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Dislocation-kinetic approach to tensile stress-strain curve 
calculation for “flat” aluminum polycrystals
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V.N. Karazin Kharkiv National University, Svoboda Sq. 4, Kharkiv, 61022,
evgeny.e.badiyan@univer.kharkov.ua, shekhovtsov@yahoo.com.

ORCID: 0000-0002-4623-7180
DOI:10.26565/2222-5617-2018-29-01

The dislocation-kinetic approach is used for the stress-strain curve calculation for "flat" pure polycrystals of metals with average 
grain sizes d in the range from 10 to 500 μm and a thickness D > 2d which were stressed in tension at a constant strain rate and moderate 
temperatures. The strain-hardening of "flat" pure aluminum polycrystals has been theoretically studied on the basis of the solution of 
the kinetic equation for the dislocation density. The effects of reduction in the conditional yield strength and strain-hardening coefficient 
and deviation from the Hall–Petch relation with decreasing specimen thickness have been found.

Keywords: "flat" pure polycrystals of metals; strain-hardening; tensile stress-strain curve; kinetic equation for the dislocation density.

Є.Ю. Бадіян, А.Г. Тонкопряд, О.В. Шеховцов.
Дислокаційно-кінетичний підхід застосовано для розрахунку деформаційної кривої "плоских" чистих полікристалів металів 

із середніми розмірами зерен d в інтервалі від 10 до 500 μm і товщиною D > 2d, які деформуються за умов одноосного розтягу з 
постійною швидкістю деформації при помірних температурах. На основі рішення кінетичного рівняння для густини дислокацій 
теоретично досліджено деформаційне зміцнення "плоских" чистих полікристалів алюмінію. Виявлено зниження умовної границі 
плинності, коефіцієнта деформаційного зміцнення і відхилення від співвідношення Холла-Петча при зменшенні товщини зразків.

Ключові слова: "плоскі" чисті полікристали металів; деформаційне зміцнення; крива розтягування; кінетичне рівняння 
для густини дислокацій.

Е.E. Бадиян, А.Г. Тонкопряд, О.В. Шеховцов.
Дислокационно-кинетический подход использован для расчета деформационной кривой "плоских" чистых 

поликристаллов металлов со средними размерами зерен d в интервале от 10 до 500 μm и толщиной D > 2d , деформированных 
в условиях одноосного растяжения с постоянной скоростью деформации при умеренных температурах. На основе решения 
кинетического уравнения для плотности дислокаций теоретически исследовано деформационное упрочнение "плоских" 
чистых поликристаллов алюминия. Обнаружено снижение условного предела текучести, коэффициента деформационного 
упрочнения и отклонение от соотношения Холла-Петча при уменьшении толщины образцов. 

Ключевые слова: "плоские" чистые поликристаллы металлов; деформационное упрочнение; кривая растяжения; 
кинетическое уравнение для плотности дислокаций.

Introduction
The microscopic dislocation theory of a polycrystal҆s 

ductility is based on kinetic equations that describe the 
evolution of the dislocation density in a material with an 
increase of plastic deformation [1, 2]. The dislocation-
kinetic approach makes it possible to obtain the dependence 
of the flow stress on the average grain size, temperature, 
degree and rate of deformation. The hardness and ductility 
characteristics of metal polycrystals can depend not only 
on the average grain size d, but also on the transverse size 
D (thickness or diameter) of tensile specimens. In [3], the 
interaction of the size factors D and d is analyzed using the 
kinetic equation for the dislocation density and the effects 

of the reduction in hardness and the deviation from the Hall-
Petch relation during the plastic deformation of specimens 
with a micro- and nanograin structure with a decrease 
in their transverse size are theoretically considered. 
Investigation of the strain-hardening of "flat" * polycrystals 
with average grain sizes in the range from 10 to 500 μm is 
of interest. Both average grain size and specimen thickness 
should influence on the plastic flow of such sheets.

Equation for evolution of dislocation density
in "flat" pure polycrystalline specimens

In pure polycrystalline materials, which were stressed 
in uniaxial tension at a constant strain rate ε , given that 

* In this study, specimens with a rectangular cross section whose sizes are related by the inequality D << w < l, where D is the
thickness of the specimen, w and l are its width and length respectively, and the ratio of the specimen surface area to its volume 
SS / V >> 1 cm-1 are called "flat".
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the diffusion mechanisms for the dislocation annihilation in 
the boundaries and in the body of grains are absent at low 
and moderate temperatures, the change in average 
dislocation density ρ with increasing shear deformation 
γ = mε, where m = 3,05 is the Taylor factor, can be written 
according to [2] as

1/ 2
f a

d k k
d bd
ρ β ρ ρ
γ
= + − . (1)

In this expression, the first two terms on the right-
hand side describe the accumulation of dislocations in 
a polycrystalline material due to the presence of grain 
boundaries (b is the Burgers vector, β describes the 
intensity of dislocation accumulation in grains because the 
grain size limits the mean free path length of dislocations) 
and the dislocation multiplication by double cross-slip of 
screw dislocations (kf describes the intensity of dislocation 
multiplication on forest dislocations), and the third term 
describes the decrease in the dislocation density due to 
annihilation of the screw portions of dislocation loops (ka 

is the coefficient of annihilation of screw dislocation). In 
general, the coefficient β which is defined as the relative 
fraction of grains contributing to the grain-boundary 
hardening can be found as β = 1 – ΔS / S, where ΔS is the 
total area of grains in the specimen cross section which are 
directly adjacent to its surface, S is the cross-sectional area 
of the specimen. For specimens with a rectangular cross 
section, we can write









−+−=

Dw
d

w
d

D
d 24221β . (2a)

In specimens, which were investigated in this study, 
2d < D << w, so

 

D
d21−=β . (2b)

We can see that the grain-boundary hardening depends 
on the ratio of d- and D-factors [3]. If only two grains are in 
the cross section of the specimen (2d = D), so that both are 
surface, the grain-hardening is practically absent and the 
coefficient β is zero.

Equation (1) is used for the theoretical description of 
strain-hardening of polycrystalline metals with average 
grain sizes in the range from 10 to 500 μm [2]. It is assumed 
that the transverse size D (thickness or diameter) of the 
deformed specimens is much higher than the average grain 
size d, so that the number N = D/d of barriers in the form of 
grain boundaries in the specimen thickness is significantly 
greater than 1 and β = 1. In such samples, the flow stress is 
controlled by the grain size (d-factor) [3].

In [4, 5], the kinetic equation for the change in the 
dislocation density with increasing shear deformation in a 
single crystal is formulated:

22/1 )( ��� afimm kkkk ���� .

�
�� SSV

b
n

V
S

b
n

d
d

���
�

�
��
�

�
�
�
�

�
�
���

 (3)

Here the terms in the first bracket on the right-hand 
side describe the work of dislocation sources inside a crystal 
with a bulk density nV and surface dislocation sources with 
a density nS. The terms in the second bracket describe the 
dislocation multiplication processes by double cross-slip 
on obstacles of non-deformation origin (the coefficient 
km), for example, the accumulation of impurity atoms, and 
deformation origin (on forest dislocations, the coefficient 
kf ≈ 10-2 / b), and also the immobilization of dislocations on 
obstacles (the coefficient kim). The two coefficients depend 
on the D-factor in the kinetic equation (3) [6]. Thus, the 
departure of dislocations from a thin crystal through its 
surface (the annihilation of dislocations with the surface) 
leads to their loss from the multiplication process. Since the 
total path length of dislocations through the crystal is equal 
to the ratio D / me , where me = sin φ, φ is the angle between 
the slip plane and the tensile axis, then kim = sin φ / bD. In 
addition, the contribution of surface dislocation sources to 
the process of generating dislocations at the initial stage of 
crystal deformation increases with increasing ratio SS / V.

If the crystal is pure, then we can neglect the terms 
with nV and km in (3) [6, 7]. Then equation (3) takes the form

22/3 ρρρ
γ
ρρ afim

SS kkk
b
n

V
S

d
d

−+−





= . (4)

In large crystals, the first two terms on the right-hand 
side of (4) give an insignificant contribution to the evolution 
of the dislocation density [7]. However, their role increases 
with decreasing thickness of the specimen D. Dimensional 
effects arise that were investigated in [3, 6, 7]. For values 
of D less than some critical value, we can neglect the last 
two terms in (4), and we obtain a kinetic equation for the 
dislocation density in micro- and nanoscale crystals with 
allowance for only the D-factor [3, 7]:

ρ
γ
ρρ

Db
m

Lb
n

d
d e

F

S −= , (5)

where LF is the length of the Frank-Read source.
Simultaneous action of d- and D-factors in micro- 

and nanocrystalline pure samples, which had a transverse 
dimension in the micro- and nanoscale, was theoretically 
investigated in [3]. To this end, the terms from the right-
hand sides of (1) and (5) were included in the kinetic 
equation. The term kf was neglected because the average 
grain size was small. As a result, the following equation 
was obtained
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2),( ρρρβ
δγ

ρρ a
e

S

S k
Db

m
bd

dD
Db

n
d
d

−−+= . (6)

Here it is taken into account that LF = δSD, where the 
parameter δS < 1 determines the influence of various factors 
on the density and action intensity of dislocation sources.

In this paper, the combined action of d- and D-factors 
in "flat" pure polycrystalline specimens of metals with 
average grain sizes d in the range from 10 to 500 μm, 
which corresponds to conventional polycrystals [2], and a 
thickness D > 2d is theoretically studied. To this end, all 
the terms from the right-hand sides of equations (1) and 
(4) were included in the kinetic equation for the dislocation 
density, as a result of which it acquired the form

��
�
�� SS

b
n

V
S

dbd
d

��
�
�

�
�
���

22/3 ��� aimf kkk ���

, (7)

where

DwDV
SS 2112 ≈








+= . (8)

Tensile stress-strain curve calculation based on 
equation of dislocation kinetics

To obtain the tensile stress-strain curve σ (ε, d, D), 
we transform equation (7) using expressions γ = mε, 
σ = mτ and the Taylor equation 2/1ρµατ b= , in which α is 
the interaction constant of dislocations with one another, μ 
is the shear modulus, to the form

)(
2 3

2
2

3
1

4
3

aaakm
d
d a +++−= σσσ
ε
σσ

, (9a)

where

a

f

k
k

bma µα−=1
, 

2
2 )( bm

k
k

kdb
a

a

im

a

µαβ








−−= , (9b)

4
3 )( bm

kb
n

V
Sa

a

SS µα





−=

. 
After that, we integrate (9a) and obtain the dependence 

of the flow stress on deformation in an implicit form:

.)))2/(/)2/((arctg 2
121

4 ����� ���� C�

lnln(2
2211 ���� ����� AA

km a

ln
2
1

21
2

3 ���� ���� A

)2/(
))2/1((

2
12

431

��
�
�

�� AA� ��
 (10a)

The integration constant C is determined from 
condition

2/1
0)0( ρµασ bm= , (10b)

where ρ0 is the initial dislocation density at ε = 0. It is noted 
in [2] that the ρ0 is due to the activation of dislocation 
sources in the grain boundaries: ρ0 = β0 /db, where β0 is 
the parameter that characterizes the effectiveness of grain 
boundaries as sources of dislocations and depends on the 
density of grain-boundary sources.

In (10a),

±
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, (10c)

where

( )( ) +++−=
3/12/123

1 )2/()3/(2/ qpqy

( )( ) 3/)2/()3/(2/ 2

3/12/123 aqpq ++−−+

, (10d)

3
2
2 43/ aap −−= ,

 
3

2
132

3
2 3/8)3/(2 aaaaaq −+−= .

 (10e)

The quantities A1, A2, A3, A4 are defined as a solution of 
the system of equations

1 2 3 1A A A+ + =

1 2 1 1 1 2 1 2 3 4( ) ( ) ( ) 0A A A Aξ σ ξ σ σ σ− + − + − − + =

2 1 2 1 2 1 1 2 1 2 3 1 2 4( ) ( ) ( ) 0A A A Aξ ξ σ ξ ξ σ σ σ σ σ− + − + + − − =

2 2 1 2 1 2 1 2 4( ) ( ) 0A A Aξ σ ξ σ σ σ− + − + =

, (10f)

in which

( ) 2/1
12

2
111 )2/(2/ yaaa +−+=ξ ,

 ( ) 2/1
3

2
112 )2/(2/ ayy −+=ξ .

(10g)
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Figure 4 shows an example of the tensile stress-strain 
curve for polycrystalline aluminum calculated according to 
(10). In the calculations, the parameter values given in [2] 
were used (Table 1). For the density of surface dislocation 
sources, the estimated value nS = 106 cm-2 was taken according 
to [6]. When calculating the immobilization coefficient kim, we 
assumed that 2/14/sin == πem .

The dependence in Fig. 1 is ambiguous. It is seen from 
(10a) that the function σ (ε) has an asymptote at a value of σ = σ1 
when 1ln σ σ− → −∞  (this does not apply to 2ln σ σ− , 
since σ2 takes negative values as indicated by the calculation).

The upper segment of the dependence σ (ε) which is 
partially shown in Fig. 1 has negative values of the strain-
hardening coefficient /d dθ σ ε= . The presence of segments 
with positive and negative values θ is associated according 
to [6] with the competition of processes of generation of 
dislocations and their departure. The equilibrium between 
these processes is established with increasing deformation (the 
asymptote σ = σ1 in Fig. 1). A possible physical interpretation 
of the ambiguous nature of the dependences σ (ε) is discussed 
in [6]. For example, it consists in the fact that the deforming 
stress will change stepwise between the upper and lower 
segments of the dependence σ (ε) under conditions of strong 
slip heterogeneity. It was observed in experiments on the 
compression of gold microcrystals [8, 9]. In the absence of 
a noticeable slip heterogeneity (high density of dislocation 
sources), dependences σ (ε) become single-valued and smooth 
in the type of the lower segment in Fig. 1.

Yield strength and strain-hardening 
of "flat" polycrystal

According to the empirical Hall-Petch relation [10, 11]
2/1

0
−+= dK yy σσ , (11)

where σy is the conditional yield strength, Ky is the Hall-
Petch coefficient, the parameter σ0 corresponds to the 
yield strength of a single crystal. In calculations based 
on formulas (10) in the interval of average grain sizes of 
"flat" Al polycrystals from 10 to 70 μm for thicknesses 
of 500, 250 and 150 μm, the deviation from the linear 
dependence 2/1

2,0
−− dσ  (11) is manifested at D = 250 μm 

and it becomes good is noticeable at D = 150 μm (Fig. 2). 
Fig. 3 shows that the conditional yield strength increases 
with increasing thickness in specimens with different 
average grain sizes.

The combined action of d- and D-factors causes 
the appearance of yet another dimensional effect which 
manifests itself in the dependence of the strain-hardening 
coefficient of a "flat" polycrystal on its thickness. Taking (9a) 
into account, we obtain for the strain-hardening coefficient:

)(
2

3
3

1
21

−− +++−== σσσ
ε
σθ aaakm

d
d a

. (12)

Here the flow stress σ is given by (10). The results of 
calculations using formula (12) are shown in Fig. 4. The 
Dependences σ0,2(D) и θ(D) in Fig. 3 and 4 are amplified 
as 2d approaches to D (the coefficient β tends to zero in 
accordance with (2b)).

Table 1.
Parameter values for polycrystalline Al used in calculations 
in accordance with formulas (10) given in [2].

μ, GPa b, nm α ka β0

27 0,286 0,32 11 10-3

Fig. 1. Dependence of the flow stress on the degree of 
plastic deformation with the asymptote σ1 = 27 MPa for a 
“flat” pure polycrystalline Al specimen with D = 500 μm, 
w = 2 cm, d = 100 μm.

Fig. 2. Dependence of the conditional yield strength on 
the average grain size for “flat” pure polycrystals Al of 
width w = 2 cm with different thicknesses: 1 - D = 150 μm, 
2 - D = 250 μm, 3 - D = 500 μm.

Fig. 3. Dependence of the conditional yield strength on the 
specimen thickness for “flat” pure polycrystals Al of width 
w = 2 cm with different average grain sizes: 1 - d = 70 μm, 
2 - d = 30 μm, 3 - d = 20 μm.
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The determination of the strain-hardening coefficient 
at a deformation ε = 1% for the values of the average 
grain size in the range from 100 to 250 μm as a function 
of the specimen thickness 600 μm < D < 1200 μm leads 
qualitatively to the same results as in Fig. 4. At the thickness 
D = 1200 μm, the conditions D << w and SS / V >> 1 cm-1 
which were formulated for “flat” polycrystals are almost 
at the limit. For specimens with the average grain size d = 
500 μm, the condition D > 2d is satisfied for D > 1000 μm. 
Thus, the values of d ≈ 500 μm and D ≈ 1200 μm are near 
the applicability limits of the model of strain-hardening of 
“flat” polycrystals.

Conclusions
1. On the basis of the dislocation-kinetic equation, a relation

for calculating the stress-strain curve σ (ε, d, D) for “flat” 
pure polycrystals of metals with average grain sizes in 
the range from 10 to 500 μm, such that 2d < D, which 
were stressed in uniaxial tension at a constant strain 
rate and moderate temperatures was obtained.

2. Using the example of the analysis of the calculated
dependence σ (ε, d, D) for “flat” pure Al polycrystals
with a width w = 2 cm and different thicknesses in the
range 150 < D < 1200 μm, it was established that the
interaction of d- and D-factors causes a reduction in
the conditional yield strength and deviation from the
Hall-Petch relation with a decrease in the specimen
thickness. The dimensional effect is also manifested
in a reduction in the strain-hardening coefficient of a
“flat” pure Al polycrystal with decreasing its thickness.

3. The kinetic equation (7) and the solution (10) describe
the strain-hardening of a “flat” polycrystal as a result
of an increase in the average dislocation density in
it without taking into account their inhomogeneous
distribution in the material. When studying strain-
hardening and the formation of dislocation structures
for large plastic deformations, it is necessary to include
collective effects in ensembles of strongly interacting
dislocations that lead to the formation of cellular and
fragmented dislocation structures.
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We investigated numerically IV-characteristics and power of emission from stacks with various quantities of long Josephson 
junctions (up to 6 junctions) which interacted inductively with each other. Parameters of junctions were chosen close to those for 
MoRe-Si(W)-MoRe heterostructures. We set Gaussian spread of about 0.01% of critical currents along junctions. Electrical properties 
of a stack consisted of three junctions was investigated in details. Zero-field steps at voltages corresponding to frequencies of various 
modes of electromagnetic waves in the stack were found in the IV-characteristic. We showed that positions of zero-field steps in 
IV-curves were in good agreement with predictions of the theory. The highest maximum of power of emission corresponded to the 
so-called in-phase mode at which all voltages over junctions in the stack oscillate in-phase. Considering stacks with many junctions, 
we showed that power of emission at the voltage of the resonance which corresponds to the in-phase mode is proportional to the square 
of quantity of long junctions in the stack that is the characteristic of coherent emission.

Keywords: Josephson junctions; coherent emission; synchronization; zero-field steps.

О. Гриб, Р. Вовк, С. Савич, В. Шатернік
Ми дослідили чисельно вольт - амперні характеристики та потужність випромінювання пачок з різною кількістю контактів 

Джозефсона (до 6 контактів), що взаємодіють індуктивно один з одним. Параметри контактів були вибрані близькими до параметрів 
гетероструктур MoRe-Si(W)-MoRe. Ми задали  гаусів розбіг критичних струмів близько 0.001% вздовж контактів. Електричні 
властивості пачки, яка складалася з трьох контактів, були детально досліджені. Сходинки нульового поля при напругах, які 
відповідали частотам різних мод електромагнітних хвиль в пачці були знайдені на вольт - амперній характеристиці. Ми показали, 
що положення сходинок нульового поля на вольт - амперних характеристиках добре узгоджені з теоретичними передбаченнями. 
Найбільший максимум емісії відповідав так званій синфазній моді, при якій всі напруги на контактах осцилюють синфазно. 
Розглянувши пачки з багатьма контактами, ми показали, що потужність емісії при резонансній напрузі, яка відповідає синфазній 
моді, пропорційна квадрату числа довгих контактів у пачці, що є характерним для когерентної емісії.

Ключові слова: контакти Джозефсона; когерентна емісія; синхронізація; сходинки нульового поля.

О. Гриб, Р. Вовк, С. Савич, В. Шатерник
Мы исследовали численными методами вольт - амперные характеристики и мощность эмиссии от пачек с различным 

количеством длинных джозефсоновских переходов (до 6 переходов), которые индуктивно взаимодействовали друг с другом. 
Мы задали гауссов разброс 0.01% критических токов вдоль переходов. Электрические свойства пачки, состоящей из трёх 
переходов, были подробно исследованы. Ступеньки нулевого поля при напряжениях, соответствующих частотам различных 
мод электромагнитных волн в пачке, были найдены на вольт - амперной характеристике. Мы показали, что позиции ступенек 
нулевого поля на вольт - амперных кривых находятся в хорошем согласии с предсказаниями теории. Наивысший максимум 
мощности эмиссии соответствовал так называемой синфазной моде, в которой все напряжения на контактах в пачке 
осциллируют синфазно. Рассматривая пачки со многими контактами, мы показали, что мощность эмиссии при резонансном 
напряжении, которое соответствует синфазной моде, пропорциональна квадрату количества длинных переходов в пачке, что 
является характерным для когерентной эмиссии.

Ключевые слова: джозефсоновские переходы; когерентная эмиссия; синхронизация; ступеньки нулевого поля.

Introduction
Recently, the huge progress was made in the creation 

of sources of coherent emission made of many intrinsic 
Josephson junctions on the base of high-temperature 
superconductors [1-3]. These sources work in the sub-
terahertz and terahertz region of frequencies [1]. This 

gives the possibility to develop ultrafast nonlinear terahertz 
spectrometers, terahertz imaging systems, the high-resolution 
Michelson interferometer [1-3]. It is proved experimentally 
and theoretically that the mechanism which leads to strong 
synchronization of radiation of junctions in the stack is 
connected with the interaction of Josephson generation with 
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cavity resonances and the formation of self-resonant steps 
in the IV-characteristic in the absence of externally applied 
magnetic field (the so-called zero-field steps) [4, 5]. In the 
present paper we apply basic ideas of the developed theory 
to stacks of junctions made on the base of low-temperature 
superconductors which can be more stable sources.

At first we discuss the formation of zero-field steps 
in the solitary Josephson junction. Zero-field steps are 
close related to Fiske steps which appear at voltages which 
correspond to frequencies of geometrical resonances 
in the system when the Josephson junction is placed in 
some magnetic field [6, 7]. However, when the magnetic 
field is absent, steps in the IV-curve can not appear in the 
homogeneous junction [8]. If the distribution of critical 
currents is inhomogeneous and symmetrical (just this case 
we discuss in the paper), zero-field steps appear at voltages 
Vp that correspond to even geometrical resonances: 

D
cpVp

0�
� , (1)

where 0Φ  is the quantum of magnetic flux, c is the velocity 
of light in the junction, D is the size of the junction and 
p=1,2… is integer. It is proven also that some disorder of 
the distribution of critical currents leads to the formation of 
zero-field steps [9-11]. 

The theory of electric properties of stacks of Josephson 
junctions was developed and proved experimentally in 
Refs. [12-15]. One of the main results of this theory is 
that in the stack of m junctions with inductive interaction 
between superconducting layers the Fiske step is split to m 
branches. For example, the even Fiske step at the voltage 
Vp calculated from Eq. (1) is split to m branches which 
positions are determined as follows: 

� �� �1cos21
10)(

, ���
�

�� mpSD
cpV m

pp �
, (2)

where mp ...1=′  is integer and S  is the normalized 
constant of inductive coupling of layers [13]. However, 
it has been shown that in the stack of two junctions with 
disorder of critical currents zero-field steps are split also [9-
11], and positions of steps in the IV-curve can be calculated 
from Eq. (2). The coefficient LLf=α  which characterizes 
the relation of the mutual inductance Lf between junctions to 
the inductance L of the junction in a stack [9-11] coincides 
with the constant of inductive coupling S in Eq. (2). Due to 
the interaction between layers, some modes of excitations 
are formed in the stack and each of the branches of the 
zero-field step corresponds to its own mode. Amongst these 
modes there is the mode of fully coherent oscillations of 
all junctions (it is the so-called in-phase or coherent mode 
with mp =′  which corresponds to the branch with highest 
voltage). Just at the branch of the coherent mode oscillations 
of voltages over junctions can be fully synchronized.

In the present paper we investigate numerically IV-
characteristics and power of coherent emission from stacks 
of long Josephson junctions. Parameters of junctions and 
the whole stack are chosen close to those for MoRe-Si(W)-
MoRe heterostructures which have appropriate values of 
the characteristic voltage and the density of critical current 
[16-18]. We discuss the IV-curve of the three-junction stack 
in details and prove the existence of the coherent mode. 
Then we investigate stacks with different numbers of long 
junctions and investigate the dependence of emitter power 
on the quantity of junctions at voltages of the in-phase 
mode.

The model
For calculations of IV-characteristics and power 

of emission from the stack of many long junctions we 
follow the method developed in Ref. [9]. Each of the long 
junctions with indices i=1…m is divided to n segments with 
indices j=1…n. Each of the segments has the capacitance 
Ci,j (we suppose Ci,j=C for all segments) and the resistance 
Ri,j. Loops between centers of segments in each of the 
long junctions has the inductance L. Current conservation 
conditions and conditions of quantization of magnetic flux 
are as follows:
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where bI  is the bias current (we suppose that the same bias
current flows through all segments, so the total bias current 
through the stack is equal to I=nIb), ji ,ϕ  is the difference of 
the phase of the order parameter across the segment, ICi,j is
the critical current of the segment, 0Φ  is the quantum of 
magnetic flux, R

jjiI ,1, −  is the ac current in the loop between 
two segments with indices j-1 and j which are placed within 
the i-th long junction, Lf is the mutual inductance between 
adjacent long junctions. To describe emission from the 
system, we attached contours with the resistance Re, the 
inductance Le and the capacitance Ce to the upper and lower 
superconducting electrodes at both ends of the stack. Then 
for junctions with indices j=1 and j=n such equations are 
valid (boundary conditions):
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where q is the charge that passes the inductance Le. 
Normalized to the quantity of long junctions voltage over 
the stack is equal to
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where the sign ...  means the averaging on time which is 
much large than the period of Josephson generation.

Ac power of emission Pj from ends of the system was 
calculated as follows:
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The system of Eqs. (3)-(7) was solved by the method 
of Runge-Kutta. IV-characteristics and power of emission 
fro the left end of the stack P1 were calculated with the use 
of Eqs. (8), (9).

Results and Discussion
Now we discuss main conditions for the formation 

of zero-field steps. One of them is the mentioned in the 
Section 1 inhomogeneous distribution of critical currents 
along the junction. In junctions made on the base of low-
temperature superconductors it is impossible to create the 
inhomogeneous distribution due to self-heating like it is 
in high-temperature superconductors [11]. The necessary 
distribution can be created by some disorder of critical 
currents. Another condition for the appearance of zero-field 
steps is that the frequency of the geometrical resonance 
should be inside the interval of frequencies of Josephson 

generation. To fulfill this condition, the stack should have 
a length of order of hundred micrometers. This means 
that junctions in such a stack have large capacitances. 
However, zero-field steps in IV-curves of junctions with 
large capacitances are hard to reveal. Both mentioned 
conditions are satisfied in heterostructures which consist of 
superconducting electrodes made of molybdenum-rhenium 
alloy with the critical temperature of about 9 K and a 
hybrid tunnel barrier made of silicon with nanoclusters of 
(the MoRe-Si(W)-MoRe heterostructure) [16-18]. These 
junctions have some capacitance due to non-fully grown 
nanoclusters. Our first treatment of IV-curves of such 
structures showed that zero-field steps appear in such 
structures [19].

At first, we calculated IV-characteristics and power 
of emission for the stack of three Josephson junctions with 
values of parameters close to those for MoRe-Si(W)-MoRe 
heterostructures. For the correct choice of parameters we 
introduced the fictive width of the stack W = 2.5•10-4 m. 
The length of the stack was D = 1.3•10-4 m. The density of 
critical current was Jc = 9•105 A/m2, the critical voltage was 
Vc = 2 mV, the thickness of the superconducting layer was 
τ = 60•10-9 m, the thickness of the barrier was δ = 2•10-9 
m, the velocity of light in the junction was c = 4.9•107 m/s, 
the capacitance per square area was Cd = 3.5•10-3 F/m2. 
Then we divided each junction in the stack to 60 segments 
with the length ξ = D/n = 2.17•10-6 m and found for one 
segment C = 1.9•10-12 F and the McCumber parameter 
βC = 47.8. The Josephson length of penetration of magnetic 
field was λJ = 5.6•10-5 m, so the relation ξ/λJ << 1 was 
fulfilled. The value of the inductance of the segment L was 
defined from the relation L = ξ2/(c2C) = 1.01•10-15 H. The 
value of the parameter S=0.21 was calculated with the use of 
Ref. [13]. We set Gaussian spread of critical currents    10-4•Ic 

(or 0.01%) for each of the segments. Parameters of external 
contours were Le=10-6 H, Re=300 Ohm, Ce = 9.6•10-14 F.

The calculated IV-characteristic of the three-junction 
stack is shown in Fig. 1a. In this plot we used reduced 
units, namely, i = Ib/Ica with Ica is the averaged critical 
current, ν = V/Vc, pj = Pj/(IcaVc).  This IV-curve was 
obtained by means of sweeping of the bias current, i. e. 
the bias current in the hysteretic region was decreased 
to zero at the first sweep, then increased again above the 
hysteretic region, then was decreased to i=0.34 and then 
was increased again. According to Eq. (1), the zero-field 
step in the IV-characteristic of the solitary junction should 
be at νp=1=0.39. For the stack with three junctions this zero-
field step should split into three steps: νp=1, p`=1=0.34, νp=1, 

p`=2=0.39 and νp=1, p`=3=0.47. These modes are called as the 
anti-phase mode, the decoupled mode and the in-phase 
mode, correspondingly [20]. Calculated positions of steps 
are shown in Fig. 1a by arrows. It is seen that arrows almost 
coincide with steps. The plot of emitted power on the 
voltage is shown in Fig. 1b. As it was expected, the highest 
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maximum of p1(v) is at the voltage νp=1, p`=3=0.47, which 
corresponds to the frequency of the in-phase mode. Thus, 
we investigated electrical properties of the stack with three 
junctions with the small Gaussian distribution of critical 
currents and without applied magnetic field and found the 
good agreement of our numerical results for positions of 
zero-field steps and emitted radiation with predictions of 
the theory [12-15]. Note that earlier this theory was applied 
for Fiske steps of stacked junctions in magnetic field [13].

Now we investigate the dependence of power of 
emission in many-junction stacks on the quantity of 
junctions in the stack. We used such values of parameters: 
W = 3.0•10-4 m, D = 1.0•10-4 m, Jc = 1•105 A/m2, 
Vc = 4.73 mV, τ = 50•10-9 m, δ = 2•10-9 m, c = 6.7•107 m/s, 
Cd = 3.5•10-3 F/m2, n = 60, ξ = 1.67•10-6 m, C = 4.5•10-14 F, 
βC = 62.0, λJ = 3.7•10-5 m, L = 1.36•10-14 H, S = 0.21, the 

Gaussian spread of critical currents was 10-5•Ic and parameters 
of external contours were Le=10-6 H, Re=300 Ohm, 
Ce = 2.3•10-5 F. The first resonance step for the solitary 
junction calculated from Eq. (1) was equal to Vp=1 = 0.29•Vc.

In calculations we decrease the bias current in the 
hysteretic region and define power of emission from 
maxima of the plot P1=f(V) at voltages which correspond 
to in-phase modes. This method is usually used in 
experiments when the dc current-biased scheme is applied. 
The deficiency of this procedure is clearly seen from Fig. 
1a. During the decrease of the bias current there is a jump 
of voltage from the resistive branch of the IV-curve to the 
step in the region of its bottom. The maximum of emission 
power is in the vicinity of the jump. The larger is the 
McCumber parameter the smaller is the jump, so it is hard 
to detect the solitary in-phase mode. Because the position 
of the right edge of the jump is defined by the step on the 
IV-curve, the obtained value of the power of emission at 
this point is the arbitrary point at the maximum. Therefore, 
we applied averaging of these values over 5-6 calculations 
of IV-curves with different steps.

The plot P1 = f(m) is shown in Fig. 2 (circles). The 
solid line in this plot is the dependence P1(m) = Am2 with 
the coefficient A = 1.25•10-9 W that is close to the value 
of emitted power for the solitary junction (P1(1) = 1.5•10-9 
W). It is seen that the approximation describes our data with 
good accuracy. According to the theory of synchronization 
[21], in the case of fully coherent emission the ac emitted 
power is proportional to the square of the quantity of 
junctions: P1(m) = P1(1)•m2, where P1(1) is power of 
emission of one solitary long junction, and in the case of 
fully decoupled junctions the power of emission is equal 
to P1(m)=P1(1)•m. Thus, we make a conclusion that at the 
in-phase mode voltage oscillations across long Josephson 

Fig. 1. 1(a): the IV-characteristic of the stack of three 
Josephson junctions. The curve is obtained during 
sweeping of the bias current. Positions of voltages of zero-
field steps calculated with the use of Eq. (2) are marked by 
arrows. 1(b): the dependence of ac power on voltage.

a

b

Fig. 2. The dependence of maximal power P1max emitted 
from the stack on the quantity of junctions m in the stack. 
Solid line is the approximation of calculated data by the 
dependence P1(m) = Am2 with A = 1.25•10-9 W. 
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junctions in stacks are synchronized. With the use of this 
mode one can create sources of coherent emission.   

Conclusions
In this paper we investigated IV-characteristics and 

emission of stacks with different amount of Josephson 
junctions which interact inductively with each other. We 
set small Gaussian spread of critical currents (about 10-4•Ic 
or 0.01%) along junctions in stacks and found zero-field 
steps in IV-characteristics. We showed that voltages at 
which zero-field steps appeared can be calculated with 
the use of Eq. (2) of the theory [12-15] which was earlier 
applied to stacks placed in external magnetic field. This 
result is in agreement with our previous investigations [9-
11] in which we found that the zero-field steps in a stack
of two inductively interacting long Josephson junctions 
was split to two steps and positions of these steps in the 
IV-curve was defined by frequencies of normal modes. We 
also investigated the dependence of emitted power at the 
voltage which corresponds to the frequency of the in-phase 
mode and proved that voltages across long junctions in the 
stack oscillate in-phase.
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Experiments have been carried out on the excitation of hydrodynamic flows in superfluid helium under forced vibrations of a quartz 
tuning fork immersed in a liquid. Nonlinear oscillations that arise with an increase in the driving force are investigated and are manifested 
by distortion of the shape of the resonant amplitude-frequency characteristic in comparison with Lorentz curves typical for an extremely 
small force. Nonlinear resonance curves are described using the Duffing equation, the parameters of which are established by comparing 
the theoretical calculation with the experimental data. Dependence of the velocity of vibrations of the tuning fork legs on the driving force 
established with the use of the Duffing equation, is close to that previously obtained for the quasi-laminar flow of He II and containing a 
cubic velocity contribution due to the mutual friction caused by scattering of phonons by quantized vortices in a turbulent flow.

Keywords: quartz tuning fork; turbulence in liquid helium; scattering of phonons by quantized vortices.

І. Гриценко, Т. Дубчак, К. Михайленко, Г. Шешин, С. Соколов
Проведено експерименти по порушенню гідродинамічних потоків у надплинному гелії при змушених коливаннях 

кварцового камертона, зануреного в рідину. Досліджено нелінійні коливання, які виникають при збільшенні сили, що змушує, 
і проявляються перекручуванням форми резонансної амплітудно-частотної характеристики в порівнянні з лоренцевими 
кривими, типовими для гранично малої сили. Нелінійні резонансні криві описані з використанням рівняння Дуффінга, 
параметри якого встановлені при порівнянні теоретичного розрахунку з експериментальними даними. Залежність швидкості 
коливань ніжок камертона від сили, що змушує, установлена з використанням рівняння Дуффінга, виявляється близької до 
залежності, раніше отриманої для квазіламінарного плину Не II і утримуючої кубічний по швидкості внесок у силу взаємного 
тертя, обумовленої розсіюванням фононів на квантованих вихрах у турбулентному потоці. 

Ключові слова: кварцовий камертон; турбулентність в рідкоу гелії; розсіювання фононів на квантованих вихорах.

И. Гриценко, Т. Дубчак, К. Михайленко, Г. Шешин, С. Соколов
Проведены эксперименты по возбуждению гидродинамических потоков в сверхтекучем гелии при вынужденных колебаниях 

кварцевого камертона, погруженного в жидкость. Исследованы нелинейные колебания, которые возникают при увеличении 
вынуждающей силы и проявляются искажением формы резонансной амплитудо-частотной характеристики по сравнению с 
лоренцевыми кривыми, типичными для предельно малой силы. Нелинейные резонансные кривые описаны с использованием 
уравнения Дуффинга, параметры которого установлены при сравнении теоретического расчета с экспериментальными данными. 
Зависимость скорости колебаний ножек камертона от вынуждающей силы. установленная с использованием уравнения 
Дуффинга, оказывается близкой к зависимости, ранее полученной для квазиламинарного течения Не II и содержащей кубический 
по скорости вклад в силу взаимного трения, обусловленной рассеянием фононов на квантованных вихрях в турбулентном потоке. 

Ключевые слова: кварцевый камертон; турбулентность в жидком гелии; рассеяние фононов на квантованных вихрях.

Introduction and task statement
One of the mostly used methods of studying the 

laminar and turbulent flow regimes in superfluid helium is 
the method of a quartz tuning fork immersed in a liquid. The 
quartz tuning fork differs favorably from the bodies of other 
geometry, first of all with high quality factor which attains 
~ 106. Also essential is the availability of quartz tuning fork 

(they are manufactured in industry), as well as their high 
durability [1].

When working with tuning forks with the prongs of 
different sizes, one can change the frequency of the resonances 
and the form of the amplitude-frequency characteristic (AFC) 
[2]. Moreover, as established during an experimental study of 
the appearance and development of superfluid turbulence in 
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the temperature range down to ~ 20 mK, under increasing the 
velocity of movement of the tuning prongs up to 0.02 m/s the 
shape of the resonant AFC starts to deform. This deformation 
is explained in [2,3] as a result of the nonlinearity of tuning fork 
oscillations. Turbulent flows in Не II at higher temperatures, 
140 and 150 mK, were investigated in Ref. 3 by the quartz 
tuning fork method. It was shown that the deviation from the 
linear dependence of the tuning fork velocity on the exciting 
force was observed at oscillation velocities exceeding 0.04 
m/s. The physical reason for the nonlinearity observed in 
[2,4] is, probably, the effect of an attached mass associated 
with quantum superfluid fluid vortices located in a thin layer 
of a liquid near the surface of a tuning fork, and there are the 
arguments [3] in favor of the fact that nonlinear deformations 
of AFC are connected with the appearance of an additional, 
nonlinear force of mutual friction due to the scattering of 
thermal excitations on the quantized vortices.

The observation of nonlinear effects at the excitation of 
the motion of Не II by a quartz tuning fork calls an attention 
to the adequate description of the fork nonlinear resonance. 
The possibility of such a description appears when one uses 
the equation of a nonlinear oscillator [4,5] in the presence of 
an excitatory force. A separate case of the equation proposed 
in [4] is the Duffing equation [5], in which, unlike [4], the 
coefficient is set to zero with a quadratic displacement of the х 
term in the left-hand side and only the cubic term is available:

m
tFxtx

dt
tdx

dt
txd )()()()( 32

02

2

���� ��� ; (1)

here х – deviation of the tuning fork leg from 
equilibrium position in presence of the excitatory force 

0( ) cosF t F tω= , ω0 is resonance frequency of the tuning 
fork, γ = 2πΔf is attenuation and Δf is the width of the 
resonance line. Here m being effective mass of tuning 
prongs and  µx3 accounts the nonlinear behavior of the 
oscillator with µ being the coefficient of nonlinearity. 
This term leads to a resonant frequency shift compared to 
ω0. Moreover, depending on the sign of µ, the resonance 
frequency of the oscillations is shifted toward higher or 
lower frequencies.

In this paper, for the analysis and adjusting of 
experimental data we apply the Eq. (1), which provides 
almost the same results as the more general equation [5], 
but at the same time is more convenient in calculations. The 
aim of the analysis is finding out the connection between 
the nonlinear mode of oscillation of the tuning fork prongs 
and the change in the dependence of the velocity of 
oscillation on the excitatory force. The aim of actual work 
is the establishment and research of such a connection, as 
well as the clarification of the possible influence of the 
nonlinear force of mutual friction in the superfluid fluid on 
the nonlinear behavior of the resonator - quartz tuning fork.

Measurement procedure and experimental results
We used a miniature quartz tuning fork, kindly provided 

to us by the laboratory of Lancaster University, with a 
resonant frequency in the vacuum of 24983.72 Hz, length 
of the leg is 1,8•10-3 m, thickness and width of the legs are 
75 and 90 mkm, respectively. The cell and the measurement 
procedure were previously described in detail [3,6,7]. The 
studies were made with the solution fridge working at two 
operating regimes. In one of them we pumped out 4Не from a 
one-Kelvin bath whereas a working solution was condensed 
in the solution refrigerator. This mode was used to determine 
the constant of the tuning fork in the experimental cell cooled 
down to Т = 1.4 К. In other measuring mode the solution 
fridge worked providing the temperature of the cell and the 
test fluid of 140 ± 1 mК.

The resistance thermometers of RuO2 were used to 
determine the temperature. They were placed on the plate of 
the dissolution chamber and directly in the fluid under study. 
The thermometers were calibrated using a crystallization 
thermometer based on the pressure measurement along the 
3Не melting curve. The accuracy of the measurement and 
temperature stabilization was ±1 mК being provided by the 
heater connected by the feedback with the resistance sensor 
CryoBridge S72A.

In the beginning of the experiment, we measured the 
quartz tuning fork frequency in a vacuum under different 
excitatory forces and Т = 1.4 К. Sine-wave constant 
amplitude U, which is fed from the generator to one of 
the electrodes of the tuning legs, set the magnitude of the 
excitatory force, which was determined as F0 = aU/2. 
On the other electrode, the frequency dependence of the 
amplitude of the ac current I was measured. This quantity 
is connected with the oscillation velocity of the tuning legs 
υ as υ = I/a. The piezoelectric constant of the tuning fork 
was determined from the AFC measured in a vacuum [6].

In Fig. 1 we show typical AFC for a tuning fork in a 
vacuum obtained with different excitatory forces. 

Fig. 1. Velocity of the oscillation of tuning legs in 
vacuum at different excitatory forces, bottom-up: 
1,51•10-11, 1,51•10-10; 6,05•10-10; 1,21•10-9 N. [6].
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It is clearly seen in Fig. 1 that at high excitatory 
forces and, consequently, high voltage amplitudes U one 
observes a nonlinear oscillation regime that manifests 
itself in the deformation of the form of the frequency 
response. Also the resonance frequency decreases with an 
increase in the excitatory force. Maximum excitatory force 
in Fig. 1 is 1,29•10-9 N, while the oscillation velocity in 
the resonance maximum was 0.4 m/s, and the resonance 
frequency was decreased by 0.048 Hz comparing with the 
value at the minimum excitory force. After measuring in 
vacuum, the solution refrigerator was cooled down to Т < 
1 К, to study the flows in 4Не. Passing through the nitrogen 
trap, helium traps and filling capillary, helium attained the 
experimental cell and condensed there.

Experimental dependences of the oscillation velocity 
of the tuning fork legs in presence of the excitatory force at 
temperature of 140 mK, obtained in various experiments, 
are shown in Fig. 2. As is seen in Fig. 2, at oscillation 
velocities υ ≥ 0.046 m/s one observes a noticeable 
deviation from the linear dependence υ(F0 ) shown by the 
solid line. As was suggested in Ref. 6, this deviation may 
be explained by the appearance of an additional frictional 
force that arises due to an increase of the density of 
quantum vortices and the scattering of thermal excitations 
- phonons - on their cores (mutual friction) [8]. The flow 
of helium characterized by the deviation the dependence 
υ(F0 ) from the linear one was called a quasi-laminar in 
the work [6]. This flow is characterized by the above-
mentioned new dissipative mechanism [8].

The force of mutual friction is proportional to the 
cube of the velocity of the legs: F0 ~ υ3, which is typical 
for a turbulent flow (dotted line in Fig. 2). As a result, the 
total friction force has the form F0 = λqυ + nυ3 (solid and 

dotted lines) [3, 6] where λq=1.32•10-9 kg/s and n = 4,62•10-8 
kg·s/m2, and well describes the experimental data. At the 
experimental temperature of 140 mK, the first term, as 
shown in Ref. 3, is completely determined by the force of 
friction in the quartz tuning fork material and is due to the 
bending oscillations of its prongs. 

All the amplitudes of the oscillation velocity were 
measured at the maximum of the resonance curves. At 
the same time, the resonance curves, at increase in the 
excitatory force, are deformed due to a nonlinear additional 
frictional force. In this connection, in [3, 6], we were to 
analyze the types of AFC curves in the quasi-laminar 
flow regime. It was shown that the dependence υ(F0 ) 
of Fig. 2 may be conveniently divided into five ranges 
characterized by a specific type of AFC (characteristic 
AFCs for each range are given in the works [3, 6]): (I) 
– region of laminar potential flow He II. Characteristic
AFC of this region is shown in Fig. 1 of Ref. 3 and is 
approximated by Lorentzian. AFC for region II is shown in 
Fig. 2a of Ref. 3. As was noted, this region is characterized 
by spontaneous jumps between laminar potential and 
turbulent currents. Region III was previously depicted 
in Ref. 6 in Fig. 3 and is characterized by the fact that 
the AFC starts to be asymmetric relatively the maximum 
of the resonance curve, and there is a "collapse" towards 
the lower frequencies. The asymmetry of the AFC curve 
increases with increasing applied excitatory force until 
the instability does appear on the resonance curve, being 
the characteristic feature of the nonlinear behavior of 
the oscillating body. It should be emphasized that in the 
region III, regardless of the measurement conditions, one 
observes both quasi-laminar and turbulent flows. Fig. 3 of 
present paper and work [6] shows the AFC, measured at a 
stable quasi-laminar flow regime without the transition to 
turbulence.

Fig. 2. Dependence of the oscillation velocity of the 
tuning fork legs on the excitatory force at Т = 140 мК. 
Solid line is linear dependence υ ~ F0. Dotted line is for 
turbulent flow mode (υ3 ~ F0), dot-dash line is calculation 
accounting the force of mutual friction [3]. Bar-dashed 
dotted line is the calculation based on the solution of the 
non-linear Duffing equation, described below in the text.
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Fig. 3. Amplitude-frequency characteristic of tuning fork 
for region III with excitatory force F0 = 2,5•10-10 N. Solid 
curve - calculation using non-linear Duffing equation. 
1 and 2 are the points of the beginning and end of the 
instability on the resonance curve.
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In the regions IV and V, the shapes of the resonance 
curves are qualitatively identical, and in these regions the 
breakdown in the turbulent flow was observed, in each of 
the experiments carried out, in the form of a sharp decrease 
- a jump from the quasi-laminar to turbulent flow. For 
region IV the curve is shown in Fig. 2b of Ref. 3 and for 
area V - in Fig. 4 of Ref. 6. As can be seen in Fig. 4 of 
Ref. 6, in the region V the shape of the resonance curve 
is strongly deformed in comparison with Lorentzian, and 
in Fig. 2 it is evident that at the maximum of AFC, the 
velocity of oscillation of the tuning legs ceases to depend 
on the applied force.

The fact that the nonlinearity of the oscillation of the 
tuning fork legs in the regions II-V arises, probably, because 
of the appearance of an additional nonlinear force of mutual 
friction in Не II, is supported by the measurements made 
in vacuum. When measured in a vacuum, the amplitude 
of the velocity was almost three times higher than that at 
the maximum amplitude of oscillation in Не II (see Fig. 
1), but there was no markedly expressed nonlinearities of 
oscillations (deformation of the form of AFC). Thus, it can 
be argued that the nonlinearity of the oscillations of the 
tuning fork legs observed in Не II, is due to the nonlinear 
friction force in the liquid, in which the tuning fork is 
immersed. A similar conclusion was made in the work [2].

Results and discussion
As was noted above and as was shown in Fig. 2 of 

Ref. 3, as well as in Figs. 3 and 4 of this work, an increase 
in the excitatory force causing the oscillation of the legs 
of the tuning fork, leads to the nonlinearity of oscillations, 
which manifests itself in the deformation of the shape of the 
AFC until the appearance of instability of the oscillations 
and reduction of their resonance frequency. To describe 
these effects, we solve the equation (1) with respect to the 
modulus of amplitude of the oscillation velocity υ. The 
result is

� � 222222

0

������

��
���

�
bm

F

V

; (2)

where ωV and ω are the resonance frequency of the tuning 
fork in the vacuum and the current frequency, respectively, 
bυ2 is the factor which, according to [5], is proportional 
to the square of the amplitude of the oscillation velocity 
and the coefficient b is connected with the coefficient of 
nonlinearity in Eq. (1) by the relation b3

03
2 ωµ = .

The dependence of the velocity on the frequency 
of nonlinear oscillations calculated by Eq. (2), is shown 
in Fig. 4 using a constant value b = 40 s/cm2, which, as 
will be shown later, is close to the average value in all the 
experiments carried out. It can be seen that even for low 
excitatory forces the frequency dependence of velocity 

demonstrates a slight asymmetry caused by the nonlinearity 
of oscillations (dashed line, F0 = 1,5•10-10 N). With the 
increase in the excitatory force, the velocity also increases, 
and the nonlinearity of oscillations is expressed more and 
more (a dashed-and dotted curve for F0 = 3•10-10 N), which 
leads to a decrease in the resonance frequency and the 
appearance of instability (points 1 and 3). Instability appears 
at point 1 if one moves from the left to the right towards to 
point 1, further movement in frequency continues to the 
right from the point 2. When moving in frequency in the 
opposite direction, i. e. from the right to the left, instability, 
as one might expect, should appear at point 3, with further 
motion towards lower frequencies from point 4 (hysteresis). 
However as it was shown in Ref. 2, the measurement of 
AFC when moving from high frequencies to lower ones 
and back, give practically identical result. The reason for 
this is unclear and additional research is needed to clarify 
the problem. It can be assumed that the nonlinear behavior 
of the system tuning fork - superfluid is described by the 
nonlinear term in (2), which origin is mainly connected 
with the fluid and processes in it. If the nonlinear behavior 
is related with the properties of the tuning fork itself, then 
instability at point 3 of Fig. 4 with decreasing frequency 
would be observed.

It should also be noted that the value of b in Eq. (2) 
strongly affects the form of the frequency response of 
velocity, which is determined by this equation. Value of b  
was estimated by comparing the calculated dependence with 
the experimental data for the AFC, measured at different 
excitatory forces for the corresponding experimental 
data ωV, ω, γ, m and F0. The b is the only adjustable 
parameter. Thus, selecting the value of the coefficient b 
one can attach the agreement with experimentally obtained 
resonance curves. Solid lines in Fig. 3 is the result of such 
calculations.

Fig. 4. Amplitude-frequency characteristics, calculated 
using Eq. (2): dashed line - calculation for F0 = 1,5•10-10 
N and b = 40 s/cm2; dashed-and-dotted line - for F0 = 
3•10-10 N and b = 40 s/sm2. Arrows show the jumps of 
the amplitude of oscillations in the event of instability.
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Note also that at excitatory forces corresponding to 
the regions II, III, and IV, the resonance curves are well 
described completely, and for the excitatory forces of the 
region V, the coefficient b was determined from the part 
of the curve to the left of point 1. In this frequency range, 
when the instability finished at point 1 of Fig. 4 of Ref. 6, 
the velocity value was always below than that at point 2 of 
Fig. 4 and did not coincide with the values corresponding to 
the right side of the calculated resonance curve. One should 
remember that, as it follows from the Fig. 2, the velocity at 
point 2 of region V is practically constant being and does 
not depending on the force.

The obtained values of b are shown in Fig. 5 for 
AFCs which are the result of all measurements. Interval 
of the excitatory force in Fig. 6 corresponds to the range of 
values of the excitatory forces in Fig. 2. The figure clearly 
shows that there is a huge scatter of the values of b. The 
solid line corresponds to the root-mean-squared value 
in the studied range, the mean value of the coefficient of 
nonlinearity coefficient µ is 9.2•1016 s-2m-2. At the same 
time the measurement accuracy of the frequency strongly 
affects the value of b. The nonlinearity coefficient can 
also be determined from the data of Ref. 3 presented as 

( )mn 3
0ωµ = . In this case μ = 2,5•1016 s-2m-2 which is more

than three times less than the above value obtained in the 
actual article. Such a noticeable difference between our 
values of μ and those of Ref. 3 may be attributed to the 
fact that the dependence of the damping coefficient γ on 
the geometry of the problem was not taken into account in 
Ref. 6.

To determine the effect of the excitatory force on 
the amplitude of the velocity of the tuning fork prongs 
in the nonlinear regime, using the Eq. (2), the frequency 
dependences of velocity were calculated for different 

excitatory stresses and forces. The value of the velocity 
corresponding to the end of the instability was determined 
- point 2 in Figs. 3 and 4, corresponding to the maximum 
velocity. For low excitatory forces, if the instability was 
absent (regions I and II), the velocity was taken at the 
maximum at the resonance frequency of the frequency 
dependence of velocity. Thus, the dependence υ(F0 ) was 
obtained allowing comparison with experimental data. The 
best agreement between the estimated and experimental 
data was achieved at b = 50 s/m2, calculation is shown 
in Fig. 2 by bar-dashed-and-dotted line. Dot-dash line on 
Fig. 2 shows the dependence accounting the contribution 
of mutual friction force, cubic in velocity, in addition to 
the linear contribution [3], the dotted line corresponds 
to the turbulent flow when F0 ~ υ3. As is seen from the 
figure, when considering the nonlinearity of oscillations 
(deformation of the shape of the resonance curve), the 
amplitude of the velocity is a nonlinear function of the 
applied force. One observes also a rather good agreement 
between experimental data and the calculation made using 
the Duffing equation (bar-dashed dotted line in Fig. 2). 
Note that mean value is within the scatter of the values of 
b. Thus, one concludes that the experimental data in Fig.
2 can be described both with the solution of the Duffing 
equation (1), and with the consideration of the cubic term 
in the expression for the force of mutual friction. 

Experimental data indicate that the velocity does 
not depend on the excitatory force in the region V with 
relatively high these forces (see Fig. 2). The frequency 
dependence using the Duffing equation can be described 
only to the left from the point 1 of the beginning of 
instability (see Fig. 4).

Conclusions
In present paper, the study is carried out of nonlinear 

phenomena accompanying the oscillations of a quartz tuning 
fork, submerged in superfluid helium. The nonlinearity 
of the oscillations of the tuning fork legs is manifested 
by the deformation of the shape of the resonance curve 
for the amplitude-frequency characteristic of the tuning 
fork. It is shown that the nonlinear frequency response is 
well described using the Duffing equation for a nonlinear 
oscillator, by which the dependence of the oscillation 
velocity of the legs on the excitatory force is treated. It 
is shown that the same dependence can be obtained by 
adding a term, cubic in velocity, to the expression for the 
mutual friction force in the quasi-laminar flow regime. 
This term is due to the scattering of phonons by quantized 
vortices of He II, whose density increases with increasing 
velocity of oscillations. In addition, such a behavior may 
also indicate an increase in the attached mass or a decrease 
in the plasticity of the tuning fork due to the appearance of 
quantum vortices fixed to the surface of the quartz tuning 
fork.

Fig. 5. The values of b, determined from the experimental 
data on the dependence of the velocity of oscillations 
on the excitatory force using the non-linear Duffing 
equation. The solid line is the average value throughout 
the range of exciting forces. The dotted line is done for 
b = 50 s/m2.
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Thus, the results of our research indicate that the 
nonlinearity of the tuning fork oscillations is mainly due 
to the dissipative processes in the superfluid fluid, in which 
the tuning fork oscillated, which is accompanied by the 
appearance of a nonlinear term in the dependence of the 
velocity of oscillations on the excitatory force. 
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The authors substantiate the need to create a special theory of measurement and analysis of measurement results for nonlinear 
dynamical systems. The theory should be based on the principles of the open systems theory, dynamic chaos theory and synergetics 
theory. The authors analyzed the main topological methods and tools for studying of nonlinear dynamic systems. The main characteristics 
of nonlinear dynamical systems (interval values of dynamic variables, strong dependence on initial conditions and noise, complex, 
often chaotic dynamics, evolution) were systematized. It was proposed the next topological tools for analysis of measurement results 
in nonlinear dynamical systems: measurement portrait, Shennon entropy, fractal dimension, forecasting time.
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Ю.С. Курський, Ю.П. Мачехін, О.С. Гнатенко
Авторами обґрунтовано необхідність створення спеціальної теорії вимірювання та аналізу результатів вимірювання в 

нелінійних динамічних системах. Теорія повинна ґрунтуватися на принципах теорії відкритих систем, динамічного хаосу, 
синергетики. Авторами виконано аналіз топологічних методів та інструментів дослідження нелінійних динамічних систем. 
Систематизовані основні характеристики нелінійних динамічних систем, серед яких: інтервальність значень динамічних 
змінних, сильна залежність від початкових умов і шумів, складна, часто хаотична динаміка, еволюція, Запропоновано 
інструменти аналізу результатів вимірювання: портрет вимірювання, ентропія Шеннона, фрактальна розмірність, час 
передбачуваності.

Ключові слова: нелінійна динамічна система; топологія; хаос; ентропія Шеннона; фрактальна розмірність.

Ю.С. Курской, Ю.П. Мачехин, О.С. Гнатенко
Авторами обоснована необходимость создания специальной теории измерения и анализа результатов измерения в 

нелинейных динамических системах. Теория должна основываться на принципах теории открытых систем, динамического 
хаоса, синергетики. Авторами выполнен анализ топологических методов и инструментов исследования нелинейных 
динамических систем. Систематизированы основные характеристики нелинейных динамических систем, среди которых: 
интервальность значений динамических переменных, сильная зависимость от начальных условий и шумов, сложная, часто 
хаотическая динамика, эволюция, Предложены топологические инструменты анализа результатов измерения динамических 
переменных нелинейных динамических систем: портрет измерения, энтропия Шеннона, фрактальная размерность, время 
предсказуемости. 

Ключевые слова: нелинейная динамическая система; топология; хаос; энтропия Шеннона; фрактальная размерность.

Introduction.
One of the most important scientific tasks today is 

a study of the self-organization processes and complex 
hierarchical systems. They talk about research, forecast 
and management of characteristics: climate, ecosystems, 
biopopulations, physical devices (such as a laser) and living 
organisms (such as a human). All of these objects are classified 
as open nonlinear dynamic systems (NDS). Their general 
characteristics include: the nonlinearity of dynamics, strong 
dependence on the initial conditions and external influences, 
possibility of chaotic behavior and self-organization. Studies 

of nonlinear processes and systems are devoted to the works 
of A.N. Kolmogorov, E. Lorentz, S. Smale, I. Prigogine, H. 
Haken, V.L. Ginzburg et al. [1-6].

For research, forecast and management of NDS we 
must create the new methods for experimental research and 
measurement. Despite the urgency of the issue, the problem 
of measuring the NDS characteristics until recently was not 
considered. The authors pointed out the discrepancy between 
the physical and mathematical foundations of the deterministic 
classical measurement theory and the processes in NDS [10-
12]. For research and measurement in NDS we develop the 
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special measurement theory (Nonlinear Metrology) [10]. It is 
based on the principles of the next interdisciplinary theories: 
the information theory, open systems theory, dynamic chaos 
theory, synergetic theory, and a number of others.

The task of this paper is to make a classification of the 
dynamical systems, to study their common characteristics, 
that are important for measurement, and to choose the 
mathematical methods and tools for analysis of measurement 
results and forecast the dynamics of complex systems.

1. Classification of the dynamical systems.
A dynamical system is any object (a set of objects) or 

process (a set of processes). For them the concept of a state 
is unambiguously defined as a set of the quantities values    

1[ ( ) ... ( )]nX t , , X t  at any time t and the law of evolution 
( ,  )iF X t  of the initial state 1 0 0[ ( ) ... ( )]nX t , , X t  is given:

1 0 0 1[ ( ) ... ( )] [ ( ) ... ( )]n nF X t , , X t X t , , X t� . (1)

A dynamical system can be described by a differential 
equation of the next form:

1
( ) [ ( ) ... ( )]i

n
dX t = F X t , , X t

dt
. (2)

The space of all possible states of the system described 
by expression (1) forms a phase space. The dimension 
of phase space, as well as of the system dimension, is 
determined by number of the dynamic variables Xi(t) (DV).

The dynamic systems include the systems of any 
nature: physical, chemical and biological objects, societies 
and populations, ecosystems and financial markets, 
computing processes and information transformation 
processes [13]. Classification of dynamic systems can be 
made based on the nature of origin and the basic properties 
of the systems.

By the nature of origin, the dynamical systems can be 
classified as: physical, chemical, biological, information and 
other systems. By the basic properties, their classification 
can be performed on the following grounds:

- by nature of dynamics - deterministic, stochastic and 
chaotic, linear and nonlinear systems;

- by interaction with an external environment - open 
and closed systems:

- by possibility to converse an energy into a heat - 
dissipative and conservative systems;

- by the nature of a state change - continuous and 
discrete systems;

- by possibility of self-organization - evolving and 
not-evolving systems;

- by structure - single-level and multi-level, complex 
hierarchical systems.

Let’s consider the main features of these systems. 
Deterministic systems are the systems whose DPs change 
over time according to a strictly defined law ( ,  )iF X t . 
Stochastic systems are characterized by the random DVs 
behavior, the values of which can be described by the 
mathematical apparatus of probability theory. Chaotic 
systems are the systems with a chaotic dynamics. Linear 
systems are the systems with a linear or linearized law 
of evolution ( ,  )iF X t . Nonlinear dynamical systems are 
the systems whose evolutionary law can’t be described 
by a linear or linearized equation. The values of NDS 
DVs change in a nonlinear way. Moreover, the evolution 
law ( ,  )iF X t  of real NDS can be described analytically 
extremely rarely.  Therefore, as a rule, we can’t to make 
a long-term predication of the NDS state. We should to 
note that a linear system is also deterministic system, but 
a nonlinear system, because of complex dynamic, can’t be 
referred to either deterministic or stochastic systems. It can 
be classified as a partially deterministic system.

Open systems, according to I. Prigogine, are the 
systems through which the flows of energy and entropy 
can flow [4]. In case of the large flows, the nonlinear 
self-organization (evolution) processes can take place in 
such systems. They are characterized by the spontaneous 
appearance of a complex, often chaotic, structure. Closed 
systems, respectively, have properties that are opposite to 
open ones.

Dissipative systems are the open systems that 
operate far from the thermodynamic equilibrium and are 
characterized by the possibility of dissipation (dissipation) 
of energy coming from outside. Conservative systems are 
the systems with conservation of energy.

Continuous and discrete systems are characterized by 
a continuous or discrete, respectively, character of the DVs 
values change. But in the case of discrete measurement 
even the continuous systems are considered as the discrete 
ones.

Evolutionary systems are the systems with the 
evolution and self-organization functions, which are 
expressed in decreasing of entropy and increasing of order. 
A distinctive feature of a hierarchical, complex system is 
a multilevel structure, each level of which includes the 
interconnected subsystems.

This classification is incomplete. In a number 
of publications we can find such types of systems as 
concentrated and distributed, autonomous and non-
autonomous; self-oscillatory and other systems.

If the object of research can be classified as a linear, 
closed, conservative and deterministic system that for 
measurement and evaluate their results we can use the 
methods and tools of the classical measurement theory.  
The cornerstones of it are: the principle of the existence of 
the single value of the measured quantity, the satisfaction of 
the measurement results with the central limit theorem and 
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correctness of the ergodic hypothesis [14]. The nonlinear, 
dissipative, chaotic, evolutionary systems require a 
fundamentally different approach to the measurement [15].

The most difficult objects for the research, correct 
measurement and mathematical description are the open, 
dissipative, hierarchical NDS with the chaotic dynamic and 
self-organization possess. Such systems include the laser, 
human, ocean and other complex systems. At the same time, 
the study of chaotic processes in dissipative NDS is one 
of the fundamental tasks of modern natural science. DVs 
of such systems are characterized by interval values, the 
central limit theorem is not satisfied, the ergodic hypothesis 
is not always confirmed. Dynamic variables must be 
correctly measured using the measurement models and 
approaches that are maximum appropriate to the properties 
and processes in NDS. A correct measurement of the NDS 
DVs is an obligatory condition for the estimation of current 
status but allow us to forecast and manage the real systems.

2. Methods and tools for NDS research.
For NDS research it was created a number of 

interdisciplinary theories. The brightest of they are: the 
theory of dynamic chaos [13], synergetics [5], theory of 
dynamical systems [12]. They solve problems of research, 
modeling and forecasting of the NDS dynamics. Their 
methods are widely used in applied problems of the broadest 
direction - from laser engineering to arrhythmology and 
neurodynamics [16, 17]. The analysis of the main provisions 
and tools of these theories will allow us to construct a new 
theory for measurement of the NDS DVs.

The researchers apply two methods for NDS study, 
that are differed in the type of mathematical model [12]. 
The first method is based on the mathematical modeling of 
a system and searching of the evolution function ( ,  )iF X t  
(2). The state of the system at the time   is a point in the 
phase space, given by the DVs values 1[ ( ) ... ( )]nX t , , X t  
and evolution function ( ,  )iF X t . The system state change 
corresponds with the movement of the "depicting" point, 
which describes the phase trajectory. A set of phase 
trajectories forms a phase portrait of a system. The phase 
portrait and evolution function make up the mathematical 
model of a system. The phase portrait serves as an object 
for studying the dynamics. The evolution function allows 
us to predict the DVs values. The problem of the described 
method is a complex mathematical problem of searching of 
the evolution function ( ,  )iF X t .

The second method focuses on the functional side of 
a system. It does not allow us to study all features of the 
internal structure of a system. The system is interpreted 
as a "black box" with input 1 0 0[ ( ) ... ( )]nX t , , X t  and output   

1[ ( ) ... ( )]nX t , , X t  the DVs values. In this case, the "black 
box" plays the role of the evolution function, transforming 
the inputs into the outputs, and the mathematical model is 
determined by the spaces of the inputs and outputs.

The first method has comprehensive information 
about a system, but in a practice it can be implemented 
only in rare cases. The second method does not allow us 
to investigate all the features of a system, but it allow us 
to determine the DVs values at the time intervals and to 
construct an incomplete, discrete phase portrait. We think 
that the second method is most suitable for constructing the 
models for measurement in the real NDSs.

2.1. Phase portrait.
A phase portrait is the most popular tool of the 

qualitative theory of dynamical systems [18]. The 
researching of it allows us to know: the type of system 
dynamics (deterministic, stochastic or chaotic), Lyapunov 
exponents, forecast time et al [13]. The values of the system 
states can be represented by a matrix of dimension n×m  
(here n is the number of DVs and m is the number of DVs 
measurements) in the next form:

1 0 0

1

( ) ... ( )
          ...

( ) ... ( )

n

m n m

X t X t

X t X t

. (3)

A phase portrait can be limited and unlimited in 
space, can increase or decrease. The phase volume of the 
conservative systems is conserved but the phase volume of 
the dissipative systems is not.

A special kind of a phase portrait is an attractor. It 
is the state of the dynamical system to which a system 
aspires in the time during their development. The presence 
of an attractor indicates a "special" dynamics of a system. 
There is a strange attractor witch often is a testament of 
the chaotic dynamics of NDS. Its distinguishing feature 
is the exponential instability, which is expressed in the 
exponential discrepancy of the phase portrait trajectories 
and the fractal dimension [13].

The analysis of a phase portrait is often used in 
the applied researches of NDS [17]. In the framework 
of the nonlinear metrology the authors propose to use 
the "measurement portrait" instead of the classical 
measurement equation (model equation). It is a graphical 
and numerical display of the DVs measurement results 
DV. The measurement portrait is a phase portrait of the 
NDS trajectory, constructed with the uncertainties or 
measurement errors [20]. This approach allows us don’t 
find the evolution function.

2.2. Topology and other characteristics of NDS.
S. Smale linked the topology of a phase space and 

the dynamics of a system [3]. He abandoned the idea of 
observation an individual trajectory that requires the 
solution of the equation (2), and proposed to investigate 
the integral phase space and its geometric structure. Studies 
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have shown that topological transformations of a phase 
space are a reflection of the physical processes. Thus, the 
scattering and loss of energy by a system are expressed in 
the compression of the phase portrait. Approximately the 
same phase portraits indicate a similar dynamics of the 
systems. If the shape of the phase portrait is accessible to 
the visual representation, the system can be solved.

The geometric study of the phase portraits allows 
obtaining such data about NDS as: the nature of the 
dynamics, time horizon for the DVs values prediction, 
intervals of the DVs values. We can determine: the 
attractor volume, Lyapunov exponents, Shannon entropy 
and Kolmogorov entropy, attractor dimension, and other 
quantities. We suggest use some of these characteristics for 
analysis of the measurement results in the case of NDS.

2.2.1. Lyapunov exponents are used for study 
the dynamics of a system in the vicinity of an arbitrary 
trajectory. They characterize the degree of stretching and 
contraction of the phase portrait along the selected phase 
trajectories. If the two close trajectories ( )ix t  and 1( )ix t+  
are chosen so that 1( ) ( ) ( )i ix t x t t+ = + ξ , (0) 0ξ = ε, ε →  that 
the next function:

� � 1 ( )(0) lim ln
(0)t

t
t��

� ��
� � � � ��� �

(4)

takes a finite series of the Lyapunov exponents 
{ } = 1,2,...,i i nλ , , the totality of which forms the Lyapunov 
spectrum [13]. The number of Lyapunov exponents 
corresponds with the attractor dimension DA, which can be 
fractional:

1 1

j
i

A
i i

D j
� �

�
� �

�� , (5)

here j is the Lyapunov dimension, it is determined from the 
expressions:

1 2 ... 0,jλ + λ + + λ >  1 2 1... 0j+λ + λ + + λ < . 
The total Lyapunov exponent Λ  can be considered 

as an indicator of a stability of a system dynamics. When 
0Λ =  it is Hamiltonian system. It has a stable dynamics, 

the processes occurring in it can be regarded as deterministic 
processes, the volume of the phase portrait is unchanged 

AV const∆ = . When 0Λ >  the phase portrait volume is 
growing AV∆ ↑ , the NDS dynamics is chaotic. If 0Λ <  
the phase portrait volume decreases , that typical for the 
dissipative systems.

2.2.2. Entropy. For topological analysis of the 
NDS phase portrait the Shannon (H-entropy( and the 
Kolmogorov-Sinay (K-entropy) are used. H-entropy 
(or information entropy) is one of the key concepts of 
the information theory [21]. For a system that can be in 

the states Xi with probability distribution density ( )ip X , 
Shannon entropy is given by the next formula:

1
( ) ln ( )

N

i i
i

H p X p X
�

� �� . (6)

Entropy is a measure of the order or disorder of the 
system. According to (6), The Shannon entropy assumes 
large values when the distribution density ( )ip = p X  has 
the values small. If a number of values N is bounded, then 
the entropy is maximal for the uniform distribution law 

lnH N→  for ( ) 1/ip X N→ . The entropy is minimal   
0H →  for the normal distribution law when ( ) 1ip X → . 

The entropy of a strange attractor is higher than the entropy 
of a regular attractor. The entropy of chaotic and random 
dynamics is higher than the entropy of an ordered motion. 
The change of the H-entropy values indicates a change in 
the NDS dynamics.

The using the Kolmogorov entropy allowed us to 
introduce a rigorous criterion of chaotic, as an unstable by 
Lyapunov motion with positive metric entropy 0K >  [13]. 
Analyzing the phase portrait of a system, the K-entropy is 
defined as:

(0) 0

ln[ ( ) / (0)]lim
d
t

d t dK
t�

��

� , (7)

here d(0), d(t) are the distances between two nearby 
trajectories at the initial and current time, respectively: 

2 1( ) ( ) ( )d t x t x t= − .
According (7) the K-entropy characterizes the degree 

of the trajectories divergence, and the degree of randomness 
of the system dynamics. It is related to the Lyapunov 
exponents (4) by the expression:

0
( )d

i

iK x
� �

� � ��� . (8)

So when the system has chaotic dinamycs its entropy 
0K > .
The Shannon entropy, S-theorem by Yu. Klimontovich 

[21], entropy scales, we consider as a tool for estimating 
of the deviation of a system from an equilibrium state. 
The entropy analysis was used before in the human health 
measurement model [23] and for  estimating the temperature 
during the laser cooling of particles [24].

2.2.3. Fractal dimension. Many of the NDS processes 
have the property of self-similarity or scaling - invariance 
under multiplicative scale changes. Self-similarity can 
be strict or approximate. A self-similar object or process 
looks unchanged when you zoom in or out the scale. 
Such objects and processes include the Brownian particle 
motion, turbulent flows, strange attractors, time series of 
the measurement results [25].
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The most striking feature of the objects self-similarity 
is their unusually fine structure. Such objects B. Mandelbrot 
called the fractals [26]. The importance of fractals lies 
in the fact that they are able to model a huge number of 
objects, phenomena and real-world processes, real NDSs.

The fractals are characterized by Hausdorff (or fractal) 
dimension DH, It takes fractional values in the interval 
0 3HD< ≤ . For a fractal curve 1 < DH < 2, for a surface 
2 <  DH < 3, a point has dimension DH = 0, for a continuous 
line DH = 1.

Fractal dimension is used in various practical 
applications to identify the objects and processes. The 
special interest is its use for analysis of NDS phase 
portraits and the measurement results time series 

1( ),..., ( )nx t x t  [27]. For determination of the time series 
fractal dimension   DH we use the statistical method of the 
normalized range (R/σ - analysis), derived empirically by 
P. Hurst [25]. The indicator HR is associated with DH by 
next expression:

 2H RD H� � (9)

The Hurst index HR is determined using the value R/σ, 
here R is the range between the maximum and minimum 
values of the increment function ( )x i, n , the value σ is the 
standard deviation:

11
( ) max ( ) min ( ), 

i тi т
R t x i, n x i, n

� �� �
� �

1
( ) ( )

n

i
i

x i, n x x
�

� �� , (10)

here ix  is the arithmetic mean of the values 1( ),..., ( )nx t x t .
The correlation R/σ is related with parameter HR by 

formula:

� �= 2 RHR n� . (11) 

In [27] the fractal analysis (9)-(11) was used for 
analyze the dynamics of the laser radiation frequency. The 
author proposed a fractal scale for evaluating the results 
of measurements with reference points DH = 1, DH = 1,5 , 
DH = 2, separating different dynamics characters. If 
DH = 1 it means that the dynamics of the system is strictly 
deterministic. If DH = 2 the system behaves in a regular 
way, but the spread of the measured results is very large, 
that doesn’t allow us to use the methods for processing of 
the measurement results. If DH = 1,5 the process is random. 
The dynamics corresponds with Brownian motion with 
independent (Markov) increments. For analyze of such 
systems characteristics we can use the statistical methods. 
In the case when 1 < DH < 1,5 or 1,5 < DH < 2 the process 

is non-Markov, chaotic, persistent and antipersistent, 
respectively.

The fractal dimension allows us to estimate the trend 
of the DV dynamics of NDS and can be used to predict its 
values.

2.2.4. Forecasting time. One of the main and 
oldest tasks of analyzing systems and time series of DV 
measurement results has been the task of forecasting their 
dynamics. In some cases, the purpose of the forecasting 
is not the value of an individual DV, but forecasting of 
dynamics and its trend. For this, the fractal analysis (9)-
(11) and the fractal scales [27] are applied.

The time interval when we can do the correct forecasting 
of the system dynamics is called the forecasting time or the 
forecasting horizon. The forecasting time depends on the 
degree of determinism of the NDS dynamics (the maximal 
for a deterministic system and minimal for random and 
chaotic systems) and metrological possibilities [29].

In the case of chaotic NDS, a weak impact of the initial 
conditions or a small change in the system parameters cause 
to unpredictability of the resulting motion in finite time, 
which J. Lighthill [30] called the "forecasting horizon" (or 
forecasting time). The forecasting time forT  is related to the 
Lyapunov exponent λ (7) as:

max

1 1( ) logforT �
� �

� , (12)

here λmax is the maximum Lyapunov exponent.
In practice, the forecasting time (12) is often calculated 

using the next simplified formulas:

max

1 1( ) , ( ) .for forT K T
K

�
�

= = (13)

The term "forecasting time" is important for the 
formulation of the measurement equation (model equation) 
of DVs. We suggest use this value as the correctness time 
of the measurement equation for NDS case.

3. Measurement principles for NDS case.
The measurement of the NDS DVs is a multi-factor 

experiment. The processing of the measurement results 
in a multifactorial experiment is aimed at obtaining the 
basic scientific data in the new form of mathematical 
models and their interpretation. We shouldn’t only to 
calculate the average value of the measured quantity or its 
dispersion [14]. The theory of nonlinear measurements, 
measurement and analysis models should correspond 
with the properties of such systems. Let’s consider 
the important for measurement procedures real NDS 
properties.
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The dynamics of NDS has a complex, non-linear, 
including chaotic, character. NDS exchanges energy and 
information with the environment and other systems, it is 
influenced by external factors. The influence of some factors 
(and noises) is critical for the system, it is can  changes the 
dynamics from random to regular, chaotic, and vice versa.

The state of the NDS at a time moment t is characterized 
by the n-dimensional state vector [ ]1( ),..., ( )nX X t X t . The 
DV ( )iX t  value changes in time, but stays in the interval 

min max
i i iX X X≤ ≤ . This interval is due to the functionality 

of the system. If the DV value outputs of the interval it 
means that the system destroys.

The phase portrait of NDS in a chaos state is a 
strange attractor. The exponential dispersal of the phase 
trajectories leads to the fact that the measured quantities 
can take any values in the frame of the attractor. If at the 
moment of measurement t0 the DV value Xi is in the interval 

0 0 0 0[ ( ) ( ), ( ) ( )]i i i iy t u t y t u t−  +  (here 0 0( ) ( )i iy t ,u t  are the 
estimation and uncertainty of the Xi measurement result at 
the time t0) that in tine the DV value will located in attractor 
frame min min max max[ , ]y u y u−  +  (here min max min max, ,y ,y u u  are 
the estimates and uncertainties of the measurement of the 
Xi minimum and maximum values):

0 0 0 0[ ( ) ( ), ( ) ( )]i i i iy t u t y t u t� � � �

min min max max[ , ].y u y u� � � �
(14)

The next, after t0 time DV values become predictable 
within the attractor frame (14).

Systems can evolve, some of them have the self-
organization function.

Based on the described properties, the authors offer 
the next topological tools for analyzing the measurement 
results for NDS case:

1. the time series of the DVs measurement results
(3);

2. a measurement portrait (a phase portrait with
the measurement uncertainties), constructed on the 
measurement results (3);

3. the Lyapunov exponents (4);
4. the Shannon (6) and Kolmogorov entropies (8);
5. a fractal dimension (9)-(11) of the measurement

time series (3);
6. a forecasting time (13).
In this case, the all quantities values must contain an 

error (or uncertainty of the measurement results).
The application the physical approaches, topological 

mathematical methods and tools of nonlinear metrology 
makes it possible to provide studies of systems with 
complex, nonlinear dynamics. The topological methods 
and tools for measurement result analysis help to evaluate 
the reliability of the measurement data and give a 
possibility to predict the NDS dynamics.

Conclusions
1. The classification of dynamic systems by origin and

properties is performed. It is shown that the dissipative, 
nonlinear dynamical systems are the most difficult for 
research, measurement and forecast.

2. The necessity of creating a special theory of
measurement and measurement results analysis for 
nonlinear dynamical systems is substantiated.

3. The analysis of the main topological methods and
tools (including topological methods and tools) for the 
study of nonlinear dynamical systems is performed:

4. The main characteristics of non-linear dynamical
systems are systematized, among them: interval values 
of the dynamical variables, strong dependence on initial 
conditions and noises, complex, often chaotic dynamics, 
evolution,

5. In accordance with the main characteristics of
nonlinear dynamical systems, the next topological tools 
for analyzing the measurement results are proposed: 
measurement portrait, entropy, fractal dimension, 
forecasting time.
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The temperature – strain rate conditions of high-temperature structural superplasticity are determined for the 01420T alloy with 
the initial bimodal structure. The structural state of specimens of alloy 01420T, superplastically deformed to failure under the conditions 
of high-temperature structural superplasticity, is studied. It is revealed that in the working part of specimens of the alloy 01420T during 
the superplastic deformation fibrous structures forms as a result of the viscous flow. They are localized in grain boundary cavities and 
cracks. The probable causes of partial melting of the 01420T alloy and the mechanism of its superplastic deformation are analyzed.

Keywords: superplasticity; grain boundary sliding; structural anisotropy; bimodal structure.

Д.Е. Мілая, В.П. Пойда, В.В. Брюховецький, А.В. Пойда
Для сплаву 01420T з вихідною бімодальною структурою визначені температурно-швидкісні умови прояву 

високотемпературної структурної надпластичності. Вивчено структурний стан зразків сплаву 01420T, надпластично 
продеформованих до руйнування в умовах високотемпературної структурної надпластичності. Виявлено, що в робочій 
частині зразків сплаву 01420T при надпластичної деформації утворюються волокнисті структури в результаті в'язкого плину. 
Вони локалізовані в примежевих порах і тріщинах. Проаналізовано ймовірні причини часткового плавлення сплаву 01420T і 
механізм його надпластичної деформації.

Ключові слова: надпластичність; зерномежеве проковзування; структурна анізотропія; бімодальна структура.

Д.Е. Милая, В.П. Пойда, В.В. Брюховецкий, А.В. Пойда
Для сплава 01420T с исходной бимодальной структурой определены температурно-скоростные условия проявления 

высокотемпературной структурной сверхпластичности. Изучено структурное состояние образцов сплава 01420T, 
сверхпластично продеформированных до разрушения в условиях высокотемпературной структурной сверхпластичности. 
Выявлено, что в рабочей части образцов сплава 01420T при сверхпластической деформации образуются волокнистые 
структуры в результате вязкого течения. Они локализованы в приграничных порах и трещинах. Проанализированы вероятные 
причины частичного плавления сплава 01420T и механизм его сверхпластической деформации.

Ключевые слова: сверхпластичность; зернограничное проскальзывание; структурная анизотропия; бимодальная структура.

Introduction
It is known that semifinished products of industrial 

deformable aluminum alloys in the initial state have an 
inhomogeneous structure [1, 2]. In order for these alloys 
to exhibit the effect of structural superplasticity (SSP), it 
is necessary to perform their additional thermomechanical 
treatment aimed at forming a uniform ultrafine-grained 
structure. It takes time and additional energy costs. In 
this connection, it becomes necessary to determine the 
temperature – strain rate conditions for the development of 
the SSP for various deformable aluminum alloys that, in the 
initial state, have a non-uniform grain structure.

The results of experimental studies aimed at determining 
the temperature – strain rate conditions in which specimens 

of the 01420T alloy with the initial bimodal structure during 
their deformation in the creep regime at a constant flow 
stress show the SSP effect are considered in the article. It 
also contains data on the structural state of superplastically 
deformed specimens of this alloy and the concept of their 
superplastic deformation mechanisms (SPD).

Materials and methods of the experiment
Medium-durable alloy 01420T (5,0-6,0%Mg; 

1,9-2,3%Li; 0,09-0,15%Zr; 0,1-0,3%Si; 0,3%Fe; 0,1%Ti; 
0,3%Mn; 0,005%Na; base Al, % wt.) has strength limit 
σВ = 440-470 MPa [3]. This alloy belongs to the lightest 
of aluminum-lithium alloys. Its structure is matrix-type. In 
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the 01420T alloy of the Al-Mg-Li system in equilibrium 
with the matrix phase (α-solid solution on the aluminum 
base) there are such phases: β (Mg3Al3), γ (Mg17Al12), 
δ (AlLi), S1 (MgLiAl2) [3]. It is found that a stable phase 
S1 is predominantly localized at the grain boundaries of the 
matrix phase, forming them almost continuous [3]. In the 
body of the matrix phase grains, in addition to the above 
phases, phase particles δ' (Al3Li) are also located, which 
provide hardening of the alloy after artificial aging, as 
well as dispersed particles of β' (ZrAl3). They are used for 
stabilization of the grain structure of aluminum alloys at 
high homological temperatures [1-3].

Mechanical tests of the alloy 01420T specimens 
with dimensions of the working part of 10 mm and cross 
section of 3.0-5.0 mm were performed in air by straining in 
a creep mode at a constant flow stress in accordance with 
the procedure detailed in at [4]. The experimental creep 
curves recorded using a Sanwa PC 500a digital multimeter 
were rearranged in the coordinates "true strain" - "time" and 
served to determine the true strain rate trueε .

To detect grain boundaries during metallographic 
studies, a chemical etchant of the following composition 
was used: 17 ml of HNO3, 5 ml of HF, 78 ml of H2O.

The grain structure, cavity morphology, and fibrous 
structures in the specimens were examined using a light 
microscope MIM-6 with a Pro-MicroScan digital camera 
and a scanning electron microscope Tescan VEGA 3 LMH, 
as well as standard quantitative metallography methods [5].

The average grain size ‹d› was determined from 
microphotos by the method of random secants [5].

To reveal grain boundaries on the surface of the working 
part of superplastically deformed specimens of the investigated 
alloy, along with chemical etching, the deformation relief 
method was used, which was described in [4].

Results and Discussion
As a result of structural studies, it was determined that 

the initial grain structure of the working part of specimens 
of the 01420T alloy prepared for mechanical testing is 
bimodal (Fig.1).

The overwhelming majority of grains that are 
concentrated in the colony, occupying a large area in 
the working part of the specimens, are ultra-small. Their 
average size is approximately 5 μm (Fig.1, a). In some 
sections of the working part of the specimens, which have 
the form of strips (Fig.1, b), the major oblong grains are 
mainly concentrated (Fig.1, c). They are separated from 
each other by low-angle boundaries, which are parallel or 
approximately perpendicular to the strain direction of the 
specimens. The average size of large polygonized grains is 
approximately 25 μm. In the strips, there is also a certain 
number of equiaxial fine grains, which have high-angle 
boundaries. Their average size is about 12 μm. Specimens 
of the alloy 01420T were deformed in the creep regime at 

a constant flow stress σ = 2.0-7.0 MPa and a temperature 
T = 520°C, at which, as was determined in [6], partial 
melting of the 01420T alloy occurs. It leads to the formation 
of the local arias of the metastable liquid-solid phase on the 
grain boundaries.

As a result of the mechanical tests, it was determined 
that specimens of the 01420T alloy, which had undergone 

Fig.1. Characteristic types of the initial bimodal 
microstructure of the working part of specimens of alloy 
01420T; a - a colony consisting of ultra-fine grains; b - 
colony in which large and small grains are concentrated; 
c - characteristic types of grains which are in the colony, 
shown in Fig. 1, b. Light microscopy.
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thermomechanical treatment, exhibit the effect of high-
temperature SSP. Analysis of creep curves, one of which 
is shown in Fig.2, showed that they have small areas of 
unsteady creep and some stages of accelerated creep. 
The main deformation, which is several hundred percent, 
specimens of alloy 01420T accumulate, deforming 
superplastically at the stage of flow, which corresponds 
to steady creep. It is determined that the values of the 
true deformation rates of specimens of the alloy 01420T 
deformed at T = 520°C and flow stresses σ = 2.0-7.0 MPa 
lie in the range 10-3-10-5 s-1.

It is determined that the maximum elongation to failure 
δ, which is 450%, is observed in specimens superplastically 
deformed at T = 500°C, σ = 4.5 MPa and the true strain 
rate trueε  = 2.2•10-3s-1. These temperature – strain rate 
conditions are optimal for the manifestation of the effect 
of high-temperature SSP of specimens of the investigated 
01420T alloy with the initial bimodal structure.

Figure 3 shows a general view of a specimen of the 
01420T alloy deformed to failure under the optimum 
conditions of high-temperature SSP in comparison with the 
initial one.

It was found that, at a macroscopic level, the 
superplastic flow of specimens of the 01420T alloy was 
stable, and their failure occurred without neck formation. 
Figure 4 shows a characteristic view of the deformation 
relief formed on the surface of the working part of the 
specimen of the 01420T alloy deformed to failure under the 
optimal conditions of the high-temperature SSP. It can be 
assumed that it arose as a result of the development of grain 
boundary sliding (GBS), which was intensively carried 
out along the high-angle boundaries of ultrafine and fine 
grains with the participation of grain-boundary cavities in 
accordance with the SPD mechanism proposed in [7], and 
also on the low-angle boundaries of large grains.

It should be noted that the observed mutual sliding 
of large polygonized grains occurs through low-angle 
intergranular boundaries parallel to the strain direction, 
which is not characteristic for existing classical ideas of 
the development of GBS under conditions of a micrograin 
SSP [2]. The GBS of polygonized grains over low-angle 
boundaries was observed by us earlier in the investigation 
of the SSP of alloy 1933 [8].

Figure 5 shows the characteristic microstructure 
of the working part of specimens of the alloy 01420T, 
superplastically deformed under the optimal conditions 
to failure, obtained using light microscopy methods. It is 
determined that as a result of heating the specimens of the 
alloy 01420T to the test temperature, and also during their 

Fig.2. The experimental creep curve of a specimen of the 
01420T alloy superplastically deformed to failure under 
the optimal conditions at T = 520°C and a flow stress 
σ = 4.5 MPa.

Fig.3. The general view of the specimen of the 01420T 
alloy deformed to 450% under the optimal conditions of 
the high-temperature SSP in comparison with the initial 
one.

Fig.4. A characteristic view of deformation relief formed 
on the surface of the working part of the specimen of the 
01420T alloy superplastically deformed to failure under 
the optimal conditions of the high-temperature SSP.
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SPD, the bimodal structure, due to the development of 
static and dynamic recrystallization, basically turns into a 
homogeneous grain structure.

This is evidenced by the absence in the microstructure 
of the working part of specimens of colonies of grains that 
have substantially different sizes and shapes (see Fig.5). 
It was found that the predominant number of grains in the 
working part of specimens superplastically deformed to 
failure under the optimal conditions of the SSP is ultra-small. 
Their average size is about 10 μm. However, in some of its 
parts, a few large polygonized grains, separated by low-
angle boundaries, have been preserved (see Fig.5, b). Their 
average size is approximately 20 μm. In the structure of the 
alloy there are also fine grains, whose average size is 15 μm.

It is determined that in the working part of the 
specimens during their SPD, grain boundary cavities were 
formed and developed due to the GBS. The average size of 

cavities is comparable with the average size of the mutually 
slipping grains adjoining them (see Fig.4 and Fig.5). In 
the structure of the failured specimens, along with grain-
boundary cavities, magisterial cracks formed because of 
their unification are observed.

As a result of the research of the characteristic types 
of deformation relief of the specimens of the 01420T alloy 
working part, fibers were found (see Fig.6), localized in 
near-surface grain boundaries and microcracks. It is found 

Fig.5. Characteristic types of microstructure of the working 
part of specimens of alloy 01420Т, superplastically 
deformed to failure under the optimal conditions of high-
temperature SSP. Light microscopy. The direction of 
stretching is horizontal.

Fig.6. A characteristic type of fibrous structures formed in 
specimens of the alloy 01420T superplastically deformed 
to failure under optimal the conditions of the SSP.
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that the ends of these fibers are connected to the surface 
of grain-boundary cavities and cracks formed in the course 
of GBS when the grains are separated from each other 
along grain boundaries approximately perpendicular to 
the extension direction. On some fibers (see Fig.6, b) there 
are drops. The number of fibers formed in the near-surface 
grain-boundary cavities is different. Apparently, it depends 
on the volume of the metastable liquid phase localized at 
the grain boundaries perpendicular to the strain direction 
of the specimen.

The presence of fibrous structures and a characteristic 
form of their morphology indirectly indicate that the SPD 
of the specimens of the 01420T alloy with the original 
bimodal structure, as well as of the other multicomponent 
aluminum alloys alloys [6, 8-16] and observed by other 
authors [17, 18], takes place with the presence on high-
angle and low-angle grain boundaries of viscous metastable 
liquid-solid phases on some sections.

Let us analyze the probable causes of the formation of 
a metastable liquid phase in specimens of the 01420T alloy 
at high homological temperatures, using the ideas that were 
presented in [6, 8-16, 20, 21].

Apparently, the most probable reason for the formation 
of a metastable liquid phase in the specimens of the 01420T 
alloy, which takes place during the heating of specimens 
to the test temperature T = 520°C and during their SPD 
at this high homological temperature, is the local melting 
of the border sections of grains (their "mantle" and those 
sections of grain boundaries in which the aluminum-based 
solid solution has an increased concentration of lithium 
and magnesium atoms in comparison with the nominal 
composition of the alloy. As is known, the atoms of these 
elements, which are in the form of segregations at the grain 
boundaries or dissolved in aluminum-based solid solution 
to the limiting concentration, significantly reduce the 
melting temperature of the alloy in the local sections of its 
specimens [22].

It can also be assumed that a number of particles of the 
S1 phase containing magnesium and lithium, dissolve in an 
aluminum-based α-solid solution during the heating of the 
specimens to the test temperature due to the development 
of diffusion processes in the solid state. The particles of 
the S1 phase remaining at the grain boundaries, which 
did not have time to dissolve at the time of the start of 
the SPD of the specimen, the nonequilibrium structural 
components into which this phase come in, as well as other 
intermetallide phases containing magnesium and lithium, 
apparently melt and also are foci of partial melting of the 
alloy. As a result of its realization, the areas occupied by the 
metastable liquid phase nucleate on the grain boundaries. 
The study of the surface of the working part of specimens 
of alloy 01420Т, deformed to failure, showed that it is 
covered with loose oxide films (see Fig.5). This suggests 
that in the course of SPD, dynamic oxidation of the surface 

of solid grains as well as the surface of inclusions of the 
metastable liquid phase, which was present in small 
amounts at grain boundaries, intensively took place. 
Because of this, apparently, the formation of fragile oxide 
films consisting of Al2O3, MgO, and magnesium spinel 
MgAl2O4, characteristic for multicomponent aluminum 
alloys doped with magnesium, occurred [23-25]. It can be 
assumed that during the SPD, the metastable liquid phase 
accumulates a certain amount of dispersed particles formed 
upon the breakdown of loose oxide films. This process 
apparently leads to the formation of viscous suspensions at 
grain boundaries of inclusions according to the mechanism 
described in [27], which consists of a melt of aluminum-
based α-solid solution and dispersed particles, which are 
fragments of oxide films. The resulting liquid-solid phase 
apparently has an important influence on the development 
of deformation and accommodation processes occurring 
during the SPD of specimens of the 01420T alloy.

It can be assumed that in the solid sections of the 
working part of the specimens of the investigated alloy 
01420T during the SPD, such basic deformation mechanisms 
seem to act simultaneously and self-consistently: GBS, 
intragranular deformation, diffusion creep. Apparently, at 
the early stages of superplastic flow of specimens of the 
011420T alloy, intragranular deformation, due to slipping 
and creeping of lattice dislocations, will develop both in 
large polygonized grains and in those small and ultra-fine 
grains in which the stresses, in accordance with the Schmid 
law, reached a critical shear stress. As is known [2], the 
interaction of lattice dislocations with grain boundaries 
during SPD is used to create a nonequilibrium state of the 
high-angle grain boundaries, over which the GBS takes 
place. It can be assumed that intense GBS on solid sections 
of the high-angle boundaries of small and ultra-fine grains 
occurs simultaneously with the viscous flow in those sections 
of the high-angle boundaries of fine and ultra-fine grains, 
as well as at low-angle boundaries of large grains parallel 
to the strain direction, which contain a viscous liquid-
solid phase in accordance with the positions of the models 
described in [20, 21, 27, 28]. The effective accommodation 
to GBS in this case is due to the development of diffusion 
processes in the solid and liquid phases, as well as a result 
of the dislocation sliding in the core of grains and near 
their boundaries. Because of coordinated implementation 
of deformation and accommodation processes in the 
microstructure of the working part of the specimens of 
the 01420T alloy, an intensive grain rearrangement takes 
place. It can be assumed that viscous flow of a metastable 
liquid phase localized at high-angle grain boundaries 
perpendicular to the strain direction due to the opening of 
grain-boundary cavities during GBS leads to the formation 
and development of fibrous structures in the SPD process 
of specimens of the 01420T alloy in accordance with the 
mechanism described in [9, 11].
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The joint manifestation of all deformation and 
accommodation mechanisms creates favorable conditions 
for the stable flow of specimens of the 01420T alloy with 
the initial bimodal structure and ensures their SPD by 
hundreds of percent.

Conclusions
1. The temperature – strain rate conditions are

determined for which specimens of the 01420T alloy with 
the initial bimodal structure exhibit the effect of high-
temperature structural superplasticity.

2. The structural state of specimens of alloy 01420T,
superplastically deformed to failure under conditions of 
high-temperature structural superplasticity, is studied.

3. It is revealed that in the working part of specimens
of the alloy 01420T during the superplastic deformation, as 
a result of the viscous flow, fibrous structures forms. They 
are localized in grain boundary cavities and cracks.

4. The probable causes of partial melting of the 01420T 
alloy and the mechanism of its superplastic deformation are 
analyzed.
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Introduction
As is well known, the presence of labile oxygen [1,2] 

in high-temperature compounds (HTSC) ReB2Cu3O7–x 
(Re = Y or other rare earth element) leads to the appearance 
of a non-equilibrium state that can be manifested during the 
application of high pressure [3,4], a step by step change in 
temperature [5,6], long-term storage [7-9], contribute to phase 
separation processes [10,11], ascending diffusion [12,13] and 
the appearance of various superstructures [14-16]. All these 
processes have a significant effect on the physical properties 
of HTSC in both the normal and superconducting states and 
are most clearly manifested in the case of oxygen deficient 
samples [17,18].

The modification of the structural and electrophysical 
characteristics of superconducting materials can be achieved 
by applying various external influences [19-21] and is an 
important experimental tool of modern solid state physics. In 
particular, the study of the effect of the external hydrostatic 
pressure [22,23] on the structural state and transport processes 

in ReBa2Cu3O7–x single crystals, is a source of important 
information necessary for elucidating the microscopic 
mechanism of “high-temperature” superconductivity, 
which until now remains unclear [24]. Taking this into 
account, experimental methods have proved to be of a 
particular importance, allowing us to reveal the parameters 
of superconductors, which most significantly affect their 
physical characteristics in the normal and superconducting 
states. One of the most important methods is the use of 
high pressure [25-27], since this not only makes it possible 
to clarify the role and the influence of structural features of 
the system on the superconducting states formation, but also 
enables to model the conductive characteristics and critical 
parameters of the superconductor.

A characteristic feature of the YВа2Сu3О7-x compound is 
the relative simplicity of the complete or partial substitution 
of yttrium by its isovalent analogues, which enables the 
variation of the conductive characteristics, and thereby can 
verify the adequacy of theoretical models. In this respect, 
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the substitution of yttrium by the holmium, which has a 
sufficiently large magnetic moment (10.61µВ and 9.7µВ 
in HoBa2Cu3O7-x), allows us to predict a qualitatively 
different behavior of the system due to the paramagnetism 
of HoBa2Cu3O7-x in the normal state [2]. It is of interest to 
study oxygen deficient samples, in which the rare-earth ion 
can serve as a  sensor sensitive to the local symmetry of its 
environment and to the distribution of charge density, since 
their change affects the crystal field that forms the electronic 
structure of such an ion [6].

In this work, we study the effect of an external hydrostatic 
pressure up to 5 kbar on the temperature dependence of the 
electrical resistance ρ(T) in the ab plane of ReBa2Cu3O7–x 
(Re = Y, Ho; х≈0.3-0.47) single crystals in the temperature 
interval from 300 K to the temperature of the superconducting 
transition Tc.

Experimental methodology
The crystals were grown by the “solution-melt” method in 

a gold crucible as was previously described [18]. The samples 
had the shape of a parallelepiped with dimensions YBa2Cu3O7–x 
- 2х1.8х0.5 mm3 and НоBa2Cu3O7–x - 1.9х1.9х0.5 mm3. The 
largest area of the sample corresponded to the crystallographic 
ab plane. Initially, the samples were heat-treated in oxygen 
flow at T = 400° С for five days to saturate them with 
oxygen completely, i.e., to reduce the parameter x to a value 
≈ 0 – 0.1.

The temperature dependence ρ(T) was first measured 
during the heating of the multiplier under atmospheric 
pressure. The pressure was then gradually increased at 
room temperature. When the desired pressure was reached, 
the multiplier was cooled to a temperature T < Tc, and after 
that the ρ(T) measurements were carried out. Following the 
measurement at the maximum pressure, the pressure was 
lowered to atmospheric pressure and the ρ(T) measurements 
were repeated. 

In addition to the ρ(T) dependence, we carried out 
isothermal measurements of the change of the electrical 
resistance ρ at temperature 300 K as a function of time 
under pressure ≈ 5 kbar, as well as after its removal. In this 
experiment, the maximum exposure time reached ≈ 80 hours.

Results and discussion
In previous work [29], the results of the electrical 

resistance time relaxation dependence at room temperature: 
curve 1 - after the application of pressure 5 kbar and curve 
2 - after the pressure released were presented. Thus, it 
was determined that after the pressure was removed, the 
equilibrium resistance value was reached much faster than 
when the pressure is applied. To explain the latter result, 
we proposed that the observed phenomenon is due to the 
difference in the diffusion paths of the pressure-induced 
process of elongation-shortening of oxygen ion chains in 
Cu-O planes.

Thereafter [6], we provided evidence that the diffusion 
of oxygen ions in the ReBa2Cu3O7–x (Re=Y, Ho) compounds 
can take place via two mechanisms. At the initial stage of the 
process, the single-channel diffusion mechanism is dominant, 
whereas in the final stage the diffusion of oxygen ions is 
limited by the conventional mechanism of classical diffusion. 
In the first case, oxygen ion diffusion is characterized by the 
<L2> ~ t1/2 dependence and in the second case by the <L2> ~ 
t dependence.

The study of the time dependence ρ=f(T) carried out 
previously [29] (relaxation curves) also indicates that in this 
case there are two stages: a fast initial stage and a slower 
final stage. This result can also explain the existence of two 
mechanisms for the redistribution of oxygen ions induced 
by the application of pressure. To confirm the correctness 
of this assumption, we processed these relaxation curves by 
constructing the (ρ0/Dρ)2=f(T) dependences, which, in fact, 
determine the operation of the one or the other oxygen ions’ 
diffusion mechanism (refer to Figure 1).

Figure 1, in our opinion, confirms the correctness of 
the previously stated assumption that the application of an 
external pressure of ~5 kbar causes the diffusion redistribution 
of oxygen ions in the formation-decay of the oxygen clusters 
in the ReBa2Cu3O7–x (Re = Y, Ho) compounds. Herewith, 
the diffusion of oxygen ions process is realized by two 
mechanisms: By the single-channel diffusion mechanism 
and by the conventional classical diffusion mechanism (at the 
final stage of the process).

The entire set of the experimental results obtained, 
agrees well, if presume that the external hydrostatic pressure 
intensifies the appearance of several (at least two) phases in 
the studied samples, characterized by different values of the 
transition temperature Tc. In our opinion this is due to the 
process of the redistribution of the oxygen ions in the volume 
of ReBa2Cu3O7–x (х=0,4) crystals. The pressure accelerates 
the diffusion coalescence process [30] of microscopic clusters 
of various sizes oxygen vacancies formed in the crystal due 
to the oxygen deficiency. As a result of the coalescence, 
oxygen ions are redistributed in the crystal, which leads to an 
increase of a number of sufficiently large in size ordered one-
dimensional clusters of oxygen ions. At the same time, the 
parameter x decreases. Accordingly, the number of specific 
structural entities - negative U-centers, capable of generating 
coupled charge carriers [31] increases. In this case, a higher 
concentration of U-centers corresponds to higher values of Tc 
of the superconducting phase.

As it was mentioned above, the establishment of 
the equilibrium value of the resistance R(t→∞) after the 
pressure removal occurs almost twice faster than under the 
action of pressure. This experimental fact is also explained 
within the framework of the proposed coalescence of oxygen 
clusters mechanism. Indeed, under the pressure application 
conditions, the process of filling clusters with oxygen 
ions by the accelerated “one-file” diffusion mechanism is 
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realized only at the initial stage, and further, this process 
and the decrease in electrical resistance, is limited by 
the slower mechanism of classical diffusion. After the 
pressure removal the process of more intensive increase in 
the size of oxygen clusters is suspended. Herewith, as the 
time passes, the number of not fully completed clusters 
increases and there is a relaxation of the resistance. Under 
these conditions, the movement of oxygen ions is at much 
shorter distances and can be realized in the “one-file’ 
diffusion regime, practically, until the equilibrium value 
ρ(t→∞). A certain role in this may be played by the presence 
of structural and kinematic anisotropy in the system [32-37].

Notably, despite the higher Tc and the smaller oxygen 
deficiency, in the case of the НоВа2Сu3О7-x samples, all the 
characteristic changes in the form of the electrical resistivity 
temperature dependences and the absolute values of the 
resistive parameters that were observed during the pressure 
application-removal process at room temperatures were 
not less pronounced than for the YВа2Сu3О7-x samples. 
Apparently, in the case of НоВа2Сu3О7-x, the substitution of 
yttrium by holmium which has a larger ionic radius, can play 

a role on the structural order in the system, which in turn leads 
to a change in the interaction of the oxygen ions in the CuO 
planes. Indeed, as is known from the literature [1,2,6,29], 
when yttrium is replaced by rare-earth elements with a 
larger ionic radius, significant qualitative changes occur in 
the Тс(x) dependences. Therefore, the characteristic for the 
YВа2Сu3О7-δ Тс(x) dependence with two plateaus, at 60 and 
90 K, degenerates into a much sharper monotonic dependence 
[1,2]. Thus, it can be assumed that in the case of deviation 
from oxygen stoichiometry, the НоВа2Сu3О7-x compound 
should be characterized by a much more disordered oxygen 
superstructure in comparison with the YВа2Сu3О7-x.

Thus, we can conclude, that the external hydrostatic 
pressure Р ≈ 5 kbar substantially intensifies the process of 
the diffusion coalescence of oxygen clusters, i.e., causes the 
growth of their average size. In turn, the increase in the size of 
oxygen clusters leads to an increase in the number of negative 
U-centers, the presence of which leads to the appearance 
of a phase capable of generating paired carriers of electric 
charge and, accordingly, characterized by a higher transition 
temperature Tc.

Fig.1. Time dependences of the electrical resistivity at room temperature in coordinates: ρ300 - t and 1/ρ2
300 – t for 

YВа2Сu3О7-х ((a) and (b)) and НоВа2Сu3О7-х ((c) and (d)) single crystals, measured immediately after application 
(curves 1) and removal (curves 2) of high hydrostatic pressure.
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The paper researches images in point gravitational lenses by analytical methods. For research, the concept of a remote source 
and a remote image is introduced. It is shown that in the Schwarzschild gravitational lens, the remote source and its remote images 
do not differ much from each other. The following theorem is formulated and proved: the remote image of the source, in an N-point 
gravitational lens, asymptotically tends to its remote image in the Schwarzschild lens. It is shown that the images in a single-point 
gravitational lens are inversion conjugate.

Analytical expressions are obtained for the description of images of a circular source in the Schwarzschild lens. On this basis, the 
proposed classification of images of a circular source of small radius in a point lens.

Keywords: gravitational lenses; conjugate images; phases of images.

С.Д. Бронза, А.Т. Котвицький
В роботі досліджуються зображення в точкових гравітаційних лінзах аналітичними методами. Для дослідження вводяться 

поняття віддаленого джерела і віддаленого зображення. Показано, що в гравітаційній лінзі Шварцшильда, в картинній 
площині, ці два об'єкти мало відрізняються один від одного. Доведено теорему: віддалене зображення джерела, в N-точковій 
гравітаційній лінзі, асимптотичне прагне до його віддаленого зображення в лінзі Шварцшильда. Показано, що зображення в 
одноточковій гравітаційній лінзі інверсійно спряжені.

Отримані аналітичні вирази для опису зображень кругового джерела в лінзі Шварцшильда. На цій основі запропоновано 
класифікацію зображень кругового джерела малого радіусу.

Ключові слова: гравітаційні лінзи, спряжені зображення, фази зображень.

С.Д. Бронза, А.Т. Котвицкий
В работе исследуются изображения в точечных гравитационных линзах аналитическими методами. Для исследования 

вводятся понятие удаленного источника и удаленного изображения. Показано, что в гравитационной линзе Шварцшильда, в 
картинной плоскости, эти два объекта мало отличаются друг от друга. Доказана теорема: удаленное изображение источника, 
в N-точечной гравитационной линзе, асимптотически  стремится к его удаленному изображению в линзе Шварцшильда. 
Показано, что изображения в одноточечной гравитационной линзе инверсионно сопряжены. 

Получены аналитические выражения для  описания изображений кругового источника в линзе Шварцшильда. На этой 
основе предложена классификация изображений  кругового источника малого радиуса.

Ключевые слова: гравитационные линзы, сопряженные изображения, фазы изображений.

Physical formulation of the problem
Let R2

X and R2
Y be vector spaces. It is known, [1], [2], that N - point gravitational lens sets a unique map

2 2: ( \ )X YL R R� � , (1)

were { }1,2,...,il i NΛ = =  - set of radius - vectors il


 point masses.
The mapping L is uniquely definitely a vector equation

 
�

�

�
��

i
i

i
i

lx

lxmxy 2rr

rr
rr

, (2)

where, for dimensionless point masses mi, the ratio 1=∑
i

im  is valid.
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We add the vector spaces R2
X and R2

Y to affine ones.We will define orthonormal bases in them. For the unit of 
rationing, we take the Einstein - Chvolson radius. The resulting affine spaces R2

X and R2
Y are called the lens plane and the 

source plane, respectively. For some researches, they are combined and called the picture plane [9,10].
The mapping L-1 inverse to (1), in general, is multivalued. 

1 2 2: ( \ )Y XL R R� � � . (3)

It can, naturally, be continued from ( )2 \XR Λ  to all R2
X (we will leave the same notation behind the continued 

mapping), i.e.
1 2 2: Y XL R R� � . (4)

Some authors call mapping (4) as a lens mapping, see, for example, [3].
The mapping L can be written in the coordinate form :

 
� � � �
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1
2 2

1 2

2
2 2

1 2

1 1
1

2 2
1

i

i i
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i i

N
x a

i x a x b
i
N

x b
i x a x b

i

y x m

y x m

�
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�

�

� � �
�

�
� ���

�
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��

�

�
, (5)

were ( )21 x,xx = , ( )21 y,yy = , ( )iii b,al =
 , and mi normalized, dimensionless point masses satisfying  the relation 1=∑ im .

A special case of the N – point gravitational lens is the Schwarzschild lens [3], [4], which is determined by the 
condition N=1, a1=0, b1=0, and m=1.

1
1 1 2 2

1 2

2
2 2 2 2

1 2

xy x
x x

xy x
x x

� ���
�

��

�
�

�
�
��

. (6)

The Asymptotic behaviour of the map L
One of the main tasks of the theory of gravitational lensing is the problem of constructing images from a given source 

(direct problem).
In this paper, we assume that the S source is uniform and flat.
In topological terms, the source is:
- connected area;
- of course - connected area;   
- the region boundary consists of a finite number of arcs of smooth curves [5, 6].
The source image, in topological terms, is also an area. In general, a source image consists of several connected components.
The diameter of the S source is called the diameter of the minimum circle to which it belongs, and the center of the source 

S is the center OS of this circle. We say that the source of S is small, if its diameter dS is significantly less than the unit 1Sd <<
, and deleted (located far away) if the module SO


 of the radius-vector SO


 is significantly greater than one, i.e. 1SO >>


. 

Similarly, we define the concept: the diameter and canter of the connected components of the image, and the remote image.
Occurs
Theorem 1. Let the source S and its images be viewed in the picture plane. If the source is small and deleted, then 

its image has:
- remote component of connectivity S1, such that 

1S SO O> ;
- each point S1, with SO → ∞ , tends to its image in S1;
- restriction of the mapping L to S1 is a bijection of S1 to S.
First we prove the lemma
Lemma 2. The remote image of a remote point source in N-point gravitational lens tends to its remote image in the 

Schwarzschild lens.

Proof. Let points ( ) 2,i i Xa b R∈  and 2 2
1 2x xδ = + . Let δ → ∞ . Where we have:

( ) ( )
( )1

2 2
1 2

1
1 1 2 2

1 1 2

i

i i

N
x a

i x a x b
i

xx m x o
x x

δ−

− + −
=

− = − +
+∑ . 
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A similar relation holds for the right side of the second equation of system (5).
For system (5), with δ → ∞ , we have:

� � � �

� � � �

1
2 2

1 2

2
2 2

1 2

1
1 1 2 21 1

1 1 2

2
2 22 2 2 2

1 1 2
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i i
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i i

N
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i x a x b
i
N

x b
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x x
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� � �
�

� �� �� �� ��
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�

� ���
�
� �
�� ��

�

�
. (10)

Thus, when the image is removed from the origin of coordinates in an N-point lens, it differs little from the images 
in the Schwarzschild lens. But for the Schwarzschild lens, it is known that the points of the remote source are close to the 
points of the remote component of the image.

Indeed, if 2 2
1 2y y+ → ∞ , then:

1
1 1 12 2

1 2

1 41
02
y

x y y x
y y

� � �
� � � � �� � �� �� �� �

, (11)

thus, the abscissa S1 tends to abscissa S. The same is true for ordinates.
The proof is complete.

Proof of Theorem 1
We show that the points of the S1 (the remote component of the image of the source of the S in the Schwarzschild 

lens) tend to their images, if SO → ∞ . For the Schwarzschild lens we have: ( ) ( )2 2 2 2
1 1 2 2 1 21/ 1/x y x y x x δ− + − = + = . In 

addition, from SO r→ ∞ ⇒ → ∞ , and therefore ( ) ( )2 2
1 1 2 2 1/ 0x y x y δ− + − = → .

The restriction of the mapping L to S1 is a bijection of S1 to S. Indeed, a point from S has two pre-images, one of 
which belongs to the remote image S1, and the second is in the unit circle. Considering the lemma, we have: the assertions 
of Theorem 1 are true.

Images of a circular source in the Schwarzschild lens
It is known that each point source located not at the origin of coordinates has two points (further conjugate) images 

in the Schwarzschild lens, one of which is in the unit circle and the other outside it.
Occurs
Theorem 2. If g1, g2 is the coordinates of one of the conjugate images in the Schwarzschild lens, then the coordinates 

of the second image are ( ) ( )1 12 2 2 2
1 1 2 2 1 2g g g , g g g

− −
− + − + .

Proof. Because

1
1 1 1 2 1 2 2

1 2

2
2 2 1 2 2 2 2

1 2

( , )

( , )

xy y x x x
x x

xy y x x x
x x

� � � �
�

� ��
�

��
�
�
��

, 

we directly verify that:

1 2
1 1 2 1 2 2 2 2

1 2 1 2

1 2
2 1 2 2 2 2 2 2

1 2 1 2

( , ) ,

( , ) ,

x xy x x y
x x x x

x xy x x y
x x x x

� �
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� �
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�
�
�
�

�� �� �
�
��

, (12)

From (12) it follows: both images have the same prototype (source).
The theorem is proved.

Corollary of Theorem 2
Any small one connected source that does not contain the origin has two images in the Schwarzschild lens.
The points of these two images are conjugate and their coordinates satisfy Theorem 2.
We will call such images conjugated.
Let the source be a ( )D D aε ε=  disk of radius ε with canter at point (a, 0)  and its boundary Dε∂  is determined by 

a parametric equation:
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1

2 2
2 1

 
( )

y t

y t a�

���
�

� � � ���
. (13)

We substitute (13) into the system of equations (6), we have:

2 2

1
1 2 2

1 2

2
2 2 2

1 2

 
( )

xx
x x

xx

t

a
x x

t�

� ���
�
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��
�

�

�
�

. (14)

We exclude t from system (14) we get:

� � � �2 2 2 2 2 2
1 2 1 1 2 1

2 2 2
21 12 ( )( ) 0ax x x x xax x�� �� � � � �� � . (15)

Let's move in the plane of the lens from the Cartesian x1, x2 coordinates to the polar coordinates of the ,r φ :

 
1

2

cos
sin

x r
x r

�
�

��
� ��

, (16)

we have:
� � � �22 222 21 1 co ( ) 0s2a ar r r r� �� � �� �� . (17)

We research the equation (15) and (17), for this we consider some special cases:
а) 0a =  ; b) a ε= ; c) a ε< ; d) a ε> .

Case a). From equation (18) (17) we get two solutions that have a physical meaning:
2

1,2
4

2
r � �� � �

� . (18)

From (17) we have: the image of the disk Dε under the mapping L-1  is the ring kε.
The ring is formed by circles: 

2 2

1 2
4 4,

2 2
r r� � � �� � � �
� � . (19)

The radii of the circles are reciprocal, i.e. r1=1/r2.
The unit circle divides the ring into two rings. Rings 

are conjugated. (see Fig.1.).
The ring has a thickness of d = ε, really:

2 2

1 2
4 4

2 2
d r r � � � � �� � � �
� � � � � . (20)

The middle line of a kε ring is a circle of radius 
2 4
2

r ε +
= .

The area of the ring kε is equal to:

2 4S� � � �� � . (21)

Case b).
If a aε ε= ⇒ = ± . Consider the case of a = ε.
We substitute a = ε into (15). We have: the equation is 

divided into two:

� �2 2
1 2 1 2 2

1 2

11 012x x x
x x

�
� �
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�

�
�

� �
�

. (22)

Fig.1. The boundary of the ring kε is defined by circles 
with radii of r1,2. The ring kε is an image of the Dε disk. 
The radius ε of the Dε disk is equal to 0,2 from the radius 
of Einstein - Chvolson.
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From equation (22) we get two solutions:

2 2
1 2 1xx � � , (23)

 2
2

2
1

2( 1) xx �� � �� � . (24)

Equations (23) and (24) are equations of circles.
Therefore, the image of the Dε disk, when displaying 

L-1, will be two circular wells I and II.
The wells are formed by circles (23,24), are conjugate.
Circles intersect at points A1 (0,1) and A2 (0,-1).
The thickness of the left well is 2

1 1 1h ε ε= + − + .
The thickness of the right well is 2

2 1 1h ε ε= + + − .

2(1 )
2

arcctg� � � �� � � �

� �
1

2 2
1 2 2

1

1
2

S x dx� � �
�

� � � � � ��
. (25)

The area of the left well is:

� �
1

2 2 2
2 2 2

1

2 2

(1 ) 1
2

(1 )
2

S x dx

arcctg

�� � � �

� �� � � �

�
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� � � � �

�
. (26)

The area of the right hole is equal to:

2 2
1 2 2 2(1 )S S S arctg� �� � � �� � � � � � � � . (27)

Similarly, we consider the case of a = -ε.
Due to the obvious symmetry, the sum of the S - areas of the wells and in this case can be calculated by the formula 

(27).
Case c) a ε< .
The value of the polar radius 0r ≥ .
From equation (17) we get:

� � � �2
2 2 2 2 2 21 cos sin cos sin 4

2
r a a a a� � � � � �

� �
� � � � � � �� �

� �
. (28)

If a ε< , then the curve (28):
- consists of two ovals (closed Jordan curves) that are not circles;
- ovals are one in another;
- ovals are the boundary of a doubly connected domain homeomorphic to a ring.
Inner oval:

� �2
2 2 2 2 2 2

1
1 cos sin cos sin 4
2

r a a a a� � � � � �
� �

� � � � � � �� �
� �

. (29)

Outside oval:

� �2
2 2 2 2 2 2

2
1 cos sin cos sin 4
2

r a a a a� � � � � �
� �

� � � � � � �� �
� �

. (30)

Fig.2. The source radius is ε=0,2 of the Einstein-Chvolson 
radius. The area of the left well is ,I I II IIS S S= − , the 
area of the right well , ,IV II III IV II IIIS S S S= − − .
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The area of a two connected region homeomorphic to a ring is:
2 2 2 2

2 2 2 2
2 1 2 1 2 1 2 1 2 1

0 0 0 0

1 1 1 1( ) ( )( )
2 2 2 2

S S S r d r d r r d r r r r d
� � � �

� � � �� � � � � � � � �� � � � , (31)

where

� �
� �

2 2 2
2 1 2 1

2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2

( )( ) 2 cos sin
1 sin cos cos 2 2 cos sin 4
2
1 sin cos cos 2 2 cos sin 4
2

r r r r a a

a a a a a

a a a a a

� � �

� � � � � � � �

� � � � � � � �

� � � � �

� � � � � � � �

� � � � � � �

. (32)

The two connected regions are symmetric about the polar axis. The function under the integral sign is even and 2π is 
periodic. For the area of the area we have:

2 1 2 1
0

( )( )S r r r r d
π

ϕ= − +∫ . 

The integral (31) is an elliptic integral.
Comment. Expression (31) with a value of a = 0 reduces to equation (21).
Case d). a ε> . If a ε> , then the curve:
 - consists of two ovals (closed Jordan curves) that are not circles;
 - ovals are one outside the other;
 - each oval is the boundary of one connected region of a homeomorphic disk.
The functions 1 1( )r r ϕ=  and 2 2 ( )r r ϕ=  are defined if 2 2 2sin 0aε ϕ− ≥ .
Where do we get:

arcsin arcsin
a a
� ��� � �  and arcsin arcsin

a a
� �� � �� � � � . (33)

The ovals in the right and left half-planes are determined by equation (28) under condition  (33).
If 0a > , we have.

The far arc of the right oval is determined by expression (30) and the condition arcsin arcsin
a a
ε εφ− ≤ ≤ .

The near arc of the right oval is determined by expression (29) and the condition
 

arcsin arcsin
a a
ε εφ− ≤ ≤

.The far arc of the left oval (the arc is conjugated with the far arc of the right oval) is determined by expression (30)

and the condition arcsin arcsin
a a
ε επ φ π− ≤ ≤ + .

The near arc of the left oval (the arc is conjugated with the near arc of the right oval) is determined by expression 

(29) and the condition arcsin arcsin
a a
ε επ φ π− ≤ ≤ + .

The right oval limits one connected area. The square of this area is equal to:

arcsin arcsin arcsin arcsin

2 2 2 2
2 1 2 1 2 1 2 1 2 1

arcsin arcsin arcsin arcsin

1 1 1 1( ) ( )( )
2 2 2 2

a a a a

a a a a

S S S r d r d r r d r r r r d

� � � �� � � �

� � � �� � � �

� � � �
� � � �

� � � �

� � � � � � � � �� � � � , 

where the integrand is defined by equation (32).
Similarly, we can calculate the area of a region that is bounded by the left oval.
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Classification of circular source images in 1-point gravitational lens
Assume without loss of generality, that the circular source center is on abscissa and source radius is small. For 

images of circular source in 1-point gravitational lens, we have classification
Theorem 3. Images of circular source in 1-point gravitational lens belong to only one of the following sets (we call 

set as phase, we show circular source and images of circular source on the picture plane)
- phase «-7» of intersection with image on the left (center of circular image is on abscissa far left of the origin of the 

coordinate system, circular image intersects with its left image);
- phase «-6» of  touching with image on the left (center of circular source is on abscissa far left of the origin, circular 

source touches its left image);
- phase «-5» of 1-connected convex images (center of circular source is on abscissa on the left of the origin of the 

coordinate system, circular source has two 1-connected images, source is located between them and does not intersect 
them, each image is convex)

- phase «-4» of 1-connected special transition images (center of circular source is left of the origin on abscissa, 
circular source has two 1-connected images, source is located between them and does not intersect them, each image 
become nonconvex);

- phase «-3» of 1-connected nonconvex images (center of circular source is left of the origin on abscissa, circular 
source has two 1-connected images, source is located between them and does not intersect them, each image is nonconvex);

- phase «-2» circular alveolus (center of circular source is left of the origin on abscissa, touches origin, circular source 
has two 1-connected images, that is circular alveolus, that is formed by two circles, source is located inside circles);

- phase «-1» «left Einstein ring» (center of circular source is left of the origin on abscissa, the origin belongs to the 
circular source, image of circular source is 2-connected region, region boundary is disjoint closed Jordan arc, source is 
located inside 2-connected region);

- phase «0» «Einstein ring» (center of circular source is at the origin, image of circular source is a circle that is 
formed by two coaxial circles with centers at the origin);

- phase «1» «right Einstein ring» (symmetrical image of phase «-1» relative to ordinate axes );
- phase «2» (symmetrical image of phase «-2» relative to ordinate axes );
- phase «3» (symmetrical image of phase «-3» relative to ordinate axes );
- phase «4» (symmetrical image of phase «-4» relative to ordinate axes );
- phase «5» (symmetrical image of phase «-5» relative to ordinate axes );
- phase «6» (symmetrical image of phase «-6» relative to ordinate axes );
- phase «7» (symmetrical image of phase «-7» relative to ordinate axes );
We illustrate Theorem 3 in Fig.3 in appendix.
Remark. Each phase is totally defined by values of two parameters: coordinates of circular source center (a,0) and 

its radius ε.

Parameters defines phases as follows: phase  «-7»: 1
2

a ε
ε

< −  Fig.3.n; phase «-6»: 1
2

a ε
ε

= −  Fig.3.l; phase 

«-5»: 
1 1

2
aε ε

ε
− < < − +  Fig.3.j; phase «-4»: 1a ε= − +  Fig.3.h; phase «-3»: 1 a εε <− < −+  Fig.3.f; phase «-2»: 

a ε= −  Fig.3.d; phase «-1»: 0aε− < <  Fig.3.b;  phase «0»: 0a =  Fig.3.a; phase «1»: 0 a ε< <  Fig.3.c; phase 

«2»: a ε=  Fig.3.e; phase «3»: 1aε ε< < −  Fig.3.g; phase «4»: 1a ε= −  Fig.3.i;  phase «5»: 11
2

aε ε
ε

− < < −  

Fig.3.k; phase «6»: 
1

2
a ε

ε
= −  Fig.3.m; phase «7»: 

1
2

a ε
ε

> −  Fig.3.o.

Corollary. The phase classification in Theorem 3 is linear; it contains 15 phases including 7 point and 8 interval 
phases. Classification is symmetrical relative central phase – Einstein ring. Each phase is totally defined by values of two 
parameters: coordinates of circular source center (a,0) and its radius ε, they are invariants.
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Fig.3.d. Phase «-2» a ε= − . Fig.3.e. Phase «2» a ε= .

Appendix

Fig.3.а. Phase «0» a=0.

Fig.3.b. Phase «-1» 0aε− < < . Fig.3.c. Phase «1» 0 a ε< < .
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Fig.3.f. Phase «-3» 1 aε ε− + < < − . Fig.3.g. Phase «3» 1aε ε< < − .

Fig.3.f. Phase «-4» 1a ε= − + . Fig.3.g. Phase «4» 1a ε= − .

Fig.3.j. Phase «-5» 
1 1

2
aε ε

ε
− < < − + . Fig.3.k. Phase «5» 

11
2

aε ε
ε

− < < − .
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The source is presented in the form of a yellow disc. Images are presented as white areas. The dashed circle is the 
Einstein ring.
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The article discloses a new program for advanced training of teachers of physics and astronomy at the Karazin Kharkiv National 
University. The main attention is paid to the content and features of the "professional bloc". Attention is drawn to the peculiarities of 
the teaching of physics and astronomy in modern conditions and the role of fundamental discoveries in shaping the formation of the 
schoolchildren views.
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М.О. Макаровський, О.М. Савченко, В.А. Захожай, М.В. Тертишна
У статті обговорюється нова програма підвищення кваліфікації вчителів фізики та астрономії в Харківському 

національному університеті імені В. Н. Каразіна. Основну увагу приділено змісту і особливостям «професійної блоку». 
Звертається увага на особливості викладання фізики та астрономії в сучасних умовах і роль фундаментальних відкриттів на 
формування наукового світогляду у школярів.

Ключові слова: фізика, інноваційні методики, підготовка вчетилів фізики та астрономії.

Н.О. Макаровский, Е.М. Савченко, В.А. Захожай, М.В. Тертишная
В статье обсуждается новая программа повышения квалификации учителей физики и астрономии в Харьковском 

национальном университете имени В.Н. Каразина. Основное внимание уделено содержанию и особенностям 
«профессионального блока». Обращается внимание на особенности преподавания физики и астрономии в современных 
условиях и роль фундаментальных открытий на формирование научного мировоззрения у школьников.

Ключевые слова: физика, инновационные методики, подготовка вчетилив физики и астрономии

Achievement of physics as a science is mainly 
determined by the substantial character of the world’s 
scientific picture. It presupposes the important role of physics 
in the programs of all educational institutions, starting from 
general schools and finishing with the classic universities. 
The reconstruction of Ukrainian education system, reflected 
in the new laws ("About higher education", "About 
education", etc) requires making changes both in the current 
content of an academic program and teaching methodology. 
Despite the appearance of the distant form of studying, 
internet-lectures of well-known specialists, development 
of interactive centers of science popularization (like the 
Kharkiv "Landau-center") and, even educational animated 
films, the digestion of this key discipline, as physics, without 
the school and skilled teacher is not possible.

Since 2017 we started courses of in-plant training of 
the regular school teachers on the physical department. 
They provide the complete middle school course, named 
"Physics and astronomy" [1]. The professional block of the 
program was developed by the authors of this article in order 

to help  the teacher in his everyday work (modernization 
of materials presentation, resolving challenging tasks, 
preparation for final school exams, making research in 
the laboratory), and help teachers to familiarize with 
modern physical tendencies, views, paradigms.  In fact, 
the school physics course, unfortunately, uses a hundred-
year-old material. The Department of Physics of the 
Karazin Kharkiv National University is one of the top three  
Ukrainian universities, that is why it has the opportunity 
to help teachers, and their students as well, to enlarge and 
deepen the knowledge of modern physics and astronomy.

The professional block of the program consists of four 
parts:

1. Innovational tools, methods, and forms of studying
physics and astronomy at schools.

2. The combination of old and modern views and
teaching methods in the physical and astronomy.

3. New directions in modern physics and astronomy.
4. Presentations and grants like a help to the teacher.



50 Вісник  ХНУ, серія «Фізика»,  вип. 29, 2018

Innovative approach to teacher development physics and astronomy

This part of the program for training of teachers is 
the most interesting. Let us have a look at it through some 
examples. Innovative methodologies of an educational 
process, that provide brief transfer to the complete studying 
from the detailed one and have a very important role in 
teachers training. The new competent approach presupposes 
providing the rich in content lines.

It is not secret, that nowadays pupils cannot imagine 
the world, without computers, smartphones, the internet, 
etc. That is why a teacher why does not use the modern 
computer methodologies during the lessons of physics 
hardly will be considered as an authoritative and clever 
person among schoolchildren. It not enough to use 
presentations or visual effects or even popular scientific 
films during the lessons. Those pictures can be easily found 
by everyone on the Internet and they will be followed by 
professional or non-professional explanations. Instead of it, 
it is much better to recommend the teachers of physics and 
astronomy to use the controlled computer animation during 
lessons.

For example, let us have a look at the computer model 
of the Solar system that demonstrates the planet motion 
and orbits as well as asteroids around the Sun. This motion 
is easily observed on a monitor and, as we all know, it 
is determined by the gravitation law. It can be easily 
changed by gravitational constant, that depends on gravity 
and distance between objects, and you will see the real 
destruction of the Solar system: orbits will change, planets 
will fall on a Sun or fly out from the Solar system. The 
main point here is that a student sees this animation with 
his or her own eyes, that physical laws or parameters really 
do not only determine the picture of the Universe, but also 
determine various physical phenomena around us. There is 
similar animation is also Bohr model.

In this case, it is possible to change the dependence 
of force according to the Сoulomb’s law on the distance 
between the atom’s kernel and an electron that moves on an 
orbit around kernels or size of charge of the electron. Those 
amendments cause the substantial change of electron’s orbit 
radius and even to the destruction of an atom that causes 
the destruction of the whole substance. It is important to 
add, that the nuclear model of the atom, invented Е. by 
Reserpilum, was built on the basis of analysis of planetary 
motion around the Sun. It gives an opportunity to show the 
historical development of physics in evidence. The one 
can easily see the examples of a direct connection between 
physics, astronomy, materials science etc. The pupil’s 
consciousness is built this way and their particular and key 
competencies.

The organization of teaching in the middle school has 
its own peculiarities. It is important to combine the views 
about the basic researches directions together with the 
nature of celestial objects, the Universe model, its origin 
and evolution, and the role of astronomy in the problem 

distribution of life outside Earth exploring. The example of 
that teaching approach can be found in the corresponding 
textbook written by one of the coauthors [4].

What approach should the teacher choose for getting 
the best results? First of all, it is important to make the 
science interesting through the process organization. The 
material must be supported by modern multimedia facilities, 
use of planetariums [5] where it is possible, by the use of 
animations, and discussions, based on scientific and fantastic 
films, that has physical and astronomical aims. Together 
with lecture exposition, it is necessary to use physical and 
astronomic tasks, based on a mathematical school program. 
It is necessary for students to feel their potential in resolving 
independent scientific and theoretical researches, for 
example, as a part of the Junior Academy of Sciences.

One of the most important aims of the advanced 
training, according to the authors’ point of view, is also in, 
the extension of the professional teachers’ horizons to grow 
out of the school program and be available to familiarize 
their listeners with some new directions of modern physics 
and astronomy. Everybody understands that school lessons 
are limited in time, thus it is not possible to grasp impossible. 
Thus, it is better to concentrate on the aspects in modern 
physics as well as astrophysics that is fundamental both in 
theoretical physics and in experimental, as well technical 
one and used in space researches, but very limited by the 
school program, or not included in it.

The professional part of the program also includes 
lectures with astrophysical achievements, the views on the 
nonlinear paradigm of the world, the basic stages and origin 
of physics of fractals, quantum-mechanical approach on the 
substance structure. The astrophysical achievements of the 
latest decades are connected with to the results, combined 
with large (with apertures about 10 m) earth and on orbital 
telescopes with the receivers, operating in all spectrum 
of Hertzian waves. The financing of those astronomical 
researches can be only compared to the sums that are paid 
in nuclear physics.

The results were not long in coming. The new class of 
space bodies - substars (what by the way were envisaged 
in the Kharkiv University [8]) was explored; acceleration 
of Universe’s expansion, that is explained by the action of 
Repulsion law; gravity waves; the planets that, were found 
around the stars and called extrasolar planets. This list is 
not finished.

The modern teacher of physics should know the 
scientific terminology, that is used nowadays ("bifurcations", 
"fractals", "quasiparticles", "dark matter", etc), and it is 
constantly renovated, and specifications. As an example 
can be a "cosmography" term, that is now understood in 
a new way if to compare with XIX century, when it was 
used to name the whole astronomy. Now the cosmography 
in educational and scientific literature is a part of the star 
astronomy that studies the structure of Metagalaxy [9, 10].
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The new direction of research of named 
"Cosmophysics" appeared, that studies the basis of micro 
and macrocosm, their fundamental bond, that is shown 
through effects, studied in nuclear physics, astrophysics 
and cosmology. The unique possibility for the listeners 
of qualification upgrade courses are the lessons in an 
astronomical observatory. Teacher directly meets with the 
wide variety of telescopes (independence to that, what 
range of waves they are working with), with their work 
and the usage of them in different constructions - refractors 
and reflectors. The extra attention is paid to their usage in 
astrophysical researches, The exploration of the Sun (with 
a coelostat used), detection of relict and space gamma- 
radiation, gravitational waves etc.

During the qualification upgrade, the teachers visit 
the Museum of Astronomy (containing the history of 
Astronomic School of the Karazin Kharkiv National 
University from its foundation till current day and its 
place in Ukraine and abroad), Museum of nature, Landau 
Center. The final chapter of professional block covers 
the possibilities of teacher’s participation in international 
cooperation with other scientists. It means getting of 
educational grants, that make possible the experience 
interchange, have an internship, participate in researches 
and conferences, both on the territory of Ukraine and 
abroad.
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UV irradiation effect on the electrical properties 
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Electrical properties of double lead molybdate Pb2MoO5 single crystal were studied in AC field (f=1 kHz) after irradiation with 
UV light (290 K). It was found that UV irradiation caused appearance of maximums on permittivity ε and conductivity σ temperature 
dependences, which were observed around 530 K. The anomalies of ε and σ vanished after annealing at 700 K and could be restored by 
subsequent UV irradiation performed at room temperature. The magnitude of ε and σ peaks increased for higher exposition time. Above 
600 K conductivity σ was practically independent on irradiation. It is proposed that photoelectrons induced by UV light, are trapped by 
Mo located within the oxygen tetrahedrons with vacancy VO in one of the vertexes. The dipole moments of (MoO3)

- groups reorient at
VO hopping through the tetrahedron vertexes. Annealing at 700 K thermally decomposes (MoO3)

- complexes. For T > 600 K behavior
of σ(T) is determined by conduction currents and nearly insensitive to UV irradiation. At high temperatures the photoelectrons do not 
contribute to conductivity since they are bound in (MoO3)

- centers, recombine with holes or re-captured by more deep traps.
Keywords: dielectric relaxation and loss, UV light irradiation, double lead molybdate crystal.

І.П. Волнянська, М.П. Трубіцин, Д.М. Волнянський, Д.С. Бондар, Т.В. Швець
Електричні властивості монокристалів подвійного молібдату свинцю Pb2MoO5 вивчалися в змінному полі (f=1 кГц) після 

опромінення ультрафіолетовим світлом (290 K). Виявлено, що УФ опромінення призводить до появи максимумів на температурних 
залежностях діелектричної проникності ε і провідності σ, які спостерігаються поблизу 530 К. Аномалії ε і σ зникають після відпалу 
при 700 К і можуть бути відновлені наступним УФ опроміненням, який проводився при кімнатній температурі. Величини піків 
ε і σ збільшуються для більш тривалих часів експозиції. Вище 600 К провідність σ практично не залежить від опромінювання. 
Передбачається, що фотоелектрони, індуковані УФ світлом, захоплюються Мо, що знаходяться в кисневих тетраедрах з вакансією 
VO в одній з вершин. Дипольні моменти (MoO3)

- груп переорієнтуються при стрибках VO по вершинах тетраедра. Відпал при 700
K призводить до термічного руйнування (MoO3)

- комплексів. При T > 600 К поведінка σ(T) визначається струмами провідності і є
майже нечутливою до УФ-опромінення. При високих температурах фотоелектрони не дають вкладу в провідність, оскільки вони 
пов'язані в (MoO3)

- центрах, рекомбінують з дірками або повторно захоплюються більш глибокими пастками.
Ключові слова: діелектричні релаксація і втрати, опромінення УФ світлом, кристали подвійного молібдату свинцю.

И.П. Волнянская, М.П. Трубицин, Д.М. Волнянский, Д.С. Бондарь, Т.В. Швец
Электрические свойства монокристаллов двойного молибдата свинца Pb2MoO5 изучались в переменном поле (f=1 кГц) 

после облучения ультрафиолетовым светом (290 K). Обнаружено, что УФ облучение приводит к появлению максимумов 
на температурных зависимостях диэлектрической проницаемости ε и проводимости σ, которые наблюдаются вблизи 530 
К. Аномалии ε и σ исчезают после отжига при 700 К и могут быть восстановлены последующим УФ облучением, которое 
проводилось при комнатной температуре. Величины пиков ε и σ увеличиваются для более длительных времен экспозиции. 
Выше 600 К проводимость σ практически не зависит от облучения. Предполагается, что фотоэлектроны, индуцированные УФ 
светом, захватываются Мо, находящимися в кислородных тетраэдрах с вакансией VO в одной из вершин. Дипольные моменты 
(MoO3)

- групп переориентируются при прыжках VO по вершинам тетраэдра. Отжиг при 700 K приводит к термическому
разрушению (MoO3)

- комплексов. При T > 600 К поведение σ(T) определяется токами проводимости и почти нечувствительно
к УФ-облучению. При высоких температурах фотоэлектроны не вносят вклада в проводимость, поскольку они связаны в 
(MoO3)

- центрах, рекомбинируют с дырками или повторно захватываются более глубокими ловушками.
Ключевые слова: диэлектрические релаксация и потери, облучение УФ светом, кристаллы двойного молибдата свинца.
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Introduction
Because of monoclinic structure, double lead 

molybdate Pb2MoO5 crystal is optically biaxial and 
considered as the perspective material for applications in 
acousto-optic devices [1, 2]. Nevertheless, light yellow 
coloration and low optical strength hinder its commercial 
usage. Obviously, that these shortcomings are caused 
by the structural defects. Accounting high volatility 
of molybdenum and lead oxides, certain Mo and Pb 
deficiency can be expected in as-grown crystals. Cationic 
deficiency causes corresponding Schottky type disorder in 
oxygen sub-lattice. Acting as the traps for electrons and/or 
holes, the vacancies of the host ions can create the states 
within bandgap that modifies optical properties and leads to 
coloration and photochromism. Growing the crystals with 
certain non-stoichiometry and doping with heterovalent 
impurities can be the effective ways to reduce the content of 
undesirable defects. The information on the local structure 
of the defects, which degrade optical properties of Pb2MoO5, 
is of great importance. 

Up to now there are only a very few works devoted 
to investigations of optical [2], acoustic [3], and dielectric 
[4] properties of Pb2MoO5 crystal as well as studying 
electronic structure and EPR [5,6]. In particular, slow 
dielectric relaxation was observed in as-grown crystal [4]. 
It was shown that after heating up to 600-700 K, ε anomaly 
disappeared. Temperature-frequency dependencies of ε 
demonstrated behavior quite different from usual Debye-
like relaxation. Namely, with increasing frequency of 
measuring field, ε(T) peaks decreased in amplitude but 
almost did not shift by temperature. Such behavior gave 
evidence that in the temperature range of ε anomaly, the 
dipole defects contributing to dielectric relaxation were not 
stable and their thermal decomposition became noticeable.

Slow dielectric relaxation, observed in [4], could be 
associated with certain dipole complexes involving ionic 
and electronic defects. In order to examine the nature of 
the dipole defects, in this paper we study permittivity ε and 
conductivity σ of the Pb2MoO5 crystals subjected previously 
to UV irradiation.

Experimental results 
The Pb2MoO5 single crystals were grown from the 

melts by Czochralsky method, the information on the 
technology can be found in [7]. The samples for ε and σ 
measurements were prepared as the plane-parallel plates 
with the main surfaces (010) coated with Pt electrodes. 
Permittivity ε and conductivity σ were measured in AC 
field (f=1 kHz) by bridge method. Temperature of the 
samples was varied in the interval 290–700 K. Before each 
measuring cycle the short-circuited samples were annealed 
for 30 min at 700 K in order to eliminate ε relaxation 
observed in [4]. After annealing the samples were cooled 
to room temperature and through the end faces irradiated 

with UV light of mercury ball lamp during the certain time 
which was varied up to 60 min. Then ε and σ were measured 
on heating run, performed with the rate 8 K/min. After that 
the samples were kept at 700 K (30 min), cooled to room 
temperature, irradiated for chosen time and the measuring 
cycle was repeated.

Fig.1 shows the dependencies ε(T) and σ(1/T) for 
Pb2MoO5 sample irradiated at room temperature. One can 
see that irradiation causes appearance of ε(T) maximum 
which magnitude increases for longer times of exposure 
(Fig.1a). Fig.1b shows the temperature dependences 
of conductivity σ plotted in Arrhenius scale. The broad 
maximums, observed for irradiated crystals around 530 K, 
are caused by dielectric losses accompanying ε relaxation 
(Fig.1a). At higher temperatures the dependences σ(1/T) 
are nearly linearized and almost independent on the time 
and the doze of UV irradiation. 

Fig. 1. Volnyanskaya I.P. et al
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The detected dielectric anomalies (Fig.1a) indicate that 
UV irradiation induces defects with electric dipole moment 
in the Pb2MoO5 structure. Maximums of ε and σ disappear 
after annealing at 700 K, which preceded each measuring 
cycle. Thus, the dipole defects are thermally destroyed after 
annealing and can be recovered by subsequent irradiation 
at room temperature. Dielectric losses, accompanying 
reorientations of the defects dipoles, give rise to maximums 
in σ(1/T) dependences (Fig.1b). At higher temperatures σ 
behavior is practically independent on UV irradiation 
exposure time since conduction currents become the 
main process. Nevertheless, some slight decrease of σ for 
the samples irradiated for longer exposure times can be 
mentioned.

Discussion
The crystal structure of Pb2MoO5 belongs to C2h

3 space 
symmetry group [8, 9]. The unit cell includes four formula 
units Z=4 and has the parameters a=14.206 Å, b=5.759 
Å, c=7.284 Å with the monoclinic angle β=114.29° in the 
setting b||[010]||C2. Molybdenum with four oxygen atoms 
O1, O2, O2', O3 form MoO4 tetrahedra. Lead atoms occupy 
two inequivalent sites Pb1 and Pb2. The Pb2MoO5 unit cell 
contains additional oxygen atom O4, which is surrounded 
by tetrahedron of four lead atoms. O4 atoms occupy specific 
positions and form the rows along symmetry axis C2||b. 

Discussing the nature of the dipole defects, 
induced by UV irradiation, one can make certain 
assumptions based on the recent results presented in 
[10]. The photoinduced defects were studied by EPR and 
photoluminescence methods in PbMoO4 crystal which 
is another representative of PbO-MoO3 system. Besides 
that, it is useful to account information on various types 
of photoinduced defects arising in lead tungstate PbWO4 
crystal [11-13]. As it was noted in [10], EPR spectra of 
the light induced defects in PbMoO4 and PbWO4 were 
similar and characterized by very close spin- Hamiltonian 
parameters. Thus, the models of the photoinduced defects, 
proposed for PbWO4 [11-13], with certain remarks can be 
used for PbMoO4. In particular, it was shown [10], that 
irradiation of PbMoO4 (λ=420 nm) at low temperatures 
(35 K) induced photoelectrons trapped by regular Mo ions: е- 
+ (MoO4)

2- → (MoO4)
3-. Such polaron centers are relatively 

shallow (the depth was estimated as Et=0.05 eV below the 
conduction band bottom) and exist up to 40-50 K. At higher 
temperatures the (MoO4)

3- centers are thermally destroyed 
that was manifested by disappearance of the EPR spectrum 
and thermally stimulated luminescence glow. Some part 
of released photoelectrons recombine with holes and the 
rest are captured by deeper traps. The latter are formed by 
oxygen vacancy VO and neighboring lead ion capturing an 
electron: VO – Pb+. These F+ centers are thermally stable 
up to 180-190 K (Et=0.55 eV) and decompose on further 
heating. The most stable photoinduced centers can exist up 

to room temperature and even above (Et=0.9 eV). Accurate 
studying the EPR spectra anisotropy showed that such 
centers are formed by W(Mo) – O tetrahedrons distorted by 
VO and stabilized by the unidentified defect in neighboring 
Pb site: (W(Mo)O3)

- – APb.
Accounting the results in [10-13], one can suppose 

that the dipole defects, induced by UV light and giving rise 
to the maximums of ε and σ (Fig.1a, b), can be attributed 
to photoelectrons captured by molybdenum atoms within 
tetrahedrons distorted by oxygen vacancy (MoO3)

-. Quite 
possibly, such complexes can be stabilized by additional 
defect in the next coordination spheres similarly to the 
defects observed by EPR in PbWO4. Excess negative 
charge of molybdenum capturing photoelectron, and 
excess positive charge introduced by VO , produce electric 
dipole moments of the distorted (MoO3)

- tetrahedra. Due to 
thermal activation VO can hop through the vertexes of the 
(MoO3)

- complex. Such hopping results in reorientation of 
the (MoO3)

- group electric dipole moment and contributes 
to permittivity and conductivity anomalies shown in Fig.1a, 
b. It should be noted that apart from molybdenums, lead
atoms represent probable traps for photoelectrons. In such 
case one can expect appearance of F+ centers consisting 
of photoelectron trapped by lead with neighboring oxygen 
vacancy: Pb+ – VO. For these centers dipole moment can 
reorient through motion of the photoelectron between 
structurally equivalent lead sites.

Fig.1b shows that magnitude of σ maximums around 
530 K increases for longer times of exposure. That reflects 
growth of dielectric losses and confirms that photoelectrons 
participate in formation of the photoinduced dipole centers. 
Above 600 K σ(1/T) dependences are nearly independent 
on the time of UV light irradiation. One can conclude that 
the photoelectrons do not contribute to charge transfer 
because they are bound in dipole complexes (presumably 
(MoO3)

- centers), recombine with holes or get captured by 
more deep traps.

The assumptions given above can be confirmed by the 
following experiments. Fig.1 shows that the magnitudes of ε 
and σ maximums depend on the time of UV irradiation. The 
latter determines the dose of UV irradiation and the number 
of excited photoelectrons. Besides that, the magnitude of ε 
and σ anomalies should depend on the content of another 
oppositely charged defects which form the photoinduced 
dipole centers. Hence annealing the Pb2MoO5 crystals at 
different temperatures and in various atmospheres (air, 
argon, vacuum) should verify the assumed role of oxygen 
vacancies in formation of the photoinduced dipole centers. 
Of course, the most direct information can be obtained by 
using EPR spectroscopy. Study of EPR spectra anisotropy 
can give most direct information on the local structure of 
the photoinduced dipole centers in Pb2MoO5 crystal. Such 
experiment is now in progress.
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Conclusions
Dielectric permittivity and electrical conductivity were 

studied in Pb2MoO5 single crystals irradiated with UV light 
at room temperature. It is shown that UV irradiation causes 
appearance of ε(T) and σ(T) anomalies around 530 K (AC 
field frequency f=1 kHz). This fact demonstrates that the 
photoelectrons induced by irradiation, participate in formation 
of the dipole centers contributing to ε and σ maximums. 
Isothermal treating at 700 K results in thermal disassociation 
of the dipole defects. The local structure of the photoinduced 
dipole defects is discussed on the basis of the available data. 
It is proposed that dielectric relaxation in Pb2MoO5 crystals 
irradiated with UV light is determined by (MoO3)

- complexes. 
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In January 2018, during the celebration of the anniversary of the foundation of Kharkiv University, Physics between 
the chair works began at the Physics Faculty. The decision of the Academic Council of the Physical Faculty was appointed 
by the head of the seminar prof. Shklovsky Valery Aleksandrovich and the secretary of the seminar assistant professor. 
Savchenko Olena Maksimovna.

The purpose of the seminar is to inform colleagues about the research results, current scientific publications, recent 
achievements in physics; discussing the prospects for joint research, strengthening the interaction between the theoretical 
and experimental links of the faculty, and the possibilities of more efficient use of experimental equipment.

Frequency of seminars - 1 time per month, total duration of the event is 60 minutes.
The audience - employees, graduate students, students.
Colleagues from other universities and research institutes are invited to report.
Please send applications to the report at olena.m.savchenko@gmail.com. In the application it is necessary to specify 

the regalia of the speaker, the place of work, the contact phone number, the title of the report, the desired date. Reports 
are accompanied by a computer presentation. Simultaneously with the application, the speaker must submit abstracts 
(abstract) in English for publication in the journal "The Bulletin of Kharkiv National University named after VN Karazin." 
Physics series ".

Below are abstracts of reports ...?
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Microwave-stimulated superconductivity in the vortex state

V. M. Bevz, R. V. Vovk, V. A. Shklovskij, A.I. Bezuglyj, O.V. Dobrovolskiy

V.N. Karazin Kharkov National University, Svoboda Sq. 4, Kharkov, Ukraine, 61022
dobrovolskiy@physik.uni-frankfurt.de

In the mixed state of type-II superconductors penetrated by an external magnetic field in the form of a lattice of 
Abrikosov vortices, the dc resistance is known to increase with increasing velocity of the vortex lattice [1]. Accordingly, 
vortex pinning sites impeding the vortex motion are widely used to preserve the low-dissipative response of the system 
[2]. In our recent experiments we subjected    superconducting Nb films with nanogrooves to a high-frequency ac current 
stimulus [3-5]. By tuning the number of mobile and pinned vortices by varying the magnetic field around the so-called 
matching values, Fig. 1, we observe a completely opposite effect [6]. Namely, the vortex-related microwave excess loss 
for mobile vortices becomes smaller than for pinned vortices in a certain range of power levels at ac current frequencies 
above 100 MHz. This is distinct from the well-known phenomenon of microwave-stimulated superconductivity in the 
Meissner state [7, 8]. Thus, our findings appeal for the development of a theory of microwave-stimulated superconductivity 
in the vortex state. Generalization of the theory is currently under way and the theoretical results soon will be presented 
in comparison with the experimental data.[1] E. H. Brandt, Rep. Progr. Phys. 58 (1995) 1465.

Fig. 1. Vortex-related microwave losses as a function of 
the magnetic field value for a series of microwave power 
levels, as indicated. While at lower ac power levels, the 
microwave loss is minimal at the so-called matching 
values (7.2 mT and 9.6 mT), when the vortex lattice is 
commensurate with the periodic pinning nanostructure, 
at high power levels the minima turn into maxima 
indicating that pinned vortices dissipate less than the 
mobile ones. 
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Activities of the Physicochemical Section of the Society of 
Experimental Sciences at the Kharkov Imperial University 

(1872-1915)

V.P. Poyda
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He, in particular, reported that the first meeting of the Society of Physico-Chemical Section of Experimental Sciences 
at the Kharkov Imperial University was held on December 19, 1872. In 1893, the section gained an independent existence 
under the name of the "Society of Physical and Chemical Sciences at the Kharkov Imperial University". The section, 
then the society, had its own library and its own means. The society published the minutes of meetings and annexes to 
the minutes in which the scientific works of members of the society and their dissertations, reports of the treasurer and 
the librarian were printed. Having studied the minutes of the meetings of the physico-chemical section, we can note 
the following sections of its activities: scientific, public and social-practical. Scientific activity was mainly expressed 
in reading reports on original experimental and theoretical studies of members of society, as well as in reading essays. 
Members of the society gave presentations on chemistry, physics, meteorology and some other issues of natural science. 
The meetings also addressed issues of methods of teaching physics and chemistry, demonstrated new physical devices 
acquired in the university’s physical office or designed by members of society. There were also reports devoted to the 
celebration of scholars or the reading of obituaries about scholars, including members of society who have passed away.



Вісник  ХНУ, серія «Фізика»,  вип. 29, 2018. с. 56-66

59Вісник  ХНУ,  серія «Фізика»,  вип. 29, 2018

Section: Physics seminar

We discuss the first scientific hypotheses of the hierarchical structure of the world (T. Wrigt (1750), I. Kant (1755), J. 
Lambert (1771)) and astronomical research results XVIII-XIX centuries, which confirmed the correctness of these ideas. 

The modern understanding of the structure of the Universe is analyzed. The Solar system is considered as an ordinary 
planetary system. Further, neighborhood of the Sun is characterizes: from the nearest stars and their clusters to the strucyure 
of the Local Stellar System (Gould belt). The structure of this astronomical object has all the signs of small galaxy and can 
be seen as intermediate system between the Milky Way and systems of stars and planets, the existence of which mentioned 
Lambert in XVIII century. 

Structure of the Galaxy, of the Our Stellar System, subgroup of the Andromeda Nebula analyzed as components of 
the Local Group of galaxies (LG). The special attention is paid to their astrophysical, kinematic and dynamic properties. 
Outside the Local Group of galaxies its nearest neighborhood and a large structure is analyzed – Local Supercluster (LS), 
in which it is included. Further seen gipercluster Laniakea, that includes the LS and its neighborhood. Characterized 
neighbors gipercluster Laniakea: gipercluster Perseus-Pisces and Local Void. These are the largest ordered structures in 
the Universe. 

A map of the nearest superclusters to the LG, with located closer 1 Gyr. where has seen a network structure of the 
Universe is included. The part of the Universe, bounded by the Hubble radius, and its properties are discussed. This region 
has all the features of a black hole as it would be seen by the observer from outside.

Structure of the universe: hierarchical model

V. А. Zakhozhay

V.N. Karazin Kharkov National University, Svoboda Sq. 4, Kharkov, Ukraine, 61022
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Peculiarities of the critical dynamics in magnetically uniaxial 
PbFe12O19 hexaferrite

A. A. Bezlepkin*, S. P. Kuntsevich

V.N. Karazin Kharkov National University, Svoboda Sq. 4, Kharkov, Ukraine, 61022
*e-mail: anatoliy.a.bezlyepkin@univer.kharkov.ua

The conditions under which the thermodynamic theory of the critical slowing-down of the order parameter relaxation 
rate describes the behavior of magnetically uniaxial crystals are formulated. Taking into account the formulated conditions, 
the peculiarities of the dynamic magnetic susceptibility and the critical slowing-down of the magnetization relaxation rate 
of PbFe12O19 in the vicinity of the Curie temperature are studied. The obtained experimental results agree well with the 
droplet model of phase transitions. Based on the experimental data, an estimated value of the correlation length for the 
magnetization in the temperature area of the critical slowing-down of the relaxation rate is obtained within the droplet 
model.
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The phenomen of pseudogap in high-temperature superconductors. 
The model of local pairs and the role of the interaction 

of superconductivity and magnetism

A. L. Soloviev
Shortly after the discovery of high-temperature superconductors (HTSCs), it became clear that in addition to the high 

critical temperature of the superconducting transition Tc, they possess a number of other unusual properties. This is a low 
density of charge carriers nf, which even in optimally doped samples is an order of magnitude smaller than in ordinary 
metals, strong electronic correlations, quasi-two-dimensionality, caused by conductivity along the conducting planes of 
CuO2, and, consequently, a strong anisotropy of electronic properties. But the most mysterious property is the pseudogap 
(PG), which opens at T * >> Tc.

The physical nature of the PG is still not clear. One point of view is that PG has a magnetic nature. However, we 
share the view that the PG arises as a result of the formation of paired fermions - Local pairs (LP) at T≤T *. It is important 
that the description of the PG-state within the LP model makes it possible to explain practically all the effects observed in 
HTSCs, whereas the "magnetic" approach, as a rule, explains only the linear dependence of the resistance at high T and 
the anomalous dependence of the Hall effect.

The LP theory was developed by Imery-Kivelson, who showed that the "superfluid" charge carrier density and the 
rigidity of the superconductor wave function in HTSCs are preserved up to temperatures significantly exceeding Tc. It was 
also theoretically shown (Randerya's papers) that at high temperatures LPs exist in the form of strongly coupled bosons 
(BCBs), obeying the Bose-Einstein condensation theory (BEC). With decreasing temperature, the SCBs are transformed 
into fluctuation Cooper pairs, obeying the classical BCS theory as T approaches Tc. Thus, the theory predicts the BEC-
BCS transition with decreasing temperature.

After this, a considerable number of experiments were carried out, confirming the conclusions of the theory. Signs 
of PG were observed in the study of magnetization in thin YBCO films containing micron holes; in the study of tunnel 
and Andreev contacts and excess current; and in numerous experiments using ARPES (Angle Resolved Photoemission 
Spectroscopy). In the experiments with ARPES one more, very unexpected phenomenon was discovered, namely: the 
so-called Fermi arcs on the Fermi surface, which emphasize the unusual properties of HTSC.

It should also be noted that within the Local Pairs model, we proposed a method for analyzing the magnitude and 
temperature dependence of the PG in HTSCs, the results of which coincide perfectly with the data of the studies using 
ARPES. All the results underscore the appreciable role of spin-density waves in the formation of the PG state in HTSCs.
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Calcium-phosphate biomaterials

Z. Zyman

V.N. Karazin Kharkov National University, Svoboda Sq. 4, Kharkov, Ukraine, 61022, Department of Physics

The report is an overview on calcium phosphates (CP’s) which are prospective and also used as bioactive materials. 
CP’s with Ca/P ratio in the range of 1.0 – 1,67 are considered. A comparison between the mineralized part of a bone and 
the synthetic CP with a Ca/P = 1,67 (hydroxyapatite, HA) is given. The similarity of the main chemical and structural 
characteristics of these substances enables studying the formation and evolution of bone as processes under wet 
precipitation of synthetic HA. The nucleation, formation and crystallization of HA under conditions mimicking those 
in vivo are detailed. A few other accepted methods of HA preparation are also presented. Several biomaterials for bone 
substitution have been developed. The majority of them are ceramics. The most widespread procedures of CP ceramics 
(CPC) fabrication are described. A number of CPC’s based on HA and other related materials are characterized. CPC’s 
developed at the Physics of Solids Dept. of Kharkiv University are presented. They are based on HA and β-tricalcium 
phosphate (Ca/P = 1.5). The peculiarities of the Kharkiv materials comparatively to functional characteristics of other 
similar CPC’s are discussed. The results of biological tests and several clinical uses are given.

   The future trends in the development of CP biomaterials are highlighted, particularly on highly prospective materials 
such as calcium phosphate cements, nanoparticles, gradient functional materials etc., and pioneer studies and practical 
results in this area at the Department are outlined.
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The zeros of matrix polynomials orthonormal on an interval

Yu.M. Dyukarev

V.N. Karazin Kharkov National University, Svoboda Sq. 4, Kharkov, Ukraine, 61022

Let B denote the σ-algebra of Borel subsets of the real line � . A mapping σ from B to the set of nonnegative matrices 
is called a nonnegative matrix measure if
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A sequence of matrix polynomials 1( )j jP �
�

 is called orthonormal with respect to the nonnegative matrix measure σ 
if the following conditions are satisfied:

1) the matrix polynomial Pj(t) is a polynomial of degree j whose coefficients are m×m matrices;
2) the leading coefficient of the matrix polynomial Pj(t) is a positive matrix;
3) the matrix polynomials Pj(t) are orthonormal with respect to the nonnegative matrix measure σ

 * 1,
( ) ( ) ( ) , .

0,j k jk m jk

j k
P t dt P t I

j k
� � �

��
� � � ��

�  

Theorem 1 (see [1],[2],[3])). Let a sequence of matrix polynomials 1( )j jP �
�  is orthonormal with respect to the 

nonnegative matrix measure σ. Then the zeros of polynomials det Pj(t) are real.

Theorem 2 (see [4],[5]). Let a sequence of matrix polynomials 1( )j jP �
�  is orthonormal with respect to the nonnegative 

matrix measure σ. Then:
1) if support of the nonnegative matrix-valued measure σ is contained in the closed half-axis [α,+∞) then the 

polynomials det Pj(t) have zeros on the open half-axis (α,+∞);
2) if support of the nonnegative matrix-valued measure σ is contained in the closed half-axis (-∞,β] then the 

polynomials det Pj(t) have zeros on the open half-axis (-∞,β);
3) if support of the nonnegative matrix-valued measure σ is contained in the closed interval [α,β] then the polynomials    

det Pj(t) have zeros on the open interval (α,β).

References
1. A. J. Duran and P. Lopez-Rodriguez, "Orthogonal matrix polynomials: zeros and Blumenthal's theorem", J. Approx. 

Theory, 84 (1996), 96-118.
2. C. Berg, "The matrix moment problem", Coimbra lecture notes on orthogonal polynomials (A. J.P. L. Branquinho 

and A.P. Foulquie Moreno, eds.), Adv. Theory Spec. Funct. Orthogonal Polynomials, Nova Sci. Publ., New York 
2008, pp. 1–57.

3. D. Damanik, A. Pushnitski, and B. Simon, "The analytic theory of matrix orthogonal polynomials", Surv. Approx. 
Theory, 4 (2008), 1-85.

4. Yu. M. Dyukarev, “Geometric and operator measures of degeneracy for the set of solutions to the Stieltjes matrix 
moment problem”, Sb. Math.,  207:4 (2016), 519–536

5. Yu. M. Dyukarev, "On the zeros of determinants of matrix-valued polynomials orthonormal on a semi-infinite or 
finite interval", SB MATH, 2018, 209, DOI:10.1070/SM9004.



Вісник  ХНУ, серія «Фізика»,  вип. 29, 2018. с. 56-66

64 Вісник  ХНУ, серія «Фізика»,  вип. 29, 2018

Section: Physics seminar

Spin-wave phase inverter upon a single nanodefect

O. Dobrovolskiy
Local modification of magnetic properties of nanoelements is a key to design future-generation signal processing 

systems in which information is encoded in the spin-wave phase. Among greatest challenges in nano-magnonics is 
keeping phase-setting elements tunable, simple, and miniature. In my talk, I will present a tunable spin-wave phase shifter 
realized upon a single nanogroove milled by focused ion beam in a Co-Fe microsized magnonic waveguide. By increasing 
the groove depth and the in-plane biasing magnetic field we continuously tune the spin-wave phase and experimentally 
evidence a complete phase inversion. The microscopic mechanism of the  phase inversion is based on the combined action 
of the nanogroove as a geometrical defect and the reduced magnetization in the waveguide just below the nanogroove. 
The presented results are relevant for spin-wave phase-tuning in magnonic circuits and stearing of spin-wave beams in 
spin-wave nano-optics by analogy with phased-array antennnas for electromagnetic waves in radiolocation.
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Perfecticity history of opening and modern state study

V. P. Poyda

1V.N. Karazin Kharkiv National University, 4 Freedom Square, Kharkiv, 61022, Ukraine

The report presents literary data on the history of the opening of structural suprapubicity (SNP) and examines 
the current state of experimental research on the physical nature of this effect. The theoretical notions about SNP are 
considered and examples of its practical use in materials processing technologies are given.

It has been shown that for materials that exhibit the SNP effect, a combination of low strain flow (σ = 100 ÷ 101 
MPa), a significant relative elongation of samples prior to destruction (δ = 102 ÷ 103%) and a high value of the rate of 
velocity pressure velocity deformation (m = 0,3 ÷ 0,8).

It has been established that the velocity of the superplastic deformation (NAP), which lies in the range (depends on 
the temperature-speed conditions of deformation, and on the characteristics of the microstructure of the material. SNP 
exhibit metallic alloys and composite materials on their basis, as well as ceramic materials with large, small, ultra-fine 
and sub-micron grains during their deformation in certain temperature-high-speed conditions under certain stable values 
of high homologous temperatures. Also promising for the manifestation of the supernatural effect is also in isokoentropy 
alloys.In the case of aluminum alloys, the main traditional and new methods of forming and stabilizing ultra-fine and sub-
micronized grain, in particular, the method of equal-channel angular pressing and friction stir welding, are considered. 
It is shown that SNP is divided into several types on the basis of the homologous temperature at which the deformation 
takes place: on the low-temperature SNP, on the usual (micro-grain) SNP and on the high-temperature (sub-solid) SNP. 
By value of the deformation rate, SNPs are conventionally divided into low-speed and high-speed.It has been established 
that SNP samples made from a number of multi-component alloys and composite materials based on aluminum are 
manifested at pre-melting temperatures with the presence of grains of the cells of the metastable liquid phase formed on 
their boundaries when they are heated to the test temperature due to partial melting of the alloy.It was established that 
the NAP of metallic materials with ultra fine-grained structure, which passes at high homologous temperatures and low 
deformation rates, is carried out at the expense of cooperative development in grains and on their boundaries of several 
deformation and accomodation micromechanisms, namely: grain boundary slip, intragranular dislocation slip, diffusion 
creep .In order to explain the mechanism of the NAP of samples that were transformed into hundreds and thousands of 
percent by uniaxial stretching in solid or solid-liquid states, complex mesoscopic and microscopic models were proposed 
that included various deformation mechanisms and physical processes, the simultaneous action of which ensures the 
implementation of a stable flow. Despite the fact that existing SDA models at a qualitative level, to some extent, explain 
the overwhelming majority of experimentally observed facts, the theory of SDP has not yet been developed.
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Massive graviton in Minkowski and de Sitter space-time

Yu. P. Stepanovsky1,2

1V.N. Karazin Kharkiv National University,
4 Freedom Square, Kharkiv, 61022, Ukraine,

artem.gradysky@gmail.com.
2National Science Center “Kharkov Institute of Physics and Technology”,

Akademichna Street 1, Kharkiv, 61108, Ukraine,
yustep@kipt.kharkov.ua.

The direct observation of gravitational waves in 2015 has drawn attention to a problem on existence of graviton mass. In the 
case of Minkowski space-time it is considered to be that the 2S + 1 linearly independent  states of polarization of a relativistic massive 
particle are reduced to two states with helicities ±S (that is with projections of spin ±S on a direction of movement of a particle). 
The inaccuracy of this opinion is shown in the case of massive graviton, the special case of particles with spin 2. Also properties of a 
gravitational wave in the de Sitter space-time which represents good approach model of a modern state of our extending with 
accelera-tion Universe are analysed. It is shown, that in the de Sitter universe (and, hence, and in our real Universe) the graviton is not 
massless: the square of its mass is negative,                                   , where Λ is Einstein cosmo-logical constant, i.e. graviton mass is 
purely imaginary number modulo  33 2| | 1,70 10 eV/сgm −= ⋅ .

2 2( / ) 2 / 3gm c= − Λ



Эта история началась давно. 
Выполнив курсовую работу в 
лаборатории Чайковского Эдуарда 
Феликсовича, человека и учёного, 
которым нельзя не восхищаться, я был 
огорчён и поставлен в довольно трудное 
положение тем, что в связи с переходом 
в НИИ Монокристаллов в качестве 
зам. директора по научной работе, 
мне дали новую тему для дальнейшей 
научной работы на  кафедре. Задела по 
новой тематике у меня не могло быть 
по определению. Но ещё большие 
потрясения я испытал от последующих 
событий. Мне была определена новая 
тема, основной задачей которой было 
повторить (или проверить) опыты 
американцев по выращиванию и 
исследованию механических свойств 
нитевидных кристаллов или усов (от 
англ. whiskers), в моём случае усов 
меди. Моим руководителем стал сам 
зав. кафедрой физики твёрдого тела 
доктор физ.-мат. наук профессор Борис 
Яковлевич Пинес, и это было неплохо, 
хотя и страшновато, ведь о нём ходили 
такие легенды и страшилки!? Моим 
микро-шефом, как тогда называли, 
назначили ассистента Крота Юлия 
Александровича, для осуществления 
непосредственного руководства, ну и 
всяческой помощи. И эта помощь не 
замедлила явить себя.

Я никогда не забуду нашу 
первую встречу. После короткого 
наспех сделанного инструктажа возле 
установки, выглядевшей прямо скажем 
мрачно и убого, он меня прямо озадачил. 
Он вдруг выложили, что эта тема его 
ни в малейшей степени не интересует, 
что вскоре он будет заниматься другой 
далёкой от этой тематики проблемой 
в связи с переходом на работу в ФТИ 
низких температур. Далее ещё хуже: 
помощи никакой от него мне не стоит 
ждать, её просто не будет. Кроме того, он 
снимает с себя всякую ответственность 
и во всём, что я сделаю или не сделаю, 
виноватым буду только я сам. Надо 
сказать ни тогда, ни потом я никогда 
не встречался с подобным отношением 
руководителя к своим дипломникам. 
Мои однокурсники и друзья были 
просто  в шоке, когда узнали об этом. 

Проглотив эту первую горькую 
пилюлю, я не стал никому жаловаться, 
а не без злого азарта решил, что 
получу нитевидные кристаллы меди 
сам. Но шли дни и недели, а усы 
упорно не хотели расти. Что я только 
не делал, бесконечно градуировал фи-
прибор для измерения температуры, 
перебирал в энный раз установку. Она 
представляла собой приспособленную 
вакуумную печь с внешним водяным 
охлаждением и вертикальным 

Воспоминание о Борисе Яковлевиче Пинесе

Андронов В. М.

Харьковский национальный университет имени В.Н. Каразина



трубчатым нагревательным 
элементом, в качестве термоизолятора 
использовался битый фарфор. Корпус 
был выполнен из обычной стали и 
страшно коррозировал, поскольку 
продуктом реакции восстановления 
были пары соляной кислоты к тому же 
нагретой до 650 градусов. Она оседала 
на холодных стенках печи вместе с 
парами однохлористой меди и после 
каждого опыта всё это накапливалось 
на дне стального корпуса печи. О какой 
чистоте этого устройства можно было 
говорить!? При открывании печи пары 
кислоты выходили наружу и изрядно 
портили атмосферу в лаборатории, а 
главное были очень вредны для верхних 
дыхательных путей. Наконец после 
многочисленных бесплодных попыток 
вырастить нитевидные кристаллы 
меди по  методике столь самозабвенно 
разрекламированной Кротом Ю.А. в 
своей статье в сборнике, посвящённом 
памяти Б.Я, Пинеса, меня осенило. 
Так как я не доверял измерениям 
температуры в печи, то решил поставить 
эксперимент по подбору условий 
выращивания чисто эмпирическим 
путём. Я поставил несколько тиглей с 
однохлористой медью один в другой, 
чтобы перекрыть всю разумную 
зону нагрева. Температуру реакции 
выбрал заведомо выше с тем, чтобы с 
учётом градиента температур  в печи 
посмотреть, где же они (усы) вырастут 
лучше всего, в какой зоне нагрева. 
А затем туда и буду ставить тигли 
для последующего их выращивания. 
И… о, чудо! Мои старания сразу же 
были вознаграждены. В первом же 
эксперименте на одном из тиглей я 
получил… нет не усы, а целую бороду 

нитевидных кристаллов. В дальнейшем  
мне только так и удавалось растить 
кристаллы, два тигля вставлялись один 
в другой и на дне с внешней стороны 
получались усы. За это получил 
громкую похвалу от Бориса Яковлевича, 
он же Б.Я., он же ДОКТОР, так мы 
его звали  между собой: студенты, 
аспиранты, сотрудники. Надо сказать, 
что в отличии от моего микрошефа Ю. 
А. Крота, макрошеф Борис Яковлевич 
постоянно следил за моей работой, 
заходил в лабораторию и справлялся, 
как идут дела.

Нитевидные кристаллы росли 
хорошо, и теперь можно было подумать  
об их испытаниях. К этому времени 
была изготовлена в мастерской 
кафедры установка для механических 
испытаний нитевидных кристаллов. 
Принцип был очень прост. Магнитный 
сердечник втягиваться в соленоид это 
усилие передавалось на нитевидный 
кристалл. Установка калибровалась 
и по току, текущему через соленоид, 
таким образом, определялась сила, 
приложенная к образцу. Я намотал 
соленоид, но ошибся в сечение провода, 
взял слишком тонкий.

Время на перемотку не было, 
Б.Я. должен был прийти с проверкой. 
Во время его последнего посещения 
лаборатории я пообещал ему, что скоро 
смогу показать работу испытательной 
машины. И тут как назло этот 
прокол с соленоидом. Надо было 
увеличить напряжение для получения 
достаточного тока в соленоиде. Одной 
батареи аккумуляторов из 6 банок не 
хватало. Надо сказать, что дипломную 
работу я выполнял на практикуме по 
металлофизики для студентов 3 курса. 



Это был огромный зал, в котором было 
смонтировано ну, наверное, около сотни 
лабораторных работ. Были там и такие, 
которые требовали аккумуляторов. Я не 
придумал ничего лучшего, как собрать 
необходимое количество аккумуляторов 
для того, чтобы поднять напряжение 
и получить искомое значение тока в 
соленоиде. Для этого потребовались 
чуть ли не все аккумуляторы, которые 
были на практикуме. В назначенный 
день Борис Яковлевич явился как часы. 
Я ему показал действие установки на 
заранее смонтированном нитевидном 
кристалле, который я на его глазах 
разорвал, и мы получил его прочность. 

Борис Яковлевич только теперь 
обратил на огромное поле, заставленное 
аккумуляторами, и всполошился. 
Он спросил у меня, а где я их взял. 
Вспомним, как он любил образно 
растолковывать свои мысли, пользуясь 
примерами из жизни. Когда он узнал, 
где я взял аккумуляторы, он мне сказал: 
« Владимир Михайлович, представьте 
себе, что вы идёте по улице, холодно, 
а у вас нет пальто. Навстречу идёт 
мужчина, который одет в пальто. Вы 
же не подойдёте к нему и не снимите 
с него пальто только потому, что у вас 
его нет?» В это время в лабораторию 
заходит Жора Максименко, подходит 
к вешалке и снимает с себя пальто. 
Борис Яковлевич очень не любил, 
когда сотрудники заходили в чужие (в 
смысле не в те, в которых они работали) 
лаборатории, чтобы посетители не 
отвлекали от работы «аборигенов».  Он 
резко к нему развернулся и говорит: « 
А вы что тут делаете?» Жора выложил 
всё, как и было. Ему срочно нужно 
было  выскочить за Госпром, в славно 

известный(!) магазин, и он решил по 
дороге одеть пальто Андронова, чтобы 
не возвращаться в свою лабораторию. 
Ну, вот теперь, он его возвращает. 
Обескураженный Б.Я. покрутил 
головой и сказал типа: «Ну, если у 
вас такие порядки...». Когда он ушёл, 
мы  рассказали друзьям-сокурсникам, 
что произошло, и ещё долго не могли 
насмеяться, а я повторял: «Знал бы Б. 
Я. ещё, что пальто у меня на самом деле 
не моё, а Серёги Шинкаренко».

Я поступил в аспирантуру по 
кафедре физики твёрдого тела. Первое, 
что я сделал, так это изменил в корне 
методику выращивания нитевидных 
кристаллов. На старой установке 
хорошего качества кристаллов 
добиться было невозможно: в 
печи быстро накапливалось много 
неконтролируемой грязи. Гораздо 
более прогрессивным методом мне 
представлялся метод, предложенный 
ещё Бренером, с использованием 
горизонтальной трубчатой печи с 
внешним нагревом, что обеспечивало 
более чистые условия для реакции 
выращивания усов. Оттуда же я 
почерпнул идею установки для 
выращивания, но конструктивно 
сделал по собственному разумению: 
выполнил печь из кварцевой трубы 
с охлаждаемыми водой фланцами 
из нержавеющей стали. Мною была 
собрана новая более сложная и более 
совершенная, к тому же довольно 
эффективная  система очистки водорода 
от главных примесей, воды и кислорода, 
и усы росли без проблем.

Из моих исканий во время 
дипломной работы, я вынес важную 
мысль. касающуюся вопроса, почему не 



росли нитевидные кристаллы у Крота 
Ю.А.   Я понял, что тривиально  не 
хватало центров кристаллизации. Когда 
я вставлял тигли один в другой, то один 
из них располагался необработанной 
(не глянцевой, как весь тигель) внешней 
стороной  дна тигля над порошком 
однохлористой  меди, где и вырастали 
кристаллы. В своей методике я растил 
кристаллы в лодочке, а сверху размещал 
спираль из поликристаллической меди, 
на поверхности которой изобиловали 
центры кристаллизации. Нужные 
параметры нитевидных кристаллов 
достигались варьированием условий 
роста. Росли роскошные кристаллы. 
Таким образом, проблема получения 
нитевидных кристаллов была решена 
мною самостоятельно и радикально. 

Я влился в коллектив кафедры, 
это было для меня ново и незнакомо.  
Мне нравилось всё, большинство 
сотрудников и преподавателей давно 
уже работали у Бориса Яковлевича, и 
отношения уже сложились, все хорошо 
знали друг друга, знали что можно 
ожидать и чего нельзя ожидать от того 
или иного человека. Был великий шеф 
Борис Яковлевич, авторитет которого 
был совершенно непререкаем. Его 
правой рукой был  доцент Анатолий 
Федотович Сиренко, он был самым 
искусным интерпретатором и, 
пожалуй, компилятором идей Б.Я., 
большим мастером воплощения их 
в жизнь. Доцент Ирина Петровна 
Гребенник была главным специалистом 
в области электронографии, она 
обладала хорошим электронографом, 
который был изготовлен на кафедре 
и подвергался многочисленным 
модификациям и модернизациям. Вела 

исследования тонких плёнок. Это была 
довольно красивая статная женщина, 
интеллигентная, хорошо воспитанная, 
со вкусом одевалась, чувствовалось, 
что жила в хорошем достатке. У 
неё было доброе сердце, и она 
поддерживала молодёжь: аспирантов, 
молодых учёных,  преподавателей. У 
неё запросто можно было занять деньги 
до стипендии или взять нужную книгу 
из очень хорошей библиотеки, которую 
она содержала в идеальном порядке. 
За взятую книгу нужно было давать 
расписку с указанием срока возврата. 
Нам было это очень удобно потому, что 
у Ирины Петровны были уникальные 
собрание справочной литературы, 
издания очень полезные для молодых 
экспериментаторов. Следует 
отметить доцента Иванова Ивана 
Григорьевича очень трудолюбивого, 
неутомимого и очень изобретательного 
экспериментатора, который реально 
проводил много времени за своими 
установками и получал много 
оригинальных результатов. Он не 
сглаживал экспериментальные кривые, 
чтобы подогнать под теорию, а искал 
причины расхождений, что было более 
продуктивно. Я упомянул о людях, с 
которыми я контактировал в то время 
чаще, чем с другими, но не ставил 
целью рассказать обо всех.

Мне нравилось какая-то семейная 
атмосфера на кафедре. Перед Б.Я. мы 
все были равны. Но мы подтрунивали 
и подшучивали друг над другом, 
рассказывали всякие истории о 
Б.Я., о его методах руководства, о 
знаменитых «клизмах» по системе 
Пинеса. Может быть, благодаря этому 
я быстро вошёл в курс дела отношений 



на кафедре. В тоже время все были 
заняты делом, порядок поддерживал 
Борис Яковлевич, работа была на 
первом месте, и всё было подчинено 
выполнению поставленных целей. 
Исследования проводились в основном 
в области высокотемпературного 
физического материаловедение. Это 
в основном диффузионные процессы 
и исследования структуры твёрдых 
тел различными методами: большое 
место занимали рентгенографические 
исследования, электронография, 
оптическая металлография, оптическая 
микроскопия и тому подобное. 
Мне нравилась эта напряжённая и 
целенаправленная работа кафедры. 

Но моё материальное положение 
оставляла желать лучшего. Отказавшись 
от высоких ставок в физико-техническом 
институте низких температур в 
угоду аспирантуре в университете,  я 
вынужден был перебиваться с хлеба 
на квас.  На аспирантскую стипендию, 
которая равнялась 68 руб. много себе 
не позволишь. После всевозможных 
вычета на руки мы получали 59 руб. 62 
коп, это было мало. Мне предложили 
поработать на подготовительных курсах 
для поступающих в университет. Работа 
неплохо оплачивалось,  и была выгодна 
ещё и тем, что был большой отсев 
слушателей. Таким образом, с течением 
времени количество слушателей на 
курсах уменьшалось, и соответственно 
снижался  объём работы. Так как деньги 
проплачивались вперёд, нехитрыми 
приёмами удавалось сохранять зарплату 
практически на исходном уровне. Но 
Борис Яковлевич очень не любил, 
когда его люди отвлекались от научной 
работы на второстепенные, как ему 

казалось, дела. Но я всё же отважился  
испросить у него разрешение на 
работу на подкурсах. Результат мне 
было невообразимо представить. 
Он выслушал меня и спросил,  для 
чего нужны деньги. Я выпалил: «Ну, 
например, для того, чтобы купить 
пальто». Пальто у меня действительно 
не было, и я ходил в тоненьком 
тряпичном плаще, который в непогоду 
продувался насквозь. И, конечно же, 
ходить зимой в одном плаще было 
достаточно холодно, несмотря, что я изо 
всех сил хорохорился. Б. Я. мне ответил 
не сразу, а попросил зайти через пару 
дней. Когда я пришёл, он спросил меня: 
« А сколько может стоить ваше пальто?»  
Я уже интересовался этой проблемой и 
примерно знал цены, которые мне были 
не по зубам. Я решил взять прицел на 
хорошее пальто и сказал рублей 160. Он 
вынул деньги и  отсчитал 160 руб.  Б.Я.  
вручил их мне со словами: «Отдадите, 
когда сможете».

Я был просто ошеломлён. Такого  
поворота дел я  не ожидал, У меня 
сложилось впечатление, что Борис 
Яковлевич очень строгий и сухой 
человек, который не давал послабление 
никому и требовал только одного: 
работать и работать и  как можно больше 
и лучше. Я сказал ему, что не надо так 
делать, что могу и сам заработать эти 
деньги. Он ничего и слышать не хотел. 
Всё же я решил взять эти деньги, хотя 
мне было ужасно неловко и даже обидно. 
После раздумий я решил пошить 
действительно хорошее пальто, которое 
бы соответствовало взятой сумме. Как 
сейчас помню, отправился я в магазин 
для покупки ткани, выбрал драп 
столичный, очень хороший по качеству. 



Затем следовало было определиться, 
сколько же ткани нужно мне на пальто. 
Я решил зайти предварительно к 
какому-либо закройщику, чтобы  
уточнить. На ул. Свердлова в ателье я 
попал на старенького доброго еврея. Он 
сразу почти без всяких обмеров сказал: 
« Вам достаточно будет 2 м 80 см». Я 
говорю ему: « Наверное, надо брать 3 м, 
обманут ведь, неправильно отмерят».  
На что он мне сказал: « Ви хотите, 
чтобы ещё осталось достаточно ткани,  
чтобы пошить кепи для закройщика, 
тогда берите 3 м. Но вам хватит 2 м  80 
см».

Я купил 2 м 80 см ткани, и надо 
было определиться, где пошить. Об этом 
я не имел ни малейшего представления. 
Вспомнил, что по дороге из нашего 
общежития в университет было 
хорошие ателье мод. Я зашёл туда и 
изложил свою просьбу. Ко мне вышел 
закройщик, как оказалось знаменитый 
Изотов, который почему-то решил 
взять мой заказ и помочь мне. Я так 
говорю потому, что  ведь я наверняка 
не производил впечатление богатого 
заказчика. Он сшил великолепное 
пальто. Это была лучшее пальто в моей 
жизни. Ничего лучшего у меня ни до, ни 
после не было. Я его очень любил. Оно 
было строгое, красивое и элегантное. 
Мне было очень хорошо в нём. Это  я 
сразу почувствовал по отношению 
людей к себе. Я был очень благодарен 
Борису Яковлевичу, сразу же явился к 
нему в новом пальто, чтобы показать, 
что получилось. Он похвалил меня 
и сказал, что пальто действительно 
хорошее. Деньги за пальто я возвратил 
позже, когда ситуация с финансами 
стабилизировалась. Я собрал 

необходимую сумму и возвратил 
Борису Яковлевичу с величайшей 
благодарностью.

Однажды, когда мы с Валей были 
в Прибалтике, мы навестили его.  
Борис Яковлевич вместе с Елизаветой 
Ивановной отдыхали только в 
Прибалтике, ему подходил климат и 
многое другое. У нас был адрес Б.Я., 
мы нашли его, и пришли в гости. И 
тут я открыл для себя совершенно 
другого человека. Кроме того, что я 
убедился на своём личном примере, 
мне стало понятно, что этот пример 
вовсе не единичный, не счастливое 
стечение обстоятельств, а  сущность 
этого человека.  Перед нами предстал 
добрый, отзывчивый человек, вместо 
сухого въедливого учёного мы 
увидели светского Бориса Яковлевича. 
Умного, эрудированного собеседника, 
галантного кавалера, великолепного 
рассказчика с утончённым чувством 
юмора, анекдоты, рассказываемые им, 
просто обезоруживали. Мы провели 
с ним несколько счастливых часов. 
Прогулялись вместе по живописной 
местности, и нам просто не хотелось 
уходить.

Вне всякого сомнения, годы 
аспирантуры были самыми яркими в 
моей жизни и биографии. Я приобрёл 
уверенность в себе благодаря 
определённым успехам в научной работе, 
появился некий авторитет среди коллег 
и друзей. Я стал ездить на конференции 
разного уровня, завязал знакомства с 
самыми разными людьми, коллегами, с 
которыми затем подружился на долгие 
годы. Мы жили весело и интересно. 
В составе группы со своим другом 
Дмитрием Солнышкиным совершил 



незабываемый туристический поход 
по восточному Кавказу по довольно 
сложному маршруту. В эти же годы 
познакомился со своей будущей женой 
Валентиной Борисовной Белодед. У нас 
завязался роман, который закончился 
тем, что я на ней женился. Борис 

Яковлевич предложил мне остаться 
работать на кафедре физики твёрдого 
тела, там впоследствии я защитил 
кандидатскую диссертацию. Самые 
светлые, самые добрые, самые тёплые 
воспоминания о нём я пронёс через 
всю свою жизнь.



Yanson Igor Kondratievich 
(1938-2011)

I. K. Yanson was a prominent Ukrainian scientist, experimental physicist, 
talented teacher, member of the National Academy of Sciences of Ukraine (1992), 
Doctor of Science (1976), recipient of the State Prize of Ukrainian SSR in Science 
and Technology, Professor at the Department of Low Temperature Physics at Kharkov 
State University (1979-1987), Honored Scientist of Ukraine (2005), Honored doctor of 
Kharkov National University (2005).

I. K. Yanson was born and lived his whole life in Kharkov, Ukraine. His father 
was repressed and executed by the Stalin’s regime in the year of his birth. In 1961 Igor 
K. Yanson graduated with honors from the Faculty of Radiophysics at Kharkov State 
University. 

Yanson’s impressive scientific career was firmly linked to the B.Verkin Institute 
for Low Temperature Physics and Engineering (ILTPE), where he worked his whole life 
after the foundation of the institute. Yanson did his first significant discovery already 
during his graduate study (1961-1965) at ILTPE: he was one of the first scientists in the 
world who succeeded to prove experimentally the existence of the AC Josephson effect 
in superconductors. Brian Josephson mentioned Yanson’s experimental work during 
his Nobel Prize lecture in 1973.

I. K. Yanson defended his doctoral candidate thesis titled “Investigation of 
tunneling effect in superconductors” in 1965. Already in 1970, he became the head of the 
Department of Point-Contact Spectroscopy. He held this position until 2011. In 1976 Igor 
Kondratievich defended his doctoral thesis on “Tunneling spectroscopy of impurities and 
quasiparticle excitations in solids”. In 1978, he became professor at Kharkov University. 



Igor Kondratievich became a corresponding member of the Academy of Sciences of 
Ukrainian SSR in 1979 in the area of Physical Instrumentation, and a full member of the 
National Academy of Sciences of Ukraine in 1992 in the field of Electronics.

I. K. Yanson was a member of the editorial board of the Journal of Low Temperature 
Physics. He was also a member of the doctoral thesis defense experts committee of the 
Institute for Low Temperature Physics and Engineering.

Without a doubt, the focus of the scientific interests of I. K. Yanson was on the 
problems of solid state physics and low temperature physics. He made important 
contribution to our understanding of the physics of superconductivity by his 
experimental works. Apart from the above-mentioned pioneering experiment on the 
AC Josephson effect, I. K. Yanson conducted his well-known experimental studies on 
weak superconductivity and inelastic tunneling spectroscopy in solids.

The invention of the principally new and method of studying energy spectra of 
conductors, known as the point-contact spectroscopy, belongs to I. K. Yanson. This 
method is highly valued and recognized internationally by experts. Igor Kondratievich 
established that electrical properties of point-contacts at low temperatures contain 
detailed information about the energy spectrum of the interactions between the 
conductance electrons and the crystal lattice vibrations, or phonons. For his discovery, 
I. K. Yanson received one of the most prestigious awards in physics: the European 
Physical Society Prize (1987).

In his later work, Igor Kondratievich addressed the problems of quantum and 
mesoscopic effects in ultra-small contacts, and studied fundamental properties of novel 
materials and alloys. In the recent years the method of point-contact spectroscopy is 
gaining significance thanks to its applications in nanophysics. For example, this method 
is being employed in the studies of charge- and spin-transfer effects in nanoscopic 
obects, and in studies of their magnetic properties under the influence of ultra-high 
density electrical current. Recently, the formation of spin-valve structures on atomic 
level was observed by point-contact spectroscopy.

The broad spectrum of scientific interests of I. K. Yanson also included modern 
problems of biophysics. He determined with great precision the interaction energies 
of biological molecules in gas- and crystalline phases. Igor Kondratievich conducted 
remarkable experiments to determine the binding energies for nitrogen bases of nucleic 
acids. This work, which was published in 1979 in Nature, remains relevant even today: 
it is being referenced by the international science community for almost forty years.

Fruitful scientific practice of I. K. Yanson is reflected in the great number 
of publications. He authored or co-authored more than 250 articles in national and 
international journals, as well as five books.

I. K. Yanson closely collaborated with several universities and research institutes 
in such countries as France, Germany, Netherlands, Sweden, USA, Japan, and others. 
He gave numerous invited lectures at conferences and symposia. He was often invited 
to serve on the PhD theses defense committee in different countries. The signature of 
I. K. Yanson marks the wall at Kamerligh Onnes laboratory at Leiden University, next 



to the signatures of such famous physicists as Shubnikov, Einstein, Planck, Lorentz, 
and Bohr. These scientists had an honor to give a lecture at the well-known Ehrenfesti 
Colloquium.

For his significant accomplishments in science, I. K. Yanson received many awards 
and prizes: in addition to the European Physical Society Prize (1987), he also received 
the Ukrainian SSR Youth Prize in Science and Technology (1967), the Ukrainian State 
Award in Science and Technology  (1980), the Humboldt Research Award (1995), 
the B.Verkin Prize of National Academy of Science of Ukraine (2006), Lise Meitner 
Prize (Sweden, 2008), and the award “For Scientific Achievements” by the National 
Academy of Sciences of Ukraine (2008). In addition, for his personal contribution to 
the development of science and technology in Ukraine during many years of fruitful 
work and for his high level of professionalism, I. K. Yanson received the Honorary 
Award of the Presidium of the Verkhovna Rada of Ukraine (1988), the Honorary Award 
of Kharkiv Regional State Administration (2008), the Order of Merit 3d Class (2008), 
and the Honorary Award of the Verkhovna Rada of Ukraine for “Merits to the Ukrainian 
People” (2010).

Apart from his scientific work, Igor Kondratievich paid a lot of attention to 
teaching and training of young scientists and future experts. In 1969-1970 I.K. Yanson 
taught at the Kharkov Institute of Radioelectronics, and from 1976 at the Kharkov 
Polytechnic Institute. In 1978 I. K. Yanson became professor at the department of Low 
Temperature Physics at Khrakov University. Former students of Igor Kondratievich 
include a corresponding member of the National Academy of Sciences of Ukraine, 
six doctors of science, and about 30 doctoral candidates (PhDs). One can say that I. 
K. Yanson left behind a scientific school, whose followers continue to implement and 
further develop his original ideas.

Apart from science, there was another passion in the life of Igor Kondratievich: 
music. In 1956, he graduated with honors from Khrakov music school, and in 1963 
with honors from the extramural faculty of the N. A. Rimsky-Korsakov Leningrad 
State Conservatory in piano. At the beginning of his outstanding scientific carreer, I. K. 
Yanson had to make a very difficult choice: whether to dedicate his life to music or to 
science. He chose science, and he never regretted his choice.

Igor Kondratievich is remembered as a respectful, kind, and empathetic person 
with high moral standards, who is always ready to help in any matters. All people that 
worked with him, all his colleagues and students, will always honor the memory of him 
as a person, scientist, teacher, and citizen.



ІНФОРМАЦІЯ ДЛЯ АВТОРІВ СТАТЕЙ
журналу «Вісник ХНУ». Серія «Фізика»

У журналі «Вісник ХНУ». Серія «Фізика» друкуються статті та стислі за змістом повідомлення, в яких 
наведені оригінальні результати теоретичних та експериментальних досліджень, а також аналітичні огляди 
літературних джерел з різноманітних актуальних проблем фізики за тематикою видання.

Мова статей – українська, англійська та  російська.
ТЕМАТИКА ЖУРНАЛУ

1. Теоретична фізика.
2. Фізика твердого тіла.
3. Фізика низьких температур.
4. Фізика магнітних явищ.
5. Оптика та спектроскопія.
6. Загальні питання фізики і серед них: методологія та історія фізики, математичні методи фізичних  

        досліджень, методика викладання фізики у вищій школі, техніка та методика фізичного експерименту тощо.

ВИМОГИ ДО ОФОРМЛЕННЯ РУКОПИСІВ СТАТТЕЙ
Загальний обсяг тексту рукопису статті повинен займати не більше, ніж 15 сторінок.
Рукопис статті складається з титульної сторінки, на якій вказанно: назва статті; ініціали та прізвища 

авторів; поштова адреса установи, в якій була виконана робота; класифікаційний індекс за системами PACS та 
УДК; анотації на окремому аркуші з прізвищем та ініціалами авторів і назвою статті, викладені українською, 
російською та англійською мовами; основний текст статті; список літератури; підписи під рисунками; таблиці; 
рисунки: графіки, фотознімки.

Анотація повинна бути за об'ємом не меньш ніж 500 сімволів. Стаття повинна бути структорована. Висновки 
потрібно пронумеровати та в них потрібні бути висновки а не переписана анотація.

Електронний варіант рукопису статті повинен відповідати таким вимогам: текст рукопису статті повинен 
бути набраний у форматі MicrosoftWord версії 2013, вирівнювання тексту повинне бути здійснене за лівим краєм, 
гарнітураTimesNewRoman, без прописних букв у назвах, букви звичайні рядкові,   з полями ліворуч, праворуч, 
зверху і знизу по 2,5 см, формули повинні бути набрані в MathType (не нижче версії 6,5), у формулах кирилиця 
не допускається, символи з нижніми і верхніми індексами слід набирати в MicrosoftWord, ширина формули не 
більше 70 мм, графіки та фотографії необхідно подавати в графічному форматі,  розрізнення не менше 300 dpi, 
поширення файлів повинно бути *.jpg, шириною в одну чи дві колонки, для однієї колонки розміри: завширшки 
8 мм, для двох колонок – 16 мм. Масштаб на мікрофотографіях необхідно представляти у вигляді масштабної 
лінійки.

ВИМОГИ ДО ОФОРМЛЕННЯ ГРАФІКІВ
Товщина ліній не більше 0,5 мм, але не менше 0,18 мм. Величина літер на підписах до рисунків не більш 14 

pt , але не менше 10 pt, гарнітура Arіal.

ПРИКЛАД ОФОРМЛЕННЯ СПИСКУ ЛІТЕРАТУРИ
1. Л.Д. Ландау, Е.М. Лифшиц. Теория упругости, Наука, М. (1978), 730 с.
2. И.И. Іванов. ФТТ, 25, 7, 762 (1998).
3. A.D. Ashby. Phys.Rev., A19, 213 (1985).
4. D.V. Vert. In Progress in Metals, ed. by R. Speer, USA, New York (1976), v.4, p.17.
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1. Два роздруковані примірники рукопису статті, які підписані її авторами.
2. Електронна версія рукопису та дані щодо контактів для спілкування з її авторами. Для цього потрібно надіслати 
електронною поштою, тільки на адресу physics.journal@karazin.ua.
3. Направлення від установи, де була виконана робота, і акти експертизи у двох примірниках; адресу, прізвище, 
повне ім’я та батькові авторів; номери телефонів, E-mail, а також зазначити автора рукопису, відповідального за 
спілкування з редакцією журналу.
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