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The model which allows to obtain the spectrum of emission of systems of Josephson junctions with the inhomogeneous
distributions of critical currents along junctions is developed. With the use of this model we study electrical properties of systems
in which junctions have the Gaussian distributions of critical currents. In particular, [V-characteristics and power of emission from
inhomogeneous junctions with dimensions smaller than the Josephson depth of penetration of magnetic field have been investigated.
We showed that for such junctions the dependence of emitted power on voltage (i.e. the spectrum of emission) had maxima at voltages
corresponded to Fiske steps in the whole range of voltages, though in the IV-characteristics particularities (nuclei of zero-field steps)
were not seen and they could be revealed only in derivatives of these curves. The comparison of our results with similar results which
we obtained earlier for long junctions allows to suppose that the investigated mechanism of the formation of zero-field steps is general
and it is valid for both long and short junctions. We investigated the averaged on random realizations height of some maximum of
emitted power at different values of the Gaussian standard deviation of critical currents and found the square dependence of this height
on the dimensionless parameter which characterizes the standard deviation. This result was in agreement with the theory of zero-field
steps. We also considered electrical properties and power of emission from the stack of two long interacting with each other Josephson
junctions in magnetic field. Each of the junctions had small (about 10~ %) Gaussian distribution of critical currents. We found that
if magnetic field was absent then there were only normal modes in the system (namely, the in-phase mode and the anti-phase mode).
Zero-field steps were formed at voltages corresponded to the split even Fiske step. There were only normal modes in the system also
when the relation of magnetic field to the value of the magnetic field at which the critical current becomes zero was more than 0.6.
When this relation was smaller, other modes existed as well. We supposed that some normal modes could be destroyed because due
to magnetic field standing waves were formed at both odd and even Fiske steps, so some modes could be locked with standing waves.
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Emicia koHTakTiB [J)ko3edpcoHa 3 rayCoBM po3rnogisioM KpUTUYHNX
CTpymiB

O.M. Mpn6

! Xapriecoruii nayionanvnuil ynisepcumem imeni B.H. Kapasina, Ykpaina, 61022, m. Xapxis, ni. Ceo6oou, 4

Po3pobiieHa Mozielb, siKa J03BOJIsIE OTPUMYBATH CIICKTPH eMicii cucteM 3 KoHTakTamu JIxo3e(hcoHa 3 HEOTHOPI JHUM PO3IOALIOM
KPUTUYHUX CTPYMIB B3JI0BXK KOHTAKTIB. 32 JOIIOMOTOO LIi€] MOJIENi BUBYECHO CJICKTPHYHI BIIACTUBOCTI CHCTEM, B SIKUX KOHTaKTH MalOTh
rayciB po3monii KpUTHYHHUX CTPyMiB. 30KpeMa, JOCIHiIKeHI BOJBT-aMIIEPHI XapaKTePUCTUKHU Ta MOTYXXHICTh BUIPOMIHIOBaHHS Bil
HEOTHOPIIHMX KOHTAKTIB, PO3MIPH SKMX MEHIII 33 PKO3e()COHIBChKY ITHOMHY NMPOHMKHEHHs MarHiTHoro moss. ITokasaHo, 1o B
TaKUX KOHTAKTaX 3aJeKHOCTI MOTYKHOCTI BUIIPOMIHIOBAHHS Bijl HANPyrH (TOGTO, CIIEKTPH eMicil) MaroTh MaKCHMYMH TIPH HANpyTax,
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Emission from Josephson junctions with Gaussian distribution of critical currents

SIK1 BiAMIOBiatOTh cxoanHKaM Picke, B ycbOMy Jialma3oHi HAIPYTH, X049a HA BOJBT-aMIIEPHINA XapaKTEpUCTUL 0COOIUBOCTI (3apOAKH
cxonuHok Dicke) c1abo mposBieHi, i MOXKYTh OyTH BHSBIICHI TIJIbKU Ha MOXiJHUX LHUX KPUBHX. [[OPIBHAHHS OTPUMAHUX PE3yJbTaTiB
3 MONIOHUMH pe3yJbTaTaMu, sKi OyJld paHillle po3paxoBaHi Ui JOBTUX KOHTAKTIB, MO3BOJIAE MPHITYCTHUTH, IO JOCHTIIHKCHHUN
MeXaHi3M ()OpMyBaHHS CXOIMHOK HYJIBOBOTO IIOJIS € 3arajbHUM, i IO BiH JIi€ SIK Y JIOBI'HX, TaK i B KOPOTKUX KOHTaKTax. JlociikeHo
YCEepemHeHy IO peai3allisM BHCOTY OXHOTO 3 MAaKCHMYyMIB IIOTY)KHOCTI BHUIIPOMIHIOBAHHS HpH Pi3HUX 3HAYEHHAX TayCiBCHKOTO
CTaHJAPTHOTO BiIXWICHHS KPUTUYHUX CTPyMiB. 3HAlICHO KBaIpaTHYHY 3aJI€KHICTh Ii€1 BUCOTHU BiJ 0€3p03MiIpHOTO TapaMeTpy, SKUH
MIPONOPLIOHAIBHUHA CTaHAAPTHOMY BiaxmieHH!0. Lle# pe3ynbraT y3romKyeThCs 3 TEOPI€I0 CXOMMHOK HYIbOBOTO moiisi. Po3misHyTO
TaKOXK €JICKTPUYHI BIACTUBOCTI Ta MOTYXHICTh eMiCil MayKu 3 IBOX AOBTHX KOHTAKTiB J[)ko3e(coHa, siki B3a€MOIsIIM OAMH 3 OHUM
Ta 3HaXOMWINCS Y MarHiTHoMy noiti. KoxkHuit koHTakT MaB HeBenukuii (mopsinky 10-3 %) rayciBChbKU pO3IOALT KPUTUYHHX CTPYMIB.
3HaiiieHo, 110 IPH BiJICyTHOCTI MarHITHOTO ITOJISI B CHCTEMI € TUTBKH HOPMaJIbHI MOJTH €JIEKTPOMAarHITHUX KOJIMBAaHb, (2 caMe, CHH(pa3Ha
Ta npotrudasHa Moan). CXOAUHKH HYJIFOBOTO TOJs Oy copMoBaHi IpH Hampyrax po3meruieHol napaoi cxonuakn Picke. Tinbku
HOPMaJIbHI MOJIU CIIOCTEPIraroThCS B CUCTEMI TOAI1, KOJIM BiIHOLIEHHS MAarHiTHOTO HOJS A0 Ti€l BEIMYMHU TOJIS, IPH AKiH KpUTHYHAN
CTPYM JIOPiBHIOE HYIIO, TIepeBHIIyBajo Benunuuny 0,6. Koy 1ie BiJHOLICHHS CTaBano MEHIIHNM, OyJI0 BUSBICHO iCHYBaHHS 1HIIUX MO,
Mu BBaXKaemo, 110 A€sSKi HOPMaJIbHI MOJIM MOIIIM OyTH 3pyHHOBaHi, TOMY IO 3aBSIKM MAarHITHOMY IOJII0 YOPMYBAJIUCS CTOSYI XBHJII

Ha cxonuHKax Dicke, 1 1esKi MOIH 34ETHINCS 31 CTOSIYMMH XBUIISIMH.
Kuio4oBi cjioBa: kontakty JIxo3edcona, MOTYKHICTb eMicii, CXOMUHKH HYJIbOBOTO IO, CXONUHKH Dicke

INTRODUCTION.
The spectrum of emission from Josephson junctions
and systems containing junctions is very informative for
fundamental investigations of phase dynamics. It can be
obtained by means of the measurement of the emitted
power at different averaged voltages over the junction.
According to the Josephson relation n=V/F between the
frequency n and the averaged voltage V' (F is the quantum
of magnetic flux), one can obtain the dependence of
emitted power on the frequency. One can also calculate
such a spectrum for the model system and compare it
with the experiment. Such calculations become actual
recently because of investigations of the coherent emission
from high-temperature superconductors which reveal the
intrinsic Josephson effect [1-3]. Strong coherent emission
without applied magnetic field was observed at resonant
steps of IV-characteristic of mesa-structures made of
these superconductors. Obviously, such an effect relates
to emission at so-called zero-field steps [1, 4]. Zero-field
steps appear in [V-characteristics in the absence of external
magnetic field if there is random spread or some distribution
of critical currents along the junction. If two adjacent
segments of the junction have different critical currents,
the circulation screening ac current appears between these
segments. This current produces additional high-frequency
voltages across segments, and due to the interaction
between adjacent segments, this excitation propagates
along the junction. If the magnetic field is applied to the
junction, positions of the current steps (the so-called Fiske
steps) in the [V-characteristic are determined by the well-
known expression [5, 6]:
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where D is the length of the junction and £ is the velocity of
light in the junction. For zero-field steps the value of p can
be only even ( p=2,4, 6, ...). Such choice of the even integer
number is connected with the specific mechanism of the
movement of electromagnetic excitations in the junction.
Electromagnetic excitations which produce zero-field steps

in long junctions are not standing electromagnetic waves
but Josephson vortices which move along the junctions
and are reflected at ends of junctions (the so-called Fulton-
Dynes mechanism of the movement [5]). However, in
some cases zero-field steps can be caused by standing
waves like usual Fiske steps. It was obtained theoretically
for the specific kind of the random distribution of critical
currents with the exponential autocorrelation function that
the height of the dc current step (the zero-field step) in the
limit of the small quality factor at any resonant frequency
is proportional to the square of the relative amplitude of
fluctuations [7]:
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where [ is the averaged critical current, yl=l/lc with 1,
is the amplitude of the fluctuation of the critical current,
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averaged Josephson length of the penetration of magnetic
flux. In the present paper by means of the analyze of the
calculated spectrum of emission we check the validity
of this expression for the short (D<.1 ;) Junction with the
Gaussian distribution of critical currents (namely, we check
the proportionality P~I ~Y*, where P is the emission power
and vy is the dimensionless value which is proportional to
the standard deviation). We also consider the stack of two
inductively interacting long junctions with the Gaussian
distribution of critical currents in applied magnetic field (we
use dimensional units of the normalized magnetic flux f

=

instead of magnetic field). By means of the analyzes of the
spectrum of emission we show that the pure normal modes
(namely, the in-phase mode and the anti-phase mode) in
such a system exist only when there is strong magnetic flux
through the system or when the magnetic flux through the
system is equal to zero. When the magnetic flux is small,
there appears some amount of modes of electromagnetic
waves like those in the non-interacting (autonomous)
junctions.
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The model of the junction

The main idea of our calculations of the emission
power is to present the short Josephson junction with the
inhomogeneous distribution of critical currents as a set of
segments with the homogeneous critical current for each
of the segments. For this we can use the model which we
used earlier for the description of long Josephson junctions
[8-10]. Therefore, here we provide only the very short
description of the model. We divide the junction to n
segments. Each of the k=1, 2, ...n segments has the critical
current / , the resistance R, and the capacitance C, (we
assume C,=C for all k). Critical currents /, have random
values with some standard deviation. The characteristic
voltage for all segments is equal to V=I XR,,
of resistances of segments are equal to R=V /I . Upper
superconducting electrodes of neighbor segments of the
junction are connected with each other and form the upper
superconducting electrode. Similarly, lower electrodes of
neighbor segments are connected with each other and form
the lower superconducting electrode. Each loop between
segments has the inductance L, so the total inductance of
the junction is (n-1)xL. The condition of the propagation of

so values

electromagnetic waves along the junction is & = & l.-"x,.'ﬁ

with & is the velocity of light in the junction and ¥ is the
length of the segment. Each of the segments is fed by a
dc bias current /,, so the total bias current through the
junction is /=nxI,. Currents between loops of neighbor
segments with indices k and k+1 are equal to J, ...
For the boundary conditions one adds usually one fictive
loops at both ends of the junction. These loops does not
contain segments of the junction but have resistances,
capacitances and inductances which define currents at
ends. For boundary conditions of the transmission lines
with open ends parameters of the circuits should satisfy
conditions of the impedance of vacuum (about 300 Ohm).
Then dynamic equations for phase differences j, across
segments, conditions of the conservation of magnetic flux
and boundary conditions are as follows:
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where g, and g, are charges flowing through contours at the
left and right sides of the junction, correspondingly, L, C,
and R, — the inductance, the capacitance and the resistance
in the contours, correspondingly (we assume that these
parameters have the same values at the left side and at the
right side of the junction). Egs. (3)-(8) were solved by the
method of Runge-Kutta. Parameters of external contours
were L= 10°H, R =300 Ohm, C =9.6'10"“F. The voltage
across the segment is equal to ¥, = +—: t%} with angle
brackets is the averaging on time. The voltage over the

whole junction is equal to ¥ = lr ]‘EI =4 V.. The power

v, :lz]m.

We will plot the I'V-characteristic and the power of emission

+. dlip
of emission is equal to £ = t[E‘_L [_;.i:: —
- 1

in normalized units /¥, and P/P_with P =V %I and [ is the
averaged critical current of the junction, correspondingly.

RESULTS AND DISCUSSION

THE SHORT JUNCTION WITH THE GAUSSIAN
DISORDER OF CRITICAL CURRENTS

The Josephson junction had the square form with
dimensions 10x10 micrometers. It had the averaged critical
current / =4x10* A, the characteristic voltage 2x10°V, the
averaged resistance R=5 Ohm, the McCumber parameter
about 90 and the quality factor about 137 at the voltage
0.76xV_which corresponds to the first Fiske step. The
Josephson length of penetration was about A »2.3x10° m
so the condition D < A, was satisfied. The junction was
divided to 60 segments. The velocity of light in the junction
was 1.47x107 m/s.

We set the Gaussian distribution of critical currents of
segments /, with the standard deviation ¢ = 3 [_ with
I, is the averaged over all segments value of the critical

5o, . . .
current, so F = T s the dimensionless parameter which

shows the relative deviation of the critical current from its
averaged value /_ like the parameter v, in Eq. (2).

The example of the IV-characteristic for one of
the realizations of the Gaussian distributions of critical
currents with y=0.3 is shown in Fig. la. It is seen that the
IV-curve does not contain any particularities. However,
the dependence of the emitted power P on the normalized
voltage over the junction V/V_ reveals the set of maxima.
These maxima appear at voltages which correspond to
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Fiske steps ¥, = Q.76 - p with p=1, 2, ... (see Eq.
(1)). Values of p are written above maxima in Fig. 1b.
Particularities at Fiske steps are seen only in the derivative
of the I'V-characteristic (Fig. 1c). All found features of the
IV-curves for short junctions (D<X) with the Gaussian
spread of critical currents (namely, the existence of some
“nuclei” of Fiske steps in the [V-curves and the existence
of the distinct maxima of emitted power at corresponding
voltages) are similar to those which were found in Ref.
[11] for long inhomogeneous junctions (D>)). We can
conclude that these features are the same for both long and
short junctions.

Our method of the investigation of electrical properties
of Josephson junctions with the disordered critical currents
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can be applied to the check of the validity of Eq. (2) for
junctions with the Gaussian disorder of critical currents.
The expression (2) was obtained in Ref. [7] for the specific
exponential distribution function. It is necessary to check
it for the Gaussian disorder which is more common in
Josephson junctions. According to Eq. (2), the height of
the Fiske step is proportional to the square of the value
of y, which characterized the degree of the disorder. This
proportionality can be checked with the use of our method.
However, straightforward calculations of heights of Fiske
steps are impossible because steps are negligibly small and
they only manifest themselves by means of particularities
in derivatives of the IV-curves (see Fig. la, Fig. lc).
However, one can calculate heights of maxima of the

0,02

0.0% R

Fig. 1. (a) - the IV-characteristic of the short Josephson junction. (b) — the dependence of the emitted

power on the normalized voltage over the junction. Numbers above maxima correspond to values

of p for Fiske steps. (c) — the dependence of the derivative of the [V-characteristic on the normalized

voltage in the vicinity of the first Fiske step at 0.76xV . (d) — the dependence of the averaged over

realizations maximal value of emission power at the first Fiske step {{F_,} on the square of the

parameter y which is proportional to the standard deviation (circles). The line is the approximation

of data by the method of least squares.
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emitted power from dependences P=f(V/V) (see Fig. 1b).
Emitted power is proportional to the value IXV, so the
averaged over many realizations of critical currents value
of maximal emitted power at the given Fiske step p is equal
to ({F, o M= IV, (the sign {{... }) means averaging on
realizations). We check the dependence of this value on 7.
We chose the maximum £_, of the dependence P=A(V/
V) at the voltage of the first Fiske step V,=0.76xV_(see
Fig. 1b). We calculated this maximum for about 150-200
realizations of the Gaussian distribution of critical currents
for each of the chosen values of y and obtained the averaged
value {[F_ | }). Then we repeated calculations for the new
value of vy etc. The time of calculations of the averaging
over realization value {{F_, }) for the certain value of y
was about 12 hours. The obtained values of {[F_, ) are
plotted against values of y? in Fig. 1d. It is seen that the
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dependence {(P_ ,}) = f[ v~ ] is linear. Thus, we proved
that {{P_ , b ~¥ ? that is agreement with Eq. (2).

STACK OF TWO JUNCTIONS WITH THE
GAUSSIAN DISTRIBUTION OF CRITICAL
CURRENTS IN MAGNETIC FIELD

The second application of the developed approach
of the spectrum of emission is the calculation of resonant
steps in the stack of two long Josephson junctions with the
inductive interaction between junctions. This interaction
is characterized by the coefficient a that is the relation of
the mutual inductance of two neighbor superconducting
layers to their self-inductance. It was shown that each of
the Fiske steps at the voltage V' in such a system is split to

Ve .
two steps at the voltage 1, = = —=t= which corresponds
a2 w14

L I — = p'#ﬂ‘
— oF
g Yoa .,'o-':'.":rmﬂﬁ G
= 0K i F
= H__,_.m.ﬂ"'n#‘ @ /@ =014
(-]
| v i
14:! "! " -ill: == d
~ 3 & fl
a3 A f!; :
a I 1 @ im =01
e =, . -] ¥ Lot
(i i ] i8] (i ) [il] L -] 1.0
Viw
14 -~
i ¥ ""_.. u': . ;Mﬂ”
? W oy | -"EF’!H::: q
o 08 —
-t ".;.._-\l-f
= i, =05
1
h
&= 06
0.8 14

Fig. 2. (a), (b) -IV-characteristics of the stack of two Josephson junctions for & = @ (upper layer)

and the dependence of power of emission on normalized voltage (lower layer). Arrows show

positions of split Fiske steps. Corresponding normalized voltages of split Fiske steps are written

above arrows. (c), (d) — the same for 4= = 0.1 - . (e), (f) — the same for ¢ = 0.2 - &, (g), (h)

— the same for 4» = 0.5 - ;. Long arrows show the increase and the decrease of the bias current.
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to the Fiske step for the anti-phase mode and the voltage
Voo = % which corresponds to the Fiske step for the
in-phase mode. If the distribution of critical currents in the
long junctions (D > 21 ) is inhomogeneous, the so-called
zero-field steps appear in the IV-characteristic without
applied magnetic field.

For the obtaining of the IV-characteristics and the
dependence of emitted power on voltage (the emission
spectrum) we used the model of two long junctions [10].
In the following consideration we will use the normalized

values of magnetic flux through the loop between adjacent

e
segments j as a measure of magnetic field. Further we

-

will also discuss values of magnetic field obtained from
data of magnetic flux.

Each of two junctions had the length D=6x10 m, the
width 3x10* m and the thickness 10® m. The averaged
critical current of each of the junctions was /=1.447x10r
> A, and the characteristic voltage was V =4.2x107° V.
Each of the junctions was divided to 100 segments. Both
junctions had Gaussian distributions of critical currents
with the standard deviation 10°x/ , i.e. 10°%. The velocity
of light in both junctions was 6.272x107 m/s. The London
depth of the penetration of magnetic field was equal to 107
m. The thickness of the insulating barrier with e=4 is equal
to 10° m. The Josephson depth of penetration of magnetic
flux was A =2.8 x10° m, so the relation D>2xA was
valid. The parameter of the inductive interaction between
superconducting layers was a=0.3. We chose parameters
of junctions close (but not equal) to those values of high
temperature superconductors.

With the use of these parameters one can obtain
values of voltages corresponding to zero-field steps of

separate (autonomous) junctions: v, = (Vp/ V )»0.26xp,
p=1,2, ... that gives values ©,=V/V »0.26 and 11, =V/

V »0.52. Due to the inductive interaction between junctions
in the stack, each of these steps is split to two steps which
correspond to the anti-phase mode at Ve and the in-phase

mode at V , so for the first Fiske step we obtain &, , =
V,/V»023, 11 . = Vl,S/VR)O'?’l’ and for the second Fiske

step we obtain ¥ . =V, /Ve»0.45, 1, o =V, /Ve»0.60.
The IV-characteristic of the stack calculate without
applied magnetic field is shown in Fig. 2a and the
dependence of emitted power on the normalized voltage
is shown in Fig. 2b. It is seen from Figs. 2a, b that there
are only two collective modes in the system, namely, the
in-phase mode and the anti-phase mode. There is only one
even split zero-field step which corresponds to p=2 and
there is the maximum of emitted power at 1%, .»0.60 (Fig.
2b). Note that the zero-field step which corresponds to the
anti-phase mode exists in the [V-characteristic at &, »0.45

(Fig. 2a) but there is not emitted power at this step (Fig.
2b).

Now we consider the behavior of the I'V-characteristic
of the stack and its emitted power when magnetic field is
applied. In Figs. 2c, d the IV-curve and the dependence
of the normalized emitted power are shown for the case
when the magnetic flux F through the system reaches the
value 0.1xF,. One can see from Fig. 2¢ that the step which
correspond to the anti-phase mode at ', .»0.45 vanishes
but the step at 'y »0.31 appears. The step at 175 _ »0.60
remains at this plot. There are distinct maxima of emitted
power at these steps (Fig. 2d). When the magnetic flux
reaches the value 0.2xF, the steps in the IV-characteristic
at voltages which correspond to the non-split Fiske steps
at #»0.26 and 12,»0.52 appear (Fig. 2e¢). There are
maxima of emitted power at voltages 1%, ¥, — 1 and
v . + 1y (Fig. 2f). The value of magnetic field which
correspond to 0.2xF is equal to 0.066 T. This value is large
and it is comparable with typical values of magnetic fields
for Fraunhofer-like dependences of critical currents on
the magnetic field for stacks of intrinsic junctions in high-
temperature superconductors [12].

The increase of the magnetic flux up to 0.6xF leads
to the appearance of steps at ¥ _, ¥ ., ¥ ., Vs in the
IV-curve (see Fig. 2g) and very large maxima of emitted
power at ¥ . and 1%, . (see the scale of emitted power in
Fig. 2h). Despite of the complicated and hysteretic form of
the I'V-characteristic, only these steps appear.

It follows from Figs. 2a, b that there are only the
anti-phase mode and the in-phase mode of oscillations
of voltage in the stack when the magnetic field is absent.
This means that voltage over one of the junctions in the
stack oscillate in-phase with voltage over another junction
or these voltages oscillate anti-phase. The same result is
obtained when the stack is placed in the strong magnetic
field (Figs. 2g, h). Butin relatively small magnetic fields (i.e.
when neither the Fulton-Dynes mechanism of oscillations
dominates nor the formation of standing waves dominates)
there appear other modes in the stack (Figs. 2e, f). This
means that some quantity of normal modes were destroyed.
Due to magnetic field standing waves were formed at both
odd and even Fiske steps, so some modes could be locked
with standing waves.

CONCLUSIONS

We investigated numerically IV-characteristics and
power of emission from a short Josephson junction with
the Gaussian distribution of critical currents. Dimensions
of the junction were smaller than the Josephson depth of
penetration of magnetic field. We found sharp maxima of
emitted power at voltages corresponded to positions of
Fiske steps up to large values of voltages. These maxima
appeared without applied magnetic field. Irregularities of
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the IV-characteristic at these voltages are extremely small
and can be revealed only in the derivative of the IV-curve.
Obtained results are explained in ranges of the theory
of Fiske steps for junctions with the disorder of critical
currents [7]. We showed that the found particularities are
the same as the found earlier particularities of electrical
properties of long junctions [11]. We analyzed also the
dependence of the averaged over realizations emitted power
on the parameter y which is proportional to the standard
deviation of the Gaussian distribution and found the square
dependence. Using the calculation of emitted power, we
analyzed dynamics of the stack of two long inductively
interacting junctions with the Gaussian distribution of
critical currents in the external magnetic field. We found
that when the magnetic field is absent, only normal modes
contributed to emitted power. The same result we obtained
when the magnetic field is strong. To the contrary, in small
magnetic fields some new maxima appeared at voltages
which correspond to frequencies of mods of non-interacting
junctions and combination frequencies.
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