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Nonperturbative approach based on exact solution of Boltzmann kinetic equation in the relaxation time approximation is 

developed for the study of nonlinear response of electron-doped few-layer graphene to a high-frequency electromagnetic field. It is 

shown that nonperturbative approach can be applied to a two-dimensional conductor with an arbitrary isotropic spectrum of carries. 

The cases of ABC stacked three-layer and ABC staked four-layer graphene are considered. The low-energy electron spectrum of 

such graphenes is characterized by the third and the fourth power in the momentum dependence, correspondingly. The transmission, 

reflection and absorption coefficients are calculated. It is shown that the transmission coefficient T of three- and four-layer graphene 

decreases under increase in the intensity of the incident wave I by the asymptotic law 1/2T I   and 2/3T I  , respectively. It is 

found that three-layer and four-layer graphenes demonstrate power-induced reflectance, in contrast to power-induced transparency in 

monolayer graphene. It is found that in the four-layer graphene irradiated by a monochromatic wave the induced electrical current 

contains only the first and the third harmonics. The analytical expression for the efficiency of the third-harmonic generation GTGH 

(the ratio of the intensity of third-harmonic radiation to the intensity of the incident wave) of the four-layer graphene is obtained.  It is 

shown that only at rather small incident wave intensity the efficiency GTGH is proportional to the second power of I and at large 

incident wave intensity the efficiency GTGH approaches the constant quantity. Saturation of the efficiency of the third-order harmonic 

generation is caused by the increase of the reflection. In contrast, the efficiency of the third-order harmonic generation of monolayer 

graphene depends nonmonotonically on the intensity of the incident wave. The maximum is reached at rather small intensity I аnd 

the efficiency in the maximum is of order of 10-4 that is two orders of magnitude smaller than of four-layer graphene. 
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Нелінійний електромагнітний відгук кількашарового графену: Опис 

не за теорією збурень 

Д.В.Філь 
Інститут монокристалів НАН України, проспект Науки 60, Харків 61072, Україна 

Харківський національний університет імені В.Н. Каразіна, м. Свободи 4, 61022, Харків, Україна 

Розвинуто непертурбативний підхід, що базується на точному розв'язку кінетичного рівняння Больцмана в 

наближенні часу релаксації, для вивчення нелінійного відгуку допованого електронами кількашарового графену на 

високочастотне електромагнітне поле. Показано, що підхід може бути застосований до двовимірного провідника з 

довільним ізотропним спектром носіїв. Розглянуто випадки тришарового графену з АВС пакуванням і чотиришарового 

графену з АВС пакуванням. Низькоенергетичний електронний спектр таких графенов характеризується кубічною 

залежністю і залежністю четвертої степені від імпульсу, відповідно. Розраховані коефіцієнти проходження, відбиття і 

поглинання. Показано, що коефіцієнт проходження T для тришарового і чотиришарового графену зменшується при 

збільшенні інтенсивності I хвилі, що падає, по асимптотичному закону 1/2T I   і 2/3T I  , відповідно. Знайдено, що 

тришаровий і чотиришаровий графен демонструє зростання відбиваності в потужному полі, на відміну від індукованого 

потужним полем зростання прозорості в моношаровому графені. Знайдено, що у випадку чотиришарового графену з АВС 

пакуванням шарів, який опромінюється монохроматичною хвилею, індукований електричний струм містить лише першу і 

третю гармоніки. Отримано аналітичний вираз для ефективності генерації третьої гармоніки GTGH (відношення 

інтенсивності випромінювання третьої гармоніки до інтенсивності хвилі, що падає) для чотиришарового графену. Показано, 

що ефективність GTGH пропорційна другої степені інтенсивності хвилі, що падає, тільки при достатньо малих I, а при 

більшій інтенсивності хвилі, що падає, ефективність GTGH наближується до константи. Насичення ефективності генерації 

третьої гармоніки зумовлено збільшенням коефіцієнті відбиття. Ефективність генерації третьої гармоніки в моношаровому 

графені, на відміну від попереднього випадку, немонотонно залежить від інтенсивності хвилі, що падає. Максимум 

досягається при достатньо малій інтенсивності I, і ефективність в максимумі порядку 10-4, що на два порядки менше, ніж у 

чотиришаровому графені. 
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Нелинейный электромагнитний отклик многослойного графена: 

описание не по теории возмущений 

Д.В.Филь 
Институт монокристаллов НАН Украины, проспект Науки, 60, Харьков 61072, Украина 

Харьковский национальный университет имени В.Н. Каразина, м. Свободы 4, 61022, Харьков, Украина 

Развит непертурбативный подход, основанный на точном решении кинетического уравнения Больцмана в 

приближении времени релаксации, для изучения нелинейного отклика допированного электронами графена с несколькими 

слоями на высокочастотное электромагнитное поле. Показано, что подход может быть применен к двумерному проводнику 

с произвольным изотропным спектром носителей. Рассмотрены случаи трехслойного графена с АBC упаковкой и 

четырехслойного графена с ABC упаковкой. Низкоэнергетический электронный спектр таких графенов характеризуется 

кубической зависимостью и зависимостью четвертой степени от импульса, соответственно. Рассчитаны коэффициенты 

прохождения, отражения и поглощения. Показано, что коэффициент прохождения T для трехслойного и четырехслойного 

графена уменьшается при увеличении интенсивности падающей волны I по асимптотическому закону 1/2T I   и 2/3T I  , 

соответственно. Найдено, что трехслойный и четырехслойный графен демонстрирует возрастание отражательной 

способности в мощном поле, в отличие от индуцированного мощным полем возрастания прозрачности в монослойном 

графене. 

Найдено, что в случае четырехслойного графена с АВС упаковкой слоев, который облучается монохроматической 

волной, индуцированный электрический ток содержит только первую и третью гармоники. Получено аналитическое 

выражение для эффективности генерации третьей гармоники GTGH (отношения интенсивности излучения третьей гармоники 

к интенсивности падающей волны) для четырехслойного графена. Показано, что эффективность GTGH пропорциональна 

второй степени интенсивности падающей волны только при достаточно малых I, а при большой интенсивности падающей 

волны эффективность GTGH стремится к константе. Насыщение эффективности генерации третьей гармоники обусловлено 

увеличением коэффициента отражения. Эффективность генерации третьей гармоники в монослойном графене, в отличие от 

предыдущего случая, немонотонно зависит от интенсивности падающей волны. Максимум достигается при достаточно 

малой интенсивности I, и эффективность в максимуме порядка 10-4, что на два порядка меньше, чем в четырехслойном 

графене. 

Ключевые слова: графен, возрастание отражательной способности в мощном поле, генерация третьей гармоники 

Introduction 

Linear dependence of electron spectrum on the 

momentum causes many unusual properties of graphene. 

One of them is a strong nonlinear electromagnetic 

response. Nonlinearity of the response can be seen from 

the dependence of the velocity on the momentum of 

charged quasiparticles with the spectrum ( )p vp  . The 

velocity is equal to ( ) ( ) / /d p d v p v p p p . In a very 

strong electric field 0( ) sint tE E  the momentum 

oscillates with the frequency  : 0 sine t p E , where 

  is the relaxation time ( 1 ). Then the electrical 

current contains all odd Fourier harmonics and it is 

independent of 0E : 

( ) (4 / ) [sin sin(3 ) / 3 ]j t env t t     , 

where n is the density of carriers.  

In [1, 2] nonlinear electromagnetic properties of 

graphene were studied within the quasiclassical approach 

based on the Boltzmann kinetic equation. The density 

matrix approach was developed in [3–6]. It was predicted 

in [3-6] that the third-harmonic generation (THG) 

intensity in electron-doped graphene has the main peak at 

2 / 3F  , where F  is the Fermi energy, and two 

minor peaks at F   and 2 F  . Similar results 

were obtained within the diagrammatic approach [7]. 

Strong enhancement of THG in a system of two 

graphenes, one of which is the electron-doped, and the 

other, the hole-doped, was predicted in [8]. The 

approaches used in [1-8] are perturbative ones. In [9] a 

nonperturbative theory of nonlinear electromagnetic 

response of graphene was developed. The theory is based 

on the exact solution of the kinetic Boltzmann equation 

within the relaxation-time approximation. One of 

interesting results of [9] is the absence of optical 

bistability in graphene predicted in [10] but not confirmed 

in [9]. Note that in [10] the exact solution of the kinetic 

Boltzmann equation was also used but the answer was 

expanded in series in the amplitude of the electric field. 

The difference between the semiclassical [1,2,9,10] and 

quantum [3-8] approaches is that the former ones take 

into account only the electron band. The graphene 

spectrum near Dirac points contains the electron and hole 

bands that touch each other in Dirac points. A 

nonperturbative approach that takes into account two 

bands was developed in [11, 12]. The results of [12] are 

based on a heuristic solution of the time-dependent Dirac 

equation for the two-component wave function (graphene 

Bloch equation). It was found in [12] that the contribution 

of the hole band into the nonlinear response of electron-

doped graphene is essential only at F  . While the 

approach [9] is not valid at high frequencies (for instance, 

it cannot reproduce peaks in THG intensity [3-8]), at low 
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frequencies it gives adequate description. In particular, in 

[9] the power-induced transparency in graphene and third-

, fifth- and seventh-harmonic generation at large input 

power were described quantitatively. 

The electron spectrum of bilayer graphene differs 

from one of monolayer graphene. The bilayer graphene 

has AB stacking of layers and the spectrum of the electron 

band can be approximated by free electron spectrum 
2( ) / 2p p m  , where m  is the effective mass. Therefore 

at 
F   and low temperature the electron-doped 

bilayer graphene should not demonstrate any nonlinear 

electromagnetic response. In the general case nonlinear 

response of bilayer graphene can be comparable with one 

of monolayer graphene [8,13]. The spectrum of few-layer 

graphene depends on stacking of layers. Quite interesting 

situation is realized in ABC stacked N-layer graphenes. 

Their low-energy electron spectrum can be approximated 

as [14,15] 

1

0( ) / ,N N N

N p p t  

               (1) 

where 
8

0 10v  cm/s is the Fermi velocity in the 

monolayer graphene, and 0.4t   eV is the nearest-

neighbor interlayer hopping energy. Note that Eq. (1) 

gives the spectrum of the monolayer and bilayer graphene 

as well. One can expect that the spectrum (1) with 2N   

reveals itself in an unusual nonlinear electromagnetic 

response. In this paper we study nonlinear response of 

graphene with the spectrum (1) using the semiclassical 

nonperpurbative approach. The main attention is given to 

the four-layer graphene ( 4N  ) for which an analytical 

expression for the nonlinear part of the electrical current 

can be obtained. For 4N  we calculate the dependence 

of the transmission, reflection and adsorption coefficients 

and the efficiency of the third-harmonic generation on the 

intensity of the incident wave. The results are compared 

with ones for monolayer graphene. 

2. Nonperturbative expression for the electrical 

current 

We start from the Boltzmann kinetic equation in the 

relaxation time approximation 

0( )
x

f ff f
eE t

t p 

 
  

 
,  (2) 

where 0 0 ( , )x yf f p p  is the equilibrium distribution 

function. The electric field is directed along the x -axis. 

The exact solution of Eq. (2) with the initial condition 

0 0( , , ) |x y tf p p t f   has the form [16] 

0

0

0

( , ) ( ( ,0), )

1
( ( , ), ),

t

x E y

t t t

x E y

f t e f p p t p

dt e f p p t t p












 

  

p

      (3) 

where 

( , ) ( ).

t

E

t

p t t e dt E t


                 (4) 

At t   the terms proportional to exp( / )t   can be 

neglected and Eq. (3) reduces to 

0

0

( , ) ( ( , ), ).x E yf t d e f p p t t p 


  p  (5) 

The electrical current induced by the field ( )E t  is 

calculated as 

2

0

0

( )
(2 )

( )
( ( , ), ),

s v

x E y

x

g g e
j t

d p
d e d f p p t t p

dp






 







    p

  (6) 

where 
sg  and 

vg  are the spin and valley degeneracy (for 

graphene 2s vg g  ). We specify the case of low 

temperature T (
B Fk T  , where kB - is the Boltzmann 

constant) and take 
0f  in the form of a step function. Then 

the integration over 
xp  in Eq. (6) can be done 

analytically and we obtain 

  

  

1

2

0 0

( ) [ , ,
2( )

, , ],

s v Fg g ep
j t d e dy p t y

p t y

  


 













 
 (7) 

where 

2 2

, ,( , , ) 1 2 1 ,F t tp t y p y        

, ( , ) /t E Fp t t p     and 
Fp  is the Fermi momentum. 

Equation (7) gives the current for an arbitrary field ( )E t  

and for an arbitrary isotropic spectrum ( )p .  

For a monochromatic field 0( ) sinE t E t  and small 

0E  Eq. (7) reduces to the Drude formula  

2

0 2

sin cos
( ) ,

1 ( )

F

F

e n v t t
j t E

p

   







        (8) 

where ( ) ( ( ) / ) |
FF F p pv v p d p dp    is the Fermi 

velocity, and n  is a two-dimensional density of carriers 
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( 
2 2/ 4s v Fn g g p  ). The condition of smallness of 

0E  

in the pure limit 1 is given by the inequality 

0 / 1FeE p , and in the dirty limit 1 , by the 

inequality 
0 / 1FeE p . At large 

0E  the main term in 

the current (7) in the system with the spectrum (1) is 

proportional to 
1

0

NE 
. In the dirty limit it is equal to 

1

20( ) ( 1)! sin sin .

N

N

F

F

eE
j t env N t t

p


 



 
   

 
 (9) 

Up to the factor ( 1)!N   Eq. (9) coincides with the 

estimate ( ) [ ( )]j t env p t  with ( ) ( )p t eE t  .  

3. Transmission, reflection and absorption of high-

intensity incident wave in a four-layer graphene 

At even N one can obtain from Eq. (7) the explicit 

dependence of the current on the electric field. In 

particular, for N=4 

 3

, ,

0

( ) .F t tj t env d e 

 


    (10) 

The current (10) can be presented as a sum of a linear 

and a cubic in 
0E  terms: 

(1) (3)j j j  . The linear term is 

equal to 

(1)

1

1

( ) [ ( )sin

( )cos ],

Fj t env E A t

B t

  

 




   (11) 

where 
0 / FE eE p  , 

2

1( ) / (1 )A x x x   and 

2 2

1( ) / (1 )B x x x   . Note that for 4N  the exact 

expression (11) coincides with the approximate one (8). 

The nonlinear part of the current reads 

 
3

(3)

(3,1)

(3,1) (3,3)

(3,3)

( ) [ ( )sin

( )cos ( )sin(3 )

( )cos(3 )]

Fj t env E A t

B t A t

B t

  

   

 



          (12) 

with  

3

(3,1) 2 2

4

(3,1) 2 2

3 2

(3,3) 2 2 2

4 2

(3,3) 2 2 2

9
( ) ,

2 (1 )(1 4 )

9
( ) ,

(1 )(1 4 )

3 (1 11 )
( ) ,

2 (1 )(1 4 )(1 9 )

9 (1 )
( ) .

(1 )(1 4 )(1 9 )

x
A x

x x

x
B x

x x

x x
A x

x x x

x x
В x

x x x


 

 
 


 

  




  

         (13) 

The obtained dependences (11) and (12) allows to 

calculate the transmission, reflection and absorption 

coefficients for a monochromatic wave as a function of 

the incident intensity. We consider the normal incidence. 

We are interested in a frequency range in which the 

wavelength is much larger than the thickness of four-layer 

graphene. In this case the graphene can be treated as a 

zero-thickness boundary between the upper and the lower 

half-spaces. We take the electric field of the transmitted 

wave in the form  

( ) sin( ),tr trE t E t kz   

the field of the incident wave, in the form 

( ) sin( ) cos( )a b

inc inc incE t E t kz E t kz     , 

and the field of the reflected, in the form 

( ) sin( ) cos( )a b

ref ref refE t E t kz E t kz     . 

The dielectric constant of the environment is assumed 

to be equal to unity. The boundary conditions yield the 

following relations between the amplitudes 

2

1 (3,1)

2

1 (3,1)

1 ,

,

, ,

a tr

inc tr

F

b tr

inc tr

F

a a b b

ref tr inc ref inc

eE
E E A A

p

eE
E E B B

p

E E E E E

 

 

 


 


  
     
   

  
    
   

   

         

(14) 

where the coefficients 1 1 (3,1) (3,1), , ,A B A B  are given by Eqs. 

(13) at x   and 

22 F

F

e nv

cp






  

(c is the light velocity). From Eqs. (14) we obtain the 

system of equations for the intensities of the incident ( incI

), transmitted ( trI )  and reflected ( refI )  waves: 

2

1 (3,1)

2 2

1 (3,1)

2 2

1 (3,1)

2

1 (3,1)

[(1 )

( ) ],

[( )

( ) ],

inc tr tr

tr

ref tr tr

tr

I I A A I

B B I

I I A A I

B B I

 





 





  

 

 

 

  (15) 
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where the intensities are normalized to the quantity 

2

8

Fpc
I

e






 
  

 
 

( ( , ) ( , ) /inc ref tr inc ref trI I I ). In the pure limit ( 1 ) Eqs. 

(15) reduce to 

2

2 9
1 1 ,

4

.

inc tr tr

ref inc tr

I I I

I I I


  

    
   

 

           (16) 

In the dirty limit ( 1 ) we introduce the variables 

( , ) ( , ) /inc ref tr inc ref trI I I

  ,where 

2

8

Fpc
I

e


 

 
  

 
 

and reduce Eqs. (15) to the form 

2

2

2

9
1 ,

2

9
1 ,

2

inc tr tr

ref tr tr

I I I

I I I

  

 

  



 



 
   

 

 
  

 

  (17) 

where 

22 F

F

e nv

cp


 
  . 

Solving Eqs. (15) (or, Eqs.(16), (17) in the 

corresponding limiting cases) we find the coefficients of 

transmission /tr incT I I , reflection /ref incR I I  and 

adsorption 1A R T   . We emphasize that Eqs. (15) do 

not take into account losses of energy caused by 

generation of third harmonic. We will see below that 

these losses are small. 

At low intensities the transmission and reflection are 

determined by   or  : In the pure limit 

21/ (1 )T    and 
2 2/ (1 )R     . In the dirty limit 

21/ (1 )T   , 
2 2/ (1 )R     and 

22 / (1 )A    

. At high input intensity the transmission decreases by the 

law 
2/31/ incT I  and it goes to zero at infinite intensity. 

Using Eq. (9) one can show that in three-layer graphene 

the transmission coefficient decreases by the law 
1/21/ incT I  at large intensity of the incident wave. 

4. Third-harmonic generation in four-layer graphene 

Nonlinear response causes generation of harmonics. In 

systems with inversion symmetry only odd harmonics are 

generated. The harmonics are generated by the component 

the electrical current that oscillates with the 

corresponding frequency. Usually the intensity of the 

third harmonic is the largest one. To calculate the 

efficiency of THG (the ratio of the intensity of the third 

harmonic 
(3)I  to the input intensity 

incI ) we should obtain 

the equation for the electric field of the wave emitted at 

the frequency 3 . This field is taken in the form 

(3) [ sin(3 3 )

cos(3 3 )],

a

g

b

g

E E t kz

E t kz





   

 
 

where the upper/lower sign corresponds to the field in the 

upper(lower) half-space. The boundary conditions yield 

1 1

2

(3,3)

1 1

(3,3)

(1 )

,

(1 )

,

a b

g g

tr

tr

F

a b

g g

tr

tr

F

A E B E

eE
A E

p

B E A E

eE
B E

p

 



 



 




 




  

 
   

 

  

 
   

 

        (18) 

where (3,3)A and (3,3)B  are given by Eqs. (13) at x  . 

In Eqs. (18) we neglect the terms of higher orders in 
trE  

and ,a b

gE . Using Eqs. (18) we find a

gE and b

gE and 

calculate the efficiency of THG: 

 2 2 2 2(3)
(3,3) (3,3)3

2 2 2

1 1

.
(1 )

inc

inc

A BII
G T

I I A B



  



 

 
   

  
      (19) 

Note that in Eq. (19) the transmission coefficient T 

depends on the input intensity incI . In the pure limit Eq. 

(19) reduces to 

2
23

2
.

16 1

incIT
G

I



 





 
  

 
              (20) 

It the dirty limit we obtain 

 

2
23

2

9
.

4 1

incIT
G

I



 





 
  

 
   (21) 

At small input intensity the efficiency G is 

proportional to the second power of the intensity of the 
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incident wave. At high input intensity 
2/31/ incT I  and G  

approaches the constant value. In the pure limit this value 

is equal to 

 
max 2

1
.

81 1

pureG





           (22) 

and in the dirty limit, to 

 
max 2

1
.

9 1

dirtyG





            (23) 

One can see that even at very large intensity of the 

incident wave relative losses caused by THG do not 

exceed 0.02 in the pure limit and 0.2 in the dirty limit (we 

take into account the emission into the upper and the 

lower half-spaces). 

It is instructive to compare the efficiency of THG in 

monolayer and four-layer graphene. Let us do it in the 

dirty limit. In this limit the current (7) in the monolayer 

graphene is given by the following Fourier series 

0 1

3

( ) [ sin

sin(3 ) ],

tr

F

tr

F

eE
j t env f t

p

eE
f t

p







 
  

 

 
  

 

   (24) 

where the functions 

2

0

1
( ) sin( ) [ sin( )]nf x dy ny g x y




   are 

Fourier coefficients. The function g is defined as 

1

2 2 2

0 0

2 2 2

2
( ) [ 1 2 1

1 2 1 ].

g z d e dy z z y

z z y

  


 



   

   

 
 

Using the relations (14) we obtain the equation for the 

intensities of the incident and transmitted waves 

 
2

1inc tr trI I f I  


  
  

    (25) 

from which we calculate the dependence of 
trI   on 

incI   

Then using the boundary conditions for the third 

harmonic we obtain the equation for 
(3)I : 

   (3) (3)

1 3 ,trI f I f I                (26) 

where (3) (3) (0)/I I I  . Finally we find the dependence 

(3) ( )incI I   and calculate 
(3) / incG I I  as a function of 

incI  .  

5. Numerical estimates and discussion 

To estimate the values of the effects described we 

consider a four-layer graphene with the density of carries 
124 10n    cm

-2
. It corresponds to 46F   meV. For 

such 
F  the spectrum (1) is a good approximation. 

Taking the frequency 122 10    c
-1 

we obtain 

0.65   and 0.28I   MW/cm
2
. Considering the dirty 

limit we take 0.1   ps. For such   we get 0.41 

and 0.72I   MW/cm
2
. To compare the results for four-

layer and monolayer graphene we specify the density of 

carries in the monolayer graphene 12 -210  cmn   (the 

same density per layer). It corresponds to 0.12F   eV. 

Taking 0.1   ps we obtain 0.26   and 0.18I   

MW/cm
2
. 

In Fig.1 we present the dependence of the 

transmission and reflection coefficients on the intensity of 

the incident wave for four-layer graphene in the pure limit 

calculated for the parameters given above. 

 

 
In Fig.2 the transmission, reflection and absorption 

coefficients in a dirty four-layer graphene as functions of 

the intensity of the incident waves are shown. Note that in 

physical units (MW/cm
2
) the ranges of input intensities in 

Fig. 1 and Fig. 2 are almost the same. One can see that the 

main difference between the pure and dirty limits is 

nonzero absorption in the latter case. The absorption 

coefficient depends non-monotonically on the intensity of 

the incident wave and decreases at large input power. The 

transmission decreases and the reflection increases at 

large input power in the pure and in the dirty limits. 

Fig. 1. Transmission and reflection coefficients in four-layer 

graphene in the pure limit versus the intensity of the incident 

wave. 
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In Fig. 3 the efficiency of THG in pure and dirty four-

layer graphenes is presented. One can see that quadratic 

dependence of the efficiency on the intensity of the 

incident wave survives only at very small intensities. For 

the parameters considered the maximum efficiency does 

not exceed few percents. At the same input power the 

efficiency of THG in a dirty graphene is larger than in a 

pure one. The efficiency of THG is the increase function 

of the intensity of the incident wave. 

 

 
To compare the behavior of four-layer and monolayer 

graphene we calculate the transmission, reflection, and 

absorption coefficients in a dirty monolayer graphene for 

the same   and for the same density of carries per layer. 

The result is displayed in Fig. 4. Note that for the 

parameters specified the reference intensity I  for 

monolayer graphene is in four times smaller than for four-

layer graphene. In physical units the range of intensities in 

Fig. 4 is in two times smaller than in Figs. 1-3. Figs. 2 and 

4 illustrate the difference in the nonlinear response of 

few-layer and monolayer graphene. The former one 

demonstrates the power-induced reflectance while the 

latter one, the power-induced transparency. We 

emphasize that this difference emerges if the frequency of 

the incident wave satisfies the condition /F   that 

corresponds to the frequency range up to several 

terahertz. 

 

 
The efficiency of THG of monolayer graphene is 

shown in Fig. 5. One can see that it is in two orders 

smaller than one for the four-layer graphene (Fig. 3b). 

Another difference is that the efficiency Fig. 5 is a 

nonmonotonic function of the intensity of the incident 

wave with the maximum at rather small intensities. The 

differences are connected with that the amplitude of the 

third harmonic of the electrical current (24) saturates at 

large electric field, while the amplitude of the third 

harmonic of the current (12) is proportional to the third 

power of the electric field. The saturation of THG 

efficiency in Fig. 3 is solely due to decrease of the 

transmission T. 

 

 

Fig. 5. The efficiency of third-harmonic generation in the 

dirty limit in monolayer graphene versus the intensity of the 

incident wave. 

Fig. 4. Transmission, reflection and absorption coefficients 

in monolayer graphene in the dirty limit versus the intensity 

of the incident wave. 

Fig. 3. The efficiency of third-harmonic generation in the 

pure (a) and the dirty (b) limit in four-layer graphene versus 

the intensity of the incident wave. 

Fig. 2. Transmission, reflection and absorption coefficients 

in four-layer graphene in the dirty limit versus the intensity 

of the incident wave. 
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One should note that in this study we neglect mixing 

of the first harmonic with generated third harmonic. This 

effect results in fifth-harmonic generation, а reduction of 

reflection and lowering of the efficiency of third-

harmonic generation at very large input intensities. In the 

range of Iinc considered two latter effects are small, less 

than one percent, and an error in dependences presented 

in Figs. 1-5 does not exceed 0.01. 

6. Conclusion 

In conclusion, we have shown that nonperturbative 

theory of nonlinear electromagnetic response developed 

for monolayer graphene can be generalized to the system 

with an arbitraty isotropic spectrum of carriers. The 

nonperturbative approach is applied to the study of 

nonlinear electromagnetic properties of few-layer 

graphenes with ABC stacking of layers. It is established 

that nonlinear behavior of electron-doped N-layer 

graphenes with N>2 differs significantly from one of 

monolayer graphene. We predict that the transmission 

coefficient T of three- and four-layer graphene decreases 

under increase in the intensity of the incident wave 
incI by 

the asymptotic law 
( 2)/( 1)1/ N N

incT I   . We show that the 

efficiency of third-harmonic generation in four-layer 

graphene approaches the constant value at high incI , in 

contrast to the case of monolayer graphene where this 

quantity reaches its maximum at certain incI and then 

decreases under further increase of 
incI . The difference is 

connected with saturation of the amplitude of third 

harmonic of an electrical current induced in monolayer 

graphene by a monochromatic field and the absence of 

such saturation in few-layer graphene. The efficiency of 

third-harmonic generation in a four-layer graphene can 

reach several percents which is two orders in magnitude 

larger than the maximum efficiency in monolayer 

graphene. 
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