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We present the results of our analytical and numerical study of quantum stationary states and the thermodynamics of exactly
solvable finite linear spin-1/2 XX chain with one or two distorted links. The exact dispersion equations for the stationary states with
one inverted spin for both cases have been derived. The corresponding spectrum consists of one quasi-continuous band and some
localized impurity levels. The analytical inequalities for the values of the critical model parameters describing the appearance of local
energy impurity levels above and below quasi-continuous band are obtained and analyzed. The field and the temperature
dependences of the main thermodynamic characteristics of these models are studied. It is shown, that the appearance of the localized
levels near the distorted links may effect significantly on the thermodynamic properties at low temperatures, leading to the additional
singularities in the field and the temperature dependences of the principal thermodynamic characteristics. For example, the field
dependence of z-projection of average total spin and the field dependence of the magnetization at zero temperature have the finite
jumps associated with the quasi-continuous spectrum, and the impurity levels. The remnants of these jumps at rather low temperature
are clearly visible. The average z-projections of the spins of distorted link(s) may decrease with the increasing of the magnetic field
for some values of model parameters. The temperature dependence of the specific heat may demonstrate additional maxima at very
low temperatures. The complex oscillatory pattern of the time dependence of the dynamical longitudinal pair correlation function and
the autocorrelation function is associated with the finiteness of the models and the appearance of associated localized energy levels.

Keywords: spin, Heisenberg Hamiltonian, spin-1/2 XX-chain, energy spectrum, thermodynamic characteristics, quantum
phase transition.

HusbkoTemneparypHa TEpMOJAMHAMIKA CKIHUEHHOTO XX JaHII0KKA 31

CIIHOM Y2 3 KUJTbKOMa 1e(pOPMOBAaHUMHU B3aEMOJIISIMU
O.C. Txenxepos, O.B. €3epcbka

Xapriecvkui nayionanvnuil ynieepcumem imeni B.H. Kapasina, m. Ceoboou 4, 61022, Xapxis, Yrpaina

ITpoBeeHO TEOPETHYHE JOCIHIPKEHHS KBAHTOBUX CTAalliOHAPHHMX CTaHIB i TEPMOAMHAMIKH TOYHO DPO3B’S3yBaHOI MoJei
CKIHYEHHOTO JiHiiHOro XX JTaHIfokKKa 31 criiHoM 1/2 3 oHiero abo ABOMa ABOXIIEHTPOBUMH JIAHKaMH 3 1e()OPMOBAHUMHU 3B’ I3KaMH.
OTpUMaHO TOYHI AUCHCPCiiHI CIiBBIAHOMICHHS /IS CTAIliIOHAPHUX CTAHIB 3 OJJHUM MEPEBEPHEHUM CITIHOM Tl 000X BUMaKiB. llei
CIIEKTP CKIIAJA€THCS 3 OJHI€T KBa3iOe3nepepBHOT 30HN 1 JEKITBKOX JIOKai30BaHMX JOMIIIKOBUX piBHIB. OTpUMaHO i MPOaHATiI30BaHO
aHATITHYHI HEPIBHOCTI [UIs 3HAYE€Hb KPUTHYHUX MapaMeTpiB MOJEIEH, 110 ONUCYIOTh TOSIBY JIOKAIBHUX €HEPreTHYHUX AOMIIIKOBHX
piBHIB BHIIE i HIDKUe KBazibesmepepBHOI 30HH. J[OCTIIKEHO MOJILOBI 1 TEMIEpaTypHi 3aJeKHOCTI OCHOBHHUX TEPMOIMHAMIUHHX
XapaKkTepucTHK Mozelneil. [Toka3aHo, 1110 MosiBa JIOKaIi30BaHUX PIBHIB MOOJM3Y CIIOTBOPEHUX JTAHOK MOXKE MaTH CYTTEBHIl BIUIMB Ha
TEpPMOAMHAMIYHI BIACTHUBOCTI TNpPH HHU3BKUX TEMIlepaTypax, MPHUBOSIYM 1O JOAATKOBHX OCOONMBOCTEH Ha TOJILOBHX i
TEMIIEPaTypHUX 3alEKHOCTAX OCHOBHHUX TEPMOJMHAMIYHHUX XapakTepHCTHK. Hampukmaza, mMoJbOBa 3aleKHICTh Z-TIPOeKil
CEepeHBOT0 MOBHOTO CIHHA 1 TTOJIbOBA 3aJIEKHICTh HAMATrHIYEHOCTI IPU HYJIFOBIH TEMIIEpaTypi MarOTh KiHIIEBI CKaYKH, ITOB’s3aHi SIK
3 KBa3iHENEPepUBHUX CIEKTPOM, TAaK 1 JOMIIIKOBUMH pIBHAMH. 3alUIIKH IMX CTPUOKIB JOOpe BHIHO NPH IyXKe HHU3BKHX
Temmeparypax. CepelHi 3Ha4YeHHs Z-TPOCKLIl CIiHIB CIIOTBOPEHOIo 3B’SI3KY (3B’SI3KiB) MOXKYTh 3MEHIIYBATHCS 3i 301IbLICHHSIM
Mar"iTHOro MO IS JESKUX 3Ha4YeHb MapaMerpiB Mopeni. TeMmeparypHa 3aleXHICTh NHUTOMOI TEIIOEMHOCTI MOXKe
JIEMOHCTPYBAaTH JI0JaTKOBI MAKCHMYMH IIPH AyXke HU3bKUX Temieparypax. CKiIaJHUH KOJIMBAIbHMIT XapaKTep 3aIe)KHOCTI BijJ yacy
JIUHAMIYHOI MO3JOBXHBOI MapHOi KopesswuiiHoi (yHKUii i aBTOKOpeNsAiiHOT (GyHKUIT HOB’s3aHi 31 CKIHYEHHICTIO MOAeNeH i 3
BUHUKHEHHSM 3B’S3aHMX JIOKAJII30BaHUX PiBHIB €HEPTii.

KurouoBi ciioBa: criH, raminsronian ['eiisen6epra, XX naHIioxkok 3i cmiHoM 1/2, eHepreTUUHHI CIIEKTp, TEPMOANHAMIYHI
XapaKTepPHUCTUKH, KBAHTOBHI (a30BHil mepexin.
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HuzkoremmneparypHas TepMoaHaMKUKa KOHEYHON XX IIEMOYKH CO

CIIMHOM 72 C HECKOJIBKUMU JIePOPMUPOBAHHBIMU B3aUMOICUCTBUSIMU
A.C. Ixenxepos, E.B.Ezepckas

Xapuvrosckuil nayuonanvhwlil ynusepcumem umeny B.H. Kapasuna, m. Ce0600wb1 4, 61022, Xapvros, Ykpauna

ITpoBeneHo TeopeTHdecKoe HCCIEIOBAaHUE KBAHTOBBIX CTAI[MOHAPHBIX COCTOSHUM M TEPMOAMHAMHUKH TOYHO peIIaeMoit
KOHEYHOI ymHeiHoH XX IEeNO0YKH cO CITIUHOM 1/2 ¢ OJHUM WIIH ABYMSI ABYXIIEHTPOBBIMHU 3BEHBSIMH C JIe()OPMHUPOBAHHEIMH CBSI3SIMU.
[Momy4yeHs! TOYHBIE MUCHEPCHOHHBIE COOTHOUIEHMS JUI1 CTAllMOHAPHBIX COCTOSHHUH C OJHUM HEpPeBEPHYTHIM CIHHOM JUIsi 000MX
cilyqaeB. OTOT CHEKTP COCTOMT U3 OJHOM KBa3MHENPEPHIBHOW 30HBI M HECKONBKHX JIOKAIN30BAaHHBIX INPHUMECHBIX YPOBHEH.
[Tonmy4eHs! U MpoaHAIN3UPOBAHBl AHATUTUYECKHEC HEPABEHCTBA AJI 3HAYCHUM KPUTUYECKHX I1apaMeTpoB MOJEIel, OIMMCHIBAIOIIUX
MOSIBJICHUE JIOKAJBHBIX dHEPreTHUECKUX NPHMECHBIX YPOBHEH BBIIIE U HUXKE KBa3HHEIPEpPhIBHON 30HBIL VccienoBaHbl MONEBBIE U
TeMIepaTypHbIe TEpMOAMHAMUYECKHX XapakTepucTHK Mozenei. IlokazaHo, dTO
JIOKQJTM30BaHHBIX YPOBHEH BOJM3M HMCKOKEHHBIX 3BEHBEB MOXKET OKa3bIBAaTh CYIIECTBEHHOE BIMSHHE Ha TEPMOJUHAMHYECKUE
CBOMCTBa NPU HU3KUX TEMIIEpaTypax, NPUBOISI K JOMOIHUTEIHHBIM OCOOCHHOCTSM Ha MOJICBBIX M TEMIIEPATYPHBIX 3aBHCHMOCTSIX
OCHOBHBIX TE€PMOJMHAMHYECKUX XapaKTepUCTHK. Hampmmep, moneBas 3aBUCHMOCTh Z-TIPOSKIUH CPEJHETO IOJHOTO CIHMHA H
[ojieBas 3aBUCUMOCTh HAMarHUYEHHOCTU IIPU HYJEBOM TeMIepaType MMEIOT KOHEYHble CKAa4yKH, CBS3aHHBIE KaK C
KBa3HMHENPEPBIBHBIM CIEKTPOM, TaK U INPUMECHBIMH YpOBHAMH. OCTAaTKU 3TUX CKAYKOB OTYETJIMBO BHUJHBI IIPU OUYEHb HM3KHX
Temmeparypax. CpenHue 3HA4eHHs Z-TIPOSKIUH CIMHOB HCKOXEHHOH CBA3M (CBSI3eH) MOTYT yMEHBINAThCS C YBEIHYCHHEM
MarHUTHOTO HOJISL U HEKOTOPBIX 3HAUCHUH MapaMeTpoB Mojenu. TemmepaTypHas 3aBUCUMOCTD yAEIbHON TEIIOEMKOCTU MOXKET
JIEMOHCTPHPOBATh JOTOJHATEIbHBIE MaKCHMyMBI HpPH OYCHb HH3KUX TeMmreparypax. CIOXHBIH KoIeOaTeNbHBIH XapakTep
3aBHCHMOCTH OT BpPEMEHH IHHAMHYECKOH IMPOAOJIFHON MapHOW KOPPESIUOHHON (PYHKIMH W aBTOKOPPEISALHUOHHOW (YHKIHU
CBsI3aHBl C KOHEYHOCTBIO MOJIeJIell ¥ C BOSHUKHOBEHUEM CBSI3aHHBIX JIOKAIN30BAHHBIX YPOBHEH sHepruu.

KnroueBble cioBa: cnuH, raMuibToHMaH [ei3eHOepra, XX 1emnodyka co CHMHOM 1/2, SHEPreTHYECKHH CIIEKTp,
TEepPMOANHAMHUIECKHE XapaKTEePHCTHKN, KBAHTOBBIN (ha30BEIil epexo.

3aBHCUMOCTH  OCHOBHBIX TIIOSABJICHHUC

1. Introduction

Last decades the discovery of a big number of new
compounds with quasi-one-dimensional and quasi-two-
dimensional magnetic structures has given further impetus
to the theoretical studies of low-dimensional systems [1-
3]. In this context the exactly solvable models like spin-
1/2 XX chain attract much attention of theoreticians [1-
11]. For many years, above chain model was one of the
theoretical instruments for checking the numerical results
for more general spin systems, and also applied for
adequate simulation of the magnetic properties of real
compounds [12, 13]. Any real magnetic material has
different types of structure defects. The theoretical study
of the influence of these defects on the energy spectrum
and the thermodynamics of spin chain structures is of
interest.

2. The Hamiltonians

This work is devoted to the theoretical treatment of
the low temperature thermodynamics of some exactly
solvable quantum models based on spin-1/2 XX-chain.
We study analytically and numerically the finite spin-1/2
XX chains with defects of different nature: finite linear
XX-chain with one and two distorted XX bond.

The corresponding Hamiltonians for these models
have the following form

H=—guH i S:-1
n#gi:,}{i +1 N (1)
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Here J,J; >0 are the exchange integrals for spin-1/2
XX chain and distorted link(s) respectively, ug is the Bohr
magneton, g, ¢; are g-factors for the chain link(s)
respectively, H is the longitudinal uniform magnetic field,
and i=1 or i=12 for one or two distorted links
respectively. Note, that the total “length” of the chain is
N =n,+n, for the first case (one distorted link) and

N =n, +n, +n, for the second one (two distorted links).

The spin-1/2 XX chain is a well-known example of an
exactly solvable spin system (see, for example, [2-4]).
Jordan-Wigner transformation [14] reduces (1) to the
Hamiltonian of the ideal gas of spinless fermions, so both
models are exactly solvable.

3. Stationary states with one inverted spin
We diagonalized the Hamiltonian (1) by solving the
one particle Schrodinger equation in the lattice site
representation and derived the following dispersion
relations for the stationary states with one inverted spin

J 1
gzgﬂBH—E(X'i‘;] (2)

for both models and
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The above spectra consist of one quasi-continuous
band

&=0guH —Jcosk, (5)

where x = exp(ik) is the solutions of (2), (3) with | X|=1
, and may have some localized impurity levels, if X isthe
real number with | X|<1. The total number of localized

impurity levels is up to two levels and up to four levels
for the models with one and two impurity links,
respectively. The analytical inequalities for the values of
the critical model parameters describing the appearance of
the localized energy impurity levels were found for both
models. The corresponding formulas for critical values of
model parameters are presented below
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for the chain with one distorted link, and
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for the chain with two distorted links.

4. Thermodynamics
Using the dispersion relations (2-4), one can
investigate the thermodynamic properties of the models

considered. We need only the total number of stationary
states and the degeneracy rate of each state for the
calculating of the partition function and a several
thermodynamic quantities.

We derived the analytical formulas for some principal
and local thermodynamic characteristics and studied
numerically their field and temperature dependence as the
functions of the model parameters.

In particular, we found a complex dependence of the
heat capacity on the applied magnetic field with numerous
minima and maxima (see fig. 1(a, b)).

We associate the maxima and minima in the weak
fields with the quasi- continuous spectra, and the
additional extrema in strong magnetic field with the
localized levels.

The field dependence of the magnetization and the

average value of z-projection <SZ> at zero temperature

have the finite jumps, which are associated with the
transitions of level’s energies through zero value.
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Fig. 1. Field dependence of specific heat per spin for model
with (a) one and (b) two distorted links at T =0.04K with

n =14,n, =5, n=60g=2 g,=25g9,=3 J=1K,
J;=8K, J,=6K.
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The remnants of these jumps at rather low temperature are
clearly visible (see fig. 2). We associate the maxima and
minima in weak fields with quasi-continuous spectra, and
additional extrema in strong magnetic field correspond to
the localized levels.

0.6

o
)

o
IS

— g41=2.5, g,=3 (black)
— 91=1.5, g»=1 (gray)

(S*/Ny and M/N
<] o
N w

dashed - (S?)/N
0.1 solid - M/N

0.0
0 1 2 3 4 5

pgHI

Fig. 2. Field dependence of magnetization and total <SZ>

per spin for model with two distorted links at T =0.01K
for n,=n,=n,=6,9=2,J=1K, J; =12K, J, =6K, and
different values of distorted links g-factors

In the case of weak interaction with the main XX chain
the field dependence of average value of the spins of
distorted link may be decreased and even becomes
negative with the increasing of magnetic field, and jumps
in the critical field along the direction of the magnetic
field (see fig. 3a). Pair correlation function (fig. 3b) is
negative for nearest neighbors at zero and weak fields.
We associate this behavior with antiferromagnetic
character of XX exchange interaction.

The temperature dependence of specific heat per spin
for both models with the same number of lattice spins and
the same parameters for the first “distortion” at n;, n, +1

positions in very weak magnetic field is presented at Fig.
4.

The temperature dependence of the specific heat per
spin for the model with one distorted bond (dashed line at
fig. 4) has no additional low temperature peaks of XX
chains with two distorted links (solid line at fig. 4). The
low temperature peaks for the model with two distorted
links can be associated with the second “distortion” at
n,, n, +1 for the model with two links.

The absolute values of longitudinal pair dynamical
correlation function and autocorrelation function for the
spins of distorted link are pictured at fig. 5. These
characteristics also affected noticeably by the local levels,
which leads to the complex oscillations pattern, including
some kind of beats.
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Fig. 3. Zero temperature field dependence of the average
value of z-projection of spin (a) and pair correlation

function (b) for both models at J=1K,J =0.2K,
J,=6K,g=2,0,=19,=3 for two different location of
distorted bonds n, =6,15 for the chains with total number

of spins N = 30. For the model with two distorted bonds
n,=10,n, =14 or n, =5, respectively.
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Fig. 4. The specific heat per one spin as a function of

temperature for XX chain with one (dashed line) and two

distorted links (solid line) for the same total number of

spins N=15 with n =4,n,=5n,=6 in the weak
magnetic field ;H=0.02K J=1J,=12K,J, =8,

9=2,0,=059,=3
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Fig. 5. Longitudinal dynamic pair correlation function
<S,Z(t)Snﬁ> (black line) and autocorrelation function

<S|Z (t)SIZ> (gray line) for the model with two distorted links
J,=J,=2H=0 at
I=n=8m=n+n,+1=15 and | =m =8, respectively.

for n=n,=8n,=6J=I1K,

5. Summary and conclusions

Two exactly solvable spin-1/2 models with XX
exchange interactions with one and two distorted links
and finite total number of spins are investigated
analytically and numerically.

In particular, we obtained the dispersion equations for
the stationary states with one inverted spin are derived,
and the analytical relations for the critical values of model
parameters which correspond to the appearance of the

localized impurity levels. The low temperature
thermodynamics of above models are studied
numerically.

We found a complex character of the dependence of
the heat capacity on applied longitudinal magnetic field
with numerous minima and maxima.

The field dependence of z-projection of the average
total spin and the field dependence of magnetization at
zero temperatures have the finite jumps associated with
the quasi-continuous spectrum, and the impurity levels.
At rather low temperatures the remnants of these jumps
are clearly visible. The average z-projection of the spins
of distorted link(s) may decrease with the increasing of
the magnetic field for some values of model parameters.

The temperature dependence of specific heat may
demonstrate additional maxima at very low temperatures.

The pair dynamical correlation function and
autocorrelation function also affected noticeably by the
local levels, which results to the complex oscillations
patterns. So, the finite nature of the models, and the
appearance of the localized levels may effect noticeably
on the local thermodynamic characteristics.

References
1. HJ Mikeska, A.K. Kolezhuk, One-Dimensional
Magnetism — in “Quantum Magnetism”, ed. by U.

11.

12.

13.

14.

Schollwock, J. Richter, D.J.J. Farnell and R.F. Bishop,
Lecture Notes in Physics, 645, 1 (2004)

A.A. Zvyagin, Finite Size Effects in Correlated Electron
Models: Exact Results, Imperial College Press, London
(2005).

A.A. Zvyagin, Quantum Theory of One-Dimensional Spin
Systems, Cambridge Scientific Publishers, Cambridge
(2010).

E. Lieb, J. Schults, and D. Mattis, Ann. Phys. 16, 407,
(1961).

S.A. Pikin, V.M. Tsukernik, ZhETF, 50, 1377 (1966)
[S.A. Pikin, V.M. Tsukernik, Soviet Physics JETP, 23,
915 (1966)]

V.Z. Kleyner, V.M. Tsukernik, FMM, 39, 947 (1975).
V.Z. Kleyner, V.M. Tsukernik, FMM, FNT 6, 332 (1980)
[Low Temp. Phys. 6, 158 (1980)].

O. Derzhko, Condensed Matter Physics, 5, 729 (2002).
A.A. Zvyagin, Phys. Rev. B 97, 144412 (2018)

O. Derzhko and J. Richter, Phys. Rev. B 55, 14298 (1997).
E.V. Ezerskaya, A.A. Chovpan, FNT 32, 1213 (2006)
[Low Temp. Phys. 32, 921 (2006)].

P.M. Duxbury, J. Oitmaa, M.N. Barber, A. van der Bilt,
K.O. Joung, R.L. Carlin, Phys.Rev. B 24, 5149 (1981).

M. Kenzelmann, R. Coldea, D.A. Tennant, D. Visser, M.
Hofmann, P. Smeibidl, Z. Tylczynski, Phys. Rev. B, 65,
(2002).

P. Jordan and E. Wigner, Z. Phys. 47, 631 (1928).

BicHuk XHY imeHi B.H. KapasiHa, cepia «®isukar, sun.31, 2019 37


javascript:void(0)
javascript:void(0)
javascript:void(0)
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Kenzelmann_M/0/1/0/all/0/1
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Coldea_R/0/1/0/all/0/1
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Tennant_D/0/1/0/all/0/1
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Visser_D/0/1/0/all/0/1
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Hofmann_M/0/1/0/all/0/1
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Hofmann_M/0/1/0/all/0/1
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Smeibidl_P/0/1/0/all/0/1
file:///E:/Lena-new/Aspirant/Trud-i-Avtoref/ZaschitnyjVariant/find/cond-mat/1/au:+Tylczynski_Z/0/1/0/all/0/1

