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In this paper, the two-dimensional one-body Casimir effect is analyzed on the example of square-shaped nanocells. In the
classical one-dimensional two-body Casimir effect a Casimir force appears between two plates as a difference of
electromagnetic pressures of zero- point quantum-vacuum oscillation on different sides of each of the plates. The plates are
pushed forwards each other by external quantum-vacuum oscillation fields, which in classical configuration exceed internal
quantum-vacuum oscillation fields. It is possible to try to create a difference of electromagnetic pressures of quantum-vacuum
oscillation on different sides of a single plate due to the difference of the geometry of vacuum resonators on different sides of the
plate. For this purpose, it is necessary to grow nanocells on one of surfaces of a smooth metallic plate. As a result, it has been found
that the formula for the force per unit area is very similar to the formula of the classical Casimir effect, except for the value of the
proportionality coefficient.

The force applied to perfectly conducting honeycombs on a plate as a result of the difference in specific energy density on its
different sides can be interpreted as the pressure of the zero-point electromagnetic oscillations. According to the formula presented in this
work, for the gold nano-honeycomb with a size of about 2 microns the force should be equal to 8.55 dynes per square meter of the panel,
which is quite an acceptable value for the practical use of the expected effect for satellite orbits correction.

Although the effect is small, an experimental confirmation could serve as a critical proof for the existence of Casimir's virtual
quantum photons.
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INTRODUCTION

The introduction of half-quanta in the context of black-
body radiation by Planck in 1911 was fundamental for
discovering the Casimir effect presented by Casimir in
his seminal paper [1]. This is one of the most direct
manifestations of a quantum and relativistic phenomenon
caused by the zero-point oscillation of quantized fields.

The Casimir effect in its simplest form is the force between
a pair of neutral, parallel conducting plates resulting from the
modification of the electromagnetic vacuum properties caused
by the change in boundary conditions.

The calculation of the Casimir force is a particularly
complicated theoretical problem. Remarkably, for closed
configurations, i.e., when the Casimir effect manifests for
one body instead of two, the Casimir force can be not only
attractive but repulsive as well. As it has been shown by Boyer
[2], the latter is true for an ideal metal spherical shell.

Antipin A. V. [3] expects the appearance of the driving
force/thrust (due to the Casimir effect on one body), as a result
of the difference in the impact of virtual particles (photons) on
external and internal reflecting surfaces of pyramidal, conical
or V-shaped objects.

This work is dedicated to one-body Casimir effect for open
configuration of perfectly conducting nanohoneycomb.

TWO DIMENSIONAL CASIMIR’S
APPROACH
Let us consider a cubic cavity of volume L3 bounded by
perfectly conducting walls where perfectly conducting square
plate with side L is placed in this cavity parallel to the xy
face, and let the distance between the plate and the xy face be
sufficiently large, L/2, for example. One side of this perfectly
conducting square plate is a smooth plane and another is
covered with perfectly conducting square-shaped honeycombs

with a square side a.

On both sides of the plate the expressions ) 7@ / 2 where
the summation extends over all possible resonance frequencies
of the cavity L/2 x L x L (a large cavity: between smooth
plane and xy face) and the cavity L/2 X a x a (a small cavity,
one honeycomb cell: between the bottom of the honeycomb
and the opposite xy face) are divergent and devoid of physical
meaning but the difference between these sums on the opposite
sides of the plate, (¥ 7o), /(2V;) — (¥ ho), /(2Vy), will
be shown to have a well-defined value and this value will be
interpreted as the interaction between the plate and the both
remote xy faces.

The possible oscillations inside cavities defined by 0 < x <
L,0<y<L,0<z<L/2(alarge cavity between smooth plane
and xy face) and 0 < x < a,0<y <a, 0 <z <L/2 (asmall
cavity, one honeycomb cell) have wave vectors k, = %nx,
ky="Tny, k.= L—% n, (alarge cavity between smooth plane and
xy face), and ky = Zny, ky = Zny, k, = 77;2 n; (a small cavity,

one honeycomb cell), where ny, n,, n, are positive integers;

k= \/ki+k}+k2=/K>+kZ.

Fig.1. Cubic cavity with a plate covered by honeycomb.

Let us write the expression for the sum of zero-point
energy in general form
E=_ Zhw he ZZZk (1)
n,( ny ng
Two standing waves correspond to every ky, ky, k; but in
case when one of the n; is zero, there is only one wave.
That is of no importance in case of one honeycomb cell
cavity for k;, since for very large L/2 we may regard k.
as continuous variable, replacing summation over n, with

integration. Thus, for a small cavity consisting of one
honeycomb, we find
2
’“[ JE+2 Y ¥ [‘;’ +12| dn..
ny=1ny=1

/ 2 dk, we can find the specific energy
Vsmall =a L/ 2

Considering dn, =
density E/V, where V =

. z > 2
E=tef|YE+ 1§ |z dk.
0 ny=1ny=1
< & & 2 2
5=£2fl L L\ mindl k| dk,
0 | nx=(0)1ny=(0)1

where the notation (0) 1 is meant to indicate that the term
with n, = 0 and n,, = 0 has to be multiplied by 1/2. Thus, for
a small cavity consisting of one honeycomb, we have

v=i Y X {f 5 42 +k2dk]
ny=(0)1ny=(0)1
That is of no importance in case of a large cavity
for ky, k, since for very large L we may regard
ky, ky as continuous variables. Thus, for large

cavity between smooth plane and xy face we find
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0 0o

L= %/

Rk A+
00
+2 Z \/ Mﬁ2+k2+k

For very large L/2 the last summation may also be
replaced by an integral and, therefore, it can be seen that
energy of a large cavity is given by

dnydny.

iYL hw=nhc[ [ [\/k2+k2+k2dn.dnydn,,
000 ’
dn, = L dk,, dn, = L dk,, dn, = “2 dk,,

Now for the specific energy density E/V for a large cavity,
where V = V4. = L? /2 we can write the following sequence
of transformations:

nx 7172

5t = ’{ PoE

=(0)1ny,=(0

This expression is clearly infinite, and to proceed with the
calculation, it is convenient to introduce a regulator.

In order to receive a finite result, it is necessary to multiply
the integrands by a regularization function f(k/k,,) which is
unity for k << k, but tends to zero sufficiently rapidly for
(k/kym) — o0. Where k,, may be defined by f(1) = 1/2. The
physical meaning is obvious: our plate is hardly an obstacle
for very short waves (X-rays e.g.) and, therefore, the zero-

§E—texl ¥y ¥ w,/n)%—l—rﬂ—i—uz <
v @ {nx— (0)1 ny:(O)l.Of . /

_ 2 2 2 12 2 Y o
If @y, = c\/ni% + 032 +k2 and k = u””%5 we have
2 2 2
_ . 2 2 2 7r\/nX+ny+u o wnx«,'ly
On,ny = C oy /N5 T 05 +u sof< o == )

where the cutting frequency is wy, = ck,. Introducing function

Ty /nd +nk 4 u? "

F = n%+n§+u2f ak
m

we can write

55—"’;?{2 r

ny=(0) 1ny=(0) 1

(.ZF (u,ny,ny) du)
*0707 (;F(u,nmy) du) dnxdny}.

And at least, introducing

G (ny,ny) = /F(u,nx,ny) du (5)
0

0 00 00

fff K2 + k2 + K2 dnydn,

L)2
L3 /2 7 dk,

~ e T [f Q-] (b (b

v = o ff [f K2+ k2 +k§dkz] (4dk,) (&dky).
And ﬁnally for a large cavity between smooth plane and xy
face we can formulate the energy density as following

):2# — a%{ff [[ k§+k)2,+kz2dkz} dnydny,
00 LO

but for a small cavity, one honeycomb cell we have 22—?,‘0 =
h it it < 2 2
a0 r X p @;+@;+@&4

ny=(0)1ny=(0)1 LO

Therefore, it is obvious that the interaction energy is

determined by the following energy density difference:

kde] I {f k§+k§+k§dkz} dnxdny}. (2)
00 LO

point energy of these waves will not be influenced by the
position of this plate.

The purpose of regulator is to make the expression finite,
and influence of its specific type will be removed by a limit
transition in the end.

Introducing the variable u”> = a* kzz/ﬂtz, du = a/ndk;, we
have:

T/ +nd+u?

o ) du

(3)
eoe0 > P )
TV () dudnxdny}.
0
we have

f{ Tt Ty )

5% = oo:)(7 y= (6)
fOfOfG(nx,n)) dnxdny}

Integration of G (ny, n,) with example of regulator function
is presented in Appendix A.

To receive a way of calculating 8 (E/V), the Euler-

Maclaurin 2D formula could be considered.

EULER-MACLAURIN 2D FORMULA

According to A.Bikyalis [4] we apply Euler-Maclaurin
formula twice on n, and on n,. Starting from the following
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form of this formula

Zf( /fx)dx+ )f(b)+

+2Lp/2 sz (f(zk 1)(b)7f(2k 1)(0))+ (7)
+Rpa

Pu(x) = By (x— |x]), (8)

Ro= 0 [0 ®

since we are dealing with a very complex mathematical
problem of integrating the function, which often oscillates and
suffers discontinuities at the points of each integer value of
the argument due to the presence of the multiplier (x — [x]),
hereafter, we will use the fact that the remainder can also be
expressed in the form

(10)

b—1 /1 ) B (v)
+1 2 (p) Py
v ja/O Frv+) p!

We can see that it consists of 4 parts:
the integral [ = [}* f(x)dx,
(Fxa) + £ (0)) /2,
the sum of Bernoulli polynomials
Z Zkh/Q l;ik' (f(2k71)(xb) _f(2k71)(xa))’
and the remainder
Ry = (=DP VL) o 0 (vt i) P v

When applying it to G twice on n, and on n, we should
have the following summands which can be represented as the
table:

X
the half sum Hy =

B
JJG [HyG [YX G [R,G
ny Ny ny ny ny Nx ny ny
B
Hy [G HyHyG HyY G HyR,G
n)é Ny nl}g ny n)B an n}é Ny (11)
Yy /G Y HG Y Y G Y R,G
ny  ny Ny ny ny Ny Ny  ny
B
R, /G R,HyG R,Y. G R,R,G.
ny Ny ny Ny ny Mx ny ny

Taking into account that the function G is symmetric on its
ny and n, arguments, so the two-dimentional Euler-Maclaurin
marix presented above is symmetric too.

SUMMARY OF EULER-MACLAURIN 2D

Taking value of parameter p = 1 we have:

b)'b)c
J [G= [ [G(ny,ny)dn.dn,
Ty Ny ay a,\

fH):Gf 5 fG (ay,ny) dn,

ny nx

/' G6=0

ny Nx

JR,G="% ff (290, = )G (i + oy ) dva,dny
ny ny ]x—axa\

Hy fG— 5 fG(nx7aV) dn,

Vly Ny
HszG— ZG(ax,ay)
ny Ny
B
HyY G=0
ny My
by—1 | 1 —
HZRPG: Z 4 f(2v7lx - 1)Gl (jnx +an7ay> dvnx
ny ny Jny=ax 0
B
Yy [G=0
Ny ny
B
Y HyG=0
Ny ny
B_B
Y Y G6G=0
ny ny
B
Y R,G=0
My ny

Jt*”\a\ 0
by—1 1

RyHsG= ¥ [} (2, —1)G' (ax,jn, +vn, ) dvny

n) Ny

ny Ny Jn y=dy 0
B

R,Y, G=0

ny Mx

b) lbt

111
Yy 2vy—1)(2v,—1)-
R R G— ]\*av]x*axgoj ( . )( * )

ny G (Jx/wL\wc,])/Jr\vy) dvydvy

A WAYOF CALCULATING § (E/V)

Let us consider the expression
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Z Z Gf//G dnydn, (12)
ny=(0) 1ny,=(0) 1 00
Firstly, we can see, that
Z Z G (nxa ny) -
ny=(0) 1ny=(0)1
%G(0,0)*% ZOG(Ovn})f (13)
ny=
% Z G(nxa0)+ Z Z G(n)C7nV)
n,y=0 ny=0ny=
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Therefore, we have
s

o

Z Z G(nxvny)_

ny=(0) 1ny=(0) 1

.({.({G(nmny) dl’lxd}’ly =

1G(0,0)— % z G(O ny) —

ZO Z (”xa”y) ffG(”m”y) dnxdn)"
ny n‘f 00

On the other hand, we have found that

Z G (ny,0) +

Y X Glreny)— [ [Glneny) dnydny, =
ny=0ny=0 00
. B .
JHy G +/Y G +[R,G
ny ny ny Ny ny ny
. B
+Hy [G +HyHyG +HyY G +HyR,G
ny ny ny  ny ny Ny ny Ny
B B B _B B
+Y [G +Y HyG +Y Y G +Y R,G
Ny ny Ny ny My Iy My ny
B
+R, [G +R,HyG +R,Y, G +R,R,G,
ny nx ny ny ny Ny ny Ny
where Hy Hy G, [ Hy G and Hy [ G are:
ny ny ny ny ny Ny

by by
%G(ax,ay) , % fa; G (ay,ny) dny, % fa); G (ny,ay) dny.
Now using 1D Euler-Maclaurin formula in the form (7) we
can see that

1

1 G(0,0) — Z G(0,ny) Z G (ny,0)
will be equal to
HyHy G
ny ny
18 1
—[HyG —HyHyG —3Y G —3R,G/2
y Ny ny Ny ny ny
; ) 18 1 ;
—Hy [ G —HyHyG ——Z G —3R,G/2.
ny Ny ny ny Ny

Now we can find expression (12) by using the following
summation

+/Y'G  +[R,G

ny Ny ny ny
B
+HZZ G +H):RPG
ny Nx ny Ny
B_B B
+Z /G +): HyG +Yy ¥ G +Y R,G
ny  ny ny ny ny ny  ny
B
+R, [ G -l—RpHZG +R,Y. G +R,R,G
ny Ny ny Ny ny Tx ny ny
1B
ﬂz G —3iR,G
ny
): G lR G.

It is easy to see that the sum of all summands without
remainder

. _B
+/Y G
ny Ny
"~ _B
—|—sz G
ny Mx
B _B
+Y Y G
ny ny
1B
,fnz G
"B
1
_Enz G
is 0. And, therefore, any possible non zero result
of express10n (12) should be attributed to the remainder

Z Z G (ng,ny) — ij(nx,nv)dnrdny
ny=(0) 1ny=(0) 1

+Y' G +Y HyG

Ny ny ny  ny

+[R,G

ny ny
+HyR,G

ny  ny

B

+Y R,G

B Ny ny
+R, [ G +R,HyG +R,Y G +R,R,G

ny Ny ny Ny ny x ny ny

1
~1R,G
ny

'y
1
~IR,G.

Ny
Or using symmetric properties of G, we can rewrite the
resultmg formula

Z Z G (ny,ny) — ffG(nX,n))dnxdny—
n,=(0) 1ny=(0) 1
+2-R, [ G+2-RyHyG+2-R,Y G+
ny nx ny Ny ny Mx
+R,R,G— R, G
ny Ny ny

with the following summands:

be—1 by 1 .
2R, [G= Y S @2v,, —1)G (jx—l-vnx,ny) dvy, dny;
n) Ny Jx=axay 0
by—1 1 1 o
ZRPH):G = Z f (Vny - j) G (amjn‘- +an) dvny;
ny ny Jny=ay 0 ’ ’

by—1 1
ZRZ G=2 Y deV,,)—O

ny x Jn y=ay 0

S I

Yy v Vi— 5

RPRPG_ Jy=ay jx=ax 0 v 2

Ty -G" (jx—l—vx,]y—i-vy) dvydvy;

by—1 1 o
RyG=- z Jm=De (s s 9, ) v

n

Considerlng that RPZ G should be 0 because derivative
ny Ny

with respect to ny, forn, =0is 0, and 2-R, Hy G— R, G gives

ny Iy ny

0 in summation, we can simplify the result in the form
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Y Y Glun)— ffG(nx,ny)dnxdn)_ZR [ G+ RyR,G (14)
©

ny=(0) 1ny=(0) 1 ny Ny ny nx

or in detailed form

- o o 1 o
Yy ¥ G- fdenany— Yy [ (2an—1)G/(jx+v,1x7ny)dvnxdny+

n=(0)1ny=(0)1 o Jvl (in‘ =0v,=0 - (15)
+ B E 0= D0 D)6 (T b 70) v,
Jy=0/x=00 0
HOW G (E/V)
DEPENDS ON aky, ? P f f G
01 o1
Casimir in his original work [1] has provided his formula ° . ok
in assumption that ak,, >> 1. But now we can investigate 0.0004 3 : c . m
how the expression (12) depends on aky,. ~0.005 1
Thus, for the energy density difference per cm?® we find ~0.010
—0.015 4
L L F(nny) e
0 ( ne=(0)1ny=(0)1 ~0.025 4
—ffF(nX,ny)dnxdny}du. 00301
00
Fig.2. How Z 021_ /]G depends on a - ky,.
Table 1. e
The result of evaluating the expression (12).
According to our calculation we can see that
a-ky —[[G € fma < z 2
«%1(02)1 gof / g{ 72(101 ;( lF(”m”y)
025 | 000108989 | 4.99660¢-07 | 2 O =) (17)
0.5 0.00322377 7.99836e-07 6 — [ [ F (ny,ny) dnydny, 3du = R (aky),
0.75 0.00440392 8.72173e-07 11 00
ig 5 _%%%31(‘):;813175 ??2??2282 i; where R (ak,) is a function depended on material
1'5 -0.00870823 3.672716-06 18 properties with well defined limit at ak,,~ 1. So
1.75 -0.0172279 6.80405e-06 18 h o
2.0 -0.0251746 | 9.98944e-06 | 19 5 v = Rlakn) — (18)
2.25 -0.0308341 9.37033e-06 | 23
25 -0.0332867 1.42819¢-05 23 For the energy density difference per cm? (in the limit at
2.75 -0.0324363 2.09102e-05 23 aky — 10) we find that 1
3.0 -0.0289864 | 2.96151e-05 | 23 8¢ =hen s = 00136 7 dyne/em’
3.25 -0.02404795 4.07897e-05 23 where ay, is a square side of honeycombs measured in
35 -0.0183092 8.56118e-06 | 45 microns.
3.75 -0.0135918 2.185368e-05 | 36 Can this difference of specific energy density & (E/V)
4 -0.00973151 1.46105e-05 45 be interpreted as the cause of the force F applied to
4.5 -0.00634270 1.93298¢-05 48 perfectly conducting honeycomb on a plate? For example,
5 -0.00732334 2.32423e-05 52 my investigations of the configuration used by Casimir have
6 -0.0124360 2.37328e-05 66 shown that for the geometric configuration of two perfectly
7 -0.0142094 3.85332e-05 | 69 conducting plates F /S = —3- 6 (E/V). But what can be said
8 -0.0136610 3.29375e-05 87 about honeycomb configuration? Research of this question
9 -0.0137827 3.58598e-05 | 99 presented in appendixes B and C shows that F /S~ 6 (E/V).
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CONCLUSION

Therefore, the following conclusions can be drawn: there
is a force applied to perfectly conducting honeycombs on a
plate as a result of the difference in specific energy density
on its different sides. This force depends on the material of
the plate. This force depends on the cutoff frequency w,
of the honeycomb plate material at least. This force can be
interpreted as the pressure of the zero-point electromagnetic
oscillations.

Although the effect is small, an experimental confirmation
seems not unfeasible and might be of a certain interest.

Tuo Qu, Fang Liu, Yuechai Lin, Yidong Huang [5]
have reported the production of gold nano-honeycomb with
a size of about 2 microns. According to the formula
presented in this work that honeycomb should have Casimir
energy density difference about & (E/V) = 0.0136/(2*%) =
0.0008555 dyne /cm* = 0.0008555 - 10* = 8.55dyne/m?, that
is 8.55 dynes per square meter of the panel, which is quite an
acceptable value for the practical use of the expected effect for
satellite orbits correction.

It is important to point out, that according to the proposed
method, the 6 (E/V) is calculated not for the total surface area
of the honeycombs, but for a part of the panel occupied by
cavities (minus the area of the honeycomb walls).

That does not mean, the honeycomb walls should be
made as thin as possible, because with a decrease in the wall
thickness, the value of k,, will also decrease.

For simplicity of calculations, square-shaped nanocells

have been analyzed, but the obtained result can be used, with
some correction unknown so far, to estimate the Casimir effect
in honeycombs of a different shape (hexagonal, cylindrical,
etc.). Such honeycombs are simpler to be manufactured,
but require much more complex calculations to estimate
the Casimir effect exactly. In addition, the bottom of the
honeycomb is not necessarily flat, but spherically concave, for
example, which does not fundamentally affect the magnitude
of the thrust.

In addition, the appearance of Casimir thrust is expected
not only in metal honeycombs, but in dielectric honeycombs as
well, because the Casimir effect in dielectrics is well known.

It has been assumed that the height of the the walls of the
honeycombs is L/2, while the real height of the walls & will
be much smaller (say about a).

At the same time, by using the Antipin approach (see
Appendix D) it can be shown that the effect should be
observed at a smaller height of the ribs, although the
dependence of the effect on the height may be the subject of
further research.

To answer Hrvoje [6] who considers the Casimir effect as
not a consequence of the existence of virtual quantum photons,
but as manifestation of the London-Van der Waals dispersion
forces, I would like to note that setting up an experiment to
measure the thrust produced by nanocells grown on metal plate
could serve as a critical experiment to find out which points of
view on the nature of the Casimir force corresponds to reality.

APPENDIX A. INTEGRATION DETAILS

Let us use the regularization function in the form

k 1
()=
m w1

m

(A1)

Starting from (4) and by introducing a variable n,, =

\/n3+n}andn = \/n§+n§+u2 = \/n}(y—i-uz, we have
\/ 13 +u?

4 (n%y +u? ) 2
akf}l

F(Manxyvakm) - (AQ)

+1

And using this variable, we can make the following
substitution

— 2 2 2 2 _ 2 du _ n
U=,/n Ny —ny =/ 1 Wys an = 2 2°

—nyy

du=

ndn

2

n 7nx)72

And now we can rewrite integral (5) in form

Ty /nd, +u?
V) (A.3)

G:/ }’l)zcy+l/l2f akm
0

changing the integration variable from u to n

o e 2 > ﬂ./n%ﬁruz n
G= [ /n+u f( = dn\/nzin%y

Ty

o

G (ny,ny) = /nf <an> anL7
m n

—_n2
Txy nxy

(A.4)

because in this form integral can be taken analytically. So,
we have the following integrand

n2

(”4"4 —H) n? —n2

akd, xy

F (n,nyy,aky) = (A.5)

and the following limits of integration by n: n, = n,,
np — o0,
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Let us use the Abel substitution:

!
n
= (), 1=

2_ 2
n* —ny,

(A.6)

and the following limits of integration by #: t, = oo,
t, =+1.
Let us denote dependency of n from ¢

2 42 2
2_ Myl !
n :t2—17 N = Nyy ﬂ (A7)
and derivatives
dt d n n? n 1
_—= — _— = — 3 s
dn-dn n*—ng, (> —n%)? n*—ng,
dn nt— 2n2n)2{y + nf;y
T S, (A.8)

In2 — n2 02
n= — ng, i,

Now we can rewrite the integrand, making it depending on

d
F (t,nyy,aky) = F (n,nyy, aky,) - d—’Z

_ 2
= 2Ty

d n* —2n2n2, +nt \n?
F (n,nyy, aky,) - an _ ( Xy x’)

4.4
(B ) (0 ),

ninA _2n§>.12+n4 12
(,z,l)Z 2—1 xy

mnd nZ, 1
_ Tt B2 (2 —
<(r2—1)2akj‘,, + 1) (;211 "xy) (2 =1)

akfnn)%ytz
2akyt? — (n*nd, + aky,)t* — aky,

F (t,nyy,aky) = —

F (t7”zyaakzn) =

Let us extract coefficient near #* from the denominator.
Now let us move the above coefficient up to the numerator.
So, the new numerator will be

akfnnjzcyt2
mind, +aky,
Accordingly, the new denominator will be
2ak1? 4

wnd, + ak;,

ak?
44 4
mtng, + ak,,

Now we should convert this denominator to the following
form

—(aut+2+ 1) (et —1* = By),

t*— (af —2B1)1* + BE.

So, we have the following equation

2ak1?
nnt, + ak;,

4
ak,,

4 2 2, @2
—— " =1 (o] 2Bt +
wnd, + aky, (o =2B)r" + By

and its solution

ak?
pi = —F——E—, (A.9)
\/ énd, + aky,
ak?, 4/ ménd 4 aks,
o =\ 2aky, . . (A.10)

44 4
ming, + ak,,

After the conversion determined above, the integrand can
be presented as

akfnn)%ytz

(wnd, + aky,) (out +12 + Br)(out — 12— By)

Let us check determinant 0612 — 4 by using the expression
of o and B found above.

The determinant is negative and the integral can be easily
calculated:

2 arctan e
wii, ()
JF (tny, @) dt = =g | —arman
2 arctan B el
V-ai+ap ) log(ant++p;) i log(—ot+12+P)
V=244 By o o ’
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APPENDIX B. ELECTROMAGNETIC PRESSURE CALCULATION

Let us consider a rectangular resonator with size a X b X h.
For the electric mode

2

RN ) .
VE+ —5E=0 B.1
+3 : (B.1)

we have the following solution

ﬂnxx) sin (m;y y) sin (k.2)

a

E,=A,cos ( byY) sin (m;xx> sin (k;z)

TNX ) . ( TTnyy )
sin
a b

E,=A,cos (

E. = A;cos (k;z)sin (

i (—ﬂA;'n" — ﬂA;”y ) ccos () cos (22 sin (k.2)
H =—
U
with
2.2 2,2 2
2 n°n T ny [0) -
kZ + az)‘ s 0, (B.2)
by using divE = 0, we have
A TAyny,
Ak, +7r ol T“”:o. (B.3)

Field energy density <[ WdV) /Vis

E A2+ A2+ A2

and v in (B.4)
Full ( IE] |H? )
(A, —nA,n))ccos( g )cos (k.2) sm(”"‘x) ull energy density ( [ ‘g dV—I—f dv /V is
=
buw E AI+AI+A?
Vo mr (B-5)
(A k,— —)ccos (Z22) cos (k,z) sin (732) +H
Hy = — o Electromagnetic pressure ( / BetHy dS) / S on xy plate is
fs 2 A Aab*k.n, — n.zAgbzn% +2 EAyAZazkany — 71'2A§azn2 - (Af +A§)azbzkz2 (©)
s 32 (ma’bk2 + mb2n} + wa’n?) '
1o/
Their relation % WV is
f.)S  ALPbME +Ala’bPkE — 2 A A ab*kon, + TP AZDn — 2 A A a*bkony + T AZa*n] o
E/V (a®b?k2 + m2b2n? + m2a’n?) (A2+A2 +A?)

Considering solution with wave propagation in z-direction
we have H, = 0 which gives

A, bn, — A an, =0

and

2
B A.a"bk;n,

252 2,2

b ng + masny

2
A Aabkens
* nh2n2 + matn?’

In this case the relation of electromagnetic pressure per
field energy density is equal to 1,

f/S
E/V
Considering solution with wave propagation in x-direction
we have H, = 0 which gives

~1. 8)

TA b k.n,
ab?k2 + 7t2an§ '

nzAxbnxny
r akag—l—nzang’ o

In this case the relation of electromagnetic pressure per
field energy density is

f/S _
E/V

bk?
D22+ m2n2

(9)

Considering solution with wave propagation in y-direction,
Hy =0, as in x-direction

A — m2Ayanyny B TAya’kn,
Y a@bk2+ bt @bk + mbn?’
fz/S _ a’k? (10)
E/V a2+ 7m*n2
For the magnetic mode
o .
VH + H 0 (11)

, we have the following solutlon
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zny T
H, = Bj cos ( ’Z’y) cos (k;z) sin ( nxx)
T nn,
H, = B;cos ( nXX) cos (k;z) sin (ﬂ)
’ a b
T iny,
H, = B3 cos < nxx) cos (ﬂ) sin (k;z)
a b
and
. (sz - )ccos (P22 sin (722 sin (k;2)
X — ”a)
i (BlkZ - ”Bg"">ccos (F22) sin (222 sin (k,2)
E, ——
y 1o
i (% - ”Bgny )ccos (k.z) sin (Z2X) sin (722)
E.=—
i)
with
22 Pl 2
kZ + az)‘+ =) _TZ_O’ (12)
by using divH = 0, we have
B B
Bak, + o % —0. (13)

Magnetic field energy density ( Ik H+H+H~dv> / Vis

2 2 2
E_Bi+B3+B}

== 14
14 64r (14)
Full energy density (f IE[2 av+ [ AP dV) JV is
E B}+B3+Bj}
T R (15)

Vv 3=z

. H2+H}? .
Electromagnetic pressure | [ —g——=dS / S on xy plate is

f. _Bi+B 16
S 3R2r (16)
Their relation g //‘f
B? + B2
fZ/S . 1 + 2 (17)

E/V  B}+B3+B3

Considering solution with wave propagation in z-direction,

we have £, = 0 which gives

TByn,  TBiny

=0

a a

and

Bsak;n,
n + mn?

Bsak;n,
2 2"
7rnx + 7ny

By =— 5.B2 =

In this case the relation of electromagnetic pressure per
field energy density is

/s a’k?

= . 18
E/V a2+ n*n} 4 nPnl (18)

Considering solution with wave propagation in x-direction,
we have E, = 0 which gives

EZBlany
212 2,2
ackz+m n;

B ak;ny

By, =— .
a?k2 + w’n}

3=—

In this case the relation of electromagnetic pressure per
field energy density is

a’b*i} + 2 n*a®b*izn} + ntbPning + ntang
(a*b?k2 + w2b%n2 + m2a’n?) (bzkz2 + ﬂzng) .

f/S _
E/V

Considering solution with wave propagation in y-direction
Ey =0 as in x-direction

B ﬂsznan B
1= = : 3=
a’k? +mw?n?’

Byak;n,
272 2,27
a*k; + meny

a*b’k} + 2w a®b*Enk + ntb?nd + wtaPnin’
(azbzkg +m2b%n? + ﬂzazn}z,) (azk% + ﬂzn)%) '

f/S _
E/V

So, we can see that task of electromagnetic force
calculation in the nanohoneycomb configuration is quit easy,
because

s
koo E JV

=1. (19)

L/S

We can see that if we decrease a then = v
and that leads to

also decreases

> (20)

wl
<Itm

R
=hecn—.
C a4

On the other hand, the same result can be shown by using
Hamiltonian mechanics approach.
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APPENDIX C. HAMILTONIAN
MECHANICS APPROACH
Let us consider a cubic cavity of volume L3 bounded by
perfectly conducting walls where perfectly conducting square
plate with side L is placed in this cavity parallel to the xy
face, and let the distance between the plate and xy face be
sufficiently large, say [ = L/2, for example.
One side of this perfectly conducting square plate is a
smooth plane and another is covered by perfectly conducting

square-shaped honeycomb a square side a.

On both sided of the the plate the expressions 1 / 2) hw
where the summation extends over all possible resonance
frequencies of the cavity (L—1) X L x L (a large cavity
between smooth plane and xy face) and the cavity [ X a X a
(a small cavity, one honeycomb cell) are divergent and devoid
of physical meaning, but it will be shown that for the both
opposite sides the derivative d <0|<%2 |0> / dl of the vacuums
Hamiltonian of the whole system for these sums (0|.%7|0) =
1/2 (¥ ho), +1/2 (L ho),;, has a well-defined value and
this value will be interpreted as the interaction between the
plate and the both xy faces.

_________________________________

Fig.3. Cubic cavity with a plate covered by honeycomb.

The possible oscillations of the cavities defined by 0 < x <
L0<y<L,0>z>—(L—1) (alarge cavity between smooth
planeandxyface)and0<x<a 0<y<a, 0<z<l(asmall

avity, one hone ell) have the ave vectors k, =
2 7y£ ny, ? ygro (Ca ]le%rge cav1ty etween smodth anne

and xy face), andk =4 Th,, ky =+ n), k,=7 Z n, (a small cavity,
one honeycomb cell), where ny. ny, n; are positive integers;

k= \/k2+ k2 +k2 = /K> + k2.

Let us write the expression for the sum of zero-point

energy in general form

= Y ho=he; VY Yk

n,, ny ng

(C.1)

Two standing waves correspond to every k., ky, k;, but
in case when one of the n; is zero, there is only one wave.
That is of no importance in case of one honeycomb cell cavity
for k;, since for very large [ we may regard k, as continuous
variable, replacing summation over n, with integration. Thus,
for a small cavity consisting of one honeycomb we find

—f“f ViE+2 ¥ z

ny=Iny=
Considering dn, = %dkz we can find the specific energy
density E/S, where S = Ssma” =a%

nﬂ'

K2

dn,.

©° 272
Eonf| VB £ OF VAR AT v Lak,
0 ne=1 nyf
E _ hl v o nin? T 2
S=52; L L 2 + kz dk;
ny=(0)1ny=(0)1 | 0

That is of no importance in case of a large cavity for &,
ky since for very large L we may regard ki, k, as continuous
variables. Thus, for large cavity between smooth plane and xy

face we find
=K [[|\/R++
00
+ g,/ 2+k2+k2

For very large L — [ the last summation may be replaced by
an integral and, therefore, it can be seen that energy of a large
cavity is given by

(C.2)
dn,dn,.

:hc/// + k3 +k} dnydny dn, (C.3)
000
where dn, = L dk,, dny = L dk,, dn, = 2 dk..

Now for the specific (per area) energy density E£/S for a
large cavity, where § = Sj4q0 = L2 we can write the following
sequence of transformations:

Lo — hcfff,/k2+k2+k%dnxdn)Lﬂ’dk

?—Jﬁ%{k‘@+@+@ﬁ4@ﬁﬁ@ﬁﬁ

E= %hc({of [({ k§+k§+k§dkz} (Ldky) (Ldky).
Therefore, it can be seen that specific (per area) vacuum

Hamiltonian m of the whole system is given by
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w hc.{znx)?li /w\/ +n2

=(0)1ny=(0)1 |

F_ o (020)
S

. : g {0120) .
and interaction 5=-3 =g 15 is

dl

=

R dk, +L—1)Z(j /\/mdk (k) (& dk)}

=

F  hc - -
)
S an ny=(0)1ny=(0)1
Then, the formula for the force acting on a perfectly

conducting honeycomb on a plate F/S obtained by using
Hamiltonian mechanics approach is the same as formula (2)

APPENDIX D. THE DERIVATION OF THE
THRUST FORMULA FOR THE
HONEYCOMB BASING ON THE ANTIPIN’S
FORMULA FOR THE METAL ANGLE

Antipin [3] gives an estimated calculation of the thrust
of the V-shaped angle by using the Casimir formula, “with
the most general and natural approximations known as PFA
(Proximity Force Approximation) or PAA (Pairwise Additive
Approximation) calculation method [7], [8]".

Fig.4. Antipin's angle.

Casimir’s interaction energy is given by

SE/L>=h G (D.1)
T3 24%30 ) :
Casimir’s force is
372 ( -4
F.=hc—F— < ———+ 5. D.2
TS {z4><30} (D-2)

/\/n +n§ Rk // /,/k2+k2 +K2dk | dnydn, (4)
00

received for the difference of specific energy density on its
different sides 8 (E/V).

Thrust of the metal V-shaped angle is

Forus: = Z/FC sinadS, dS=bdz (D.3)
3nlheh P —4 ) sinadz
E‘hrust =2 / { } . (D4)
4 24 x 30 4
(a2))
Let us make a substitution
a(z) =2zigQ,
Zmax
—37m2hch —4 sina dz
Ehrust =2 4 / 24 % 30 e
Z;nin ” (2Z[ga)
Zmax
—3n2hch  sino —4 dz
Fihrus = 2 / 24 %30 f 4
( tg a) Zmin
) . Zmax
> 93 Tcheb  sinao i
thrust — 240 (Zl‘g 06)4 Z3 o
The following substitution can be made:
z=Ilcosa,
n2heb ina 1y |
c sin
Fthrust =-2-3 1 3 (3)
240 24(tga)* (cosar)’ \! .
n2heb a 1y |
c cos
F, =-2-3 — | =
et 240 24 (sina)* (13) .
2
neheb coso 1 1
thrust — I E— ( 3 ) . (D.5)
640 (Sll’l (X) mm lmax

Thus, the formula for the thrust for the V-shaped angle is
derived basing on the length of its wings.

Antipin indicates that the value of [,; is limited
from below by the ,cutoff level, which is determined
technologically:
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* by the accuracy of plate manufacturing (their roughness,
degree of flatness), as well as

e by the the minimum wavelength of photons that
can effectively reflect the substance from which the
V-shaped angle is made (by k,, value).

Investigating the dependence of the coefficient in the angle
thrust formula, which depends on the half angle «, it can be
seen that for a given length of the V-shape sides, it is more
efficient to make the angle as small as possible. However,
for the purposes of this work (studying the possibility of
obtaining thrust by using nanocells), it is important to note
that for a L-shaped angle with a right angle o = /4, the
coefficient (cos o) / ((sin a)4) =2+/2. Thus, by composing a
honeycomb structure from many rectangular L-shaped angles,
it can be shown that the thrust of the panel consisting of
rectangular honeycombs is not zero.

Indeed, a rectangular honeycomb with a cell size of b x b
and with the same edge height equal to b = [, can be
imagined as a combination of four L-shaped angles where
a half-angle is equal to o« = m/4. The thrust of the every
L-shaped angle

T2 hClpax 1 1
Fthrust = —W2\f2 <13 - 13)

min

(D.6)

directed along the bisector of each angle must be
multiplied by sin (/4) = /2 / 2 and, when multiplied by 4,
the thrust of such a honeycomb cell will be equal to

2
n-hceb 1 1
Fhruse = _T <l3 - b3> .

min

(D.7)

So, the formula for the specific thrust of cells obtained by
using the PFA (Proximity Force Approximation) method or
PAA (Pairwise Additive Approximation) method

Firust o n.th 1 1

S 80b lsn.n b3
is to some extent similar to the formula for the magnitude

of the two-dimensional Casimir effect on honeycombs

presented in the first part of this work. At least the value of
the exponent in the denominator is the same

(D.8)

E h
85 ~R(b-kn) nen,

- (D.9)

It should be noted, that this formula is received without
taking into account the finiteness of the cell edge height (i.e.,
in the approximation of the infinite edge height), in contrast to
the PFA version of the formula for which the edge height is
assumed to be equal to the cell width.

The approximate agreement of these formulas indicates
that the effect should also be observed at finite height of the
ribs, although the dependence of the effect on this height may
be the object of further research.

Theoretically it is possible to achieve a greater value of
thrust with a panel produced from acute-angled V-shaped
angles, but producing panels from honeycombs seems to be
technologically simpler than from V-shaped angles.
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CTINTbHUKOBUN PYLLIA KASUMUPA: MPO CUNY, WO Al€ HA COTHU
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Hapiiimua o penakuii 18 sxoBtHst 2023 p. [lepernsayTo 16 ueppus 2024,
[IpuitasaTo no apyky 18 uepsus 2024 p.

VY wiif crarti mpoananizoBaHo asoBuMipHuit edext Kasumupa oxHoro Tina Ha NpUKIaAi HAHOCOT KBajapaTHOi (opmu. VY
KJIaCHYHOMY OJHOBHMipHOMY  edekti Kasumupa nBox Ttin cwia Kasumupa Mik JBOMa IUIACTHHAMH BHHHUKAE SIK PIi3HHUIL
CJISKTPOMATHITHUX THCKIB KBaHTOBO-BaKyyMHHMX (IIYKTyalill HyJIbOBOI TOYKM MO pi3Hi OOKM KOKHOI 3 ruacTuH. [lnactuHu
IITOBXAIOThCA OJHA 0 OIHOI 30BHIIIHIMH TOJSIMH KBaHTOBO-BaKyyMHHX OCHWJIALIHN, MIITBHICTh SKAX B KIACHYHIN KOHQIrypamii
HEePeBHUILYE IIUIBHICTh BHYTPImIHIX. MOXKHAa cHpoOyBaT# CTBOPUTH pI3HUIIO €JIEKTPOMArHITHUX THCKIB KBaHTOBO-BAaKyyMHHX
OCLWIIALIN 1O Pi3HI OOKM OfHI€] TUTACTHHU 3a PaxXyHOK Pi3HMIII TeoMeTpii BAKYyMHHX PE30HATOPIB Ha Pi3HUX CTOPOHAX IUIACTHHM.
Jlnst iboro HeoOXiHO BUPOCTUTH HAHOKOMIPKH Ha OZHIH 3 TOBEPXOHb IJIaIKOT MeTaNeBol IacTuHy. B pe3ynbrari Oyiio BUSBICHO, IO
(dbopmyIa st CHIIM Ha OJMHHUIIIO TUTOIII Ty)ke cXoka Ha (opmyity knacuunoro epexry Kazumupa, 3a BUHSITKOM 3Ha4YeHHs KoedilieHTa
MIPONOPUIIHOCTI.

Cuuty, IpUKIIaieHy J0 i/1ealbHO MPOBiIHUX COT Ha INIACTHHI B Pe3yJIbTaTi Pi3HMII MUTOMOI T'YCTHHH €Heprii Ha pi3HuX Il CTOpOHaX,
MOKHA IHTEPIIPETYBATH SK THCK EJIEKTPOMArHITHHX (IyKTyariil Hyn1b0BOi TOYKH. 3TiHO 3 (OPMYIIOI0, NMPEACTABICHOIO B Iiif
po6oTi, VISl 30J0THX HAHOCOT PO3MIpOM OJM3bKO 2 MKM CHJIa Ma€ IOPIiBHIOBATH 8,55 AWH Ha KBaJpaTHUH MeTp MaHew i, o €
[ITKOM MPUIHATHAM 3HaYE€HHSM JUISl TPAaKTHYHOTO BUKOPHUCTAHHS O4iKyBaHOTO epeKTy /Ul KOpeKIii OpOiT CyITy THHKIB.

Xoua eheKT HeBEITUKHH, EKCTIePUMEHTAIbHE MiATBEPHKEHHSI MOTJIO O CIyTyBaTH BHPILIATEHUM JOKA30M iCHYBAaHHS BIpTyalIbHUX
kBaHTOBUX (oToHIB Kaznmupa.

Knrwwuosi cnosa: /[sosumipnuil echexm Kazumupa 00no2o mina, HaHOKOMIpKuY, Hanocomu, msea Kasumupa.
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