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The problem of transient electromagnetic wave propagation in unbounded nonlinear medium is solved by means
of Evolutionary Approach. It consists in the conversion of the initial three-dimensional nonstationary problem to one-
dimensional one for the set of evolutionary equations with initial and boundary conditions by the modal expansion of
the initial problem. The construction of the analytical solution of a nonlinear problem in time domain is proposed by
the step-by-step method in approximation of weak nonlinearity and losses taking into account new sources of current
inside the medium.
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3amaya MOMMPEHHS HECTAaliOHAPHOI eJIEKTPOMATHITHOT XBWII Y HEOOMEXKEHOMY IMPOCTOpi, IO 3alOBHEHUI
HEiHIMHUM CepEeJOBMIIEM, PO3B’I3YEThCS 3a JOIOMOIOK EBONIOLINHOrO miaxomy. Moro CyTHicTh momsrae y
MEepPEeTBOPEHHI BHUXIAHOI TPUBUMIPHOI HECTaliOHapHOI 3a/adi B OZHOBHUMIpPHY HECTalliOHApHY 3ajady Il CHCTEMHU
€BOJIIOIIIHHKUX DIBHSHB, JHOMOBHEHUX MOYAaTKOBMMH Ta IPaHMYHHMH YMOBaMH, 3a JOIIOMOT'OI0 MOJOBOTO PO3KJIany
BUXiHOT TpHUBUMIpHOi 3anmadi. [1oOynoBY aHaNITHYHOrO PO3B’S3KY HENIHIMHOI 3aadi MpPONOHYEThCS 3IHCHUTH
METO/IOM TMOCTIJOBHUX HAOMKEHb Y MPHUITYLICHH] cla0Koi HEMiHIHHOCTI cepeIoBHIIIA i3 BTpaTaMH, BPaXOBYIOUH HOBI
JDKepelia CTpyMy BCEPEIHHI LIbOTO CEePeIOBHILA.
KJIFOYOBI CJIOBA: HecrarioHapHE €JIeKTPOMArHiTHE IMOJie, YAaCOBUI MPOCTIp, EBOMIOMIMHUNA MiIXin, HeiHiiHe
cepesioBHIIe

3amaua pacHpOCTPaHEHUS HECTAllMOHAPHOM 3JIEKTPOMArHUTHON BOJHBI B HEOIPAaHMYECHHOM IPOCTPAHCTBE,
3all0JIHEHHOM HEJIMHEHHOM cpenoli, pemaercss Nmpu MOMOIIM 3BOJIOLMOHHOrO noaxona. Ero cyrs cocrour B
NpeoOpa3oBaHUN HCXOJHOM TPEeXMEpHOH HecTalMOHAPHOW 3aJavyd B OJHOMEPHYIO HECTAl[MOHApHYIO 3a1ady Julsi
CHCTEMBb! HBOJIOLMOHHBIX YPABHEHWUH, MOIOJHEHHBIX HAYaJIbHBIMH U TPAaHUYHBIMU YCIIOBUSMH, I1OCPEICTBOM
MOJIOBOTO PA3JIOKEHUSI UCXOAHOM TpexmepHoM 3amaun. [locTpoeHne aHaIUTHYECKOTO pelIeHus] HeMMHEHHOM 3a1aun
BO BPEMEHHOH 00IacTH Ipemraraercsi OCyIIECTBHTH METOAOM ITOCIEAOBATENBHBIX NPHOMMKEHUH B IOMYIICHHH
c1ab0#t HEMTMHEHHOCTH CPEBI C MOTEPSIMH, YIUTHIBAsI HOBBIE HCTOUYHUKHI TOKA BHYTPH 3TOH CPEIbL.
KJIIOUYEBBIE CJIOBA: HecTanimoHapHOE 3JIEKTPOMAarHUTHOE IOJIE, BpeMEHHasi 00J1acTh, SBOJIOIMOHHBIN TTOAXO0,
HeJMHEeHHas cpea

INTRODUCTION

To solve the radiation problems in unbounded layered transient inhomogeneous nonlinear medium in time
domain the method of evolutionary equations is applied. Initially it was applied for resonator and waveguide
problems with the same medium. The essence of the method consists in constructing the basis in transversal
plane to decrease the dimension of initial problems holding the explicit time dependence of all variables. For the
free space problems it was used in [1] by constructing the modal basis in cylindrical coordinate system and
proving of its completeness by Weyl’s theorem about orthogonal splitting in Hilbert space. The method was
applied to solve the transient problems for given sources [2]-[4] and obtain the analytical solution of transient
wave diffraction problem [5] by mode matching technique in time domain. In [6] the evolutionary equation set
was obtained in spherical coordinate system, and some analytical solutions of the transient radiation problems
were received by Laplace Transform [7]. Transient wave propagation problem in inhomogeneous nonstationary
medium was solved analytically and numerically with noticeable advantages concerning calculation time and
RAM consuming in comparison with direct three-dimensional numerical method [8].

The present work is devoted to construction of the analytical solution of a nonlinear problem [9]-[10] by
the step-by-step method in approximation of weak nonlinearity.
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THE STATEMENT OF THE PROBLEM
The initial problem is stated for the set of three-dimensional nonstationary Maxwell’s equations

ot = 2 B+ 37 + 3¢ rotE = LB+ 3.
ot ot

(€
divD=p° + p°; divB=p",
supplemented by constitutive relations and equations of continuity
S EL.B(E) B YERVIIX O en o Jeh
D=¢E+P(E); B= H+M(H)|; —p" =-divJ®™", 2
s+ P(E): B (A M(A)): 2 @

where E and H are electrical and magnetic field strength vectors, D and B are electric displacement field and

magnetic field, P and M are polarization and magnetization, &, u, are electric and magnetic free-space

e,h

constants, J°" is density of electric or magnetic current, J° is conductivity current density, p°" is density of

electric or magnetic charges. All these functions are depended on position vector R =F + zZ, and time t. The

problem for correct statement is completed by initial and boundary conditions. Their solution will be found in
the class of quadratically integrable vector functions that satisfy the condition

]%dt]%dZqu)Tpdp(gol—E-E*+yO|:|-I:|*)<oo. 3)
0 0

G 2}

EVOLUTIONARY EQUATION SET
We can separate the linear and nonlinear part in polarization and magnetization vectors as follows
P(E)=ca(zt)E+P(E); M(H)=z(zt)FA+M(H), (@)
where «(z,t) and y(z,t) are electric and magnetic susceptibilities. It gives possibility to rewrite the
constitutive equations in the following form:
B(E)= e (2)E+P'(E); B = pu(z,)F+ M (), (5)
where &(z,t)=1+a(z,t) is relative permittivity, s(z,t)=1+ y(z,t) is relative permeability. Using these

notations the Maxwell’s equations can be rewritten to the form of
L0 = L0 s s e (8 B et ot 4 2 S RV
rotH :goa(g(z,t)E)+{aP (E)+37(EH)+J } —rOtE—,uoa(ﬂ(Z,t)H)+{aM (H)+3J }
godiv(g(z,t)é) = —divis'(lé)+p‘r +p°%; ,uodiv(,u(z,t) I:|) :—diV|\7|'(|:|)+ph .
So, we can introduce the equivalent densities of electric and magnetic currents and charges in right-hand
sides of the equation by the following way:

= LR(E)+I(ER)+ 3 1= M(R)+ 3 o=—divP/(E)+p7 + 05 g =W (H)+ 0", ()
So, the set of Maxwell’s equations acquires the form
rotH = gog(gﬁ)+j ; -TOtE = 1, %(yﬂ)+i  ediv(eE)=o; pdiv(uH)=g. (8)

To project the equations onto transversal plane and longitudinal axis one should present all vectors in the
form of sum

A(Rt)=A(1,zt) = A(1,z,t)+ Z,A, (T, 2t), )

, . 0
and nabla operator in formof sumV =V, +7; =
z

The last notation gives us possibility to transform the Maxwell’s equations:

_ O/ =\ Ors -7, =
[V, xZ,]H, =goa(gE)+a[H xZ,]+J; (10)
0 ~
Ho E{/qu}:_:uoﬂVJ_ ‘H+9; (11)
0 - .
/’IO_(‘qu):VL'[ZoXE]_Iz; (12)

ot
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O sy Or. =1 =
[z, %V, ]E, =t~ ﬂH)+§[ o XE]+ T (13)
30—(5EZ)ZVL-[|:|><70]—JZ; (14)
gog{gEz} =—5,V, -E+o. (15)
The same equations can be written in matrix form

{go_l[ZUXVL]Vl'HJ_ ,Ll*laz {ﬂgo’lﬂH}+(goﬂoﬂ)fl[20><vig] . 5)

luoilvi[ZOXVL]'E —0, {,u[ioxlfH ]}—,uo’lvllz ’
(E,‘OlvL [VL x ZO]~ H J _ —0, {‘9|:|EE X Zo:'} _goilvﬂ]z 17)

M [VixB)V B | g, {g,uo’lle} +(eotto) " [V, 0x%,]

=~ O/ =\ Orgs - s = 0/ 5\ Ors g1 +
where F, =goa(gE)+E[H xZ, ]+, Fe :,uoa(,uH)+5[zoxEJ+l .
Introducing four dimensional vectors of electromagnetic field

£
x:[HJ 18)

2z o
with the scalar product definition (X, X,) =4i I dgo.[pd,o(,soli1 -E; + 4,H, - Hy ) originated from (3) and the
42 0 0

matrix operations for the vectors
0 & [Z,xV. ]V, 0 & 'V, [V, xZ,]
W, X= o (2 VLV X, W X=| = o VilVixa] X, (19)
Ho VL[ZOXVL]. 0 Ho [VLXZO]VL~ 0
Using these matrix operations we can rewrite the Maxwell’s equation set to the form of two matrix

equations with four-dimensional operators containing partial differentiation by transversal coordinates and with
right sides consisted of partial differentiation by longitudinal coordinate and time:

,u'lazy{at (SE)+€0'181 [I:| x ZOJ} + {(goy)_lﬁz (yj)+(goy0,u)_l[io XVLg]} .

W, X = B h ’ ;

~ou{egde] T % E |+ 0, H} ~{ou[ 2% T |+ 4V 1, )
(20)

—atg{azé + yoat,u[ﬁ x Zo]} - {8t5[rx ZOJ + go'lvl.lz}

WX = .
; 8’1828{;10’181 [ZO x E] +0,uH } + {(,uog)_1 3,61 +(&ottos) [VLQXZO]}
It is easy to prove using Fourier-Bessel transform and the one of definitions of Dirac delta function
8(1a— 1) =1t | PUPI (22) 0 (12P)

0 (21)

that the operators are self-adjoint ones with eigen functions

Y, {_‘Z/g[vﬁpm XZO]J and Z.. :[ Ve Vudy ] 22)
: +2u vV ¥, = AN
correspondingly, where J | (x) is Bessel function, ¥, and @, are scalar function that satisfy the equations in
transversal plane

(Ai—i- Eolhy p)‘I—’mzo and (AL+ goyoq)(l)nzo, (23)
p and q are the eigen numbers.
The properties of the expansion permit to apply Weyl Theorem for the Hilbert Space L} to prove the
completeness of the expansion

X(F,zt)= Y Td;(A“(z,t,;()Ym(F,Z) +y Tden(Z,t,v)Zn(F,v) 24)

m=—o0 n=—w

25
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or

E © ® va va oo o V (Dn
~ =X [dxiA, VitaxZ ) p (Vi¥ox2)[, > [dvis, +B. | b (m)
H) ™= % V.Y, V.Y, P V, O, x z -V, 0, xZ

that can be rewritten for different field components

E =3¢, {i?d;(vr: [V, ¥, x ZO]+devVneVlCDn};
m=1 m=1 o
* o {i?dvlnﬁVL‘{’m +de;{l§ [Z, le(Dn]};

m1 0 m10
(26)
€, (0020 = 45 3 21078, (250), (0.8 2),
H, (o 2.t) = a0 3 [vdvh, (2.60) 2, (p0iv)
by resigning the coefficients m
A,+A, =V, B +B, =V )

An_A—mZIr:; Bn_B—nZIr?'
To obtain the evolutionary equation set that is the one dimensional nonlinear equations of the first order, we
should substitute the fields in (11-16) by the received above expansions. The application of orthogonal properties
of the scalar functions

127 )
XX w0 " -
22| d d p¥ v =5 S(r—7):
Zﬁg 90!/3/? n ()Wo' (2) =6 (2= 1)

L 4ol (y :
Ejdwjlpdpvl‘}}m (z)VL\Pm’ (Z ):5mm5(l_}()’
0 0
(28)

de‘PT PUP[V. ¥ ()2 (V¥ (2) 2 [ = 8 (2= 2):

— j dgojpdpv @, (v) [V, ¥, (2)%Z | +[2,xV, @, (v)]- V. ¥, (¥)=0
helps to derive the system of evolutionary equations [9]'
o,{ ,ulh+-\2/E J.dgoj.pdp‘l’ (v)g
O { Ny} =V, —\/55 I d(ﬂfpdp‘l’m* ()1,
_act{gvr:}_azlg—i_vzhm_\/i J‘d(pJ‘pdp[ :| V ‘P ( )
Oy {‘C"Vne}"_azlr? = _\E% I d(pJ'pdpj-VLCDn* (Z)
0 0 (29)
27 o
act {gen} = _Irf _\Iii I d(DJ‘pdp(Dn* (X)Jz

=gV?e +\2/z quojpdpdb z)e

—8ct{y|e} ONE+ve, _\E Idcofpdp[ szv @, (x)

O {pln}+0 Ny = —\Ei [ dcofpdpf'vi‘l’m* (v)
0 0
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where

d = ‘]n (Zp) ein(p; ¥ = ‘]m (Vp) ein(ﬂ ) (30)

n \/} m \/‘7

ITERATIVE SOLUTION SCHEME
The solution of nonlinear problem is proposed to find in form of sum of solution for linear medium and I-th

solution for equivalent sources of nonlinearity [9] E=E°+E'; H=H’+H'. The last solution can be obtained
for given sources

3-SR (B E) 1 =2

_Yar(E0 |t o AP (B LB o — HiuNa(H0 L

_atM(H +H ),g = —divP'(E° +E ),g = dlvM(H +H ) (31)

where for 1=1 one should take into account the influence of the linear part of field only

A R O ~ /- Lo o

1_ %Y pr 0y. 1 _*%Y ' 0. 1 _ i ’ 0). 51 _ _Hi ’ 0

J_atP(E),I_atM(H),g— divP'(E°); g' =—divM'(H°). (32)
Using the analytical solution of the linear problem obtained by Riemann function [1] one can account the

equivalent nonlinear sources.

PLANE SOURCE RADIATION PROBLEM
Let consider the problem of transient radiation of plane source of current into the medium with weak
nonlinearity and constant x . As a source one can consider plane disk with homogeneous current distribution

[1]:
Jo=%H®)3(z)(H(p)-H(p-R)). (33)
where H (*) is the Heaviside’s step functions.
The source generates TE waves only. The right-hand side of evolutionary equation is

27 ©
; oy N Ho - 7. 34
n(ztv) =2 !wipdmo[vlwm x7, | (34)
The linear solution of Klein-Gordon equation
2 2
e,u o°h, 0°h » .
C atZ - aZZm +v hm = Jm (35)

is known and received by Riemann function method

=—J.dzJ.dt’J ( \/c t—t') z—z) )jm. (36)

The expression can be used to take into account additional field caused by conductivity and nonlinearity of

unbounded medium placing in the integrand the expression J' :gﬁ”(ﬁo + E"1)+3"(E° + E"l). But the initial

field excited by plane source can be obtained by the following expression
Z

t—
hn = [0 1 (vR j dt'J (w/c (t-t') - ) (37)
We rewrite it in terms of Lommel’s functlon of two variables

hy =01 vR) \/_ [ iv(ct - )V\/cztz—zz} (38)

for the purpose of obtaining the analytical linear solution for amplitude of electrical field to find new equivalent
sources of current. It is easy to demonstrate that the sources do not generate TM waves, so

e (ztz)=11=V; =0, (39)
I’ V! can be found as
] oh,
I:m =H 162 {:uhm}|;l:const = E'
o, (40)

Vr: = _act {:uhm}

It permits to receive the linear solution for the field

=const :
# c ot

27
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E° :—\ZEdewmh [V.¥,x7] (41)

m=1o
to obtain the source J* :gﬁ’<ﬁo)+j“(ﬁo) for the first nonlinear approximation of solution. It can be

obtained by the expression

h, = %jdz’joltuo(v\/c2 (t—t') —(z-2) ) i (42)
0 0

2z 0
where %, (z,t:v) =X [ o[ pd o] [V, ¥, x2, ]
2r 5 %
One can repeat the procedure to receive the second and further approximations of the solution.

CONCLUSIONS

The evolutionary approach to electromagnetics was used to receive the system of evolutionary equations
that describes the propagation of transient electromagnetic field in nonlinear nonstationary inhomogeneous
medium. The equations contain the sought coefficients of electromagnetic field expansion in the basis on
transversal plane. Right-hand sides consist of the evolutionary coefficients and the expansion of given sources of
electric and magnetic current and charge, current of conductivity and nonlinear reaction of medium. The total
problem should contain the initial and boundary conditions for the evolutionary coefficients that can be derived
as the expansion of given fields in the basis. The equation set can be transformed to the system of linear
equations of second order as was done in [1]. The algorithm of the receiving of the general iterative analytical
solution and its first approximation for weak nonlinearity of medium was presented.
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