of this function. The physical meaning in our problem
has a third root. It shows the exact value of the position of the maximum on curve 3 of the Qpr(p) dependence in
Fig. 2. But it is difficult to use the LambertW(x) function due to its lack of knowledge. Therefore, we have found
an approximate solution of equation (8). One can use a fact that it is easy to construct a graph of n(p), which covers
the range of refractive index values for conductors in the infrared and microwave regions of the spectrum. From it
one can find the inverse function p(n), which is very simple,
1
Prax == 9)
This formula well describes the position of the radiation pressure efficiency factor maximum for conduc-
tors in the microwave range. It can be rewritten in the following form,
A

41n ! (10)

where D is the diameter of the conductor, A is the radiation wavelength in free space, and A; =X/ n is the wave-

length inside the conductor. Thus, the condition for maximum is a diameter value that is approximately 10 times
smaller than the radiation wavelength in the conductor. For example, for copper at a wavelength of 2 =8 mm,
the maximum will be for a conductor diameter of 170 nm. For graphite, the maximum will be for a conductor
diameter of 3.5 microns.

The graph shows that the effect of microwave radiation on cylindrical metal nanoparticles is very strong.
This can be used to retain and transportation such particles using microwave radiation, similar to laser tweezers in
the optical range (Kokodii et al. 2020).

Putting expression (9) into (6) gives the value of the radiation pressure efficiency factor maximum,

n 1/och

~N—=_
Qabsmax"

2 4\mce,

In our example, the value of the radiation pressure efficiency factor at the maximum is large — about 2000.
The maximum is at very small diameter values — about 200 nm. But even in the micrometer range of diameter

It has three roots:

max




51
Pressure of electromagnetic radiation on very thin conductors

values, the radiation pressure efficiency factor is large. For a copper cylinder with a diameter of 30 microns, it is
equal to 28, which is also a large value.

The cylinder as an object of interaction with electromagnetic radiation is unique. The effect of strong
interaction of thin cylinders with radiation was studied in detail in (Kokodii et al. 2024).

EXPERIMENT
We have made an experiment, where a target made of several metal wires has been moved in space. We
have also measured the force of the electromagnetic radiation which moved a target.

We have used a torsion bar scale as the measuring transformer. The scheme of the experimental setup is
presented in Fig. 4. A rocker arm 2 of a 50 mm length is suspended on tungsten wire 1 with a diameter of 8 microns
and a length of 150 mm. At the edges of the rocker there are located receiving elements 3 and 4. One of them is
an aluminum foil plate with dimensions 15x15x0.15 mm. Its radiation pressure efficiency factor is Qpr = 2. It
was used for reference measurements. Another receiving element is a grating from copper wires with a diameter
of 300 microns, located at distance 1 mm from one another. To measure the movement of the mobile system under
the influence of radiation pressure, a laser beam 6 was directed at mirror 5. After reflection, the beam fell on scale
7. The beam offset | on the scale is related to the rotation angle « of the mobile system by the relation,

| =2alL,
where L is the distance from the mirror to the scale.

MW Generator

Fig. 4. Scheme of the experimental setup
1 — suspension, 2 — rocker arm, 3 — flat receiving element,
4 — grating receiving element, 5 — indicator mirror, 6 — laser,
7 - scale

Radiation with 8 mm wavelength was directed to the receiving element. The power of incident radiation
on the receiver was P = 32 mW. Under the influence of the pressure of this radiation, the system has been rotated
through an angle « = 1.54°. This angle can be determined by the formula

M
a= (13)
where M = Fr is the torque acting on the system, F is the force applied to the receiving element, r is the arm of
the force (the distance from the suspension to the middle of the receiving element), W is the specific counteracting
moment of the suspension.

The specific counteracting moment of the suspension is determined by the relation following from solid

mechanics,

4
w06 _og g0 M,
32h rad
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where d = 8 um is the diameter of the suspension, h = 150 mm is its length, G = 151 GPa is the shear modulus of
tungsten.

The torque acting on the mobile system, according to (13), is equal to

M =aW =9.62-10" N-m/rad .
A force acting on the receiving element is,
F= M =5.50-10" N.
r

Here r = 17.5 mm is the arm of the force, that is, the distance from the suspension to the middle of the
receiving element.

A force acting on each wire is,

F = % =3.44-10™ N,

where N = 16 is number of wires.
According to equation (1), the radiation pressure efficiency factor is equal to
Fc
=—=516.
Qpr Pl
Here P; = F1+/N = 0.002 W is the power incident on each wire.
Calculations using equation (2) give the value Qpr = 5.39. The difference between theory and experiment
is 4%. This is a good coincidence, considering the inaccuracy of estimating the power incident on each wire, the
theoretical determining of the mechanical parameters of the suspension, and other factors.

CONCLUSIONS

We have studied the effect of very strong microwave radiation pressure on thin metal conductors. The
radiation pressure efficiency factor on them can reach several hundreds and thousands.

We have determined the conditions for maximum radiation pressure - the relationship between the radia-
tion wavelength, the diameter of the conductor and its conductivity.

We have shown a possibility of a levitation of targets in the form of metal wires with a diameter of several
microns and a length of several millimetres, as well as control of their movement in space for the radiation power
of several watts.

We have also measured the force acting on a thin metal wire by microwave radiation.
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TUCK EJJEKTPOMAT'HITHOI'O BUITPOMIHIOBAHHSA
HA AYXE TOHKI ITPOBIJHUKH

M. KOKO/JIIi !, A. HATAPOBA ?, C. MOBEHKO !, . TYPIHA !,
I. TAPSYEBCBKA !, . HATAPOB 3, M. PYJHEBA !
Xapxiscoxuii nayionanvnutl ynisepcumem imeni B.H. Kapasina, 61022, Xapxie, Yxpaina
2 Xapxiscoxutl nayionanvhuil ynieepcumem Iosimpsanux Cun imeni Isana Kooceoyba, 61023, Xapxis, Ypaina
3 Incmumym paoiogizuxu ma enexmpouixu in. O.A. Ycuxosa HAH Yipainu, 61085, Xapkie, Yxpaina

AKTyajbHicTh. MexaHiuHa Jisl Ja3epHOTO0 BUNIPOMIHIOBAHHS B ONITHYHOMY JiaNia30Hi BUKOPUCTOBYEThCS
JUISL JIEBITALlll, yTPUMaHHS i TPAaHCHOPTYBaHHS MiKpO4acCTHHOK. TyT BUKOPHCTOBYETHCS T€, IO ITyYOK BH-
MPOMIHIOBaHHS TUCHE Ha YaCTHHKY, BTSTYE ii B 001aCTh BEJIMKOI IHTEHCUBHOCTI 1OJIS H yTpUMYeE 11 Tam. Y
MIKpPOXBHJILOBOMY Jlialla30Hi CTBOPEHHS MOAIOHUX MPHUCTPOIB 3ycTpivae BEJIMKI TPYAHOLI, MOB'I3aHi 3
THM, 10 AAGPAKIIISE HE A€ 3MOTH 3MIHCHATH ToCTpe (POKYCYBaHHS ITydKa, TOMY IiaMeTp (HOKaIBHOI IIISIMH
BUXOJHTH HE MEHIINM 3a | caHTHMeTp. HeMOXIMBO OTpUMaTH TaKy BEIHMKY KOHIICHTPAIIiIO0 €HEPTii BUIPO-
MIHIOBaHHS, K B ONTHYHOMY Jiama3oHi, e JiaMeTp (GokatpHOI IIIMHU MOke OyTH He OunpmM 3a 1 Mik-
pomerTp.

Meta podoru Lli TpynHOIII MOXHA MOJOIATH, SKIIO BUKOPHCTOBYBATH €()EKT CHIILHOTO MOTJIMHAHHSA 1
PO3CiIOBaHHS MIKPOXBHJILOBOTO BHIIPOMIHIOBAHHS Ay)K€ TOHKUMH IPOBITHUKAaMH - METaJICBIMH APOTAMH,
rpadiTOBUMH 1 HAIBIPOBIAHUKOBUMH BOJOKHAMHU.

Marepianu Ta MeToaH. Y CTaTTi IPOBEICHO TEOPETUUHHUMN aHalli3 epeKTy CHIBHOTO TUCKY MIKPOXBHJIBO-
BOTO BUIIPOMIHIOBaHHS Ha TOHKI MPOBITHUKH. BUBEIEHO yMOBY MakCUMyMY THCKY BUIPOMIHIOBAaHHS -
CIIBBITHOILIEHHS MK JIOB)KUHOIO XBHJII BUIIPOMIHIOBaHHS, lilaMETPOM NPOBIJHHUKA Ta HOTO IPOBIAHICTIO.
VY makcumyMmi akTop ehpeKTHBHOCTI TUCKY MIKPOXBHJIBOBOT'O BHUIIPOMIHIOBAHHS YK€ BEJIUKHUIL - COTHI i
THCSUI.

PesyabTaTu. [IpoBeieHO aHami3 MOKIIMBOCTI JIEBITALlI] Ta KEPYBaHHS PYyXOM TOHKHX METAJICBUX MillIeHEH
3a TOTIOMOTOI0 MiKPOXBHJIBOBOTO BUIIPOMIHIOBaHHS. MIIIICHAMH MOXYTh OyTH MeTaleBi MIPOBITHUKH Jia-
METPOM KiTbKa MIKPOMETPIB i TOBKUHOIO KiTbKa MisliMeTpiB. @OKyCyBaTH BUIIPOMiHIOBaHHS Ha MIIICHb
Hemae HeoOximHocTi. [IpoBeieHo BUMipIOBaHHS CHJI, IO AifOTh Ha TOHKI MPOBITHUKH. IS IIFOTO BUKOPH-
CTaHO TOPCIOHHI Bary 3 MiIBICOM i3 JPOTY IiaMeTPOM KiTbKa MiKPOMETPIB i OITHYHUM BiITIKOM KyTa IO-
BOpOTY. Pe3ynbTatu po3paxyHKiB i pe3yJbTaTH EKCIICPUMEHTY 100pe 30iratoThCs OJMH 3 OJTHHM.
KJIFOUYOBI CJIOBA: Tuck my4yka BUNPOMiHIOBaHHS, TOHKE BOJIOKHO, JIPIT, JIE€BiTALis.

Crarts Hagidia 10 penakifii: 27 6epesus 2025 p.
PexomengoBaHo 70 Apyky: 6 Tpasus 2025 p.
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AKTyalIbHIiCTb. Y 3B’13KY i3 PO3B’s3aHHIM 3a/1a4i PO PO3CIAHHS €ICKTPOMATHITHUX XBHIIb (IUPPaKIiiHOT 3a1aui)
Ha TakuX 00’ekTax sK (DOTOHHI KpHCTaMU (OTHOBHMIPHO-TIEPIOJUYHI HEOOMEXKEHi) BaXKIMBUM € IOCIIJDKEHHS
JMCHEPCIiHOrO CHiBBiMHOMIEHH . MeThca mpo po3B’s3aHHS XBHIOBOTO PIBHAHHS 3 HOJAIBIIMM 3aCTOCYBAHHAM
METOJy PO3MIUICHHS 3MIHHHX (JUI1 AUQPaKUifHUX CTPYKTYp, SIKI PO3IISIaloThCS y pPOOOTI, 3a3HAUCHUH MeETO[
PO3IiNIEHHS 3MIHHHX JO3BOJIIE OTPUMATH PO3B’SI30K XBHIILOBOTO PIBHAHHS, KOTPE Y TaKOMYy pasi BHSBISETHCS
PIBHSHHAM 3 MEPIOANIHUMH KOe(illieHTaMu, y IBHOMY BUIJIAI1) Ta mepexoaom ao npobmemu Htypma-JliyBimnsg Ha
HeoOMexxeHoMy iHTepBasi (—oo, + 00). JlucriepciiiHe CIiBBIIHOIICHHS A€ 3MOTY 3pO3YMITH yYMOBH, IPH SIKHX
npobiema Illtypma-JliyBisuis miassrae BUPIMICHHIO Ta MOB’S3YeE LI YMOBH 3 IapaMeTpamu Au(pakmidHOI 3amadi, 1
TOMY CTa€ HEOAMIHHHM IIa0jieM Ha IUIIXY OO0 OTPUMAHHS pPO3B’SI3KiB JaHOTO XBMIIBOBOTO piBHSHHA. Llelt Tpyn
MPOJIOBXKYE Cepilo BUAAHHX paHille poOIT 3 PO3BHTKY IAXOMAIB IO BHBYCHHS 3a3HAYEHOT'O HCIEPCIITHOTO
CITIBBIIHOIIECHHS Yepe3 PO3YMiHHS HMOBEIIHKU PO3B’SI3KY CIIEKTPaJbHOTO piBHAHHA y mpobnemi lItypma-JliyBimms.
Mertox Matpuri nepenecenns (Transfer matrix method) U1 XBUIIBOBOTO PIBHSIHHS 3 NEPiOANYHUMH KoedillieHTaMK
Jla€ 3MOTY BpaxyBaTH crenudiky iforo po3B’s3aHHS Ha HeoOMEKeHOMy iHTepBaii (—oo, + ), Ta JOCATTH
BUKOHAHHS CKJIagoBOl yMOBHM, NpH skiii mpobmema Ilrtypma-JliyBimis mnigisrae BUPIMIEHHIO — YMOBH IIpO
CaMOCTIPSDKEHICTh Au(epeHIliaIbHOro oneparopa B 1iit mpoonemi. Lle 3 omHOro 60Ky, a 3 iHIIOrO — TaKUi METO.
HAO0YHO yKa3ye Ha MicClle, sIKe 3aiiMae po3B’ 30K CIIEKTPATILHOTO PIBHSAHHS Y JUCHEPCIiHOMY CIiBBiIHOIICHHI.

MeTa po6OTH CIIPOLICHHS OJEP)KAHOTO paHillle PIBHSHHSA, IO € HACIIJKOM CIEKTPaJbHOrO PIBHSIHHSI y mpoliemi
HItypma-JliyBiyuist Uit OZHOBUMiPHO-TIEPIOJMYHOrO JBOLIAPOBOrO (POTOHHOTO KpHCTaja. 30KpeMma, IHTerpyBaHHS
JeSKNX CKJIAJOBHX WICHIB JiHiffHOrO mpeacTasieHHs 1-1 it 2-1 MOXiIHUX BiJ PO3B’A3KYy CIIEKTPAJIBHOTO PIBHSHHS Y
npo6nemi [lltypma-JliyBimis.

MeTtomu. MeToJ po3/ineHHs 3MIHHHX BUKOPHCTOBYETHCS JUISl PO3B’SI3aHHS XBHIJILOBOTO PIBHSAHHSA. MeToq MaTpHii
neperecerHs (Transfer matrix method) anms XBHIBOBOTO pIBHSHHS 3 NEPIOAWYHUMH KOe(IiIliEHTAMH A€ 3MOTY
BpaxyBaTH crenugiky HOro po3B’s3aHHS Ha HEOOMEXeHOMY iHTepBami (—o0o, + 00) Ta MOCATTH BUKOHAHHS
CKIIaZioBOi yMOBH, TpH sKiii mpobnema IlItypma-JliyBUDIS miansrae BUPIMICHHIO — YMOBH PO CaMOCHPSDKEHICTH
IUQepeHIiaTbHOTO onepaTopa B Iii mpobmemi. [yt B3SATTS iHTerpana BiJ OKpEMHX CKJIAIOBUX WICHIB JiHIHHOTO
npeacraBneHHs 1-i W 2- moxigHOI BiA PO3B’S3KY CIEKTpalbHOro piBHSAHHA y mpobnemi ILltypma-JliyBimis
BHKOPHCTOBYETBCSI METOI IHTEIPYBaHHS YaCTHHAMH.

PesyabTatn. Y poboti Oyno mokaszaHo, IO B XOIi psay MOCIHIJOBHUX NEPEeTBOPEHb, KOe(illieHT HpPH HYIHOBIl
NOXi/fHIA y 3BeAeHOMY AnGepeHIianbHOMY DIBHSIHHI (PIBHSHHI BiTHOCHO CHEKTPAJbHOTO Mapamerpa, 10 SIKOTo
3IiICHIOETBCS TIepexiJ — 3TiHO 3 HAa3BOI POOOTH) MiAJArae CHPOIIeHHI0. 30KpeMa, OyJIo MPOiHTerpOBaHO KBaApaT
KoedinieHTa JiHIHHOTrO HpeacTaBaeHHs 1-1 HOXiAHOI BiJ PO3B’s3Ky CIEKTPAIBLHOIO PiBHSIHHS y mpobmnemi lItypma-
JliyBims.

KJIIOYOBI CJIOBA: ¢oToHHMI KpHCTall, PO3CISHHS E€NEKTPOMArHITHUX XBHJIb, ITOXiJHA 32 CHEKTPAILHUM
napameTpom, nmpodiema llrypma-JIiyBims, criekTpanbHe piBHSHHSA, IUCTIEpCiliHe PiBHSIHHS, BIacHa QYHKISA, POTOHA
3a00pOHEHA 30Ha, XBUJIbOBE PIBHSIHHS IIAPYBATOTO CEPEIOBHUIIIA.

Ax nuryBatu: Kazanko B, [lenkina O€, I'omoBko OB. Po3BUTOK METOMOMOTIT MEPEX0oAy Bil CIIEKTPATBHOTO
PIBHSHHA BiTHOCHO MPOCTOPOBOI 3MiHHOI A0 Av(epeHnianbHOr0 piBHAHHS BiTHOCHO CIIEKTPAJBHOTO Mapamerpa
y mpobnemi Hltypma-JliyBinis s oZHOBHMIpHO-TIEPIOJIUYHOTO ABOIIAPOBOTO (POTOHHOTO KpHcTana. BicHuK
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BCTYII

ChorofHi, SIK CBIJUUTH aHaNi3 AaHUX HAYKOMETPUYHHX IMOPTaliB, POTOHIKA € Taly3310 HAyKH Ta TEXHIKH,
II0 CTPIMKO PO3BUBAETHCA, OTXKE, MMPUBAOIIIOE IHTEpeC 0araTboX Y4eHHX, JAOCTIIHHUKIB Pi3HUX KBaJi(ikaliiHUX
pIBHIB Ta HampsMiB, a TAKOX HAYKOBHX, IHCTUTYTIB MO Iinomy cBiti [1-2]. Baxko, MabyTh, yIBUTH CydacHY
MPOMUCIIOBICTE 0€3 YCUIIKMX eJeKTpoHHuMX mnpuianiB. Ilpore, moOpe Bimomuii emmipuuHuii 3akoH Mypa
nependavyae 0OMEXEHICTh y MOXKIMBOCTSIX HAKOIMYYBATH i pa3oM i3 TUM 3MEHIIYBaTH €JIeKTpoHHI 4inu. OToK,
HOJANBIIMN PO3BUTOK KOMIT'IOTEepHOI Traiy3i (mpomoBxkeHHsA TeHAeHUii Mypa) mnoTpeOye 3HAYHUX Ta
PEBOIIIOIIIMHIX HAyKOBO-TEXHIYHUX pimieHb. TOMy, ONMHHUBINNCH Ha IOpO31 BHHHMKHEHHS Kpu3n Mypa B
HAayYKOBOMY CYCITIIBCTBI TIOYaJM TOBOPUTH PO MOJMJIMBI i OJHOYACHO PEaJiCTUYHI IIISIXH PO3BHUTKY BCi€i
iHpopMamniiHoi TexHoiorii. Ha T Takux mofiil Aeski HayKOBi aHATITHKHA CXWIWIIACA 0 TYMKH, IO HAHOUIBII
PEaNiCTUYIHOIO Ta IiX0KO0 rary33I0, ska 3MOJKe ITOI0JIATH Kpru3y Mypa cTaHe (OTOHIKa, IHIII — IMepeapiKaroTh
CTpUOKOTIOIOHE 3pOCTaHHS Y PO3BiALI KOMI FOTEPHOT TEXHIKM caMe 3a PaxyHOK BIIPOBAKCHHS TEXHOJIOTIH Ha
OCHOBI (hOTOHHUX KpucTaiB [3-4].

VY naniit poGOTI po3risiAaeThCsl MIOCKHHA OJHOBUMIPHO-NIEPIOANYHUN JBOMIAPOBUH (DOTOHHUI KpUCTa
HEOOME)KEHUI B3JOBX MEPIOTUIHOCTI (Hall, ocHoéHa Jugpakyiiina cmpykmypa), Ais SKOTO 3alHCYETHCS
XBHJIbOBE PIBHSHHS Ta 3JiHCHIOEThCS BUXiJ Ha mpobnemy llltypma-JliyBinss Ha HECKIHUEHHOMY NPOMIKKY
(=00, + ). YMmoBam po3B’s3anHs npoGiemu llltypma-JliyBimns npuaiaseTbcs YUMaiuid po3ain y Teopil
PIBHSIHPB 3 YaCTKOBUMH ITOXiTHIMH, STKAM € XBIJIBOBE PIBHSIHHA. 3BiITH BiIOMIi KITFOYOBI MIPHUAOMH 3a0€3MCUCHHS
IUX YMOB TIPHU PO3B’s3aHHI HAMBIIOMIIMIUX PIBHSAHP 3 YaCTKOBHMH MOXiTHUMH. J[JIs1 piBHSAHB 3 MEPiOANIHIMHA
Koe(iIlieHTaMH, SKUM BHSABISIETBCA XBHJIBOBE pIBHSHHS, MOXE BHKOPHCTOBYBAaTHCS METOJ MAaTpHIIi
nepenecennst (Transfer matrix method), 3aBmsiku sikomy crae 3po3yMiIUM CKJIaJ0Ba yMOBa pO3B’s3aHHS
npobnemu Itypma-JliyBiist — ymMoOBa Mpo CaMOMPSDKEHICTh JUQEpPEeHIIaTbHOTO OIeparopa y Iii mpooieMi.
Meron nependavae BUBEICHHS AUCIEPCIHHOTO PIBHSHHS, SIKE BIJIrpae CIONY4YyBaHy pOJib MK yMOBaMH
BUXIIHOI Au(paKIiifHOT 33a7adi Ta NMIOHHOBKA3aHOK CKJIAJ0BOI0 YMOBOK pPO3B’s3aHHs mpoOsemu IItypma-
JliyBiuts. TIpoTsirom JOCHTH JOBrOTPHBAIOrO 4acy aBTOPU Malld 3MOTY TEOPETHYHO Ta YacTKOBO HYHCEIBHO
JOCHIKYBaTH (GYHKIII0 Z — PO3B’A30K CIIEKTPAILHOTO PIBHSHHA — SK (DYHKIIIO CHEKTPaJbHOTO Mapamerpa
(oxpimM mpocTOpoBOi 3anmekHOCTI GYHKIIS Z, Oymaydd pO3B’SI3KOM CIEKTPAIbHOTO PIBHSHHS, 3BiCHO, Ma€E
3QJISKHICTD Ie H BiJ CHEKTpaibHOro mapamerpa). Lls GyHkuis Z Moxe po3INSAATHCA SIK CKIAJOBHH WieH
JICTIEPCIHHOTO CHIBBITHOMIEHHS It (OTOHHOTO KpucTana (OCHOBHOI mudpakmiiiHoi cTpykrypu). Mertox
MAaTpHII TIEPCHECEHHST HAO0YHO IMOKa3y€e 3HAUYIIICTh ITiel PyHKINT y CKIIa/i TUCTIEPCIHOTO CIiBBiTHOMICHHS. SIK
HEO/IHOPA30BO 3a3HAayajocs Yy TMONEpeAHiX poOOTax, 4YHCEIbHE JOCHIIKEHHS IMCHEPCIHHOTO pPIBHAHHA
po3risiiyBaHoro ()OTOHHOTO KpHCTana 3jilcHIOBanocs OaratbMa aBTopamu [4-8], mpoTe mOCHiDKEHHS Ha
NpeJMET PO3YMIHHS aHANITHYHHMX BJIACTUBOCTEH CKJIAJOBUX WIEHIB, CYJS4Yd 3 JOCTYIIHOI JITEpaTypu, He
npoBoamiiocs. OHa OYEeBUAHA CKIIAJHICTD IPH aHai3i Ta PO3B’sI3aHHI TAKOT'O CITIBBIJHOILICHHS BUPAKAETHCS Y
0araTo4MCceNbHOCTI MapaMeTpiB BUXIJHOI JTUQpaKiiiHOi 3a1ayi: MaTepiabHUX, TEOMETPUYHHUX Ta XBUIILOBUX
napaMeTpiB. [HIa, MEHII OYeBMIHA CKIIAJHICTh, NMOB’S3aHa 3 OOYMCIECHHSM BJACHUX YHCEN CIEKTPaIbHOI
npobaemu [ltypma-JliyBijuis — poO3B’sA3aHHSIM JUCHEPCIHHOTO CIIIBBIAHONICHHS BIJHOCHO CIEKTPAIbLHOIO
napaMeTpa. A came, LSl CKJIaJIHICTh IOJIsIra€ y OJIM3bKO JUCTaHIIOBAaHOMY PO3TallyBaHHI KOPEHIB (CHILHUMHU
ociwisimisimu).  Tyr, IpM  3acToCyBaHHI 4YHCENBHOrO amapary BHHHKAa€ HEOOXIJHICTb peai3oBYBaTH
TaOyJIrIOBaHHS 3 JOCUTh MIUJIKMM KPOKOM, BUUIUICHHS NPOMDKKIB MOHOTOHHOCTI — NpoOLEnypa, IO 3BiCHO,
noTpedye MAaIIMHHOTO 4Yacy. MOXIIMBE BUSIBJICHHS EMEp/KCHTHHX BIIACTHBOCTEH (BJIACTHBOCTI, SKi He
NpUTaMaHHI OKPEMHM CKJIQJIOBUM WICHAM DIBHSHHS, a IIPUTAMaHHI JIMIIE KiHIIEBOMY PiBHSHHIO) MOXE CYTTEBO
MOCTIPUATH KUIBKICHOMY DPO3YMIHHIO 3a3HaueHHX IpoOieM. Ha nymky aBTopiB, mociipkeHHS (YHKIIT Z sIK
(yHKIi{ CHeKTpaJpHOTO MapaMeTpa MOXe Yy IUIOMY TOCHPHITH PO3BUTKY TMOTJIIIB Ha JUCHEpCiiiHe
CITIBBIHOIIIEHHS.

VY monepenHix pobortax OynM 3amucaHi JNiHIHHI mpexnctaBieHHS Mg 1-i, 2-1 MOXigHUX BiA PO3B’S3KY
CHEKTPAIbHOTO PIBHSIHHSA 32 CIEKTPAJBFHUM MapaMeTpoM, IO JaJI0 3MOTY MEPEeUTH 10 JiHIHHOTO OJHOPITHOTO
T epeHIiaTbHOrO PIBHAHHS 2-T0 MOPSIKY — 36edeno020 pienanus [9]. YV Tenepiiniit po6GOTI 3MiHCHIOETCS P
MOCJIIZIOBHUX TEpETBOPeHb Koe(illieHTa NpH HYJIBbOBIM MOXiJHIH y TakoMy 3BEJCHOMY pIBHSHHI, 30KpeMa,
iHTEeTpy€eThes KBaapat GyHKl &, ne & — cxianoBuil WwieH koedilieHTiB JTiHIHOTO peacTaBieHHs it 1-1 i 2-i
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MOXIJJHOT 33 CHEKTPAJIbHUM ITapaMeTPOM Bifl PO3B’SI3KY CIIEKTPaIbHOTO piBHSAHHA y npobnemi L typma-JliyBinis
(simiitHe mpenmcTaBieHHs Yepe3 camy (QYHKIIO Ta CBOIO MOXIiAHY, aje 3a MPOCTOPOBOIO 3MiHOM). SK Bigomo 3
norepeHix pooit, & 3am0BoNBHIE TU(epeHIiaIbHOMY PIBHSIHHIO, BIACHE, 1€ TOJIOBHUM YHHOM, W MTOCIYTYBAJIO
MOJKJIMBOCTI 3BITBHHUTHCS BiJl 3HAKy IHTerpaja y IOCITIIOBHOMY II€PETBOPEHHI KOCQIII€HTIB 3BEIEHOTO
piBasaaEs npu O0-if moximmid. Ha mymky aBTOpiB, Taki IepeTBOpEHHS CIPHATAMYTH CIIPOMICHHIO CaMOTO
KoedimieHTa, Ta pO3yMIHHIO IMOBEIIHKH BiJHOCHO CIIEKTPAJbHOTO IMapaMeTpa, a TaKOXK PO3YMIHHIO CTeIeHi
BKJIQ/Iy IbOTO KOCMIII€EHTY y 3BeleHE PiBHIHHI.

Hexait LZ = —B2Z — cnekrpadbHe piBHAHHA y 1pobnemi IlItypma-Jliyinns, L — nidiiiamii
mudepeHmianbHUi oneparop 2-ro MOPSAKY, 8 — CHEKTpaIbHHK mapamerp. MeToJ Marpuii INepeHEeCeHHs
nependavyae MOCTAHOBKY IHIIOI CHEKTpajbHOI MPOOJEeMHU Ul KBaApaTHOI MaTpuii po3mipoM 2 X 2 (Marpuli
nepenecenHs) [5]. CyTb MeTOay I'PYHTYEThCS Ha MOOYMOBI JiHilHOTO oneparopy T, 1o Ji€ y ABOBHMipHOMY
IpOCTOpi PO3B’A3KiB (ILIOMIMHI PO3B’A3KIB) CHEKTPalIbHOrO piBHAHHA LZ = —B2Z Ta poss’sasky Z(z — 1)
CTaBUTh Y BIANOBiAHICTH PO3B’s30K Z(z): T:Z(z—1) — Z(z), | — nepiox xpucrama, z € (—oo, + 00) —
He3aJle)kKHa TPOCTOPOBa 3MiHHA (JTiHIHHICTH omepartopy T mepeBipseTbes Oe3mocepenHbo 3a BH3HAYCHHSIM).
OcCKiNBKH, Y KIHIEBOBUMIPHUX MPOCTOpax JIiHIHHMIT OnepaTop OJHO3HAYHO 3aJa€ThCs ISSIKOK0 MaTpHIeto, To T
€ KBaJpaTHa MaTpuilst po3mipom 2 X 2 (Todto oneparop T oToTOXHIOETBCS 3 Matpuieto) [7-8]. Omke, MaeMo
3aJa4yy Ha BiacHi yncina jjist kBagparHoi Mmarpuui T: TZ = AZ. = AZ — po3B’s130K CIIEKTPaJIbHOTO PIBHSIHHS, A —
CHeKTpaibHUii napamerp. Lls 3ajaua ekBiBajeHTHA PO3B’SI3aHHIO HACTYITHOTO KBaJPAaTHOTO PIBHSIHHS BiJHOCHO
napametpa A: det(TZ — Al) = 0. 3Bigku MaeMo jBa (Ta JMLIe 1Ba) BJACHUX YKucaa Aq, A,.

Hexaii, nami, A4, A, — BIlacHI 4ucna MaTpuui nepeHeceHHs T, Toxai st OyAb-sIKOro 3 BUKOHYETHCS
ToTOXHICTE AZ(z — 1) = Z(2), z € (—0o0, + o0). Buine 3a3Hayanoch, mo i3 3arajgbHOi TeOpii PiBHIHb Y
YaCTKOBMX MOXIJHUX BIJJOMI KJIFOYOBI MPUHOMH 3a0e3MCUCHHs yMOB, 3aBIsKU skuM mpobiema Illtypma-
JliyBims mimiarae BupimenHio. [Ipu 3acTocyBaHHI METOAY MATpPHIli IIEPEHECCHHS 0 PIBHIHD 3 MEPiOIMIHIMHA
xoedillienTaMu 1 BaacHUX uucen A, A, Mae BHKOHyBaTHCh ymMoBa A;A, = 1 (y mpoctopi ¢yHKiif, 1m0
3aJI0BOJIBHSIOTH 11i#l yMOBi mudepeHnianbuuii onepatop ltypma-JliyBinis € caMoCTIpsHKEHIM).

IMOCTAHOBKA JU®PAKIIMHOI 3AJAUI

Bymemo posrmsimatu  gudpaxumidiHy 3agady Ui JBOLIAPOBOIO  HECKIHYEHHOTO  OJHOBHMIPHOIO

nepiofgn4Horo (GoToHHOro Kpucrana 3 nepiogom L. Hexail g, pj — mienexTpuyHa Ta MarHiTHa IPOHUKHOCTI

BiamoBigHo 1-ro i apyroro mapiB (j = 1, 2), d — po3mip nepuioro mapy, [ —d — gpyroro miapy. YBeaemo

NPSIMOKYTHY JAEKapToBy cucteMy koopauHart ZOY TakuM 4YMHOM, HIO0 NEpIOAMYHICTH CTPYKTYypH Oyina

HarpaBjeHa B3#0BX Bici OZ. CxansipHe pIBHSHHS IUIOCKMX MOHOXpPOMAaTHYHHMX E-monspu3oBaHoi XBuII

(XBUIJILOBE PIBHSIHHS) JUIsl JBOBUMIPHOTO CEPEAOBHIIA, 3aIIOBHEHOIO JaHUM KPHCTAJIOM, Ma€ HACTYITHUI BUTJISI
(MonudikoBaHe piBHsAHHS ['enbMronbua):

Ayu + k*n*u =0, 1)

TyT A, = ,uViV — MoaudikoBanuii oneparop Jlamnmaca, u = u(z,y) — mykaHa ckanspHa QyHKUis, z, y

€(—00, + ), n(z) = /ey — KoedilieHT 3aIOMIEHHS — KyCKOBO-cTaja QYHKIIA, &€ = £(Z) — AieNeKTpUIHA
NPOHUKHICTb, [ = §(Z) — MarHiTHa MPOHUKHICTh — KYCKOBO-CTaJIi:
&, 7€ (S-14m, ~Lemi] t1, z € (Gtemi, ~Z+mi]
e(z) = , u(z) =
&, 2z € (-Z+mi,  ZLemi] Uz, Z € (<Lemi, ¢
2> 2 s 2 2> 2 > 2
. . w .
m — uine, | — mepion mapyBaToro Kpucraina, k = ~ — XBHIIbOBE 9HCJIO, @ — IMKJIIYHA 4ACTOTA MUIOCKOTO

+mﬂ’

MOHOXPOMATHYHOT XBHUIIi, C — IIBUAKICTH CBiTIa y moposkHeui [10].
3riIHO 3 METOIOM PO3UICHHS 3MIHHMX, 3arajbHUI PO3B’sI30K piBHAHHS (1) IMpeACTaBISETHCS Y BUIIISII

psizy Qyp’e:
u= Z YBnZﬁn 5 (2)
n

ne Yp =Yg (V) — 3a/10BOJIbHAE TAKOMY PiBHAHHIO Yﬁn + B2Y = 0 (3BuyaiiHomy JiiHiliHOMY TU(epeHLiaTbHOMY
PIBHSHHIO 2-TO TOPSAKY), Ta BiAIOBITHO Ma€ BHTIIS, Yﬁn ) = Cﬁneﬁny + Dﬁne_ﬁ"y , C[;n , Dﬁn — JOBLIBHI

KOHCTaHTH, {Zﬁn} — MOBHA OpTOroHaibHa cucrema (QyHKUiH, npudomy, Zg = Zpg (Z) 3a10BONbHSE

n=0,1,...
PiBHAHHIO ,u(iZ) + (k*n? + B2)Z = 0 [8-9]. Cneundika po3s’si3aHHs 3a]aui, 30KpeMa, BUABISAETLCA Y TOMY,

10 PO3B’SI30K BiANIYKYETHCS HA BCii YUCIIOBiH OCI.

Sk BimoMo, moOymoBa TOBHOI OPTOTOHAJIBHOI CHCTEMH (YHKIIIH, KOXXEH eJIEMEHT SIKOi 3aJ0BOJBHSE
JISSIKOMY JTiHIHHOMY audepeHmiatbHOMY piBHSAHHIO 2-TO mopsaxy — mpobmema IItypma-JliyBimas — moxe
3MIMCHIOBATHUCH IUISIXOM PO3B’sI3aHHS HACTYITHOT CIIEKTPaIbHOI MpoOIeMu

LZ = —p2Z, ©))



58
O.B. Kaszauxo, O.€. [Ienxina, O.B. ['onosgxo

ne f — crekTpanbHUi napamerp, L — niHiiHUE qudepeHiaabHui onepaTop 2-ro NOpsIKy, 3aiaHui y IEBHOMY

¢dyakmioHansHOMY TipocTopi ['imebepra H — B omoprOoMy mpoctopi. CtocoBHO piBHHHSA (1), mudepeHmiaapHAN
1 .0 . . o

oneparop Mae Burmin LZ = u(;Z ) + k?n?Z, a y sxocti onopHoro npoctopy H BuGHMpaeThes mpocTip Maiike-

nepiognyHuX (QyHKHIH 3 HACTYHNHUM CKaJSIPHUM JOOYTKOM (Maibke-mepiofnyHi (yHKIIT yTBOPIOIOTH MOBHUM
npocTip, o W moTpidHO A 3acTocyBaHHS amapary psaniB @yp’e Ta posp’szHocTi mpobiemu lltypma-
JliyBimns):

Zo+T

1 1 _
(u,v) = lim = —uvdz , 4)
T-oo T u

Zo
ne u, v € H, u = u(z) — maraitHa NpoOHUKHICTh — KYCKOBO-cTalla (GYHKIs, Z, € (—00, + 00) — NOBIJIbHA TOYKA.
CkanspHuit 100yTOK (4) He 3aJIeKUTH BiJl BHOOPY TOUH Zj.

orJjsa

VY nmaniif poOoTi MPOJOBKYE PO3BUBATHUCS iHTEpeC A0 QYHKIIi Z — MO pO3B’S3KY CIIEKTPAIHHOTO PiBHSIHHS
— sk 1o ¢yHKUil crnekTpanbHOro mnapamerpa [5. Panime omyOiikoBaHi poOOTH HPUCBSYYBAINCS PO3BUTKY
METOIMII BH3HAUEHHS HOPMH BiacHUX (yHkuid mnpodiemu Llrypma-JliyBiuis, e po30Oupaiiochk wine Koo
NHUTaHb, ITIOB’S3aHMX 3 IHTETPyBaHHAM KBajpara MOIyJs BiacHoi ¢yHkuii npobnemu Itypma-JliyBims.
[MapanenbHO BUHUK iHTepec A0 1-1, 3rooM i 10 2-1 MOXiAHUX BiJ TAKOTO PO3B’SI3KY CIEKTPAIBLHOTO PiBHIHHS 3a
CICKTPAJIbHUM MapaMeTpoM. Y AaHiii poOOTi 3HOBY 3a4iNalOThCs MUTAHHSA MOAIOHI O NMHUTaHb 3 BU3HAYCHHS
HOPMH, aJPKe HOPMA 3aJa€ThCs CKAIPHIM JT00YTKOM, TOOTO iHTErpaJbHUM MEPETBOPEHHAM 3 KBaJpaToM JaHOL
GbyHKLI, KA € PO3B’SI3KOM HEOAHOPIAHOTO PIBHSAHHS 3 KYCKOBO-CTAJIOK NPAaBOK YAaCTHHOK Ta 00EpTaEThCS B
HYJIb (32 IPOCTOPOBOIO 3MIHHOI0) Ha MEXi PO3IOILTY CEPEeIOBHII KPUCTANA.

Sxmo Z — po3B’s30K cIeKTpanbHOTO piBHAHHA (3) — 3a0BONBHAE NUKIIUHINA yMOBI AZ(z — 1) = Z(2) 3
JeAKUM KOMIUIEKCHHM 4HCIOM A (Heo60B’a3k0Bo 3 TakuMm, mo AA = 1), To l-ma, # 2-ra moximmi 3a
CHEKTpaIbHUM MapaMeTpoM [ TPEACTaBIAIOTHECA JTIHIHHO depe3 caMy (YHKINIO Ta CBOIO MOXiTHY, alie 3a
MPOCTOPOBOIO 3MIHHOIO: Y = —%éZ +&Z, o =— Gf’ + Z,Bff)Z +&Z, & — Bimoma ¢ymkuis [4-7]. 1-a
MOXiJJHa BU3HAYAETHCS SIK PO3B’SI30K HEOTHOPITHOTO AU EepeHIIATEHOTO PIBHAHHS 2-T0 TOPSAIKY (Take piBHSIHHS
OTPUMYETHCS TU(PEPEHIIIOBAHHSIM CHEKTPAJbHOTO PIBHSHHS 3a CIIEKTPaIbHUM HapameTpoM: LZ = —pZ <=>
LZ' = —Z — pZ' <=>LZ' + pZ' = —2):

1 . ¢?
Ciy+Sy=-2lz
u u I
TYT \y — Inykana QyHkiis. Po3s’s3ytoun, piBasHus (5) Maemo

1. .
v=-58Z+8Z,
TyT & — 00epTaEeThCs B HyJIb HA MEXi po3moaity mapiB kpuctaia [11]. [ust 3HaX0pKeHHS 2-1 MOXiIHOI MaEMO
TAaKOX JIiHiliHe HeoqHOpigHe mubepeHwuianbie piBHsHHS 2-r0 nopsiaky (LZ = —pZ <=>LZ" + 7'+ pZ" =
7' <=>LZ"+27'"+pZ" =-27"):

c2

1 .
CP+—p==27".
u u u
OyHKIisS 3370BONIBHSIE PIBHAHHIO JUisi Oynb-sikoro ¢ [12]. Ha uuisxy mo 4oro po3BHBCS iHTEpec 0
Bu3Ha4yeHHs 1-i, 2-1 HOXiHOT 32 CHEKTPAIbHUM HapaMeETPOM.

1. .
0=-(3¢+28[¢)z+¢2,
ne ¢yHkuis & € Tiero K QyHKUi€o, Mo W y 1-H MOXigHIA Ta BHpa)kaeTbesi Yepe3 HACTYIHE HEOJHOpIJHE
JudepeHmiagbHe PIBHIHHS

SR P 5
@) +42L9 ©)

2,
= [ o

d

2
Bperuri, y po6oTi [13] 3amuicyetbest miHiiiHe nudepeHiaabHe piBHIHHS 2-T0 TOPSIKY BiTHOCHO GyHKUIT Z

K (PYHKIIT CHEKTPaJIbHOTO Tapamerpa f3:
z\'
- <?> =In"¢Z. (6)

TYT
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TakuM 4MHOM, NMparHeHHS PO3YMITH IOBEOIHKY PO3B’SI3KY CHEKTPAJIbHOTO PIBHSHHS 3a CIIEKTPaJbHUM
napaMeTpoM, BHUXOJSYM 3 TMONEPEAHIX aBTOPCHKHX pOOIT, NPHUBOIUTH JO JIHIHHOTO OJHOPIJHOTO
IUQepeHIiaJbHOTO PIBHAHHSA 2-TO MOPAIKY. 3BIIKA BUHHUKAE 337a4a BUBYATH Take AU(EpeHIlianbHe PiBHIHHS.
OyHKIist € Mae TOCUTH TIIHOOKY CKJIAMHICTD, OCKITBKH BHPAXKAETHCS K PO3B’S30K HEOMHOPiAHOTO piBHAHHS (5),
KOTpHIl 31 CBOIM iHTEpBaJOM 3aJOBOJIbHSE IMKIIYHAM yMOBaM Ha mepiomi. Ha nymky aBTOpiB, po3yMHO
3amaTHCA MUTAHHAM NP0 MOXIHUBICTh ICHYBaHHSA EMEp/DKEHTHHX BIIACTHBOCTeW Takoi ¢yHKOii &, TOOTO
BJIaCTMBOCTEH, AKi I (GyHKIis ¢ BUsBISE Ha OUIBII BHCOKHMX pIBHSAX CKJIQJHOCTI (BJIACTHUBOCTI, SKi He
NpUTAMaHHI CKJIAJ0BUM WieHaM i€l GyHKIiT).

OCHOBHA YACTHUHA
3anuiemMo noxiaHy Bing koedirienrta mpu 0-it moxianii piBasHHs (6):
('8 =88 =88 +8E -85 =5'$ =8¢ =8

aii, ckopucTyemocs TuM, mo GyHkuii €, é’e po3s’s3ku piBHsaHHS (5),
PpUCTY M p p

_d

T I T T e LR 2q dy 1,
fe-gc=|-acte s M€|_g€+ 4M5+M(z+2) €

__c_g,_g 1, i, 2 dy 1. )
= —ales g “f|_gf+4ufs+u(z+2) il

_d
2

2

- -2¢ —%$’|_g€+ “(++3) -4 ¢

U

(miaKpecieHi JOJaHKH B3a€MO3HHMIINYIOTHCS). 3 OCTaHHBOI'O IIEPCTBOPEHHS, BHPHCOBYEThCS MOTpeda B
iHTerpyBaHHi KBajapara QyHkuii §.

VY BUMajKy, KOJIU IIapyBaTe CEPEAOBUINEC BUPOIKYETHCS B CYLIIbHE OAHOPIIHE CEPEeIOBHIIE (MaTepianbHi
napaMeTpu € CTaluMHU: & 5, [, = CONSt) Ansd KBajpaTa pO3B’A3KYy CHEKTPAILHOTO DIBHAHHA Mae Micle
dbopmyna (B3araii Kaxydd, GopMmyia Mae MICIe [UIs JTIHIHHOTO OJHOPIAHOTO PIBHSIHHS 2-T'0 MOPSAKY 31 CTaTMMU

KoedimieHTamu):
1.\° 2
(L (6 =c.
I u

TYT K — PO3B’SI30K CHEKTpaNbHOro piBHSHHA, C = const. SKmo QYHKIIA K € pO3B’SI3KOM CHEKTPAILHOTO
piBasiust (3), To moximHa Bin mi€l QyHKHII K TAKOXK € PO3B’A3KOM JaHOrO PIBHSHHS (B3araii Kaxydd, Taki
PO3B’sI3KM He 00OB’S3KOBO MalOTh OYTH JIiHIHHO He3anexHi). Tox, 3amucyrour BU3HAYHMK BpoHChKOrO mjist
GyHKIIH K, K Y BUMAAKY CYIIBHOTO CEpPeNOBHINA, MPUXOAUMO 10 BHIIE 3alMCAHOrO CriBBigHOmEHHS — (7).
Ocranns Gopmyia Moxe OyTH NMEPEHECCHa Ha NIApyBaTe CEPEAOBHINE y NPHUIIYIICHHIX, M0 3a IPOCTOPOBOIO
3MIHHOO PO3B’SI30K K 00€PTAETHCS B HYJIb Ha MEKI PO3MOALTY CepeoBHII KprcTaia. 11i MipKyBaHHS MOKJIAJACHO
B OCHOBY TIEPETBOPEHB KoediliieHTa 38eeHoro piBHsHHs npu 0-if moxiauii y piBustadi (5). [Ipointerpyemo (6):
2

f:(ik) F [ =cer

_d
2

Z

g
Za Zd 2
2 2
Jauti, iHTETpy€eEMO YacTHHAMH,
z 2 z z
1 1.1 1 1
J(—K) dr = f—f(—l( dr = J-—Kd— =
_d # _d HoH _a
2 2 2
Z Z z gz Z z c 2
=—x—x| - f—K(—K)dt =—x—x| + f——Kz dt =—x—x| + J-<—K> dt
u _d _d up Hopld |\
2 2 ~z

IoBeprarouucs 10 (6) Maemo,
z

1 1) ¢ \? d
—K—K +2f(—1<) dt=C(z+2)
popld )\ 2

z c 2 d z 1 1. Z
d <=>2 f(—K) dt=C(z+—> ——K—K .
-4 U 21,2 popola
2 _d 2 2

2
OTxe, OTpuMalnu BUpa3 Uil iHTerpaia, MoAiOHMH 10 iHTerpana Bif kBaapara ¢yHkmii k. IlepeHecemo mi

mipkyBanHs Ha ¢yHKio &. [Ipointerpyemo piBHsiHHS (5) !
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1¢.) 1¢| +4§§ s 2( +d) >1$ lé. +4c[2, 2( +d)
—_ —_—— _ = ——\Zz — ] = —_ —_—— — = ——\Zz —_
uoopula wJ U 2 pooopula u U 2
2
1. 1 cf,J' 4 Sh
— l__ ! +4_ I=__ =>_fl__f! +4_§'I= _é”
u¢ u¢ a4 H ¢ 2 ¢ I pola p
2 _a _a 2
2 2

abo
., 1. . L1, . ,
o] p-ack was<=>Er=28| - aghis -t
uold uold
2 2

e mepeTBOpeHHS HAIITOBXHYJO Ha TYMKY, IO Ii PO3B’S3KH 3aJOBOJIGHSIOTH JIIHIHHOMY OIHOPITHOMY
piBustHEIO By (5). CripoOu BUMMCATH TOXiHI Bil OCTAHHBOTO TPEICTABJICHHS JAH 3MOTY 3pOOHTH BHCHOBOK
PO MOXITUBICTH IHTETPYBaTH KBaapaT, aje 3a YMOBH, IO PO3B’S30K 00EPTAETHCA B HYJIb HA MEXI PO3IMOILTY
mrapiB Kpucrana. XBUIbOBE PIBHSHHS IS OJHOBHUMIPHO-TIEPiOAWIHOTO ABOIIAPOBOTO (POTOHHOTO KPHCTAA €
JMHIHHUM AudepeHLiaIbHUM PIBHSHHSAM y YaCTKOBUX MOXIJHHUX 2-TO MOPSJIKY 3 KYCKOBO-CTaJIMM KOe(DillieHTOM
Ta MOYKE PO3B’A3yBATHUCS METOZOM PO3IieHHs 3MiHHuX [14-17]. 3anumiemo 1-mry noxiaHy:

et <t elerede - (o) s teSead - (o) - (L) 2
T TR 1 n weopl oW\ n ur’
Jaui, inTerpyeMo oOMIBI YaCTUHH OCTaHHBOTO MEPETBOPEHHS,
1 1. 1 1. ¢? 1.
—(K—K)——(K—K)| +4—f1<—1<=0
TR poop e I
2 _d
2
LN g N2, Leg N2 11 L\ (5 )2
<=> <—K) —(—K) +4'—(—K) =—(K—K)| <=> <—K) +<—K> =C.
U U 2\u poop ol U U

3po3yMiJio, 10 KO GyHKIIS K 00epTaeThCs B HyJIb HA MEXI PO3MOALTY LIapiB KpHCTaa, TO I GYHKIIS K
3aJIOBOJIBHSIE CIIEKTPAIHLHOMY PiBHSHHIO (3), cripaBii,
z z

132 11 11
f(—l() dt = f—K—K dt = f—Kd—K=
u b e

To6To0, 3ammcyemMo (IHTErpyeMO YaCTHHAMH )
z 2
I 11 ¢? d
(—K) +(—K) =C<=>—K—K| +2 —K dt=(z+—).
U U uopola u 2
2 -4
2
Otmxe , cTae 3po3yMijnM, II0 YMOBa PO 00epTaHHs B HY b QYHKIIT K (Tak i QyHKIHT &) Ha MexXi po3miny
mapie OCHOBHOTO (oToHHOTO KpHuctama [17-18] mae 3mory inTerpyBaté kBaipar i€l (yHKIii (MaeThes
CXOXICTh 3 OOYHCICHHSM HOPMH) Ta, BpEmTi, crupoctutH wieH mnpu 0-i TOXigHIA y 3BEeACHOMY
JqudepeHiiatbHOMY PIBHSHHI BIZIHOCHO crieKTpaibHoro napamerpa 8 — (6).

BUCHOBKHU

JocinimkeHHs Ta cipoOK po3BUBATH ITiIXOJH JI0 BUBYEHHSI TUCTIEPCIITHOTO CIIBBIIHOIIEHHS ISl TUIOCKOTO
JIBOIIIAPOBOTO  OAHOBUMIPHO-TIEPIOAUYHOTO (POTOHHOTO KpHcTana (OCHOBHOI AM(paKIiiiHOI CTPYKTypH)
MPE/ICTABISIEThCS BAXJIMBOKO 3a/1aU€l0, OCKUIBKM OCTAaHHE BCTAHOBIIIOE 3B'SI30K MK yMOBaMH pO3B’sI3aHHS
npobnemu IItypma-JliyBinmns (TO4HimIe, CKIaJ0BOI0 YMOBOIO PO3B’S3aHHS — YMOBY IPO CaMOCHPSDKEHICTh
IuepeHIiansHOTO  oTeparopa) Ta mapamerpamu audpakiiiaoi  3amaui  [19-22]. Sk HeomHOpa3oBO
3ayBXYBAJIOCh Yy TEMEPIlIHIM Ta MOMEPEenHiX aBTOPCHKUX POOOTax YHCENbHE MOCHIKEHHsI TUCTIEPCIHHOTO
PIBHSIHHS 3IIHACHIOBAJIOCST OaraTbMa aBTOpaMH. BTiM, Ha TpOTHBAry IIOHMHO 3a3HAYE€HUM TpyAaMm poOoTam,
aBTOPHU JaHOi poOOTH BIAIOTHCS JI0 CIPOO 3pO3yMITH MOXKIMBI BIACTHUBOCTI I[bOTO AMCIEPCIHHOTO PiBHSHHA
Yyepe3 PO3yMiHHS IOBEIIHKH PO3B’S3KY CIEKTpalbHOTO piBHAHHA y mpobuemi llItypma-JliyBims sk ¢yHKuil
CIeKTpaJbHOTO Iapamerpa. llomepenHi aBTOpChKi poOOTH NpHUCBsYyBanucs mnomrykam 1-1, 2-1 moximHux #
ypemTi NpHUBEIM JO JIHIHHOrO OJHOPITHOTO AHM(pEPEeHLIAIFHOIO PIBHAHHA 2-TO TOPSAAKY BiJTHOCHO
CIIeKTpajbHOro mapamerpa — (6).
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3Mora 3anmicaTy piBHSIHHA JJIS IOCHIIPKYBaHOTO 00’€KTa MOKE MPUBECTH JI0 PO3TaIly)KEHHsI HaNpsIMiB HOTro
BUBUCHHS. 3 METOIO CIIPOLICHHS 3BEJICHOTO PIBHSHHS aBTOPHU TENEPIilIHEOI POOOTH MEpEeTBOPIOIOTH KOS(DIIiEHT
npu 0-i1 MOXigHIH y HPOMY pIBHSHHI — pIBHSHHI BIHOCHO CHEKTPAIEHOTO TMapameTpa, SKe OTpHMaHe IpH
nepexoai Bia audepernianbHoro piBHSHHEA y npodiemi L typma-JliyBimns (BiZHOCHO He3aJeKHOI IPOCTOPOBOI
3minHOT). KifouoBuM acmektom, IS 3miMICHEHHS 3a3HAYEHOTO IIEPETBOPEHHS CTa€ pIBHICTH HymO 1-To
KoeimieHTy JiHIHOTO pencTaBieHHs 1-1 MOXixHOT Ha MeXi po3AUTy mapiB OCHOBHOTO KpHcTana. CIpoIeHHs
koedimienTy mpum 0-ff TOXigHIH € KPOKOM [0 BHSBICHHS BJIACTUBOCTEH pPO3B’SA3KYy pIBHSAHHSA BiIHOCHO
CIEKTPAJILHOTO ITapaMeTpa, sIKi y KIHIEBOMY pPaXyHKY JaroTh YSBJIECHHS PO XapaKTep pO3IOoAiLTy 3a00pOHHUX Ta
JIO3BOJICHUX 30H Yy iana3oHi YacTOTHOTO XBHJIBOBOTO YHWCJA, a TaKOX OIHKY BJIACHUX YHCEN NpoOieMu
HItypma-JliyBiyuiss  Juiss  MarHiTo-/ieJIEKTPUYHOTO  OJHOBUMIPHO-TIEPIOJUYHOTO JABOIIAPOBOrO  (POTOHHOTO
KpHCTaa.
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DEVELOPMENT OF A METHODOLOGY FOR TRANSITIONING FROM A SPECTRAL
EQUATION RELATIVE TO A SPATIAL VARIABLE TO ADIFFERENTIAL EQUATION RELATIVE
TO A SPECTRAL PARAMETER IN THE STURM-LIOUVILLE PROBLEM FOR A ONE-
DIMENSIONAL PERIODIC TWO-LAYER PHOTONIC CRYSTAL

0. V. KAZANKO, O. E. PENKINA, O. V. GOLOVKO
Ukrainian State University of Railway Transport, Department of Computer Engineering and Control Systems,
Kharkiv, Feuerbach Square, 7, Ukraine

Relevance. In connection with solving the problem of scattering of electromagnetic waves (diffraction problem) on
objects such as photonic crystals (one-dimensional periodic unbounded), it is important to study the dispersion
relation. This involves solving the wave equation with subsequent application of the separation of variables
method (For the diffraction structures considered in the paper, the specified method of separation of variables
allows obtaining a solution to the wave equation, which in this case turns out to be an equation with periodic
coefficients, in the explicit form) and transition to the Sturm-Liouville problem on an unbounded interval
(—o0, + o). The dispersion relation allows us to understand the conditions under which the Sturm-Liouville
problem can be solved and connects these conditions with the parameters of the diffraction problem, and
therefore becomes an indispensable step on the way to obtaining solutions to this wave equation. This work
continues a series of previously published works on the development of approaches to studying the specified
dispersion relation through understanding the behavior of the solution of the spectral equation in the Sturm-
Liouville problem. The transfer matrix method for a wave equation with periodic coefficients makes it possible
to take into account the specifics of its solution on an unlimited interval (—oo, + o0), and to achieve the
fulfillment of a component condition under which the Sturm-Liouville problem is solvable — the condition of
self-adjointness of the differential operator in this problem. This is on the one hand, and on the other hand, such
a method clearly indicates the place occupied by the solution of the spectral equation in the dispersion relation.
The aim of the work is to simplify the previously obtained equation, which is a consequence of the spectral
equation in the Sturm-Liouville problem for a one-dimensional periodic two-layer photonic crystal. In particular,
to integrate some of the constituent terms of the linear representation of the 1st and 2nd derivatives of the
solution of the spectral equation in the Sturm-Liouville problem.

Methods. The separation of variables method is used to solve the wave equation. The transfer matrix method for
a wave equation with periodic coefficients makes it possible to take into account the specifics of its solution on
an unlimited interval (—oo, + o) and achieve the fulfillment of a component condition under which the Sturm-
Liouville problem is solvable — the condition of self-adjointness of the differential operator in this problem. To
take the integral of the individual component terms of the linear representation of the 1st and 2nd derivatives of
the solution of the spectral equation in the Sturm-Liouville problem, the method of integration by parts is used.
Results. The work showed that in the course of a series of successive transformations, the coefficient at zero
derivative in the reduced differential equation (the equation relative to the spectral parameter to which the
transition is made — according to the title of the work) is subject to simplification. In particular, the square of the
coefficient of the linear representation of the 1st derivative of the solution of the spectral equation in the Sturm-
Liouville problem was integrated.

KEYWORDS: photonic crystal, scattering of electromagnetic waves, derivative with respect to the spectral
parameter, Sturm-Liouville problem, spectral equation, dispersion equation, eigenfunction, photon band gap,
wave equation of a layered medium.
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