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Introduction
The study of the magnetic response in nanostructures 

with cylindrical geometry (nanotubes) provides us the 
important information about the electron energy spectrum 
and the potential of geometric confi nement of electrons in 
such systems [1-6]. This is because the magnetic response 
of such nanostructures is mainly determined by the shape 
of the electron spectrum, which in turn depends on the 
geometry of the system.

Interest in carbon [1-3] and the semiconductor [4-6] 
nanotubes is caused by their unique characteristics – high 
strength and conductivity, magnetic, waveguide and optical 
properties. These systems are obtained by folding a sheet 
of graphene or two-dimensional heterostructures in a tube. 
Depending on the method of a folding the tube has a metal, 
semiconducting or dielectric properties.

Modern production methods allow one to create not 
only nanotubes, but also nanotubes with superlattices. 

Along with the fl at superlattices [7-15] there exist the 
superlattices with cylindrical symmetry [16]. They are 
radial and longitudinal [16,17]. The radial superlattice 
represents a system of coaxial cylinders and the 
longitudinal superlattice is similar to the system of coaxial 
rings. The tubes with longitudinal superlattice are created 
by lithographic methods and by the introduction of 
fullerenes in a tube. In such a system there is a periodic 
potential acting on the electrons moving along the tube. 
The miniband appears in the energy spectrum of electrons. 
The density of electron states has a root singularities on the 
miniband boundaries [18].

It is important to note that the theoretical study of 
magnetic properties of nanotubes with a superlattice is 
quite a complex problem. The eff ect of one-dimensional 
superlattice on the magnetic moment of the semiconductor 
nanotubes is relatively little known. The theoretical research 
in this fi eld is usually limited to numerical calculations. 
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На основе модельного спектра энергии электронов на поверхности нанотрубки со сверхрешеткой в магнитном поле 
получено аналитическое выражение для магнитного момента вырожденного электронного газа. Показано, что в случае 
большого числа заполненных уровней энергии поперечного движения электронов существуют монотонные и осциллирующие 
вклады в магнитный момент. Последний испытывает осцилляции типа де Гааза-ван Альфена с изменением плотности 
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На основі модельного спектру енергії електронів на поверхні нанотрубки із надграткою у магнітному полі отримано 
аналітичний вираз для магнітного моменту виродженого електронного газу. Показано, що у випадку великої кількості 
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Останній випробовує осциляції типу де Гааза-ван Альфена зі зміною густини електронів і осциляції Ааронова-Бома зі зміною 
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The number of electrons, considered in these numerical 
studies, is little and such research methods can not be 
used for the study of nanostructures, containing hundreds 
or thousands of electrons. In addition, the most important 
thing is that the numerical methods do not always reveal 
the physical nature of the phenomena studied. In Ref. [19] 
the magnetic response of the electron gas on the surface of 
semiconductor nanotubes in a longitudinal magnetic fi eld 
without the superlattice is considered. The Ref. [20] takes 
into account the eff ect of the superlattice on the magnetic 
moment. However the authors of [20] had obtained results 
which are expressed in terms of integrals. The authors Ref. 
[20] argue that these integrals are not expressed in terms 
of tabulated functions, and for this reason they are limited 
themselves to the numerical calculation. 

The goals of this article are: to choose the suitable 
model for the description of the geometric confi nement in 
nanotubes, to off er a convenient expression for the energy 
spectrum of electrons in the tube with superlattice, to obtain 
an analytical formula for the magnetic response of the 
electron system, to study the dependence of the magnetic 
moment on magnetic fi eld and the surface curvature.

The electron energy spectrum
Equilibrium properties of the electron gas in 

nanosystems are determined by the electron energy 
spectrum, which is caused by the geometry of the system 
[19].

The energy of the electron with eff ective mass m  on 

the nanotube cylindrical surface in a magnetic fi eld B  
parallel to the tube axis was calculated by Kulik with taking 
into account the radial motion quantization of electrons in 
the tube of small thickness [21]:
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where  – quantum constant, m  and k  – the projection 

of the angular momentum and electron momentum on the 

axis of the tube, 
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fl ux 2a B   through the cross section of the tube to 

the fl ux quantum 0
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e
    [21]. Equation (1) 

describes a set of one-dimensional contiguous subzones, 

whose boundaries 
2

0 ( )m m     coincide with the 
quantized energy levels of the circular motion of the 
electrons on the tube in a magnetic fi eld. The density of 
electron states has a root singularity at the subzone 

boundary. The simplest way to take into account the 
superlattice on the tube is to replace the longitudinal motion 
electron energy in the formula (1) by the expression

(1 cos )k kd    ,                            (2)

where d  – the period of the superlattice, 2  – the width 
of the energy spectrum band of the electron longitudinal 
motion. This expression (2) is borrowed from the theory of 
tight binding between the electrons and the lattice and it is 
often used in the theory of layered crystals and superlattices 
[20,22,23]. Thus, in the single-band approximation, the 
electron energy with an eff ective mass m  and spin 

magnetic moment B  on the cylindrical nanotube surface 

with a longitudinal superlattice in the longitudinal magnetic 
fi eld is

2
0 ( ) (1 cos )mk Bm kd B         ,    (3)

where 1    – spin quantum number. This band 

corresponds to the wave number values situated in the fi rst 

Brillouin zone kd d
    . The spectrum (3) 

describes a set of allowed electron energy region in intervals 

2l l      , which separated by gaps. According 

to the analogy with the conventional superlattice theory 
these bands are called minibands.

Magnetic moment of the electron gas
Using the standard expression for the thermodynamic 

potential   [24], we obtain in considered case the 
following expression

0

ln 1 exp
d

mkB

Bm

k TL dk
k T







 






  
     

  
   , (4)

where L  – the nanotubes length, Bk  – Boltzmann 

constant,   – chemical potential. Using formula (4) we 

fi nd the magnetic moment according to the expression 

  ,T
M B 

   . Then we get the expression
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where 0m  – the free electron mass. In Ref. [20] the spin is 
not taken into account but in this article it will be taken into 
account. The summation over m  in the formula (5) is 

calculated using the Poisson summation formula:
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As a result of simple transformations, it turns out that the magnetic moment of the electron gas on the surface of the 

tube with a superlattice can be represented as the sum of three contributions 1 2 3M M M M   , where
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The notation here we have used: 
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where 
1

Bk T    – the reverse temperature.

(From the formulas (6)-(8) it is seen that under 0   the only contribution 2M  is non-zero.)
Expressions (7) and (8) are the result of the expansion of Fourier series of the magnetic moment of nanotube with a 

superlattice:
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Let us introduce the new variables 2
kdx  , 2 x z    and notation 2    ,
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where 0 BB    , 0  – the chemical potential at zero temperature. Also we take into account that there is 

an identity   21 cos 2 2 sinx x    . As a result, we obtain the following expressions for the Fourier coeffi  cients:
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It follows from (9)-(11), the magnetic moment of the semiconductor nanotubes is an oscillating function of magnetic 
fl ux with a period equal to the fl ux quantum.

Following the authors Ref. [20], with the goal of qualitative research nature of the dependence of the magnetic 
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moment of the magnetic fl ux, one considers the case 0T  . Then in the dx   integrand takes the 

formula  2sin x b  , where  x  – the Heaviside theta function. Next, you need to consider the following case, 

when  2   .

In that case there exist the contributions for the magnetic moment:
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Further analysis of the magnetic moment dependence of the magnetic fl ux is performed using the values of typical 

parameters GaAs , which are commonly used in experiments [16,20]: 00.07m m    ( 0m  – free electron mass), 

710a cm , 0
0

10
  , 10L m , 0.01eV  , 

0
3500d   . Provided you use inequalities 2  , 
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If we consider the inequality 0 , we can neglect the fi rst term in brackets in (14). The second term in brackets 

in formula (13) contains the integral of the form  
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followed by an approximate calculation under condition 2   it gives
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As a result the contributions were obtained:
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ways to control the properties of these systems. Modern 
production methods allow us to create the superlattice on 
the tubes. Nanotubes with a superlattice are characterized 
by additional parameters – the period and amplitude of 
modulating potential. As a result, the physical properties of 
the electron gas on the surface of the tube with a superlattice 
become richer.

Observation of the magnetic moment oscillations of 
de Haas-van Alphen type allow us to determine the electron 
eff ective mass m , Fermi momentum, rotational quantum 

0  and the  superlattice parameters d  and  . These 

values determine the amplitude (14), (16) and period (17) 
of magnetic response of the nanotube. The magnetic fi eld 
results in Aharonov-Bohm   oscillations of the magnetic 
moment caused by nonconnectivity of the area occupied by 
electrons.
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Conclusions
The increasing interest in electron properties of carbon 

and semiconductor nanotubes is due to several reasons. 
They are functional elements of various instruments and 
devices. The existence of an additional parameter – the 
curvature of the nanostructure – increases the number of 
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