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Flow modelling in a straight rigid-walled duct with two rectangular axisymmetric
narrowings. Part 1. A theory

A. O. Borysyuk
Institute of Hydromechanics of the NAS of Ukraine, 03680, Kyiv 180 MSP, Ukraine
e-mail: aobor@ukr.net

A method for modelling the flow in a rigid-walled duct with two narrowings has been developed. It has the second order of
accuracy in the spatial and the first order of accuracy in the temporal coordinates, provides high stability of the solution, and
compared to the similar methods requires much less computational time to obtain a result. According to the method, the stream
function and the vorticity are introduced initially, and consequently the transition from the governing equations, as well as the
initial and boundary conditions to the proper relationships for the introduced variables is performed. The obtained relationships
are rewritten in a non-dimensional form. After that a computational domain and a uniform computational mesh are chosen, and
the corresponding discretization of the non-dimensional relationships is performed. Finally, the linear algebraic equations
obtained as a result of the discretization are solved.

Keywords: flow, duct, narrowing, stream function, vorticity, pressure.

Po3pobneHo Meron, sSIKMi JO3BOJISIE MOJETIOBATH TEUil0 y MPSIMOMY IUIOCKOMY >KOPCTKOMY KaHalli 3 ABOMA IPSMOKYTHHMH
0CECHMETPUYHUMH KOPCTKUMH 3BYXKeHHsAMH. Lleit MeTox Mae Apyruil mopsiioK TOYHOCTI MO IPOCTOPOBUX 1 MepIINii MOPSI0K
TOYHOCTI 10 YacOBii KOOpJIHHATAX, 3a0e3MeUye BUCOKY CTIMKICTh pO3B’sA3KY 1 OTpeOye 3HAYHO MEHIIIC KOMIT IOTEPHOTO Yacy
JUISL OJiepKaHHsS pe3yNbTaTy y IOPIBHSHHI 3 BIANOBIMHMMH METOJAMH, SIKI € B HayKoBiH miTeparypi. BigmoimHo mo0
PO3pOOIICHOTO METOAY, PO3B’sI3yBaHHA 3a1a4i, cHhOPMYIBOBAHOI y PO3MIii 2 CTATTi, MOUYWHAETHCSA i3 BBeIeHHA (DYHKIIT Teyil Ta
3aBHXOPEHOCTI 1 HOAANBIIOro Nepexoy Bix piBHAHb HaB’e-CTokca i HEpO3PUBHOCTI, @ TAKOXK IMOYATKOBHUX 1 TPAHUYHUX YMOB
IO BIATIOBIAHUX CIIBBIJHOIIEHH I BBeAEHHX 3MiHHUX (migpo3ain 3.1 crarrti). OmepskaHi y Takuil cnoci® CHiBBiIHOLICHHS
MEePENUCYIOThCS Y 0e3po3MipHiid ¢opmi (miapo3ain 3.2 crarTi) i AUCKPETH3YIOTBCSA y By3JaX BHOpaHOi MPOCTOPOBO-YACOBOI
CITKHM IHTETpYBaHHS 3 MAJMMH CTAIMMHU KPOKaMH I10 Yacy Ta koopauHatax (migposzin 3.3 cratti). [licis mporo po3s’s3yloThes
JiHIMHI anreOpaluHi piBHAHHA Uit (QYHKIII Tedii, 3aBUXOpeHOCTi 1 THCKy (mizposmin 3.4 crarTi), oJeprkaHi BHACIIIJIOK
NpOBe/IeHHs 3a3HaueHol nuckpern3anii. 11lomo ocTaHHBOI, TO B Hilf 3aCTOCOBYIOTHCS OJHOCTOPOHHS PI3HMIL BIepen Ul
JMCKpEeTH3allii HeCTaliOHapHOTO WIeHa PIBHSHHS IIEPEHOCY 3aBUXOPEHOCTI, a TAKO)K OJTHOCTOPOHHI Pi3HUILI TPOTU MOTOKY (JUIs
JUCKPETH3aIlil KOHBEKTUBHOTO WICHA IHOTO PIBHSIHHA) Ta TPUTOYKOBI IMIAOJOHU (Ui JAMCKpeTH3alii Judy3iiiHOro dscHa
3a3HAYCHOTO PIBHSHHA Ta piBHAHB [lyaccoHa s QyHKMii Tedii i THCKY) IO OCBOBI Ta MOIMEPEYHi KOOpAWHATAX.
Juckpern3aliisi )X KOMIOHEHT IIBHAKOCTI MPOBOJHUTHCS Ha OCHOBI BIAMOBITHHX LEHTpalbHUX pi3HHIG. Lo crocyerbes
3a3HaYCHUX BUIIE JIHIMHUX anreOpaivHuX PiBHAHB AV IIYKAHUX BEJIMYHMH, TO U1 (GYHKIIT Tedii i THCKY BOHH PO3B’S3YIOTHCS
3a JOMOMOTOIO iTepaliifHOro MeToIy MOCIiTOBHOT BEpXHBOi penakcamii. HatoMicTh ozmepxane anreOpaidHe CIiBBiTHOIICHHS
JUISL 3aBUXOPEHOCTI BXXKE€ € TOTOBOIO OOYMCITIOBAJIBHOIO CXEMOIO JUIsl BU3HAYEHHS (i€ BEJIMYMHM HAa OCHOBI BiJIOMHX 3HAa4€Hb
BIATIOBIIHUX BEJIMYMH, 3HAHCHUX Y MONEPEIHiil MOMEHT Yacy.

Knwwuoei cnosa: meuis, kanan, 36yxcenist, (PYHKYis meuii, 3a6UXOPEHICMb, MUCK.

PazpaboTan MeTo[], MO3BOJIIOIIUN MOAENUPOBATh TEUEHHE B KECTKOM KaHaJle ¢ IBYMs cyxeHusAMU. OH UMeeT BTOPOH MOpsI0K
TOYHOCTH TO TNPOCTPAHCTBEHHBIM M IIEPBBIH IMOPSIOK TOYHOCTH MO BPEMEHHOW KOOpAMHATaM, OOECIEYUBAET BBICOKYIO
YCTOMYHMBOCTD pellieHHs U TpeOyeT 3HAUUTENbHO MEHBIIE KOMIIBIOTEPHOTO BPEMEHH JUIS MTOJTyYeHUs pe3ysbTaTa B CPaBHEHUU C
MeToJamu nogo6Horo tuna. CorjiacHo pa3pabOoTaHHOMY METOJy, PeIIeHHEe 33/1a4i HAUMHACTCS C BBEACHUS (QYHKIIMU TEUCHUS
Y 3aBUXPEHHOCTH U COOTBETCTBYIONIETO NEPEX0a K ypaBHEHHAM, 'PAaHUIHBIM W HAYAJIHBIM YCIOBHSIM JUIS 9THX ITEPEMEHHBIX.
TlomydeHHBIE COOTHOIICHUS MTEPETTUCHIBAIOTCS B O€3pa3MepHOM BUIE M AUCKPETU3UPYIOTCS B y37aX BEIOPAHHOH paBHOMEPHOM
CeTKH uWHTerpupoBaHus. [locme 3TOro pemaroTcs NUHEHHBIE anreOpanvecKhe YpaBHEHHS Uil (GYHKIUH TEUEHHS,
3aBUXPEHHOCTH W JABJICHUS], TIOJTyI€HHBIE BCICACTBHE IIPOBEACHNS YKa3aHHOH ANCKPETHU3AIUH.

Knroueewie cnoea: meuenue, xanarn, Cyoicerue, qbyHKLfM}l me4enus, 3a6UXpeHHoCmea, oasenue.

1. Introduction

Study of flows in straight channels is an actual problem in many spheres of science and technology.
Studying fluid motions in ducts with local narrowings, such as wall deposits, welding joints, stenosis and
so on is of a particular interest. That is due to local changes in the flow structure and character, as well as
changes in the flow local and integral characteristics and others are caused by such irregularities in the
duct geometry. Those changes can have corresponding consequences (sometimes serious) not only in the
vicinity of, but far from the irregularities as well (see, for example, [1-13] and the references therein).

An analysis of appropriate publications shows that flows in channels with local narrowings have been
studied rather intensively. In those studies, rigid-walled channels and their narrowings are considered,
and the simplest narrowing shapes are chosen. As for the basic flow (i.e., the flow upstream of a (first)
narrowing), it is laminar, axisymmetric and steady, whereas fluids are assumed to be homogeneous,
incompressible and Newtonian. The other types of channels, their narrowings, fluids and the basic flow
are not considered in this paper, because they have been studied not so often compared with the ones

© Borysyuk A. 0., 2019
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mentioned above. Those allow us to investigate the role of the basic parameters of channel, its narrowing
and the basic flow within the framework of the appropriate models as well as significantly simplify
solutions for the corresponding problems (see, for example, [1-13]).

Among the results obtained, the numerical methods, which have been developed to study flows near
channel narrowings, are of a great importance. In particular, a humerical method to solve a problem of
flow in an infinite straight hard-walled channel with two rectangular axisymmetric rigid narrowings has
been developed in [14]. That method has a second order of accuracy in the temporal and spatial co-
ordinates, and allows studying the fluid motion with the velocity and pressure as the variables. However,
due to the huge amount of mathematical operations, it requires a lot of computational time to obtain a
solution.

In this paper, an alternative method has been developed to solve the same problem with the stream
function, vorticity, and pressure as the variables. This method has almost the same order of accuracy and
a higher stability of solution, and, due to the use of less powerful mathematical apparatus, requires far
less computational time to obtain a result in comparison with the mentioned above.

The paper consists of an introduction (Section 1), three main sections and a list of references. It begins
with formulating the problem (Section 2) and presenting the corresponding governing equations, as well
as the boundary and initial conditions. The solution method to the formulated problem is described in
Section 3. The conclusions of the research are summarized in Section 4 and the list of references is
presented.

2. Formulation of the problem

An immovable infinite flat straight rigid-walled duct of width Dy is considered (Fig.1). This duct has
two rigid rectangular axisymmetric narrowings of diameters d; and lengths I; (i=12), which are
situated at the distance |, from one another. In this duct, an incompressible viscous homogeneous
Newtonian fluid, of mass density o and kinematic viscosity v , moves. Its flow upstream of the first
narrowing (i.e., the basic flow) is steady and laminar, and is characterised by the flow rate g per unit

depth of the duct. It is necessary to study the flow near the narrowings, as well as establish the qualitative
and quantitative relationships between its characteristics of interest and the parameters of the basic flow,
the duct, its narrowings and the distance between them.

74

Fig. 1. Geometry of the problem and the corresponding computational domain.

The formulated problem is governed by the two-dimensional Navier-Stokes equations:

2 2
a Yy pax ol oy

auy auy auy _ 1

o%u, 8%u
fu, oo Y Yy
ot

ox oy  poy ) ox° +? 1)

and the continuity equation:
ou
dux My _
ox oy

The boundary conditions are zero fluid velocity at the duct wall, S¢,, and at the surfaces of both
narrowings, S, (i=12):

0. (2.2)
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=0, u 0. (2.3)

u =
X|Schvsi YiSen.si

Also, due to mass conservation in the duct, the flow rate g must be the same in all cross sections:

@20, qZUaDo. (24)
OX

In addition, since a laminar basic flow is considered, the parabolic velocity profile is chosen outside the
disturbed flow region due to the narrowings (i.e., before the narrowings, where the flow is still
undisturbed by them, and far behind them, where the flow is undisturbed again (i.e., where the flow
disturbances disappear, and it becomes basic again)):

:U0(1—4y2/D§), 0. (2.5)

Uy| =
Xlx=—1, h+ho+lp+ly Yix=—ly +h o+l +lg

The pressure p is assumed to be constant upstream of the first narrowing:
p|X:_Iu =const, = py,

and far downstream of the second one:

p|x:I1+I12+I2+Id =consty = pqy ,

and the corresponding pressure drop, Ap = p, — pq = const >0, should ensure the existence of the given
laminar regime of the basic flow. Herewith, without loss of generality, the magnitude pq can be assumed
to be zero', and the pressure p, (which now is equal to Ap), like the pressure in the whole channel,

needs to be found.
In addition the normal pressure derivative should be zero at the immovable rigid surfaces of the duct
and the narrowings:

P ’ Pl o, i=12. (2.6)
an SCh an Si
The initial conditions, in absence of fluid motion in the duct, at the instant of time t =0 are [14]:
ud&o=UAbo=0,m&o=0- 2.7)

In the relationships (2.1)-(2.7) x and y are the rectangular Cartesian coordinates chosen in such a

way that the axis x is directed downstream along the duct axis (see Fig. 1); t the time; u, and Uy the
local fluid velocity components in the directions x and y. Uy and

1 Dof2 ’
Ug=— [ u dy==U
x=—ly o+ + 0
D0 —Dy/2 ultho iy 3
are the maximum and averaged (over the channel cross-section) basic flow velocities, respectively. The

values of the distances |, and |y are given in Subsection 3.3 and the vector n denotes the outward unit
normal to appropriate surface.

3. Solution method

A solution to the problem formulated in the former section consists of the four consecutive steps. The
stream function and the vorticity are introduced initially, and the corresponding transition from the
variables velocity-pressure to the variables stream function-vorticity-pressure is performed. Then the
relationships (which have been obtained on the basis of the transition mentioned above) are rewritten in
a non-dimensional form. After that a computational domain and the corresponding space-time
computational mesh are chosen, and the corresponding discretization of the non-dimensional
relationships is carried out. Finally, the linear algebraic equations obtained after the use of the
discretization are solved. Let us consider each of these steps separately.

3.1. Transition to the variables stream function-vorticity-pressure

Introducing the stream function, y [15]:

L1f the value of py is fixed, it is always possible to choose the corresponding value of p,, in such a way that the
pressure drop Ap (which governs fluid motion in the channel) remains unchangeable.
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oy oy
UX =, Uy 2—5 (31)

oy
(which satisfies the equation (2.2)) and the vorticity, @, (which has only one component in case of two-
dimensional flow) [15]:

ou
oo 2y Oux (3.2)

ox oy
allows transiting from the equations (2.1), (2.2) for the velocity and the pressure to the equations for the
variables y , @ and p. Indeed, taking derivatives of the first and second equations in (2.1) with respect

to y and x, respectively, subsequent subtracting the first of the obtained relationships from the second

one and taking into account the representation (3.2) gives us the vorticity transfer equation:
ow ow ow

2
E‘f‘UX&'FUyE:VV(le)CO, (33)
where
2 2
, & 8
v =2 9
(x,y) o2 8y2

is the Laplace operator in the coordinates X,y .

Substituting representation (3.1) into relationship (3.2) yields Poisson’s equation for the stream
function:

2
V(le)l// =—w, (34)
which directly relates the functions  and @ with one another.

Afterwards, differentiating the first equation in the system (2.1) with respect to x and the second one
in (2.1) with respect to y, adding the obtained relationships to one another and taking into account the

continuity equation (2.2) results in Poisson’s equation for the pressure:

2 ou, (ouy\?
V(2x y)yP=—p (OU—XJ +28ux y +( y] : (3.5
’ OX oy ox oy

As for the boundary and initial conditions for the variables v , @ and p, they can be obtained from

the conditions (2.3)-(2.7) with the use of appropriate mathematical operations. In fact, the relationships
(2.5) together with (3.1), (3.2) allow us to write conditions for the stream function and the vorticity in the
inletx=-I, and the outlet x=1l +k,+I,+1y sections of the disturbed flow region due to the

narrowings:

4y? 8Uopy

W|x=—lu,I1+I12+I2+Id =on[ _E] ' w|X=—|u,|1+|12+|2+|d :D—g ' (36)

From a zero normal component of the fluid velocity on the duct and the walls of narrowings (on the
basis of (3.1)) the constancy of the function y follows:

w|5c+h 5= const, , 1//|Sc_h 5= const_, i=12

(here Sg, and S;" are the upper walls of the channel and the i -th narrowing, respectively, and S, and

S; their lower walls). From here, on the basis of the first relationship in (3.6), we obtain the following
conditions
1

1 .
Viss s+ =3Y00o. Vs s =—3Y0Do. i=12. 3.7)

The absence of the tangential component of the fluid velocity at the surfaces S., and S; yields zero
values of the first-order normal derivatives and the second-order mixed derivative of the function v :
621//

v _o, ¥
Siv oxoy

oy

o

- -0, i=12 (3.8)

SehSi

h
SensSi
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(in the conditions (3.8), Sih and S denote the horizontal and vertical parts of the surface S;,

respectively).
The relationships (3.8) together with the equation (3.4) allow us to write the following conditions for
the vorticity at the channel and the walls of narrowings:

2
oy

82(//
a)|5ch:5ih T2
oy

y a)|S|V :_y y |=l,2 (39)

Sen St S
Regarding the boundary conditions for the pressure, we have (apart from conditions (2.6)) the
following two conditions:

op

OX

ou 0 ou ]
Zp{"v(zx,y)“x __X} ’ L :/{vax,y)“y _Fy} , 1=1,2. (3.10)
S’ 3 2 Sen St S

ot
The relationships (3.10) are obtained from the equations (2.1) after the conditions (2.3) were used.
As for the initial conditions for w , @ and p, they are equal to zero at the instant of time t =0 (see

2.7)-(3.2):
vho=0  @o=0,  pl,=0. (3.11)

3.2. Non-dimensional relationships

Making computations, it is convenient to deal with non-dimensional analogues of the relationships
presented in the previous subsection. Such analogues can be obtained after introducing appropriate
scaling coefficients. In this study, the following magnitudes are chosen as the coefficients: the channel
width Dy as the length scale; the cross-sectionally averaged basic flow velocity, U, =q/ Dy, as the

velocity scale; the ratio Dy /U, and the double mean dynamic pressure of the basic flow, pug, as the
time and pressure scales, respectively; the product U, Dy serves as the scale for both the stream function

and the flow rate; and the ratio U, / Dy as the scale for the vorticity.

For these coefficients, the non-dimensional analogues of the representations (3.1), (3.2) and the
equations (3.3)-(3.5) have the following forms, respectively

ouU
Ux=a—\P, y:_a_\y, o=—7 _y : (3.12)
oY oX oX oY
oQ oQ o 1 o
—+U,—+U,—=—V Q, 3.13
o *ox  Yov Re XY (3.13
V¥ =-Q, (3.14)
2 2
2 aUx aUx GUy 8Uy
\Y% P=- -2 — . 3.15
(X.Y) ( X ) Y X | oy (319
The dimensionless analogues of boundary conditions (2.4), (2.6), (3.6)-(3.10) are written as
oQ oP 3 4 0
_— :1 — = = —_— —_——
oX 0. Q=1 nlg s 0. LP|X:"—ur|-1+|—12+|—2+|-d ZY(l 3Y ]'
chs9i
1 1
Q|X:_LulLl+L12+L2+Ld =12¢, lIr’|S<;rh|5i+ T2 T'S&,Si‘ Ty
ol g oy, @l
Y ls,, sh X |gv oX oY 5,05
o’y 0%y .
Q|S Sh ———2 y Q|Sv ———2 f |::L2, (316)
ch<i oY S Sh i oX Qv
ch1<i i
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The initial conditions (3.11) for the dimensionless variables ¥, Q and P are rewritten in the following
way

Y_,=0, ©Q_,=0, P_,=0. (3.17)

In the relationships (3.12)-(3.17) X =x/Dy and Y =y /Dy are the dimensionless coordinates x and

y; T=tUa /Dy the dimensionless time; Uy =u, /U, and Uy =u, /U, the dimensionless fluid

velocity components in the directions x and y; ¥ =y /(DgU,) and Q =wDy /U, the dimensionless

stream function and vorticity, respectively; P=p/ (pug) the non-dimensional pressure; Re=U,Dg /v
the Reynolds number of the cross-sectionally averaged basic flow; Q=q/(U4Dy) the non-dimensional
flow rate in the channel per its unit depth; D; =d;j / Dy and Lj =1l; / Dy the dimensionless diameters d;
and lengths I (i=12), respectively; L, =1, /Dg and Ly =14 / Dy the dimensionless distances |, and
lq;

2
X2 ov?
the Laplace operator in the coordinates X,Y . It is also taken into account that U, =2U, /3 (see after
the conditions (2.7)).

Vi) =

3.3. Computational domain, computational mesh and discrete relationships
The domain, in which a solution to the formulated problem should be found, is shown in Fig. 1. Its

left boundary X =-L;, is taken upstream of the first narrowing, where the flow is undisturbed by it, and
the right boundary, X =13+ L35 + Ly + Ly, behind the second narrowing, where the flow is already
undisturbed (i.e., where the flow disturbances disappear, and it redevelops into the basic one). Herewith,
for the basic flow velocity the values of the distances L, and Ly considered in this study are assumed to
vary in the following ranges [14]
L, <05, L, <12.
In the indicated domain, a uniform rectangular computational mesh having small spacings (steps) Ay

and Ay in the directions X and Y, respectively, is introduced (Fig. 2):

Xn=Xpa+Ax, Ay =consty <<1; Y =Yynq+Ay, Ay =consty <<1. (3.18)
Ym+2
YWH—] .
Ay
T, » & $
mel
Xp X, Ay Xnt1 Kni2

Fig. 2. Computational mesh.

The integration time is divided into small intervals of the constant duration At :
Tq =Tyq + A1 =KA7, A =consty <<1, Ty =0. (3.19)
Afterwards a discretization of the relationships (presented in the previous subsection) at the nodes
X1 Ym, Tx of the computational grid (3.18), (3.19) is carried out. In doing so the values of an arbitrary

magnitude f at the space-time point X,,,Y,, T are denoted by fn'fm:
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k _
f,m = f(X’Y’T)|X:Xn,Y:Ym,T:Tk '

Discrete analogues of the dimensionless governing equations
Discrete analogues of the representations (3.12) for the velocity components are obtained after
applying the appropriate central differences to them [15]:

k k k k
k Yoma—Yama k Yiom —¥Yoam
U)am = 2 (Uy) = . (3.20)

n,m ZAX
The relationships (3.20) have the second order of accuracy (a discrete analogue of the representation
(3.12) for the vorticity is not presented because it is not used in the paper).

In order to discretize the equation (3.13), we use the two-point temporal onward differencing scheme,
as well as the two-point backward differences and the three-point approximations (or the two-dimensional
five-point differencing scheme; see Fig. 2) in the corresponding coordinates [15]. Specifically, the
application of the two-point temporal onward difference to the non-steady term in (3.13) yields its discrete
counterpart of the first order of accuracy:

(@j“ _Onn -~
T Jom At '
The convective term of the equation (3.13) is discretized by the two-point backward difference schemes
in the coordinates X and Y having the second order of accuracy:

k
k Qnm Qn -1m

(3.21)

k
O R
oX B Q Qk
K k
UX)n,m$;(UX)n,m<O'
ok ok
. (uy);m—”mA nmL( y);mzo,
(Uy—j = Y (3.22)
oY

k k
n,m k Q -Q k
(Uy) n,m+1 n,m ;( y) <0.
n,m Ay n,m
A for the diffusive term in (3.13), its discrete analogue of the second order of accuracy is obtained on
the basis of the noted five-point scheme:
k k k k k
[GZQ} Qn+1m 2Qn m +Qnam {GZQ] Qn m+1— 200 m +Qn m-1

2 2 ’ 2

oX m A% oY m AY

(3.23)
The availability of the relationships (3.21)-(3.23), as well as the use of the expressions (3.20) in (3.22)
allow us to write a discrete counterpart of the equation (3.13):

k+1 k k k k k k k k k
Qn,w;n =ChmQnm +CnamOnam +Cn+1m neim T Cnm-1Cnm-1+ChmiQame,  (3.24)
in which the coefficients have the following forms:

L-ayy (M) my = (A mx )~ 20x —2ay3(Uy)y zo,(uy):’m >0,

y 1-ayy ((A‘P)n my + (AW x) 2ay —2ay (U )i 20'(Uy):,m <0;
" axy () my +(BV)hm X) 20y —2ay i (Uy )} <o,(uy):’m >0;
I+axy ((A‘I’)n my — (A‘P)n m, X ) 20y —2ay ;(Ux)n,m <01(Uy):lm <0;
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k
Cn—l,m =

CKium=
n+l,m ~ gk . 0 k >0
axy (A )n,m,Y Tay 1(UX)n,m < ’(UY) -

X/n,m

X/n,m

nm

Cn,m+1 -
ay <o,(uy)

k
axy (Al}’)lr(l,m,x + oy ;(U )n m <0, (U )n,m <0;

Here the magnitudesay, ay, ayxy are the appropriate ratios of the steps of the space-time
computational grid (3.18), (3.19):

y Oy =———, (24 = ]
ReaZ ' ' Real X244y

ay =

and (A‘P)ﬁ,mlx and (A‘P)ﬁ,my the increases of the function W in the X and Y directions of the grid,
respectively:

k k
(A\P)n m, X —qjm—lm ‘Pn—l,m ’ (A\P)n m,Y —\Pn m+l \Pn m-1-

As for the discrete analogues of Poisson’s equations (3.14) (for the stream function) and (3.15) (for
the pressure), they look similar:

k k k
Yhiam— Z\an"‘an -1m anm+1 2lIJnm"'\anl

k
- - L. (3.25)
X Y
k
k k k k 2 2
l:)n+lm 2P, m+P—lm an+1 2R, m+an—l | 9Yy +25Ux aUer oUy (3.26)
A% A} X Y X Y o

n,m
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The relationships (3.25) and (3.26) have the second order of accuracy and are obtained after application
of the two-dimensional five-point differencing scheme to the equations (3.14), (3.15).

The discrete analogues of the dimensionless boundary conditions and their application to the
equations (3.20), (3.24)-(3.26)

The discrete analogues of the dimensionless boundary conditions for the stream function and the
vorticity from the relationships (3.16) are written as

3 4 1 1

Tﬁm‘ =—Y(1——Y2j, \Prk1m =5 ﬁm =750

TIX =L, Lty 2 3 TSG,ST 2 "Se, S 2

k k k k
(\Pn,m+1_\Pn,m—1) h =0, (‘Pn+1,m _an—l,m) v =0,
SchSi Si
k k k
wk o _opk gk |

Qﬁ,m‘ ~12v | Qﬁ - =— n,m+1 g,m n,m-1 ,
X==Ly,Li+Lr+Lr+Ly " 1S, Si Ay N

SensSi

k k k
WYham —2¥%nm+Yoam |

Ci=12.
A%

Q|Siv =

S

Regarding the pressure P, the discrete counterparts of the corresponding boundary conditions from
(3.16) have the following forms:

k
(Z_m 0, =12,
MMisy.s,

K (U, —2(U)f  +(Uy )
(o R Y (Chr e ST S
X Joml., | Re A%

i
K Kk k k+1 k
+(Ux)n,m+1 _Z(Ux)n,m +(Ux)n,m—1 (Ux)n?:n _(Ux)n,m
A At
k k k
(a_ij _ i (Uy)n+1,m_Z(Uy)n,m+(uy)n—l,m+
N omls o | Re A
ch i
k Kk k k+1 k
( y)n,m+1_ ( y)n,m (Uy)n,m—l ( y)n,m_( y>“m
A At

Sen 8"
(the representation (3.20) should be used for the velocity components).
These relationships allow us to find the values of all terms of the equations (3.20), (3.24)-(3.26) on
the boundary of the chosen computational domain (see the very beginning of Subsection 3.3).

The discrete analogues of the dimensionless initial conditions and their application to the
equations (3.20), (3.24)-(3.26)
The discrete analogues of the dimensionless initial conditions (3.17) are as follows:

k k k
g =0, Q =0, P =0.
nmj o nml o Ml _o

They allow computing the values of all terms of the equations (3.20), (3.24)-(3.26) at the initial instant
of time in the computational domain.
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3.4. A solution of the equations (3.20), (3.24)-(3.26)
The analysis of the equations (3.24), (3.25) shows that
— at first sight, due to nonlinearity of the right part in (3.24) (whose terms depend of the products ¥Q
at the appropriate points of the space-time grid (3.18), (3.19)), this equation is nonlinear;
— they are coupled.
However, more detailed study of the equation (3.24) indicates that all terms in its right part are the known
magnitudes (because they are computed at the previous time stage, T =Ty, and at the initial instant of

time they are established (see above)). Therefore, the relationship (3.24) is a computational scheme

(rather than an equation) to determine the vorticity values, QH}] on the basis of its known right part.

Accordingly, the system (3.24), (3.25) is not a system of coupled algebraic equations.

The availability of the vorticity values at all the nodes of the integration mesh (3.18), (3.19) (which
are obtained on the basis of the scheme (3.24)) allows proceeding to solving the system of linear algebraic
equations (i.e., SLAE) (3.25) with a known right part.

In scientific literature, direct and iteration methods are applied to solve SLAE. The former are used in
case of SLAE of small dimensions, and present good results. However, when systems of equations are of
big dimensions and, in addition, their matrices are rarefied, direct methods require a lot of both time and
computational memory. Therefore, their application is unsuitable. Iteration methods need much less
computational memory and time to solve SLAE of big dimensions, keep their matrices rarefied (if such
a property is present), and give satisfactory results [15].

Taking that into account, as well as the dimension and the rarefaction degree of the matrix of system
(3.25), the successive over-relaxation iteration method is chosen [15]. This method has a second order of
accuracy, and its computational scheme for SLAE (3.25) has the following form

k+1 k Y k k 2wk 2\yk 2 ~k
an,er =1-N¥nm+—" > (\Pn+1,m +¥Wnam+ B8 Yamut B ¥Ynma +AXQn,m) (4.1)
2(1+ 5°)
ere y is the relaxation parameter varying in the ranges 1<y <2, an = e ratio of the
h the relaxat t th 1<y<2,and Ay [ Ay the ratio of th

steps of the grid (3.18)). It could be seen that all terms on the right-hand side of the scheme (4.1) are

known values. Therefore, the magnitudes ‘Pﬁ*,% are found by performing the operations indicated on the

right side of (4.1).
The found values of the function ¥ let us determine (on the basis of (3.20)) the corresponding values
of the velocity components U, and Uy, and substitute these values into the right part of the system

(3.26). Afterwards the successive over-relaxation method is applied to solve SLAE (3.26):

k+1 k k k 2pk 2pk 2 ok
Pn,a =(1-7)Pim +ﬁ(Pn+l,m +Piam + B Pima + B Pama + A% Sn,m)v (4.2)

k
2 2
ouU ouU
Srlim: (auxj +26UX y+( yj

oX oY oX oY

n,m
As in the computational schemes (3.24) and (4.1), all terms on the right part of (4.2) are the known

values. This allows computing the magnitudes Pn‘f;} in the left part of SLAE (4.2).

4. Conclusions

1. A method to predict flow in a straight rigid-walled duct with two rectangular axisymmetric
narrowings has been developed. It has the second order of accuracy in the spatial and the first order of
accuracy in the temporal coordinates, provides high stability of a solution, and requires much less
computational time to obtain a result as compared to the methods available in scientific literature.

2. According to the method, the problem is solved by means of a) introducing the stream function and
the vorticity with the corresponding transition from the Navier-Stokes and continuity equations, as well
as the formulated initial and boundary conditions to appropriate relationships for the introduced variables;
b) rewriting those relationships in a non-dimensional form; c) choosing appropriate computational
domain and space-time computational mesh, and performing a corresponding discretization of the non-
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dimensional relationships; d) solving the linear algebraic equations obtained after the use of the indicated
discretization.

3. Performing the discretization, we apply the two-point temporal onward difference for the unsteady
term, as well as the two-point backward differences (for the convective term of the non-linear vorticity
equation) and the three-point approximations (for the diffusive term of the noted equation and Poisson’s
equations for the stream function and the pressure) in the axial and cross-flow coordinates. For
discretization of the velocity components, the appropriate central differences are applied.

4. The linear algebraic equations for the stream function and the pressure (which are obtained after
performing the discretization) are solved by the iterative successive over relaxation method. The obtained
algebraic relationship for the vorticity is a complete computational scheme to determine this magnitude
on the basis of the known values found at the previous instant of time.
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The conceptual model of the information processing system for psychophysical and psychophysiological researches has been
developed. The hardware-software implementation of this system will allow us to diagnose a person's mental state on site or
remotely, to identify person's professional suitability, to measure psychophysiological and cognitive characteristics, to store and
process research information using the cloud service. The structure of the information processing system model is represented
by UML diagrams. The detailed plan of the information processing system realization is presented.

Keywords: information processing system, UML diagram, psychological research, microcontroller, remote control, cloud
service, mobile application.

PaspaboTana  KOHLENTyanbHass MoOJelNb  MHPOPMAIMOHHO-MU3MEPUTENIBHON  CHCTEMBI  JJI  NCUXO(QHM3UYECKHX M
NCUXO(U3UOIIOTMIECKHUX HCCIIEOBaHUH. ANIIIapaTHO-NPOrpaMMHas! peaiM3aliysl ITONH CHCTEMBI ITO3BOJIHT JIOKATBEHO U YIAICHHO
MPOBOJUTH IMArHOCTUKY HMCHXHYECKOTO COCTOSHMS YeJOBEKa, BBUIBIATE €€ NPO(ECCHOHAIBHOH NPHIOJHOCTH, M3MEpSTh
NCUXO(U3NOIIOTHYECKHEe W KOTHHTHBHBIE XapaKTEPUCTHKH, XPaHUTh W oOpabaTeiBaTh HMHQOpPMAIMIO 00 HCCICIOBaHUH,
UCHOJIb3Ys IIPEUMYIIECTBa 00J1a4HOro cepBuca. CTpyKTypa MoJenu HHPOPMALIMOHHO-U3MEPUTENBHON CHCTEMbl H300paXeHa ¢
nomompio quarpamm UML. [peacrasnen noapoOHbI MU1aH peaan3auul HHPOPMAIIHOHHO-U3MEPUTEIBHON CHCTEMBL.

Knwuesvie cnosa: ungopmayuonno-usmepumenvhas cucmema, UML  Ouacpamma, ncuxonoeuueckue ucciedosanus,
MUKPOKOHMPOJIIED, OUCIIAHYUOHHOE YRPAGLeHUE, 0OLAYHBIL CEPBUC, MODULHOE NPULONCEHUE.

PosrnsHyTo BaXIHMBICTh 3aCTOCYBaHHS CIIELiali30BaHIX IPOTrPaMHO-aapaTHUX KOMIUIEKCIB 3 0aTapesMu ICUXO0JiarHOCTUIHUAX
TECTIB AJIs MCHX0(i310JIOTIYHOTO Ta MCUXO0(I3NIHOro MOHITOpHHTY. OnHcaHo mpoOieMy HecTadl cydyacHHX iH(POpMAIiifHUX
TEXHOJIOTIH A MOOYJOBH CHCTEM SIKICHOI IICHXOIIarHOCTHKH, OCOONHMBO THX, IO JO3BOJISIIOTH TMPOBOAWTH AHMCTAHIIiITHE
oOctexeHnHs. JloBeneHa aKTyalbHICTh CTBOPEHHS 1H(QOPMAIiHO-BUMIPIOBAIBHOT CHUCTEMH, IO Ma€ CydacHi crocoOu
OTpHMaHHs, Nepenadi, 0OpoOku Ta 30eperkeHHs AaHuX. Po3poOieHo KoHIeNnTyansHy MoJeib iH(opMaliiHO-BUMIpIOBAIEHOT
cHCTeMH JUTsl NCHXo(i3ndHKX 1 IcuX0(i3ioI0riYHIX TOCHiKEeHb. ATapaTHO-IIporpaMHa peatizallis i€l CHCTeMHU J03BOJIUTH
JIOKJIBHO 1 BiJIaJICHO TIPOBOJIMTH JIarHOCTHKY IICUXIYHOTO CTaHy JIIONHH, BUSABIIATH ii podeciiiHy npuIaTHICTh, BUMIPIOBATH
ncuxo(izioNoriyHi Ta KOTHITHBHI XapaKTepUCTHKH, 30epiraTu Ta o0poOIsITH iHpOpMAILiFo PO TOCIiKEHHS, BAKOPUCTOBYIOUH
nepeBard XMapHOTO CepBiCy Ta MOOUTBHOTO HonaTtKy. CTpyKTypa Mozenm iHhopManiitHO-BIMipIOBaJIbHOI CHCTEMH 300paKeHa
3a pomomororo miarpam UML. CtpykTypHa Mozenb NMpencTaBiIcHa YOTHpMa OJoKamu: OJOKOM ympaBimiHHS (poOoye micie
eKcrepTa), 6JIOKOM TecTyBaHHA (poOoUe Micle JOCIiIKYBaHOT0), OJIOKOM OTpUMAaHHS 1 iepenadi TaHuX Ta 6JJOKOM 00poOKH Ta
30epexxenHs qanux. UML miarpamu BimoOpa)karoTh SIK CKIIa[ KOXKHOTO OJIOKY, Tak i CIIOCOOM B3a€MOJIiT MK KOMITOHEHTaMHU
cuctemu. [IpeacTaBieHuii netanbHUH IIaH peanizauii iHopmariliHO-BUMIipIOBanbHOT cucteMu. HaBeneHunit KOpOTKHil omuc:
criocoOy HanamTyBaHHs Ta 3’ eananus Wi-Fi moxymo ESP8266 i3 mikpokonTposniepom STM32F4, npuHuumnu poGoTH XMapHOTO
cepsicy ThingSpeak. Onucani ¢pyHKiii MOGLIBHOTO 101aTKy iH()OPMALIHHO-BUMIPIOBAIILHOT CUCTEMHU.

Knwwuosi cnosa: ingopmayitino-eumiprosarvna cucmema, UML diagpama, ncuxonoeiuni 0ocniodcenns, MIiKpOKOHmMpoaep,
oucmanyitine KepyeanHs, XMapHUil cepsic, MOOLTbHUL 000amoK.

Problem statement

Obtaining objective and reliable information on the professional suitability of the operator of complex
systems and processes as well as the actual functional and psychological state of the employees and their
ability to perform responsible or monotonous work is of high priority in the workplace safety and health
management. Being ready to rapidly take action on basis of that information is a prerequisite for the
effective management of the task assigned to the individual or executive team. The identification of the
individual characteristics of an employee’s job and the ability to assess the probability of an impending
event is the basis for the optimal distribution of staff in any team. The sources of such information are
specialized software-hardware complexes for psychophysiological monitoring by means of sets of
psychological tests [1 - 3].

The development of models, logical flowcharts, algorithms and computer programs for
psychophysiological research requires a detailed study of the psychological, physiological, and moral
aspects of the problem, as well as professional experience with information technologies, electronic
equipment and programming languages. Despite the growing need for such research and the relevance of
computer-assisted psychophysiological diagnostics, the present information processing systems are

© Varlamova N.V., Lazurik V.T., Styervoedov N.G., 2019
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extremely insufficient, and their functionality is significantly limited. This is particularly true for systems
that allow remote monitoring. For example, remote monitoring of the psycho-emotional state of truck
drivers, diagnosing the functional state of athletes and military personnel determine their readiness to
perform complex and responsible work.

Therefore, the development of information processing systems for psychophysical and
psychophysiological studies that meet modern requirements is an urgent task [4, 5]. The urgency of
creating and using information systems in psychophysiological and psychological research is determined
by the fact that nowadays a person’s information load has considerably increased. As a result, stressful
situations, the need for ambiguous decisions, and the need to find solutions in an uncertain environment
are increasingly occurring. The active use of specialized software-hardware systems for psychophysical
training could contribute to the adaptation of human behavior in the context of information noise and
global digital transformation of society. Obviously, the citizens’ mental health depends on the
effectiveness of implementation and usage of such systems.

The Internet, modern information technologies and electronic environment offer new opportunities
for building more advanced psychodiagnostic systems.

The proposed development of a new generation of specialized information processing system is aimed
at fast and effective psychological support for decision-making, diagnostics and control (including remote
control) of psychophysiological state and cognitive abilities of a person.

Conceptual model of information processing system for psychophysical and psychophysiological
researches

The presented information processing system has the following features: it provides end-to-end
information support for psychological research at all stages of the information flow based on integrated
data presented in a unified form, information storage, visualization and data protection. The significant
advantages of the system are the usage of cloud services in the process of data collection and processing,
the ability to easily change and expand both the devices for the tests and the tests themselves, to work
with various network technologies, as well as to engage, by the mobile application, professional
psychologists and experts specializing in the subject areas.

In addition, the form and method of presenting information during the research process can be
adaptively reshaped in the system. Thus, the functionality of the system can be described by the following
levels: 1 - collection, registration and structuring of information, creation of information space; 2 - storage
and search of additional information, set up of information exchange; 3 - statistical analysis of data,
decision support and synthesis of test effects.

Let us consider the structure of the conceptual model of the information processing system, which is
represented as a UML diagram of components.

Fig. 1 shows the information processing system consisting of the following units: the control unit
(essentially, workplace expert), the testing unit (workplace investigated), the unit for receiving and
transmitting data, and the unit for processing and storage data.

‘ Information processing sysem g
- //' ) T
Control unit (workplace Testing unit (workplace Unit for receiving and Unit for processing and
expert) investigated) transmitting data storage data

Fig. 1. Information processing system for psychophysiological research

Fig. 2a is a diagram of the components of the control unit (workplace expert) consisting of a PC
communicating through the mobile application interface with the mobile application, and the testing unit
(workplace investigated) containing the diagnostic unit which feeds through the adapter from the 9 V
power supply unit (Fig. 2b).
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Fig. 3a presents a diagram of unit for receiving and transmitting data, comprising an STM32F4
microcontroller and an ESP8266 Wi-Fi module, that interact with each other through AT-commands, and
a router that is connected through TCP / IP communication protocols. In the absence of the Internet,
mobile communication or recording on a built-in fixed memory can be used with subsequent data
transmission to the cloud-based subsystem of reception, processing and storage.

The unit for processing and storage data, presented in Fig. 3b, consists of a database management
system (DBMS), the database itself, and a ThingSpeak cloud server.

Control unit (workplace expert) Testing unit {(workplace investigated)

PC
Diagnostic unit
Adapter
lobile application interface
Power supply unit 9V

Mobile application

a) b)
Fig. 2 UML diagrams of the control unit (a) and the testing unit (b)

Linit for recelving and transmitting data Unit for processing and storage data

g Microcontroller STM32F4

. =
|

AT-commantds

ESPB266

TCRIP Databasa inlerfacﬁ
|

Router ThingSpeak cloud server

a) b)
Fig. 3. UML Diagrams of the Unit for Receiving and Transmitting Data (a) and the Unit for Processing and
Storage Data (b)

Database

Fig. 4 shows the general structure of the conceptual model of the information processing system for
psychophysiological research. The developed model describes the processing and analyzing data
remotely in real time. The general structure presents not only all the components, but the functional



BicHuk XapkiBcbkoro HawioHanbHoro yHisepcuteTy imeHi B. H. Kapasita, 2 0 1 9 19

connections between the components as well: the mobile application and the ThingSpeak cloud server
interact through the ThingSpeak interface, and the mobile application and the DBMS interact through the
DBMS interface respectively. Data transmission between the router and the ThingSpeak cloud server is
possible within HTTP requests. The connection of the diagnostic unit to the STM32F4 microcontroller
and its efficient functioning are possible due to the IDE libraries included in the basic STM32F4.

v

Information processing system
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DEME interface
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|
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ThingSpeak cloud server
Testing unit (workplace investigated) ]7
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libraries Unit for receiving and transmitting data
Diagnostic unit |~ — _ !

}O\EHE Microcontroller STM32F4
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I
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Router
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Fig 4. UML diagram "Conceptual model and hardware-software implementation of information processing
system for psychophysiological researches"
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System model implementation

The steps planned for the system model implementation are:
. Installation and testing of the diagnostic unit

. Installation, configuration, connection and testing of ESP-8266
. Configuration of the ThingSpeak Status Channel

. Install ThingSpeak code on STM32F4

. Database development

. Development of Android application

. Installation and configuration of external devices

. Configuration of the ThingSpeak Actuators channels

. Configuration of the STM32F4 with external devices

10. Testing Android application with sensor status check

11. General testing of the hardware-software complex.

To connect sensors it is necessary to use certain libraries native to STM32 IDE. These libraries make
it possible to initiate sensors, obtain sensor readings and display them on the monitor screen.

The use of ESP8266-12 requires the usage of AT-commands (the module includes an AT-commands
processor). To connect the module and adjust the rate of data transfer, it is necessary to connect STM32F4
to the PC, use empty code and AT commands in the open IDE. The final connection to the already
configured ESP8266-12 includes the following connections:

« ESP-12 RXD --> STM32F4 PIN PD6

« ESP-12 TXD --> STM32F4 PIN PD4

* ESP-12 Ch-Pd (En) --> Vcc (3.3V)

* ESP-12 Reset --> STM32F4 Pin PB5

* ESP-12 Vcc (Red) --> 3.3V

« ESP-12 Gnd (Black) --> STM32F4 PIN PC15

The next step after installing the sensors and connecting the ESP-8266 is to configure the process of
transmitting information from the sensors to the cloud service. ThingSpeak's cloud service allows
collecting information from the sensors, as well as processing and analyzing it. After registration on
Thingspeak, channels responsible for collecting sensor data (keyboards) and controlling actuators (visual
stimulus unit) through the mobile application are created. HTTP requests are required to transmit data to
the cloud. For example, to record data in the Status Channel fields (at a frequency of 1 every 15 seconds),
it is necessary to submit an HTTP GET request.
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Fig. 5 Current layout of the subsystem for receiving and transmitting data for remote monitoring.
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The mobile application of the hardware-software complex allows not only remote controlling of the
executive devices (turn on, turn off, select the mode of the methodology) and viewing the information
received from the sensors through the cloud server Thingspeak, but also drawing the initial and final
expert conclusions on the diagnostics of the investigated personnel and storing them in the database. A
significant advantage of the ThingSpeak cloud is the availability of a powerful suite of applications for
solving scientific and technical computing problems (MatLab) which can perform all necessary data
operations [6,7].

The structural and functional organization of the current layout of the subsystem of receiving and
transmitting data for remote monitoring of psycho-emotional state is shown in Fig. 5. The subsystem
layout is made on the basis of the STM32F4 Discovery microcontroller board. The board is connected to
one of the information-executive modules of the psychodiagnostic system (described in [8]), the Wi-Fi
module ESP8266-12 and the power adapter.

Conclusions

The conceptual model of the information processing system for studying of psychophysical and
psychophysiological patterns of sensory processes of a person is presented in the article. The model is a
framework of functional blocks, the inputs and outputs of which are connected through the appropriate
interfaces. It is presented as UML diagrams of general structure and detailed diagrams of system
components. Such presentation made it possible to qualitatively and clearly visualize the structure and
describe the system operation principles. Building a conceptual model greatly simplifies the next stages
of designing an information processing system. The basic stages of implementation have been developed
and described on the basis of the model of real information processing system with the possibility of both
local and remote research of psychophysical and psychophysiological functions.
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Pacuer cymmapHOU 1toma M npoXoAHbIX CEYEHUN 30JI0THUKOBOTO
BO3TyXOpacHpeIeInTeNs] aBTOMOOMILHOTO THEBMOBUTATENS

A.UN. Boponkos, B.M. Kononsoxusiit, O.1O. Jlucuna, 1.H. Hukutuenko
Xapvrosckuti HAYUOHALHBIT ABMOMOOUTLHO-00POJICHBLI YHUGepcumem, yi. Apocrasa Myopoeo, 25,

2. Xapwvros, 610002, Yxpauna; Xapvrosckuii Hayuonanshulil yhugepcumem umenu B.H. Kapasuna, ni. Ceoboou,
4, 2. Xapvros, 610022, Vkpauna

e-mail: rio@khadi.kharkov.ua

PaccmarpuBaeTcs ofiHa M3 aKTyalbHBIX 337ad B OOJACTH ra3oBOM AMHAMHKM NOPIIHEBBIX ABHMIaTelel, KOTOPHIE KacaloTcs
AQHAIMTUYECKON OLICHKYU BIUSHUS KOHCTPYKTUBHBIX U PEKUMHBIX IIapaMeTPOB Ha MPOLECCH IPOTEKAHUs Ta30B 4epe3 OpraHbl
razopactpenenenus. IIporecc razoo0MeHa B JBYXTaKTHBIX JBUTATENSIX OCYIIECTBISIETCS C ITOMOINBIO OTKPBITHSI-3aKPBITHS
IPOXOJHBIX OKOH MM 30J0THUKA 3 HopiuHeM. IIpeanaraercss MeTon pacuera CyMMAapHOH IJIOINaAM HMPOXOJHBIX CEUCHUH
30JIOTHHKOBOTO BO3/TyXOpaclpeIesINTelsl aBTOMOOHIBHOTO THEBMOiBUTraTels. Ha ocHOBe MaTeMaTH4ecKHX cpencTB TeopuH R-
(YHKOME  TIPOBOAUTCS ~ MAaTEMAaTHYECKOE  OIMCAaHME 3aJaHHOM  00NacTH  BXOJHOTO  OTBEPCTHSI  30JIOTHHKOBOTO
BO3/yXOpacHpeaeIuTels 1 MaTeMaTHIeCKOe ONICAaHNe 3aaHHON 001acTH BEIXOMHOTO OTBepCTHA. PaccMarpuBaeTcs anroputm
JUISL CO3/1aHUSI KOMIIBIOTEPHOM BBIYMCIUTENLHOW MPOTpaMMBbl AJIsl ONPENENICHHs! TUIOIAAeH MPOXOAHBIX CEYEHUN OTBEPCTHUI
30JIOTHHKOBOTO Bo3JIyxopacnpenenutens. [IpennaraeMsiii anropuT™ UCIIOIb3yeTCs MPH pa3paboTKe MPOrpaMMHOTO MPOIYKTa
HIPH OTIPEAENICHNH TUIOIA/IeH, KOTOphle GOPMUPYIOTCS BITyCKHBIMA M BBITYCKHBIMH OTBEPCTHSMH 30JI0THHKA C YIETOM Pa3HBIX
nx KoHpurypamuid. Pacyer ruromiameidl ceyeHWH OTHX OTBEpCTHH MO3BOJSET YCTaHOBUTH IIOTEPH BO3AyXa B
BO3/yXOpaclpeAeIUTeNIbHON ccTeMe ITHEBMaTUYECKOrO ABUTaTelIs U OIPEAEIUTh YTOUHEHHbBIE pa3Mephl KaHAJIOB IIOBECHUS
M OTBOJIA CKATOTO BO3/yXa. Pe3ynbTaTel pacyeToB BO3AyXOpaclpeaenuTENbHOH CHCTEMBI M TAPaMETPOB CKaTOT0O BO3AyXa MpH
BIIyCKE BOIUIM OTAEIbHBIM OJOKOM B OOLIYI0 JMHAMHYECKYIO MOJEIb PAacueToB pabOuMX HPOLECCOB aBTOMOOMIIBHOTO
IMTHEBMATHYECKOTO JBHTATENs, MpPH ONpPEIENeHHH CKOPOCTH, TEMIEpaTypsl M pacxojJa BO3LyXa 30JI0THHKOBOTO
BO3yXOpacnpeaenuTesnst. ABTOMOOMIBHBINA MTHEBMAaTHIECKU IBUTAaTeb IMeeT 0oJIee BRICOKUE MOKAa3aTeIH 3KOHOMUYHOCTH 1
9KOJOTUYHOCTH MO CPAaBHEHHIO C IBUTATEIEM BHYTPEHHETO CTOPAHUS B YCIOBHAX HU3KHX 00OPOTOB KOJICHIATOTO BaJa.

Knruesvie cnosa: asmomobunvuwlil nuesmoogueamenv, 30J0MHUKOBLI 6030yXOpacnpedeiumens, HPOXOOHble CeYeHus,
NA0WAOU NPOXOOHBIX CeYeHUll, Mamemamuieckoe mooeiupoganue, meopus R-gynxyuii.

Posrnsmaerbes onHa 3 akTyadbHHX 3aJa4 B 00JIACTi Ta30BOi TMHAMIKU MOPUIHEBUX JIBUTYHIB IOJI0 aHATITHYHOI OLIHKH BILTUBY
KOHCTPYKTHBHHX Ta PEXMMHHUX TapaMeTpiB Ha ITPOLIECH IIPOTiKaHH I'a3iB 4epe3 OpraHy razoposnoineHss. [Iporec ra3000MiHy
y JIBOXTaKTHHUX JIBUTYHAX 3JiICHIOETBCS 32 JOMOMOTOIO BIAKPHUTTSA-3aKPUTTS NMPOTYBHHUX BIKOH a00 30JIOTHHMKA 3 MOPIIHEM.
ITporoHyeTbCs METOA PO3PaxyHKYy CyMapHOI IUIOIIMHM TPOXITHHUX MEPETHHIB 30JI0THUKOBOTO TIOBITPS PO3MOMIiIBHHUKA
ABTOMOOITBHOTO MHEBMaTHYHOTO JBUTYHa. 3a JOMOMOTOI0 MaTeMaTHYHHUX 3aco0iB Teopii R-¢yHKmiii 3amificHIOETHCS OImuC
3aJ1aHo1 00J1aCTi BXiJTHOTO OTBOPY 30JI0THUKOBOTO TIOBITPOPO3MOIILHIKA Ta MATEMATHYHHIA OMHUC 33JaH0T 00JaCTi BUXiTHOTO
0TBOpY. PO3IrIIsi1a€ThCs ATOPUTM U1 CTBOPEHHS KOMIT FOTEPHOT 00YHCITFOBAIBHOT IPOTPaMH JUTsl BU3HAUCHHS TUIOIL TIPOXIiTHUX
MIEPETHHIB 30JIOTHUKOBOTO MOBITPOPO3NOAIIFHAKA. 3aIIPOIIOHOBAHUI aJITOPHTM BUKOPHCTOBYETHCS IIPH PO3POOIIi TPOTPaMHOTO
HPOYKTY NP BU3HAUYCHHI ILIOIL, SIKi ()OPMYIOTHCS BITyCKHHMH Ta BUIIYCKHHMH OTBOPAMH 30JI0THHKA 3 BPaXyBaHHIM Pi3HHX iX
KoH(pirypamiii. Po3paxyHKM TUTONm] TEpeTWHIB IMX OTBOPIB JO3BOJIIOTH BCTAHOBIIOBATH BUTPATH TOBITPSA Yy
HOBITPOPO3MOAITLHOT CHCTEMi MTHEBMAaTHYHOTO JIBUTYHA Ta BU3HAYUTH YTOYHEHI PO3MIpU KaHAIB ITiJBEICHHS Ta BiJBEICHHS
CTUCIIOTO MOBITPsl. Pe3ynbraTé po3paxyHKIiB MOBITPOPO3MOAUIEHOT CHCTEMH Ta MapaMeTpiB CTHCIOTO IMOBITPS NMPU BITYCKY
BBIIIIIIM OKpEeMHM OJIOKOM B 3arallbHy JUHAMIYHY MOJENb PO3paxyHKiB poOOYUX HPOIECiB aBTOMOOIIBHOTO THEBMAaTHYHOTO
JIBUT'YHA, IPY BU3HAYEHHI IIBUAKOCTI, TEMIIEPATyPH i BUTPAT HOBITPsI 30JI0THUKOBOTO MOBITPsI pO3MOAINEHUKA. ABTOMOOIIBHUIMA
MTHEBMATHYHHI JIBUTYH Ma€ OLTbII BHCOKI MOKa3HUKKA €KOHOMIYHOCTI Ta €KOJIOTIYHOCTI MOPIBHAHO 3 ABUTYHOM BHYTPIITHHOTO
3TOPSTHHA B YMOBaX HU3BKHX 00€PTiB KOJIHYATOTO BaITy.

Knrwwuosi cnosa: asmomobinbHuil nHEMAMUYHUL OBUSYH, 30JIOMHUKOGUL NOGIMPOPO3NOOLIbHUK, NPOXIOHI nepemuHu, niouyi
NPOXIOHUX Nepemunie, MamemamuyHe Mooeno8anHs, meopia R-gyuxyiil.

One of actual issues in the field of gas dynamics of piston engines which concerns the analytical estimation of influence of
structural and regime parameters on the processes of flowing of gases through gas distribution mechanisms is examined. Gas
interchange process in two-tact engines is performed by means of opening-closing of blow-off windows or slide-valve with a
piston. The method of calculating the total plane of the flow area of slide-valve air distributor for a motor-car pneumatic engine
is proposed. The mathematical descriptions of the pre-set areas of the entry and exit openings of slide-valve air distributor have
been performed with the help of the theory of R-functions. The algorithm for creating the computer calculating program for
determining the flow area of slide-valve air distributor is considered. The proposed algorithm has been used for developing the
software application intended for calculating the areas which are formed by the entry and exit openings of slide-valve accounting
for their different possible configurations. The calculations of flow area of these openings allow determining the air losses in the
air distributive system of pneumatic engine and defining the specific size for the inlets and outlets of the compressed air. The
results of calculations of the air distribution system and the parameters of the compressed air intake is presented as a separate
block in the general dynamic model of calculations of working processes of the motor-car pneumatic engine, when determining
the speed, temperature and air flow of the slide-valve air distributor. The motor-car pneumatic engine is more economical and
environmentally friendly in comparison with the internal combustion engine at the low revolutions.

Keywords: motor-car pneumatic engine, slide-valve air distributor, flow area, planes of the flow area, mathematical design,
theory of R-functions.
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1 Beenenue

HawnGonee akryanbHOU 3ajadyeil B 00JIACTH T'a30BOM JUHAMUKH IMOPITHEBBIX JBHUTraTeNeH SBISETCS
aHAJIUTUYECKAS OLCHKA BIUSHYSI KOHCTPYKTHBHBIX U PEKMMHBIX TAPAMETPOB Ha MPOLIECCHI TEPETCKAHUS
ra3oB uyepe3 opraHbl razopacmpeneneHus. [Iporecchl ra3000MeHa B MOPIIHEBHIX ABUTATENSAX HMEIOT
CIIOKHBIM HECTallMOHAPHBIA Ta30JIMHAMUYECKUH MPOIECC KOTOPBIA COMPOBOXKIAETCA H3MEHEHHUEM
TEPMOJMHAMUYCCKUX MApaMETPOB Ta3a, IUIOMIAJILI0 TOMEPEYHOTO0 CEUYCHHS BITYCKHBIX-BBITYCKHBIX
OTBEpPCTHH, Pa3NMYHBIMUA BUAAMH TPEHHS (BHEIIHWM M BHYTPEHHHM), CKOPOCTSIMH M TEMIIEPaTypOu
ra3oBOTO MOTOKA, TETUIO0OMEHOM MEXKITy IIOTOKOM U JeTalisiMu apuraTesisf1].

OpHuM U3 ompeAensromux GakTOpoB Ui pacueTa Mpolecca ra3000MeHa SIBISIETCSl ONpeeieHue
BpPEMEHH CEUCHUS OPTaHOB ra3opacipeeeHHUsI.

IIpomecc razoobMeHa B NBYXTaKTHBIX IBUTATENSIX OCYIIECTBISETCS MPH TMOMOIIA OTKPBITHS-
3aKpBITHS POJYBOYHBIX OKOH WJIHM 30JIOTHHKA TopIiHeM. [IpoyBoYHEIC OKHA PACIIOIOKEHbI B CTCHKE
MWIMHIPOB U OTKPBIBAKOTCS TUIOCKUM JTHUINEM MOpirHI. OOBIYHO OHM UMEIOT TPEYTOJIbHBIC, KPYTIIbIC,
ITUNTHYECKHE, pomOudeckue u apyrue ¢opmbel  oTrBepctuit [1]. Ompenenenwe rutomaan
COOTBETCTBYIOIIUX IPOJIYBOYHBIX OKOH BBIMOJNHAIOTCS, cOryacHO (opmynam, B kortopeix d, H, b
reOMETPHUYECKUE Pa3Mepbl OKOH, N- TeKyIuii pazmep.

[Inomane Kpyriioro okHa (BeTUYHHA OTKPBITOTO CEUCHHUST) BRIYUCIISETCS KaK:

f=dy/ 2{arcos(l—2h/d)—(d /2—h)\/h(d -h)}; \/h(d —h)
TUTOIIA/Th TIOJTHOCTHIO OTKPBITOTO OKHA C TPAIEIUEBUIHBIM CEUSHUEM:
f=1/2(b1-b2)H,
/i NIUPUHA OKHA Bo3Jie KpoMku — b=h1+h(b2-b1)/H;

[Tnomane OTBEPCTUH MPOYBOUYHBIX OKOH CJIOKHOM KOH(PHUTYpaI[X MOKHO ONPEACTUTh U3BECTHBIMU
MaTeMaTHYeCKUMH METOJaMH pacdeTa: METOJI CAMMETPHHN; METO/I pa3JIeIeHUs Ha TPOCTHIEC YaCTH, METO/T
OTpHUIATENBHBIX MTOmaei [3]:

3anava onpezaenacHusS (YHKIUU IUIOMAAH CEYCHUHN MPOITYBOYHBIX OKOH JIBUTATENIS SBISCTCS MEHEE
CJIOXKHOW W CBOAMTCS K TIOCTETICHHOMY M3MEHEHUIO (YBEIMYCHUIO MM YMEHBIIIECHHUIO) 3TUX TUIOIIAICH,
KOTOPBIE HAXOJISATCS C TIOMOIIBI0 MHTETPUPOBAHUS COOTBETCTBYIOIINX COOCTBEHHBIX HHTETPAIOB. 3aKOH
OTKPBITHS OKOH TI0 YTy TIOBOPOTA KOJIEHYATOTO BaJla ONMpEAeIseTCs IepeMeieHHeM MOPIITHS —

h=S-So=R{1- cosp cos ¢+ M4(1cos2¢ -cos 2¢)}-So, A=RIL,
rie S, So — nepeMenieHne MopiHs; R — paanyc KpuBomumna, ¢ — yroi MoBOpoTa KpuBommmna; L — amiHa
matysa; [1].

B pabore [2] mioriaay mpoayBOYHBIX OKOH JUTsl pa3lIMYHbBIX 3HAYEHUH paO0YHX JUAa30HOB YacTOT
BpallleHuss N 30JI0THUKOBOTO BoO3ayxopacmpenenuress, T.e. Z = f(n), mpemnaraercs onpenessTh
crenyomuM  obpaszoM. [lo rTpaduky wu3MeHeHHs IUIONMIATU MPOXOJHOTO CEYEHUsS JBUraTels,

¢
OTIpeIeTIAETCS BpEeMsi-CEUeHHEe KaKA0ro okHa Z: Z= I Fde/6n.

$o

BpewMsi-ceueHrie MOKHO OTIPENETUTh U CIEIYIOIIUM PaCUYeTHBIM IIyTeM, PACCMATPUBas IIOCTOSIHHBIC
Bennuunbl K1 Ko: Ki= 30DSy; Ko=(26+M/4+1)¢+sin ¢-(A/8)sin 2¢, rae v — oTHOCUTENbHAS IIMPUHA
OKOH, () — YT'OJI TIOJTHOTO OTKPBITHS (3aKPHITHS OKOH); G — OTHOCHUTEIbHAS BhICOTA OKkHA; D — nuamerp
[WJIMHPA, S-X0/1 MOPIIHS; Ha OCHOBE KOTOPhIX HaxomuM Z=K;Ka/n.

Bonee crnoxHas 3amada pemaiack B padore [4]. B Hell pacCUNTHIBAINCH MPOITYCKHBIE BO3MOKHOCTH
TEXHOJIOTHYECKOTO OTBEPCTHS B KOPITyCE 30JIOTHUKOBOTO PACIPEACIUTES ITHEBMOJBHTATENS TPH
mojade CKaTroro Bo3myxa. llpm 3TOM paccMaTpHBAIMCH BOTPOCH (OPMHUPOBAHUS ONTHMATBHBIX
TEOMETPHUYECKUX pa3MEpPOB OKOH Jijisi o0ecrieueHus ojaud HeoOX0JMMOoro o0beMa CKaToro Bo3ayxa B
padouyro KaMepy HEBMOABUTaTeNst. YNCIICHHBINH aIropuT™ ObLIT peajM30BaH B BRIUMCIMTEIBHOMN cpejie
MatLab. BrerarciIuTeNbHBIA OKCIEPUMEHT BBIMOJHSICS TI0 OTHOIICHWIO ITapaMeTPOB pauyca
MIPOITYCKHOT'O OTBEPCTHSI U YIIIOBOM CKOPOCTHU. J{pyrumMu ClioBaMH, BEIYUCIISUIUCH ILTOIIAIN TIPOXOJHOTO
OTBEPCTHSI, KOTOPHIE OTKPHIBATUCH B ONPEACICHHBIE MOMEHTHI BPEMEHHU.

Jlns perennst M30KEHHBIX BBIIE 3a7a9 pa3paboTaHbl pa3IudHbIE KOMITBIOTEPHBIE MPOTPAMMHBIC
komIiekcsl. Hanpumep, ¢ momomisto nporpammuoro komiuiekca FlowVision HPC 6v10 mpoBeneHo
MOJICTTMPOBAHKE THIPOMEXaHUIECKUX XapaKTEPUCTUK MIMOEPHON 3aJBIKKH B MPOIECCE OTKPBITUS. B
paboTe npUBEICHBI PE3yJIbTaThl UCCIICIOBAHUS W3MEHEHHS JAaBJICHUS B 3aBUCUMOCTH OT U3MEHCHMSI
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IUIOIIAM POXOJHOTO ceueHus. K CcoXKaleHHIo, HeCMOTps Ha KpacOYHYIO TIpaduuecKyio dacThb,
AJITOPUTMBI pacyera He paccMOTpeHsI [5-8].

Takke He MPHUBEAEHBI AITOPUTMBI PAcYE€TOB MPH MOJCIUPOBAHMU JBIKEHHUS MIOTOKOB BO3/yXa B
30JI0OTHHKOBOM BO3JlyXopacrpezenTeine B makerax nporpamm Autodesk SimulationCFD (puc. 1) [9,10],
9TO JeJaeT HEBO3MOKHBIM OBICTPOE, TOYHOE M T'MOKOE MOJEIMPOBAHUE BO3IYNIHBIX ITOTOKOB.
Pe3ysbTaThl BBIBOIATCS B rpaduueckoii Gpopme.

AHanmu3upyst peaBapUTEIIbHBIC pacyeThl ¢ MOMOIIIBI0 makeTa nporpamm Autodesk SimulationCFD,
0 CKOPOCTH BO3JyXa, MOKHO CIEJIaTh BBIBOJ, YTO HE3ABHCHMO OT M3MEHSIOLIUXCS T€OMETPUUIECKHX
napaMeTpOB KaHaJI0B HAOJIFO1ACTCs MOAKPUTHUECKHE i CBEPXKPUTHIECKOE HCTECUEHHE CKATOTO BO3IyXa.

CriefryeT OTMETHTb, YTO MPEACTABICHHOE UCCIIEI0BAHNE HE TIPOTHBOPEYHUT TAHHBIM, IPUBEICHHBIM B
pabore [11].

[l View Vault  Autodesk360  Start & Learn  Community
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Puc. 1. Ilpumep mooenuposanus 08udicenuss NOMoKa 8030yXa 6 30J10MHUKe

OHaKOo C TOMOIIBIO TAKOW MPOTPAMMbI MOKHO OCYIIECTBUTH TOJNBKO (PU3MYECKOe MOAETHPOBAHUE

MPOIIECCOB M pacueT CKOpPOCTH Bo3ayxa. lloaTomy st pacdeToB KOHCTPYKTHBHBIX IapaMeTpOB
30JIOTHUKOBOTO  BO3AYXOpacHpeleNuTeNss MpeasiaraeTcsl HCMOIb30BaTh  METOIMKY, KOTopas
paccMaTpUBAaETCS B CTAThE.

Hean paGoTsl

Pa3paborats MeToj pacueTa CyMMapHOW IUIOMIAAM IPOXOJHBIX CEYCHUH 30JIOTHUKOBOTO
BO3IIyXOPACTIPEISITUTEIST aBTOMOOMILHOTO ITHEBMO/IBUTATEIIS.

3agaum ncciaenoBaHus

1. [Ipu momory MaTeMaTu4ecKux cpeacTB Teopuu R-dyHKIiT mpoBecTy:

- MaTeMaTUYEeCKOE OIFCAaHWE 3aJaHHOW O00JacTH BXOJHOTO OTBEPCTHUS  30JIOTHUKOBOTO

BO3yXOpaclpeaeInTes;
- MaTeMaTHYeCKOe ONMCaHNE 3aJaHHOW 00JIACTH BBIXOAHOTO OTBEPCTHUSI.
2. [TpuMeHuTH ISt pacu€TOB KOMIIBIOTEPHYIO BRIYUCIUTENbHYIO cucTtemy «[1OJIEy», pazpaboTaHHyo
B MHCcTUTYTE Mpobnem mammHocTpoerus uM. A.H. [Togroproro HAH Ykpaussr [12].
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3. Pa3paboTarth KOMIIBIOTEPHYIO BBIYHCIUTENBHYIO IPOTpPaMMy [UIS ONpENeNeHUs IUIoNanei
MPOXOJHBIX CEUEHHI OTBEPCTHI 30JI0THUKOBOTO BO3AYXOpACIPEACITUTENS.

[locraBneHHble 3agaud HWCCIEAOBAaHMSA TI0 pacueTy IMPOXOAHBIX CEYEHHH 30JI0OTHUKOBOTO
BO3yXOpaclpeaeuTeNs] TPeayCMaTPpUBAIOT —pa3pabOTKy COOTBETCTBYIOIIMX  BBIYHCIHTEIBLHBIX
anroputMoB. [ wWccienoBaHWS BBHIOMpPAcM 30JIOTHHKOBBIM Ta30paclpefeNUTeNbHbI  MEXaHU3M
aBTOMOO1TEHOTO THeBMoOIBUTaTeNst 447,6/7,6, KOTOPBIi MpeaCcTaBIeH Ha puc. 2.

Puc. 2. 3onomuuxossiti 6030yxopacnpederumens 6 coope: 1 — xopnyc, 2 — pomop, 3 — wmyyep 8bInYCKHO20
kanana; 4,5, 6, 7 — wmyyepsi kananos noosooda-omeoda 6030yxa k/om yuruHopos; 8 — kanaska 0 n008ooa
corcamozo 6030yxa; 9 — kanaska 0 6u600a ompabomannozo 6030yxa; 10 — kanan nooeooa-omeoda 6030yxa,

11 — yenmpanvuwiti Kanan nodeooa 6030yxa

[Ipn U3roTOBICHUH BO3AYXOPACHPENESIUTEIFHOIO OTBEPCTHS 30JI0THUKA CIEIyeT YIUTHIBATh, UYTO B
pesynbTaTe paboTsl hpe3epHOro iHCTpyMeHTa YOPMHUPYIOTCS 3aKpyTIIeHHs ¢ pabodnmM paguycoM R;. Oto
NPUBOJUT K HEOOXOAMMOCTH MPU FEOMETPUYECKOM MOJICIMPOBAHUH OOJIACTH BBIXOJHOTO OTBEPCTHS
YUUTBIBATh ()OPMY OTBEPCTHS, KOTOPasi OTJIMYHA OT MPSIMOYTOJIbHOHU (pHcC. 3).

N y
i r h
. . X
2r -t r 2r 3r
N -r *J

Puc. 3. @opma knanana ons popmuposarus 6bIX00H020
6030YX0PACNPeOeUmeNbHO20 OMEEPCMUsL 30J0MHUKA

Jlns ommcaHus KiamaHa BBEIXOJHOTO BO3MYXOPACTPEACTUTEIHFHOTO OTBEPCTHS 30JI0THHKA CUUTAEM,
YTO UCKOMast 00JIaCTh MPEACTABIISCTCS B BUIE COBOKYITHOCTH IIPOCTHIX 00J1acTel, MOKa3aHHBIX HA pUC.4.
Jannble mpocTble o0mact puc. 4 WMEIOT CIEAYyIOmNEe ONUCAaHUs: o0yacTe (), SABISETCS

psIMOYTONIBHUKOM [—2r; 2r]x[—r; ], obmactu Q,Q,, Q,, Q, 3a1al0TCs B BUIC KPYroB pajnycoM
R, =0,25r c HeHTpamu pacrojOKEHHBIMH B TOYKAX C COOTBETCTBYIOIIUMH KOOpAHHATaMu (X;;Y;):
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(x; ¥,) = (0,75r;0,75r); (X,;Y,)=(=L175r;0,75r); (X; Y5) =(-1,75r;-0,75r); (X,;y,)=(0,75r;-1,75r);

obnactu Q ., Q, Q, Q) SABIAIOTHCS NOTYIIIOCKOCTAMHU.
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Puc. 4. Cosoxynnocmu npocmuix obnacmeii Q g, 24, ..., {2 g, komopuie yuacmayrom 6 popmuposanuu

KIanama 8bixo0H020 603dyxopacnpedeﬂumeﬂbnozo omeepcmust 30JJ0mMHUKa

Ornucanue obnacteit puc.4 creayroniee:

Qq: 02—43Xy2—@)za

Qyp 0,252 —(x—1,75r)? —(y—0,75r)% > 0;
Q, 0,252 —(x+1,75r)% — (y—0,75r)2 >0;
Qg 0,252 —(x+1,75r)? —(y+0,75r)? >0;
Q4 0,252 —(x—1,75r)% —(y+0,75r)% >0;
Qg —y—x+2,7520;

Qg —Y+X+2,7520;

Q7 y+Xx+2,75>0;

Qg y—x+2,752=0.

Hckomast o6sacts ) MOXKeET ObITh OMHKCaHA C TIOMOIIBIO alredpo-norundeckux R-omneparmii [13]:

a- {Hflaw (500 )y(arz0 | y0fyz a0
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Takum 00pa3oM, oNKcaHKe KIIallaHa BEIXOJHOTO BO3TyXOPaCIPEIeIUTSILHOTO OTBEPCTHS 30JI0THHKA
BBITIOJIHSIETCS C TOMOLIBIO PyHKIMU 7 (X, Y):

oy (%, y) = {{H[(xz —ar?y(y? - rz)h[(—y— X+ 2TB) Ay + X+ 2,75)k
Al (y+ X+ 2,75 A(y - x+ 2,75)}}{0, 252 _ (x—1,75r)? —(y—o,75r)2]}v
RL R R R

v[0,252 — (x+1,75r)2 —(y -0, 75r)2J}v[0,252 —(x+1,75r)% —(y +0, 75r)2J}v
RL R R

v[ 0,252 —(x=1,75r)2 = (y +0, 75)2}.
RL

O01acTh BXOJHOTO OTBEPCTHS, KOTOPOE B ONPEACICHHOE BpEMs NEPEKPBIBACT 00JIACTh BBIXOHOTO
OTBEPCTHUS, ONUCHIBACTCS C MOMOIIBIO (QYHKIUH M (X, Y) , OIUCHIBAETCS CIIEAYIOMIUM 00pa3oM:

wp (X, y) = r2 —{x+[2r —ra()]}* - y?,

II€ T BpPEMCEHHas IEPEMEHHas, IMO3BOJIIOINAS ONPEACTIUTh IONO0XKEHHE OONACTH MPOXOIHOIO
otBepctus; oT) — (GYHKIMOHANBHBIN MapaMeTp, MO3BOJSIONIMK ONPENeTUTh KOOPIHHATHI IEHTpa

JBYDKYIIErocs Kpyra (BXOIHOTO OTBEpPCTHs); BeNWYMHA oT) 3aBUCHT OT B3a€EMHOTO TOJOKCHHS
BXOJIHOTO OTBEPCTHs OTHOCHTENbHO Beixoauoro: o(t) ={0,...,1,...,2,...}.

Ha puc. 5 mpuBenens! pa3inuyHble MOMEHTHI ()OPMHUPOBAHHS IMPOXOIHOIO OTBEPCTHS, KOTOPOE
YyCTaHABIUBACTCS IIyTEM OIPEICNICHHsI 00JIACTH «IIPOXOJIHOTO CCUCHHS»

y 1
| YA
r
Q +)
1,75r >
j — o| «x
-3r 2r
Q, | .
4
a)
1
YA
.
/ r
<2F -r (0] ; j
-r
|
|
B) r)

Puc. 5. @opmuposanue npoxoono2o ceuenus . a) npu pasiutdHblx NOJOHCEHHAX BXOOH020 U 8bIXOOHO20
8030yX0paACnpPedeUmenbH020 OMEePCmus 3010MHUKA NPU CIe0YVIOWUX 3HAYEHUAX (PYHKYUOHATLHO20 Napamempa
o(t):6) al(t)>1;6 a(t)=0; 2 a(t)=1



BicHuk XapkiBcbkoro HauioHanbHoro yHisepcuteTy imeHi B.H. KapasiHa, 201 9 29

3amaHue pa3HBIX MOMEHTOB BPEMEHH T TIIO3BOJIIOT MOJYYHTh Pa3iMdHbIe OOJACTH MPOXOTHOTO
CEYEHHS BO3AYXOPACIIPENETUTEIHHOTO OTBEPCTHS 30JI0THHKA. DTH 00JIaCTH OTIpenesiroTes (pyHKInei

o(X, y) = m (X, V)QC‘)Z(X’ y),

KOTOpasi MCHOJB3YeTCsd NPH IOCTPOCHUH TIpaduyeckoro u300paxKeHus IUIOMAAN INPOXOAHOTO
CeueHHsI BO3IyX0paclpeJeTUTEIbHOT0 YCTPOUCTBA C MOJBMKHBIMU U HENOJABIKHBIMU OKHaMU. J{aHHbBIe
OKHA OIMCBIBAIOTCS COOTBETCTBYIOIIMMH PyHKIMAMU 1 (X,Y) U @2 (X,Y) .

Oynkuus (X, Yy) OMUCHIBACT OrPaHUYCHHYIO 00JacTh, IUIONMIANb KOTOPOW MOXHO ONPENCIUTh, B
YaCTHOCTH, 3 TIOMOIIBLIO BeUUCTUTENbHON cucTeMbl «[1OJIE» [13]. IIpemnmaraemplii IOIXO TIO3BOJISET
CTPOWUTh AMAarpaMMbl CEUYEHHH MJIS PErylIupyeMbIX OKOH IIPAKTUYECKU MPOU3BOIBHOM (OPMBI.
Brrunciienue miomaay NpoXoAHOH 00JacTH MpPHU BITyCKE BBITONHSETCS MO TaKOH K€ CXeMe, 4TO W B
ClIydae, paCCMOTPEHHOM BBILIIE, IPU BBIITyCKe Bo31yxa. OHAKO IIPH 3TOM CJIELyeT yUYUTHIBATH OOJIBIIYIO
00/1acTh TOKPHITUS KPYyroM KjalaHa BO3AYyXOpaclpenesIUTeIbHOIO OTBEPCTHS, €CIM KOOPAWHATHI
HeHTpa Kpyra OyayT Haxomurtcs B rpanunax ot (—3r, 0) mo ( 3r, 0). Hanmnuue pynkuun o(X, y) , KoTopas
OIMCBIBAET 00JIACTH MPOXOAHOTO OTBEPCTHS NPH (HOPMHUPOBAHUH IEPEKPHITUS BXOAHOTO U BBIXOAHOTO
OTBEPCTHUH, MO3BOJIAET ONPEACINTH IUIOLIaAb MPOXOAHOTO OTBEPCTHUSI C HOMOLIBIO BBIYUCIUTEIHHOM
cucreMsl «[1OJIE».

Omnpenenenue IO 1 MPOXOAHBIX CEUSHHI MOYKHO OTIPEIEIUTh C TIOMOIIBIO BEIYUCIUTEIBHOM
IPOrpaMMBbl Ha OCHOBE CJICAYIOIIET0 aJrOpUTMa!
1) moctpoenue rpaduka HEsIBHO 331aHHON GYHKIMU ®(X,Y) B JEKapTOBOH CHCTEME KOOPIMHAT;

2) dyHkimsa (X, Y) OmMCchIBacT 00IACTh MPOXOIHBIX CEYCHUI (2, HA KOTOPYIO HAHOCHM KBaJpaTHYIO
cetky D
D={(x,Yi) | =% +ih, yj=yp+ih, i=0,.,2..},
rae mapameTp h: h=Xj,q — X, BBIOUpaeM JOCTaTOYHO MaJOi BEIMYMHOW, M BEJIMYMHA MapamMeTpa

CITYKMT JIUIsI 3a/1aHKs HCKOMOM TOYHOCTH BBIYMCIIEHHS TUTOMIaan obnactu Q. JlaHHAs ceTKa MOKPhIBAET
obmacte Q. Cymma vacteit 00acT € MomaJaroliX MOJHOCTHIO HITH YaCTHYHO B KBAPATHBIC TYCHKH
cetkd D TMO3BOJSCT BUYMCIUTH ILUIOIMIAAb MPOXOJHOrO OTBepcTHs. BenmumumHa ¢yHKumua (X, Y)
M03BOJISIET YCTAHOBUTH IPUHAIIEKHOCTh YaCTH 007acTH () KBAJAPaTHOM sSYEHKH paccMaTpuBaeMoi
cetku D:ecmu o(X,Yy) >0, ToTouka (X,Y) nmpunamiexut odomacta Q ; eciu o(X,y) <0, To Touka (X, Y)

JIC)KUT BHE objactu Q.

Y, D
I S
YN ] >
E
L] Q
y 2
Yf || - Y | D
/ /_
yO e / - yN
pad X Zalks Q
/// |
B Vol
C/ y1 /
Yo >
Xo Xy X5 Xy Xo Xy X% Xy X
a) 0)

Puc. 6. Ilokpvimue obracmu npoxoorno2o omeepcmus COOmeemcmayowel K8aopamuou cemrou
(a); onpedenenue paboueil obracmu (6 COOMBEMCMBYIOUUX KBAOPAMAX CEMKU) 051 BbIYUCTEHUS
onpeodenenHbix unmezpanos (0)
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OdeBHIHO, UTO YeM MEHIIIE TapaMeTp h, KOTOpBIi 3amaeT pa3Mep KBaApaTHON sueiiku cetku D, Tem
TOYHEE MOXHO BBIYHCIUTH IUTOMAAb oOjactd, Kotopas (OpMHUpPYET IMpOoxXogHoe oTBepcthe. Jis
HAaXOXJICHHUS IUIOIMAMN O0TacTH, KOTOpas OmuchiBacTcs (GyHKmuer (X,Y) HCHONB30BaJICS METO[
Mounre-Kapio, KOTOpBI MO3BOJISET MPUOIMKECHHO BBIYUCIATH IUIOIMIATN PA3IHYHBIX MO CIOXHOCTH

¢uryp [15].
Brluncinenue mion@aau OpoOXOJHOTO OTBEPCTUS OCYIIECTBISIETCS C MOMOLIBI ONPEAEICHHOrO

B
uHTerpana: | = IW(X)dX.
A

IMoaparerpanbhas Gyakuust W(X) 1 rpaHdIbl HHTETPUPOBaHKS 4 U B OMPEICISIOTCS BEITHYHHON
MOMEHTa BPEMEHH, IPU KOTOPOM YCTAaHABJIMBACTCA IOJIOKEHHE BXOAHOTO OTBEPCTUSI OTHOCHUTENIHHO
BBIXOJIHOTO, T.€. (POPMHUPYETCS MPOX0JHOE OTBepcTHE. OnpeneneHne noasHTerpanbHoii Gynkim W (X)
, B YaCTHOM CIIy4ae, pacCMOTPEHO Ha pHc. 7.

B MOMEHT BpeMeHH T) BXOJHOE OTBEPCTHE MEPEKPHIBAET BBIXOAHOE OTBEPCTHE B KOH(Urypauuw,
TpeJIcTaBiIeHHOW Ha puc. 7. i ¢popmupoBanus cooTBeTcTBYIOMMX TpaHun 4, B u C onpeneneHHbIX
WHTETPAJIOB U TOJBIHTErPANTBHBIX (PYHKINN HEOOXOAMMO OTHICKATh TOUYKY TepecedeHus (Touky M)
rpa¢pukoB QyHKIMA 1(X,yY) ¥ ©5(X,Yy), KOTOpBIE 3aAai0T TPaHMLBl BBIXOJHOI'O OTBEPCTHS B

KOHKPETHBIII MOMEHT BPEMEHHU.

Puc. 7. Onpedenenue noovinmezpanoHotl yHKYuU U epanuy UHmezpupoBanus ¢ OnpedeseHHbIX UHMezpaax,
KOMOopble NO360ISI0M GbIHUCIUMb NIOWA0bL HPOXOOHO20 OMBEPCMUs

CrnetyeT y4ecTh, 4TO B3aUMHasi KOHQUrypaiys 00JacTH BXOIHOTO OTBEPCTHS U 00J1aCTH BBIXOTHOTO
OTBEPCTHS  ONPEACNAET BHJ TMOABIHTETPAJbHOW (YHKIMM UM TPaHUI] WHTETPUPOBAHHUS B
COOTBETCTBYIOIIUX OMNPEACICHHBIX WHTErpaiaX, KOTOPbhIC UCIOJIB3YIOTCS JJISI BHIYUCICHUS TJIOIA M
MPOXOHOTO OTBepCcTHs. OUEBUIHO, YTO UCKOMBIA HHTETPaI, C [IOMOII[HI0 KOTOPOI'0 HAXOUTCS TUIOMIA b
MPOXOIHOTO OTBEPCTHS, IPECTABIISAETCS B BUJIC CYMMBI JIBYX HHTEIPAJIOB:

x=B x=C Xx=B
1=2 [ W)dx=2 | [b+\/R22—(x+a)2}dx+2 [ \r2=[x+Br -ra(o)dx,

x=A X=A x=C
rae To4dka 3 KOOpAMHAaTaMH (a, b) OIpeaecasaeT LUCHTP OKPYXHOCTH OKPYIJICHUSA, T — BCIMYMUHA

BPEMECHHON mepeMeHHOoH; o.(T) — (yHKUMOHAIBHBIA IMapameTp, KOTOPBI MO3BOJSET YCTAaHOBHTH
KOOpAMHATHI LIEHTPa ABIDKYIIEro Kpyra (OTBepcTHs); 3 — mapaMmeTrp, KOOPAMHATHI KOTOPBIA 3ajaeT

LCHTpPAa ABMIXKUMOI'O Kpyra (OTBepCTI/IH) B HAa4aJIbHBI MOMEHT BPEMCHHU Ha4aJia IICPCKPLITU OTBepCTHﬁ.

I[aHHBIe HUHTCTpaJibl BBIYUCIIAOTCS, CJICAYS paHEC HCHOJ’IBByeMOﬁ CXEMCE, C UCIIOJIb30BAHHUEM 3aMCHBI
NEPEMCHHBIX. PaCCManHBaeMI)II)’I AJITOPUTM BBIYUCIICHUSA IIJIOMIAAN IIPOXOAHOr0 OTBEPCTHA Ha OCHOBE
BBIYUCJICHHA COOTBCTCTBYIOINHX ONPCACIICHHBIX MHTCTIPAJIOB, MO3BOJJIWII MOJYUYUTh JOCTATOYHO TOYHYIO
BCJIIMIUHY HCKOMOM IIomaau. KOH(I)I/IpraLII/ISI O6J'IaCTI/I, miomanab KOTOpOﬁ HCO6X0)_'[I/IMO BBIYHCJIIMTD IIPpHU
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OTpeeNIeHN: WCKOMOW IUIOMAAN TPOXOJHOTO OTBEPCTHS, yCTAHABIMBACTCA /ISl KaKIOW SUCHKH
KBaJpaTHOM CETKHU.

[1nomane NpoXoaHOro OTBEPCTUS HAXOIUTCS KaK pa3HOCTh: -1,

[TpuBeaeHHBIH adrOPUTM CTAT OCHOBOH MpH pazpabOTKe MPOrPaMMHOTO MPOIYKTa JUIsl OTIPeIeIICHHS
wiomaned, (GopMHUpPyeMBIX BIYCKHBIMH W BBITYCKHBIMA OTBEPCTHSAMH 30JIOTHHKa. Ha ocHoOBe
MIPOBEJICHHBIX PACYETOB IUIOIMIAICH MTePEeCeICHNN ITUX OTBEPCTHI OBLITN YCTAHOBJICHBI 3aTPaThl BO3/IyXa
B BO3JIyXOpAacCIpEeIEIUTENbHON cCTeMe THEBMOJIBUTATeNsl M YTOYHEHBI pa3Mephl KaHAJIOB MOJBEACHUS
Y OTBEJICHMS BO3/yXa.

Pacuer BozgyxopacnpenenuTeaTsHON CHCTEMBI U TApaMeTPOB CKATOTO BO3yXa MPH BITYCKE BOILIA
OTJENBHBIM OJIOKOM B OOIIYIO0 JUHAMHYECKYIO MOJENIb PacyeToB pabovrX MPOLECCOB aBTOMOOHIBHOTO
MTHEBMOJIBUTATES.

B cooTBeTcTBHHM € TpOBENEHHBIMH pacdeTaMH ITOCTPOCHBI padodne YepTekH W H3TOTOBJICH
HCCIIeIOBATEIBCKUI oOpa3zerg BO3/yXOpaclpeneInTeTbHON CHUCTEMBI aBTOMOOMIIEHOTO
MTHEBMOJIBUTATEIS.
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Po3paxyHkoBa MozeNnb 1JI OLIHKU JOBMOBIYHOCTI €JIEMEHTIB KOHCTPYKIIIH 32
HAssBHOCTI OTBOPIB Ta TPIIMH

IK.I. lertsapboB, 20.J1. 3aiinensapr, °P.I1.Mockanenko, FO.B.Haymenko
8 [ncmumym npo6nem mawunobyoyeanns HAH YVipainu im. A.M. ITidzopozo
synuysa Iloaxcapcorozo, 2/10, Xapkis, 61046, Ykpaina
! Hayionanonuii aepoxocmivnuii yuisepcumem im. H.€. Kyxoscvkozo «Xapxiecvkuii asiayiiinutl incmuntymy
synuysa Yxanosa, 17, Xapxis, 61000, Ykpaina
2 Xapxiscokuil nayionanvuuil ynieepcumem iveni B.H. Kapasiua,
nrowa Ceoboou 4, Xapxie, 61022, Vrpaina
rmphd2016@gmail.com

PosrnsHyTo 3a1auy BU3HaYEHHS KiNBKOCTI IIUKJIIB 0 PYHHYBaHHS I €JIEMEHTIB KOHCTPYKIIii, IKi MAIOTh TEXHOJIOT14HI OTBOPH
KpyroBoi ¢opmu i1 mocnabieHi TpimuHaMu. BBakaeTscs, MO KOHCTPYKIIA MigAaHa il MUKIIYHOTO HABAHTAXEHHS (PO3TAT-
CTHUCK) 13 3aJaHMMH YaCTOTOIO 1 aMIUTITy1010. P0o3po0iieHo MeToquKy BH3HaUEHHS KOe(illi€HTIB iHTEHCHBHOCTI HaNIPY>KeHb JUIS
eJIeMeHTa KOHCTPYKIIi 3 JBOMa CUMETPHYHNMH TPIlIMHAMH, [0 BUXOAATH Ha KOHTYP OTBOPY. 3aady BU3HauUeHHs KoedirieHTa
IHTEHCHUBHOCT] HANpPYXEHb 3BEICHO O PO3B’S3aHHS CHHTYSIPHOIO IHTETPAIBHOrO PiBHSAHHSA. [l OTpHMaHHS YHCIOBOTO
PO3B’SI3Ky I[OTO PIBHSHHS BHKOPHCTaHO METOJ IPaHHYHUX eneMeHTiB. OTpuMaHo (opMynu il e(hEeKTUBHOTO YHCIOBOTO
BU3HAUCHHS CHHTYIIPHUX IHTErpaliB i3 ocobnmuBocTsamu tumy Komri i Anamapa. [IpoBeneHo qOCHiIKeHHS TOYHOCTI PO3B’A3KY
OUX CHUHTYJSIPHUX piBHSAHb. PO3INSHYTO TpaHWYHI €IEMEHTH 3 PI3HOK AamnpoKCHMali€lo TycTHHI. BcraHoBieHo, mo
BUKOPHUCTaHHS TPAaHUYHHX EJIEMEHTIB 13 KyOi4HOIO anpOKCHUMALIE0 TYCTUHH MPUBOAUTH A0 CYTTEBOTO IMiABHUIEHHS TOYHOCTI
po3B’s3Ky. ['ycTuHnm,, sKi QIrypyroTh SK HEBiIOMi (YHKIII B pO3TIIAHYTUX 1HTETPAJIbHUX PIBHAHHAX, BUKOPUCTOBYIOTHCS IS
obuucieHHss Koe(ilieHTIB IHTEHCHBHOCTI HampyXeHb. I[IpoBeleHO NOPIBHAHHA AHANITHYHUX 1 YHCIOBHX pO3B’SI3KIB
PO3IIISIHYTOTO CHUHTYJISIPHOTO PIBHSHHS. 3 BHUKOPHCTaHHSIM HOPOTOBOTO 3HAYEHHS Koedilli€HTa IHTEHCHBHOCTI HANpY)XEHb
BU3HAYAETHCS MOYATKOBA NOBXHHA, IPH SIKifl IMOYMHAETHCS PO3BHTOK TpimuH. Ha mincrasi kpurepito [lepica Bu3HaueHO
KPUTHYHY KiJIBKICTh IUKJIIB HaBaHTaKCHHs, 3a sIKe TPINIMHA MiAPOCTAE 10 HENPUIyCTHMOro po3Mipy. Lle kputuune umcio
LUKIIIB € XapaKTEPUCTUKOIO JOBrOBIYHOCTI. Il MOPIBHAHHSA XapaKTEPHCTHK JOBrOBIYHOCTI PO3TIISIHYTI 33/a4i BH3HAYEHHS
KPUTHYIHOTO YHCJIA IUKIIB IS ITACTUH 3 OANHOYHHUMH 130IbOBAaHUMH TPIIIMHAMH 1 3 JTAHIIOKKaMU TpimuH. BetanoBneHo, mo
MIPU OIHAKOBOMY PiBHI HaBaHTa)KCHHS HaiMEHIE KPUTHYHE YUCIO LUKIIB BIAMOBITA€ €IEMEHTY KOHCTPYKIII 3 Tpill[MHAMH B
Oe3mocepeHil OIM3BKOCTI Bifl TEXHOJIOTIYHUX OTBOPIB.

Knwuoei cnosa: 0oszosiunicms, mpiwuna, KoeQiyieHm IHMEHCUBHOCI HANPYICEHb, CUHSYIAPHI IHMeSPAanbHi DIGHAHHA,
xpumepiu llepica.

PaccmoTpena 3amaua ompeneneHHs KOJNMYECTBA LUKIOB [0 pPAa3pyHIEHHS JUIl DJIEMEHTOB KOHCTPYKIWH, HMMEIOMNX
TEXHOJIOTHYECKHE OTBEPCTHUS KPYToBOi (hOpMBI M OClablieHHbIX TpelnHamu. [Ipeanonaraercs, 4To KOHCTPYKIHS HO/ABEpIKEHa
JEUCTBUIO LUKIMYECKOW Harpy3ku (pacTsDKeHHe-CKaThe) C 3aJaHHBIMM 4acTOTOW M aMIuMTynod. Paszpaborana meronuka
onpeneneHnsT KO3((GUIMEHTOB MHTEHCUBHOCTH HANPSDKEHWH IJIsI DJIEMEHTa KOHCTPYKLIHHM C JBYMS CHMMETPUYHBIMU
TPEIIMHAMH, BBIXOASAIINMY Ha KOHTYp OTBEPCTHs. 3a/aya onpeneieHus kodhpHineHTa HHTEHCHBHOCTH HATIPSIICHUI CBeJleHa
K PEIICHUIO CHHTYIISIPHOTO HWHTETrPalbHOTO ypaBHEHHSA. JJIi YHCIEHHOTO PEIICHUS 3TOTO ypaBHEHHS HCIIONB30BAaH METOJ
TPaHNYHBIX 37eMeHTOB. [lomydeHsr ¢popMymsl 1t 3((GEKTHBHOTO YHCISHHOTO ONPENENeHHS! CHHTYIAPHBIX HHTETPATOB C
ocobernnoctssvu tuna Komn 1 Axamapa. IIpoBeneHo mcciaeoBaHHEe TOYHOCTH PEUIEHHs PacCMaTPHBAEMOTO CHHIYISIPHOTO
ypaBHEeHUsI. PacCMOTpeHBI TpaHIIHBIE 3JIEMEHTHI C PA3TNIHON allPOKCHManue! INIOTHOCTH. Y CTAHOBJIEHO, YTO HCIIOJIb30BaHUE
TPaHUYHBIX JJIEMEHTOB C KyOM4YecKOW ammpoKcMMalyeil IUIOTHOCTH IPHBOJIHUT K CYIIECTBEHHOMY IIOBBILICHHIO TOYHOCTH
pemenus. [InoTHOCTH, GUTypUpYIOIIUE B Ka4YeCTBE HEM3BECTHBIX (DYHKIMIT B pacCMaTpUBAEMbBIX MHTETPAIBHBIX YPAaBHEHHSX,
UCTIOJNB3YIOTCS JJIsI BBIYMCICHUST KO3((GHUIMEHTOB WHTEHCHBHOCTH HampsDKeHWH. [IpoBeeHO cpaBHEHHE aHAJIMTHYECKHX W
YHCIICHHBIX PEIICHNH pacCMaTpUBaeMOT0 CHHTYJSIpHOTO ypaBHeHus. C HCIOIb30BaHUEM OPOTOBOT0 3HaYeHHs K03 GHIeHTa
WHTCHCHBHOCTU HANPSHKEHUH ONpEeReNseTcs] HadanbHas JUIMHA TPEUIWHBI, IPH KOTOpOH HauWHaeTcs pa3BuTHe TpemmH. Ha
ocHOBaHUH KpuTepws [leprca BBIYNCIEHO KPUTHUECKOE KOINYECTBO IUKIIOB HATPY>KEHUsI, 3a KOTOPOE TPEIINHA ITOIPacTaeT 0
HEJIOIMYCTHMOTO pa3Mepa. JTO KPUTHUYECKOE UHCIIO IUKIJIOB SBISETCS XapaKTepPUCTUKON MONTOBEYHOCTH. st cpaBHEHHMS
XapaKTEPHUCTHK JOJITOBEYHOCTH PACCMOTPEHBI 3a/1adl ONIPEICNICHNS] KPHTHUECKOTO YHCIIA IUKIIOB JUIS INTACTHH C OJHHOTHBIMH
M30JIMPOBAaHHBIMU TPEIIMHAMY U C LIETIOYKaMU TPELIUH. Y CTAHOBJIEHO, YTO IIPU OAMHAKOBOM YPOBHE HAarpy»K€HUs HaMEHbIIIee
KPUTHUYECKOE YHCIIO [IMKIIOB OTBEYAET 3JIEMEHTY KOHCTPYKIMHU C TPEIIUHAMU B OKPECTHOCTH TEXHOJIOTHYECKUX OTBEPCTHH.

Knrwueeswvie cnosa: doncoseunocms, mpewjuna, Ko3Q@duyuenm uHmMeHCUGHOCU HANPANCEHUL, CUHSYIAPHbIE UHMESPATbHble
ypasuenus, kpumepuii Ilepuca.

The problem of determining a number of cycles to failure for structural elements having technological holes of circular shape
and weakened by cracks is considered. It is assumed that the structure is subject to cyclic loading (tension-compression) with
given frequencies and amplitudes. A technique for determining stress intensity factors for the structural element with two
symmetrical cracks adjoining a contour of hole has been developed. The problem of determining the stress intensity factor has
been reduced to solving a singular integral equation. For the numerical solution of this equation, the boundary element method
has been used. The formulas for the effective numerical simulation of singular integrals with singularities of the Cauchy and
Hadamard type have been obtained. The solution accuracy of the considered singular equation is investigated. Boundary elements
with different density approximations are considered. It has been established that the use of boundary elements with a cubic
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approximation of density leads to a significant increase in the solution accuracy. Densities appearing as unknown functions in
the considered integral equations are used to calculate stress intensity factors. Comparison of the analytical and numerical
solutions of the considered singular equation, as well as the analytical and numerical values of the stress intensity coefficients
has been performed. The initial crack length starting crack development has been determined by using the threshold value of the
stress intensity factor. The critical number of loading cycles leading to cracks of an unacceptable size has been calculated based
on the Paris criterion. This critical number of cycles is a characteristic of durability. To compare the durability characteristics,
the problems of determining the critical number of cycles for plates with single isolated cracks and with crack chains are
considered. It has been established that at the same loading level, the smallest critical number of cycles corresponds to a structural
element with cracks in the vicinity of technological holes.

Key words: durability, crack, stress intensity factor, singular integral equations, Paris criterion.

1 Beryn

PeanpHi TexHONOTIUHI MaTepiany, siKi BUKOPUCTOBYIOTHCS B CY4aCHHX KOHCTPYKIISAX Ta CHOpYJax,
3a3BUYail MAalOTh PI3HOTO POAY MiKpoaedeKTH, pO3BUHEHHS AKUX ITiJ] JI€I0 MPUKIAICHUX HABAHTAKCHb
MOJKE TPHU3BECTH SIK 10 BUXOLY 3 JIaAy OKPEMHUX JieTajeil Ta BY3JiB, Tak i A0 PyHHYBaHHS BCi€i
KOHCTpYKIli. Ha TenepimHiii yac BenMka KUIBKICTh 00JaJHAHHS B HAPTOXIMIUHIA Ta €HEPreTUYHIH
ramy3sx YKpaiHu MpaKTUYHO BiATIpaIfoBaia CBii HOPMATHBHUN pecypc. B 3B’S3Ky 3 IIUM BHHHUKAIOTH
MUTaHHS KBaTi(hiKOBaHOI OI[IHKM 3aJIMIIKOBOTO pecypcy 00IaHaHHS 3 METOI BCTAHOBIIEHHS YePTOBOCTI
MoJIepHi3allii Ta 3aMiHM 3acTapiIuX By3JiB ycTaTKyBaHHS. [IpH OMLiHIII 3aJIMIIKOBOTO PECYPCY BaXKIUBUM
(hakTOpOM € BHU3HAYECHHS JIOBTOBIYHOCTI OOJIaHAHHSA 32 YMOBH HAsSBHOCTI Ta PO3BHHEHHS BTOMHHX
TPIIMH Tif Ai€l0 NUKIIYHAX HaBaHTaeHb. [loyaTkoBa MOBKWHA BTOMHHUX TPIIIMH € HAJA3BUYAHHO
MaJIOI0, caMe TOMY TaKi TPIIIMHH HE 3aBXKAU 1IeHTUQIKYIOTbCS NPH Bi3yalbHOMY OIJISAI MiJ 4ac
TUTAHOBUX PEMOHTHHUX po0iT. TOMy MOCIiPKEHHS TPH OLIHIII JOBMOBIYHOCTI IPOBOJIATH JIJISl TaK 3BAaHUX
MOJIeNpbHUX TpimmH. lli MOmenmpHI TPIMIMHM pPO3TAIIOBYIOTh B MICIIX HAWBUIIOI KOHIIEHTpAIii
HanpyxeHb. OCKUIBKH 3a3/alerilib HeBijioMa modaTkoBa (opMa TpIlIMHU, BHHUKAE HEOOXIIHICTDH
JIOCITI/PKEHHST TPIIIUH pi3HOi ()OpMHU 32 YMOBU OJHAKOBHUX YMOB HABaHTa)KCHHS 3 METOI BH3HAYUTH
HaNOUTRII HeOe3MeuHi TPIIMHY 1 JalTi JOCTIIUTH JOBTOBIYHICTh €JIEMEHTIB KOHCTPYKIIiH caMe 3 TAKIMH
TpimuHamMu. Ha 1eil dac icHye 3HadHa KIJBKICTh HAYKOBUX Ipallb, MPUCBIYCHHUX IOCIIHKEHHIM
JIOBTOBIYHOCTI TiJl 3 TPIIIMHAMH, YTOUHEHOMY BH3HAYEHHIO KOe(illi€HTIB KOHIEHTpalii Hampy>XeHb,
BpaxyBaHHIO TUTACTUYHUX Aedopmariid B okomwii BepmmH TpimuHU. Cepen muX mpaib 3a3HadyuMO
Binomi MmoHorpadii Auapeiikisa O.E., lapuayka A.L, [1] Ilanacioka B.B., AnapeiikiBa O.E., Kosuika C.€.
[2], MaxyrtoBa H.A [3], TTanacroka B.B., CaBpyka M.II., Hamumua A.IL. [4] Ta cratti [5] —[ 7], B skux
JICTAJIbHO BUCBIT/IIOIOTHCS 3a3HA4CHI MuTaHHs. HOBITHI AOCIKEHHS 3 TEOPIl TPIIIMH Ta BKIKOYEHb, 1110
YTBOPIOIOTH CKYMUYEHHS, € (YHAaMEHTOM JUIS CTBOPEHHS CYYaCHHX TEXHOJIOTIH BH3HAYCHHS
3aJIMIIKOBOTO pecypcy. B po0oTi [8] moOymoBaHo 0a3y maHuX IIOJO0 TPIlllUH B TpyOorpoBoaax. B [9]
HaJIaHO OI[IHKY JIOBrOBIYHOCTI aBialliiHOro 00J1aiHaHHs 3 MiKpoTpinuHaMu. B po6oTi [10] BuB4at0ThHCS
B3a€MOJIIFOYI TIOBEPXHEBI TPilMHM, B [11] MOCHTiKeHO BIUIMB JIAHIIOKKIB TPIIIUH Ta MOp HA MIIHICTh
3BapHOTO IIBA MPU TEMIIEPaTypHOMY HaBaHTAKCHHI. AKTyaJbHUM 3QJIMINAETHCS MUTAHHS BU3HAYCHHS
HaOIbIl HeOe3MeYHWX TPINIMH, HASBHICTh SKUX TNPU3BOJUTH JO IIBUAKOTO pYHHYBaHHS
KOHCTPYKTHBHHUX €JIEMEHTIB.

2 3aranbHe ¢oOpMYJIOBaHHS 3agadi pPO3PaxXyHKY JOBIOBIiYHOCTI MUIOCKHX eJeMEeHTIB
KOHCTPYKUii 3 TpilluHAMKA

[Ticast gocTiKEHHS CTATHYHOTO Ta TMHAMIYHOTO HAIPy»XEeHO-1e()OPMOBAHOTO CTaHy Ta BU3HAYCHHS
4acTOT BUIBHUX KOJHMBaHb KOHCTPYKLIH 3a JOMOMOIOI €KCIEPUMEHTAIBHUX METOJIB a00 YHCIOBUX
METO/IiB CKIHYEHHHX Ta rpaHUIHUX esieMeHTiB [12]-[14] 3’scoByI0ThCsl 30HM HAHOLIBIIOT KOHIIEHTpALTIT
HanpyXeHb B KOHCTPYKTHBHOMY eneMeHTi. Lli 30HM 3a3BHuail po3TaloOBYIOTHCSA MOOJIM3Y OTBODIB,
IpaHUIb €JIEeMEHTIB, MICIb pO3TAllyBaHHS 3BapHUX MIBiB, puc.2.1 a)-B). Came B IHMX 30HaX
PO3TAIIOBYEMO MOJEIbHI TpiluHy, 2.1 a),B), a00 JIAHIFOKKH TpiluH, puc. 2.10). Jam po3risgaemo
3aja9y BU3HAYCHHS KUTBKOCTI IUKIIB, SK€ BUTPUMYE €IEMEHT KOHCTPYKIIIi 0 pyHHYBaHHS 3TiJHO 3
oOpaHuM KkputepieM. B npoMy nocmipkenHi Bukoprctano kpurepii Iepica [15].

PosrnsiHyTi 1307p0BaHa TpimuHa, puc. 2.1a), JAHIFOXKOK TpimuH, puc. 2.10) Ta aABI cHMETpHYHI
TPIIIMHY, IO BUXOAThH HA Kpait 0TBOPY, , puC. 2.1B).
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i\
a) 0) B)
Puc.2.1.Mooenvni mpiwunu

PosrnsimaeMo TUIOCKI  €IEMEHTH KOHCTPYKIIH, SIKI 3HAXOAATHCA TiJ JI€H0 3HAKO3MIHHOIO
HaBaHTA)XEHHS PO3TATY — CTUCKY B HANPSIMKY, [IEPIICHANKYISIPHOMY JIiHi1 pO3TalIlyBaHHS TPIILIKH.

IIpumycTiMo, MO MOJENbHA TPIIMHA PO3TAIIOBAHA B3IOBXK KOHTYpY Lo. Hexait L;(i=12..K)-
KOHTYpH OTBOpiB 200 rpaHuib enemMenTy. I[Ipu BukopucranHi inTerpansHux 300paxess [ 16] mozHauaemo
HEBiOMi TYCTMHM fK o,,0, Ha KOHTYpi Lo, a ma komrypax L(i=12..K) sx B,,7,(i=12,..K).
[lo3naunmo sk nlj,nzj(j =0,2..K) KOMIOHEHTH 30BHIIIHBOI OJMHMYHOI HOPMAi IO BiATOBITHHX

KOHTYpiB. [IpUIyCTHMMO, IO €JIEMEHT KOHCTPYKII 3HaXOAWUTHCA IiJ JI€I0 3aJaHUX 30BHIIIHIX
HaBaHTaXeHb Si1, S12, Sz2. B [16,17] mokasaHo, mo Hesizomi dpymkuii oy, a, Ta B;,v;(i =1,2,...K) Moxkua

BU3HAYUTH 3 cUCTeMHU 2K + 2 TiNepCHHTYISPHUX 1HTETpaIbHUX PIBHSIHB BiTHOCHO 2K + 2 HeBimoMux
hyHKITIT al,az,ﬁi,yi(i :1,2,...K)

M IZZ:Hi(gi’Xj)ai(ao)dLO +ij[ﬂ(ﬁi'iji(ai)Jle(ai'Xj)Yi(éi JHL f=nis, +nisy,,

L, i=L i=1 u

Lo i=1

M .[ZZ:Hi(@ivXj)O‘i(io)dLo+Z:‘”P2(§i’Xjﬁi(&i)Jsz(ﬁi’Xj)Yi(ai)]dLi =0{Sy, +1Sp,  (21)

: P +p)
e |=012.K, M=—————"" A, u— mapame Jlame.
e j O 20) u — napametpu Jlame

[lepmri onaHky B iHTErpajibHUX PIBHAHHIX cucTeMH (2.1) € TinepcHHryIsIpHUMU CKIagoBUMU [16],
a B sapax Pl(E_,i,X j), Ql(E_,i,X j), Pz(éi,x j), QZ(E_,i,X j) HasBHI Jorapudmiuni ocobnmBocTi abo
ocobimBocti Tuiy Komw, sKio Toukn &;Ta X; cmiBnagaioTh. Yncinose poss’szaHHs cuctemu (2.1)

3MICHIOETHCS METO/IOM TpaHUYHHX eneMeHTiB [17], [18].
s xoedinientis inTeHcuBHOCTI HanpyxeHsb (KIH) Mmaemo Bupasu

G - a,(x) G oy (x)
k,=———n%S,, +nS,, | lim =222 k,=——(n%S,, +nJS,, Jlim =122 2.2
1 27:(1—\/)(1 12+ 22)HO Jr 2 zn(l_v)(l 11 TN 12)r_>0 Jr (2.2)
Jie I — BIJICTaHb MK BEPIIUHOIO TPILIMHHU Ta TOUYKOIO criocTepeskernHs1, G — MOJLyIb 3CYBY, V — KOSIiIli€eHT
Ilyaccona.

st 130J60BaHOT TPILMHKM TOBXKHUHOIO 2|, puc. 2.1a),MaeM0 Taky CHCTEMY TilEPCUHTYJISIPHUX
piBHsHB [17]:

| [
M j al(&)dg — 812, M I az(i)dfa — 822 . (23)
% (x=¢) % (x=¢)

SIKI0 pO3riIAAaeThCs JAHIOKOK TPIIIMH B YMOBaxX [ii HaBaHTaKEHHS, MEPIECHAUKY/ISIPHOTO JTiHIT
po3TaIlyBaHHs TPilKH, puc. 2.16), To BiAMOBIJHE rinepCcUHTYISIpHE piBHHHS HaOyBae Bursiny [7], [17]

j “z(i)ki mdé = p(x); p(x)=8;/M, (2.4)
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ne | — momoBMHA MOBKUHY TpiluHU, d — BiICTAaHbh MiX IICHTPAMHU TPILIIUH B JIAHITFOXKKY.

B 3anmadi Bu3HaueHHs KOHIEHTpALil Halpy>KeHb IS €JIeMEHTY KOHCTPYKIIi 3 0TBOpOM pazniycy R ta
JIBOMa CHMETPHYHUMH TPIIIHHAMH JOBXHUHOIO |, prc. 2.1B),I0 BUXOASATh HAa Kpail OTBOPY, MAaEMO
CUHTYJISIpHE PiBHSHHS [4]

[K&)a, ()dn =75, (25)
0

ne  Km,&)=PM,)+SM,§),
P(n.E) = 1 2 +2(<iz+4n<i—2n2)+27~§(<iz+9n§+§n2)+
n-& 1+Ag 2(L+28) (L +An)(n+E+Ang)

N 2N°NE(4E% +12nE +3n%) + I°N°E? (E+ ) + 3N °E’
2(1428)° A+ )+ E+ )
Ao M8 -2mE-E A’ -’ E-TE - E)]
2(1+)E) 2(1+2E)* (L+An)(M+E+AE)?

 MAnEBE? +8nE+n°) + 3N E’ (E+ ) +A'nE’]
2(1+2A8)* (L+Am)(N+E+28)? '
Tyt A =1/R. Yucnosi po3B’sa3ku OTpHMaHi 3 BUKOpHCTaHHsAM S0 IpaHHUYHHUX EJIEMEHTIB 31 CTaJolo
anpOKCHUMAIIIEI0 TYCTUHU BeepeanHi eneMmeHTiB [17], [18].

Ha puc. 2.2 HaBeieH] YMCIIOBI Ta aHAJIITUYHI PO3B’SI3KU TIEPCUHTYJISPHUX PiBHAHB (2.3), puc. 2.2a)
Ta (2.4), puc. 2.20).

S(,&) =

-0,485 +

-0,490 4

-0,495 -

-0,500

a) 0)

Puc.2.2. Ilopienanns uuciogux ma aHATIMUYHUX PO36 S3Ki8

Cymuineai JiHiT Ha puc. 2.2 BiANOBIJAIOTh aHANITHYHUM PO3B’s3KaM, KparnKaMd TMO3HA4YeHi YHUCIIOBI
PO3B’SI3KHM, B pO3paxyHKax Oyyo jocsarHyTo Tounicts € =103, Taka TounicTs Gyna JOCATHyTa IIpH
BUKOPUCTAaHHI T'PaHUYHHUX EJIEMEHTIB 3 KyOIYHOIO anpOKCHMAIlI€I0 HEBIIOMUX TYCTHH Ha €lIeMeHTax
[17]. 3acTocyBaHHsS TpaHMYHHX E€JIEMEHTIB i3 KBaApaTu4HOKO. JIIHIHHOIO Ta CTANOI0 alPOKCHUMALIEO
I'yCTUHHM JIO3BOJIMIIO OTPMMATH JIMIIE TOYHICTh, MeHIy, abo piBHy £ = 1072,

Jis BU3HAYEeHHS! KpUTUYHOT KIJTBKOCTI ITUKITIB JIO PYHHYBaHHSI BHKOPUCTAHO 3anexHicth [epica [15].
Lst 3as1€KHICTh Ma€ BUTIISA
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dl 107 AK < AK,,
— =1C(AK)" AK,, < AK < Kje (2.6)
10° AK > Ko

Tyt | — xapakrepuuii po3mip nedexry; N — KpuTH4Ha KUTBKICTh LUKIIB; AK, — MOpOroBe 3HaYCHHS

Koe(ili€HTy IHTEHCUBHOCTI HamnpyskeHb; Kic — kputuune 3HauenHs KIH; Benuuuna AK =K, —K .,

Kmax + Kmin— MakcuManbHuii Ta MiHiMansHuii KIH 3a onuH nuki HaBaHTa)keHHs; M — MOKa3HUK CTYNEHs
KkpuBoi Bromu; C — XapakTepHa cTajia KPHBOI BTOMH.
BBaxkaeMo, 1110 HABaHTA)KEHHS B LIUKJII 33/10BOJIbHSAIOTH CIiBB1IHOILICHHIO
Omax _ _q
Omin
Tomi AK =K, K= 2K ey - UHCTIO HUKITIB A0 PyHHYBaHHS BU3HAYEHO IIUIIXOM 1HTETPYBaHHS
criBBigHOMmMEHHA (2.6), TOOTO MaeMO
1 -m
dN = =(AK)™dl;  AK,, <AK <Ky .
C

3ayBakumo, mo npu AK < AK, TpimmHM He po3BuBaroThes, a npu AK >Kic BigOyBaeThcs
JIABUHOTOA10HE PO3BUHEHHS TPIIWHM, IO BEZE A0 pyWHYBaHHS €1eMEHTY KOHCTPYKIIIi.

TakuM 4rHOM, OTpUMaHO (hopMyTy st O0UHMCICHHS KPUTUYHOTO YUCIIa LIUKIIB:

|

11 —m
N==[(aK)™dl, AK=2K,, 2.7

CII( ) @.7)

ne ly,l; — mouaTkoBuUi Ta KiHIIEBUI PO3MIPH TPILLIMHU, IO PO3TISLIAETHCS.

3 AHaJii3 YUCJI0BUX Pe3yJbTATIB

3riHO 3 HOPMAaTUBHUM JOKyMeHTOM [19] momycTrMi HanpyKeHHSI OCHOBHOTO METAIly CTAaHOBJISTH Go
= 147 Mma, a 15t 3BapHOTO 1IBa 1 HAMPYKEHHS CKIAAA0Th Gw= 95 Mna. BBaskaemo, 110 npukiaaeHe
HABAaHTAKCHHS JIOPIBHIOE G = OLCp, SAKIIO TPIINIMHA MICTUTHCS B OCHOBHOMY METalli, Ta G = OlCw IS
TPILLMH, 110 PO3TAIIOBaHi B 30HI 3BapHOIo IBa. PO3riIsHyTO MaTepial 3 TaKUMU XapaKTEPUCTHKAMHM:
C = 3.2*10 " MIlavM — xapakTepHa crana KpuBoi BTomH; M = 3.09 — MOKa3HUK CTENEHIO i€ KPUBO;
Kic =49 MIla vM — KpUTHUYHUI KOe]illieHT IHTEHCUBHOCTI HampyxkeHb, AK, =12 MIlavm -
noporose 3HadyeHHs KIH. Bemnumnu K, ,AK, Buznadeni na BAT «TypGoaTtom» po3paxyHKOBO-

EKCIIEpUMEHTAILHIM METOJIOM 3 ypaxyBaHHIM Pe3yNbTaTiB TOCTiUKeHHS sIKocTi MeTamy [20].

Ha puc. 3.1 mudppamu 1 nosnaueni zanexunocti AK Bix nosxunu tpimmeu | npu o = 1, undpu 2
BiAMOBiAal0Th Koedinienty HaBaHTaxeHHs o = 0.1. Lndpamu 3 noznaueni noporosi 3HaueHHs KIH AKy,
a rudpamu 4 — kpurnuHi 3HaueHHs KIH Kic.
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Puc. 3.1a) 300paxye KIH nmis i30150BaHOI TPIIIUHYU B MPYXKHIN MioniuHi, puc. 2.1a) degexm I;
puc.3.16) signosinae KIH ans nammoxka tpimme, d =0.025M, puc. 2.16), degpexm 2; na puc. 3B)
nokazano 3Mminy KIH i 1BoX cuMEeTpUYHHX TPIMIMH, IO BUXOAHTH 3 KPYTOBOTO OTBOPY pazdiyca R
=0.1wm, puc.2.1B), degpexm 3.

3 oTpuMaHHX pe3yJabTaTiB pOOMMO BHCHOBOK IMpo Te€, WLIO0 TMpPH PiBHI HaBaHTaKCHHS
6=0.1c0=14.7MIla mns ocHoBHoro wmertany, Ta o =0.1low=9.5 Mlla nna 3BapHHX IIBiB HE
BiIOYBa€THCSI PO3BUHEHHS TPINIMH 3 MOYATKOBUMH po3Mipamu MeHm HiX 0.005M. 3ayBakumo, II0
3a3BU4ail TpimmHN 3 po3Mipamu, Oimbmr HiK 0.005M BBaXKarOThCS HEMPUITyCTUMUMH. T00TO, micis
MPOBENICHHS OTJISAOBUX POOIT €IEMEHTH KOHCTPYKLIH 32 HASSBHOCTI TAKUX TPILIMH MiAISATaI0Th PEMOHTY
abo moaepHizamii [19].

Jami 3’sicyeMO TOYaTKOBI pO3MIpH TPIIUH Ui HaBaHTaXeHb G = cp= 147Mlla mias ocHOBHOTO
MeTaly, Ta ¢ = oy =95 Mlla mns TpimumH, 1m0 po3TamioBaHi B 30HI 3BapHHX MIBiB. OTpUMyeMO Taki
sHadenss: |y=0.0005M 1t i30,1b0BaHOI TPIMIMHKA B 30HI OCHOBHOTrO Metany, lo=0.0012m s
JAHIFOKKA TPILIMH, [0 PO3TAIIOBaHWi B 30HI 3BapHOro mmsa, lo=0.0002m st TpimuH Oist
TEXHOJIOTIYHOTO OTBOPY B OCHOBHOMY MeTani. TpilllMHH, 10 MalTh MOYAaTKOBHH PO3MIp MEHII 3a
obuwmcreni 3HaueHns |y, 3rigno 3 kpurepiem Ilepica, He PO3BHBAOTHCS.

O0YMCIMMO Temnep KUTBKICTh IMKIIIB HaBaHTKEHHS JJI1 KOXKHOTO 13 3a3HaueHUX Ne(EKTiB, SIKIIO
JIOBKMHA TPIIMHU 3MIHIOETHCS BiJl I04aTKOBOrO 3HayeHHs |, 10 kinmesoro snavenns l; = 0.005m, a6o

JI0O TOTO 3HAYCHHS, SIKE € HEMPUITYCTHMHM 3 TOYKH 30py Kpurtepiro AK >Kic. OTpumMaHi pe3ynbTaTtu
HaBejeHl B Tadimuni 3.1.

Tabauysa 3.1.Kinvkicmo yuxiie HA8aHMAaNCeHHs

N nedexry ly, m I, m Kinoxicmo yuknie
1 0.0005 0.005 8485
2 0.0012 0.005 2647
3 0.0002 0.003 413

Hapnani pe3ynbraTi CBiI4aTh IO T€, 110 HABAHTAKEHHS 3 aMILTITYIaMH, SKi IIPAKTUYHO JJOPiBHIOIOTH
JIOITyCTUMHM, TIPU3BOJSATH JI0 MIBUIKOTO PYHHYBAaHHS €I€MEHTY KOHCTPYKIUIl 3 TpimnHamu. HaitGinbim
HeOe3MeYHUMH BUSIBIIIUCH Ae(EKTH, IO PO3TAlIOBaHi MOOJIM3y TEXHOJOTIYHOTO OTBOPY; B I[LOMY
BUMAAKY KUIBKICTh NHKIIB JO MiIPOCTaHHA TPIIIMH A0 HENPUITYyCTUMHUX PO3MIpiB, € Ha TOPSIOK
MEHIIIOI0, HIXK JJIS SIK 130JIbOBAHUX TPILIIMH, TaK 1 JIAHIFOXKKIB TPILI[HH.

4 BuCHOBKH

Po3pobiieno MeTon po3paxyHKy KpUTHYHOT KiJTPKOCTI ITUKJIiB HABAHTKEHHS €JIEMEHTIB KOHCTPYKIIii,
IO 3HAXOMATHCSI B YMOBaxX 3HAKO3MIHHOTO IMKJIIYHOI'O HaBaHTaXEHHs. [IpUmycKaeThCs, MO B 30HAX
HaOIBIIOT KOHIIEHTpAIll HANPY)KeHb MOXYTh 3HAXOIUTHCH JeQeKTH TUTa TpiuH. KilbKicTh IUKITIB
HaBaHTAXXEHHs, sIKa MPU3BOIUTH JIO TIIPOCTAHHS TPIIIUH J0 HEMPUIYCTUMHX PO3MIpiB, BU3HAYAETHCS
3rigHo 3 kpurepieM llepica, skuil nepeadavae MOKIMBICTh 00YMCICHHS KOe(IIiEHTY iHTEHCHBHOCTI
HanpyXeHb JUIS 3MIHHOTO pO3Mipy TPIIIMHM Ta 33JJaHOTO PiBHS HAaBaHTa)XeHb. PO3IIISHYTO 1307b0BaHY
TPILIMHY, JAHIIOKOK TPIIMH Ta ABI CUMETPUYHI TPIMIMHH, IO BHUXOAATH Ha Kpail orBopy. s
o0uncieHHsT KoedilieHTIB 1HTEHCHBHOCTI HAaIPy:KE€Hb 3alpONOHOBAHO BUKOPUCTOBYBAaTH (HOpMYIIH,
3aCHOBaHI Ha 3aCTOCYBaHHI aCHMIITOTHYHOI MOBEIIHKH PO3B’S3KIB TIMEPCHHTYJSPHUX 1HTErPalbHHUX
piBHSHB. 3’4COBaHO, IO TPIIIMHM, AKI 3HAXOIAATHCA B OKOJII OTBOPIB, € HaWOUIbII Hebe3neuHumu. B
NOJANBIIOMY TepeadavaeTbesi JeTalbHEe BHUBYEHHS BTOMHHUX TPILIMH, AKi 3HAXOIATbCA B OKOJI
TEXHOJIOTIYHUX OTBOPIB, 13 3aTy9E€HHSIM METO/Ty CKIHUCHHHUX €JIEMEHTIB.
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MonenroBaHHS KOJIMBAHb PIAMHU B MIPU3MAaTHYHUX Pe3epByapax 3 XpeCTOBUMU
IIEPEropoaKaAMHU

11.B. KproTuenxo
Y Incmumym npobrem mawunobyoyeanns HAH Yxpainu im. A.M. ITiozoprozo
ya. Hoowcaperoeo, 2/10,. Xapxis, 61046, YVrpaina
wollydenis@gmail.com

PosrnsgHyTi BibHI KOJMBAHHSA PIAMHA B JKOPCTKOMY NPU3MAaTHUYHOMY pe3epByapi 3 BEpPTUKAIbHUMH XPECTOBHMH
neperopoakamu. Lli meperopoAkd NOIINAIOTH pe3epByap Ha YOTHpH Bifciku. [leperopoakm maroTh 3MOTY 3MEHIIUTH
aMIUTTyly IUJIECKaHb PIIMHMA B pe3epByapi MPH PaNTOBO MPHUKJIAJCHUX 30BHILIHIX HABAaHTAXXEHb BHACIIIOK 3eMIIETPYCIB,
TEPaKTiB, aBapiHUX cUTYyalill, Tomo. [IpumyckaeThes, 10 piMHA € 11eaJbHOI0 1 HECTHCINBOIO, a ii pyX 0e3BUXpoBHil. B mux
yMOBaxX ICHy€ TMIOTCHINa]d MIBHJIKOCTEH, SKUH 3am0BONIbHSE piBHsSHHIO Jlarmaca. Ha OIYHMX TOBEpXHSX, MHUIN Ta
HeperopoJKax BUKOHYEThCS YMOBa He IpoTikaHHs. Ha BinbHINM moBepxHI 3aJaloThcsl KiHEMaTHYHA Ta JUHAMIYHA YMOBH.
KinemaTnyHa ymoBa mojsrae B TOMy, IIO Ti TOYKH PiIMHH, IO 3HAXOIMIMCh HA BUIBHIA MOBEpXHI B MOYATKOBHH MOMEHT
yacy, 3aJMIIAIOTECS Ha Lill MOBEPXHI MPOTSITOM BCHOTO HACTYIHOTO pyxy. JlMHamiuHa yMoBa IIOJSIra€ y PiBHOCTI THCKY
piavHE Ha BiUIBHIH MOBepXHi atMochepHOMY THCKY. OTpHMaHO aHANITHYHHN PO3B’S30K KpailoBOi 3amawi Ui piBHSIHHS
Jlammaca, y BUmaaKy, KoJm pesepByap Mae IHO y ¢opmi kBagpaty. [Ipu mpomy Oyno BCTaHOBIEHO, MO (OPMH KOJWBAHb
BIJTBHOI MMOBEPXHI € CHMETPUIHUMH. 3ayBaXHUMO, 10 OTpUMaHi (JOpMH KOIUBaHb € OJHAKOBHMHU B KOKHOMY BiZICiKy. YacToTH
BIJIBHUX KOJIMBAaHb PIAMHU B Pe3epByapi 3 XpPECTOBUMHU IEPETOPOAKAMH Y MOPIBHAHHI 3 aHAIOTIYHUMH YaCTOTAMH KOJIHBAaHb
NpU3MaTHYHOTO Oaka 0Oe3 meperopoiok 30UTbIIyoThCst. OTpUMaHi 4acTOTH Ta (GOPMH BIACHUX KOJHMBAaHb BUTBHOI IMOBEPXHI
PiIVHYM al0Th 3MOTy MOOYXyBaTH PO3B’SI30K KPalHoBOI 3a1adi y BUMAAKY Aii panTOBHX 30BHIIIHIX HABAaHTaXXEHb. [1pyu mboMy
MOTEHIaN MBHIKOCTEH Ta (YHKILIs, SKa ONHCYE IOBEIIHKY BUILHOI MOBEpPXHi, 300paXkaloThesl y BUMIIAL PAAAiB 3a hopMamu
BJIACHMX KOJIMBAaHb PIIMHM Ha BUTBHINM moBepxHi. lle mae 3Mory e Ha eTari NpPOeKTyBaHHS BiIOyIyBaThCs Bij HeOaXkaHUX
PE30HAHCHUX YacTOT IPH €KCILTyaTalii Ta TPaHCIIOPTYBaHHI MPU3MATHYHUX PE3EPBYapiB 3 PiIANHOIO.

Knrouogi cnosa: npusmamuynuii pesepgyap 3 piouHoio, ilbHi KOIUBAHHS, XPECMOGi nepecopooKu

Free vibrations of liquid in a rigid prismatic tank with vertical cross partitions are considered. These partitions divide the tank
into four compartments. The partitions make it possible to reduce the amplitude of liquid sloshing in the tank under suddenly
applied external loads due to earthquakes, terrorist attacks, emergencies, etc. It is assumed that the fluid is perfect and
incompressible, and its motion is vortex-free. Under these conditions, there is a velocity potential that satisfies the Laplace
equation. A non-leak condition is applied on the sides, bottom and partitions of the tank. On a free surface, kinematic and
dynamic conditions are set. The kinematic condition is that the points of fluid that are on the free surface at the initial moment
will remain on that surface for the entire subsequent motion. The dynamic condition is the equality of the fluid pressure on the
free surface to the atmospheric pressure. An analytical solution of the boundary value problem for the Laplace equation is
obtained for the case of the tank with a square bottom. The free surface oscillations have been found to be symmetrical. It
should be noted that the oscillation patterns in each compartment are the same. The frequencies of free oscillations of the fluid
in the tank with the cross partitions are increased in comparison with similar frequencies of oscillations of the prismatic tank
without partitions. The frequencies obtained and the modes of natural oscillations of the fluid free surface allow us to solve the
boundary value problem in case of sudden external loads. In this case, the velocity potential and the function describing the
behaviour of the free surface are represented as the series according to the modes of natural fluctuations of the fluid free
surface. Therefore it is possible to prevent the unwanted resonant frequencies at exploitation and transportation by designing
prismatic tanks in a particular way.

Key words: prismatic fuel tank, free vibrations, baffle, quarter baffles.

PaccMoTpeHsl cBOGO/HBIE KONEOaHHs KUIKOCTH B JKECTKOM HPU3MaTHYECKOM pe3epByape ¢ BEPTHKAIBHBIMH KPECTOBBIMU
MEepPEropoJKaMu. OTH TIEPErOPOJIKU pa3AENAOT pe3epByap Ha 4YeThIpe OTceka. Ileperopojku MO3BONSAIOT yYMEHBIIUTH
aMIUIMTYy IUISCKAaHMH JKUJIKOCTH B pe3epByape IpH BHE3alHO MPUJIOXKEHHBIX BHEUIHUX HAarpy3oK BCIEICTBUE
3eMJICTPSCCHUH, TePaKTOB, aBAPUUHBIX CHTyallnil 1 ToMy 1mojobHoe. [Ipeamonaraercs, 9To KHUIAKOCTh SBISIETCS HACATBHON H
HEC)KMMaeMoH, a ee JBIDKeHHE 0e3BUXPEBBIM. B 3THX ycloBHSX CyIecTBYeT MOTEHIMAN CKOPOCTEH, KOTOPHIH yIOBIETBOPSIET
ypaBHeHnIo Jlammaca. Ha GOKOBBIX ITOBEPXHOCTSX, JHUINE M IIEPETOPOJKAX BBIONHIETCS yCIOBHE HempoTekaHws. Ha
CBOOOTHOM MOBEPXHOCTH 33lAI0TCSl KHHEMAaTHIeCKOe M JHMHAMUYECKoe YcIoBHs. KnHeMaTmdeckoe yCIOBHE 3aKIIOYaeTcs B
TOM, YTO T€ TOUKH JKHJKOCTH, HaXO/SIIHecs HAa CBOOOJHON MOBEPXHOCTH B HaYaJbHBIII MOMEHT BPEMEHH, OCTAIOTCSI Ha 9TOH
IIOBEPXHOCTH B TEUEHHME BCETO IOCIEAYIOLIEr0 IBIKCHMA. J[MHAMHUYeCKOe YCIOBHE 3aKJIIOYaeTCs B PABEHCTBE AaBJICHUS
KHUAKOCTH Ha CBOOO/HOI OBEpXHOCTH arMocepHOMy AaBieHuIo. [loydeHo aHaIUTHYECKOe pelieHre KpaeBol 3a1aqn A
ypaBHenust Jlamiaca B ciydae, Korjga pesepByap MMeeT JHO B ¢opme kBanaparta. [Ipu 3TOM OBUIO yCTaHOBIEHO, YTO (HOPMBI
KoJIe0aHNi CBOOOHOMN MTOBEPXHOCTH SIBISIOTCS CUMMETPUYHBIMH. 3aMETHM, YTO MOJTy4YeHHbIe (OPMBI KOJIeOaHUH OMHAKOBEI
B Kayk/IoM oTceke. YacToTsl CBOOOJHBIX KOJIeOaHMUI JKUAKOCTH B pe3epByape ¢ KPECTOBBIMU IIEPErOPOKAMH, TI0 CPABHEHHIO C
QHAJOTHYHBIMH 9aCTOTaMH KOJe0aHHH IMPH3MaTHIECcKOoro 0aka 0e3 Ieperopofok, yBennuuBaloTcs. [1omydeHHbIe JacTOThl 1
(hopMBI COOCTBEHHBIX KoyieOaHMi CBOOOHONM IMOBEPXHOCTH >KUAKOCTH ITO3BOJIIIOT MOCTPOMTH PEIICHHE KpaeBOW 3agadud B
cilydae JeHCTBUsSI BHE3AIIHO NPHIOKEHHBIX BHEIIHWX Harpy3ok. IIpw 3TOM mMOTeHIMal cKOpocTed M (yHKOWs, KOTOpas
OINHUCBHIBACT MOBEICHHE CBOOOJHOW MOBEPXHOCTH, M300pakaioTcsi B BHIE PsOB MO (GopMaM COOCTBEHHBIX KOJeOaHMH
CBOOOJHOM MOBEPXHOCTH JKUAKOCTU. IJTO IO3BOJSET €IIe Ha dTame IMPOEKTUPOBAHUSA OTCTPOUTHCS OT HeXKelaTelbHBIX
PE30HAHCHBIX YaCTOT IIPU TPAHCIIOPTUPOBKE U 3KCIUTyaTalluy MPU3MATHUYECKUX PE3EPBYaPOB C KUIKOCTHIO.

© Kptotuerko [.B.., 2019
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Knrouesnie cnoea: npusmamuueckuii pe3epgyap ¢ JHCUOKOCHbI0, c60000Hble KONeOaHUsl, Kpecmogble nepecopooKu

1 Beryn

B 0Oarathox rajy3sx Cyd4acHOi MPOMHCIIOBOCTI BHKOPHUCTOBYIOTHCS pPE3€pByapu Ta KOHTCHHEPH
pizHOI hopMu 11 30epeKEHHS PIAKKUX 3amoBHIOBaUiB. I1i Hi€f0 panToBO MPUKIAACHUX HABAHTAXKEHB
BHACIIIIOK MaHEBPYBaHHsS NpPW TPAHCIOPTYBaHHI, CEHCMIYHMX BIUTMBIB BHACIINOK 3eMIIETpPYCiB, abo
IHTCHCUBHHX IMITyJIbCHUX HaBaHTa)KEHb BHACIIZOK MaIiHHS JiTaKa, TEPAKTiB, IHIIHX (OpC-MaKOPHUX
o0cTaBWH, piivHA, IO 3allOBHIOE KOHTEHHEp, MOYMHAE IHTEHCHBHMI pyX. llelr pyx € ocobmuBo
HeOe3MeuHnM, SKIIO PiTuHA HE TIOBHICTIO 3alOBHIOE pe3epByap. Llelr eHoMeH Mae Ha3By IUIECKaHHS
[1]. Taki sBuma TOB’s3aHiI 3 BUIUIECKOM HEOE3NEYHOTO 3aloOBHIOBaYa 1 MOXYTh MaTH HETaTUBHI
Hacmigkd. ToMy aKkTyalbHUM € THTaHHS JeMI(yBaHHS IUIECKaHb, 3MEHIIEHHS X aMIUTITYOu. 3 MLi€l0
METOIO B Pe3epByapH BCTAHOBIIOIOTH PI3HOI'O POy MEperopoku. BrimBy meperopogok Ha 4acTOTH i
(opMH BUTBHHMX KOJHMBAaHb TPUCBSYCHO BEIIMKY KUIBKICTH  HAayKOBHX JOCIHipkeHb. Cepen HUX
3a3HaYUMO poboTH [2-4], B SAKHMX JETallbHO BUCBITIIOIOTHCS IIi MUTAHHA. 3ayBaXMMO, IO Ha
JneMiQyBaHHs TUIECKaHb BIUIMBaIOTH (hopMa meperopoiaku [5], ¢opma camoro pesepByapy [6], 3aciod
BCTaHOBJIEHHS Tieperopoaku [7] Ta iH. Ilpobremam BUMYyIIEeHHX KOJHMBAaHb PiTMHU B pe3epByapax Ta
nanmuBHUX Oakax mpucssueHo pobotm [8-10]. 3azmaummo, mo B [5] moBemeHO, IO BCTAaHOBJICHHS
BEPTUKAIBHUX XPECTOBUX MEPErOPOJOK 3MIHIOE CHEKTp BUIbHMX KoJMBaHb B Oik 30imbmieHHs. Lle
JIO3BOJIIE TIPOBEACHHS BIJICTPOIOBAHHS BiJl HEOE3MEUHMX 4YACTOT. B 1ild poOOTI MOCTIIKYIOTHCS
KOJIMBAHHA PIIWHU B MPU3MATHIHOMY KOPCTKOMY pe3epByapi 3 XpeCTOBHMH MEPETOPOIKAMH.

2 ®opMyJIIOBaHHS 3a/1a4i TA OCHOBHI CIiBBiTHOIIIEHHSI

Posrnsnaerbes mpu3MaTHYHUA pe3epByap 3 XpeCTOBUMHU BEPTUKAIILHUMU MEPETOHKaMHU, puC. 1.

il

|
|
I_

Puc. 2.1 IIpusmamuunuii pezepeyap 3 6epmuKaIbHUMU REPE2OPOOKAMU MA 1020 8i0CIK

BBaxkaeMo, 10 YOTHpW BiJICIKH pe3epByapa YacTKOBO 3allOBHEHI i/IeallbHOI0 HECTHUCIIUBOIO
piZMHOIO, IPH YOMY piBeHb 3amoBHEeHHs h y Beix Bijcikax oanakosuit. [Ipumyckaemo, 1o pyx piauHu
€ 0e3BHXPOBUM. 3ayBa)XMMO, IO SIKIIO PyX IMOYMHAETHCS 13 CTAHY CIOKOK, TO BiH 3aJIMIIAETHCS
MNOTEHIIHHUM TPOTATOM BChOTO HACTYMHOTO dYacy 3rigjHo 3 Teopemoro Tommcona [1,8,11].
BukoprcToByeMO NMpUIyIeHHs] ICHYBaHHS TOTEHIay mBuakocted ¢(X,y,z,t) srigno 3 [1,9], Tomi

vy _fo _do

*ox oy oz
B 3a3nauenux YMOBax Heﬁ HOTCHHiaﬂ 3aJ0BOJIbHAE piBHfIHHIO Jlamnaca
o*p 0*¢ 07
—(f+—(§+—(2P=O- (2.1)
ox® oy° oz

CdhopmynroemMo rpaHu4Hi yMOBH sl audepeHmiansHoro piBHsAHHS (2.1). [lo3HaunmMo CyKymHICTB
3MOYEHHX GIYHMX MOBEPXOHb TA JHMINA SIK S, . 3TiZHO 3 yMOBOK HENPOTIKaHHS HA JKOPCTKHMX CTiHKax
Maemo [5,12]
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Iie N - 30BHINIHS OAMHUYIHA HOPMAaJTb JO 3MOYEHOI ITOBEPXHi.
[IpunycTumo, mo 3 KOHTCHHEPOM IIOB’S3aHO JCKApTOBY cHCTeMy KoopauHat OXyZ, mpu 1bOMYy

BiJIbHA TIOBEPXHS PIAMHK S, PO3TalIOBaHA B IUIOMMHI Z = N B crani crokoro. st 0GUHCICHHS THCKY

pinmaE P OyneMo BUKOPUCTOBYBATH JIiHEapizoBaHe piBHAHHA bepHymii y BUTIsmi
o9
p—pu 9| S +a, (0 (g+a, () | 23)

Je p — TyCTHHA piauHW, { — NPHCKOPEHHS BUILHOTO MaJliHHA, a,= V[x-ax (t)], azzv[z-az (t)] €
BIINOBITHO TOPU30HTAILHUM Ta BEPTUKAIBHUM IIPUCKOPEHHSAMH, 1110 3yMOBJIEHI J1€10 30BHILIHBOI CHJI,
P, — aTMocepHuii TUCK.

PosrisiHeMO yMOBH Ha BibHIN moBepxHi S, . Lle anHamivna Ta KiHeMatnuHa yMoBH. KiHemarndna

yMOBa TOJISITa€ B TOMY, IIO Ti TOYKH PIAMHM, [0 3HAXOAWINCh HA BUIbHINA MOBEPXHI B MOYATKOBHIMA
MOMEHT Yacy, 3aJHINAI0ThCsA Ha il MOBEPXHI MPOTIrOM BChOTO HACTYMHOrO pyxy. [IpumycTumo, mo

nesika Qyukuisn § = Q(X, y,t) onucye (GOpMy Ta MOJIOKEHHs BiIBHOI MOBEPXHI 3a 4YacoM, TOOTO
BBa)KAEMO, 1110
z=¢(x, Y.t -
MaremaTtnyHe OAaHHS KIHEeMaTHYHOT YMOBH B JiHiitHOMY (popMyntoBaHHi Mae BUTIsA [13,14]
99 _ 0G
on ot

JIiHaMiYHA YMOBA MOJISTa€ y PIBHOCTI THCKY PiIMHM Ha BiIbHIN MOBEpXHI S, aTMOC(HEPHOMY THCKY.

(2.4)

3rigHO 3 piBHAHHIM (2.3) qUHAMIYHA YMOBA Ma€ BUTJISI
0
E(p+ax(t)x+(g +a,(t));=0. (2.5)

3ayBaskuMoO, 110 piBHAHHS (2.3) BiJNOBiZae BUMAJIKy BUMYIICHUX KOJIHMBaHb. SKIIO PO3TIISIaTUMYThCS
BUTBHI KOJIMBAHHS, TO IMHAMIYHA YMOBA MpHUiiMae hopmy

%‘Hgg:o. (2.6)

s popmyIitoBaHHS IpaHUYHHUX YMOB Ha XPECTOBUX MEPErOpoJKax MPUILYCTHMO JJIsi CIIPOIICHHS,
1110 IHHIIIE Pe3epByapy € KBaJpaToM 3i cropoHamu [2a, 2a].

z4 _V‘

k -

) L--7
. s

Puc.2.2 I'opuzonmanvhuii nepepiz pezepgyapy

=
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PiBusanns IJIOMIUH, B IKUX 3HAXOAATHCS NEPETOPOAKH € TAKUMU
y+x=0, y-x=0.
OI[I/IHI/I‘lHI/IMI/I HOpMAJISIMU 10 TOBEPXOHb NEPETOPOJIOK €, BiI[HOBiI[HO, Taki BCKTOpH
1 1

nl:ﬁ(l,l,o), nlzﬁ(—l,l,o).

OcKibKH 2—2 = (grad o, n) , TO TPAHHUYHI YMOBHU Ha NEPETOPOIKAX TIPUMMAKOTH BUTJIS
9% _0p 00 _o 09 _09p 09 _ @.7)
on, ox oy on, ox oy

Ho rpanuyaux ymoB (2.4)-(2.7) crocoBHo piBHsHHS Jlammaca (2.1) nomaeMo yMOBY PO3B’SI3HOCTI
KpaloBoi 3a7adi

Ia—q’ds -0, (2.8)
5, on

Takum uuHOM, CHOPMYIIBOBAHO KpaiioBy 3amauy (2.1), (2.4), (2.6)-(2.8) mis BU3HAYEHHS BIIBHUX
KOJIMBaHb PITIUHU B PE3€PBYyapi 3 XPECTOBUMHU BEPTUKAIBHUMH MEPETOPOIKAMH.

3 AHajiTH4yHMiIi PO3B’A30K 3a4a4i MpPoO BiIbHI KOJMBAHHA PiIMHH B NPU3MATHYHOMY
pe3epByapi 3 XpecTOBUMH BEPTHKAJIbHUMH MEPEropoaKaMu
300pa3uMo MOTEHITiaT IBUKOCTEH y BUTIISAI

o(x, y,2,t) = exp(iot)o(x, y, ).

Jani BUKOPHCTOBYEMO METO/T PO3IIICHHS 3MIHHUX, & CaMe BBAYKAEMO, IO

o(x,y,2)=X(x)¥ (y)2(2) (3.1
[Mincrasnsroun moxanns (3.1) y audepentiansae piBHAHASA (2.1), OTpUMyeMO
X”(X)+Y”(y)+ Z”(Z) o X"(X)+Y”(y) __Z”(Z) __7\‘2 | (32)

X() Y@y z@) 7 ox() o v(y)  z(2)
Haumi orpumyemo
Z(z)=C,exp(rz)+C, exp(—1z).
Bukonytoun kpaiioBy yMOBY HenpoTikaHHA (2.2) Ha MOBEPXHI AHUIINA, SKa 3HAXOAUTHCS B TUIOIIHHI
z =0, orpumyemo

dz

821 —o, ac,-C,)=0.
0l . (€-C,)

3BijcH MaEMO
Z(z)=C, cosh(xz).
Maui 3 (3.2) orpumyemo
X "(X) _ Y n(y) - ) Y r/(y) ) }LZ

xx) vy T Y(y)

3 HMX piBHSAHBb 3HAXOMMO, 110 YACTUHHUM PO3B’SI3K0M nudepeHIiiHoro piBHsaHus (2.1) €

o(x, y,2) = cosh(rz)cos(ux)cos(yy).

=p® +y2.
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Posrisinemo rpanuuni ymosu (2.7). Ilepmia 3 Hux BigHOCHTBCs g0 moBepxui Y+ X=0. Ha wuiit
MTOBEPXHI MaEMO

Z_()E = —ucosh(z)sin(ux)cos(yy ) = —ucosh(rz)sin(ux)cos(yx),

% _ —ycosh(Az)cos(ux)sin(yy) = y cosh(Az)cos(ux)sin(yx).
3ayBa)uMO, 1110 Z—i) + g—(; =0, sxmo Y = W. Ananoriuno, na nosepxui Yy — X =0 maemo

¢

ol cosh(rz)sin(ux)cos(yy) = —pcosh(Az)sin(ux)cos(yx),

%P = —ycosh(Az)cos(ux)sin(yy) = —y cosh(rz )cos(ux)sin(yx),

Op 09
ToOTO IpU Y = L OyAemMo MaTH — — —— =
oX oy
TakuMm unHOM, KpaiioBi ymMoBH (2.7) BUKOHAHI.
Ha 6iuniii moBepxHi Y +a =0 3 yMOBHU HEMpoOTiKaHHsA (2.2) OTPEMY€EMO

0 .
P —0, sin(ua)=0
¥, ,
_ nk . . ) ,
Ta 3HAXOAMMO Taki 3HaueHHs W, =—, K=12,.... 3Bigcu 3HaxoamMo Taki YaCTHHHI PO3B’S3KH
a

KpaioBoi 3a/1a4i, 0 PO3TIIAAETHCS

k . 7k . n 7k
X,Y,2)=cosh V2 I n—jz sin|| —+— |x |sin| | — +— , k=0,1,2...
0oy 2)=cost 2 o2 e o [ 2 [y

0, (%, y,2)= cosh[ﬁ%( zjcos(% xj cos(%( yj, k=1,2.... (3.3)

[lepexomumMo 110 KpalOBMX YMOB Ha BUIbHIA MOBEpPXHi. 300pa3MMO HEBIAOMI MOTEHIIiAT
IIBU/IKOCTEH (p(x, Y, Z,t) Ta Qyskuito £ = Q(X, y,t), III0 OMMCYE E€BOJIIOLIIO BIIbHOI MOBEPXHI y TaKUH
3acid

o(x,y,z,t)= ch (tho, (X, y,2) (3.4)

k=1

SIkmo BuKOpHCTOBYIOThCA moganHa (3.4), (3.5), To kpaiioBa ymoBa (2.4) BUKOHYETHCS aBTOMATHYHO.
Jis BUKOHAHHS yMOBH (2.6) OTpUMAEMO Take CITiBBIIHOMICHHS

3 BUKOPUCTAHHAM 300pakeHb (3.3) 32 yMOBH OpTOTOHAIBHOCTI PyHKIIH @ (X, Y, Z) OTPUMAEMO TaKi

CIIIBBIIHOIIEHHS
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& (t)or, cos}‘(ﬁ%( h) +c (t)go, «/E%ksinh(ﬁ%k hj =0,k=12,... (3.6)
3 (3.6) 3Hax0AUMO KoediuieHTH C, (t) y BUDJISAAI
¢ (t)=expliot) o =gy2 %tanh(«/i 7%: hJ 3.7)

TakuMm 4YMHOM, OTpUMaHi 4acToTH Ta (OPMH BUIBHUX KOJMBAaHb NPU3MATUYHOTO pe3epByapa 3
XpecToBUMH Tmeperoponkamu.  Yacrotum oOuucmorothes 3a (opmynamu (3.7), a dopmu — 3a
tdopmymnamu (3.3). Ha puc. 3.1 300pakeHi mepmi Tpu GOpMH KOJIMBaHb PiIMHH B MPU3MAaTHUYHOMY
pesepByapi 3 XpeCTOBUMH MEPETOPOIKAMH.

Puc.3.1 @opmu konusanv piounu 8 NPUMAMUYHOMY pe3ep8yapi (20pu30oHmatbHull nepepis)

VY Tabmuui 3.1 HaBeAEHO MOPIBHSAHHS YacTOT KOJNMBaHb PIAMHM B NPU3MAaTHYHHMX pe3epByapax 3
HeperopoikamMu Ta 06e3 meperopoox.

Tabnuya 3.1. Yacmomu konuganv piounu

n 0e3 eperopojioK | 3 MeperopoiKaMu
1 4.051164194 4.613563138
2 4.051164194 6.008587070
3 5.710012556 8.085473483
4 5.892165855 9.336315604

3ayBasKUMO, 1110 OTpUMaHi (HOPMH KOJHMBaHb € OJHAKOBHUMHU B KO)KHOMY BiJICiKy. UacTOTH KOIMBaHb
y TIOpIBHSIHHI 3 4acTOTAMH KOJIMBaHb MPU3MAaTHYHOro Oaka 0e3 meperopogok [16] 30inbinyroThCs.
3a3HaYrMO TaKOXK, [0 B PO3MITHYTOMY BUTAJIKY PEali3yIOThCS JIUIIE CUMETPUYHI hopMHu.

BucHoBku
HocnipkeHo BiTbHI  KONMBAaHHA pIAMHM B TPU3MATHYHOMY pe3epByapi 3 XpeCTOBUMH
neperopojikamMu. BcTaHoBIIEHO, 110 HAsIBHICTh TaKUX MEPEropoJIOK MPUBOAUTH 10 30UIBIIEHHS YacTOT



BicHuk XapkiBcbkoro HawioHanbHoro yHisepcuteTy imeHi B. H. Kapasita, 2 0 1 9 49

KOJIMBaHb DIJIMHU y TOPIBHSHHI 3 pe3epByapoM, IO HE Mae Meperopofgok. OTpuMaHO YacTOTH Ta
¢opMH BITBHHX KOJIMBaHb pe3epByapa, sIKi B MOAANBLIOMY OyqyTh BUKOPHUCTaHI K OazucHi QyHKUIl
JUTS aHaJIi3y BUMYILEHUX KOJMBAaHb PIMHU B IPU3MAaTHUYHUX pe3epByapax 3 NeperopoJKamMH.
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PaccmoTpena 3a1a4a HaXOXICHUsI JIMH | aMHJIBTOHOBBIX IUKJIOB Ha CJIOXHBIX rpadax. 3amaya MMeeT MHOTO MPaKTHYECKUX
MPUIOKEHHH, B TOM YHCIIE IIPU ONPeIeTIeHIH ONTUMAIBHBIX MapIIPYTOB (3a/1aua KOMMHUBOSDKEPA), HACHTU(DUKAIINH CTPYKTYP
rpadoB (pacro3HaBaHHE XapaKTEPUCTHK JIOKATbHBIX IPU3HAKOB OHOMETPUUYECKUX OOBEKTOB) W Jp. Ilpu pelieHun 3amadu
BepuUKAMH OHOMETPHYECKUX O0paslOB BO3HUKAIOT MPOOJIEMBI IOMKMCHIBAHKUS WM HCYC3HOBEHHsSI OIOPHBIX TOYEK,
nedopMarius pacCTOSIHUN MEX/y HEMH, JTIHHEHHbBIC U YTIIOBBIC CMELICHHUS BCero 00pasia. [Ipu moMomm MeTo/1a, OMHCaHHOTO B
CTaThe, BO3MOKHO HCKIIFOYEHHE MPOOIEMBI CMEIIECHHH, TaK KaK pelieHHe 00agaeT yCTOMYMBOCTBIO MPH TEePeMEIINBAHHI
Touek. OTMOPHBIE IUIAHBI, KOTOPHIE MOXHO MOJIYYHTh, TAKXKE 00JIaIA0T MOJOOHOTO Pojia YCTONYMBOCTEIO. IS MX TIOMydYeHHs
HE00XO/MMa MCHBIIIAsl BBIYMCIUTENbHAS CIIOXKHOCTh, 3TO 0OCCIeUHBacT OOJBIIYI0 TOYHOCTh Pacro3HaBaHus. [IpeasioeHo
noApoOHOE ONMUCAHKE PEIICHHs 3a1a4i, OCHOBAHHOE HAa NPHMEHEHHH METOJa BETBEH M IPAHUIL JJIsi CHMMETPUYHBIX MaTPHIL
rpadoB, ONMCHIBAIOIINX pacHpeie/ieHHe JIOKAIbHBIX MPU3HAKOB HAa HM300paKEHHUAX OTIEYATKOB HaJbIEeB. M3BECTHO, YTO
rapaHTHPOBAHHOE MOJIyYEHHE PEIICHHs HaXOXKICHUs JUTMHBI | aMUIIbTOHOBA IIMKJIA YIS [IPOU3BOJIBHOIO rpad)a IIOCKOCTHOTO
pacrpe/ieJIeHus] TOYEK BO3MOKHO TOJBKO MPH UCIIONB30BAHKH TOJHOTO mepebopa Bcex BapuaHToB. OIHAKO BBIYMCIMTEIbHASL
CIIOKHOCTh TAaKOTO Mepebopa BBIYUCIUTENBHO He mpuemiieMa. MeTos BeTBeil U IpaHHMIl, KaK U BCE CYIIECTBYIOIIHE METO.IbI
HANPAaBJICHHOTO TIOUCKA, HE TAPAHTUPYET HAXOXKICHHUE PEIICHHS TPH TMPOU3BOJIILHO OOJIBIION pasMepHocTH rpada. [TosTomy
NPEJIOKEH CIIOCcO0 JAEKOMITO3HIMU Ipad)oB, MO3BOJSIOIIMNA CBECTH CIOKHYIO 3a/[a9y K COBOKYITHOCTH GoJiee TMpocThiX. [Ipu
9TOM JIOCTHIAETCsl CYIIECTBEHHOE CHI)KEHHE BBIYMCIMTENBHOW CIIOKHOCTH. [lOKazaHa OTHOCHTENbHAs HHBAPHAHTHOCTH
MeTpUKH [ 'aMHJIBTOHOBBIX [IUKJIOB K BEPOSTHOCTHBIM CMELIEHHSM, XapaKTEPHbIM JUIS 33184 Paclio3HaBaHUs GHOMETPHUYECKUX
00pa3oB.

Knrouesvle cnosa: I'amunbmonos YUKI, Kpaml{azimeepaccmwmue, JIOKAJIbHblE NPUSHAKU, ONMUMANbHBLI mapwipym.

PosrsiHyTO 3amady 3HaXO/KEHHS MOBXHH [aMiIbTOHOBMX LHUKIIB Ha CKIaAHUX rpadax. 3aBaaHHS Mae 0arato NpakTHYHUX
3aCTOCYyBaHb, B TOMY YHCIi IPH BHU3HAYEHHI ONTUMAIBbHHX MAapLIPYTiB (3aBIaHHsS KOMIBOsDKepa), iIeHTHQIKaLil CTPYKTYp
rpadiB (po3mi3HaBaHHS XapaKTEPHCTHK JIOKAJIBHUX O3HaK 0ioMeTpHUYHMX 00'ekTiB) Ta iH. [Ipyu BupimieHHi 3ama4i Bepudikamii
OloMeTpHYHHX 3pa3KiB BUHUKAIOTH MPOOJIEMH JOMHCYBaHHS a00 3HHKHEHHS OIOPHUX TOUYOK, AeOpMYBaHHS BIICTaHEH Mixk
HUMH, TIOSBH JIHIMHUX Ta KYTOBHX 3MIIIEHh BCHOTO 3pa3Ky. 3a JOMOMOTOI0 METOAY, SKUH OMHCYEThCA y CTaTTi, MOXKHA
BUKIIIOYUTH TPOOJEeMYy 3MIlIeHb, TaK SK PIlIeHHs Ma€ CTIHKICTh TNpH 3MinryBaHHI To4dok. OIMOpHI TUIaHH, SIKi TaKOX
OTPHUMYIOTBCS, TAKOK MAIOTh MOAIOHOTO POy CTIHKICTE. AJte A IX OTpUMaHHs HeoOXiJHa MEHIIa 00YUCIIOBaIbHA CKIIaJHICTB,
e 3a0esneuyye OUTBINY TOYHICTH PO3Mi3HABAHHSA. 3alpPONMOHOBAHO JOKIAJHHKA OMHC PIlICHHS 3ajad4i, 3aCHOBaHWHA Ha
3aCTOCYBaHHI METOAY TUIOK 1 MeX Uil CUMETPHYHHUX MaTpHlb rpadis, sSKi OMHCYIOTH PO3MOIUT JIOKAIFHHX O3HaK Ha
300paKeHHX BiOUTKIB MaybliB. Bigomo, o rapaHToBaHe OTPUMAaHHs PillIeHHs 3HAXOKEHHS TOBXHUHH [ aMiIbTOHOBa LIUKITY
JUIS TOBLTBHOTO Tpada MIIOMMHHOTO PO3IOLTY TOYOK MOXKIIMBO TiJIbKH IIPH BUKOPUCTaHHI MMOBHOTO 1epedopy BCiX BapiaHTIB.
OpHak 00YHCTIOBAIbHA CKIIAJHICTh TAKOTO TEepedopy OOUYHCITIOBATIBEHO HE MPHUUHATHA. METOX TIIOK 1 MEX, SK 1 BCl icHYIOUl
METO/U CIPSAMOBAHOTO TIOIIYKY, HE TapaHTYe 3HAXOKECHHS DIMICHHSA NpH AOBUIFHO BENHKOi po3MmipHOCTI rpada. Tomy
3aMpONOHOBAaHUN CHOCIO IeKOMNO3HIIi Tpadis, MO JO3BOJISE 3BECTH CKIAAHY 3a/ady A0 CYKYMHOCTI Oimpin mpoctux. [Ipu
BOMY JIOCATA€ThCS ICTOTHE 3HIKEHHS OOYMCIIOBANIBHOI ckiamHocTi. IlokazaHa BiHOCHA iHBApiaHTHICTH METPHKH
T'aMiTbTOHOBHX IUKIIIB 10 IMOBIPHICHUX 3CYBIB, SIKi € XapaKTepHUMH JIJI 337a4 PO3Ii3HABaHHS 010METPHUYHHX 00pas3iB.

Kniouogi cnosa: ['aminomonie yuxn, naiikopomuia 8i0cmams, 10KanbHi 03HAKU, ONMUMATLHUL Mapuipym, biomempuxa.

The problem of finding the lengths of Hamiltonian cycles on complex graphs is considered. The task has such practical
applications as determining the optimal routes (salesman's task), identifying graph structures (recognizing the characteristics of
local features of biometric objects), etc. When solving the task of verification of biometric samples, the problems of addition or
disappearance of reference points, deformation of the distances between them, the appearance of linear and angular
displacements of the whole sample emerges. Using the method described in the article, the problem of displacements can be
eliminated, as the solution is stable when shuffling of the points is present. Moreover, it is possible to obtain reference plans with
the same stability. Obtaining them requires less computational complexity and provides greater recognition accuracy. A detailed
description of the problem solution based on the application of the method of branches and boundaries for symmetric matrices
of graphs, which describe the distribution of local features in the images of fingerprints, has been proposed. It is known that a
guaranteed solution for finding the length of the Hamiltonian cycle for an arbitrary graph of the planar distribution of points is
possible only by using an exhaustive search. However, the computational complexity of such a search is not acceptable. The
method of branches and boundaries, like all existing methods of directional search, does not guarantee finding a solution with
an arbitrarily large dimension of the graph. Therefore, a method of decomposing graphs is proposed, which allows reducing a
complex problem to a set of simpler ones. That allows for a significant reduction in computational complexity. The relative
invariance of the metrics of Hamiltonian cycles to probabilistic shifts, which are characteristic of biometric pattern recognition
problems, has been shown.

Keywords: Hamiltonian cycle, the shortest distance, local futures, an optimal route, biometric.
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1 Beryniienue

MartemMaTrueckoe peleHre 3a1ad nACHTUPHUKAINY U ayTeHTH(QUKaIun OMOMETPUIECKUX 0OBEKTOB
CYILLIECTBEHHO 3aTPyJHEHO H3-32 HAJWYMUS HEKOHTPOJHUPYEMBIX BEPOSTHOCTHBIX MCKAKEHHH. OTH
UCK@)KEHUsI MPOSIBIISIOTCS MPU IONYYEHUH HECKOJNBKHMX peaju3aluil OZHUX U TeX )K€ OObEKTOB B
Pa3INYHBIX YCJIOBHUSX. JJOMUHMPYIOIINM BUIOM MCKA)KEHUH SBISIFOTCS aMHHBIE — TMHEHHBIC CIBUTU U
MOBOPOTHI  TUIOCKOCTHBIX M300paskeHnid. [Ipobnmema Haae)KHOCTH pACHO3HABAHHA, B OCHOBHOM,
3aKJII0YAaeTCs] B NPAaBWJIBHOM BbIOOpE METPHKH OLEHKHM CTEHNEHH ITOXOXKECTH MOAM(DUIMPOBAHHBIX
peanmzanuii Onomerpraeckux 00pa3oB. OCOOEHHO aKTyaIbHBIM SIBISIETCS BEIOOP TOIXOASIIEH METPHKH
NpY aHaM3€e JaKTHIOCKOMMYECKUX H300pasKeHUI OTIEYATKOB MANIBLEB. B COOTBETCTBUM ¢ MPUHATHIMU
MEXIYHApOIHBIMU CTaHAAPTaMHU WACHTH(HKALUS OTICYATKOB MPOM3BOAUTCS, TIIaBHBIM O0Opa3oM, IO
XapaKTepUCTUKaM (B3aMMHOMY DAaCIOJIOKEHHIO Ha IIOCKOCTH) JIOKAJbHBIX NPHU3HAKOB — MHUHYILIHH.
[TosTOoMy OHMOMeTpHUYeCKUMH Ia0OHAMHU OTIEYAaTKOB MajibleB, PAKTUYECKH, SIBISIOTCS MIOCKOCTHBIC
pacnpeneneHus ToUYeK JOKAIbHBIX PU3HAKOB.

OpHOWM W3 MEPCHEKTHUBHBIX METPUK OLEHKH IIOXOXKECTH IUIOCKOCTHBIX DPACHpeAesCHUH TOoYeK
ABJSIETCS. METPHUKa | aMHJIBTOHOBBIX LUKIOB. JTa METPHKA IPEAINONaraeT BBIUMCICHHE 3aMKHYTBIX
nocienoBaTeNbHOCTE pebep rpada, KOTOpble COCAMHSIOT TOUYKM (y371bl rpadoB) ompeneieHHBIM
o0pa3oM, YTOOBI TONYYHUTH KpaT4ammii mapmpyt. [lomydaembiid, Kak TpaBHUJIO, €IMHCTBEHHBIH
KpaTJ4alIiii MapmipyT ¥ Ha3bBaeTCAd | aMHUIBTOHOBHIM IUKIOM. OYEeBHIHO, 9TO OOBEKTUBHOCTH H
NMOTCHUHAJIBHLIC IMPECUMYIICCTBA MCTPUKU I"aMHIIBbTOHOBBIX IUKIIOB CJICAYIOT M3 HCEHU3MCHHOCTHU HX
JUIMHBL TIPU CMEIICHUAX M TMOBOpPOTax TpadoB. B OONBIIMHCTBE NPaKTHYECKHX CIy4YaeB TOHCK
["'aMUIIBTOHOBBIX IIMKJIOB Ha rpadax CBs3aH ¢ pPelleHHEM 3a1a41 KOMMHUBOSIKEPA.

B kaHOHM4YeCKOW TOCTaHOBKE 3aJada KOMMHBOsDKEpa (OPMYIHpYETCs CIeAYIOIUM 00pa3oM.
Hmeercsi coBOKymHOCTH H3 N TOopoaoB. KoMMHBOSIKEp, BBIXOJSIIUN W3  KaKOro-HHOYIb
(UKCHPOBAHHOTO TOPOJIA, JKENAET MOCETUTh N—1 IPYrux ropoJoB M BEPHYTHCS B UCXOAHBIA MyHKT. B
KaXIblii U3 TOPOJOB JOIMYCKAETCA BXOAWUTH U BBIXOAMTH TOJIBKO OAMH pa3. PaccTosHus MexIy BceMH
STHMH TOPOJIaMH U3BECTHBI. TpelyeTcsl yCTaHOBUTh, B KAKOM MOPSIKE OH JOJDKEH MOcemarb roposa,
4TOOBI 00IIIee NPOIICHHOE PACCTOSIHUE OBLIIO MHHUMAJIBHO.

Takum 00pa3oM, CyTh 3aJadd CBOJUTCS K OTBICKAHHIO MUHHMAJIbHOTO DPACCTOSHHUS MEXIY
COBOKYITHOCTBIO TOUEK Ha IUIOCKOCTH NPH 0053aTeNBbHOM, OJHOKPATHOM HX IocemeHun. Mexoqapivu
JaHHBIMU TIPpHU aHAJIN3EC 6I/IOMeTpI/I‘IeCKI/IX IHaGJ'IOHOB OTIICYATKOB MAJIBICB ABJISICTCA COBOKYITHOCTDH U3 n

TOYeK (MUHYIIHI) C 3aJaHHBIMU KOOPIMHATAMU (Xi Y, ), ie [1, n] . JlaHHast COBOKYITHOCTh MOET OBITh

UCIIOJIb30BaHa A1l GOPMUPOBAHUS KBAAPATHOW CUMMETPUYHONW MAaTPHIBl B3aUMHBIX PacCTOSHUA M ,
BO3MOXHBIH BWJI KOTOPOH TipejcTaBiieH B Tabmuie 1.1. DneMeHThl MaTpUIbl SIBISIOTCS B3aUMHBIMU
€BKJIMJIOBBIMH PACCTOSHUAMHU MEXY y3J1aMu rpada:

d; :\/(xi ~X,) +(%-Y;), dy=dj, i jefLn], (L.1)

HOCKOHLKy YCJIOBUAMU 3a1a"uU OIIPEACIICHO, YTO n>1 , @ BXOJ 1 BbIXO/] B KAXKXIAYHO U3 BEPIINH MOXKCT

1=
OBITH OCYIICCTBJICH TOJIBKO OAWH pa3, TO MNCPEXOAbl IMPU COBIAAAIOMINX HMHIACKCAX J SABJIAKOTCA
3alIpCIICHHBIMU. I[J'IH TOro, 4TOOBI OpuaaTh 3a4ayde (I)OpMaHH3OBaHHBIﬁ BUJ, AOCTATOYHO ITOJIOKHTDH

=00
BEJIMYUHBI COOTBETCTBYIOIUX PACCTOSIHUM ‘i:j
MaTpHULBL cofepKar .

CrnenyeTr OTMETHUTD, YTO MaTpHUIa B3AUMHBIX PACCTOSTHUN OCTAETCsl HEM3MEHHOM IPU MPOU3BOJIBHBIX
MOBOPOTaX W JIMHEWHBIX CABHraxX pacHpeieieHus] TOUeK aHajau3upyemoro rpada. DTo CcBOICTBO
MIpeIoTpeeTsieT MOTeHINATHHOE TPEUMYIIIECTBO METPUKH | aMIIIBTOHOBBIX ITUKIIOB, KaK OO BEKTHBHOM
XapaKTepUCTHKN WHAVBHIYAJIbHBIX CBOWCTB IUIOCKOCTHBIX pacmhpeeneHuil. [Ipu sToM, Bo3MOXkHas
CMEHa JIEKCUKOTPa(UUeCKOro MepeuucieHus (HyMepaluui) BEpUIMH B YCIOBHAX OeHCTBUS a(pUHHBIX
VCKQ)KEHHUM HE BIIUSET HA XapaKTEPUCTUKHU METPUKHU. IIpy 3TOM IPOUCXOIUT JUILIb IUKIAYECKUA CIBUT

OJIEMEHTOB B CTPOKaXx, YTO HEC BbI3bIBACT IMOTEPIO ONITUMAJIBHOI'O PEHICHHS, €CJIM OHO CYIIECTBYCT.

[TosToMy 37€MEHTHl TJIaBHOW JUaroHaJIH

2 Onucanue AJITOPUTMA HAXO0KACHUSA I'aMuabTOHOBA nmyTHu METOAOM BeTBel u rpanmg

21_]'[5[ peUICHMA 3ala4i HaXOXKIACHUA JTJIUH Kp&T‘I&fIIHPIX TaMHUJIBTOHOBBIX ITUKJIOB ObLI BBI6paH METO/
BETBEH U T'paHuIl [1], HOBBOJ’ISIIOH_[I/Iﬁ Ha 9TaIll€ IOCJICA0BATCIbHOIO aHajln3a MCKII0YaTh 3aBCAOMO HE
BBII'OAHBIC BAPpUAHTBI MAapHUIPYTOB U COKpaIJ_[aIOI]_[I/II\/'I, TEM CaMbIM, BBIYUCIIUTCIIbHYIO CIIOXKHOCTD ITOUCKA.
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CrnexyeT OTMETHTB, 9TO B [1] AOCTATOYHO XOPOIIO HCCIIENOBAHBI CBOMCTBAa BHIOPAHHOTO METONA JUIA
0Cc0o00ro ciiyyasi — HECUMMETPUYHOW MaTpUIbl B3aUMHBIX PAacCTOsIHMUA. B paccMmarpuBaemoi 3amaue
MaTpuUlla SBISETCS CUMMETPHUYHOM OTHOCHUTEIBHO TJIABHOW JMAroHaIW. JTa OCOOCHHOCTh MATPUIIBI
BBI3BIBACT CYIIECTBEHHOE YBEIMYCHNE BETBEH MONCKA U UCKIIIOUCHUS BAPUAHTOB PEIICHUH, T.¢. JienaeT
3amady Ooyiee TPOMO3IKON. Y UUTHIBAs JOCTATOYHO OOJBIIYIO Pa3MEPHOCTh OMOMETPHYECKUX [Ia0IOHOB
(ot 40 1o 150 MuHyHIT), B CHITy OTMEYCHHBIX BBIIIC TPUYHH, PACCUUTHIBATH HA HAXOXKICHHE UCTUHHOTO
laMunbTOHOBA IMKIA HA TOJNHOM pACHpEICICHUH He cieayeT. [103ToMy MBI paccMaTpuBaeMm
BO3MOXXHOCTB JICKOMITO3HIIUH ITOJIHOTO Ipada Ha COBOKYITHOCTh MOATrpadoB MEHbBIIEH pa3MepHOCTH. DTO
SIBJIICTCS TIOJIC3HBIM, TaK KaK BMECTO OJHOW YHWCIIOBOM XapaKTEPUCTHUKU PACIPEACICHHUS TOYCK
MOJTy4aeTCsl HEKOE MHOXKECTBO ['aMUIIBTOHOBBIX ITMKJIOB TOATpadoB. YBEIMYCHHE KOJINYECTBA
YHCIIOBBIX XapaKTEPUCTHK PACHpENCTICHUN MOBBIMIAET 00BEKTHBHOCTh METPUKU MPH PACIO3HABAHUM
OTIIEYATKOB 10 UX OMOMETPUUECKUM IIa0JIOHAM.

Tabnuya 1.1 - Mampuya 83aumHbix paccmosHuil Mexcoy mo4xkamu

dij |0 1 2 e J j+1 v ||

® dog doy | [ do(jer) |y do(j+1) don
1 d1o 0 diz dl(j—l) dlj dl(j+1) e [ |y,
2 dao a1 0 d2(j—l) d2] d2(j+1) d,y,
'L | di-vo | dG-ap | d-we | ] | vy | d-0)i+n) || | G-
i d, d, d, di(j—l) 0 diy e [ | iy
11| i | dsan | D | | | Doy | Gaan |2 Sl R (P
N [do |du [Ge ||| doy | Ay | Oa(en |||

bnok-cxema pa3pa0OTaHHOTO aIrOPUTMAa PEIICHUs Ui CUMMETPUYHON MaTpULBl B3aWMHBIX
paccrosiHuil n300paxkeHa Ha pucyHKe 2.1. ANTOpPUTM SBISETCS MUKIMYECKUM W TPENIojaract, MmpH
3a7aHHol pasmepHocTH rpada (moarpada) N u BerUMCIeHHON Marpuiie M , BeImoiHeHHE (n - 2) pa3
MOCJIEJ0BATENILHOCTH OAHOTUIIHBIX 3TAalOB BEIYMCIUTEIBHBIX IpeoOpa3zoBanuii. CyTh 3TalloB CBOAUTCS
K CJIelyIOIEeMYy.

Oran 1. CrpouTcsi HEKOTOpas HWXKHSS OLEHKAa AIUHBI MapuipyTa JUIsl MHOXECTBA BCEX
BO3MOXHBIX | aMHJIbTOHOBBIX LHMKJIOB. J[JIs1 3TOro OCYIIECTBISETCS, TaKk Ha3bIBa€MOE, NPUBEICHHE
MaTpullbl. B ka0l cTpoke MaTpuIlbl (IIO0YEPETHO) HAXOAUTCI MUHUMAJIBHBIN I€MEHT — KOHCTaHTa
MpuBe/IeHUs. 3HaUeHHe KOHCTAHTHI NMPUBEACHUS BBIYMTAETCS M3 3HAUEHUH BCEX IJIEMEHTOB TEKYIIeH
cTpokH. B pesynbTare, mo kpaiiHeil Mepe, OIWH U3 BIIEMEHTOB CTPOKH CTaHOBHTCS HyJneM. IlogoOHble
JICUCTBUSI OCYIIECTBIISIOTCS Uil BceX cTpok Matpuiel M . Tlocne 3Toro, aHajaorudHoe MpuBeIeHHE
ocylIecTBIsieTcss Mo cronbduam Matpuipl. CyMMa KOHCTaHT TPUBENEHHs MO CTPOKaM M CTOJIONam
00pa3yIoT OLIEHKY HW)KHEH IPaHULbl JUIMHBI MAPILIPYTa.

Otam 2. [Tocae IMPUBCACHUA MATPUILIBI MHOKCCTBO BCEX IHKIIOB pa36I/IBaeTC$I Ha JBa 4aCTUYHO
MEPECCKAOIINXCA IMOAMHOXKECTBA. HepBoe IIOAMHOXECTBO COCTOUT M3 TaMHJIBTOHOBBIX IIHMKIIOB,

BKJIFOYAKOIHUX HCKOTOPYIO AYTY (l, J), a BTOPOC — COCTOUT U3 KOHTYPOB, HC BKIIIOYAIOIIUX 3Ty AYyT'Y (I, J )
. BI)I60p Ayru (|, J) OCYIICCTBIACTCA HUCXOAd U3 TOro, 4To HauboJee PE3KOC M3MCHCHHUC OLICHKU

MPOM30MIET B TOM CIIydae, KOTJa BEIOMPAETCS SJIEMEHT MAaTPHIIbl, C BETUYMHON B3aMHOTO PACCTOSTHUS
d; ;=0. [osTomy, nociie 3amenbl d; ;=0 Ha d; j=00 , CyMMa MUHUMAJIbHBIX 3JIEMEHTOB B I -if cTpoke,

J -oM cTonbIie mprobpeTaeT HauboIbIIeE 3HAYEHHE.

Hckniouenue AyTru (l, J) M3 IUKJIAa DPOU3BOAUTCSH 3aMCHOM COOTBCTCTBYIOILICTO JJICMCHTA di,j B

*
HCXOJHOHU M u MMPpUBCACHHOU M MaTpulax Ha 3HaUCHUEC O . B PE3YIbTATC TAKOU 3aMCHBI ITOSABIIACTCA
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BO3MOKHOCTB IMPOBECTH AOMOJJHUTEIBbHOC MMPUBECACHUE MAaTPULbI, TPUBOAANICC K YIIYHYIHICHUIO OLICHKU
HIDKHEH T'paHulbl JUIMHBI UKJIA.

Brutouenune ayru (i, j) B MapIIpyT BeJleT K COKPAIICHUIO Pa3MEPOB MATPHUIIbI (BBIMEPKHBACTCS | -5I
CTpOKa, | -blif cTosberr). OMHOBPEMEHHO MOSIBISETCS BO3MOXKHOCTD HCKITFOUHTE OJHY AYTY.

Matrix distance
[n*n]
L
Y
Find min in rows
hi

Y

Substraction
dij-hi

l

Substraction
dij-hj

v

Find min in Do n-2 times
columns
dijmincolumns

Estimation
H=Sum(hi)+Sum(hj)

Y
for dij=0

find dijminrow+dijmincolumns

Find
max(dijminrow+dijmincolumns)

Involve curve(i,j), where
max(dijminrow+dijmincolumns)
split subset Hamiltonian path

/

Exclude Include
curve(i,) curve(i,j)
Exclude one Deletion i
element di,j PO O,
j-column
/ *
Estimation Exclude one
H1=H+di,j element fig1,2
|
\ '
Join found curves
and H
If (H<H1) ==
end

Puc. 2.1 Ancopumm pewenus 3a0auu Kommusosiocepa
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UcknrodyeHne 3TOM Oyrd OYEHb BaXKHBIM AJIEMEHT aiaroputma. Bxirodenuwe myru (i, j) BEJIET K
00pa3oBaHUI0 HEKOTOPOTO CBS3aHHOTO MYTH, KOTOPBIA COEAWHSET, HAmpuMep, TOYku P u (,

3ampeniaeTcsl BKIYaTh B MApIIPYT AYTY (q, p). B mpocreiimem cirydae, mociie  BeIOOpa IyTH (i, j),

WCKITIOYHUTH CTOUT IyTy ( j,i) , TO eCTh di1eMeHT d ji CIEIYeT 3aMCHUTh Ha 3HAYCHHUE o0 . Ota cutyanus

wutroctTpupyercs Ha puc. 2.2, [lycts, HanpuMmep, B Xoje pemeHus monyueHa ayra (0,4), To 3aMeHsITh Ha
OcckoHeuHOe 3HadyeHwe cienyer umHy nyru (4,0). Ecim B pesynbrare peimieHusi BhIOpaHa
nocnegoBaTennbHOCTh AyT — (0,4), (2,3) u ouepennoit seisiercs myra (0,2), TO HCKITIOYATh CTOUT SIIEMEHT
(4,3) (pucynoxk 2.3).

q

Puc. 2.2 Ilosicnenue k uckarouenuro oyau.

4

2

Puc. 2.3 Hcknrouenue oyeu (4,3)

3 IlpumeHeHHne aaropuTMa Jisi HaxoxkaeHusi [aMuabTOHOBA HUKJIA B yca0BUAX a(PUHHBIX
HCKaKeHHI

PaccMoTpuM mpakTHUeckoe NMpUMEHEHHE alroputMa s mojarpada OMOMeTpUveckoro ImadioHa
HeOobIIoN pazMepHocTH N=6 . [Ipu 3TOM pa3OMeHue MOIHOTO pacnpeescHus Ha noarpadbl MoxeT
OBITH BBITOJIHEHO, HANIPUMEP, 110 MPUHIHITY YJAIEHHOCTH OT LIEHTPa MAacC paclpeesieHus] MUHYIHH.
Ilocne nexommo3unyu, MOCAEAOBATENBHO pEIIAeTcd 3a7ada ONpPENENICHUS HAUMEHbIIEH [UIMHBI
'amMunbTOHOBA UKIIA AT KaXKIOTO U3 MOArpadoB. DTO MPUBOAM K HAXOXKIECHHIO MHOKECTBA (II0 YUCITY
noarpadoB) UYMCIOBBIX OIICHOK, SIBISIONIMXCS OOBEKTUBHON XapaKTEPHCTHKOH aHAIM3UPYEeMOTO
orreyarka. Kak orMedanoch BbIIIe, OHUM W3 TUIUYHBIX UCKQXEHHWW paclpeneieHnid Touek (y3IJI0B),
KOTOpOE TPOSBISIETCS] Ha PAa3IUYHBIX peau3aluiax OMOMETPUYECKHX MIA0JIOHOB OAHOTO M TOTO XKe
JAKTHIIOCKOTIMYECKOTr0 00pasa, SBISIOTCS JIMHEHHbBIE MOBOPOTHI M CIBUTH. [IprMep, mpeacTaBieHHbII
HIDKE, WUTIOCTPUPYET YCTOMYMBOCTh METPUKHA | aMMIIBTOHOBBIX IMKJIOB B YCJIOBHAX TOAOOHBIX
UCKaXECHHH.
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Ilyctp MaTpuma KOOpAWHAT JIOKAIBHBIX TMPU3HAKOB (OMOMETpWYecKwil mablioH) 3agaH B BUE,
npencrarieHHoM B Tabimie 3.1. [lokaxkeM NpUMEHEHHME OINMUCAHHOTO ajNroOpuTMa IS HaXOXKICHHS
nmuabl [amuneronoBa mukita. Ctondiel X, Y MaTpuilbl coaepikaT IOCKOCTHBIE KOOPAWHATBI TOUEK

OTAJIOHHOT'O paCrpeaCjICHHUA. HOHOHHI/ITGHBHHC CTOJ'I6LII)I X /, Y I, COACPKAT USMCHCHHBIC KOOPANHATHI
npu JIMHEHHOM IMOBOPOTE (X ', Y') , 4 TAKXXC IpU JIMHEITHOM MMOBOPOTE U JOMOJHUTCIIBHOM CMCHICHUN

rpada (X", Y"). TIpeobpasoBanue STaioHHOro rpada ONUCHIBACTCH CISAYIOLMMH MATPHYHBIMU

peoOpa3oBaHUSIMU:

X' X
(Y,jzu(a)-(YJ’ e U(a):[COSa Sina} LT oD

X" X 0,3 —sina  cosa 12
=U(a)- + :
Y” Y 0,4

B tabmune 3.1 mpencTtaBieHbl KOOPAUHATHI ToueK. [IpuMEHMM IS HUX aJTOPUTM, OMUCAHHBIA B
npeabIyneM myHKTe. KoopauHaTsl 5THX TOYeK, MOBEPHYTHIX Ha 15° Bokpyr ocu 0Z, (X°, Y’), n
KOOP/IMHATHI TOUEK, KOTOPBIE OBLTH MONYYeHBI ITyTeM 1ToBOpoTa Ha 15° Bokpyr ocu 0Z , cMenennem na
0,3 mo ocu X u cmemenneM Ha 0,4 o ocu Y mMeroT 3HadeHue (X7, Y’7).

Tabruya 3.1 — Koopounamei mouex 3maionHo2o epaga u
€20 sapuayuii npu AQOUHHBIX UCKANCEHUSIX

n X Y X’ Y’ X’ Y’
0,61 0,57 | 0,442 | 0,708 | 0,742 | 1,108
0,39 0,7 0,373 | 0,348 | 0,49 | 1,177
0,45 0,24 | 0,446 | 0,886 | 0,673 | 0,748
0,22 0,49 | 0,086 | 0,530 | 0,386 | 0,930
0,66 0,74 | 0,196 | 0,777 | 0,746 | 1,286
0,27 0,72 | 0,074 | 0,765 | 0,374 | 1,165

G lWN R~ O

Martpuria B3auMHBIX PacCTOSIHMNA MEX]Ly TOUKaMH JJISl BCEX TpeX CiIydaeB (MCXOMHOTO MOJIOKEHHUS
TOYEK Ha MIOCKOCTH, TIOBEPHYTHIX U CMEIIICHHBIX TOUCK) OCTAHETCSl HEM3MEHHO (Tabnuma 3.2).

Tabnuya 3.2 - Mampuya 83aumMHbIX paccCmMOAHUL MeNCOY MOUYKAMU
0 1 2 3 4 5 h,

0 0,256 | 0,367 | 0,398 | 0,177 | 0,372 0,177
0,256 0 0,464 | 0,27 | 0,273 | 0,122 0,122
0,367 | 0,464 ) 0,34 | 0,542 | 0,513 0,34
0,398 | 0,27 | 0,34 ) 0,506 | 0,235 0,235
0,177 | 0,273 | 0,542 | 0,506 ) 0,391 0,177
0,372 | 0,122 | 0,513 | 0,235 | 0,391 ) 0,122

QB WIN|FRO| S

I[J'ISI MOJIy4YCHUA HIDKHEH T'paHUIbl 3HAYCHHA KOHTYpa OCYHICCTBUM INPHUBCACHUC 11O CTPOKAM. I[J'ISI

. . . h.
JTOM IEJU B KAXKJIOM CTPOKE BHIOMpacM MUHUMAJIbHBINA 71eMEeHT ' (Tabiuia 3.2) ¥ BRIUUTAEM €r0 U3
BCEX JJIEMEHTOB CTPOKU. Pe3ynbrar 3TON omeparuu mpenctaBieH B tabmuie 3.3. KoHcranTamwu
npuBesieHus OyayT cienyromue Benmuunsl 0,177; 0,122; 0,34; 0,235; 0,177; 0,122. Cymma naHHBIX

n
KOHCTaHT M JAeT HWKHIOK T'PaHMIy JUIMHBI JUJI BCEX T'AMWIBTOHOBBIX LIMKJIOB (Z:hi =1,173). Dta
i=1
OIICHKAa MOJKET OBITh YJIyYIlIEHa 3a CYET NPUBEICHUS 110 CTOJI01aM. KOHCTaHThI TPUBEICHUS TOKAa3aHbI B
tabmuue 3.3. B pesynbrare mpuBeeHHs MO cronaduam mnoiayduT Tabmmuy 3.4. HwkHss rpanuna

n n
T"amMunbpTOHOBEIX HMUKIIOB cocTaBisteT HI'M = Z hi + z h i =1,278.

i=1 j=1
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Tabruya 3.3 — [Ipomescymounvie pacuemul

nijo 1 2 3 4 5
0 | 0,079 0,19 0,221 0 0,195
1 ]0,134 0 0,342 0,148 0,151 0
2 | 0,027 0,124 0 0 0,202 0,173
3 0,163 0,035 0,105 ) 0,272 0
4 10 0,096 0,365 0,329 0 0,214
5 10,25 0 0,391 0,113 0,269 )
hj |0 0 0,105 0 0 0

Tabnuya 3.4 — [Ipomesxcymounvie pacuemol

n|0 1 2 3 4 5

0o 0,079 | 0,08 |0221 |0 0,195

110134 | o 0,237 0,148 |0151 |O

210027 0124 | 0 0,202 | 0,173

310,163 | 0,03 |0 ) 0,272 |0

410 0,096 | 0,26 0,329 |« 0,214

510,25 0 0,286 | 0,113 | 0,269 | o HI'M=1,173+0,105=1,278

[anee mnpocMaTpuBarOTCAd BCE HYJIEBBIE 3JIEMEHTHI MAaTpPUIBI W HAXOAUTCS CyMMY KOHCTaHT
TIPUBEICHUS IS KaXKJO0TO HyJeBOro sneMenTa. OHM moka3aHbl B Tabnuie 3.5, B Kpyriasix ckoOkax. U3
9THX 3HAYEHWH BbIOMpaeM MakcumanbHoe 3HaueHwe (0,23) uto cootBercTByeT ayre (0,4). HI'M
[0,4]=1,278+0,23=1,508.

Bxurouenne nyru (0,4) Bemer k umckintoueHuio Beel 0-oi cTpoku u 4-ro cromdma. DmemeHT (4,0)
M3MEHsETCS Ha 3HaK oo (Tabnuma 3.6). OleHKy MOXHO YJIyYIIUTh 3a CUCT IPUBEIACHHS [0 CTPOKAM U
cronbuam (tabmuua 3.6, 3.7 u 3.8). HTM=1,278+0,096+0,027=1,401 .

Tabnuya 3.5 — [Ipomescymounvie pacuemul

nio 1 2 3 4 5

0 | 0,079 |0,085 |0,221 | 002 0,195

1 1013 | 0,237 0,148 | 0,151 | 00613

2 10027 0124 | 0014 0,202 | 0,173

3 10,163 |0,035 | 000 | o 0,272 | 0©

4 | 0012 10,096 | 0,26 0,329 | w 0,214

5 10,25 00128 10286 |0,113 | 0,269 | HI'M=1,278+0,23=1,508
Tabnuya 3.6 — [Ipomedsicymounvie pacuemul
n 0 1 2 3 5 h,
1 0,134 0 0,237 0,148 0 0
2 0,027 0,124 e 0 0,173 0
3 0,163 0,035 0 0 0 0
4 o0 0,096 0,26 0,329 0,214 0,096
5 0,25 0 0,286 0,113 0 0
Tabnuya 3.7 — [Ipomescymounvie pacuemul
n 0 1 2 3 5
1 0,134 0 0,237 0,148 0
2 0,027 0,124 0 0 0,173
3 0,163 0,035 0 0 0
4 o0 0 0,164 0,233 0,118
5 0,25 0 0,286 0,113 0
h, 0,027 0 0 0 0
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Tabnuya 3.8 — Ipomescymounvie pacuemol

n 0 1 2 3 5

1 0,107 0 0,237 0,148 0

2 0 0,124 e 0 0,173

3 0,136 0,035 0 0 0

4 o0 0 0,164 0,233 0,118

5 0,223 0 0,286 0,113 © HI'M=1,278+0,096+0,027=1,401

HaxomuTcst cymMMa KOHCTaHT MPHUBEIACHHSA JUIS KaKIOrO HYJIEBOTO aieMeHTa (Tabmuma 3.9).
Maxkcumanbroe 3Hauenue 0,164 coorBeTcTByeT nementy (3,2). HTM=1,401+0,164=1,565 .

Tabnuya 3.9 — [Ipomesxcymounvie pacuemol

n 0 1 2 3 5

1 0,107 o0 0,237 0,148 0(.207)

2 00100 | 0,124 0 0013 10,173

3 0,136 0,035 00189 | oo 0©

4 0 00118) 0,164 0,233 0,118

5 0,223 00113) 0,286 0,113 0 HI'M=1,401+0,164=1,565

Uckmovaercs 3-51 cTpoka, 2-oi cronber (Tadnuma 3.10). Dnement (2,3) ciaenyer 3aMeHUTh 3HAKOM 0o
(Tabnuma 3.10). 3HaueHHEe MOKET OBITH YJIYYIIIEHO 33 CUET MPUBEACHUS 10 cToydiam (tadmuma 3.10 -
3.11). Hf'M=1,401+0,113=1,514 .

Tabnruya 3.10 — Ilpomesicymounvie pacuemoi

n 0 1 2 3
1 0,107 0 0,148 0
2 0 0,124 0 0,173
4 0 0 0,233 0,118
5 0,223 0 0,113 0
h; 0 0 0,113 0

Tabauya 3.11 — I[Ipomesicymounvle pacuemoi

n 0 1 3 5

1 0,107 o0 0,035 0

2 0 0,124 o0 0,173

4 0 0 0,12 0,118

5 0,223 0 0 ) HI'M=1,401+0,113=1,514

Haxomurcst cymMMa KOHCTAHT TMPHBEACHHUs IS KaXKIOro HyJIeBoro sjeMenrta (tabmuma 3.12).
Makcumanbroe 3HadeHue 0,231 cooTBeTcTByeT 3HaueHU0 (2,0). HIM=1,514+0,231=1,745.

Tabnuya 3.12 — Ilpomescymounvie pacuemol

n 0 1 3 5

1 0,107 © 0,035 00©153)

2 00231) 0,124 0o 0,173

4 o 00118 0,12 0,118

5 0,223 0 0(0.035) © HI'M=1,514+0,231=1,745

Uckimouaercs 2-1 crpoka, 0-if cronben (tabmuma 3.13). Dnement (4,3) 3aMEHSETCS 3HAKOM o0,
3nauenne HI'M ocraercs npexxanm, HIT'M=1,514 .

Tabauya 3.13 — [Ipomesicymounvle pacuemoi
n 1 3 5
1 o 0,035 0
4 0 00 0,118
5 0 0 00 HI'M=1,514
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Haxoaurcst cymMMa KOHCTAHT TMPHBEIACHUS ISl KaXIOro HyJIeBOro sjeMenrta (tabmuma 3.14).
MakcumanbHoe 3HaueHue 0,153 cooTBeTcTBYET 3eMenty (1,5).

Tabauya 3.14 — [Ipomesicymounvie pacuemoi

n 1 3 5

1 © 0,035 | 00159

4 00118 | o 0,118

5 00 0003%) | o HI'M=1,514+0,153=1,667

Uckmovaercs 1-s crpoka u 5-biii cronder. DnemeHT (5,1) 3amensercs 3HakoM oo, U3 tadmuier 3.15
MOJKHO TTOJIYYUTH JIB€ HEAOCTAIOIINE AYTH, KOTOpbIe BXoaaT B MapiipyT (4,1) u (5,3). HIM=1,514.

Tabnuya 3.15 — Ilpomesicymounvle pacuemoi

n 1 3
4 0 00
5 0 0 HI'M=1,514

Jyru, koTophle ObUIM MONTYYEHBI B X0/ PEIICHUS, MOXKHO 00beIMHUTH B KOHTYp 0,4-3,2-2,0-1,5-4,1-
5,3. Tlocne ompeznencHHON NEpeCTaHOBKM MOy4aeTcss mocienoBarenbHocTs. 0,4-4,1-1,5-5,3-3,2-
2,0=0,177+0,367+0,34+0,235+0,122+0,273=1,514. D10 U ecTh pemicHHE.

Ilocne momydeHWsT HEKOTOPOTO | aMHIIBTOHOBA IHMKIIA, CIEAYeT IPOAHAIM3HPOBATH O0OOpBaHHBIC
BETBU JiepeBa moucka. Heobxomumo yOemuThest, uto cpenu noamHoxectsa (0,4) HET ONTUMAILHOTO

peUICHUA. OcTanbHbIE BETBU paccMaTpuBaTh HE CMbICJIA IO OYCBUAHBIM IIPpHUYMHAM. DJeMeHT d1,4

creyer 3aMeHuTh 3HakoM oo (Tabmuna 3.16). [Tocne npuBenenus mo crpokam u cronoduam (Tabmuna
3.16, 3.17, 3.18) HaxoauTCsi CyMMa KOHCTAHT IPUBEACHHS /st Kaxkaoro 0-ro siementa (Tabmuia 3.19).
MakcumMaabHOE 3HaueHHE MPUXOAUTCs Ha ayry (4,0), 4To SBISETCS] HEIOMyCTUMBIM BapUaHTOM, TO
€CTb pacCMaTpuBaTh JAaHHYIO BETBb HET CMbICJIA.
HepeBo pemenwnii npuBeneHo Ha pucynke 3.1, H=1,514. Ha pucynke 3.2 npuBeneH ['aMuipToOHOB
KOHTYP ISl CMEILICHHBIX M TOBEPHYTHIX TOYEK.

Tabnuya 3.16 — IIpomesicymounvle pacuemsi

nio 1 2 3 4 5 hi
0 | 0,079 | 0,085 | 0,221 | 0,195 | 0,079
1 (0134 | © 0,237 | 0,148 | 0,151 | O 0
2 10,027 | 0124 | © 0 0,202 | 0,173 | 0
3 101630035 |0 © 0271 |0 0
4 10 0,096 | 0,26 | 0,329 | 0,214 | 0
51025 |0 0,286 | 0,113 | 0,269 | 0

Tabnuya 3.17— Ipomedxcymounvie pacuemoi

n |o 1 2 3 4 5
0 |w 0 0,006 |0142 |oo 0,116
1 013 |w 0237 |0148 |0151 |0
2 0027 [0124 [oo 0 0202 |0,173
3 |o0163 [0035 |0 w 0271 |0
4 o 009 [026 |0329 | 0,214
5 o025 |0 0286 |0113 |0269 | oo
h |o 0 0 0 0151 |0
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Tabnuya 3.18 — IIpomesicymounvle pacuemsi

n 0 1 2 3 4 5
0 o0 0 0,006 0,142 o0 0,116
1 0,134 0 0,237 0,148 0 0
2 0,027 0,124 el 0 0,051 0,173
3 0,163 0,035 0 o0 0,12 0
4 0 0,096 0,26 0,329 o0 0,214
5 0,25 0 0,286 0,113 0,118 0

4.AHanu3 NOJTyYeHHbIX pellleHn i Mpu pa3InyHoii pa3MepHocTu noarpadgos

PaccmoTpuM mosydeHHBIE pelleHHs Ha Ipyrux noarpadax, ¢ pa3iudyHbIM KOJIMYECTBOM TOYCK.
CrenepupyeM TOUKH, X U Y, KoTopble MeHsatoTcs B mpenenax 0-1000. Ha pucynke 4.1 (a-e) mpu noMomu
OTIMCAHHOTO BHIIIE aTOPUTMa M300paKeHbI KOHTYpPHI. Kak BHIHO M3 M300pa)KeHUH, MIPH KOJINYIECTBE
Touek 5-11, 13 anropuT™ BbLAAET ONTUMAJIBHOE PELICHUE, TOTJA KaK MpU N =12 BO3HHUKAET NEpeceucHue
KOHTYpa (pUCyHOK 4.1 11, MOIy4eHHOE peleHHe He eCTh ONTUMAIbHBIM). OTHaK0, BO3MOKHO MOTy4eHHE
ONTUMAJIBHOIO PEUICHUS IIyT€M HEKOTOPOW INEpecTaHOBKM TouyeK. Ha pucyHKe KpacHBIM IIBETOM
BBIJICJICH IOAINPABICHHBIH YYaCTOK MaplLIpyTa IIOCJIE€ IEepecTaHOBKH TOYEK. 1O €ecTh, BO3MOXKHO
NOJIy4€HHUE ONTUMAJILHOIO PEIIEHHs] ITyTEM aHallu3a Ha IIepECEUCHUE OTPE3KOB MapLIpyTa.

Tabnuya 3.19 — Ipomescymounvie pacuemol

n 0 1 2 3 4 5

0 o0 00008 | 0,006 0,142 o0 0,116
1 0,134 0 0,237 0,148 005D 1 0@

2 0,027 0,124 0 0113 10,051 0,173
3 0,163 0,035 00008) | o0 0,12 0@

4 00123 | 0,096 0,26 0,329 o0 0,214
5 0,25 00113 10,286 0,113 0,118 0

IMpu nanpHEHIIEM YBENUYECHHHM KOJIMYECTBA TOUCK KpaTdyaiilee pElIeHHE TAaKKe HE TOIydacM.
OnHaKo Mmocye yBeIMUeHHs TPEAEIOB, B KOTOPhIX m3Mmensercs Xu Y (x=0...2000; y=0...2000), Obu1u

MOJy4eHBI onTuMalbHble pemeHus it N =20, n=30. TakuM oOpa3oM, Ha MOTyYeHHUE ONITHMAIBHOTO
MapupyTa Npd TPUMEHEHHM MEeTOoJla BETBEH M TpaHMIl BIUSET IUIOTHOCTh HAHECEHHsS TOYEK WU
paccTOSHUS MEKIY HUMH.

Beimn paccMOTpeHbI Takke pelleHus npu yBenuueHuu npeneiaoB oT 0 mo 10000, HO KoIM4ECTBO
TOYEK, IPU KOTOPOM OBLIO MOJIY4YE€HO ONTHMAbHOE perieHue He npesbiaeT 30 (pucyHok 4.1 n), npu
N =50 onrumansHoe perieHue nony4eHo He 6bu10 (pucyHok 4.1 k).

Ecnu marpuia B3aMMHBIX PacCTOSIHUH CHMMETpHYHAas, TO IPU PEIICHHH 3aJauydl KOMMHBOSDKEpa
BO3HUKAET MHOYKECTBO PEIIEHUH, CpeAN KOTOPhIX MOXKET HAaXOAWUTHCA U ONTHUMAalbHOE. ANTOPUTM He
ofecreunBaeT ONTHMAIbHOE pPEHICHHE ISl OONBIIOr0 KOJWYEeCTBAa TOYEK, HO TPU H3MEHEHHWH WX
NOPsZIKA, MOXKHO HAMTH peleHus, KOTOpbIe UIMEIOT OANHAKOBBIE MapILIPYTHI.

Tak, Hampumep, mns 18 Touek (ymopsagodeHHBIE W TEepeMelIaHHble KOOPAWHATHl NPHUBEICHBI B
tabnuie 4.1) 6puT0 MOMydeHo 6 TOXKIECTBEHHBIX OTIOPHBIX pemeHuil (Tabmuma 4.2).

5 BeiBoabI

B crarbe 1moapoOHO OMKCcaH aIrOpUuTM PEIICHHS 3a1a4d KOMMHUBOSDKEpA METOZOM BETBEH U I'PaHMIL.
PaccmarpuBaercst moAapoOHBIA pacueT i miecTd Todek. [IpoBefeH aHanmu3 BO3MOXKHOCTEW JaHHOTO
ITrOpUTMa IyTeM PACCMOTPEHHUSI PA3IMYHOTO KOJIMYECTBA TOUeK Ha MapmipyTe. KonrmuecTBo TOUeK, Jist
KOTOPBIX QJTOPUTM OJHO3HAYHO NPUBOAMT K ONTHMAJbHOMY IUIaHy paBHO JecsaTH. OIHAKO €CTh
BO3MOXXHOCTH JJOPAOOTKHU aJiIrOPUTMA.

ITokasaHo, 4TO TJIaBHOM NPOOIEeMOH MPHU HAXOXKICHUH ONITUMAIIEHOTO MapIIpyTa sSBIsieTcs mpobdiema
MEPECEYCHNUsT HEKOTOPBIX YYaCTKOB IPHM IOJYYSHHHM OIOPHOIO IUiaHa. Takum 00pa3oM, BO3MOIKHO
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MOJy4YE€HHE ONTHMAJIBHOIO MapuIpyTa IyTeM IIPOBEPKU Ha MEPECEKaeMOCTb OTPE3KOB M HEKOTOPOH
MEPECTAaHOBKH TOYEK.

B pesynpraTe nccienoBaHui BBISBICHO, YTO HAa pe3yJbTaT MOJYyYEHHUs ONTHUMAJIBLHOTO MapuipyTa
BJIMAET IUVIOTHOCTh PacIpenesieHus ToueK Ha MapiupyTe. [Ipu 3HaunTensHOM OTAAJIEHUHU TOYEK APYT OT
Jpyra MoJy4eHO ONTUMAaJbHOE pelleHue il Tpuauatu Touek. Ho nanpHeinee yBeanueHne TOUEK 10
MSTHIECATH HE A0 ONTHMAIBHOTO PELICHUS.

Eme x ogHOMY CBOMCTBY 3TOr0 ajnropuTMa OTHOCHTCSI TO, YTO IPU OTHICKAHUH ONTHMAaJIbHOTO
peleHnss Mbl HaXOAMM MHOKECTBO OIOPHBIX IIJIAHOB, KOTOPbIE HE SIBJSIFOTCS ONTHMAIbHBIMH, HO
HEU3MEHHBI JJIs1 OTIPENIETICHHOM COBOKYITHOCTH TOYEK HE3aBUCHMO OT MX MOpAAKa.

[IpumeHenne pa3zpabOTaHHOTO METOMA JUIS TOWCKA TaMUJIBTOHOBBIX LIMKJIOB MOATPad)oB MO3BOJISET
HOJY4YUTh COBOKYIHOCTH OOBEKTHBHBIX YHCJIOBBIX XapaKTEPUCTUK OMOMETPHUYECKHX IAOJIOHOB.
[Toka3zanHbIe MPUMEPHI JOKA3bIBAIOT HHBAPUAHTHOCTH (HEUYBCTBUTEIBHOCTh) METPUKH | aMHIIbTOHOBBIX
[UKJIOB K JIeHCTBUIO aPUHHBIX NCKAKEHHH.

Step 0 H low value H=1,278

H=1,508 _] \‘ H=1,401

Step 1

Step 5

Puc. 3.1 /lepeso pewenuii (I'amunrbmoros konmyp)




62

Cepis iMaTemaTiuHe MoaentoBaHHs. [HhopMaLiiHi TexHonorii. ABTOMAaT30BaHi CUCTEMM YNpaBniHHsY, BUNYCK 44

1,4

1,2

1,0

0,8

0,6

0,4

0,2

Y
0,67; ’
2l 0,94; 1,21
l 0,59; 1,03 0p4; 1,21
T —
_-0,45,089 \\/ !
0.07-0779:20,0.78- -~ T 0,87; 0,85
. 027:072 | 044;0 0.66: 0.74
'. VAR T30
; 7 #061.057
09:0,5 / 61;
O, 9; ( \)%0’49 /
B /
= 7
0,45; 0,24 X
0,0 0.2 0,4 0,6 0,8 1,0

Pucynok 3.2 Hzobpascenue I amunomonosa KOHmMypa: Ucx00HbIX MOYeK (CuHull yeem), nogepHymoix Ha 15 °
6oKpyz ocu L (kpacwwlil yeem), u cMelyeHHbIX u noseprymuix mouex (vepuwiii ysem), H =1,514

900
800 P i
700 s \
= \\, 880; 631
600 e il :
{568
500 ~
400 \\ /
300
200 \uLgé/M =205
0 200 400 600 800

1000

a) (477,226)-(611,205)-(880,631)-(544,804)-
(24,568)-(477,226); H=2156,031; 1-2-3-0-4-1;

1000
900
800
700
600
500
400
300
200

n=5

r{75;942

i

\880;

631

{Q

N

™

0

200

400 600

800

1000

6) (477,226)-(611,205)-(880,631)-(575,942)-(544,804)-
(24,568)-(477,226); H=2355,146;

1-2-3-5-0-4-1; n=6

6) (24,568)-(142, 494)-(544,804)-(575,942)-

(880,631)-(611,205)-(477,226)-(24,568);
H=2431,028; 4-6-0-5-3-2-1-4; n=7

1000
575: 942 575 942
/f\\ - /’\\
544 80% 800 544: 80%
' / \
700 i L
\)880; s TS | \880; 631
600 A
o%;\:sss 4: 568 /
T4z 494 500 - 2494 — 1/
400 \\ /
/ 300 1
%7 200 \4‘7'742?@{.1; 205
0 200 400 600 800 T 200 400 600 800

1000

2) (477,226)-(611,205)-(880,631)-(575,942)-(544,804)-
(13,615)-(24, 568)-(142,494)-(477,226);

H=2396,691;1-2-3-5-0-7-4-6-1; n=8



BicHuk XapkiBcbkoro HauioHanbHoro yHisepcuteTy imeHi B.H. KapasiHa, 201 9

63

1000
900
800
700
600
500
400
300
200

1000
575: 575; 942
NO75; 942 - /\1\
/L«!’).'-! 45 ,@\ 800 «@i 5 ‘;80-.\
- ~ 700 W adl \
3, 646147, 621 >880: 600 ¢TI 61N47: 621 3'8802 631
¥77%; 548 /’ \@ \\ 4
4 AOA 500 4a 4 /
27454 ”,r |44,4u4‘\\\\ /////
\ / 400 N
\\ @1; 369 \1481; 4; 353
Wi 300
611; 205 Lw.Lz
6 200 -28%11- 205
0 200 400 600 800 1 0 200 400 600 800 1000

0) (333,808)-(402,786)-(544,804)-(575,942)-
(880,631)-(481,369)-(477,226)-(611,205)-(142,494)-
(147,621)-(24, 568)-(13,615)-(333, 808); 10-11-0-5-

2000
1800
1600
1400
1200
1000
800
600
400
200

10000
9000
8000
7000
6000
5000
4000
3000
2000
1000

3-8-1-2-6-9-4-7-10; n=12

¢) (333,808)-(402,786)-(544,804)-(13,615)-(24,568)-

(142,494)-(147,621)-(481,369)-(477,226)-(611,205)-
(594,353)-(880,631)-(575,942)-(333,808); 10-11-0-7-4-
6-9-8-1-2-12-3-5-10; H=3050,98; n=13

u) n=30; x=0...10000; y=0...10000

2000
I~ — 7 1800 i W
/ \-.-J/' 1600 / \‘V/ ‘
/ K 1200 I lo—— T 1
1000
h\\/ \ 800 R / \
/ 4( \/
600 \ //
/ 400
‘V"A\\/// 200 \VH‘
0
0 500 1000 1500 2 0 500 1000 1500 200¢
arc) n=20; x=0...2000; y=0...2000 3) n=30; x=0...2000; y=0...2000
10000 :
//,/[T 9000 » Y
\/" 4 / 8000 -+ /'\\ -
L\ ,/\r 6000 \ | '<7Z//
—~ 1 N 5000 \\ - b
= 4000
//\* 3000 j}/ \7
//A\ 2000 ////L\\e( ]
| 1000 v .
0 2000 4000 6000 8000 10 °
0 2000 4000 6000 8000  100(

k) n=50; x=0...10000; y=0...10000
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Lo

Tabnuya 4.1 — Koopounamer mouex

VYnopsnouennsle | Ilepemernannbie

N | ot nertpa Toukn | 18 Touex
X y X y

0 |0528 |0621 |0,74 0,1
1 ]0411 [0385 |0,59 0,866
2 1035 0,498 | 0,701 | 0,092
3 10,799 |0,489 |0,809 | 0,393
4 10,752 | 0,666 | 0411 | 0,385
5 |0377 |0801 |0,35 0,498
6 10809 |0393 |0,752 | 0,666
7 10,408 |0152 |0,799 | 0,489
8 1053 0,128 | 0,53 0,128
9 1059 0,866 | 0,528 | 0,621
10 1 0,153 | 0,32 0,153 | 0,32
110,378 [0,119 |0,378 | 0,119
12 1 0,915 | 0,437 |0,377 |0,801
13 10,058 | 0,587 | 0,058 | 0,587
14 10,701 | 0,092 | 0,408 | 0,152
15 1 0,74 0,1 0,915 | 0,437
16 | 0,013 | 0567 | 0,244 | 0,954
17 10,244 |0,954 | 0,013 | 0,567

Tabnuya 4.2 — Ionyuennvle pewienus 051 MOYeK UMErOWUX PA3TUYHbLL HOPAOOK

n H Mappyt

18 3,671 14,15-15,6-6,12-12,3-3,4-4,9-9,5-5,17-17,13-13,16-16,10-10,1-1,2-2,0-0,11-11,7-7,8-8,14

3,652 15,14-14,8-8,7-7,11-11,1-1,13-13,16-16,10-10,2-2,0-0,5-5,17-17,9-9,4-4,3-3,12-12,6-6,15

3,721 15,14-14,8-8,7-7,11-11,1-1,13-13,16-16,10-10,2-2,0-0,17-17,5-5,9-9,4-4,3-3,12-12,6-6,15

3,679 15,14-14,8-8,7-7,11-11,10-10,16-16,13-13,17-17,5-5,9-9,4-4,3-3,12-12,6-6,0-0,2-2,1-1,15

3,682 15,14-14,8-8,7-7,11-11,1-1,16-16,13-13,10-10,2-2,0-0,5-5,17-17,9-9,4-4,3-3,12-12,6-6,15

3,778 14,15-15,6-6,12-12,3-3,4-4,9-9,17-17,5-5,13-13,16-16,10-10,1-1,2-2,0-0,11-11,7-7,8-8,14

18' 3,652 2,0-0,3-3,15-15,7-7,6-6,1-1,16-16,12-12,9-9,5-5,10-10,17-17,13-13,4-4,11-11,14-14,8-8,2

3,671 2,0-0,3-3,15-15,7-7,6-6,1-1,12-12,16-16,13-13,17-17,10-10,4-4,5-5,9-6,11-11-14-14-8-8,2

3,721 0,2-2,8-8,14-14-11-11,4-4,13-13,17-17,10-10,5-5,9-9,16-16,12-12,1-1,6-6,7-7,15-15,3-3,0

3,682 0,2-2,8-8,14-14-11-11,4-4,17-17,13-13,10-10,5-5,9-9,12-12,16-16,1-1-6-6,7-7,15-15,3-3,0

3,679 0,2-2,8-8,14-14,11-11,10-10,17-17,13-13-16-16,12-12,1-1,6-6,7-7,15-15,3-3,9-9,5-5,4-4,0

3,778 2,0-0,3-3,15-15,7-7,6-6,1-1,16-16,12-12,13-13,17-17,10-10,4-4,5-5,9-9,11-11,14-14,8-8,2
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MeToa 00YHCIICHHST CHHTYJIIPHUX 1HTETPaliB B 3aJja4aX aKCcialbHO-CHMETPUYHUX
teuiit CTokca

1P I'.ITanbunkos, l’ZO.O.CTpeHbHiKOBa, 10.0. Ycarosa
! Incmumym npo6nem mawunobyoyeanns HAH YVipainu im. A.M. ITiozopnozo
synuysa Iloaxcapcokozo, 2/10, Xapxis, 61046, Ykpaina
2 Xapxiscokuil nayionanvuuii yuisepcumem imeni B.H. Kapasiua,
matioan Ceoboou 4, Xapxie, 61022, Vrpaiua,
elenal5@gmx.com

Jocnimkeno Teuii B’S3K01 piIMHM 3 HEBEMMKMMHU yuciaaMmu PeliHonbpaca (Teuii CTokca) y TpUBUMIpHOMY (OPMYIIOBAHHI.

B mromy Bumamxy MoxmuBo HexTyBaTH iHepUIiMHMMH WiIeHaMH B pPiBHAHHAX pyxy. Taki Teuii MOXyTh BinOysaTuca B
HaHOTPYOKax, IO € BKIIOYCHHSIMH B PEMPE3CHTATUBHHX 00’€Max HaHOMaTepialiB. 3 BHUKOPUCTAHHA (YHIaMEHTAILHOTO
po3B’si3ky O3eHa moOynoBaHO iHTerpajibHe 300pa)KeHHS IIBUAKOCTI. Lle 300pakeHHS BUKOPHUCTOBYETHCSA A 1MOOYIOBU
IHTErpaIbHOTO PIBHSHHS BiJIHOCHO HEBIJJOMOI I'yCTHHH. P0O3B’ 130K IEOTO PIiBHSHHS Ja€ 3MOTY OOUHMCIIUTH THCK PiJUHH HA CTIHKH
0000HKH. J{OCTIIKEHO BHIAJOK aKCiaJbHO-CUMETPUYHUX Teuidd. JIJs 1[bOro OTPHMAHO IHTErpajibHE MOJAHHS HEBiIOMOI
MIBUJIKOCTI B IMIIHIPUYHHUX KoopauHartax. LIImsxoMm iHTErpyBaHHS 3a OKpY)XKHOIO KOOPIMHATOIO 3IIHCHEHO 3BEICHHS
JBOBHMIPHOTO CHHTYJSIPHOTO IHTErPajbHOTO PIBHSHHS JO OXHOBUMIpHOTO. [Ipy IIbOMY BHSBIEHO, IO KOMIIOHEHTH SIEp
CHHTYJIIPHOTO OTIepaTopa BUPAKAIOTHCSA Uepe3 CIMINTUYHI IHTETpald MEepIioro Ta Ipyroro poxay. JloBeaeHo, 1o 0coOIMBOCTI
sIep OAHOBHMIPHUX CHHTYJSIPHHX iHTETPAIFHUX PIBHAHB MAlOTh JIorapupMiuHUE Xapakrtep. s oOYHCIEHHS eMiNTHYHUX
IHTErpaliB 3alpOIIOHOBAHO BUKOPHCTOBYBAaTH anroputM ['ayca, 3acHOBaHMH Ha BHKOPHCTaHHI CEPEIHBOTO apU(PMETHKO-
TEOMETPUYHOTO 3Ha4UeHHs. LIs mpoueaypa nae 3Mory OTpUMAaTH JOrapu(pMidHi CHHTYISIPHI KOMIOHEHTH 13 BUCOKOIO TOUHICTIO.
Lle mae 3Mory BHKOPHCTOBYBATH CHELIaJIbHI KBaipaTypHi (GopMymnu s OOYMCICHHS IHTETPaliB 3 TaKOK OCOOJHUBICTIO.
TToGynoBaHo anropuTM™, 3aCHOBaHUIT HA BUKOPHCTAHHI METOAY T'PAHUYHHX €JIEMEHTIB JJIsI YUCIIOBOTO PO3B’SI3aHHS OTPUMAHUX
CHHTYJSIDHUX IHTETPAJbHUX pIiBHAHBb. [IpOBENEHO TECTyBaHHS 3allpOIIOHOBAHOIO METOJa PO3B’SI3aHHS OJHOBHMIPHHX
CHHTYJSIDHUX PIBHSHB, SIKI B SIIpax MICTATH €JINTHYHI IHTETPAN 3 JIOTAPU(PMIYHUMH OCOOIUBOCTSIMHU, TOOTO JorapupMidHa
0COOJIMBICTh HE BUPAXKCHA B IBHOMY BUIIISAIL. 3p0o0JICHO MOPIBHSIHHS 3 BIJOMAMH aHATITHYHUMH po3B’si3kamu. OTpUMaHi aHi
CBiIYaTh MPO BUCOKY €PEKTUBHICTH 3alIPOIIOHOBAHOTO YHCIOBOTO METO/Y.

Knwwuosi cnosa: meuis Cmoxca, axcianvbHo-cumempuyne @QOPMYIOSAHHSA, CUHYIAPHI [HMeSPAlbHI DIGHAHHA, CepPeOHE
apugmemuro-eeomempuyne 3HaYeHHs.

HccnenoBano TedeHHe BSA3KOM JKMAKOCTH TpH HeOompImX uuchax PeifHompaca (tewenuss CrTokca) B TpeXMEpHOM
(dopmynupoBke. B 3ToM cirydae MOKHO TIpeHeOpeub HHEPLUOHHBIMH YWICHAMH B YPAaBHEHHUSX JIBIKEHHUS. Takue TeUeHHs: MOTyT
NPOMCXOANTh B HAaHOTPYOKaX, KOTOpPbIE MOXXKHO paccMaTpHBaTh KaK BKJIIOYEHHS B PEIPE3CHTATHBHBIX 00BbeMax
HaHoMarepuanoB. C wHCronp30BaHMeM (QyHAaMEHTaNbHOro pemeHuss O3eHa MOCTPOCHO HHTErpalbHOE MpECTaBICHUE
CKOPOCTH. DTO MpEACTABICHHUE HCIOJB3YeTCsl A IOCTPOSHHS MHTETPAIIbHOTO YPABHEHUsS OTHOCHUTENIBHO HEW3BECTHON
IUIOTHOCTH. PellleHne MoJy4eHHOro ypaBHEHHUS JaeT BO3MOXKHOCTH BBIYHCIIUTH JABJICHHE XXMIKOCTH Ha CTEHKH OOOJIOYKH.
HccnenoBan citydail akCHaIbHO-CHMMETPUYHBIX Te4eHHH. {1 3TOr0 MOJydeHO MHTerpalbHOe MpeCTaBlICHHEe HEN3BECTHOM
CKOPOCTH B HWJIMHAPHYECKUX KoopauHaraX. [IyTeM HMHTerpupoBaHMs MO OKPY)KHOH KOOpAMHATE OCYIIECTBICHO CBEICHHUE
JIBYMEPHOTO CHHTYJISIPHOTO MHTETPajJbHOTO YPaBHEHHS K OJHOMEPHOMY. IIpHM 3TOM YCTaHOBJICHO, YTO KOMIIOHEHTHI SIEp
CHHTYJISIDHOTO OIIepaTtopa BBIPAKAIOTCS Yepe3 OJJUIMNTHYECKHE HHTErpaibl TEpBOro M BTOpOro pona. JlokazaHo, YTO
OCOOCHHOCTH $€p OJHOMEDHBIX CHHTYJISIPHBIX HHTETPajbHBIX YpaBHEHHH HMEIOT JorapupMuyeckuii xapakrep. s
BBIUHCIICHUS DJUIMITHYECKUX HHTETPAJOB MPEIJIOKEHO HCIOJIb30BaTh alroput™ l'aycca, OCHOBAaHHBIN Ha HCIIONB30BaHHU
CpenHero apru(pMeTHKO-TeOMETPHIECKOr0 3HaYeHHs. DTa MpOoIeypa IMO3BOJISET MOJTYyYUTh JIOTAPU(PMUIECKUE CHHTYIISIPHBIS
KOMIIOHEHTBI C BBICOKOH TOYHOCTBIO, YTO JaeT BO3MOXKHOCTb. HCIOJIB30BaTh CIEHHaNbHbIE KBaApaTypHble (GopMyis! i
BBIYHCIICHUsI MHTETPAJIOB C TaKoi 0coOeHHOCTHIO. [I0CTpoeH anropuT™, OCHOBAaHHBIN Ha MCIOJIB30BAaHUM METOAA MPAaHUYHBIX
JJIEMEHTOB JUIS YHMCIEHHOTO PEICHMs] IMOJTYyYeHHBIX CHHTYISIPHBIX HMHTETPAIBHBIX ypaBHeHWH. [IpoBeneHO TecTHpoBaHHe
HPEJIOKEHHOTO METOJ@ PEIICHHs OJHOMEPHBIX CHHIYJSPHBIX YPaBHEHHH, sIpa KOTOPHIX COJEPKAaT SIUTHITHYECKHE
HHTETpalbl C JIOTapUGMHIECKUMH OCOOCHHOCTSIMH, TO €CTh JorapudMuueckas 0COOEHHOCTh HE BBIpa)KEHA B SBHOM BHJIE.
TIpoBeeHO CpaBHEHHE IMONYYEHHBIX YMCICHHBIX PE3YJbTATOB C M3BECTHBIMH aHATUTHYCCKHMH pelIeHUsIMH. I1oTydeHHbIe
JIAHHBIE CBUJICTENBCTBYIOT O BHICOKOH 3 (DEeKTHBHOCTH MPE/IOKEHHOTO YHCICHHOTO METO/IA.

Knrouesvie cnoea:. meuenue Cmoxca, axcuanbHO-CUMMEMPUYHAS (QOPMYTUPOBKA, CUHYIAPHbIE UHMESPANbHble YPAGHEHUs,
cpedHee apugpmemuxo-zeomempuieckoe sHaueHue

The flow of a viscous fluid at small Reynolds numbers (Stokes flow) in a three-dimensional formulation is investigated. In this
case, the inertial terms in the equations of motion can be neglected. Such flows can occur in nanotubes that can be considered as
inclusions in representative volume elements of nanomaterials. By using the fundamental solution of Ossen, an integral
representation of the velocity is proposed. This representation is used to receive an integral equation for an unknown density.
The solution of the resulting equation makes it possible to calculate the fluid pressure on the walls of the shell. The case of axially
symmetric flows is investigated. For this, an integral representation of the unknown velocity in cylindrical coordinates is

© Manbuukos P.I'., CtpenbHikosa 0.0, Ycarosa 0.0., 2019
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obtained. By integrating over the circumferential coordinate, the two-dimensional singular integral equation is reduced to one-
dimensional one. It has been proved that the components of the kernels in singular operators are expressed in terms of elliptic
integrals of the first and second kind. It has been proved that the singularities of the kernels of one-dimensional singular integral
equations have a logarithmic character. To calculate elliptic integrals, the Gaussian algorithm based on the use of the arithmetic-
geometric mean value is proposed. This procedure allows us to obtain logarithmic singular components with high accuracy,
which makes it possible to use special quadrature formulas to calculate such integrals. An algorithm with usage of the boundary
element method for the numerical solution of the obtained singular integral equations is proposed. The method for solving one-
dimensional singular equations, where the kernels contain elliptic integrals with logarithmic singularities (i.e logarithmic
singularity is not expressed explicitly) has been tested. The obtained numerical results have been compared with the well-known
analytical solutions. The data obtained indicate the high efficiency of the proposed numerical method.

Key words: Stokes flow, axially symmetric formulation, singular integral equations, arithmetic-geometric mean value.

1 Betyn

BuBueHHs (i3MYHUX Ta MEXaHIYHUX BIACTUBOCTEH TEXHOJIOTIYHO-IHHOBAIIHHUX HAHOKOMIIO3UTHUX
MaTepiajiB € OIHI€I0 3 aKTyaJbHHX MpoOIeM cydacHO! MexaHiku. OOTpyHTOBAaHICTb pPe3yNbTaTiB
YHUCIIOBOTO MOJICITIOBAaHHS MIITHOCTI BHUPOOIB 3 HaHOMAaTepialiB BHMara€ MOOYIOBH HaJIEKHUX
MaTeMaTHYHHX MOJeJel, [0 aJeKBaTHO OMHUCYIOTh CTPYKTYpH HAHOPO3MIpHHUX BKIIO4YeHb. Ha
TEMEepilTHIi dYac ICHye BeNWKAa KUTBKICTh TEOPETHYHHUX Ta EKCIIEPUMEHTANBHUX JOCIiKEHb,
MPHUCBsiUeHUX HaHokoMmmo3utaM [1-8] Ta in. HaiiGinein eeKTUBHUMU cepel YMCIOBHX METOMIB IS
JOCITIPKEHHST BIIACTUBOCTEH HAHOKOMITO3UTIB Ta HAHOMAaTEpPialliB BUSBWIIMCH METOJIM CKIHUEHHUX Ta
rpaHn9YHEX enemedTiB [5,7,9,10]. BixzHaunmo, 110 METOT TPAaHUYHHUX €JIEMEHTIB JTO3BOJISIE BPaXOBYBATH
HEKJIaCUYHI TPaHWYHI YMOBHU Ha MOBepXHsX iHTepdeiicy [5,11]. B poboTi [7] mocmimkeHi pi3Hi THIH
MPE/ICTABHUIIBKIX KOMIpoK. Taki JOCTKEHHS Iaf0Th 3MOTY pPO3pOOIIIOBaTH HaHOMAaTepiaiw i3
3aJJaHIMH MEXaHIYHUMH XapaKTEPUCTHKaMHU. 3ayBa)KUMO, IO BaXXIIMBO BUBYATH MpEACTABHHIIBKI
KOMIPKH caMe 3 IOBIJIbHO PO3MOIIICHUMH a00 YIIOPSIAKOBAHUMHU CUCTEMaMH HAHOTPYOOK. JloCmiKeHHS
Tevil piIMHU B HAHOTPYOKAaX Ta iHIIMX HAHOCTPYKTYpaX € BAKJIMBOIO MPOOIEMOI0 HAHOT1IPOIMHAMIKI
[12,13]. Teuii Takoro pomy BinOyBarOThLLCS P ManuX unciax PefiHonbaca [14], ToOTO B IbOMY BHIIAIKY
MOJKJIMBO HEXTYBATH THEPIIHHUMH WICHAMH B PIBHSHHAX pyXy [15-17]. AkcialbHO-CHMETPUYHY TEUirO
BCEPENIMHI KOHYCa 32 YMOBH MaJIuX 4yrcen PeliHomnbca po3riisHyTo B [ 18], ne 3HaiineHo acCUMITOTHYHUIA
po3B’s130K piBHSHb HaB’e — CToKca.

B nmanomy pocmipkeHi 3amadi akcialbHO-CHMETPHYHOI Tewii Mpu Maiux uuciax PeifHonbaca
BHBYAIOTKLCS 3a JIOTIOMOTOK METO/IIB PAaHUYHUX €JICMEHTIB ITPH PO3B’si3aHHI piBHAHB pyxy CToKCa.

2 3arajibHe (popMYJIIOBAHHS TPOOIeMHU
PiBHsIHHS pyXy B’S3K01 piAMHY 3 HEBeTUKUMHU unciamu PefiHonbaca (tedii CTokca) y TpUBUMIpHOMY
(hopMyIrOBaHHI MatOTh BUTIIAA [19]

divu=0, —Vp+uAu+pg=0, (2.1)

Jie U — BEKTOp MIBUAKOCTI PiAWHHU, [\ — JTUHAMidHA B’S3KIiCTh, p — THCK, p - TYCTHHA DilUHU, § —
MPUCKOPEHHS BUIBHOTO TIa [IHHS.

dynaamenTanbHui po3B’si30k (Stokeslet) piBusab (2.1), abo Tensop O3ena [20] mae Takuii
BUTJISIT

1
8muR

u;(P,Q) = (Sij +r,ir,j)' (2.2)

neR = |P—Q|— JICKapTOBa BIJICTaHb MK TOYKAMHU P(X, Y, Z) Ta Q(XO, Yo Zo), r=P-Q,
r=0n )", 5=x(P)-x(Q) ri=ar/ox(P)=r/r, X=X X,= Y, X=1.

Bynemo BuBuatu Tedii CTokca B akCiallbHO-CUMETPUIHOMY (DOPMYITFOBAHHI.
[pumyctumo, mo obaacts Tedii S (30BHIIIHS a00 BHYTPILIH) € 000I0HKOI0 00epTanHs, puc. 2.1. Ha
MIOBEPXHI 000JIOHKH 331a€EMO TPaHWYHI YMOBH.
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/

\

#

Pucynox 2.1 Axcianoro-cumempuuni meuii
3a momomMorow (pyHZaMEHTAIEHOTO PO3B’sA3KY (2.2) moOyayeMo iHTerpaidbHE 300paKeHHS TaKUM
YHHOM:

v,(Q)= [u;(P.QJy;(PYS. (23)

Tyt BekTOp yl(P), yZ(P), yS(P) 300paka€ HEBIOMY TYCTHHY, sIKa 3HAXOIMTHCS 3 BiJIOBIIHOIO

IHTErpaJbHOrO PIBHSHHS, SIKE € HACIIIKOM IPAaHUYHUX YMOB. ITiciis 3HAXOKEHHS HEBIIOMOI I'YCTHHH 3
IHTETPaJIbHOTO PIBHSAHHS 3HAXOAMMO THCK 3a J01oMoror (Gopmyiu [20]

p(Po)=i£—d|(g(fg;or|3) s

VY Bumajgky AOCHIPKEHHS aKciaJbHO-CUMETPHYHMX TEYill AOLIIBHO MEpedTH 00 UWITIHIPUYHOI
cuctemu koopauHat. Hexait Touku P 1 Q, BiOBIIHO € TOYKOIO HA TIOBEPXHI IHTETPYBaHHS, Ta TOYKOIO
CIIOCTEPEIKEHHS.

TobTo,
X1(P) = rjcos; , X2 P) = rj sin 0; , X3(P) =17

X1(Q) = rj cos0j, X, (Q) =rjsind;j;, X; (Q) =z

EBkutiioBa Bisictans Mix Toukamu P 1 Q BU3HAYaeThCs 32 (OPMYIIOLO:

R(P,Q)= /(4 (Q)~x(P)F +(x(Q)— X (P)f +(x5(Q)~x:(P)F (2.4)

B muninapnuHNX KOOpAMHATAX PiBHICTE (2.4) HabyBae BUIIALY

R(P,Q)z\/rizﬁtrjz—Zrirj coso); +(zi —zj)2 (2.5)
BBeHeMO OIIcpaTop nepexony Takum YUHOM.
cosf(X) —sind(X) O

T(X)=| sind(X) cosf(X) O
0 0 1
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B toukax P Ta Q mMaeMo BiAMOBIAHO

cosHJ. —sinHj 0 cos0O —-sin0 O 1 00
T(Q)=|sing, cosd, 0| T(P)=|sin0 cosO 0|={0 1 0
0 0 1 0 0 1 0 01

B umniHapuyHHX KoopauHaTax KommoneHTH mBuakocti nosuaunmo sk V,(Q),V,(Q), V,(Q), a

KOMIIOHEHTH T'yCTHHH SIK Y, (Q), Ys (Q)’ Y. (Q)
OTpI/IMa€MO TaKuu BHUpa3 JJIs1 KOMIIOHCHT HIBI/II[KOCTi B III/IJ'IiH)IpI/I‘IHI/IX KOOleI/IHaTaX:
V.(P) U, U, Uglfcosd —sind 0) 7 (Q)
V,(P) |= j Uy, U, Uyl sind cos@ 0] y,(Q)|ds (2.6)
V,(P) Uy Ugp  Ug 0 0 1) 7,(Q)

BpaxoBytoun (2.6), onepkumMo

2n 2n 2n
= J.(ull cos@+uy,sinOpe, U, = I(— Uy, Sin 0 +u;,cos0)6, U, = J. U006,
0 0 0
2n

2n 2n
Uy, = J-(uucose +Uy,sinO)0, Uy, = _[(— Uy, SiN B+ Uy, cos0)0, Uy, = '[u23d6 :
0

0 0
2n 2n 2n
U, = J'(usl C0SO+Ug,sin 66, U, = I(— Uy, Sin 0 +U,,cos0)0, U, = J‘usgde .
0 0 0
Beenemo nmo3HayeHHs
1=17-1;, a:riz+rj2+22, b=2rr, c=a+h, d=a-b, k= b
a+b
Ta BUKOPUCTAEMO CTaHJAPTHI eNNTHYHI iHTeTpaIu
n/2 n/2 12
Ek)= [(-ksinyfay,  K(K)= [L-Kk>sin®y) "y
0 0
Amnanoriuno [11] 3100yaemo Taki popmyu:
U;(P.R)=UiE(k)+UZK(k), i,j=r,z,0,
ae
— a A A2 Ugh
Ui, = [c+22 } Uz = a+2?| U =—=, UL =-12_
11 rr\/— 11 i, C[ 1 12 I]\/E 12 d
U2 __ A Ul _UAf U2 _2A UL _iﬁz
21 rj\/E’ 21 d ' 25 2Tl

a
Ul = + 22 }uzz—anz U, =U,.=U, =U,. =0,
33 r,I’J\/_[ 33 rirj\/—[ 1 31 13 32 23

1 A a
=[8n2uT, h=r?-r2+2%, f=r-r’+2

Hapmani po3riisiHeMo akciaabHO-CUMETPUYHI Tedii, P [bOMY Y S(Q) =0.
[Tpu nboMy iHTErpalibHe 300pasKeHHS IS TOITYKY IBUAKOCTI HAOyBa€e BUTIIS LY
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Vr(P) _ Uyp Up Vr(Q)
- j dr 2.7)
Vz(P) T Uy Uy Yz(Q)
3o6paxenss (2.7) Oyae BUKOPUCTAHO IS TTOOYAOBH 1HTETPaIbHOTO PIBHSHHS BIJHOCHO HEBIIOMEX
TYCTHH.

3 AHauni3 oco0nBocTEl B sIPaX iHTerpajbHUX ONepaTopiB
1,2 . .
Komnonentn U;° € nenepepsauMu (ynkuismu. Tomy ocobmuBocTi B sapax (2.7) BHHHKAKOTH

3aBJISIKU JIOTAPUPMIYHOMY XapaKTepy eIINTUYHUX iHTerpaliB K(k) mpu k > 1. Maemo

2 2
Kik) =22 22 2 (23 ) (22 2 Yoy k2=1-k2,
2 M1 2.4) " 12 34

JUsst OGUMCTICHHS eNINTHYHNX IHTErPalliB 3aCTOCOBAHO alroput™ layca, 3aCHOBaHHI Ha BUKOPUCTaHHI
cepenHbporo apudmeTuko-reomerpuyHoro 3Hadenust AGM(a,b)

/2

do _ T .
* Ja2cos?0+b2sin?0 2AGM (a,b)

Anroputrm 'ayca nomnsirae y Takomy [9]:

ay+ faghy . a,+hb, —
8 = ab _b Q= O bo bl Ay = 2 'bn+1_ anbn;"' (31)

AGM(a,b) lim a, = lim b,

n—o

3ayBa)KuMO, 1110 IIpu 3acTocyBaHHi popmyi (3.1) TOUHICTE € = |an - bn| <10°® nocsraerses 3a 6 iTepartiii.

Le#t migxin mae 3MOTy BUSIBUTH JIorapu(MidHY OCOONHMBICTD, iHTETpaist K01 3MIMCHIOETHCS METOIOM,
3armporoHoBaHuM B [21].

4 TecTyBaHHSl YMCJIOBOT0 METOAY
Po3rnsHyTO CHHTYIIsIpHE iHTErpasibHE PIBHSHHS Y BUTIISI1

”\/RZ _y? )\(/))/()d);dy (y—yof = (%, Yo), 4.2)

ne S e xosom 3 paxiycom R. B [22] oTprMaHO aHATITHYHUI PO3B’ 30K 1IOTO piBHAHHSA (4.1) 3

NpaBoio YacTHHOW f (Xo, yo) =’ y Burmsm y(X, y) =1. PiBusians (4.1) 3BeIeHO 10 OJJTHOBHUMIPHOTO
PiBHSHHS

¢ 1)
4J‘JR —p? p"‘Po Ko =

OTtpumane piBHSHHS Ma€ JorapuMidHy 0cOOJIMBICTh, IKa HE BUPAKEHA B SIBHOMY BHUIJISAI.
3pobumo 3amiHy 3MiHHOI p = RSN &, 110 103BOIIsE TT030aBUTHCS Bii KOPEHEBOI OCOOIMBOCTI IPH P,

omm3pkux 10 R. OtpuMaemo

nl2 .
4 [ O)sinG K(kd9 = 2.
5 SinJ+sin Y,
[Ipu Bukopuctanui M rpannuHNx enemeHTiB [9] B Toukax eonokarii

. 1 .
pjzRSIHSj; szn(J—Ej/ZM, j=1..M
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npu M = 40 Oynu oTpuMaHi 3HaUCHHS, HaBeJIeHI B Ta0uIl 4.1.

Tabnuys 4.1 Iopienanns 4uciosux ma auarimuyHux 3Ha4eHb

Howmep 1 5 15 20 25 30 35
€JIEMEHTY

3nauenns | 1.000092 | 1.000083 | 1.000155 | 1.000163 | 1.000165 | 1.000173 | 1.000168
T'yCTUHU

Hani, HaBexeni B Tabmmmi 4.1, cBimgath mpo M00pYy Y3TOKEHICTh YHCIOBOTO Ta aHAIITHIHOTO
pO3B’sI3KIB.

5 BucHoBku

OTpuMaHoO iHTerpalibHe 300pakeHHS MBUAKOCTI PIAMHA IS aKCiadbHO-CUMeTpudHOi Tedii CTokca.
3nificHeHO aHaIi3 OCOOIUBOCTEH B SIIPAaX CHHTYISIPHUAX ONlepaTopiB. 3aponoHOBaHO e(hEeKTUBHHI METO
YHCIIOBOTO PO3B’S3aHHS CUHTYJISIPHUX 1HTETPAJIbHUX PIiBHSHB 3 JIOTapu(MIYHUMH OCOOIHUBOCTSAMHU, IO
BUHUKAIOTH TIPY OOYMCIICHHI eNINTHYHUX iHTerpaiiB. HaBemeHo pe3ynbpraTé TECTOBHX PO3paxyHKiB. B
MOJANBIIOMY TIepen0adacTbcs PO3B’s3aHHS KpaloBUX 3afad cTocoBHO Teuii CTOkca B akciajbHO-
CUMETPHYHHUX O0JIaCTAX, JO0 SKUX BITHOCATHCS HAHOTPYOKHM B pENpPE3eHTAaTUBHUX 00’eMax
HaHOMAaTepiamiB.

PobGora wactkoBo (iHaHCyeThCS B pamkax nporpamu "[liqTpuMka MpiOpUTETHHUX IS AEPIKaBH
HAyKOBHX JIOCHI/DKEHb 1 HAyKOBO-TEXHIYHUX (EKCIIEPHUMEHTANBHHUX) po3po0ok BimmineHas ¢izuko-
TexHiyHuX mpobiem eneprerukn HAH Vipainu" (KITIKBK 6541230)
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AJbTEpHATUBHAS ABOJIIOLHUS CTPATETUN C TAMATHIO
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Xapvrosckuii nayuonanonwiti ynusepcumem umenu B. H. Kapasuna, ni. Ceobooui, 4, 61000, Xapvros, Ykpauna
2 Uncmumym monoxpucmannos, Hayuonanonas Axademus Hayk Yrpauno, np. Hayxu 60, 61001 Xapvros,
Vkpauna
e-mail: yanov50@gmail.com

PaccmoTpena anpTepHaTHBHAsI 3BOJIIONMS COOOIIECTBA CTPATETHil, OrpaHUYEHHBIX TOJIBKO TIITyOMHON mamsaTu. B kaxmom
MOKOJIEHH! yJamseTcs U3 cooOIecTBa CTpaTeTus, KoTopas HaOMpaeT MAaKCHMAalIbHOE KOJHMUYECTBO OUYKOB 3IBONIOIMOHHBIX
npeuMyInecTB. Takas aabTepHATHBHAS BOIOINS MPUBOJUT K CYIECTBEHHBIM H3MEHEHHAM COOOIIECTBA 110 CPABHEHHIO C €TI0
00BIYHOIT 9BOMIOIMEH. B onpeneneHHOM CMBICIIE adbTepHATHBHAS YBOJIIOIHNS ITOIEPKABAET MAKCUMAJIBHYIO TIIyOHHY MaMsITH
U CIIOXXKHOCTH IaXke B OOJNBIIEH CTENEeHH 4eM OOBIYHAs SBOMIONMA. [JTaBHOE OTIMYHE COCTOUT B aOCONIOTHOH arpecCHBHOCTH
CTaI[MOHAPHBIX CTPAaTErHil OTHOCUTENBHO APYT Apyra. CranuoHap GOpPMHPYIOT MAaKCHMAaNbHO arpeCCHBHEIE 110 OTHOLICHHIO K
Ipyr Ipyry crpareruu. [JyOMHA NaMATH M CJIOKHOCTh CTPATeruil SBISIFOTCS SBOJIONMOHHO BBITOJHBIMU CBOMCTBAMH.
YHuBepcanbHas CBA3b MEXIY CpeAHeH arpeCCHBHOCTBIO U YHCIIOM BBIIIJIAT HAa XOJI CTPATEeTUH B CPEIHEM COXPAHSIETCSI.

Knrouesvie cnosa: 960JIIOYUOHHOE MO()@JZMPOGCZHM@, ounemma 3AKIIIOYERH020, cmpameusl, namsantb, C10HCHOCHIb.

VY pamkax y3araJbHEHOI «IHJIEMH YB'SI3HEHHX» PO3IIITHYTa €BOJIIOLIS MOMYJILii 3 TOBHUM HabOpPOM CTpateriii IOBEMiHKH,
00MEKeHHX TUTBKH TIHOMHOI0 mam'ati. [Ipu eBosmomii po3risaacTbes mapHa B3a€MOMIS CTpaTeTid, BIAMOBIIHO 10 iTEpOBaHOI
«IUIeMH YB'i3HEHHX». [Ipy 1IbOMY KOXKHa CTpaTerisi B3aeMOJI€ 3 KOXKHOI, BKIodaoun cede. KokHe HacTymHe MOKOJiHHA
MOITYJISIIT TOCTiAOBHO BTpayae HAWOUIBII BUTiAHI CTpATErii MOBEAIHKH MONIEPEAHBOT0 MoKomiHHs. [TokazaHo, o0 301TbIIeHHS
nam'sTi B TOMYJSLii eBomoUiiiHo BurimHO. [lepeMoxmi eBOMIOLIAHOTO BinOOpy HE3MIHHO BiTHOCSATBCA JO areHTaM 3
MaKCHUMaJIbHOIO ITaM'sITTI0. BBOIMTBCS MOHATTS CKITQAHOCTI cTpaTerii. BBOAATHCS KOJNEKTUBHI 3MiHHI IJIsI OTPUMAaHHS CepeIHIX
MOKA3HHUKIB CIIIBHOTH CTPATETiil Ta BUBUAETHCS 1X 3MiHa 13 yacoM. [Toka3aHo, O cTparerii, AKi MepeMaratTh y MPUPOJTHOMY
BiZIOOpIi, MAalOTh MaKCHMaJbHY 200 OJM3BKY 10 MaKCHMyMy CKJIaJHICTb. PO3IIITHYTO ajgbTepHATHBHY €BOJIOLIIO CHUTBHOTH
CTpareriif, 0OMeXeHHX TiJTbK{ TNIMOMHOIO Mam'sTi. Y KOKHOMY HOKOJIHHI BUIAISIETBCS 31 CIUIBHOTH CTpATeris, sika Habupae
MaKCHMAJIbHY KiTBKICTh OYOK €BOIOLIHHNX nepeBar. Taka aqpTepHATHBHA €BOJIIOLIS MPU3BOJUTE 0 CYTTEBHUX 3MiH CIIUTBHOTH
B MOPIBHAHHI 13 OTO 3BHYAIHOT €BOMIOLIE€I0. Y MEBHOMY CCHCI albTepHATHBHA €BOJIOLIS, MIATPUMYE MAaKCUMAIIBHY TTHOUHY
mam'siTi 1 CKIAQAHICTh HaBiTh OLIBLIOID MIpOIO, HDK 3BHYAifHA €BOMIOLIS. ['0JOBHAa BIIAMIHHICTB MOJNSATaE B aOCONIOTHiM
arpecUBHOCTI CTalllOHAPHUX CTpaTeriii oHa moao0 ogHoi. CramioHap GOpMyIOTh MAaKCHMAIBHO arpeCHUBHI IO BiJTHOIIECHHIO O/THA
o omHOi cTparerii. ['mmOuHA mamM'sATi 1 CKIagHICTh CTpaTeriid, sk 1 B 3BUYAiiHIA EBOMIONIi, € EBOJIOIIMHO BHUTiTHUMH
BJIACTUBOCTSIMH. PO3riIsiiacThesl yHIBEpCATbHUHN 3B'130K MiXK arpeCHBHICTIO HOMYJIALIT 1 KUTBKICTIO 040K €BOJIOLIITHUX MepeBar,
SIKi OTPUMYE CTpaTerisi B CEpeJHbOMY 3a XiJl. YHIBepCaJIbHUIT 3B'S130K MK CEpPEHBOI0 arpeCHBHICTIO 1 YHCIIOM BHIUIAT HA Xij
cTparteril B cepeiHbOMY 30epiraeTbesl.

Knrwwuoei cnosa: esonioyitine MoOento8anHs Oulema y8'asHeHux, Cmpamezis, nam'smo, CKIAOHICMb.

Within the generalized prisoner's dilemma, the evolution of a population with a complete set of behavioral strategies limited only
by memory depth has been examined. Evolution considers the pairing of strategies, in accordance with the iterated prisoner's
dilemma. In doing so, each strategy interacts with each, including itself. Each subsequent generation of the population
consistently loses the most profitable behavior strategies of the previous generation. Increasing population memory has been
shown to be evolutionarily beneficial. The winners of evolutionary selection consistently are the agents with maximum memory.
The concept of strategy complexity has been introduced. Collective variables are introduced to obtain the average of the family
of strategies and their changes over time are studied. Strategies that succeed in natural selection have been shown to have
maximum or near maximum complexity. An alternative evolution of a family of strategies limited only by memory depth is
considered. In each generation, a strategy that maximizes the point of evolutionary benefits is removed from the family. Such an
alternative evolution leads to significant changes in the family compared to the normal evolution. In some ways, alternative
evolution maintains maximum memory depth and complexity even more than normal evolution. The main difference is the
stationary strategies being absolute aggressive against each other. The stationary family is formed by the strategies being the
most aggressive towards each other. Memory depth and complexity of strategies, as in normal evolution, are evolutionarily
beneficial properties. The universal relation between the aggressiveness of the population and the number of points of
evolutionary advantages that the strategy receives on average per turn is considered. On the whole, the universal link between
average aggression and the number of strategy payoffs per turn is maintained.

Keywords: evolutionary modeling, prisoner's dilemma, strategy, memory, complexity.

1 Beenenue

DBOIONHS Pa3IMIHBIX COOOIIECTB BBI3BIBACT OOJBIION HMHTEPEC M WHTCHCHUBHO HCCIEAYETCS B
HacTosIee BpeMs. B 0CHOBY onucaHus MOBEICHUS COOOIIECTB YaCTO 3aKJIa IbIBAIOTCS 3JIEMEHTHI TCOPUH
urp [1-4]. Mcrionb3ys Takol MOAX0]I, MOKHO BBISICHUTB TIOSIBIICHHE MHOXKECTBA Pa3HOOOPa3HBIX CBOICTB
Y 3BOJIONHUOHUPYIOMUX MOMyJIAui. 1101 SBOIIOIMOHHBIMA TOMYISIUAME, clienys lapBuny, Oyaem
MMOHUMAaTh MHOKECTBO OOBEKTOB, KOTOPhIC MOMYMHSIOTCS CICAYIOUIMM IPUHIMIAM. DTO 1) MPUHIIKI
HACJICJICTBEHHOCTH, 2) IPUHIUI U3MEHYHUBOCTHU U 3) €CTECTBEHHOTO OTOOPA.
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B paborte [6] n3ydeHo BIUsSHIE TAMSITH Ha IIPOLIECC IBOIIOLNH B TPOCTOMN IMMOCTAaHOBKE 3aaun Komm.
[ToHnMaHne maMATH UCIIOJIB30BAJIOCH B CAaMOM IIMPOKOM cMbicie. Eciu aelicTBre oObeKTa 3aBUCUT HE
TOJIBKO OT HAaOJII0JJaeMOM CUTYaIlUH, a U OT MPEJIIECTBYIOIINX COOBITHIA, TO OyZeM CUUTATh, YTO OOBEKT
obmamaeT maMATh0. Toraa OOTBITUHCTBO OMOIOTHYSCKUX 00BEKTOB 001a1af0T MTaMAThIO. I [eHTpalbHBIM
Y BOKHBIM 3JIEMEHTOM paboThI OblJIa KOHKYPEHITHS B ICXOIHOM MOITYIISIINN BCEX BO3MOKHBIX CTPATET Uit
C OTpaHMUYEHHON CBEpXYy MaMsThIO. DTO TrapaHTUPYET, YTO HE YIYIIEHAa HU OAHA CTpaTerusi, KOTopas
MOJKET WM3MEHHTh XOJi dBomonnd. [Ipm 3BOMIONMH paccMaTpWBaliOCh TAPHOE B3aWMOJICHCTBHE
CTpaTerui, B COOTBETCTBUU C UTEPUPOBAHHOM JUIEMMOM 3aKiroueHHbIX. [Ipy 3TOM Kaxkaas cTparerus
B3aUMOJICHCTBYET C KaKIOH, BKIIoYas ce0s. B kakaoM MOKOJIEHHH CyMMHUPYsI OYKH 3BOJIIOLIUOHHBIX
MIPEUMYILECTB, KOTOPHIE 3aBUCAT OT MAaTPUILIbI BHIMJIAT, OIpEensiach Mpourpasias ctpaterus. [Ipasuio
0TOOpa pY HOPMAITEHOM HBOJIOLIMN COCTOSIIO B y/IAJICHUH TIPOUTPABIIEH MITM MPOUTPABIINX CTPATETHid
U3 CIEAYIOIIETro MOKoJeHus crpareruil. PaccmoTrpeno 3 tuna momynsuuid. [lomymsaunun O6e3 mamsiTw,
NOMYJISIIMU ¢ TTyOuHON nmamsitu 1 u 2. Bpjio mokaszaHo, 4To riyOMHa HaMsATH U CI0KHOCTh CTPaTeTHH
SBIISIIOTCS  DBOJIIOIIIOHHO BBITOJHBIMHA CBOWCTBaMH. KpoMe 3TOro aBTOMAaTHYeCKH OKa3aJioCh, HTO
arpecCMBHOCTh CTPATETHil TPH DBOJIONUU YMEHBIIAETCS W JOCTUTAeT MHUHUMYyMa B CTallMOHAape.
Cranuonap GpopMHUPYIOT CTpaTEeryy C HyJIEBOH arpeCCMBHOCTHIO TI0 OTHOIIEHHIO K JPYT APYTY.

B sTo0ii pabote paccMoTpeHa ambTepHATHBHAsI SBOJIONHSA COOOIIECTBa Tex ke crpareruit. [lox
aTbTEPHATHBHOM 3BOJIOINEH Oy /1eM TOHUMATH IBOJIOIUIO COOOIIECTBA CTPATETHI C IPOTHBOIOIOKHBIM
npaBuiIoM otOopa. M3 mokonenus yaansercs modeanBIIas crparerus. Takoe mpaBuiio oToopa NpuBOIUT
K IMPUHOUIIAAJIBHBIM U3MCHCHUAM 3BOJJIIOLN COO6H1€CTBa CTpaTCI“I/II\/'I. I'maBHOE M3MEeHEHHE COCTOUT B
pocCTe arpecCHBHOCTH COOOIIECTBA CTPATETUH MPHU albTepHATHBHON 3Bomonn. CtarpioHap o0pas3yroT
CTpaTeTHH MaKCUMAaJIbHO arpecCHBHBIC MO OTHOLICHHIO K Apyr Apyry. [Ipu sToM riryOmHa mamsiTa u
CJI0KHOCTh CTpaTeruii ocTaeTcsi OJIM3KIMH K MAaKCUMaJIbHO BO3MOXKHBIM. CoXpaHsieTcs U yHUBepcalbHas
CBSI3b MEXIY CPEIHEH arpeCCHBHOCTHIO COOOIIECTBA U YHCIOM OYKOB 3BOITIOIIMOHHBIX «IIPEUMYIIIECTBY
Ha Xoj cTparteru. Ilo cyTw 3TO O3HauaeT HATWYHE NETCPMUHUPOBAHHOW CBSI3M MEXKIY CpeaHEH
arpecCUBHOCTHIO COOOIECTBA W YHCIOM OYKOB OBOJIOIHMOHHBIX «IIPEUMYIIECTBY, MOITYy4aeMbIX
CTpaTCFHCﬁ Ha INPOTSIKCHUU IMOKOJICHU.

2 MoaenupoBaHue 3BOJTIONMH €0001IeCTBA cCTPATEruii

CMmonenupyeM Tpoliecc albTePHATUBHON DBOIIOIMU COOOIIECTBA CTpareruil ¢ mamsteio. Ilycts B
MOITYJISIMK peaM30BaHbl BCE CTPATErHy C TITyOMHOM maMaTé MeHblue win paBHOH k. Tak kak B 3TOM
Cllydae y4YTEHBI BCE CTPATE€rHMM, TO B MPOLECCE BOJIOLUUM HE OyAyT MOSBIATHCS OPYTrHe€ CTPATETHH.
[MpuHIMI HAcHIEeICTBEHHOCTH OyJeT CcOCTOATh B Iepelade CTparerHmid moToMKam. [IpuHIum
€CTECTBEHHOr0 0TOOpa peann3yeM MCKIUYEHHUEM WM YHHUYTOXKEHUEM OIpEeNeNeHHbIX cTpaTerui. [Ipu
IbTEPHATUBHOW 3BOJIIOLMM yJalsieTcs CcTparerus HaOpaBllas MAaKCHUMaJIbHOE YHCIO OYKOB
3BOJIIOIIMOHHBIX MPEUMYIIECTB B KaX/JI0M ITOKOJIEHHH. PacCCMOTPUM K KaKWUM TOCJIEJCTBHUSIM MPUBOAUT
TaKoW crocod oTOopa B COOOIIECTBE CTPATETHIA.

Ilpu sBomrOIMM paccMaTpuBaeTCid MAapHOE B3aWMOJCHCTBHE CTpPATeTHUH, B COOTBETCTBUU C
UTEPUPOBAHHON NTUIEMMOH 3aKitOUeHHBIX. IIpH 3TOM Kakias cTparerus B3auMOJEHCTBYET C KaXK0M,
BKItouast ceOst. it Toro, 4ToOBI YCTAaHOBUTH pe3yJbTaT MApHOTO B3AaMMOJEHCTBUS CTpaTerwii,
ONpeAeIuM MaTpHULly BeIIaT. HamoMHNM, 4TO AMIEMMa 3aKIFOYEHHOTO JBYX UIPOKOB COCTOHUT B TOM,
YTO KXl UTPOK MOXKET BBIOpaTh MexAy coTpynHuuecTBoM (1) umu otkazom (0). B 3aBucumocTu ot
CTpaTeTHH COTEPHUKA, BBIOpaHHBIM MTpok mosrydaer all, ecnm oba coTpynmHHUaroT, a22- eciu oba
OTKa3bIBatOTCA; al2 - eciau BBIOpaHHBIN WTPOK COTPYAHWUYAET, U MPOTHUBHUK OTKa3bIBaercs; a2l- eciu
BBIOpaHHBIN OTKa3bIBAETCSA, a MPOTHBHUK COTPYIHHYAET. MaTpUUHbBIE 3JIEMEHTBI, COOTBETCTBYIOLIUE
AJIEMME 3aKTIOYCHHBIX, OTPaHUYEHBI HEPABECHCTBAMH 221> 811> 822> a2 M 2a11> 8z + a12. B pabote Mbl
WCIIOJIb3yeM 3HaYEHHs MaTpHIbl BRITUIAT Akcenspona M1 (Tabmuma 1) [4],

Tabnuysa 1. Mampuya eviniam Axcenbpooa

Koonepauus OTtka3s
Kooneparus 3,3 0,5
OTkas 50 11

Takum 00pazoM, pe3ynbTaT B3aWMOJEHCTBUS CTpaTErHil OyIeT ONpeAeNsThCS ITOW MaTpHUIICH.
CoOcTBeHHO, 3Ta MaTpHlia ONpPEAEISIET YUCIIO OYKOB SBOJIOLMUOHHBIX HPEUMYILECTB, MOTY4aeMbIX
CTpaTerue mpy B3aMMOJEHCTBUY C APYro cTpaTerueid. Pazymeercs, B3auMoeiicTBue AByX OOBEKTOB
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MOMYJIANMA Ha TPOTSDKEHUM JKU3HU WM TOKOJEHHS OCYIIECTBISIETCS MHOTOKPAaTHO W YHCIIO
B3aUMOJICUCTBUI MOXHO paccMaTpUBaTh Kak IapaMeTp B TaKoW Hrpe. OTa Hrpa COOTBETCTBYET
UTEPUPOBAHHON nuieMMe 3akioueHHbIX [4]. TloBTOopeHHEe XOIOB MHOTOKpPaTHO YK€ IO3BOJSET
WCIIONB30BaTh HAaKa3aHWE 3a XOJ WiIH mpeMupoBanre. O4eBUIHO, YTO B 3TOM CIydae HCKIIOYUTEIHHO
BaKHAa MaMATh. BaXHO HANOMHHUThH, 4YTO 4YHCIO cTparerul N, = 2271 pacTteT CBepx
JKCIIOHCHIIMAIBHO C YBEJIUYCHUEM TITyOUHBI MaMATH K. DTO 03HAYAET, YTO UHIUBUIYATBHOE CIICKEHUES
32 TakUM OTPOMHBIM KOJIMYECTBOM CTpaTeruid HEBO3MOXKHO. I[lo3TOMy HYXHO UCIOJIB30BaTh
KOJUIEKTUBHBIE TIepeMeHHbIe. B 370l paboTe yZoO0HO MCHONB30BaTh B KAYECTBE TAKUX IEPEMEHHBIX
YUCIIO CTPaTerdid C OMNpPEAeNeHHOW TIyOMHONW MaMATH aj W YUCIO CTPAaTerWid C OIpene’IeHHOM
cnoxHocThio N tae j = 0, 1,..,k mpoOeraer Bce BO3MOMKHBIC 3HAYCHHUS TIIYOMHBI MMaMATH, a 1 BCe
BO3MOXHBIE 3HAUCHUS CIOXKHOCTH cTpareruil. Hanmpumep, a0-uncio cTpareruii ¢ HyleBol MaMsThIO, a
Ni-uncino crpareruit cinokHocTd 1. Ilpu HM3yyeHuMM NOBENEHHsI MAMITH U CJIOKHOCTH CTpaTeruid
COOOIIECTBA B MPOIIECCE IBOJIIOIHMH ATO JOCTATOYHO YAOOHBIC KOJUICKTUBHEIC IEPEMCHHBIC,

2.1 Mup 0e3 namsaTn

HauneMm ¢ oOcyxaeHus HBOTIONNU CaMOT0 MPOCTOTO MHpa ¢ TryonHoi namatu 0 uiau mupa 6e3
mamsTu. [lycTs Kaxmas crpaterus B3anMoIecTByeT ¢ npyroi crparerueit n = 100 pa3 B pamkax
UTEPUPOBAHHON IUIEMMBbI 3aKJIIOYEHHBIX. Takoro KoJIM4ecTBa B3aMMOJAEHUCTBUUA JTIOCTATOUYHO AJIS
TIOHIDKEHUS BIUSHUS BbIOOpa mepBoro xoxa [5]. HaGop odkoB ompexpensieTcsi MaTpuIlell BBHIILIAT,
NPUBEICHHOHU BhIIIE, U cyMMUpyeTcs. Kaxknast cTparerus B OQJHOM UIpe OTBEYAET Ha MEPBBIN X0
BBEIOPAHHOT'O TPOTUBHUKA, a B IPYTOH HAUMHAET, IeJiasi IEPBBIA X0/ B UTPE C TEM KE MPOTHBHUKOM.
B Tex HUrpax, KOTOpbI€ OHa HAYUHACT, €CTh JBC BO3MOKXHOCTHU CACJIATH HCpBBIﬁ X004 — 3TO BLI6paTI>
0 mmu 1. Crparerus, aenaromas ONpeAcICHHBIN MEPBBIA X0, pACCMATPUBACTCS KaK OTIENIbHAs
CTpaTerus. Ilocne MOpPOBCACHUA UT'P MEKAY BCEMU TaKMMH CTPATCTUAMMU, BKIIOYasd CC6$I, CTpaTerun
pacnpeaciAroTCa 10 3aHATBIM MECTaM B COOTBETCTBUHU C Ha6paHHbIMI/I OYKaMu. HepBoe MECTO
3aHUMAaeT cTpaTerus, Habpasiuas caMmyto OOJbIIYI0 CyMMY O4YKOB. IIpu aapTepHATHBHON 5BOIIOLNU
CTpaTerus WWIM CTpaTeruu, HaOpaBIIMe MAaKCUMalIbHOE YHCIO OYKOB, HCKIIOYAIOTCS U HE
[EepefaoTCs CleAyIoleMy IokojJeHuo. OcTaBlIuecs CTpaTerHMd IepefaroTcs CIEAYOLEMY
IMOKOJICHUIO U CHOBA BCTYIIAIOT B COPCBHOBAHUEC C HAYAJIbHBIMU HYJICBBIMU OUYKaMM 3BOJJIFOITMOHHBIX
MPEUMYILECTB. DTH CTPATErUH MOKHO PACCMaTPUBATh KaK IIOTOMKOB MPEABIAYIIETO MOKOJIEHHUSI.

B stoM mpocToM mupe uncno crpareruii jocrarogHo manoe (No = 8). [Toaromy cymectByer
BO3MOKHOCTbH IIPOCIEAUTH 32 BCeMH cTparerusiMu. OHaKko, OyaeM MCIO0JIb30BaTh KOJUIEKTUBHBIE
nepemMeHHble. B kauecTBe TaKMX MEPEMEHHBIX YAOOHO MCIIOIB30BAaTh YMCICHHOCTh CTPATETUH a; ¢
OTpeIeIEHHON TITyOMHON MaMsITH 1 U YMCICHHOCTh CTPAaTeTuil N; ONpeeIeHHON CI0XHOCTH 1 [6].
B aTOoM Mupe Bce crpaterud umeroT 0 riiyOMHY MaMsaTH M MO3TOMY NepeMeHHble do(t) mpocTo
OTCJICKHBAIOT YUCICHHOCTD cTpareruii ao(t) = No(t). SIcHo, 4TO NpH yIaaeHUH OAHOM CTPATEernu Ha
Ka)XJIOM 3Tare 3BOJIOIUHU UX YUCIIO JIMHEHWHO manaeT co BpemeHeM No = (1—t)+8.3necp t =1, 2,
..., 8 — IUCKpETHOE BpeMs 3BOJOUMH. [Ipu Takoil Maoi YMCIEHHOCTH COBNaJIcHUE HAOPaHHBIX
OYKOB HECKOJIBKUMHU CTPATECTUAMU OTCYTCTBYCT. HO3TOMy BPEMs 3BOJIOLMU 3aHUMACT 8 3TaIrioB
(Mny MOKOJIeHUH), MOCiae KOTOPBIX BBDKMBAET OJIHA CTPATerys M HACTyHaeT CTalMOHApHOE
COCTOSIHHE.

[lepeiinem Teneph K OOCYXKJEHHWIO M3MEHEHHsI CIOKHOCTH CTpareruil obmecta [5, 6]. OTo
OCHOBHAas KOJUICKTHBHAs XapaKTECpUCTHUKA, I10 KOTOpOﬁ MOXKHO KHaCCI/I(i)I/ILII/IpOBaTI) CTpaTerunu B
sToM mupe. CaMmyro AeTaJbHYI0 HH()OPMALUI0O O TMOBEACHUH CIIOXHOCTH HECYT KOJIMYECTBO
CTpaTeruii COOTBETCTBYIOIICH CIOKHOCTH Ha KayKIOM 3Talle HBONIONUHU. B Mupe ¢ HylieBoii maMsIThIO
NPUCYTCTBYIOT cTpareruu ciioxHoctu 0, 1 u 2. 'paduku u3mMeHeHns co BpeMeHeM Yucia cTpaTerui
OIPEJICTICHHON CJIOKHOCTHU NpuBeaeHbl Ha Puc.2.1,

W3 npuBeneHHbIx 3aBucuMocteil (Puc.2.1) nerko ycTaHOBUTH BpeMsl UCUE3HOBEHUS CTpaTeTUH
OTIpEeACIEHHON CIIOKHOCTU. JIerko 3aMeTuTh, YTO HECMOTPS Ha BBEIAEHHOE MPAaBUIIO OTOOpA,
MPUMHUTUBHBIE CTPATETHU 1o HMCUYE3al0T YK€ Ha 3 artame »BOONUU. CTpaTrerud CIOXHOCTH |
COXpaHSIOTCS B cOOOIIECTBE JO 7 3Tama W CTalHoOHap (OPMHUPYIOT CTPATErMH MaKCHMalbHOM
cioxkHocTd. [lpu 0ObIYHONM 3BONMIOIMH B MHUpEe 0€3 MaMsTH NEPBBIMH HCYE3alu CTPaTErHH
CJIO’KHOCTH 1, a HYJIEBOW CJIIOHOCTH MCYE3aJIH TOJIBKO Mociie 7 3Tana 3BoJournu. B aTom cMbicie
Jaxe Ipu aHBTepHaTHBHOﬁ 3BOJIFOIIUHN CIIOKHOCTDH CTpaTeFI/Iﬁ 3BOJIFONUOHHO BBITOJHOC CBOMCTBO.
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Puc.2.1 Cnesa —usmenenue Ny - yucia cmpamezuil Hyregou ciodchocmu. Ilocpedune — sgonioyus Ny -yuciacmpameuil
EOUHUUHOU CLOJCHOCMU, Chpasa—N - ciodicHocmu 2. Ommemum, Ymo mouku coeOUHeHbLIUHUAMUMOILKO 0I5l
HA2AAOHOCMUUTUHUUHEUSDAIOM HUKAKO203HaYeHus. Bpemsa ouckpemHo.

Taxxke MOXHO HOJIyYUTh CpEHEE 3HAUEHUE CII0KHOCTHU BCEI'0 «COOOIIECTBa» Ha Ka)I0M 3Talle
sBosfonini. CpeiHee 3HaYeHHEe CII0KHOCTH OIpeIessieTcs caeayonmm oopazom (Popmya 2.1).

C—,(t) — 0'n0+ 1'Tl1+ Z'le — 1'Tl1+ 2"”,2 (2.1)

no+n,+n, Nngt+ni+n,

3aBHCUMOCTD CpeJHEH CI0KHOCTH CTPATETUH «COOOINECTBa» OT BPEMEHU IBOJIIOLMH ITOKa3aHa
Ha Puc.2.2. CpenHssi CIOXHOCTh JAEMOHCTPUPYET HOOCTATOYHO CJIOXHOE, OCHWUIMPYIOLIEee
TOBEJICHNE C BBIXOJOM Ha MaKCHMalbHOE 3HAa4YCHHeE B CTanuoHape. Jpyrumu cioBamu, CpemHss
CIIO)KHOCTB COOOIIECTBA CTPATEruil BO3pacTaeT B MPOIECCE IBOIIONMU. DTO 03HAYACT BHITOJHOCTD
CIIOKHBIX CTPATErHi JJaXKe B COOOIIECTBAX C aTbTePHATUBHBIM 0TOOpOM. IHTEpEeCHO OTMETUTH, UTO
XapakTep 3aBHCHUMOCTH CpeJHEeH CIOKHOCTH TPH albTEPHATUBHON SBONIONWUA OTIUYAECTCS OT
aHaJIOTUYHOW 3aBUCHUMOCTHU NPH €CTECTBEHHOM IpaBHIIe 0TOOpa OTCYTCTBHEM CTAJINU, Ha KOTOPOM
Cpe/Hss CJI0KHOCTh CTAaHOBMJIACH HIDKE HAYAJIBHOUM CIIOKHOCTH CTpaTeruil coobiecTBa. B 3Tom
CMBICIIE CJIOKHOCTH TPH AIbTEPHATUBHOW SBOIIOIMN yBEIUYUBAETCS Naxke Oojee «MOHOTOHHOY
NI UHTCHCUBHO.

]l
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Puc.2.2 Usmenenue cpedne20 3HaUeHUsa CIOHCHOCU BCE20 «COOOUECMBay cmpame2uil 8 npoyec- ce I80TOYUU.
TTynKmupHas IuHus — HauaibHoe cpeonee 3HaYeHue CIOACHOCIU 6cex cmpame- 2uil «coodwecmaay. Imo 3uayenue
coomeemcmayem cpeoHeMy SHAUEHUIO CIOACHOCHIU cO00Wecmea Cmpamezutl 6 KOMopom NPUCymcmeyiom éce
cmpamezuy ¢ Hy1e6ou eyOuHOU NAMAMU.
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OOcynuMm Temepb, KaKUMHU CBOWCTBAMH OO0JAJalOT CTPAaTeTHH, KOTOpble, HAOUpPaIoT
MaKCUMaJIbHOE YHCJIO OYKO Ha Pa3HBIX 3Talax ABOJIOIUU COOOIIECTBA WU JIOMUHHPYIOIIHE
cTpaTeruu coobuiecTBa. byjeM clienmuTh 3a CIIOKHOCTBIO, arPECCUBHOCTHIO U YUCJIOM BBHITLIAT HA
XOJI, TAKMX CTpaTerduii Ha pa3HBIX dTamax sBoitonuu. Ha Puc.2.3 mpuBeeHbl COOTBETCTBYIOIIHE
3aBUCUMOCTH.

] \
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Puc.23 Cnesa CJIOJCHOCMb, cmpamecuu Ha6pa6WMXMaKCMMa]ZbH0€ YUCTI0 OYKO6 HA coomeemcmeyrouem smane
2601I0YUU. B yeumpe aepeccusHocms, cmpamecuu Ha6pa6mux MAKCUMATbHOE YUCTIO OYKO OM 6PEMEHU. Cnpaea uucio
3apa6omaHHblx OUYKO6 360JIIOYUOHHbIX npeumyuecme cmpamezueﬁ 3a OauHXOO, Ha6paBWMXMaKCMMLZ]le0€ uucio
OYKO Haecexomandax360110uyuu

1 2 ] 4 5 3] 7 t 1 3 2 4

BupHo, 4TO Ha paHHUX JTanax S3BOJIONUU (J0 2 3Tama BKIIOYUTEIBHO) MaKCHMAallbHOE
KOJINYECTBO OYKOB ITOIYYaJId TOJIBKO IPUMHTHBHBIE CTPAaTETHH C HYJIEBOM CIOXKHOCThIO. Ilpm
aJbTEPHATUBHOM 3BOJIIOLMY OHU U OBLIIM yTEPSHBI HAa 3TUX dTarax 3Boouu. CoOCTBEHHO, B 3TOM
U COCTOUT IpHUUMHA OoJiee CUIBHOI'O POCTA CIOXKHOCTU M MEXaHU3M BbIXOJa B CTallMOHap Ooiee
CJIOKHBIX CTpaTeruii ¢ y4eToM IpaBuia oTOopa anbTepHaTHBHOTO coobuiecTBa. HamoMHuM, 9TO B
9TOM cilydae yAAJISIOTCS,, MOXKHO CKa3aTh, YTO YIAJIAIOTCA NOOEIMBIINE CTPATETUH.

SIBHO BBIpaXEHHBIN CTYNEHYATHIH XapakTep M3MEHEHUs CBSI3aH C HEOOJBIIONH YMCICHHOCTHIO
CTpaTeruii ¢ HyJeBOW IIyOMHOW MaMsiTH. ATpPecCHBHOCTH MoOenuTeNnell cHavyana majaer, a 3aTeM
HapacTaeT JO MaKCHUMAaJIbHOTO 3HauyeHHMs. MHUHHUMYyM arpeCcCUBHOCTH KOPPEIUPYET C MEPHOIOM
JIOMHHUPOBAaHUS CTPATETHi ¢ MPOMEXKYTOUYHOH CI0KHOCTBIO 1. 3HaueHME BEIWUYMHBI BBIIIJIAT Ha
X0Jl, TOOEeNUBIINX CTPATETHH Ha Pa3HBIX 3Tamax 3BOJIOIHUM JOCTHTAeT MakCMMyMa Ha 3 aJTare
9BOJIIOLIUY U Jajee NMajaeT co BpeMeHeM. MUHUMYM JOCTUTAETCs B CTallOHape.

Ilepeiinem Tenepb K 0OCYXACHUIO U3MEHEHHUSI CO BPEMEHEM CpEeAHEil arpecCHBHOCTU U YHUCia
BEITJIAT Ha XOJ B CpeAHEM. OTH XapaKTepUCTUKH mNpuBeaeHbl Ha Puc.2.4. Jlerko 3aMeTHTh
Ka4eCTBEHHbIE M3MEHEHUS B INOBEJACHHUM 3THX XAPAKTEPUCTUK IPH AJbTEPHATHBHOM 3BOJIIOLHM.
ATpeccUBHOCTh B OTJIMYHE OT OOBIYHOTrO ciiydast (HOpMaJbHOHM 3BOJIIOLIMH) CHAaYalIa MajaeT, a 3aTeM
HapacTaeT OO0 MaKCHUMAaJbHOro 3HaueHus. TakuMm 00pa3oMm, cOOOILIECTBO CTpAaTEruil CTaHOBUTCS
OoJyiee arpeccMBHBIM B IIpollecce allbTEPHATUBHON JBOJIONMH. AHAJIOTHMYHBIE KadeCTBEHHBIC
W3MEHEHMS MpeTepreBacT U N3MEHEHUE BEJIMUYMHBI YKCia BBIIJIAT HA XOJl CTPAaTeruu B cpeaHeM. B
OTJINYME OT OOBIYHOrO cirydasi [6] IpH aJbTepHATUBHON HBOJIIOLMHN BEJIMYMHA BBIILIAT JOCTUTAET
MaKCHMyMa W 3aT€M YMEHbBIIaeTcd. JTam JOCTH)KEHUS MaKCHMyMa BBITIJIAT COBIAJAET C 3TAlOM
MUHUMAJILHON arpecCHBHOCTH COOOMIECTBA CTPATETHH.

Takum 00pa3oMm, IpH albTEPHATHUBHOM 3BOJIIOLUH arpeCCHBHOCTb, BBDKHBAIOIINX CTPATETHH
BO3pacTaeT, a BEJIWYMHA BBIILUIAT HA XOJ B CPEJHEM yMEHbLIAeTcs. B mMupe ¢ HyJE€BOH NMaMsThIO
XOPOIIIO 3aMETHA KOPPEIAIHUS B IOBEICHUH CPEIHEN arpeCCUBHOCTH M CPEIHET0 3apadoTKa Ha XOI.
MO>KHO IPeANOIOKUTD, UYTO CBI3b MEXKY dTUMH XapaKTEPUCTUKAMHU ONPEENIAETCS YHUBEPCAIBHBIM
cootHomeHueM [6] (Popmyna 2.2).

A(t) = \[/I(Pmax —-P(t)—a (2.2)
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Ha Puc.2.4 cmpaBa, mpuBefieHO CpaBHEHHE CpEIHEH arpecCHBHOCTH, IMONyYE€HHOW YUCIEHHBIM
MOJICTIMPOBAHUEM, C SMIIUPUYCCKONW 3aKOHOMEPHOCTBIO, TIPUBEACHHON Bhimie. MacmTaOHbIH
KO3 GUITMEHT BLIOPaH U3 COOOpaKCHHI PABEHCTBA 3THUX XapaKTEPUCTUK Ha TIEPBOM 3Tarle BOJIOLUN
Pmax =3, A =538ua=02.
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Puc.24 Cnesa usmenenue co spemenem cpeonell azpecCugHOCmu coobuiecmaa cmpameutl, 8 yeHmpe - YUcid 8binaam Ha
X00 cmpamezuu 6 cpeonem. Cnpasa cpagrenue azpeccugHoCmu, NOIYYEeHHOU MOOETUPOBAHUEM C A2PECCUBHOCTLIO,

NOCHPOEHHOT NO OAHHBLM 0 YUCE BLINANM HA X00 cmpame2uu 6 cpeonem (cm. coomuowenue (1)).

HecMmoTtpst Ha HEOOIBIITIOE OTKIOHEHHE B 00JIACTH MUHUMYMa, TpauKu JEMOHCTPUPYIOT XOpoIlIee
CoTjlacue B IOBEICHUH CO BpPEMEHEM 3THX XapaKTepUCTUK. Pazymeercs, coraacue MOXKHO yJIy4IINTb,
BapbUPYs 3HAUEHUS MOCTOSAHHBIX, BXOJIALIUX B cooTHomIeHue (1). 3aeck Mbl COXpaHUIIU 3HAUYCHHUS,
KOTOpBIE MCIIOJIB30BAIMCH B Pa3IMUHBIX BapHaHTax 3Boitonuu [6, 7]. CpeaHee 4UCIO BBHIILUIAT HA
XOJl CTPaTeTHy 3aBHCHT OT CPEJHEH arpecCUBHOCTH CTpPAaTErHMil MO KBaIpaTHYHOMY 3aKOHY
(dopmymna 2.3).

P(6) = Prax — 7 (A(D) — a)? (2:3)

[TapameTp a, KOTOPHIil BXOJUT B 3TO COOTHOIIIEHUE, TPHUOOPETAET MPOCTON PUINIECKHUI CMBICI.
Tak MOKHO 3aMETHUTh, YTO MapaMeTp d COBNAJAET C MUHUMAJIBHBIM 3HAUEHUEM arpecCUBHOCTH A min
cooOuIecTBa CTpaTeruii Npu KOTOPOM M JOCTHTaeTcs MaKCUMajbHOE 3HaueHHe BhIaT. IlosTomy
yI00HO MPHUIATh ITOMY COOTHOIIIEHUIO Ooliee HarmsanHbli Bu (Dopmyna 2.4).

P(t) = Pnax — %(A(t) - Amin)2 (2.4)

Koaddumment A 3aBucut oT BBIOOpa MaTpHIlbl BITUIAT. TakuM 00pa3om, CBs3b (2.3) MeXIy 3TUMH
XapaKTePUCTUKAMH COXPAHIETCSl ¥ IPU allbTEPHATUBHOM 3BoMonH. OIHAKO OBEICHUE CTpaTeruii 6e3
HNaMATH TIPH aJbTEPHATUBHONM SBOJIONMH CYIIECTBEHHO OTJIMYACTCS OT WX IOBEACHUS NMPH OOBIYHOI
IBOJIIOLH.

2.2 Mup c riayounoii namsaru 1

PaccmoTpuM Teneps anbTEPHATHBHYIO SBOJIIOIHIO COOOIIECTBA CTPATETHN ¢ TIIyOMHOW MTaMsITH
1. [MpuHNUN ynajgeHus TOOSTUBINUX UK CTpaTeruii, HAOpaBIIUX MAaKCUMaJIbHOE YHCIIO OYKOB Ha
K)XJIOM JTale SBOJIOLWHU, IPUMEHSETCS U B 3TOM cirydae. Bpems sBomonuu 3TOro coodmectna
3aHuMaeT 97 3TaloB M B CTAllMOHAPHOM COCTOSIHUU OCTAIOTCS 8 CTpareruil (C y4eToM IEepBOTO
xoaa). B cranmoHape OHM MONY4YarOT OJWHAKOBOE YHCIO OYKOB IBOIIONHOHHBIX MPEHMYIIECTB.
ATpeccuBHOCTH CTpaTeruii, QOPMUPYIOMHX CTAIIHOHAD, IO OTHOIIEHHUIO K APYT APYTY MaKCHUMaIbHa
1 paBHa 1. DTO NPUHIIMITHAIBHO OTINYAETCS OT HYJIEBOM arpeCCUBHOCTH CTAllMOHAPHBIX CTpaTeruil
IIpA HOpPMaJbHOU »HBomOnMH. lMMeHa W XapakTepUCTUKU CTALMOHAPHBIX CTpaTEerui MOpu
aJbTEPHATHBHOW YBOJIIOIMH NTPUBEJICHBI B TA0JIMIIE HIKE
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Tabauya 2. xapakmepucmuku cmayuoHapHuIX cmpamezuil

WNwms cTtpaterun I'myOuna namsaTu CIIOXHOCTB
(0)(00)0001
(0)(01)0100
(0)(00)0100
(0)(00)0111
(0)(01)0001
(0)o1

(0)(01)0111
(0)(01)0011

IMIENINIEN FN FN EN N

A = EE

Buano, yto cranuoHap (OpMHUPYIOT CTpaTerMd MaKCHUMAalbHOW CIIOXHOCTH 4, TOJBKO HBE
CTpaTeruu UMEIOT MEHBIIYIO CJIOKHOCTh 3 U 2. [IpUMUTHBHBIE cTpaTeruu (HyJIEBOH CIOXHOCTU U
CJIO’KHOCTH 1) HEe T0KMBAIOT O CTALIMOHAPHOTO COCTOSIHUSA. DTa 3aKOHOMEPHOCTH MPOSIBIISIETCS U B
rIyOMHE MaMsTH CTallMOHAPHBIX CTPATErHil - Bce KPOME OJHOW MMEIOT MaKCHUMAJIbHYIO TITyOUHY
IIaMATH.

Takum 00pa3oM, B CTalMOHApE TaKOTO COOOIIecCTBa MPUCYTCTBYIOT TOIBKO aOCOIFOTHO
arpeccUBHBIE CTPATETUH C MaKCHMAaJIbHON TNIyOMHOM MaMsTH U CJIOKHOCTBIO. TONBKO Majas I0Jis
CTpaTeruii ¢ MEHbIICH TITyOMHOHN MaMsITH U CIIOXKHOCThIO, HO a0COJIFOTHO arpeCCUBHBIC BXOJAT B
craiuoHap. OTiIn4Yne OT CTallMOHapa, BOZHUKAIONIETO MpU OOBIYHON DBOJIIOIIMH COCTOHUT TOJIBKO B
arpecCUBHOCTH ctparteruii. CTamuoHap MpH OOBIYHOM SBOMOIUN GOPMUPYIOT CTpPATErHu HYJIEBOH
arpeCcCUBHOCTH 110 OTHOLIEHHUIO OPYT K JPYyry.

[lepeiizem Teneps K OMMCAHUIO IBOJIIOIMH TaKOro coodiiecTBa crpareruii. B atom Mupe yxke
BcTpevaroTcs crparerun ¢ 0 (8 crpareruii) u 1 royounoi namsitu (96 crparerunii). [loatomy B
KayecTBe HETPUBHUAJIBHON KOJUICKTUBHONH IIE€PEMEHHOH MOXHO HCIIONb30BaTh M UYHCIEHHOCTH
CTpaTeruil ¢ ompeneiaeHHoW riyouHoi namsiti. Ha Puc.2.5 mpuBeneHsl pe3yiabTaThl YHCICHHOTO
MOZEJIMPOBAHUS MOBEACHUS JTHX IEPEMEHHBIX IPH 3BOMIONMH coobmecTBa. CryneHuaras
cTpykTypa ao(t) cBs3aHa ¢ HEOOJBIIOH YUCICHHOCTHIO TAKUX CTPATErHil U HATMYUE yYaCTKOB
COXpPAaHEHUs] HMX YHCIEHHOCTH OIPENENsIeTCsl HCUYE3HOBEHHEM, O0ojiee MHOIOYHCIICHHBIX,
crparerui 1 rimyOMHBI NaMsITH Ha ’TUX BpEMEHHBIX HHTepBasiax. CpeqHUi MHTEpBal COXpaHECHUS
ao(t) merko oteHUTH, Kak At =97 /8 =12, yro nHabroaaercs Ha Puc.2.5 ciieBa. BUIHO, 9TO TOJIEKO
oxna ctparerus ¢ 0 ryOMHON maMsITH JOCTUTaeT CTaluoHapa. Takas cTyneHdaTas CTPYKTypa
OPUCYTCTBYET M B MOBeAeHUH a1(t), HO Majo 3aMeTHA W3-3a OOJIBIION YUCIEHHOCTH CTpATErHid
ryOuHBI TaMsTH 1.
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Puc.25 Cneea—usmenenue ag - vucia cmpamezuil Hynegou eyounoti namsmu. Cnpaga—»360- nioyus 8 - Yucia
cmpamezutl eOUHUYHOU 2ybunsl namamu. Bpems ouckpemno.

Crhenyrooue BaKHbIE KOJUJICKTHBHBIC [EPEMEHHBIE — OTO YHCICHHOCTb CTpaTeruit
omnpenesieHHoOM ciioxHocTH. Ha Puc.2.6 mpuBeneHa 3aBUCUMOCTD OT BPEMEHH STUX ITIEPEMEHHBIX,
[OJIyYEeHHBIE TMPH YHUCIECHHOM MOJICIIMPOBAHUH 3BOJIONHMU. XOPOIIO 3aMETHO HCYE3HOBCHHE
OPUMUTHBHBIX cTpareruii. Tak MpUMHUTHBHBIE cTpaTeruu ciokHoctd 0 mcuesaroT Ha 16 stame
9BOJIIOIIMH (MJTH TOKOJICHUN), a ciioxkHocTH 1 Ha 56 stane. 3aBucumoctu no(t) u n1(t) or BpemeHu
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UMEIOT XapaKTEePHYIO CTYNIEHYATYI0 CTPYKTYPY, IPUPOJIa KOTOPOH BITOJIHE aHAJOTHYHA OITUCAHHOU
Boie. CpeqHuii MHTEpBaAJI COXpaHeHUs MX 3HadeHui At = 97/3 = 32. Takas e CTpyKTypa
HaOIrOMaeTCss M OCTAlIBHBIX YHCIIEHHOCTEHM crpareruii ni(t) omnpeneaeHHON CIO0KHOCTH.
IIpuunHa HE B CTOJb 3HAYUTEILHOM PA3JIMYHUH MX YHCICHHOCTH IO CPABHEHHIO C Pa3IudHEM
yucieHHOCTH ao(t) u a+(t) Ha mopsIoK.
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Puc.2.6 Hsmenenue co epemenem Ni - uucia cmpamezuii i-oti cnosxcnocmu, | =0,1,2,3,4.

[lepeiinem Ttemepb K OOCYXICHHIO JOMUHHUPYIOUIUX CTpaTerHii B TpoOliecce OBOJIONUU
coobmiecTBa. Kak u paHee, mox AOMHUHMPYIOLIEH CTpaTeruell Ha ONpeleieHHOM 3Tane Oyaem
MOHUMAaTh CTPATEruio, KoTopas nodeauia nin Hadpana MaKCUMaIbHOE YHCIIO OYKOB HAa ITOM JTarle.
Ha Puc.2.7 npuBeneHbl OCHOBHBIE XapaKTEPUCTHKHU CTpaTeruil, JOMHUHHUPYIOIIMX Ha 3Tamax
9BOJIONMUHU. BHIHO, 4YTO 3a peaKMMU MCKIIOYEHHSIMU JOMHUHUPYIOIIHE CTpPaTEerud HUMeEIn
MaKCHUMaJIbHYIO INIyOMHY namsTi. J1oJisl BpeMeHH Ha KOTOPBIX JOMUHHUPOBAJIU CTPATETH C MEHbIIEH
TIIyOMHOW TaMsTH cocTaBisieT /% Bcero BpeMEHU SBONIONWU. AHAIOTHYHO JOMUHHPYIOIIUE
CTpaTeruu cioXxHbI. JloJig JOMUHUPOBAHUS TPUMUTHBHBIX cTparteruii 0 1 1 cioKHOCTH cOCTaBIsAET
4% Bpemenu 3BoOLUHU. Jl0J1 TOMUHUPOBAHUSI MaKCHMAaJIbHO CJOKHBIX CTPaTEeruil COCTaBISET
59%. HamomMHuM, 4TO B Ka)X/IOM IIOKOJIEHHM IPH aJbTEPHATHUBHOM SBOJIOLHMHA YHUYTOXAJIHCh
WMEHHO JOMHUHHpYIOUIMe cTparteruu. HecmoTps Ha 3TO cramuoHap (OPMHUPYIOT OCTaBLIMECS
CJIOKHBIE CTpaTernH. ATPECCHBHOCTh JOMHUHHUPYIOIIUX CTPATErHil CUILHO (PIIYKTYUpYeT U cKopee
HAaIlOMHUHAET XAaOTHYECKYH 3aBHCUMOCTb. MEXaHU3M MOSBJIECHUS TaKOW XaOTU3alUUH CBS3aH C
yAaJeHHeM BBIMTpaBLIeH cTpaTeruu. JlefCTBUTEIbHO, NMPH OOBIYHOW 3BOJIIOINH, BBHIMTPABIIAS
CTpaTerus COXpaHsia IIEPBEHCTBO Ha HEKOTOPOM BPEMEHHOM HHTEpBAlle 3BOJIIOLIMU, a B Clydae
albTepHATHBHONH OHA Yypaisercss mpu nepBoit moGexe. I[lostomy cnemyromasi, moGenuBas
CTpaTerus MOKET HMETh XapaKTEPUCTUKU CYIIECTBEHHO OTJIMYHBIE OT MPEeABIAYyIIero nodeaures.
Kaxk cnegyer u3 Puc.2.7 takas HEyCTOHYMBOCTH OCOOEHHO MPOSBIIsAETCA B arpeccuBHocTU. Bonee
3aKOHOMEpPHBIM 00pa3oM BeleT ceOs 3aBUCUMOCTH 4YHCIIA DBOJIOIHOHHBIX IPEUMYIIECTB
MOOEIUBIIINX CTPATETHUH, CO BpEMEHEM WX 3HAYCHHE MOHOTOHHO YOBIBAET.
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Puc.2.7 Cnesa ssepxy enyouna navamu M, cnpasa ésepxy C crooicnocme, cresa enusy azpeccusnocms Aucnpasa 6Hu3sy
YUCI0 04K08HAXO00 P, 8blucpasuieii cmpamezuu Ha coomeencmayIoweM IMane I800YUU.

PaccMoTpuM HIDKE TMOBEJCHHWE CPEJIHHX XapaKTePUCTHK COOOIIECTBA CTpaTerduii mpu
aIbTEPHATHUBHON 3BOJIOIUH. Pa3ymeercsi, ©X MOXKHO MOJIYYHTh, UCIOJIb3Yys 3aBUCUMOCTH ai(t) u
nit). Ha Puc.2.8 mokasaHbl 3aBHCHMOCTH OT BPEMEHH CPEIHHX XapaKTEPUCTHK CTpaTeTHid
coobmiecTBa. JIerko 3aMeTUTh, YTO CPEOHSAS TIyOWHA MaMATH MEHSETCS B IMPOIECCE IBOIIOIMHU
HE3HAYNUTENbHO B OKPECTHOCTH MaKCHMalbHOro 3HauyeHUs. CpelHss CI0KHOCTh cooOIecTBa
cTpaTeruii Takke ciado MeHseTCs B OJIM3M MaKCUMAaIbHOTO 3HAaYCHU. [[pyrumMu ciioBaMu, CpeHue
rIyOMHA MaMsITH W CIOXKHOCTh CTPAaTerHid COOOIEeCcTBA COXPAHSAETCS B MPOIECCE JBOIIOIHH.
Hawuborsee siBHbIC M3MEHEHUS MPETEPIICBACT CPEIAHSSA arpECCUBHOCTh CTPATETHil COOOIIESCTBA U KaK
CJICJICTBHE YMCJIO BBIILIAT HAa XOJ CTpaTerud B cpeaHeM. IloBeaeHue cpeaHel arpeCcCHBHOCTH
COO0IIECTBA MPU ATBTEPHATHBHON 3BOITIOIMH MOCIIE JOCTHIKCHUS MUHUMYMa HAYWMHAET MOHOTOHHO
BO3pacTaTh M JIOCTUTaeT MAaKCHMalIbHOTO 3HAYCHHS B cranuoHape. HamoMHuM, 4YTO TIpH
HOPMaJbHOW SBOJIFOIMHA arpeCCHBHOCTh IOCIE JOCTH)KCHUS MaKCMMyMa MOHOTOHHO I1aJiaja,
JIOCTUTas B CTAllHOHAPE MUHUMAJIBHOTO 3HaYeHUs. [loBeIeHrE BEIMUMHBI BHITLJIAT HA XOJI CTPATETUH
TaKXe MPOTUBOIOIOKHO H3MEHECHUIO CO BPEMEHEM BEJIMUMHE BBITUIAT MPH HOPMATbHOM SBOJTFOIUH.
[Ipu 3TOM CBsI3b MEXKY CPE/IHEH arpeCCUBHOCTRIO U YMCIIOM BBITLJIAT Ha X0 COXPAHSIETCS PEKHEH.
B 3TOM MOXHO yOeIUThCsl M3 HUXKHEro npaBoro rpaduka Ha Puc.2.8.
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Puc.2.8 Cnesa — usmenenue cpeoneti cnoorcnocmu cmpamezuii C. Tlocpedune — 260moyust cpedHeil a2peccusHocmu

cmpamezuii A, cnpasa — usMeHeHue YUCIA 8bINAAM HA X00 cmpamezuul 6 cpednem P. Buu3zy cpaghenue
azpeccusHocmu, NoayueHHo Modenuposaruem (KpysHCouKu) ¢ azpeccusHoCnbio, NOCMPOEHHOU NO OAHHBIM O HlCTe
8bINIAM HA X00 cmpamezuul 8 cpeonem (Kkpecmuku) (cm. coomuouterue (1))
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Takum 06pa3om, Ipu ATPTEPHATUBHON SBOJIIOIIMN COOOIIECTBA CTPATETHUH € TIIyOWHOU mTaMsTH 1
B CTallMOHAPE JOCTUTACTCS MaKCUMAJIbHAsl arpPeCCUBHOCTH coodmecTBa. [Ipu a3ToM riryOuHa naMsaTi
Y CJI0KHOCTBIO BBDKUBIIIUX CTPATETUH OJIM3KAa K MAKCUMAIIBHBIM 3HAUCHHSIM.

2.3 Mup ¢ riiyOuHoi mamsaTu 2

[lepeiizem Temepp K OOCYXACHHIO U3MEHEHWH NMPH allbTEPHATUBHOW IBOJIOLUHU COOOIIECTBA
CTpaTeTuii MpU yBEIMYEHUU INIyOMHBI MaMATH. I 3TOro paccMOTPUM COOOIIECTBO CTPATErHil C
rIyOMHOW MmaMsTH He TpeBbImatomieit 2. [lpuHuun yaaneHns moOequBIINX CTpATEruil Ha KaXIOM
STarne 3BOJIOIUHU MPUMEHSETCS U B 3TOM MUpe. MaTpHia BBITIIAT U YHCJIO XOA0B IBYX CTpaTETHi
ocTaeTcsi TpexkHHe. EcTecTBEHHO, YTO YHCIO BCEX BO3MOXHBIX CTpaTerdii B 3TOM MHpE
yBenmmunBaeTcs U paBHo 30824. 3nech CHOBA MO/ OTAETBFHON CTpaTeTHeil MOHNMAETCSl CTPATETHsI C
omnpeNleICHHBIMI HauaJdbHBIMH XonaMu. Kak v paHee Ha KakaoM dTane OyayT ynausiTcs CTpaTerus
(wnu cTpaterun), HabpaBIIass MUHIMAJIBHOE YHCIIO 3BOJIIOIIMOHHBIX MpEenMylIecTB. Jlanee Bcoay B
KadecTBe eJIMHUIIBI BpeMEHHOro Maciiraba OyaeM HCIIOIb30BaTh JIATENHHOCTH 300 MOKOIICHMI.
Bpems nmoctmkenns cranroHnapa coctaBisieT 30694 mokonenuit unu BeiOpanHoM macmTabe 102.

B TEPMHHAX KOJUJICKTUBHBIX MEPEMCEHHBLIX BCC CTpPATCTHUU pasAacjiuM Ha 3 T'pymIibl 110 I‘JIY6I/IHC
naMsTd ¥ OyJeM CIeIUTh 32 H3MEHEHHEM YHCICHHOCTH THX rpymn. Tak ao(t) - 4ucio crpareruii B
obmrectBe ¢ riryouHoM mamsTu 0 Ha t-oM Tarne, a1(t)- 9ucio cTpareruii ¢ TIyonHol namsatu 1 Ha t-
oM 9Tare, a az(t) - yucio crpareruii ¢ ryonHoi namstu 2 Ha t-om dtane. [Ipu MonenupoBaHUH
SBOJIFOLIMM TakKOro oOIIecTBa MOJyYeHa 3aBUCHMOCTb HW3MEHEHHUS UYHUCICHHOCTH 3THX TIPYHI CO
BpEeMEHEM, KOTOpbIC puBeieHbl Ha Puc.2.9. Bennunnsl ao(t) u a1(t) kak u B npenpiayiieM Mupe (M.
pasgen 2.2) o0yiagaloT 3aMETHOW KYCOYHO-TIOCTOSIHHO#M CTpyKTypoil. Kak oTmeuanoce BbIIIIe,
MPHUPOJIA ITOTO CBSI3aHA C YUCICHHOCTHIO A2(t), MPEeBBILIAIONICH HAa HECKOJIBKO IMOPSIKOB BEIHYHHBI
ao(t) m a+(t). F'maBHOE OTIIMYKE B MOBEACHUH 3TUX XapaKTEPUCTHK C YBEIMUCHUEM [ITyOUHBI TAMSITH
CBOJIMTCS] K MCUE3HOBEHHIO BCEX CTPATErHil 10 MEPE HBOJIIOLMHU, KPOME HMEIOIINX MaKCUMAJIbHYIO
FHY6I/IHy ITaMsTH. CTaHI/IOHap JOCTUTAlOT TOJIBKO CTPATCTUMU MMCIOINIME MAKCHMAJIbHYTO I‘J'IY6I/IHy
IIaMATHU.
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Puc.2.9 Hzmenenue co epemenem ai - uucia cmpameauil I-oi 2nyounst navsmu i = 0,1, 2.

Taxk crpateruu ¢ rmyouHoi mamsitu 0 ncuezarot Ha 28200 3Tane, caMmasi arpecCHBHas HcUe3aeT Ha
1174 ostane u camas «goOpomnopsimounas» Ha 17719 srtame. Ctparerun ¢ riryOuHOW mamsatu |
ncuesarot Ha 30300 stare sBomronuu. YKMCIIo OCTaBIIMXCS CTpATETUH B cTalnoHape paBHo 131.

CrnenyonuMy BEIUYMHAMU, 32 U3MEHEHUEM KOTOPBIX IIPU 3BOJIIOLUU BaXKHO CIEAUTD, IBISIOTCS
YUCJICHHOCTH CTpaTeruii ompenencHHOW crmoxkHoctn Ni(t). B paccmarpuBaemMoMm  Mupe
NPUCYTCTBYIOT cTpaTeruu ciokuoctu 1 =0, 1, 2, 3, ..., 8. Pe3yapTaThl YHCIACHHOTO MOJICIIUPOBAHHUS
nokaszansl Ha Puc.2.10. DTu 3aBUCUMOCTH JEMOHCTPUPYIOT, YTO IPUMUTUBHBIC CTPATErUU Manou
CJI0KHOCTH MCYE3at0T M3 COOOIIEeCTBA Ha pAHHHUX JTAIax dBOJIIOINH, HE JOCTUIasl 3aKITFOYUTEIbHBIX
3TanoB OOpHOBI 3a cyliecTBOBaHUE. Tak, MepBBIMU HCUe3al0T cTpaTeruu ciuoxkHoctu 0 — va 1800
aTamne, cTpateruu 1-oil cioxxnoctu ucyesaroT Ha 18300 srane, crpareruu cinoxuocta 2 —Ha 30300,
crpareruu cinoxkaoctu 3 —Ha 27300 stame, cnoxxaoctu 4 —Ha 30800 sTane, cinoxaoctr 5 — Ha 28800
arane. Ctparerun 0ojiee BBICOKOH CIIOKHOCTH TIOJHOCTBHIO HE WCUE3aI0T W HEKOTOPBIE M3 HUX
(hopMUPYIOT CTAIlMOHAPHOE COCTOSTHUE.
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Puc.2.10 Hsmenenue co epemenem Ni - yucna cmpameauii i-ott cnoscrnocmu, i =0,1,2,3,4.

Takum oOpa3oM XapakTepHOE MOBEIEHUE YMCICHHOCTH CTPATeTHH ONpPENeICeHHOM CIOXHOCTU
COOTBETCTBYCT IOBCACHHUIO OTUX XAPAKTCPUCTUK W B IMIPCALIAYIICM MHUPE. OTiuuuss HOCAT
KOJIMUYECTBEHHBIN XapakTep.

IlepefineM Kk O0OCYXIOEHUIO [OOMHUHUPYIOIIMX CTpaTerdid WM CTpaTeruid, HaOpaBIIMX
MaKCHMaJIbHOE YHCJIO OYKOB Ha COOTBETCTBYIOIIEM 3Tale 3BOJIIOIMU 3Toro mupa. Ha Puc.2.11
IMOKa3aHbl OCHOBHLIC XAPAKTCPUCTUKU AOMUHHUPYIOIIUX CTpaTeFI/Iﬁ Ha KaXJI0M DTalli€ 3BOJJIOIHNH.
Kak m B mpeasinymieM cilydae OCHOBHas JOJISI JOMUHHUPOBAHUS HPUXOAUTCS HA CTPATETHU C
MaKCUMaJIbHOW TITyOMHON MaMsITH M MaKCHMaJIbHOW CIOKHOCTU. OueBHIHASA NMPUYUHA ITOTO —
OoJbIasi YUCIEHHOCTh TAKUX CTpPaTeTHH M yAalleHne mobenuTers Ha KakaoM atare. Kpome atoro
COXpaHsETCA BBICOKAs UYBCTBUTEIBHOCTH arpeCCHUBHOCTH, NOOEIMBIINX CTPATEruil, K yIaJIeHUIO

nobenuBmnX crpaternii. OcTalbHbIE 3aBUCUMOCTH OTINYAIOTCS TOJIBKO KOJMYECTBEHHO, COXPaHsIs
TUIIWYHBIN XapaKTep U3MEHEHHUSI CO BPEMEHEM.

o

ra

.
14

[} [ i
W 2 30 4 S 6l T BG G0 1 Iy 2 30 40 50 & TD RO W 1 MW X 3 40 500 60 T =) W) 1

Puc.211 Cnesa—C cnoscrnocms, 6 yenmpe —azpeccugnocms A i cnpaga wucio oukos na xoo P, gviuzpasuseil
cmpamezuy Ha COOMeemcmeayruem smane 3goayuy. Ilamame epluepasuwiux cmpamezuti Ha 6cex YManax pasHa 2.
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Hcnone3yss KONJIEKTUBHBIE IIEPEMEHHBIE MOKHO TMOJIYYUTh CpPEJHUE XapaKTEPUCTHKU
cooOmiecTBa cTpaTerdii W HM3Yy4YHTh WX H3MeHeHue co BpemeHeM. Ha Puc.2.12 mpuBeneHsl
W3MEHEHUS! CO BpEMEHEM CpeAHEH CIIOKHOCTH, arpeCCUBHOCTH M YHCHa BBIIIAT Ha Xon. CpenHee
3Ha4YeHHE INIyOMHBI HaMATH COXpaHseTcsl OIM3KUM K 2 Ha NMPOTSHKECHUHM BCEH 3BOJIIOLMM U H3-3a
MIPOCTOTHl NOBEACHUS HE NpUBOIUTCS. CpemHsisi CIOXXHOCTb COXPAaHSETCS Ha ypPOBHE CPEIHEro
3HAYEHMsI 10 BCEM CTpATErsIM C TITyOMHON maMsITH He npeBbimatoneii 2. Hebonpmme guykryannn
HaOJII0IA0TCA, KaK OOBIYHO, NP YMEHBIIIEHWH YHCIIa CTPATeTH cOoOOIecTBa BOIM3H BBIXOJIAa Ha
craiuoHap. CpenHsisi arpecCUBHOCTh IOCIE NOCTH)KEHHMSI MUHUMYyMa HauMHAeT YBEJIUIUBATHCA U
JOCTHTaeT MakcuMyMma B cranmoHape. CranuoHap (GOpMUPYIOT abCOIIOTHO arpecCHUBHBIE IO
OTHOILIEHHUIO K JAPYT APYTY CTpaTeruu. JTO HW3MEHEHHE MPOTHBOIIOJIOXKHOE MOBEICHUIO CpelHen
arpecCUBHOCTH CTPATETHH MPH HOPMaJIbHOH 3Bomronuu [6]. Takoe ke KadyeCTBEHHOE HM3MEHCHUE
mpeTepreBaeT W CpeAHee YHCIO BBIJIAT Ha XOJ cTpareruu. [Ipm 3TOM CBS3b MEXIy 3THMHU
XapaKTepUCTHKaMH cOXpaHsieTcs npexHei (cMm. coornomenue (1) u (3)).
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Puc.2.12 Cresa — usmenenue cpeoneti croscnocmu cmpamezuti C . ITocpedune — usmenenue uucia
sbinIam Ha X00 cmpamezuu 6 cpeonem P. Cnpasa — cpaenenue acpeccusHocmu, NOIYYEHHOU
MoOdenupoganuem (KpyuHcouKu) ¢ azpeccusHOCmb0, NOCMPOEHHOU N0 OaHHbIM O YUCAE 8bINIAM HA X00 Cmpame2uu
6 cpedHem (kpecmuxu) (cm. coomuowenue (1))

Tenepp oOcymum pacnpejpelieHne cTpaTeruid B cranwoHape. Ha Puc.2.13 mnpuBeneHb
COOTBETCTBYIOIIIME€ THCTOTPAMMBbl MOJYYEHHbIE B pe3yibTaTe MOJEIHMPOBAHUS albTEPHATUBHOMN
SBOJIIOLUU.
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Puc.2.13 Cnesa yucirennocms cmpamezuti onpedeieHnol namsamu, d CHpaea YUCIeHHOCMb CIMpPame2uti OnpeoeieHHou
CILOJICHOCMU 8 CMAYUOHAPE.
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Jlerko BHJETh, YTO CTalMOHAP (POPMUPYIOT TOJNBKO CTpaTerduu ¢ rioyomHou mamstu 2. Kpome
3TOT0 TOJBKO CTPATETHH CI0KHOCTH 6,7 1 8 TOCTUTAIOT CTAIITMOHAPHOTO CO CTOSIHUS U OOJIBIITUHCTBO
CTpaTeruifi MMEIT MaKCHUMAaJIbHYIO [Jii 3TOTO MHpa CIOXHOCTh. B ompeneneHHOM CMEBICIE
aTbTepHATHBHAS JBOJIIONHUS, KaK HE MapaJoKCallbHO, MOINEPXKHUBACT MaKCHUMAIbHYIO TIIyOWHY
MaMsITH U CJI0KHOCTB JIaXKe B OOJIBIIIEH CTEITeHHN YeM OOBITHAs DBONIONHS. | TaBHOE OTIIMYNE COCTOUT
B a0OCOJIIOTHOM arpecCUBHOCTH CTAIllMOHAPHBIX CTPATETUM OTHOCUTEIBbHO Apyr apyra. Ciemyet
0XXHUIaTh, YTO TAaKOE XapaKTEpHOE IOBEJAEHWE COXPAHUTCI W TPH MAIbHEHIIEM YBEIHYCHUEM
TIyOWHBI TTAMSITH COOOIIECTBA CTPATETH.

3 3akarouenne

OCHOBHOE OTIIMYHE ANbTEPHATUBHON IBOJIFOIIUU OT OOBIYHOW COCTOUT B YBEIIMYCHUU CPEIHEH
arpecCUBHOCTH COOOIIECTBA CTPATErUil MOCHe AOCTHXKEHUS MUHUMyMa. CTtanoHap (GOpMUPYIOT
MaKCUMaJIbHO arpecCHBHBIC MO OTHOIICHHUIO K APYT Apyry crparerun. OOpasyeTcsi cooOmEecTBO
«maykoB B 0aHke». [Ipu 3TOM mo-mpekHEeMy TiTyOWHA MaMATH U CIOKHOCTh CTPATETHHl SIBISIOTCS
SBOJIFOIMOHHO BBITOJHBIMU CBOWCTBaMH. Y HUBEpCAllbHAS CBS3b MEXKY CPEIHEH arpecCHBHOCTHIO
1 YHUCJIOM BBIIIJIAT HA X0/ CTpaTCI‘I/II/I B CpeI[HCM COXpaHHCTCSI nu HpI/I aHLTepHaTHBHOﬁ OBOJIFOIINH.
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Sensor node for wireless radiation monitoring network

O. Ridozub, V. Terokhin, M. Stervoyedov, S. Fomin
V. N. Karazin Kharkiv National University, Svobody Sq 6, 61022, Kharkiv, Ukraine
e-mail: kbs-com@karazin.ua

The structure of a sensor node for wireless network for environmental radiation monitoring is described in the article. The sensor
node is developed on the base of semiconductor detector, modern microprocessor technology, and a last-generation
telecommunications radio module. A new algorithm for measuring the power of the exposure dose of ionizing radiation has been
investigated in the article. The amount of ionizing radiation energy absorbed by the human body affects the degree of radiation
damage to its functional organs radically. In order to solve this problem we are working on improving the parameters of detectors,
as well as the characteristics of electronic modules of detecting systems and creating software for controlling the detection
process, collecting and processing information digitally, and presenting it properly to users in online mode. A wireless sensor
network (WSN) is a distributed, self-organizing network of multiple sensors (sensors, motors, etc.) containing "Motes" (a specks
of dust), so named because of the tendency to miniaturization and Executive devices combined with each other through the radio
channel. The coverage area of such a network can range from several meters to several kilometers due to the ability to relay
messages from one element to another. The motes usually contain battery-powered autonomous microcomputers (controllers)
and transceivers. That allows the motes to self-organize into specialized networks, communicate with each other and exchange
data. The role of human changes significantly in the model of sensor networks, since their elements — sensor microcomputers —
become much more independent, often anticipating human requests long before they are received. "Homocentric" model of
network computing with a human as a central link belongs to the past — a human moves from the center to the periphery and
concentrates on the process managing, becoming a kind of an intermediary between the real world and computers.

Keywords: radiation monitoring, wireless sensor network, sensor node, microcontroller, algorithm, correction of energy
dependence, charge-sensitive amplifier, radio transceiver.

OnuncaHo CTPYKTYpY CEHCOPHOTO BYy3Ja Juisi 6e3poToBOI Mepexi pamiallifHOro MOHITOPHHTY HAaBKOJHIIHBOTO CEpeIOBHIIA.
CeHCOpHHUI By30J1 pO3po0JeHO Ha 0a3i HaIiBIPOBIIHUKOBOTO IETEKTOPY, CYYacHOI MIKpONPOLECOPHOI TEXHIKM Ta i
TENIEKOMYHIKAIIHHOTO PaioMOIyNIsl OCTAHHBOTO MOKOJIHHS. 3alpONOHOBAHO HOBHH aJTOPHTM BHMIPIOBAHHS IOTY)KHOCTI
€KCIIO3MIIHHOT J03U 10HI3yl04oro BUIpOMiHIOBaHH. CXeMa MiIKITIOYEHHS IETEKTOpY 10 HOIEePEAHBOTO 3apsiio - YyTIMBOTO
migcmmoBava. [lomyk 0uUIAXiB BHpilIeHHA Ii€i mpoOiaeMu #ae B HAmpsAMKy NOMIIMIIEHHS NapaMeTpiB IETEKTOPiB,
YIOCKOHAJICHHS XapaKTEPUCTUK €NEKTPOHHUX MOIYJIB JETEKTYIOUMX CHCTEM i CTBOpEHHs mporpamMHoro 3abesnedenHs (I13)
JUIs yOpaBIiHHSA TPOLECOM JETeKTyBaHHsS, 300poMm iH(opmanii, i nuppoBoi 0oOpoOKHM 1 ageKBaTHOTO NPEICTABICHHS
KopucTyBadaM B on-line pexxumi. Uepes te, mo 0e3ApOTOBI MepekKi MOKYTh PO3TOPTATHCS Y BiAJAJCHUX 1 BAKKOJOCTYITHUX
MiCIIsIX, arlapaTHe, AITOPUTMIYHE Ta MporpamHe 3a0e3reueHHs] MOBHHHE 3a0e3neuyBaTH MaKCHMaIIbHUI yac QyHKI[IOHYBaHHS
BY3JiB, HaJiMHICTh, BiIMOBOCTIHKICTh 1 aBTOMaTH4HEe NepeKoH(irypyBaHHs. KilbKicTh NMOTIMHEHOI eHeprii iOHI3yHUuX
BUIPOMIHIOBAaHb JIIOJACBKHM OpPraHi3MOM paJUKalbHO BIUIMBAE HA CTYMIHb NMPOMEHEBUX YpaXeHb HOro (yHKIIOHAIBHHX
oprauiB. [lonryk nuisixiB BHpilIeHHs i€l nMpo0ieMH e B HaNpsMKy HOJINIICHHS MapaMeTpiB AETEKTOPIB, YAOCKOHAICHHS
XapaKTEPHUCTHK EIEKTPOHHUX MOIYIIB JACTEKTYIOUMX CHCTEM i CTBOpEHHs mporpamHoro 3abesneuenns (I13) mis ynpaBmiHHS
B3a€MOJIii 10HI3yIOWOTO BHIIPOMIHIOBaHHS 3 MarepiataMu 1 00'€eKTaMH, SKi OMPOMIHIOIOTBCSA. CTPYKTypa 1 3ampornoHOBaHi
ITOPUTMH pOOOTH By3JIa JO3BOJSIOTH IPUCBITINTH MPOLIEC BUMIPIOBAHHS MOTYXHOCTI €KCITO3HUIIHOT J03U BUITPOMIHIOBAHHS,
0cOoONMHMBO TIpH BHCOKHX PIBHAX pamialiiiHoro 3a0pynHeHHS. Po3poOka Momysnst € iHHOBAUifHMM METOJOM JTOCTiKEHHS
pajiamiifHOro cTaHOBHIA HE TIJIbKK Ha TepuTopil YKpaiHu, a u 3a 1l MexamH.

Knwuoei cnosa: padiayitinuii MoHimopune, 6€30pomosa CeHCOpHA — Mepedica, CEHCOPHUL 8Y30., MUKPOKOHMPOIep,
aneopumm,KOPeKyisi eHepeemuyHoOl 3a1edHCHOC, 3aps00 - Yymausull RIOCUTIO8ay, mpancugep paoio.

OmncaHa CTPYKTypa CEHCOPHOrO y3ia i OecHpOBOAHOH CEeTH paJHallMOHHOTO MOHUTOPHUHIA OKDYXKAlOMIeH Cpembl.
CeHcopHBIit y3en pa3paboTaH Ha 0a3e MOJIYyHPOBOAHMKOBOTO JICTEKTOPA, COBPEMEHHOH MHKPOINPOLIECCOPHOH TEXHHKH U
TENIEKOMMYHHKAI[HOHHOTO Palo MOAYJS MOCIECJHEro MOKOJEeHUs. [Ipe/sioxkeH HOBBIH alrOPUTM H3MEPEHHs MOIIHOCTH
SKCIIO3UIIMOHHOM 03B HOHHM3UPYIOIIETro m3MydeHHs. CxXema IOJKIIOUeHHS JEeTeKTOpa K MpeabIAymieMy 3apsao -
YyBCTBUTENILHOTO ycunutess. IIouck myTteil pemieHust 3Toif mpoOieMbl MAET B HANpPABICHHU YIYYIICHHS MapaMeTpoB
JICTEKTOPOB, YCOBEPIICHCTBOBAHHE XapPaKTEPUCTHK 3JEKTPOHHBIX MOJYJICH JCTEKTHUPYIONIMX CHUCTEM H CO3JaHHe
nporpammuoro obecrnedenust (I10) mrs ympaBieHms mpomeccoM AETeKTHpPOBaHUS, cOopoMm wnHpopmanuu, ee muppoBOH
00pabOTKM W aJeKBaTHOTO IIPEACTABIEHMS MOJB30BaTelsIM B on-line pexxume. 3a TO, 4TO OECIPOBOAHBIE CETH MOTYT
pa3BoOpauMBaTHCS B OTJAJICHHBIX U TPYAHOJOCTYIHBIX MECTaX, allapaTHOE, alTOPUTMHUYECKOE M POrpaMMHOe obecredeHne
JIOIKHO obecreyrBaTh MaKCHMallbHOE BpeMs (YHKIMOHHUPOBAHUS — Y3JIOB, HAJAEXKHOCTb, OTKAa30yCTOHYHUBOCTh H
aBTOMaTH4YECKOe MepeKoHpurypupoBanue. KosmuecTBO MOIJIOMICHHON 3HEPTUM MOHU3HPYIOLIMX HM3JIYYCHHI YelI0BEUECKUM
OpraHN3MOM PaUKaIBHO BIHSET Ha CTEIEHb JyUeBhIX OPAKEHHUH ero pyHKIHOHAIBHBIX OpraHoB. [Touck myTeii peteHus 3Toi
npo0IeMbl HIET B HANPABJICHUU YIY4YIICHHUS MApaMeTpPOB JIETEKTOPOB, YCOBEPIICHCTBOBAHHE XapPAKTEPUCTHK AIIEKTPOHHBIX
MOAmynell HeTeKTHPYIOIMX CHCTeM U co3jaHme mnporpamMmHoro obecredenns (I1O) mnst ympaBieHus mpomeccoM
JeTeKTUpOBaHMs, cOopoM MHpopManuH, ee mudposoit o6padorku. [Ipn paspadotke I1O HEOOXOIUMO YINTHIBATH OCOOEHHOCTH
B3aMMOJICHCTBUSI HMOHU3MPYIONIETO W3JIYyYeHHsS C MaTepHalaMH U OOBEKTaMH, KOTopele obOmydarorcs. CTpykTypa u
IPEUIOKEHHBIE AITOPUTMBI PabOTHl y371a MO3BOJSIOT YOCAWTH MPOLECC HM3MEPEHHUs MOILIHOCTH HSKCIIO3UIMOHHOM 03B
M3Iy4eHHsl, 0COOCHHO IPU BBICOKMX YPOBHSX paJHallMOHHOTO 3arpsi3HeHus. Pa3paboTka Momysis sIBISIETCS MWHHOBAMOHHBIM
METOJIOM HCCJIEI0BaHNs paJUallMOHHOH 0OCTaHOBKH HE TOJBKO HA TEPPUTOPUU YKPAUHBI, a U 3a €€ MpeieIaMH.
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BicHuk XapkiBcbkoro HauioHanbHoro yHisepcuteTy imeHi B.H. KapasiHa, 201 9 89
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aneopumm, KOppeKyusi IHepeemuyecKoll 3a8UCUMOCU, 3apsa00-4y8CMEUMENbHbIL YCUTUMENb, MPAHCUBED PAOUO.

Introduction

Wireless sensor networks are the most promising technologies for monitoring large areas. They are a
set of geographically distributed wireless sensor nodes designed to collect and sometimes pre-process
information about environmental parameters, as well as to transmit this information to remote users. They
are useful in applications where it is impossible, complicated, or expensive to operate wired sensors. The
variety of available sensors and actuators makes it possible to use sensor networks in many industries,
for example, in object security systems [3], in environmental monitoring [4], in medical systems for
monitoring the condition of patients [5], in monitoring agricultural land [5, 6], in fire-extinguishing
systems [7], in monitoring systems for complex objects and technical complexes, in automation systems
for scientific research [8], etc.

Wireless sensor networks consist of small independent devices that allow measuring any parameters
such as temperature, pressure, vibration, sound, movement of objects, pollution, and so on. These devices
are called sensor nodes. Each of them is equipped with a microcontroller, a radio transceiver for wireless
communication, and an autonomous power supply, excepting sensory components of sensor nodes -
detectors. Hardware, algorithms, and software must ensure maximum node operation time, reliability,
fault tolerance, and automatic reconfiguration because wireless networks can be deployed in remote and
hard-to-reach locations.

Structure of a sensor node for radiation monitoring
The first figure contains a block diagram of the developed node for wireless network for environmental
radiation monitoring.

Bas voltage

> 1
>

Fig. 1. Structure of a sensor node for a wireless radiation monitoring network.

The radiation detector D with the charge-sensitive PA amplifier is connected to the main spectrometric
FA and fast RA amplifiers, the output of which is connected to the spectrometric analog-to-digital
Converter SADC and then to the microcontroller MK STM32F4. Prepared data is transferred to the Tx/Rx
using ESP32-SX1278-Lora module is a new convenient, efficient, and cost-effective solution for working
with network programs. The main chip of the module is Lexin ESP32, dual-core Tensilica LX6 processor
with a clock frequency of 240 MHz, processing power up to 600DMIPS, built-in 520 KB SRAM chip,
802.11 b/g/n HT40 Wi-Fi receiver, base frequency, protocol stack and LWIP, built-in dual-mode
Bluetooth (Bluetooth-standard and Bluetooth with low power consumption).The module also contains
built-in 32MByte Flash memory, Wi-Fi antenna, 0.96-inch blue OLED display, USB interface on CP2102
and supports the Arduino development environment which is convenient for programming the module.
The power supply (PS) is based on lithium-ion batteries with a charger from a solar panel.

The functioning algorithm of the microcontroller dosimeter.

The radiation dose calculation program operates in two modes: the preset exposure time mode or the
preset statistical uncertainty mode. The second figure presents activity diagrams that contain the sequence
of actions required to implement this task.
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Fig. 2. Activity diagram.
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After entering the program module, the exposure time t,, and the number of pulses are set, which
determines the specified statistical error. Then a countdown timer and a counter for the number of pulses
from the detector are activated simultaneously. When the condition for reaching the number of pulses N
set to No is met, the pulse counting stops. The third figure explains behavior of time values t1 and t2.
Data is to be written to the processor memory afterwards. Basing on the similarity of triangles, the
program calculates quantity of impulses during the operation. Accordingly, those are denoted as N4 and
N3. If the number of pulses N does not reach the pre-set value of No during the maximum exposure time
of t,,, the pulse counting stops at t = t,,. In this case, the statistical uncertainty (/N/N) will be
higher.

The next step is implementing the dose calculation module according to one of the proposed
algorithms.

AN

N4
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Fig. 3. The working algorithm of the module for radiation dose measurement and calculation in two modes:
the preset exposure time mode and the preset statistical uncertainty mode.

Block diagram of a microcontroller dosimeter.

In contrast to popular schemes, described in [10], for example, the fourth figure presents a modified
block diagram of the spectrometer-dosimeter, which corresponds to the proposed method for measuring
and calculating the radiation dose. The dose is calculated by using data on the spectral sensitivity of the
detector.
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Fig. 4. Block diagram of the spectrometer-dosimeter.

The block diagram shows connection of the radiation detector to the charge-sensitive amplifier PA,
the spectrometric amplifier FA forming the optimal signal-to-noise ratio and the spectrometric analog-to-
digital converter SADC which are similar to the connection presented in Figure 1. The new channel is a
pulse counting channel with a fast RA amplifier, generating at its output a logical signal for each gamma
quantum registered by the d detector. This signal is sent to the microcontroller system, where hardware
and software instruments solve the problem of counting the number of pulses N during the exposure time
teo ,» OF measuring the time t , during which the number of pulses in the Counter N reaches the value No.

The No number is written from the beginning of the measurement cycle to the code comparison device
CCC No, which issues a command to stop counting. Afterwards, the radiation dose calculation process is
performed. Calculating can be performed by the microprocessor system or by using the cloud service
capabilities. ESP32 module provides a communication function.

The correction of energy dependence of radiation detectors

The amount of absorbed ionizing radiation energy by the human body affects the degree of radiation
damage to its functional organs radically. Therefore, the correct dosimetric measurements and founding
the ways to increase the accuracy or reduce the uncertainty of the measured and calculated dosimetric
values is an urgent problem. In order to solve this problem we are working on improving the parameters
of detectors, as well as the characteristics of electronic modules of detecting systems and creating
software for controlling the detection process, collecting and processing information digitally, and
presenting it properly to users in online mode.

When developing software, it is necessary to consider the interaction of ionizing radiation with
materials and objects being irradiated. In particular, their heterogeneity and the energy dependence of the
detector sensitivity in a wide range of energy and radiation intensity should be accounted for, which is a
non-trivial task.

One of the possible ways to correct the energy dependence, for example, of CdTe and CdZnTe
detectors is to consider a hardware spectrum appropriate to the energy spectrum of real radiation. To
study those detectors software should be developed. To perform it, the dosimetric equipment includes a
multi-channel amplitude analyzer, which feeds the number of pulses and their amplitude distribution
during the exposure time to the digital signal processor where it is processed in real-time by the separate
program. The DEXP exposure dose is programmatically calculated with the formulas [1, 2]:

Dexp = N;(M Eph + 0) 1)
Eph = {[Zk kN(k)]/Nt}Eadc (2)

where N, is the total number of pulses during exposure in the selected energy range, M and C are
constants determined during detector calibration, E,j, is the energy equivalent of the average pulse

amplitude, N (k) is the number of impulses in channel k, and E ;. is energy channel width of a multi-
channel amplitude analyzer.
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The calculated exposure dose value is transmitted via a wireless interface to a dosimetry system
computer or a cloud server.

Conclusions

The sensor node for a wireless network for environmental radiation monitoring has been developed.
The structure and the algorithms of the node allow us to simplify the process of measuring the power of
the radiation exposure dose, especially at high levels of radiation pollution. In order to reduce
measurement uncertainty, the hardware-software correction of the results including a spectrometric
analog-to-digital converter and a microcontroller system for pre-processing data has been presented. The
software has been developed. The network exchange protocol has been selected and justified. A working
laboratory layout of the sensor node has been developed and tested. The work has been carried out with
partial financial support from the UNTC Foundation, project No. 9903.
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Infinity substitute in exactly minimizing total tardiness in tight-tardy progressive
1-machine scheduling by idling-free preemptions of equal-length jobs

V. V. Romanuke
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A schedule ensuring the exactly minimal total tardiness can be found by the respective integer linear programming problem with
infinities. In real computations, the infinity which shows that the respective states are either forbidden or impossible is substituted
with a sufficiently great positive integer. An open question is whether the substitute can be selected so that the computation time
would be decreased. The goal is to ascertain how the increment of the infinity substitute in the respective model influences the
computation time of exact schedules. If the influence appears to be significant, then a recommendation on selecting the infinity
substitute is to be stated in order to decrease the computation time. A pattern of generating instances of the job scheduling
problem is provided. The instances of the job scheduling problem are generated so that schedules which can be obtained trivially,
without the exact model, are excluded. Nine versions of the infinity substitute have been proposed. The increment of the infinity
substitute in the model of total tardiness exact minimization rendered to solving an integer linear programming problem involving
the branch-and-bound approach may have bad influence on the computation time of exact schedules. At least, the greater value
of the infinity substitute cannot produce an optimal schedule faster in tight-tardy progressive 1-machine scheduling by idling-
free preemptions of equal-length jobs. Roughly the best value of the infinity substitute is the maximal value taken over all the
finite triple-indexed weights in the model and increased then by 1. The influence of the “max” infinity substitution is extremely
significant. Compared to the case when the infinity is substituted with a sufficiently great integer, the “max” infinity substitution
saves up to 50 % of the computation time. This saves hours and even days or months when up to 8 jobs of a few equal processing
periods are scheduled for a few thousands of cycles or longer. Therefore, it is strongly recommended always to select the infinity
substitute as less as possible in order to decrease the computation time.

Key words: job scheduling; preemptive 1-machine scheduling; exact model; total tardiness; computation time; infinity substitute.

Poskuan, mo 3abe3nedye cTporo MiHiMajabHe 3arajbHe 3alli3HIOBaHHS, MOXKHA 3HANTH 3a BIIIOBITHOIO I{IIOYHCIIOBOIO 3a1a4el0
JHIHHOTO TPOTrpaMyBaHHS 3 HECKIHYEHHOCTSIMU. Y pealbHUX OOYHCIICHHSIX HECKIHYEHHICTh, KOTpa MOKa3ye, IO BiIIIOBIIHI
CTaHH € 3a00pOHEHHMH a00 HEMOXKJIMBUMH, 3aMIHIOETHCSI Ha JJOCTATHBO BENIMKE JOJATHE ILijie. BikpuTuM € mutaHHs npo Te,
YH Taka 3aMiHa Moske OyTH mifiOpaHa Tak, o0 yac o64nciieHs OyB O 3MeHIIeHHH. MeTa mossrae y ToMy, o0 BCTaHOBHTH,
SIK 301IBIICHHS 3aMiHHUKA HECKIHYCHHOCT] Y BIATOBIIHII MOJeNi BIJIMBa€ HA Yac OOYUCICHHS TOYHHUX PO3KIaiB. SIKIIO BIIHB
BUSIBUTBHCS 3HAYHUM, TO CJTiJl HAJaTH PEKOMEHAAIIIO 1010 BUOOPY 3aMiHHUKA HECKIHYEHHOCTI [Tl 3SMEHILIEHHS Yacy OOUHCIICHb.
HageneHo cxeMy reHepaiii eK3eMILUIIPIiB 3a1a4i MIaHyBaHHs 3aBJlaHb. EK3eMIULIpH 3a/1a4i IaHyBaHHS 3aBJIaHb TEHEPYIOTHCS
Tak, M0 PO3KJIAAW, SKi MOYKHAa OTPUMATH TPHBialbHO, 0€3 TOYHOI MOZENi, BHKIIOYEHI. 3alporOHOBAaHO JIeB’ATh BapiaHTIB
3aMiHHMKA HECKiHYeHHOCTI. [IpHpiCT 3aMiHHMKAa HECKIHYCHHOCTI B MO TOYHOI MiHiMi3alii 3arajJbHOTO 3ami3HIOBAaHHS,
3BEIEHOT 10 PO3B’sI3aHHS LIIOYHUCIIOBOT 33a1a4i JiHIIfHOTO IporpaMyBaHHs, 110 Mependaydac MmixiJ METoLy TiJIoK i MexX, MOXe
MarTH ITOTaHUH BIUTUB Ha 9ac OOYMCIICHHS TOYHHUX po3kiaziB. [IpiHaiiMHi Ginblle 3HaUEHHS 3aMiHHMKA HECKIHUEHHOCT] HE MOXKe
CTBOPHUTH ONTHMAJIBHUH PO3KJIa] HIBUALIE Y MIITEHOMY IIPOrpecyrodoMy |-MallMHHOMY IIaHYBaHHI PiBHOLIHHUX 3aBIaHb 3
MepeMHUKaHHIMHA 0e3 MpocToro. [IprOIM3HO HalKpanM 3HaYeHHSIM 3aMiHHAKA HECKIHYEHHOCTI € MaKCUMYM, B3STHH 3a yciMa
CKIHYEHHUMH MOTPIHHO-1HAEKCOBaHIMHI BaraMy MoJieli 1 30ipmeHnit motiM Ha 1. BrimB 3aMiHHHKa HECKIHYEHHOCTI “max’ €
nIyxe 3HagymuM. [TopiBHSHO 3 BUITAAKOM, KOJM HECKIHYEHHICTh 3aMiHEHA Ha JIOCHUTH BEIMKE IIiJie, 3aMiHHUK HECKIHYEHHOCTI
“max” 3aomamxkye 10 50 % gacy obuncnens. Lle 3aomamKye TOAMHN Ta HaBiTh JHI M MICAIl, KOJIH PO3IUIAHOBYETHCS 1O 8
3aBaHb 3a KUIBKOX PIBHUX MEPioiB 10 00OPOOKH NPOTIAroM KIIBKOX THCSY IUKJIIB a00 foBie. ToMy HacTiiHO peKOMEHIYeThCs
3aBXKJH BUOMPATH 3aMiHHHK HECKIHYEHHOCT] SIKOMOTa MEHIIIUM, 100 CKOPOTHTH 4ac 004UCIIeHb.

Knrwowuoei cnosa: nianysanns 3a60ansv,; 1-mawunne niany8anHs 3 nepemMukaHHAMU, MOYHA MOOeIb, 3A2albHe 3aNI3HIOBAHH, YaAC
00UUCHCHHS, 3AMIHHUK HECKIHYEeHHOCMI.

Pacrincanue, oOecrmeunBaroiiee CTPOro MHHHMAlbHOE O0OIee 3ama3/blBaHHe, MOKHO HAWTH 1O COOTBETCTBYIOIICH
IIEJIOYHCIICHHON 3a/aue JTUHEHHOTO MPOTPaMMHPOBaHHS ¢ OCCKOHCYHOCTIMH. B pealbHBIX BBIYHCICHUSIX OCCKOHEYHOCTD,
MOKa3bIBAIOIIAsl, YTO COOTBETCTBYIOLIME COCTOSIHHS 3alpelieHbl WM HEBO3MOXKHBI, 3aMEHSETCS JOCTATOYHO OOJBLINM
MOJIOKUTENBHBIM TEeNBIM 4YHCIOM. OTKpBHITBIM SIBISIETCS BOMPOC O TOM, MOXHO JIH BBIOpaTh 3aMEHY TaK, 4TOOBI BpeMs
BBIUHCIICHUI YMEHBIIHMIOCHh. Llenb cocToMT B TOM, 4TOOBI BBISCHUTH, Kak IMPHPANICHHE 3aMEHUTENS OECKOHEYHOCTH B
COOTBETCTBYIOIIEH MOJIENN BIHSET Ha BpeMsl BRIYUCICHHS TOUYHBIX paclucaHuil. Eciu BIusHUE OKa)XeTcs 3HAYUTEIBHBIM, TO
CJIEyeT aTh PEKOMEHIAIIHIO IT0 BBIOOPY 3aMEHUTENS OECKOHEYHOCTH JJIs1 yMEHbBIIICHNS] BDEMEHH BBIYHCIICHIH. YKa3aHa cXxeMa
reHepalyy 3K3eMIUIIPOB 33aa4y MJIAHUPOBAHUS 3alaHUN. DK3EeMIUIAPHI 3aJa4ll IJIAHUPOBAHUS 331aHUI T€HEPUPYIOTCS TAKUM
00pa3om, YTO pacIUCaHusl, KOTOPbIE MOKHO MOJIYYHTh TPUBHAIBHO, O€3 TOUHOI MOIeNH, HCKITIouatoTcs. [IpeanaraiTces qeBsTh
BapUAaHTOB 3aMeHbl OeckoHe4yHocTH. llpupamieHue 3ameHuTENs] OECKOHEUHOCTH B MOJAEIM TOYHOM MHHUMM3ALUHM OOILIEro
3ara3/ibIBaHusl, CBEIEHHOW K PENICHUIO IEJIOUYUCIICHHON 3aa4il JIMHEHHOTO MPOrpaMMHUPOBAHMS C MCIIOJIB30BAaHUEM TOX0/1a
BETBIICHHS M TPAHUI], MOXKET IIOXO BIMATH HA BPeMs BBIYMCIICHHS TOUYHBIX pacnucannii. [1o kpaiitHelt Mepe, Oosblice 3HAUYCHNE
3aMEHHTENST OECKOHEYHOCTH HE MOKET JJaTh ONTUMATBHOE PAacHHcaHie ObICTpee B IUIOTHOM MPOTPECCHPYIOMIEM | -MalTMHHOM
TUIAHUPOBAaHUU PABHOICHHBIX 33/IaHUH C TepeKiodeHussMA Oe3 mpoctos. [IpuMmepHO NydmuM 3HaYCHHEM 3aMEHHUTEIS
OECKOHEYHOCTH SIBIISICTCS MAKCUMYM, B3SITHI TIO BCEM KOHEYHBIM TPEXUHICKCHBIM BECaM MOJIEIH U YBEIMYEHHBIH 3aTeM Ha 1.
BnusHue 3aMeHuTens OECKOHEYHOCTH “‘Max” sBisfeTcs OuYeHb 3Ha4MTeNbHBIM. [lo cpaBHEHMIO €O ciydaeMm, Korja
OECKOHEYHOCTh 3aMEHSETCS JOCTATOYHO OOJBIIUM IENIbIM YHUCIOM, 3aMEHUTENST OECKOHEYHOCTH “MaX” sKoHOMHUT 10 50 %

© Romanuke V. V., 2019
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BPEMEHU BBIYUCIICHU. DTO 3KOHOMHT Yachl U JaXXe THU WK MECALbI, KOTrJa INIaHUPpYETCa 10 8 3amaHuil ¢ HECKOJBLKUMH
PaBHBIMH IIEPHUOAAMHU K o6pa60TKe B TCUCHHUEC HCCKOJIBKUX THICAY UKJIOB UJIA JOJIBIIC. HOSTOMy HaCTOATEIIbHO PEKOMEHAYETCA
BCEraa BBI6I/IpaTI) 3aMEHHUTEITh 0ECKOHEUHOCTH KaK MOYKHO MCHBIIINUM, YTOOBI YMEHLIIUTHL BPpEMS BBIYUCIICHUN.

Knwueesvie cnosa: nnanupoeanue 3adanuii; l-mawunnoe nianupogaHue ¢ NEPeKIIOUEHUSIMU, MOYHAS MOOelb, 00wee
3aNnaz0bl6aHUe; 6peMs GbIYUCIEHUS, 3AMEHUMENb OECKOHEUHOCHIU.

The infinity in exact minimization of total tardiness

The model of exact minimization of total tardiness is rendered to solving an integer linear
programming problem involving the branch-and-bound approach [1]. Owing to the fact that no weights
are included (see, e.g., [2]), where release dates are set at non-repeating integers from 1 through the total
number of equal-length jobs, and due dates are tightly set after the respective release dates (although a
few jobs still can be completed without tardiness), the exact model is simplified for such tight-tardy
progressive 1-machine scheduling [3]. Theoretically, this model contains infinities which are intended to
show that the respective states are either forbidden or impossible. In real computations, the infinity is
substituted with a sufficiently great positive integer [3, 4]. An open question is whether the substitute
influences the computation time of exact schedules, i.e. whether it is possible to select the infinity
substitute so that the computation time would be decreased.

The goal of the research

A basis for the research is the well-known problem of minimizing total tardiness in tight-tardy
progressive 1-machine scheduling by idling-free preemptions of equal-length jobs. The goal is to
ascertain how the increment of the infinity substitute in the respective model influences the computation
time of exact schedules. Occasionally, the influence, if present at all, can be insignificant also. If the
influence proves to be significant, then a recommendation on selecting the infinity substitute will be stated
in order to decrease the computation time.

The infinity in exactly minimizing total tardiness

The problem of minimizing total tardiness in tight-tardy progressive 1-machine scheduling by idling-
free preemptions of equal-length jobs is stated as follows [3, 4]. For N jobs, N e N\{1}, where job n is
divided into H equal parts (i.e., has a processing period H ), has a release date (the time moment, at
which job n becomes available for processing)

r,=n for n=1, N (1)
and a due date
d,=H+n-1+b, for n=1, N (2)
by a random due date shift
b,=y(H-¢) for n=1, N 3)

with a pseudorandom number ¢ drawn from the standard normal distribution (with zero mean and unit
variance), and function (&) returning the integer part of number & (see, e.g., [5]), the goal is to schedule
those N jobs so that sum [3, 4, 6]

N
> max{0,0(n; H)—d, } (4)
n=1

would be minimal, where job n is completed after moment e(n; H), which is e(n; H)e{l, N -H}.This

goal is equivalent to minimizing sum
N-H

ii Mt X » (5)

n=lh=l t=1
where x,, is the decision variable about assigning the h -th part of job n to time moment t: x,, =1 ifit

is assigned; x,,, =0 otherwise. The decision variables are constrained by the following relationships:

Xp €10,1) by n=1LN and h=1,H and t=1 N-H, (6)
N-H - N
X4 =1 by n=L N and h=1H, (7)
= N H R
22 %=1 by t=1L N-H, (8)

n=1h=1
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N-H H-

ZZY.,;,,JrH‘.M\H by n=L,N and t=1 N-H 1. 9)
j=t+l h
The triple-indexed welghts (these ones are not the job priority weights)
g N
{{{xnm}ﬂf }hl} (10)
are theoretically defined as follows: "
A =0 (11)
by o
n-1+h<t<(N-1)H+h Vh=LH-1 (12)
and
Ay = o0 (13)
when (12) is not true;
M =0 (14)
by
n—1+H<t<n-1+H+b, (15)
and
A =t—H-n+1-Db, (16)
by
H+n-1+b <t<N-H 17)
and
7\‘nHt = (18)

when both (15) and (17) are not true. For computations, the infinity in (13) and (18) must be substituted
with a sufficiently great positive integer (it can be a sufficiently great positive real number, but the integer
is taken for convenience and memory saving in further arithmetic operations). So, instead of (13) and
(18),

My =0 (19)
and

7\’nHt =a, (20)
are substituted, respectively, by a sufficiently great positive integer o .

A pattern of generating instances of the job scheduling problem
An optimal job schedule

s" =[5 L(NAH) by s;e{L N} forevery t=1N-H (21)
is built by the decision variables at which sum (5) is minimal, where
Symn =N Vh=LH by o"(n;h)e{lL N-H|

and 0°(n;h)<6"(n;h+1) for h=1 H-1.
Thus, 6"(n; H) is a moment after which job n is completed, and, according to sum (4),

9" (N, H)= Zmax{oe (mH)-d,} (22)

is the exactly minimal total tardiness for those N jobs. Meanwhile, schedules for cases with release dates
(1) and due dates satisfying inequalities
d,<d, vn=1N-1 (23)
are built trivially, where the job with an earlier release date is scheduled first. To avoid such triviality,
due date shifts (3) are re-generated if all inequalities (23) turn to be true. Besides, due date shift (3) for
job n is re-generated if d, <1.
At fixed numbers of jobs N and job parts H, for a job scheduling problem instance tagged by an

integer ¢, denote the schedule computation time by &(N, H,c, o) by integer o as an infinity substitute
in model (1) — (20). Value 8(N, H, c, o) implies computation time spent on just searching a solution of

the respective integer linear programming problem, i.e. on exploring nodes by the branch-and-bound
algorithm. If the total number of the instances is C, then the averaged computation time is

S(N,H,oc)=éi8(N,H,c,oc). (24)

Computation times (24) will be estimated by N=2,8 and H =2, 4 for C=10 and the following nine
versions of the infinity substitute:
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1) the infinity is substituted with the sum of all finite triple-indexed weights (10), i.e.

N H NH
o= 2 2 2 o (25)
n=l1 h=l t=1
nht #©0 Anht #0 }"nht F#0

2) the infinity is substituted with the maximal value over all finite triple-indexed weights (10)
increased by 1, i.e.

o =1+maxmax max A, ; (26)
n=l, N h=1, H t=1, N-H
At #00 A #00 Ay #00

3) — 6) the infinity is substituted with multiple maximums in (26) given by

o =2-maxmax max A , (27) o =3-maxmax max A, (28)
n=1, N h=1, H t=1, N-H n=1, N h=1, H t=1, N-H
Aot 700 Mgt %00 Ay 700 Dy 790 A 700 Ay #00

o =4-maxmax max A, , (29) o=5-maxmax max A, (30)
n=l, N h=1, H t=1, N-H n=l, N h=1, H t=1, N-H
At #00 A #00 Ay #00 At £00 A 00 Ay #00

respectively;
7) — 9) the infinity is substituted with a sufficiently great integer given by o =10", a=10°, o.=10°.
Obviously, model (1) — (20) cannot be run for infinitely long time. So, its timeout is set at 7200
seconds (i.e., 2 hours). If the solution of the respective integer linear programming problem is not found
in 2 hours, the model is stopped and its current solution (which may be non-optimal) is returned.

Computational study

To study how the increment of the infinity substitute in model (1) — (20) influences the computation
time of exact schedules, the nine versions of the infinity substitute are to be used. Instead of directly
writing integer o into averaged computation time (24), it will be written as a tag within quotation marks
by the following correspondence table:

Thetagto a 1 2 3 4 5 6 7 8 9
The real value of o [formula (26)[formula (27)[formula (28)formula (29){formula (30)formula (25)| o. =10* | o =10° | o =10°

Thus, the averaged computation time is re-denoted as S(N, H,"6") for the case of sum (25), as

3(N, H,"1") for maximum (26), as 5(N, H,"2") for maximum (27), and so on. Fig. 1 shows averaged

computation times (24) versus the nine tags to a. (the horizontal axes) as the number of job parts and the
job length increase (the entire scheduling problem volume is shown as a stack of small red squares, where
the job length is measured horizontally, and the number of job parts is measured vertically). The shortest
computation time has occurred 13 times (out of 21 volumes of the entire
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Fig. 1. Averaged computatlon tlmes (24) versus the nine tags to o (the horlzontal axes) by the mcreasmg volume
of the entire scheduling problem

scheduling problem) at the infinity substitute as (26) whose value is minimal amongst those nine versions
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of infinity substitute. The version with the sum by (25) has not resulted in the shortest computation time.
Occasionally, o.=10° has resulted in the shortest computation time twice (at N=3, H=4,andat N =8
, H=4), although the case with the greatest volume of the entire scheduling problem (N =8, H=4)
has had six timeouts (tags 1, 3, 4, 5, 7, 9). Except for this case, the longest computation time has occurred
14 times at the infinity substitute as a sufficiently great integer given by a.=10*, a =10, o.=10°.
The worst cases with the maximal computation times
8 (N, H,a)=max3(N,H,c, o) (31)
c=1,10

are shown in Fig. 2 having the 21 stacked subplots analogously to Fig. 1. These subplots have some
resemblance to the subplots in Fig. 1. Now, the infinity substitute as a.=10° (tag 8) has resulted in the
shortest computation time only twice, whereas the other versions (tags 1, 2, 3, 4, 5, 6, where integers are
far less, indeed) have been the best for the rest of 19 job scheduling problems.
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Fig. 2. Maximal computation times (31)
The cases with the minimal computation times
8 (N,H,a)=min3(N,H,c, o) (32)

c=1,10
are shown in Fig. 3. The resemblance to either Fig. 1 or Fig. 2 is weaker here. The case with the greatest
volume of the entire scheduling problem (N =8, H =4) which has had six timeouts (tags 1, 3, 4,5, 7, 9)
and the case with N =8, H =2 are the only two cases where the infinity substitute as a.=10° (tag 8) has
resulted in the shortest computation. Sum (29) has occurred to be the best at the same case with N =3
and H =4. Among the rest of 19 job scheduling problems, the least integer as the infinity substitute (tag
1) by (26) have been the best for 14 cases.

The further averaging is shown in Fig. 4, where each of the three subplots is the average of 21 subplots
in Fig. 1 — 3, respectively. The best average computation time (24) has occurred at the least integer as the
infinity substitute (tag 1) by (26). It has been close to the best maximal computation time (31), but here
sum (25) has eventually “won”. Although the version with o.=10° (tag 8) has ensured the best minimal
computation time (32), it has been an occasional computational artifact caused itself by the six timeouts at
the greatest volume of the entire scheduling problem (N =8, H =4).

The first rough inference from the obtained results is that the model with the lesser integer substitute
produces an optimal schedule expectedly faster. The difference in real time units (not shown in
Fig. 1 —4, though) depends on the volume of the entire scheduling problem. Nevertheless, the average
relative difference between §(N, H,"1") and the other versions of the infinity substitute is not less than

2 %. Furthermore, the least value of the infinity substitute produces optimal schedules by 8.51 % to
10.46 % faster than the infinity substitute as a sufficiently great integer given by a.=10*, o =10°, a.=10°
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Fig. 3. Minimal computation times (32)
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Fig. 4. The averages (from the left to the right) to average computation times (24), to maximal computation times
(31), and to minimal computation times (32) versus the nine tags to o (the horizontal axes)

Discussion
The main difficulty is that it is hard to find any regularities in the subplots of Fig. 1 — 3. This makes
the inference about faster schedules by the lesser integer substitute looser (or rough to some extent),

although the inference is expectedly reliable.
The computation time which is saved by substituting the infinity with “max” by (26) instead of using

a.=10° can be really impressive. For example, an optimal schedule
S=[s],=[t222255551114444333366 6 6 (N
for scheduling 6 jobs by H =4 with due dates
D:[dn]le:[Q 2 8 6 3 10] (34)

is computed in 52.65 seconds by o =10°, whereas it takes 39.68 seconds to compute schedule (33) with
“max” by (26). Total tardiness of schedule (33) is
6
9°(6,4)=>-max {0, 6" (n; 4)—d, } =max{0,12 -9} + max {0,5 -2} +
n=1

+max {0, 20 -8} +max{0,16 —6} +max {0, 9 — 3} + max {0, 24 —10} = 48..
So, the “max” substitution saves here 12.97 seconds (24.64 % of the initial computation time). In another
example, for H =3 and due dates
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=[d,].,=[4 4 5 7 5 8 10 13], (35)
an optimal schedule
S=[s],=[L13133555222777 4448886 6 6] (36

obtained by o =10° and an optimal schedule
S=[s],,=[L11222555777888666 33344 4](@37)

obtained by the “max” substitution (here the two infinity substitute versions produce slightly different
schedules) have the same length as schedule (33), where total tardiness of schedule (36) is

8
9°(8,3)=>_max{0, 0" (n; 3)-d, } = max {0, 4 — 4} + max {0, 12 — 4} + max {0, 6 — 5} +
n=1
+max {0,187} + max {0, 9—5} + max {0, 24 —8} + max {0,15-10} + max {0, 21-13} =53
being surely the same as total tardiness

97(8,3)= Zmax{o 0" (m; 3)—d, | = max {0, 3— 4} + max {0, 6 - 4} + max {0, 215} +

+max {0, 24 — 7}+max{0 9 -5} + max{0,18 -8} +max{0,12-10} + max {0,15—13} =53
of schedule (37). However, the difference between the computation times is more impressive here:

schedule (36) is computed in 900.736 seconds by o =10°, whereas it takes 560.61 seconds to compute
schedule (37), which is equivalent to (36), with “max”. So, the “max” substitution saves 340.126 seconds
(37.76 % of the initial computation time) for the problem with due dates (35). Another, the most
demonstrative, example is for scheduling 8 three-parted jobs (H =3) whose due dates are

D=[d,].,=[4 4 4 10 2 11 13 10]. (38)

An optimal schedule
S'=[s],=[1113335558884446¢6¢677722 2](39

obtained by o= 106 and an optimal schedule
S'=[s],=[L13133222888444777555F6 6 6] (40)

obtained by the ‘max” substitution (once again the two infinity substitute versions produce slightly
different schedules) have the same length as schedules in the previous examples, where total tardiness of
schedule (39) is

9°(8,3)= zmax{o 0"(n;3)—d, } =max{0, 3— 4} + max {0, 24 — 4} + max {0, 6 - 4} +

+max{0,15— 10}+max{0 9-2}+max{0,18 -11} + max {0, 21-13} + max {0,12-10} =51
being surely the same as total tardiness

*

9°(8,3)= Zmax{o 0" (n; 3)—d, } = max {0, 4—4} + max {0, 9 — 4} + max {0, 6 — 4} +

+max {0,15- 10}+max{0 21-2} +max{0, 24 -11} + max {0,18 -13} + max {0,12-10} =5
of schedule (40). However, the difference between the computation times is very impressive here:

schedule (39) is computed in 641.405 seconds by a =10°, whereas it takes just 326.53 seconds to
compute schedule (40), which is equivalent to (39), with “max”. So, for the problem with due dates (38),
the “max” substitution saves 314.878 seconds (49.09 % of the initial computation time). And this is just
for a single job scheduling problem! Obviously, when such a problem is repeatedly solved, the “max”
infinity substitution by (26) saves pretty huge amounts of the computation time. If, for example, there are
10000 job scheduling problems similar to the problem with due dates (38), the “max” substitution saves
about 36.4442 days.

Conclusion

The increment of the infinity substitute in the model of total tardiness exact minimization rendered to
solving an integer linear programming problem involving the branch-and-bound approach may have bad
influence on the computation time of exact schedules. At least, the greater value of the infinity substitute
cannot produce an optimal schedule faster in tight-tardy progressive 1-machine scheduling by idling-free
preemptions of equal-length jobs. Roughly the best value of the infinity substitute is the maximal value
taken over all the finite triple-indexed weights in the model and increased then by 1. Meanwhile,
substituting the infinity with just “a sufficiently great positive integer” is not recommended, unless this
integer is close to the mentioned maximum or the sum of all the finite triple-indexed weights.
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The influence of the “max” infinity substitution is extremely significant. Compared to the case when the
infinity is substituted with a sufficiently great integer, the “max” infinity substitution saves up to 50 % of
the computation time. This saves hours and even days or months (') when up to 8 jobs of a few equal parts
(processing periods) are scheduled for a few thousands of cycles or longer. Therefore, it is strongly
recommended to select the infinity substitute as less as possible in order to decrease the computation time.
In scheduling more than 9 jobs with more than 2 processing periods, the exact model becomes practically
intractable taking too much computation time whichever infinity substitution is used.

It is uncertain whether those recommendations should be kept for the case when the jobs have different
processing periods. So, the research may be furthered by studying this case. Besides, the job priority
weights can be also considered for exactly minimizing total weighted tardiness.
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