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The energy spectrum and thermodynamics of the finite spin-1/2 XX
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The energy spectrum and thermodynamics of two one-dimensional spin systems: the finite XX-chain with periodic boundaries
and one zz (Ising) bond, and open ends XX-chain with two zz-impurities at the both ends have been investigated. The conditions for the
appearance of the energy states, localized in the vicinity of impurity spins, have been derived. The peculiarities of field and temperature
dependences of the basic thermodynamic characteristics of these models have been studied.
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HccnenoBaHbl S3HEPreTUUECKUI CIIEKTP U TEPMOJMHAMUKA JBYX OJHOMEPHBIX CIIMHOBBIX CUCTEM — KOHEUHOM XX-IEemnouku ¢
JIOTIOJTHUTEIBHON ZZ (M3UHTOBCKOH) CBSI3BI0, 3aMBIKAIOIICH IIEOUKY B KOJIBIO, U XX-IETIOYKN C OTKPHITBIMH KOHI[AMH C ABYMSI ZZ-
MIpUMECSIMH Ha KOHI[axX. IToka3aHo, YTO B CIIEKTpe MOTYT CYyIIECTBOBAThH JIOKAIN30BAaHHBIE BONM3M MIPUMECHBIX CIIHOB COCTOSHHS,
HalJeHbl yCIOBHSA HX MOSBICHHUs. lIcclenoBaHBl TOJNEBBIE M TEMIIEPAaTypHBIE 3aBHCHMOCTH OCHOBHBIX TEPMOJMHAMUYECKHX
XapaKTEePUCTUK MOZEIEH.

Ki1roueBbie ci10Ba: CIMHOBBII raMUIbTOHUAH, X Y-1en1ouKka, X X-11e[04Ka, CIIMH, YHEPreTUYEeCKUI CIEKTpP, TEPMOJUHAMHUYECKIE
XaPaKTEePUCTUKH.

JIoCIiDKEHO €HEePreTHYHUI CIIEKTP 1 TepMOAMHAMIKY IBOX OJHOBHMIPHHX CIIIHOBHX CHCTEM — KIiHIEBOro XX-JIQHIFOXKKA 3
JIOIaTKOBUM zZ (i31HTOBCKHM) 3B’SI3KOM, SIKHH 3aMHKAa€ JIAHIIOKOK B KinbIle, 1 XX-JIaHIIOKKA 3 BIAKPUTHMHU KiHISIMU 3 JABOMa ZZ-
JOMilIKaMK Ha KiHIsiX. [Toka3aHo, 1110 B CIIEKTPi MOXKYTb iCHYBaTH JIOKaJIi30BaHi MOOIN3Y JOMIIIKOBHUX CITiHIB CTaHH, 3HAWACHO YMOBHU
X mostu. JIOCIIKEHO MOJIBbOBI 1 TeMITepaTypHi 3aJI€)KHOCTI OCHOBHUX TEPMOJAMHAMIUYHUX XapaKTEPUCTHK MOJIEIIEH.

Kawuosi ciaoBa: crniHOBUI raMinbToHiaH, X Y-TaHIFOXKOK, XX JTaHIFOXKOK, CIIH, CHEPreTHYHHHA CIEKTp, TEPMOAWHAMIYHI
XapaKTePUCTUKH.

Low-dimensional spin models occupy special place in quantum theory of magnetism due to the fact that such systems
in some cases may have exact analytical solutions [1, 2]. Usually, the real magnets are characterized by different types of
heterogeneity, so the theoretical study of the influence of impurities on the energy spectrum and the thermodynamics of
such structures is of great interest.

This work is devoted to the study of the energy spectrum and the thermodynamics of two exactly solvable spin
models: finite isotropic X'Y-chain, or so called XX-chain, with periodic boundaries (“ring”) and impurity Ising spin S|
which is described by the Hamiltonian

N N-1
H,, =—gu,HS; —J,(S7 +53)S; —gu,HY S; —J

n=1 n=l1

x QX yQy
(Sn n+l + n n+1) (0
and open ends finite XX chain (“line”) with two different edge impurity Izing spins S, S, described by the Hamiltonian
_ z z zQz z Qz
H,, = _,UBH(goSo +8yvaSya ) —JoS6ST =T wiiSuSua

N N-1 ()
~guHY ST =JY (8185, +S.S),)-
n=l1 n=l1

Here J>0 is the exchange integral for spin-1/2 XX chain, J,, J,,, are the exchange integrals of Ising (or zz)-type
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interactions with impurity spins, u,, is the Bohr magneton, g, g, and g, ., are g-factors for chain and impurities respectively,
H is the longitudinal uniform magnetic field. Positive and negative values of Ising interactions correspond to ferromagnetic
(FM) and antiferromagnetic (AF) type of exchange. These Hamiltonians describe some kind of well-known broken-chain
effect in real quasi-one dimensional magnets [3, 4].

Z-projections of the impurity spins are the good quantum numbers due to the commutation of the Hamiltonians (1)
and (2) with the z-projection of the impurity spin operators (¢, = —S,,..., +S, i =1, 2), and z-component of the XX-chain
total spin. The models stationary states can be classified by all the possible values of these projections:

The model Hamiltonians split into the sum of the finite XX-chain Hamiltonians with the effective “impurity” spins
(s = 1/2) at the ends. After Jordan-Wigner transformation [1] the Hamiltonians and take the form

Si
H,, = Z H(o,), H(O-o) = Eo(o-o) +(g,UBH +Joo-o)(a1+a1 + a;aN)
oy=—5;
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respectively. Here d, ,d, are the creation and annihilation operators for spinless fermions. The Ising interactions of

impurity spins in , are described by additional Zeeman type terms. Spin-1/2 XX chain is a well-known example of an
exactly solvable spin system [1, 2].

We used one particle Schrodinger equation in the lattice site representation to diagonalize the Hamiltonians and . As
a result, we derived the following dispersion relations for the exact energy spectrum for the “ring”:

N+1
1+x;

e _—gqg 5)
N-1 0>
x (1£x.7)
and for the “line”
L N —(a, + +x )2 =0 6
o Ay QT+ X, )(az\m X, )X, =Y. (6)
xO' xU
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respectively, and calculated the normalized wave functions. In both cases excitation energy defines by

5(%):}1_% x6+xL , ™

o

where h =gu.H, 0 =0,, 0 =0, 0, for the “ring” and for the “line” respectively, and

2J.0 2J. O
_ 0~0. _ N+1~" N+1 _ . _
o, _T’ Ay _fa Oy ==8,- 485 Oy ==85,., 15,

For quasi-continuous band the parameter x_= exp(ik ), and
& =h-Jcosk_, (8)

N+1
It was shown that the sufficiently strong Ising interactions of impurities with the main chain lead to the appearance

of localized levels with real parameter x (]x| < 1). For cyclic chain two critical values of the parameter « are defined from
the conditions for the emergence of levels :

with o = g, for the “ring” and ¢ = ¢, 7, for the “line”.

N+1
N-1

>

|0‘1c > 1 |azc )

The critical length of the open chain (the condition of the appearance of the next level at given values of o,
has the form:

N+1

_ oy, 1
c s (10)
(g £D(@y,, £1)
and for infinite chain (N — o)
la, [> 1] ay,, > 1. (11)

The partition functions for above “ring” and “line” models are the sum of partition functions of finite XX chains with

impurities described by the Hamiltonians H(G 0) and H(J 0°0 N +1) respectively

5, 1

M [(ho +Jy )%*’hﬂ) _;{h_;[xwo +1H
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hy =gtz hy, =gy, HsH.

One can calculated easily all the thermodynamic quantities of “ring” and “line” models from and . For example, the
magnetization for “line”” has the form
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Fig. 1. Field dependence of the magnetization per spin at 7= 0.05K for N =12, g = 2, J = 1K for (a) “ring” with §, =

1.5, g,= 1,J,=—6K (b) “line” with S, = 1.5, S, = 1, g,= 1, g,., = 1.5,J,= 6K, J,
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We performed the simulation of the field and the temperature dependencies of the magnetization and heat capacity.
One may expect the big effect of impurities, if there are localized levels. The sign of Ising interaction is also important.
For AF Ising interaction the field dependence of the “ring” magnetization at very low temperatures, one can see jump
associated with the spin-flip of impurity spin in sufficiently strong magnetic field for “ring” (fig. 1a) and two jumps for
“line” (fig. 1b). At very low temperatures, the field dependence of the specific heat for both chains has complex form with
the multiple maxima. Additional peaks of specific heat for AF Ising interaction of impurities with XX chain we associate
with the local impurity levels and the spin-flip of an impurity spin in strong fields (fig. 2).

Average values of z-projections of impurity spins <Sg > 5 <S§, +1> are
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Fig.2. Field dependence of the specific heat per spin at

T=0.05K for “line” with § = 1.5, §5,=1,¢,=1,g,,, =
1.5,J,=-6K, J,. =—4K.
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for “line”. The longitudinal pair spin-spin correlation function <S S N+l > for impurities in “line” has the form
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Fig. 4. The ratio of longitudinal pair spin-spin correlation
Fig 3. Comparative behavior of <Sg > / So for “ring” functions to impurity spins values <Sg S;, ) > / S1S2
and for “line’ of N = 12 spins in the XX chain for the for the two impurity sites in “line” at S, = 5, =1/2, g =
same values of all g-factors for 7=0.1K, S, = S, =1/2, 2,8,=8y, =15 J=1Kat=0.05K (1) J,= 6K, J, ., =
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(4) J,= 6K, J, . = 4K; (5) product Brillouin functions
for free spinsto

The behavior of the average z-projection of impurity spins and longitudinal impurities spin-spin correlation functions
at zero and non-zero temperature were studied numerically. It was shown that under certain conditions, the average
z-spin projection for impurity sites at 7= 0 may have the finite jumps and non-monotonic dependence on the magnetic
field at low temperatures. The behavior of an impurity spin in a closed chain and open chain can differ substantially
(fig. 3). This is due to the fact that in the closed chain the impurity spin interacts directly with the two neighboring spins.
Peculiarities of this behavior are clearly visible at AF impurity interactions with the XX chain. Even for the same g-factors
in the case of closed chain in weak field, the impurity spin is oriented oppositely to the field. In open chain in all fields

average z- projection of impurity spin is positive. The longitudinal pair spin-spin correlation functions <S S N +1> for

the two impurity spins in “line” is shown on fig. 4. For sufficiently strong AF Ising interactions with opposite signs the
corresponding correlation functions demonstrate non-monotonic field dependencies.
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