BicHuk XHY imeHi B.H. KapasiHa, cepia «®isunkay, sun. 31, 2019. c. 48-53

PACS: 95.30.Sf, 98.62.Sh
UDC: 530.122, 514.823, 523.163

The N-point gravitational lens as cover and his the profile cover
S.D. Bronza', A.T. Kotvytskiy?, Ye.M. Korostelov®

1 Department of Further Mathematics, Ukrainian State University of Railway Transport, Feuerbach sq 7, 61050 Kharkiv, Ukraine
2 Department of Theoretical Physics, V.N. Karazin Kharkiv National University, Svobody sg. 4, 61022 Kharkiv, Ukraine
3 Department of Researches and Design of Means of Communication, Geodesy and Land Management,
Ukrainian State University of Railway Transport, Feuerbach sq 7, 61050 Kharkiv, Ukraine
bronza.sem@gmail.com, kotvytskiy@gmail.com, kostya_90_@ukr.net

ORCID: 0000-0002-1981-5184
DOI: 10.26565/2222-5617-2019-31-07

The study of mathematical models of gravitational lenses are not direct observations. A special place in such studies is the
visualization of the lens model. The image of the source and its images in the N-point gravitational lens, in the picture plane,
visualizes the mathematical model - the algebraic equation of the lens. Recently, the number of studies of the equation of the N-point
gravitational lens by algebraic methods has increased [6—-8]. Such studies make it possible to consider the gravitational lens not only
as an algebraic, but also as a topological object.

In the work, the equation of the N-point gravitational lens in the complex form is studied. A bundle above the source plane is
assigned to it. We investigated one subfamily of lens equations. A critical set of equations of this subfamily is a closed Jordan curve.
To the equations of this subfamily we put in correspondence not only a vector bundle, but also a covering.

A method for describing coverings is developed for equations whose caustic in the finite plane is a closed Jordan curve
(Jordan caustic). A special case of such coverings is coverings for the equation of an N-point gravitational lens, the critical set of
which is a closed Jordan curve. These equations, also, have Jordan caustics. The method is similar to the method for describing
Riemann surfaces of algebraic functions, graphs — profiles.

The algorithm for constructing coverings and the developed method for describing these coverings illustrates an example of a
cover given by a rational non-analytic function of a complex variable The covering surface has not only a Jordan caustic, but also a
second-order branch point at an infinitely distant point.

The methods of the theory of functions of a complex variable, algebraic geometry, algebraic topology and graph theory are
used.

Keywords: gravitational lens, lens equation, critical curve, caustic, covering map, covering profile.

N-ToukoBa rpaBiTalliiiHa JIiH3a K HAKPUTTS 1 11 IpoP1ib HAKPUTTA

C. . Bp0H3a1, A.T. KOTBHHBKHﬁz, C.M. KopocTean3

1 Kagheopa suwoi mamemamuxu, Yxpaincokuil Oepoicasnuii ynieepcumem 3aniznuunozo mpancnopmy, ni. Qeiicpbaxa, 7, Xapkie 61050, Vkpaina
2 Xapxiscoxuil nayionanvhuil ynisepcumem imeni B.H. Kapaszina, m. Ceéo600u 4, 61022, Xapxis, Yrpaina
3 Kageopa Buwyxysans ma npoexmysanis wiisxie cnoyyenns, 2eooesii ma semaeycmpolio, Yxpaincokuti Oepoicagnuil yHieepcumem 3aii3HU4HO20
mpancnopmy, na. Qeiicpbaxa, 7, Xapkie 61050, Vrpaina

Jlocnmi/pKeHHST MaTeMaTHYHUX MOJesell TpaBiTaIllifHUX JIiH3 BIIHOCATHCS 0 HE MPSIMUX crocTepekeHb. OcobnuBe Miciie B
TaKUX JOCIIDKEHHAX 3aliMae Bi3yasizawiss Mojeni JiH3H. 300pakeHHs mKepena i Horo 300paxenb B N-TOUKOBOi rpaBiTaliifHOT
JiH3M, B KapTUHHIN IUIOLIMHI, Bidyalli3ye MaTeMaTH4Hy Mojenb — aureOpaiyHe piBHAHHS JiH3W. OCTaHHIM 4acoM 30inbIImiacs
KiJIBKICTh JTOCTIKEHb PiBHSHHSA N-TOYKOBOI TpaBiTamiiHOI JiH3M anreOpaiuHuMu Metogamu [6-8]. Taki MOCHiIKEHHS MalOTh
MOJKJIMBICTD PO3TJLIATH TPABITAIIMHY JIIH3Y HE TUIBKH SIK alTreOpaldHuid, aje i IK TOTOJIOTIYHUH 00'€KT.

B pobori nocmimpkero piBHSHHS N-TOYKOBOI TIpaBIiTAIIHHOI JIH3M B KOMIUIEKCHOMY BHIISIl. MOMy IMOCTABIEHO Y
BIJIIIOBITHICTH PO3MIAPYBaHHS HaJ IUIOIIUHOIO HKepeTa. Mu TOCHiKyBaI OHY MiPOIUHY JTIH30BUX PiBHSIHb.

KputnuHa MHOXXMHA piBHSHB M€l MIAPOJMHU € 3aMKHYTOI >KOPAAHOBOIO KPHUBOK. PiBHSHHAM IIi€i MiIpoAWHH MU
MOCTaBUIIM Y BiJMOBIJHICTh HE TINBKKM BEKTOPHE PO3IIApYyBaHH:I, a i HAKPUTTA. Po3po0iIeH0 METO/| OIIMCY HAKPHUTTIB, Ul PiBHSHB,
KayCTHKa SIKMX B KiHIEBiH IUIONMHI € 3aMKHYTOIO JKOPAAHOBOIO KPHUBOI (KOpIaHoBa KaycTuka). OKpeMHUM BHIAIKOM TaKUX
HAaKPHTTIB € HAKPUTTS JUIs PiBHSIHHS N-TOYKOBOI IpaBiTalliiHOT TiH3U, KPUTHIHA MHOXKHHA SKOTO € 3aMKHYTa yKOpJaHoBa kpuBa. Lli
PIBHSIHHSA, TaKOX, MAalOTh JKOPJAHOBY KayCTHKy. MeToJ € MoaiOHMHl 10 METOLy ONMCy DPIMaHOBHX IIOBEPXOHb aireOpaidHHX
GbyHKuUii, rpadamu - podiasIMu.

AJropuT™M NoOyIOBH HAaKpHUTTIB i PO3POOICHHH METOJX ONHCY IMX HAKPUTTIB UTIOCTPYe NPHUKIAN HAKPHUTTA, SIKE 3aJaHO
panioHaJBHOIO HE aHATITHYHOIO (PyHKITI€I0 KOMIUIEKCHOTO 3MiHHOTO. HakpuBaloua moBepxHs Ma€ He TUIBKH XKOPAAHOBY KayCTHKY, a
I TOUKY pO3TayXeHHs APYroro MOPSAKYy B HECKIHYEHHO BifaneHii Tour.

VY po6oTi BHKOpHCTaHI MeToau Teopil QPyHKIIH KOMIIEKCHOTO 3MiHHOTO, anrebpaiaHol reoMeTpii, anredpaidnoi Tomosorii Ta
Teopii rpadis.

KurouoBi ciioBa: rpasitauiitHa jgiH3a, piBHSHHS JiH3M, KPUTHYHA KPHUBA, KAYCTHKA, HAKPUTTS, IPOQiIb HAKPUTTS
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N-TouyeuHasi TpaBUTAIMOHHAS JIMH3a KaK HAKPBITHE U €€ TPOPuIIb

HAKPBITUSA
C.I. BpOHSal, A.T. KorBuukuii?, E.M. KopOCTeJIeB3

1 Kagheopa evicuieii mamemamuku, Ykpaunckuii 20cyO0apcmeentblil YHUGEPCUmMen Jiceie3Ho00podicho2o mpancnopma, Peviepbaxa ni., 7, 2. Xapvkos
61050, Ykpauna
2 Xapvkosckuil nayuonavhwlil ynusepcumem umenu B.H. Kapasuna, m. Céoboout 4, 61022, Xapvkos, Yrpauna
3 Kageopa uzvickanuil u npoeKmuposanisi nymetl CooOweHsl, 2e00e3uu u 3eMaeyCmpoucmed, YKpauncKui 20cyoapcmeeHHbiil YHUGepCUmem
Jicene3Ho00podcHo20 mparncnopma, Detiepbaxa ni., 7, 2. Xapvkos 61050, YVkpauna

HccnenoBanne MaTeMaTH4eCKUX MOJIENel TPaBUTAIIMOHHBIX IMH3 OTHOCATCA K HE MPsMbIM HabmogeHusM. Ocoboe MecTo B
TaKUX HMCCIIENOBAaHUAX 3aHMMAeT BU3yalH3alUs MOJEIM JHH3bL M300paxeHHe MCTOYHHKA M €ro u300paxkeHHl B N-TouedqHOH
TPaBUTAILOHHON JMH3€, B KAPTUHHOM IIOCKOCTH, BU3yaIH3UpPyeT MaTeMaTHYECKyI0 MOJENb - alreOpandeckoe ypaBHEHHUE JTHH3BI.
B mocnemHee Bpems YBENIMYMIOCH YUCIO HCCICAOBAHUIN ypaBHEHHS N-TOYEYHOH TPaBUTAIIMOHHOW JHH3BI aireOpamdecKuMHU
Meronamu [6-8]. Takue wuccrnenoBaHWs [alOT BO3MOXKHOCTH pAacCMaTpHBaTh — TPAaBHTAlMOHHYIO JIMH3Y HE TOJBKO Kak
anreOpandeckuii, HO U KaK TOIIOJIOTHIECKUH 00BEKT.

B pabote wucciaenoBaHo ypaBHeHHe N-TOUeYHOI TpaBHUTAIMOHHOW JHMH3BI B KOMIUIEKCHOM BHae. EMy mocraBieHo B
COOTBETCTBUE  PACCIOECHHE HAJ IUIOCKOCTBIO HCTOYHMKA. MBI HCCIENOBaNIM OJHO IOJCEMENCTBO JIMH30BBIX YPaBHEHHI.
Kputnueckoe MHOXECTBO ypaBHEHHHM 3TOro IOACEMEHCTBA SIBIAETCS 3aMKHYTOW JKOPJAHOBOM KPHUBOM. YpaBHEHHUSM 3TOTO
MojiceMeiicTBa MBI ITOCTABHJIM B COOTBETCTBHE HE TOJIBKO BEKTOPHOE PAcCIOCHHE, HO M HakphITHE. Pa3paboTaH MeTOx OmMCaHHA
HaKpBITUH, I ypaBHEHUH, KayCTHKa KOTOPBIX B KOHEYHOW IIOCKOCTH SBISIETCS 3aMKHYTOW YKOPJAHOBOH KpWUBOW (KOpOaHOBa
KaycTuka). YacTHBIM CilydaeM TaKHX HAKPBITUI SBISIOTCS HAKPHITUS Ul ypaBHEHUs N-TOUedHOIl TpaBHUTAaIMOHHOW JIMH3HI,
KPUTUYECKOE MHOXXECTBO KOTOPOIO €CTh 3aMKHYTas XKOpJaHOBa KpHBas. DTU YPaBHEHHUs, TakXKe, UMEIOT KOPJAHOBY KayCTHKY.

Merox nogo0GeH METo Iy OIMCaHMsI PUMAaHOBBIX IIOBEPXHOCTEH anreOpandeckux QyHKIUH, rpadamu - npoduisMu.

AJITOPUTM NOCTPOCHHUS] HAKPBITHH M Pa3paOOTaHHBIN METOJ OIMCAHUS THX HAKPBITUH WILTIOCTPUPYET NpHUMEp HaKpBITH,
KOTOpOE 3aJ[aHO PAllMOHAJIBFHON HE aHAIUTUYECKOH (DyHKIMEeH KOMIUIEKCHOTO IlepeMeHHOro. HakpeiBaromiasi HOBEpXHOCTh HMEET HE
TOJIBKO JKOP/IAaHOBY KayCTHKY, HO ¥ TOUKY BETBJICHHS BTOPOTO MOPs/IKa B OECKOHCUHO yNAJICHHON TOYKE.

B pabote wncmonp3oBaHBI METOABI TEOPHM (YHKIUH KOMIUIEKCHOTO IEPEMEHHOTO,

anreOpandecKoi TOTIOJIOTHH U TEOPHH TPpadoB.

anreOpandeckoll TeoMETpHH,

KnroueBble cjioBa: rpaBHTAI[OHHAs JIMH3a, YpPaBHEHHE JIMH3BI, KPUTHYECKas KpHUBas, KayCTHKa, HAKPHITHE, MpOdMIh

HaKPBITHUA.

Introduction

In this paper, the plano N-point gravitational lens [1]
is specified by the equation in a complex form and is
studied as a vector bundle over the source plane.

We considered the N-point gravitational lens as a
bundle above the source plane. Among other things, one
subfamily of lens equations has been studied. Equations
from this family are assigned not only to the vector
bundle, but also to the covering map. For such equations,
a method of describing covering maps has been
developed.

The developed method is similar to the method of
describing Riemann surfaces of algebraic functions by
profiles.

1. Lens mapping and the equation that specifies it
The plano N-point gravitational lens determines an
unequivocal complex mapping

L:(C,\A)>C,, (1)

from the complex plane CZ — the lens plane to the

complex plane Cg — the source plane, where C is the set

of complex numbers A:{Ah| A =a,+bi,n=1.., N} :

The mapping (1) is specified by the complex equation

¢=2-w(2), v
wherein

“Sm L.
W gmn[z—/w :

N
m, =1, 3)
=1

where m, are normalized point masses of the lens, A,

are their complex coordinates [9]. Function, z—-w(z) is

rational, but not analytical.
Denote a set of the form (2) by ¢, and call it a set of

N-point gravitational lens equations.
The mapping (1) can be extended to unequivocal
complex map by continuity

L:(CZ)—>C§, 4
Note that the mapping (4) is continuous in the entire

extended complex plane 52 . Mapping L™ inverse to the

mapping (4):
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L‘l:((_lg)—ﬂ_iz, (5)

is obviously multivalued.
Consider next a wider family of equations (3). Let

% ={R(z,Z)} be aset of rational functions ¢ =R(z,7)

from variables Z and Z . Obviously, the inclusion of
¢y <M holds. The following theorem holds.

Theorem 1. Let the function f €R. The function

f e, if and only if the function f is conceived of as

a(z)

f=z-r(z), where r(z):ﬁ

rational function Z,

degree dega(z)=N-1 and degree degh(z)=N of
a(z) and b(z)

coefficients, the rational function r(z) has N simple

polynomials have leading zero

poles at the points A, N=1,..., N, with residues r/is r(z)

N
+ 0<resr(z) <1 and ngs r(z) =1.

n=1
Remark 1. The set R is the set of rational, in general,
not analytical functions. The set R includes as a subset
the set of rational analytical functions. These are

functions of the form R=R(z).

2. Solution and critical set of the ¢ =R(z,Z) equation
Let R= R(zj) €R. Let make some remarks about

the solution of the equation
¢{=R(2,7). @)

Equation (7) is equivalent to a system of equations:

. 8
) (8)

Equation (8) is equivalent to a system of polynomial
equations:

©)

The system of equations (9) and therefore (8) can have
one-dimensional zero-dimensional — point solutions, see
[6]. There are algorithms that make it possible to
determine a set of zero-dimensional solutions and a set of

one-dimensional solutions [6]. Equation (7) and the
systems of equations (8) and (9) have no one-dimensional
solutions, if none of the resultant

R,(F(22.9).F(22.0)) and
R7<F(Z,Z,§), IE(Z,Z, f)) is identically zero. It is known

that the family of equations ¢ has a single one-

dimensional solution — the Einstein ring.

Based on this, in considering the R family, we can
restrict ourselves to functions that do not have one-
dimensional solutions.

Let the mapping (4) be specified by equation (7), then
following theorem holds.

Theorem 2. Let J be the Jacobian of the
transformation (8), then the critical mapping set (4) is the

set of solutions of the equation |§£|_|§%|:O' for the
equations of the gravitational lens - the equations |w;| =1

, and for the analytical - the equations ¢, =0.

Remark 2. The set of solutions of the equation
¢, =0 isadiscrete finite set.

3. Bundles and covering maps
Definition. Let M and N be topological spaces, and

f a continuous mapping of the first to the second, that is

f:M —N. A triple of the form (M, f,N) is called a
bundle and denoted by Q. The topological space M is
called the total bundle space and is denoted by tIQ, the
topological space N is the base of the bundle and is
denoted by bSQ , and the f map by the design map and
denoted by prQ.

Definition. The layer, of the bundle AA over point P
is called its inverse image of PP.

The regular point of a bundle of Q is called a point
betlQ if it has a neighborhood of U such that the
reduction of the map of the pré onto it is a
homeomorphism onto the projection of pr&(U). An
irregular point FF is called a singular bundle pointtl Q.

Definition. The bundle @=(M, f,N), with a discrete

layer at each point, is called a covering if the thickness of
all layers is the same. The thickness of the layer is called
the number of sheets. The cover may have a finite or
countable number of sheets. If the number of sheets is
finite and equal to n, then by covering we mean the four

(M, f,N,n).
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Remark 3. A mapping of the form (4) can be
associated with a triple Q:((C_:é\(a), L,(C_:Z\L(®))),

where © is the set of solutions of the equation J =0
(critical set). This triple is two-dimensional bundles over
the complex plane; see [2].

Remark 4. Let the mapping (4) be given by the

equation ¢ =R(z), where R(z) is a rational analytic
function and n=degR(z), Then (4) we can associate the
covering Q:((M \@),L,(C,\ L(G))),n), where M is

the Riemann surface of an algebraic function that is
inverse to the rational function R(z).

4. Construction coverings

The covering for an algebraic function can be defined
by a graph of a special form - a profile of a Riemann
surface, for more details see [4], or a complex of
segments, see [5].

We consider another case where the vector bundle can
be defined as a cover, and the cover is described by a
graph similar to the profile of a Riemann surface.

Let the vector bundle Q be defined by equation (7).
Let, in addition, the critical set of equation (7) is a closed
Jordan curve. Then the one-dimensional vector bundle
over the caustic can be defined before covering. Such
coverings will be called simple.

Let J=J(L) is the Jacobean of the map L, © is the
set of solutions of the J =0 equation (critical set),
K'=L(®) is the caustic, and Q=L"(K)=L"(L(®))is
the image of the caustic for the inverse map (full inverse

image). Let hereditary topologies be given on the sets K
and Q, and let F be the restriction of the map L to Q.

Then ¢ =(Q,F,K) is a one-dimensional bundle. For any

regular point peK, the thickness of the n= pré&™(p)
layer has the evenness of the number of N and the
number of n satisfies the N+1<n<N?+1 inequality.
If the critical set is a closed Jordan curve, then the caustic
is also a closed Jordan curve. In this case, the thickness of
the layer is the same at all regular points, and the one-
dimensional bundle can be defined before covering.

Thus, in the above terms, the following theorem holds.

Theorem 3. A set of four§=(pr§’1(K),f,K,n)
elements, where f is the restriction of the map of F to

pré*(K), is an n-branched covering. Cover & is a

simple cover.
A simple cover uniquely defines a gravitational lens.

Example 1. The complex mapping of L:C, — Cg is

given by the & = 2*+2-7 equation. Build a caustic, its
full prototype and cover.

Decision: Jacobean: J =4|z|2 —4 The critical set is a

circle  of [z]=1. The equation of caustics

£ =e"" 12", ¢e[0,27) is a hypocycloid. Equation of
the full prototype of
e 426" =72 +2-7, p€el0,27].

caustics is

The graphs of the caustic and its full prototype are
shown in Fig. 1.

7.

Fig. 1. Caustic graph (left). Graph of the full prototype
(right). Gray dots are point sources and their images. A
source located outside the caustic (light dot) has two images.
The source inside the caustic (dark dot) has four images.

We construct a covering of &=(M, f,N,n) over the
The set of  solutions of  the
e 42" =72 +2-7, p€e[0,27] equation determines

caustic.

the covering space M . The set of solutions of the
=" +2e", pe[0,27) equation determines the basis
for covering the N. Design mapping f:{=2°"+2-7.
The number of sheetsis n=4.

5. Description of coverings by graphs
The  simple  one-dimensional  covering  of

éz(pré"l(K),f,K,n), from Theorem 3, can be

described by a graph - the covering profile.
We give the necessary definitions.

Definition. Let Gq be a flat contour with q vertices
. q

8 ,J=12...9,and K, =G| Jz; isits union with g
j=1

oriented loops of 7z; (one loop at each vertex). Let 7,

contour and 7z; loops have a positive orientation (faces
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with positive traversal remain on the left). Let the 7;
loops be located outside the face of the Gq graph.

We will call the F :Kq graph a wreath from q

circles, and the Gq contour - the main contour of the

wreath. The arcs of the main contour will be called strong
arcs, and loops weak arcs.

Definition. Let K be a wreath from q circles. By
the TT profile of the thickness of the n and the length q,

we mean an  N-sheet unbranched covering

n =(H, ﬁ,Kq,n) , if the restriction of the mapping of 7

onto the main contour of the wreath is a trivial covering.
The image of the total tl=1II space, when

displaying pr n =, is a wreath Kq .

This image can be considered as a directed graph.

The orientation of the arcs in the 17 graph is induced
by the orientation of the wreath arcs.

In the graph of 17 we will distinguish two types of
arcs.

Strong arcs are prototypes of arcs of the main contour.
Weak arcs are prototypes of loops.

We point out some properties of the profile. Strong
arcs form n of disjoint (strong) contours, q arcs in each.

Weak arcs are connected only vertices from one layer.
Each vertex includes two arcs: one strong and one weak.
Two arcs emanate from each vertex: one strong and one
weak.

The profile has an accurate coverage of n by
alternating contours of the 2q length, see [4].

We accept the agreement on the profile image.

We will depict a profile:

- in layers (vertices from one layer are projected into
your image);

- by sheets (strong contours are depicted as n parallel
segments);

- ends of parallel segments are identified.

Fig. 4 shows a profile of length 4 and thickness 3, the
image of the basis loops are omitted.

6. The Building profiles
We construct the profile of the

&=(pr&*(K), f,K,n) over the caustic K .
We set a positive orientation on K .We associate the
caustic K and its complete inverse image M = pr&é™(K)

covering

with the flat graphs grkK and grM, respectively. The
mapping associating is denoted by gr . Let caustic K
have g caps. We assign the caps of the caustics and their

images to the vertices of the graphs. We assign the arcs of
the graphs to the caustic arcs of their images.
The arcs of the graphs grK and grM are defined as

strong. Incidence in columns is defined as hereditary.The
graph grK has two faces. We will call the inner face of
the graph grK that face whose boundary is positively
oriented. Another facet will be called external.
We define in grM the external and internal faces.
We put in correspondence with the graph grKr the
wreathK,. We supplement grK at the vertices with

loops that lie in the outer fase of the caustic. We set the
loops to positive orientation.

We supplement the graph grM with weak arcs. The
inner faces of the graph grM and their boundaries

(strong contours) are left unchanged. We add weak arcs to
the boundary of each outer face of the grM graph so that

the boundary becomes an alternating contour of length
2q.
The resulting graph is denoted by Mq. Let the

mapping foify=or-f -(gr)_l. Then
nz(Mq, fq,Kq,n), by construction, is a covering, and

this covering is a profile.

Example 2. The cover over the caustic of Example 1
can be associated with the profile of the one-dimensional
cover, which is shown in Fig. 3. The construction of the
profile is illustrated in Fig. 2. Profile in Fig. 3. is depicted
by sheets and in layers.

b}o@@{g

Fig. 2. From left to right, Count grK , Wreath K, Count
grM and Count M, . The inner edges are gray.

) N
) )

a; a as

Fig. 3. The cover over the caustic of Example 1 can be
associated with the profile of the one-dimensional cover,
which is shown in figure.
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Fig. 4. The profile of length 4 and thickness 3, the image of
the basis loops are omitted.

The two-dimensional covering, from Example 1,
obviously, has a branch point of the first order at the point
¢ =oo. The profile of this cover is shown in Fig. 4. The

cover profile, in Fig. 4 has a precise coating with
alternating contours.
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