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In the present paper, we modify the transfer-matrix method to study the dissipation-free transition of electromagnetic waves
of terahertz range through a plate of layered superconductor embedded in the dielectric environment in the presence of external direct
current (dc) magnetic field.

In this work, we consider TM-polarized electromagnetic waves. The setup is arranged in such a way that the dielectric and
superconducting layers in the plate are perpendicular to its interface, and the external magnetic field is directed along the plate and
parallel to the layers. We consider the case of a weak external dc field at which magnetic vortices do not penetrate the plate.

Due to the nonlinearity of the Josephson plasma formed in the layered superconductor, the dc magnetic field penetrates non-
uniformly into the plate and affects the electromagnetic wave. Hence, the magnitude of the external dc magnetic field can be used as
a variable parameter to tune various phenomena associated with the propagation of an electromagnetic waves in layered
superconductors.

In the presence of the external homogeneous dc magnetic field, linear electromagnetic waves in the layered superconductor
turn out to be non-exponential. Therefore we cannot directly apply the transfer matrix method, in which the amplitudes of the
corresponding exponents are compared. However, in the present paper, it is shown that for a sufficiently thick plate, the matrices
describing the wave transfer through the plate can be introduced. The analytical expressions for these matrices are derived explicitly
in terms of special Legendre functions. The obtained transfer-matrices can be used for the further study of the wave transfer through
the layered superconductor in the presence of an external dc magnetic field.

Keywords: layered superconductor, transfer-matrix method, special Legendre functions.
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VYV nmamii crarri Mm MoamdikyeMo MeTo] TpaHC(ep-MaTpUmb U BUBYECHHS OE3MHCHUIIATHBHOTO MPOXOJDKCHHS
CJIEKTPOMArHITHUX XBHJIb TEparepleBoro ianasoHy 4epe3 IUIaCTUHY IIApyBaTOTO HAAIMPOBIIHUKA, MOMIIIEHOTO B JAiCNICKTPUYHY
cepeny, B IPUCYTHOCTI 30BHIIIHBOTO MAarHITHOTO MOJISI HOCTIHHOTO CTPyMY.

B poboti Mu posrispaemo TM-nonsipu3oBaHi eixekTpoMarHiTHi XBuii. [lmactuHa po3TaimioBaHa TaKMM YHHOM, IO LIApH
JieJIeKTpUKa 1 HaANPOBIAHMKA MEPIEHIUKYISIPHI MEXi pO3Iily, a 30BHILIHE MarHiTHE MOJIe HAlpaBJICHO B3JOBX IUIACTHHH,
mapaiejgbHO IapaM. MU pO3IJISAaEMO BHIIAJOK CIIAOKOTO 30BHIIIHBOTO MAaTHITHOTO IOJIsA, IIPU SIKOMY MarHiTHi BHXOpPH He
NPOHUKAIOTh B IIACTHHY.

BHacmiox HemiHIHHOCTI MK03e()COHIBCHKOT TUIa3MH, M0 (OPMYETHCS B IIApyBaTOMY HAANPOBIAHUKY, MarHiTHE MO
MOCTIHOTO CTPyMy HEpiBHOMIPHO MPOHHKA€ B IUIACTHHY i BIUIMBA€ Ha CJICKTPOMATHITHY XBWIIIO. THKMM YHMHOM, BEIMYHMHA
30BHIIIHBOTO MAarHiTHOTO MOJISI MOCTIHHOTO CTPyMy MOXKe OyTH BHKOPHCTaHa B SIKOCTI 3MIHHOTO MapameTpa Ul YIpPaBliHHS
PI3HMMH SIBHIIAMH, MTOB'I3aHUMH 3 TOLUIMPEHHSIM SJICKTPOMArHiTHUX XBHJIb B IAPYBATHX HAIIPOBITHUKAX.

3a HasBHOCTI 30BHILIIHHOIO MOCTIHHOTO OXHOPIAHOTO MArHITHOIO MOJS JiHIHHI €TeKTPOMArHiTHI XBHJI B IIapyBaTOMY
HaJIPOBIHUKY BUSBIISIOTHCS HECKCIIOHELialbHUMH. TOMY MH HE MOXKeMO 0e310cepeiHbO 3aCTOCYBAaTH METO TpaHc(hep-MaTpHIb,
B SIKOMY 3B'S3YIOTHCS aMILTITYZAH IIPH BIJIIOBIHUX eKCIOHeHTaxX. He3Baxkarounm Ha me, B AaHil TeopeTH4Hil poOOTi Moka3aHo, IO
JUTSL IOCUTH TOBCTOT INTACTUHU MOJKHA BBECTH MATPHILi, SKi OIMICYIOTh IPOXOKEHHS XBIJII Yepe3 IUIaCTHHY. AHATITHIHI BUPa3H IS
X MaTpUIb OTPHMaHi B SBHOMY BUIUIAI B TepMiHax criemianbHuX QyHkuiil Jlexxanapa. Otpumani Tpancdep-MaTpuIl MOXYTbh
OyTH BUKOpPHCTaHI ISl IIOJAJBIIOr0 BHBYEHHS IHPOXOJUKEHHS EJEKTPOMAarHiTHUX XBHJIb 4epe3 MIapyBaTHH HaJIIPOBIIHHK 3a
HAsIBHOCTi 30BHIIIHHOTO MarHiTHOTO MOJIS TOCTIHHOTO CTPYMY.

KurouoBi ciioBa: mapyBartuii HaAMpoBiJHUK, METO/] TpaHchep-MaTpullb, cretianbhi GyHkuii Jlexanapa.
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B nmanHO#H craThe MBI MOAMOUIMPYeM MeETOX TpaHc(hep-MaTpuI] A8 HM3YyYeHUs Oe3AUCCHIIATHBHOTO IPOXOXKICHUS
JJIEKTPOMArHUTHBIX BOJIH TEpareploBOr0 JAuana3oHa uepe3 IUIACTHHY CIOUCTOTO CBEPXIPOBOJHUKA, IIOMELICHHOIO B
JUBIEKTPUUYECKYIO Cpely, B IPUCYTCTBUU BHEHIIHEIO MATHUTHOI'O IOJIS OCTOSHHOTO TOKA.

B paGote MbI paccmarpuBaeM TM-mosnsipu3oBaHHBIE IEKTPOMAarHUTHBIE BOJIHBL. [lmacTHHA pacmonoskeHa TakuM oOpas3om,
YTO CJIOM JUANIEKTPUKA U CBEPXIPOBOJHUKA MEPNEHIUKYISIPHBI TPAHHULE pa3fiela, a BHEITHEE MarHUTHOE I10Jie HAalpaBIeHO BJIOMb
IUTACTHHBI, TApaJuIeNbHO CI0SM. MBI paccMaTpHBaeM Cydaif ciaboro BHEITHEr0 MarHUTHOTO MOJIA, IPU KOTOPOM MarHUTHBIE BUXPU
HE MPOHUKAIOT B IIACTUHY.

BcenenctBue HenmuHEHOCTH 1k03e()COHOBCKOW IUIa3Mbl, KOTOpas (JOPMHUPYETCSl B CIOMCTOM CBEPXIPOBOJHHMKE, MarHUTHOE
T10JIe TIOCTOSTHHOTO TOKa HEPaBHOMEPHO ITPOHUKAET B IUIACTHHY U BIIMSET Ha YJIEKTPOMAarHUTHYIO BOJIHY. Takum o0pa3om, BeIMYMHA
BHEIIHEr0 MAarHUTHOTO TIOJIS1 ITOCTOSIHHOTO TOKa MOJKET OBITH MCIIOJIb30BaHA B KayeCTBE M3MEHSEMOTO IapameTpa JUIsl YIpaBIeHHs
Pa3IMYHBIMU SBJICHUSAMHU, CBSI3aHHBIMH C PAaCIIPOCTPAHEHHEM JIEKTPOMArHUTHBIX BOJIH B CIIOUCTBIX CBEPXIIPOBOJAHUKAX.

B mpucyTcTBHE BHEIIHETO ITOCTOSHHOTO OJHOPOAHOTO MAarHUTHOTO IOJISI IMHEHHBIE 3T€KTPOMArHUTHBIC BOJIHBI B CIIONCTOM
CBEPXIPOBOJHUKE OKA3bIBAIOTCS HEIKCIIOHEIMANBHBIMU. [103TOMy MBI HE MOXKEM HETIOCPEACTBEHHO MPUMEHHTh METOJ TpaHchep-
MaTpull, B KOTOPOM CBS3BIBAIOTCSI aMIIUTYABI IPH COOTBETCTBYIOMINX 3KCHOHEHTaX. HecMoTps Ha 3TO, B JaHHOH TEOPEeTHIECKOi
paboTe MOKa3aHO, YTO IS JOCTATOYHO TOJICTOM ITACTHHBI MOKHO BBECTH MATpPUIIBI, ONMHUCHIBAIONINE IMPOXOXKACHUE BOJHBI Yepes3
IUTACTHHY. AHAIUTHYECKUE BBIPAXKCHUS ISl STHX MATPHI] ITOJIyYeHBI B SBHOM BHJE B TEPMHHAX CIIELUAIBHBIX QyHKIUH Jlexxanpa.
[Mony4yenusie TpaHchep-MaTPULBI MOTYT OBITH HCIIOJIB30BAHBI IS JATBHEHIIET0 H3YUSHNUSI IIPOXOXKICHUS SIEKTPOMAarHUTHBIX BOJIH

qyepes CJIOUCTBII CBEPXIIPOBOJAHUK B IPUCYTCTBUE BHEHIHETO MAriMTHOI'O MOJIA IMTOCTOSIHHOI'O TOKA.
KuroueBrble ¢cJIoBa: CIOUCTHIN CBEPXNPOBOAHHK, METO TpaHC(bep-ManI/IH, CIICIMaJIbHbIC (I)yHKL[I/II/I He){caHupa,

Introduction
Layered superconductors are periodic structures that
consist of thin alternating superconducting and insulating
layers. Natural crystals Bi,Sr,CaCu,O,,; or artificially

grown compounds NbAI-AIO, / Nb are examples of such

materials. The superconducting layers form array of
intrinsic Josephson junctions [1,2] and determine unusual
strong anisotropy and nonlinearity of current flow.
Therefore, the various non-trivial electromagnetic
phenomena are predicted for layered superconductors
[3,4,5]. Also, these materials are of particular interest due
to possibility of flexible tuning their electromagnetic
properties by an external direct current (dc) magnetic field
[6,7]. The additional interest is related to the operating
frequencies of the Josephson plasma waves that are of
terahertz (THz) range. By present, there is still a gap in
controllable and high-power THz-devices, which are,
meanwhile, considered to be promising for many areas
starting from basic science to medicine or homeland
security [8,9].

To study the transfer of electromagnetic waves it is
convenient to use the transfer-matrix method (see, e.g.,
book [10]). In the absence of dc magnetic field, the
electromagnetic properties of the layered superconductor
can be described by the effective permittivity tensor [11],
and, therefore, the transfer-matrix method can be directly
applied (see, e.g., the recent paper [4]). However, in the
presence of an external dc magnetic field, the problem
becomes more complicated because the electromagnetic
field inside the plate is described not by harmonic

(exponential) functions, but by special Legendre functions
[6].

In this paper, we modify the transfer-matrix method
for the electromagnetic wave propagation through a plate
of layered superconductor in the presence of an external
dc magnetic field and calculate the corresponding
transfer-matrices.

Problem Formulation

We study a dissipation-free propagation of an
electromagnetic wave through the system that consists of
a layered superconductor plate of thickness S placed in
the dielectric environment as shown in Fig.1. Dielectric
and superconducting layers are considered perpendicular
to the interface. The coordinate system is chosen in such a
way that the X -axis is directed perpendicular to the plate,
the Z -axis is orthogonal to the superconducting layers.

The external dc magnetic field I:IO is supposed to be

directed parallel to the plate and to the layers, i.e. along
the y -axis.

We consider TM-polarized wave. In the chosen

coordinate system, its electric E(X,Y,z,t) and magnetic

H(X, Y,Z,t) components can be written as follows:

E(x,y,z,t)= {E, (x),0,E, (x)}exp(-iawt +ik,z),

H(x,y,z,t) ={0,H, (x),0}exp(-iat +ik,2), @
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where @ is the wave frequency, k, is Z -projection of

z

the wave vector.
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Fig. 1. Geometry of the problem, where L and R~ are the
amplitudes of the electromagnetic waves incident onto the
plate from the left and right, respectively, while L~ and R*
are the amplitudes of electromagnetic waves running away
from the left and right, respectively.

It is worth noting that the plate is supposed to be
sufficiently thick:

exp(s/ A.)>1, 2

where 4. is the London penetration depth along the
layers of superconductor. On this assumption, the dc
magnetic field deeply inside the layered superconductor is
absent. Also, we assume that the external magnetic field
magnitude is less than the critical value H,:

)
H, <H,=—°

H 3
s 3)

where @, = zAc/e is the magnetic flux quantum, C is

the speed of light, e is the elementary charge, % is
Planck’s constant, and d is the thickness of the

insulating layers.

Main Equations for the Electromagnetic Field
The expressions for the electromagnetic field
components in a dielectric medium can be obtained from
the system of Maxwell’s equations. At the left and right
interfaces, respectively, for magnetic components we
have:

H)I,_(X) — LJreikd (x+s/2) I L,e—ikd (x+s/2),

; (4)
R - D+ —ik, (x-5s/2)
H,/(x)=R"e d

iky (x=s/2) +Re ,

where k, is the X -projection of the wave vector of the
incident wave:

ky, = Jgda)z /c?—Kk?,

where &, is the dielectric permittivity.

For the corresponding electric field components, we
have:

k,c ik | (X+5 _ ik (x+s
EZL (X) =" gda)[lje o -Le o /2)]1
a
5
R de + ik (x=s/2) _ ik, (x=s/2) ®)
E, (x)=———[R"e™ —-Re ™ ]
e,

a

The field inside the plate (—s/2<x<s/2) is
described by the interlayer phase difference ¢(X,z,t),

which obeys the coupled sine-Gordon equations [3]. For
the wavelengths that are greater than the thickness d (i.e.
in the continuous limit), it can be represented as follows:

2 2 2
(1 22 azj{ 1 a¢+sin¢:}—lj gx‘f:o, ©)

2L
® 0% )| & ot

where A, is the London penetration depth across the

layers, o, :1f87zedJc/ he, is the Josephson plasma
frequency, &, is the dielectric constant of the insulator

S

layers in the plate, and J_ is the maximum density of the

Josephson current.

On assumption (2), in the presence of the dc magnetic
field and linear electromagnetic wave this phase
difference can be presented as [6]:

P8, 2.0) = 0, (O) + 94 (O) + 9, (&, 2.), U]

where &= x/ 4, is the normalized X -coordinate, and

4 (&) = Farctan[exp(, +£)] (®)

are static solutions of the sine-Gordon equation (6) that
can be considered as the two virtual magnetic vortices
which partly penetrate into the plate from both sides, and

@, (&, z,t) = T (&) exp(ik,z—iat) 9

is a small wave additive induced by the electromagnetic
wave with amplitude f (&) . In expression (8) parameter

&, determines the positions of the vortices,
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& =& +arccosh(h,'), h, = % 5=s/22.

C

The tangential electromagnetic field components in
the layered superconductor plate [12]:

iQ
E; (&) =-H . —=f(3)
Ve (10)

He () = al £(8),

1+x2 1 (1-Q% 1 y?)

where Q= w/ w, is the normalized frequency, «, =k, 4,

is the normalized Z -projection of the wave vector, and
y = 4. I 4,, is the anisotropy parameter.

By substituting the expression (7) for the interlayer
phase difference ¢ into (6), we can obtain the following

equation for the amplitude f (&) of the wave additive

?,(&,2,1):

f"(c)

2
KS

+[1-u(©)1f () =0, (1)

where
2 _ (02 _ K'z2
K2 = (Q 1)[“—1—92/%}’
1 2 2
= . (12
1 l—QZ[cosh2(§O—§)+cosh2(§o +5)} -

In Eq. (12) the first additive corresponds to ¢ (£) and

the second is related to ¢, () .

First, we construct the solution for the right and left
part of the plate independently. The interaction between
magnetic vortices from the opposite sides can be
neglected due to the assumption (2), then we neglect the
first or second component with cosh in the expression
(12). Then the solution of Eq. (11) can be found in terms
of associated Legendre functions [13]. We present the
solution in the form of superposition for the right half of
the plate:

fe (&) =C (5 +C (&), (13)
and for the left one:
f (&) =Cf,(-5)+C f (=), (14)

where

P™[tanh(& -8
0 pru _
%P“ [tanh(&, —&)] .-

_ R™[tanh(& - &)

+uK, exp(Fud)

f.(&)=

with P/[z] being the associated Legendre functions, and

2v+1= JS(QZ )7+l u=ik,

K = exp[F warccosh(h; )]

- 1+ w)

The specific form of f, (&) allows us interpret these
functions as non-exponential running waves inside
layered superconductor. Indeed, for 1—z <1 there is an
asymptotic expression [13] for Legendre functions:

ul2
P lz]= (1-z)™". (15)
F(1-p)
The approximation (15) can be applied for

tanh(&, + &) =1, i.e. for the external magnetic field that
is close to zero (H, < H_) or for the X-coordinate

deeply inside the superconducting plate. Thus, in the
center of the plate (& < J), the functions f,.(&) take the

exponential form,

f.. (&) ~ exp(ix.S),

and these functions correspond to the running waves.
Taking into account the obvious relation,

f. (&) =-1.(=9) (16)

and matching f (£ =0)= f,(£=0) in the center of the

plate, we relate the constants of the superpositions (13)
and (14):

C* =—C*.

Finally, we should normalize the constants C* in
order to get the expression for magnetic field similar to

(4):

H,

§*=C* .
1+x2 1 (1-Q% 1 %)

Now, the electromagnetic field components are,
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2,2
Q
Q+Kzz7 d
7 =Q
ie,

HJ(§) = S 1/ (&) + 87 f(£).

ES (&) = [£°f, (£ £STF )] (17)

Here the upper sign corresponds to the right part
( £>0) of the plate and the lower one corresponds to the

left part (£ <0).

If the external dc field tends to zero, the expressions
(17) turn out to be harmonic, and the wave transfer
through the investigated system could be described by the
matrices of passing through the boundaries and free
propagation in the medium [4] in a similar way to the
dielectric case. Otherwise, the magnetic field H,(x) can

be considered as a plane wave superposition only in the
center of the plate.

Transfer matrices

The transfer-matrix T that corresponds to the wave
transfer through the plate connects the amplitudes of
outgoing and incoming waves for the magnetic field

H, (X) . According to (4):

R+ R +
=T L .
R~ L
Since the field in the layered superconductor can be
described by exponential functions only in the center, we

(18)

can present the matrix T as T =T®T® | that correspond
to the transition from the left boundary (x = —s/2) to the
center (x=0) and from the center (x=0) to the right
boundary (x = s/2), respectively,

(e} ()

The boundary conditions are the matching of the
tangential components of the electromagnetic field:

(19)

H:(-s/2) = H!(=s/2),
Ei(-s/2) = E(-s/2),

H(s/2)=Hf(s/2),

(20)
Ei(s/2) = ER(s/2).

In accordance with the expressions for the
electromagnetic field (4), (5), and (17), these conditions
can be rewritten as:

S f/(5)+S f'(6) =R" +R"
S*f,(8)+S f (5)=n(R* -R)’

S*f/(8)+S f/(6) =L +L°
S*f (8)+Sf (8)=n(L L)'

(21)

where

—ikyCo, \J&,
n= - ;/_ (22)
O, (1+ 27 )

Comparing the system of matrix equations (19) and
the boundary conditions in form (21), we can obtain the

exact expressions for the transfer-matrices T® and T :

L)

L0 ) +1/(9)
o= fﬂ £
21O gy L0 )|
n
Oty + L9 g
o =_1A U .
2detT(R) f (5) f (5) _ ff(é‘) + f’(é‘)
, ’
Here
2 0 Fu
P[] o M
fLO)r —————o (),
+uK, exp(Fuo) F2uK, exp(Fud)

with h = J1-h? .

It can be seen, that the matrices T® and T® are not
mutually inverse. Nevertheless, the product of their
determinants is equal to 1, det[T®]det[T®]=1,
therefore, the symmetry of the problem is not broken.

Conclusions

In this theoretical work, we have modified the
transfer-matrix method for TM-polarized electromagnetic
waves propagating through a plate of layered
superconductor taking into account the interaction of
Josephson plasma with an external dc magnetic field. It
was shown that although the electromagnetic field inside
the plate cannot be described by harmonic (exponential)
functions, far from the boundaries, it can be considered as
a superposition of a running and reflected waves. Then,
for sufficiently thick plate, the transfer-matrices can be
obtained analytically in terms of special Legendre
functions. The received matrices can be used in the
further studies related to the transfer of electromagnetic
waves through layered superconductors.
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