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Nonperturbative approach based on exact solution of Boltzmann kinetic equation in the relaxation time approximation is
developed for the study of nonlinear response of electron-doped few-layer graphene to a high-frequency electromagnetic field. It is
shown that nonperturbative approach can be applied to a two-dimensional conductor with an arbitrary isotropic spectrum of carries.
The cases of ABC stacked three-layer and ABC staked four-layer graphene are considered. The low-energy electron spectrum of
such graphenes is characterized by the third and the fourth power in the momentum dependence, correspondingly. The transmission,
reflection and absorption coefficients are calculated. It is shown that the transmission coefficient T of three- and four-layer graphene

decreases under increase in the intensity of the incident wave | by the asymptotic law T oc I ™2 and T oc I ', respectively. It is

found that three-layer and four-layer graphenes demonstrate power-induced reflectance, in contrast to power-induced transparency in
monolayer graphene. It is found that in the four-layer graphene irradiated by a monochromatic wave the induced electrical current
contains only the first and the third harmonics. The analytical expression for the efficiency of the third-harmonic generation Grgn
(the ratio of the intensity of third-harmonic radiation to the intensity of the incident wave) of the four-layer graphene is obtained. It is
shown that only at rather small incident wave intensity the efficiency Grgy is proportional to the second power of | and at large
incident wave intensity the efficiency Grgy approaches the constant quantity. Saturation of the efficiency of the third-order harmonic
generation is caused by the increase of the reflection. In contrast, the efficiency of the third-order harmonic generation of monolayer
graphene depends nonmonotonically on the intensity of the incident wave. The maximum is reached at rather small intensity | and
the efficiency in the maximum is of order of 10 that is two orders of magnitude smaller than of four-layer graphene.
Keywords: graphene, power-induced reflectance, third-order generation

Hemninilinuii e1eKTpoMarHiTHUM BIATYK KUIbKamapoBoro rpadeny: Omnuc

HE 32 Teopiero 30ypeHb
J1.B.®inb

Incmumym monoxkpucmanie HAH Yxpainu, npocnexm Hayku 60, Xapkis 61072, Vkpaina
Xapxiscokuti nayionanvHutl yHisepcumem imeni B.H. Kapasina, m. Ceéo600u 4, 61022, Xapxkie, Yrpaina

Po3BuHyTO HemepTypOaTMBHMI minxinm, mo Oa3yeTbCs Ha TOYHOMY pPO3B'SI3KYy KIHETHYHOTO piBHSHHS bBonbiMana B
HaOMKEeHHI 4Yacy penakcamii, /s BHBYEHHS HENiHIHHOTO BIATYKY IOMNOBAHOTO EIEKTPOHAMH KiNbKaliapoBoro rpadeHy Ha
BHCOKOYACTOTHE eJIeKTpoMarHitHe moine. ITokazaHo, IO MiAXix Moxke OyTH 3aCTOCOBaHMH 10 JBOBHMIPHOTO MPOBIJHUKA 3
JIOBUTBHMM 130TPOIHUM CIEKTPOM HOCiiB. Po3misHyTo Bumankm TpumapoBoro rpadery 3 ABC makyBaHHSIM i YOTHPHIIApPOBOTO
rpapeny 3 ABC mnakyBaHHAM. Hmu3pKOeHepreTHYHHII ENEKTPOHHUH CHEKTp TAaKUX TIpaeHOB XapaKTepH3YeThCs KyOIidHOIO
3aJIOKHICTIO 1 3aJISKHICTIO YETBEPTOI CTEIEHi B IMITyJbCy, BiAMOBiAHO. Po3paxoBaHi Koedimi€HTH MPOXOHKEHHS, BiTOWUTTS 1
noriuHaHHs. [loka3aHo, M0 KOeQIUieHT MPOXOKEHHS T Ul TPUIIAPOBOTO 1 YOTHPHIIAPOBOTO TpadeHy 3MEHIIYETHCS IPH
30LTBIIEHH] 1HTEHCUBHOCTI | XBWII, IO TMajgae, MO aCUMITOTHYHOMY 3aKOHY T oc 17Y2 § Tocl™ 3, BIAMOBIAHO. 3HAWIEHO, IO

TPHUIIAPOBUI 1 YOTHPHUIIAPOBUIT TpadeH TEeMOHCTPYE 3pOCTaHHS BiAOMBAHOCTI B MOTYKHOMY IIOJIi, Ha BiAMIHY BiJ iHZYKOBaHOTO
MOTYXXHHM MOJIEM 3POCTaHHS MPO30POCTi B MOHOIIApOBOMY rpadeHi. 3HailIeHO, 110 y BHIAAKY YOTHpHUIIapoBoro rpadeny 3 ABC
MaKyBaHHSM IIapiB, SKUH ONPOMIHIOETHCS MOHOXPOMATHYHOIO XBUJICIO, IHAYKOBaHHMIl €JIEKTPUYHHUI CTPYM MICTHTB JIMIIE TepIy i
Tperio rapMoHikd. OTpUMaHO aHANTHYHHH Bupa3 s edeKTHBHOCTI TeHepamii Tperboi TrapMoHikH Grgy (BigHOUIEHHS
iHTEHCUBHOCTI BUIIPOMIHIOBaHHS TPETHhOI FTAPMOHIKH JI0 iIHTEHCHBHOCTI XBHJI, 110 HaJa€) [l 4oTHpHIIapoBoro rpadeny. [Tokasano,
mo edexruBHicTh Grgy NponopuiiiHa Apyroi cremneHi iHTEHCHBHOCTI XBWJI, IO Najae, TUIbKU NPH AOCTaTHbO Manux |, a mpu
OinbLIil IHTEHCHBHOCTI XBHJI, 110 manae, eekTuBHiCTh Grgy HAOMMKyeThest 10 KoHCTaHTH. HacnuenHst edexTuBHOCTI reHepartii
TPeThOl TapMOHIKK 3yMOBJICHO 30ibIIeHHSIM KoedimienTi BinoutTs. EQexruBHicTh reHepaliii TpeTbol rapMOHIKH B MOHOLIAPOBOMY
rpadeHi, Ha BiMIHY BiJl TMOIEPEAHHOTO BUMAIKy, HEMOHOTOHHO 3aJICKUTHh BiJl IHTEHCHBHOCTI XBHJI, IO mamae. Makcumym
JOCSTAETHCS TIPH TOCTATHBO Maliil iHTeHcHBHOCTI |, 1 edekTHBHICTS B MakcHMyMi mopsiaky 10™, mo Ha IBa MOPSAKH MEHIIE, HK y
YOTHPHUIIAPOBOMY IpadeHi.
KunrouoBi cioBa: rpaden, 3pocTaHHs BiIOMBAHOCTI B IOTY>KHOMY II0JIi, T€HEPAIlis TPEThOI rapMOHIKH
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Nonlinear electromagnetic response of few-layer graphene: A nonperturbative description

HenuneitHbIi 271€KTPOMarHuTHUM OTKJIMK MHOTOCIIOWHOTO TpadeHa:

OIMCAHUE HE II0 TEOPUU BO3MYILECHUN
J1.B.®unb

Hnemumym monoxpucmannos HAH Yipaunwr, npocnexm Hayxu, 60, Xapvkos 61072, Yrpauna
Xapvrosckuii hayuonanvhwiil ynueepcumem umenu B.H. Kapasuna, m. Ce60600w1 4, 61022, Xapvros, Ykpauna

Pa3Bur HemepTypOaTUBHBIN IMOAXOA, OCHOBAaHHBI HAa TOYHOM pEIICHMH KHHETHYECKOro ypaBHeHUs bonpliMana B
MPUONIKEHUH BPEMEHH PeaKCalliy, AT U3yYeHUs] HENMHEHHOTO OTKIMKA JOMUPOBAHHOTO 3JIEKTPOHAMU Ipad)eHa ¢ HECKOIbKUMHU
CJIOSIMH Ha BBICOKOYACTOTHOE 3JIEKTPOMAarHUTHOe moJte. [IokazaHo, 9To MOAX0X MOXKET OBITh IIPHMEHEH K JBYMEPHOMY IIPOBOJHUKY
C TIPOM3BOJIHBEIM HM30TPOIHBIM CIIEKTPOM HOCHTeNeH. PaccMoTpeHsl ciydam TtpexcioiHoro rpagena ¢ ABC ymakoBkoit u
geThIpexcioiHoro rpagena ¢ ABC ymakoBkod. Hu3kosHepreTndeckuil 3JI€KTPOHHBIH CHEKTP TaKMX rpadeHOB XapaKTepH3YeTCs
KyOM4YecKol 3aBHCHMOCTBIO M 3aBHCHMOCTBIO YETBEPTOH CTENEHHM OT MMILYJIbCA, COOTBETCTBEHHO. PaccumTaHbl KO3(QUIMEHTH!
MIPOXOXKAEHHSI, OTpakeHHs U moriomenus. [lokasano, 4To K03 PUIMEHT MPOXOKIACHHA 1 I TPEXCIOHHOTO M YETHIPEXCIOHHOTO

rpadeHa YMeHbIIACTCS Y yBETHIESHAN HHTEHCHBHOCTH TIAfaomIeil BOMHSI | Mo acummToTHYeckoMy 3akoHy T oc | V2 u T oc |73

COOTBETCTBEHHO. HaiifieHo, 4TO TPeXCIOWHBIH M YCETHIPEXCIOHHBII TrpadeH AEeMOHCTPHPYET BO3pACTaHHUE OTPaXKaTEeIbHOMN
CIOCOOHOCTH B MOIIHOM HOJIE, B OTJIMYHME OT MHIYIHUPOBAHHOTO MOIIHBIM IIOJEM BO3pAacTaHUs HMPO3PAYHOCTH B MOHOCIIOHHOM
rpadeHe.

Haiineno, uto B ciaydae yetbipexcioiiHoro rpadena ¢ ABC ynakoBKO# €10OeB, KOTOPBIH 00IydaeTcss MOHOXPOMATHYECKOM
BOJIHOM, MHAYLIUPOBAHHBIA IEKTPHIECKHH TOK COAEPKUT TOJNBKO MEPBYIO M TPEThIO rapMOHUKH. IlomydeHO aHaIUTHUECKOe
BBIpa)KeHHE 111 3QQEKTHBHOCTU FeHEepaluy TpeTbel rapMOHUKH Grgy (OTHOIICHHS HHTEHCHBHOCTH M3ITy4CHUS TPEThEil TapMOHUKI
K MHTCHCHBHOCTH MAJaloIIedl BOJHBI) ISl YeThIpeXCIoiHOro rpadena. ITokazaHo, uto 3¢ ¢exruBHOCTh Grgy MPOMOPIMOHATBHA
BTOPO# CTETICHN MHTEHCUBHOCTH ITaJIAfOMIEil BOJHBI TOJBKO IPH JOCTATOYHO MaBIX |, a py GONBINOI MHTEHCHBHOCTH HaIaloIlei
BOJHEI 3 exTuBHOCTh Grgy CTpeMHTCS K KoHcTaHTe. Hackimienne 3¢ (peKTHBHOCTH TeHepaliy TpeThell TapMOHUKH 00YCIIOBICHO
yBeIH4YeHHEeM Kod(huIreHTa oTpakeHust. DPPEKTHBHOCTH T'eHepaluy TPETheil FTapMOHUKH B MOHOCJIOHHOM rpadeHe, B OTIHIHE OT
MPeABIAYIIEro ciIydas, HEMOHOTOHHO 3aBHCHT OT WHTEHCHBHOCTH IaJalolleid BOJHBI. MaKCHMyM JOCTHIAeTcsl NMPH JOCTaTOYHO
MayIoif HHTEHCHBHOCTH |, i 3((eKxTHBHOCTS B Makcumyme mopsiaka 107, uro Ha [Ba mOpsaKa MEHbIIE, HUeM B UETHIPEXCIIOMHOM
rpagese.

KnroueBble coBa: rpadeH, BO3pacTaHue OTpaXKaTeIbHOI CIIOCOOHOCTH B MOIITHOM I10JI, TeHepanus TPEeTheH TapMOHUKI

Introduction Strong enhancement of THG in a system of two

Linear dependence of electron spectrum on the
momentum causes many unusual properties of graphene.
One of them is a strong nonlinear electromagnetic
response. Nonlinearity of the response can be seen from
the dependence of the velocity on the momentum of
charged quasiparticles with the spectrum &(p)=vp. The

velocity is equal to v(p)=de(p)/dp=vp/p. In a very
strong electric field E(t)=E;sinwt the momentum
oscillates with the frequency @: p=eE,rsinwt, where
7 is the relaxation time (@z <«1). Then the electrical

current contains all odd Fourier harmonics and it is
independent of E;:

jt) =(4/ m)env[sin wt +sin(3wt) /3 +..],

where n is the density of carriers.

In [1, 2] nonlinear electromagnetic properties of
graphene were studied within the quasiclassical approach
based on the Boltzmann kinetic equation. The density
matrix approach was developed in [3-6]. It was predicted
in [3-6] that the third-harmonic generation (THG)
intensity in electron-doped graphene has the main peak at
ho=2s. 13, where & is the Fermi energy, and two

minor peaks at riw=¢; and hw=2¢.. Similar results
were obtained within the diagrammatic approach [7].

graphenes, one of which is the electron-doped, and the
other, the hole-doped, was predicted in [8]. The
approaches used in [1-8] are perturbative ones. In [9] a
nonperturbative theory of nonlinear electromagnetic
response of graphene was developed. The theory is based
on the exact solution of the kinetic Boltzmann equation
within the relaxation-time approximation. One of
interesting results of [9] is the absence of optical
bistability in graphene predicted in [10] but not confirmed
in [9]. Note that in [10] the exact solution of the kinetic
Boltzmann equation was also used but the answer was
expanded in series in the amplitude of the electric field.
The difference between the semiclassical [1,2,9,10] and
quantum [3-8] approaches is that the former ones take
into account only the electron band. The graphene
spectrum near Dirac points contains the electron and hole
bands that touch each other in Dirac points. A
nonperturbative approach that takes into account two
bands was developed in [11, 12]. The results of [12] are
based on a heuristic solution of the time-dependent Dirac
equation for the two-component wave function (graphene
Bloch equation). It was found in [12] that the contribution
of the hole band into the nonlinear response of electron-
doped graphene is essential only at 7o > & . While the

approach [9] is not valid at high frequencies (for instance,
it cannot reproduce peaks in THG intensity [3-8]), at low
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frequencies it gives adequate description. In particular, in
[9] the power-induced transparency in graphene and third-
, fifth- and seventh-harmonic generation at large input
power were described quantitatively.

The electron spectrum of bilayer graphene differs
from one of monolayer graphene. The bilayer graphene
has AB stacking of layers and the spectrum of the electron
band can be approximated by free electron spectrum

&(p) = p®/2m, where m is the effective mass. Therefore

at hw<g. and low temperature the electron-doped

bilayer graphene should not demonstrate any nonlinear
electromagnetic response. In the general case nonlinear
response of bilayer graphene can be comparable with one
of monolayer graphene [8,13]. The spectrum of few-layer
graphene depends on stacking of layers. Quite interesting
situation is realized in ABC stacked N-layer graphenes.
Their low-energy electron spectrum can be approximated
as [14,15]

ev(p)=vy p" /L], €

where v, =10° cm/s is the Fermi velocity in the
monolayer graphene, and t ~0.4 eV is the nearest-

neighbor interlayer hopping energy. Note that Eq. (1)
gives the spectrum of the monolayer and bilayer graphene
as well. One can expect that the spectrum (1) with N >2
reveals itself in an unusual nonlinear electromagnetic
response. In this paper we study nonlinear response of
graphene with the spectrum (1) using the semiclassical
nonperpurbative approach. The main attention is given to
the four-layer graphene ( N =4) for which an analytical
expression for the nonlinear part of the electrical current
can be obtained. For N =4 we calculate the dependence
of the transmission, reflection and adsorption coefficients
and the efficiency of the third-harmonic generation on the
intensity of the incident wave. The results are compared
with ones for monolayer graphene.

2. Nonperturbative expression for the electrical
current
We start from the Boltzmann kinetic equation in the
relaxation time approximation

of of f—f
—+eE(t)—=—"2, 2
ot ()ap T @

X

where  f; = f,(p,,p,) is the equilibrium distribution

function. The electric field is directed along the X -axis.
The exact solution of Eq. (2) with the initial condition
f(p,s Py, t) o= f, has the form [16]

_t
f(p,t)=e “f,(p, — Pe(t,0), p,)
lt -t (3)
+=[dt'e ~ f,(p, - pe (1), p),
TO

where
t
pe (t,t) =e[ dUE(t"). @)
4

At t> 7 the terms proportional to exp(-t/z) can be
neglected and Eq. (3) reduces to

f(p.t) = [dée f(p, — pe (t,t—£7), p)). (5)

The electrical current induced by the field E(t) is
calculated as

g,9.6
(27h)?

faze fan %P 1,(p, - (i £6)p,)

M=

(6)

where g, and g, are the spin and valley degeneracy (for
graphene g, =9, =2). We specify the case of low
temperature T (kT < &., where kg - is the Boltzmann
constant) and take f, in the form of a step function. Then
the integration over p,
analytically and we obtain

in Egq. (6) can be done

H gsgvepF T — b
i) :W!dfe 'f!dy[e(m [t.£.y])

—£(p_[t.& Y],

()

where

P.(t.SY) = Pe \/1+wa§ + 201, 1= 2,

I, = pe(t,t=S7)/ pe and p is the Fermi momentum.
Equation (7) gives the current for an arbitrary field E(t)
and for an arbitrary isotropic spectrum &(p) .

For a monochromatic field E(t) = E,sinwt and small
E, Eqg. (7) reduces to the Drude formula

) e’nev. _ sinwt — wr cos wt
t) = FE 8
J( ) pF 0 1+ (Q)T)Z ( )
where  v. =v(pg)=(de(p)/dp)|,.,. is the Fermi

velocity, and n is a two-dimensional density of carriers
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( n=9,9,p%/4xh*). The condition of smallness of E,
in the pure limit wzr>1is given by the inequality
eE, / wp; <1, and in the dirty limit oz <1, by the
inequality eE;z/ p. <1. At large E, the main term in
the current (7) in the system with the spectrum (1) is
proportional to E)'™*. In the dirty limit it is equal to

ek,

j(®) =env (N —1)!( ] 7 sinotfsinet| *. (9)

F
Up to the factor (N -1)! Eq. (9) coincides with the
estimate j(t) =env[p(t)] with p(t) =eE(t)r.

3. Transmission, reflection and absorption of high-
intensity incident wave in a four-layer graphene
At even N one can obtain from Eq. (7) the explicit
dependence of the current on the electric field. In
particular, for N=4

j(t) =env, Idge’f (1, +1T; ). (10)
0
The current (10) can be presented as a sum of a linear
and a cubic in E, terms: j=j® + j®. The linear term is
equal to

i () =env. E,[A (o7)sin ot

(11)
+B, (wr)cos wt],

where A(X)=x/1+x*) and
B,(X)=—x*/(+x?). Note that for N =4the exact

expression (11) coincides with the approximate one (8).
The nonlinear part of the current reads

Ew = eEO /pr !

9 =env, (E, ) [Auy (@7)sin et

+Bgy) (@7) COS 0t + Ay 5 (@7) SIN(30t) + (12)
Bs5 (@7) COS(30t)]
with

9 X

Foo 02 A )
ox*
T e (19
(x) = 3 X} (1-11x%)

Aoa¥) =7 @+ X2)(1+4x3)A+9x2)’
B(3,3) (x) = 2 i (1_2X ) 2y "

1+ x7)A+4x7)(2+9x%)

The obtained dependences (11) and (12) allows to
calculate the transmission, reflection and absorption
coefficients for a monochromatic wave as a function of
the incident intensity. We consider the normal incidence.
We are interested in a frequency range in which the
wavelength is much larger than the thickness of four-layer
graphene. In this case the graphene can be treated as a
zero-thickness boundary between the upper and the lower
half-spaces. We take the electric field of the transmitted
wave in the form

E, (t) = E, sin(wt +kz),
the field of the incident wave, in the form
E,.(t) = E2_sin(at +kz) + E>. cos(at +kz)

and the field of the reflected, in the form

E,, (t) = E2, sin(wt —kz)+ E®

ref ref

cos(awt —kz) .

The dielectric constant of the environment is assumed
to be equal to unity. The boundary conditions yield the
following relations between the amplitudes

2
a eEl’
Einc = Etr [l+ Aiﬂm + A.’S,l)ﬂa) [?‘a)] :lv

2
eE,
Ei?]c = ﬂw Etr I:Bl + B(3,1)ﬂw [_tj },

pe@
a _ a b _ b
Eref - Etr - Eincl Eref - _Einc’

(14)

where the coefficients A, B, A;,, B, are given by Egs.
(13) at X=wr and

27e’nv,
B,=——
wcp;

(c is the light velocity). From Egs. (14) we obtain the
system of equations for the intensities of the incident ( I,

), transmitted (1,,) and reflected (I, ) waves:

ref

T = T [A+AB, + Ay BT, )
+B2(B,+ By I )1,

T = [ BI(A + Asy T, )
+(B, + By, )*1,

(15)
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where the intensities are normalized to the quantity

I @ P jz
N 87r e

(Tnegeet vy = Vineqeer ary ! 1,)- I the pure limit (w7 1) Egs.
(15) reduce to

(16)

In the dirty limit ( @z < 1) we introduce the variables
IT

inc(ref tr)

/1. ,where

=)

and reduce Egs. (15) to the form

|nc(ref Jtr)

- 9 .V
e = |§(1+ﬂ,+§ﬂf|éjv

X (17)
ref _Ilrﬁ (l—i__l )
where
_ 2ze’nver
‘ o
Solving Egs. (15) (or, Egs.(16), (17) in the

corresponding limiting cases) we find the coefficients of
transmission T =1,/1,,, /1, and
adsorption A=1-R-T . We emphasize that Egs. (15) do
not take into account losses of energy caused by
generation of third harmonic. We will see below that
these losses are small.

At low intensities the transmission and reflection are
determined by g, or g : In the pure limit

T=1/1+p) and R=p5%/(1+/%).
T=1/+B), R=411+B) and A=281(1+B.)
. At high input intensity the transmission decreases by the

reflection R=1

ref

In the dirty limit

law T oc1/12® and it goes to zero at infinite intensity.

inc
Using Eg. (9) one can show that in three-layer graphene
the transmission coefficient decreases by the law

T 1/ 1% at large intensity of the incident wave.

inc

4. Third-harmonic generation in four-layer graphene
Nonlinear response causes generation of harmonics. In
systems with inversion symmetry only odd harmonics are
generated. The harmonics are generated by the component
the electrical current that oscillates with the
corresponding frequency. Usually the intensity of the
third harmonic is the largest one. To calculate the
efficiency of THG (the ratio of the intensity of the third

harmonic 1® to the input intensity I. ) we should obtain

the equation for the electric field of the wave emitted at
the frequency 3w . This field is taken in the form

inc

E.® =+[E] sin(3mt + 3kz)
+E, cos(3wt +3kz)],

where the upper/lower sign corresponds to the field in the
upper(lower) half-space. The boundary conditions yield

(1+Ap,)E; -BS,E; =
E,
AY33)ﬂ(u tr[[e)': j '

(18)
B.S,Es +(L+ApB,)E] =

ek,
- (33)ﬁw Ir(ppa)j’

where A;jand B, are given by Egs. (13) at X=wr .
In Egs. (18) we neglect the terms of higher orders in E,
and E}". Using Egs. (18) we find Ejand E;and
calculate the efficiency of THG:

1@ )
G=I—=T3 —ine

Note that in Eq. (19) the transmission coefficient T

depends on the input intensity I, . In the pure limit Eq.
(19) reduces to

{U(A(33) (33)) .
@+AB,) + BB

(19)

() £
_16(ij 1+ (20)

[

It the dirty limit we obtain

2 2

9T [ inc j ﬂ
4 1+8)
At small input intensity the efficiency G is
proportional to the second power of the intensity of the

(21)
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incident wave. At high input intensity T oc1/ 12 and G

approaches the constant value. In the pure limit this value
is equal to

1
_— 22
81(1+2) @2)
and in the dirty limit, to
G - — (23)
91+4,)

One can see that even at very large intensity of the
incident wave relative losses caused by THG do not
exceed 0.02 in the pure limit and 0.2 in the dirty limit (we
take into account the emission into the upper and the
lower half-spaces).

It is instructive to compare the efficiency of THG in
monolayer and four-layer graphene. Let us do it in the
dirty limit. In this limit the current (7) in the monolayer
graphene is given by the following Fourier series

i) = envo[fl[eE”T]sin ot
p:

(24)

+f, [EE“Tjsin(Sa)t) w1

F

2z
where the functions f, (X) = E f dysin(ny)g[xsin(y)] are
7%

Fourier coefficients. The function g is defined as

g(z) = %Tdéeijfdy[\lh 22E 4 228 \[1-y?
N PO |

Using the relations (14) we obtain the equation for the
intensities of the incident and transmitted waves

)

from which we calculate the dependence of i on I’

inc

(25)

Then using the boundary conditions for the third

harmonic we obtain the equation for 1®:

744 (7)1, (),

(26)

where T® =19 /19 Finally we find the dependence

1@ (i) and calculate G =1® /1__ asa function of I’

inc inc *

5. Numerical estimates and discussion
To estimate the values of the effects described we
consider a four-layer graphene with the density of carries
n=4.102 cm® It corresponds to &. ~46 meV. For

such ¢ the spectrum (1) is a good approximation.

Taking the frequency w=27-102 c¢* we obtain

B, ~0.65 and |, ~0.28 MW/cm? Considering the dirty
limit we take z=0.1 ps. For such 7 we get S ~0.41
and 1. ~0.72 MW/cm?. To compare the results for four-
layer and monolayer graphene we specify the density of
carries in the monolayer graphene n=10% cm? (the
same density per layer). It corresponds to & =~0.12 eV.
Taking 7=0.1 ps we obtain S ~0.26 and | ~0.18

MW/cm?.

In Fig.1 we present the dependence of the
transmission and reflection coefficients on the intensity of
the incident wave for four-layer graphene in the pure limit
calculated for the parameters given above.
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0.0 . ' . L
0 5 10 15
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Fig. 1. Transmission and reflection coefficients in four-layer
graphene in the pure limit versus the intensity of the incident
wave.

In Fig.2 the transmission, reflection and absorption
coefficients in a dirty four-layer graphene as functions of
the intensity of the incident waves are shown. Note that in
physical units (MW/cm?) the ranges of input intensities in
Fig. 1 and Fig. 2 are almost the same. One can see that the
main difference between the pure and dirty limits is
nonzero absorption in the latter case. The absorption
coefficient depends non-monotonically on the intensity of
the incident wave and decreases at large input power. The
transmission decreases and the reflection increases at
large input power in the pure and in the dirty limits.
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Fig. 2. Transmission, reflection and absorption coefficients

in four-layer graphene in the dirty limit versus the intensity
of the incident wave.

In Fig. 3 the efficiency of THG in pure and dirty four-
layer graphenes is presented. One can see that quadratic
dependence of the efficiency on the intensity of the
incident wave survives only at very small intensities. For
the parameters considered the maximum efficiency does
not exceed few percents. At the same input power the
efficiency of THG in a dirty graphene is larger than in a
pure one. The efficiency of THG is the increase function
of the intensity of the incident wave.
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Fig. 3. The efficiency of third-harmonic generation in the

pure (a) and the dirty (b) limit in four-layer graphene versus
the intensity of the incident wave.

To compare the behavior of four-layer and monolayer
graphene we calculate the transmission, reflection, and
absorption coefficients in a dirty monolayer graphene for
the same 7 and for the same density of carries per layer.
The result is displayed in Fig. 4. Note that for the
parameters specified the reference intensity |1 for

monolayer graphene is in four times smaller than for four-

layer graphene. In physical units the range of intensities in
Fig. 4 is in two times smaller than in Figs. 1-3. Figs. 2 and
4 illustrate the difference in the nonlinear response of
few-layer and monolayer graphene. The former one
demonstrates the power-induced reflectance while the
latter one, the power-induced transparency. We
emphasize that this difference emerges if the frequency of
the incident wave satisfies the condition @ <e&. /7 that

corresponds to the frequency range up to several
terahertz.
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Fig. 4. Transmission, reflection and absorption coefficients

in monolayer graphene in the dirty limit versus the intensity
of the incident wave.

The efficiency of THG of monolayer graphene is
shown in Fig. 5. One can see that it is in two orders
smaller than one for the four-layer graphene (Fig. 3b).
Another difference is that the efficiency Fig. 5 is a
nonmonotonic function of the intensity of the incident
wave with the maximum at rather small intensities. The
differences are connected with that the amplitude of the
third harmonic of the electrical current (24) saturates at
large electric field, while the amplitude of the third
harmonic of the current (12) is proportional to the third
power of the electric field. The saturation of THG
efficiency in Fig. 3 is solely due to decrease of the
transmission T.
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Fig. 5. The efficiency of third-harmonic generation in the
dirty limit in monolayer graphene versus the intensity of the
incident wave.
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One should note that in this study we neglect mixing
of the first harmonic with generated third harmonic. This
effect results in fifth-harmonic generation, a reduction of
reflection and lowering of the efficiency of third-
harmonic generation at very large input intensities. In the
range of I;,. considered two latter effects are small, less
than one percent, and an error in dependences presented
in Figs. 1-5 does not exceed 0.01.

6. Conclusion

In conclusion, we have shown that nonperturbative
theory of nonlinear electromagnetic response developed
for monolayer graphene can be generalized to the system
with an arbitraty isotropic spectrum of carriers. The
nonperturbative approach is applied to the study of
nonlinear electromagnetic  properties of few-layer
graphenes with ABC stacking of layers. It is established
that nonlinear behavior of electron-doped N-layer
graphenes with N>2 differs significantly from one of
monolayer graphene. We predict that the transmission
coefficient T of three- and four-layer graphene decreases
under increase in the intensity of the incident wave I, by

the asymptotic law T oc1/ 12" ™MD We show that the

efficiency of third-harmonic generation in four-layer
graphene approaches the constant value at high I. , in

inc !
contrast to the case of monolayer graphene where this
quantity reaches its maximum at certainl, and then

decreases under further increase of 1, . The difference is

connected with saturation of the amplitude of third
harmonic of an electrical current induced in monolayer
graphene by a monochromatic field and the absence of
such saturation in few-layer graphene. The efficiency of
third-harmonic generation in a four-layer graphene can
reach several percents which is two orders in magnitude
larger than the maximum efficiency in monolayer
graphene.
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