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Regular and stochastic motion of the conservative oscillator with the cubic nonlinearity due to the external harmonic force
(Duffing model) was analyzed numerically. This model corresponds to a wide class of real systems: oscillating circuit with nonlinear
capacitance, forced oscillations of mathematical pendulum, the electron’s motion in a crystal and others. Duffing equation can be
transformed into Ueda equation, that depends only on two parameters — normalized magnitude and normalized frequency of the external
force. Oscillation plots, 3D phase portraits, spectra and point mapping for various parameters and initial conditions were obtained.

Regular motion corresponds to phase oscillations around points of nonlinear resonances. Phase oscillation are non-isochronous
due to the Dufffing oscillator nonlinearity. These results can be interpreted in the terms of Kolmogorov — Arnold — Moser and Poincare
— Birkhoff theorems. Sequence of the alternation of higher-order resonances on the point mapping is determined by the free oscillations’
law of non-isochronism.

Stochastic motion was detected via continuous spectrum and irregular character of the point mapping. Stochastic motion
appears in the vicinity of the phase oscillations’ separatrices and can be associated with the heteroclinic structure formation. For this
case irregular jumps between different parts of the separatrix can be clearly observed at the oscillation plots. Another case of the
stochastic motion is the nonlinear resonances’ overlapping according to Chirikov criterion (for larger amplitudes of the external force).
Initial stage of the overlapping of several resonances was observed when stability areas remained substantial. Oscillation plot for this
mode becomes more complicated. Further increase in the amplitude of the external force leads to the formation of the wide area of the
stochastic motion (stochastic sea) with small islands of stability on the mapping.
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PerynsipHa Ta croxacTuyHa AuHamika ocuuisitopa doddinra,

30yIPKEHOTO TAPMOHIYHOIO CHIIOKO
®.K. Cixopceknii, [.O. AHiciMOB

Kuiscokutl nayionanonuil ynieepcumem imeni Tapaca Illesuenka, Bonooumupcoka 64, 01033, Kuis, Yxpaina

YKCcIoBMMHM METOJaMH TIPOAHAJ30BaHO PETYISIPHI Ta CTOXACTUYHI KOJNMBAHHS KOHCEPBATHBHOIO OCHUIISITOpPA 3 KyOi4HOIO
HEJTHIMHICTIO Mi Ai€o 30BHIMIHBOI rapMoHiyHOI cuin (Mozens [roddinra). Lis Moaens BiAMoBigae MIMPOKOMY KIIacy pealbHHX
CHCTEeM: KOJIMBHUII KOHTYP i3 HENiHIHHOIO €MHICTIO, BUMYIIICHI KOJMBAaHHS MaTeMaTHYHOTO MasATHHKA, PyX €JIEKTPOHA B KPHCTANI Ta
inmi. PiBasHHEA o ¢inra Mmoxe OyTH mepeTBOpeHE Ha PIBHSIHHS Yelu, sSKe 3aJIeKHUTh TIJIbKH BiJI IBOX MapaMeTpiB — HOPMOBAHOT
aMIUTITYIM T2 HOPMOBAHOT YaCTOTH 30BHIIIHBOT CHIHA. bynio moOyIoBaHO emopy KOJMBaHb, TPUBUMIpPHI ()a30Bi MOPTPETH, CIIEKTPH 1
KapTH TOYKOBHUX BiJIOOpPaXKeHb IS PI3HUX MapamMeTpiB Ta MOYATKOBUX YMOB.

Perymsapauii pyx BimmoBigae (a3oBHMM KOJHMBaHHSAM HAaBKOJIO TOYOK HENIHIMHHMX pe3oHaHCiB. (Da3oBi KOJIMBAaHHI €
HEI30XpOHHMMH BHACJIJOK HeniHiHocTi ocimatopa droddinra. Li pesynbrati MOKyTh OyTH iHTEpPIpETOBaHI B TEpMiHaX TEOpeM
Konmoroposa — Apaonbia — Mo3sepa ta ITyankape — Bipkroda. ITocninoBHicTh 4epryBaHHsS pe30HAHCIB BHUIIUX MOPSIKIB HA KapTi
TOYKOBHX BiJJOOpakeHb BU3HAYA€THCSI 3aKOHOM HEI30XPOHHOCTI BJIaCHUX KOJMBAHb.

CToXacTHYHHMH pyX BH3HAYaBCS 3a HEMEPEPBHHM CIEKTPOM Ta HEPEry/sIpHHUM XapakTepoM TOYKOBHMX BiJOOpakeHb.
CroxacTHUHHUN pyX BHHHKA€E B OKOJI cemapaTpuc (a30BHX KOJIHMBAHb i Moxe OyTH MOB’sI3aHHH 13 (HOPMYyBaHHSAM IeTepOKIIHITHAX
CTpyKTYp. JIst bOTO BHUIAJKY HEperyIsspHi CTPUOKH MiX Pi3HUMH 4aCTHHAMH CEapaTPHCH MOXKHA YiTKO CIIOCTEpIraTH Ha eIopax
KOJIMBaHb. |HIIMI BHUIIAIOK CTOXACTUYHOTO PyXy — Iie IEpPEeKpUTTsl HeNIHIMHUX Pe30HAHCIB BIINOBIIHO 10 KpHuTepito Yupikosa (3a
OUIBIIMX aMILTITY /] 30BHIMIHBOI crim). CrocTepiranacs MOYaTKOBa CTAis IEPEKPUTTS KITbKOX PE30HAHCIB, KON 00JIACT] pETyIIsIPHOTO
PyXy 3aJHIIaNiCs 3HAYHUMH. Emop KoiIMBaHb y IbOMY BHIIAJKy MOMITHO YCKJIATHSAIOThCS. [lofanbline 3pocTaHHS aMILTTYIN
30BHILIHBOT CHJIM BEZIE /10 YTBOPEHHS LIMPOKOI 00JACTi CTOXAaCTHYHOTO PyXY (CTOXacTHYHOIO MOPS) 3 MAJCHBKUMH OCTPIBLSMH
CTIHKOCTI Ha KapTi BiZIOOpasKeHHsL.

Kuouosi cioBa: ocumssitop Aroddinra, HeniHIHHUN pE30HAHC, CTOXaCTHYHA TUHAMIKA
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Perynspnas u ctoxactuueckas quHaMuka ociusuisitopa oddunra,

BO30YKIa€MOTO TAPMOHHYECKOMN CUIIOM
®.K. Cuxopckuii, U.A. AHCUMOB

Kuescruii nayuonanvnwiii ynusepcumem umenu Tapaca Illesuenxo, Braoumupckas 64, 01033, Kues, Yxpauna

UncneHHO MpoaHaIW3UPOBAHbl PETYIAPHBIE U CTOXACTHYECKHE KoJieOaHUs KOHCEPBATHBHOTO OCHMILIATOpPA ¢ KyOHIecKoit
HEJIMHEWHOCThIO MOJ JeiicTBHEM BHEIIHEH rapMOHMYecKoW cuibl (Moxens Jod¢unra). Ota MOIENs COOTBETCTBYET LIMPOKOMY
KJIacCy peabHBIX CHCTEM: KOIeOaTeIbHbII KOHTYP C HETMHEHHON eMKOCTBIO, BBIHY KACHHBIE KOIeOaHUsI MAaTeMaTHIECKOT0 MasiTHHKA,
JIBIDKEHHE 2JIEKTPOHA B KpUCTaJUIe U Apyrue. YpaBHeHue J{rodduHra MoxkeT OBITh IpeoOpa3oBaHO B ypaBHEHHE YO[B, 3aBHCSIICE
TOJIBKO OT JIBYX I1apaMeTpPOB — HOPMUPOBAHHON aMIUIUTY/AbI 1 HOPMUPOBAHHOM 4aCTOTHI BHEIIHEN cUIIbl. BBUIM MOCTPOEHBI SIIOPHI
KoJeOaHi, TpexMepHbIe (Pa30BBIC MMOPTPETHI, CIIEKTPEl W KapThl TOYEYHBIX OTOOPAKCHUH UIS pa3sHBIX IapaMeTpOB M HaYaIbHBIX
YCIIOBHUIL.

Perynsaproe nBrkeHHEe COOTBETCTBYET (pa30BBIM KOJI€OAHHSAM BOKPYT TOUSK HENMHEHHBIX pe3oHaHCOB. Da30Bble KoneOaHUs
SIBIITIOTCS HEM30XPOHHBIMH BCIIEACTBHE HENMUHEHOCTH ocruisiTopa Jroddunra. OTH pe3ynbTaTel MOTYT OBITh HHTEPIIPETHPOBAHBI
B TepMuHax TeopeM Kommoroposa — Apronsaa — Mo3sepa u Ilyankape — bupkroga. [lociaenoBareapHOCTs YepeJOBaHHS PE30HAHCOB
BBICIIIUX MOPSAKOB HA KapTe TOUEUHBIX 0TOOPaKEeHUI ONPEAENIeTCs] 3aKOHOM HEHM30XPOHHOCTH COOCTBEHHBIX KOJIEOaHMUH.

CToxacTU4ecKoe JBHXKEHUE OIpPEAEIsIOCh II0 HENPEpPhIBHOMY CHEKTPY M II0 HEPEryJIsIpHOMY XapaKTepy TOUYEYHBIX
otobpakeHniH. CTOXaCTHYECKOe JABM)KCHHE BO3HUKAET B OKPECTHOCTSX cemapaTpuc (a3oBBIX KOJIEOAHUH M MOXET OBITH CBSI3aHO C
(OpMHUpOBaHUEM I'eTEPOKINHUYECKHX CTPYKTYp. JJIsl 3TOTO Cllydast HeperyJsipHble CKauKd MEXTy pa3HBIMH YacTsIMHU CerapaTpUChl
MOXXHO Y€TKO HaOJroIaTh Ha JIopax KosebaHui. JIpyroil ciydail cTOXaCTHYECKOTO JIBIDKEHHS — 3TO INMEPEKPHITHE HEITWHEHHBIX
PE30HAHCOB B COOTBETCTBUH ¢ KpuTepueM Unprkosa (Ipu OONBIINX aMIUIUTYyJax BHeIIHei cuibl). Habmronanack HauambHas cTaus
MEPEKPBITUS HECKOIBKUX PE30HAHCOB, KOTJa 0OJIACTH PETYISPHOTO ABM)KEHUS OCTaBAINCh CYIIECTBEHHBIMH. OIOPHI KOJICOaHUH B
3TOM CITydae 3aMETHO YCIOXKHAIOTCS. JlanpHeliee Bo3pacTaHNe aMILTUTYJbI BHEIIHEH CHIIBI BeJEeT K 00pa30BaHMIO MIMPOKOi 001acTu
CTOXaCTHYECKOTO JBIDKECHHS (CTOXaCTHYECKOTO MOPSI) 3 MAJICHBKIMHU OCTPOBKAMH YCTOHYMBOCTH Ha KapTe OTOOPasKeHUSL.

Kirouessle cioBa: ocumwarop JrodduHra, HeMMHEHHBIH pe30HAHC, CTOXAaCTUYECKas JHHAMHKA

Introduction

Oscillator with cubic nonlinearity (Duffing model)
under the action of an external harmonic force is one of the
simplest models that demonstrate stochastic dynamics.
This model corresponds to a wide class of real systems:
oscillating circuit with nonlinear capacitance, forced
oscillations of mathematical pendulum, the electron’s
motion in a crystal and others. Although such models have
long been being studied in the literature (see, e.g., [1]),
conditions of the unpredictable behavior emergence and

y+y+y> =FcosQt, 2)

that depends on only two parameters F = f.\[8/af,

Q=wp/p.
Equation (2) was solved numerically using a package
Wolfram Mathematica 12.0. Oscillation plots y(z), phase

portraits in coordinates (y,y,z), spectra (Fourier

transforms of functions y(z)), and point mappings were

features of this behavior remain unclear. This report studies
different modes of the conservative oscillator with cubic
nonlinearity under the action of an external harmonic force,
including the clarification of the conditions of the
stochastic oscillations’ occurrence.

Model description and methods of analysis
The Duffing model (for the conservative case) is
described by the equation

K+ afx+ Bx® = f, cos pt, 1)

where @, is the frequency of free oscillations of the small
amplitude, g is parameter of the cubic nonlinearity (we
treat only the case f>0), f, and p are amplitude and
frequency of the external force, respectively. In the
transition  to  dimensionless  variables 7=t
y= x\jﬁ/a)o (1) takes the form of the so-called Ueda
equation

obtained. To construct the mappings, 3D phase trajectory
was intersected by planes t=const (over a period of
external force), and then the points of intersection were
projected onto the plane (y,y) [2].

Regular oscillations

Fig. 1 shows a point mapping for various initial
conditions for a small external force (F =1).

In this case the mapping is similar to the phase portrait
of free oscillations, that looks like a set of nested deformed
ellipses. Only for the most noticeable resonances — at the
frequency of the external force, at its one third and one half
— the splitting of elliptical trajectories into chains of the
separatrix loops is observed.

This effect becomes clear if one remembers that square
of the oscillations’ amplitude in the point mapping is
proportional to intensity. Intensity for weakly nonlinear
oscillations is proportional to the action (in the variables
action - angle) Then the splitting of elliptical trajectories in
fig. 1 can be interpreted as analogue of the resonant tories
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destruction under the action of a non-integrated term in the
Hamiltonian according to the Kolmogorov-Arnold-Moser
and Poincare-Birkhoff theorems [3].

Fig. 1. Point mapping for Q=4,F =1
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Fig. 2. Phase oscillations near the main resonance for Q =4,
F =5: a — oscillations’ plot, b — 3D phase portrait, ¢ - point
mapping, d - spectrum

Fig. 2 characterizes the phase oscillations around the
main resonance — nonlinear analogue of beating, when
perturbation of the oscillations” amplitude is accompanied
by the variation of their frequency due to the non-
isochronism of the nonlinear oscillator. An equidistant set
of lateral frequencies around the fundamental one appears
in the spectrum.

Fig. 3 shows the point mapping similar to fig. 1, but for
the larger amplitude of the external force
(F =5). It presents the formation of several areas of
stochastic dynamics, that will be discussed below.
Alternation of resonances in fig. 3 corresponds to the law
of non-isochronism of free oscillations of a nonlinear
oscillator. In this case, the frequency of free oscillations
increases with the amplitude increase. So, the ratio of the
resonance frequency to the frequency of the external force
increases as the amplitude is increased. Indeed, this ratio
for resonance 4 is 1/3, for the next resonance 3 - 1/2, for
resonance 5 - 5/9, for resonance 1 - 1, and finally for almost
free oscillations 10 - 5/4.

Fig. 3. Point mapping for Q =4,F =5

Stochastic oscillations

Fig. 4 illustrates the appearance of stochastic dynamics
around the main resonance separatrix loop. The essence of
this dynamics is unpredictable jumps between internal and
external parts of the separatrix loop (line 7 on Fig. 3).
Corresponding changes in the motion can be seen in the
three-dimensional phase portrait (fig. 4 a). The separatrix
on the mapping is blurred, and continual component
appears in the spectrum (fig. 4 ¢). This behavior can be
associated with the appearance of the heteroclinic structure
in the vicinity of the saddle point [3].

BicHuk XHY imeHi B.H. KapasiHa, cepia «®isukar, sun. 34, 2021 49



Regular and stochastic dynamics of the Duffing oscillator excited by the harmonic force

Fig. 5 b illustrates the moment of the nonlinear
resonances’ overlapping in accordance with Chirikov's
criterion, when the distance between the resonances
decreases to the size of the order of their width.
Simultaneous overlapping of several resonances of higher
orders is presented in Fig. 5 b. Comparison with fig. 1
(obtained for the smaller amplitude of the external force)
moves to the conclusion that one of them is a resonance on
the half of the main harmonic, that corresponds to a set of
four loops of the separatrix connected by saddle points. As
in the previous case, the plot of oscillations (fig. 5 a)
demonstrates random  transitions between phase
oscillations that correspond to different resonances.
Further increase in the amplitude of the external force leads
to the formation of the wide area of the stochastic motion
(stochastic sea) with small islands of stability on the

mapping.

Fig. 5.

a — oscillations’ plot; b - point mapping; ¢ - spectrum

formed due to

Stochastic

layer

Conclusions

1. Sequence of the alternation of higher-order
resonances on the point mapping is determined by the free
oscillations’ law of non-isochronism (in this case, by the
increase of the free oscillations’ frequency with an increase
of their amplitude).

2. One of the possible types of stochastic dynamics
in the Duffing model is associated with random jumps
between different parts of the separatrix, connected by
saddle points. It is associated with heteroclinic structures
in the vicinity of these points.

3. Atexternal force amplitudes greater than a certain
threshold value, the stochastic dynamics of the Duffing

M
U Y -
«.‘.5,"::6.',!,‘}4

e

......

o ’I ‘l'

Al )

AW w

0.5

04r

031

0.2r

Spectral Level

0.1¢

0.0t

Frequency b

Fig. 4. Stochastic layer near the separatrix of the main
resonance () =4, F =5): a — 3D phase portrait, b - spectrum
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oscillator is sometimes associated with the overlapping of
nonlinear resonances according to the Chirikov’s criterion.
As in the previous case, jumping between resonances may
be accompanied by a change in the amplitude of
oscillations.
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