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During last decade, considerable efforts were made to achieve coherent emission from stacks of many Josephson junctions. It
is known that strong emission from a junction in the presence of external magnetic field appears at the so-called Fiske steps in the
IV-characteristic at voltages which correspond to frequencies of geometrical resonances. However, it is possible to obtain resonant
steps in long junctions without external magnetic field. The periodical movement of fluxons is excited due to some disorder in the
distribution of critical currents along junctions. The so-called zero-field steps are formed in the 1V-curve due to the interaction of
fluxons with oscillations of voltage at Josephson frequencies. We investigated numerically 1\VV-characteristics and the dependence of
the average square of ac voltage at the end of the stack of two long Josephson junctions on the average voltage. Junctions interacted
inductively with each other. We introduced not only the Gaussian distribution of critical currents along junctions but also the
Gaussian distribution of coefficients of the interaction between junctions (mutual inductances). Zero-field steps in the IV-
characteristic were found at voltages which corresponded to frequencies of in-phase collective modes in the stack as well as to
frequencies of uncoupled junctions. Zero-field steps appeared in the hysteretic region of the I\V-curve. There appeared also jumps of
voltage from the resistive branch to the zero-field step. We showed that there existed distributions of mutual inductances along
junctions which provided jumps to voltages at which the average square of ac voltage at the end of the stack (which is proportional to
power of emission) was larger than that for the stack with the uniform distribution of mutual inductances.
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KorepenTHa eMicis nayok KOHTaKTiB J[>ko3edcoHa 3 HEOJHOP1THOIO

1HIYKTUBHOIO B3a€MO/IIEI0
O.M. I'pu6, O.JI. Camconik, P.B. Cyxos

Xapxiscokuti nayionanvHutl yisepcumem imeni B.H. Kapasina, m. Ceéo6o0u 4, 61022, Xapxkie, Yrpaina

[IpoTaroM OCTaHHBOTO AECATWIITTS 3HAYHI 3ycWUIsS Oyiu 3poOJieHI Al JOCSTHEHHS KOTEPEHTHOI eMicii Mmadok 0araTthbox
KoHTakTiB J[xo3edcona. Bimomo, 1m0 cuiabHa eMicist Bii OJHOTO KOHTaKTy B TNPHUCYTHOCTI 30BHIIIHBOTO MArHITHOTO MOJIS
JIOCATAEThCS HA TaK 3BaHMX CXOAMHKax (Dicke Ha BOJIBT - aMIICpHiH XapaKTEPUCTHII MPH HANpyrax, sKi BiANOBIJAIOTH 4acTOTAM
reOMETPUYHHUX pe3oHaHCiB. OHAK, MOXIIMBO OTPUMATH PE30HAHCHI CXOJMHKH B JIOBIHX KOHTaKTaxX 0e3 30BHILIIHBOIO MarHiTHOTO
mons. [lepiogmuanii pyx (UIyKCOHIB 30yIKY€ThCS 3aBASKU NESKi HEBIOPSIKOBAHOCTI B PO3MOMALTI KPUTUYHUX CTPYMIB B3JOBXK
KOHTAaKTIB. Tak 3BaHi CXOJMHKU HYJIBOBOTO TOJIST (POPMYIOTHCS HA BOJIBT - aMIIEPHiil XapaKTepHCTHII 3aBSIKH B3a€EMOII1 (IIyKCOHIB
3 OCUWJISILISIMH HAIMIPYTH Ha JUKO03e()COHIBCHKUX YacTOTax. MM YHCEIBHO JOCIIIUIN BOJIBT-aMIIEPHI XapaKTEPUCTUKHU Ta 3aJICKHICTH
YCepEeIHEHOr0 KBaJapary 3MiHHOI Halpyrd Ha KiHII Ma4kd JBOX JOBTMX KOHTakTiB Jxo3zedcoHa BiJ ycepeaHEHOI Hampyru.
KoHTakTH B3a€MOJIIOTH IHIYKTHMBHO OIMH 3 OJHMM. MU BBEIM HE TUIBKH TayCiBChbKHH PO3MOIT KPUTHYHUX CTPYMIB B3IOBXK
KOHTAKTIB, ajlé TaKOXX rayCiBCHKH pO3MOMiT KoediIlieHTIB B3aeMOJil MiXK KOHTAKTaMH (B3a€EMHHX IHIYKTHBHOCTeH). CXOAWHKH
HYJIbOBOTO TOJISI Ha BOJIBT-aMIICpPHIM XapakTepHCTHI[ OyNM 3Hai/IeHi MpU Hampyrax, siki BiNOBIJAIOTh YacTOTaM SIK CHH(pa3HUX
KOJIGKTUBHUX MOJ Y TIaulli, TaK i 4aCTOTaM BiJIOKPEMJICHHUX OJHH BiJl OJHOTO KOHTaKTiB. CXOJMHKH HYJILOBOTO IOJIS 3'SIBUIIHCS Y
riCTepe3UCHOMY pEeTiOHI BOJbT-aMIepHOi XapakTepucTuku. CTpHOKKM HAanmpyru 3 PEe3UCTHBHOI TiJIKM HAa CXOAMHKY HYJIHOBOTO IOJIS
BHUHHUKIJIM HA BOJIbT-aMIICPHIN XapakTepucTHili. My HoKa3aiu, 0 iCHYIOTh PO3MOIiTH B3aEMHHX IHIYKTHBHOCTEH B310BXK KOHTAKTIB,
sIKi 3a0e31edyIoTh CTpUOKH 10 HANpyT, PH SKUX yCepeJHEHHI KBaJpaT 3MIHHOI HAallpyrW Ha KiHII KOHTAKTY (KU IpONOpLiifHMHA
MOTY)KHOCTI eMicii) € GLIBIIMM, HIXK JUIsl Ta4KH 3 OJHOPIAHMM PO3MO/ITIOM B3aEMHHUX 1HAYKTHBHOCTEH.

Koro4oBi ci1oBa: korepeHTHA eMicis, CXOJUHKH HyJILOBOTO IOJIS, KOHTaKTH JIo3edcoHa, iIHIyKTHBHA B3a€MOIS.
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KorepenTtHas smuccus nauek KOHTakToB J[xo3edcoHa ¢ HEOJHOPOHBIM

HNHAYKTHUBHBIM BSaHMOHeﬁCTBHeM
A.H. I'pu6, A.JI. Camconuk, P.B. CyxoB

Xapvrosckuii hayuonanvhwii ynueepcumem umenu B.H. Kapasuna, m. Ce0600b1 4, 61022, Xapvros, Ykpauna

Ha mpoTspkeHHM TOCNERHEro HeCSTWIIETUS ObLIM INPUIIOKEHBI 3HAUUTENbHBIE YCHUIHS ISl JOCTIDKEHHUS KOTE€PEeHTHOI
SMHUCCUH MayeK MHOTUX JK03e(COHOBCKHUX MEpeXoaoB. M3BECTHO, YTO CHIbHAS 3MHCCHA OT OJHOTO INEpexoja B MPHUCYTCTBHU
BHEIIHET0 MAarHUTHOTO IOJsA JOCTHraeTcs Ha TaK Ha3blBaeMBIX CTyNeHbkax (DHcke Ha BONBT - aMIEPHOM XapaKTEPUCTHKE MpPHU
HaMpsHKEHUAX, KOTOPbIe COOTBETCTBYIOT YacTOTaM T'€OMETPUYECKHX pe3oHaHcoB. OJHAKO, BO3MOXKHO TONYYUTh PE30HAHCHBIE
CTYIIEHBKM B JUIMHHBIX KOHTAaKTax Oe3 BHEIIHEro MarHuTHoro mois. Ilepnomnmdeckoe ABMKEHHE (UIYKCOHOB BO30YyXKIaeTcs
Onaromapsi HEKOTOPOH HEYNMOPSIOYEHHOCTH paclpesieNieHNs] KPUTHIECKUX TOKOB BIOJb IepexoJoB. Tak Ha3bIBaeMble CTYNEHBKH
HYJIEBOTO TIOJIS1 ()OPMHPYIOTCSI Ha BOJBT - aMIIEPHOH XapaKTepHUCTHKe Onarofaps B3aUMOJCHCTBHIO (NIYKCOHOB C OCHMIIIAIMSIMH
HanpsDKEHUs Ha Iepexofax. Mbl YHCIEHHO UCCIENOBAIU BOJBT - aMIIEPHBIC XapaKTEPUCTUKH M 3aBUCHUMOCTb CPEIHEro KBajapara
MIEPEeMEHHOT0 HANPsDKEHUS] Ha KOHIE IMAaYKH W3 JBYX UIMHHBIX JDKO3€()COHOBCKMX HEPEXOJOB OT YCPEIHEHHOTO HAaIlpsIKEHHMS.
Ilepexonsl MHIYKTHBHO B3aUMOMCHCTBYIOT APYT C ApyroM. MBI BBENIH HE TOJBKO TayCCOBO PAacIpeieNeHne KPUTHIECKHX TOKOB
BIOJIb IEPEXOJOB, HO TAKXKE U TayCCOBO paclpeneneHrue Kod(p@UIMEHTOB B3aMMOJECHCTBUS MEXTY IepexoJaMH (B3aMMHBIX
MHIYKTUBHOCTEH). CTYNEeHbKN HYyJIEBOTO IOJS HA BOJBT - aMIEPHON XapaKTePUCTHUKE ObLIM HAMACHBI IPU HANPSKEHHUAX, KOTOPHIE
COOTBETCTBYIOT YacTOTaM KaK CHH(A3HBIX KOJJIEKTHBHBIX MOJ| B ITAYKe, TAK U YaCTOTaM Pa3beAWHEHHBIX nepexonoB. CTyNeHbKH
HYyJEBOTO MOJI IMOSBUIMCh B TUCTEPE3UCHOM PETHOHE BOJIBT - aMIIEPHOM XapakTepucTuku. Taxke Ha BOJIBT - aMICpHOU
XapaKTepPUCTUKE BO3HMUKIM CKAayKM HalpsDKEHUS C PE3UCTUBHOM BETBU Ha CTYNEHbKY HYJIEBOrO IOJA. Mbl MHOKaszald, 4To
CYIIECTBYIOT paclpe/eeHus] B3aNMHBIX HHIYKTHBHOCTEH BIOJb IEPEX010B, KOTOPEIE 00ECIIeUNBAIOT MIPBDKKU K TEM HaIlpsHKEHUSM,
IIPY KOTOPBIX CPEIHMIT KBAAPaT IEPEeMEHHOT0 HAIPSDKEHHUsI Ha KOHIIE Iiepexo/a (OH MPOropIroHaIeH MOITHOCTH SMHCCHH) 00JIblIe,

YEM UIA MMAaYKU ¢ HCOOHOPOIHBIM PacpeACICHUEM B3aUMHBIX PIHZ[yKTI/IBHOCTeﬁ.
KiroueBble cioBa: KOT€pCHTHAsA JMUCCHUA, CTYINCHBKU HYJIEBOI'O II0JIA, HX(OSC(bCOHOBCKHC nepexonpl, UHAYKTUBHOC

B3aMMOJICHCTBHE.

1. Introduction
One of the most important applications of the ac

Josephson effect is the development of powerful emitters
of high-frequency radiation from many Josephson
junctions. To achieve this aim, special schemes of high-
frequency connections between junctions were applied
[1]. One of these schemes is based on the use of coherent
modes in the stack of junctions placed in external
magnetic field which is parallel to the interfaces of layers
[2]. If the thickness of each of the superconducting layers
q is larger than two London depths of penetration of
magnetic field in these layers A., junctions are separated
and voltages over different junctions oscillate
independently. However, if g< 2. then circulated
currents of neighbor junctions in each of the
superconducting layers are superposed and junctions
interact with each other. Due to this interaction,
oscillations of voltages on individual junctions are
transformed to normal modes just like it appears in
coupled pendula, coupled LC-contours or vibrations of
atoms in the solid [2]. Amongst these normal modes there
always is the so-called in-phase mode, i.e. the mode in
which all voltages over junctions oscillate in-phase. This
in-phase mode interacts with standing waves which
appear at frequencies of geometrical resonances of the
system and as a result of this interaction resonant Fiske-
like steps appear in IV-characteristic of the stack [2, 3].
There is strong coherent emission from the stack at these
steps.

Further investigations of coupled junctions in a stack
showed that magnetic field is not required for the
formation of coherent modes as well as for the formation

of resonant steps [4, 5]. In junctions with inhomogeneous
distribution of critical currents, interacting circulated
currents appear due to different drops of voltages in
neighbor parts of the same junctions, and normal modes
are excited in the stack [5]. Resonant steps in the IV-
characteristics in this case are called zero-field steps [6,
7]. There is also strong emission at zero-field steps which
correspond to the coupling of the in-phase mode with
standing waves [4].

In the present paper we investigate the formation of
zero-field steps in IV-curves of the stack of two long
junctions (i.e. junctions which have the length that is
larger than the Josephson length of penetration of
magnetic field) in the presence of the disorder of both
critical currents and coefficients of the interaction
between circulated currents in the stack. It was shown that
these coefficients can be described as mutual inductances
L between junctions [4]. We show that in such a system
there are as collective modes of voltage oscillations as
modes of non-coupled voltage oscillations. Jumps of
voltage from the resistive branch to the zero-field step
appear in the hysteretic region of IV-characteristic. We
show that there exist some distributions of L; along
junctions which provide jumps to voltages at which
coherent emission is stronger than that for the stack with
the uniform distribution of L.

2. The model
For calculations we used the scheme of two

inductively interacting long Josephson junctions which
was described elsewhere [4, 5, 8], so here we give only its
brief description. According to this scheme, each of long
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junctions with indices i=1, 2 is divided to n segments.
Junctions in segments are described by the capacitively
and resistively shunted model, so each of these junctions
has its own capacitance Cj, the resistance R; and the
source of Josephson current I-sing;; (here j=1...n is the
number of the segment and ¢;; is the difference of the
phase of the order parameter across the junction with
indices i and j). Junctions are connected by inductances L
in such a way that the relation ¢*’LC,,= &7 is valid (here ¢’
is the velocity of light in the long junction, C,, is the
averaged capacitance and § is the linear size of the
segment). Segments of different long junctions interact
with each other by means of mutual inductances Lgj.1j,
where indices j-1 and j relate to the segment between
junctions with these indices. Then dynamic equations
describing the behaviour of each of the phase difference
¢i; together with magnetic flux quantization conditions
are as follows:

d*, dg ; .
& ; e +ﬂiva+lci'jsm¢lyj:, 1)
=l,- Ii,j—l,j + Ii,j,j+1
Lll,j—l.j - sz,j—l,j I2.j—1,j =
@ : 2
:_2_;[%—1_4’51,1]
_Lfl,j—l,j Il,j—l,j + LI2,j—l,j_ =
d , 3)
:_2_7(;[¢2,j-1_¢2,j:|
where 1=1,2; j=1...n, a=oC  /(27),

B =9, /(27rRi7j) with @, is the quantum of magnetic

flux, lij1; are circulating currents flowing between
junctions with indices i,j-1 and i,j. Equations (1)-(3) must
be supplemented with two pairs of boundary conditions
(one pair for each of the long junctions), so we added two
more fictive segments with indices j=0, n+1 at edges of
each of the long junctions and stated boundary conditions
for the transmission line with open ends:

lio1=0; 1,,.=0,i=12, 4)
The system of equations (1)-(4) is different from that
which we used in our previous calculations [4, 5, 8]. Due

to inequality of coefficients L, ;, ;, phase differences ¢
obtain additions besides additions due to inequality of

critical currents and resistances of segments. It is
precisely the influence of such additions on IV-

characteristic of the system and its emission that is
investigated in the present paper.
We calculated values of averaged voltages over the

system
1@, [e(dd;  dd,
vo—L1 2 14 P 5
M-n27r<,Zl:£ at ot ©

with M=2 is the quantity of long junctions and angle
brackets mean averaging on time. The averaged square of
voltage U? at the left end of the system (which is
proportional to the power of emission from this end) is
equal to

Y CEnICE)

where (V,,)=(®,/27)(dg, /dt) is the average voltage

over the junction with indices i=1, j=1. Note that for the
averaged square of voltage at the right end of the system
one should change indices 1,1 and 2,1 to 1,n and 2,n in
the right part of Eq. (6).

We solved the system (1)-(4) by the method of Runge-
Kutta. Values of l,; and Ly,j.. j were set randomly with the
use of Gaussian distribution with different values of the
mean-square-root deviation o, = §,-Icy and o = 8, -Lyp with
lo and Ly are averaged values of critical currents and
mutual inductances, correspondingly, so  Values of
resistances R;; were calculated from the expression
Rij=Vd/l.j, where V; is the characteristic voltage set the
same for all segments. In the following consideration we
will use normalized units u%=U%/Vc? for the averaged
square of voltage U% at the left end of the system,
v=<V>/V, for the averaged voltage over the junction and
in=1y/l¢ for the bias current.

For calculations we set the length of the system D=
6-10° m, the fictive width of the system W= 1-10"* m, the
critical current density J.= 4-10° A/m? and the
characteristic voltage V.=2-10% V. The obtained critical
current of the system is equal to Iy =n-1;e=24mA. Then
we set the capacitance per unit square Cy= &o-¢/d, where
€0=8.854-10"? F/m, £=2 and the thickness of the barrier
d=2-10° m. The average value of the velocity of light in
the long junction ¢' was obtained with the use of the
expression ¢'=co-[d/(e-q)]"? [6], where ¢, is the velocity of
light in vacuum and q=2-cth(z/A)+d with z is the
thickness of the superconducting layer A, is the London
depth of penetration. We used z=2-10® m and 1,=4-10% m
and obtained ¢'= 2.265-10" m/sec. Then we divided the
long junction to n segments and obtained the set of
parameters of segments such as , L, I etc. The averaged
value of the mutual inductance was equal to 0.35-L.
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3. Results and Discussion
The 1V-characteristic for the system with random

distributions for critical currents 8, = 10° and &, = 0.3 for
values of Ly is shown in Fig. 1. It is seen that there are a
set of zero-field steps in the IV-characteristic. Steps at
Vp=1=0.2 and v,-,=0.4 correspond to the first (p=1) and the
second (p=2) geometrical resonances in the system
Vp=(Do-C"-p/(2:D), whereas steps at V=1, s=0.24, Vp=2=0.49
and v,—3,=0.49 correspond to in-phase resonances of
normal modes at steps with p=1, p=2 and p=3,
correspondingly. Positions of steps we marked by arrows
in Fig. 1. Equations for positions of these zero-field steps
are as follows: v,s=vy/[1-(L/L)]"* [4]. Thus, collective
modes as well as non-coupled modes exist in the system.
It is interesting to note that instead of the step at
Vp=2,=0.49 there exists the long jump to smaller voltages.
This jump appears because of the hysteretic behavior of
the 1V-curve in the region of the zero-field step at the
backward movement of the bias current [8]. Jumps in the
IV-curve as well as steps show the presence of resonance
particularities.
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Fig. 1. The IV-characteristic of the stack of two Josephson
junctions with the Gaussian distributions &, = 10° and
8,.=0.3. Arrows show positions of zero-field steps.

The averaged square of voltage at the left end of the
system for n= 60, §, = 10° and §,= 0 is shown in Fig. 2
(triangles). We also showed data (circles in Fig. 2)
obtained for fourteen different random realizations of the
stack with 8§ = 0.3 but with the same relief of the
distribution of bias currents along junctions calculated
only one time with & = 10°. Maxima in Fig. 2 correspond
t0 Vp=1=0.2, Vp==0.4, V;-15=0.24, v,,=0.49 and v;¢=0.72
that is characteristic of the in-phase synchronization. It is
important to note that for junctions in the stack the mean
Josephson length of penetration of magnetic field A; is
equal to 1.9-10° m, so the condition D > A, is valid. The
so-called Fulton-Dynes mechanism of the movement of

fluxons appears at frequencies of geometrical resonances
[9]. The coherent movement of fluxons in stack of
junctions in magnetic field was considered in Ref. [10]. In
our calculations maxima of u?; at Vp,u in Fig. 2 correspond
to the interaction of fluxons with the collective modes
without magnetic field.

It is seen from Fig. 2 that due to randomization of
mutual inductances the large zero-field step at vy=,=0.49
can be shown in full. Maxima of u?; for some realizations
of the random distribution of mutual inductances are
higher than those for 3,= 0 (see Fig. 2). This does not
mean that there exist random realizations of mutual
inductances which provide stronger emission at this zero-
field step than that for the case & = 0. Due to the
hysteresis of the IV-curve in the range of the zero-field
step, there is the jump of voltage from the resistive branch
to some voltage of the zero-field step. The value of this
voltage was up to now considered as arbitrary. However,
our data showed that at some distributions of mutual
inductances jumps of voltage appeared to the very top of
the zero-field step. Objective laws of jumps of voltage at
zero-field steps should be investigated in details in further
investigations for obtaining of maximal emission from the
stack.

0.4 N
—A— SL_

o -5,=03

Fig. 2. The dependence u? on the normalized averaged
voltage for the system with &, = 10® and &= 0 (triangles,
solid line) and for fourteen realizations with &, = 10 and
5.= 0.3 (circles). Arrows show positions of zero-field steps.

Conclusions

In the present paper we investigated IV-characteristics
and the averaged square of ac voltage at the edge of the
stack u®, of two long Josephson junctions with the
random inductive interaction between junctions. Values
of u?, are proportional to power of emission. We found
zero-field steps in the 1\VV-characteristic of the stack. These
zero-field steps correspond to the first, second and third
geometrical resonances in the system. We calculated
values of u?; at different random distributions of the
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parameter of the inductive interaction along junctions. We
found that there are distributions of mutual inductances at
which values of u?; at zero-field steps are large than those
for the homogeneous distribution of mutual inductances.
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