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IllaHoBHI YnTAYi TAa aBTOPH NbLOr0 30ipHMKAa!

3 cepmas 2015 p. 3a HAmmWM 361pHH1<0M mz[TBepszeHo Horo TpaaumiiHy Ha3BY
Bicuuk XapkiBcbkoro HamioHaiabHOro yHiBepcutery imeHi B. H. Kapasina cepis
«MareMaTruHe MOJeNMOBaHHs. [HpopMaliiiHi TexHonoril. ABTOMAaTH30BaHI CHCTEMHU
yIOpaBIiHH», ale BOAHOYAC HOTO 3aTBEPIKEHO SK CaMOCTiiiHE YHIBEpCHTETCHKE
BUJAHHS, SKE HE 3ajJeKaTHMe HaJali BiJ CBOTO MaTepWHCHKOTO BUAaHHA BicHuka
XapKiBCBKOTO HAI[IOHAJBHOTO YHIBepcuTeTy. MOKHAa BBaXKaTw II€ TOYaTKOM
MOCTYMOBOTO PyXYy J0 MEPETBOPEHHS HAIIOIO MEPiOJUYHOrO BUAAHHS B HAYKOBHMH
KYpHAI.

Take nepeTBOpeHHs He MOXKe BinOyTHCh Oe3 Barroi momoui, Hamr MIaHOBHI YUTaYi Ta
aBTopu!

[Nepmioro, xo4ya Jajeko HE OCTAHHBOIO BHMOTOIO JIO JKypHAIIy € 3a0e3medeHHs 4-X
MOBHOIIHHUX 1 CBOEYACHO MIATOTOBIEHUX BHUIYCKiB Ha pik. Yekatnmemo Ha Bamry
aKTUBHY y4acTb y (OpMYyBaHHI Ta IMOCTiHHIM MiATPUMIN BiAMOBIAHOTO MOPTQEINIO
penakuii. byne nacka, Hajacuiaiite Bamn BiacHi cTarTi Ta peKOMEHIAIll 0
omy6nikyBaHHS po0iT Bammx xorner Ta y4HiB!

BaxnuBy ponb y 37iiCHEHHI HAallMX IUIAHIB BiJirpaBaTUMe 3pOCTaHHS BiJCOTKY
cTaTei, mo MyOMKYyOThCA Y 30ipHUKY aHTIIHCHKOI0 MOBOIO. Hagcumnaiite 6e3 Baranp
Taki poOOTH 10 HAmIOl penakilii, SKIIO0 MaeTe BIICBHEHICTh HE TUIBKH B SIKOCTI
HAyKOBHX pPE3yJbTATiB, ajie ¥ TOTOBI A0 CIiBPOOITHHUIITBA B HANPSMKY JOBEICHHS
TEKCTY JIO0 SIKOCTi, BIAMOBIAHOI CTaHIapTaM MIDKHApOJHUX BHIaHb. 31 CBOr0 OOKY
penakuiiina Koieris 3a0e3medyBaTHME BIiANOBIAHY SKICTh pedaryBaHHS  BCIX
aHIUIICHKUX aHOoTaIlllli Ta cTaTed, HANMCAHUX AaHIIHCHKOI0 MOBOIO, BHXOISYHU
MPOTATOM HACTYNHOrO POKY 3 TOTO, IO BOHH MOBHHHI CKJIafaTh A0 TPETHHHU
3arajibHOro O0CATY CTaTeH, SIKi Hy6J‘IleBaTI/IMyTI>C$I

Bynemo Takox BIsS4HI BaM Hallll KOJIeTH 1 JApy3i, 3a MPOMO3UIII 00 MOXKIUBOL
Ha3BU KypHAITY (TpbOMa MOBaMI/I), Ha SKUH y Malil0yTHLOMY Ma€ MEPETBOPUTUCH HAIIl
301pHUK.

Ha 3aBepinieHHsI HarajgaemMo MepeBaKHI HAYKOBI HANPSAMKH, 32 SKAMH MPUIAMAIOTHCS
cTarti g0 Hamoro 30ipHHMKa. DaxoBi ny6J1iI<aui'1' Yy HbOMY TOBHHHI BiJIIOBiJIaTH
acnopTaM HACTYIHHMX CICLIalbHOCTeH (32 HOMEHKIIATYPOO, 3a SIKOK 3apas
MIPAIOIOTh B YKpaiHi crieniani3oBani pajiy 3 3aXUCTy TUCEPTAIliii):

3 DI3UKO-MAMEMAMUYHUX HAYK — CTICIIaJIbHOCTI:

01.05.02 — MmaTemaTH4HE MOEITIOBAHHS Ta OOYHCIIOBAILHI METOIH,

01.02.05 — mexanika piguHH, Ta3y Ta IUIa3MH,

01.05.03 — maremaTuuHe Ta MporpaMHe 3a0e3neueHHs OOYMCIIOBAIBLHUX MAIIMH 1
CHCTEM;

3 MexXHIYHUX HayK - CTeLiaIbHOCTI:

01.05.02 — MmaTemaTH4HE MOIEITIOBAHHS Ta OOYNCIIOBAILHI METOIH,
01.02.04 — mexanika ne)opMOBaHOTO TBEPJIOTO Tijla,

05.13.05 — KOMIT'TOTEepHI CUCTEMH Ta KOMIIOHEHTH,

05.13.06 — indopMariiitHi TEXHOJIOTII,

05.13.21 — cucremu 3axucty iH(popMarii,

05.13.07 — aBTromMaTu3aIlist mpoIieciB KEpyBaHHSI.

3 moBaroro, Pegakuilina KoJieris.
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VJIK 519.6

MeTton moctpoenus 6a3zuca KpaeBoii 3amaauun Jupuxie s
WCTIOJIb30BaHUS BapUaAllMOHHBIX METO/IOB

H. A. bapanos

HUnemumym npobaem mawunocmpoenus um. A. H. Ilooecopnoeo HAH Yrpaunvl, Yxpauna

B paboTe mpezcTaBiaeH METOA HOCTPOCHHs 0Oasuca Ul anmpoKcuManuu (yHKImi,
YJOBJICTBOPSIOIINX OAHOPOAHOMY YCJIOBUIO Jlupuxjie Ha TIpaHMIE IBYMEPHOI
oOmacTu Ha ocHOBe KyOudyeckux B-crmaitHoB. HoBblii 6a3zuc cocTout u3 B-crnaiiHoB,
€CIM WX HOCHUTENM MPUHAIUICKAT 3aMbIKAaHHIO paccMaTpHBaeMoil obmacTu u
TPaHNYHBIX OA3UCHBIX JJIEMEHTOB, KOTOPHIE YYMTHIBAIOT TPAaHUYHBIC YCIOBUS H
CTHIKOBKY CO CTaHAApTHBIM Oa3ucoM BHyTpH oOmactu. Ha mpumepe MonenbHOMN
3aJa4d  II0Ka3aHO, 4YTO TpaHWYHble Oa3HCHBIE OJIEMEHTHl He  yXyIIIaioT
aNnmnpoKCUMAIHOHHOH CIIOCOOHOCTH CTaHIapTHOro 6a3uca KyOU4ecKUX CIIIaifHOB.

Knrouegvie cnosa: 6asuc kpaeeou 3aoauu Jupuxie, 6apuayuoHHvie Memoobl, YUCTEHHOE
peutenue.

VY poboti mpexacTaBieHO MeTOJ MOOYAOBU 0a3uCy IS anpoKCUMAIi (QYHKIH, 10
3aJI0BOJILHSIFOTH OJHOPiHIN yMOBi JlipixJie Ha MeKi JBOBHMIPHOI 00JIaCTi HA OCHOBI
KyOiuHnx B-crutaiiniB. HoBuit 06a3uc ckianmaethes 3 B-crumaiiniB, skmo ix Hocil
HAJIS)KATh 3aMUKaHHIO 00J1aCTi, IO PO3TJIIIAETHCS, 1 TPAaHUYHUX OA3UCHUX EJIIEMCHTIB,
SIKi BPaXOBYIOTh I'PAaHNUYHI YMOBH i CTUKYBaHHS 31 CTaHZApTHUM 0a3MCOM BCEpEIHHI
obmacti. Ha mpuxiagi MonensHOT 3a1a4i MoKa3aHo, [0 TPAaHWYHI 0a3HCHI eIEMEHTH
HE TOTIPIIYIOTh ANpPOKCHMAMiiHOI 34aTHOCTI CTaHTApTHOTO 0a3ucy KyOiuyHHX
CIUIalHiB.

Knwouosi cnosa: 6asuc kpatiosoi 3adaui [lipixne, eapiayiiini Memoou,  YucenvHul
D038 A30K.

This paper presents some method, with which a basis for approximation of functions
that satisfy the homogeneous Dirichlet condition over the two-dimensional domain
boundary can be constructed based on the cubic B-splines. This new basis consists of
B-splines, if their supports lie in the closure of the said domain and boundary basic
elements, which match the boundary conditions and fit with the standard basis inside
the domain. It is shown that boundary basic elements do not degrade the
approximation properties of the standard cubic spline basis.

Key words: basis of the Dirichlet boundary value problem, variations method, numerical
solution.

Bapuamnmonnsie mMetonpl mMatemarmdeckon ¢usuku [1-3] mpeacraBnstor coboit
3¢ (eKTUBHBIII MaTeMaTUYECKHUH ammapar pemeHuss KpaeBbIX 3amad st
muddepeHInanbHbIX ypaBHeHM. CloJla OTHOCATCS METOJ HaWMEHBIIUX KBaJIpaToB,
meton Purtnia, meron byOHoBa-lI'anepkuHa u ap. B 3TUX MeToAax pemieHHe KpaeBoit
3amaun s audQepeHIanbHbIX YPaBHEHU CBOAUTCS K MHHUMH3AIUU HEKOTOPOTO
¢yukiuronana. OJHAKO yIOBJIETBOPEHHE KPAaceBbIM YCIOBHMSIM 3aJayd  4acTo
MIPEJICTABISIET CEPbE3HYI0 MPoOJeMy W OOBIYHO OCYIIECTBIISIETCS 3a CUET BBIOOpa
KOOPJAWHATHBIX (GyHKIWA. JlJI1 MOCTpOEeHUs KOOPAMHATHBIX (YHKIHMH, KOTOPBIE
YIOBJICTBOPSIFOT KPacBbIM YCIIOBHSM 3agaud, paspaboran meron R-dynkiui [4,5].
Kpaesyro 3agauy B 0011emM BUe MOXKHO 3aITHUCATh CIETYIOMIUM 00pa3oM:

© bapa+os W. A., 2016
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Au(x) = f(x), xeQ,

L. N . . @
ju(x) o0 = @i (x), i=1..,N,j=1...,M,

rre A u Lj — HeKkoTopble omepaTopbl, JeHCTBylomue BHyTpu oOsactu (2 u Ha
y4acTkax ee rpanuupl 0Qj coorserctenHo, f(X) m ¢;(X) — ussectuble Qpynkummy,
u(x) — wuckomas (GYHKIHUS, KOTOpask MOXET OBITh CKaIsIPOM, BEKTOPOM HJIH
TEH30POM, X = (X1,X2,...,Xp) -

CTpyKTypoil pelieHns, yIuThIBAIOMIEH KpaeBble yciaoBus 3anaqn (1), Ha3pIBaeTCs

dopmyna u=B(®D), eciu LiB(d))anz(pi(X), i=1...N,j=L..,M, tne ® -

ANIEMEHT HEKOTOPOro (YyHKIIMOHAILHOTO MHOKecTBa M, B — HekoTopsiii omnepaTop:
B: M— X(Q), X(€2) — MHOXecTBO (DyHKIIHIA, OIpeIeIeHHBIX B o0macTu ().

CTpykTypa pemieHHs KpaeBoW 3agaud ¢ ycioBueM Jlupuxiie u(x)| a0=¢(X)

HazbpIBaeTcs cTpykTypoi Kantoposuua [4,6]. [laHHast cTpyKTypa UMEET BU
u(x) = &(X)@(x) + ¢(x) , (2)

rae X=(Xq,..,Xp) o(x): o(x)=0,xed2, o(x)>0,xeQ, d(x) -
HCOMPCACIICHHAsA KOMIIOHCHTA CTPYKTYPEBI, KOTOpas BLI6I/IpaeTC$I 13 yCJIOBUSA TOYHOTO
WU TIPUOJIMKEHHOTO ynoBieTBopeHus: ypaBHenuto AuU(X) = f(X). Heonpenenenunas

Kk
KOMITOHEHTa 00BIYHO HpercTasisieTcs B Buge psga D(X) = Y Cijg;(X), rae {(pi (x)} -
i=1
NoJIHAsl crucTeMa 0a3ucHBIX (PyHKIWH, {ci} — HEW3BECTHBIE KOAPPHUIINEHTHI, KOTOPHIE
HYHO OTIPEJICIUTb.

DyHKIHIO o(x): o(X)=0,xe0Q, @(x)>0,Xe) MOKHO CTPOHTH C
ucrnonbp3oBanueM R-omepanwmii [4]. CymiecTBYIOT pazimuuHble cHCTeMBbI R-omeparmit
[4,7,8], obnamaromue pa3TUYHBIMEA CBOMCTBAMH (TJAJKOCTH, HOPMATU30BAaHHOCTH U
T.O.) .

B pabore [9] paspaboraHa CTpyKTypa TJaJKHX pEIIEHHH KpaeBoil 3amadu
Hupuxiie i o0jacTel ¢ HETrJIaJAKOW rpaHullel, koTopas o0jamaeT O0oyee BBICOKOMH
anMpOKCUMAIIHOHHOW CIIOCOOHOCTBIO, MO CPaBHEHHUIO C KIIACCHYECKOH CTPYKTYpOM
KanTopoBnua ¢ MCHONB30BaHUEM pa3IMYHbIX R-omepaiuii, B ciydae, eciu MCKOMas
(bYHKIUS SBISIETCS TIAJIKOH BIUIOTH 10 TPAHUIIBI 00JIACTH.

Bce omucaHHble TOAXOABI K TOCTPOCHUIO  KOOPAMHATHBIX  (DYHKIHIA,
YIOBJIETBOPSIOIINX HEKOTOPBIM KpAaeBbIM YCJIOBUSIM, OCHOBaHbI Ha H3MEHEHHUH
HEKOTOPOr0 CTaHAApTHOro Oasuca. B 3TOM cilyyae M3MEHSIOTCS BCE DIJIEMEHTHI
CTaHJApTHOTO Oa3mca IoJ| BO3JCHCTBHEM OIllepaTtopa CTPYKTYphl perieHus. Kpome
Toro, BecoBble PyHKIUU @(X): @(X)=0,x€dQ, @(x)>0, x€Q, mocTpoeHHkIE C
UCIIOJIb30BaHMEM R-omepanuii, KOTOpble BXOISIT B CTPYKTYpY peIICHHS, s
JIOCTATOYHO CJIOKHBIX 00JNacTeil SIBISIOTCS OYeHb TPOMO3JKUMH, TIPUYEM UX pa3Mep
pacTeT MmO MOKa3aTeNbHOMY 3aKOHy. TakuMm o00pa3oM, KaXIblid 3JeMeHT Oasuca
CTaHOBHTCS CJIOHOHM U TPOMO3KOH (DYHKLMEH, UTO CHIYKAET CKOPOCTH PacyeTOB.
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Ilenpto manHOW pabOTHI SBIAETCS ITOCTpOSHHE Oa3nWca KpaeBOM 3amadd ¢
OTHOPOAHBIM YyclloBHEM Jlupuxie Ha TpaHHUIE IBYMEpHOW 00JacTh Ha OCHOBE
kyOmueckux B-crmaitHoB. Howiii 0asuc cocrour wu3 B-crumaiinoB [10-12] u
TPaHUYHBIX OAa3WCHBIX 3JEMEHTOB, KOTOPHIE YYUTHIBAIOT TPAHWYHBIE YCIOBHS U
CTBIKOBKY CO CTaHIApPTHBIM 0a3ucoM BHYTpH oOmactu. Takodl momxon st
OJTHOMEpPHOTO citydasi ObUT MpEeasioKEeH U peann3oBaH B padore [13] wu pa3BuT B
paboTax IS MIMPOKOTo Kiacca IPAaHUYHBIX YCIIOBUi B paboTtax [14-16].

ITockonmbky obecrieueHe OBICTPBIX U TOYHBIX PACUETOB BCET/A SIBISIIOCH BAXKHOM
1 BOCTpeOOBaHHOM 3a1a4eii, TO JaHHas paboTa SBISAETCS aKTyalbHOM.

PaccmoTtpum 3amauy moctpoenuss  Oazuca omHOpPOAHON 3amaun [Jupuxie B
nBymepHoi obmactu Q. HoBerit 6a3uc cocrout u3 B-CrutaifHOB, €Clii WX HOCHUTENH
NpUHAIekKAT 3aMBIKaHUIO oOyacTH (2, M DJIEMEHTOB, ONPEACIIOIINX IOBEICHHE
(GYHKIME B OKPECTHOCTM TpaHHUIbl 00JacTH, KOTOphle aanee OylneM HasbIBaTh
TPaHUYHBIMH ~ 0a3WCHBIMH  JJIEMEHTaMH. B-CIUTalHBI, HOCHUTENM  KOTOPBIX
MIPUHAJUIeKAT 3aMBIKaHUIO 00macT (), 00eCTIeYMBAIOT AMMIPOKCUMAITHIO B HEKOTOPO
o0iacT, KOTOpas MPUHAUICKUT obmacth (), a TpaHWYHbIe 0a3MCHBIC IIEMEHTHI
VIOBJETBOPSIFOT KPAeBBIM YCIOBHSM 3a/ladi, a TaKXe YYUTHIBAIOT CTHIKOBKY C
0a3uCHBIMU DJIEMEHTaMH BHYTpH oOnactu. Takum o0pa3oM, METOJ TMOCTPOSHUS
0a3uca CBOAUTCS K MOCTPOCHUIO TPAHUYHBIX 0a3UCHBIX 3JIEMEHTOB.

[TycTh 0OmacTh anmpokcuManuu 3afgadu Q, [ist KoTopoid OC2 — Trhajakas rpaHuia

obmactu, omuceiBaercs — HepaeHcTBoM (X, Y)>0, rme  o(X, y)eCz(ﬁ),

(X, y)|aQ =0, 0<Vw(X, y)| a0 <o . PaccMoTpum 6asuc, cocTosimmi M3 KyOn4ecKkux

B-crnaiinoB {goi }, i=0,..,N. Ilponymepyem Oa3uCHBIE 3JEMEHTHI CIIECIYIOLINM
o0pa3oM: 371eMeHTHl @j, 1=0,...,n —3TO IEMEHTBI, HOCUTEIN KOTOPBIX IEPECEKAIOT
rpanuiy obnactu (2, a aneMeHTsl ¢;, i=n+1...,N — 3TO 3]I€MEHTbI, HOCUTEIU

KOTOPBIX IPUHAAJICIKAT MHOXKCECTBY Q.

PaccmoTpum crenyromue pa3noxeHust QyHKIni % (x,y), k=0,...3 B obmactu

N

Q: a)k(x, y)zZCi]k(p, k=0...3, Hampumep, C HCIOJB30BAHUEM METOJA
i=0

HaMMCHBIINX KBAJAPaToOB.

n
Momoxum &y (X, y) = D> .Cj k@, k=0..3.
i=0

ITycts HekoTopas obmacte Q cQ:suppy NQ' =, i=0,..,n onuceBaercs
ypaBuenuem @'(X,y)<0, mm1 kotoporo O eC? — rpanuua obmactn €Y,
’ ’ 2(~ ’
a)(x,y)|aQ, =0, o'(x,y)eC (Q) 0<Va'(X, y)|5Qf <,

@'(xy), (xy)e(Q/)

[Monoxum @y (X,y) = 0. (xy)eQ
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3 N N <
@" (% Y) LCikei —@" (% Y)
=0 k=0.3

Paccmotpum ¢ynkimu Gy (X,y) = . 3
@ (X%, )+ @2 (X, Y)

Honoxum &k (X, Y) = S (X, Y) — 6 (X, Y) .

@,° (X S o — o
I 2 (%.Y) .ZOC.,W. ®" (X,Y)
Tormad™k (X,Y) = X.Ci ki — = =
ormad k(X,Y) EE}C,W K xy) 0 0y)

n N
(0% )+ @22 ) S 011 — 00, y)(_zci,k(pi -0 (x y)J

i=0 i=0

0% (%,y) + 3 (x,y)

k 3 4 3 L 3 N
(w (X, y) + @ (Xa)’))zci,MDi — (ny)(zci,kﬁﬂi]—wz (X,Y)[ Zci,k(ﬂiJ
= i=0 i=0 i=n+1 N

0% (%, y) + @ (%,y)

L O (@’ (%)
o (x,y)+ @ (xy)

k L 3 N k 3
@" (X, Y) 2.Ci ki — 2" (%) 2.Ci ki +@" (X Y)@p" (X, Y)
Sk (x,y) = =0 " ':”+§ : 3)
" (X%, Y) + @p” (X, Y)

®yukunn S k (X, ) ECZ(Q), k=0,..3.

Ymeeporcoenue.
0'5™k (X, )
i
on 50

JokazarenbCTBo.
Paccmorpum

=0, i=0,.,k-1, k=1..3.

K N 3 N K 3
@ (% Y) 2.Ci k@ —@2" (%, Y) D Cik@pi+a" (X Y)@" (X, Y)
5*k (X, y) — i=0 i=n+1 —
@ (%, y)+ 2> (x,Y)

n N
Yok @ (xY) cike K 3
i=0 i=n+1 Lo (xy)@y" (% Y)

TRy By ral(xy) o (k) +wi(xy)
Torma
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K 4 3 N
" (X, Y) D Ci k@i @ (X,Y) D Ci ki
5 i-0 5 i=n+1
| o* () + @ (x,y) o (%, )+ 03 (x,Y)
3'7k (X, y)
. = : - . +
on' on' on'

S @ @’ xy)
o (%, )+ @2° (%, y)

on'
Beraucnum kaxioe ciaraeMoe npaBoil 4acTH IIPaBOi YacTH TaHHOTO PaBEHCTRA!

ai( 0¥ (% ), (x.¥)
0" (x,) + @5° (x,y)
6ni

3
" (X, Y) |
GyHKIHS m 3 ‘
0" (X, ¥)+@2° (X, Y)| 50

J0, i=0,..k-1 k=1..3 ma (X,y)eE}Q, TaK Kak

— OTpaHUYEHA;

; N
1 @’ (%Y) Xcixe
al i=n+1

0" (%,y) + @5° (x,y)

aHaJIOTUYHO, . =0, i=0,..k-1k=1..3 JUIS
on'

o (xy) |

(X, y)e@Q, TaK Kak (yHKUIUS
O (%, Y) + @ (% V)|,

(N
o 2 Cikei
=il J o0, vi;

on'

OrpaHn4cHa, a

K n
| 0" (% Y) XCikei
al |:0
0% (%, y) +@° (%, Y)

=0, i=0,..k-1 k=1..3 mua (X,y)eE}Q, TaK Kak

on'
GyHKIHS
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n
2.Ci ki ‘
" 1=0 3 — OTpaHMYEHA.
@ (X, )+ @2”(X,Y)
oQ
i ok
Taxum oOpazom, Mk—(xy) =0,i=0,..k-1k=1...3.
on' g
Ymeeporcoenue dokazano.
[Tonoxum
wki(x, y):g‘"(xr;y)é K%Y) i_0..n k=0..3. 4)
> oi(xy)
i=0

OyHKIMH z//ki (X, Y) MOXHO B3STh B Ka4eCTBE 3JIEMEHTOB 0Oa3uca.
ITycTh ecTh paznokeHue HekoTopol pynkmmun F(X,Yy) B obmactu

n N
F(x,y)= D Cigi + D .Cigj .

i=0 i=n+1
JanHyto (yHKIINIO MOXKHO Pa3lIoKUTh IO HOBOMY 0a3ucCy
n 3 N
P~ k.
FOGY) = 2 2. Ciky i+ DCigq -
i=0k=0 i=n+1
[TorpeGyem, utobbl Gyukims F (X, Y) ymoBieTBopsiia OJHOPOAHOMY ITPAHUYHOMY

n 3 N
ycnosuto dupuxie F(X, y)|aQ z[z zai,kl//ki + zCi(Pi] =0.
i=0k=0 i=n+1 o0
DIIeMEHTHI {gn, } i=n+1...,N oueBHAHO yIOBICTBOPSIOT JAHHOMY YCIIOBHIO.

Paccmotpum pyHkmn

(% y) Kk (x,Y)

wKi(x,y)= . i=0,..n.
Y i(xy)
i-0
Mmeem i (x, yLQ =i (X, ¥)5 Kk (%, y)‘aQ, i=0,..,n.

Kpowme Toro, ¢j (X, y)aQ <o, 1=0,..,n.

Io yteepxaenmio 1 &7k (X, y)‘ag =0, k=1..3.
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n 3 _ K N no_ 0
Torma | > > CiyWw i+ D Cio =2 Cioy i
oQ

i=0k=0 i=n+1 i=0

oQ

=0.

n 3 N n
U3 ycnoust [Z Zai,k'//ki + ZCmJ =0 caexyer, 4to ZEi,O‘//Oi
oQ oQ

i=0k=0 i=n+1 i=0

Tax kax ¢pynxmn v (X, y)‘aQ >0,710 =0, i=0,.n.

n 3 N
Takum o6pasoM, (yHKIMH BHIA {Z Z'c“i’kl//ki + Zcigoi} YIOBJIETBOPSIIOT
i=0k=1 i=n+1
OJIHOPOJJHOMY YCIIOBHIO JIHpHUXIIE.

PaccMmoTpuM npeacTaBiIeHHY0 METOAUKY [TOCTPOCHHUS 0a3UCHBIX JIEMEHTOB Ha
ClIeTyIoIleM pumMepe:

Au = 25x° sin(5xy)(x2 + y2 —1) — 40xy cos(5xy) — 4sin(5xy) +
+ 25y2 sin(5xy)(x2 + y2 -1); (5)

=0.

u x2+y2=1_

AHaIUTHYECKUM pEIIeHUEM TaHHOW 3a7a9u SBIsieTCs (QyHKITHS
u=sin(5xy)@— X% — y2)

(6)
Ha pucynke 1 npencraBneHo aHAIUTHYECKOE pElIeHne 3a1a4u (5).

- 0.50495165705344
. 0.40396132564275

0.75 ]
oy O 0.30297099423206
0.50 ] ] 0.20198066282138
0.25 ' - 0.10099033141069
s ] 0.00000000000000

0.00

O -0.10099033141069
0.25 | N —_ -0.20198066282138
'  -0.30297099423206

-0.50 & ]
| O -0.40396132564275
-0.75 e -0.50495165705344

0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

Puc. 1. I'pagpux anarumuuecxko2o peurenus Kpaesoil 3a0ayit (5) 6 auoe JuHUL NOCMOSIHHO20
YPOBHS HA NIOCKOCMU xOy

Ha pucynkax 2 — 4 npencraBiieHbl Tpaduku QyHKINH 5*k(x, y), k=123 nansa
kpaeBorr 3amaunm (5). Ha pumcynkax 5, 6 mpencTaBieHBl Pe3yJabTaThl UYHUCICHHBIX
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pacyeToB C HCIOJIb30BAaHUS METOJA HAMMEHBLIMX KBAJPATOB JUIS Clydas
19%19 B-crutaifHOB, IOCTPOECHHOM ISl KBaIpaTa [— Ll]x [— 1,1].

0.75

0.50

0.25

0.00

-0.25

-0.50

-0.75

-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.42062897861872
0.37856608075685
0.33650318289498
0.29444028503311
0.25237738717123
0.21031448930936
0.16825159144749
0.12618869358562
0.08412579572374
0.04206289786187

JODENNNNNN

0.00000000000000

CCTKHU

Puc. 2. I'papux dhynkyuu 5*1(X, Y) ons kpaesoti 3adauu (5) 6 ude AuHuLl ROCMOSAHHOZ0

YPOBHS HA NAOCKOCMU xOy

0.75

0.50

0.25

0.00

-0.25

-0.50

-0.75

-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.19419676239731
0.17477654142723
0.15535632045715
0.13593609948706
0.11651587851698
0.09709565754690
0.07767543657682
— 0.05825521560674

0.03883499463665
0.01941477366657

J0DEENEEEN

0.00000000000000

Puc. 3. I'pagux pynkyuu & *9 (X,Y) ona xpaesoii 3adauu (5) 6 6ude runuli NOCMOAHHO20

yposus na nrockocmu XOY
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13

0.75

0.50

0.25

0.00

-0.25

-0.50

-0.75

-0.75

-0.50

-0.25 0.00 0.25 0.50 0.75

0.09063070062423
0.08156004381427
0.07248938700430
0.06341873019434
0.05434807338437
0.04527741657441
0.03620675976444
0.02713610295448

0.01806544614451
0.00899478933455

J0fENNNNNN

0.00000000000000

Puc. 4. I'pagux pynxyuu O *3 (X,Y) 0ns kpaesoii 3a0auu (5) 6 6ude AunUL NOCMOANNO20

YPOBHS HA NAOCKOCMU xOy

0.75

0.50

0.25

0.00

-0.25

-0.50

-0.75

< L
L .
[~ A
L —
-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

0.00050713003750
0.00045641705412
0.00040570407073
0.00035499108735
0.00030427810396
0.00025356512057
0.00020285213719
0.00015213915380

0.00010142617042
0.00005071318703

J0fEENNNNN

0.00000000020365

Puc. 5. I'papux ¢hynxyuu moodyns pasHocmu aHarumuyecko2o peutenus 3a0ayu (5) u peuwenus
3a0ayu annpoxcumayuu Qyuxkyuu (6) Memooom HauMeHbWUx K8aopamoas
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I 0.00006728911850
0.00006056021330

0.75 -+ - ]
: ? ] M 0.00005383130809

1V, Il =i
0.50 + - 0.00004710240289
—_— ] 0.00004037349769
] 0.00003364459248

0.00

_ 0.00002691568728
0.25 ] 0.00002018678207
0.00001345787687
050 [ 0.00000672897167

X O
-0.75 - 0.00000000000000

-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

Puc. 6. I'pagux ¢pynxyuu Mooyna pasHocmu aHATUMUYECKO20 U YUCTIEHHO20 PEUleHUs 3a0aUu
(5) ¢ ucnonvzosanuem nPedIOHCEHHO20 NOOX00Ad MEMOOOM HAUMEHbULUX KBAOPAMO8

BuiBoabI

B pabote mpemiokeH MeToa TOCTpOeHHs Oa3uca Ha OCHOBe KyOwmdeckux B-
CIUTAHOB TS MPHOMIKEHHs (YYHKINH, YIOBIETBOPSIONINX OJXHOPOAHOMY YCIOBHIO
Jupuxiie B AByMEpHOH o0OJiacTH C TJajkol rpanmied. Ha mpumepe MopaenbHOH
KpaeBoi 3amauu Juisi ypaBHeHus IlyaccoHa ¢ omHOpPOIHBIM ycnoBueM Jlupuxie
MOKAa3aHO, YTO MOCTPOCHHBIN 0a3uc He YXYIIIaeT ampOKCHMAIIIOHHONW CTIOCOOHOCTH
CTaHJApTHOTO 0Oa3nuca KyOWYeCKHX CIUIAHHOB, a JaXe YIydllaeT ero. YIydlleHue
MOYKHO OOBSCHHUTH TEM, YTO MaKCHUMaJbHasl MOTPEITHOCTD ANMPOKCHMAIH HCKOMOM
(DYHKIIMHM JTOCTUTAETCSl HA TpaHWIle O0JIaCTH, BBHIYy HAaMOOJNBIIEH KPUBU3HBI B 3THUX
TOYKaX, a IMOJIyYeHHOE pelIeHHe Ha OCHOBE HOBOTO 0Oa3mca YIOBIETBOPSET TOYHO
OJHOPOJHOMY  YyCJIOBUIO  Jlupuxie, IO3TOMYy MAaKCUMAallbHbIE IOTPELIHOCTH
OTCYTCTBYIOT. BHYTpH e 00JacTH MOTrpenrHoCcTh UMEET OJTUH ITOPSIIOK.

IIpu penieHuu KpaeBbIX 3314 ¢ UCHOIb30BAHUEM BapHALIMOHHBIX METOJOB TaKHUX,
KaK METOJ] HAMMEHBIINX KBaJpaToB, METOJl PUTHA M JIp. BO3HUKAET HEOOXOIUMOCTD
HaxOXJeHUs 31eMeHTOB MaTpuilbl CJIAY, KOTOphIe ABISIOTCS HMHTETpalaMu. B 3THX
WHTETpallaX TOJUHTErpanbHass (YHKIHS 3aBUCHUT OT OA3HWCHBIX JJIEMEHTOB W
omeparopa kKpaeBoi 3amaun. [Ipu HUCMONB30BAaHUU B KA4ECTBE OA3WCHBIX SJIEMEHTOB
CTaHJApTHHIX B-crutaitHoB, s auddepeHnranbHbIX YpaBHEHHUH, OIepaTop KOTOPBIX
MPENICTaBIsIeT JMHEWHYI) KOMOWHAIMIO camMod (YHKIUH ¥ €€ Ppa3IudHBIX
NPOM3BOAHBIX, dNeMeHThl MaTpulbl CJIAY, OynyT MOBTOPATHCS M MX MOXKHO Oyzaer
BBIYUCIUTE TOYHO. [loaTOMYy, puMeHeHHne 0a3mca, COCTOSMIEr0 U3 CTaHIApTHHIX B-
CIUIAIfHOB M TPAaHWYHBIX OA3MCHBIX DJIIEMEHTOB, MO3BOJISIET COKPATUTH BPEMs cUETa U
YMEHBIINTh HAKOIJIEHHE TIOTPEITHOCTH.
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UDC 532.5

Two-dimensional vortex pair interaction with the wedge

A. A. Gourjii ¥, G. J. F. van Heijst ™, L. Zannetti ***
*National Technical University of Ukraine ”KPI”, Kyiv, Ukraine
**Eindhoven University of Technology, Eindhoven, The Netherlands
***Politecnico di Torino, Torino, Italy

PaccmoTpena 3amaua o B3aMMOJEHCTBUM JBYXMEPHBIX JIOKAIN30BAaHHBIX BHXPEBBIX
JUIOJIC € OCTPhIM KJIMHOM, JBUTAIOIIUXCS C HAYaJbHBII MOMEHT BpEMEHU
HNEpIECHIUKYIAPHO K OJHOM U3 IIOBEPXHOCTEH KIMHA. OKCIIEPUMEHTAIIbHBIC
HCCIIE/IOBAaHMs TTOKA3AJIM, YTO BHXPEBBIC IWIIONM TPU TNPHUOIMKEHHH K TBEpIOH
MOBEPXHOCTU Pa3ACAIOTCS U JIBUTAIOTCA B IPOTUBOIOJIOKHBIE CTOPOHBL Buxpesas
CTPYKTypa IpH B3aUMOJCHCTBHM C OCTPOIl KPOMKOI reHepupyeT BTOPHUHBIC BUXPH,
KOTOpBIE MOTYT 00pa30BHIBaTh HOBBIE BUXpeBble aunonu. ChopmMupoBaHa YUCICHHAS
MOJieNIb B3aMMOJICHCTBHUSI BUXPEBBIX JUIIOJNEH € OCTPhIM KIMHOM, OCHOBaHHas Ha
MOJIENY TOYEYHBIX BUXpEH B IPUOIMKESHNH UIealbHON HeC)KNMaeMoil xKuakocTy. [
n30eraHnsi OSCKOHEUHBIX 3HAYEHHH CKOPOCTH Ha OCTPOH KPOMKE HCIOJIB3YeTCs
ycinoBue  Kyrra-XKykoBckoro,  KOTOpoe — aJeKBaTHO  OIMCHIBaeT  IPOIECC
(hopMHUPOBaHUST BTOPHYHOW 3aBHXPEHHOCTH OKOJIO OCTPOH KpoMKH. CpaBHHUTEIBHBIN
aHaIM3 MPOLECCOB MEpeHOoca JKUIKOCTH, (GOpMHUpYIOIIEH B Ha4YalbHBIH MOMEHT
“arMocepy BHUXps”, CBHIETEIbCTBYET O XOPOIIEM COOTBETCTBHHM YHCIICHHBIX
Pe3yIbTaTOB U SKCTIEPHIMEHTAIbHBIX JAHHBIX.

Knrouegvie cnosa: suxpesoii Ounonw, 08yxmeproe meudenue, ocmpas Kpomka, yciosue Kymma-
JKyKkoeckoeo, uuciennoe MoOenuposaniie, SKCNEPUMEHMANbHbLE UCCLeO0BAHU.

Po3srsiHyTO 3amady mpo B3a€MOJI0 JBOMIPHHX JIOKaJi30BaHMX BHXPOBUX JAUIIONIB 3
TOCTPHUM KJIMHOM, IIIO0 PYXalOThCS 3 TIOYaTKOBHII MOMEHT 4acy HEpIeHIUKYISIPHO 10
OJIHI€T 3 MOBEPXOHb KIMHA. EKcIieprMeHTa bHI TOCHIKEHHS OKa3ajd, 0 BUXPOBI
IUIONI TPH HaOMIDKEHHI JO TBEpIOi IOBEPXHI PO3IUIIIOTBCS 1 pyXaroThCs B
NPOTHIICKHI CTOPOHH. BHXpoBa CTpyKTypa HpHM B3aeMOIii 3 TOCTPOIO KPOMKOIO
reHepye BTOPHMHHI BHUXOPH, SIKi MOXYTh YTBOPIOBAaTH HOBI BHXPOBI JIUITOJI.
CdopmoBaHa yucenbHa MOJENb B3aEMOJil BHXPOBHX JHUIIONIB 3 TOCTPUM KIIMHOM,
3aCHOBaHA HA MOJENi TOYKOBHUX BHUXOPIB B HAOMMKCHHI il€aJbHOI HECTHCIMBOT
pinuau. J[7s YHUKHEHHS HECKIHUCHHHMX 3HAUeHb IIBUAKOCTI HA TOCTPId KpOMIT
BUKOPUCTOBYEThCSI ymoBa KyTTa-)KykoBCbKOTO, siKa aJeKBaTHO OIUCYE IIPOIEC
(hopMyBaHHST BTOPUHHOI 3aBUXPEHHOCTH Oilist rocTpoi kpoMkH. [IopiBHsUTbHUI aHami3
MPOLECIB IEPEHOCY PiMHH, sIKa (OPMY€E B TOYATKOBUH MOMEHT “‘arMocdepy Buxopa”,
CBITYMTH NPO TapHY BIiAMOBIAHICT YHCENbHUX PE3YJbTATiB 1 EKCHEPHMEHTAIbHUX
JIaHUX.

Knwuosi cnosa: euxposuii ounomv, oseomipna meuis, cocmpa Kpomxa, ymoea Kymma-
JKYK08CbK020. YUCenbHe MOOeNIO8AHHS, eKCHEPUMEHMATbHI OOCTIOHCEHHSL.

The problem of interaction of two-dimensional localized vortex dipole with an edge of
the wedge, which moving perpendicular to one of the wedge surfaces at the initial
moment is considered. Experimental studies have shown that the vortex dipoles at the
approach to the solid surface are separated, and vortices moved in opposite directions.
Vortex structure, when interacting with a sharp edge, generates secondary vortices that
may form new vortex dipoles. The numerical model for the interaction of vortex
dipole with an edge of the wedge, based on the model of point vortices in the
approximation of an ideal incompressible fluid is formed. To avoid infinite velocities
at the sharp edge model used Kutta-Zhukovsky condition, which adequately describes
generating process of the secondary vorticity near the sharp edge. Comparative
analysis of transferring processes of fluid forming at the initial moment “vortex
atmosphere” shows good agreement of numerical results and experimental data.

Key words: vortex dipole, two-dimensional flow, sharp edge, Kutta-Zhukovsky condition,
numerical modelling, experimental investigation.

© Gourjii A. A., van Heijst G. J. F., Zannetti L., 2016
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1. Introduction

Recently, in the world literature on fluid mechanics have been formed quite clearly
a tendency associated with an increasing in the practical interest of many researchers
to solve problems that have a real practical application [1,2]. Among solution methods
for these problems one can be identified experimental studies, and analytical or
numerical-analytical methods. In many cases, experimental researches meets a number
of difficulties caused by the complexity both of experimental setting, result
processing, and the high cost of experimental equipment for investigation. Researchers
often use analytical methods or direct numerical methods that deal with introducing a
certain number of assumptions, forming mathematical models of the flow, which can
significantly limit the application ranges of the achieved results [1,3,4].

From this point of view, the problem of large-scale vortex interaction with solid
surfaces is the most significant. It is known that the kinetic energy of the fluid flow
near a solid surface generates wall vortex motion of various sizes [5-7]. Subsequent
energy dissipation of this motion in the cascade of wave-number leads to the
formation of large-scale vortex structures in the boundary layer. This process leads
both to an intensification in vortex motion and eventually to the separation from the
solid surface. In the absence of the stabilizing effects these large-scale vortex
structures can intensify heat and mass transferring and destruct the boundary layer
[5,7-9]. That is why, the analysis of vortex generation processes, vortex interaction
with solid surfaces, as well as processes of heat and mass transfer in vortex flows has
a certain practical and scientific interest.

It is known that two vortices with opposite intensities can form a vortex pair, which
is called dipolar vortex [10-12]. This structure can move in fluid translationally with
fixed self-induced velocity. If two vortices have not equal intensities, then vortices
start the rotational motion with constant angular velocity relative to one another. There
is an interesting problem deals with an explanation of the dipolar vortex behaviour
near a solid boundary. This type of interaction occurs when large-scale atmospheric
vortices approaching to mountain ranges, oceanic vortices move near the peninsula,
dams, seawalls, etc. Preliminary discussion of this problem we can found, for
example, in [13,14] and references therein.

Solution of the evolution problem of large-scale vortex flows is reduced to the
calculation of the velocity field distribution in time. It is very difficult to achieve an
analytical solution of the vorticity field in real flows [15]. This way meets a number of
difficulties, which in most cases deals with insuperable difficulties (details of the
problem and discussion we can found, for example, in [10-12,16]).

One of the more widely used methods for solving the problem of large-scale vortex
motion is a humerical method based on the direct numerical simulation of generating
and transferring of vorticity field [17-20]. Despite the universality of certain numerical
schemes and methods for solving problems of vortex dynamics, the direct numerical
simulation of the vorticity transport equation requires considerable computing
resources, and analysis of the results (actually, that is a data filed) becomes
problematic. Another method, which is also often used in the studying of coherent
structure evolution, deals with the separation of small volume of fluid in which the
vorticity field is concentrated. Physical parameters in these elementary volumes are
chosen from the condition that the induced velocity field is equal to the velocity field
induced by distributed vorticity in the space around the point in the consideration [10-
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12,21,22]. Such methods of solution called in the modern literature as discrete vortex
methods in many cases of practical importance is quite effective both to solve
problems of vortex dynamics, and to analyze processes of heat and mass transfer in
real fluid flows. It is important that these numerical methods for the solution do not
require large computational capacities, and achieved results are quite simple for the
interpretation and subsequent analysis [11,23,24].

However, the transition from the continuous distribution of vorticity, observed in
the real flow, to a discrete analogue is not always equivalent, especially during an
analysis of small-scale fluctuations of the velocity field. Moreover, in some cases,
discrete analogues during computation can lead to numerical instability elimination
which requires using of special numerical algorithms or computational methods. A
detailed analysis of this problem we can found in [25-28]. Nevertheless, the question
on ranges of applicability of discretization methods of distributed vorticity field
remains open for today and requires further detailed comparison between numerical
results and experimental data.

Often the method of conformal mappings [22,25,29] applied for analytic solutions
of the problem mentioned before. In this case the construction of the solution is based
on the transformations, which allow satisfying the boundary conditions on the solid
surface or on some part of this surface. Despite the fact that the method conformal
transformation is not always possible to adapt for different geometries of the flows,
which has some practical interest, this method has curtain flexibility and gives a
number of advantages both for achieving an analytical solution and for following
analysis of results.

Forming analytical and numerical solutions of the problem on the interaction of
coherent vortex structures with wedge solid surface we assume that the vorticity field
is a number of localized vortex structures coming into the external flow. To describe
the separation process the discrete methods of vortex dynamics analyse the motion of
the single vortex structure, the intensity of which suppose equal to the integral of the
vorticity coming to the flow for some time interval [23,25,30]. The number of these
vortex structures is not fixed in this problem.

General scale analysis shows that it is necessary to take into account only the
inertia of the fluid flow near edges of surfaces, viscosity effect has much more small
effect on the process of vortex generation at the edges [8,9,31]. In particular,
parameters of discrete vortices in the flow near the sharp edges are determined from
Kutta-Zhukovsky condition, which does not allow the formation of an infinitely large
velocity of the flow at the edges themselves. This condition allows us to determine the
intensity of the corner vortex, which describes in the first approximation the processes
of vortex generation at the sharp edge in the real viscous flows. Sometimes the
mapping function of conformal transformations has a singularity on a sharp edge. In
this case, it is necessary to apply Kutta-Zhukovsky conditions on the image plane. The
adequacy problem of such a solution to the real flow is the question that still remains
controversial problem among many researchers [1,2]. To find the answer for this
question we would like to carry out a detailed comparison of the numerical simulation
results and data of a laboratory experiment.

It is known [12,32,33], that the vortex pair during own motion involves in own
motion the part of surround fluid, forming a so-called “vortex cloud” or “atmosphere”.
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Fig.1. Geometry of the problem

The form of this fluid region is very close to an ellipse, and a stationary vortex pair
(vortex dipole) does not change its shape and, therefore, the volume. The interaction
of vortices with a wedge brokes the stationary motion of the vortex pair. As a result,
the distance between vortices changes in the pair. This process leads to changing the
size of the vortex cloud that results in more intensive regimes of stirring and mixing
processes of various scalar fields in the flow [33-37].

The main purpose of this paper is identifying the main peculiarities of motion of
the vortex pair near the edge of the wedge, and determining of general characteristics
of the mixing process of passive fluid during an interaction of vortex pair with the
solid surface.

2. Mathematical method

Consider the motion associated with a point vortex pair near a wedge, as indicated
in the definition sketch of fig.1. The initial vortex dipole with intensities 'y =—T',= T’
and distance b between vortices moves perpendicular to the half-plane. We suppose
that the geometrical centre of the dipole placed at the point (Xy, Yo)-

We define the z-plane as the physical plane. The mapping

7=(" )

with 7 = 2f/z, maps the exterior region of a wedge in the z-plane onto the upper half-
plane of the {-plane (fig.2).

The complex potential w(¢) in the z-plane due to N vortices is

N e

w()=—iY T;In Ty )
j=1 é,_ j

where ¢; = ¢ + i #; represents the position of vortex number j with constant intensity

I, and * denotes the complex conjugation. The flow defined by the complex potential

w({) in the Z-plane corresponds with a flow in the physical z-plane given by the
complex potential W(z) = w({ (2)).
Hence, the complex velocity u — iv in the physical z-plane is

o dwW i - 1 1
i =] ¥
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Fig.2. Conformal mapping: physical z-plane (a) and transformed {-plane

The indices j =1, 2 are pertinent to the vortex pair, while j > 2 refers to other
vortices that can be present in the flow field. Index j = N refers to a vortex whose
intensity depends on time and which is determined by satisfying the Kutta-Zhukovsky
condition

dw
dg

The governing equation is normalized by using as reference length the distance b
between the vortex pair vortices at initial time t = 0, and as reference velocity the
translation speed U = y/(2zb) of the vortex pair, where y is (absolute) strength of the
individual vortices. Hence, the reference time is b/U. Thus, in equations (2), (3) the
strengths are I'; =—T', = 1.0.

The velocity of a vortex with constant circulation I'; (j # N) is given by:

dg“ IF d dz 1
== T, r——- h— | |——, 5
{'32, 'z 44423 3 g 2 dC(ndfjhm/dﬂz ©

while, accordmg to the zero force model the vortex with time dependent circulation Iy,
(j = N) moves with velocity

d¢y S ST ir, d d 1
d_i:|:_lz +iY *+ITE[I ZH—Z—, (6)

at =0. (4)

YAV TR = A 4 d¢g |dz /d¢]
1dr 1
)T
YTy dt (dz/dg)
N-1 '
with Dy =— 2T, 277J 2 /[ ZUN 2)
I/ SN TN
Zyp2 Nt T dn.
and idFN _ N+77NZ i 2, égj (f _ i _
Iy dt Ly (5 +77]) dt dt
1 d¢& dn
ER— = _N+ 2 2\ PN 7
mﬁmw[%%m @rmm} )

Equations (5), (6) are integrated by a fourth-order Runge-Kutta algorithm. The
simulation is started with N = 3, that is the vortex pair in its initial position and a
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Kutta-satisfying vortex placed close to the tip of the wedge, in z = -0.02. The Kutta
vortex is released when its circulation is |I'y| > 0.01. When | Iy, | reaches close to the

tip of the wedge a maximum, the j = N vortex is set as a constant circulation vortex, N
is increased to N + 1 and a new Kutta vortex is placed in z = -0.02.

It is well known [33] that vortex structures may entrain ambient fluid while they
move around. For example, a vortex pair consisting of two point vortices with equal
but oppositely-signed circulations translates steadily along a straight line and carries a
certain amount of fluid within the separatrix region. The shape of “vortex atmosphere”
is closely approximated by an ellipse with axes 1.73b and 2.09b, where b is the
distance between the vortices for a given moment. For the case of different vortex
intensities (in absolute sense), the pair translates steadily along a circular trajectory,
again carrying an “atmosphere” of trapped fluid along.

When approaching a solid boundary, the distance between the vortices changes,
leading to changes in the size and the shape of the atmosphere. This usually results in
entrainment of ambient fluid into the atmosphere and/or detrainment of atmosphere
fluid. The ratio of the amounts of entrained and detrained fluid depends on the type of
vortex interaction. The advection characteristics of non-stationary point vortex
constellations can be adequately studied by applying the so-called ‘“contour
kinematics” technique [34,39]. According to this method, a contour is described by a
large set of passive fluid particles (markers). Each marker moves with the locally
induced fluid velocity, and the spatial position of the specific contour at any time is
determined by the positions of its markers, connected appropriately. In order to
calculate their displacements in time, each marker can be interpreted as a point vortex
with zero circulation. Hence, its change in position can be obtained directly from
equation (5), namely

d¢, |& I, & T 1
Zom _ _ : 8
dt {'.Z_llgm—g. _Igé/m_gl:||d2/dé/|2 “

where ¢, = &, + iy, is the position of the m-th marker, m = 1..., M, and M is the

number of markers necessary to describe the contour with a given precision.

Locally, contours may show strong deformations in time. While some segments of
the contour may undergo substantial stretching and deformation, other parts may
hardly deform at the same time. The description of stretched and deformed segments
of the contour by a fixed number of markers obviously causes difficulties and implies
locally a poor resolution. Just increasing the initial number of markers on the contour
does not solve this problem adequately, because the exact locations of intensively
deformed contour segments are not known in advance.

To overcome this difficulty, we can apply the PSI (piece spline-interpolation)
method [38], which uses a variable number of markers to describe the spatial position
of the contour. If the distance between two adjacent markers becomes larger than
some critical value, then the stretched part of the contour is interpolated by functions
&L) and #(L), where L is the length of the contour, starting from some marker with
index, for example, m = 1. Then the position of an additional marker (or markers) of
the contour is defined by this interpolation. Hence, the total number of markers M
used in calculations varies in time. Likewise, if the distance between two markers



22 Cepist ¢Mat.mopentoBaHHs. [HhopmaLiiHi TexHonorii. ABTOMaTM30BaHi CUCTEMM YNpaBiHHsY, BUN. 3 |

digital
camera

moving cylinder

/ B2
Y
4
/ | wall

‘ I rotating table

Fig.3. Schematic drawing of the experimental set-up

becomes smaller than some specified minimum value, the number of markers can be
reduced.

This numerical “contour kinematics” method has been used successfully in studies
of vortex-induced advection of tracer material for a number of different vortex-vortex
interactions [39].

3. Experimental set-up and dye visualisation

Laboratory experiments were carried out in a rectangular container (horizontal
dimensions 100 cm x 150 cm) filled with tap water to a depth H = 20 cm. This tank is
mounted on a turntable that rotates at a constant angular velocity 2 = 0.70 rad/s. Prior
to each experiment, the fluid was allowed to reach a state of solid-body rotation during
at least 45 min, which is much longer than the Ekman spin-up timescale T =

H/(vQ2)Y2 = 4 min. In order to avoid any topographic effects associated with the
parabolic free-surface shape [35], a specially designed parabolic bottom plate was
mounted in the tank [40].

A dipolar vortex is conveniently created by dragging an open, thin-walled cylinder
(diameter 6 cm) horizontally along a straight line through the fluid while
simultaneously lifting it slowly out of the fluid. For this purpose a guiding rail was
mounted above the rotating tank (fig.3).

For properly chosen translation speed, the flow in the wake of the cylinder was
observed to become organized in a columnar dipolar vortex — its axial alignment
conform the Taylor-Proudman theorem. This dipole generation technique was also
applied by [35]. A solid obstacle was placed beforehand at some specified position in
the fluid. In the experiment described here, a flat plate with a sharp edge was used, i.e.
a sharp wedge with apex angle g = Q0.

In @ number of experiments the flow evolution was visualized by adding
fluorescent dye to the fluid, both to the fluid inside the translating cylinder and to the
fluid adjacent to the plate. Quantitative information about the flow was obtained by
using High-resolution Particle Velocimetry. The working fluid was seeded with small
tracer particles with a diameter of 250 um, with a density somewhat smaller than that
of the fluid. The floating particles were illuminated by four slide projectors, and their
motion was recorded by a corotating digital camera mounted above the container.
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Fig.4. Dye-visualisation of a dipolar vortex colliding against a flat plate with a sharp edge,
with off-set

An example of a dye experiment is shown in fig.4. In this experiment, the dipole
was initially aligned with the edge of the plate, i.e. with an off-set distance 6 = 0
(fig.4). In the photographs the dye-visualised dipole is seen to approach the plate from
the left (fig.4b) and the irregular dye patches on either side of the plate have been
introduced to visualize the formation of any secondary vortices near the plate. As the
dipole gets closer to the plate, it is observed to split. A secondary vortex (with
negative circulation) forms behind the plate edge (fig.4c), which subsequently
combines with the positive-vorticity part of the dipole, thus forming a new dipole that
moves away. Because this dipole is a-symmetric (the vortex produced at the edge is
weaker than the original dipole half) it moves along a curved trajectory.

On the “frontal” side of the plate, the flow associated with the negative vorticity
part of the dipole induces a viscous boundary layer, owing to the no-slip condition at
the wall. The vorticity in the boundary layer is of opposite sign, i.e. positive (fig.4d).
This positive vorticity patch is advected by the flow induced by the negative half of
the dipole (fig.4e), and is seen to roll up into a single positive vorticity patch that pairs
with the negative half of the initial dipole (fig.4f). This newly formed dipole is a-
symmetric too, and also moves along a curved path. This latter behaviour is very
similar to what has been found by [14] in his study of a vortex dipole colliding against
a flat solid wall.

4. Results

In this section we will discuss results obtained with the point-vortex model of the
vortex dipole moving close to the tip of the solid wedge, showing the vortex
trajectories for different initial off-set values. Also, the strengths and paths of the
vortices generated at the wedge tip will be considered. Next, experimental results will
be discussed and a direct comparison with the point-vortex results will be made.
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Fig.5. Interaction of the vortex pair with a wedge, X, = 4.0:
a) trajectories of vortices, b) the circulation of the third vortex

4.1. Vortex trajectories
Let us consider interaction of a vortex pair with a wedge of g = 20°. There are two

vortices with circulation I'; = -I", = —1.0, which have initial coordinates x} =X, — b/2,

X; =Xg+b/2and y, = y; =y, according to fig.1. The sign of circulations is chosen

in such a way that the self-induced velocity of vortex pair be directed to the solid
surface. We can analyse features of vortex pair interaction with wedge for values X,

changing in a sufficiently large range and for fixed value y,. Let b = 1.0 and y, = 4.0.

It means that vortex pair at the initial moment is far enough from wedge surfaces, and
it is possible to suppose that surfaces do not essentially influence the initial phase of
vortex motion.

First we consider the case X, = 4.0. The vortex trajectories is shown in fig.5,a.

Circles in the figure show spatial positions of vortices at equidistant moments t, = nAt,

where Ar = 1.0. Arrows specify directions of vortex motion. At the initial stage
vortices 1 and 2 move to the negative values of axis Oy perpendicularly to the solid
surface. When t =~ 4.0, vortices have come close enough to the surface that begins to
influence vortex trajectories: distance between vortices increases. As vortex pair is far
enough from the vertex of wedge, vortex trajectories develop symmetrically. Then
vortex 1 moves to the wedge, while vortex 2 moves in the positive values of axis Ox.
The symmetry in trajectories has losed.

When vortex 1 achieves the vertex of wedge, t ~ 7.0-8.0. The vortex moving near
the vertex generates an angular vortex. Fig.5,b shows changes in circulation of new
vortex in time. It is shown that the circulation of vortex 3 achieves value |I"|. It results

in formation of a new vortex pair with equal circulation (by module). Vortex 2 moves
together with vortex 3 in the negative direction of axis Ox, forming a vortex pair
leaving the wedge surfaces.

The analogous interaction of vortex pair with the wedge can be seen in fig.6 with
Xp = 0.0. Here and later we use analogous notations in figures. In this case vortex 1
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Fig.6. Interaction of the vortex pair with a wedge, x, = 0.0:
a) trajectories of vortices, b) the circulation of the third vortex

4 _ I

12}

Fig.7. Interaction of the vortex pair with a wedge, x, = -0.5:
a) trajectories of vortices, b) the circulation of the third vortex

comes closer to the vertex wedge compared to the case considered before. This
position results in fast growth of circulation of the angular vortex 3 (fig.6,b). When the
formation process is over, new vortex pair with vortices 1 and 3 leaves the sharp edge
but with another direction in comparison with case considered before, while the
trajectory of vortex 2 is similar one. Note that the circulation of vortex 3 increases in
both cases at the moments when the initial vortex 2 moves close to the wedge.

The case x, = —0.5 is shown in fig.7. Vortex 1 passes in greater distance from the

wedge compared to the previous cases. Therefore vortex trajectories are barely
different. On the other hand vortex 1 goes in the direction to the vertex of the wedge
and causes the occurrence of a new vortex 3, its circulation growing quickly enough
(see fig.7,b) and achieving the value | I'; | > | I'; |. The following evolution of vortex

system has an analogous tendency. It is necessary to note that new pair has vortices
with non-equal circulation. Vortex pair 1+3 has a slight rotation in counter-clockwise
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Fig.8. Interaction of the vortex pair with a wedge, x, = -1.1:
a) trajectories of vortices, b) the circulation of the third vortex

direction and, therefore, moves closer to the bottom surface of the wedge (fig.7,a).

We can find more differences in the interaction of vortex pair with the wedge at x,
= —1.1, presented in fig8. In this case vortex 2 strongly influences the formation
process of angular vortex, vortex 2 gets to the vertex at t = 4.0. The circulation of
vortex 3 grows quickly enough. However, in this case the sign of circulation coincides
with circulation of vortex 1 (fig.8,b). Distance between new vortices and wedge
increasing, and vortices moves to the initial vortex pair. New vortex induces a velocity
field, which even stops vortex 2. The existence of two vortices (with numbers 2 and 3)
near the vertex a wedge results in generation of another vortex 4), its circulation
having the opposite sign to that of vortex 3. Thus, there are four vortices in considered
system. New vortices push out vortex 2 in the direction of vortex 1, while vortices 3
and 4 form new vortex pair, their circulations being a little bit smaller compared to the
initial vortex pair.

Finally, the further displacement, x, = —2.0, leads to the case, then the initial vortex

pair passes the wedge at large enough distance (fig.9). At the moment when vortex 2
is situated close to the vertex of wedge, induced velocity results in formation of vortex
3 with negative circulation. Now this vortex, leaving the wedge, forms vortex 4.
Fig.9,b shows changes of vortex circulations in time. New vortex pair has two vortices
with small enough circulations, therefore this vortex pair moves away from the wedge
with small enough self-induced velocity.

The analysis of vortex interactions for other parameters x, shows that there is some

critical value x,, at which the type of point vortex interaction changes. The exchange
interaction occurs at x, > X.,. In this case vortex 1 when approaching the wedge forms

a vortex pair together with the angular vortex and this pair leaves the wedge region.
The vortex 2 goes along a solid surface in the direction of positive values of x-axis. If
Xp < X the initial vortex pair generates two angular vortices, which move

independently from the wedge. The shorter the distance between initial vortex pair and
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Fig.9. Interaction of the vortex pair with a wedge, x, = -2.0:
a) trajectories of vortices, b) the circulation of the third vortex

wedge verteX, the lower the intensity of new vortex pair. Research shows that the
critical parameter x., is in range —1.0 < x., <-0.9 and depends on the value /.

4.2. Comparison point vortex model with an experimental data

The experimental research was carried out for interaction of vortex pair with a
plate, 5 = 0°. Vortex pair was formed at a sufficient distance from the plate, therefore
the influence of solid surface on a dipole generation and on an initial motion are
minimal. Fig.10 shows contour plots during interaction with a wedge for case x, = —

1.4. The time interval between figures is At = 5.0 s. Initial distance between vortices in
the dipole is b = 100 mm, and vortex intensities have | T';| = |I',| = 1.8 - 104 mm?/s. In

this case self-induced velocity of vortex dipole is U; =~ 30 mm/s. During generation

process the intensity of vortices is not equal and the dipole is not moving
perpendicularly to the wall. Therefore initial offset x, is defined at the following

moment of approaching of vortex dipole to the plate when intensity of vortices
become approximately equal and dipolar vortex goes perpendicularly to the solid
surface.

The initial vorticity distribution is shown in fig.10,a. This moment corresponds to t
= 0 s. Hereinafter contours for negative vorticity are plotted by dashed lines, and
contours for positive volumes are shown by continuous lines. Moving nearer to the
edge the dipolar vortex generates an angular vortex with positive vorticity, t = 5.0 s.
The angular vortex begins to leave the wedge, however it appears that intensity of
angular vortex is not enough to influence the forward motion of the initial vortex
dipole (fig.10,c). As a result, the vortex dipole has passed the region of the edge
without essential changes in the trajectory, and the angular vortex stopped at a
distance of about 100 mm from the vertex of the wedge. The vorticity distribution for
the moment t = 15 s is shown in fig.10,d.
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Fig.10. Interaction of the dipolar vortex with a wedge, x, = —1.4 (experiment) at:
a)t=0s,b)t=5.0s,¢)t=10.0s,d)t=15.0s.

Consider an advection process of a passive fluid in a velocity field of vortex pair
interacting with a wedge for case considered before, x, = —1.4. Let vortex pair at the

initial moment is inside the marked circular region of radius ry = 1.1 with the centre in
a point (X, Yo)- Here we apply notation in fig.1. The size of circular region exceeds a

little the dimension of a vortex atmosphere.

Initial vortex position and the region of passive fluid under investigation is shown
in fig.11. Initial distance between vortices in the pair b = 1.0, the vortex intensity are
IT';| = | Iyl = 1.0. As before y, = 4.0. Filled circles in figures indicates vortex position

through equidistant moments At = 1.0. When vortex pair passes the wedge peak, the
angular vortex 3 is formed. The vortex positions and atmosphere of vortex pair is
shown in fig.11,b for moment t = 3.0. When initial vortex pair passes the edge, a new
angular vortex is generated. As a result, the angular vortex pair is formed. This
moment is shown in fig.11,c. New pair has no influence on the trajectory of initial
vortex pair, but angular vortices have certain effect on the structure of vortex
atmosphere. Final vortex positions that correspond to fig.10,d, is shown in fig.11,d. It
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Fig.11. Interaction of the vortex pair with a wedge, x,=-1.4:
a) trajectories of vortices at moments t, = nA¢, At = 1.0, b) atmosphere at t = 3.0,
c) atmosphere at t = 6.0, ¢) atmosphere at t = 9.0.

is visible that vortex pair continues its own motion, while the angular vortex pair
moves with smaller self-induced velocity. The comparison fig.10 and fig.11 allows to
conclude that numerical and experimental data agree.

Exchange interaction of initial vortex pair with an angular vortex takes place for x,

= -0.5. This case is shown in fig.12 with notations introduced above. Approaching of
vortex pair to the wedge results in forming of an angular vortex with rather high
intensity (fig.12,b). As a result, the vortex pair, in which one vortex is replaced by an
angular vortex, is formed. Then the vortex pair leaves the region of the edge. Vorticity
distribution for typical moment t = 15 s is shown in fig.12,c. On the other hand, the
right vortex from dipole with positive vorticity meets solid surface. The influence of a
border results in displacement of the vortex in the positive direction of x-axis. Note
that the close solid border results in generation of a secondary (negative) vorticity,
which surrounds a moving initial vortex. The final distribution of vorticity field is
shown in figure with index “d”.
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Fig.12. Interaction of the dipolar vortex with a wedge, x, = —0.5 (experiment) at:
a)t=0s,b)t=5.0s,¢)t=10.0s,d)t=15.0s.

Advection of a passive fluid is shown in fig.13 for case x, = —0.5. The size and

shape of vortex atmosphere at the initial stage of approaching of vortex pair to the
solid surface does not practically differ from the case considered before. The intensive
generation of the angular vortex results in intensive rotation of the contour, which is
involved in a velocity field of angular vortex (fig.13,c). Then, new vortex pair is
formed with the vortex atmosphere consisting as from both dyed and fresh fluid
accompanied by angular vortex. The comparison of advection processes allows to
conclude that the growth rate of intensity of an angular vortex have strong influence
on the advection process of passive fluid.

Let's now consider interaction of the vortex dipole with the wedge for x, = 1.0,
which is shown in fig.14. At the initial moment both vortices in dipole interact with
the flat surface. The induced velocity field results in division of vortices in dipole and
they start motion in the opposite directions. It is interesting to note that both vortices
also form region of secondary vortices positioned between initial vortices and solid
surface. In time, the left vortex gets to the wedge vertex and generates a new angular
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Fig.13. Interaction of the vortex pair with a wedge, x,=-0.5:
a) trajectories of vortices at moments t, = nA¢, At = 1.0, b) atmosphere at t = 3.0,
c) atmosphere att = 6.0, ¢) atmosphere att = 9.0.

vortex. As a result, a new vortex pair moving away from the wedge is formed. As the
intensity of the initial vortex appears a little bit less compared to intensity of the
angular vortex, the pair goes under some angle to the surface. The final vortex
distribution is shown in fig.14,d.

If xq = 1.0, the vortex pair interacts at the initial stage with one of the flat surfaces

of the wedge (see also fig.4, then vortex 1 passes near the vertex forming an intensive
angular vortex). The advection process in this case is presented in fig.15. By analogy
with previous cases the initial position of vortices, circular dyed region of passive
fluid, and vortex trajectories are shown in figure with an index “a”. Small filled circles
show positions of vortices in equidistant time intervals t, = nAt, where At = 1.0.

Position of the marked fluid region under investigation at the moment t = 3.0 is
shown in fig.15,b. We can see that vortex pair approaches a flat surface and forms a
vortex atmosphere, the shape of which represents an ellipse with major axis in
horizontal direction. As the initial marked region slightly exceeds sizes of vortex
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Fig.14. Interaction of the dipolar vortex with a wedge, x, = 1.0 (experiment) at:
a)t=0s,b)t=5.0s,¢)t=10.0s,d)t=15.0s.

atmosphere, “excess” fluid leaves the vortex pair from the stern part, forming a typical
vortex tail.

The further motion of vortices along the surface results in division of the vortex
atmosphere on two approximately equal parts. If evolution of vortex 2 does not
undergo any changes, vortex 1 coming nearer to a vertex of the wedge, forms an
intensive angular vortex, which partially involves a part of the dyed fluid. The
formation process of vortex pair atmosphere is well shown in fig.15,d. Note, that the
left part of this atmosphere rotates around vortex 1 and contains mainly the dyed fluid,
while other part rotating around the vortex 3, consists of fresh fluid. Here the dyed
fluid occupies only a thin part of a peripheral zone of vortex atmosphere. It is
interesting to note that there is a typical tail behind the new vortex pair.

Dependencies of relative change of contour length in time for different interactions
of vortex pair with the wedge are shown in fig.16 for a typical value x,. It is shown
that intensive stretching of investigated contour takes place in cases when the right
vortex in vortex pair passes in minimal distance from the wedge. In these cases two
additional angular vortices are formed. In some cases, vortex generation occurs inside
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Fig.15. Interaction of the vortex pair with a wedge, x, = 1.0:
a) trajectories of vortices at moments t. = nA¢, At = 1.0, b) atmosphere at t = 3.0,
c) atmosphere att = 6.0, ¢) atmosphere att = 9.0.

the initial atmosphere of vortex pair. This fact, probably, is the main reason of
intensive stirring process of passive fluid during interaction of vortex pair with the
wedge.

6. Conclusions

The interaction of the two-dimensional vortex pair with a wedge formed by two
half-planes was investigated. The main type of evolution of large-scale vortex
structures and advection processes in the velocity field induced by vortices in the
region adjacent to the edge of the wedge was studied both theoretically and
experimentally. The numerical model based on the dynamics of point vortices is
formed, which are tested according to the results of a laboratory experiment.

In the experiment, a dipolar vortex was generated by raising a circular cylinder,
which has been initially filled with fluid, from the tank rotating at a constant angular
velocity. Studies have shown that there are at least three possible types of interaction
between the vortices. If the dipolar vortex moves at a sufficiently large (in relation to
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Fig.16. Relative contour length changes in time for various X,

the distance between the initial vortices) distance, vortex dipole remain in an
undisturbed state and does not interact with a sharp edge of the wedge. This
interaction occurs at X, > 1.5 (fig.1). Another type of vortex motion associated with

the interaction in which the closest vortex to the edge loses some intensity during
generation of secondary vorticity field that is formed near the top solid surface. This
process leads to a curvature of the trajectory of dipolar vortex after passing through a
region containing the edge. This interaction is observed in the experiment for values
0.5 < Xy < 1.5. When the displacement is -1.0 < X, <0.5, the initial dipolar vortex

generates two new dipoles. These vortices move away from the wall along asymmetric
trajectories. Finally, if x, < -2.0, then two vortices in the formed dipolar structure are

symmetrical.

Analysis of the interaction of two point vortices with a sharp wedge was carried out
numerically in the approximation of an ideal incompressible fluid. To eliminate the
infinite velocity at the sharp edge and to satisfy Kutta-Zhukovsky condition we add
the corner point vortex to the system under consideration. Its intensity is determined
by the boundary conditions at the top of the two-dimensional angle. However, in
contrast to the classical method [8,23,29] in our research we propose to use only one
corner vortex, located near the edge of the surface. If the influence of the induced
velocity field from vortex pair is small, then corner vortex does not leave the region
with the edge. In this case, the corner cortex has the sufficiently small intensity and
does not have an influence both on the flow near the solid surfaces, and on the moving
vortex pair. However, the vortex pair approached to the edge can increase (by module)
of the intensity of the corner vortex. In this case, we need to take into account the
variable intensity of the corner vortex and to determine the value of its intensity for
each moment in time. When, for various reasons, the additional vortex leaves the
angular region, we have to introduce again another corner vortex to the system under
consideration. Intensity of this vortex is determined by Kutta-Zhukovsky condition. At
this moment, the intensity of the previous corner vortex is fixed. During the
calculation of the amount of angular vortices introduced into the system is not limited.
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During an evolution the vortex pair engages in own motion the part of the nearby
fluid, forming so-called “vortex atmosphere”. This cloud at the steady motion of
vortex pair has an elliptical shape, and the size of the cloud does not change over time.
The interaction of vortices with the corner region disturbs the stationary motion of the
vortex pair. As a result, the fluid mixing process occurs with different modes in fluid
velocity field induced system point vortices near the edge of the solid surface.

The exchange interaction of the vortex pairs with a corner vortex leads to quite
intense mixing process of passive fluid moved initially inside the vortex cloud. Studies
show that the corner vortex stimulates more intensive mixing process compared with
same process induced by formed vortex pairs. These results are confirmed by
laboratory experiment.

These studies are dedicated to the memory of our colleague (G.J.F. van Heijst,
L.Zannetti) and teacher (A.Gourjii) prof. Slava Meleshko (Taras Shevchenko National
University of Kyiv, Ukraine) tragically died in 2011. He was the initiator of this
research, carried out a significant part of a coordination work and actively participated
in the writing initial versions of this paper.
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Modeling of speckle metrology technique of detecting the medium
acoustic oscillations

G. M. Dolya, O. S. Lytvynova
V.N. Karazin Kharkiv National University, Ukraine

To describe the speckle metrology technique of detecting the medium acoustic
oscillations, the acousto-optic modulator circuit was assembled. It is based on the
process of double laser beam propagation through a medium with regular phase
changes induced by the acoustic wave. Spectral analysis of photocurrent, obtained by
direct photodetection of the laser radiation, allows us to detect frequency of acoustic
oscillations in the medium. According to presented scheme the computer model is
developed. The simulation results, obtained for the various parameters of the acoustic
wave, are described. The case of excitation of two acoustic waves with different
frequencies is partially considered.

Key words: speckle metrology, acoustic oscillations, retro-reflector, phase transparent.

J1s  omucy CHEKJIOMETPUYHOTO METOLY BHSBICHHS AKYCTHYHHX KOJIMBaHb
cepenoBuiIa OyiI0 3i0paHO CXeMy aKyCTOONITHYHOTO MOAyNsATOpa. BiH 3acHOBaHuUil Ha
MPOIIECi ABOPA30BOTO MOMIMPEHHS Ja3ePHOTO BHIIPOMIHIOBAHHS Kpi3b CEpEeOBHIIC 3
perymsipHuMH 3MiHamu (a3 mig Jiero akyctudHol xBwmii. CHeKTpaibHUH aHai3
¢doToCTpyMy, OTPHMAHOTO IUIIXOM TIPSIMOrO  (POTOJETEKTYBaHHS JIa3ePHOTO
BUIIPOMIHIOBAHHS, JO3BOJISIE BU3HAUYUTH YaCTOTY aKyCTHYHUX KOJHMBAHb CEPEIOBHUIIA.
3riJHO TNpeiCTaBIeHOI CXeMH pPO3pOOJIICHO KOMI'IOTepHY Mozenb. OnucaHo
pe3yNbTaTH MOJETIOBAaHHS, OTPUMAaHI IUIA PI3HUX IMapaMeTpiB aKyCTUYHOI XBHIIL.
YacTKOBO PO3MVISIHYTO BHMIANOK 30YyMKEHHS JABOX AaKYCTHYHUX XBHJIb 3 DPIi3HHMH
YaCTOTaMH.

Knrouosi  cnosa: cnexnomempis, axKyCcmuuyHi KOMUGAHHs, pempopeprexmop, pazoeull

mpancnapanm.

Jlnst onucaHus CIeKIOMETPUYECKOTr0 MeTo 1a OOHAPYKEHHS aKyCTHYECKHX KoJieOaHui
cpenpl OblIa coOpaHa cxeMa aKyCTOONTHYECKOrO MOAYJIATOpa. B ero ocHoBe nexut
HpOILleCC JIBYKPATHOTO IIPOXOXJICHHMS JIA3ePHOTO W3Iy4EeHHs Uepe3 cpemy ¢
peryJsipHBIMH M3MEHEHHSMH (a3, BBI3BAHHBIMH [EHCTBHEM aKyCTHYECKOH BOJIHBI
CrieKTpasbHBII aHam3 ¢dortoToka, MTOTY9€HHOTO myTeM MIPSIMOTO
(OTOETEKTUPOBAHUS  JIA3€PHOTO  M3JIYYCHHs, IO3BOJSET OMPEACIHTh YacTOTY
aKyCcTHUeCKHX KojeOaHuii cpenbl. COTacHO TPENCTaBICHHOH cxeme paspaboTaHa
KOMIBIOTepHast Mojeib. OnucaHbl pe3yJbTaThl MOJECIMPOBAHUS, IOJYYCHHBIE IUIS
pa3NUYHBIX IapaMeTPOB aKyCTHYECKOM BOJHBL. YacTHYHO pPacCMOTPEH Ciydai
BO30Y)KACHHS IByX aKyCTHUECKHUX BOJIH C Pa3HBIMH 4aCTOTaMHU.

Kniouesvie cnoea: cnexnomempus, axycmuueckue xonebanus, pempopegpiexmop, ¢hazoeblil
mpaucnapanm.

1. Introduction

Methods of studying medium acoustic oscillations by means of light beams were
widely used before the invention of lasers [1]. Acousto-optic interaction theory [2] and
its application in various fields of technology [3] relate to a situation where the
acoustic wavelength is much smaller than the diameter of the associated optical beam.
As a result, in that case, the light diffraction effect by ultrasonic waves arises. In the
opposite situation, when the diameter of light beam is less than the acoustic
wavelength, the diffraction effect does not occur. Therefore, it is necessary to use
other physical phenomenon to study the properties of acoustic waves (their amplitude,

© Dolya G. M., Lytvynova O. S., 2016
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frequency, etc.). One of such approaches is based on analysis of the speckle image
resulting from the laser beam passing through the acoustic barrier and scattering on
the rough surface.

Speckle metrology, i.e. the spatial structure analysis of laser light scattered on the
rough surface and its time history, is currently commonly used tool for a wide range of
applications. For example, using this method is carried out measuring local
deformations and displacements of objects [4, 5]. Laser speckle velocimeters allow us
to measure the lateral objects velocity against the beam direction [6, 7]. By means of
analysis of the speckles change dynamics in space the vibration of local areas of
objects surface can be measured [8, 9].

One of the significant limitations when using the speckle measurement method is a
wide angular spectrum of the laser light scattered on the rough object surface. This
leads to a rapid decrease in power of the received radiation with an increase of
measurement range. By covering the object surface with retro-reflecting arrays (RRA)
a significant increase of spatial concentration of the scattered radiation can be
achieved. These coatings are currently widely used, for example, to enhance the
visibility of the road signs, clothing, vehicles, etc. They consist of a large number of
glass microspheres or microprisms [10] with characteristic dimensions ranging from
tens to hundreds of micrometers and disposed on a substrate in random manner
(microspheres) or relatively regular (microprisms). When the laser radiation falls on
such surface, the light field is transformed in accordance with the laws of beam pass in
each element of the RRA. The transformed radiation propagates in the direction of the
laser source within a small angle of a few degrees. That process creates the speckle
image within the receiving plane as a result of interference of waves re-emitted by
each element. Use of RRA significantly increases the laser radiation capacity observed
in a receiver plane. That allows us to increase observation distance and precision of
measurements. In some applications, such devices are called retro-reflective laser
sensors (RRLS) [11].

The possibility of using RRA in speckle metrology techniques are discussed, for
example, for vibrometry [12] and speckle velocimetry [13] issues solving. The
analysis of dynamics of the speckle pattern allows us not only to determine the
behavior of the object surface, but also to detect changes in the state of the
environment of the laser radiation between the laser and the object. For example, a
technology of detecting random phase distortions generated from the heat source using
the previously described method is discussed in [14]. The phase inhomogeneities of
medium may be a random, caused by atmospheric turbulence, and regular, caused by
acoustic oscillations of the acoustic generator. The paper [15] shows how random and
regular variations in density of air can be detected by direct detection of scattered laser
radiation. This spatial heterogeneity of the scattered laser light in the plane of
observation (speckle pattern) is a key factor. Devices built on this principle can be
called ARRLS (acoustic retro-reflective laser sensors).

Regular medium density fluctuations are created due to the excitation of a acoustic
wave in the direction perpendicular to the laser beam crossing it, together with an
acousto-optical interaction. The effectiveness of this interaction depends on several
factors: the radiation power, the aspect ratio of the beam and acoustic wavelength, the
location of the beam along its path, etc. The study of such characteristics of this
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acousto-optical interaction type is conveniently carried out using the method of
computer simulation.

2. Detector description
The simulation was performed for the conditions corresponding to the experimental
setup (fig. 1) as described in [15].

- I
1 “AZAZA7A
LASER . mvr‘x
I 4
v 1 . '\\/)‘,L N

PHOTODETECTOR ~~\/

Fig.1. Acousto-optic modulator diagram.

It consists of the laser, the beam splitter, the phase transparent created by the
travelling acoustic wave at a distance | from the laser. Laser beam diameter is d. The
acoustic wavelength is A .

The RRA is situated behind the phase transparent, created by acoustic wave. It
consists of tetrahedral retro-reflectors with characteristic dimension of element - o .
Photodetector with a square aperture of side D detects the scattered radiation.

3. Theoretical formulation
The initial structure of the beam was set in the form of a plane wave with a
Gaussian distribution of the amplitude (1)

E, (x,Y.0)= Ay, exp[—X =y J (1)

20°
It shall be noted that the approach to creating a computer model is described in
[14]. There the phase transparent is formed by turbulent layer with a random two-
dimensional phase distribution. In this paper, one-dimensional sinusoidal phase

grating with phase distribution described by equation (2) was used as a phase
transparent

wac(y)=A-sin[%—A¢j, @

where A is an amplitude of the acoustic wave, A¢ is a phase shift, which provides a

simulation of a change of a travelling acoustic wave.
Thus, the structure of the field of laser radiation passing through this transparent is
calculated by:

E, %y, D=E (XY )T (), ®)
where T,_(y)=e"=" is the transmission function of the phase transparent.
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Since conditions of modeling assumed that d >> A patterns of change in amplitude
and phase in the area from transparent to RRA determined by the laws of geometrical
optics, which do not change the phase ratio within the light beam.

The transformation behavior of the amplitude-phase distribution of the light wave
in the RRA is described by a function K., (x,y). Detailed description of the method

of its calculation can be found in [14]. In calculating this function we take into account
the reflection features from each of the three faces of the elementary retro-reflector,
which lead to a change in amplitude, phase, and direction of propagation of the beam.
The light wave with an amplitude-phase distribution described by (4), propagates
onto the opposite direction:
E;(X,y,L)=E,(X, ¥, L) Kgra (X, Y) - 4)
At the same time as a result of diffraction the light wave described by (5) is ensued
in the phase transparent plane:

k el IK[(x = X)? + (Y~ y)°]
E,(x,y,)=——— | E.(X,y)ex x'dy'. 5
(Y1) zﬂi(L_u)! LY p{ 21, y'. ()

Repeated passage of the light wave through a phase transparent with a transmission
function T, (y) changes its structure.

Further, the light wave propagates in the direction of the laser and forms a light
wave, defined by (6) in the receiving plane.
E(xy, 0)=E,(x,y, ) T.(y). (6)
There is carried out the photodetection of the obtained intensity distribution, and its
integration within the receiving aperture with dimensions D (fig. 2).

.
= adER
| &

=

Fig.2. Receiving aperture.

4. Simulation results and analysis

Simulation data represents that the travelling acoustic wave leads to the harmonic
displacement of the diffraction pattern formed in the receiving plane in accordance
with the laws of the changes of the acoustic wave. Since the diaphragm is fixed, at the
photodetector output harmonic oscillations of the photocurrent are generated.

Spectral analysis of these fluctuations shows the adequacy of the laws of changes
in air density in the acoustic wave.
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Fig.3. Photocurrent fluctuations.

Fig. 3(a) shows the trend in the photocurrent when the acoustic wave values A
equal to 24mm, 36mm and 56mm. Spectral analysis of these fluctuations is shown in
fig. 3(b). It illustrates the presence of monochromatic components, which corresponds
to changes in sound frequency. It also shows that the oscillation amplitude of the
photocurrent varies. It increases with decreasing the acoustic wavelength.
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Fig.4. Dependence of photocurrent amplitude on the acoustic wave amplitude.
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Fig. 4 shows the trend of change in the amplitude of the photocurrent oscillations
when the amplitude of the acoustic wave A is changed. This dependence shows a
monotonic increase in the oscillation amplitude with increasing power of the sound.
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Fig.5. Dependence of photocurrent oscillation amplitude on the acoustic wavelength for
different detection aperture.

Fig. 5(a) and 5(b) show the photocurrent oscillation amplitude changes depending
on the acoustic wavelength A and the detection area size of D. The dependencies are
shown for different phase transparent location on the propagation path of the beam.
Fig. 5(a) corresponds to | = 1m, fig. 5(b) - | = 2m.

These curves show that the effectiveness of this method of detecting acoustic
oscillations considerably depends on the ratio of the beam diameter d, and the acoustic
wavelength A . The greater acoustic wavelength is, the lower sensitivity of method is.

It can also be noted that the closer phase transparent is located to RRA (larger I),
the less difference between amplitudes of oscillations is expressed for all wavelengths
of acoustic waves and the integration area size D.

It may also be noted that a very important parameter in determining the efficiency
of detection of oscillations is the size of detection region defined by the value D (fig.
5(a) and 5(b)).
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From the analysis of dependencies in fig. 5, we can conclude that the value D is
more significant in the case where an acoustic wave is located close to the radiation
source. The value of D is less significant as approaching the acoustic transparent to the
RRA.

Results obtained with two excitation airborne acoustic waves at different
frequencies are also interesting. The simulation results showed that under the same
vibration amplitudes A;, =1 the superposition principle holds, i.e. there is no
interference of one wave to another and vibrations can be detected independently for
each frequency.

The photocurrent obtained by integrating the light power within the receiving
aperture (fig. 2) contains constant and variable components. The constant component
is not information, as opposed to the variable one, which is of interest to detect
vibrations in the medium.
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Fig.6. Dependence of variable and constant photocurrent components.

Fig. 6(a) and 6(b) show the ratio dependence of variable component to the constant
one for different acoustic wavelengths and sizes of the integration range for two cases,
the transparent location on the track: I = 1 m (fig. 6(a)) and | = 2 m (fig. 6(b)). These
diagrams determine the following: the relative value of a useful variable component
increases with decreasing the acoustic wavelength. This is obviously a result of a
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significant change in air density with changes in the acoustic wavelength, which leads
to considerable shifts of the diffraction pattern in the receiving plane. It may also be
noted that the ratio of the constant and variable components increases with decreasing
the detection area. This causes, apparently, a reduction in the constant component,
which is determined by the average power of laser radiation that is detected.

The simulation results for the case of detecting the amplitude of two acoustic
waves A; = A, = 1 at different frequencies f; and f, are also of interest. The results are
shown in fig. 7.
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Fig.7. Computer spectral analysis of two superimposed acoustic waves.

The figure, in addition to reference frequencies, clearly shows the detection results
of frequency components that are harmonics of the reference frequency 2f;, 2f,, and
combination frequencies (f, - f;) and (f, + f;). The presence of such spectral
components in the variable component of photocurrent is evident of the nonlinearity of
acousto-optical interaction of this mode. This non-linearity is the subject of further
research.

5. Conclusion

A computer simulation model of the speckle metrology method of detection of
medium acoustic oscillations was created. It is based on the propagation of the laser
beam through a medium with acoustic oscillations, on reflection from a RRA, on the
back-propagation and direct photodetection of the laser radiation. Spectral analysis of
photocurrent allows us to detect the frequency of acoustic oscillations in the medium.

The simulation shows that the effectiveness of this type of interaction rises with an
increase of the sound power, decreases depending on the wavelength and decreases
according to the detection area to a size comparable to speckle size. The amplitude
also increases as the phase transparent, generated by the acoustic wave, nearing the
receiving plane.

At large amplitudes of acoustic oscillations in the case of excitation of two acoustic
waves in the photocurrent spectrum the harmonics of the fundamental frequency and
combination frequencies appears.

The latter circumstance requires further additional research.
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VJIK 004.043

MeTton BbIOOpa KOHTEMHEpa Al MUT ALK
BUPTYaJIbHOW MalllMHbI B 00JIAYHOM
XPaHWIMILE TAHHBIX

A. A. 3acrasenko, A. 1O. [Tununenko, M. A. Ckynuin
Hayuonanvnvui mexnuuecxutl ynugepcumem Yxpaunwl « Kuesckuti
noaumexHuyeckull uncmumymy, Ykpauna

B nmanHOl cTaThe omHMcaH MeXaHM3M OaTaHCHPOBKM HArpy3kH IJisi OOJavyHOTO
XpaHWIHUIAa JaHHBIX. OmNHcaHa apXUTEKTypa CHUCTEMbl MHTpAalUH, INPOCTOH H
CJIOXKHBII aNrOpPUTMBl MHOTOMEPHOM ONTHMHU3AaLUM cHUCTeMbl. [IpuBomsTcsa: MeTon
BbIOOpa (HM3MUECKOTO CcepBepa, Ha KOTOPBIH OyAeT OCYIIECTBIATHCS MHUTPALUSL
BUPTYaJbHON MAaIIMHBEI HAa OCHOBE OLIGHKHM MOTPEOISIEMBIX PECYypCOB, AITOPHTM
CTaTHCTUYECKOTO MeToJa BBIOOpa KOHTEifHepa Ul MHUIpaldd U METOX KOHTPOISL
JOCTaTOYHOCTH PECYpCOB CHCTEMBI JUISI 00paOOTKHM BXOIHOH HAarpy3KH, KOTOPBIH
MO3BOJIAET HUCCIEJOBaTh U IPOTHO3MPOBATh JAUHAMUKY HCIIOJIB30BAHUS PECYPCOB.
IIpoBeneHbI SKCTIEPIMEHTHI TT0 UCCIIEIOBAHHIO CBONCTB MPEITI0KEHHOTO METO .

Knrouegvie cnosa: obnaunvlii cepsuc, ymHas Muzpayus, Macumadbuposanue uH@POPMayuoHHbIX
cucmem, Platform-as-Infrastructure, kiacmepusayus.

VYV nmauiii cTaTTi OmMMCAaHO MeEXaHi3M OallaHCYBaHHS HAaBAaHTAKCHHsS JUIL XMapHOTO
cxoBuma pgaHuxX. OnmcaHa apXiTeKTypa CHCTEMH MIrparii, NpocTuil 1 criagHui
QITOPUTMH OaraToBHMIpHOI omnTuMmizamii cucremu. HaBomsatbes: Meron BHOOPY
¢iznuHOrO CcepBepa, Ha KUl Oyne 3AIHCHIOBATUCS Mirpamis BipTyaJbHOI MallMHU Ha
OCHOBI OIIIHKM BHKOPHUCTOBYBAaHHMX pECYpCIB, aIrOPUTM CTaTUCTUYHOTO METOIY
BUOOPY KOHTEHHepa I Mirpamii Ta MeToJ] KOHTPOJIIO TOCTATHOCTI PECypCiB CUCTEMH
U1 00pOOKH BXiTHOTO HABAHTAXKCHHS, SIKMI JO3BOJISIE TOCTIHKYBATH 1 IPOTHO3YBATH
JUHAMIKy BHKOPHCTaHHA pecypciB. [IpoBemeHO eKCIIepMMEHTH 3 JOCIiKEHHS
BJIACTUBOCTEH 3aIIPOIIOHOBAHOTO METOAY.

Kniouosi cnosa: xmapHuil cepgic, po3ymHa mizpayis, MacuimaOysanHs iHopmayiiHux cucmem,
Platform-as-Infrastructure, knacmepuzayis.

This paper presents some mechanism of load balancing for cloud data storage. The
architecture of the migration system is described, as well as two algorithms of the
system multidimensional optimization: the simple and the complex ones. The article
provides a method for selecting physical server the virtual machine will migrate to; a
statistical method algorithm for choosing container; and a method of monitoring the
adequacy of system resources to process the input load, which allows exploring and
predicting the dynamics of resource usage. The experiments aimed to study the
proposed method properties have been conducted.

Key words: cloud service, smart migration, scaling information systems, Platform-as-
Infrastructure, clustering.

1. O0mast mocTaHOBKA 33]a4M U €€ aKTyaJIbHOCTh

O0nayHoe XpaHWIUIIE TaHHBIX — MO OHJIAHH-XpaHWINIIA, B KOTOPOM JaHHBIE
XPaHATCS HA MHOTOYHMCIIEHHBIX PaCIPEICIEHHBIX B CETH CEPBEPAX, MPEAOCTABIIEMbIX
B MOJb30BaHUE KIHWEHTaM. JlaHHasi MOJeNib HCIOJB3YETCS PAIOM KOMMAHUK JUIst
pasMelieHruss MpOrpaMMHOIO  OOECIedeHHss C  HCIOJIB30BaHUEM  OOJIayHOU
MHPPACTPYKTYPHI C ILEIbI0 MacmTabUpoBaHUs WHGOPMAIIMOHHBIX CHCTEM, a TaKKe
peleHuss mpo0bjieM IMUKOBBIX HArpPy30K WM MPOCTAMBAMOIINX pecypcoB. OHa JOIDKHA

© 3acraeeHko A. A., MununeHko A. 10., Ckynuw M. A., 2016
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obecreunBaTh aBTOMATHYECKYI0 OaaHCHPOBKY HATpy3KH (PU3NUIECKHX CEPBEPOB, HE
JIOITyCKasl IPY 3TOM TEperpy3Ky OJHOTO CepBepa M HEXBATKY PECYPCOB LIS APYIOro.

OOBEKTOM HCCIeIOBaHUs SIBIAETCS Tpolecc OalaHCHMPOBKH HArpy3KH CEpPBEpOB
00TaYHOr0 XpaHWIWIIA JaHHBIX. lIpenMeTr uccnenoBaHMS COCTABISIFOT METObI
BbIOOpa CEpPBEPOB MJISl MWUIPALMM BUPTYaJbHbIX MALIMH C ILEJIbI0 ONTHUMHU3ALMH
paboter cuctembl. llenp paGorel: moBbimeHHEe 3(dekTUBHOCTH — mpolecca
ABTOMAaTHYECKON OalaHCHUPOBKM HArpy3Kd CEpBEpPOB Il pELICHUSA HpoOJIeMBbl
IUKOBBIX HArPy30K U MPOCTANBAIOIINX PECYPCOB.

OpauM u3 crmocoO0B MacmITabMpoBaHHWsS WHPOPMAIMOHHBIX CHCTEM SIBISETCS
UCIIOJIb30BaHUEe 00aYHOTO XOCTHHTa. Ha ceromHsImHuiA [eHb CyIIecTByeT OOJbIIOe
KOJINYECTBO KOMIIAHMM, KOTOpBIE IIPEAOCTABIAIOT IIOJIb30BATENSIM YCIYrH Ui
pasmenenrs: 0a30BOr0 MPOTPaMMHOTO OOECIEUeHHsI C UCIOJB30BAHUEM OOIaYHOM
MHQPACTPYKTypsl M YBEJIWYEHUS o00beMa pecypcoB cucTeMbl. llpm sToM
o0ecrieynBaeTCsl aBTOMATHYECKOE paclpelesieHue pPecypcoB, B 3aBUCHMOCTH OT
Harpy3Kky, 4TO MO3BOJIIECT PEIIUTh MPOOJIEMY IMHUKOBBIX HAIPY30K U HPOCTAaHBAIOLINX
pecypcos.

ObGecrieueHrie 1 OpraHu3aIys padoThHl KIaCTEPOB, UX pa3MeIlleHne Ha (PH3MIeCKOM
000pYIOBaHUHM JIOXKUTCS Ha MJIEYM KOMIIAHWU MPENOCTaBIAIOLIeH 00JIaYHbIi CepBUC.
[Tpu 3TOM AOMKHEI OBITH PEIIEHBI PSI BOIPOCOB:

- UWHTEPAaKTUBHOE paclpelneleHhe 3ajad KIMEHTOB MEXIY BHUPTYaIbHBIMU
MalllMHAMU, KOTOPBIE PacIioIOKEeHbI B OTHOM WJIM HECKOJIBKMX KJlacTepax. JTa 3a1ada
C OJTHOHM CTOpOHBI 3a/jaua OaTaHCUPOBKH HATPY3KH, a C IPYToil — 3a1a4a obecneueHus
Ha/IeKHOCTH 00CITYKHBaHUsI KITUCHTOB;

- KOHTpPOJIb U yIIpaBJieHue paboToil Kinactepa. PecypcoB kiactepa JOKHO Beerzaa
OBITH TOCTATOYHO BCEM BHUPTYaJbHBIM MallllHaM, OJHOBPEMEHHO PabOTAIOLIMM Ha
BCEX CepBepax Kiacrepa.

Takum 00pa3oM, BO3HUKAeT mpodiieMa WAeHTH(UKAIMH MOMEHTa, KOTJa TpyIa
BUPTYaJbHBIX MAIMH, KOTOPBIE OJHOBPEMEHHO OOCIY)XHUBAIOTCS HAa OIPaHUYCHHOM
(bu3nUecKoM pecypce KiacTepa, Co3/IacT Harpy3Ky OOJBIIYI0, YeM JIOIyCTUMAS.

Platform-as-Infrastructure  mpeacraBisser Cco0OH  HM30MMPOBAHHBIM  KilacTep,
COCTOSAIIMHA W3 TPYIIBl CEPBEPOB M CEPBHCOB, KOTOPBIE B3aUMOAEUCTBYIOT Kak
LEJIOCTHAsl ~CHCTEMa, IPEJOCTaBsisi BO3MOXKHOCTE  yHOOHO  pa3BOpaduBaTh,
TECTHPOBaTh, IMOJJICPKUBATh W MacmTadupoBaTh cucreMy [2]. Heobxomnmo
o0ecreynBaTh aBTOMAaTHYECKYIO 0aJaHCUPOBKY HAarpy3ku (pU3MUECKHX CEpBEPOB, HE
JIOITyCKask IPY 3TOM IEperpy3Ky OJHOI'O CepBepa U HEXBATKY PECYPCOB IS APYTOro.

JanHas cucteMa JI0JKHA 00ecIieYnBaTh:

- HENpPEepHIBHOCTHb PabOThl MPUWIOKEHUH, NMPU 3TOM KOHEUHBIH MOJIB30BaTEIbh HE
JIOJDKEH 3HATh, KAKMM CIIOCOOOM OHA 3TO JeNaeT, a JIMIIb MOJydaTh KauyeCTBEHHBIH
cepBucC 6e3 Kakux-T1b0 Meperpysok;

- TpollecC MUTpAIMU JIOJDKEH OBITh IeJICHANpaBJICHHBIM W 00ecreYnBaTh
ONITUMM3ALIUIO COCTOSTHUSA KIIacTepa;

- [IpY TUTAHUPOBAHUHM MUTPALMU HY)KHO YYUTBIBATh, YTO JIBA KOHTEHHEpa OHOTO
OKpYKeHHS He OyAyT pacronarathCsi Ha 0JJHOM (PU3MYecKoM cepBepe, I03TOMY OHa
JOJDKHA TTOJLAEP’KUBATh BEICOKYIO JOCTYITHOCTB;
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- OIHAM W3 BXKHBIX TPeOOBAaHWI K MHUTPAIMH SBISETCS MHHHMAIBHOE BpeMs ¢
BBITIOJIHCHUS, TaK KaK JUIMTEIbHAs MHIPAlds MOXKET HETaTUBHO IOBJIMATh Ha
COCTOSIHHE CUCTEMEI,

- CcHCTeMa JOJDKHa OOecreyrBaTh 3alluTy OT 3alUKINBaHHUA, TO €CTh OT
OCCKOHEYHOW MUTPAIIUN OJHOTO M TOTO JKE TIaKeTa;

- JIOJDKHA 00€CIIeUMBATHCS 3aIuTa 0T COOCB U paboTa B KIACTCPHOM PEXKHUME, UTO
0COOCHHO BaKHO TTPH MHOXKECTBEHHBIX MUTPAIIHSX.

Takum oOpa3oMm, 3amadeil WCCIENOBAaHUS SBISIETCA OTCIEAWUTH 3arpy3Ky
KOHTCHHEPOB U HE JOMYCTUTh MOTEPh MPOU3BOJUTECIHLHOCTH BHPTYAIBHBIX MAaIluH
CBSI3aHHBIX C HEJIOCTATKOM (PH3MUECKUX PECYPCOB MPUHUMAIOIIETO KOHTSHHEpa

2. O030p cylIecTBYIOIIMX METOI0B

Hacrosimas paborta ommpaercss Ha merof [1-3] KMBOW MUTpaluu BHUPTYaIbHBIX
MalluH, obecreynBaonnii 0aJTaHCUPOBKY Harpy3Ky CEpBEPOB 00JAaYHOIO XPaHMIIUIIIA
JTAHHBIX.

JKuBast Murpanys BUPTyaJbHBIX MAllMH B OCHOBHOM COCTOHMT U3 I€peladyd €ro
n300paKeHUsl MaMsATH C HMCXOAHOTO CepBepa Ha cepBep Ha3HayeHWs. [ HWmepBH30p
IIPEABAPUTEILHO KONUPYET CTPAHULBI IAMSATH BUPTYalbHOM MAIIMHBI K MECTY
HazHaveHwus, He npepbiBas OC mwiu modoe 3 ee mpuiioxerwid. [Iporecc komupoBaHus
CTpaHMLIBI IOBTOPSIETCSI B MHOTOKPAaTHBIX payHAaX, Ha KOTOPBIX HENPEepBIBHO
nepefaroTcss Tpsa3Hble  cTpaHuibl.  OOBIYHO, €cTh psiil  CTpaHMI, KOTOpHIC
MOIU(PHUIUPYIOTCA TaK 4acTo, YTO BUPTYyalbHAs MallMHA OJDKHA OBITH OCTaHOBJICHA
Ha HEKOTOpOe BpeMs, IMOKa ITOT psAA IOJHOCTbIO HE OyAeT mepenaH K MeCTy
Ha3Ha4YCHMUA. BHOCJ]CI[CTBI/II/I BUpTYyaJibHasA MalllHa MOXKCT 6BITL BOCCTAaHOBJICHA Ha
HOBOM cepBepe.

KuBast mMurpanus BHUPTYyaJbHBIX MAIllMH II03BOJISIET OCYIIECTBISITH JIBUOKEHHUE
paboueil Harpy3Ku C TOYTH HYJIEBBIM MPUKIAIHBIM BpPEMEHEM IpocTos. Tem He
MCHEC, MNPOU3BOAUTCIBHOCTh 3allYIICHHOI'O ITPHUIOKCHHUA 6YILCT MCHBIIC BO BpPEMA
mporecca MUTPAalMU  W3-3a2  NPEIBAapUTENLHOIO  KOIMHMPOBAHUS,  BBI3BAHHOTO
NOCJIEJOBATENbHBIME  IIOBTOPEHUSIMH  NaMsITH.  [I0CKOJIBKY  NIPOJOIKUTEIBHOCTD
JIOTIOJTHATENNBHBIX IMKIIOB IIEHTPAILHOTO MpOIeccopa Ipolrecca NpeABaAPUTEIBHOTO
KONMPOBAaHUs MOTpeOysseTcss W Ha HCTOYHMKE M Ha CepBepax Ha3HAuYCHMS.
JononHurenpHas cyMMa CETEBOM TMOJOCHI MPOIYCKAaHUs MOTpeOssieTcs Takxke,
MOTEHIIMAIBHO 3aTparuBasl )KMBOW OTKJIMK MHTEepHeT-ipuiioxeHni. Kpome toro, Tak
KaK BHPTyaJibHasi MallnHa BO30OHOBIISIETCS TIOCIIE MUTPALIMH, O3KUAACTCSI 3aMEeIJICHHE
M3-3a pa3orpena K31la B MECTe Ha3HAUYCHHS.

Kpome Ttoro, Bpemst mpocTosi U MPOU3BOAUTEIHHOCTh IPUIIOKEHHS, BEPOSITHO,
OyZyT H3MEHATBhCS IO-pa3HOMY H3-32 IEPEMEHHBIX HWCIOIb30BAaHUH MaMsITH H
mrabiionoB focrymna. [penpiaymue ucciegoBaHus OOHAPYXKHMIIM, YTO (DaKTHUECKOe
BpeMs IPOCTOSI MOXKET BapbUpOBaThes B penenax ot 60 mc 110 3 c.

3. Onucanue aJaropuTMa ’KNUBOI MUTPAIMHU

Knacrep cocrour wu3 (¢uU3MUECKHX CEpPBEPOB, HA KOTOPHIX pa3MELICHBI
BUPTYaJIbHbIE H30JIMPOBAHHBIE KOHTEHHEPHI, BBIJIEIEHHBIE O]l TOJIH30BATEIHCKUE
OKPY)KEHHS, U YIPABISIOIIEe cepBepa JIsi BHYTPEHHUX CHCTEMHBIX CepBUCOB [4-7].
BorunciuTensHblil  KOHTEHHEp sBiseTcsl 0a30BbIM 3JeMeHTOM IuiatdopMbl. OH
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IPEACTaBIsIET COOOH OTAENbHYIO BUPTYQJIBHYIO MAllIMHY, B KOTOPOil paboraer oauH
13 KOMITIOHEHTOB CUCTEMBI (IIpHUJIOKEeHUE, 0a3a JaHHBIX, OallaHCUPOBIIMK HArpy3Kd H
T.1.). Takoe pacnpenenenue odecreyuBaeT XOpOUIyIO H3OJAIMIO U MaclITaOUpPOBaHHE
KaXIOro KOMIIOHEHTa HE3aBUCHUMO OT JApyroro. Bce KOHTeHHepHl SBISIOTCS
TUIM3UPOBAHHBIMU U B3aUMOJAEHCTBYIOT C SIAPOM I10 ONPEAEIEHHOMY IPOTOKOIIY.

Kaxnpiii BUI KOHTEiHEpa ONTUMH3HPYETCS MOJ TOCTYIHBIH 00beM ONepaTHBHON
naMmsITH, 4YTO Haubojee akTyaJbHO Ui 0a3 NaHHBIX, TaKk KaKk OHM H3HAYaJIbHO
HACTPOCGHBI Ha TOTpebieHne Hebompmoro obdbeMa mnamsaTH. M3 BUPTyambHBIX
KOHTEHHEPOB CTPOUTCS OKPY)KEHHE, KaKAbI KOMIIOHEHT KOTOPOTO HaXOIHUTCS B
OTJENBHON BUPTYalbHOM MamuHe. Bce KOMIOHEHTHI paclpelelisiioTcs MO PasHbIM
¢busnueckuM cepBepaM A 00ECIEYEHUS! BBICOKOW IOCTYHNHOCTH U HAAEKHOCTH.
Takum 00pa3om, BEIXOJ U3 CTPOsSI OHOTO U3 CEPBEPOB HE BIUSET HA pabOTy CHCTEMBI,
TaK Kak UMeeTcs ero IyOsuKar.

Ecnu cuctema tpeOyet OONBIIOTO KOJMMYECTBA MAMATH M Ha TEKyIIeM (PU3HIECKOM
cepBepe HaONIOJAaeTcsl HEXBaTKa pECypcoB, Haubonee 3arpy:KeHHbE KOHTEHHEPHI
nepeMenaTcs Ha Oojiee cBOOOAHBIE cepBepa. Takol Mpolecc Ha3bIBACTCS «yMHas
JKUBass MUTpauys», OH MO3BOJIAT H30eXaTh HEPalMOHAJIBHOTO HCIOIb30BAHUS
pecypcoB cepBepa.

CymectByeT HaOOp cepBUCOB (pe3epBUPOBaHUE, OMJUIMHT, COOP CTAaTUCTHYCCKUX
JTAHHBIX, 0€30MMaCHOCTh), KOTOPBIE JOCTYITHBI TOTH30BATEIAM Ha BepXHeM ypoBHe [8].
Bce atm ycayrm moakmrouaroTCs K CEPBHUCHOM ImmHE. Pasnwuaror Tpu Tuma BeO-
KIIMECHTOB:

*  BeO-KIMEHTH, paboTtaromme C mI1aThopMOH uepe3 KOHKPETHOTO XOCTHHT-
npoBaiiaepa;

*  BEO-KJIMEHTHI KOHEYHOTO MOJIb30BaTENS;

*  BEO-KJIMEHT I aIMHHUCTPATOPa IIAT(HOPMBI.

Ha HmKHEW CTYNeHH apXHUTEKTYpbl HaxOsTCs (U3MUECKUE cepBepa, KOTOphIe
MOJUIEKAT BUPTYaIM3aLUuU U Pa3elIeHUIO Ha BUPTyaJbHbIE MAallUHbL. Takke uMeercs
TOYKa BXOJa B Mmatopmy, 4epe3 KOTOPYIO MPOXOJISAT BCE 3alpOChl MOJIB30BaTENEH K
npuiokeHusiM. CUCTeMa MOHUTOPHUHTA CIICUT 32 COCTOSTHUEM (DH3UUECKUX CEPBEPOB,
MHQPACTPYKTYpPHBIX KOHTEHHEpPOB, BeO-mpuioxeHud W T.1. Ecnm HaOmonarorcs
KaKHe-TO HETOJIaIKU B paboTe CUCTEMBI, OHA YBEIOMJISIET 00 5TOM aJAMHUHHCTPATOPOB
TIaTOPMEI.

PasBeprriBanne mnatgopMbl IPOUCXOAUT Ha Habope ¢u3nueckux cepsepoB. Cama
wiatpopMa KIACTEPU30BaHA, KaXIbli CTPYKTYPHBI KOMIIOHEHT paloTaeT Ha
OTJIeNbHOM BUPTyalIbHOM MaminHe. KpoMe 3Toro, cymecTByeT BTOpoil AyOIrpyronuii
cepBep, Ha KOTOPOM HaXOJATCS TaKHe )K€ KOHTCHHEpPHI JIJIsi 00CCTICUCHMS 3al[UThI OT
cOoes.

Henocrartok cyiiecTByrONIMX CUCTEM >KMBOM MUIPAllMM COCTOMT B TOM, YTO INPHU
O0OHOBJICHNH TUTAT(GOPMEI TI0JIH30BATENN, KOTOPBIE PabOTAIOT C HEH B 3TOT MOMEHT,
YYBCTBYIOT HEKOTOPYIO 3aJepKKy B pa0doTe cucTeMbl. Takue 3a/lepKKH B OCHOBHOM
BO3HMKAIOT BO BpeMs1 OOHOBJIEHUS 0a3bl JaHHBIX, TaK KaK IIPH U3MEHEHUHU CTPYKTYPHI
0a3bl TaHHBIX OJIOKUPYETCS TOCTYII K €€ TaOIuIam.

Pemenne mpoGieMbl cocTOMT B TOM, 4YTOObI oOHOBieHue bJl mponsBoaniIoch
UTEPaTUBHO, IPH 3TOM CIIELHUAJIbHBIA MEHEKep OOHOBJIEHHUS TOJDKEH 00ecreunBarhb
MPAaBWJIBHBIA TOPSIOK BBITOJIHEHUS OOHOBICHMMA. Bce OOHOBJICHHS JODKHBI OBITH
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o0paTHO CcOBMECTUMBIMH. TakuMm oOpa3om, mid u3beranus OmokupoBku bJ[ Ha
JUINTENTFHOE BpEeMsl HCHOJNB3YyeTCs KiacTepHBIH pekuM oOHoBieHHs. CyTh 3TOTrO
nporecca COCTOUT B CIEAYIOLIEM: €CTh JBa (PU3UUECKUX CepBepa, Ha KaKIOM W3
KOTOPBIX HAXOAUTCS KOMHUSA MIaT(OPMBI, TO €CTh, MHOI'O KOHTEHHEPOB, PaOOTAarOLINX
OHOBPEMEHHO M HE MEUIAUIMX Jpyr Opyry; Koraa Heo0XOAMMO OOHOBHTH
wiatpopMy, OJMH CepBEp MNEPEXOAUT B COCTOSIHME ‘‘maintenance” W HaydHAET
OOHOBJIATHCS, IPU ATOM IK3EMIUIAPHI 0a3bl JAHHBIX PEIUTMLUPYIOTCA APYT C APYTOM.
Ilocne oOHOBIEHMS 3aIlyCKAaeTCsl CUHXPOHHU3alMsi W OOHOBIISIETCS BTOPOMl cepsep,
3areM 00a cepBepa MOJAHUMAIOTCSI.

Platform-as-Infrastructure JOJDKHA oOecrieunBaTh BEPTUKAILHOE
MacmTabupoBaHue (BBEpX W BHM3). JTO O3HA4YaeT, YTO BHUPTyajbHas MalllhiHA B
nporecce paboThl MOTPEONISIET CTOJIBKO MaMsTH, CKOJBKO €d HyxHO 0e3
NpeBapUTEILHOTO PE3CPBUPOBAHNUS PECYPCOB. B CBSI3M C 3TUM BO3HHUKAET Mpobiema:
B CJy4ae, €CiIM Kakas-TO M3 BUPTYAIbHBIX MAIlUH 3aXOYeT MOJIyYUTh MAaKCUMAaJIbHO
HEOOXOIUMOE KOJIHMYECTBO PECYpPCOB, BO3MOXHA CHTyauus, KOIZa BECh Pecypc
(hu3nveckoro ycTpoicTBa mamsTh (Bech XKECTKUH AWCK) OyleT moTpeOnaThesi 3Tou
MAIIMHOHN U APYTHE BUPTYyalbHbIE MAILIMHBI HE CMOTYT PACTH.

IInarpopma cocTouT w3 OONBIIOTO KOJNHYECTBA CBI3AHHBIX MEXIY COOO0
KOMITOHEHT, KOTOPBIE UMEIOT CJIOKHYIO KOH(PHUTYPALUIO U HYKAAIOTCS B IOCTOSIHHOM
yIpaBlieHHH. YTIpaBlieHHEeM KOHQUTrypauueil pacnpeneneHHON CHCTEMBl 3aHUMAETCsI
cucTeMa aBTOMartu3anuu (puc. 1), KoTopas THpPaXHPYET 3Ty KOH(QUTYypamuio Ha
pa3Hble TUIOLIA IKH.

Manudectbi(Knaccobl) O6beKTbl Pecypcbl

Knaccol undppacTpyKTypHbIX Kouduru xoctepa e Gatro:
Xapaxoa
AuHamuyeckue AaHHbIe
(napamerpusupoBaHHbie
KOHGUrypauum U CKpUnTbI )

Knaccol uHGPacTpYKTYPHEIX  O6nasnenue obbekTos
KOHTeiHHepoB

Cratuveckue aaHHble
(paviner  kondurypaumii wn
CKpUNTBI)

Knaccol nHPpacTpyKTypHbIX
NPUNOKEHUA

Knaccobl 06umx
NPUNOKEHUA

Puc.1 Cmpyxmypa cucmemuvl asmomamusayuu

CucremMa aBTOMaTH3aLUHM 3aHUMAETCs YCTAaHOBKOM (PM3MYECKMX M BHPTYaJbHBIX
CepBEPOB M OOIIMX MPHUIOKEHUH (CUCTeMa aHAIMTHKH, CHCTeMa MOHUTOpHHTa). Bee
STH KOMITOHEHTHl Ha3bIBAIOTCS KJacCaMH. OK3EMIUIIPHl KJIacCOB HAa3BIBAIOTCS
oObekTaMu. 3ajaya CUCTEMBl aBTOMATH3alUM COCTOMT B TOM, YTOOBI ONHUCATh
CTPYKTYpy W TPHHLUI PaOOTHl KjIacca M CO3/4aTh HECKOJBKO €Tr0 SK3EMILIIPOB C
KOHKPETHBIMH INapaMeTpamu. Takas cucTeMa NMPOHM3BOJHT YCTAHOBKY W OOHOBIICHHE
T1aTGOPMBI.

ApXUTEKTypa CHCTEMbl MHUTPALlMM COCTOMT B TOM, YTO MMeeTcs MH(popManus o
CTaTUCTHKE PabOThl (PH3MYECKUX CEPBEPOB M BUPTYAIBHBIX MAIIWH (KOHTEHHEPOB).
OTH JaHHBIE TEPUOAMYHO CUYHUTHIBAIOTCS U (OPMHUPYIOTCS B METPHKH, KOTOpHIE
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XpaHATCS B ONpEeIeNleHHOM XpaHwidie. TakuM o0pa3oM, OOpaTHBIINCH K 3TOMY
XPaHWIHUIY, MOKHO B JIIOO0M MOMEHT BpeMEHH MOIYyYUTh HH)OPMALHIO O AUHAMHKE
noTpeOJIeHUsT pecypcoB Mo (U3NUECKOMY CEpBEpy WIH BUPTyalbHOMY KOHTEHHeEpY.
Taxxe wnmeercs WMHPOpPMANHA O KOIWYECTBE PECYPCOB, KOTOPHIMH PACIIONararoT
(bu3ugecKue cepaepa.

Pemenne o HE0OXOAWMOCTH MUTpalMU, & TaKKe O TOM, YTO U KyJda IOJDKHO
MUTPUPOBaTh TNpUHUMaeT Onok ympaeineHus. [locme BpIOOpa KaHAWAATOB IS
MUTpAIA OHHU MTOMEIIAIOTCS B PACIIPENEICHAYIO OYepellb, KOTopas oOpadaThIBaeTCs
CHENUANBHBIM MPOIECCOM. DTOT MPOLECC aHATH3UPYET MHAOPMALHMIO O KOJTUYECTBE
9JIEMEHTOB B OdYepeld U Ha OCHOBE JTOH HWHGPOPMALMU BHIOUPAET 3JIEMEHT,
o TeKaIui Murparui. [Iporecc pu3ndeckoil MUTPAIIUN SBIISICTCS CHHXPOHHBIM 0e3
KaKHX-THOO pa3pblBOB HWJIM BO3BPaTOB, NP 3TOM CYIIECTBYET CHEIHANbHBIN
MEXaHH3M, KOTOPBIH CIEAMT 3a TeM, YTOObI He ObUTO OMMOOK U 3anepxek. OCHOBHAs
3a/1a4a MmpoIecca COCTOUT B TOM, YTOOBI 00eCTIeYnTh BEIOOp KaHIUAATa ISl MUTPALAN
M OCYIIECTBUTH €ro TMepeMeIleHne Ha ONpeeNIeHHBIH (U3NIECKUl cepBep TaKUM
0o0pa3oM, YTOOBI ONTUMHU3UPOBATh COCTOSIHME CHUCTEMBI. TakuM 00pa3oM, HMeEeT
MECTO 3a7laya MHOTOMEPHOH omTtmMu3anuu. CyIecTByeT HECKOIBKO alTOpHUTMOB
pelIeHus JaHHOH 3aJauH.

IIpocroit anroput™:

1. HWmetcst Hanboee 3arpyKeHHbIN cepBep (MaMATh B IIPUOPHUTETE).

2. Ha cepBepe BbIOHpaeTcs camblii ONTHMAIBHBIA C TOYKHA 3PEHHUS KOJINYECTBA
notpebisiemoit mamsit (RAM, CPU) u ucnonp30BaHus KECTKOTO AMCKA KOHTEHHED.
OntuManbHBIM ABJSIETCS KOHTEWHEp, MOTpeOssommidi Oobllle BCEro MamsITd H
MEHBIII€ BCEr0 AUCKOBOTO MPOCTPAHCTBA (IS OCYIIECTBICHHUS MPOIlecca MUTPAIIH 3a
MUHUMAIIEHOE BPEMS).

3. TIlepemenienune koHTEHHEpA.

JaHHBIN anropuT™M YIOOHBIH B MPUMEHEHHUH, OJHAKO, MPHU OOJBIIOM KOJIWYECTBE
(U3MYIECKUX CEPBEPOB AITOPUTM SIBIISETCS HEIOCTATOYHO ONTUMAIbHBIM. [t Takmx
CIy4aeB HY)XHO HCIOJIb30BaTh Oojee CIOXKHBINA anroput™M. Ero cyts coctouT B
cienyromeM.  OmnpenensioTcss  clelUuanbHble  IPaBHJa, KOTOPHIM  JOJDKHO
YIOBIIETBOPATH ONTUMaJIbHOE perieHue. CyIecTBYIOT )KECTKHE MpaBuiia, KOTOPhIE He
MOTYT OBITh HapyIIEHBl HH TPH KaKUX OOCTOSATENBCTBAX M MSTKHE IIpaBHIIA,
KOTOPBIMH MOKHO NpEeHeOpeus B HEKOTOPHIX ciiydasx. Kpome 3Toro ompeaemnsrorcs
THUIIBI PEIICHUH 3a/1a4H:

*  BO3MOXHBIE PEIICHUS — pEIIeHUS, KOTOPhle IOCTHTAIOTCA C HapyIIeHHEM
JKECTKUX MPaBUJI (TIJIOXHE PELICHHS);

*  OCYLIECTBHUMBIE pEIICHHS — pEeUIeHHs, KOTOpbleé HE HapylaloT >XECTKUX
YCIIOBHi, HO HE BBIMOJHSAIOT YaCTh MATKHUX;

*  ONTUMAJIbHBIE PEIICHUS — PEIICHNS, KOTOPHIE BBHITIOIHSIO 00a THTIA YCIOBUH;

* IlydlWie pemeHuss — OSTO ONTHMajJbHBIE pEUIeHHA, pPACYUTAHHBIE 3a
MHUHHUMAaJIEHOE BpeMSI.

Hns  pemeHust 3agadd €  TOMOLIbIO  CJIOXHOTO —ajrOpUTMa HEOOXOIUMO
MIPEIBAPUTETHHO ONPENETUTh MATKUE U KECTKHIE OTPAaHUUCHHS.
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JKecTkue orpaHuyYeHU:

1. KomuuecTBO pecypcoB CHCTEMBI JOJDKHO OBITh JOCTaTOYHBIM  JJISt
nepeMenenns KoHteiiHepa. Kpome 3TOro Hy>KHO y4YUTBHIBaTh, YTO MaMSTH JOJDKHO
OBITH OoubIIIe, YeM TpeOyeTcss KOHTEHHEPY.

2. KoHreiinep HEe MOKET MUTPHPOBATh Ha COOCTBEHHBIN (PU3HUUECKUIL CepBEp.

3. Ha omnom ¢usnueckom cepBepe HE MODKHBI Pa3MEIIAThCSI KOHTEHHEPHI
OJTHOTO W TOTO K€ THUMa. JTO YCJIOBHE TapaHTHPYET, 4TO B ciiydae cOOS CHCTEMBI
OyZIeT moTepsTHO MUHUMAIIFHOE KOJIMYECTBO JTaHHBIX.

MsiTkue orpaHHMYCHUS:

1. MurpupoBaTh JOKHBI HanOoJIee 3arpyKeHHbIE C TOUYKH 3PEHHUS OTIEPaTUBHOMN
MAMSITH U TIPOIECCOPa KOHTEHHEPHI.

2. MurpupoBaTh JODKHBI HanOOJIee JIeTKie KOHTeHHEPH! (KOHTEHHEPHI, KOTOpPHIC
NOTPEOJIIOT MEHBILIE BCETO JKECTKOTO JTUCKA).

3. llemeBoii Gpusmdeckuii cepBep MOKEH OBITH HANMEHEE 3arpyKEHHBIM.

OCHOBHBIM  HEJOCTAaTKOM  JIaHHOTO  QITOPUTMa  SBISIETCS  OTCYTCTBHE
WHCTPYMEHTOB YydYeTa TEHJCHIMH HW3MEHEHUS CKOPOCTH MOTPEOJICHHS PEeCypcoB
pa3IuYHBIMU KOHTeWHepaMmu. beuto poBeieHo rccienoBanne 3Q(EeKTHBHOCTH ydeTa
CTaTHCTUYECKUX JaHHBIX B MpOIECCe BBIOOpa KOHTEHepa AJs MHUTPAldd, a TaKkKe
cepBepa, Ha KOTOPBIH OyIeT OCYIIECTRIATHCS MUTPALIUSL.

s Toro 4YTroOBI MpaBWJILHO MMOJOOpaTh CepBEp, HA KOTOpPBIA OyneT
OCYIIECTBISATHCS MHUTpAIUS HEOOXOIUMO OIICHWTh TPEHJ W3MEHEHUS IWHAMUKU
WCIIOJIb30BaHMsI PECYpPCOB BEIOPAHHOTO CepBEpa € yUETOM HArpy3KH KOTOPYIO CO3JacT
MUTPHUPYIOLIUI KOHTEMHED.

4. OnucaHue MeTO0/1a BHIOOPA KOHTeiiHepa JAJ15 MUTPAIMHU

,Z[J'IS[ OMpeAcJICHUd MOMCHTA BKIIFOUCHHUA JOIIOJIHUTCIIBHOTO TEXHHUYCCKOI'O
cpenctBa (cepBepa) HEOOXOAMMO C 3aJaHHBIM HMHTEPBAJIOM BpPEMEHH OLICHUBAThH
TEKYILIYI0 CTaTUCTHKY 3arpy3Kd peCcypcoB, IOCTPOUTb TPEHO, HIH JIUHEHHYIO
aIrpoKCuMalulo, C06paHHbIX JaHHBIX O KOJHWYECTBEC O6CHy)I(I/IBaeMI)IX 3asBoK. Ha
OCHOBaHWHW TPEHJA, CJeNaTh OIEHKY BEPOATHOCTH TOTO, YTO OOCIYyXHBaHHE
KOHTEUHEPOB PACHOJIOKEHHBIX Ha HCCIEAYEMOM CEpPBEpPE MPEBBICUT JOMYCTUMBII
00BeM maMsITH, )KECTKOTO JIMCKA WM 3arpy3Ky mporeccopa. Murparust Heo0xouma B
TOM CITy4ae, €CIii XOTs ObI OJTUH Pecypc OKa3bIBaeTcs B IeUIIHTE.

Ha 3arpy3ky pecypcoB (hu3nyeckoro cepepa OJHOBPEMEHHO BIHSET M3MEHEHHE
3arpy3K pPecypcoB OTHENBHBIX KOHTEHHEPOB, KOJMYECTBO KOTOphIX Oomee 250.
CocTosiHUE 3arpy3KH pecypcoB (PU3MUECKOro KOHTEHHepa - 3TO CliydyaiiHas BeJITHUYMHA,
KoTtopasg coryiacHo LleHTpanbHOW MpenenbHONM TeopeMe MMEET HOPMaJIbHOE
pacmipeneneHne, TaKk KakK SBISIETCS CYMMOW OOJNBIIOTO KOJIWYECTBA CIy4alHBIX
BCJIMYUH.

Takum oOpa3om, Ha OCHOBE TEKYIIEH CTATUCTHKHU HArpy3KH, CO3aBaeMON CyMMOI
BUPTYaJbHbIX KOHTEHHEPOB AOOHEHTCKMMHM 3asBKaM Ha TapU(PHUKALUIO; OLECHKH
BEpXHEH TIpaHUIBl KOJMYECTBA  3asBOK, KOTOPHIE OJHOBPEMEHHO  MOTYT
o0pabaTeIBaTbCd Ha MOIIHOCTAX JOCTYIIHBIX CEpPBEpOB OyAeT ompeneseHa
BEPOATHOCTh TOTO, YTO B TE€YEHHE 3aJlaHHOTO BPEMEHH KOJHMYECTBO INMOCTYIHMBIINX
3as1BOK HE MIPEBBICUT JONYCTUMOTO 3HAUYCHHUSI.
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MeToa KOHTPOJISI TIOCTATOYHOCTH PECYPCOB CHCTEMBI JUIsl 0OpabOTKH BXOIHOM
Harpy3Ku:

BxonHrle nannsbe:

1) uatepBan T; — mHTEpBaT BPEMEHHU, B T€YEHHE KOTOPOTO OYAET MPOBOIUTHCS
aHallN3 CTATHCTHUKHY,

2) uarepBai dt — HHTEpBaJl JUCKPETU3AIMH BPEMEHH (MaJIbIi HHTEPBA);

3) maHHBIE CHCTEMBl MOHUTOPHHTA O KOJMYECTBE MOTPeOIIeMbIX pecypcoB (Talum.
1);
Tabnuya 1. [annvle cucmemvr MOHUMOpUH2A
t to- dt to-2dt to-3dt T,
X X(t) X(t) X(t)

4) uHTEpBaN BpEMEHU MEXIy IPOBEpKaMH Ha HEOOXOANMOCTh MUTPALINY;

5) MakcumanabHO JOMYCTHMOE KOJHYECTBO HCCIIEAYEMOTO pecypca, KOTOpoe
JOCTYITHO JIJ1s1 0OCITyKMBaHHS BUPTYaIbHBIX MaIllMH Ha cepBepa.

Ha puc. 2 Xg — KOJIHYIECTBO pecypca morpedasieMoe B MOMEHT BpeMeHH to, X=at + b
— mpsMas TOCTPOCHHAs HAa OCHOBE [MAaHHBIX CTAaTHCTUKM Ha OCHOBE METona
HaMMEHBIINX KBAJPaTOB; TOYKH TPEHAa — 3TO BO3MOXKHBIE 3HaYeHHs TpeOyeMoro
pecypca Uit OOCTYKMBaHHUSI CUCTEMbI Ha MPOTSDKEHUU IOCIEAYIOIIEro BpeMeHu T.
3ajaya OLUEHUTh BEPOSITHOCTh TOrO, YTO CIy4YailHbId MPOLECC BBIMAET 3a MpeAeibl
JOITyCTUMOTO [T CHCTEMBI pecypca M.

Ax

M .

-
x0 T t

Puc. 2. Ilpoenosuposanue OuHAMUKU UCNONL308AHUS PECYPCO8.

ANTOpUTM METOJIa BKIIIOYAET B ce0sl TPU OCHOBHBIX IIara:

1. AHanu3 CTaTUCTHYECKUX JaHHBIX 32 BpeMs (to-T1), TOE tp - TEKyIee Bpems, s
KOTOPOTO BBIMONHSIETCST pacueT. Ha OCHOBE CTaTUCTUYECKHUX JAHHBIX CHUCTEMBI
MOHHWTOpPWHTA Ui Taphl 3Ha4eHWH (t,X) MO METOAy HAMMEHBIINX KBaJpaTOB
paccuMThIBaeTCS OLEHKa KodduuumeHnta a I NPsIMOH, anmpOKCHMHUPYIOLIEH
3HAYCHUS BXOJTHOTO HArpy3Kku ¢ Tabi.1 x =at+b
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2. OrmeHuTh BEPOATHOCTHL Pr TOro, 4Tto B TEUCHHWE 3aJaHHOTO BpeMeHH T
KOJINYEeCTBO TpeOyeMoro pecypca IMpeBBICHT uMeromuics pecypc M. Ouenka
BEPOSITHOCTH paccuuThiBaercs mo popmyse (1)

P =P(X; +30>M) (4.1)

CpeaHeKBaIpaTHYECKOE OTKIIOHESHHE ONpeaessieTcs o Gpopmyoie:

(4.2)

Xj — TEKyIllasi Harpy3Ka Ha CUCTEMY,

X — cpefiHee 3HaUEeHME 3aHATOCTU pecypca,
Ha ocHOBaHMM MTOJTy4€HHON OLIEHKH IPUHATH YIPABIIAIOIIEE PEIICHHE.
CraTucTHYeCKUi BBIOOP KOHTEHHEpA ISl MUTPALIUU:
IIAI' 1. MerogoM HaMMEHBIIMX KBaJpPAaTOB pPACCUUTHIBACTCS &j— OICHKA

3HaYeHUs KO3()GUIHMEHTOB I HPsAMBIX BHAAa X =4&jt +bj, KOTOpble BbIpaxaeT

3aBUCHMOCTb KOJIMYECTBA pecypca (HampuMep, OTepaTHBHOM MaMAITH) MOTpeOIsieMoro
1-M cepBEpOM OT BPEMEHHU.

IOAT" 2. M3 Bcex MOCTYNHBIX /IS MHTPAlliU CEPBEPOB, CEpBEP HAa KOTOPOM
HaXoAUTCA KOIIHMA MUIPHUPYIOIICTO KOHTCﬁHCpa HE ABJIACTCA OOCTYIIHBIM, BI)I6paTI>
TpH (PU3HUECKUX cepBepa, A KOTOPHIX 3HAaueHUS KO3(D(GHUIUEHTOB &;, HalICeHHBIX

Ha mare 1, IMeoT MUHHMalIbHOE 3HAUYEHHUE.

IIAT 3. Jns kaxaoro u3 TpEX BBIOpAaHHBIX (UIMUECKHX CEPBEPOB CIOKHUTDH
MOTOYEYHO TPEH]IbI BXOAALIEH HArPYy3KH CEpBEPa U TPEHBI HCIIOJIB30BAaHUS PECYPCOB
KOHTEHHepa, OTOOpaHHOrO JUIsI MUrpanuu. s KaXI0oro HOBOIO TPEHAA MOCTPOUTH

JIMHEMHYI0  alllpOKCHUMAl{I0 METOJOM HAMMEHBIIMX KBaApaToB W  HAWTH
’

! ' !
cooTBeTcTBYIONME Koddduuuents! {4, , &, , 4, }, rue d; - OLeHKa I mapaMerpa
OIPEEISIONIEr0 YroJl HaKJIOHAa MPAMON OTpakarolield JIWHAMHUKY 3arpy3Kd i-ro
cepBepa, WCXOAS W3 TPEANONIOKEHHS, YTO B TEYCHHE OICHMBAEMOTO TIEPHOaa

MUTPHUPYIOIINK KOHTEHHEp 00cmyxuBajcs i-M cepBepoM. Eciin XoTs Obl U1 O1HOTO 1
!

3Hauenne @&; <0, Torma OCTAHOBKA: /Ui MHUIPAllMd BHIOMpAETCSl CepBep IS
!
KOTOpOTO dj - MHUHHUMAJIbHO, MHAa4Y€ Nepexo Ha Imar 4.

LIAT" 4. MeTogoM KOHTPOJISI JOCTATOYHOCTH PECYPCOB OIEHUBACTCS BEPOATHOCTH
TOTO, UTO TPEH/IbI TMHAMHUKH U3MEHEHUS HArPy3KH, HaMICHHBIE Ha mmIare 3, He BRIMAYT
32 YCTaHOBJICHHBIE NpEeNbl JOMYCTUMOW HArpy3KH Kaxaoro i-T0 (HU3MYECKOro
cepepa. B pe3ynbTare BHIOOp OCTaHABIMBAETCS HA TOM (PU3UYECKOM CepBepe, I
KOTOpPOTO OLIEHKa BEPXHEW T'paHUIlbl BEPOATHOCTU P MPEBBIIEHUS JOIMYCTUMOTO
3HAYCHUSI TOTPEOIITEMBIX PECYPCOB OyAeT MUHIMAIILHOM.

5. IlpoBeaenne 3KcnepUMeHTa AJS OLeHKH 3(P(PeKTHBHOCTH MPENT0KEHHOT0
MeToaa

C uensio moxaTBepkIeHUA 3PQPEKTUBHOCTH MPEAJIOKEHHOTO METO/Ad, METOAA
BBIOOpa KOHTEHHEpa Ui MUTpAllMd BUPTYaJbHOH MalIMHbBI, OBLIO IPOBEIEHO
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MOJIeTIHpOBaHue pabOTHI TSTH KOHTEHHEPOB, KOTOphIe oOcmyxuBanu 10 KIMEHTCKAX
BUPTYalbHBIX MamiH. PaboTa kak10i BUPTyalbHOM MalIMHBI ObLIa TPOyOIUpOBaHa
Ha JIByX KOHTelHepax. 3ajaya 3aKiIioyanach B TOM, YTOOBI, OTCIIEKHBAs 3arpy3Ky
ONEpPAaTUBHOM NaMATH KOHTEHHEPOB, CBOEBPEMEHHO BBIIBUTH BO3MOXKHOCTh
HEepPerpy3Ky U MPUHATH MEPHI 110 MUTPALIMU BUPTYAJIbHON MAIIMHBL.

MopnenupoBanue mpoBoaWiIOCh ¢ mnomomipto makera GPSS. [Ing xaxzporo
KOHTEHHepa 3aJaBajiCsl Iyl PEecypcoB, KOTOPBI 3aHMMaJICS U OCBOOOXKHAlICA B
COOTBETCTBHUHU C TPeOOBAHUSIMU BUPTYaJIbHBIX MAIIMH, KOTOPbIE OBLIM 3aKpEIUICHBI 32
KOoHTelHepamu. PaboTa BUpTyanbHOM MallMHBl SMUTHPOBAJach KAK MHOTOKaHAJIBHOE
00CTyKUBAIOIIEE YCTPOUCTBO (KOJIMYECTBO KAHAJIOB OOJIBINIOE, BPeMs 00CITy)KUBaHUS
pacrpeneneHo no 3akoHy IlyaccoHa), Ha KOTOpoe IOJaBaJICsi IOTOK 3asIBOK, TAKXKe
pacnpenencHHbIi o0 3akoHy [lyaccona. Ha BpeMs oOCImy:KMBaHUS KaKIAOW 3asBKU
OCYIIECTBISUIOCH 3aHATHE pecypca Ha 3aJaHHYIO0 BEJIMYMHY, TO €CTh M3 Iyla
COOTBETCTBYIOIIETO KOHTEHHEpa BbhIUNTAIACh HEKOTOPas 3alaHHas BEJIMUMHA, Pecype
CUMTAJICS] TIOJIHOCTBIO 3aHATHIM, €CIIM 3HaUeHHue IyJia paBHsIoCH Hymo. Eciu pecypca
HE XBaTal0 3asBKU OTOpachiBajuch. TakuMm oOpa3oM obecreunBaliaCh UMHTAIHS
CIy4alHOro Npouecca 3aHATUSL ONEPaTUBHON NaMSTH.

3HaueHUs 3aHATOCTH PECYPCOB KOHTEHHEPOB (DUKCHPOBAINCH UYepe3 3aJaHHBIN
HMHTCPBAJl BpECMCHHU. IIJ'IH OTUX CTaTUCTUYCCKUX MNAaHHBIX CTPOUJICA TPEH/ 3aBUCUMOCTHU
3aHSATOCTH pPecypca OT BpPEMEHM, a TOYHEE MO0 METOAY HaWMEHBUIMX KBaJpaTOB
pacCUUTHIBAICSA KOAP(UIIMEHT HAKIIOHA alIPOKCUMUpYoIIei mpsimMoii (3), rae (X, tk),

k =1,n— 3HavyeHHe 3aHATOCTH pecypca KOHTEHHepa W BpeMsl, KOrJa 3TO 3HAYCHHE
3a(h)UKCUPOBAHO. A MMEHHO, ObLIO CO3aHO 5 TaONHI, B KOTOPhIE KWKAYIO CEKYHAY
BHOCWJIUCH JIaHHBIE O 3aHSATOCTH PECYPCOB COOTBETCTBYIOIIMX KOHTPOJUIEPOB, T.€.
3HAYCHUE PA3HULBl MEXIY HCXOIHO 3aJaHHbIM 3HAYCHHEM IMyjla M TEKyLIUM
OCTaTKOM, M COOTBETCTBYIOLIEE II0KAa3aHUE BPEMEHHU MOJEIUPOBaHMs. Pacuér
KO3 GUIIMEHTa aNMPOKCUMUPYIONIEH NPSAMOU MPOM3BOJIWICS KaXKIble 5 MHUHYT Ha
OCHOBaHUM CTATUCTHKH TPEXCOT MOCIEAHUX 3HAYCHUH 3arpy3ku KoHTeiHepa (n=300),
JUTS KQKJI0T0 KOHTEHHEpa OTAEIBHO.

> (x =X, —1)
D (X — X)?
Ha ocHoBanuy MH(pOPMALKU O TPEAEIBHO BO3MOKHOM 3HAYEHUHM ITyJla PECYPCOB,

CTAaTUCTHKH TPEXCOT MOCIECIHUX 3HAYCHUI 3arpy3kd KOHTEHHepa, a TakkKe TEKyIIeH
3arpy3KkH pecypcoB 1o ¢opmyiie (2) pacCUUTHIBAIOCH 3HAUCHUE G.

4= (5.1)

130
o= |— Xj — X
200 2~
Torna ucxoxas uz ¢popmyisl (1)

P, =P(X, >M —30)

Ecnu npu nepecuere 3nauenue P+> 0, Torna ocymecTBiIsuIOCh epepacipeaesicHue
BUPTYQJIBHBIX MAIlIMH MEXy KOHTCHHEpaMH.
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Kpome craTucTHKM 3aHATHSA IyJla PECYpPCOB Ul KaXKJIOM BUPTYyaJIbHOW MAaIIUHBI
TaK)Ke BEJETCS CTATUCTUKA 3aHATOCTH pecypca. Mcxoast u3 ycioBuil Moienu, Kaxjas
n3 10-TM BUpTyanbHBIX MAallWH IyOJUpyeTcss Ha IBYX KOHTEiHepax, TO €CTh B
mporiecce padoThl BUPTYyaTbHOW MAIIWHBI PECypC 3a0MpaeTcsi OMHOBPEMEHHO M3 ITyJia
IByX KoHTeiHepoB. [loaTomy mocie Toro kak pacueTnoe 3Hauenue Pt > 0 mist ogHOTO
13 KOHTEHHEPOB, HEOOXOANMO OBLIO BHIOPATh BUPTYAJIBHYIO MAIIMHY AJIS MUTPALUH,
a TaK )K€ KOHTEHHEp Ha KOTOpPBIA OCyLIeCTBIsU1ach murpauus. s 3Toro u3 Beex
BUPTYQJIbHBIX MAIllMH KOHTEHHepa, Tae Obuia 3adMKCHpOBaHA IEperpyska, Oblia
BBIOpaHa Ta BUPTYalbHAs MalIMHa, ISl KOTOPOM 3HAYEHHE OLCHKU Ko duimenTa &
paccuMTaHHOH Ha OCHOBE CTATUCTHYECKOW TaONHIIBI MOTPeOJIeHHsT pecypcoB, OBLIO
MaKCHMAJbHO.

[Mocne Toro Kak BUpTyaJibHasi MaIIMHA JUI1 MUTPAliK ObL1a BHIOpaHa, He00X0AUMO
BEIOpaTh M3 TPEX KOHTEHHEPOB TOT, B KOTOPOM HET MyOJiHKaTa JaHHON BUPTYaIbHOM
MammHbEL. [[1s1 DTOro ocymiecTBisieTcsl CyMMHpPOBaHHE 3HAYCHUH CTATHCTUYECKHUX
TaONMUIl MUTPHPYIOIIEH BHUPTYaIbHOW MAIIMHBI M KOHTEWHepa, Uil KOTOpPOTO
OCYIIECTBISIETCST  OmeHKa. Jlms  pe3yiapTHpyromed CTaTUCTUYECKOW  TaONHIIbI
pacCUMTHIBACTCS 3HAYEHHE OIEHKH Kod(hduimenta d. M3 Bcex KOHTEHHEPOB
BBIOUpAETCS TOT, Ui KOTOPOro KO3(hQHIMEHT & CyMMapHOW CTAaTHCTHYECKOM
Ta0JIUIBI OYJCT MUHUMAJIbHBIM.

[Mocne wmmrpammu B mpouecce pabOThl  BUPTYalbHOW MAIIMHBI  PECYpPCHI
3aHUMAJIICh W3 ITyJla TOTO KOHTeHHepa, Ky1a ObLIa OCYIIeCTBICHA MUTPAIIHSL.

MopenupoBaHue MOKa3aio CIeAyIOINe Pe3yabTaThl:

1. TlpoumeHT mOTEpSHHBIX 3asBOK TNpH pabOTe CHUCTEMBI 0e3 MpOoIeIyphl
murpanuu 10 4%.

2. llpomeHT MOTepSHHBIX 3asiBOK MPH padOTE CUCTEMBI C TPOIETyPOH MUTPAIHH
10 0,5 %.

6. BoiBoabI MO pe3yabTaTaM M NMPAaKTHYecKOe MpPUMeHeHHe MPelI0KeHHOI0
MeToaa

B nmanHOi#1 cTaThe paccmarpuBaeTcs criocod MaciTabupoBaHus HHPOPMAIIMOHHBIX
CHCTEM C TIOMOIIBIO OOJIAYHOTO XOCTHHIA, YTO OOECICYMBAET aBTOMATHYECKOE
pacnpernesieHne pecypcoB CUCTEMBI, B 3aBHCUMOCTH OT Harpy3KH U MO3BOJISIET PEIIUTh
npo0jeMy MUKOBBIX Harpy30K W TPOCTaMBAIOIIMX PECYpcoB. Bwumm paccMoTpeHbI
OCHOBHBIC 3aJladyi, KOTOPBLIC [JOJDKHBI PpeHIaTb KOMIIAHWHU, MNOPCAOCTABIIAIONINC
o0JlauHBIil CepBHC M CIIOCOOBI PpEIIeHMS OSTHX 3adad. bbUl OmHCaH MeTo[
aBTOMATHYECKON  OalaHCHpPOBKH HArpy3ku (H3MYECKHX CEpBEpOB  («yMHas
MUTpaus»), KOTOPBIH, HE JOMYCKaeT Meperpy3Ky OJIHOTO cepBepa W HEXBAaTKy
pecypcoB ISl IPYyroro.

st onipenenieHHss MOMEHTA BKITIOUEHUS! IOTIOJIHUTEIBHOTO CepBepa HEOOXOIUMO C
3alaHHBIM HHTCPBAJIOM BPEMCHH OLCHUBATH TCKYHIYIO CTAaTUCTUKY 3arpy3kKu
pecypcoB. MeTon  KOHTPOJISI TOCTaTOYHOCTH PECYPCOB CHCTEMBI AJisi 00paboTKu
BXOAHOM Harpy3Kku, MpeJIOKEHHBII B JaHHOW CTAaTbhe MO3BOJIUT MPHHATH PELICHUE O
BKJIFOUCHHUU OOIMOJTHUTECIBHOTO CEPBEpPAa Ha OCHOBEC MaHHBIX CUCTEMbI MOHHUTOPHUHIA O
KOJIMYECTBE PECypCcoB, MOTpedsieMbIx cucteMoil. Kpome atoro, B pabote npeioxen
ITOPUTM CTaTUCTUYECKOTO METOJa BbIOOpa KOHTEHHEpa Ui MHIpalHd, KOTOPBIH
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NO3BOJIAET BbIOpaTh HamOosiee MOAXOMAIIYI0 C TOYKHM 3pPEHHs HCIIOJIb30BaHUS
pecypcoB BUPTYaJIbHYIO MAIIMHY AJIS IEPEMELICHHsI Ha TOTIOTHUTENBHBIN cepBep.

[IpeanoxeHHblli B cTaThbe METOJ BBIOOpa KOHTEWHepa A MUTPALUH ITO3BOJUT
BBIOpaTh HanboJee MOAXOIIIYI0 MAlIMHYy C yYeTOM TEKYyIeHl CTaTHUCTHKH 3arpy3Ku
pecypcoB, M JaHHBIX O KOJMYECTBE OOCIIYyKMBAa€MbIX 3asBOK. JTO IIOMOXET
CHPaBUTHCS € MPoOIEMOil NepuunTa pecypcoB Gpusnueckoro ceppepa. JlanHas 3amava
MOJXET pelaTbcs Kak A CHUCTeMbl B ILIEJIOM, KOIZla OLICHUBAETCS CTATUCTHKA
KOJIMYECTBA 3asBOK Ha Tapu(UKaLUO MOCTYNAKOIIUX B CHCTEMbl OHJIAMH
Tapu(UKaKY, TaK U MOJICHCTEM, KOT/Ia OIICHUBACTCSl CTATUCTHKA 3asBOK-00paIleHUi
K MOJICUCTEMaM, CUCTEMBI TapuHUKauu. BeIOOp TOUKM MpUMEHEHUs] METOIa 3aBUCUT
OT BBIOPAaHHOH apXUTEKTYphl IIPUBJICUECHUS CEPBEPOB.
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[Ipo momatHi po3B’sA3KU OAHIET 330241
3 TETEPOTOHHUM OIIEPATOPOM Ta TIPO TOOYIOBY
MOCJTIIOBHUX HAOJIMIKEHB

C. B. Konocoga, B. C. Jlyxanin

Xapriscokuil HayioHANbHUL YHIsepcumem padioeiekmpoHiku, Yxkpaina

B poGoTi po3risgaroThcs MUTaHHA ICHYBaHHS, €MHOCTI Ta MOOYJOBU JABOCTOPOHHIX
HaONMMKEeHb O TOJATHOTO PIlleHHs OJHi€l HeMiHIMHOI eninTHYHOI KpaioBoi 3axadi.
JlocnipkeHHST  NPOBOIWIOCA ~ METOAAMH  Teopii  ONEepaTOpHUX  PiBHSIHb Y
HaIliBYIIOPSAKOBaHUX MpocTopax. OTpUMaHO yMOBH, SIKi OB’ SI3YIOTh HapaMeTpH, UL
ICHYBaHHSI Ta €JMHOCTI JOJAaTHOTO PIIICHHS, a TaKOX Ul MOOYIOBH JABOCTOPOHHIX
HaOKeHb. Pe3ynbraTH OOYMCIICHb NPEACTAaBIEHO y BUNIIIALI Tabmwui, rpadikiB
MOBepXHI HAONWKEHHs, JIHIH piBHY Ta y po3pisi. Bonm Oymu mopiBHsHI i3
pe3ynbpTaTaMy, OTPIMAaHUMHU 33 JOMOMOTOI0 METOy KBa3ipyHkuiil ['piHa.

Kniouosi cnosa: Qynxyis Ipina, keasipyuxyis I[pina, 060CMOPOHHI HAOMUICEHHS, CUTLHO
iH6éapiaHmMHULl KOHYCHULL BIOPI30K, NCEBOOY2HYMICMb, 2eMepOMOHHUL Onepamop.

B paboTe paccMaTpMBArOTCS BOIPOCHI  CYIIECTBOBAHUS, COWHCTBEHHOCTH U
MOCTPOCHUS IBYCTOPOHHHMX HPHUOIIKEHUH K ITOJOXKUTEIFHOMY PELICHHIO OJHOM
HENMHENHON 3JUIMNTHUYECKOW KpaeBod 3amauu. MccnepmoBanue »STOM  3agauu
MPOBOJMIOCH METOJAMH TEOPHU OINEPaTOPHBIX YPAaBHEHHH B IOJYYIOPSAOYESHHBIX
npocTpaHCcTBax. [1oydeHsl ycoBHs, CBS3bIBAIONIIE TAPAMETPEI, VIl CYIIIECTBOBAHHMS
M CIMHCTBEHHOCTH MOJIOKUTENBHOTO pELICHHS, a TaKkKe JUIi IOCTPOCHUS
JIBYCTOPOHHHX TNPUOMMKEHUH. Pe3yiabTaTbl BBIYMCICHHH IPEICTAaBICHBI B BHIE
TabIMLEl, TPaQHUKOB MOBEPXHOCTH HPUOIIKECHUS, TUHUN YypOoBHS U B cedeHUuH. OHU
OBUIM CpaBHEHBI C PE3yJIbTaTaMH, IIOJYYSHHBIMH C IIOMOIIBIO KBa3u(yHKIui I'puHa.

Knrouesvie cnosa: ¢pynxyus I'puna, keaszugynxyus I puna, 08ycmoponnie npubaudiceHus, CUIbHO

UHBAPUAHMHBILL KOHYCHBIU OMPE30K, NCeE00BOCHYMOCMb, 2eMepONOHHbII 0ONepamop.

In this paper, the existence, uniqueness and possibility of constructing of two-sided
approximations to the positive solution of the nonlinear elliptic boundary problem are
considered. An investigation of the problem is based on methods of operator equations
theory in half-ordered spaces. Conditions that link the parameters in order to ensure
the existence and uniqueness of the positive solution are obtained as well as conditions
needed for construction of two-sided approximations. The results of the computational
experiment are presented as a table, plots of approximate solution surface, level lines
and a cross section. They are compared with the results obtained by Green's
quasifunction method.

Key words: Green’s function, Green's quasifunction, two-sided approximations, strongly
invariant cone segment, pseudoconcavity, heterotone operator.

1. 3aranpHa nocraHoBKa 3ajay4i Ta Il aKTyalbHICTh

B cyuacniii Hayli CHOCTEpIraeTbcsi BeJMKa 3alliKaBJICHICTh y TpoIllecax, IIo
BiIOYBAalOThCS B HENIHIMHMX cepejoBUIIaXx. MaTeMaTHYHHMH MOJCISIMH TaKhX
NpoIleciB 3a3BUYail € HeNiHiMHI KpaloBi 3aaui MaTeMaTH4HOl (i3UKN BUTIISTY

—Au=f(lu) YxeQcR", (1.1)
u>0, Uy, =0, (1.2)

e A — 4nCIOBHH mapamerp.
baraTo 3MicTOBHHX 3a1a4 3B0sThCs 10 piBHstHAS (1.1). Hampukman:

© Konocosa C. B., Jlyxanin B. C., 2016
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a) pi3sHOMaHITHI 3afadi Teopii MPYXHOCTI, J€ B SKOCTI HapaMeTpa BHCTYIIA€
HABaHTAXKCHHS;

0) 3aaul Mpo PO3MOJILT TEMIIEPaTyPH NPHU MPOIYCKAHHI Yepe3 TIIO eNEKTPUIHOTO
CTpyMy (TTapamMeTp — BEIHYNHA CTPYMY);

B) 3a/a4i PO aBTOKOJIMBAHHS (TIapaMeTp — HEBIIOMUH TIEPio) TOIIIO.

Bigpll KOHKPETHO, SKIIO f(u):e_”, to 3amada (1.1), (1.2) € mMareMaTH4HOIO
MOJICIUTIO Tedii MPOBITHOTO CEPEeIOBHUINA B IIWIIH/API 3 HEMPOHUKHUMH CTiHKaMu [1];
npu f(u) =e" piBusans (1.1) € cramioHapHMM pIiBHSHHAM TeOpii TEMIOBOTO
caMo3aiiMaHHs XIMIYHO aKTHBHOI cyMili ra3iB y cyauHi [2-5], 3amauy (1.1), (1.2) B
ILOMY BHUIAJIKy Ha3uBarOTh 3anadcto JliyBimsa-I'ensdanna; skio f(u): uP, p>o0,

TO MaeEMO MaTeMaTU4Hy MOZENb 33Jadi Hpo PO3MOAUT TYCTHHH Ta3y B 30psX
(pIBHSIHHSI 3 TaKOK MPABOK YACTHHOIO HAa3WBAE€ThCs piBHsAHHAM Jlane-Emmena) [6];
3a7a4a BHOOPY MoOJei Mirparii momyJsiiii B TeHeTUIl npuBoauTh 0 3amadi (1.1),

(1.2) 3 f(u)=A@+u)® [7]; samaui Burmany (1.1), (1.2) 3 f(u)=A+uP,
f(u)z/luq+up, f(u):/i(eu+eyu) posrmsimanucss B [8, 9]; B pobori [10]
f(u)=au @ +buP, a>0,b>0, >0, p>0 Tomo.

Binomo, mo 3amaga (1.1), (1.2) y xmaci ¢yHkmid 3 C(Q) €KBiBaJICHTHA
IHTETrpaIbHOMY PiBHIHHIO
u(x)= [G(x,s)f(4,u(s)ds, (1.3)
Q
ne G(x,s) — ¢ynkuis I'pina onepatopa Jlamnmaca mist mepinoi KpaiioBoi 3azadi B
obmacti Q, X = (Xl,...,xn ), S= (Sl,...,sn). Pisusuns (1.3) mepenuiremMo y BUTIISIT

u=Tu,
TYT
Tu= [G(x,5)f(4,u(s)ds
Q
— oneparop 3 obnactio BusHauenns D(T)=K, K — komyc HeBim’emunx B C(Q)
GyHKIIIH.

[MpupoaHo odikyBaTH, IO MHUTAHHS ICHYBaHHS Ta €IWHOCTI PO3B’S3KY PiBHSHHS
(1.3), a, omxe, i 3amgaui (1.1), (1.2), cyTTeBO 3anexaTh Bill BIaCTUBOCTEH omepaTopa T
1, BIIMOBIHO, BiJl BUTIAAY (QYHKIIT f(ﬂ,,u). Bumnaaku, ko TU € MOHOTOHHHM Ta

AQHTUTOHHHUM OIIEpaTopoM, po3rissHyTo B [11-13].
B naniit po6oTi po3risiHeMO 3a1a4y

—~Au=au"9+buP vxeQcR", (1.4)
u>0, u, =0, (1.5)

mecram a>0,b>0, ge (0,1), pe (0,1) [10]. Haimi mu mokakeMo, 10 BiAMOBIIHII
id 3aga4i onepaTop TU € reTepoToHHMM. IS JOCTIIKEHHS pO3IJIAAyBaHol 3a1ayi

MH BHKOPHCTOBYEMO METOJIHM TEOpii ONEpaTOPHHUX PiBHSAHb y HAIiBYNOPSAKOBaHUX
IpOCTOpax, sKi J03BOJSIFOTH [IOBECTH ICHYBaHHS po3B’si3ky piBHsHHA (1.3) Ta
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nmoOyIyBaTH ABOCTOPOHHI HAOIIKEHHS, 5IKi OEpyTh PO3B’S30K Y «BUACIKY», 1, TAKUM
YMHOM, OTPUMATH 3pyUHY arloCTEPiOpPHY OLIHKY MOXUOKH HAOIHKEHb.
VY Cro TepMiHOJIOTIIO, IKa BAKOPUCTOBYEThCS Y IaHil poOOTi, MOXKHA 3HaiTH B [14].

2. JocainkeHHs1 icCHyBaHHsI I0aTHOTO PO3B’SI3KY
BBoauMo y po3Iiisi HACTYIHI ONIEPaTOPH

Tu= jG(x,s)lbu P(s)+aud (s)ps , (2.1)

T(v,w)= ng(x, s)[bv P(s)+aw™ (S)}jS .

Onepatop 'I:(V, W) HA3UBAIOTh CYNYTHHM OIEpaTopy TU, TPH LBOMY MaEMO
T(u,u)=Tu.
JlocaiguMo 1X BIaCTUBOCTI.
1) Oneparop 'I:(V, W) 3pocTae 3a 3MIHHOIO V Ta Clagae 3a 3MiHHOI W, ToO6To TUu —
reTepOTOHHUI orepaTop.
2) BynyemMo cuiibHO iHBapiaHTHUN KOHYCHHU BiJpi30K <V0,W0>, TOOTO TakKWH, MI0
BUKOHYIOTBCSI HEPIBHOCTI
T(vo, wo ) Vo,
T(wp, Vg )< Wp.
Hexait vg =¢, Wy = . Toni

(wp, Vo)< B,

[bgp+aﬂ q}is>g

{ Vo,WO > &,

J’G(x,s)[bﬂp +ag M }is < ﬂ,
(bg Prap™d )jG(x,s)ds > g,

—
(bﬂ Piag™d )_[G(X, s)ds < 3,
o)

(be Prap @ )ng [G(x,s)ds> ¢,

xeQ)

(b/;’ Prag™d )maLx [G(x,s)ds< B,

=
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beP +ap 9> ﬁ
= 5 (2.2)
bpP +as 4 < =,
p M
e M= magJ‘G(x,s)ds. Hepisrocti (2.2) BCTaHOBIIOIOTEH 3B’S30K MK CTAUMH & ,
xXeQ)
Q

[ Ta mapamerpamu 3aaaui p, (.
3) Hocmigumo rereporoHHuii omepatop (2.1) Ha MCEBAOYTHYTICTh, IS I[HOTO
JIOBE/IEMO BUKOHAHHS YMOBH

f(w,gjz W), 7 e (02):

[G(x,s) b(rvls))P + a(@j_q ds—f G s)ov(s))P + alw(s)) s =

Q T

= gj}G(x,s){brp(v(s))p —7b(v(s))P + ar’__ Ta)q ]ds =

- je(x,s){b(v(s))p(fp o)
Q
HepiBHicTb Oyze BUKOHYBATHUCS, SIKIIO
b(v(s))P (2' P —2')+ a (rq —z’)> 0,=

rp—r>0,
= =
rq—r>0,
|z P! 1)>0,
-
{7 1—1)>0,
Tp_1>1,
=
rq_1>1

3BiJICH MOXKHA OTPUMATH OOMEKEHHS, SKUM MarOTh 33JJ0BOJILHATH MapaMeTpH P Ta
g, 106 ocTaHHI HEPIBHOCTI BUKOHYBAJIHCS, a caMe, P € (0,1), ge (0,1). Ile o3Hauae,
10 1X B IIOCTAHOBIII 3aj1a4i BKa3yBaTH HeMa€e HEOOXIHOCTI, 1 MOYKHA 3pOOUTH PO 1Ie

BHUCHOBOK Ha IaHOMY KpPOLIi.
Kpim Toro, mo6 omepatop T OyB ICeBOOYrHYTHM, HEOOXiHO IIe IMOKa3aTH, II0

BUKOHYETBCI YMOBa. VV,WG K 1ICHYIOTb J0Jd4aTH1I 4YuCjila o , ﬂ TakK1, IO

a”up <T(v,w)< B ug, Ug = [G(x,s)ds.
Q
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Posrnssaemo niBy HEpiBHICTB:

a*uy < jG(x,s)[bv P(s)+aw ™ (s)}js :

a” [G(x,s)ds < [G(x, s)lbv P(s)+aw™ (s)ps :
Q Q
Ockimbk V>Vg =¢, W>Vg =&, V<Wy =, W< Wy = [, TO MAEMO

a a
a’uy < jG(x,s){bgp +ﬁ}ds < jG(x,s{bvp +—q}ds,

Q Q w
3BIIKA

a
a*<beP+=.
ﬂq

PosrnssreMo Terep mpaBy HEpPiBHICTS:

gjle(x,s)lbv (s)+aw™ @ }Jls<ﬁ Ug.

Maemo

jG(x,s{bvp +%}ds < jG(x,s{b,Bp +iq}ds ,

Q W Q €
3BIIKH

a
bpP + =< p".
gl
4) locnignmo omepatop T Ha Ug-TICeBIOYTHYTiCTh. Jist mporo tpeba mokasaty,
mo icaye 77(v,w,7)>0 Taka, mo

(z’ vaj> 1+ 7(v,w,7)]T (v,w),

sxio V, W e K(ug), 7 €(0,1), a6o o

( Wj L 7} (vow) >0,

3BIKM MAaEMO

ar4 ra
gsz(x,s){br P(v(s))P + P -1 +77)[rb(v(s))p + o J]ds >0.

st BUKOHaHHS 11i€] HEPIBHOCTI HEOOXiIHO, 100 BUpA3 y KBagpaTHUX AyXKKax OyB
HEBII €MHUM, a JIJIs I[bOT0 HEOOXI1IHO, 1100

p_
{r (Len)r20,
-4

—(1+7)c >0,

p-1
T —-1-n20,
:>{ g =

rq71—1—7720,
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<P 1,
:{’7 ‘

n< AL
OCKUIBKH, T€E (0,1), pe (0,1), ge (0,1), TO OTpiOHO, o0

O<p< min{z'p_1 ~1,797 —1}, TOOTO Taka QYHKLIS 77 ICHYE.

f(x,u)=g(xu "9 +h(xuP,
f (x,v,w)=g(x)w % +h(x VP,

ae g(x)> 0 ta h(x) >0 — geski HenepepBHi Ta oOMexeHi B QQ (yHkii i
min h(x) < h(x) < maxh(x),

xeQ XeQ
min g(x) < g(x) < maxg(x),
XeQ xXeQ)

HepiBHOCTI (2.2) MpUIMAaOTh BUTJIST

ko

h p —q Zi,
maxh(x)s +maxg(x)5™ 2 1

h(x)s P Al
maxh(x)s” +maxg(x)e" <

I3 BukoHaHHA BnacTHBOCTEH 1) — 4) BUIUIMBa€e iCHYBaHHS Ta €IMHICTH JOAATHOTO
po3B’si3ky y 3anaui (1.4), (1.5) [14].
[MocnigoBHi HAOMMKEHHS [UTs po3B’si3anHs 3a7a4i (1.4), (1.5) maroTh BUTIISIT

Vs (X)= -I:(Vn W),

Wn+1(x):T(Wn’Vn )
3a i€ CXEMOI0 MAaEMO,
u*
W*=Vg <.V <. SXF<Sw, S Swp =—
T

Je U™ — TouHHi po3B'A30K, T € (0,1) :

3. Pe3yabTaTn 004MCII0BATBHOT0 €KCTIEPUMEHTY
[IpoBenemMo o0UHCTIOBATBHAN €KCIIEPUMEHT Y KPY3i Ta MBKPY3i.
1) PosrisHeMo 001acTh

Q:{(xl,x2)|x12 + %3 <1}. (3.1)

3amaemMo HacTymHi 3HaueHHs mapamerpiB a=4, b=2, q=01, p=0,7, £=0]1,
L =25, kpim Toro maemo M = 0,248. Taki 3HaueHHS 33JJ0BOJBHAIOTH YMOBaM (2.2).
B Tabmuui 1 HaBeneHO 3Ha4YeHHs A HAONMKEHb Vg (X) Ta Wy (X) y TOYKax

obmacti Q0 3 MONSPHUMH KOOpAMHATAMU (pi '@ ), ne pi=02i, ¢j =7JZ:—OJ, i=14,

j=15.
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Tabn.1. 3uavenns ona nadaudicens 7 (X) ma Wy (X) ¥V KpY3i.

Yo,
4
0,2 0,4 0,6 0,8
ju Wy 1,466900 1,278620 0,961526 0,528012
E ' 1,466890 1,278610 0,961519 0,528008
T Wy 1,466910 1,277790 0,959488 0,526069
E ' 1,466900 1,277780 0,959481 0,526065
3r Wy 1,466920 1,276890 0,957789 0,523992
E V7 1,466910 1,276880 0,957782 0,523989
o Wy 1,466940 1,277270 0,958597 0,524694
5 vy 1,466930 1,277260 0,958590 0,524690
. Wy 1,467020 1,282540 0,969812 0,536952
E vy 1,467010 1,282520 0,969805 0,536948

Ha pucynkax 1 Ta 2 mpencraBiieHi TOBEpXHI Ta JiHii piBHS Ui HaOMMKEHHS
Wy (X) BIIIOBITHO.

Ha pucynky 3 300pakeHO HAOIMKEHHS Vi (O, X2) (TpHuxoBa JIiHig) Ta W, (O, X2)

(cyninbHa miHis), | = 1,3.

1410

Puc.1. Ilogepxna ona nabnudicenns Wy (X)
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-1.0 -0.3 0.0 0.5 1.0

-1.0 -0.5 0.5 1.0

Puc.3. 3nauenns nabausicens Vj (O, X2) (wumpuxoea ninis) ma W; (O, Xz) (cyyinoHa ninis),

i=13.

2) PosrisiHemMo 001acTh
Qz{(xl,xz)lxz >0,x12+x§<1} (3.2)
i HACTymHi 3Ha4yeHHs mapamerpiB a=8, b=4, q=0,1, p=0,7, £=01, =25,
M = 0,098. Taxi 3Ha4eHHS 33]JOBOJBHSIOTH YMOBaM (2.2).
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B Tabnuui 2 HaBeneHO 3HAayeHHs A Habmwkenb V7(X) Ta Wy (x) y TOYKax

obmacti 2 3 MOMAPHUMH KOOPIWHATAMH (pi P ), ae pj =0.2i, ¢ j= 7;—(;, i:].,_4,
j=15.
Tabn.2. 3uauenns onsa Hadbaudicens 7 (X) ma Wy (X) V nigKpys3i.
P
4
0,2 0,4 0,6 0,8
p Wy 0,266472 0,463016 0,517101 0,378678
10 ' 0,266471 0,463016 0,517101 0,378677
p Wy 0,481274 0,776343 0,806670 0,543475
5 Vo 0,481273 0,776342 0,806669 0,543474
3 Wy 0,634196 0,974721 0,969572 0,627974
10 V7 0,634195 0,974719 0,969570 0,627973
o Wy 0,724959 1,084010 1,054390 0,670615
5 Vo 0,724957 1,084010 1,054390 0,670614
P Wy 0,754978 1,118730 1,080410 0,683393
2 ' 0,754977 1,118730 1,080410 0,683392

Ha pucynkax 4 Ta 5 mpexncraBiieHi NOBEpXHi Ta JiHIii piBHSA Il HaOMMKEHHS
Wy (x) Biamosimmo. Ha pucyrky 6 306pameno HaGmukenus Vi(0,Xp) (mrpuxosa
JiHIA) Ta W, (O, X2) (cymuinbHa JiHis), | =13.

3) 3uanns ¢yukiii ['pina 103Bosiste Bif HemiHiiHOT 3aadi (1.1), (1.2) nepeiitu 10
€KBIBaJICHTHOTO Ha Kiaci (QyHKIi C(Q) inTerpanpHoro piBHsHHA (1.3). OmgHak
noOymoBa (QyHkIiii ['piHa y 3aMKHYTOMY BWIJISIII MOXIJIMBA JIMIIE I JIESTKUAX
JIOCTaTHBO TpocTHx obnacted. Sxmo Qynkmis ['piHa HeBigoma abo Mae JOBOII

CKJIQJIHAN BUTIISA, MIPOMIOHYEMO HAOIIKEHU MeTon po3B’s3anHs 3amadi (1.1), (1.2),
skl BuKopucToBYe KBasipynkiito I'pina [15]. Ileit meron mossirae y ToMy, IO

BuximHa 3amava (1.1), (1.2) Ha kmaci QyHKIiH Wzl(Q) 3BOJUTHCS JIO HENIHIHHOTO
IHTErpabHOTO PIBHAHHS

U(X)= Gy (x,8)f (2, u(€))de + U)K (x,E)dE, (33)

Q
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Wiy
T
N

PP

e

Puc.4. I[logepxna ona nabnudsicenns \Wy (X)

-0.5 0.0 0.5

Puc.5. Jlinii piens ona nabausxcenns Wy (X)

02 0.4 0.6 0.8 1.0

Puc.6. 3nauenns nabausicens Vi (0, X2) (wumpuxoea ninis) ma W; (0, Xz) (cyyinoHa ninis),

i=13.
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G (08)= | 02 |, wk2) =30l +40(ofe)]

2

2 1 2
r=[>x-&) . KXxg)=-——Ap(xEg), QcR?,

i=1 27
=0 — HOpMaJi30BaHEe JI0 MEPIIOTO MOPSAAKY PiBHAHHSA Mexi 002, w>0 VXxeQ,

Wzl(Q) — mpocTip QyHKILIH, 10 TOPIBHIOIOTH HYII0 Ha O Ta MAalOTh KBaJAPATUYHO

cyMoOBHI B () y3araibHEeHi MOXi/IHI IEPIIOTo MOPSAKY.

Binowmo [15], mo y kpy3i (3.1) piBusiaas (3.3) 3Boauthes 10 piBusHHS (1.3), TOMy B
OBOMY  BHUNAAKy  pe3yJbTaTH, OTPUMaHi MeToJoM  KkBazipyHkuid ['pina,
CHIBMaJaTUMYTh 13 pe3yabTaTaMH, OTPUMAHUMHU MeToAoM (yHKiH ['pina.

Posrisinemo piBastHEs (3.3) y miBkpy3i (3.2). 3BoAMMO #OTo 10 MOCIiTOBHOCTI
JTHIHHUX IHTErPaJbHUX PIBHSHB, 3aCTOCYBABIIA METOJ MOCIIIIOBHUX HAOIMKeHb [16]

U1 () [ U €K (6,805 = [ Gy (x £ (e) + bUB@)big, m=12..
Q Q
3actocoBytoun Meton byOHoBa-I'anmbopkina [17], miykaemo HaOIMKCHUI
PO3B’SI30K Y BUTIISAL
k

U,k (%)= 2 cm,i @i (%),

i=1
e @i (X) — KOOp/IMHATHA MOCJiJOBHICTh, a Cp i (i :ﬁ,m:2,3,...) — PO3B’S30K

CHUCTEMH JIHIHHHUX anreOpaidHuX piBHIHD

_Z:cz,i { J) i (X)j (X )dx — g)gfzK(x, &) o (x)dgdx} _

écm’i { sf) @i () (x)alx Sf) !) K(x,&)pi (&) (X)dédx:l -

= [ |G (x,8)auy?, | (©)+ buer]_Lk(g))(pj (x)dedx, j=1k, m=34,....
QQ
B sixocTi neproro HabIMKEeHHS Bi3bMEMO

uy(x)=0,05.
HopwmarizoBane piBHSHHs MeXi OC) Ma€ BUTIIS

a)(x)zé( — X2 —xg)xz =0.
B sikoCTi KOOPIMHATHOT IOCITIJOBHOCTI 00epeMo
21 (x)= w(x)R, ()R, (2%2 -1), iy =02, i =021y, i =1k,

ne k=6, Py(z) — noniomu Jlexarapa
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G [

2™ mt dz™
B tabmuui 3 HaBeeHO 3HAYEHHS A7 HAONMKCHHS u5’6(x) y Toukax obnacti Q 3

. Ty . = . =
MTOJIIPHAMHA KOOPIUHATAMH (pi ,goj), e pj =0,2i, ?j :1—(;, 1=14, j=15.

Ha pucynkax 7 Ta 8 mpexacraBieHi MOBepXHi Ta JiHIi piBHS Uil HaOMMKEHHS
UG,G(X) Bi/IOBITHO.

Tabn.3. 3nauenns Ona nadaudicenna Ug g (X) ¥ nigKpysi.

ye)

4

0,2 0,4 0,6 0,8

% 0,269723 0,448701 0,489529 0,352223
% 0,487426 0,769360 0,796433 0,544760
3
E 0,643866 0,973798 0,966411 0,636174
Z?R 0,737047 1,084210 1,047640 0,674798
% 0,767881 1,118770 1,071330 0,685467

T S e,

Puc.7. Ilogepxus ons HabaudceHHsA u6,6(X)-
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l_U_I T T T T T T T T ]
08t
06}

04f

Puc.8. Jlinii piens ons nabausicenus U6,6(X)-

4. BUCHOBKH

Y poGoti Oysi0 JOCHIKEHO MOXKIUBICTh TOOYAOBU JIBOCTOPOHHIX HAOIMKEHB JI0
nomatHoro po3s’si3ky 3amadi (1.4), (1.5) Ta orpumano ymoBu (2.2), siKi rapaHTyIOTh
301KHICTb ITEPALIHHOTO MPOIIECY.

Kpim Toro, Ham Baamocs 3B’ A3aTH YMOBOO (DAaKTHUHO YOTHPH TapaMeTpu a, b, p, g
PO3TISAYBAHOI 3a/1a4i, TIPH SKHUX ICHYE €IUHUNA JOJATHAN PO3B’A30K.

[ToOyayBaBImIM KOHYCHUI BiIpi30K <VO,W0> , MU OTpUMaJH amnpiopHy OIHKY

. * . .
LIYyKAHOTO PO3B’S3KY, OCKUIBKM MaeMO Vg <U <Wy. OTpumaHi JBOCTOPOHHI

HaONMMKEHHS JIO PO3B’SI3Ky 3ajadi Jal0Th MOXIJIHMBICTH POOWTH aroctepiopHi
BHUCHOBKH.

OpHi€lo 3 mepeBar LOTO METOJY Y TOPIBHSHHI 3 iHIIUMH € BiJIHOCHA MPOCTOTA
peaizarii anropuTMy, IO B CBOIO YEPry BUMarae MEHIIE OOYHCITIOBAIBHUX PECYPCiB.

Kpim Toro, Oyio mokazaHo 3acTocyBaHHS MeTOAy KBazidyHKIIii [ 'pina, skuii Moxke
BUKOPUCTOBYBATHCS y BHIaAKaX, Koiau QyHKIis ['piHa HeBimoma abo Mae CKiaHHN
BUTJISA.

PosrmsinyTHii MeTon Moke OyTH BHKOPUCTAHHMH JUIS BiJIIYKaHHS PO3B’SI3KIB
NPUKIAIHUX 33/1a4, MaTeMaTHYHUMHU MOJCISIMU SKUX € KpaioBi 3amaul Juis
HENHIMHUX eTINTUYHUX PIBHSHb.
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VJIK 004.02

AHanu3 METOJ0B OCTPOEHMS IEPEBbEB PEILICHUI

b. B. Ilapmenues, E. I'. Tosncromnyxckas
Xapvkosckuti Hayuonanvusili yHugepcumem umenu B.H. Kapasuna, Ykpauna

TIpumeHenre rHOpUIHBIX MeTOAOB TexHonoruu Data Mining mo3Bossiet 3¢ deKTrBHO
UCIIONB30BaTh MX MPHU PEUIEHHH 33/ad, KOTOpbIe HAMpaBIeHbl Ha aBTOMAaTHUECKUil
aHaIM3 W BBUIIBICHHE 3aKOHOMEPHOCTEH B OonbimoM oObeMe NaHHBIX. B maHHOM
CTaTh€ PACCMATPHUBAIOTCSI BOMPOCHI CTPYKTYPHl U IPAaKTUYECKOTO HPHUMEHEHHUS
Han0oJiee pacIpoCTPaHEHHBIX aJITOPUTMOB JIEPEBHEB IIPHHSTHS PEIICHHI H OCHOBHEIE
QITOPUTMEBI ITOCTPOCHUS JiepeBbeB pemeHnii. OCHOBHOE BHHUMaHHUE y/EIEHO 3aJadaM
perpeccun W CpaBHEHHUS aJITOPUTMOB IIOCTPOEHHS JepeBa pEIICHUH 1 JTaHHOTO
KJIacca 3ajad.

Kniouesvte cnosa: depeso npunsmus pewerutl, yzen, aucm, CART, peepeccus, ancopumm, C4.5,
Random Forest.

3acTocyBaHHA TiOpUIHHX MeToAiB TexHojorii Data Mining mo3Bonse edekTHBHO
BUKOPHUCTOBYBATH IX NpH BHPIIICHHI 3aBIaHb, AKi CIOPSAMOBaHI Ha AaBTOMATHYHHUI
aHaNi3 1 BHSBJICHHS 3aKOHOMIPHOCTEH y BeJIMKOMY oOcs3i maHmx. Y naHiil crarti
pO3IISIIAalOThCS TNUTAHHSA CTPYKTYPH 1 IPAKTUYHOTO 3aCTOCYBaHHS HaHOiIbII
MOIIUPEHNX AITOPUTMIB AEPEeB NMPUHHATTS PIilleHb i OCHOBHI aJrOPUTMHU MOOYIOBH
nepeB pimenb. OCHOBHAa yBara TMpHIiJICHa 3aBIaHHSAM perpecii i MOpiBHSIHHSA
AITOPUTMIB TOOYAOBH JiepeBa PillieHb I JAHOTO KiIacy 3a/1ad.

Kniouosi cnosa: depeso npuiinamms piutens, gyson, aucm, CART, pezpecis, aneopumm, C 4.5,
Random Forest.

The hybrid methods of Data Mining technology can be effectively used to solve
problems, which are aimed at the automatic analysis and identification of patterns in
large amounts of data. This article focuses on the practical application and the
structure of the most common algorithms used in decision trees and basic algorithms
of decision trees construction. The main attention is payed to regression problems and
comparison of decision tree construction algorithms for the mentioned above class of
problems.

Key words: decision tree, a node, a leaf, CART, regression algorithm, C4.5, Random Forest.

Beenenune

1. ITocTaHOBKa NPOO.IEeMBbI

Data Mining — ato nporiecc oOHapy» eHust B ""ChIPbIX" JaHHBIX paHee HEU3BECTHBIX
HETPUBUAIBHBIX TMPAKTUYCCKH TIOJE3HBIX W JOCTYIHBIX MHTEPIPETALMU 3HAHUH,
HEOOXOJIUMBIX JIJI1 MPHHATHSA PEIICHUH B pasiuuHbIX cdepax YeIOBEUYECKON
nesarenpHoctd. Data Mining seistercs omumum u3 maros Knowledge Discovery in
Databases. Mudopmarius, HaiiieHHas B mporiecce IpuMeHeHust MeTo0B Data Mining,
JIOJIKHA OBbITh HETPUBHAIBHON W paHee HEM3BECTHOHM, HANpUMEp, CPEIHUE MPOIaKU
HE SBISIOTCS TAKOBHIMH. 3HAaHHS JOJDKHBI OIMCBIBATH HOBBIE CBSI3U MEXIY
CBOMCTBaMH, MpEACKA3bIBaTh 3HAYCHUS OJHUX MPU3HAKOB Ha OCHOBE JIPYTHX H T.I.
Haiinennple 3HaHHUS JOJ/DKHBI OBITH HMPUMEHHUMBI M HA HOBBIX JaHHBIX C HEKOTOPOH
CTETNEeHBIO JOCTOBEPHOCTH. [l0e3HOCT 3aKiIF0UaeTCsl B TOM, YTO 3TH 3HAHUS MOTYT
MPUHOCUTH ONPECIEHHYI0 BBITOAY NpPU WX NMPUMEHEHUH. 3HAHWS JOJDKHBI OBITH B
MOHATHOM JijIs TIOJb30BaTeIsl HE MareMaThka Buze. Hampumep, mpoie Bcero
BOCITPUHUMAIOTCS YEJIOBEKOM JIOTHYIECKHE KOHCTPYKIMH "ecnw ... 1o ...". bomee Toro,

© MapueHues b. B., Tonctonyxckas E. ., 2016
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TaKkhe TMpaBwWiia MOTYT OBITh HCIONB30BaHBl B pazmuyHbix CYBJl B kauectBe SQL-
3anmpocoB. B ciyuae, koria u3BieueHHBIE 3HAHHMS HEMPO3payHbl IS TOJIb30BaTelIs,
JOJDKHBL CYIIECTBOBATH METOIBI MOCTOOPAaOOTKH, MO3BOJIIOUIME MPUBECTH HX K
WHTEPIPETHPYEMOMY BHIy. ANTOPUTMBI, HCIONb3yeMmble B Data Mining, TpeOyroT
OOJBIIOTO KOJMMYECTBA BBIYUCICHWH. PaHpIle 3TO SABIAIOCH CAEP KUBAIOIIAM
(GakTOpoM MIMPOKOTr0 MPAKTHUYECKOro TNpuMeHeHus Data Mining, oaHako
CETOAHSAIIHUN POCT MPOU3BOAUTEIHLHOCTH COBPEMEHHBIX MPOIECCOPOB CHSI OCTPOTY
aTOM TpoOneMbl. Temepsr 3a IpHEMIIEMOE BpPeMs MOYKHO IIPOBECTH KadeCTBEHHBIM
aHaJM3 COTEH THICSIY 1 MUJUTMOHOB 3aIHCEH.

2. AHaJIM3 JINTEPaTyphl

OaHuM M3 YacTO HCIHOJB3YEMBIX METOJOB AaBTOMATHMUYECKOTO aHaln3a JaHHBIX
ABIIAIOTCS JEPEBbs perieHui. IlepBrie uaen co3nanus 1epeBbEB PEIIEHUH BOCXOIAT K
paboram Xosnenga (Hoveland) u Xanmra(Hunt) xonma 50-x romoB XX Beka [1].
OpnnHako, OCHOBOIONAramoIeld padoTol, MaBIIe WMITyIbC IS Pa3BUTHS 3TOTO
HanparieHus, sBuiach kuura Xanta (Hunt, E.B.), Mapuna (Marin J.) u CroyHa
(Stone, P.J) "Experiments in Induction" yBuaesmias ceet B 1966 . [1].

HepeBbst pemieHnii — 3TO CmOCOO TMPEICTABICHUS TIPAaBHI B HEPAPXHUECKOM,
MOCJIeJOBATEIFHON CTPYKTYpE, TlIe KaKAOMY OOBEKTY COOTBETCTBYET €AMHCTBEHHBIN
y3en, garoruii pemenue [1]. lox nmpaBuaoM moHUMaeTCs JTOTUYECKass KOHCTPYKITHS,
MpeACTaBlICHHas B Buue "ecau ... To ...". Ha puc. lmopeacraBnen mpumep nepesa
peLIeHMIA TS 33/1a41 BbIIauu OaHKOBCKOTO KpeauTa [1].

Bozpact
= 40
HeT Aa
Dfhpazo-
EAHHE MmMeeTCA
A0
HeTt Aa

Breicwee CpenHes CNEUManbHOE

- | s Aoxon BbloaTE
= 5000 KpeauT

Het Aa

Brloate
KpenHT

OTKazate

puc. 1. Illpumep depesa pewreruii
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OO6macTh pUMEHEHUs AePEeBHEB PEUICHHI B HACTOSIIEE BPEeMs IIMPOKA, HO BCE
3a7a4M, pelaeMble dTHM almapaTtoM, MOTYT ObITh OOBETMHEHBI B CICAYIOUIME TPH
KJacca:

o Onucanue  naHHBIX: J[epeBbsl  pELICHWI  MO3BOJSIIOT  XPAaHUTh
UH(OPMAIHIO O JIAHHBIX B KOMIIAKTHOW (popMe, BMECTO HMX MOKHO XPaHUTh JIEPEBO
peLIeH i, KOTOPOE COEPKUT TOUHOE OMHCAHNE OOBEKTOB.

° Knaccudukarms: [lepeBbss  pemieHnid OTIWYHO  CHPABISIOTCS  C
3a7a9aMy KIacCH(UKALUH, T.€. OTHECEHHUS] 0OBEKTOB K OTHOMY M3 3apaHee M3BECTHBIX
KiaccoB. LleneBas mepeMeHHas 10JDKHA UMETh AMCKPETHBIC 3HAUCHMSI.

° Perpeccusi: Ecnu  1eneBasi  nepeMeHHas MMEET  HENpPepbIBHbBIC
3HAYCHHS, JICPEBbSl PEIICHUIl MO3BOJSIOT YCTAHOBHUTh 3aBUCHMOCTBH II€JICBOU
HEepeMEHHON OT HEe3aBUCHMBIX (BXOIHBIX) IEpeMeHHbIX. Hanpumep, K 3ToMy Kiaccy
OTHOCSITCS 3a/1a4M YHCIICHHOTO TPOTHO3MPOBAaHMS (TPECKa3aHMs 3HAYCHUH IeTeBOH
nepemMeHHoi) [3].

JlepeBbsi peleHnit SBISIFOTCS MPEKPACHBIM HHCTPYMEHTOM B CHCTEMaX MOIICPIKKI
NPUHSATHS PEIICHUH, MHTEUICKTYaIbHOIO aHaau3a maHHbiX (data mining). B cocras
MHOTHX TaKETOB, MPEIHA3HAYCHHBIX /ISl MHTEUICKTYalbHOTO aHAJIU3a aHHBIX, YXKe
BKJIFOYCHBI METOJIbI MTOCTPOCHHUS JCPEBbEB pelieHuil. B 00nacTsx, rie BbICOKa ICHA
OIIMOKH, OHH TIOCITY’KaT OTIMYHBIM ITOJICTIOPHEM aHATUTUKA WIA PYKOBOAUTEIS [7].

JlepeBbsl pelIeHHH YCIICIIHO MPUMEHSIOTCS JUTS PEHICHUs MPAKTHUECKUX 3a7ad B
CIIeIYFOIUX 00JIacTsIX:

o bankoBckoe pneno. OmneHka KpeauTOCHOCOOHOCTH KIMEHTOB OaHKa
NPH BbIJa49€ KPEIUTOB;

o [TpombinuieHHOCTh. KOHTpOIIB 32 Ka4eCTBOM MPOMYKIUH (BBISBICHHUE
neeKToB), HCIBITaHus 0e3 pa3pylieHui (HarpuMep, MpoBepKa KadecTBa CBapKH) U
T.IL.;

° MenuiuHa. JlmarHocTrka pa3InIHbIX 3a00JICBaHHIA;

° MounekynsipHast Ononorus. AHalIU3 CTPOCHUSI aMUHOKHCIIOT;

K npeumy1iecTBam HCTIONB30BaHUS 1€PEBbEB PELICHUIH OTHOCSTCS:

° OBICTpBIH TIpoIIecC O0YYECHNUS;

° reHepanys paBul B 00JIACTSIX, TIe SKCIEPTY TPYAHO (OPMANIN30BaAThH
CBOU 3HAHUS;

° M3BJICUEHHUE MPABUII HA €CTECTBEHHOM SI3bIKE;

. WHTYUTUBHO TIOHSTHAS KJIacCH(PHUKAIMOHHAS MOJICTTb;

° BBICOKass TOYHOCTHb IMPOTrHO3a, COMOCTAaBHMasi C APYTUMH METOAAMHU

(cTatucTrka, HEUPOHHBIE CETH);
° MTOCTPOCHHE HETTapaMETPUICCKUX MOJCIICH.

[IpoGnembr OusHec aHanm3a (QOPMYNIHPYHOTCS TO-UHOMY, HO  peIleHUE
OOJNBIIMHCTBA W3 HUX CBOJIUTCS K TOW Wind WHOM 3amade Data Mining wimm k ux
KoMOuHanuu. HampumMep, OllEHKa PHUCKOB — 3TO PEIICHUE 3aJayd PErpecCHuu WU
KJIaCCU(UKAIMK, CETMEHTAIUS PhIHKA — KJIACTepU3allus, CTUMYJIMUPOBAHUE CIIpOca —
acconuaTuBHbIE NpaBuia. PakTudecky, 3aaaun Data Mining sSBISIOTCS 3JIEMEHTaMH,
M3 KOTOPhIX MOXKHO COOpaTh PpEIICHHE IOJABJISIONIEr0 OOJIBIIMHCTBA PeallbHBIX
Om3Hec 3amad. [l pemieHMs BBIMICONMUCAHHBIX 3a7a4 HCIIONB3YIOTCS pPa3TMIHEIE
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MeTOBI B anropuT™bl Data Mining. BoJpiryro momyIspHOCTS MOTYYHIIH CIIEAYIOLTIE
meroapl Data Mining: HeHpoHHBIE CETH, JAEpPeBbs PEUICHUH, aITrOPUTMBI
KJacTepu3alid, B TOM 4YHCIE W MaclITaOUpyeMble, AJITOPUTMBI OOHApYKEHUS
ACCOLIMATUBHBIX CBSI3€i MEX Iy COOBITHAMU H T.1I.

3. ®opMyJIMpPOBaHHE LM CTATHH
Lenpio craThu SBISETCS WCCIENOBAHUE IEPEBHEB PEIICHUI W BHIOOp ajroputMma
MTOCTPOCHUS IepeBa PEIICHUH ISl pEIIeHuUs 3aa9l PEerPECCHH.

OcHoBHOI MaTepHaJ

1. AaropuT™ mocTpoeHus 1epeBa pelieHuii

Wneto mocTpoeHUsl JepeBhEB PEIICHUH U3 MHOXKECTBa |, BIEPBbIC BHICKa3aHHYIO
Xantom, npuseaem mo P. Kywunneny (R. Quinlan) [3]. Ilycts 3amaHO HEKOTOpPOE
oOyuJatolee MHOXECTBO 1, cofeprxaiiee OOBeKTHI (IPUMEPHI), KaXKAbIH U3 KOTOPBIX
XapakTepusyercss M arpuOyramu, IpUYeM OJMH W3 HUX YKa3plBaeT Ha
NPUHAIEKHOCTh 00BEKTa K ONPEACIICHHOMY KJIaccy.

[Mycts uwepes {C1, C2, ... Ck} obo3HaueHbl Kiacchl (3HAUCHWS METKH Kiacca),
TOTJa CYIIECTBYIOT TPH CUTyarun [4]:

1. MHOXxecTBO T COmep KUT OUH WM 0oJee TPUMEPOB, OTHOCAIINXCSA K OTHOMY
knaccy Ck (toraa nepeso pemennii s T — 310 1ucT, onpenenstomui kinace Ck);

2. MHuoxectBo T HE COAEPKUT HU OJHOTO NPHMEpa, T.€. MYCTOE MHOMKECTBO
(Torma 3TO CHOBa JIMCT, M KIAcC, aCCOUMHMPOBAHHBIA C JIMCTOM, BBIOMpACTCS M3
JPYroro MHOXKECTBA OTJIMYHOTO OT T, CKa)XXeM, U3 MHOXKECTBA, aCCOLIMMPOBAHHOTO C
poauteneM);

3. MHO)ecTBO T COAEPKUT MPUMEPHI, OTHOCSIINECS K Pa3HBIM KilaccaMm.

B mnocnemnem cmywae cienyer pa3OMTh  MHOXKECTBO | Ha HEKOTOpBIE
HoAMHOXKeCTBa. J{J1s1 3TOro BHIOMpAETCss OMUH M3 MPU3HAKOB, UMEIOIIUI /Ba 1 Oosee
OTIUYHEIX JpyT OT Apyra 3HadeHuit O1, 02, ... On. T pa3duBaeTcs Ha MOAMHOXKECTBA
T1, T2, ... Tn, TAe Kaxaoe MMOJAMHOXKECTBO Tj COIEPKUT BCE TPUMEPHI, MMEIOIIUE
3nauenne Oj ans BeIOpaHHOTO mpu3Haka [5]. Drta mporenaypa OyneT peKypCHBHO

HPOJOKATECS 10 TE€X T0p, MOKa KOHEYHOE MHOXECTBO HEe Oy/IeT COCTOSTh W3
MPUMEPOB, OTHOCAIIUXCS K OJJHOMY M TOMY XK€ KIaccy.

Beitieonucannas mporeaypa JeKHUT B OCHOBE MHOTHX COBPEMEHHBIX aTOPUTMOB
NOCTPOCHUSI JICPEBbEB PEILICHUIA, STOT METOJ H3BECTEH elle MOJ Ha3BaHHEM
pasnenenust u 3axsara (divide and conquer). OueBHIHO, YTO TPH KCIOIB30BAHHH
JIAHHOW METOJIKH, MOCTPOCHUE JIepeBa pPelIcHUH OyAeT MPOMCXOAUTh CBEPXY BHH3.
[TockosbKy Bce 0OBEKThI OBLIN 3apaHee OTHECEHbI K M3BECTHBIM HaM KilaccaM, TaKoH
MpoIecc TOCTPOSHUS JepeBa pPEIICHHH HA3bIBAaCTCSI OOyUYEeHHEM C YUUTEIEM
(supervised learning) [6]. Ilpomecc oOy4eHWs TaKKe Ha3bIBAIOT HHIYKTHBHBIM
oOyueHHreM WM UHAYKIKeH aepeBbes (tree induction).

Ha ceromHsimHuiA JE€Hb CYIIECTBYEeT 3HAYUTEIBHOE YHCIIO AaJTrOPHTMOB,
peanusyronux nepesbs pemenuii: CART, C4.5, Newld, ITrule, CHAID, CN2 u T.x1.
[6]. Ho Hanbomnbiee pacripocTpaHeHUE U MOMYIISIPHOCTD MOJIYYHIIN CIIEIYIOIIHUE IBa:

e CART (Classification and Regression Tree) — 310 anroput™M MOCTPOCHHS
OMHApHOTO JepeBa pEUIeHHH — JAUXOTOMHYECKOW KIIACCU(UKAIIMOHHOW MOIEINH.
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Kaxxmerit y3em mepeBa mpu pa30MEHUN UMEET TOJBKO JBYX MOTOMKOB. Kak BHIHO W3
HAa3BaHUs AJITOPUTMA, OH PEIIaeT 3a7a4u KIACCU(PUKAIIMU U PErPECCUH.

e C4.5 — anropuT™ TOCTPOEHHUS AepeBa PEIICHHUN, B KOTOPOM IPHHATO, UTO
KOJIMYECTBO MOTOMKOB y y371a He orpanndeHo. Anroputm C4.5 He ymeer pabotats ¢
HCIIPCPBIBHBIM LEJICBBIM ITOJICM H, IIO3TOMY, PEIIACT TOJIBKO 3aaa4n KHaCCI/I(l)l/IKaLlI/II/I.

BOIBIMMHCTBO M3 HM3BECTHBIX AJTOPUTMOB SBIIIOTCS '>KaIHBIMHU ajJTOpPHUTMaMH'".
Ecnu oguu pa3 Obul BeIOpaH aTpuOyT, M MO HEMY ObLTO MPOU3BEAEHO pa3OMeHUE Ha
MOJMHOXKECTBA, TO AJITOPUTM HE MOXKET BEpHYThCS Ha3al U BBIOpATh IPyrou aTpuoyT,
KOTOPBIX man Obl Jydmiee pazouenue. Takum oOpa3om, Ha dTame MOCTPOCHUS HENb3s
CKa3aTh JacT JIU BEIOpaHHBIN aTprOyT, B KOHEYHOM UTOTE, ONTHMAaIbHOE pa3OneHue.

[Ipu mocTpoeHNH AEpeBbEB pelIeHH 0co00e BHUMAaHHE YIENSETCS CIEAYOIIUM
BOTIpOCAaM: BBIOOPY KpHUTEpHS aTpuOyTa, 0 KOTOPOMY MOHWIET pa3OrneHne, OCTaHOBKH
00y4YeHHUS U OTCEUCHUS BETBEH.

s mocTpoeHus JepeBa Ha KaKIOM BHYTPEHHEM y3Jieé HEOOXOAMMO HAMTH Takoe
ycnoBue (MPOBEpKY), KOTopoe Obl pa30MBal0 MHOXKECTBO, aCCOIMMPOBAHHOE C 3THUM
y3JIOM Ha MOJMHOXeCTBa. B kauecTBe Takoil MPOBEPKHU JTOJKEH ObITh BBIOPAH OJWH U3
aTpubytoB [6]. OOmee mpaBuiio i BbIOOpa aTpuOyTa MOKHO C(HOPMYIUPOBATH
CIICYIOIUM 00pa30M: BBIOPAHHBIN aTpUOyT AOJDKEH Pa30UTh MHOXKECTBO TakK, YTOOBI
MOJy4YaeMble B HMTOTe TOJMHOXECTBA COCTOSUTH W3 OOBEKTOB, MPHHAIICIKAIIUX K
OJTHOMY KIIacCy, WM OBbLIM MaKCHMAlbHO MPHOIMKEHBI K 3TOMY, T.€. KOJHYECTBO
00BEKTOB M3 IpYyrux kiaaccoB ("mpumeceii”) B KaXKJIOM M3 3TUX MHOXKECTB OBLIO Kak
MOKHO MEHBIIIC.

Asroputm  C4.5 (ycoBepieHcTBOBaHHas Bepcusi anroputma D3, Iterative
Dichotomize) wucnone3yer TeopeTuko-uHGOPMAIMOHHBIN moxxon. Jlis  BbIOOpa
HanOoJiee MONXOAAIIETO aTpulyTa, TMpeniaraercss CISAYIOIUH  TEOpETHUKO-
WHGOPMAITMOHHBIA KPUTEPHIA:

Gain(X)=Info(T)—Infox(T), @
rae Info(T) — suTpornust MHOKecTBa T, a
Infox(T)=Xi=1n|Til|T[*Info(Ti), 2

Mmuosxecta T1, T2, ... Th momydeHs! npu pa30MEeHUHN UCXOIHOTO MHOXKECTBA | 110
npoBepke X. BeiOupaercs arpulyT, 1aronui MaKCHMaJIbHOE 3HAYCHHUE TI0 KPUTEPHUIO
(1). BuiepBoie 3Ta Mepa Obuia mpemiokena P. KyuHieHoM B pa3paOoTaHHOM UM
anroputMme 1D3 [6]. Kpome rimeynomsHytoro amroputma C4.5, ecTs emie memnblit
KJIACC alTOPUTMOB, KOTOPBIE HCIIONB3YIOT ATOT KPUTEPHIA BEIOOpa aTpuoyTa.

Anroputm CART wucnonb3yer CTaTUCTHYECKUH KpUTepHid (Tak Ha3bIBACMBIHA
uHaekc Gini, Ha3BaHHBINH B YECTh UTATBIHCKOTO 3koHOMHECcTa Corrado Gini), koTopsrit
OIICHUBAET "paccTosiHue" MEXAY pacupeeICHUSIMU KIACCOB.

Gini(cy=1->jp2j, 3)

I'ne € — Texymmii y3ei, a pj — BEPOATHOCTB Kilacca | B y3ie C.
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B nmomonHenne K OCHOBHOMY METOAY IOCTPOSHHUS AEPEBHEB DPEIICHUH OBLIH
MIPEIIOKEHBI CIETYIONTNE MPABUIIA;

e llcrionb30BaHUE CTATUCTUYECKUX METOAOB Ul OLECHKH 1eJIecCO00pa3sHOCTU
JanbHeimero pa3OMeHus, Tak Has3biBaeMmasi "paHHss ocTtaHoBKa" (prepruning). B
KOHEYHOM cyeTe "paHHssl 0CTaHOBKA'" Mpoliecca MOCTPOESHMsI TPUBIIEKATebHA B IJIaHE
SKOHOMMH BpPEMEHHM OOyueHMs, HO 3[0eCb YMECTHO CcJejaTb OIHO Ba)KHOE
NPEAOCTEPEIKEHHE: STOT TOAXOJ] CTPOUT MEHEE TOYHbIE KiIacCH(PUKAMOHHBIE MOJIEIH
U MO3TOMY paHHSAsS OCTaHOBKA KpaiiHe HekernarenbHa. [Ipu3HaHHbIE aBTOPUTETH B
atoit obmactu JI. bpetiman u P. Kymrnen coBetyioT criemyromiee: "BMecTo 0CTaHOBKH
HCTIOJB3YHTE OTCeueHue" .

e OrpanmueHre TIyOWHBI nepeBa. OCTaHOBUTH NalbHEHIIIEE ITOCTPOCHHE,
eciu pa30UeHHE BEJICT K JACPEBY C MIyOMHOM, MPEBBIMIAIOIICH 33JaHHOE 3HAUYCHUE.

e PazOueHne JODKHO OBITh HETPUBUAIBHBIM, T.€. MOJyYMBLIMECS B
pe3yabTaTe y3Ibl JOJDKHBI COJepPKaTh HE MEHEe 3aJJaHHOTO KOJTMYECTBa IPUMEPOB.

OueHb YacTo aJIrOPUTMBI HOCTPOCHUS IEPEBLEB PEILICHUI AIOT CIOKHbIE AEPEBbS,
KOTOpblE 'MEpemnojJHEHbl MJaHHBIMH', HMMEIOT MHOIO Y3I0B U BeTBed. Takue
"BeTBUCTHIE" IEpPEeBbs OUEHb TPYAHO MOHATH. K ToMy e BeTBHCTOE JepeBO, UMEIoLIee
MHOTO Y3JI0B, pa30MBacT OOy4Yarollee MHOXECTBO Ha BCe OOJbBIIEE KOJIUYECTBO
MMOIMHOKECTB, COCTOSIIIUX W3 BCE MEHBIIEero konmdectBa oOBekToB [7]. [opazmo
OpPEANoYTUTEIbHEE HMMETh IEPEBO, COCTOSIIIEE K3 Majoro KOJHYECTBAa Y3JIOB,
KOTOPBIM OBl COOTBETCTBOBAIO OOJIBIIIOE KOJMYECTBO OOBEKTOB M3 OOydarouien
BbIOOpKHN. Hambonee o4yeBHIHBIM pelieHHeM OBLIO OBl IMOCTPOWTH BCE BO3MOXKHEIE
BapUaHTHI I€PEBbEB, COOTBETCTRYIONIME 00yUyaroIeMy MHOXKECTBY, U U3 HUX BbIOpaTh
JIEPeBO ¢ HaumMeHblIe ryOuHoi. OmHako 3Ta 3amada sBiasercs NP-momaHOH, yTo
obu10 mokasano JI. Xaiipunem (L. Hyafill) u P. Puecrom (R. Rivest). Kak u3BectHo,
3TOT KJacc 3a7ad He umeeT 3(P(EeKTUBHBIX MeTonoB pemreHus. s peuieHus
BBINIEONMICAaHHON MPOOJIEMBI YacTO MPUMEHSIETCS] TaK HAa3bIBAEMOE OTCEUEHHE BETBEl
(pruning) [7]. ITycTh Mo TOYHOCTHIO (PACIO3HABAHHKS) JAE€PEBA PEIICHUH TOHUMAETCSI
OTHOLIEHHE NPAaBUIBHO KiacCU(UIMPOBAHHBIX OOBEKTOB NpU OOyUEHHH K O0LIeMy
KOJINYECTBY OOBEKTOB M3 OOYdaIOIIEro MHOXKECTBA, a MOJ OMIHMOKON — KOIWYECTBO
HETPaBWIBHO KJIaCCUPHUIMPOBAHHBIX. [Ipeamnonoxxum, 4To HaM M3BECTEH CIIOCO0
OLICHKM OIIMOKM JiepeBa, BETBEHl M JMCTheB. Torzna, BO3MOXHO HCIIOJIB30BATh
CIIEyIOIIee IPOCTOE MPABUJIO:

® [IOCTPOUTH JIEPEBO;
® OTCeYb WJIM 3aMEHHUTH MOJJICPEBOM T€ BETBH, KOTOPbIE HE NPHUBEIYT K
BO3PACTAHUIO OLIMOKH.

B otnnume ot nporecca mocTpoeHus, OTCEYCHUE BETBEH MPOUCXOUT CHU3Y BBEPX,
JIBUTASICh C JINCTHEB JIEPEBa, OTMEUast y3JIbl KaK JIUCThS, THO0 3aMEHSIS UX TOIEPEBOM
[7]. Xotst oTceueHue He sBIAETCS MaHaneel, HO B OOJIBIIMHCTBE MPAKTUYECKUX 3a]au
JaeT XOpOoIIWe pPe3ylbTaThl, YTO IIO3BOJIIET TOBOPUTb O IMPABOMEPHOCTH
HCITOJI30BaHMUS TOJ00HON METOINKH.

Paccmorpum Gonee neramsro anroputmel CART, Random forest m Stochastic
Gradient Boosting.

CART (anrn. Classification and regression trees — Krnaccubukannonusie u
PErpecCHOHHBIC JIePEBhsi) ObLIT EPBBIM U3 METOJIOB, MPUAyMaHHBIM B 1983 ueTBepKoii
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M3BECTHBIX YYCHBIX B 00JacTH aHanu3a maHHbeIX: Leo Breiman, Jerome Friedman,
Richard Olshen and Stone. Cyts 3TOr0 ajaropurMa COCTOMT B MOCTPOCHUHU JepeBa
npuHsaTHs pemennid [8]. Ha mepBoil wTepanmum cTposiTcs Bce BO3MOXKHBIE (B
JIACKPETHOM CMBICJIC) THIEPIUIOCKOCTH, KOTOpBIe pa3OWBaiM OBl IMPOCTPAHCTBO Ha
nBa. JIas KaxIoro Takoro pa3OHeHHs TMPOCTPAHCTBA CYUTACTCS KOJIUYECTBO
HaOJIONEeHNH B KaXIOM M3 TOANPOCTPAHCTB pa3HBIX KiaccoB. B pesynbrare
BBIOUpAaeTCS Takoe paz0MeHue, KOTOpOe MaKCHUMAaJbHO BBIICIHIO B OJHOM U3
MTOANPOCTPAHCTB HAOIIONECHUS OTHOTO M3 KiIaccoB. COOTBETCTBEHHO, 3TO Pa30HMCHHE
OyzeT KOpHEM JepeBa NPUHATHS PEUICHUH, a JUCTaMU HA JaHHOW WTepauuu OyayT
nBa pasoueHus. Ha crmenyromux utepaumsx OepeTcs OOUH XyAWIWHA (B CMBICIE
OTHOIIICHUSI KOJNMYECTBA HAONIONCHHUI PA3HBIX KIIACCOB) JIMCT M MPOBOJHUTCS Ta KE
orepauus 1o ero pa3oueHuo. B pe3ynabpraTe 3TOT JUCT CTAHOBUTCS Y3JI0M C KaKUM-TO
pasOuenueM, u aBymsi nuctamu [8]. Ilpouecc mpopomnkaercss moka He OymyT
JIOCTUTHYTHI OTPAHUYCHHUSI 110 KOJIUYECTBY y3JIOB, THOO OT OJHON UTEpalyu K Ipyrou
mepecTaHeT  yiydmarbes — obmas  ommOka  (KONIMYECTBO  HEMPaBHIIBHO
KJIacCU(UIMPOBAHHBIX HAOMOACHUI BceM AepeBoM). OIHAKO TONyYEHHOE JEepEeBO
Oynmer ‘“‘mepeoOydeno” (OymeT TmMOAOTHAaHO T1OA OOYYAlONIyl0 BBIOOPKY) W,
COOTBETCTBEHHO, HE OYJET JaBaTh HOPMAJILHBIC PE3YNIbTAThl HA APYTHX AaHHBIX. JIyis
TOT0, 4TOOBI M30eXkaTh ‘‘mepeoOyueHUs”, UCHOJIB3YIOT TECTOBbIC BHIOOPKH (JIMOO
KpOCC-BaIMJAIMIO) U, COOTBETCTBCHHO, TMPOBOAWTCS OOpaTHbIM aHanu3 (Tak
Ha3bIBAEMBIN Pruning), Koraa JepeBO YMEHBIIAIOT B 3aBHCHMOCTH OT pe3yJsibTara Ha
TeCcTOBOI BeIOOpKE [8].

CART — OTHOCHTEIIBHO MPOCTON aJTOPHUTM, B PE3yJIbTaTe KOTOPOTO MOJIy4aeTcs
OJTHO JIEPEBO TPHHATHUS PEIICHUN. 3a CYET ATOTO, OH YIA00CH JJIsl IEPBUYHOTO aHATHN32a
JIAHHBIX, K IPUMEPY, YTOOBI MPOBEPUTH HA HATMYWE CBA3EH MEXIy mepeMeHHbIMH [8].
K JOCTOMHCTBaM OaHHOI'O aJITOpUTMa OTHOCATCA:

L4 6BICTp0€ IMOCTPOCHUEC MOACIIN;

. JIeTKasi HHTEPIPETUPYEMOCTD (M3-3a MPOCTOTHI MOAEIH, MOYKHO JIETKO
0TOOpa3UTh IEPEBO U MPOCIEANUTH 32 BCEMH y3JaMH JepeBa).

Henocratkom anroputma CART sBiisercss TO, YTO OH 4YacTO CXOJMTCSA Ha
JIOKaJIbHOM pELIeHnH (K MpUMepy, Ha epBOM Iuare Obljla BEIOpaHa HIIEPIIOCKOCTb,
KOTOpasi MakCHMAaJIbHO JENUT MPOCTPAHCTBO HA 3TOM IIare, HO MPH 3TOM 3TO HE
MPUBEAET K ONTUMAILHOMY perieHuro) [8].

Meron, npuaymannsiii mociie CART Leo Breiman B coasropctse ¢ Adele Cutler —
Random forest (Cnyuaiinbiit Jiec), B OCHOBE KOTOPOrO JISKHT HCIIOIb30BAHUE
komuTeTa (aHcamOns) JepeBbeB mpuHATHS pemieHuit [8]. CyTp anroputma
3aKIII04aeTcs B TOM, YTO HAa KaXJOW WTEpalM JieJiaeTcs ciydaiiHas BBIOOpKa
NEPEMEHHBIX, TI0CJIe YEero, Ha TOM HOBOW BBIOOPKE 3aIyCKalOT HMOCTPOCHHUE AepeBa
npuHsTHs petreHnii. [Tpu atoM npousBoautces “bagging” — BeibOpKa cirydaifHBIX JIBYX
Tpereil HaONoAeHUH Ui 00yUYEeHHUs, 2 OCTABIIASICS TPETh WCIIOJIB3YETCs JIISl OLCHKH
pe3yapTaTa. Takyro oONepaluio NpOAEIBIBAIOT COTHM HIM ThICSYM pa3  [8].
PesyneTHpytomas Moaens OyAeT pe3yiabTaToM “TojocoBaHUS HaOopa MOJIYy4YEeHHBIX
MIPH MOJIETMPOBAHHH JEPEBHEB.

JocTtounctea merona Random forest:

1. Boicokoe KauecTBO pe3yibTara, OCOOEHHO [l JaHHBIX C  OONBIINM
KOJINYECTBOM TEPEMEHHBIX M MAJIBIM KOJIMYECTBOM HaOIOCHUH.
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2. Bo3MOKHOCTS TPIMEHEHMS TTapajuIeIbHON 00paboTKH.

3. He TpeOyeTcs TecToBast BBIOOpKA.

Hepocratkamu MeToza sSIBISIIOTCS:

1. Kaxxioe 13 fiepeBbeB OTPOMHOE, B PE3yIbTATE MOJICINb TOTY4aeTCs OTPOMHASI.

2. Jlonroe moCTpOCHNE MOJICNH, JUIS JOCTHKCHHUS XOPOIIUX PE3yIbTATOB.

3. CnoxkHast WHTepHpeTalusi MOJAENH (COTHM WM THICSYM OONBIINX JEPEBHEB
CJIOXKHBI JIJISl HHTEPIIPETALINH).

Meton amanmm3a ganmeix  Stochastic  Gradient Boosting (Croxactrdeckoe
rpajveHTHOe ao0aBiicHKE), MpeacTaBieHHb Jerome Friedman B 1999 roay, u
NPEACTABIIONINIA COO0M pelieHne 3agaddl perpeccud (K KOTOPOH MOXKHO CBECTH
KJTacCH(PUKAITMI0) METOIOM  TIOCTPOCHHMS  KoMHTeTa  (aHcaMOist) — “‘clmaObIx”
NpeCKa3bIBAIOIIMX JepeBbeB MPUHATHUS pelieHuil. Ha mepBoil utepanuun crpouTtcs
OTpaHUYEHHOE MO KOJMYECTBY Y3JIOB JAepeBO MNpuHATHA pemenuid. [locme dvero
CUUTACTCS PA3HOCTh MEXY TEM, YTO MPEACKA3a0 MOIYYSHHOE JePEBO, YMHOXKCHHOE
Ha learnrate (koa¢pdunueHT “cabocTn’ Kakaoro AepeBa) U HCKOMOH IepeMeHHOM Ha
stom mare. Yi+1l=Yi-Yi*learnrate [8]. 1 yxe 1mo 3Tol pa3HHUIE CTPOUTCS CIeIyromast
utepanus. Tak MpojopKaeTcs, MoKa pe3yabTaT He MmepecTaHeT yaydmarbes. T.e. Ha
KaXJIOM IlIare MbITAeMCSl UCTIPABUTh OMIMOKH MpeApLaymero aepeBa. OmHako 37ech
JIy4HI€ MCIIOJIb30BaTh MPOBEPOUYHBIC JaHHBIC (He Y4aCTBOBABIINMC B MOI[eJ'II/IpOBaHI/II/I),
TaK Kak Ha 00y4aroluX JaHHBIX BO3MOXKHO MepeodyueHue [8].

Merton Stochastic Gradient Boosting o6magaer 1ocToMHCTBAMHU:

1 Bricokoe Ka4ecTBO pe3yibTara, OCOOCHHO [UIS NaHHBIX C OOJIBIIUM
KOJINYE€CTBOM Ha6J'IIO[ICHPII7] 1 MaJIbIM KOJIMY€CTBOM IICPEMCHHBIX.

2 CpaBHUTENBHO (C MPEIBIAYIIM METOIOM) MaNbIi pa3Mep MOJAENH, TaK Kak
Ka)XJ10€ JICPEBO OIPAHUICHO 33JJAHHBIMU Pa3MEpPaMH.

3 CpaBHuTENBHO (C MPEABIIYIIAM METOIOM) OBICTPOE BpEMsI MOCTPOSHHE
OIITUMAJIBHOU MOJIEIIN.

Henocratku naHHOTO MeTOA:

1. TpeOyercs TecToBasi BIOOpKa (J1M00 KpOCC-BaIUAALINA).

2. HeBO3MO)KHOCTh XOPOIIETo pachapaieuBaHusI.

3. OtHOCHTENbHO cllabas yYCTOMYMBOCTH K  OMIHMOOYHBIM  JAHHBIM W
nepeoOydeHHIo.

4. CrnioxxHasi MHTEpITpeTalus Mojienu (Tak xe, kak u B Random forest).

BuIBoabI

AHanu3 JuTepaTyphl TOKa3blBae€T, YTO B HACTOSIIEE BpeMsS BO3HHUKIO
NPOTHBOPEYNE MEXIY OBICTPO BO3POCHIMM 0OBEMOM JIaHHBIX, KOTOPBIE HEOOXOAUMO
aHAJTM3UPOBATh M BO3MOXHOCTSAMH 3KCIIEPTOB 0 UX o0paboTke. biaarogaps stomy B
nocieqHue roasl  OoNbIIoe  BHUMAaHUE  yJaensieTcs  pa3paboTKe  METOJOB
aBTOMAaTUYECKOTO HCCleNoBaHus (aHanwm3a) [naHHBIX. OOHUM U3 MIUPOKO
UCIOJB3yEMBIX METOJIOB aBTOMATHYECKOTO AHAJIN3a JaHHBIX SIBISIOTCS JI€PEBbs
pemieHUi. AHajaW3 OCHOBHBIX aJTOPUTMOB HOCTpOeHUs jaepeBbeB pemenuir C4.5,
CART, Random forest u Stochastic Gradient Boosting mo3Boswia BBISIBHTH HX
JIOCTOMHCTBA U HEJTOCTATKH.
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MaremaTtudeckas MOICIIb HpO(i)I/IJIaKTI/IKI/I CIIOKHOM TEXHUYECKOM

CHUCTCMBI

H. C. Iloaupixkux
Xapxiecvkuil nayionanvuuil yHieepcumem umenu B. H. Kapaszuna, Yxkpauna

PaccmoTpena 3amada ONTHMH3ALMM YPOBHS HAAEKHOCTH U PabOTOCIIOCOOHOCTH
CIIOXHOU TeXHUUeCKON cucTeMbl. CloKHas CHCTeMa COCTaBIeHa U3 KOHEUHOTO YHcia
MPOCTBIX MOACUCTEM, (YHKIHOHMPYIOIIMX HE3aBHCUMO Jpyr OT JApyra s
IocTiKeHust obme nemu. Kaxnmas mpoctas moacucteMa B Ipolecce paboThl
U3HAIIUBACTCS, HAJSKHOCTh YMEHBIIAETCs, BEPOSTHOCTh OTKa3a yBelUuuBaeTcs. B
MOCTPOCHHOM MOJENM YpOBEHb HAIEeKHOCTH IIOJCHCTEMBl XapaKTepU3YeTCs
COCTOSIHHEM, Ompele/sieMbIM 110 3HAYeHUSM KOHTPOJIHPYEMBIX I1apaMeTpOB.
VI3smMeHeHHe COCTOSIHUA ONpeeIsIeTcs B MO CilydaiiHbiM nponeccoM. OOHOBIeHHE
MOJACUCTEM IIPOHMCXOIMT B pe3yiabTaTe IPUMEHEHHs YIPaBJICHUH B IUIAHOBBIC
MOMEHTBI KOHTpouisi. BriOop ympapieHus M3 MHOXKECTBA AOIYCTHMBIX 3aBHCHT OT
HaOJIFOJTaéMOTO COCTOSIHUSI M CTPAaTeTWH yIpapieHus. PemieHne 3amadl COCTOUT B
OIIPEENICHNH MepHoJa KOHTPONS CIOXKHOI CHCTEMBI M CTPAaTE€rWH YIpPABICHUS IS
KaKIOW TPOCTOH  IMOACHCTEMBI, OO0ECHEYHBAIOUIMNE ONTHMAIBHBIA  YpOBEHBb
HaJIeKHOCTH.

Knroueevie cnosa: mamemamuueckas Mode]zb, CNIOJICHAsL  cucmemda, U3HOC mexHuyeckou
cucmemol, pa60m00noco6nocmb cucmemul, cmpameus ynpasjienus, COCmoAHue cCucmemaol.

PosrnsgHyra 3amava onTuMi3zamii piBHA HAmIMHOCTI 1 Mpale3laTHOCTI CKIagHOT
TexHiuHOI cucremu. CKIagHa cHUCTeMa CKJIaJeHa 3 KIHIEBOrO YHCIA TIPOCTHX
miicucTeM, Mo QYHKIIOHYIOTh HE3aJISKHO OJUH BiJ OJHOTO IS JOCSITHEHHS CILTBHOL
Merd. KoxnHa mpocra mifgcucremMa B Iporeci poOOTH 3HOIIYEThCA, HaiifHICTH
3MEHIIYETHCS, BIPOTIAHICTh BiJMOBH 30UIBIIYeTHCs. Y HOOyIOBaHii Mojeni piBeHb
HaJIMHOCTI MiJICUCTEMH XapaKTepH3YyeTbCs CTaHOM, BHU3HAUYBAHMM MO 3HAYCHHSIX
KOHTPOJIbOBAaHHMX IapaMeTpiB. 3MiHa CTaHy BH3HAYa€ThCS B MOJEN BHUIAJKOBHM
npouecoM. OHOBJICHHS MIiACHCTEM BiIOYBAa€TbCS B pe3yiabTaTi 3aCTOCYBaHHS
yOpaBliHb B IUIAHOBI MOMEHTH KOHTpOJNIO. Bubip ympaBmiHHS 3 MHOXHHHU
JOMTyCTAMUX 3aJISKUTHh BiI CIIOCTEPEKYBAHOTO CTaHy 1 CTpaTerii yNpaBJiHHS.
Pimenns 3amaui monsirae y BH3HAYEHHI NEpiofy KOHTPOIO CKIAagHOI CHCTEMH 1
cTpaTerii ympaBmiHHS [T KOXKHOI TPOCTOI TiACHCTeMH, IO 3a0e3neduyroTh
ONTUMAJBHUI PIBEHb HAIHHOCTI.

Knrouosi cnosa: mamemamuuna mooens, CKIAOHA CUCmMeMd, 3HOC MEeXHIYHOI cucmemu,
npaye3oamuicmes cucmemu, Cmpamezis ynpagiinms, Cmam cucmemu.

The problem of optimization of reliability level and operability of the composite
technical system is discussed. The composite system is considered as a finite set of the
simple subsystems that aim to achieve a common goal, but operate independently of
each other. In the course of work, each simple subsystem wears out, its reliability
decreases raising the probability of failure. In the constructed model, the reliability
level of a subsystem is characterized by its state described by the values of some
controlled parameters. This state changes are determined in the model by some
stochastic process. The subsystems are updated by control actions (managements)
taken during the routine monitoring at the planned moments of time. The choice of
management from a set of admissible ones depends on the identified state and the
management strategy. The task is to find such monitoring period for the given
composite system and the management strategy for each simple subsystem that
provide the optimum level of reliability.

© MogupiknH H. C., 2016
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1. BBenenne

Bcesikas TexHU4eckas cuctemMa B Ipollecce SKCIUTyaTaliy N3HAIIHBAETCS, Ka4eCTBO
BBIXOJIHOTO TPOJYKTa CHIDKACTCS, BEPOSTHOCTh OTKa3a yBeIMYUBaeTCs. Eciau
MPENIOoNaraeTcsl HCIIOJB30BaTh CHCTEMY HEOTPAHWYCHHO JIOJTO, TO OOBIYHO
MIEPUOANYECKH B ONPEEIIEHHBIE MOMEHTHI BPEMEHU MPOBOIUTCS MPOPHIAKTHIECKOE
obcayxuBanre. OHO HEOOXOAMMO JJIi yMEHBIICHHWS BEPOATHOCTH OTKas3a,
oOHOBJICHUsT cucTeMbl. Kak TpaBuio, Ha TPaKTUKE JOCTYITHBI HECKOJIEKO BHJIOB
MPOUITAKTHIECKUX 0OCTYKUBAHUH, OTITNIAIONIUXCS CTETIEHBI0O OOHOBJICHUS CUCTEMBI
M, COOTBETCTBEHHO, CTOMMOCTHIO. YeM mopoxke o0OCITy)KMBaHHE, YeM CTeleHb
OOHOBJICHUSI CHUCTEMBI TIIyOXe, TEM TEpPUOJ €ro MNPUMEHEHUs  OoJbIie.
CyuiecTByolias CUCTeMa  IUIAaHUPOBaHHWS  NPO(UIAKTHK  OCHOBBIBACTCS  Ha
cTaTuCcTHYecKod WHpopManmuu (OYHKIIMOHUPOBAHUS IIEJIOTO KJIacCca OJHOTHITHBIX
cucteM. [IoHITHO, YTO OCOOEHHOCTH OTIEIHHON CHCTEMBI IIPH 3TOM HE YYUTHIBAIOTCS.
Mopenb, KOTOpas MO3BOJIUT OOOCHOBAHHO BHIOMPATh YIPABICHUS B 3aBUCUMOCTH OT
COCTOSTHUSI CHCTEMBI, OYEBHIHO, MOBBICUT 3(pPEeKTHBHOCTh ee (DYHKIIMOHUPOBaHUSI.
Pemenne 3amaun mpohUIaKTHKN C UCTIOIB30BAHUEM COCTOSHHS CHCTEMBI HaXOJUTCS
B paMKaX HOBOTO NEPCIEKTUBHOIO HAINPABJICHHUS B MOJCIHUPOBAHUM HAJCKHOCTH U
paboOTOCIIOCOOHOCTH TEXHUYECKHX CUCTEM.

B HekoTOphIX chy4asx aJeKBaTHOCTh MOIEIH MOXHO ITOBBICUTB, €CIH
paccMarpuBaeMasi CHCTEMa SBJISCTCS CIIOKHOM, TO €CTh, COCTAaBJICHA U3 HECKOJIBKUX
MOJICUCTEM, OOBbESTUHEHHBIX OJHOH IENBI0 U, BO3MOXKHO (D)YHKIIMOHAJILHO CBS3aHHBIX.
Mopenb, KoTOpas  yYWTBIBa€T OCOOEHHOCTH W3MEHEHHS  HAleKHOCTH U
paboTOCIIOCOOHOCTH BO BPEMEHH KaXKJIOM TMOJICUCTEMBI, MOXET CYIIECTBEHHO
YBEIUYUTH d3PPEKTUBHOCTD YIPABICHUS pacCMaTPUBACMOM CIIOKHON CHCTEMOIA.

Cuutarh CHCTEMY TIPOCTOM WM CJIOXKHOW pelraeT aHalUTHK Ha OCHOBE
AKCIEPTHBIX CYXJAeHWH. PaccMOTpUM MeTOJI TOCTPOSHHSI MOJIETH CIIOKHOW CHUCTEMBI
JUIT ONTHMHU3AIMHA €€ HaASKHOCTH. B 3aBHCMMOCTH OT OCOOEHHOCTEH CJIOKHOM
CHUCTEMBl MOJYXHO BBIZICJIUTH JIBA IOAXO0Ja K MOZACIUPOBaHMIO. [lepBblii MOAXO,
MPUBOAIININ K O0OJiee MPOCTONW MOJIEIH, BO3MOXKEH B TOM CIIydae, €ClI MOJICHCTEMBI B
CMBICJIC HAJIGKHOCTH HE B3aMMOCBA3aHbl, HO UMEIOT OJIHY Liejb (DYHKIIMOHUPOBAHUSI.
BTopoii moaxo 1 mpUBOAUT K 3HAUYUTEIILHO 00JI€E CIIOKHOM MOJIENH, U OH HEOOX0 UM
B Cllydae B3aUMOCBSI3aHHBIX B CMBICIIE HAJEXKHOCTH TMoOICUCTeM. PaccMorpum
MOPOOHO TIOCTPOEHHE MOJIENH CIIOKHOM CHUCTeMBI JUIsl TEpBOrO ciiydas. bynem
MPEeJINoJiaraTh, 4TO CJIOXHAs CUCTEMa KOHTPOJIMPYETCS 4Yepe3 paBHBbIC MPOMEKYTKH
BpeMeHH (TIepUOJ KOHTPOJsi). B MOMEHTBI KOHTPOJS, B 3aBUCHUMOCTH OT
HAOII0JJaeMOT0 COCTOSIHUSI U BRIOPAHHOM CTpaTeruy ynpaBieHUs, TPUMEHSIETCS OJTHO
13 BO3MOJKHBIX YITPABIICHHUM.

Hwmxe Oynmer moctpoena monenb NMPO(UIAKTHKH CIOKHOW CHUCTEMBI, B OCHOBY
KOTOpOW  TOJIO)KEHO  coctosiHue. Jlis  sTol  Momenu  OyJaeT — MpesioKeH
ONTHMHU3AIMOHHEIN AJITOPUTM, KOTOPBIM MO3BOJUT ONTHMHU3UPOBATh Kak oOmIuit
MEPHUO KOHTPOJISI CUCTEMBI, TaK U CTPATETUH YIPABICHHUS KaXKI0W MOICUCTEMOH.

Mopnenb CIOXHOW CHCTEMBI BKJIIOYAET MOJETU BCEX IPOCTHIX MOJCUCTEM.
ITonpoOHOE TOCTpOSHHE MOJIENH TPOCTONH CHUCTEMBI, OCHOBAHHOW Ha COCTOSIHHH,
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paccmotpeno B [1,2]. Jlns ymoOcTBa mpHBeAEM Janee OCHOBHBIC O3JICMEHTEHI,
OTIPECIISIONTNE MOJICIH MPOCTOW CUCTEMEI.

2. MoaeJib POCTOii CHCTEMBI.

DopMabHO CHUCTEMY CUHTaeM IPOCTOH, €CITi €€ COCTOSHHE MOXKHO OTPEAeITUThH
CKaJIsIpHOHM BenuuuHON. B mpoTuBHOM ciiydae — cuctema ciokHas. Hamomuum, dto
CUHTATh PACCMaTPUBAEMYIO CHCTEMY IIPOCTOW WITH CIIOKHOH pEeIIaeT aHaJTUTHK Iepes
MOCTPOCHNEM MOJENH. /[ 3TOr0 OH OLIEHWBAET 3aBHCHMOCTH d(PPEKTUBHOCTH ee
(GYHKIMOHUPOBAHUS - OT OJHOTO MJIM HECKOJNBKHX MTOKa3aTeseH.

[IpenmonoxxuM, 9TO METONAaMH TEOPHUH pPAcIO3HABaHUS 0Opa30B OIpeneIeHbI
KOHTPOJIMPYEMBIE  MapaMeTphl,  coAepKamme  WHpOpMauuio 00  ypOBHE
paboTOCTIOCOOHOCTH M HAIeKHOCTH  PAacCMaTpUBaeMOW  IMPOCTOH  CHCTEMBI.
CKaysIpHBIA MHTETPANBHBIA TIOKa3aTeNb d3TOTO YPOBHA (HOPMANBbHO OMpEIemseT
CIIy4alHbII TPOLIECC, KOTOPBIM OMNMCHIBAET 3BOJIOIUI0 HAAESKHOCTH IMPOCTOU
cuctembl.  OGosnaunM stoT mporecc uepes X(t), teT, T - paccmarpusaembrit

MHTepBan BpeMeHH. He yMmeHbIIas OOIIHOCTH, MOKHO CUHTaTh, 4TO MHOXECTBO
coctosmmii  storo mpouecca E =[01]. Ilonoxmm, uro cocrosumo X=0 -

COOTBCTCTBYET HOBasg CHUCTEMA C MUHUMAaIbHON BCPOATHOCTBIO OTKaza U
MaKCHMaJIbHON MPOU3BOJUTENBHOCTEIO. COCTOSHHIO X =1- MOJHOCTHIO H3HOIIEHHAS
CUCTEMAa C €IMHUYHON BEPOATHOCTBIO OTKa3a Ha JI00OM HHTEpBale BPEMEHH.
CocTosiHME CUCTEMBI OMNPEJENACTCS CTENEHBIO €€ H3HOCA, MO3TOMY TPAaeKTOPUH
npouecca X (t) MOHOTOHHO He YOBIBAIOT M NPHONWKAKTCA K EIUHMIE TPH

HEOTPaHWYCHHOM BO3pacTaHuu t .
He ymeHbIas OOIMHOCTH, MOYKHO CYHMTaTh, YTO TPACKTOPUH IPOIECCA HUMEIOT
CIEAYOLUNA BUL:

X¢ =x+(1—x)7ti+1, t>0, yel0,0),

TJAC: X- HAYaJIbHOC COCTOSTHUEC, 3HAUCHUEC ) OIIPCACIIACT TPACKTOPHUIO IMPoIecca.

O603HauMM IJIOTHOCTH PACIIPEIeNIeHHsI BEPOATHOCTEH HA MHOMKECTBE TPAEKTOPHUIA
nponecca yepes  f, (S|X), se[0,), x- HawambHOE cOCTOsHMUE.

Ilomnepxanwe YpOBHA HaIEKHOCTH U pabOTOCHOCOOHOCTH CHCTEMBI Ha
MPUEMJIEMOM YpPOBHE Ha TMPAKTUKE OCYIIECTBISETCS C IIOMOIIBI0 PETYISIPHO
MIPOBOJIUMBIX MPO(QUIAKTHUECKUX OOCITY)KMBAaHUN U PEMOHTOB. [IpuMeM 3TOT moIX01
mpu noctTpoeHnu Mojenu. Jlamee s yno0cTBa mpodriakTuieckue 00CTy)KHBaHUS H
PEMOHTBI OyJieM Ha3bIBaTh YIPABICHUSIMHU. YIIPABJICHUS Pa3IUYalOTCA MO 00beMy
OOHOBJICHUSI CHICTEMBI, HEOOXOJMMOCTH TPOBEACHHUS BOCCTAHOBHUTEIBHBIX paboT
mociie O0TKaza, mo croumoctd. OOo3HaumM uepe3 Y KOHEYHOE MHOMKECTBO BCEX
BO3MOXHBIX yTIPABICHUH.

Ilyctb B MOMEHT KOHTpoOJsi HaOmonaioch cocrosHue Xe€E. [Ipumenenune
yopaBieHuss Y €Y B 3TOM COCTOSHHHW TPUBOAUT K TEPEXOAy IIpollecca B HOBOE

COCTOSAHHEC ZG[O, X]C E u OMpeaACIdCT BCINYUHY CPEAHCIO OJ0XOOa W(X, y) oT
SKCIUTyaTallik CHUCTCMbI Ha IIEPUOJAC MO0 CJICAYOLIETO0O MOMCHTA KOHTPOJIA. OTta
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BECIIMYMHA KPOME HpI/I6BIJ'IPI YYUTBIBACT CTOUMOCTDL YIPABJICHUA U MPOCTOSI CUCTEMBI
Ipu peajirn3alu yrpaBJICHHA. IInoTHOCTH pacrpeaejcHusd BCpOHTHOCTefI COCTOsSHUA

Z COCpEeOTOUYECHA HA HMHTEPBAE [O, X]. O603Ha4NM 3Ty IUIOTHOCTH depes f7 (S|x),

Se [0, X]. Benunuuna “o0HOBIEHUS” cUCTEMBI @ = X — Z .

O6o3raunm gepe3 ¢ ciaydaifHOe BpeMs, KOTOPOe MPOXOANT OT Hadyalla TPAeKTOPUHU
mporecca J0 oOTka3a cuctembl. [lyctb X- Hauyano Tpacktopuu. [lLnoTHOCTH
pacrpeneiicHuss BEPOSTHOCTEH 10 OTKa3a CUCTeMbl oOo3HaumM uepe3 f £ (t|x, ;/),

t>0, xeE, 7/6[0,00). WssectHO [3], YTO HECTApEIOINUE CHCTEMBI HMEKOT
9KCTIIOHEHLMANIBHBIN THUIl PAacHpeAeICHUs BPEMEHH OO OTKa3a, a CTApPErolIhe — Kak
NpaBUJIO, aNIPOKCUMUpYyeTcs pacrpenencHueM BeiiOymna. MurtepBan BpeMeHH &
MEXIY IBYMS I[I0OCIE€IOBAaTEIbHBIMH MOMEHTAMH KOHTPOJS HAa30BEM pEalbHBIM
nepuogoM.  Ilonoxum g=min((§,2'), rie 7- 33JaHHbId  IUJIAHUPYEMBII
JIETEpPMUHUPOBAHHBIN MEPHUOA KOHTPOJSA. 3aMETHM, UTO TEpPUOJl ¢ CIydaeH U €ro
pacripeneneHe 3aBUCHT OT TPAEKTOPHUH Ipoliecca.

Juis onTUMHU3alUK MpaBUiia BBIOOpA yNpaBlieHUH B MOMEHTBI KOHTPOJISI BBIOEpEM
MOJIeJThb MAapKOBCKOTO IIpollecca MpHHATHS pemieHHd [4]. MapkoBckuid mporecc
MIPUHATHUS PEUICHUH OTpeaesieTcss Ha0OPOM CIETYIOIMUX O0OBEKTOB: {E,Y,Q,W,ﬂ'},
rne E - xoHeYHOe MHOXECTBO COCTOSIHWH, Y - KOHEYHOE MHOXKECTBO YIPaBJICHUH,
Q- mnepexommas ¢yHKIMSA, 3amaHHas Ha MHOXkectBe ExE, W - Qynkuus
HETOCPEICTBCHHBIX JIOXOJOB, 3adaHHas Ha ExY, 7 - crparerus ynpasieHus,
OIIpeIeJIAoNIas MPaBUiIO BEIOOpA yIpaBieHUH B KKl MOMEHT KOHTpois. Bee atn
00BEKTHI OYAYT HUXKE OIPEICIICHEI.

ITocTpoeHHBIN City4ailHBIA NPOLECC BOCCTAHOBJICHUSI HE SIBISIETCS MapKOBCKHM.
OpHaKO JIETKO ONPEAETIUTh BIOKEHHYIO MapKOBCKYIO LIETb Z(t), BBIJICJIUB COCTOSIHUS
HWCXOJHOTO IMpoliecca B MOMEHTBl BPEMEHU IIEpe] MPUMEHEHUEM YIPaBIICHUI.
[Monmy4eHHast MapKOBCKasi IIeMb COJEPKUT BCIO HEOOXOIUMYI0 HH(POPMAIUIO JUIS
peLIeHNs ONITUMU3aLMOHHOM 3a/1auu.

BeiOpanublii  mogxon TpeOyeT TNpOBENeHMs UCKpETH3allik MHOXecTBa E
cocTosiHUI Tmponecca. byaem jgomyckaTh, 4YTO B MOMEHT OTKa3a MHOXKECTBO
JOIYCTUMBIX yIpaBieHUH Y; He 00s3aTEeIbHO COBNAJAET CO BCEM MHOMKECTBOM Y .

Orto morpedyer (opMalbHO pa3inuyaTh COCTOSHHS, B KOTOPOM IPOHU3OLIEN OTKa3 U

k k+1

paGoune  cocrosHms.  Ilogmuoxecrsy |, =| —,—— |c E  nocrasum B
N N

COOTBETCTBHE COCTOSHHE X, , k=0.1..,N—1. Ecim B COOTBETCTBYIOIIEM

noAMHOXKecTBe |, 0TKa3 cucTeMBI HE IPOM30IIEN, TO CYUTaeM, 9To neMeHT X, € E,
uHauye cuutaeM, 4ro X, € E;. Kaxmoe u3 momydenusix muoxecte Ey n E
cocraBieHo u3 N snementoB. O6o3naunmm E = E, UE,. MuoxectBa momycrumbix

ynpasinenuit Y, u Y, B cocrosHmsix E, u E;, BooGme rosops, He coBmanator. He
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YMCHbIIAsA 061HHOCTI/I MOXHO CYHMTAaTb, YTO OHMU HEC ICPCCCKANOTCH, Y =YO UY,
Y,NY, =2.

Jns moctpoeHus: MepexoAHOW (QYHKIMM BIOKEHHOM MapKOBCKOH LeTH BBeIEM
HEoOXoIUMbIe onpeaeeHusl U o0o3HaueHus. [lycTe B Havaje mepuojaa B HCXOIHOM

nporecce X (t) HaOJF01aTIOCh COCTOSIHUE X; € E. [Ipumenenune ynpasieHus Y €Y B
COCTOSHUM X; IIPUBEJET IPH HEOOXOJUMOCTH K BOCCTAHOBIICHHIO CUCTEMBI M3 OTKAa3a,
ecin X, €E;, u 3arem k ymydmieHHIO COCTOSHHS CHCTEMBI 3a CYET MEPEeXofa
nporecca B X, € E;. D10 cocrosiHue ciydaiiHO ¥ HMEeT IIOTHOCT PAacIpeIeIICHHs
fy(S|Xi ) [TosTOMy MOJNOXKHM, 4YTO BEPOSATHOCTH IEPeXoja Mpolecca Z(t) u3

COCTOAHUA X; B COCTOAHHME X, IIOJX JEHCTBUEM YIPABICHHA Y TPOMCXOAMT C
i—k

N
BEPOSATHOCTHIO Py(xk|xi)= J'
i-k

fly(S|Xi)dS min K<i. B ocrameHBIX ciydasx

N
TTOJIOKUM: Py(xo|x0):1, Py(xk|xi):0, k>i, k0.

Bpewms peanuzanuu ynpaBieHuUs, B T€YEHHE KOTOPOTO MOJICUCTEMa MPOCTAaUBAET,
0003Ha4MM Yepes 7, .

OBomronus  Iporecca X(t) MPOUCXOAUT TIO HEKOTOPOM  TPAaEKTOPHH,
omnpezensseMon napaMmerpom y . IloyokuM, 4TO BCE TPAaE€KTOPUH, HAYMHAIOLIUECS B
COCTOSHMH X, , HPHBOSIIME HCXOAHBI Ipolecc B MOMEHT BpeMmeHn { B

j i+ y
MOJMHOXKECTBO W’_ C E ompeznensier mepexon BIOXKEHHOH Lenu Z(t) u3

N

cocrostHus X, B cocrostHne X;. Ecinu fy(S|Xk) - IUIOTHOCTb pacnpeeeHus

BEPOATHOCTEH Ha MHOKECTBE Tpaekropuit u | c ('[|Xk ) 7) - IUIOTHOCTh PacrpeeIeHHs
BEPOSITHOCTE!l BpEeMEHM [0 OTKasa JJIi1 TPaeKTOpUM C IapaMerpoM J, TO
BEPOSITHOCTh IIepexoja mporecca Z(t) U3 cocTosiHus X, € Eg uepe3 muiaHOBBII

nepuoa 7 B COCTOAHHUE Xj paBHa

j—k+1
wor(N-j-1) )
Pn(Xj|Xk)= J _kay(s|xk)f§(t|xk ,}/)det, J > k, Xj S EO'
[

z(N-j)

BeposiTHOCTD Tiepexoja Tmporiecca Z(t) u3 cocrosiHus Xy € Eg B cocrosHue

Xj S El B MOMCHT OTKa3a paBHa
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j—k+1
7 t(N=j-1)

P,](xj|xk):J' kay(s|xk)f§(t|xk,;/)dsdt, ik, x; eE,.
0o _J-

t(N-j)

Badukcupyem cocrostaue X, € E B MOMEHT KOHTpONsL mepen MpUMEHCHHEM

YIpaBICHUSI U COCTOSHUE B CIEAYIOUIMI MOMEHT KOHTPOJIS X i € E. TIlepexomnas
BEPOSITHOCTB X; —> X; 33 [IEPUOS & MOXKET OBITh BBIYHCIICHA 110 POpMyIIe

min(i, j)

Q(Xj |Xi ’ y): kZ::0 Py (Xk|xi )Pn (Xj |Xk)'

Orobpaxenne ¢:E —Y HazoBem pemaromeit ¢pynkiueii. Pemaromieit Gpynkuum
0 mOCTaBUM B COOTBETCTBHE  MATPHILy IEPEXOAHBIX BEPOSTHOCTEH Q(g) c

JIIEMEHTaMH Q(XJ-|Xi,g(Xi )) Ota marpuma umeer 2N crpok u 2N cronbios.

I I
11 2
. DnemeHT

21 22

Pasznenum ee Ha 4 paBHbie moamaTpuiisl pasmMeproctd N x N :

Q(Xj|Xi, g(xi )) HOAMATpHIEl |1 10mpeaensier BeposSTHOCTh mepexona u3 X, € E, B
X; € E,, nopmarpunwst 1, onpenenser Bepositnocts nepexona uz X; € Ey B X; € B,
noamarpuiel |, ompexenser BepositHocTh mepexoma w3 X, €E; B X i €,
nopmarpunsl |, ompenenser BeposTHocTh mepexoma w3 X, €E, B X, €E,.
[TocnenoBaTenbHOCTD 7Z=(go,gl,...)pemafonmx (yHKIMI Ha30BeM CTpaTerueil.
Crpareruto 77 = g(w) =(g, g,...) Ha30BEM CTalMOHApHOW. B  nmanpHeWmem

CTAllMOHAPHYIO CTPATETHIO g(°°) OyneM 0003HaYaTh TaKKE KaK W PEHIAIOILYIO
¢byHKIuIo uepes g .
C kax[0ii pemaronieit pyHkiued ¢ CBA3aH BEKTOP-CTOJOEI] HEMOCPEICTBEHHBIX

I0XO0J0B W(g) C KOMIIOHEHTaMHu W(Xi,g(Xi )), rae MIepBBIM N kommoHeHTaM
COOTBETCTBYIOT COCTOSIHUSA U3 E0 U CIEAYIOLIUM N KoMIoHEeHTaM — COCTOSIHUSL U3
E,.

Kommonents! Bekropa W MOKHO BBIYMCIIHTE 110 GOPMYJIE:
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Xjoor
W (x;,y)= [[]v [xk +(1- xk) jf},(s|xk)fgg(t|xk,s)dtdsfy(xk|xi Y, +
”y 000 +1
Xj 0000
+ ”jv(xk +(1—xy )%il) fy(s|xk)f§(t|xk,s)dtdsfy(xk|xi Yo,
007

B mpaBoit wactu mocnemHeid (OpMyNBl HMCHOJB3YIOTCS 3HAYCHUS YPOBHS

|
COCTOSIHUS U3 [0,1]. Hampumep, COCTOSHUIO X; COOTBETCTBYET YPOBEHD W .

CranmoHapHON CTpaTeTuul 77 = g(°°) IIOCTaBUM B COOTBETCTBUE BEKTOP ¢>(7r),

KOMIIOHEHTbI KOTOPOT'O OIPEAEISAIOT BEIWYMHY CPEIHETO J0X0Ja B EIUHUILY
BPEMEHH, 3aBUCSAIICTO, B OOIIEM CITy4ae, OT Ha4ajIbHOI'O COCTOSIHUS

olr)= tim £ 50" (gW(g).
n—>oonk:0

Hanee cuuTaeM, YTO MapKOBCKas IIeTb Z(t) perymsipHa [4] mist mro0oit

CTaLlMOHAPHOM cTpareruu 7 . M3BecTHO [4], 4TO B 3TOM CiIydae BEKTOP (/)(7[) HAMeeT
PaBHBIC IO BEJINYMHC KOMIIOHCHTHI.

Crpaterus 7~ Ha3bIBae€TCA ONTUMAIBHOM, €CIM Juid Jo0Od  cTpareruu

*
7T BBIIIOJTHEHO HEPAaBEHCTBO ¢J(7Z' )2 go(;r). Ha mnpaktuke wame wucrnonb3yercs & -
onTuManbHas crparerus. CTpaTerus 7, Ha3bIBa€TCs & -ONTHMMAJILHOM, €CIU JUls

1r000M CTpaTEeruu 77 BHINOJHEHO HEPABEHCTBO (0(7[)— §0(7Z'5 ) <g,e>0.

3. MeToa onTHMHU3aMH MPOCTOI CHCTEMBI.

PaccMoTpum  MeTOi  ONTHMHM3AllMKM, OCHOBAaHHBIM HA TPHHIUIE CHKATHIX
orobpaxenunii [4,5]. [lycTh 3a7aHbl BCe 37IeMEHTHI MApPKOBCKOTO MpoIecca MPUHSITHS
pewennit. Ha MHOkecTBe BekTOpoB V , pa3MEpHOCTh KOTOPHIX COBMAIAaeT C

KOJIMYECTBOM COCTOSIHUM, BBEAEM IOJIYHOPMY paBeHcTBOM”V”p =MmaxvV; — min Vi,
I 1

rae V; - 1-1 komnoHenTa Bekropa V. [lycte M = {\/:”V”p 20}. Torna Ha ¢akrop-

npoctpanctee V'=V / M onpenenennas Bbiliie moiyHOpMa SBISETCS HOPMOIA [5].
Beenem Ha V creyromiue onepaTopsi.

F(g)v=W(g)+Q(g ).
Uv = max F(gv.

3nech G - MHOXKECTBO BCEX PEHIAIONIMX (DYHKIIHIA.
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B ycnoBHsX cHenaHHBIX TPEANONOKEHHH O TMpollecce Z(t) omeparop U Ha

V' sBisercs cxumaromuM [4,5]. DTO CBOMCTBO TMOJIOKEHO B OCHOBY PEKYPPEHTHOIO
METOJIa ONTUMU3AIUU CcTpaTeruu ympamienus [4]. [IpaBuio oCTaHOBKH anroputMa
OTIpeIeIIseT CIAEAYIOIIEe YTBEP)KICHHUE.

Vreepxaenue 1[6]. ITycts VeV', ||UV—V|| =& uUv=F(g)V. Torna

1 C =g® - i
. TpaTCrusa 77 = g SIBIIACTCA & -OITUMAJIBHOMU.

2. min(Uv—v)x)< " <max(Uv-v)x),

rue (p* - BEJMYMHA CPEIHETrO J0XOJa B EAMHHILy BPEMEHH, KOTOpas COOTBETCTBYET

OINTUMAaJIbHOU CTpaTeruu.

ANTOpUTM HAXOXACHUS & -ONTHUMAJIBHOW CTPAaTeTMH COCTOMT B BBIIOJIHEHUH
CIEAYIOLIUX NEUCTBUM.
1. 3amare £€>0.

2. BeiOpath npou3BoibHO BekTop Vy €V’

K -pb1ii mar anropurma.
3. Bommcnuts V, =UV, = F(gk)vk_l, v, eV'.

4. TIpoBepHTh HEPABEHCTBO ||Vk —VH” <g.

)

Ecii OHO BBINONHEHO, TO CTpaTETUs 7T = gﬁ"’ ABIIETCS & -ONTUMAJIbHOM.

Eciu He BBINOIHEHO, TO BBIIOJHUTE K +1-i mar anroputma.
3a KOHEYHOEe YHUCIIO AaroB OyAeT JOCTUTHYTA & -ONTUMAalIbHAs CTPaTerysl.
3ameuanue. [lnsg ompeneneHHOCTH YyIOOHO BbIOMpaTh M3 Kjacca CMEKHOCTH
dakrop-npocTpancTsa V ' npencraBurens V, ¢ HyJeBOI NepBOil KOMIIOHEHTOM.

4. MeToa ONTUMHU3ANUH CJIOKHOM CHCTEMBI.

ITycts cnoxnas cucrema cocrouT u3 L mpocteix moacucrem. ITopcuctemsr
HE3aBHCUMBI JIPYT OT Jpyra B CMBICIE HAQJEKHOCTH W (DYHKIIMOHUPYIOT IS
JocTrxkeHus oOmieit nenu. CucTteMa KOHTPOJMPYETCS 4Yepe3 pPaBHBIC MPOMEKYTKH
BpeMeHH (IUIAaHOBBIM meprnon KOHTpods). Jrobas W3 mojcucTeM MOXKET OTKas3aTh JI0
MOMEHTA IJIAHOBOTO KOHTPOJs. OTKa3aBllas HNOJACUCTEMA MPOCTAUBAET O MOMEHTA
OYepEeTHOTO0 KOHTPOJsA. B MOMEHT KOHTPOJISL, B 3aBHCHUMOCTA OT HAaOIIOAaeMOro
COCTOSIHUSI, CTpaTerus OINpeAeNseT VIpaBiIeHWe Uil TPUMEHEHHs B KaXIOH
MOJACUCTEME. 3ajaya COCTOMT B ONTHUMM3ALUMU MEPUOJa IJIAHOBOIO KOHTPOJA U
CTpaTETUH YIPABICHUS KAKI0M NOACUCTEMOM.

Beenem cnenyromue 0603Ha4enus st 1 -oi mogcucremsl, 1 =1,..., L. TTonoxum,

uro s kaxaoro mara amropurma K, K=012,..., n mapamerpa p, p=0.12,...,
(i)

kp - €CTb HEKOTOPBIN MPEICTABUTEND Kiacca CMEXHOCTH U3 V ¢ HyleBoi

BEKTOp V
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nepBoii KommoHeHTol. Ilonmoxum, mamee, mis K=12,... V|(<,
k=012,.. v} =Uv{}, v} =uv), ..., vl =uvi) .

Omneparopet U u F s dpukcupoBaHHOTO 3HAUCHUS T 0603Han/IM uepe3 U )y

FO, Tyers U® k‘)p =F(T)(gi£i) I(<i,)p’
0l (7) = max (0N, Jo) -, ().

Jmuny unrepsana | 6ynem o0o3HadaTh yepes A(I )

PaccMoTpuM OJIMH W3 BO3MOXXHBIX METOJOB ONTUMM3ALMM IE€PUOJA KOHTPOJIS
CJIOHOW CUCTEMBI W CTpPATeTMU YINPaBJICHUS KaKIOW MojacucTemMoi. Merox Oyner
OCHOBaH Ha IOCJECAOBATCIIbHOM BBIYHMCICHHH BEKTOPOB vﬁ‘,)p, k=0L12,., s
Kax o moacucremsl i =1,..., L [4].

[TycTh (a,b) - MHTEPBAJ BO3MOKHBIX 3HAYCHHI Tepuofa KOHTPOJIS CIIOXKHOM
cuctembl. Ero creqyer BBIOpaTh MCXOAS W3 AIKCHEPTHBIX CyxXAeHWHA. O003HaYNM

1
o =Z(b—a). BeiOepem n1s1 mpoBepkH ClEAyIOIIME ISITh 3HAYEHUM Iepuoa:

T, = a+(j —1)5, j=1...,4, 7. =Db.MuoxecrBo 3Hadenuii 7 jis ananuza Ha K -m

mare ajiropuT™Ma 0003Ha4MM depe3 1, , B 4acTHOCTH, leir j,jzl,...,S}. Bynem

IPEJINoIaraTh, Y4T0 MUHUMAJILHOE 3HAYEHHE, Ha KOTOPOE MOKHO M3MEHUTh BEIMYHHY
IUTAHUPYEMOT'0 IePUOJIA, PABHO O, .

[Ipennaraercss ciaeAyroOWUid METOJN ONTUMM3ALUM, OCHOBAHHBIA HAa TMPUHLUIE
CKATBIX 0TOOpakeHHH [4] ¢ CIOIb30BaHNEM YTBEpPIKACHHS 1.
Bribepem TouHOCTH pemenus 3agaun & > 0.

Jlnist kaxknoro 1 =1,..., L monoxum V((;}) (z’) PaBHBIM HYJIEBOMY BEKTODY.

Ilepswiii wae memooa (k :1).

[Monoxxkum p=1. s kaxmoro 7 j €Ty, BBMUHCIMM IIOCJIEAOBATEILHO

v£‘2(r,-)=U(“)vé‘,%(r,-)=F(’”(gi”)«‘”(r,-), olnn(e)). olhnle,). Tioommy

L

€01mm< ) Z(ol(lr)nm( )’ ( ) Z¢1mx( ) u o0padyeM MHTEPBAaIbI

(%,min (z'j ), P1 rax (Tj )) JULSL KaXAO0TO 7 eTl. Beibepem mepuon 7, U3 YCIOBHUS

(Pl,max(7|):max(¢1,m(71 )) CdhopmupyeM MHOKECTBO 3HayeHMi nepuonos T,
i

AJId aHaJI3a Ha BTOPOM MLIare ajaropurMma. I[J'IH Kaxaoro Tj (S T]_ MIPOBCPUM YCJIOBUC!

(?l,m'n( )v("lrmx( )N(gl’lmn(fl)?l,nax(fl ));t@- (4.1)
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o
Eciy 0HO BBIIIOIHEHO U T j HC PaBHO & HIIH b, To 3HaueHus 7 T Tt

22

BKIIIOYArOTCs B MHOKeCTBO Ty . Ecim st 7 Beinonueno ycnosue (4.1) u 7, =a, 1o

3HAYCHUS T, T; +§ Brouarorcs B Tp, a ecan Bbmonueno (4.1) u 7 =b, to B
Tp Brirouatorest 7;, 7 5 Bce 3nauenuss mnepuogoB B Ty [JOMKHBI OBbITh

pasIM4HEBIMA. ECIM HEKOTOpOE 3Ha4YeHHE TIEepHOa BCTPEUAeTCs IBAK/IbI, TO OJHO 3
HHX CJIELYET UCKIIOUUTD.
K -1t waz memooa.

[Monoxkum p=K. s xaxkgoro 7 j €Ty, BBUHCIUM MOCIEIOBATEIHHO

Vm(fj):U(Tj)VI(:,)o(Tj)’---’Vlgi,)p(fj)zu( )V|(<)p 1( ) ( )(gk )‘/kp 1(71) (Dlgi?nin(rj)'

L

o (t;). Tonosann g, . (z;)= Zcoﬁ'?n.n( ) Pemdr)= Z(Pkmax( ) m

o0pasyeM HHTEpBaJIbI (gok’min (Tj ), Dy mex (rj )) st kaxporo 7j € Ty . Boibepem

HEPUO 7| U3 YCIOBUSA (D o (T|) max((pk max( )) Cdopmupyem muoxkecto Ty g

3HaueHHUI nepuosa. [l kaxoro 7j € Ty mpoBepum ycioBue:

(C”k,min( ) 2 max( )n(% min (Tl) (pk,max(rl ))¢ <. (4.2)

Ecan 0HO BBITIOJIHEHO U T j HC PaBHO & HIIH b, To 3Hauenus 7, 7. _E T+ —

it ti k

BKIIIOYAOTCs B MHOXeCTBO Ty 1. Ecim st 7; BbinonHeHo ycnosue (4.2) u 7;=4a,

TO 3HAYCHUS Tj, T; + K BKJTIOHAIOTCA B Ti(41, @ ecru BemonHeHo (4.2) u 7; =b, To B

Ty41 Brurouarorest 7;, 7; ——. MuoxectBo Ty, He mycro, oHO 00s3aTeIbHO

comepxuT dmemeHt 7. Ilycts Q, - MHOXecTBO 31eMeHTOB Ty ,q, IS KOTOPBIX

BBINOJIHEHO ycioBue (4.2). O6Gosnaumm unTepBan |, = U(gpk’min (TJ- ),q)k’max (TJ- ))
7€Qy

o
JlMHa 3TOr0 MHTEpBaia A(lk). Ecin A(lk)<8 u E<50, TO 1EJb JOCTHIHYTA,

n000H TUIAHUPYEMBIH IEPUOA T € Q, u crparernu ynpasieHuUs IOACHCTEMAMH glg') ,

i=1..,L, obecneuuBaror & -ONTUMAIbHYI) CTPATETUIO YIPABICHHUS CJIOMKHOM
CHUCTEMOM.
B npoTuBHOM cily4ae BBHIIIOJIHUTD (k +1) -{ miar.
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3a KOHEYHOE YHCIIO MaroB OyIeT [OCTHTHYTa & -ONTHMAalbHAasl CTpaTerus
YIpaBIeHHUS CIOXKHOW CHUCTEMOI. 3aMeTHM, YTO, BOOOIE TOBOPSA, NPU yBEITHYCHUHU

50 HE0O0XOMMOE YHCIIO IIaroB YMEHBIIIAeTCS.

5. 3akn0uenue.

PaccMoTpeHHBIN METOA MOJENHPOBAHUS CTApEIOIIEed TEXHUUECKON CHUCTEMBI “TIO
COCTOSIHUIO” MOKET 00eCTIeYnTh BBIOOP CYLIECTBEHHO OoJiee 3 PEeKTHBHOM CTpaTErHH
YIpaBIeHHS, YeM OOBIYHO MPUMEHSEMBIN IS 3TUX LIeJIeH METOI MOAETUPOBAHUS ““TIO
BpeMeHM . llpuMeHeHHe cTpaTeruu ympaBleHHs, pealu3alysi KOTOPOM yUWTHIBAET
COCTOSHE  CHUCTEMBI, TIO3BOJIAET  TOJJAEP)KUBATh  ONTUMAJIBHBIM  ypOBEHb
paboTOCIIOCOOHOCTH KOHKPETHOW CHCTEMBI, a He HEeKOTOpOHl ycpemxHEeHHOH,
MOCTPOEHHON B MOJIENHN “II0 BPEMEHHU .

Mojenb CIOXHOM CHCTEMBI, MpEeAIoKEHHas! BBIIIE, OCHOBBIBAETCS HAa MOJEISAX
npocteix mnoacucteM. IIpocToil cucTeMOH CUMTaeM Takyl, HAIeXKHOCTb U
paboOTOCIIOCOOHOCTh KOTOPOM MOXHO ONPEACTUTh CKAIAPHOW BenuuuHOU. CUuTaTth
CUCTEMY TPOCTOM WJIM CJIOKHOH OIpenenseT aHAJIWTHK, OLlEHUBAas 3aBHCHUMOCThH €€
HAJEKHOCTH W PabOTOCIMOCOOHOCTH OT OJIHOTO WM HECKONBKHUX HHTETPAbHBIX
noka3zatened. [TompoOHOe MOCTpOCHHWE MOJEIM MPOCTOH CHUCTEMBI, OCHOBAaHHOH Ha
COCTOSIHUH, TIpHBEICHO B [1,2].

[Ipu mocTpoeHnH CIIOKHOM CHCTEMBI OBLIO TPEATIOIO0KEHO, YTO OHA COCTABIICHA U3
NPOCTHIX TOJCHCTEM, PadOTa KOTOPHIX HampaBieHa Ha JOCTIDKEHHE OOIIEH Ielu.
Cucrema KOHTPOJIHMPYETCS Yepe3 3aJlaHHbIA Mepruo]l BpEMEHH ISl OLIEHKH COCTOSHHS
KKIOH TOJICUCTeMbl. B 3aBHCHMMOCTH OT HAOIIOJa€MOTO COCTOSIHHS HMEIOIIAsiCS
CTpaTerust yIpaBlIeHUS ONpejAeNseT YIpaBisdollee BO3ZeicTBHE, HAlpaBiIeHHOE Ha
0OHOBJICHHE TIOJICUCTEMBI H, TIPH HEOOXOJIUMOCTH, Ha BOCCTAHOBIICHHE €€ M3 OTKa3a.
HormyckaeTcs, 4To o0as mMoICUCTeMa MOXKET OTKa3aTh B JIOOOH MOMEHT BPEMEHH U
npocTauBaTh JO MOMEHTa KoHTpons. OTka3 1000l TOACHCTEMBI HE BIHIET Ha
BEPOATHOCTH OTKa30B JApPYrux mojacucteM. Llenpio MonenupoBaHusS —sIBISETCS
ONTUMH3ALMA IUIAHOBOIO MEPUOJa KOHTPOJIS CIOKHOW CHUCTEMBbl W CTpaTeruit
YOPABJICHUST KOKIOM npocTod mnonacucreMoil. Ilpu moctpoeHuM MOIENM CIOKHOU
CUCTEMBI HE YUYUTHIBAIOCH TAKOE MAJIOBEPOSITHOE COOBITHE KaK OTKa3 BCEX MOACUCTEM
JI0 MOMEHTA IJIAHOBOT'0 KOHTPOJIA. [lepeHoc [uist Takoro ciay4yasi MOMEHTa KOHTPOJIS B
MOMEHT O0TKa3a BCEX IMOJCHCTEM HE JIaCT 3aMETHOTO BBIMTPHIIIA B ONTUMAaJILHOCTH, HO
3aMETHO YCJIOKHUT MOJIeNb. 3aMETHM, 4TO TP HEOOXOJUMOCTH TaKOW IepeHoc
MOMEHTa KOHTPOJISI B MOJIEITH MOXHO yUECTh 0€3 PUHIUIHATBHBIX TPYTHOCTEH.

[IpennoxxeHHbpl1 METOJ ONTUMHU3AUMK [O3BOJISIET HAWUTH IJIAHOBBIA TEPHUOJ
KOHTPOJII M CTpaTeruu YMIpaBieHHs] MOJACHUCTEMaMH, KOTOpble 00ecledYuBalT & -
ONTUMAIBHOCTh YIPABIICHUS BCEH CIIOKHOU cucTteMoit. ClemyeT 3aMeTHUTh, 9TO METO.
NPEAIoJIaraeT BIIOIHEHHE BOTHYTOCTH CPEJHEro A0X0Aa ¢ OT nepuoga 7 . OObIYHO
3TO YCJOBHE BBINOJIHEHO B PEAIBbHBIX CHUCTEMax. B COMHMTENBHBIX CIydasXx METOA
HEOOXOJUMO JIOTIOJIHUTh OYEBUIHBIMH HM3MECHEHHSIMH B TPABWIO (OPMUPOBAHUS
MHOXeCTB T .

MO3HO MPEAoIOKUTh, YTO B PEAJIbHBIX YCIOBUSAX CTATHCTHUECKONW MHPOPMALIUH

0 TIOBEJCHUHU MPOCTHIX MOACUCTEM MOXKET OBITh HEIOCTATOYHO, JIMOO OHA MOXKET
OTCYTCTBOBaTh. B 3TOM ciydae, mpu MOCTPOECHWH MOJENEH MPOCTHIX IOACHCTEM,
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MOKHO TIPEIIOKNATH 0aifeCOBCKHIA MOIXO0 B CTATHCTHKE ISl OIIEHKH BEPOSTHOCTHBIX
pacrpeaeseHui B poliecce HabIOICHHH 3a COCTOSIHUSIME TojicucTeM [7,8,9].

CraenyroomuM maromM B 000OLICHHH MOJAEIH CIIOKHOW CHCTEMBI MOXKHO CUHTATh
HaJM4Yhe W YYeT 3aBUCHMOCTH B CMBICIC HAIEKHOCTH KKIOH MOACHUCTEMBI OT
HEKOTOPBIX JPYTUX MOJCHCTEM. DTH COSAWHEHHS MOTYT OBITh CIEAYIOIIUX BHIOB:
npoctoe (MOCIea0BaTeNIbHOE), pe3epBUpoBaHue (MapauieibHoe) U cMemanHoe [3].
HormyckaeTcsi, 9To BCe 3TH TPH BUIA MOTYT OBITH NMPEICTABICHBI B OAHOMN CIIOKHOMN
cucreme. B 3ToM ciyyae B MoJenu CleAyeT Y4ecThb BO3MOXKHOCTh OTKa3a Bcel
CHCTEMBI 10 MOMEHTa KOHTPOJISI, TaK Kak, BOOOIIEe rOBOPS, MOKET CYLIECTBOBAThH OHA
HOZICUCTEMA, BEPOATHOCTh OTKa3a KOTOPOIl HE Malia, HO OHA IPUBOJMT K OTKa3y Bcei
CIIOJKHOM cucTeMbl. Llenb MoaennpoBanus TAKOH CUCTEMBI MOXKET OBITh TOH XK€, 4TO U
B PaCCMOTPEHHOM CJIydae, OJHAKO caMa MOJIeIb Oy/IeT CYIIECTBEHHO CIIOKHEE.
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MopenupoBanue mmporecca Taru
MarHMTOJIEBUTHPYIOILErO Moe3a

B. A. [lonskos, H. M. Xauanypunase

HUnemumym mpancnopmuuix cucmem u mexnonozuti HAH Yxpaunvl, Yxpauna

Mopenupyercss OUHAMUKa TIIpoliecca TATM  MAarHUTOJIEBUTHPYIOILEro  IMOe3/a.
IIpoananu3upoBaHbl CBONCTBA MMEIOIIUXCA BEPCUM MOJENIM 3TOro Ipolecca.
CuHTe3upoBaHa THOpUAHAs  XOJMCTHYECKas  MapagurmMa, acCHUMHIMPYOLIas
NperMYIIeCcTBa TPAJAUIUOHHBIX MOAX00B, HO CBOOOIHAsS OT uX Aedekros. [TocTpoeHa
BEpCUsl MOJICNH, CBOOOJMHAS OT HENOCTaTKOB € Mpelplaymux Bepcwid. [lpuBeneH
MpUMep KCIONB30BaHUS CO3JIaHHBIX MapajurMbl U Mojaend. VX paboTtocmocoOHOCTh
IIOATBEPIKICHA pe3ysIbTaTaMU aHaJIM3a dTOro IIpuMepa.

Knioueevle cnosa: macnumonesumupyowull noe30, JUHEUHbI CUHXPOHHBIUL O8Ueamelb,

peanusayusi mseu, 2UOPUOHAL XOIUCMUYECKAs Napaduema Uccie008anus, MAamemMamuiecKkas
MOOeib.

MogentoeTbcs AMHaMIKa [IPOLECy TSATU MarHiToleBiTyodoro noi3na. [IpoananizoBaHo
BJIACTHBOCTI HAasBHUX Bepcid Mojeni 1mporo mpouecy. CHHTE30BaHO TiOpUAHY
XOJICTHYHY Mapaurmy, 0 aCUMIITIOE MepeBard TPAAUIIHHUX MIAXO0IB 1 HE Ma€ iXHIX
nedexriB. [ToOynoBaHO Bepcio Mojewi, BUIBHY BiJ HEHOMIKIB 1 MmomepenHix Bepciil.
HaBeeHo TpHKIAaj BHKOPHCTAHHS CTBOPEHMX MApaidurMHM 1 MOJeNi. IXxHs
Mpare31aTHICTh MiATBEpKEHA Pe3yJIbTaTaMy aHai3y IbOTO MPUKIIaa.

Kniouosi cnosa: macnimonesimyroduii noizo, JiHIUHUL CUHXPOHHULL OBUSYH, peanizayis mseu,
2IOpUOHA XONICMUYHA NapaoueMa 00CIiOHNCeHHs, MAMEMAMUYHA MOOeNb.

Dynamics of the traction process for a magnetically levitated train is under modeling.
The properties of the existing versions of this process model are analyzed. A hybrid
holistic paradigm, which assimilates the advantages of traditional approaches, but is
free from their defects, has been synthesized. The version of the model is constructed,
from which the drawbacks of previous versions are eliminated. The example of created
paradigm and model using is given. Their operability has been confirmed by the
results of this example analysis.

Keywords: magnetically levitated train, linear synchronous motor, traction realization, hybrid
holistic research paradigm, mathematical model.

BBenenue B npodiemy

Bo mHOrmx ciydasx mis mened TIrM MarHUTOJIEBUTHpyIouux moe3gos (MJIIT)
1eJIeco00pa3Ho HCIIONIL30BaTh JTUHEWHbIe cuHxpornbie apuratenu (JICH) [1, 12, 13].
[Iporeccrl, mpoTeKamIye B UX PA3IAYHBIX JIEMEHTaX, B3aUMOCBSI3aHbI U SBISIOTCS
YaCTIMHU €IMHOTO cymeprnpoiiecca 3JIEKTPOMAarHUTHO-MEXaHHUECKOTO
sHepromnpeodpazoBanusi. CyIlecCTBEHHAs CJIOXKHOCTh TaKHX IIPOIECCOB MOOYKIaeT
ucciefoBaTenei K IMOUCKY IyTed CemapaTHOTO M3YYEeHHs UMX  OTACNbHBIX
KOMITOHEHTOB, KJIIOYEBBIM M3 KOTOPBIX SIBIISETCA OJEKTPOMArHWTHBIN. Ero
COCTaBJISIONINE TIOPO3Hb C yCIIEXOM MOTYT m3ydatbes [2, 14, 15] B pamkax Teopuit
AIIEKTPUIECKUX LEeNe, INO0 31eKTpoMarHuTHoro nojs. [lostomy, paznuyuHsle Bepcun
Matemaruyeckoit Mojenu (MM) niporiecca Tsiru (I1T) JIC MJIIT crpownucs [3, 4, 16]
MCXOs U3 YKa3aHHBIX aBTOHOMHBIX MTapaJurMaM ero MOAETHPOBaHUS.

AHnanus cBoiictB nMmeronxcsa Bepcuit MM IIT JICI MIJIII cBuneTenscTByeT o
TOM, YTO KaXKJIas M3 HUX O0JIajaeT KakK IMPEUMYIIeCTBaMH, TaK W HEIOCTATKAMU.
Bepcun Mopenn, HCXOAfmHe W3 TEOPHH JJIEKTPUUYECKUX IIeTel, JOCTaTOYHO

© MNonskos B. A., Xauanypugse H. M., 2016
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GyHKIMOHATBEHEL. HO  OCHOBHBIM  HENOCTATKOM WX  YPaBHEHHH  sIBISETCS
HECTAIIMOHAPHOCTh  KOA((UIIMCHTOB, BhI3bIBaCMas IEPEMEHHOCTBIO  3HAYCHUH
B3aMMHBIX WHAYKTUBHOCTEH KOHTYPOB (Da3 sKOps, Kak Mexay co0Oi, Tak H C
KOHTYpaMH BO30YKJICHHS, TP U3MEHEHUH MOJIOKEHHS MOyTepa (ITOIBUKHBIX YacTel
JICH). D10 cHIKaeT IEeHHOCTh BEpCHH, MOCKOIBKY 3aTpyAHSIET MOAETHpOBaHue [5].
Bepcun xe Mozenu, 6azupyromecs Ha TEOPUHU IOJIsl, MEHEe PECYPCOEMKH, OJHAKO U
MEHee MPaKTHYHBI — BCIIEJACTBUE OTPAHMYCHHOCTH WX OOIIHOCTH, BBI3bIBAEMOU
HEJIOCTATOYHOM aIEKBATHOCTHIO MPETIOCHUIOK ITOCTPOSHUS STHX BEPCHH.

3anaya ucciie10BaHUsA

WznoxxeHHbIe COOOpaKEHUSI CBUAETEIBCTBYIOT 00 aKTyalbHOCTH co3maHuss MM
IIT JIC MJIII, accuMunupyromieit JOCTOMHCTBAa UMEIOIINXCS BEPCHM TaKoi MoJeNH,
HO CBOOOJHOM OT MX HEIOCTaTKOB [5, 6]. CuHTe3 TaKoi MOJETH SBJISCTCS OCHOBHOM
3a/1avyeit HacTosIIe paboTHI.

Metoauka ucciaer0BaHus

Tara JICJ| sBngercs pe3ynbTaTOM B3aUMOJEHCTBHS, HEMOABIKHBIX JPYT
OTHOCHUTENIFHO ApYyTa, MarHUTHBIX MOJEW TOKOB €ro MHAYKTOpa U skops. Ilostomy,
npu noctpoeHnu uckomoit MM IIT, B kadecTBe ero maTTepHa IOKEH OBITH HMPUHST
JJIEMEHTApHBI aKT TaKoro B3aUMOJACUCTBHSA, KOTOPBIH MOXET OBITh OINHWCaH
BEIpaKECHHEM 3aKoHa Ammepa [7]:

) .
fﬂ%zlﬂl'l -BAZ-SInalZ, (1)

roe f Jy — Cuia, B3aUMOJICUCTBUS TOJIEH, CO31aBa€MbIX TOKAMH, TEKYILIUMH B LEMAX

2 -TO TIPSMOJIMHENHOTO AJIEMEHTa A -TO KOHTYpa HHJIyKTOpa JIBUTATENS U €r0 SIKOPS;

iy i* B Jy 1 Oy — AIMHA YIOMSHYTOTO DIEMEHTA, TOK B HEM, HHAYKIHS (YCIOBHO
OJHOPOAHOTO — B MpeAesax 3JEMEHTa) MarHUTHOrO IIOJIA, B KOTOPOM 3JIEMEHT

HaXOJIUTCS, & TAKKE YTOJI MEXKIY i* uB A

PacuérHple cxemMbl OOMOTOK BO30YXKICHUS U SIKOpSI JBHTATelsl TPUHSTHL,
COOTBETCTBEHHO, B BHJIE HA0Opa TalbBaHUYECKH HE CBSI3aHHBIX TOKOIIPOBOISIIUX
NPSAMOYTOJIBHBIX PaMOK, COOTBETCTBYIOIIMX KOHTypaMm KpUOMOIyJieH, u TpéxdazHoi
ANEKTPHYECKON CEeTH, KaxIoW (a3e KOTOpOW COOTBETCTBYET OTICIBHBIH KOHTYP.
Toraa, B HpOI/ISBOHBHBII\/'I MOMCHT BpPEMCHHU, TAra JABUTraTeCId ONpCAcimMa Kak

BEKTOpHass cymma BenuuuH f iy VA e[LN], Ze[ﬂ], Kaxaass W3 KOTOPBIX, — 3TO

pe3yibTaT B3aUMOACHCTBHA IOJISI TOKA B OJHOM M3 YIOMSHYTBIX MPSIMOJIMHEHHBIX
3JIEMEHTOB KOHTYPOB BO30YXKIEHHS C TOJEM, CO3/1aBaeMbIM TOKaMH SKOPHON
oOMoTke. B mocneanem Beipaxkennn, N — 9nciI0 KOHTYpOB BO30YK/I€HUS IBUTATENS.

OJNeKTpoJHAMHUKA JBUTATeNll MOXET OBITh OIMCaHA YPaBHEHUSIMH BTOPOTO
3akoHa Kupxroda [7]. [loncuctema “KoHTYp BO30OYKIEHHS — SKOpHas 0OMOTKa”, KaK
NPaBUIIO, BBIPOXKACHA [8] — EMKOCTHBIE MOKa3aTelu €€ 3IIEMEHTOB NMPEHEOPEKUMO

nusky. Tloromy, B uHepuuansHoii cucteme otcuéra Qi Vv e[A B,C,M], ykazaHHBIM
YpaBHEHHUSIM MOKET OBITh pHIaH Buf [7]:
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d

d. .
— e L P L
P dt

_ ip
u,=L i +Lpﬂ m o

P

YV p,ue[AB,C,M], 2

rie up,Lp,Lpﬂ,rp Y p, 1t €[A B C,M] — snekrpomswxkymue cuibl (3. 1. C.)

HNCTOYHHKOB, COOCTBEHHBIE M B3aWMHbBIC WHAYKTUBHOCTH, a TaKXC OMHUYECCKUEC
COIIPOTHUBJICHUS 3JICMCHTOB OIMCEIBACMOM HapI_II/IaIH)HOI\/'I Cy6CI/ICTCMI>I;

i” V pe[A B,C, M] — TOKH B KOHTypax SKOpsi © BO30YkKICHHUS;
A /B,C,M — uHIEKCHI, COOTBETCTBYIOIINE STUM KOHTYpaMm;

t — Tekyiee Bpems.
ITockonsky Moytep JIC/ nBHKETCS OTHOCUTENBHO €ro CTaTopa, TO MHOTHE W3
BenmmanH L, Vp, uel[A B,C,M] umeroT nmepeMeHHbIE BO BPEMEHH 3HaueHHs. DTO, B

CBOIO OYepelb, MPUBOJUT K HECTAIMOHAPHOCTH KO3 UIIMEHTOB ypaBHeHUH (2) H,
KaK OTMEUYEHO, CYILIECTBEHHO CHI)KAeT IMPAKTHUYECKYI0 LIEHHOCTh Bepcuu mozaenu. C
LEeNpI0 ycTpaHeHus ykaszanHoro Hexpocratka, IIT JICJ] cnemyer paccMaTpuBaTh
OTHOCUTENIBHO KOOPIMHATHOM CHCTEMBI, B KOTOPOH OOMOTKH [ABHUIaTeNs YCIOBHO
B3aMIMHO HEMOJBIKHBI. B TakoMm kadecTBe, yaoOHEe BCErO MPHUHATH [5] OTCUETHYIO

CUCTEMY Car]/1 VAe€[L3], kECTKO CBA3aHHYIO C « -TBIM KOHTYpOM OOMOTKH
BO30YKICHUS ABHUTATENs. MHepuuambHOH Coﬂy’1 VAell,3], B obmem ciaydae, He
sBiseTcs. B To e BpeMs, BecbMa jkenaTenbHo [9], 9ToOBl ypaBHEHHS, OIHCHIBAIOIIIHE

JUHAMUKY anekTpudeckoi noacucreMsl JIC/| B koopauHaTax 77’1 VA e[L3], nmemn
TEH30pHBIN xapaktep. Takue ypaBHeHHS MOTyT ObITh moiyueHsl [10], U3 paBeHCTB

y d D
THIIA (2), IIYTEM 3aMCHBI B HUX JIOKAJIbHBIX ITPOU3BOAHBIX a a0COIIOTHBIMH a , a

TaKXe Mepexoia B 3THUX PaBEHCTBAX K KOOpAUHATAM 77’1 VA €[1,3]. Ilo oTHOIIEHHIO K

MPOM3BOJIBHON  KOOpAWHATE nﬁ ,  COOTHONIGHHWE  MEXIy  YHIOMSHYTBIMHU
MIPOU3BOIHBIMU, KaK M3BECTHO, nMeeT Bun [10]:
D 5 d

an aﬂﬂ"'eﬂ/cv'wzc'nvi ©)

rac eIBKv, @y~ - CUMBOJI .HeBI/I-LII/IBI/ITa, a TAKXKE BCKTOP erIOBOfI CKOpPOCTHU BpalllCHUA

C,n* VielL3.

Ilocne ocyiiecTBieHUd yKa3aHHOHW 3aMEHbl MPOU3BOJHBIX, COOTHOIIEHHUS,
nosrydeHHble U3 (2), MpruoOpeTaroT TeH30pHBIN xapaktep. [loaTomy, B 4acTHOCTH, HX
(hopMa CTAaHOBHTCS WHBAPHAHTHOW 0 OTHOIICHUIO K KOOPJAWHATaM, B KOTOPBIX OHU
3anucanbl. Ilepexox ke K KoOpAHHAaTaM 77/1 VA e[1,_3] BBITMIOJIHAETCS.  COTJIACHO
BBIPpAXXCHUAM:
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n*=9%4-1PVpe[AB,CM]; 1e[L3], 4)

rie .93 — MaTpHLa MPeoOpa3oBaHUs KOOPIUHAT:

877}b —
19/’}:—pre[A,B,C,M];/le[l,B]. (5)
i

B cBoro 04epCib, BLIPDAXKCHUA JI CBA3EN BUOa
n* =n*(”)V pe[AB,C,M];Ae[L3] (6)

MOTYT OBITH TOJYyY€HBl HMCXOAS M3 TOro, 4ro [5], B Tpolecce OMUCHIBAEMOTO
KOOPAMHATHOTO MpeoOpa3oBaHUs, OJHAM U3 €ro HWHBApPHAHTOB SBIIOTCS, B
YaCTHOCTH, AaMIUTMTY/JHbIE 3HAUYEHHS TOKOB, IPOTEKAIOIINX B PAaCCMaTPUBAEMBIX
KOHTYypax.

C moMoIIIbIo K€ MaTpHUIIbI

Y2, air ANT 12
OCYIIECTBIMO 0OpaTHOE peoOpa3oBaHme
i” =92.7* v pe[AB,C,M];1e[L3]. (8)

Ilocne onmmcanHBIX Tpeodpa3zoBaHmii, ypaBHeHHS (2) IproOpeTaroT BU

d ,
u, =L, '[a’? €y Wy 'ﬂvj+

d
+Ly -(ang +ego Oy -77"}+ r,-n’

v A,v,c,0e[L3]. )

Takum oOpazom, ypaBHeHHUs (9) MMEIOT TOCTOSHHBIE KO3(PQUIIUEHTHI, SBISIOTCS
1 —

TEH30PHBIMH U OMHUCHIBAIOT AekTpoauHamuky JIC] B koopaunarax 7" VA €[L3].

[Tocne mx (kKaK MpPaBWIO — YHCIEHHOTO) Pa3pelIeHHss OTHOCHUTEIBHO IMepeMEHHBIX

77’1 VA€[L3], mociaenHue, C WCIOIB30BAHUEM COOTHOLICHWH (8), MOTrYyT OBITH

npeobpazoBansl B koopauHathl  i¥ V pe[AB,C,M], s3HaueHHMSs KOTOpHIX

ONPENEISAIOT PeasIbHbIE TOKH B KOHTYpaX JBUTrATeNs.

MarunuthHas uens JIC/ npeanonaraercst HeHachlieHHOH [3]. [ToaToMy oHa MOXkeT
CUUTATHCSl YCIIOBHO-IMHEWHOW TMOJCUCTEMON M, CIIEJIOBATEIIbHO, K HEH MPUMEHUM
MPUHLUI aITUTHBHOCTH. VCX0As W3 3TOro, pe3yiabTHpyrolee 1ojie (a3bl SKOPHOH
0oOMOTKM  fBuratenss B JI000OM  TOYKE  TEOMETPUYECKOTO  IMPOCTPAHCTBA

OE, Vx€[l3], B KoTOpOM pealbHO ABHXKETCS MOYTEp OTHOCHTENBHO CTAaTopa,
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MOJKET OIHCBHIBATHCS KaK CyMMa IIOJIeH, CO37aBaeMbIX B 3TOH TOYKE OTIEIbHBIMU
KaTyIIKaMH Takoi (asbl:

Baq:BaKq-eK;eK:1VKe[LTp],qe[lj’:], (10)

re Ny — 9UCIO NPSIMOYTOJIBHBIX KaTylieK [1], BKIIOUYEHHBIX B KXyt U3 (a3 sKopsi;

Byq:Baxg Ve ellnpg]; q€[l,3] — npocrpaHcTBeHHbIE KOMIIOHEHTbI HMHAYKLUHA
HOJIs, CO3JaBaeMoOro Bceil 0OMOTKO# (asbl « sKops, a Takke e€ OTICIbHBIMU
KaTyIIKaMH B PaCCMaTPUBAEMOM TOYKE ITOTO IMPOCTPAHCTBA.

B cBoto ouepens, suavenns senmmauH B ,q Vi e[Lny]; qe[L3] onpenennmbr

COTJIacHO BBIpakeHusM [11]:

l* p2=x,-1-
Baklz_ﬂ'{{FIZ(ki,(0,77)+F12(k3:§0,77)} -
wi:xo—l
. =z5-h
' ‘ . y2=Xq+l+d T2=20
{Flz(ké,w,nh Fra(kg, v 1) ;
V/1:X0+| 771:ZO+h
l* ¢é:x0+l+d
BaKZZ_E' l:F].Z(kllwl 77)+F12(k41(01 77)] -
y/i:x0+l
=25-h
|//2:y0+a+d n=%
_|:F12(k2:'// 1)+ Fraks, v .n)} ;
"1 :y0+a 771:ZO+h

m=2p-h ) )
{Flz(k @ ,77)} = {p-arctg P

2. 2. 2
m=10+h n-\K+9) +o"+n

m=25-h
k+o k k+2-¢

—p-arsh——-—-arsh—— ;
2,2 2 2,5 2
o°+n k“+2-n S

* ?9=Yg -a-d

1
Ba,c3=—ﬂ{[f30(k1,¢, )+ 13 (kg 0 1) -

7=Y2



BicHuk XapkiBcbkoro HawjoHanbHoro yHiBepcuteTy iMeHi B. H. KapasiHa, 2016 99

0 0 yo=Yp+a+d
{fs (ky, o m)+ f3 (kg v, 77)} +
¥y =Ypta
. . =X -1-d
+|:f31(ki Q1)+ f31(ké 'y @y 77)} -
(pi:xo—l
‘ . . !//'2:x0+l+d 772=Zofh L
{fsl(ké,v/,ﬂﬂf31(k4,l//,77) v xeflng]
W1:X0+| 7]1=ZO+h
f..(k, @, 7) =—n-arsh— <2,
31K, @, ) =—n-arsh———
Vo +1°
(k+9)n

+¢-arctg

¢-\/(k+¢)2+¢2+772
kK+2-¢

WZrzn?

(k+2-9)-n
|<-\/(k+¢>)2+<02+f72

fao(k, @, 17)=~2-77-arsh

—k-arctg

f5 (k, @, 17) = f5(k, @, 7))+ fap(k, @, ) ;
kg =k =[(¥p—2)— (% —D];
ko =k, =[(Yp +a)— (% +1)];
kg =kg =—{(yg + @)+ (X —DI;
Ky =k =—{(yo —a)+ (%, + 1], (11)

*

TAC ¢ —IUIOTHOCTB TOKA Ha CAWHUILY IUIOMIAAN CCUCHUA 00MOTKHU KaTyUIKH,

2-h, d — BbIcOTa M TOMNIIMHA €€ OOMOTKY;



100 CepistMaT.mogentoBaHHs. I[HpopmaLjiiHi TexHonorii. ABTOMaTM30BaHi CUCTEMY YNpaBIiHHs, BunN. 3 1

2-1, 2-a — pa3mepsl €€ ke BHYTPEHHETO MPOCTPAHCTBA;
X0, Y0, Zg — KOOPAMHATHI TOUKH MIPOCTPAHCTBA, B KOTOPOH OMMCBIBAETCS MOJIE.

B Bripaxenusx (11), kxpome Toro:
; =05-i-w-(h-d)™D, (12)

TAC W — Y9HCJIO BUTKOB KaTyIIKH.
I[anee, B (12), BMECTO | , IIOCJICJOBATCIBbHO IMOACTABIAIOTCA 3HAUYCHUA (pa3OBI)IX TOKOB

skopa i V pe[AB,C] u, cormacho (11) u (10), Haxomarcs KOMIIOHEHTHI
B,qVpel[ABC] qe [1,_3] HHAYKIMH OIS, CO3/IaBAEMOTO KaXKIbIM M3 HHUX.
Ipocrpanctso cucremer O=, V ;(e[l,_3] — eBKIMAOBO. 1lo3TOMy MrHOBEHHOE

3HA4YEHUE MOJYJISl BEKTOPA MOJHOW MHIYKLIUH II0JIS, CO3/1aBAEMOT0 TOKOM p -0 (ha3bl
SIKOPSI, MOYKET OBITh OTIPEENIEHO BRIPAKEHIEM

B,=yB-el; e9=1vpc[AB,Clge[L3]. (13)
Kaxnoe wu3 3nauennii B, NponopuuoHaIbHO MNOPOXKIAIOIIEMY — €ro i%,

U3MEHSIOMEMYCSl KOCUHYCOUAANbHO. [109TOMY HWHAYKIMS TOJNHOTO TIONS SKOPS
BIIEJIOM M3MEHSETCs [S] coriacHoO 3aKOHY

B =15B meexp(—j-o-1); j& =1, (14)

rac B max: @ — aMIUIMTyJa M 4acTOTa W3MCHCHMUS HHAYKIUU II0JII OOAHOI'O M3 TOKOB

i” vV pe[AB,C].

Pe3yabTar ucciieopanusi, Bepupuuupyoumii ero KOppeKTHOCTh

Ha ocHoBanum cuHTe3upoBannoit MM IIT JICA MIJIII, Obula moctpoeHa
COOTBETCTBYIOIIAass KOMIIBIOTEPHAas MoJelb. B KkauecTBe Ipumepa pe3yJbTaToOB
(yHKIMOHMPOBaHUS MOCTEIHEN, Ha puc. 1 mpuBeaeHa MOTyYeHHas OCHMIIOrpaMMa
CUNBl TATH JBurarens B pexume pasrona MIIIL. Amnanm3 storo pesynbraTta
CBUJICTENILCTBYET O PabOTOCTIOCOOHOCTH MOJIEJICH, a TIOATOMY — 00 WX MPUTOJIHOCTH,
nocie BepuUKamMM M HEOOXOOUMOH ajanTalud K HYXIaM KOHKPETHBIX
NPaKTHYECKUX 3aJ]lad, K UCIOIb30BaHUIO B Ipolecce uccienoBanuii tunamuku MIJII,
ocHaméHHbIX JIC/I.
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Hayuynast HOBM3HA M IPAKTHYeCKAasl 3HAYNMOCTD HCCICAOBAHUSA

Hayuynast HOBHM3Ha HcclelOBaHMsI yCMaTpUBAeTCsl B NMPHUOPUTETHOCTH CO3JaHUS
WHTETPAaTUBHOM XOJIMCTUYECKOW TMApaJurMbl, aCCUMUIIMPYIOLIEH MPEUMYIEeCTBa
TEOPUM SJEKTPUUYECKUX LEMEed M MArHUTHOIO IOJIA, & TaKXKe COOTBETCTBYHOLICH
Bepcuu moaenu PT nBurarens.

IIpakTHueckas 3HaYMMOCTb CO3JaHMs YKa3aHHBIX MapagurMbl U MOJEIH COCTOUT,
OYEBHIHO, B BO3MOXXHOCTHM CYIIECTBEHHOTO MOBBILEHUS 3((HEKTUBHOCTH
nuHammdeckux uccienoBannii MJIIL, Ha ¢oHE HENMOBHINICHUS WX PECYPCOEMKOCTH,
MIPY UCIIOJIb30BAHHUHM B UX MPOIIECCE CO3AHHBIX MapaUrMbl U MOJIEIH.

BriBoa

Coznana Bepcus MM IIT JICI MUJIII, accumunupyromas TOCTOMHCTBA BepCHit
MOACIIHU, CO3JJaHHBIX B paMKaX aBTOHOMHBLIX IIapaaurmM Teopnﬁ HeHeI\/'I n 110JIs1, HO
CcBOOOJHAsE OT HEJOCTATKOB TAKUX BEPCUH. DTHM HCUEpHBIBAIOILE PEIleHa 3a/1ada
HACTOSIIIEH YacTH UCCIIEAOBAHMUS.
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