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An important problem of the theory of gravitational lensing is the problem of studying images of a given source in a given
lens. A special case of this problem is the problem of the number of images of a point source in a planar N-point gravitational lens.
On this issue, several papers have been published. Most of the works are devoted to the upper bound on the number of images.
However, there is no work on the lower bound on the number of images. The present work is devoted to this question.

The article calculates what the minimum number of images of a point source in an N-point gravitational lens is equal to.
Proven the theorem about infimum of a number of point source images in the N-point gravitational lens. Is proved that this limit is
being reached. In particular, it is established that a point source has a minimum number of images in the lens if all point masses are
equal and located on the abscissa axis. Besides, the source is also on the abscissa axis. Regular and non-regular cases are considered.
Using the theorem that was proved in the paper and the previously known results, a classification theorem about the number of
images of a point source in an N-point gravitational lens is formulated.

The theorem proved in this paper is illustrated by an example of point source images in a binary lens. The point masses in
this lens are the same and are located on the abscissa axis symmetrically with regard to the origin of the coordinates. The minimum
number of point source images, in this case, is three, and the maximum is five. A point source has a minimum number of images if it
is located on the abscissa axis.

The paper used methods of mathematical analysis, theory of functions of real variables and algebraic geometry.

Keywords: gravitational lens, point source, number of images, caustic.

KinbkicTh 300pakeHb TOUKOBOTO Jxepena B N-ToukoBil rpaBiTalliiHii
JH31
K.A. KOTBI/ILIBKal, €.C. Bp0H3a2, JLLA. KOTBI/IHLKa3

1 Vkpainucokuii deparcasnuil ynigepcumem 3aniznuuno2o mpancnopmy, ni. ®Qeiiepbaxa, 7, Xapxie 61050, Yrpaina
2 Xapriecokuil nayionanvshutl ynieepcumem paoioeiekmponixu, npocnekm Hayku 14, 61166 Xapxie, Ykpaina
3 Xapriecokuil nayionanvnuii ynieepcumem imeni B.H. Kapaszina, m. Ceo600u 4, 61022, Xapxis, Yrpaina

BaxBUM 3aBIaHHAM Teopii rpaBiTamliifHOro JTiH3yBaHHS € 3aBJaHHS BHUBUYCHHs 300pa)KeHb 33aHOTO JDKepena B 3aiaHii
nia3i. OKpeMHM BHITAJKOM I[LOTO 3aBIAHHS € 3aBIAHHS MPO KiTBKICTh 300pakeHb TOYKOBOTO JDKepena B MIOCKiH N - TOYKoBOT
rpasitaniifHoi JiH3M. 3 FOTO MUTAHHS OITyOJIIKOBAHO KiJIbKa poOiT. BimbmIicTh poOiT MPUCBSIIEHO BEPXHiH MeXi YHCIIa 300paKeHb.
OpnHak, cepel HUX, BiZICyTHI pOOOTH PO HIKHIIO MeXy dHcia 300pakeHs. L[poMy muTaHHIO IpHCBAYeHa I poboTa.

VY poboTi BcTaHOBIIEHO, YOMY JOPIBHIOE MiHIMaJIbHE YHCIIO 300pa’KeHb TOYKOBOTO pKepena B N - TOUKOBIil rpaBiTamiiiHiit
nin3i. JloBeieHo TeopeMy Ipo HIDKHIO TPAHUINIO KUTBKOCTI TOUYKOBHX 300pakeHb, TOUKOBOTO Kepena, B N-TOUKOBIH rpaBiTamiiHii
nin3i. JloBeneHo, 1m0 I TPAHHUIl JO0CSITAEThCs. 30KpeMa BCTAHOBIICHO, 110 TOYKOBE JKEPEIO Ma€ MiHIMaabHE YHUCIIO 300paKeHb B
JIiH31, SKII0 BCe TOYKOBI MacH PiBHI 1 3HAXOMAThCS Ha oci abcrmc. I, KpiM TOro, JKepenao TaKoK 3HAXOIUTHCS Ha OCi aOCIuc.
Po3ristHyTO perynsipHuil i He peryJspHuil BUMaaKu. BHKOpHCTOBYIOUM 10BeieHy B poOOTI TeopeMy, i paHille BioMi pe3ynbTary,
copMynboBaHa KiacudikaliiiHa Teopema, Ipo KiTbKicTh 300pakeHb TOYKOBOTO Jukepena B N - TOUKOBIil rpaBiTaliiHil JIiH31.

JHoBeneHy B po0OTi TeopeMy LIIOCTpY€e MPHKIA] PO 300pa)KeHHsI TOUKOBOTO jJykepena B GiHapHii iH3i. ToukoBi Macu B wLiit
JiH31 OJHAKOBI 1 pO3TamIOBaHi Ha oci aOCIHC CHMETPUYHO BIHOCHO MOYATKy KOOpIUHAT. MiHIManbHa KUIBKICTh 300paXKeHb
TOYKOBOTO JDKepela, B IIbOMY BHIIAJKy, JOPIBHIOE TPhOM, a MaKCHMaibHa I'STH. TOYKOBE JKEpeao Mae MiHIMallbHE YHCIIO
300pakeHb, SKIIO BOHO PO3TAIIOBAHO Ha OCI abCIuC.

VY po6oTi BUKOPHCTaHI METOM MaTEMaTHYHOTO aHAJI3y Ta anreOpy reoMerpii.

KurouoBi ciioBa: rpasitauiiina j1iH3a, TOYKOBE JXKEPENO, YUCIIO 300paKeHb, KayCTHKA.
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BaxxHoit 3amauelil Teopuy TpaBUTAIIMOHHOTO JTMH3UPOBAHUS SBJIAETCS 33/1a4a U3y4eHUs H300paKeHUH 3aJaHHOTO NCTOYHUKA
B 3amaHHOW JHH3e. YacTHBIM CiTydaeM 1TOH 3aJauyl ecTh 3ajada O 4ucie N300pakeHUH TOYEYHOr0 MCTOYHWKA B IUIockoil N -
TOYEYHOW TpaBUTAIMOHHOM JIMH3e. [0 3TOMy BOIpoCy OIMyOIMKOBaHO HECKOJIBKO padoT. BombIMHCTBO paboT IOCBSIIEHBI BepXHEit
rpaHmLe yucia u3o0paxennii. OHAaKO OTCYTCTBYIOT paOOThl O HIDKHEW IpaHHLE YHCiIa U300pakeHUil. DToMy BOIPOCY MOCBAIIEHA
HacTosmas padoTa.

B paboTe ycTaHOBIEHO, YeMy pPaBHO MHMHHMMAJbHOE YHCIO H300paKCHHH TodedyHOro wucTouHnka B N - TodedHoi
TpaBUTALMOHHOM JnHH3e. Jloka3zaHa TeopeMa O HIDKHEH I'paHHMIle YHCIa TOYEYHBIX H300paKCHUI, TOYEYHOT0 MCTOYHHKA, B N-
TOYEYHOW TPaBUTAIIMOHHOM JHH3e. J[0Ka3aHO, 4TO 3Ta TpaHUNA JOCTHTaeTcsl. B 4aCTHOCTH yCTaHOBIICHO, YTO TOYEUHBIH MCTOYHUK
HMeeT MUHAMAaJIbHOE YHCIIO H300paKeHUH B JIMH3E, €CIHM BCE TOUYESYHBIC MACCHI PAaBHBI M HAaXOJATCS Ha ocu abcuuce . 1, kpome
TOTO, HCTOYHHK TaKKe HaXOIMTCS Ha ocH abcuuce. PaccMoTpeH perymsipHBIH M He perysspHEIN ciydan. Mcrmons3ys qoka3aHHYIO B
paboTe TeopeMy, M paHee H3BECTHBIC PE3yNbTaThl, COHOPMYIHUpPOBaHAa KIACCH(HKAIMOHHAS TeopeMa, O YHCle H300pakeHmit
TOYEYHOTO UCTOUHMKA B N - TOUeUHOH IpaBUTAIIMOHHOM IHH3E.

JokazaHHy0 B paboTe TeopeMy WLIIOCTPUPYET MpuMep 00 M300paKeHUSX TOYEYHOTO HCTOYHHKA B OWHAPHON JHH3E.
TodeuHsle Macchl B TOH JIMH3€ OJMHAKOBBI M PACIONOKEHBI HAa OCH a0CIMCC CHMMETPHYHO OTHOCHTENBHO Hadana KOOpPIWHAT.
MuHHMaNbHOE YHCIO H300paKEHHH TOYEYHOTO HCTOYHHKA, B ITOM CiIydae, PaBHO TPEM, a MaKCHMaJbHOE MATH. TouedHBIH
HCTOYHMK HMEET MUHHUMAJILHOE YHCIIO H300pakeHHH, €CIIH OH PacIoJIOKEH Ha OCH abcIucc.

B pabote ncroap30BaHbI METOIBI MATEMAaTHIECKOT0 aHAIN3a U alreOpandecKoil TeOMEeTpUHL.

KroueBble c10Ba: rpaBUTAIMOHHAS JINH3A, TOYEYHBIH HCTOYHUK, KOJINIECTBO H300paXKeHHH, KayCTHKA.

1. Statement of the problem
The equation of a flat, N - point gravitational lens in
vector formis [1,2]:

V2 N
y:f('—zmnx—%, Zmn :17 (1)

where m_, are the dimensionless point masses that enter

the lens, and I are their normalized radius vectors.

Vector equation (1) defines a unique mapping
L:(RZ\A) > R?, (2)

from the vector space R; to the vector space R’ .

From the algebraic point of view, the problem of the
number of images of a point source in an N-point
gravitational lens is the problem of the number of
solutions of equation (1).

For further discussion, we consider equation (1) in
coordinate form:

N
X~

Yo =%-—2xm, T
n=1 (%=35)" +(x2~by) ’ (3)
y2 :XZ—Zm L 7

n=1 n (Xl_an )2 +(% _bn)

where (a,,b,) is the coordinate of the point A is the end

of the radius vector I . The set of solutions of system

(2.3) can be studied by methods of algebraic geometry;
see, for example, [3,4].

2. Basic research results on the number of images of a
point source in a Schwarzschild lens and in other N-
point gravitational lenses.

The set of solutions to the system of equations (2) can
have  the  dimension dimV°(F,F,)=0  or

dimV*(F,F,)=1. There are a number of theorems that
allow us to determine whether the set V*(F,,F,) is empty.

Theorem 1. The only image of dimension 1 (a point
source) is an infinitely thin Einstein ring. This image
appears only in the Schwarzschild lens when the source,
lens and observer are on the same line, see [4].

If the source, lens and observer are not on the same
line, then the point source in the Schwarzschild lens has
an image consisting of two points, see [2].

For the N-point gravitational lens there are theorems.

Theorem 2. The number of point images of a point
source in an N-point gravitational lens is bounded above:

card (V°(f,, f,)) < N” +1. (4)

Estimate (4) is achievable, see [5,6].

Theorem 3. In a general situation, the number of point
images in an N-point gravitational lens has parity opposite
to the parity of N, see [5].

Inequality (4) limits the number of point images of an
exact source from above.

The number of point images of a point source, in a
general situation, cannot be less than N +1.

3. The main theorem
The following theorem holds.
Theorem 4. The number of point images, a point
source, in an N-point gravitational lens is bounded below:
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N +1< card (V°(f,, ,)). (5)

Estimate (5) is achievable.

Proof. Let in the N-point gravitational lens all point
masses are equal and are on the abscissa axis, which is.
Suppose, in addition, the source is also located on the
abscissa axis.

The following system of equations is valid:

1 N

= ‘ﬁ;
1
N

N .
Z Xl 81 +X2

i=1

(6)

2

The second equation of system (6) splits into two
equations, indeed:

1 .

L : ()
oo fi- )
System (7) splits into two subsystems:
l N
a _W;(Xl a) +X2 s (8)

0=x,

and

18 .
i=% _Wz (% —;-)ZIHZ
i=1 RO
o . ©
= _W; (x— a) +x2

The set of solutions to system (6) is the union of
solutions to system (8) and solutions to system (9).

From the system (9) follows the equation (all point
masses are equal and are on the abscissa axis):

18 1
=X, -—— ) —, 10
. N iz X ( )

We denote the variable x, by t,i.e, t=x.
Equation (10) can be converted to the form:

_{ P'®
y, =t P(O) (11)

N
where P(t)=]](t-a) is a polynomial of degree N
i=1

with real multiple roots of a . The roots of the

polynomial are not multiple

Without loss of generality, we have that the inequality
holds for numbers:

g <a,<..<q <a, <..<a.

If this is not so, renumber the roots of the polynomial
P(t) inascending order.

The polynomial P’(t) has N —1 roots. Each segment
(a.a,,) (Role's theorem) has at least one root of the
polynom P’(t) . The number of segments and the number
of roots of the polynomial P’(t) are equal. From here,
only one root belongs to each segment.In addition, all the

roots of the P’(t) polynomial are real.
Let c, be the root of the polynomial P'(t) that

belongs to the segment (a,,a,,,) . We have the inequality:

a <C <a,<C,<..<a <C <@, <C, <..<Cy, <.
. . P'(t) .

Let the rational function Q(t):p_t)' The function
has:

- breaks in points a,, i1 =1,2, ... ,N ;

- vertical asymptotes  with  the equation
t=a,i=12..,N

- zerosatpoints ¢, i=12,...,N-1;

- limits on the left IimOQ(t):—oo at points
t—>a—

a i=12..,N
- limits to the right tLiarnOQ(t):w at points
a i=12..,N;
- continuity intervals (-,a,),(a,a,), ..., (&,3.,),
s (@y,0);
- intervals of monotonous decrease (—,8,),(a,,a,),
»(@,a,), .., (ay,0) .

To calculate the number of real roots of equation (11),
we apply geometric reasoning.
The roots of equation (11) will be the abscissas of the
intersection points of the graphs of two functions:

q= P(()) and g=t-y,.

The coordinates of the intersection points of the
graphs of these functions are set of solutions to the system
of equations:
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Pty
CORN (12)
t- Y1=1q

Let us prove that the system of equations (12) has
exactly N +1 solutions. Consider the plane R® with the
coordinate systemtOq . In this plane, the graph of the PP
function is a straight line. This line crosses the graph of
the rational function qu:iT(tt))' just N +1 times. On
each continuity interval, the function graphs intersect
exactly once.

Therefore, equations (11) and (10) and system (9)
have just N +1 solutions.

Obviously, system (6) has at least N +1 solutions.

The number of solutions to system (6) is exactly
N +1 if system (9) does not have real solutions.

The case when system (9) does not have real solutions
is obviously realized.

Really, from the second equation of system (9) it
follows:

ii L _=1= ! =1l=
N o1 (x-a)"+x3 iZN:

N ) (X1‘a1)2+X§ ’ (13)
= H{jx-af [x=a[ . [x-ay,[",) =1

where H(|x—a1|2,|x—a2|2,...,|x—aN|2,) is the harmonic

mean of the squares of the distances from the origin to the
point masses.

From equation (13) it follows that the harmonic mean
is equal to unity.

Note that the harmonic mean is the "mean" in the
sense that:

mix (¢;,C,,...,Cy ) SH (€, Gy Gy ) < 14)
<man(c,,C,,...,Cy )
It follows from equation (14) that equation (13) and
system (9) obviously have no solutions if the distances
between any two point masses in the lens are greater than
two.
Thus, the lower limit of the number of images is
achieved. The theorem is proved.

4. The Classification Theorem
There is the classification (systematizing) theorem.
Theorem 5. The number of point images of a point
source in an N-point gravitational lens:
- can take all values from N +1to N®+1;

- in a general situation, the number of images is even
if N isodd, and odd if N iseven;

- number of images has the same parity as the number
N if the source belongs to a non-singular point in the
caustic;

- in a general situation, the number of images changes
by two if the source path crosses the caustic.

Comment. Using computer simulation methods, it was
proved that for and the smallest number of images is 3
and 4, respectively.

5. The Example
1

and m, =—,

. 1
Let a binary lens have masses m, =5 5

which are located at points A (—b,0) and A, (b,0).
In this case, the system of lens equations has the form:

h= | P
' 2 (x1+b)2+x§

X ~b J
“p) +x2
(x=b) +x; )

1 X, X,
Y, =X -7 2 2 + 2 2
2{ (% +b) +x; (% —b) +x
Consider a special case. Let the source be a point and

be on the ordinate axis.
In this case (16) splits into two subsystems.

1 X, +b X, —b
=X —= +
h=h 2[(x1+b)2+x§ (xl—b)2+xzz]

1 1 1
0=x,[{1-= 5 + 5
2{ (x +b) +x2  (x -b) +x

The first of the subsystems has no solutions if b>1.
For the second subsystem we have:

. @7

y—xl—l X, +b . X, —b
' 2\ (x +b) +x2 (x —b) +x2 )=
0=x,
v = x 1( 1 1 J
P2 +b  x —b
0=x,
ymx - (bR )%,
= { X b7 = 0 X —b? =
0=x, 0=x,
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The Equation (18) for any real values of y, has three
real roots, and all the roots are different. Really:

X =yt —(0° +1)x, +b%y, =0=y, = x

Function graph

X —(0” +1)x,

Y, = Xf—bz

crosses the abscissa axis three times and has two vertical
asymptotes, see Fig. 1.

Fig. 1.

It follows from the example that for any value of the
ordinate Y; there are three values of the abscissa of X,

and they are different. Therefore, the minimum number of
images for a binary lens is 3.
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