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[HTENneKTYaIbHUH aNTOPUTM YIIPaBIiHHS MICBKUM Tpa(ikoM TPaHCTIOPTHUX 3ac00iB

J.I. BoryTol, B.®. KOMapOBl, I1.K. Hixomox®, ILIL. Hikomrok?
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JlocTipKeHHS ITpeICTaBIsie COO00 arOPUTM HOOYIOBH ONITHMAIBHOTO MapIIpyTy U KOXKHOTO TpaHCIOpTHOTO 3aco0y (T3) y
BEJIMKOMY MICTi 3 KOPEKIi€l0 MapIIpyTy MpH 3MiHI JOPOKHBOI 0OCTaHOBKM. TeXHIYHO Mpolieaypa peryIoBaHHs MOTOKIB T3
3IIMCHIOETHCS 32 PaXyHOK AMHAMIYHOI B3a€MOJIT B PEKUMI peabHOTO Yacy MiX LEHTPalIbHUM ITyHKTOM KepyBaHHS TpadikoMm
(LITIKT) ta koxxuuMm T3, mo 3amaB cBoi mouaTkoBi Ta KiHmeBi koopauHatd. LIIIKT mepemae koKHOMY BOII€BI TOJIOCOBI
KOMaHJIM LIOI0 MapIIpyTy PyXy IO 3asBICHOTO BOIIEM KiHIIEBOTO IyHKTY sIK NpH 3Bu4aiHiit GPS-nasirauii. OcobauBicTh
HoJsirae y TOMy, IO Nporpama aHalli3ye NUHAMIYHY CHTYalil0 Ha KOKHOMY HEpeXpecTi i Mo BChOMY MICTY 1 BiIIIOBiTHO
NPOKJIAae MapIIpyT 3 ypaxyBaHHAIM Tpadik-cHTyamil Ha KOXXEH KOHKPETHHH MOMEHT 4acy. OCTaTOYHOIO METOI0 JTaHOTO
JOCIIUKEHHSI € CHHXPOHI3allisl TPAHCIIOPTHHUX ITOTOKIB, ONTHMAalbHE BUKOPHUCTAHHS TPAHCIIOPTHHUX apTepiii BCHOIO MicTa,
3ano0iraHHs YTBOPEHHIO 3aTOPIB, a TaKOX CYNpOBiX KokHoro T3 mo Micus Npu3HA4YeHHS 3 TaKUM PO3paxyHKOM, IOO
3aTpayeHuil Ha MOI3AKy Yac OyB MiHIMaJIbHHM.

Knrwwuosi cnosa: opicumosanuii hasanmasicenuti epagh, GPS-nasieamop, ancopumm Jetikcmpu,onmumaneruti mapupym, Java-
npoepama.

The research is an algorithm for constructing an optimal route for each vehicle in a large city with a correction of the route
under changing the road situation. Technically, the procedure for regulating of flows of vehicles is carried out through the
dynamic interaction in real time between the central management traffic system (CMTS) and each vehicle that has set its initial
and final coordinates.The CMTS sends to each driver voice commands along the route with the declared endpoint driver as
with normal GPS navigation. The peculiarity is that the program analyzes the dynamic situation at each junction and
throughout the city and, accordingly, sets the route taking into account the traffic situation for each particular moment of time.
The ultimate goal of this study is to synchronize traffic flows, optimally use the transport arteries throughout the city, prevent
congestion, and also track each vehicle to its destination in such a way that the time spent on the trip is minimal. To lay the
optimal route, a Java program that implements the Dijkstra algorithm is used. An important condition for implementing this
algorithm is the dynamism of the edges of the graph, which corresponds to the dynamic situation associated with urban traffic.
In this regard, the weight of the edges of the graph modeling the transport network of the city varies according to the change in
the traffic load between the adjacent intersections. Therefore, the database that stores traffic information for urban streets needs
to be constantly updated. In our case, this update occurs every 10 seconds. This allows the program that manages traffic to
quickly change the routes of vehicles, choosing the optimal.

Keywords: oriented loaded graph, GPS-navigator, Dijkstra algorithm, optimal route, Java program.

1 IocTaHoBKa MpPoOOIEMH

Jlana cTaTTs € JIOTIYHMM MPOOBKEHHIM poOoTu [1]. KiHIeBOIO METO IOCIIHKEHHS € BUPIIICHHS
npo0iieMu Tpadiky A BCiX TpaHCHOPTHUX 3ac00iB (T3), 1110 3HAXOAATHCS HA BYJIHUIIX BEJIUKOTO MicTa
— MEramoJjicy. A HalroJIOBHIIIOKW MPOOIeMOI0 B ILOMY BiJHOIIEHHI € 3aTOpH. SIK YHHKHYTH I[LOTO
HETaTMBHOTO sBUINa? Sk opraHi3yBaTH Mpoi3a KOKHOTO okpemMoro T3 (a Takux 00’€KTiB y BETHKOMY
MICTI MO>Ke OYTH TIOHAJl MUTBHOH) JI0 3asBJICHOTO BOAIEM MYHKTY NMPHU3HAYCHHS 3 TAKUM PO3PAXYHKOM,
mo0 moi3aKa 3alHsIa HaWMeHIIWH 4ac? TeXHONOris, IO NPONOHYETHCS, MO3BOJISIE EPEKTUBHO
BUPIIIYBaTH ITOCTABIIEH] POOIIEMH.

2 AHaJi3 OCTaHHIX J0CTiAAKeHb i myO/iKkamii

3asBreHa mpobiieMa «CTOITh HAa MOPSAAKY JEHHOMY» 0araThOX KpYIMHHX MIDKHAPOJIHHUX KOMITaHiH,
10 PO3POOJIAIOTh TEXHIUHI 3ac00U opraHizallii JopoKHBOro pyxy [2]. Hail0iabi OM3bK0I0 CHCTEMOIO
JI0 pO3rJIsAAyBaHOI HAMM TEXHOJIOT] HaBiraiii € cucrema Hasiramii Ty GPS/GLONASS [3]. KoxHoro
poky GPS-naBiramis wmoaudikyerscs. Jleske aBTOMOOiIbHE HaBiramiiHe oOOJIaJHAHHS MOXKe
MOBiJOMJISITH PO 3aTOPH HA BYJIMIIX MICTa Ta MPOIOHYBATH abTEPHATUBHUIA MapLIpyT 00’131y Takux
Mmicib. [HTETpalis ¢ aBToMo0ijeM CcTae TIHOIIO0, 1 11e J03BOJISE 3a/laBaTH KOKHOMY KOHKPETHOMY
BOJII€BI TOJIOCOBI MapuipyT-koMaHau. OcoOMuBUA BUJ B3a€MOJIii MiXK aBTOMOOLIEM Ta JOPOKHBOIO
iHGPaCTPYKTYyporo omucanuit y po6oTti [4]. TyT ommcana TeXHOJOTiSI B3a€EMOJIi MiX aBTOMOOiJeM Ta
JOPOKHBOIO  1H()PACTPYKTYpOIO 3 JOMOMOTOK Tak 3BaHMX TOYOK JOCTymy (access points),
pO3TAlIOBAaHUX B3JIOBX aBTOMOOITBHOI JIOPOTM Ta Ha TmepexpecTsX. DBIU3pKor 0 HAIoro
JOCHiDKeHHS € poOoTa [5]. B oCHOBI TexXHOJOTIT JIe)kaTh YOTUPU CKIIAZOBHUX: CBITIO(OpH, JETEKTOPH
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yepru (queue detectors), moposkHi Bimeokamepu i IeHTpalbHAa KOHTpOIbHa cucrema (central control
system). KosxHi /Bi CeKyHAHM CHCTEMa MOHITOPUTH CHTYallil0 MIOA0 3MiHM (a3 TOpiHHS CBITIO(POPIB i
3aBJISIKH LIbOMY JOCATA€THCA ONTUMI3alis Tpagiky.

ABTopu poboTH [6] aHAM3YIOTH TIPOOJIEeMy PO3TAllyBaHHS JATYHKIB, OCKUTBKH iX pO3TAaIIyBaHHS
CYyTTEBUM YHHOM BIUTMBAaE Ha Te, SKI TPAHCIOPTHI TIOTOKH PEECTPYIOTHCS 1 TOMY MOXYTh OyTH
KepoBaHMMHU. B nocmimkenHi [7] 3acTocoByeThcsi MonuGikoBaHa MOJAETH CTUILBHHKOBHUX aBTOMATiB
(modified cellular automata model) a1 BUBYECHHS TPOIECIiB B3a€MOIi MiXK aBTOMOOIISIMH 3aBISKH
JOCITPKEHHIO TPOIIeciB 0OTOHY NUISIXOM BHBUEHHS maHux mpo Tpadik T3. [IpoBeneHo MomemoBaHHS
notokiB T3. ocmimkenHs [8] 3aCTOCOBYE «pO3yMHY» MEPEKEBY iMiTalliiHy MOAEb, BUKOPHUCTOBYIOUN
B SKOCTI 00’€KTa AOCIHiKEHHS LEHTpalbHY Ta 3aximHy uyactuHy Micta Cinramyp. Ha kapti micta
MOKa3aHi aBTOMAricTpaii, 3BUYaifHI JOPOTH, aBTOOYCHI 3yNMHMHKH, KOMEPIIiiiHI 30HH, IEepexpecTs Ta
aBTOMOOUTBHI pO3B’si3ku. J[s mpoBeneHHs IMITAIlifHUX JOCIIPKeHb 3aCTOCOBYBAJIACh iMiTalliiiHa
monenb PARAMICS. [Ins peecrpamii motokiB T3 BukopucToByBanuch metiieBi nerektopu (loop
detectors) Ta kamepu criocTepexenHs (surveillance cameras). MOKJINBAM BapiaHTOM ITOKPaIICHHS
Tpadika € KOOPIANHOBAHE PETYIIOBAaHHS aBTOMOOUTFHUX MOTOKIB 32 JOIIOMOTOI0 0€3I[pPOTOBOTO 3B'SI3KY
MK aBTOMOOUISIMU [9]. 3 PO3BUTKOM aBTOTPAHCIOPTY BCE OUIBIIOrO MOIIMPEHHS HAOyBae Teopis
CTLUTPHUKOBUX aBTOMATiB. Y IIUTOBaHii BHIE pOOOTI MOAEITIOBAHHS PYyXOM Yepe3 MepexpecTs BEAeThCs
Ha matdopmi NetLogo, mo € 6araToareHTHAM MPOTPAMHUM CEPEIOBHUINEM JUTsI MOJISITIOBAHHS Pi3HUX
JUHAMIYHUX MTPOIIECIB.

Bunaxiz [10] BigHOCHTBCS 10 1HTENEKTYaIbHOI CUCTEMH KepyBaHHS PEXHMOM pOOOTH CBiTIO(OpPiB
yepe3 OBOCTOpOHHIM 00MiH iHpopmamiero 3 LIIIKT. Ilepexpects BUKOPHCTOBYETHCS MEPEBAKHO IS
nepeTBopeHHsl iHdopMalii cBITIIOQOpiB Ha OE3APOTOBI CUTHAIM Ta pealizalii iHTeNIeKTyalbHOTO
ynpasiniHHs cBiTiogopHoo cucremoro. LIIIKT 3aiiicHIoe yrmpaBimiHHA MICBKHMMH JOpOTaMH Ta HaJlae
iH(opMaIlito BomisiM aBTOMOOLTIB a TaKOX Tepelac eJIeKTPOHHI KapTh MapmpyTiB. [HTenekTyaibHa
CHCTeMa YIPaBIiHHSI poOOTOI0 CBITNIO(GOpIB Ha 0a3i IHTEIEKTYaIbHOTO TEPMiHAIy TO3BOJIIE BOMISIM
CBOEYACHO OTpPHMYyBaTH iHQoOpMalito mnpo nepemMukaHHs cBiTnodopiB. Cucrema cBiTIOPOPIB
aBTOMAaTUYHO BH3HAYa€ KUIBKICTh aBTOMOOLIIB Ha JOPOrax, 100 MUTTEBO 3MIHIOBATH Yac MPOi3Ly AJs
aBTOMOOLIIB pi3HUX HampsiMkiB. CucTema Ta cmocid, mepembadeHi UM BHHAXOJOM, JOTOMAraroTh
BOJIiSIM ONTUMI3yBaTH MapiipyTu pyxy. Hocmimkenss [11] posrisimae npobiemMy Tpadiky mia KyToM
30py OpoOJieMu TapKiHry y BelIuMKoMy MicTi. TexHOJOris 3amporoHOBaHA KOMITaHiew Siemens.
Cucrema KOHTPONIOE 3aBaHTaXEHICTh BYNHIb 1 Tmepenae iHdopmariito aBTOMOOiTICTaM,
BUKOPUCTOBYIOUH ISl KO’KHOI OKPEMOi CTOSIHKHM iH(pOpMamilo, 34MTyBaHy 3a JOINOMOIOI0 HAa3eMHHUX
JaT4iKiB a00 Ha OCHOBI KiJIbKOCTI MPOJAHHMX MapKyBaJIbHUX JI03BONIB. B 000X BHIIaakax cucrema
HampaBJisie BOJIiB Oe3MOcepelHbO Ha HAasBHI MICISl JUIsl TapKyBaHHS, M0 3amo0irae mepernoBHEHHIO
BYJIMIb Ta 3MEHIIYE HaBaHTaXeHHs Ha Tpadik. Mae Micie iHTerpauisi B 3arajibHy CUCTEMY KEepyBaHHS
tpadikom. Lle mae 3Mory BHUKOpPHCTOBYBAaTH 0a3W JaHWX MapKyBaHHS JUIs HaJaHHA aBTOMOOLTiCTaMm
PEKOMEHJIAIIH 11010 MapIIPyTH3AIlil BXKe MPH B i3]l B MEKI MiCTa.

B po6oti [12] mpuBeneHi pe3ynbTaTH A0CiipKeHb Tpadiky, nposeneni B mrari FOra (CILA).Y
PO3IIISA]] BBEJICHA CHCTEMa MOKAa3HUKIB e()EeKTUBHOCTI PETyIIIOBaHHS pyXy MOTOKiB T3 Ha OCHOBI aHaIizy
JaHWX, OTPUMaHUX 13 CHeUiaIbHUX MIKPOXBUJIBOBUX JaT4WKiB. ABTOpH [13] BHUKOPHUCTOBYIOTH
MUHAMIKY DPIAMHA A7 BUpilIeHHS mpoOieM, MOB'sI3aHUX i3 JOpoxHIM pyxom. lle mocmimxeHHS
MIPEJICTABIISIE METOAOJIOTIF0 JUIsi MOJEIIOBAHHS TMpoOJieM, TOB’S3aHUX 13 JOPOXKHIM Tpadikom.
Po3pobrnena Teopis Moke TOJNETIIUTH PO3B’si3aHHS MPoOsieMH 3aTopiB. [IpUOMU3HO TAKOTO X THILY €
pobora [14]. lyxe mikaBuM € AociikeHHs [15], mpucBsueHe B3aeMoJlii MPUBATHUX aBTOMOOINIB Ta
rpOMaJChKOro TpaHcropTy. s po3B’si3aHHsS npoOjeM Takoi B3a€MOJIl aBTOPH BBOISTH MOHATTS
nBoTunHUX (OiMomanbHKX) Mickkux Mepex (bi-modal urban networks). Jlns opranizamii epekTHBHOT
B3aeMojii BKazaHuX TumiB T3 BBOIATHCS y po3rysiy OiMonanbHa Makpockomniuda dyHpaMeHTalbHA
Hiarpama (M®/I), mo mopnemtoe 3mimanuii Tpadik T3 3ramaHux BuaiB. Pe3ynabpTraTH mOKa3yloTh, IO
3aIpONOHOBaHA TEXHOJIOTIS MOXKE 3HAYHO: (1) 3MEHIIUTH 3aTOpU B Mepexi; (ii) MONINIIUTH TOKa3HUKH
Tpadiky aBTOOYCIB 3 TOUKH 30py Yacy Npoi3ay MapiipyTy pyxy; (ili) 3HH3HTH piBeHb CKymieHocTi T3
Ha KPUTHYHHX AUITHKaX TPaHCHOPTHOI Mepexi. B sikocTi 00’ekTa mocmiimxkeHb BUOpaHa TpaHCIIOPTHA
Mmepexa CaH-PpaHiicko.

3 @opmyaOBaHHSI METH CTATTi
CrpateriuHa MeTa 3aKJIIOYaeThCsi B MOOYNOBI ONTHMAaJIbHUX MapuIpyTiB aisi kKoxkHoro T3 Ta
cunxponizamii morokiB T3. CraBuThcd 3agada NPOBECTH KOXeH T3 Mo MICTy MO ONTUMaIbHOMY
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MapIIpyTy 3 ypaxyBaHHSM MOJJIMBOI 3MiHH TaKOTO MapLIpyTy, IO KOPUTYEThCS KOkHI 10 cexyHI.
ToOTo cucrtema perynmoBaHHS Tpadika BCi€l CyKYIMHOCTI aBTOMOOUIIB Ha TpacaX MiCTa MOBHHHA
NPOKNaaTH AUHAMIYHUA — B PEXHMI PEaJbHOTO Yacy — i ONTHUMalIbHUN MapumpyT koxHomy T3, 1o
3aMoBJsie umie KinneBy nosumiro MapupyTy LIIKT (craproBa mosuttisi GpikCyeThCsl aBTOMATUYIHO MTPH
migmroaenHi go LIIKT). Lentpansamit xkomm’totep Ha LIIKT, BHKOpPHCTOBYIOUM KOMI IOTEPHY
nporpamMy, 3amnvcany 3HU3Y, CIIBIPAIIOE 3 KOXKHUM BOJIEM Ta Mepeaae KoMy TOJI0COBI KOMaHAM 100
MapHIpyTy pyxy JO 3asBICHOTO BOJI€EM MYHKTY MNPH3HAYCHHS SK NpH 3BU4YaiiHii GPS-Hairamii.
Oco0NHBICTh TOMATAE y TOMY, IO IPOTpaMa aHaJi3ye AMHAMIYHY CUTYAII0 Ha KOKHOMY TIEpexXpecTi 1
M0 BCHOMY MICTY 1 BiANOBIHO MPOKIAJA€ MapIIPYT 3 YpaxyBaHHSAM CHUTYyalii HAa KOKEH KOHKPETHHH
MOMEHT dYacy; MpH IIbOMY BHKOPHUCTOBYETHCS KOMII'IOTEpPHA MporpaMa, II0 peali3ye alroOpuTM
JIeHKCTpH MIONO 3HAXO/PKEHHS ONTUMAIBHOTO IUIAXY. OCTaTOYHOIO METOI0 JAHOTO JOCIHIKEHHS €
CHUHXPOHI3alis TPaHCIOPTHUX IOTOKiB, ONTUMalbHE BUKOPUCTAHHS TPAaHCIOPTHHX apTepiii BChOro
MicTa, 3a100iraHHs yTBOPEHHIO 3aTOPIB @ TAKOX CYMPOBiJ KOXHOTO T3 70 Micus Npu3HauYeHHS 3 TAaKUM
PO3paxyHKoM, 00 3aTpadeHnd Ha MOI3Ky Yac OyB MiHIMaJIbHHIM.

4 Buksaj 0CHOBHOI'O MaTepiany

TexHOIOTIA ABIIsIE COOOI0 aBTOMATH30BaHY 1HTENEKTYalbHY CUCTEMY PETYIIAIlii JOPOKHBOTO PYXY Y
BEJIMKUX MiCTaX, Ky YMOBHO MOKHA PO3JUIHTH Ha /Ba etanw. [lepmuii eran BukinageHuit B poooTi [1].
Ha npoMy erami 3aiiCHIOETBCS pery/IroBaHHs Tpadiky yepe3 OJHEe OKPeMe MepexpecTs, 10 B3aEMOIIE i3
CYCiZIHIM, a Ha JAPYroMy — 4yepe3 Bce MicTo. Po3risiHeMo Temep JeTanbHO APYTUil eTaml peryaroBaHHS
Tpadiky. OcCkinpku BCi mepexpects Micta 3HaxomaTecs mix koHTponeMm LIIIKT, To B manomy pasi €
MOXKJIMBICTh 3aCTOCYBaHHS «PO3YyMHOT» TEXHOJIOTIi peryiroBanus npoizny T3 i3 craproBoi mosuiii S
no ¢inimuoi F  (ocranHio moswmiito kKoxkeH Bomiii 3amae LIITIKT). Ilpu 1iboMy BaXKJIMBO 3HAWTH
ONTUMATILHAN MapIIpyT pyXy i KokHoro T3 (y BeNMKHX MiCTax Takux 00’€KTiB MOKe OyTH MOHAH
MiBHOH) HA OCHOBI BHKOPHCTAaHHS OTPHUMAaHUX 3 KOXKHOTO ITEPEXPECcTs JaHUX, L0 JyXKe HIBHIKO
3MiHIOIOTECS. OCTaHHE 03HAa4a€, M0 MOTPIOHO BHKOPUCTOBYBATH AWHAMIYHY 0a3y JaHUX, CIIPOMOXKHY
OHOBJIIOBATHCh, CKakiMo, kKoxHi 10 c. [Hmmmu crioBamu, kanamu «llepexpects «» LIIKT» mpairorots
B PEXHUMI PEaTbHOr0 Yacy, IOCTIHHO OHOBJIIOIOYHM JaHiI NP0 3aBaHTAXKCHICTh IIJISHOK JOPOTH MIiX
MEePEXPECTIMH.

OTxe, 3aBAaHHs] MOJIATa€ y MPOKJIaJaHHI ONTHMAIbHOIO MaplIpyTy pyxy A koxHoro T3 3
ypaxyBaHHSIM CUTYaIlil Ha TPAHCIOPTHIA Mepexki MicTa B KO>KEH KOHKpETHUI MoMeHT. [lakeTn maHux
MOCTYNarTh 3 KoxHoro nepexpects Ha LIIKT, skuil npairoe Ha OCHOBI CIEIiabHOT KOMIT FOTEPHOI
nporpaMu. Y BignoBiap Ha BXigHy iHpopmanito LIIIKT Bumae kepyroui curHamum Ha cBiTIIopopH
KOXKHOTro nepexpectsi. OCKUIBKH BCi epexpecTsi MicTa nepeOyBaroTh Mijl KOHTPOJIEM BKa3aHOTO THILY,
HITKT mocTiiiHO BOJIOJIE CUTYAIIIE0 MO0 3aBAHTAXKEHOCTI MEPEXPECTh Ta AUISHOK JOPOTH MK HUMH.
Taka cutyarisi J03BOJISIE€ HE TUIBKM MOKPAIIUTH MPOi3] Yepe3 OKpeMe MEPEXPEecTs, a 1 1a€ MOXKIIUBICTh
npokiazatd MapmpyTt koxuHomy 1-my T3 (i=1& N, ne N- uucio aBTOMOOLUTB, 10 3aMOBHIH
mapupyT LIIKT, To6To 3asBunu coro napy (S;,F ). Kpim Toro Boziit — npu HE0OXiqHOCTI — 3asiBIIsiE

TakoX MOBY cympoBony. Hampuxiazn, Boaili-ykpainens y Caxpamenro (CLLA) 3asBise B sSKOCTi
3BYKOBOT'O Tijla YKPAiHCbKY MOBY.

TexHiuHO cHTyallisl BUTIsa€ HAcTymHUM yrHOM: niporpama Ha LIIKT mparttoe 3 xoxxanm T3 1 uist
KOXXHOTO TakoTo 00’€KTa pO3paxoBye ONTUMANBHHN MapIIpyT pyXy i mepemae mani BouieBi Ha GPS-
HaBiraTop 4Yud Ha MOOUTPHMHA TenedoH 13 CHEUialbHUM  JOJAaTKOM. «3HAaroum» pPO3paxOBaHHUM
ONTUMANBHIIMKA MapmpyT — Ha gaHuii MomeHT vacy — LIIIKT «Benme» Bojis mo mpoMy Mapiipyry,
TOOTO MOCTIHO Nepenae iHGOpMaIliro PO Te, Jie BOJIH Ma€e TIOBEPHYTH 1 B SIKUH OIK, pO3BEpHYTHChH YH
NepeNalTyBaTUCh Ha 1HITY CMYTY PyXy i T.I. AJie JOPOXKHS CUTYyallis y Cy4aCHOMY MICTi 3MiHIOE€ThCS
HIOCeKYH/IHO. | ToMy 1Mo Mipi pyXy mporpaMa KOHTPOIIOE MapHIpyT KOXHOro T3 Ta 3HaXOJUTHCS B
MOCTIHHOMY TIONIYKY HaleeKTHBHINIOro MapmpyTty. SIKIIo Juis JaHOTO BOJiS OyB MPOKIIaJICHHMA
neBHUH MapmpyT Ha MoMeHT dacy ! = 0 i B MomeHT vacy t>0 curyauis Ha bOMY KOHKPETHOMY
Mapmpyti noripumiack (3atop, ATII Tomo), T0OTO 3’SIBUBCS HOBHH ONTUMAJIBHUI MapUIpyT, TO
Iporpama «IoBeze» BOJIis 1Mo IbOMY HOBOMY MapuipyTy. | Tak maii, moku T3 i3 HOMepoM | He JocsATHE
KIHIIEBOTO MyHKTY F .

Texniyno npoizn T3 yepe3 Bce MICTO, B SKOMY KOXKEH CBITIO(Op OCHamIeHHi omucaHow B [1]
CHCTEMOIO PErYJIIOBaHHS Tpa(ikoM, 3/1iHCHIOETHCS 3 JOMOMOTOI AITOPHTMY, SIKHH i3 BCIX MOMIIMBUX
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BapiaHTIB MapuIpyTy Mixk Toukamu Sj i Fj obupae ontumansuuii. TyT onTHMaIbHICTh BU3HAYAETHCS 3
JTIOTIOMOTO0 BUKOHAHHS HACTYIMHOT yMoBH [1]:
f
e (NAhBh/nAhBh® min, (1)
h=1
ne N A,B, — 4Hcn0 T3, mo B'DKKAIOTE HA AUIAHKY 10pord AnBp ofHOTO HAmpsMKy;Na g — YHCIO

T3, mo BubKmKarOTh 13 AisHKH noporn A,B;, omHoro HampsiMky; h- iHIekc, Mo Hymepye HpOi3HY
YaCTHUHY JOPOTH OJHOTO HAIPSIMKY PYXy B3JOBXK MaplIpyTy; iHIIUMH ClIOBamH, peOpo rpada Mix
IHOUIEHTHUME (CyCimHiIMH) By3namu (IepexpecTsiMH), L0 3YeljIeHI MK CO0OI0 Ta YTBOPIOIOTH
IPOCTHUH JaHLIOT, 3’ €IHYIOUH [I0YaTKOBY S; Ta KiHIeBy Fj koopnauHatu, 3asBlIeHi BOAIEM aBTOMOOLIS

i. CumBon f o3nasae umcno cmyr Bumy AnBp, ski ¢dopmyroTh mnpokiageHuil Mapuipyt i3

MyIbTHILTIKAT TUMY (1).

CriBCTaBUMO TPaHCHOPTHY Mepexy micta (puc.l) 3 opieHTOBaHUM HaBaHTa)KeHUM Tpadom (puc.2).
Ipoueaypa NPOKITaAaHHS MAapIIPYTy 3AIHCHIOETBCS 3 J0omomororo mporpamu  MiniWay, ska
BUKOpUCTOBYE anroputm Jleiikctpu [16]. Jlns ckimagaHHs Takoi mporpamMM B Hamii poOoOTi
BUKOPHUCTOBYETHCSI MOBa MporpamyBaHHst Java. [Iporpama BUKOPHUCTOBYE B SIKOCTI JaHHX, SIKi BBOJISTH B
KOHCOJIi, Ha0ip BCiX 3Ha4eHb BUAY (1), BeWYMHU SKHX (IJIs IESKOr0 MOMEHTY 4Yacy!) mpeacTaBieHi Ha
puc.2 6ins pedep rpada.

o *

B YyacTHUEW OpenS_treetMap. Tiles courtesy of Andy Allan

Puc.1 TpancnopTHa Mepeska neHTpansHoro paiony Ilapmxka. Tyt 3po0iieHi mo3HaYeHHs IEPEXPecTb
(mmdpu Bix 1 mo 14). Iepexpectst 1 Biamivene Haamucom START, a mepexpectsi 13 BU3HAYCHO SIK
KinteBuit nyHkT mapupyty — (FINISH).
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Ilepen TeXHIYHMM BIPOBAHKEHHSM IIPOMOHOBAHOTO IMPOCKTY HEOOXiTHO 3MIHCHUTH IMiTaIliitHe
MOJIENIIOBAaHHsI, TOOTO MPOBECTH EJIEKTPOHHY ampobarito AaHoi TexHojorii. Jlyke mepcrneKTHBHUM
METO/IOM amnpolaliii € mporpaMa Bi3yaslbHOTO iMiTaniiiHoro moaemoBaHHs AnyLogic Profesional 7.3.7
[17], B skiii mpenacTaBiaeHO DX IMITAiMHHUX MOIENEH, 30KpeMa YOTHPH IMITaIliiiHi MOZem, IIo
peTyImor0Th TOopokHiN Tpadik. Haiibinem imoctpatuBHOIO € imiTamiiiHa momens Traffic Light Phases
Optimization, mo Bi3yanpHO iMiTye mpoizg T3 depe3 Tpu cycigni mepexpects — ABa T-moniOHi
nepexpecTsi Ta oxHe xpecrtornoaioHe. IIporpama mo3Bosse MakcHMi3yBaTH IHTEHCHBHICTH mpoizay 13
yepe3 KOXKHE 13 Ha3BaHUX MEePEeXPecTh 3a PaXyHOK 3MIHH BPYYHY 3 IOTIOMOTOIO CIIaiiIepiB MPOTSHKHOCTI
(a3 ropiHHA 3€JEHOTO CBITA Y B3a€EMHO MEPIEHANKYIAPHUX HAPAMKAX MPOI3HUX YaCTUH JOPOTH.

Puc.1.0OpienToBanmii 3B’ s13HMH HaBaHTaxkeHUi rpad. Hampsimku pebep 3alaioThesi TPHKYTHUKAMHU,
Oinsa sxux npuBeneHi Baru pedep. Hamucu «START» Ta «FINISH» BignosimatoTs BepimHam rpada
BianoBigHO 1 Ta 13 i CUMBOIMI3YIOTE COOOIO MMOYATOK Ta KiHEeUb MapuipyTy KoHkpetHoro T3. OmuH i3
MOJJIMBUX MapUIPYTiB MiX IMyHKTaMH 1 i 13 /1715t IEBHOTO MOMEHTY 4acy 300pa)XeHUH JKUPHOIO JTiHIETO.

package MiniWay;

import java.io.BufferedReader;
import java.io.IOException;
import java.io.InputStreamReader;
import java.io.PrintWriter;

import java.util. ArrayList;

import java.util.Arrays;

import java.util.StringTokenizer;
public class MiniWay {

private static int INF = Integer. MAX_VALUE/2;
double weightU;
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int u;

private int n; //xinoxicme eepuun y epagi

private int m;//kinbxicme oye y epagi

private ArrayList adj[];//cnucox cymiocnocmi

private ArrayList weight[];//saza pebpa ¢ opepaghi

private boolean used[]; //macueé ons s6epicanns ingpopmayii npo npoiideni ma ne //npotioeni sepuiunu
private double dist[];//macus onsa 36epicannsa siocmani 6id cmapmoeoi eepuiunu

private int[] pred; //macus npeokis, neobxionux 015 6iOHOBNIECHHS HATIKOPOMULO20 //ULISXY BIO
CmMapmosoi eepuiuHu

int start; //cmapmosa éepuiuna, 6io sxoi 3Haxo00uMo 8i0cmManb 00 6CIX THULUX

private BufferedReader cin;

private PrintWriter cout;

private StringTokenizer tokenizer;

private void dejkstra(int s) {//npoyedypa zanycky areopummy Hevikcmpu i3 cmapmosoi eepuiunu
ist[s] = O; /naiikopoma eiocmans 6i0 cmapmosoi éepuiunu pisua 0

for (intk =0; k <n; ++k) {

intv=-1;

double distV = INF;

for (inti=0;i<n; ++i) {

if (usedi]) {

continue;

¥

if (distV < dist[i]) {

continue;

>

V=i

distV = dist[i];

}

for (inti =0; i < adj[v].size(); ++i) {

int u = (int) adj[v].get(i);

double weightU = (double) weight[v].get(i);

if (dist[v] + weightU < dist[u]) {

dist[u] = dist[v] + weightU;

pred[u] = (int) v;

3

used[v] = true;

3

private void readData() throws IOException {
cin = new BufferedReader(new InputStreamReader(System.in));
cout = new PrintWriter(System.out);

tokenizer = new StringTokenizer(cin.readLine());
n = Integer.parselnt(tokenizer.nextToken());

m = Integer.parselnt(tokenizer.nextToken());
start = Integer.parselnt(tokenizer.nextToken()) - 1;
adj = new ArrayList[n];

for (inti=0;i<n;++i){

adj[i] = new ArrayList();

b

//iHimiasi3alis CIUCKy, B IKOMY 30epiraroThCsl Baru pedep
weight = new ArrayList[n];

for (inti=0;i<n;++i){

weight[i] = new ArrayL.ist();

¥

[/[3unTyemo (atin, 3amaHuit crirckom pebep

for (inti=0;i<m;++i){

tokenizer = new StringTokenizer(cin.readLine());
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int u = Integer.parselnt(tokenizer.nextToken());
int v = Integer.parselnt(tokenizer.nextToken());
double w = Double.parseDouble(tokenizer.nextToken());
U--;

v--;

adj[u].add(v);

weight[u].add(w);

}

used = new boolean[n];

Arrays.fill(used, false);

pred = new int[n];

Arrays.fill(pred, -1);

dist = new double[n];

Arrays.fill(dist, INF);

}

void printWay(int v) {
if (v==-1){

return;

}

printWay(pred[Vv]);
cout.print((v+ 1) +"");

}

private void printData() throws IOException {
for (intv=0; v<n;++v) {
if (dist[v] '= INF) {
cout.print(dist[v] + " ");
}else {

cout.print("-1");

+}

cout.printin();

for (intv=0;v<n;++v) {
cout.print((v+ 1) +":");

if (dist[v] '= INF) {
printWay(v);

}

cout.printIn();

cin.close();
cout.close();

private void run() throws IOException {

readData();

dejkstra(start);

printData();

cin.close();

cout.close();

}

public static void main(String[] args) throws I0Exception {
MiniWay solution = new MiniWay();

solution.run();

34

Jiis  KOXKHOTO 3a/IaHOTO  MapIIpyTy TMporpama, o Kepye TpadikoM, ITOBHHHA BHOpPATH
ONTHUMAJBHIIINIA MapiIpyT, TOOTO 1u1st KoxkHOi mapu (S, F ) migiOparu Takwii komruiekr i3 (1), sKuit €

HEPO3PMBHUM MapILIPYTOM Ta BiAIOBi1a€ MiHIMyMY BEIUYHHH.
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3acTocyeMO TIpUBEIEHY BHINE MpoTrpaMy, HalMHWcaHy MOBOIO TniporpamyBanHs JAVA, s
3HAXO/KCHHSI ONTUMAaIFHOrO MapUIpyTy, 3aCTOCYBaBLIM II0 Mporpamy 1o Tpada, mpuBEeAEHOro Ha
puc.1, BBakarouu, 10 IIYKaHUH MapuipyT mpossirae Bif By3na (mepexpects) 1 (START) no Bysna
(mepexpectst) 13 (FINISH). TlpuBeaenuii 3HU3y CIEKTP JaHUX O3HAYa€ HACTYyIHE: 14 — 4UCIIO BEPUIMH
rpaga; 40 — gucno pebep rpada; 1 — HoMep BepIIuHH, BiJ K01 cTapTye MappyT. Jlami npuseneno 40
Tpiaj umces, Heplie 3 SIKUX O3HA4Ya€ HOMEP BHXiTHOI BEpIIMHH, APYre — HOMEP BEPIUIUHHU, JI0 SKOI
MPOKIIAIA€THCSI MAPIIPYT, TPETE — M€ TiHCHE YHMCIo, M0 SBJsie co0oio Bary pedpa rpada. Lli mani mu
BBOJIUMO B KOHCOJI. OCOOIMBO HATOJIOCHMO, IO MTPUBEACHUHN CIIEKTpP MIMCHUX Yncen (TPEeTs KOJOHKA)
OHOBIIIOETbCA KOXHI 10 cekyHI — y BiINOBIOHOCTI 13 3MiHOIO IOpPOXHBOTO Tpadika. [IpuBeneni
BEJIMYMHU PO3PAaXOBYIOTHCS Ha OCHOBI MyJbTUILTIKaTH BULy (1). JaHi ans BiAMOBIIHUX PO3paxyHKiB
OTPUMYIOTBCA B PE3YJIbTATi aHATIZY JAHUX 13 BXITHUX Ta BUXIIHUX JATYUKIB.

14 40 1 13 14 1438

1 2 157 7 5 93 7 11 209
2 1 133 7 4 147 11 7 145
1 3 179 4 7 213 10 5 124
3 1 102 4 6 138 5 10 119
3 8 184 6 4 131 8 14 212
8 3 138 6 9 16.8 14 8 16.7
3 5 149 9 6 156 13 11 140
5 3 151 9 12 16.9 11 13 128
2 5 93 12 9 157 11 10 8.3
5 2 111 12 7 101 10 11 7.1
2 4 155 7 12 11.0 10 14 131
4 2 140 12 13 10.6 14 10 126
5 7 101 13 12 13.9 14 13 18.2

Pesynprar poboT mporpamMu — CHEKTp 4rcen (BUAUICHUX KUPHAM MIPH(PTOM), IO MPEICTABISIOTH
co0oro BifcTaHi Bia Bepiwau 1 jo0 iHmux 14 Bepmud. [loTiM inyTs 14 psAaKiB, IO SBISIOTH COOOIO
ONTUMAJIbHI MapIIpyTH BiA BepminHu 1 10 iHMX BepiiuH rpada. BiacHe Hac mikaBUTh MapIIPyT BUIY
«1® 13», mo nokasye KOHKPETHHI NUIAX BiJ BepiiuHU (mepexpects) 1 1o Bepmmad 13 — KiHIEBol
no3uilii Mapmpyty. Came 1eii MmapuipyT Oyze nepeaaBaTd BoJli€Bi (Ha meBHUiT MomeHT vacy!) GPS-
HaBiraTop.

0.0 157 179 312 25.0 450 351 36.3 618 36.9 440 46.1 56.7 50.0

1. 1 8. 1®3® 8

2. 1® 2 9. 1®2®4®6® 9

3 1® 3 10: 1® 2® 5® 10

4: 1®2® 4 11: 1® 2® 5® 10® 11

5 1® 2® 5 12: 1® 2®5®7® 12

6: 1® 2® 4® 6 13: 1® 2®5®7® 12® 13
7. 1® 2® 5® 7 14: 1® 2® 5® 10® 14

MapnipyT A0 MyHKTY Npu3HaveHHs 13 BUMIsgae HACTYMHUM 4YnHOM: 1® 2® 5® 7® 12® 13.
[Iporpama mepenae naHi mpo el MapmipyT BOJi€Bi, IO WOTO 3aMOBUB, 4yepe3 GPS-namirarop abo
crenianbHUil gomaToK Ha MoOiUTbHOMY Tenedoni. Llelt mapmpyT, sik 1 KoxHe peOpo rpada Ha puc.2,
OHOBJIIOETHCS KOXHI 10 CeKyH]T 3aBJIIKM aBTOMATH3allli KOXKHOT'O TIEPEXPECTs B MICTI; IHIIUMU CJIOBAMH
e O03Hayae, MO0 Bard pedep MOCTIHO OHOBIOIOTHCS Y BIAMOBIMHOCTI i3 JIaHUMH, OTPUMYBAaHUMHU 13
KOXKHOTO TiepexpecTs. B 1poMy, 30Kpema, € mepeBara Halloi NporpaMu Haja JOPOKHIMH KapTamMu
Google, siki mparoTh i3 3aMi3HEHHSIM 1 TOMY KOHCTATYIOTh JOPOXHIO CHTYAIlil0 MOCTHAKTyM, IO
BJIACHE 1 3HEIIHIOE TaKi JlaHi, OCKIJIbKH BOHU HE Jal0Th MOXKJIMBOCTI BOJI€BI CBOEYACHO pearyBaTH Ha
3MiHYy JIOPOKHBOI 0OCTaHOBKH 110 HOro MapuipyTy. BripoBajkeHHsI MPONOHOBAaHOI CUCTEMHU A03BOJIUTh
3IIHCHATH CUHXPOHI3alil0 PyXy BEeIMUYE3HOI Macu aBTOMOOUIIB (Hanpukiaz, y MicTi Ilekin Ha Bymumi
Kypeye monan 1 muH. T3).
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Koxen Bomiii, mo mig’emqnaBcs go LIIKT, orpumMye BKaziBKH MO0 PyXy IO MapmpyTy. binbiie

BOJIIF0 HEMae Tpo 1m0 TypOyBatuck — rporpama LIIKT Oyxe nmepenaBaTi roocoBi KOMaHIu BOJIEBI, SK
ue pobuts 3Buuaiinnii GPS-nasirarop. IIpu 3MiHi ZOpOKHBOI 00CTaHOBKH (3a0JI0KOBaHE MEPEXpecTs,
ATII mo wmapmpyty 1 T.J.) TporpaMa MHUTTEBO TIiepelae BOJIIEBI HOBHIl pO3paxOBaHWH, aie
ONTUMAJIBHUM MapuIpyT.

10.

11.

12.

13.

14.

15.

16.
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JlocmipKeHHS TTOBE/IIHKY y3arajJbHECHHUX MePEeMIIICHb,
OTPUMAaHUX 13 BUKOPUCTAHHIM TeOpii {m,n}-armpokcumariii

L.I1. boxog, H.C. bonnapenko, O.0O. CtpenbHiKOBa

Incmumym npobnem mawunodyoysauns im. A. H. ITliocopnoeo HAHY, eyn. Iloscapcokozo, 2/10, m. Xapxkis,
61046, Ykpaina
e-mail: estrel@ipmach.kharkov.ua

PosrsimaeTecs 30cepe/PKeHUI CIWIIOBMH BIUIMB HA TPAHCBEPCATIBbHO-I30TPONHY IUIACTHHY. TpHBHMIpHI pIBHSAHHS Teopii
HPYKHOCTI 3Be/IeHI 10 JBOBHMIPHHX PIiBHSIHB 3a JOIIOMOTOI0 PO3BHHEHHS HIyKaHUX (QyHKLIH B psaan Pyp’e 3a moaiHOMaMu
Jlexannpa. OGpana Teopis {m,n}-anpokcuManii € HalOUIBII NPHAATHOIO JUI1 OTPHMAHHS IBOBHMIPHHX DIBHSHB TeoOpii
MPY>KHOCTI, OCKIIBKM BOHA HE 0a3yeThbcs Ha JKOMHHX rimoTes3ax. s po3B’s3aHHS MOCTABICHOI 3a/1a4i BUKOPUCTAHUI METON
¢yHmameHTanbHUX PO3B’sI3KiB. JOCHiKEHO MOBEMIHKY IMepeMillleHb, OTpPHMaHuMX Ha 0a3i y3arampHeHOi Teopii {m,n}-
ampoKcuMallii, B 3aJI©KHOCTI Bil IPYXHUX CTAJIMX TPAHCBEPCAIBHO-130TPOIIHOTO MaTepiaiy.

Knwuoei cnosea: meopia {m,n}-anpoxcumayii, mpanceepcanibHo-i30mponHa NIACUHA, 30CePeOHCeHUll CUNOBUL BNIUS,
y3azanvHeHi nepemiujeHHA.

A concentrated force action on a transversaly-isotropic plate is considered. Three-dimensional equations of the elasticity theory
are reduced to the two-dimensional ones by expanding unknown functions into Fourier series of Legendre polynomials. The
chosen {m,n}-approximation theory is the most suitable for obtaining two-dimensional equations of the elasticity theory,
because it is not based on any hypotheses. Also, this approach allows us to consider not only thin plates, but plates of medium
and large thickness. The accuracy of the solutions obtained depends on the number of terms that are retained in the expansions
of the given and unknown functions. Obtained equations using this approach take into account all the components of the stress
tensor, including the transverse shear and normal stresses. Since the classical theory of Kirchhoff-Love doesn’t take account of
these stresses, the study on the basis of refined theories of stress-strain state of transversely isotropic plates under the action of
concentrated force effects is an important scientific and technical problem. The fundamental solution of obtained equations
results using a two-dimensional Fourier integral transform and inverse treatment techniques, built with the help of a special G-
function. This method allows reducing the system of resolving differential equations for statics of flat plates and shells to a
system of algebraic equations. After that, the inverse Fourier transform restores the fundamental solution. The work was
carried out numerical studies that demonstrate behavior of displacements based on the refined {m,n}-approximation theory,
depending on the elastic constants of transversely isotropic material. Further analysis of the stress-strain state of plates on the
basis of the generalized theory of {m,n} -approximation is analyzed. The results play a decisive role in the study of boundary
value problems in the mechanics of thin-walled elements of constructions, including under the influence of concentrated and
local diverse forces.

Keywords: theory of {m,n}-approximation, transversely-isotropic plate, concentrated force action, generalized displacements.

1 Beryn

B MammHOOyAyBaHHI, a8pOKOCMIYHINA TEXHilli, CyTHOOYIyBaHHI TOIIO ITMPOKO BUKOPHUCTOBYIOTHCS
TOHKOCTIHHI ~ €JIEMCHTH KOHCTPYKIIH. YJOCKOHQJIEHHS ICHYIOUHMX KOHCTDPYKI[IH, 3pocTarue
BUKOPHCTAaHHS HOBHX MAaTepiajiB, sSKi MarOTh Pi3Ky aHI30TPOIiI0 MPYKHUX BIIACTUBOCTEH, BHMAarae
3aCTOCYBaHHS YTOYHEHHX TEOPiil ISl ONMMCaHHA MpoIecy iX nedopMyBaHHS B yMOBAx SIK CTAaTHYHOTO,
Tak 1 JMHAMIYHOIO HaBaHTaXeHHsA. (OCOOJIMBOrO 3HAauYeHHS HAOYBAIOTh JOCTIKEHHS MPYXKHO-
Jne(hOpMOBAHOTO CTaHy KOHCTPYKIIH 3a Jii 30Cepe/PKEHOr0 CHIJIOBOTO HaBaHTaxeHHs. OCHOBHa
OCOOJIMBICTh CYYacHOTO €Tally PO3BHTKY MEXaHIKH IUIACTHHKOBHX Ta OOOJOHKOBHX KOHCTPYKIIiH
MoJIsiTaE B TEPEeXOJli BiJ KIACHYHUX TEOpid /O y3araabHEHHX, SKi MalTh BHCOKY TOYHICTH 1
VHIBEpPCaJIbHICTb.

TakuM YHMHOM JOCII/DKEHHS TOBEIIHKM IIepPEeMINIeHb, OTPHMAaHUX 3a JOIOMOTOI0 Yy3arajJbHEHOI
Teopii {m,n}-anmpoKkcumarlii, Ma€ BeJIMKe HAYKOBE 1 MPAaKTUYHE 3HAYCHHS.

OpHuM 13 crmoco0iB OTpUMaHHs JBOBHMIPHHUX PIBHAHb € 3aCTOCYBaHHS PO3BHHEHb ITYKaHUX
GyHKIIN y psam 3a TonepevHoro koopauHartoro [1-4]. Ile, 30kpema, cTeneHeBi psiid 1 pO3BHHEHHS 32
CHCTEMaMH OpPTOTOHAJBHHUX IIOJIIHOMIB. BuBEIEeHHS NBOBHMIpHHX pPIBHSHb HAa OCHOBI PO3BHHEHHS
nrykaHux (yHKIIA y CTENEHEBl s JIA€ MOXKIUBICTh OJIepXKaTH OUTBII TOYHI pe3yJibTaTH, OJHAK
PO3B'A3aHHS B IIbOMY BHIIQJIKy CTa€ CcKiIaaHimmM. Lle mpu3BoIuTh 0 TOTO, IO B WX PO3BUHEHHSX
MOJKJIMBE BpaXyBaHHS TUIBKH KUIBKOX TEPIIUX YJICHIB.

BukopucranHsi y3araJibHEeHHUX Teopiil HaBemeHo y poOortax [5-10]. ¥V myOnikamisx [5-7] Ha 6asi
JBOBUMIPHUX Yy3arajJbHEHUX TEOpiil aBTOpamMH 3alpoOIOHOBAaHI IOCTAHOBKH 1 METOJU PO3B'S3aHHS
3a[a4, MPOBEACHI YNCENbHI JOCTIHKEHHS 1 MOAABIIUMI aHali3 OTPUMaHHUX Pe3yJIbTaTiB.

© bokos .M., bongapeHko H.C., CtpenbHikosa 0.0., 2018
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ITyGmikartii [8-10] mpucBsaeHi moOyA0BI 1 JOCTIKEHHAIO (GyHIAMEHTAILHUX PO3B’s3KiB, OTPHMAHIX
3a JIONIOMOT'OI0 y3arajlbHEeHO1 Teopii {m,n}-ampoKcumarii.

2 IocranoBka 3agayi

PosrnsiHeMo TpaHCBepCaIbHO-130TPONHY IUIACTHHY TOBINWHH 2N 'y NpsSMOKYTHIN JeKapToBii
cucTeMi KoopAwHAT X, Y, Z. Ha tuiactTmHy Ji€ 30cepelkeHa cuiia, MPUKIAJCHA Ha IMOYaTKY
KOOp/IMHAT.

VY Bunanky {1,0}-anmpokcumaiiii KOMIOHEHTH BEKTOpa IEPEMIIICHb 1 TEH30pa HamnpyKeHb MAKOTh
Take nojgaxHs [1]:

Uy =UP0(2)+7xh|31(Z)1 Uy =VP0(2)+7thL(Z)’ uz :WOPO(Z)’
Ny 3M

_ X S 3H
UX—EPO(Z)Jth—ZPl(Z) (x—>vy), Txy——Po(Z)+2h—2P1(Z)a

Qx
Txz :E{PO(Z)_ PZ(Z)} (X_> y)’ o, =0, (2.1)
me U, V, Wy — aHaJOrH MepeMilleHb TOYOK CepE/INHHOT IIOBEPXHI IIACTHHA; ¥y, J'y — QHAJOTH KYTiB
nosopory Hopmaii; Ny, Ny, S — ananoru memOpanHux 3ycuns; My, My, H — ananoru srusHoro i

KPYTHOro MoMeHTiB; Qy, Qy — aHanoru nepepisyro4nx cui; Py (Z) — mostinomu Jlexxannpa.

KomnoneHTH BeKTOpa 00'€eMHOI CHIIH TIPENICTABIAIOTHCS TAKUM YUHOM [ 1]

=Pl 2ERE) (oY) Fo =32 @2)

2h 2h
PiBastraa cTtatukm y Bumaaky {1,0}-ampoxcumarii s TpaHCBEpCaTbHO-I30TPOIHUX IUTACTHH,
3armcaHi y 6e3po3mipHiii cucremi koopaunar (X3 = x/h, Xo =y/h, X3 = z/h), micars [1]:
— piBHsHHS 3aKOHY ['yKa

lego(ﬁ_uwﬁ} Nz:Bo(ﬂwa_u], szl—_vso[auav],

o OXp Xy X 2 X
H=1_VDO 57/1+872 . M;=Dg %_’_V@ﬁ , My =D %+v% ,
2 Xy OX X 0Xp CORCAT
ow, .
e ] @3
X
e
By =3Dp = —2 > 1

A R
E, v —moaysp FOura i koediuient [Tyaccona y mionmHi i3otporii; G’ — MOaysb 3CyBY y IUIOIINHAX,
MePIEeHUKYIIIPHAX JI0 IUIOIMHE i30Tporii; E/G’ — mapamerp 3cyBHOT Ii1aTIMBOCTI;

— PIBHSIHHS piBHOBaru

N N M
ﬂ+§+q1:01 8_2+§+q2:0, g_{_ﬂ_Ql_yml:O,
8X1 OX 2 OX 2 6X1 8X1 OX 2
M
a_2+ﬁ_Q2+m2:()1 a_Q:I-+&+q3:O, (24)
8X2 aX]_ 6x1 8X2

* * R R — * *
ne mp =m;8(xg,%p), 9 =0;0(x1,%7) (I =12 j=L3); mi, qj — cranmi; 5(x,Xp) — ABOBMMipHA
nenvra-¢pynkuis Hipaka [11].
3ayBakuMoO, 110 CHCTEMa PiBHIHb, IO ONMUCYe OE3MOMEHTHHMH NpYKHWHA craH y Bumaiuky {1,0}-
anpokcuMariii (mepuri Tpu piBHAHHS (2.3), mepini qBa piBHSHHS (2.4)), aHAJOTIYHA CUCTEMI PiBHSHb,
sKa OTUCYE MIIOCKUH NMPY>KHUI CTaH 130TPONHUX IIACTUH Ha 0a3i KiacuuHoi Teopii [12].



16 Cepist (MaTtemaTnyHe MoaentoBaHHs. IHchopmaLliiHi TexHonorii. ABTOMaTM30BaHi CUCTEMM YNpaBMiHHS, BUMYCK 3§

Y Bumapky {1,2}-ampokcuManii MOJAHHS KOMIIOHEHT BEKTOpA IEpeMillieHb Uy, Uy, TEH30pa
HAIPYXKCHb Oy, Oy, Tyy 1 KOMIOHEHT BeKTopa 00'emuoi cumn Fy, Fy Mae Takuii xe Burisig, sk iy

Bumnaaky {1,0}-anpokcumarii (popmymnu (2.1), (2.2)), a iHIII KOMIIOHEHTH BU3HAYAOThCS Tak [1]:

3 5
u, =WoPo(2)+ WPy (2)+WoP(2),  F, =%Po(z)+%P1(Z)+%P2(Z),

re = 2O Ry 2) - Py 2+ 22 (Ru(2) - Pa(2) + “22 (Po(2)-Pa(2)} (x> ),

2h
o0 =22 {Pol2)- P2+ 22 L) - P2}

ae W (i = 0,2) — y3arajJbHEHi NEepeMilleHHs IUIACTUHHU, 3 AKUX Wy — aHaJIOr NEPEeMiLleHHs TOYOK

cepeMHHOI noBepXHi; Qjj (i =XV j= 0,2), Rj (j = 0,1) — y3araibHeHi 3ycuiis, 3 skux Qyo, Qyo
— aHaJIOTHU TIepepi3yrouuX CHIL.

Cucrema piBHSHB ISl TPAaHCBEPCAIBHO-I30TPOIMHUX INIACTHH Ha 0a3i Teopii {1,2}-ampokcumarii,
3ammcaHa y 6e3p0o3MipHii CHCTeMi KOOpAUHAT, MICTHTS [ 1]
— piBHsHHS 3aKOHY ['yka

Ny =Bol M4 v |4 agRy, Ny =Bo| 2 v M |4 4Ry,
6X1 6X2 aXZ aXl
Szl_vBo 6_u+ﬂ1 H=1_VD0 87/1+67/2 ,

2 6X2 8X1 2 6x2 aXl

e
, 3A :ZL, ﬂO_V_E*,
49 5E/G

25 5 (1-v)/E" ~ E
= _QO =5 2 —* ! E = r?
21 31-v-2(v')°E E
E’', v/ — moayns FOHra ta koedimient Ilyaccona st HapsMKy, MEPIEHIUKYISIPHOTO 10 TUIOMIHHA
i30TporTii;

— pIBHSIHHS piBHOBaru
%+£+ql:0’ 6N_2+§+q2:0, %'Fa—H—QlO"'ml:O,
8x1 8x2 8x2 6x1 8x1 8X2
a'\/|_2+a_H_Q20+m2:O, %4.%4_
6’X2 8x1 6'X1 8x2

&+&—R0+Q3=0, &+&—3R1+q5=0, (2.6)
X Xy X OXp

ne mp =m; 8(x,%z), 0 =0;5(x1,x2) (i =12 jzﬂ-‘;); mi, ¢ —crai.

a4 =0,



BicHuk XapkiBcbkoro HawjoHanbHoro yHisepcuteTy iMeHi B. H. KapasiHa, 201§ 17

MowmenTH y cruiBBimHOMEHHSX (2.3)-(2.6) BU3HAYEH] 3 TOYHICTIO 10 BEIMYUHU Eh? , @ y3araJbHeHi
sycwuis — 10 Eh.

3 Y3arajbHeHi nepeMilieHHs 1JIs1 TPAHCBEPCATBLHO-I30TPONHOI MJIACTHHH

OTpuMaemMo y3arajabHEHI MepeMillieHHs I KOXKHOI arpokcuMartii. Po3s’s3aHHs Oy/1eMO MPOBOAUTH
3a TIOTIOMOTOI0 TIBOBUMIPHOTO iHTerpaimsHOro neperBopeHHs Pyp'e [13] ta MeTtoaukn oOepTaHHs, IO
IPYHTYEThCS HA BUKOPHUCTaHHI cnenianbiol G-pyHkii [14].

3.1 {1,0}-anpoxcumanis
IlincTaBumo cmiBBimHOmEHHS 3akoHy ['yka (2.3) B piBHSHHA piBHOBaru (2.4) i 3acTrocyemo
neperBopeHHs Dyp'e 10 OTPUMAHOT CUCTEMHU:

2 1-v 2 ~ 1+v ~ ..~ m
(Doe‘l t—- Doé? +A0j71 = Doé16272 — Agi&1Wo =i,

*

*

1+v ~ o 1-v 2 ~ .~ M
=T Doéiéar +| Do&s + = Doéf +Ag |72 — AgidaWp = -2,
2 2 27
P e = 2~ _ 03
Aoig1y1 + Agi&oyo + Ag P Wy =5 (3.1)

e p2 = 512 + §22 ; (51, 52) — KOOPAWHATH TOYKH y MTPOCTOPi TpaHCPOPMAHT.
[Ticns po3B’si3aHHs CHCTEMH JiHIMHUX anreOpaiuHux piBHsHB (3.1) oTpUMaeMo TpaHCPOPMaHTH
y3arajibHEHHX MepeMillieHb

*

7 =2i{ﬂ&>1(§1:§2)+ 3L+ V)mfa)z(fzél,a)+q—3‘53(§1,§2)+
T DO DO

*

+’g—zml,gz»s(uv>m;&>5<¢1,§2,a)],

72 =i{ﬂ&31(§2,§1)+3(1+ V)m;é2(§1:§213)+q—3CB3(§2,§1)+
T DO DO

+g—té4(§1,§2)—3(1+ v Imy s (&, 52’3)} ’

Wo =i{—m—1&)3(§1,§2)—ﬂ&)3(§2,§1)+q—3&)6(§1:§2)+q—3&)7(§1,§2)], (3.2)

2 DO DO DO AO
e
@ §12 D §].2 oy I‘}::].
01(6. &)=, Palé1.é2.0)= . D3(&. &)=,
161,52 0 2\61,52 02(p? 1 c2 361,62 0
Bale )= T2, Bsle 0= 522 Belani)=
p p=\p~ +cC p
5)7(51,62):%; a? =31+v)Ag. (3.3)

3acTtocoByroun 3BOpOTHE meperBopeHHs Dyp'e mo cmiBBimHomeHsb (3.2) Ta (3.3) orpumaemo
OpUTIHAJIY y3arajlbHEHUX MIEPEMIIICHb
1(m * a3
1= oo | = ©1(xg, X )+ 3L+ V)M Do (X, Xq,8) + = D3 (X1, Xp ) +
27| Dy Do

*

+ %CIM(XL Xp - 3(L+ V)o@ (xy, Xzya)]:
0
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*

1|m, 93
y2 = 2_{_‘1)10(2 x1)+3(L+v)Ma®y (xg, Xz, 8) + = % D3(xp, % )+
7| D Do

+%CD4(X1, X2 )= 31+ v)my s (xq, x2,a)},

0
Wo =5{—D—2®3(X1, Xz)—D—(Z)@s(Xz,Xl)Jrg—z@e(Xl’ X2 )+ i—iq’?(xb Xz)}, (3.4)

pi (&

2 2
INXL X 1X12—x§

1
‘131(X1,X2)=—§|n 5 137 1yl
1 +X)

2 2
1 [(2  ,2), X —X3 [[2, .2
ch(Xl,Xz,C):E[GO’O(C X{ + X9 j-l— 5 5 Gl,l Cy/ X1 + X3 ,

X1 + X5

[[2 .2
(D3(X1,X2)=—1 1—2|nw , (D4(X1,X2)=—1 X1 X2 ,
2 2 %2 +x3
2.2 [2 .2
Psx,%2.0)= :1)( G“(CVXf”%j Polx )= L2 LR g
X1 +X2

2 .2
‘D7(X1,X2)=—|n%.

3.2 {1,2}-anpoxcumanis
[Tpu mincTanoBmi Bupasis (2.5) y (2.6) i3 3acTocyBaHHsAM niepeTBopeHHs Dyp'e oTprmMaemo

1-v m
(A1§1 t—- Doé5 +A0J71 + Pp&1&oya — Aoi&Wo + Agi&yWp = 2;
~ 1-v 2 2 ~ L~ Lo~ m;
Aacrc271 +| 5 Dosi + Acs + Ao Jr2 ~AoleaWo + AgleaWa ==,
q*
(Afl T " Boé3 ju + Ag&18oV + ApQpi &y Wy = 2;

*

g 1_V -~ 2 —~
Ag&1éau J{T Bo&l + Afzzjv + A9 Qpi&HrWy =g—72[,

— 20Qi(&4T + £,7)+ (Qb +AQ D2>7V1 =

e ~ 1 _
Agi(&71 + E072)+ AgpPig — = Agplily = 22,
14 2r
i(&7 > )k 2% 1 2\~ _Os
— Agi(E171 + Ep7p)——AgP“Wo +| 3Q0 + = Agp© Wy =—, (3.5)
14 7 2r

1 1 1
ne A=Bo+ 250, Ay = A+VTBO A = D0+3/1090,Az—A1+VTDo,A3—ioQO+ﬁAO

Cuctema (3.5) po3naznaerscsi Ha B HE3aJEKHI CUCTEMH, IEpIIa 3 SKUX OMUCYE OE3MOMEHTHHM
NPY>KHUH CTaH, a pyra — CTaH 3THUHY. PO3B’A3KHM X CHCTEM MaIOTh TaKWil BUTIISL:
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a) st 0€3MOMEHTHOTO TIPYKHOTO CTaHy

- Q
Uu=— {Ch Dy(&, & a0)+ OIz—‘l)s(fl £p,80)+qp —2-Dg(&y,&p,a0)+

o
+q*% Dol E.80)— 05 020 510(&1, &9, a0) + o L+ v)By (E9.81) -
AAE) 1:92:40 3AA, 10\61:62:40 1 1\62:61
—q2<1+v>@4(§1,g2>l,
7=t g L ds(er 8,00 )+ @) T B0 E130) + 6 20 Bl Ep80) +
272_1A51'2'0 2A22’l’0 lAA,Ogl’Z’O

!

* Q g */1 Q, ~ * ~
+C12K0,0®8(§2,§1730)—% A(\)Abo D10(E2.&1,80)— 0y L+ v)D 4 (&, &)+

+q;(1+v)<51(§1,§2)J

_ 1 [ w209 Ao
Wy =— a 0o .a
1 2ﬂ{ 1o AN Dyo(&1,&2,80)+0g =2 AN D1g(&p, 1,80 )+
1
+03 A_,q)11(§1 &2, ao)} (3.6)
e
Dg(&1,£7,0)= & Dg(&,&p,0)= £182
04 (p? +¢2 04(p? + 2
5 i& ~ 1 . 2 ByQp.
(DO§’§2’C = ’ q) 5152102 ] a = , y (37)
10(& ) 7 1(& ) 22 0 AN

0) IuIsI cTaHy 3TUHY

2 _~
! D1o(&.8.a1)+

SRR T 3~ * 2% * Ao
7 :m[mlal Dg(&, &, a1)+mpaf @g(&,&5,a1)—0s

* Do ~ «* D ~ * Dn ~
+Q4EO®1O(§la§Z’al)+ml qu)Z(glffZ’al)"'mZ EO®5(§1:§2131)+

* ~ * 2 -~ * 2 g
+qzaf @1p(&y, &) - my V—_1¢’2(§2,<§1,b1)+ my V—_1¢’5(§11§21b1)}

1 * ~ * ~ * /1 a2 ~
72 =m{m1a12‘1)9(§1,§2131)+ myaf ®g(&y, £, 81)— 0s %®10(§2’§1131)+

* Dy ~ «* D ~ * Dn ~
+Q4EO(D10(§2,§1,31)+m1 ﬁ®5(§1,§2:a1)+m2EO®2(§2,§17611)+

* ~ * 2 -~ * 2 g
+azaf®15(&p, &)+ my V—_1®5(§1,§2,b1)— my m®2(§11§21b1):|’

_ (13?2 D « lga? D
WO:Z;i)O {m{ 3;1 —EOJ o(é, 52,a1)+m2[ 3;1 - ASJ o(€2.61,81)~

* o~ x o~ + Dn ~
_mla12q312(§la§2)_m2a12q312(§2151)+Q4A_gq)ll(§11§21a1)+

A Ay 42

Dy Dpa’ A
+CI4[ =0 , 0% Oalj 3(&1, &)+ apaf @14(&1, &)+
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2( .2 2
* al ﬂ,o DO * loal
055 [— ®11(&,&2,81) 05

3 T, Dy3(8, & )}

- Aoa?
Wy = 60 1 [mlq)lo (&1, &p 0 )+ ma®yg(&2,&1,81) - 0y De3(&p, & )+
: D4(&,E,a1)], 38
+0s 7000 1&.& al)} (3.8)
e
~ i ~ 1
®15(6,82)= o p2§1+a12 o D3(&.82)= 2002 122
~ 1, 196DyQy .o 2Ag
Dy4(&. &)= ; af=— 000 p2_ 220 (3.9)
e p*p? +a? Y 9AA ' DplL-v)

Jns 3HaXOPKEHHS OpHTIHANIB y3aralbHEHHUX MEPEeMIIIeHb 3aCTOCYEMO 3BOPOTHE IEPETBOPEHHS
®dyp'e no Bupasis (3.6) — (3.9), orpumaemo
a) 0e3MOMEHTHHUH NpYyKHUI cTaH

1 * 1 * 1 « Qf
u =—{Q1 = ®,(xq,Xp,80 )+ q2—<b5(x1,x2,a0)+ oy —2-Dg(x1, Xz, 80 )+
T A AAO

* QF €
+q2KOIOCDg(X1,X2,aO) QSﬂAOA—,chO(leXZ ag)+ 0 (1+v )1 (xp, X1 ) -
_QZ(1+V)®4(X1’X2)J’

1

«1 w1 ey
V=g{ﬂ1 K®5(X1:X2,ao)+Q2Zq)z(xz,xlaao)ﬂh Kobd)g(xl,xz,aoh

!

x* QO
+02 KOEJ(DS(XZaxlaaO)_QS

Q' *
AN O ®1g(xp, %, 80)— A @+ v)D4(xg, X )+

+ 0 L+ v )Py (X1, X )J

1 ﬁoQ’ ﬂ’OQ,O
W =— (0) X1,X9,d0 )+ b Xo,X1,80 )+
1 27{{% AAG 10(1 2 o) Q2 ANG 10(2 1 o)
= 1
+03 A—,q)ll(xl, X280 )} ; (3.10)
0
e
1 X1 \/ﬁ
Dg(x1, Xz, €)=~ 5 In —— Goo| VX +X7 |-
2c 2 2c
2 2

X =% [2 2
_TGZ’O(C ) +x2),
X X
Do (X1, Xp,C)=— 142 G, O(C\/Xlz +X§) q)lo(leXz:C):—?lGl,o(C\/Xf +X§):
®11(X1:X2’C)=Go,o(0\/ x{ +X§ji

0) craH 3rUHYy

* * * Aga
7= {m1312®8(xlyx2131)+ m2312q>9(X1,X2,al) g5 CD10(X1,X2 a)+

271D,

+* D = D, = D
+04 qu)lo(Xl’XZaal)"‘ my qu)Z(Xl’XZval)"‘ my EOCDS(XLXZval)"‘
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* * 2 * 2
+quafDq5(xg, Xz )~ My V—_1®2(X21X11b1)+ my V—_1®5(X11X2:b1)]

* Aga

CDlO(XZ Xq,a1)+

7 :H{mfafcbg(xl, Xp,81)+ Maf ®g(Xy, X, 81)— U5

« D «D « D
+0g — 2 Dyg(Xp, Xq, 8 )+ my EO®5(X11X2,31)+”‘2 EO®2(X2,X1731)+

* * 2 * 2
+0gaf @12(xp, % )+ my mcps(xli X2,b1)—mj V—_l‘Dz(Xl,Xz:bl)]

27D, 42 A 42 A

D
- mfa12®12(X1: Xp)— m§a12®12(x2,x1)+ ds A_g(bll(xly Xp,3 )+

*=| Apa D Apa D
Wo = : ml[ 0% __OJq)lO(Xl’XZ a )+ mz[L——o}Dlo(Xz Xq,a1)—

DO D0a12 103.1
+ - Dqa(X1, X0 )+ Qua 2D, 4(x , X
da [ 5 5 42 13( 1 2) CI4 1 14( 1 2)

2( .2 2
«ai | A D = Apa
1 [—0 0}1)11()(11)(2 ag)— G5 = Dy3(xq, Xp) |,

+ —_
%23 " q,

Joad [
2 :67zD My ®10(xq, X, a1 )+ Ma®@1g(Xa, X1, 81) — A4 P13(Xy, X2 ) +
* A
+ Dq1(X1, X0, a1 )|, 3.11
<JI5;LOQO 11(X1, X2, a1) (3.11)
e
\/X12+X§ [L2 .2
q)12(X1’X2) 4a 1-2In —2 +261‘0(a1 X1 +X2j ,
1
[2 . .2
1 YV XL X2 2, .2
®13(X1,X2)=—a—2 In=———=+Coo| @vxi +X7 ||,
1
[(2 .2 _2(2 .2 [2 .2
INXL X3 a(x+x) X + X5 [L2 .2
@14(X1,X2):a—4 In > + 1 14 2 In > -1 +GO,O a1y Xy + Xg .
1

4 Anami3 oTpUMaHUX pe3yJbTaTIB
st mocTipKeHHS IOBEIIHKY y3aralbHEeHUX TepeMilleHb 3aikcoBaHO TaKi 3HaUYeHHS KOeilli€HTiB:
* * * * * * *
m =My =01 =02 =03 =04 =05 =1.
. . . . .. *

UucenbHi IOCTIPKEHHST TPOBEIEHI I TpaHCBepcanbHO-130TpornHoi miactuau (E =5; v =0,3;
v'=0,07). I'padiku AEMOHCTPYIOTh MOBEIIHKY Yy3aralbHEHHX MEPEMIllleHb /IS TaKUX 3HAYCHb
napamMeTpa 3cyBHoi migmatiuBocti E/G': 2,6; 40; 80; 120. Kpusa 1 Bianosinae 3HaueHH:0 2,6, a KpUBI
2, 31 4 — 3nauennsm 40, 80 i 120 BignoBimHo. Ha BciX pHCyHKax 4YOpHi KpHBI BiZoOpakaroTh
y3arajbHeHi NepeMillleHHsd, OTPHUMaHi i3 BUKOpUCTaHHsIM Teopii {1,0}-ampokcumanii, a cipi — i3
BUKOPUCTaHHIM Teopii {1,2}-anpokcumarii.
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if A8
0,6
0,5 0,4
0,2
5 0 0,2 0,4 0,6
0 0, 1 X, X
Puc.1. V3azanvuene nepemiwjenns yq Puc.2. V3azanvuene nepemiugenns yo

Puc.3. V3azanvuene nepemiwenns Wy

Hani, npeacrasneHi Ha puc. 1-3, cBif4aTh mpo Te, M0 y3arajJbHEHI NMEPeMILIeHHS yq, yp Ta Wq

npu 30UIbIIEHHI 3HAYCHHS Mapamerpa 3CyBHOI migmariauBocti E/G’ 3pocrarors. Takox rpadiku
JTO3BOJIMIIM OIIIHUTH XapaKTep YTOYHEHHs, BHECEHOTO yYTPUMAaHHAM OLIBIIOI KUTBKOCTI WIEHIB PSIIiB
®yp'e 3a momiHomamu JlexxaHapa. 3HaYeHHS y3arajdbHEHHX MEpeMillleHb )7 Ta 9, OTPUMaHHUX i3

BUKOpPHUCTaHHIM Teopii {1,2}-ampokcumartii, Ha 62 % Oinblle HiXK 3HAYSHHS MEePEMillleHb, OTPUMAaHUX
3a momomMororo piBHsHB {1,0}-ampokcuMarii, mpu 3HAYEHHSIX IapaMeTpa 3CYBHOI MiJNaTIMBOCTI
E/G’, mo mopiBHotoTh 2,6; 40. Ane npu E/G'= 80 i E/G'= 120 y; Ta y, BiApI3HAIOTHCA

HE3HA4yHO. Y3araJbHEHE NepeMillleHHs Wq, oTpuMaHe Ha 6a3i {1,0}- ta {1,2}-anpoxcumanii, He Mae

3HAYHOI BiJIMIHHOCTI IIPH BCIX PO3MIIIHYTHX 3HAUEHHAX MapaMeTpa 3CyBHOI mijariauBocti E/G'.

5 BucHoBku

PosrisHyTO 3ajauy mpo [il0 Ha TPAHCBEPCAIbHO-130TPOIHY IUIACTHHY 30CEPEKEHOr0 CHIIOBOTO
HaBaHTakeHHsS. [l po3B’si3aHHs JaHOl 3a/1a4i BHKOPUCTAHO TEOpito {m,n}-ampoKcUMallii, siKa JuIst
OTPUMaHHs JBOBHMIPHHX DiBHSHB TE€OPii MPYKHOCTI BUKOPUCTOBYE METOA PO3BHHEHHsS (QYHKIIN Y
psnu @yp’e 3a moninomamu Jlexanapa, a Takox MeToa (PyHIaMEHTATBHUX PO3B’S3KIB.

OpwuriHanm y3aralbHEHHX IepeMillieHb 3HalIeHO 3a JOoNMoMOroro nepeTBopeHHs dyp'e Ta MeToaukn
oOeprannsa cneuianbHoi G-¢QyHkuii. IlpoaHanizoBaHO BIUIMB NPYKHUX CTIMX TpaHCBEpCabHO-
130TPOITHOTO MaTepiany Ha y3arajJbHeHi IepeMilleHHS.

VY mepcreKkTHBI MOKIJIMBO BHBYATH IPYXKHO-AeGopMoBaHWil cTaH TUIACTHH Ha 0a3i y3arajibHEHOT
teopii {m,n}-anpokcumartii i BUMAIKIB YTPUMaHHS OUTBIIO KiJIBKOCTI WICHIB PO3BHHEHD IIyKAHUX
GyHKUIN y HanpsSMKax, HOpMalbHUX A0 IJIOLIMHY 130 TPOIIii.
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Po3pobneno amapaTHO-IpOrpaMHUM KOMIDIEKC JUISi BUBUCHHS MIBUAKOCTI peakiii JIIOAWHM Ha CBITIOBI, KOJIPHI, 3BYKOBI i
TaKTWIBHI TOAPa3HHUKH, IO € CKJIAJOBOI0 YaCTHHOIO €MHOI iH(QOpMAaIiiHO-BUMIPIOBAJIBHOI 1 KepYIOY0i CHCTEMH IPHHHATTS
pimeHs B mpeaMeTHOI 00acTi, Mo JocIiKye npodeciiHy IpuaaTHICTb 1 mcuxodisionoriunuii crad moauHu. [IpencrasieHa
UML niarpamMa, o onucye MoBeAiHKY 1 (pYHKI[IOHAIbHI MOXIIUBOCTI KOPUCTYBAYiB anapaTHO-IPOrPaMHOTO KOMIUIEKCY, iX
poni B cuctemi. OnmcaHuii HaOlp METOOMK MCHXO(i310JIOTIYHOTO TECTYBaHHS 3 MPHUHIMIAMH pealizaiii KOXHOi 3 HHX.
Busnaveni ¢QyHKUIiOHaNbHI MOMKIHMBOCTI KOMILIEKCY BiZHOCHO SIKICHOI 1 KUIBKICHOI MIarHOCTHKH TCUXO(]i310J0TTYHHX
MOKA3HUKIB MICUXIYHOTO CTaHy, eMOLIIHOT perysmii abo HasBHOCTI pO3/ajiB LEHTpaIbHOI HEPBOBOI cucteMu. llpencTaBnena
CTPYKTYpHa CXeMa KOMIUIEKCY, B SIKIi JeTanbHO OmMcaHi i CKIamoBi: MikpokoHTponep, Wi-Fi Momyms, mporpamue
3a0e3neyeHHs, BUKOHaBYl mpucTpoi Ta iHmi. HaBemeHa cmpomieHa apxitekrypa koMiuiekcy npu po6oti 3 IoT cepricom
ThingSpeak 3 onucaHHSIM OCHOBHHUX KOMIIOHEHTIB. Po3po0iieHe nporpamue 3a0e3medeHHs 103BOJIsiE BUMIPIOBATH Yac MPOCTOT
CEHCOMOTOPHOI peakiii Ha CBITJIO i 3BYK, 4ac CKJIaJHOI CEHCOMOTOPHOI peaklii Ha CBITJIO, KPUTHYHY YacTOTy 3JIUTTS
CBITJIOBUX MHITIHHS, PEaKmiro BHOOpY, PO3PI3HEHHS, TENIIHIOMETPiI0 B pisHHX Moaudikamisx. PozpobieHo 06a3zy maHmx
eKCTIIePUMEHTIB 111 30epiranHs i oOpoOKku iH(opmarii, sika 3abe3nedye 3py4dHICTH BHOIPKH 1 MOPIBHSAHHSA OTPHMAaHHX
pesynbrariB. [ms 30inpmieHHS (QYHKIIOHATBHUX MOKIJIMBOCTEH KOMIUIEKCY B HOro CKiaj BBEAEHI KOMIIOHEHTH, IO
3a0€3MeYyI0Th MOIIMBICTD BiIJaieHOI aBTOHOMHOI poOOTH 3 BHKOPHCTaHHSAM XMapHHX cepBepiB. HaBemeHa maboparopHa
MOZeNb amapatHoi 4acTHHU Komiuiekcy. ChopMyiaboBaHI OCHOBHI IepeBarM peajizalil JaHOTO KOMIUIEKCY: SIKiCHA
JIUCTaHIIfHA TICHXOMAIarHOCTHKA, MOXJIMBICTh NUCTAHIIHHOTO KEepyBaHHS IPHCTPOSMH KOMIUICKCY, 30epiraHHsl TaHUX Ha
XMapHOMY CepBepi.

Knwwuoei cnosa: ncuxogizionociunuii cmat, npo@ecionanrbHa NpudamHicmv, 4ac peaxyii Ha NOOPA3HUKU, ANAPAmHO-
npoepamuuti Komniexc, mikpokoumponep, loT, xmapHnuii cepsep.

The software-hardware complex for studying the speed of human response to light, color, sound and tactile stimuli, which is an
integral part of a unified information-measuring and control system of decision-making in the area of diagnosing the
professional fitness and psychophysiological state of a person has been developed. The simplified system architecture for
working with 10T service ThingSpeak is provided. The developed software allows measuring the time of a simple sensorimotor
reaction to light and sound, the time of a complex sensorimotor reaction to light, the critical frequency of fusion of light
flashing, the choice of reaction, differentiation, teppingmetry in various modifications. The structural scheme of the system,
namely, microcontroller, Wi-Fi module, software, executive devices and others has been presented. The database for storing
and processing experimental information has been developed. To increase the functionality of the complex the additional
components that provide the possibility of remote autonomous work using the cloud server services have been introduced.

Key words: psychophysiological state, professional availability, response time to stimuli, hardware-software complex,
microcontroller, 10T, cloud server.

The widespread introduction of robotics and digital technology management is the current
mainstream of the society development. But there are the areas where modern IT technologies are not
used efficiently: the professional selection, the re-certification of employees, the psycho-diagnostics of
employees, as well as, the formation of psychological portraits of athletes, operators of complex
machinery and military personnel, including those serving in combat areas.

The usage of a modern computer and a microprocessor technology provides the new opportunities in
conducting psychological diagnostics of a person or a group of people on all stages. Thanks to
computerizing the process of storing and analyzing the observations, the likelihood of errors is reduced
significantly.

The obvious advantage of using the computer tools for psychological and professional diagnostics is
the speed of receiving, analyzing and interpreting primary received data, that in turn, positively affects
the employment of experts - relieves them from the labor-intensive routine operations and allows them
to focus on solving much more important professional tasks. The operational change and the
modification of applied psychophysiological and personality tests allows us to build more adequate
models of the subject’s state with physiological, psychological and behavioral characteristics necessary

© Varlamova N.V., Styervoyedov N.G., 2018
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for the task implementation: professional selection, re-certification, psycho-diagnostics, rehabilitation,
etc.

The usage of modern hardware and software provides extensive opportunities for remote diagnostic
systems. This function, added to a device or a system, increases their professional and commercial
attractiveness.

The purpose of this work is to create the hardware-software complex (HSC) for conducting
psychodiagnostic and social studies, in particular to study the rate of human response to light, color,
sound and tactile stimuli. HSC is an integral part of a unified information-measuring and control system
of decision-making in the area of diagnosing professional competence, psychophysiological state of a
person and psychological compatibility of people in a group.
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Fig. 1 Use Case Diagram of HSC

The UML diagram (use case diagram) describes the functionality and the behavior of the HSC at the
conceptual level. (Fig.1)

1. The expert registered in the system is responsible for selecting, for each subject, the methods
which are necessary and relevant to the purpose of the research, as well, as for analyzing of the results
obtained during the study (primary expert analysis), producing the comprehensive conclusions using the
results obtained through other methods (final expert analysis). Also, the expert has an access to all
expert’s analyzes stored in the system. The expert works through a mobile application developed by
MIT Applnventor.

2. The subject registered in the system, applies selected methods by using the corresponding devices.

3. The administrator, which is responsible for authorization and protection of the network, has an
access to all expert’s analyzes stored in the system.

Final expert analysis
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By using the system it is possible to measure the time of a simple sensorimotor reaction to light and
sound, the time of complex sensomotor reaction to light, critical flicker-fusion frequency, choice
reaction time, differentiation, typingomometry in various modifications.

The system allows:

+ to determine the characteristics of the nervous system, stable characteristics of the mental state,
individual style of activity, functional preparedness;

* to register the dynamics of changes in the mental state and efficiency in the process of performing
functional loads;

* to establish the features of the mental state at a specific time: before the execution of the
responsible task - the state of "combat readiness”, premature "fever" or "apathy”; in the process of
performing the task - adequate or excessive mobilization, manifestations of fatigue, mental supression;

* to quantitatively measure the psychomotor parameters of the processes of mental regulation, and
based on that, to make a conclusion on the features of attention, volitional and emotional regulation;

« to qualitatively determine the presence of functional state disorder of the central nervous system.

The system is intended to use for scientific and practical research in such establishments as
employment centers; educational establishments (including preschool); psychological centers; security,
defence and law enforcement agencies; sport medicine.

The greatest diagnostic effect can be achieved with the dynamic monitoring of the same person for a
long time. In this case, it is possible to compare the subject’s current characteristics with their profile
and timely identify the deviations. This is extremely important for testing employees of security,
defence and law enforcement agencies and operators with a high degree of responsibility (dispatchers,
drivers, etc.).

The working algorithms of the system are based on the following methods of psychophysiological
testing [1, 2, 9]:

Simple visual reaction time

The method allows evaluating the functional state of the central nervous system. The functional
level of the system, the stability of the reaction and the level of functionality reflect the excitability,
lability and reactivity of the nervous system. The analysis of indexes makes possible to assess the
stability of the central nervous system, the probability of errors, failures. Increase of the dispersion of
physiological parameters, "instability" of physiological parameters in time is the earliest and most
universal criterion of functional state disorder of the central nervous system.

Implementation of the method: The light signal is displayed at random intervals of the time. Subject
is asked to respond as quickly as possible to its appearance by pressing the button. The interval of the
time between the signal and the start of the response is the reaction time. The ratio of the reaction time
to the signals of the excitatory (red) and the inhibitory (green) light reveals the balance of the nerve
processes.

Choice Reaction Time.

An arbitrary sensorimotor choice reaction (or disjunctive reaction) is more complicated than a
simple sensorimotor reaction and therefore is characterized by higher values of time. The complication
of the reaction is connected, first of all, with the logical component - the decision making.

Implementation of the method: The subject is presented with several signals of different colors (it
should be borne in mind that a potentially high concentration of attention models the psycho-emotional
stress). The signal of each color needs to be reacted by pressing the corresponding color button. The
time and accuracy of the performance of the sensorimotor selection reaction characterize stress
tolerance and adaptation to changing environmental conditions.

Distinction Reaction Time

The method is intended for measuring of mobility of nervous processes in the central nervous
system. A complex sensorimotor reaction, based on the differentiation of signals that are similar to the
wave structure (for example, red and yellow). Increased mobilization of subject for rapid and accurate
execution of the task provokes emotional tension. Therefore, good test results can serve as an indicator
of tolerance to stress, indicating the balance of the processes of excitation and inhibition in the nervous
system.

Implementation of the method: Two signals are presented to the subjects in random order in a short
interval of time. In response to one signal, it is necessary to press the button quickly, and no action is
necessary for the other signal. The dispersion, or variation, of the reaction time reflects the stability of
the sensory-motor response.


http://www.cambridgecognition.com/cantab/cognitive-tests/choice-reaction-time-crt/
http://www.cambridgecognition.com/cantab/cognitive-tests/choice-reaction-time-crt/
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Simple sound reaction time

This method is similar to the method of simple visual reaction time described above. The method
also allows evaluating the functional state of the central nervous system.

Implementation of the technique: An audible signal is displayed at random intervals of time. It is
suggested to respond as quickly as possible to its appearance by pressing the button. The interval
between the signal and the start of the response is the reaction time.

The Finger-Tapping Test

It is used to evaluate the properties of the lability of the nervous system (the ability of the nerve cells
to quickly move from the state of inhibition to breaking) and vice versa (to determine the speed
capabilities of the motor analyzer). Test results can be used in assessing the strength of the nervous
system, which is responsible for the working capacity of a person (according to E. I. llyin).

Implementation of the method: Subject is encouraged to press as many of the sensor key as possible
during a given time interval.

Noise stability

It is the method of simple visual reaction time in the presence of dynamic obstacles. The level of
noise stability testifies to the strength and balance of the nervous processes and serves as an integral
indicator of the adaptive capacity of a person and his ability to resist the action of stimuli.

Implementation of the technique: The signal is presented to the subject on the computer monitor,
against the background of signals of a different color, shape and size, which makes it difficult to quickly
and accurately react to the given stimulus. Increasing the reaction time and the number of errors
indicates the noise stability level.

Attention test

On the basis of the visual-motor reaction to the signal in the presence of the static obstacle, the
concentration and stability of attention are determined. Human’s attention is very sensitive to functional
fatiguability and overwork. Using the bimanual version of the response to the light stimulus (by
pressing two buttons with both hands simultaneously), we can obtain data on the predominance and
working capacity of the right and left hemisphere.

Implementation of the technique: The signal is presented to subject on the computer monitor,
against the background of external light stimuli. It is proposed to respond as quickly as possible to the
appearance of a signal by pressing the buttons of the visual-motor analyzer.

Evaluation of Critical Flicker-Fusion Frequency

The method is widely used for diagnostics of pathological processes of the visual system, for
determining the degree of fatiguability of the eyes, as well as for conducting a medical and social
examination of the visually impaired. This technique describes the functional state of the cortical
department of the visual analyzer and the central nervous system (CNS), as well as the degree of
inertness of mental processes. This is a very important integral indicator in the assessment of psycho-
emotional stress, which, in turn, is a factor in psycho-physiological disadaptation.

Implementation of the method: Depending on the objectives and tasks of the diagnosis, a flashing
light signal is presented to subject, differentiated on the right and left eye, using a tube, or
simultaneously on both eyes, using a visual-motor analyzer. Stimulus may be red, green or other colors.
The flicker frequency increases and decreases. The moments of continuous luminescence and the
appearance of flickering are fixed by the subject by pressing on the corresponding button.

Dynamometer test

The test is used to assess static muscular endurance, which is a vital part of any muscular activity.
Depending on the purpose it can determine the maximum muscle strength of the hands, motor
asymmetry, muscular endurance with the estimation of vegetative changes.

Implementation of the method: The subject is supposed to squeeze the spring of the dynamometer
as strong as possible and to hold a given muscular effort within a certain time interval, which is
calculated as a percentage of the maximum. The quality of the test task and the feedback results are
precisely determined by the method. The implementation of the method includes the visual and acoustic
control of the task execution.

There are some other methods of psychophysiological testing which are to be implemented further.

Fig. 2 shows the structural scheme of the system. The central part of the system is the powerful 32-
bit microcontroller of the STM32F4 series with ARM Cortex-M4F core from STMicroelectronics,
which controls the hardware part of the system - the wide range of sensors and actuating devices. To the
controller are connected a keyboard, alphanumeric or graphic indicator and actuating electronic devices,


https://www.linguee.ru/%D0%B0%D0%BD%D0%B3%D0%BB%D0%B8%D0%B9%D1%81%D0%BA%D0%B8%D0%B9-%D1%80%D1%83%D1%81%D1%81%D0%BA%D0%B8%D0%B9/%D0%BF%D0%B5%D1%80%D0%B5%D0%B2%D0%BE%D0%B4/dynamometer+test.html
https://www.linguee.ru/%D0%B0%D0%BD%D0%B3%D0%BB%D0%B8%D0%B9%D1%81%D0%BA%D0%B8%D0%B9-%D1%80%D1%83%D1%81%D1%81%D0%BA%D0%B8%D0%B9/%D0%BF%D0%B5%D1%80%D0%B5%D0%B2%D0%BE%D0%B4/dynamometer+test.html
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namely LEDs of different colors, speakers, relay tactile stimuli. Other devices are planned to be
included in the future. The software consists of a microcontroller program, a data exchange driver, a
database, a user interface. The expert system and other software solutions are expected to be developed
later.

Reaction time data are fed to the computer complex (PC) through one of the interfaces, USB or
WiFi, where they are processed by general and special software (Software).

The structure of the HSC includes a miniature WiFi module based on ESP8266 chipset with built-in
TCP / IP protocol stack and AT command control. The ESP8266 chip is a versatile and costly solution
for organizing a Wi-Fi network node that is responsible for handling all of the network's data exchange
functions in embedded applications. ESP8266 has good built-in capabilities for pre-processing data and
I / O ports connecting it to APCs that require network data sharing.

USB and
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— 4

UPS Controller
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==

. Actuating
Keyboard Indicator devi
evices Software
Ya
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Fig.2 The block diagram of the system.

For stand-alone work, including remote operation of the equipment, the scheme includes the GSM
module on the chip SIM800L, which allows conducting field studies where the only mobile
communication is present. Data transfer, (to the cloud service ThingSpeak, for example) is carried out
through the GSM module in the packet data mode.

Fig. 3 shows simplified architecture of the system, when working with the 10T ThingSpeak service,
the main components of which are following:

* The Data and Local Control Controller, which pre-processes data from sensors and actuators, sends
them to the Internet-server ThingSpeak.com Status Channel and accepts command-line commands for
the ThingSpeak.com Actuator Channels;

 ThingSpeak services available on thingspeak.com include paid and free channels [8, 12]. The
difference of free channels from paid ones is in the frequency of recording in the site database. For free
channels, the recording period is limited to 15 seconds. Data collection is accompanied by a timestamp
and coordinates. Visualization of data can be obtained using a variety of plug-ins and graphic resources
provided by the embedded MatLab system;
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Fig.3 The architecture of the software platform of the system.

» The Android application or any other remote application requests data from the web server and
displays them on the smartphone screen.

To create a local database, Microsoft Office Access product is used. It has been chosen because this
database management system holds a strong position in the modern world of information technology
and widely recognized as a simple and effective software solution. The version used (MS Access 2003)
supports a variety of programming tools from traditional ODBC and SQL to the latest ActiveX Data
Obijects object protocols.

Based on the task, the database tables have been designed to provide for convenient sampling and
comparing the obtained results. Moreover it provides for the possible increase in the amount of saved
data, as well as, scaling the database itself.

The main menu has a simple and clear set of control elements. At the top, there is a list that prompts
choosing the study to view or add data. In order to begin filling data, you must select the study to which
these data will belong to. The user will be presented with the window to add the results of the
experiment.

Fig.4 The hardware part of the laboratory model of the system
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CONCLUSIONS

Modern information technologies and the elemental basis of programmable electronics provide new
opportunities for the creation of hardware and software systems for psychophysical research. In this
work, a structural model has been developed and an active laboratory model of HSC has been build.
The distinctive feature of this model is that it gives the subjects and the experts the possibility of the
remote and autonomous work. The new architecture of the complex corresponds to the concept of
"Internet of Things". The UML usage diagram describes the business tasks and user interactions.

The structural scheme of the system presents the principles of interaction and operation of such
components as the controller microcontroller STM32F4, the WiFi module based on the chip of the
ESP8266, GSM module SIM800L, general and special software, database and other hardware-software
components.

The advantages of this system are not only high-quality remote psychodiagnosis, but also the ability
to control the external devices of the system remotely, as well as, cloud data storage by using one of the
Web services.

Realized basic functions of the system allow making a qualitative and quantitative assessment of the
subject’s psychophysical parameters. For a better diagnostic effect, we have carefully selected and
embedded the techniques of psychodiagnostics which allow determining the nervous system properties
to study the features of the mental state and to detect disturbances of the functional state of the central
nervous system.

REFERENCIES

1. M.A. Popova, I. V. Myl'chenko, A.E. Shcherbakova, R.M.Safin. (2013). Funktsional'noye
sostoyaniye vegetativnoy i tsentral'noy nervnoy sistemy u lits, zanimayushchikhsya ekstremal'nymi
vidami sporta [The functional state of the autonomic and central nervous system in persons engaged in
extreme sports]. Modern problems of science and education. No. 3. (Online article).
https://www.science-education.ru/ru/article/view?id=9240

2. V. D. Balin, V. K. Gaida, V. K. Gerbachevsky, et al. (2003). Praktikum po obshchey,
eksperimental’'noy i prikladnoy psikhologii [Practical work on general, experimental, and applied
psychology]. St. Petersburg: Piter. (Print book). p. 560. (In Russian).

3. V. V. Kal'nish, A. I. Yena. (2001). “Pryntsypy profesiynoho psykhofiziolohichnoho vidboru
[Principles of professional psychophysiological selection] ”. Journal of Hygiene of Labor. (Print book).
Vol. 32. pp.131-144. (In Ukrainian).

4. M. L.Kochina, A. G. Firsov. (2010). “Mnogofunktsional'nyy pribor dlya provedeniya
psikhofiziologicheskikh issledovaniy [Multifunctional device for psychophysiological research]”.
Applied radio electronics. VVol. 9, No 2. pp. 260-265. (In Russian).

5. P.V. Belichenko, N.V. Blaginya, A.V. Mal'tsev, M.M . Khruslov. (2014). “Apparatno-
programmnoye obespecheniye v psikhologii [Hardware and software in psychology]”. Computer
modeling in high-tech technologies. pp. 22-25. (In Russian).

6. A.V. Roslyakov, S.V. Vanyashin, A.Yu. Grebeshkov. (2015). “Internet veshchey: uchebnoye
posobiye [Internet of Things: study guide]”. Samara: Volga State University of Telecommunications
and Informatics. (Print book). p. 136. (In Russian).

7. P. L. Nikolaev. (2014). “Primeneniye oblachnykh tekhnologiy v sistemakh umnogo doma [The
use of cloud technologies in smart home systems]”. Scientific journal "Young Scientist. No. 13. pp. 37-
39. (In Russian).

8. ThingSpeak. (2017). [Official website]. https://thingspeak.com

9. Wi-Fi modul' ESP8266. (2017). Amperka.. (Official website).
http://amperka.ru/product/esp8266-wifi-module

10. STM32 32-bit ARM Cortex MCUs. (2017). STMicroelectronics. (Official website).
https://www.st.com/en/microcontrollers/stm32-32-bit-arm-cortex-mcus.html

JIITEPATYPA

1. Tlonmoa M.A., Meutbuenko U. B., lllepbakora A.D., Cadpun P.M. OyHKINOHATIBLHOE COCTOSIHUE
BEreTaTUBHOM U IIEHTPAJIbHOU HEPBHOM CUCTEMBI Y JIMII, 3aHUMAIOIIUXCSA SKCTPEMaIbHBIMU BUAAMHU


https://www.science-education.ru/ru/article/view?id=9240
http://amperka.ru/product/esp8266-wifi-module

32

Cepist (MaTtemaTnyHe MoaentoBaHHs. IHchopmaLliiHi TexHonorii. ABTOMaTM30BaHi CUCTEMM YNpaBMiHHS, BUMYCK 3§

10.

cropta // CoBpeMEHHbIE MPOOJIEMbI HAYKH M 00pa30BaHMs: 3JICKTp. Hay4dHbIH sxypHait. 2013, — Ne 3.
URL.: https://www.science-education.ru/ru/article/view?id=9240 (nara 3Beprenns: 28.08.2017 ).

B. A. banun, B. K. Taiina, B. K. I'epbaueBckuii u ap.. [Ipaktukym mo o0uieit, SKcrepuMeHTaabHOR
U npukiagHon neuxosorun / Iom odmiei pen. A. A. Kpeutora, C. A. ManuueBa. — 2-¢ U311, JOIL
u niepepad. — CII6.: TTurep. — 560 c.: min. — (Cepus «IIpakTuky™ 1o mcuxosorumy). 2003
Kanpnim B. B., A. . €na [lpunnunu npodeciitnoro mncuxodizionoriudoro Bigdopy // Iiriena
mpami. — Bum. 32. — K., 2001. — C.131-144.

Kounmna M. JI. MHoOroyHKIIMOHAIBHBIA MPHOOP I TPOBEINCHHS IMCHXO()H3HOIOTHIECKUX
uccnenopanuii / M. JI.Kounna, A. I'. ®upcos. // [Ipuknannas paauoanexkrponuka. — 2010. — T.9.—
Ne2. — C.260-265.

bennuenko I1.B., bmarmas H.B., Mamsnes A.B., XpycnmoB M.M. AmnmapartHo-mporpamMMHOE
oOecriedeHre B TICUXOJNOTHHU. TpyAbl MeXIyHapoAHOW Hayd.-TexH. koH(.. — X.: XHY um.
B.H.Kapasuna, 2014.- C. 22-25.

Pocnaxor A.B., Bausmua C.B., ['pedemkoB A.FO. MaTepHeT Bemeit: yuedHoe nocobue. — Camapa:
MryTuy, 2015. - 136 c.

Huxonaes, I1. JI. Ilpumenenne oOla4HBIX TEXHOJOTWH B cucTeMax yMHoOro noma // HayuHbiit
xypHan «Momomoit yaensrity. — 2014, — Nel3. — C. 37-39.

Odimifinuit  caidt cepucy ThingSpeak. URL: https://thingspeak.com (Jlata 3BepHCHHS:
09.05.2016).

Wi-Fi monmyns ESP8266//Beb-caiit Ammepka.  URL: http://amperka.ru/product/esp8266-wifi-
module ([lata 3Beprenns: 28.08.2017).

STM32 32-bit ARM Cortex MCUs// Odiniitamnii  BeG-caiit STMicroelectronics. URL:
https://www.st.com/en/microcontrollers/stm32-32-bit-arm-cortex-mcus.html  (Jata  3BepHEHHS:
28.08.2017).

Bapnamoea Hamana Bonooumupiena — acnipanm,; Xapxiecbkuul HAYIOHATbHUL YHIGEpCUMEN IMEH

B. H. Kapasina, m. Xapkis-22, matioan Ceo6o0u, 6, 61022, e-mail: natess123@gmail.com; ORCID:
0000-0001-5117-7293

Cmepeoeooe Muxkona I'puzoposuu — 3agioyrouuii Kageopor eieKmpoHiKU Ma YAPAGIAHYUX

cucmem, ooyenm, K.m.H.; Xapkiecokuti nayionanvuuil ynigepcumem imeni B. H. Kapazina, m. Xapxis-

22,

matioan Ceoboou, 6, 61022; e-mail: natess123@gmail.com; ORCID: 0000-0003-0136-6437

Hagiiwna y nepuwit pegakuii 21.04.2018, B octanHii - 25.04.2018.


https://www.science-education.ru/ru/article/view?id=9240
https://thingspeak.com/
http://amperka.ru/product/esp8266-wifi-module
http://amperka.ru/product/esp8266-wifi-module

BicHuk XapkiBCcbKOro HawjioHanbHoro yHisepcutety imeHi B. H. Kapasina, 201§ 33

DOL.

UDC 539.3

A comparative analysis of axisymmetric vibrations of conical and cylindrical
fluid-filled elastic shells
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This paper presents the comparison of low- frequency vibrations in liquid-filled cylindrical and truncated conical elastic shells.
The liquid is supposed to be an ideal and incompressible one and its flow is irrotational. To evaluate a velocity potential the
system of singular boundary integral equations has been obtained. The boundary element method is used for their numerical
simulation. The vibration modes of the shells with liquids are determined as linear combinations of their natural vibration
modes without liquids. Sloshing frequencies and modes of fluid-filled cylindrical and truncated conical shells are estimated.
The solution of the hydro-elasticity problem is obtained using a combination of boundary and finite element methods. Shells
with both rigid and elastic bottoms are considered. The illustrative examples are provided to demonstrate the accuracy and
efficiency of the method.

Key words: vibrations, ideal incompressible liquid, sloshing, cylindrical and conical shells, singular integral equations,
boundary and finite element methods

Po3risiHyTO mIpoliecH KOJMHMBAaHHS INPY)KHHX OOOJIOHOK OOepTaHHs, YacTKOBO 3allOBHEHUX pimuHOM0. IlpHIryckaeTbes, 1o
piavHa € imeanbHOI Ta HECTHCIHMBOIO, a ii pyX € 0e3BHXpoBUM. B mux ymMoBax icHye MOTeHIian IBUAKOCTEH piauHu. s
Horo OOYMCIEHHS 13 3aCTOCYBaHHSIM METOMIB Teopii MOTEHI[ia]y Ta JApyroi TOTOXHOCTI IpiHa OTpUMaHO CHCTEMY
CHHTYJSIPHUX IHTETpaJIbHUX PIBHSHB. BBakaeThbes, 10 GOpMH KOJMBAaHb 3aIIOBHEHOT 00OJIOHKH MOKHA 300pa3HUTH B BHIJIIL
psny 3a GpopmMaMH KOJIMBaHb HE3aIllOBHEHOT 000yI0HKH. [1J1si BU3HAUCHHS IIMX 0a3ucHMX (YHKIIH 3aCTOCOBAHO OJHOBUMIipHHUI
METOJ] CKIHYeHHUX ejieMeHTiB. PopMu KoMBaHb OOOJIOHKH 3 PiMHOIO 0e3 ypaxyBaHHS IIECKaHb PIIUHU CKIANAIOTH IPYTY
cucreMy OasucHUX GyHKUid. [l BpaxyBaHHS BIUIMBY IUIECKaHb 3HAieHI (OpPMH KOJIUBAHb PiAMHH Y BiANOBIAHOMY
JKOPCTKOMY pe3epByapi. Lli popMu ckmanaroTh TPETIO cHCcTeMy 0a3UCHUX (YHKIIHN I 3HAXOMKECHHS IIYKAHOTO MOTEHIaTy
mBHAKOCTeH. [ 3HaxomKeHHs 06a3ucHUX (QyHKUOIA Apyroi Ta TpeThoi cucTeM cOpMyThOBaHI MillaHi KpaloBi 3amadi A
piBasHHA Jlarutaca. OTpuMaHi MpH OBOMY CHCTEMH TPAHUYHHUX IHTETPANBbHUX DIBHSAHB 3BOISATHCS OO OJHOBHUMIPHHUX 3
HEBIIOMUMH T'YCTHHaMH, IO 3aJaHi B3IOBX MepHIiaHy OOOJOHKM oOepTaHHs. UHCIOBHH PO3B’SI30K OTPUMAHHX CHCTEM
3IifICHEHO 3a JOIOMOTOI0 PEIYKOBAaHOTO OJHOBHUMIPHOTO METOIY TI'paHMYHHMX eJeMeHTiB. B po0oTi HajaHO MOpPiBHSIHHS
HH3bKOYACTOTHUX KOJIUBAHb IMJIIHAPHYHMAX Ta KOHIYHMX 3alIOBHEHUX PIAMHOIO HPYXKHUX 00O0JIOHOK. PO3MIISHYTI KOJMBaHHS
3alIOBHEHHUX Ta HE3aIOBHEHHX PiJMHOI0 00OJOHOK 3 )KOPCTKMMH Ta MPYKHUMHU CTIHKaMM Ta JHHIIAMH. Bu3HaueHO dacToTH
TUIECKaHb DPiJMHMA B JKOPCTKHAX 3allOBHEHHWX HWIIHAPHYHHX Ta YCIU€HHX KOHIUYHHMX 00osoHKax. Po3B’s30Kk 3amadi Tigpo-
MPY>KHOCTI 3A1HCHEHO 32 JOTIOMOTOI0 MiAXOAY, 32CHOBAHOTO Ha IMOEIHAHHI METOJIB CKIHUCHHHX Ta TPAHHYHHUX EJIEMEHTIB.
HaBeneHo imrocTpaTBHI NpUKITAagM, OO0 NEMOHCTPYIOTH TOYHICTH Ta e(eKTHBHICTH Meroay. OTpuUMaHi JaHi BiXHOCHO
HAfHIKYMX YacTOT KOJMBaHb CHUCTEMH «OOOJIOHKa-PiMHA», IO IO3BOJIAIOTH MPOBECTH €(QEKTHBHE BiJICTPOIOBAHHA BiJ
HeOa)kaHUX PEe30HaHCHUX YacTOT.

Knwuoei cnosa. xonusauHs, i0edaivbHa HeCMUCIUBA PIOUHA, NAECKAHHA, YUTTHOPUYHI MA KOHIYHI OOONOHKU, CUHSYAADHI
iHme2panbti PIGHAHHS, MEMOOU PAHUYHUX MA CKIHYEHHUX eleMeHmie

1 Introduction

Various fuel and liquid storage tanks, oil and propellant storage containers are widely used in
different engineering areas. If such storages are subjected to surface shots caused by a terrorist act, an
airplane crash or a seismic shockwave, this will be lead to a dangerous ecological catastrophe. So
defining the strength characteristics of such elements is a topical engineering problem. These data allow
evaluating the ultimate strength of a structure under shock or seismic actions, isolate spurious resonance
frequencies, and identify the most hazardous zones from the viewpoint of stress concentration.
However, studying the frequencies and natural vibration modes for structures interacting with a fluid is
a challenging design problem. Complex experimental investigation of loading processes is difficult and
sometimes impossible due to the various reasons. Hence mathematical modeling of physical processes
with the help of advanced numerical procedures is a basic approach for these problems.

A lot of analytical and experimental research has been performed in the field of shells interacting
with a fluid in last decade [1-6]. Most of these works have been devoted to the problem of flat plates,
curved plates and circular cylindrical shells [1-3]. The dynamic behaviour of cylindrical shells without
liquids has been studied in a considerable number of numerical, analytical and experimental
investigations [4-6]. The case of a conical shell filled with a liquid has been successfully developed by
Lakis et al. [7]. A free surface effect was neglected in [7], but in [8] it was shown that the supposition
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about the spectrum separation of frequencies of the elastic shell filled with the liquid and sloshing
frequencies of the rigid shell with the same geometrical characteristics and filling level as for the elastic
one is not always valid.

The main purpose of this paper is to study the influence of both sloshing and elasticity effects on
vibrations of the fluid-filled tanks in the form of shells of revolution with an arbitrary meridian.

In this paper we demonstrate that dynamic characteristics of cylindrical and conical shells of equal
heights and equal radii of free surfaces are differed drastically. The proposed method is based on
representation of the velocity potential as a sum of two potentials. One of them corresponds to the
problem of fluid free vibrations in the rigid shell and another one corresponds to the similar problem for
an elastic shell with a fluid without including the gravitational component. The method allows us to
obtain the natural frequencies and vibration modes for fuel tanks of different shapes.

2 Problem statement and mode superposition method for coupled dynamic problems

Free harmonic vibrations of fluid-filled elastic shells of revolution having arbitrary meridians are
investigated. The shell is of uniform thickness h, and height H, made of homogeneous, isotropic
material with elasticity modulus E, Poisson's ratio v and mass density ps. As the examples, fluid-filled
cylindrical and truncated conical shells are considered, as shown in Fig. 1.

Denote the wetted part of the shell surface as o and the free surface of a liquid as Sy Let Sy be the
surface of the tank bottom. Let us denote the vector-function of shell displacements as U= (U,,U,,U,).
At first let us consider the free vibrations of the elastic shell without a liquid. The finite element method
is applied by Ravnik et al. in [8] to evaluate natural frequencies Q, and modes u, , k =1,N of the shell

of revolution without a liquid. After forming the global stiffness L and mass M matrices, the following
equation of motion for the shell containing fluid has been obtained:

LU+MU = pn,

where n is an external unit normal to the shell wetted surface, the pn is the fluid dynamical pressure
upon the shell, normal to its surface.

Z

X

Fig. 1. Cylindrical and conical fluid-filled shells.
Consider the modes of fluid-filled shell vibrations in the form

N

U= Z_;ck (th, , (2.1)

where ¢,(t) are unknown coefficients, and uy are the eigenmodes of the empty shell vibrations.
It is assumed here that a liquid is an ideal and incompressible one, and its motion, beginning from a
state of rest, is irrotational. In these conditions, there exist a fluid velocity potential ®
VX:aE’Vy:aE’VZ:aE’

OX oy oz
that satisfies the Laplace equation. The liquid pressure p upon the shell walls is determined from the
linearized Cauchy-Lagrange integral by the formula
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p=- (g2+g%+p
P ot 0

where @ is the velocity potential, g is the acceleration of gravity, z is the vertical fluid point coordinate,
p is a fluid density, po is an atmospheric pressure. On the wetted surfaces of the shell the non-
penetration boundary condition is set [9]. On the free surface, the following dynamic and kinematic
boundary conditions must be satisfied
oD
anls,

_oc. _
- at 1 p p0|SO - 0 I
where the function € describes the shape and position of the free surface. Thus, for the velocity potential

we have the following boundary-value problem [8]

oD
an

oC oD
== — =0;—+ =0. 2.2
0 ot P p0|30 ot 0 So @2

_ o, o0

V2D =0; =—;
Sw ot onjg

Consider the potential ® as® =®d, +d,, as it is done in [10]. The series for potential ®, can be
written as

N
Dy = Yy (thork -
k=1

Here time-dependant coefficients c,(t) are defined in equation (2.1). To determine functions ¢y the
following boundary value problems are formulated:

091k
Apy =0, =W, , ¢ 0,w, =(u,n), k=1, 2.3
1k P k 1k|50 k ( k ) (2.3)

The solution of boundary value problems (2.3) is presented in [11].

To determine the potential ®, we have the problem of fluid vibrations in the rigid shell including
gravity effects.

Use the expansion

M |
Dy= > dy (oo .
k-1

where dy.(t) are unknown coefficients, and functions @, are natural modes of the liquid sloshing in a
rigid tank. To obtain these modes the following boundary value problems are considered:

0ok
=0; ——+9¢
o ot

o %02k

5
2 = H—ggﬂso—o K=1N

t S (24)

0

00k
Apg =0, P2k
P2k an

So

0

Finally, for the sum of potentials ® = ®, + ®, the following expression is valid:

N M
D=3 ¢ (s + 2 dy (thpok - (2.5)
k-1 k-1

The unknown function ¢ takes the form

3 01k 0Pk
¢= a7 +Zd == (26)
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To define coupled modes of harmonic vibrations, suppose
thatc, (t)=C, expliot), d,(t)=D, exp(iot). Substituting these expressions into equations (5)-(6) and
then into equations

LU+MU=pgn 2o qd =0
a o,

results in the generalized eigenvalue problem where both elasticity and gravity effects are taken into
account.

Both boundary value problems (2.3) and (2.4) are reduced to systems of singular integral
equations by using boundary element method in its direct formulation, Brebbia et al. [12].

As it was shown in [3], the integral operators obtained in singular integral equations are of
logarithmic singularities, and thus the numerical treatment of these integrals will also have to take into
account the presence of this integrable singularity. The integrands are distributed strongly non-
uniformly over the element, and standard integration quadratures fail in accuracy. So we treat these
integrals numerically by the special Gauss quadratures [12] and apply the technique proposed by
Naumenko et al. in [13].

3. Numerical simulation and discussion

Empty and fluid-filled isotropic cylindrical and truncated conical shells are considered. These shells
are shown in Fig. 1. R; and R, are radii of the cone at its small and large edges, R, is also for cylinder
radius, o is a semivertex angle of the cone, and H is the height of both cone and cylinder, L is the
length of cone generatix. Both conical and cylindrical shells are referred to the cylindrical coordinate
system (x,0,z). For all following numerical simulation, the thickness of the shell and the Poisson’s ratio
are taken as h/R,;=0.01 and v =0.3, semivertex angle a=45°, H/R,=0.5, Young’s modulus E =2,11-10°
MPa, p,=8000 kg/m® [6] p=1000 kg/m°. The following boundary conditions for both shells are
presented: clamped — free, i.e. shells of revolution are clamped at the ends A, and free at the ends B,
Fig. 1.

For both shells we estimate sloshing frequencies, the frequencies of empty shells with rigid and

elastic bottoms, and coupled hydro-elastic vibrations of fluid-filled conical and cylindrical shells.

3.1. Oscillations of empty shells with rigid and elastic bottoms.

First, we determine the requisite number of finite elements for a precise determination of the natural
frequencies. The convergence is established when numbers of finite elements along the shell wall is
equal to 60, along the bottom is 100 elements, the same numbers are used for boundary elements
simulations in elastic tanks, the number of boundary elements along the free surface radius is 100 as
well.

Then the numerical simulation of dynamic characteristics for both conical and cylindrical shells is
provided.

In Table 1 the frequencies of empty cylindrical shells with rigid and elastic bottoms are presented,
where n is the number of the mode.

Table 1: Frequency of axisymmetric oscillations of empty cylindrical shells, Hz

n 1 2 3 4 5 6() | 7(2) 8 93) 10 11(4) | 12(5)
rigid 817.07 | 844.14 1019.2 1448.0 | 1563
elastic | 25.26 | 98.37 | 220.39 | 391.26 | 610.96 | 817.07 | 844.14 | 879.49 | 1019.2 | 1196.8 | 1448.0 | 1563

The lowest frequencies correspond to the shell with elastic bottom. The frequencies of the shell with
rigid bottom are coincided with ones of the shell with the elastic bottom when the wall vibrations are
dominant. It can be concluded that accounting for the bottom deformations leads to appearance of
lowest frequencies.

Fig. 2 demonstrates the first four axisymmetric vibration modes denoted by numbers 1,2,3,4 of
the cylindrical shell with the elastic bottom. There are any wall deformations for these modes, i.e. the
bottom vibrations are dominant.
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Fig. 2. Axisymmetric modes m=1,2,3,4 of cylindrical shell with elastic bottom

Fig. 3 demonstrates the first four axisymmetric vibration modes of the cylindrical shell with rigid

bottom.

These modes are coincided with axisymmetric modes for shells with elastic bottoms with

numbers m = 6,7,9,11. So the wall vibration modes are not dominant for shells with elastic bottoms.
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Fig. 3. Axisymmetric modes m= 6,7,9,11 of cylindrical shell with rigid bottom.

In Table 2 the frequencies of empty truncated conical shells with rigid and elastic bottoms are

presente

d, where m is the number of the mode.

Table 2: Frequency of axisymmetric oscillations of empty conical shells, Hz

m 1 2 31) | 42) | 53) | 6(4) 7 8(5) | 9(6) 10 | 11(7) | 12(8)
rigid 550.4 | 675.8 | 707.28 | 824.91 1001.1 | 1274.7 1679.0 | 1994.0
elastic | 101.0 | 393.4 | 559.5 | 675.8 | 708.68 | 824.94 | 881.58 | 1001.1 | 1274.7 | 1565.0 | 1679.0 | 1995.3

Comparing results of Tables 1-2 we can conclude that frequencies of empty truncated cones differ
essentially from cylinder ones. The lowest frequency of the cylindrical shell is nearly four times less
than that of the truncated conical shell. The lowest frequencies of both shells correspond to dominant
bottom vibrations.

Fig.

4 demonstrates the first axisymmetric vibration modes (m=1,2,3,4) of the cylindrical shell with

the elastic bottom. For the first two modes there is no any wall deformation, i.e. the bottom vibrations

are also

dominant.
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Fig. 4. Axisymmetric modes m=1,2,3,4 of conical shell with elastic bottom

Unlike cylindrical shells the only two first modes are bottom dominant.

Fig. 5 demonstrates the first four axisymmetric vibration modes of the truncated conical shell with
rigid bottom. These modes are coincided with axisymmetric modes of the shell with the elastic bottom
with numbers m = 3,4,5,6.

4

Fig. 5. Axisymmetric modes m=3,4,5,6 of conical shell with rigid bottom

It should be noted that the third mode is the torsion one, and it does not affect the fluid-structure
interaction because an ideal fluid produces only a normal pressure on a moistened body.

3.2. Low frequency sloshing modes for fluid- filled cylindrical and conical shells.

Linear sloshing in the rigid A-shape conical shell with R; = 0.5m and R,= 1.0m, H=0.5m and o=n/4
is considered. The cylindrical shell is of R,= 1.0m and H=0.5m. The sloshing frequencies are calculated
accordingly to Degtyarev et al. [14]. The total number of boundary elements along the shell meridians,
as well as, the radii of free surfaces is 240 for both cylindrical and truncated conical shells. Below we
demonstrate that sloshing frequencies of rigid cylindrical and conical shells differ. Both shells are of
equal height (H=0.5m), and the radius of cone R, =1m is equal to the cylinder radius. The comparison
of the results for n=0 (axisymmetric modes) is shown in Table 3.
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Table 3: Axisymmetric sloshing frequencies, Hz

Conical shell Cylindrical shell
m Numerical solution Numerical solution Analytical solution
1 5.3534 5.9989 5.9965
2 7.8068 8.2898 8.2842
3 9.6034 9.9922 9.9932
4 11.1044 11.438 11.426
5 12.4246 12.710 12.705
6 13.6180 13.872 13.865

Obtained results testify the accuracy of the proposed method. The lowest frequencies of cone
and cylinder differ drastically, but with increasing the number m difference become smaller.
Fig. 6 demonstrates the first sloshing modes of the cylindrical and conical shells.

L

i u'.'.l Wi
&1\5\ \\\g R

Fig.6. Axisymmetric sloshing modes of conical and cylindrical shells

It should be noted that the sloshing modes are the same for conical and cylindrical shells.
3.3. Vibrations of elastic fluid-filled truncated conical shells

Free vibrations of elastic cylindrical and conical shells coupled with liquid sloshing are under

consideration. The results have been obtained for axisymmetric modes (n=0) and m=112. The
frequencies of empty and fluid-filled cylindrical and truncated conical shells have been considered. The
results of numerical simulation are shown in Table 4.

Table 4: Comparison of axisymmetric frequencies for conical and cylindrical shells, Hz

m Cylindrical shell Conical shell
empty fluid-filled empty fluid-filled

1 25.268 10.382 101.07 48.62
2 98.372 50.701 393.49 252.68
3 220.39 133.15 559.52 471.10
4 391.26 260.56 675.88 571.08
5 610.96 412.38 708.68 637.51
6 817.07 472.56 824.94 680.67
7 844.14 623.22 881.58 708.68
8 879.49 681.49 1001.1 859.20
9 1019.2 792.71 1274.7 1142.87
10 1196.8 956.08 1565.0 1250.17
11 1448.0 1163.75 1679.0 1519.97
12 1563.0 1289.83 1995.3 1565.55
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From the results obtained we can conclude that the frequencies of fluid-filled shell vibrations differ
drastically from the frequencies of empty ones for both cylindrical and truncated conical shells.

But when the circumferential wave number increases the difference becomes smaller gradually. The
frequencies of the cylindrical shell are smaller than those of the conical shell. The frequencies ® near
10Hz may be considered as the most dangerous for the cylindrical shell. The results of tables 3 and 4
testify it. For example, ®=10.382Hz corresponds to n=0 and m=1 for the elastic shell; ®=9.9922 Hz
corresponds to n=0 and m=3 for sloshing in the rigid shell. It can be the reason for the stability loss in
shell structures.

Conclusion

The free vibration analysis of the elastic cylindrical and truncated conical elastic shell coupled with
the liquid sloshing has been carried out. The combination of reduced finite and boundary element
methods has been used. The analysis consists of several stages and each represents the separate task.
The frequencies and modes of the empty shell vibrations have been defined at the first stage. The
displacement vector, that is the solution of the coupled problem, is sought as the linear combination of
natural modes of the empty shells. So the frequencies and free vibrations modes of the fluid-filled
elastic shell without accounting for the gravity force have been defined. The frequencies and free
vibrations modes of the liquid in the rigid shell under the gravity force have been estimated. These two
problems have been solved by using the reduced boundary element method. This method substantially
reduces the computing time for the analysis and reveals the new qualitative possibilities in modeling the
dynamic behavior of shells. The difference in the dynamical characteristics between elastic truncated
conical and cylindrical shells has been established. The frequencies of fluid-filled shell vibrations differ
drastically from frequencies of empty ones for both cylindrical and truncated conical shells. The
obtained results can be used as the basis for the further research of non-axisymmetrical vibrations of
shells, as well as, dynamical characteristics of structures subjected to an intensive loading in case of
interaction with a fluid.
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BinHOBNIEHHS BepIIMH MHOTOKYTHHKA 3a CepeIMHaMU HOTO CTOPIH

A.O. KapaeBl, 0.0. CTpeJ'IBHiKOBal'Z
Xapriscoxuii nayionansnuii ynisepcumem imeni B. H. Kapasina, maiioan Ceo6oou 4, m. Xapkie, 61022, Ykpaina
2Incmumym npo6iem mawuno6yoysanns in. A. H. ITiocopnozo HAHY, eya. Ioocapcvrozo, 2/10, m. Xapkis,
61046, Ykpaina
e-mail: a.karaiev@karazin.ua

B crarti posrsgaeTses 3amada moOyMoBH ITOCKOTO MHOTOKYTHHKA 33 3aJaHUMHU KOOpPIHMHATaMH cepeanH ioro cropid. Taki
3a71a4i BHHUKAIOTh IIPU YHCEIHFHOMY PO3B’S3aHHI CHHTYISIPHUX 1 TINEPCHHTYISPHHX IHTErpanbHHUX pIiBHSIHB METOIOM
IMCKPETHUX ocoOJMBOCTe!. BBeneHi cnemianbpHi MaTpuIli 3CyBYy, IIpOaHANi30BaHi IX BIACTHUBOCTI, IO TO3BOJIHMJIO OTPHUMATH B
aQHANITHYHINA (HOpMi KOOpAMHATH BEPIIMH MHOTOKYTHHKA. 3ajada Mae€ €IWHE PO3B’SI3aHHS IIPH HEMapHiil KUIBKOCTI CTOPIH.
HaBeneHo nmpuxiiaz BiIHOBIIGHHS BEpPIINH KBajapara 3a CiMOMa 3aJlaHUMU BY3JIOBHMH 3HadeHHAMHU. Lle 1o3Boisie moOymyBaTn
TPaHHLIO PO3PAaXyHKOBOI 00JIaCTi IPU HEMOBHiH iH(popMaIrlii oo Hei.

Knrwwuosi cnosa: nobyoosa po3paxynkogoi obracmi, mampuyi 3¢y8y, 8iOHOBIEHH 6EPUIUH MHOLOKYMHUKA, MOYKU KOIOKAYIL,
Kymosi Koegiyienmu.

Many important technical problems lead to the solution of boundary value problems of differential equations with partial
derivatives. With the help of boundary value problems, it is possible to describe such processes as heat and mass transfer,
diffusion, fluid flow, propagation of acoustic waves, electromagnetism, deformation of a solid. Some boundary-related
problems can be solved analytically. Usually in these cases the geometry of the region and boundary conditions are relatively
simple, and the equations with partial derivatives are linear. In practical problems arising in engineering and applied sciences,
it is difficult to rely on obtaining analytical solutions, even if the differential equations are linear, since these problems are
characterized by extreme irregularity of the boundaries of the regions and (or) heterogeneity of the material; since the solution
of problems can not be constructed with the help of simple mathematical functions. In such cases, looking for approximate
numerical solutions. Let the coordinates of the points, which are the middle of the sides of the N-corner, are known. Need to
find the coordinates of the vertices of the polygon. Such problems arise in the numerical solution of singular and hypersingular
integral equations using the method of collocation. Note that the problem has a unique solution for an odd number of sides.
With a pair of sides, the matrix of the system is degenerate, which leads to the need to impose additional conditions for the
solution. In the paper we consider a problem of flat polygon construction using the coordinates of its side’s centers. These
problems arise in numerical solution of singular and hypersingular integral equations using the discrete singularities methods.
The special shift matrixes were introduces to get the analytical solution of coordinates of polygon vertices. The problem has
the only decision if the number of sides is odd. There was given the example of recovering the square vertices by the seven
node's values. These results can help in construction of the calculation area if we haven’t full information about it.

Keywords: construction of calculation area, shift matrixes, flat polygon construction, colocation points, angular coefficients.

1 3araabpHa akTyaJabHiCTh 3a1a4i Ta MeTOJ IMCKPETHUX 0COOJIMBOCTEI

bararo Ba»IMBUX TEXHIYHUX NpoOJIeM MPUBOIATH IO PO3B’s3aHHS KpaHoBUX  3ajad
nudepeHIliaibHUX PIBHIHb 3 YaCTMHHUMH NOXIAHMMHU. 3a JIONOMOTOK KpaloBHX 3a1a4 MOXHA
omucaTH Taki TMpoLecH fK TeIUIo- Ta MacolepeHoc, AuQy3is, MOTIK pPiIOUHU, PO3MOBCIOIKEHHS
AKyCTUYHHUX XBHJIb, €JIEKTPOMarHeTusM, aehopMyBaHHs TBepAoro Tina. [eski kpaiioi 3a1a4ui BAa€TbCA
PO3B’s13aTH aHATITHYHO. 3a3BHYail B IUX BHUIAJKaX T€OMETpisl 00JIacTi Ta IpaHWYHI YMOBH JJOCTATHBO
MPOCTi, a PIBHSAHHS 3 YaCTUHHUMH TOXIIHUMHU — JiHIHHI. B npakTHnyHMX 3a/mavyax, 10 BUHHUKAIOTH B
IHKEHEepHIN chpaBi Ta NPUKIATHUX HAayKax, BaXKO pPO3PAaxOBYBaTH HA OTPUMAHHS aHATITHYHUX
PO3B’SI3KiB, HABITh SKIIO JAM(EpEHIlialibHI PIBHSAHHS JIIHIAHI, OCKIIBKU JUIS IMX 3a7ad XapakTepHa
Ha/[3BUYaiiHA HEperyJsIpHICTh TpaHMIs obyacTeld Ta (ab0) HEOJHOPIIHICTH MaTepially; OCKLUIbKH
PO3B’S30K 3a/a4 HE MOxe OyTH MmoOyJOBaHUH 3a JOMOMOrOI0 NMPOCTHX MaTeMaTHYHUX (yHKuUid. B
TaKUX BUTAJIKaX NIYKAIOTh HAOJIMKeHI YHCENbHI PillIeHHS.

Habmmwkeni MeTou, IO MPHUBOJASATH 1O TOSBH CHHTYJISPHUX Ta TINEPCHHTYISAPHHUX iHTETPalbHUX
PiBHSHb TpH pPO3B’S3aHHI 3a7ady MaTeMaTHYHOI (I3UKH, OCTaHHIM 4YacoOM JOCTaTHbO YacTo
BUKOPHUCTOBYIOTBCS, OCKIIBKH KJIAC MPUKIATHUX 33/1a4, 10 IPUBOJAATH A0 CUHTYJSIPHUX iHTETpalbHUX
PIBHSHB, JOCHTh MIMPOKHUH. 30Kpema, JO0 TaKuX PIBHAHb MOXKHA 3BECTHM KOHTAKTHI 3aJadi Teopii
NpPYKHOCTI, 3a/adi BHU3HAYEHHs CTAalllOHApDHUX TEeMIEepaTypHUX IMOJIB B TUIaXx 3 OXHOPIAHUMH
BKJIIOUEHHSIMH Ta TpilIMHAMH (pO3pi3aMu), 3a7adyi BU3HAYCHHS! KOHLEHTpALii Hallpy>XeHb B TiJax, L0
MICTSITh TPILIMHH, 3/1a4i BU3HAYCHHS acpOJMHAMIYHAX HABAaHTa)XCHb HA TOHKI HECydi MOBEPXHi, JIEsAKi
3ama4i Audpakiiii Ta aKkyCTHKH, 33124l KOJIMBAaHb PIIMHN Y IPY)KHUX pe3epByapax Ta inmii. [1-5].

Teopis Ta METOAM YUCETBHOTO PO3B’SI3KYy OAHOBHUMIPHHUX TiEPCHHTYJISPHUX PIBHSAHb Ha BiAPI3KY
OTpUMaJId 3aKOHOMIpHMH po3BUTOK y poboti FO.B. Tammens [6]. OcHoBaM METOQy IAMCKPETHHX
0CO0JIMBOCTEH Ta HOro oOIpyHTyBaHHIO mpucBsueHa moHorpadis C.M. Bimonepkoscekoro ta LK.
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JlibanoBa [7]. Sk CBiZYMTH OIJIAM JITEPATYPHUX JDKEPE, BaXKIUBUM IUTAHHAM IPU YHUCIOBOMY
PO3B’si3aHHI CHUHTYJISIPHUX IHTETpajbHUX PiBHSAHb € BiAMOBiAHWI BHOIp To4Yok Komokamii. L{i Toukm
00MPaIOTHCSI HACTYITHUM YHHOM.

X 1=12,.n . . . .
Hexait T BIJIMTOBIIalOTh TPAHMIIAM €IIEMEHTIB O0JACTi, /e PO3IIYKYETHCS PO3B’ 30K

IHTETpaJILHOTO PiBHAHHS. TOJi TOUKM KOJIOKAIliT O0YUCITIOIOTHCS 32 (POpPMYIIoI0
ggi =X +qj (Xi+1 =X ), | :1,3,...n -1
IIpn npomy BuOip 3HaueHb ¢« NeplIOpsHE 3Ha4YeHHsS. [IuTaHHSAM BHOOPY TOYOK KOJOKALil

MIPUCBSIYEHO BEIWKY KUTBKICTH AociimkeHb. Cepen HUX Bim3HauuMo podotu [2, 7-12]. 3a3HadaeThcs,
0 HEeBAAIHMA 3aci0 BHOOPY TOYOK KOJIOKAIii MOXKE€ TPHU3BECTH IO 3HAYHUX IMMOXHOOK 1 HaBITH 0
HECTIHKOCTI IIPH PO3B’sI3aHHI CHCTEM JIIHIHHUX anreOpaidHuX PiBHIHB, 10 SKUX 3BOISTHCS CUHTYISIPHI
IHTerpanbHi PiBHSHHS BHACHIJOK AUcKpeTw3auii. B poborax [1,7,12] Ha OCHOBI YHMCJIOBOrO aHami3y
PO3B’SI3KiB CHHTYJISIPHHUX Ta TIMEPCHHTYISPHAX IHTETPAbHUX PiBHSAHB 3p00JIEHO BUCHOBOK TPO T€, IO

o, =05 Vi . o . .
opu OyayTb OTpHUMaHi CHCTEMH JIHIHHMX anreOpaiyHUX pIBHAHB 3 CYTTEBO
JMOMIHYIOYHMH JiarOHATFHUMHY €JIeMEHTaMH, IO Ja€ 3MOTY IMMOOYAyBaTH CTIMKH OOYNCITIOBAIbHI CXEMHU.
Tomy Hamam 0OMEXNMOCH CaMe UM BHIIAIKOM.

2 MocranoBka 3agayi

Hexait Bimomi koopaumHata N =2m+1lmeZ Toduok, mo € cepeauHamMu CTOpiH N-KyTHHKa.
HeoOxigHo 3HAiTH KOOpAWHATH BEPIIMH MHOTOKYTHHKA. Taki 3aja4i BUHWUKAIOTH MPH YHCIOBOMY
PO3B’si3aHHI CHHTYJISAPHHUX Ta TINEPCHHTYJSIPHUX IHTErpaibHUX DPiBHAHb NMPU BUKOPUCTAHHI METOIY
KOJIOKaIii. 3ayBa)KMMO, 1110 3a/1a4a Mae OAHO3HAYHHMHA PO3B 30K MPU HEMapHii KibkocTi ctopin. [Ipu
MapHiIiH KITPKOCTI CTOpPIiH MATPHISL CHUCTEMH € BHPOKEHOI, IO TMPUBOIUTH M0 HEOOXiTHOCTI
HaKJIaJlaTy 10JIaTKOBI YMOBH JUISl pO3B’SI3aHHSI.

1 1 9

N-1

Puc. 1. MrozoxymHuk 3 gidomumu cepeOuHamu cmopin

3 Po3B’s13anHsa 3aa4i

—_—

{3 - {30
BBe,Z[eMO TTIO3HAUCHHA. HexaI/I aJa=l _— MHOXHHA Cepe,Z[HH CTOle MHOFOKYTHI/IKa, a=

MHOXHHA BEpIIINH MHOTOKYTHHKA.
Toxi 3B’A30K MK pajiyc-BEKTOPaMH CEPEJUH CTOPIH Ta BEPIIMH 3aJIA€EThCS CHUCTEMOIO
CIIIBBIIHOILIEHD:
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(3.1)
Martpuis i€l cucTeMl Ma€e HaCTYITHAN BUTIISA:
11 0o 0 r'
2 2
o 11 0o 0l
2 2
0 0 0 % % r,
Lo o o L]y
2 2 (3.2)

Hns toro, mo6 cucremMa Oyna HEBHPOIKEHOIO, HEOOXimHO, m00 BH3HAYHUK MaTpuii (3.2) He

JOpiBHIOBaB HYII0. MaeMo

1 1 0 0 0
2 % 1 1 0 0
OEE OOLJNO 1 0(1N 1N71
T e =] = 2= =
) (3)
0 0 0 11 0 0 0 1
. 2 2 1 0 0
- 0 O 0 =
2 2
VY npomy BUMaaKy oOepHeHa JI0 3aanoi Marpuili (3.2) icHye i Mae HACTYITHUA BUTJIISL:
1 -1 1 -1 1
1 1 -1 1 -1
-1 1 1 -1 1
-1 1 -1 1 1 (3.3)
Jnst monanpioi modymoBr HEOOXiTHO BBECTH JIOTIOMIKHI MaTpPHIIi, 2 caMe MaTPHIIi 3CYBY.
4 Martpuui 3cyBy
BBeneMo HacTyIHI TO3HAUSHHS ISl MATPHII BEPXHBOTO 3CYBY Ta MATPUIl HIXKHBOTO 3CYBY:
0O O 0 O
0 O 0 O
0 O 0 O
1 O 0 O
1 0 0 O
U= L= (4.1)
0O O 0 1
0 O 0 O
0O O 0 O
0 O 1 0
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Pesynapratom wmatpuusoro modytky UA, me A — Oymob-sika JOBiUTbHA MAaTpHILL JT03BOJECHOL
PO3MIpHOCTI, € 3CYB €leMEHTIB Marpuili A Ha OIMH pPSIOK Bropy, NpPH IbOMY OCTaHHIH PSIOK
3aIIOBHIOETHCS HYJIAMH. AHAJIOTTYHAM YHHOM BH3HAYaeThest 100yToK LA MaTpwuili HIKHBOTO 3CYBY 3
OyIb-SIKOFO TOBLITBHOIO MAaTPHIICIO.

Honsiiina gis U2 A MaTpHIIi BEPXHBOTO 3CyBY Ha OyAb-IKy MaTpPHUIIIO 3CYBaE eIEMEHTH MaTPHIIi Ha
JBa psIKK Bropy. BpaxoBytouu 1ie (akT, MOXKHa 3pOOMTH BHCHOBOK, 10 omepariis U “A niniiimae
MaTPHINO Ha K pSaKiB Bropy. AHATOTIYHO BU3HAYAETRCS Jisl MATPHUIT L“A Ha JOBLIBHY.

BukopucTOBYIOUM BIACTUBOCTI MAaTpUIb 3CYBY, MOXKHA 3alucaTH OOEpHEHY MAaTpHUII0 Y
HACTYITHOMY BUTJISIAL:

N-1
Alap =845+ kz (0 8 Lgﬂ) (4.2)
=1

Toxi po3B’sI30K CHCTEMH pIiBHSHb Y KOODAMHATHOMY BUTJISIAI MOXKE OYTH TNpeACTaBICHHUH
HAaCTYIHUM YHHOM:

— —

NS k(K k

ry=|6pp+ 2 (-1) (Uaﬂ—Laﬂ) rg' (4.3)
k=1

TakuMm 9rHOM, OTPUMaHI BUPa3u IS pPaIiyCiB-BEKTOPIB BEPIINH MHOTOKYTHHKA.

5 PiBHsiHHSA cTOPiH

s momanporo BUKOPUCTaHHA B MOZEIOBaHHI BOXJIMBO OTPUMATH BHPA3u AL PIBHAHB CTOPiH
MHOTOKYTHHUKA.

Puc.2. Cmopona mnozoxymnuxa

Kopucryrounch piBHSHHSIM MPSIMO1, IO MPOXOAMUTH Yepe3 JIBi TOUKH, MOXHA JIETKO 3HAWTH BUpa3
JUIsL PiBHSIHHSI CTOPOHM MHOTOKYTHHKA, OCKIJIbKM MU 3HA€MO, 1110 CTOpPOHA | MPpOoXoauTh Yepes cepeanty

croponu I}' Ta BepuuHy I, , a came:

y=2 My (5.1)
X =X

Toxi kyToBi KoedilieHTH OyayTh BU3HAYATUCS HACTYITHOIO (POPMYIIOIO:
k-1

N
. 1
Z (_ 1)I yi + Z (_ 1)I+ Yi
Ke =t (5.2)
>+ DY
i1 i=k+1
i criiBBiIHOIIICHHS TAlOTh 3MOTY OYyBaTH PiBHSHHS BiIIOBIIHUX CTOPIH MHOT'OKYTHHKA.

6 [Ipuxyiag BiTHOBJIEHHA MHOTOKYTHHUKA

Hexait rpanuiero Tia € KBaapar 31 cTopoHOr a. Po3i0’eMo kBajapar Ha 7 NPOMIKKIB Tak, IIO
BY3JIM PO3TAIIOBaHI BCEPEIMHI KOXKHOTO Bi/Ipi3Ka, HA TPbOX CTOPOHAX IO JBi, HA OCTaHHIA — OAHY.
BBenemo cucteMy KOOp/IMHAT TaK, sSIK IOKa3aHO Ha pHC.3.



46 Cepist (MaTtemaTnyHe MoaentoBaHHs. IHchopmaLliiHi TexHonorii. ABTOMaTM30BaHi CUCTEMM YNpaBMiHHS, BUMYCK 3§

0 6 5 a

Puc.3. 3aoani 8y3nu nHa epanuyi

Koopnunartu By3iiB B IbOMY BUIIAJIKy MAIOTh HACTYIIHI 3HAYEHHS:

4
Ej 61
1 (6.1)

BukopucToBytoun OTpuUMaHi BUILE cmiBBimHOUIEHHS (4.3),
MHOTOKYTHHKA 32 TAKUMH (POPMYITaMH:

3HANIEMO KOOpPJIMHATU BEPUIMH

a
— a
4
3a
1—11—11—117aga
1 1 -1 1 -1 1 -1 3a| |5 2
a_
11 1 -1 1 -1 1 4| |a a
a
1—111—11—1@1%aE 6.2)
-1 1 -1 1 1 -1 1|3 a 0
1—11—111—17090
a 2
-1 1 -1 1 -11 1)2% o |5 o
4
o 2
2
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Ha puc.4 BimoOpaxxeHO BEpITUHN OTPUMAHOTO MHOTOKYTHHKA.

on

0 6 abd

Puc.4. Bepuwunu mrocoKymnuka

Mae miciie moBHA y3TOKEHICTH 3 PUC.3, M0 CBITYATH PO €PEKTHUBHICTH Ta TOYHICTH METOMY.
T06T0, TaKUM 4YHHOM MOXKC 6yTI/I BiZ[HOBJ'IeHa 00J1acTh JJIA YUCCIIBbHOTO iHTeryBaHHiI B YMOBax HEIIOBHO1
iH(pOopMarii.

7 BUCHOBKH i HANPSIMOK MOJAJBIIUX J0CTi/IKEHb

OtpuMaHi aHamiTHYHI GOPMYITH UII TOOYIOBH BEPIIMH MHOTOKYTHHKA MPHU HAsSBHOCTI iH(opMaItii
PO KOOPAWHATH CEPEeIUH TPAaHHYHUX EJIEMEHTIB MPU 3aCTOCYBAHHI YHCIOBHX METOJIB PO3B’SI3aHHSI
CHUHTYJISIPHUX Ta TIMEPCUHTYJSIPHUX PiBHAHB. Y MOJAIBIIOMY IepeadavyacTbcs pO3BUHEHHS METOLy Ha
BUITAI0K JIOBUTHHOTO PO3TANTYBaHHS TOYOK KOJOKAMii B MEKaX IPaHMYHOTO SJIEMEHTY.
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[IpeoOpa3zoBaHue KOOPAUHAT
B 3a/1ayax riao0agbHON ONTUMU3AIUU

A. U. Kocomnan, A. A. Pomanuyk

Yxpaunckuii 2ocyoapcmeennulii xumuxo-mexunonozcuieckuti ynusepcumem, npocnekm I azapuma, 8, 2. [nenp,
49005, Vkpaina
e-mail: anivkos@ua.fm

Axmyansnocms. PaccmatpuBaeTcs 3a/1ada ri00albHOM ONTHMH3AIMU B €BKIIMIOBOM KOHEYHOMEPHOM IIPOCTpPaHCTBE. Takue
3aJa4d BO3HUKAIOT IIPH MAaTeMaTHYeCKOM MOJEIMPOBAHHU CIOXKHBIX CHCTEM B TEXHHUKE, YIPAaBICHUH, 3KOHOMHUKE,
TEXHOJIOTHIECKHX MpoIieccax, MPOSKTHPOBAHIH, HCKYCCTBEHHOM HHTEIUIEKTE, HHPOPMATHKE U IPYrHX o0IacTsx 3HaHui. OHK
oTtHOcsATc K Kimaccy NP-cmoxapix. s Takux 3amad eme He pa3paboTaHsl 3(QQEeKTUBHBIE YUCICHHBIE METONBL Ifens.
Hcnons3oBats mpeobpazoBaHue MPOCTPAHCTBA U TOYHYIO KBAJPATHUHYIO PEryISPU3ALUIO U YHCICHHOTO PEIISHUs 3a1ad
robapHON onTuMu3anuu. Memoowst uccnedosanusn. Mbl UCTIONB3yeM METON TOYHOW KBAaJpAaTHYHON peryJsipuU3alud st
pelIeHnss MHOTO3KCTPEMAJbHBIX 3a/ad. JTO METOJ CBOJAWT PEUICHHE 337aud K MAKCHMyMy HOPMBI BEKTOpa Ha BBITYKIIOM
MHOKecTBe. {11 4mcieHHOH >((EeKTHBHOCTH MeTola TOYHOH KBaJpaTHYHOM peryispu3alid B 3ajadax IJI00aIbHOM
ONTHMH3AIMN TIpe/UIaraeTcsi IpeoOpa3oBaHHe KOOPAWHAT, KOTOPOE 3aKII0YAeTCsl B CMEIICHHWH MAOIYyCTHMOI 00JacTH B
HaIpaBJICHUH OMCCEKTPHUCHI IOJOKUTEIBLHOrO opTaHTta. Pesynsmamer. CMeleHne KOOPIMHAT YacTO HMPUBOAUT HCXOTHYIO
MHOTO9KCTPEMAIBHYIO 3a/lady K OIHOIKCTpEeMalbHOM. [l pelleHus] HOJydeHHOW 3ajadd HUCIoJb3yeTcs S((EeKTUBHBII
HpsSIMO-TBOMCTBEHHBIN METOJ] BHyTpeHHell Touku. B obmiem cirydae, He0OXOANMO HCHONB30BaTh TAKKE METOJ AUXOTOMHU.
Bubisoowi. Paspaborana HOBas MeETOAWKA JUI DEIICHUS MHOTO3KCTpEMalbHBIX 3agad. CpaBHHUTENbHBIE YHCICHHBIC
SKCIIEPUMEHTHI MOATBEPIKAAIOT 3G (PEKTHBHOCTh ITAHHOTO MpeoOpa3oBaHMs MNPH PEHIEHHHM MHOXECTBAa TECTOBBIX 3a1ad
rio6anbHOl onTuMu3anuy. [IpakTHYecK AT BceX M3BECTHBIX TECTOBBIX 33ad INI0OATBHON ONTHMH3AINN JaHHAS METOJHUKA
MOKa3ajia JIy4lIfe YUCICHHbIE Pe3y/bTaThl B CPAaBHEHHH C YUCICHHBIMH pE3yJbTAaTaMH, ITOJYYCHHBIMH CYLIECTBYIOLIMMH
METOJaMH. DTa METOIMKa MOXKET OBITh HCIOJIb30BaHA JUIS PEIICHUSI CIIOMHBIX IIPUKIATHBIX 3a/1ad.

Knruesvie cnosa: 2nobanvhas onmumusayus, npeodpazo8anue KoOOpOUHAm, Memoo moyHol KeaOpamuyHol peyiapusayuu,
MEMOO OUXOMOMUU, NPAMO-080UCMEEHHBLIL MEMOO GHYMPEHHE MOYKU.

Axmyansnicms. PosrisinaeTbes 3agada rIo0anbHOT ONTHMI3alii B €BKJIIIOBOMY CKiHYEHHOMipHOMY mpocrtopi. Taki 3amadi
BUHUKAIOTh TP MAaTeMaTHYHOMY MOJICNIIOBAHHI CKJIaJHMX CHCTEM B TEXHilli, YNPaBIiHHI, EKOHOMIIli, TEXHOJOTTYHHUX
mpoIiecax, MPOeKTyBaHHi, TYYHOMY iHTENEKTi, iHpopMaTHIli Ta iHIUX 00NacTIX 3HaHb. BoHM BimHOCATBHCS Mo Kiacy NP-
crmagauX. [ Takmx 3amad me He po3poOieHi edeKTHBHI YMceNbHI MeToau. Mema. BUkopHCTOBYBAaTH IEpeTBOPEHHS
MPOCTOPY 1 TOYHY KBAJPATHYHYIO PETYIAPH3ALII0 U YHCENFHOTO PO3B’sI3yBaHHS 3ajad Tio0aibHOI onTuMizamii. Memoou
oocnidycenna. MU BUKOPHUCTOBYEMO METOJA TOYHOI KBaJpATHYHOI PETYISIpH3alii UTd PO3BA3YBaHHS OaraTOeKCTpeMalTbHUX
3agad. Llelt meToq 3BOAWMTH PPO3BSI3YBaHHS 3aJadi IO MAaKCHMyMy HOPMH BEKTOpa Ha ONMyKJIOMY MHOXHHI. [ 4ncenbHOT
e(eKTHBHOCTI METOAY TOYHOI KBaJpaTUYHOI peryisipusawil B 3ajadax ri1o0aabHOI ONTUMI3alii IPONOHYETHCS TEPETBOPECHHS
KOOPJIUHAT, SIKE TIOJISATAE B 3MIIICHHI TOMYCTHUMOI 00JIacTi B HAPSAMKY OiCEKTPHCH TO3UTHBHOTO OpTaHTa. Pezyasmamu. 3cyB
KOOPAMHAT 4acTO TMPHU3BOJHUTH BUXIIHY OaraToeKCTpeMallbHy 33/1auy 10 OJHOEKCTpeManbHOi. /st po3B’si3yBaHHS OTPUMAHOT
3a/a4i BUKOPUCTOBYETHCS €()EKTUBHHUN IMPSIMO-ABOICTHH METOJ BHYTDPIIIHBOI TOYKH. Y 3arajlbHOMY BHUIAIKy, HEOOXiTHO
BUKOPUCTOBYBAaTH TaKOXX MeETOA  JguxoTomii. Bucmoeku. Po3pobneHo HOBY METOAMKY Ul  PO3B’3yBaHHS
OararoekcTpeMalbHUX 3a/a4. [IOpiBHAIBHI YHMCENbHI EKCIIEPUMEHTH MiATBEPIKYIOTh €(PEKTHBHICTH TAHOTO IEPETBOPEHHS
MIPY PO3BSA3yBaHHI O€31Mivi TECTOBHUX 3a/1a4 III00ambHOT onTuMizarii. [IpakTHaHO 171 BCiX BiIOMUX TECTOBHX 3a]ad TII00ATBHOT
onTHMi3anii JaHa METOAMKa MOKa3ajia Kpalli YHACeNbH]I pe3yabTaTh B IOPIBHAHHI 3 YHCEIBHUMH pe3yIbTaTaMH, OTPUMAHHMH
iCHle'-lPIMI/I MCTOJaMH. ]_If{ MECTOAMKA MOXE 6yTI/I BHUKOpHCTaHa IJId pOSB’ﬂI}yBaHHH CKJIAJHUX NPUKITIAJHUX 3a/1ad.

Kniouosi cnoea: znobanvna onmumisayis, nepemeopenus KOOpOUHam, mMemoo mouHoi KeaopamuyHoi pe2yaspusayii, memoo
OUXOMOMIL, NPAMO-080iCmMuULl MeMoO GHYMPIUHLOI MOYKU.

Actuality. We consider a problem of global optimization in Euclidian finite-dimensional space. Such problems arise at
mathematical modelling of difficult systems in the technician, management, economy, technological processes, designing, an
artificial intellect, computer science and other fields of knowledge. These problems belong to the class NP-difficult. Effective
numerical methods are not developed for such problems yet. Purpose. We use transformation of space and exact quadratic
regularization for the numerical solution of problems of global optimization. Research methods. We use a method exact
quadratic regularization for the solution of multiextreme problems. It is a method reduces the problem solution to a maximum
of norm of a vector on convex set. We offer transformation of co-ordinates which consists in displacement of admissible area
in a direction of a bisector positive orthant. It raises numerical efficiency of a method exact quadratic regularization in
problems of global optimization. Results. Displacement of co-ordinates often leads an initial multiextreme problem of the one-
extreme. We use an effective is primer-dual interior point method for the solution of the received problem. Generally, it is
necessary to use also a dichotomy method. Conclusions. The new technique is developed for the solution of multiextreme
problems. Comparative numerical experiments confirm efficiency of the given transformation at the solution of set of test
problems of global optimization. The given technique has shown the best numerical results in comparison with the numerical
results received by the best existing methods. We have received the best results practically for all known test problems of
global optimization. This technique can be used for the solution of difficult applied problems.

© Koconan A. W., Pomanuyk A. A., 2018
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1. O01asi MOCTAHOBKA 32/1a4M U €€ aKTyaJbHOCTh

MarteMaTrueckoe MOAETHPOBAHUE CIOKHBIX CHCTEM YacTO MPHUBOAUT K HEOOXOJMMOCTH PEIICHUS
3ajady ONTHMHU3alUMH. TakWe 3aJayd BO3HUKAIOT B OSKOHOMHKeE, (MHAHCAX, YIpPaBJICHUH,
TEXHOJIOTHUECKUX Ipoueccax, MH(GOpMATUKE W APYIHX OO0JacTsIX. MaTeMaTHYeCKHEe MOJENU 3THX
CJIOXKHBIX CHCTEM SIBISIOTCS MHOTO3KCTPEMAIBHBIMHY 3a1a4aMH. YHUCIEHHOE UX PEUICHUE MPEICTaBIIET
CIOXHYI0 TpobieMy. B Toxxke Bpems, BBIOOpD HE ONTUMAIBHBIX PELICHUI MPUBOIUT K YPE3MEPHOMY
pacxolOBaHUIO OIPAaHUYEHHBIX PECYPCOB IIPH IIOCTPOCHUM CIOKHBIX cHucTeM. [loaTomy 3ampocel
IPAaKTUKU CTUMYJIUPYIOT pa3pabOTKy HOBBIX METOMOB PELICHUS CIOXKHBIX ONTHMH3ALUOHHBIX 3a/1ad.
Jns 3ama4 rno0anbHON ONTHMH3ALUK B HACTOSIIIIEE BpeMsl pa3paboTaHbl METObI BeTBeH 1 rpanul [1].
OTH METOJIbl MOTYT UCIOJIb30BATHCA ISl PEIIeHUs 3a/1ad MaJlo pa3MEepHOCTH, TaK KakK C YBEIHYECHHEM
pPa3MEpPHOCTH 3aJa4d KOJHMYECTBO HUTEpalUil B 3THUX METOJAaX pacTeT SKCIOHEHIHanbHO. HoBbIM
HAlpaBJICHHEM B TJI00ATbHON ONTUMH3AIUK SIBISETCS MONYONpPEACICHHOE MpOrpaMMupoBanue [2].
OHO ncnonb3yeTcs ISl pelieH s O0IMX KBaIPaTUYHBIX U MOJMHOMUAIBHBIX 331a4. OHaKo B 00IIeM
ClIy4ae, TOJNYONpeneIcHHas ONTUMHU3alus IMO3BOJIAECT HAaXOOUTh TOJNBKO OIEHKH pEIIEHU B
MHOTO3KCTPEMANIBHBIX 3afadax. K TakuMm »ke pe3ynbraraM MpPHUBOASIT M JBOMCTBEHHBIE METOJBI.
Pa3zpaboTaHbl MHOTOUYUCIICHHBICE METO/BI, WCIONB3YIOIINE CIyYalHBI MOUCK. DTO, MPEXKAE BCETO,
TeHETUYECKHE U YBOJIOIMOHHBIC METO/bI [3]. DTH MeTOIbl MHOTIA TIO3BOJISIFOT HAXOUTh TII00aTbHBIN
9KCTPEMYM IIPH PpEIIEHHH TECTOBBIX 337ad, OJHAKO, OYCHb YacTO PELICHHs, MOIY4YEHHBIE 3THMHU
METOaMH JaJieKH OT ONTHUMAaJbHBIX. B HacTosiee BpeMsi pa3pabOTaH METO] TOYHOH KBaJpaTHYHOM
peryiaspusaluu, KOTOPbIA PU PELIEHUH MHOXKECTBA TECTOBBIX 3aJa4 I0Ka3aj Jy4IlIne Pe3yJbTaThl 110
CPaBHEHHIO C CYLIECTBYIOIIMMHU MeTonamu [4]. HccrnemoBaHusi MOKa3bBalOT, 4TO 3()(HEKTUBHOCTD
METOAa TOYHOM KBaJpaTUYHON perysipu3alud 3HAYUTENBHO BO3pacTaeT IpH MNpeoOpa3oBaHUH
MPOCTPAHCTBA, TP KOTOPOM JIOMyCTUMasi O0JIACTh 3a/la4M CMEIIAeTCs B HANpaBlICHHH OMCCEKTPHCHI
MOJIOKUTEJIBHOTO OpTaHTa. Mcrnonp30BaHne 3TOT0 NMpeoOpa3oBaHUE SBISIETCS NPEAMETOM HACTOSIIEH
paboThL.

2. ITocTaHOBKA 321a4¥ U METO]I €€ peleHust
PaccMoTpum 3aauy onTuMu3aiuu

min{f,(x)| f;(x) <0,i=1,....m,xe E"} (1)
e npeanonaraercs, 4rto Bce GyHKIHMU f;(X)— BBIIYKIIbIE 1 HENPEPHIBHBIE, X — N-MEPHBIN BEKTOp, a

E"— eBximmoBo npocrpancTso. s sdextuBHOro pemenus 3agadn (1) mpeamonaraercs, 4To Bce
Gynkun  f;(x) aBaxasl auddepeHuupyeMsie. ITO JOCTaTOYHO OOJBLION Kiacc 3ajgay, Tak Kak OH

BKIIIOYAET BCE KBAJpaTHYHBIE W TMOJMHOMHAIbHBIC 3a/1aud. [Ipy JaHHBIX TPEANONONKCHUAX 3a/]a4a
MMEET peLIeHHE, ECIIH €€ IOMyCTUMOE MHOKECTBO KOMIIAKTHO.
Ecnu Bce dynknuu f; (X) - BemyKiible, TO 3a1a4a (1) OyaeT MMeTh €IMHCTBEHHOE PEILCHUE U IS €€

petenust 3pGEKTUBHBIM SBIISETCS MPSIMO-IBOWCTBEHHBI METOJl BHYTpeHHEH ToukH [5]. DToT MeTon
no3BoJsgeT pemars 3aaa4u (1) ¢ yrciaom nepemeHHbIx 10 10 MuwninoHoB. K coxkarneHnuio, BBITYKIOCTb
GyHKIMI B 3a7ayax ONTUMH3AIMU SIBISETCS WCKIIOYEHUEM, a OOJBIIMHCTBO CJOXHBIX CHUCTEM
NPUBOJAT K HEBBIMYKIBIM (yHKOUsAM. B Takom ciyuae, 3amada (1) MOXET WMETh MHOMXECTBO
JIOKaJIbHBIX 3KCTpeMyMoB. HekoTopble mpakTuueckue 3agadd B MH(GOpPMATHKE M APYrHX 001acTsaX
umeror 2" wim N! oKanbHBIX SKCTpeMyMoB. Jiisl TaKMX 3a1au pa3OMEHHeE JOMYyCTUMON 00JIacTH Ha
4acTH (CETOYHBIE METO/IbI) SBISIETCS HEI(PHEKTHBHBIM.
B meTone TouHON KBagpaTH4HOM perynsapusanun 3anada (1) mpeoOpa3yercs K BUmy

max{]| x ||I°] f,(X)+s+ (=D x|°<d, f;(x)+r| x|[°<d,i=1...m}, (2
a rapaMeTp S BBIOUPAEeTCsl TAKMM, YTOOBI BBITIOIHSIIOCH YCIIOBHE
s 2| X" [|* = (X)),

rae Touka X — pemenue 3agaun (1). Tak kak Touka X HEM3BECTHA, TO JUIS OLEHKM Mapamerpa S
UCTIOJIb3YeM BEPXHUE TPaHWIBI U3MEHEHUS TEPEMEHHBIX, KOTOpBIE JieTko HaiTu. [lpu 3amaHHOM
3HaYeHHH S W (UKCHPOBAHHOM 3HAUCHHMM TepeMmeHHoi d mepBoe orpaHuueHwe 3amadu (2) OymeT

2

rue || X||2:X12 +...+X§ + X510



BicHuk XapkiBcbkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. Kapasina, 201§
51

akTuBHBIM. Torma mnpu ¢ukcupoBanHoM 3HadeHun d pemreHue 3amadd (2) OyaeT NPUBOAWTH K
yOBIBaHUIO 3HAUCHHUS TieneBoi GyHKIun fo(X). JleficTBUTENEHO, 3 PABEHCTB

fo(x)+s+(r-1) x°|*=d,

fo(x")+s+(r=1 | x'||°=d

u yenosus || X2 25| x° ||? cnenyer nepasenctso fo(x") < f,(x°).
[pu yBenuuennu 3uadenns d; > d u Bemommennn yenosuit FX°|> = d u r|x!* = d, monygaem

paBeHCTBa
fo(x°)+s+(r—1) | x°|°=d,
fo(X) +s+(r=2) X" |I°=d,,

OTKyJa CJIEyeT HEPABEHCTBO f, (xo) < fO(xl) . TakuMm oOpazom, perienne 3agaqn (2) JOCTHTASTCS TIPH

MHUHHMAJIbHOM 3HaueHuH d.

IMapamerp r > 0 B 3amaue (2) BbIOMpaeM TakuM, YTOOBI €€ OIpAaHUYCHHUS OBLIN BBIMYKIBIMU. J1Jist
00X KBaAPaTUYHBIX (YHKIUA JOCTaTOYHO, YTOOBI WX MATPHUIBl OBUH C TIpeoOIaNaroNIiMe
JUAarOHAISIMU. JTO yCJIOBHUE JIETKO BHIMONHUTE. TakuM 00pa3oM, 3a1aqy (2) MOXKHO 3aliicaTh B BHJE

2

max{]| x [|*| x € S(x,d)}, ©)

roe S(X, d) — BeImykiI0e MHOXecTBO. HeoOXomammo ompenenuts MHUHHMaibHOE 3HaueHue O yist

2

KoToporo pemienue 3anaun (3) ymosierBopser ycnosuto I | X||“=d . Munumanshoe 3navenue d
HaxOJMM, pelasi 3a71a4y BBITyKJIOH ONTUMH3AIHN

min{d | x € S(x,d),r || x||?< d}. 4)

Ecnu BTOpOE orpaHMycHuE OyJeT aKTHBHBIM, TO pEIlICHUE 3aaa4H (4) COBMANAcT C PEIICHUEM 3aJlauu

(1). DTo o3Hawaer, YTO MHOTO’KCTpeManbHas 3amada (1) TOYHOH KBaIpaTHYHOW peryispu3anuen

npeobpazyeTcs K OTHOIKCTPEMAIIbHOIM.
s moncka MUHUManbHOTO 3HadeHust d B 3amade (3), IS KOTOPOTO BBHITMONHACTCS YCIOBHE

2
r|| x||°=d, wucmonssyem Mmerom IUXOTOMHH. DTOT METON 3aKIIOYAETCS B IIOCIEI0BATEIHLHOM

yBenuuennn 0 W permeHun Uit Kaxmoro 3HaueHus O 3amaum (3) 10 JOCTWOKEHHS TpeOyemMoro
paBeHcTBa. Eciu mMuHMManbHOe 3HadeHue O HaleHO W JUIsl 9TOrO 3HAYEHHUs pemieHue 3amadu (3)

2 y
ynosierBopsier yeioButo I || X ||“=d ¢ 3agannoit TounocTsio, TO 3a1au4a (1) perena.

3. IIpeoOpa3zoBaHue MPOCTPAHCTBA B 3aJa4vax ri100aabHOil onTumMu3anun. Pemenne 3amaun (3)
OyleT JOCTUTaThCsl Ha TPaHUIIE JOMyCTHMOW oOsacTu. [Io3ToMy BakHOE 3HAYCHUE, /ISl HAXOXKICHUS
petenus 3a1auu (3), UMeeT KpUBU3HA BBIMYKJIO# moBepxHocTH 0S(X, d).

Kpususroit mosepxuoctn dS(X, d) B Touke X° GyaeM Ha3bIBaTh MHHEMATbHYIO KpuBu3Hy ayr (X°, X)
< 6S(x, d), rae X' — TouKH £-0KpecTHOCTH TOuKH X, IIPH YCIoBHH, uTo £—0.

Jdemma 1. ITycmo X u X2 0sa noxansheix makcumyma 6 3adaue (3), 20e svinyknoe muosicecmso S(d)
c E"., mozoa gyuxyus |X|[° docmucaem munumyma na moboii svinyknoi dyee G(X', X°) evinyrnoii
nosepxnocmu 0S(, d), coedunsiroweri mouxu X u X°.

JlokasatenscTBO. M3 Onpe/iesieHus TOKaIbHOr0 MaKCHMyMa clieyet, uto ¢ynxuus |[X||° yOsiBaer B
M06GOM HaNpaBJIeHUH OT To4ek X' 1 X° B uX okpectHocTH. Ecmu, Haumnas ¢ toukn X qyru G(X', X%) B
HanpasineHnn ot X' Kk X gynkuus [|X||° HauseT Bo3pacTath, T0 X° — Touka MuHEMyMa (yHKIMK ||X||.
Eciu ke B1oib ayru G(x', X°) B Hampasnenun ot X' k X° gynkuus [[X||° MoHOTOHHO YOBIBaeT, TO B
okpecTHOCTH Toukn X Bomb ayru G(x', x°) (ot Touxu X* k X') dymkiws |[x||* 6yzer Bospactars. Ho 310
NPOTHBOPEUHT TOMY, UTO X’ — TOUKA JIOKAJIHHOTO MAKCUMyMa. [IpOTHBOpEUHE J0KA3BIBACT JIEMMY.

MuHUMYM Ha Jyre, COSIUHSIONIMX JIBa JIOKAJbHBIX MakcuMyma B 3amaude (3) OyaeM Ha3bIBaTh
BHYMPEHHUM MUHUMYMOM, €CIIM MHOXHTEIH COOTBETCTBYIOMIEH (yHKIMK JlarpaHka OTpHIATEIbHBI.
OueBHIHO, YTO €CJIM TMOBEPXHOCTH OS(X, ) He comepKUT BHYTPEHHUX MHUHUMYMOB, TO 3amada (3)
OyzleT 0THOAKCTPEMATBHOM. _

Jlemma 2. ITycmob 6 kaswcooti mouke X' guinykioii nosepxnocmu S(X, d) ee MUHUMANbHAS KDUBU3HA
Gonvuie kpusushul wapa {X|||X|[° < |X|[*}, moeda 3adaua (2) sersemes oonosxcmpemanvhoil.

Jloka3zarenscTBo. JlomycTHM HPOTHBHOE, YTO 3aj1ada (2) MMEeT JABa JIOKAIbHBIX MakCHMyMa B
toukax X' u X%. COCIMHIM 3TH IyTH KPHBOH MHHMMANbHO JTHHEI Ha noBepxHOcTH S(X, d). Toraa us
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neMMsI 1 ciefyer, 9To Ha 3TOH KPHBOH JOKHA OBITH Touka MuHMMyMa (ynkiumn |[X|°. Ho B Touke
MHHUMYMa KpPUBH3HA KPUBOM OYyJeT MEHbIIEC KPUBU3HBI MIapa. ITO MPOTHBOPEUHE JT0KA3hIBACT JIEMMY.

3agaua (2) OyameT OJHODKCTPEMATbHOM M B TOM Cilydae, KOTJa YCIOBUS JEMMBI 2 OymyT
BBITIOJTHATHCS TONBKO B OKCTPEMAITLHBIX TOYKAX.

Bynem o6o3Ha4dats 4epe3 S(X — h, d) cABHT BBIMYKJIOTO MHOXECTBA S BIOJb OHCCEKTPHCHI

HOJIOKUTENILHOTO OPTaHTa Ha BenumuuHy h > 0, a uepe3
So ={xI =l x=h|I* +s+2| x|*=d}.
Teopema 1. Cywecmseyem makoe h > 0, umo 3adaua
max{|[x|[*[x € S(x—h, d), x> h} (5)
b6yoem 00HOIKCMPEMATLHOL.

JHoxaszarensctBo. [lpu yBenudeHun 3HavyeHHs N MHHUMaibHAas KPUBH3HA IMOBEPXHOCTH S HE
MEHsIETCS, a MOBEPXHOCTH Mmapa OyneT yObIBaTh NMpU yBelNWYeHUH ero pamuyca. ClieloBaTenbHO,
cymectByer Takoe h > 0, ams KOTOpOro KpuBU3HA Mmiapa OyJeT MeHbIIe KpPUBH3HBI S B ee
3KCTPEMaJIbHBIX TOUKaX. TOra B COOTBETCTBUH C JIeMMO# 2 3a1a4a (5) OyIeT 0HO3KCTPEMATbHOM.

W3 naHHOW TEOpeMbl CIEAyeT, YTO MNpPU CMEHICHHH JOMYCTHMOrOo MHOXecTBa 3amadu (3) B
HaIMpaBJICHHUH OMCCEKTPUCHI MOJIOKHUTEITBHOTO OPTAHTA YHCIIO €0 DKCTPEMAIBHBIX TOUCK YOBIBACT.

Teopema 2. ITycmo 3a0aua (3) oonoskcmpemanvuas, mozoa muosxcecmso S(X — h, d) cessnoe na
8LINYKIOU NoGepXHOCMU Sy.

HoxazatenscTBo. Ecnint 3amaya (3) omHOKCTpEMabHas, TO U 3aa4a

max{|lx + h|F|x e S} (6)
OIHOPKCTpEMANIbHas. DTO CIELYET U3 TOTO, YTO MOCIIE 3aMeHBI X = X + h 3a1a4a (6) mpuHUMaeT BHI
max{||X|[’[x € S(x —h, d)},

KOTOpast SBSIETCS OHOIKCTpeManbHOi amst h > 0. OQHO3KCTpeManbHOCTE B 3a1aue (6) 03HaYaeT, uTo
JMHUYW YPOBHS €€ 1eNIeBON (PYHKIIUH JENIAT JOMYCTUMYIO 00JIACTh Ha JIBE YaCTH. Tak Kak MOBEPXHOCTb
So COBMaaeT ¢ IMHUAMK ypoBHs byHKImH |[X + h||* mpn m060M GUKCHPOBAHHOM 3HAYCHHH Xn+1, TO 3Ta
MOBEPXHOCTh TaKke OyleT AENUTh IOMyCTUMYIO O0JacTh Ha JABE YacTH (JONMyCTHMas 00JacTb He
3aBUCUT OT TEPEMEHHON Xp.1). TakuM oOpa3zom, mHOXkecTBO S(X — h, d) CBsi3HO Ha MOBEPXHOCTH
BBIITYKJIOTO MHOXECTBa Sy.

3agada (3) npeoOpa3yercsi TOUHOM KBaIpaTU4YHON PEryisipu3alueil K SKBUBAJICHTHOM 3a1a4e

max{|[x||°|x € So N S(x —h, d)} @)
IPU CMELICHUH JOITyCTUMOM 00J1acTH.

Teopema 3. ITycmb X — pewenue 3adauu (2), 3a0aua (5) oonosxcmpemansna u X + h ee pewenue,
mozoa u 3a0aua (1) maxoice 0OHOIKCMPEMANbHA.

JloxasatenbeTBO. JIOCTATOYHO MOKA3aTh, YTO TOUKA X + h yIOBIETBOPSIET OrpaHMUYCHHAM 3aadi
(7). YuureiBas, ato

s> 2|x” + 2|Ih|*
u
d =3(Ix" + hI* + x*1)
HOJTydaeM JuIs BTOpOTro orpanuyeHus 3agaun (7)
X"+ Rl + X = 2[RI+ 20X + 2001 + X0 < 3K+ DI + Xonua).
Otkyna
[+ hII* + 2| < 0.
Taxum 0Gpa3om, Touka X + h yroBaerBopsier orpannaeHmsiM 3aaqn (7). Teopema ToKa3aHa.

Ecau ycnoBust Teopembl 3 He BBIOJHAIOTCS, TO 3anada (7) OyleT MHOTOIKCTpeMalbHOW. JInHuK
YpOBHSI 1eNeBoil (yHKIuK 3amaun (7) Ha Sy OyIyT COBNANATh C THHUSAMH yPOBHs (yHKIHH €'X Ha Sp.
IToaTomy 3amada (7) SKBUBaJIEHTHA 3a/1a4e

min{e'x|x € Sy N S(x —h, d)}, (8)
rme e = (1,..., 1). Ecin pemenne 3amaun (8) mocruraercs B touke X~ u r|x}[? > d, To meromom
JMXOTOMHH 3Ha4YeHHe d OyJeT YMEHBILCHO.

[MoyueHHBIE pE3yNBTAThI TO3BOJISIOT IIOCTPOUTH CIICAYIOLIMN aTOPUTM IS perieHus 3aaauu (7).
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IHar 1. Pemaem 3amauy (2) METOIOM AMXOTOMHH M TPSIMO-IBOHCTBEHHBIM METOJIOM BHYTPEHHEH
TOYKH, HAYMHAsA ¢ HadanpHOi Touku X°. Ilycts X' — ee pemieHue, 1ist KOTOPOrO BHIMONHSETCS YCIOBHE
rlx'(f* = d.

[lar 2. Beibepem h — BenuumHy cMmelneHus mMpocTpaHcTBa M pemuM 3amady (8). Ecnm x> — ee
perienwe, s KOToporo Beimomsiercs yerosue F|x?|> > d, o momaraem X’ = X* n mepexoaum K mary 1.

[Tar 3. Ecnu yBeauueHrne h He MPUBOIUT K YMEHBIICHUIO 3HAYCHUS 1Ie7eBOM GyHKImu 3amaun (1),
TO TEKyIllee PEIICHHE SBISCTCS ONTUMATIbHBIM. B MPOTHBHOM Cllydae, yBEJIMYMBaeM 3HadeHHe N u
MepexoauM K mary 1.

4. YucaeHHbIe IKCIEPUMEHTBI

Jns mpoBepkn dmcIeHHON A(¢EKTHBHOCTH METONAa TOYHOW KBagpaTUYHON PETYISpH3alHA CO
CMEIIEHHE MPOCTPAHCTBA OBLIH PEIICHBI M3BECTHBIC TECTOBBIC 33JaUH TS TII00ANTBHOM ONMTHMHU3AIHH.
Mpmuorue 3 TaKUX 3ajau MOXKHO HaWTH Ha BeO-calite GLOBAL Library:
http://www.gamsworld.org/global/globallib.htm. Tak, Obi1a pemiena cioxHas 3agada MHHHUMH3AIAH
byuxuuu Egg Holder

n-1
min{D_[-x sin(y/| X, — Xy — 47| — Xy + 47)sin(\/| Xy + % /12+47])]-512< x <517}
i=1

B pa6orte [6] npuBecHO TydIlee HA CErOMHANIHMN AeHb penreHne 3toil 3amaun fo(X) = — 74103,26 wis
n = 100. Meroa TOYHOM KBaIpaTUUHON PEryJsipU3aLUU CO CABUIOM IPOCTPAHCTBA MOKA3aN JYYIIH
pesynbTar fo(X') = — 89948,521. B 510ii %e paboTe MPUBEACHO JIy4IIIee PElICHHe s APYTOil CI0XKHOMN
¢yaxmm Rana

min{g[(xi+l +1) cos(y/| X — X +L])SIN(] Xyt + X +1]) +

+ %; €0S(y/| Xi,p + X +1])sin(y/] X;.; — % +1])]1] -500< x <500}

npu n = 100. HaiigenHbIil T7100abHBII MUHUMYM 3TOH 3a/1a4i Ha CETONHSIIHUNA JCHb PaBeH fo(x*) = -
41047.18, a METO/IOM TOYHOH KBaJpaTHYHOW PEryJSpHU3alUX CO CABHUIOM IPOCTPAHCTBA OBLI CHOBa
noyden nyummii pesynstar fo(x') = — 50855.784. MoxHo mpuBecTH Takke 3agady Ex8 4 7 ¢
orpaHUYEHMsIMA M3  BeO-cailita (cM. Bbimie). B aroil 3amade 62 mepemenHsie U 40 OrpaHUYEHUIA.
JIyammit m3sectHsii pesyasrar fo(X) = 29.0473. MeTox TOYHON KBAAPATHUHOH PEryIspH3aIdy CO
CABHIOM TPOCTPAHCTBA MOKa3an Jnyummii pesymsrar fo(x) = 26.99430909. Eme HecKombKko
PEe3yJIbTAaTOB PACUETOB TECTOBBIX 33a4 U3 YKa3aHHOTO caiTa nMpuBeeHbI B Ta0m. 1.

Tabnuya 1. Pezynomamei peutenuii mecmosvix 3a0ay

No 3agaya n m Meronx EQR Jlyumiee n3BecTHOE
/1 perieHue

1 Ex2_1 8 24 10 15639 15990

2 Ex7 3 5 13 15 7.684E-06 1.2069

3 Ex8_4_3 52 25 -12,018963 -3,25611

4 Ex8 5 6 6 7 -2.264901975 -0.998832628

5 Ex8 5 6 20 7 -1020.242976 -986.513

6 Harker 12 9 -3.27297594 900

7 Haverly 24 10 15639 15990

4. BbIBOAbI M HANIPaBJIEHUS JaTbHEHIINX HCCIe0BAHMIA

IIpenyoxkeH HOBBIM METOJ TOYHOM KBaJApaTHUYHOM PETyJSIpU3alMU CO CABUIOM IIPOCTPAHCTBA.
UucneHHblE OSKCIEPUMEHTHl IOKa3ald €ro IMPEeUMYIIECTBO HAJ CYMIECTBYIOIIUMH METOJaMHU
r100aJIbHON ONITUMM3ALMH [IPU PELICHUH MHOYKECTBA TECTOBBIX 33/1a4. B HacTosiee BpeMs 3TOT METOJ
UCIONB3yeTCA NIl PEIICHWs IPUKIAAHBIX 33Ja4 TEOPHUH PACIUCAHWH, ONTHUMH3ALHMUA HAIEKHOCTH
CIIOKHBIX CUCTEM, PACKPOS MAaTEPUAIIOB, YIIAKOBKHU IIAPOB U IPSIMOYTOIbHUKOB U IPYTHUX 3a7a4.
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YJIK 517.988 : 519.633

MeTton Pote Ta MeTo 1 ABOOIYHUX HAOIMKEHD Y YUCEITHHOMY
aHaJji31 3aJ1a4 sl OTHOBUMIPHUX KBa3UTIHIMHUX
napaboJIiYHUX PIBHSIHD

M.B. Cunopos
Xapxiscokuil HayioHanbHull yHieepcumem padioenekmporixu, np. Hayku, 14, m. Xapkis, 61166, Vkpaina
e-mail: maxim.sidorov@nure.ua

PosrsimaeTscs KBasimiHiMHE PIBHSAHHS TEIUIONPOBIAHOCTI 3 MEPIIMMHM Ta JAPYTHMH KpaioBHMMH yMmoBamu. st iforo
YHCENBHOTO aHANI3y IPOIOHYETHCS BHKOPHCTaTH Monu¢ikoBaHuii MeTox Pore y komOiHamii 3 MeTogoM JBOOIYHMX
HaOmmxeHb. [ng moOynoBu ABOOIYHMX HAOMIKEHB 1O JOAATHOTO pPO3B’SA3KY 3aJadyl Ha KOKHOMY YacoBOMY Imapi
BUKOPHCTOBYIOTBCS. METOJIM TEOpii HAIIBYMOPSAKOBAaHUX MIPOCTOPIB, 30KpeMa, pe3ynsTatd B.1. OmoifneBa mpo po3s’s3HICTH
OTIEPaTOPHHUX DIBHSAHB 3 T'€TEPOTOHHUM oOrmeparopoM. PoboTa i eeKTHBHICTH po3poOIEHOr0 MeToJa MpPOJEMOHCTPOBaHA
00YHCITIOBATEHIM €KCTIIEPUMEHTOM IS 3371241 31 CTENICHEBOIO HEHIHHICTIO.

Knrwuosi cnosa: xeasininiline pisHAHHA MenaionpogioHocmi, 000amuuil po3s 130k, memoo Pome, cemepomonnuii onepamop,
06006iuHi HAOIUNHCEHHS.

PaccmarpuBaercsi KBa3WIMHEHHOE ypaBHEHHE TEIUIONPOBOJHOCTH C MEPBBIMH W BTOPBIMH KPaeBBIMH yCIOBHsIMHU. i ero
YUCICHHOTO aHali3a IpeIiaraeTcss KCIOoAb30BaTh MOAMMUIIMPOBAHHBIH MeToJ PoTre B KOMOWMHAIMM C METOJIOM
JIBYCTOPOHHUX TPHONMMKECHUH. [ MOCTpoeHHs NBYCTOPOHHUX MPHONMKCHUA K TOJIOKHUTCIHHOMY PCIICHHIO 3aJa4d Ha
KaXXZI0M BPEMEHHOM CJIO€ HCIIOJIb3YIOTCSI METO/Ibl TEOPUH MOJTYYHOPSAOUSHHBIX IPOCTPAHCTB, B YACTHOCTH, pe3ysibTaThl B.U.
OmnoiilieBa 0 pa3pelIMMOCTH ONEPAaTOPHBIX YpPaBHEHHH C TETEPOTOHHBIM omepatopoM. Pabora u 3G GEeKTHBHOCTH
pa3paboTaHHOTO MeTOJa IPOAEMOHCTPHPOBAHA BBIYHCIHMTENBHBIM 3KCIIEPUMEHTOM s 3aJadyd  CO  CTEHECHHOH
HEJIMHEHHOCTHIO.

Kniouesvie cnosa: xeéazununeiinoe ypagnenue menionpogooHOCMu, noiodicumensHoe pewenue, memoo Pome, cemepomonnuotii
onepamop, 08yCmoponHue NPUOTUINCCHUSL.

In this paper, we consider the first and the second initial-boundary problem for the one-dimensional semi-linear heat equation.
Problems of this type (with the search for a positive solution) often arise in the mathematical modeling of processes in
chemical kinetics, combustion theory, biology, and others. Based on the modified Rothe method, the original non-stationary
problem is replaced at each time layer by a nonlinear boundary-value problem for an ordinary differential equation. Next, for
finding a positive solution of this nonlinear boundary value problem, a method of successive approximations with a two-sided
character of convergence is constructed. To construct two-sided approximations to the positive solution of the problem,
methods of the theory of semi-ordered spaces are used on each time layer, in particular, the results of V.l. Opoicev on the
solvability of operator equations with a heterotone operator are used. Using the Green’s functions method of nonlinear
boundary value problems for an ordinary differential equation, a transition to an equivalent Hammerstein integral equation is
considered, which is investigated as a nonlinear operator equation with a heterotone operator in the space of continuous
functions that is semi-ordered by a cone of non-negative functions. Next, a strongly invariant cone segment and two iterative
sequences are constructed which start from the corresponding ends of a strongly invariant cone segment. The first of these
sequences is monotonically increasing and approximates the desired solution from below, and the second is monotonically
decreasing and brings the desired solution from above. Conditions for the existence of a common limit of these sequences are
given, that is, the conditions for uniqueness of the solution of nonlinear boundary value problems of the Rothe method on each
time layer. A posteriori estimation of the error of the approximate solution of the problem was obtained. A computational
experiment was carried out for a heterotone power nonlinearity problem.

Keywords: quasi-linear heat equation, positive solution, Rothe method, heterotone operator, two-sided approach.

1. llocTanoBKa 3axaui

3agadi MaTreMaTUYHOrO MOJENIOBAHHS PI3HOMAaHITHUX (I3UKO-XIMIYHMX SBHII Ta IPOLECIB
NPU3BOJATE JIO HEOOXIMHOCTI pO3B’S3aHHS TIOYAaTKOBHX a00 IOYaTKOBO-KPAaWOBUX 3aaad JuIs
HEJIIHIHOTO PiBHSHHS BUITIALY

p(u)c(u)%uzdiv(k(u)grad u+ f(x t,u), xeQcR™, t>0. (1)

Hanpuknan, skmo piBHsHHSA (1) ommcye HeNiHIAHI TpollecH TeIonpoBigHocTi, To U(X,t) —
TeMmreparypa B TOYIl X y MOMEHT 4dacy t, p — IIUIBHICTB, C — NHMTOMAa TEIUIOMICTKICTB, K —
KOe(IIEHT TEeIUIONPOBIAHOCTI cepenoBuina, f (X, t, U) — QyHKIIS MOTYKHOCTI BHYTPILIHIX TEIIOBHX
JoKeped.

JlocmimkeHHIO pi3HUX 3amad A piBHSAHHSA BHUTILYy (1) mpucBsdeHo Oarato mpais, 30Kpema,

pobotu [1 — 6]. Cepen 4ncenbHUX METOJIB JOCIIKCHHS 3a7ad s piBHAHHS (1) MOXHa BUIIATH
CKIHYEHHO-PI3HUIIEBI METONH (METOJI CITOK) Ta HANIBIUCKPETHI METOMU (METOJ MpSAMHX, a00 METOI

© Cupopos M.B., 2018
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Pote) [7 - 9].
PosrisiHeMO 0IHOBUMIPHE PIBHAHHS
2
M_229Y ik tu), xe (1), t>0 ©)
ot x>
3 MOYATKOBOKO YMOBOKO
ul,_g =9(%) 3)
1 OTHUMH 3 IBOX THUIIB KPaliOBUX YMOB
u|x=0 =0, u|x:I =0 (4)
abo
o, M o 5)
ox x=0 X x=I

PiBHsiHHS (2) € YaCTMHHMM BHMAAKOM piBHSHHA (1) Ans BUManKy, KOJMW HENMIHIHHICTH PiBHSHHS
oOymoBIeHa nuiIe GpyHKIIE MOTYKHOCTI BHYTPIITHIX Kepen. 3a ¢opMoro piBHAHHSA (2) € piBHIHHAM
turry Komvoroposa-IlerpoBcbkoro-IlickyHoBa i 3ycTpi4aeThesl y 3agadax MOJEIIOBAHHS XBHJIBOBHX
npoleciB y 0ioJorii, Teopii ropiHHs, XiMi4HIH KiHeTHwi Tomio [6, 7, 10].

Baxxatumemo, mo ¢ynkiis f (X, t, u) y (2) HeBin’eMHa Ta HemepepBHA 3a CYKYIHICTIO 3MIHHUX X,
t, u, skmo xe(0,1), t>0, u>0, dynkuis @(X) y (3) HeBia eMHA Ta HeNepepBHA 3a 3MIHHOIO X,
akuo Xe€ (0, 1), i craButhes 3amaua Bimmykanus gogaraoro mpu X € (0,1), t>0 pos3e’s3ky u(X,t)
BIZMOBIAHOT 3a1a4i. Y BUNaaKy KpaiioBux ymMoB (4) BBaxkaTtumeMo, mo @(0) =o@(1)=0,a ans kpaiioBux
yMoB (5) BBaxkatumeMmo, 1o ¢'(0) =¢'(1)=0.

Mertoro 1aHoi pobOTH € PO3poOKa I PO3B’sI3aHHS MOYATKOBO-KpaioBux 3ama4 (2) — (4) ta (2), (3),
(5) HOBHMX YHCETBHHX METOIB, sIKi € Moaudikaiiero Meroga Pore i Ha KOKHOMY 4acOBOMY IIapi €
iTepaniiHUMHU 3 JIBOOIYHMM XapaKTepoM 301KHOCTI IO IIYKaHOTO po3B’s3Ky. [IBoOiuHI HaOmMKeHi
METOAM PO3B’sI3aHHS HENIHIMHUX ONEepaTOPHUX piBHSAHb, 3aCHOBaHI HAa BHUKOPUCTAaHHI Teopii
HETHIHHUX OIepaTopiB y HAIMiBYMOPSIKOBAaHUX IPOCTOpax, po3podisuiuch y podorax [11 — 15].
[ToOynoBa nBOGIYHUX HAOIVKEHB JI0 PO3B’SI3KIB 3a/1a4 JUIS HECTAIIOHAPHUX PIBHAHD HE PO3TJIsIalacs.
OTxe, TeMa poOOTH € aKTyalTbHOIO.

[ana po0oTa npooBKYy€E MoCiKeHHs, po3noyati B [11, 15], i po3noBcroIKye iX Ha HeCTaI[lOHAPHI
PiBHSHHS.

2. IToGynoBa nuckperusaiii 3agaqi moaudikoBanum metoaom Pore
Bamadi (2) — (4) Ta (2), (3), (5) posrisimarumemo tipu t [0, T]. Ha Bimpisky [0, T] BBeaemo ciTky 3

KPOKOM T, SIKa CKJIaJ@€Thest 3 TOUOK tj = jt, J=0,1,2,.., M, Mt=T, i no3saunmo
uj=uj(¥)=u(x,tj), j=0,1,2,.., M.

. . . . . . ou
BinnosigHo no meroxy mpsiMmux (Merony Porte) B piBHsAHHI (2) mudepeHuiadbHAN onepaTop E

aMPOKCUMY€EThCSI BiTHOIICHHSIM CKIHYCHHHMX DPI3HHIIb 1 PO3B’A30K 3a/1a4i IIYKAETHCS B3IOBK MPIMHUX
t=const.
Pipustuust (2) 3 moxubkoro O(t) saminumo Ha npsamid t=tj, j=12,.., M, s3puuaiiium

JTUQepeHIiaTbHUM PIBHSIHHSIM
Uj —-u j-1 2 d 2Uj
=a 5 +f(x,tj,uj). (6)
T dx
3ayBayKUMO, IO Ha BiIMIHY Biji opuriHamsHoro Meroxy Pote [9] y Momudikopaniii cxemi (6)
HEJHIHICT allPOKCUMYETHCSI Ha IOTOYHOMY, @ He Ha MONepeIHOMY YacOBY ILIapi.
Ha HynbpoBOMY 4acoBoMy LIapi BiAIOBITHO MMOYAaTKOBIH yMOBI (3) MoKiageMo
Up () =(X) - ()

PiBusuns (6) posrisaatotses ipu X € (0, 1) . BukopucroByroun kpaiioi ymosu (4) abo (5) BuxigHoi

3a1a4di IMOCTaBUMO JUIS KOXKHOTO 3 piBHAHB (6) mepmry abo Apyry KpaioBy 3amady BiAIOBiTHO,
JIOTIOBHUBIIIHA KPaiOBUMH YMOBaMHU
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Uj(0)=0, uj(l)=0,
abo
u'j(0)=0, u'j(|)=0,
Toxi po3B’s3aHHs MOYaTKOBO-KparoBux 3amad (2) — (4) ta (2), (3), (5) 3BoauThCS 10 PO3B’A3aHHS
MOCITIIOBHOCTI HENIHIMHUX KpaHOBHX 33134

d2Uj 1 1
uj(0)=0, u,—(l)=0, ®)
abo
uj(©)=0, uj(1)=0. (10)

30ixnHicTh MeTona Pore npu T — 0 noBeneHa y pisHHX Kilacax IMIaKUX Ta y3araJlbHEHUX PO3B’S3KiB
JUTSL IIMPOKOTO KJ1acy HeliHiiHocTel y piBasHHi (2) [4, 9].

3. IlodynoBa xBoGiuHUX HaOIMKeHb A5 pyHKuid Uj(X)

Hnsa amamizy 3amad (8), (9) i (8), (10) ta moOymoBu ABOGIYHHMX HAOMIKEHb M0 iX JOJATHHX
PO3B’sI3KiB BUKOPHCTAEMO METOIM TeOpii HEeNMHIMHUX OmepaTopiB y HAMIBYIMOPSIIKOBAHUX MPOCTOPAX
[12, 14].

Hexaii C[0, I] — 6anaxis npoctip nenepepsnux Ha [0, 1] ¢yHkuiii 3 HOpMOrO ||u||— max_|u(x)|.
x€[0, 1]
Buginumo y C[0, 1] xonyc
K, ={ueC[0, I]:u(x) >0, x<[0, 1]}

HeBin’emunx Qynkniit. Konye K, y C[0, I] € Hopmansaum (i HaBiTh rocTpum) [12, 14].

3a monomororo konyca K, y mpocropi C[O, I] BBesmemMo HamiBymopsiiKOBaHICTh 32 HPABUIOM: IS
u,veC[0, 1] u<v, akmo v—-ueK,, tobro

u<v, skmo u(x) <v(x) mis scix X<[0, 1].

Big 3amaa (8), (9) i (8), (10) mepeiimeMo 10 EKBIBaJEHTHOIO IHTETPAILHOIO PiBHIHHS

IMammepiuTeiina

|
uj(x)=[G(x, s){ _1(s)+ f(s, tj, uj (s))}ds
0 a

abo
|
1
uj(x)=(pj(x)+—2jG(x, s)f(s, tj, uj(s))ds (11)
a o
1 |
ae @ j(X)=TIG(X, s)u j—1(5)dsv G(x,S) — dyukuis I'piHa BiAMOBiAHOI KpaioBOi 3amaui s
a'To
d2
onepatopa —— +—— Ha Biapisky [0, I]. 3ayBaxumo, mo o J(X)>O sakao X €[0, 1], ockinbku
dx® a‘t

uj_l(x) >0, axmo X<[0,1].

s nepmmx kpaioBux yMoB (9) dyHkiis ['piHa Mae BUTIISL

ShLShI;S
at \FI ‘F 0<x<s,
sh—=
G(x, s) = S a\ﬁl_ (12)

aJ_ a\/_ “/_, s<x<l,
Shﬁ
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a st Apyrux KpaioBux ymoB (10) — Burisia

af a\f a\f 0<x<s,

i ,

G(x, s) = S a\FI _ (13)

aJ_ e J_
Shﬁ

Po3B’s3koMm (y3aramsHeHnM) 3aaadi (8), (9) uu (8), (10) HasuBaTHMEMO PYHKITIO u]f eC[0, 1], sxa €

, s<x<l.

HEMePEPBHUM JIOJJATHUM PO3B’SI3KOM iHTErpaibHOro piBHsAHHS (11).
BBenemo y po3risi HenmiHidHWK iHTerpanbHuil onepatop T , skuii gie y C[0, 1] 3a mpaBuiiom, mio
BU3HAYAETHCS MPABOIO YaCTUHOIO piBHAHHS (11):

I
T(u)=(pj(x)+ai2.[G(x, s) f (s, tj, u(s))ds. (14)
0

Ockinbku T (X, t,u)>0, skmo xe(0,1), t>0, u>0, (pj(X)ZO, skmo X [0, 1], Ta G(X, s)>0,
X, S€[0, 1], To oneparop T € momataum, To6TO 3anumae inBapiantHuM konyc K, @ T(K ) c K, .

IMpunyctumo, mo ¢yukiis f(X,t,u) go3Bonse miaromansae momanus f (X, t, u)= f(X, t,u,u), e
HETNepepBHa 3a CYKYIHICTIO 3MiHHUX X, t, V, W QyHKIis f(x, t, V, W) MOHOTOHHO 3pOCTa€ 3a V i

MOHOTOHHO criaaae 32 W st Bcix X [0, 1]. Toxi oneparop T Burmsiny (14) Oyne reTepoTOHHHM 3
CYIIPOBIIHUM OTIEpaTOpOM

|
T W) =9} (0+= [Gx, 8) F s, 1), V(S), w(s))ds (15)
a o

Omneparopu T i T , OYEBHIHO, € HITKOM HETIepEePBHUMU.
|

[To3naunmo Ug(X) = IG(X, S)ds . [ns nepriux kpaifoBux ymoB (9)
0

2a21 X I -

UO(X) - ch sh 2ax/_ ZaJ_

2a\/?

a s Apyrux kpaiioBux ymos (10)
Up(X) = a’t.
Ockinbku koxHa 3 Qynkmii ['pina (13), (14) 3a10BONBHSIE HEPIBHOCTI
Uo ()W1(5) < G(x, ) <Up (w2 ()
ne Hesin’emHi Gynkuii yq, yo € C[0, I] BiaMiHHI BiJ TOTOXXHOTO HYJIS, TO
T1Ug < T (U) <vyoug,
ne

V1= IW1(S){%U a(®)+— f(S,tJ,u(S))}ds

T

Yzzf\l/z(s){ ! _1(S)+ f(s, t,,U(S))}ds
0 a T

a oTxe, oneparop (14) € Ug -nogaTHUM.
VY konyci K, BHIUIMMO CHIIBHO IHBapiaHTHUI KOHYCHUH BiPI30K <V, Wy > yMOBaMuU
T (v, Wp) >V, T(wp, Vo) <Wp,
TOO0TO
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I
@ (x) +a—12(J;G(x, s) f(s, tj, Vo(s), Wo(s))ds = vp(X) nms Beix x€[0, 1],

|
?j (x) +a—12£G(x, S) f(s, tj, Wy (S), Vo (s))ds <wy(x) mms Beix x [0, 1].

3 ornsmy Ha Ug -10AaTHICTB oniepaTopa T KiHIl CHJIBHO 1HBAPIaHTHOI'O KOHYCHOTO BiJpi3Ka MOKHA
IyKaTH y BUIIAL <V, Wy >=<og(X), Bug(X) >, 0<a<P. Toxi mis Bu3HaueHHA o 1 [ Mu

OTPUMY€EMO CHCTEMY HEpiBHOCTEH
I
¢j(x)+ %IG(X, s)f(s, tj, aug(s), Bug(s))ds = aug(x) nms seix x€[0, 1], (16)
a o

|
oy (x)+a—12(j)G(x, S) f(s, tj, Bup(s), aug(s))ds <Pug(x) mua seix x [0, 1] . an

Cdopmyemo iTepaliiiiHuii mpouec 3a CXeMO0
y(k+D) ='f(v(k),w(k)), wk+D) ='I:(W(k),v(k)), k=0,12,...,

TOOTO
|
VD (0 = 05(x) +ai2 [G(x 9)F (s, tj, v&(s), W) (s))ds, (18)
0
|
WD () = (x) + aiz [G(x 9)F (s, tj, Wi (s), v (s))ds, (19)
0
vO () =vp (%), (20)
w© (X) =wy(X) . (21)

OcCKiIbKM KOHYCHHMH BIiIpi30K <Vg, Wy > € CHIbHO IHBapiaHTHHMM, omepatop T , Al [KOro

f - . : (k) K
omeparop T CyNpOBiJHHUIL, € TeTEPOTOHHNM, TO HocioBHICTE {V'"/ (X)} He cmanae 3a konycom K, , a
MTOCJTiTOBHICTh {W(k) (x)} He 3pocrae 3a xonycom K, . Kpim Toro, 3 HopmambHOCTi KoHyca K, i

A

TMOBHOT HENEpepBHOCTI omepatopa T BHIUIMBA€ iCHyBaHHA rpaHuimb V (X) i W'(X) mmx
nociigoBHocTell. OTKe, CIIPaBIKY€ETHCS JTAHIIOT HEPIBHOCTEH
vo=v@ <yl < <vW < <v* <wF < <w® <<t <w® =y,

Oynkuii V' 1 W e poss’sskom cncremu pismsiab V=T (v, w*), w* =T (W*,v"), T06T0 crcremn

I A
v (%) :(pj(x)+ai2je(x, $)F (5.}, v(s), W*(5)ds,
0

I ~
W (x) :(pj(x)+a—12je(x, $)F (s, tj, W' (s), v'(s))ds.
0

% sk * * . .
Skiio x oTpuManu, uo V. =W =U j» TO Uj — €I1MHa Ha KOHYCHOMY BIAPI3KY <Vg, Wp > HepyXoma
k o . . . v . .
TOYKa omeparopa T , a omke, Uj — €XuHuH HA <Vg, Wy > PO3B’30K BIIOBIIHOI KpaioBoi 3ajadi.
VYMOBOI0, fKa 3a0€3MeYUTh €JUHICTh JOJATHOTO PO3B’S3KY € Ug -IICEBAOYBIrHYTICTH omeparopa T

surisiay (14) [14], sika mMatiuMe Miciie, SIKIO Uit OyIb-SKUX TOJaTHUX 4uces V, W MpH OyIb-IKOMY
ce(0,1)

f(x, t cv,iw}of(x, tv,w), xe(O, L). 22)
(e}

OT)KC, CIIPAB/IKYETLCA TaKa TCOpCMaA.
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Teopema. Hexaii cucrema HepiBaocteit (16), (17) mae po3s’sizok (o, B) Takwmii, mo O0<o<f, i
BUKOHYEThCSI ymoBa (22). Toni irepauiiinuii mpouec (18) — (21) Ha KOXKHOMY YacoBOMY MIapi
JUCKpeTH3allii MeToJa MNpsAMHUX 30iraeTbcs 1O €JUHOTO HEMEePEepBHOTO JOAAaTHOTO PO3B’SI3KY

*

Uj e<aug, Bug > kpaitosoi 3axaui (8), (9) 1u (8), (10), mpuyomy MarOTh MiCIie HEPIBHOCTI
vo =V <v® < <V < <uf < <w® < <w® <w@ =g
3a HabmmKeHWH PO3B’S30K BUXIJMHOI HECTANIOHAPHOI 3ajadi HA j-My 4YacoBOMy Imapi Ha K -i
iTepanii mpuiiMaemMo (yHKIIFO
w®) (x) + vk (x)
2

3ayBaxx1Mo, 10 MMEPEBAror Mo0yA0BaHOTO JBOOIYHOTO iTEpalliiHOTO TPOIIECY € Te, IO Ha KOXKHIN
K -1 iTepartii ME MaeMO 3py4HY arioCTEPiOPHY OLIHKY TOXUOKH [Tl HAOIMKEHOTO po3B’si3Ky (23):

uf (0 = (23)

max u; (0 -0 (9] <7 max [w®(x) v ().
x€[0, L] 2 x40, L]

Toni ans 3amanoi TouHocti € >0 iTepalliiiHuii PoIEC CIIiJ| MPOBOAWTH 0 BUKOHAHHS HEPIBHOCTI
k: K;
max W( J)(x)—v( j)(x)
x€[0, L]
Otxe, 3aCTOCOBYIOUYH 3aIPONIOHOBAHMI METO/ JABOOIYHMX HAOIIKEHB 10 KPaOBUX 3a/1a4 METOIY
NpsSMUX Ha KO)KHOMY 4acOBOMY IIapi, MU oTpuMaemMo Halip QyHKii
(k) (k2) (km)
Up(X) =@(X), Uy (X), Uy (X)), ..., U™’ (%) (24)
Hami 3a Habopom ¢yHKiH (24) MOKHA, BHKOPUCTOBYIOUH, HAPUKJIIA/, armapaT Teopii iHTepiHamii
[16], mobynyBaTu HaGmmKeHui po3s’s30k 3anau (2) — (4) ta (2), (3), (5) y Burmaai byskuii uy (X, t),

. . K
<2¢ i3 TOUHICTIO & MOXHA BBaXaTH, IO U (X, tj)= u]f (X) = ug J)(X) .

BusHaueHoi npu Bcix Xe€[0,1], te[0, T]. e Habmmxenuit po3s’s30k Mae TouHicTh O(t). fkio

T o o
3pOOUTH PO3PAXyHKH 3 KPOKOM e TO OTPUMAEMO HAOMKEHHH pO3B’S30K Uop (X, t), sxuii

BIZIMOBIAHO 10 IpaBWiia PyHre Mo)XKHa YTOYHUTH 110 TIOPSIAKY 0(1:2) 3a (opMyIIOI0
u(x, t) =2uypm (X, t) —up (%, t). (25)

3. Pe3yibTaTi 004YHCIIOBAILHOTO €KCIIEPUMEHTY
Jlns  mpoBeleHHS ~— OOYMCIIOBAILHOTO  CKCIIepuMeHTy  Oyno  obpano a=1, |=1,

1 .
f(x, t,u) =\/J+T, o(X) =X(I —x) mis nepumx kpaitoBux ymoB i @(X) =1+ COSTETX JUISL IPYTUX
u

KpaliOBUX YMOB.

Hns  3amadoi  QyHKIIT f(x,t,u)  dyukiio f(x, t,v,w) obepemo y  BHIIIAmi

; 1 o ’ .
f(x t,v,w)= W+ —=. HepiBHicTh (22) ans Hel HaOyBae BUTISLY +/OV + o G(x/\7+ij 1,
w

Jw Jw
OYEBHUIHO, BUKOHYETHCS IS OyIb-IKUX TOJATHUX Yrcen V, W mpu Oyap-skomy o < (0,1) .

OmKe, BIANOBIIHI HENIHIAHI KpaioBl 3aja4i METOLy MNPSAMHX MaTUMyTh €IWHUN JOJAaTHUI
PO3B’S30K Ha KO)KHOMY 4acOBOMY ILIapi, IKW MOKHa Oyzie apOKCHUMYBATH IBOOIYHUMH ITEPALiSIMH.
Obepemo kpok 3a wacom t=0,1. [ns mnepmmx KpaiioBux ymoB HepiBHOcTi (16), (17)

BUKOHYBaTuMyThecsl ipu oL =3,55, 3 =6,47. Itepauiiinuii nmpouec 3a Gopmynamu (18) — (21) 306ircs 3
Tounictio £=10"% 3a wicts iTepaniii. Ha puc. 1 HaBeneHo rpadiku 301>KHOCTI JBOOIYHUX HAOIMIKEHD

Ju1st riepioro yacosoro mapy npu T=0,1. Anani3 OniHOK MOXHUOKU g =% max W(k)(x)—v(k)(x)
x€[0, L]

€k+1
€k

HaOKeHOTO po3B’s3ky (23) Ha K -if iteparii, k=0,1, ..., 6, mokasas, 1o

~(q=0,29, a omxe,

TIOCJTi TOBHICTh {u(k)(x)} 3b6iraetecs y HOpMmi C[0;1] mo TouHOro po3B’A3KYy KpaiioBoi 3amadi
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MoauGikoBaHOro Metoay Porte (s mepImoro 4acoBoro mapy) 3i MBUAKICTIO TE€OMETPUIHOI MTPOTPecii
3 MOKa3HUKOM (. 3poOuMoO Temep 3 MOYaTKOBOTO MOMEHTY uacy jaBa Kpokd 3 T=0,05. 3naueHHs

Habmwkenb 10 U(X, 0,1), otpumani o6oma criocodamu (3 kpokom t=0,1 i kpokom T=0,05), a Takox
yTO4HEHi 3a (hopmMyIoro (25) 3HaueHHs Ha ciTili 3 KpokoM 0,1 HaBeneHo y Tadm. 1.
w00, v x)

\

0.3
0.2 SUPTRERARETY

0.1

1 X
0.2 0.4 0.6 0.8

Puc. 1. I'pagpixu 6epxmix ma HudiCHIX HAOAUINCEHb OJIS NEPULO2O HACOBO20 WLADY
Y UNAOKY NepuLux Kpaosux ymos

Tabnuys 1. 3uauennsa nabauxcens 0o U(X, 0,1) na cimyi 3 kpoxom 0,1
X 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
=01 0 0,1118|0,1897|0,2430|0,2743|0,2847|0,2743|0,2430|0,1897|0,1118
t=0,05 0 0,1137(0,1930|0,2471|0,2787|0,2891|0,2787|0,2471|0,1930|0,1137
0

YTouHeHHI 0,1157|0,1964 0,2511(0,2830(0,2935|0,2830(0,2511|0,1964 | 0,1157
3HA4YCHHA

O |00k

Obepemo kpok 3a uvacoM t=0,1. Jlns ppyrux xpaiiopux ymoB HepiBHocTi (16), (17)
BUKOHYBAaTUMYThcs pu o = 6,53, B=17,60. ITepaniitnuii npouec 3a ¢popmynamu (18) — (21) 36ircs 3

Tounictio £=10"% 3a 4oTHpH iTepaiiii. Ha puc. 2 HaBeseHo rpadiku 301KHOCTI ABOOIYHUX HAOIMKEHB

U1 mepiioro yacosoro mapy npu T=0,1. AHai3 OLIHOK MOXUOKH g =% max W(k)(x)—v(k)(x)
x€[0, L]

Skl g=0,11, a orxe,

gk

HaOKeHOTo po3B’si3ky (23) Ha K -if irepamii, k=0, 1, ..., 6, nokasas, 1o

HOCJTIIOBHICTh {u(k)(x)} 36iraetecss y Hopmi C[0;1] mo TouHOro po3B’si3Ky KpaiioBoi 3amgaui
MoaudikoBaHoro Metoxy Porte (a5 mepmioro 4acoBoro mapy) 3i IBUIKICTIO TEOMETPUYHOI ITporpecii
3 MOKa3HUKOM (. 3po0MMO Temep 3 IMOYaTKOBOTO MOMEHTY uacy aBa Kpoku 3 T=0,05. 3naueHus

Habmmkens 10 U(X, 0,1), orpumani o6oma criocodamu (3 kpokom T=0,1 i kpokom T=0,05), a Takox
YTOYHEHI 3a (hopmMyIoro (25) 3HaveHHs Ha ciTii 3 kpokom 0,1 HaBegeHO y Tab. 2.

4. BucHoBKH

B po0ori Briepie 3anponoHoBaHo KoMOiHaIlis MoaudikoBaHoro Metona Pote i Merona aBOOIYHUX
HaOMMKeHb JUIsI  3HAXO/DKEHHS  HAaONMKEHOro PpO3B’SA3KY IIOYAaTKOBO-KpaoBUX 3amad  Juisd
OJTHOBUMIPHOTO KBa3iIiHIHHOTO pIBHSHHSA TEIUIONPOBLIHOCTI. OOYHCIIOBaIbHUNA  EKCIICPUMEHT,
NPOBEIEHUH AJIS 33/1a4i 31 CTETIEHEBOIO HENiHIHHICTIO, POJAEMOHCTPYBaB MOXIIUBOCTI Ta €PEKTHBHICTD
MeToza. 3arponoOHOBAaHUM MigXig Moxke OyTH BHKOPHUCTaHMU HpW PO3B’S3aHHI Pi3HUX MPHUKIAJTHUX
3a/1a4, MaTEMaTHYHHMH MOJCIISIMH SKUX € PO3TJSHYTI IMOYaTKOBO-KpaWoBi 3amadi, 1 Moxe OyTu
PO3IIOBCIOJUKEHUI Ha OaraToBUMIpHUN Bunanok. L{uM BH3HauaeThCs HAyKOBa HOBHM3HA Ta IpaKTHYHA
3HaYMMICTh OTPUMAHUX y POOOTI pe3ysbTaTiB.
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W(k)(x), V(k)(x)

1.6
1.4
1.2
1.0
0.8

0.2 0.4 0.6 0.8

Puc. 2. I'paghixu sepxnix ma HUNCHIX HAOIUNCEHD OJIA NEPUIOSO YACOBO20 ULADY
¥y 8UNAOKY OpyeUux Kparosux ymos

Tabnuys 2. 3uauenna nabauxcens 0o U(X, 0,1) na cimyi 3 kpoxom 0,1

X 0 0,1 0,2 0,3 0,4 05 0,6 0,7 0,8 0,9 1

t=01 {1,7079|1,6831|1,6113|1,4994|1,35851,2025|1,0466|0,9062|0,7949 (0,7235|0,6989

t=0,05 |1,6534|1,6313|1,5673|1,4677|1,3424|1,2036|1,0650|0,9402|0,8414|0,7781|0,7563

VYTouHeHH1
3HAYECHHS

1,59891,5795|1,5234 11,4361 |1,3262|1,2046 | 1,0834|0,9743|0,88800,8327|0,8137
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VJIK 539.3: 534.1

MopentoBaHHsI JUHAMIYHOTO BIATYKY IIAPYBATUX KOHCTPYKIIIH
Ha IMITyJIbCHE HaBaHTa)KCHHS

H.B. Cmerankina, C.B. Yrpimos, O.M. IllymikoB
Tuemumym npobaem mawunodyoysanns im. A. M. ITiocopnoco HAH Vkpainu, eya. Iloscapcoroeo, 2/10,
M. Xapxis, 61046, Vkpaina
e-mail: nsmetankina@ukr.net

Ha ocHOBI pi3HMX JNCKPETHO-CTPYKTYPHHX TEOpiH NPOBEICHO IIOPIBHIOBAIBHUI aHANi3 IapaMeTpiB HaIpyKeHO-
neopMOBaHOTO CTaHy MIAPYBATHX KOHCTPYKWIH NPH IMIYJIECHOMY HaBaHTaXeHHi. Po3po0JeHO MeToJ MOCIiKEHHS
HECTAI[IOHAPHUX KOJMBAaHb IIAPyBAaTHX IUIACTHH. METOX O3BOJISIE BIPOTiTHO ONUCYBAaTH IWHAMIYHY HMOBEIIHKY IIapyBaTHX
CIIEMEHTIB KOHCTPYKLIA 3 pisHUMH (i3MKO-MEXaHIYHUMH BJIACTHBOCTSAMHU INApiB. BCTaHOBIGHO ICTOTHHH BILIUB
JIOKATi30BAaHOTO HABAHTAKCHHS Ha HANPYXCHHS. 3alpOINOHOBAaHMN MiAXil MOKe OyTH BHUKOPHCTAHHH IMPH NMPOEKTYBaHHI
[IapyBaTOTO OCKIIiHHA.

Knrwuoei cnosa: ouckpemno-cmpykmypHi meopii, wapysami KOHCMPYKYIL, IMNYIbCHE HABAHMANCEHHA, HeCAYIOHAPHI
KOJIUBAHHAL.

Ha ocHOBe pa3smuuHBIX AUCKPETHO-CTPYKTYPHBIX TEOPUH INPOBEICH CPaBHUTENBHBIM aHAIW3 IapaMeTPOB HAIPSLKCHHO-
J1e(hOpMHUPOBAHHOTO COCTOSIHHSI CIOMCTBIX KOHCTPYKIHMII MPH MMITyJbCHOM HarpykeHuu. Pa3paboTaH MeTox HMCCIemOBaHHS
HECTAI[MOHAPHBIX KOJIeOaHMH MHOTOCIOWHBIX INIACTHH. MeTo/| TO3BOJISIET TOCTOBEPHO ONMCHIBATh TMHAMUYECKOE ITOBEICHHE
MHOTOCJIOWHBIX 3JIEMEHTOB KOHCTPYKIMH C Pa3IMYHBIMH (H3MKO-MEXaHHYECKUMU CBOWCTBAaMH CJIOEB. Y CTaHOBIICHO
CYIIECTBEHHOE BIIMSHHE JIOKAJIN30BaHHOW HAarpy3Ku Ha HampspkeHHs. [Ipe/ioxeHHBIH T0AX0.1 MOKET OBITh MCHONB30BaH MpH
IIPOEKTUPOBAHUU MHOT'OCJIOMHOTO OCTEKJICHUS.

Kniouesvle cnosa: ouckpemno-cmpykmypHvie meopuu, CLOUCHbIe KOHCMPYKYUL, UMRYIbCHOE HAZPYICEHUe, HeCMAYUOHAPHbIE
Konebanusl.

Parameters of a laminated structure effect considerably on the selection of a theory being used. Layers in the pack, which have
significantly differing physical characteristics, make the structure all the more susceptible to transverse strain, viz. shear and
reduction. The application of 3D elasticity theory equations for investigating non-stationary deformation in laminated
structures is faced with significant mathematical complexities. Therefore, 2D theories have found extensive implementation in
the design of real structures. The key feature of the modern stage of development of multilayer structures mechanics consists in
the transition from more simple 2D models to more complex ones possessing higher accuracy. Therefore, the development of
refined 2D models of multilayered structures for the investigation of non-stationary deformation processes is an important
problem. The purpose of this research is to develop a method for calculating the response of layered plates under impulse
loading, as well as a comparative analysis of possibilities of different 2D theories.

The layer-wise refined model of elastodynamic of laminated plates for investigation dynamic process is presented.
This model is based on expanding displacement vector components of each layer into power series about the transverse
coordinate. It takes into account transverse shear and normal strains in each layer. This allows to describe reliably the dynamic
behavior of laminated structural elements with different physical and mechanical properties of layers. The motion equations
and boundary condition are obtained from a variational principle. The solution method is an analytical-numerical one.

The model possibilities are illustrated on investigations of three-layer structures under impulse loading. The results
are compared with data obtained from the classical theory as well as the layer-wise theory based on the broken line hypothesis
(the Grigoliuk-Chulkov's model). Special attention is placed on analyzing the stress-strained state of laminated structures
subjected to local loads. The proposed approach can be used in design of the laminated glazing.

Keywords: layer-wise theories, laminated structures, impulse loading, non-stationary vibrations.

1 Beryn

CkJIaiHICTh PO3B’SI3aHHA 33/1a4 PO KOJHMBAaHHS MIApYBAaTHX KOHCTPYKIIH B paMKax TPHUBHUMIiPHOL
Teopil MPYKHOCTI CTUMYIIOE PO3BUTOK JBOBHUMIPHHX Teopiil miactuH 1 obosoHok [1 — 4]. MoxHa
BUJIUINTH JIBA OCHOBHUX MiAXOAW A0 TOOYMoBM Takux Teopid. llepmmii miaxin 3acHOBaHWi Ha
BUKOPHUCTaHHI €IMHHUX B3JI0BXK TOBIIMHU TUIACTUHHN a00 OOOJIOHKH KIHEMAaTHYHHX 1 CTATUYHUX TINOTE3.
VY oMy BHMAJIKY MOPSIOK BH3HAYAIHLHUX PIBHSHL HE 3aJICKUTH BiJl KITBKOCTI MmIapiB. Jpyruid miaxina
NOB'I3aHUM 3 MOOYIOBOIO TEOpii HA OCHOBI NMPUHHATTS HE3AIEKHUX KiHEMATUYHUX Ta CTaTUYHUX
rinoTe3 [0 KOXHOTO Iapy. Y IbOMY BHUIAJKy MOPAJOK CHCTEMH DPIBHSHB 3aJ€XKHUTh BiJ KiJIBKOCTI
mrapiB  o0osonku. lle mae MoXMBICTH OUNBII TOYHO ONUCATH HANPYXKCHWH CTaH IIapyBaTHUX
KOHCTPYKIIiH, alle CyIPOBODKYEThCS K YCKIaIHEHHSIM CaMOi MOJIEN, TaK i 30UIBIICHHSIM PO3MIipHOCTI
CHCTEMH BH3HAYaJbHUX PiBHAHb. TOMYy HEOOXiAHO YiTKO PO3YMITH, KOJH CJiJl BUKOPHUCTOBYBATH TOM
abo iHmmii migximg Ta Teopito. Ix BHOIp OOYMOBIIOETHCS CIIBBiZHOMEHHAM (i3MKO-MEXaHIUHHMX
mapamMeTpiB MaTepialliB mapiB, reoMeTpicro 00'ekTa, MmapamMeTpamul HaBaHTaKeHHs. Haifgacrime 11i
NHUTaHHS JOCIIDKYIOTBCS IS 33/1a4 CTAaTUKU 1 BUIBHMX KOJIMBaHb IIApyBaTUX KOHCTpyKHid [3 — 5].

© CmeTaHkiHa H. B., Yrpimos C. B., LWynikos O. M., 2018
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ToMy aKTyampHOIO 33Jadyel0 3ajJHINAETbCA JOCHTIDKEHHS I[epepaxoBaHuX BHINE (AKTOpPIB MpH
HECTaIllOHAPHOMY HaBaHTAXCHHI.

MeTor AOCTIKCHHS € PO3po0Ka METOAY Ui PO3PaxXyHKY KOJUBaHb IIApyBaTHX IUIACTHH NPU
IMITyTH,CHOMY HaBaHTaXXEHHI, a TaKOXX MOPIBHAIBHUNA aHaNi3 pPe3ylbTaTiB PO3PaXxyHKy ITapamMeTpiB
HampyXeHO-Ie(pOPMOBAHOTO CTaHy, SIKi OTPUMAHO Ha OCHOBI Pi3HUX TEOPIH.

2 IocranoBka 3agayvi. MaTemMaTH4yHA MO/ieJIb IIAPYBATOI KOHCTPYKIIii
Posrnssaemo GaraTomiapoBy MpsSIMOKYTHY IIAPHIPHO OMNEPTY IUTACTHHY, 310paHy 3 AOBUIFHOTO YMCIIA

| i3oTporHux mapiB noctiitHoi ToBmmHK hj (i=1,1 ). ®isuKko-MexaHiuHi BIaCTHBOCTI MApiB y MaKeTi

MOXYTb 3HA4YHO BiI[pi3H$ITI/IC$l. BBeI[eMO JACKApTOBY CHUCTEMY KOOpAWHAT OxyZ, SAKY 3B'SDKEMO 3
30BHIIITHEOIO IMOBCPXHCIO IEpIIOTO MIapy IJIACTHUHH. Ha MJIaCTUHY I[iIOTI) IleﬂKi HCCTaHiOHapHi

HaBaHTa)KEHHS PZ{p J-(X,y,t)} (j=1,31+3, t — uac). [lpunyctumo, 1O HANpYXEHHS B IIapax

TUTACTHHU HE TMEPEeBUIIYIOTh TPaHUIb MPYKHOCTI MaTepialiB mapiB, a HABAHTAXXCHHS € TAKUMH, IO
JIOITYCKAIOTh BUKOPUCTaHHS T€OMETPHUYHO JIiHIHHOI Teopii apyBaTrX IJIACTHH.

MaremaTnyHa MoAENb, IO OMHUCYE HecTalioHapHe aedopMyBaHHs IUIACTHHH, 3aCHOBaHa Ha
rimoTe3ax YTOYHEHOi Teopii Mepumioro MOpsAKy, MO0 BpaxoBye nedopmallii MOMEPEevyHOro 3CYBY,
OOTHCHEHHS B3[IOBK TOBIIMHU Ta iHEPIil0 0O0EpTaHHS HOPMAaJIbHOTO €IeMEeHTa B KOXKHOMY mapi [6].
[Ipr bOMy TpHITyCKA€THCA, MO IS MAKeTa CIpaBeIMBa TillOTe3a J1aMaHOi JiHii, a KOHTAKT MiX
[IapaMy BUKJTIOYAE iX po3MIapyBaHHs i B3aEMHE MPOKOB3yBaHHS. TaKuM YHHOM, MTEPEMIIIEHHsT TOUKH i-
ro Iapy B HAMpPsAMKY KOOPAUHATHUX OCEN Ma€ BUTIIS

. i-1 _
Uk = U+ 2 NjUseg (koapr j +(Z =) Ugrieenpis K=1,2,3, i=1,1, @
=
e U =ug (x,y,t), k=1,2,3 — mnepemilleHHs TOYKM KOODJMHATHOI TMOBEPXHi B HAMPAMKY
KOODIMHATHHX OCeH; Uzs|(k—1j+i = Uz+i(k—1pi (X, Y1), K=1,2 — KyTn TOBOpOTy HOpManbHOro

eneMeHTa B i-y mapi; Uz4o |+ =Uz+2 1+ (X,Y,1) — OOTHCHEHHS HOPMAIBLHOTO €TEMEHTA B MEXAX I-TO

i _
uapy; o; = Zhj’ 0j1<2<6;, 1=1,1.
=1
Ha ocnoBi Bapiauiiinoro npunuuny Octporpaicbkoro-lI'amineToHa [6] oTpuMye-MO cHUCTEMY
PIBHSHB PyXy TUIACTHHU

QU y—-AU=P, U=U,;=0, t=0 2
1 TpaHWYHI YMOBH Ha KOHTYpI
B/U=0 3)
BiZIHOCHO He3anexxuux QpyHKUik nepemimens (1) U= { Ui }, i= 1,3|—+3

Tyr A1 B - MaTpHIIi, eIEMEHTAMH SKHX € Ju(epeHIiiaibHi oneparopu [6].
EnemenTtn matpumi € , siKi He JOPIBHIOIOTH HYJIIO, MAIOTh BUTIIS]

_ o —l _ _ _ _ _ A
Q1=Q7,=Q33=C,, Q34 =Q34j1 = Qo341+ = Q341+ 2 = Q33421+ = R3+21+i3= D),
_ _ _ i
Q34izj = Qari4izei+j = Qarar4ize2i+j =My

_ N _ 2~
C,= _Zl‘"ﬁg ’ Dlp‘hi(cp _Clp)"'ﬁlp' Kj=h (Cp _CL)"'VIP'
J:

h;D,, j<i,
mp=1 Kp, =i i,j=1,1.
D), i>i,

3 MeTtoa po3B’si3aHHsI IPOOJIeMHU
Uepes Te, IO IJIACTMHA MIAPHIPHO ONEpPTa, PO3B’ 30K OTPUMAHOI CHCTEMHU pIiBHSHBL Pyxy (2)
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3HAXOJIMMO IIIJISIXOM PO3BHHEHHS MEPEMIIIEeHb 1 30BHIITHIX HaBaHTaXeHb y paan Dyp'e 3a QyHKITIAMHE,
110 33JJ0BOJIBHAIOTH IPAaHUYHUM YMOBaM (3)

o0 o0 o0 e8]
uj(x,y,t)z 2 z¢’jmn(t) Bjmn(X,Y), pj(x,y,t)= 2 ijmn(t) Bjmn(xvy)a 4)
m=1n=1 m=1n=1
ne By —cos—mmsinnﬂr Bomn =sin —mmcosnﬂr Bsn =Sin —mmsin@
mn A B ) 2mn A B ) 3mn A B )
Bs+imn=Bimn. Ba+1+imn=B2mn Bs+21+imn=Bsmn, J=1,31+3, i=1,1, m=1m,

n=1n";

A i B — po3mipH mIacTHHU B TUTaHi.

Cuctema (2) 3 ypaxyBaHHSM PO3BHUHEHb (4) 3BOAMTHCSA O CUCTEMH 3BHUYANHMX TU(epeHIiaTbHUX
PIBHSIHB APYTOTO MOPSIKY, SIKA IHTETPYETHCS MOAN(IKOBAHUM METOJIOM PO3BHHEHHS PO3B’S3KY B PsA
Teitmopa [7].

ITicns oGuuncieHHs KoedilieHTIB PO3BUHEHHS B psinu (4) BH3HAdaroThCs mepemimeHHs Uy, (1) i

HAIPYKEHHS oy Y IIapax [UIACTHHH.

4 YuceanbHi pe3yJbTaTl
Jist OIiHKK JOCTOBIPHOCTI PO3pOOICHOTO METOAY MPOBEIACHO AOCHTIKEHHSI KOTMBaHb KBaJpaTHOL
TPUIIAPOBOI IUIACTUHH TIiJ] BIUIMBOM IMITYJIbCHOTO HAaBaHTAXKCHHS

t t
- PO'(l—T—)'eXp(—aZj, O<t<z,,

+
0, t>7,

ne 7, =7,7 mc; a=0,55; By =68948 Ila.

I'eomeTpuyHi XapakTepucTUku mimacTud — A=B=1325 m, hh=h3=4,76 mm, hy, =152 mm.
®izuko-MexaHiuni BiactmBocti mapie — E; =72 TIla, p=p3=2500kr/M°, v;=0,25;
E, =0,274 I'Tla, p, =1100 Kr/M, vo, =0,38( Ej — monyns mpyxHocTi, vj — koediuient [lyacoHa,
pj — TycTHHa Matepiainy i-ro mapy).

PesynbraTtu po3paxyHKy 3a 3allpOIOHOBAHUM METOJIOM IOPIBHIOBAJIHUCS 13 JaHUMHU aHAJIOTIYHOTO
nmocimkenns, mposeaeHoro L. R. Dharani na ocHoBi kiacuunol Teopii [8].

Ha puc. 1 mokazaHo 3MiHEHHs NPOTHHIB 3a 4YacoM IocepeduHi miuactuHu. CyminpHa JiHiSA
BI/INTOBiae yTO4HEHil Teopil, mrpuxosa — Teopii E. 1. I'puromtoka-I1. I1. Yynkosa [3], Toukamu — naHi,
orpumani L. R. Dharani 3a kiacuunoro Teopieto. CriocTepiraerbes J00pe y3roKEHHs YCiX HaBEICHHX
pe3yIbTaTIB, IO MATBEPIKYE iX TOCTOBIPHICTD i paIe3aTHICTh 3aIIPOINIOHOBAHOTO TTiIXO0TY.

CM

Puc. 1. 3minenns npoeunis 3a uacom

Crig 3a3HaYWTH, M0 PO3TIISIHYTA IUIACTHHA BiHOCHTHCS O TOHKUX, & HAaBaHTAXKEHHS JI€ MO BCil
30BHINIHIN TOBEPXHI MEPIIOTo Mapy rmiacTuHu. CaMe 1M MOSICHIOIOTHCS CIIBIIAAIHHSA PE3yJIbTATIB, K1
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OTpUMaHi 3a yciMa pO3TIIHYTHMH MoAeNsiMu. [Ipu 301npIeHH] TOBIIHMHM IJIACTUHU 200 TIPHU HASBHOCTI
HETOHKHMX M KX IIapiB, a TAKOXK MPU BIUIMBI JIOKAJTi30BaHUX HaBaHTa)KEHb PE3yJbTaTH PO3PaxyHKIB
3a PO3TISTHYTHMHU MOJAEISIMU OyIyTh iICTOTHO BiJIpi3HATHUCS.

HocmimkeHo auHaMiIYHY TOBEAIHKY TPHINAPOBOi KBAaJPATHOI MIAPHIPHO OMEPTOi IIIACTHHU TPH
IMITyTh,CHOMY HaBaHTa)KCHHI

_1 . . owE . X=X . Y-V¥1
p3 == Py[1+sign(t; —t)]sin —sinz sinz , (5)
2 tt X-X  Y2-Wn

0 MPUKIAJECHE [0 30BHIIIHBOI MOBEPXHI MEPIIOro MIapy MO HPAMOKYTHIM AUISMHII X < X< Xo,
V1SY<Y>, t1=4-10_3 c.

I'eomerpuuHi i MexaHniuni nmapamerpu miactuan — A=B=0,5wm, hy =h3 =15 MM, hy =3 mm;
E;=E3=61,2 I'Tla, E,=0,28 I'Tla; v =v3=0,22, v3=0,39; p1= p3 =2500 kriv’,
po =1200 kr/m® (v; — xoedimient ITyacoHa, pj — rycTHHA MaTepiaiy i-ro mapy).

KonuBaHHs i€l TUIACTUHM JOCIIDKEHO TMPH IMITYJIbCHOMY PO3MOAUICHOMY 1 JIOKaJIi30BaHOMY
HaBaHTaxeHHi (5). PosmopineHe HaBaHTa)KeHHS, IO Jli€ MaiKe M0 BCiM MOBEPXHI 30BHIMIHLOTO MIApPY,
Mae HacTynHi nmapamerpu X =Yy; =0,01m, X, =Yy, =0,49m, Ry=7,8125klla, a nokamizoBane, sKe
posnoAiieHe MO KBajpaTHiil momanui posmipoMm 4,8MmMx4.8mMm - X =Yy;=0,2476Mm,
Xo =Y, =0,2524m, Ry =78,125MI]a.

Ha puc. 2, a, 6 MOKa3aHO PO3MOMiN HOPMAJbHHX HAMpPYXKeHb oy B3IOBK TOBIIMHM MOCEPEIMHi
MIAaCTUHA ( Xp = Y p = 0,25M) y MOMEHT 4acy, KOJM BOHH JOCSTal0Th MAKCUMabHUX 3Ha4CHb. Puc. 2, a
BIJITIOBi/Ia€ PO3IMOAIIEHOMY HAaBaHTaXEHHIO, a puC. 2, O — JokamizoBaHOMY. HampyxeHHst B mmapi 3
noiiMepHoro Marepiany (i=2) Ha pUCYHKAax HE HaBEICHO, OCKUIbKM BOHH CYTTEBO MEHIII 3a
aHAJIOTIYHI 3HaueHHs I Hecyunx mapiB (i=1,3). CyuinpHa JiHIS BIANOBIAAa€ yTOYHEHIH Teopii,
mrrpuxosa — Teopii E. 1. I'puromoka-I1. I1. Yynkoga.

1,0 0,5 ) 0,5 o}, Mlla 4 ) 0 2 ¢l ,Mla
Y .
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5 NN
=] o
a | |#
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RS .
a 0

. i
Puc. 2. Poznooin nanpysicenv Oy 630062ic MOGUIUHU NIACHUHY

3mineHHs nporuniB W =U3(X,y,t) i Hanpykens oy B uaci B Touni Xp =Y, =0,25M, z=d3 Ha

30BHIILIHIN MOBEPXHi TPETHOTO LIAPY MiJl Ai€I0 JIOKaJli30BaHOTO HABAaHTAXKEHHS HaBEICHO Ha pHc. 3, a, 0.
CyuinbHa JiHiA BiANOBinae yTouHeHil Teopii, mtpuxosa — teopii E. 1. ['puromtoka-II. I1. Yynxosa [3, 6,
7].

[opiBHsuibHMI aHami3 3anexHocTeil (puc. 2, 3) moka3ye, IO NPH BIUIMBI PO3MOILIEHOTO
HaBaHTA)XKEHHS pe3yJIbTaTH, SKi OTpUMaHi 0e3 ypaxyBaHHS IMOIEPEYHOr0 OOTHCHEHHS IIapiB, A0Ope
Y3TOJDKYIOTBCSI 3 aHAIOTIYHUMH JIAaHUMH PO3PaxyHKY 32 3allpONOHOBAaHOI0 YTOYHEHOK TEOPIEro
mepmoro mopsaky (puc. 2, a ta puc. 3, a). Koo Ha 1uracTuHy Ji€ JIOKajai30BaHE HaBaHTaXEHHS,
pe3yabTaTH, IO OTPUMaHi 3a PO3IIITHYTUMH MOJIEJISIMH, BXKE 3HAYHO Bipi3HAIOTECS (puc. 3, 0).
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Puc.3 3anesxcnicms nepemiujens w i Hanpyosicens ai 6i0 uacy

JocmimKkeHo BIUTUB XapaKTEPHOTO po3Mipy Iiomaii (o0macTi) HapaHTaXeHHS (5) Ha MaKCUMAaJbHI
3HAYCHHS HAIMpYyXEHb Y HECyUHX MIapax pO3TJSIHYTOl IiacTWHH. SIK 1 paHille, NPUIYCKAEThCS, IO
HAaBaHTA)XCHHs [i€ Ha KBaJpaTHIM IUIOMAALI 31 CTOPOHOKW L =Xy —X; =Yo—Y;, fKa po3TalIOBaHA

CHUMETPHUYHO BiTHOCHO LICHTPY 30BHIIIHBOI MOBEPXHI IUIACTHUHMU. 3arajbHa CHJIA, [0 NPUKJIAAAETHCS 10
TUTACTHHH, 3aMIIAEThCS 3aBXAW cranoro 1 gopiBaioe 1,8 xH, Xapaxrtepumii posmip oOmacTi
HaBaHTaXeHHs L BapitoeThcss B jgiama3oni Bim 48 cM no 0,48 cm. ['paHuuHiI 3HAauYCHHS Jiana3oHy
BiJIMIOBIIal0Th PO3TITHYTHM PAHIIIE BUITAIKaM PO3IIOIIJIEHOTO Ta JOKAi30BAHOTO HABAaHTAKEHb.

Ha puc. 4 HaBeneHO MaKcHMallbHI 3HAUEHHS HANPYXKEHb IMOCEPEIUHI 30BHINIHIX ITOBEPXOHb
Hecyunx mmrapiB. CylifipHa JiHIS BiANOBiNA€e yTouHeHii Teopii, mTpuxoBa — Teopii E. I. ['puromioka-
I1. II. YynkoBa. BunHo, 1m0 pi3HUIS B pe3yibTarax, SKi OTPHMaHi 32 IUMH TEOPisIMH, 301TBIIYEThCS
MpU 3MEHIIIEHHI PO3MIpiB 00NacTi HaBaHTakeHHS. BiIMIHHOCTI CTalOTh MOMITHUMH IIPH PO3MIpi
IUIOIIAJIKM HaBaHTAKEHHS, ska MeHmie 3a 10 cM, 1[0 BiANOBiA€ NPUOIU3HO TPHOM TOBIIMHAM
wiactuHu. 3a teopieto E. 1. I'puromroka-I1. I1. Yynkosa, sika He BpaxoBye momnepeuHi nedopmarii mapis
NakeTy, Uil PO3TIIAHYTOI IUIACTUHM Ha 30BHILIHIX IIapax OTPUMAaHO OJHAKOBI 3a MOAYJIEM 3HA4EHH:
HanpyXeHb. AJie MpH JIOKaJTi30BaHOMY HaBaHTAKCHHI XapakTep PO3MOJUTY peallbHUX HaNpyKEeHb
B3JIOBK TOBIIMHU Ma€ OUIbII CKJIAIHWKA XapakTep (muB. puc. 2, 0). Y pe3yinbraTi 3a MOJIEIUIIO
E. I. I'puromnroka-11. [1. YynkoBa Ha 30BHIIIHIA MMOBEPXHI MEPIIOrO IMapy 3TWHHI HAMpPYXEHHS €
MEHIIIMMHU 3a aHAJIOTIYHI 3HAYCHHs, SKI OTPUMAHO 3a 3alpPOIIOHOBAHOK YTOYHEHOIO TEOPI€l0, a Ha
30BHINIHIM TOBEPXHI TPEThOrO MIapy, HABIAKH, HANPYXEHHS MAalOTh OUIbINI 3HaYeHHS. Teopis
E. I. I'puromroka-11. [1. UynkoBa B po3riIssHyTOMY BUIAJKY JTO3BOJISIE OJIEPXKATH OCEpEIHEH! 3HAYCHHS
JiHICHUX HampyXeHb.

Jns BUMAAKY JIOKaTi30BaHOTO HAaBaHTaXEHHsI KBaapaTHOI TpumapoBoi miactuHn A=B=0,5m
cumerpuuHoi Oyznosu (hy =hg) 3 Takumu k MexaHIYHMMH IapameTpaMy IIapiB, SK AT PO3IIISHYTO

BHUIIIC TUTACTUHH, MPOBEACHO JOCIIKEHHs BIUIMBY CITIBBIJIHOIIECHHS TOBIIMH IIApiB HA MaKCHMaJbHI
3HA4YEHHS 3rMHHUX HanpyXeHb. TOBIIMHA APYroro, OLIbII M’SKOTo, MIapy BapiloBayacs B Aiana3oHi Bij
3 MM 110 27 MM TIpH CTalil TOBIIMHI MJIACTUHH y 33 MM.
,
S |
MITa
44

21 = =3

Puc. 4. 3anescnicmo MaxcumManrbHux 3HaA4eHb 3eUHHUX HANPYHCEHb 8i0 XapaKmepHo2o po3mipy obnacmi
HABAHMANHCEHHS
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Ha puc. 5 mokazano 3MiHEeHHs Hamlpy>Ke€Hb y 30BHINIHIX IIapaxX y 3aJIe)KHOCTI BiJ TOBIIHHA IPYTOTO
Hrapy mpH JIOKaJli30BaHOMY HaBaHTaxeHHi. CylijibHa JIiHisl BiINOBiga€ YTOYHEHIH Teopii, ITpuxoBa —
teopii E. L. [puromroka-I1. II. Yynkosa. Ilpu 30inblieHHI TOBIIMHU M’SIKOTO IIapy OOTHCHEHHS
TUTACTUHU CTa€ OUTBII TMOMITHHM 1 PI3HHUIL MDK pe3ylbTaTaMH, SKi OTpHMaHI 3a MOZENSMH, IO
BPaxOBYIOTh 1 HE BPaxOBYIOTh OOTHCHEHHS, 301ITBIITYETHCS.

ol ok
A

LITa
a0 T+

60 : : : : : -
0 5 10 15 20 L

Puc. 5. 3anescnicmv MaxcumanoHux 3HA4eHb 32UHHUX HANPYXHCEHb 8i0 MOBWUHU OPY2020 wapy npu
JNIOKANI308AHOMY HAGAHMAJICEHHI

BucHoBku

CTBOpPEHO METOJI JOCIHIKEHHS Hampy>KeHO-Ae(QOpPMOBAHOTO CTaHy INAapyBaTUX IUIACTHH, SKHHA
0a3yeTbcsi Ha YTOYHEHIH JAMCKPETHO-CTPYKTYPHIM Teopil IIapyBaTWxX IJIAaCTHH, IO BPaxoBYE
nedopMariii monepeyHoro 3¢yBy, OOTUCHEHHS B3JIOBX TOBIIMHM Ta iHEPIIi0 00EPTaHHS HOPMAJILHOTO
€JIeMEHTa B KOXKHOMY IIapi.

Ha TtecroBiit 3ama4i po3paxyHKy MpoOIeCy HECTAIIOHAPHOTO AeQOpMyBaHHS TOHKOI TPHIIAPOBOL
IUTACTUHU TiJi BIUIMBOM IMITyJIbCHOTO PO3IMOJAIICHOIO HABAaHTAXCHHS JIOBEICHO C(EKTUBHICTH
po3pobneHoro Merony. Pesynbprath po3paxyHKy 3a 3alpollOHOBAaHWM METOJOM IOPiBHIOBAINCS 13
JMAHUMH aHAJIOTIYHOTO AOCHiDKeHHS, ske mpoBeneHe L. R. Dharani Ha ocHOBI kimacu4uHoOi Teopii, Ta 3
JAaHUMHU, SIKi OTprMaHi Ha ocHOBi yrouneHoi Teopii E. I. ['puromnroka-Il. I1. Uynkosa. Crioctepiraerscs
Jo0pe Y3roJKCHHS PE3yJIbTaTiB 3a yCiMa PO3IISIHYTUMH MOJCISMHU JUIS BHUIAJKY BiJHOCHO TOHKOI
TUTACTUHU TIPU PO3MOIIIICHOMY HABaHTAXXEHHI.

Ha ymcenbHUX MpUKIIagaxX po3paxyHKy TPUIIAPOBUX KOHCTPYKI[H CUMETPUYHOT OYyI0BU MPOBEICHO
JIOCII/DKEHHST  1X  HalpyXeHO-Ie(OpMOBAaHOIO CTaHy NPH PO3MOAUICHUX W  JIOKAJIi30BaHUX
HaBaHTaxeHHsX. [lokazaHo, MmO TpW JIOKaTi30BAHOMY HAaBaHTA)XCHHI BpaxyBaHHS TIOIEPEYHOTO
0OTHCHEHHS [IapiB iICTOTHO BILIMBAE HA 3HAYEHHS OTPHUMAHUX HAIIPYXKEHb.

3anponoHOBaHUI MigXiJ MOXKe OYTH BHKOPHCTaHHH NTPH PO3PaxyHKy Ha JMHAMIYHY MIIHICTb
[IapyBaTOTO OCKJIIHHS TPAHCIIOPTHUX 3aCO01B.
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