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IIlaHoBHI YynTaYi TAa aBTOPH 30ipHNKAa!

TpuHaIUATH POKIB TOMY Iel HAYKOBHIA MEPioANYHUH 30ipHHUK OyB 3aMo4aTKOBaHUH, 1
mobaymB CBIT #Woro mepmuii Bumyck. [lopsn 3 HaykoBmsaMH XapKiBCHKOTO
HAIlIOHAJILHOTO YHIBEPCUTETY BEIMKY POJb B YCIIIIHOMY CTapTi HOBOI'O BHIAHHS
BiJliTpaB BUJATHUN MaTeMaTHK 1 BuxoBatenb Moozl Isan Ky3emuu Jlidanos, skuit Ha
TOHM Yac OYONIFOBaB KadeApy BHUIOI MaTeMaTWKH y BilichbKOBO-MIOBITpsHIN akamemii
imeni }O.A.I'arapina (MockBa). 3po3yMijio, IO YCIiX MIOWHO 3amo4YaTKOBAaHOI cepil
Bicanky XHY minkoMm 3anexaB Bim TOro, YW HAMpPaBIATAMYTH TyId CBOI CTarTi
BU3HaHI HaykoBmi. IBan Ky3pMuu He nuie JONMpaBUB J0 HAIIOl PEAKOJErii CBOIO
cratTio «Pa3BuTHe Merona NUCKPETHBIX BHXped M 0000mEHHBIE (QyHKIUM», ane
PEKOMEHTyBaB 7 aBTOPUTETHIM aBTOPCHKUM KOJIEKTHBaM 3 akajaeMii imeHi ["arapina, 3
HAIT Ta [ncturyTy mapamrytoOyayBaHHS PO3MICTHUTH y MIEPIIOMY HOMEpPi poOOTH 3a
iXHIMU OCTaHHIMH JOCTIDKCHHSIMHM Y Taly3i METOJIiB IUCKPETHUX BUXOpiB. B
nonanbimomy LK. Jlidanos, ioro xomeru ta y4Hi MpoaoBXKuWIH myOmikarii y BicHuky.

Haxans, 5 6epesnst uporo poky L. K. JlipaHoB mimios 3 KUTTSI.

JII®AHOB IBan Ky3pmuu mpodecop, 3aCHOBHHUK HOBOTO HANpsIMKY B MpPUKIaIHIN
MaTeMaTHIli, 3aCHOBHHUK MDKHAPOJHOI HAyKOBOI IIKOJIW B Taly3i MaTeMaTUIHOTO
MOJICITIOBAHHSI Ta OOYMCIIIOBATBHUX METOJIB, JOKTOp (Di3MKO-MaTeMaTUYHUX HayK,
npodecop, 3acmykeHuil misd Hayku Pociiicekoi ®epepartii, roJoBHHN HayKOBHUil
cniBpoOiTHuk IBM PAH, 3aBimyBau kadenpu BHIOI MaTeMaTHKH, MOYECHHN
npocdecop BilickkoBo-TIOBITPsiHOI iMkeHepHOI akameMii iMm. M. €. JKykoBcwkoro,
npodecop kadeapu OOYMCIIIOBAILHUX TEXHOJNOTIH 1 MOJCNOBaHHSA (DaKyjIbTeTy
BMuK MI'Y, Hpquecop Kapenpu TeoperndHoi dizuku OpIOBCHKOrO ZIepoKaBHOTO
YHIBEPCHTETY, MOYECHHH MOKTOp OIechkoi HAIlIOHAIBHOI aKajeMil 3B'I3Ky IM.
[TomoBa, 3ampoiieHuii NeKTop y XapKiBCbKOMY HAI[lOHATBHOMY YHIBEPCHUTETI iIMEHi
B. H. Kapazina. Bin Takox uieH MOCKOBCHKOTO MaTeMaTHYHOTO TOBAPHCTBA, WICH
AMEPHKAHCBKOT0 MaTeMaTHYHOTO TOBAPHUCTBA, WICH PEAAKLIHHUX KONICTii HAYKOBUX
KypHaniB Jludepeniiansai piBHIHHS, EneKTpOMarHle XBHIII 1 GJICKTPOHHI CHCTEMH,
3apyObixHa pamoeneKTpomKa Yemixu cy4acHoi pajioeneKTpoHiku. Bin mposinxuii
OprafizaTop 1 HE3MIHHHW CIiBrojoBa Ml)KHapO):[HI/IX cumnosiymiB  "Meroau
JMUCKPETHUX OCOOJNMBOCTEW B 3ajadax MareMaTHdHoi (i3ukm». ABTOp ToHan 260
HayKOBHX poOiT, 3 HuX 10 MoHOrpadiil (B TOMy YHCIIi aHTITIHCHKOI, POCIHCHKOIO Ta
YKpaiHChKOIO MOBaMu). KepiBHUK TOJIOBHOT HAYKOBOI LIIKOJIM 3 MaTeMaTHKH B PO, ska
Oyna minrpumana rpantoM [Ipesunenta P®. KepiBauk 1 yuacHUK npoekTiB POD/].

IBan Ky3pmu4 - onuH i3 HaWaKTUBHININX 3aKOPJOHHHX CIIBPOOITHHKIB TPOBITHHIX
YKpaiHCBKUX MaTeMaTHYHUX IEeHTpiB B XapkoBi, Kuei, Oneci, JJHIIpOneTpoBCHKY,
CHIBroJioBa TPAAMLIHHUX 3MMOBHX ILIKIJ Ui MOJOAMX BUCHMX 3 YKpainu Ta Pocii B
Opumi. besnocepenubo miaAroryBaB 6 AOKTOpiB 1 25 kKaHAMIATIB HayK. Baxko HaBiTh
miipaxyBaTH, CKiJIbKOM MOJIOAUM o0fapyBaHHsIM 3 Pocii, Ykpainu Ta JIesKux iHIuX
MOCTPAASHCHKUX KpaiH BiH JaB MYTIBKY B JKHTTA AK TpanefaBerb, odimiiHuH
OTIOHEHT a00 JPYKHIH OpaHUK.

VY Ti ckopOOTHI Gepe3HeBi THI CBOE CHiBUYTTS poauHi, apy3saM 1 yunsm 1. K. Jlidanosa
HaJicJIanu WOro yKpaiHchKi npy3i, Haykosui lOpiii I'angens, CranicnaB Jloerui,
Omutpo Yepwiit, Bikrop Mimenko, Annpii bomb6a, Oner bynanuyk, l'anuna
bynanuyk, Bikrop Bawnin, Onekcanap ['ypxiii, Onekciii Jlebias, Biktop Jlsmenko,
Muxaitno MaxkaceeB, Onekcannap Ilpuxonpko, Amutpo Pemumm, Omnekcanap
[llexoBuoB. Penkosneris BicHUKY pHeaHYETHCS IO HUX.

Penakuniiina xoJeris.
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Energy Metrics: an experience in assessment of programs
developed within a mathematical package

AV Borovinskiy®, AV Gakhov?, VO Mishchenko®
!v. Karazin Kharkiv National University, Ukraine
*ferret go GmbH, Germany

The Energy Analysis for software systems is a complex of static analysis methods
aimed to assess software reliability, complexity and benefits. It is based on a range of
consistent thermodynamic analogies and uses experience from successes and failures
of M. Halstead metrics. An important feature of this direction is that it can be applied
to various forms of programming calculations. However, every new form requires to
re-define the primitive characteristics needed for evaluation of meaningful metrics,
and such definitions are already known for some traditional programming languages.
In this work we have investigated XML format of PTS Mathcad and defined such its
primitives as length, vocabulary and potential volume

Key words: software quality metrics, static methods, Energy Analysis, computer algebra systems,
Mathcad, XML, energy balanced software.

Eneprernunnii aHaii3z mporpam - KOMIUIEKC METOJIB CTAaTHYHOTO aHAJi3y, HAIICHUX
Ha OLIHKY HaIiHHOCTI, CKJIaQHOCTI Ta IepeBar MporpaMHUX CHCTeM. BiH cTBOpeHmit
Ha OCHOBI TOCIIJTOBHHX TCPMOJMHAMIYHHMX aHAJOTiH, BUXOASYM 3 JOCBIAY yrmad i
HeBaad MeTpuk M. Xoscrena. BaxinBoro pucoro IbOTo HANPSIMKY € Te, [0 BiH MOXe
3aCTOCOBYBATHCH IIPU Pi3HHUX (opMax mporpamyBaHHs oOuncieHs. OnHak s Oyb-
AKOi HOBOI (opMH MOTPIOHO 3aHOBO BHU3HAYATH NPUMITHBHI XapaKTEPUCTUKH,
HEeOoOXi/IH1 AT OL[IHFOBAaHHS 3MICTOBHUX METPHK. Taki BU3HAYCHHS BiIOMI UL ACSIKAX
TpaJuLiiHUX MOB MporpamyBaHHs. Y poOoTi gocmimkeno XML ¢opmar makery PTS
Mathcad u BU3HaY€HO TaKi MIPUMITHBH SIK JOBXKHHA, CJIOBHHK 1 MOTCHI[HHUN 00°€M.

Knrwouosi cnosa: mempuxu axocmi [13, cmamuyni memoou, enepeemuynuil aHais, Mamemamuyti
naxemu, Mathcad, XML, enepeemuuno 30a1anHco8ana npocpama.

OHepreTuyecKuii aHaaM3 MPOrpaMM — KOMIUIEKC METOJIOB CTATUYECKOrO aHalu3a,
HAlleJICHHBIX Ha OLEHKY HAaJE&KHOCTH, CIOXXHOCTH U IPEUMYIIECTB NPOrpPaMMHBIX
cucteM. OH cO3/1aH Ha OCHOBE IIOCIIEAOBATEIBbHBIX TEPMOANHAMHUYECKIX AHATOTHH,
UCXOAsl M3 OmbITa ynad U Heynad merpuk M. Xoncrema. Baxnoit yepToit 3TOro
HalpaBlICHUs]  SIBISE€TCS TO, YTO OH TMPUMEHHM TIpH pa3HBIX  (opmax
MPOTPaMMHPOBaHMA BeIYHCIeHIA. OHAKO I BCIKOH HOBO# (hOPMBI HY)KHO 3aHOBO
ONpeeNsATh INPUMHUTHBHBIE XapaKTEPHCTUKH, HEOOXOAWMBIE JUI1 OLICHMBAHHUS
colep)KaTeNbHbIX MeTpUK. Takue omnpeneneHus W3BECTHBI JUII  HEKOTOPBIX
TPaANIMOHHBIX S3BIKOB INporpaMMupoBanus. B pabore umccnenoBan XML ¢dopmar
nakera PTS Mathcad u onpesiesieHbl MPUMHUTHBBI AJHHBI, CJIOBapS ¥ MOTEHI[HAIBHOTO
00BéMa.

Kniouesvie cnosa: mempuru xavecmsa 110, cmamuyeckue memoobl, SHepeemuiecKuti aHaius,
mamemamuyeckue nakemot, Mathcad, XML, snepeemuuecku céarancuposannas npozpavma.

1 Introduction

The Energy Analysis for software systems is a branch of software quality control
[1] that consists of static analysis methods aimed to assess the reliability, complexity
and benefits of such systems. These methods can be considered as the modern
development of M. Halstead’s Software Science ideas [2]. The direction of such
evolution has been inspired by the theoretical thermodynamics [3]. Along with this,
the Energy Analysis is based on the experience gained from investigation and usage of

© Borovinsky AV, Gakhov AV, Mishchenko VO, 2016
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M. Halstead’s metrics (e.g. [4-6]) as well as metrics of the Energy Analysis itself [7-

11].

The important advantage of both the Halstead’s metrics and the Energy Analysis
one is their independency of the software representation, whichever it is - textual,
hierarchical, or even graphical. The downside is that, for each programming system,
there is a need to develop (or even strictly define) a set of primitive characteristics to
base metrics on. It is not a trivial problem even for “classical” procedural
programming languages, mainly because of certain level of solution uncertainty. So,
for new programming languages, the definitions have to be coordinated with already
developed ones. This task has been solved for early-generation programming
languages (60’s-70’s of the last century) and for modern languages, such as Ada, C++,
Fortran, and Java [2, 4, 12-14, 11, 10]. Recently, such methods have been developed
for such modeling languages as UML [15], but they are not ready for practical
applications at this stage. For the XML-based sources, the Energy Analysis metrics
have not been applied yet, but such problem has already raised for Android
applications [10]. In [16] and [17], Halstead’s metrics were used to evaluate projects
that contained XML sources, however, in the first work, its authors concluded that
such metrics are inappropriate for their use case; and in the second work, the metrics
were used for the non-XML sources only.

Some custom forms of programming could also be found in popular general-
purpose computer algebra systems. In this article we consider one of such systems -
PTS Mathcad 14 [18] that offers a WYSIWYG interface and the ability to utilize a
total user experience in the form of a file that contains both the program and the
results of calculations.

The main goal of the current research is to develop ways for the automatic
evaluation of Mathcad programs in order to estimate costs of creation, risks of
programming errors, understandability, and forecast the maturity level. Note, that the
one-file form of the Mathcad programs simplifies formulas for the energy metrics and
makes some of them close to Halstead’s metrics.

As the metrics which help to achieve our goal, we’ve selected the following:
“difficulty measure” and “volume” (both are introduced by M. Halstead),
“development difficulty”, “programming work™ (in this case they are just a
rectification of the Halstead’s metrics “difficulty” and “effort”), “specification energy”
(evaluated from the Halstead’s “approximation effort”, but in case of Mathcad isn’t
equal to it), and, finally, “energy balance”, that is specific for the Energy Analysis.

To estimate such metrics, we use the generic estimation schemes from the Energy
Analysis [1, 3, 4] together with specific methods for Mathcad programs to define
primitive characteristics (or simply - primitives).

e The first from such primitives is the observed program length [5] or simply length
N - number of used semantic atoms counting all their occurrences. Halstead called
such atoms as tokens. The second - program vocabulary or simply vocabulary 7 -
the alphabet of unique programming symbols. The third (but last in sense of its
importance) primitive is the differentiation of the units and the vocabulary to the
sum of operators and operands. Such differentiation was very native in Halstead’s
times, but nowadays it quite often hits contradictions that is reported by many
researches [1,3,4]. Finally, the fourth (but the most important one) — architecture
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temperature, that can be seen as the Halstead's potential volume in such a few
cases when it can be defined uniquely [1-4]. In most cases, we call the architecture
temperature as a potential volume and define as V* just to keep the continuity of
the terminology.

e According to our goal, the main tasks of the research can be formulated as
follows:

e to develop methods for estimation of the primitives for Mathcad programs;

e to develop a way for automatic calculation of the energy metrics for Mathcad
programs;

e to check if the expected regularities for Halstead's and energy metrics are fulfill on
samples of programs from different authors and sources.

2 Application domains and regularities related to the metrics
We start by refreshing the well-known definitions of the Halstead’s metrics -
volume, difficulty and effort:

V =Nlog,n or B=V/Vy, (Vg=3000 bit-sym), (2.1)

b= N2 '771* , (7, * - is a constant equals to 2 bit-sym) (2.2)
m2-m

A=D.V , (2.3)

where N, N, - number of tokens and operands in the program (or program module);
n, ny, 1, - vocabularies of tokens, operators, operands.

Note, that there is no standard selection for names and denotations of the
Halstead’s metrics. In our work we use names from IEEE [5], but denotations are
taken from [2, 4]. In (2.1) the alternative dimensionless metric number of errors B is
the only metric in the strictest sense, but at the same time the Halstead’s volume is
playing an important role in definitions for other metrics, therefore, we can assume
that (2.1) defines 2 different forms of the same metric.

M. Halstead introduced the following elementary primitives:

N, Nla N21 771 7711 7]2 (24)

but there are only 4 functionally independent among them. However, how it was
discovered by Halstead and confirmed by other researchers on many examples, such
primitives have another, statistical, connection - there is a correlation between N and
the value that the standard [5] calls estimated program length:

N = N(1,772) = 1095 71 +172 1095 7. (2.5)

In many experiments performed in 70’s of the last century with samples of programs
written in Algol, Fortran, PL/1, etc., it was observed a close statistical relationship

between N and N. For instance, on samples of 10-20 [2] the values of the
correlation coefficient were around 0.95 and more. As reported by another researcher
in [4], with the large sample (about 1.6-10%) the relative difference between these
values for average-sized modules was less than 6%. Therefore, in experiments one
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shouldn’t use more than 3 different Halstead’s metrics, based on the primitives (2.4),
at the same time.

As a guide to clarify the primitives’ definitions for new languages could be used
the fulfilment of the Halstead’s program length equation [15]. However, as it followed
from the English prose example [2], in a general case the Halstead’s program length
equation should be considered in the following generic form:

3 s : Corr(N, N(7,,7,);$)> 05, 2.6)

where S —a large sample of programs (modules) writing on a some language (at least
20 modules, according to [2]);
Corr(x,Y,S) - correlation coefficient between x, y on sample S;

(Note, that the universal quantifier V is considered here not literally, but in the sense
that for any random sample of different modules it’s unlikely that this condition will
be violated). At the same time, it’s appropriate to estimate the Halstead’s redundancy
factor k [2] by minimizing the average error U(k) of the module’s length prediction
over its estimation for the base sample S:

Avr | [N (k7 ki72) =N
U(k) = > min. 2.7
(k) S N " (2.7)

where Avr — the sample’s average.

In complex software systems that consist of many modules the Halstead’s volume
has to be corrected according to the intermodule connections and order of their
development. Such correction could be achieved by introducing metric volume of
development. The program difficulty metric becomes problematic in this case because
it was proposed [2] in assumption of the module’s self-sufficiency, thus, in the Energy
Analysis it’s considered as an alternative value to avoid errors in module’s difficulty
analysis (the effort, that derive from this metric, is totally ignored by us). In such cases
when programs on the certain programming language can’t be multi-module, then the
importance (2.2) for control purposes is increasing, but the metric (2.3) isn’t
considered anyway during the energy analysis, except technical needs.

Finally, the last primitive characteristic - the potential volume:

V= n*logs (%) (28)

or, up to evident mathematical transformation, * — the number of the block’s formal
operators, that in the Energy Analysis is defined as:

n*=2+p+P2+i1-d2, (2.9)

where p; — number of configuration parameters;

p> — humber of calling parameters (incl. output of the function, if any);

j1 — number of 1/O operations;

j» — number of files used by 1/O operations.

The correctness of such definition opens the way to use in practice of the Energy
Analysis the formula of M. Halstead’s “theoretical” metric of difficulty:
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D=WN* , (2.10)

where W — development volume for the module (equal to V, if only 1 module exists).

The programming effort metric implements the Halstead's idea that the
programmer’s effort related on the difficulty of the program understanding multiplied
by the potential number of programming errors it may contain:

A=D-W (2.11)

The specification energy for a single module with many non-grouped blocks (as it
takes place in Mathcad) can be found as:

(V*)3/)b2 whenm <5

= 2.12
(\/*)3/22(rg+0.5)2whenm25 (2.12)
rae m — the number of non-grouped blocks of the module;
/ —the language level by Halstead.
As soon as everything above is calculated, we can estimate the most important
metric in the Energy Analysis, the energy balance:

E-A

" maxE, A) (2.13)

q

This metric provides the prediction of the balance between architecture design process
and the process of design implementation in the code during the software
development. Particularly, in the decimal representation of the metric (2.13) the first
significant digit should be different from 9 for the well-balanced case.

An important regularity can be seen on random samples of programs that are
developed in the same language (sometimes with additional external restrictions, e.g.
also developed for the same application domain) — values (2.13) are randomly
scattered around zero, however, with significant deviations. Such regularity was
noticed, in fact, by M. Halstead for single-module programs without internal blocks

[2]. However, he had hypothesized the value (\/*)3 / A% asan approximation to effort

estimation that wasn’t confirmed afterwards [4]. Similarly, to the program length
equation in form of (2.6), such regularity, in general, requires a normalization
constant. As such constant we can use A (2.12), however, then its value may be
different from the Halstead’s language level [19], that is evaluated on the basis of
other considerations.

3 Estimation of elementary primitives

The concept of tokens in the source codes has been introduced by M. Halstead [2]
to define alternative choices available to the software developer on each step of the
development. For classical programming languages, as candidates on such role could
be considered keywords and operation signs (incl. inseverable combinations),
numerical literals, simple identifiers, etc. However, there are additional nuances for
software development using general-purpose computer algebra systems (or simply,
mathematical packages). Such development process could be followed by the
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immediate interpretation of inserted commands, simultaneous results output, it could
also use graphics (mostly, produced by the developer and don’t consist of sequences
of some limited alphabet, but also could contain complex mathematical formulas). A
natural representation of such structure is a hierarchy. The developer of a computing
program for some mathematical package usually consequently selects tokens to put
into the program, and, in fact, decides at each step whether to continue putting them at
the current hierarchical level, create a new (deeper) level, or to finish the current layer
(and maybe some other existing layers as well). Hierarchical structures can be mapped
into some sequential text, for instance, using such mapping formats as XML and
JSON. A Mathcad program is stored in .xmcd file that contains the XML
representation, included a metadata for its execution in the Mathcad environment and
the logic of the programmed calculations. The choice between the alternatives during
the running process of Mathcad calculations is hard to describe formally, but it can be
compared with the choice which would have to make the developer while building the
logical part of .xmcd file for the developed program manually instead of using the
Mathcad environment. We hypothesize that these two development processes (real and
imaginary) are equivalent in terms of quality characteristics reflected in energy
metrics (assuming that imaginary process is performed by a person, who also is
imaginary and is as good in .xmcd files arrangement, as the real developer is in
Mathcad).

Based on this hypothesis, we have built a projection of the “full” language for
.xmcd files on such its part that is responsible for calculations by user’s algorithm, that
also allows us to transform .xmcd files into a hierarchically structured text. According
to the hypothesis, such the algorithm’s representation is the formalized Mathcad
program. The process of obtaining such representation we call the .xmcd cleaning. It
includes deleting all tags and attributes that are additional to computation itself, such
as XML metadata, references to colors, images positions, etc. The adapted file must
consist only of constructions of the following types, which contain exactly one token:

<regions> text </regions> , (3.1)

<ml: keyword {ml-option} > text </ml: keyword>, (3.2)
<result > text </result > , (3.3)

<ml: operator > , (3.9

where elements written in italics are not parts of the tokens and added only to explain
the Itoken usage. It must be clear that text may consist of the same or “other” lexemes
of the formal language of adapted.xmcd files. The mentioned “other” tokens include
such token kinds as

identifies , integer numbers, real-number , strings, (3.5

and also:
1) the keywords that enter the ml-tags by pairs, such as

define, id, real, function, boundVars, (3.6)

and dozens of other;
2) ml-options such as
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xml:space="preserve" , symbol=string, [prefix-Jalgorithm=string, (3.7)

and others (specific to the ml-tag’s keywords);
3) some prefixes and postfixes of some ml-options, e.g.

auto- (ethe prefix of the last option, which shown in (3.7)) ; (3.8)
4) ml-operators such as
plus/, div/, neg/, pow/, greaterThan/, (3.9

and many others.
For example, consider such .xmcd file:

<region region-id="5" left="12" top="50.25" width="55.5" height="27.75" align-
x="47.25" align-y="66"  show-border="false”  show-highlight="false" is-
protected="true" z-order="0" background-color="inherit" tag="">
<math optimize="false" disable-calc="false">
<ml:define xmlIns:ml="http://schemas.mathsoft.com/math30">
<ml:id xml:space="preserve">lambda</ml:id>
<ml:apply>
<ml:div/>
<ml:real>1</ml:real>
<ml:real>10</ml:real>

</ml:apply>
</ml:define>
</math>
<rendering item-idref="5"/>
<[region>

The result of its cleaning will be a text file that contains:

<ml:define>
<ml:id xml:space="preserve">lambda</ml:id>
<ml:apply>
<ml:div/>
<ml:real>1</ml:real>
<ml:real>10</ml:real>
</ml:apply>
</ml:define>

The cleaning process is implemented in EA_XMCD_Analyzer, developed by us in
PHP that has useful features for such tasks [20]. To calculate elementary primitives
(2.4) we use SAX-parser [21] (Simple API for XML), from the libxml library included
as an extension in PHP and enabled by default. For instance, to search opening and
closing tags corresponding to programming symbols-operators, we use built-in
function xml_set_element _handler, and to search symbols-operands we use
xml_set_character_data_handler.
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4 Estimation of potential volumes

The adapted code in a file of some Mathcad program is the only module of this
program, but its internal architecture is usually nontrivial. Blocks could be represented
by such constructions as functions, integrals, derivatives, etc. For instance, the
construction below defines a block - the function, that returns a value and one explicit
parameter:

<ml:function>
<ml:id xml:space="preserve">Init_Array</ml.id>
<ml:boundVars>
<ml:id xml:space="preserve">sep</ml:id>
</ml:boundVars>
</ml:function>
<ml:program>

<ml:return>
<ml:id xml:space="preserve">vec</ml:id>
</ml:return>

</ml:program>
There are 2 formal parameters for this block: the first is defined by the tag
<ml:boundVars>, and the second — by the output. We also use PHP to find such
structures and calculate all their parameters.

It’s more complex question how to deal with files and input/output operators,
because the Mathcad semantics differs from the traditional procedural programming
languages. In early versions of EA_XMCD_Analyzer we didn’t consider such case at
all.

First of all, in the adapted .xmcd files we can consider as input/output operators the
structures of assignments and calls, that were used by the developer to set values for
constants and variables in Mathcad. As an example, review the following XML.:

<ml:define>
<ml:id xml:space="preserve"> a0 </ml:id>
<ml:real> 1.0 </ml:real>

</ml:define>

Such structures could be also found inside of functions:

<ml:localDefine>
<ml:id xml:space="preserve"> max </ml:id>
<ml:apply>
<ml:absval/>
<ml:apply>
<ml:indexer/>
<ml:id xml:space="preserve"> v </ml:id>
<ml:id xml:space="preserve"> ¢ </ml:id>
</ml:apply>
</ml:apply>
</ml:localDefine>
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The lexeme/paired tags <result> text </result> is to be considered as the output
statement because they are generated in Mathcad source code when the program
developer writes “<variable> =", having in mind to output the current value of a
variable.

In the second version of the program EA_XMCD_Analyzer, the input/output
operations were covered by the identification of constructions that are similar to
described above. That made possible to calculate the value j; required in the formula
(2.9), while the value of j, is chosen of 2, 1 or 0 depending on the presence or absence
of constructions for keyboard input or display output.

5 Calculation

In the preceding sections, we have described the developed methods; and further
we explain how they constitute the technology of automated assessment of the energy
metrics (Fig. 1).

At the beginning, the selected (uploaded) text file progname.xmcd (where
progname is the analyzed file’s name) is subjected to the purification procedure
described in section 3. The resulting adapted xmcd-progname.xml file with a
Mathcad computing program is the source of data for two processes. The first process
calculates the elementary primitives (2.4) and dumps them into a text file
tokens_xmcd-progname.txt. The second - finds formal parameters of blocks and
calculates the potential volume. Data contained in the two files allow (Fig. 5.1) to
calculate all Halstead’s (2.1)-(2.3) and energy (2.10)-(2.13) metrics discussed above.

Load Text file Clean Text file
[ xmcd] [adapted xmcd]

Metrics
[ txt]

Tokens = Find Length
[ txt] ( and Vocabulary

Evaluate D,
DE, A A q

YW* of all bloks Calculate Assess blocs
[ txt] WY metric parameters

Fig. 5.1 The energy metrics assessment bases on .xmcd file

Out of these results we build the file sss_xmcd-progname.txt.

6 Check expected regularities for the metrics on an experimental sample

Despite the fact that for the Energy Analysis purposes splitting of specific program
lexemes into statements and operands does not matter, it is interesting to compare the
lexical features of different programs using the Halstead’s length equation. We have
selected those programs, which implement different computational methods. Table. 1
illustrates the results of primitives assessment (2.4) for the sample S23 of 23 Mathcad
programs, selected from sources [18-21]. The table shows characteristics obtained for
programs with the maximum and minimum length, as well as the average for the
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sample (an asterisk marks the average values defined as medians; in all other cases
they are the arithmetic average).

We have been noticed the systematic and meaningful violation of the length
equation (in its original form) for almost every considered Mathcad program (see the
2nd column in the Table 1), but the requirement (2.6) has been met.

Table.1 Reference values for the Mathcad programs in sample S23

The case N/N7™ | NN B DI N A* A '}
max values | 3.00 | 3.69 38.2 | 230 | 300.1 | 1073 4.36 0.96
avr values 0.68 | 0.85 75 |69 2.19* | 128,2* | 0,53* -0.98
min values 0.19 | 0.24 0.7 |10 0.49 0,18 0.12 -0.26

The length N (the 3rd column in the Table 1) is obtained for the redundancy
factor that was found from the condition (2.7):

Corr(N,N;S$23) =051 k=12 (U(k)=0.63) . (6.1)

Thus, in this case we deal not with the redundancy, but with the lack of the alphabet;
and the average N by Ny "prediction” error is 63%, which is worse than the 40% of
the worst cases for the procedural languages [4] . We want to note that if to swap the
roles of N and N in (2.7), the best value will be different: k = 2.12 (average error
equals 60%).

It is also valuable to find out how big is the difference between assessment of
difficulty classes in terms of metric (2.2) and the reference values calculated long time
ago (1979) for the completely different language (PL/S). For the sample S23 we’ve
obtain:

AVr(N, /np) +Std(N, /ny) =7.52,  Avr(ny) =27.87, Std(ny)=9.90, (6.2)

where Avr(x) is the average value of the sample x;
Std(x) - is the standard error of the same sample.

Then, following the known procedure, detailed in [4], it’s possible to calculate the
boundaries separating the difficulty classes, both standard and optional [9] (for
comparison, in brackets are given the known estimations for such boundaries
calculated for the language PL/S [4, 5, 9]):

D, =105 (115, D, =142 (160), Dz =216 (250),
Dy =291 (340), Ds =365 (430) . (6.3)

We can see that there is no fundamental difference between the obtained
assessments for Mathcad programs and the corresponding known values. Also, 91% of
the programs in the sample S23 belong to the difficulty class 0, only one - to the class
1, and the most difficult program belongs to the class 3. This is in contrast to the
known examples of program modules written in universal procedural languages (e.g.
[9]). It could happen that we chose mostly simple programs, but also it is possible that
Mathcad is not intended for complex calculations more typical for universal
procedural languages. If the result is not just a coincidence, we can expect that the



BicHuk XapkiBcbkoro HawjoHanbHoro yHisepcuteTy iMeHi B. H. KapasiHa, 2016 15

majority of the programs in the sample, being simple, were well-thought-out by their
authors and, hence, they are energetically balanced.

Let us try to find out the energy balance metrics distribution over our experimental
sample. The values of language level / lay in the range from 1.0 to 2.0 for high-level
languages and for low-level ones between 0.5 and 1.0 [2]. For the Mathcad language
we would expect 4 = 1.0, but its estimation obtained over the sample S23 by the

standard assessment method (iz 2.2) [4] and, especially, by the Halstead’s
"theoretical" method (A1 * = 128) are suspiciously big (Table 1). Assuming that S23 is
representative with respect to the language level and reflects a regularity for the metric
g (2.13) mentioned at the end of Section 2, it makes sense to consider for all programs
such expression

A=EQ/A , (6.4)

where E(A) is an estimation of (2.12), in which language level 1 is indicated in

parentheses (e.g. 1 in (6.4)). If to take for the language level the median of these
values, then exactly the half of the programs will have q > 0, and for another half q <
0, which is unlikely. We performed a different (subjectively selected) procedure: to
exclude 20% of the biggest and smallest values obtained by (6.4). The rest gave a
fairly reliable first interval approximation to the expected language level:

0.314 <4< 1.385 . (6.5)

Unfortunately, this range is too wide. Let us consider its center 1; = 0.849; then — the
widest range of 4 variations, in which the deviation from A; in both directions (bigger
or smaller) doesn’t change the interrelation between the signs of metrics q in our
sample. This is our "satisfactory” but rather hypothetical interval approximation:

0.845<%<0.93 . (6.6)

(Note, when it’s necessary to use a particular value, it makes sense to take the center -
0.89).

Such choice of the language level has reduced the number of energetically unbalanced
programs to just 2 out of 23, that is consistent with the assumption of maturity of most
programs in the sample. Also, 39% of the programs has g, > 0 that shows the effect of
metrics values scatter around zero. If we choose for the level any value of the interval

(6.5), the most of programs stay balanced. Let us note that if assume A = A then only
two programs (9%) will have g > 0, and the half of programs will be marked as
unbalanced (12). This hardly meets our expectations, but the reliable conclusion about
the language level requires much more statistical data to be processed.

7 Conclusion

In this article we have shown that for programs developed in Mathcad it is possible
to create an accurate definition of Halstead’s primitives that follows common practice
of Halstead’s definitions and the definition of the potential volume from the Energy
Analysis. The research has been done under the hypothesis about correspondence
between XML-oriented representation of the program and its interactive development
process in Mathcad.
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Furthermore, we have demonstrated the possibility to estimate the primitives in an
automatic mode and, consequently, to create a program solution for the developed
assessment method.

The test of the method on an experimental sample for Mathcad programs gave
preliminary conclusions about relatively weak manifestation of the regularity known
as Halstead’s length equation in such case. It makes sense to consider such regularity
in the form (2.7) including redundancy factor that has been estimated by us at the level
of 1.2 (or 2.12 in case of another choice criterion). Note, the value bigger than 1.0
indicates the “insufficiency” of the alphabet in the Halstead’s sense [2].

The tendency of Mathcad programs to be “in average” energy balanced is
detectable for any language level chosen according to our “semi-heuristic” estimation
from the range (6.5).

In the article we have presented a new halstead-like estimation method for
primitive characteristics of the programming process in a mathematical package
environment.

For the first time, the Energy Analysis’ methods have been implemented for a
formal language, which is based on XML and reflects the calculation logic of the
Mathcad package. In addition, these methods are developed in PHP and they allow, in
principle, to provide estimation online services.
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VJIK 004.652

MareMatniyeckue OCHOBaHUs AJITOPUTMOB JIMHEAPU3ALINU:
pedIeKCUBHO-TPAH3UTUBHBIC 3aMBbIKAHUSI OMHAPHBIX OTHOIICHHMA

J. B. byii, E. B. llumankas, S. Fabunmi, K. Mohammed

Kuesckuii nayuonanvnuuii ynueepcumem umenu Tapaca Lllesuenxo, Ykpauna

Pabora mocesmeHa MaTeMaTHYECKAM OCHOBAHUSAM alTOPUTMOB JIMHEApU3ALUH —
OJHOTO W3 METOAOB paspelleHHs KOH(IMKTAa MMEH, BO3HHMKAIONIIETo IIpU
MHOKECTBEHHOM  HACleI0OBaHMM B OOBEKTHO-OPHEHTHPOBAHHBIX  SI3BIKAX
nporpaMmupoBaHusa. OCHOBHBIM OOBEKTOM HCCIIEIOBAHUS BBICTYMAeT pedIeKCHBHO-
TPaH3UTHBHOE 3aMbIKaHWe OWHApPHOTO OTHOLIEHWs. [IpHBeneH KpHTepHi TOTO, YTO
OHO SIBIIICTCA YAaCTUYHBIM IOPSJKOM; CaMO 3aMbIKaHHE SIBIIETCS MOHOTOHHBIM,
BO3pAcTAIOMUM ([0 TEOPETHKO-MHOXKECTBEHHOMY BKIIOUEHHIO) W HAEMIIOTCHTHBIM
oneparopoM. IIpuBeneHsl [Ba HEABHBIX IPEICTABICHUS PAacCMaTPUBAECMOIO
3aMbIKaHHs, TTOYUYEHHBIE HCXOAS U3 €T0 CBONCTB, U €IIIe OJHO — B BHJE HAUMEHBIIETO
pelIeHNsT XapaKTEepHCTUYIECKOTO ypaBHEHHUs (IIPU ITOM YCTAHOBIICHA CTPYKTypa
MHOJKECTBA BCEX PEILCHUH 3TOr0 ypaBHEHUS).

Knrouegvie cnosa: 006vekmuo-opuUeHMUPOBAHHbIIL A3bIK  NPOSPAMMUPOBANUS, pa3peluenue
KOH(IUKMA UMEH, aNe0pUummbl IUHeapU3ayul, pe@ueKCuHO-mpanH3umusHoe 3aMbIKaHue.

Pobora mpucBsiueHa MaTeMAaTHYHUM OCHOBaM aJrOPHUTMIB JIiHeapHu3alil — OJHOTO 3
METOIIB PO3B‘sI3aHHs KOH(MIIKTY iMeH, 1110 BUHUKAE TP MHO)KHHHOMY YCIIaJKyBaHHI
B 00°€KTHO-OPIEHTOBAaHUX MOBaX MporpaMyBaHHsI. OCHOBHHM 00‘€KTOM JOCTIKEHHS
€ pedIeKCUBHO-TPAH3UTHBHE 3aMHUKaHHSA OiHapHOro BigHOIIEHHsA. HaBeneHuit
KpUTEpiil A1 MepeBipKu, YW BOHO € YACTKOBHM IOPSIKOM; 3aMHUKaHHS SIK Take €
MOHOTOHHHM, 3pOCTalo4uM (32  TEOPETUKO-MHOXMHHMM  BKJIIOYCHHSAM) Ta
IICMHOTEHTHUM OmepaTopoM. J[JIsi pO3IJISHYTOrO0 3aMHMKaHHsS HaBEICHO JBa HOro
HESBHUX BHpa3y, OTPHUMaHi BUXOJSYM 3 HOTO BIACTHBOCTEH, 1 IIe OJWH - Y BHIJIAII
HalMEHIIIOTO pIlIeHHS XapaKTePHUCTHYHOTO pIBHSAHHSA (NP LBOMY BCTaHOBIJICHO
CTPYKTYPY MHOKUHH BCiX PillIeHb IIbOTO PIiBHSIHHS).

Kntouosi cnosa: 06'ckmno-opicnmosana mosa npospamyeanis, po3e sa3anHHs KOHGAIKmY iMeH,
aneopummu aineapuzayii, peghrexcusHo-mpaH3umuHe 3aAMUKAHHI.

The paper is devoted to mathematical foundations of linearization algorithms — one of
the methods of the names conflict resolution that occurs in object-oriented
programming languages, which support multiple inheritance. The main object of the
study is a reflexive-transitive closure of a binary relation. The criterion for such a
closure to be the partial order is presented; the closure itself is monotone, increasing
(in terms of the set-theory inclusion) and idempotent operator. Two implicit
representations of the closure were derived from its properties and one more
representation was obtained in the form of the least solution of some characteristic
equation (together with this, the structure of the set of all solutions to this equation is
found).

Key words: Object-oriented programming language, names conflict resolution, linearization
algorithms, reflexive-transitive closure.

BBenenne

B 00bEKTHO-OPMEHTHPOBAHHBIX  SA3BIKAX  [POTPAMMHUPOBAHHs,  KOTOPHIE
MOJIEP)KUBAIOT MHOXeCTBeHHOe HaciemoBanme (multiple inheritance), Bosmoxen
xkoupmmkt umen (conflict of names). Takast curyarst BOSHHKAeT, KOrJa OJHH U TOT
e MeToJ| (IO IMOJIe), UMEs PA3JIMYHYIO PeaIn3alHio, IPUCYTCTBYIOT B HECKOJIBKHX
POIUTENBCKUX KJIacCcax JaHHOTO Kilacca.

© byn [. b., Wwwaukas E. B., Fabunmi S., Mohammed K., 2016
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CyliecTByeT ABa OCHOBHBIX IOJXOJa K paspelicHHi0 KoH(aukta uMeH [1]. Bo-
NEPBBIX, KOHQIUKT pa3peniaeTcsi TPUBHAIBHO C MOMOIIBIO SIBHOTO YKa3aHUs OJHOTO
COOTBETCTBYIOILIETO POJIUTEILCKOTO KJlacca M3 HECKOJIBKMX BO3MOXKHBIX (Takou
HOJXOJ peain3oBaH, Hanpumep, B si3bike C++). Bo-BTOpBIX, NpHUMEHsETCs
CHELUAIBHBIA aNrOpuTM Al BbIOOpa HYKHOI'O POIUTEIBCKOIO KJacca, YTo
peanu3oBaHo, Hampumep, B s3bikax CLOS, LOOPS, Python, Perl, Dylan [2-5]).
OCHOBHOE IIPENMYIIIECTBO BTOPOro MOAXOA 3aKII0YACTCs B pa3pelIeHnH KOH(IMKTA
MMEH P BBIIIOJIHEHUH IPOTrPAMMEL, T.€. TUHAMHUYECKH.

ITo cytn, ocHOBHasi Hjesl BTOPOrO MOAXOJa 3aKI0YaeTcs B JIMHEAPH3alUU BCeX
NPEAKOB Kiacca (Uil KOTOPOro HAal0 pa3pelinTh KOHQIIMKT UMEH), T.€. B JINHEHHOM
YIOPSAAOYEHUH BCEX MPEIKOB C MOCIEAYIOUIMM BBIOOPOM MEPBOTO (B TOM WJIM MHOM
cMmbiciie) Tpebyemoro mpexaka. [lo cymecTBy peub uaer o0 anroputmax o00xozaa
AIMKIMIECKOro moArpada, MoCTPOSHHOTO M0 HepapXuH KiIaccoB (MOAPOOHOCTH CM.,
Harmpumep, B [6]).

Hecmotps Ha TO, 4TO anropuTMBbl TMHEAPU3ALMK ObUTH NPEIUIOKEHBI eIlle B Hadaje
90-x rogoB XX croneTusi, OHH (AITOPUTMBI), CTPOTO TOBOPSI, HA CErOAHSIIHUI JeHb
HE UMEIT (OPMaJIbHOTO MaTeMaTHYeCKOro OOOCHOBaHUS, T.€. AITOPUTMBI
(hopManbHO HE BepU(PHUIIUPOBAHBL.

[Mpeanaraemas pabota MocBsIIeHA MaTeMaTHYECKUM OCHOBAaM JIMHEApU3aIlH: B
HEel mpeicTaBieH (QparMeHT MaTeMaTH4ecKod Teopurn OWHApHBIX OTHOIICHHIHA,
Kacaloluiics B OCHOBHOM pedIeKCHBHO-TPAH3UTHUBHBIX 3aMBIKaHWHA (OCTaIhHON
MaTepHraj HOCUT BCIIOMOTATENbHBIN XapakTep), TaKk Kak MMEHHO TaKUe 3aMBIKaHUs U
MPUMEHSIOTCS TIPU MMOCTPOCHUU COOTBETCTBYIOIIETO YaCTHYHOTO MOPSIJIKA Ha Kiaccax
10 UePAPXHHU KIIaCCOB.

Teopust OMHAPHBIX OTHOLICHUH 3aHMMAET BaKHOE MECTO B MaTeMaTHKE BOOOILE, U
B JMICKPETHON MaTeMaThKe, B YACTHOCTH; MBI YIIOMSTHEM TOJIKO HE OY€Hb U3BECTHBIC
byHaaMeHTaIbHBIE KiTaccuueckue paboTel [7, 8] (oTrmerum, uto [7] — mepeBon,
KOTOPBIA BBIMEN W3 medatd B 1963 r., opuruHampHOW pabOTHI, HAlEYaTaHHOW B
Bronnerene dpaHiry3ckoro MaTeMaTHueckoro ooimectsa B 1948 r.), He motepsBiiue u
celyac CBOKO aKTyaJIbHOCTD .

B mpennaraemoii craTbe MOJTYy4EHBI TaKHE OCHOBHBIE PE3YJIBTAThl: YCTAHOBJICHBI
CBOWCTBAa ABYX BCIIOMOIaTeNbHBIX OlNEpanuidi (MHBEpCMM OWHAPHOIO OTHOILICHUS H
Npou3Be/icHHsT OWHAPHBIX OTHOIICHHH), a Takke pedIeKCUBHO-TPAH3UTHBHOTO
3aMblKaHusl OMHapHOTO oTHOumeHus. s ykasanHoro 3ambikanus: (1) ycraHoBieH
KpUTEpUH OBITh YACTUYHBIM MOPSAKOM; (2) 3aMbIKaHHE SBISETCS OINEPaToOpoOM
3aMbIKaHUSI OTHOCHUTEIFHO TEOPETUKO-MHOXKECTBEHHOI'O BKJIIOUEHUS; (3) 3aMbIKaHNE
SBIISIETCSl HAUMEHBIIUM (OTHOCHTEIBHO TEOPETHKO-MHOKECTBEHHOI'O BKIIFOUCHUS)
peQIEeKCUBHBIM M TPAH3UTUBHBIM OTHOLICHUEM, COJEPKALIMM HCXOAHOE OTHOIICHUE;
(4) 3aMbIKaHHE SIBIAETCS MHOXKECTBOM, MOPOXKACHHBIM IHAarOHAJIbIO Ha YHHUBEPCYME B

MOCTPOEHHOM uacTHuHO# anreGpe Bcex map; (5) 3ambikanme U~ sBsercs
HAaMCHBIIAM DCHICHHEM [apaMeTPHYECKOr0  XapaKTepPUCTHYECKOTO YpPaBHEHUSI
X=ApUXuUUoX,rme A, — quaroHans Ha yHHBEPCYMe, a © — IIPOM3BEACHHE
OMHApHBIX OTHOWIEHWM (a Takke HAUMEHBIIUM pelIeHHeM O0oJjiee MPOCTOTO
napamerpuueckoro ypasHeHns X =Ap UU o X)), (6) ycranoBiena cTpykrypa

MHOXXECTBA BCCX peH_IeHI/Iﬁ YKa3aHHOI'O YpaBHCHHA. OTMGTI/IM, YUTO B NEPCUUCIICHHBIX
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BeIe pesynbTatax (3)-(5) peus uAeT O HEABHBIX (JICHOTATHBHBIX) 3aTaHUIX
pedIIeKCUBHO-TPAaH3UTHBHOTO 3aMbIKaHUSI.

Bce cranpapTHbie MOHATHS [Isl OWHAPHBIX OTHOIIEHUH MOHUMAIOTCS B CMBICTE [9],
JUIS  3aMKHYTOCTH M3JIOKEHHWsT H ymoOCTBa 4YHTATENlss MPUBEACHBI OCHOBHEBIC
OTIpEICIICHUSL.

3apukcupyem yHuBepcym D, osneMeHTBI KOTOporo ob6o3Hauum X, Y,Z,...;

Ounapubie oTHomieHus Ha D o6oszmaumm U,V,.. Bciomy namee cumBon =

o0o3Ha"aeT KOHelN (OPMYITUPOBKH YTBEPIKICHUS M OKA3aTeNbCTBA, a CUMBON O —
KOHEII JJOTHYECKOM YacTH T0Ka3aTeNIbCTBA.

2. BcnomorarteibHble onepanMd HHBEPCHMH M TPOU3BeJEHHS] OHHAPHBIX
OTHOIIIECHUI
B cnepyromieM mnpenioXeHUU MPUBEIACHBI HY>KHBIE Jajee CBONCTBA HHBEPCUU

GMHAPHOTO OTHOLICHHS, KOTOpOe BBOAATCH crammaptao. U ™' = {<y, X>‘<X, y> elU }

Humwxe UoV = {<X, y>‘EI Z(<X, Z> eU /\<Z, y> eV)} — OOBIYHOE MPOHM3BEACHHE

ornomennit U u V (B ykazaHHOM mopsijike).
Ipenoxenue 1 (cBoiicTBa MHBEpCHN). BRIOTHSIOTCS ClIeTyIONINE YTBEPIKISHUS .
1) UcV=U"cV™" (MOHOTOHHOCTh MHBEPCHH OTHOCHTEIHHO TCOPETHKO-
MHOKECTBEHHOT'O BKJIFOUCHH);
2) AZ=Ap, tne A, = {<X, X>|X € D} — juaroHans Ha D (mmaromamp —

HEMOJBM)KHAS TOYKa JJIs I/IHBepCI/H/Il);

-1
=]
3) LJUi = LJUi (mucTpuOYyTUBHOCTh ~ WHBEPCHU  OTHOCHTEIBHO
iel iel
00beTMHCHUH);

4) (U oV )_1 =V " oU ™ (uHBepcHs NpOM3BEICHHS OTHOIICHHI);

5) (U - )71 =U (unBepcus WHBEpCHH). W

Jloka3aTenbCTBO MPOBOAMUTCS HETIOCPEICTBEHHO. W

OTMeTuM, 9YTO HWHBEpPCUS SBJISIETCS  JUCTPUOYTHBHOM ¥ OTHOCHUTEIIBHO
IIEPECEUECHUH.

B crmemyromem mpeioKeHWH TIPUBENEHBI HEOOXOIWMBIC Jlaee CBOWCTBA
MPOU3BEAEHHUS OTHOIIEHUH.

Ilpennoxenune 2 (cBoiicTBa TmpoW3BEIACHUS). DBEBIMONHAIOTCS  Cleayromue
YTBEPXKICHUS:

1) UcVaAU V' =>UoU VoV’  (MOHOTOHHOCTE  OTHOCHTEIBHO

2y.
TCOPCTUKO-MHOKCCTBCHHOI'O BKJIFOYCHUS 11O KAXKIAOMY apryMCHTY ),

! 310 YTBEP)KACHUE MOXKHO YCWIHNTH: BCE€ HETOJBWKHBIE TOYKH WHBEPCHM W TOJBKO OHHU
HAMEIOT BUJI [TOIMaroHajel — AL ,tie L D.

2 A, 3HAYUT, U IO COBOKYITHOCTHU apryMECHTOB.
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2) U U, [o UV il= U U, oV i (mucTpuOyTUBHOCTh ~ OTHOCHUTEIIEHO
iel jed iel, jed
00BeIMHEHUH TT0 KAXKIOMY apTyMEHTY);

3) ﬂUi o ﬂVj c ﬂUi oV; (BepxHsisi ~ OILCHKAa  IPOW3BCICHHUS

iel jed iel, jed
nepeceyeHuit’);
4) UoAp=ApoU=U (mmaronams A, — mpaBas (JeBas) eAUHHIA IO

MIPOM3BEICHHUIO). W
JlokaszaTensCTBO MPOBOAUTCS HETIOCPEICTBCHHO. W

3. BcnomorareibHble Pe3yJabTaThl: peeKCHBHOCTb, AHTUCHMMETPUYHOCTH
U TPAH3UTHBHOCTh
PednexkcuBHOCTS OMHAPHOTO OTHOIICHMSI TOHUMAETCS CTaHIAPTHO:

U — pednexcuBHo <& VX(<X, X> eU )

-1
OueBnno, uto U — pedpnexcuBno > Ay cU < A, cU ™.
[lepBasi OKBMBAJIEHTHOCTh OYECBHMHA, a BTOpas BBITEKAET M3 OYEBHIHOM
skeuBanentHoctn Ay cU < A, cU ' (Hago  NpUMEHHTs  MOHOTOHHOCTB

uaBepcud (1. 1 mpeanoxenus 1), a taxoke mi. 2, 5 npeamoxenust 1).
Hwxe noHsiTHe aHTUCUMMETPUYHOCTH OTHOLICHUS [IOHUMAETCSl CTAHAAPTHO:

U — aHTHCUMMETPHYHO <> ny((x, y> eUn <y, X> eU=x= y).
Hwxe mnpuBeneH KpuUTepHid aHTHCUMMETPHUYHOCTH 0€3  HCIOJIb30BaHUS
MPEAMETHLIX IICPEMCHHBIX.

IIpennoxenue 3 (xputepuit AHTHUCHUMMETPUYHOCTH). Brinonusercs
SKBUBAJICHTHOCTB!

U — autncummerprano<>U NU ™ C AL . m
JHoxkazarensctBo. Heobxoaumocts. [lycts U — antucuMmerpuuHo. PaccmoTpum
<X, y> eU U™, torma <X, y> eU u <X, y> eU ™. Takum o6pasom, <X, y> eU u

<y, X> €U, re, BBugy anrucummerpuunoctd U, X=Y, crienoBareibHo,

(x,y)eA,. o
JHocratounocts. ITycThb <X, y> eU u <y, X> eU, re. <X, y> eU,a <X, y> eU™
Orcrona <X, y> eUnU cA,. om

IIpocTeie mpHMepsl MOKa3bIBAIOT, YTO 3aMEHUTH BKJIIOYEHHE Ha PaBEHCTBO B
MIPAaBOM YaCTH KBUBAJICHTHOCTH W3 MPEMTIOKEHUS 3 HENb34.

Bxurouenue M3 mpaBoW YacTH SKBUBAJEHTHOCTH MPEIIOKEHHS 3 MEpexXoauT B
PaBEHCTBO B TOYHOCTH JJIsI Pe(DICKCHBHBIX M aHTUCUMMETPUYHBIX OTHOIIICHHH.

3 Jpyrumu crnoBaMH, MpPOHU3BEACHHE HE SBIAETCS, BOOOIIE TOBOPS, AUCTPUOYTHBHBIM
OTHOCUTEJILHO I1EPECEUECHUN.
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CaencrBue 1  (kpuTepuil  aHTHUCHUMMETPUYIHOCTH H  PEQIICKCUBHOCTH).
BrInosHsAETCSI SKBUBAJICHTHOCTb !

U - aatucumverprdso u peduekcusro <> U NU ™ = Ap.m

HoxazarensctBo. HeobOxomumocts. Ilycte U —  aHTHCHMMETpHYHO U
pedrexcusno. ITo mpeanoxennio 3 U "U ™ < Ap H ocTaeTcs IMoka3aTh oOpaTHOE
BKItoueHue. Buny peduexkcuBroctn U Bbmmonmsrores Brimouenus Ap c U,
Ap cU ! U3 KOTOPBIX ¥ BBITEKACT TPeGyeMOe BKITIOUCHHE A, cUnU <o

Hocrarounocts. Ilycte U MU 1= Ap. Bsugy mpemtoxenns 3 U

anTUcUMMeTpu4HO. Kpome toro, oueBuino, uto Ay c U ,(a takke Ay C Ufl) T.€.
U wu peduiekcuBHO. Om
IepexoauM K TPaH3UTUBHOCTH OTHOIIEHHH, KOTOPOE MOHUMAETCS CTAHAAPTHO:
U — TpaH3UTHBHO &> nyZ(<X, y> eUn <y, Z> eU=> <X, Z> eU )
Hwke npuBelneH KPUTEPHl TPAaH3UTUBHOCTU 0O€3 MCIOJIL30BAHHS IPEAMETHBIX

nepemennsix. Jamee U2 =U oU .
Ipenyoxenue 4 (kpuTepuil TPAH3UTUBHOCTH). BBITOIHACTCS S5KBUBAIIEHTHOCTH!
U — tpamsutusro<<>U’ cU . m
Jloka3aTenbCTBO MPOBOAUTCS HETIOCPEICTBEHHO. W
OTMmeTHM, NpOCThble MPHUMEPHl MOKa3bIBAIOT, YTO 3aMEHUTh B IPaBOH YaCTH

SKBHUBAJICHTHOCTU W3 IPCIJIOXKECHUA 4 BKIIFOYEHHE Ha PaBE€HCTBO, BOO6H_[C TOBOps,
HCJIIB341.

HetictBurenbho, mycts U = {<X, y>, <y, Z>, <X, Z>}, TA€ JEMEHTHI X, Y, Z TOMapHO

paznuuHbl (cM. puc. 1).

y y

2
Puc. 1. prwep mpan3umueHo2co0 OMHOWEeHUs, maxKkoco, 4mo U CZLJ

Ouesuano, uto U? = {<X,Z>}, T.. U — TpaH3WUTHUBHO; IIPH 3TOM UgUz, TaKuM

obpasom, pasercteo U =U ? He BBIIIONHSCTCSL.

BxroueHrne w3 mpaBoil 4acTH SKBHUBAICHTHOCTH TPEIJIOKEHHUS 4 IMepexomuT B
PaBeHCTBO IS pe(hIIEKCUBHBIX OTHOIIICHHIA.

CaencrBue 2 (KpuTepudl TPaH3UTHBHOCTH W PedIEKCUBHOCTH). BbimosHseTcs
9KBUBAJICHTHOCTH:

U - rpamsutuBHO 1 pedekcusro <> U? =U A ApcU.m
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JHoxkazarensctBo. Heooxomumocts. ITycts U — TpaH3utiBHO U peduiekcuBHO. [1o
2
onpenenennio peduexcuBnocty Ay cU. Beuny npemtoxenus 4 U°cU n

0CTaeTCs yCTAaHOBHTH oOpaTHOe BKitodenue. [leiicturensio, U cU u A, cU,
OTKyla B CWJIy MOHOTOHHOCTM mpom3BeleHus (m.1 mnpeanoxenus2) u 1. 4
npennoxenus 2 (Ap— eIMHUMIA 0O MPOU3BENCHHIO) IIOIyYaeM BKIIOYEHHUE
UoA,=U cU? om

JlocTaTouHOCTh BBITEKACT U3 ONpEeAeieHUs Pe(IEKCUBHOCTH U IpeIUIoKeHus 4
(kpuTEpHil TPAaH3UTUBHOCTH). (1M

Hwxe npuBeneH Kputepuii 4aCTHYHOTO MopsiaKa (pedaeKCUBHOTO, TPAH3UTHBHOTO
Y aHTUCUMMETPHUYHOTO OTHOIICHUsI) 0€3 UCTIOIb30BaHMUsI PEAMETHBIX TePEMEHHBIX.

Ipennoxenne 5  (xkpurepuif  YaCTUYHOTO  TOpPSAKA).  BEIOTHSETCS
9KBUBAJICHTHOCTb:

U — wactuunsiii nopsgok < U nU ™ cAp AA, U AU?cU . =

Jloka3aTenbCTBO BBITEKACT M3 ONpeAeicHUs] PeIEKCHBHOCTH W KPUTEPHUCB
AHTHUCHUMMETPHYHOCTH (TIpeyIokeHre 3) U TPAH3UTUBHOCTH (TIpeyioKeHne 4). |

YopoctuM  [paByr0 4acTh  3KBHBAJICHTHOCTH NPEAJIOKEHUS O,  yUUTHIBas
PpedIIeKCUBHOCTD YaCTUYHOTO TTOPSIKA.

CaeacrBue 3 (KpUTepuil YaCTHYHOTO TIOPSAKA). BBITIOTHIETCS SKBUBAaJICHTHOCTD.

U — uactuunsiii nopaaok<>U "U ™ =A, AU’ =U . m

JoxkazarenscTBo. Heo0X0AMMOCTb BBITEKAET U3 KPUTEPUEB aHTUCUMMETPUYHOCTH
u  pedaekcuBHOCTH  (caencTBue 1) ©W  TPAH3UTUBHOCTH U Pe(ICKCUBHOCTH
(cnenctBue 2). O

JlocTaTouHOCTH TAaKKE BBITEKAET U3 3TUX )K€ KPUTEPUEB. OM

4. PedriekcUBHO-TPAH3UTHBHOE 3aMbIKAHHE OMHAPHOI'O OTHOLLIEHHUSI
[MepexomuM K OCHOBHOMY MOHSTHIO PabOThl — pedIeKCHBHO-TPAH3UTUBHOMY
3aMbIKaHuIo oTHOIIeHus U , kKoTopoe uMeeT cienyroliee SBHOE ONpeaesIcHuUE:
U'= [JU'.mmeU’=A,, U"=U, U™ =U-U",i=12,..
i=01,2,...
Ipensioxkenue 6 (croiicTBa PedIEKCUBHOCTH M TPAH3UTUBHOCTH PeICKCUBHO-
TPaH3UTUBHOTO 3aMbikanust). U - peQIESKCUBHO U TPAH3UTHBHO. W

0
JlokaszatenbctBo.  PediekcuBrocts  oueBnmaa (U™ =A[), nposepum

*
tpansutuBHOCTh U . st 3TOrO0 BBUAY NMpeAiokeHus 4 (KpUTEpHil TPAH3UTHBHOCTH)

* * * *
nocraroyno nposeputh BKmodeHne U oU U (u3-3a pedexcuBHoctn U Ha
caMoM jielie OyIeT YCTAHOBJICHO PaBEHCTBO). MIMeeM 11emouKy paBeHCTB:

W=l Yu'|o| Yui|= Yui=Ju'u Yui=u

i=0,1,... j=0.1,... i=01,.;j=0,1,...  i=01,. i=01,...j=1,2,..
31ech BOCIIOJIB30BAIUCH AUCTPUOYTUBHOCTHIO TPOM3BEICHUS OTHOCHUTEIIBHO

00berMHenni (11, 2 TIPEUIOKEHHUS 2) ¥ OYEBHIHBIM BKIIOUYEHHUEM UU "TcU .
i=01,.7j=12,...
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Takum  oOpa3om, 4YTOOBI OBITh  YAaCTUYHBIM  IOPSAKOM  pedIeKCHBHO-
TPaH3UTHBHOMY  3aMBIKAHUIO HE00X0AMMO U JIOCTaTOYHO o0magate
AHTUCUMMETPUYHOCTHI0. COOTBETCTBYIOUIUI KpUTEpUN B TEPMHUHAX HCXOIHOTO
(3aMBIKaEMOT0) OTHOILICHHS O€3 UCIIONL30BAHUS IPEAMETHBIN TIEPEMEHHBIX NIPUBEICH
B CIIC/IYIOIIEM MPEUIOKEHHH.

Mpenyoxenne 7 (KpUTEPUl aHTUCUMMETPHUYHOCTH Ui peICKCUBHO-
TPaH3UTUBHOTO 3aMbIKaHHs). BBIMOIHIETCS S9KBUBAIICHTHOCTb:

U” — aatucuvmerprdaro <> Vi, j =1,2,..U" m(U 1) CA,.m
HoxkasarensctBo. Heobxomumocts. Ilycts U - AHTHCUMMETPUYHO, TOIAa IIO

* * _1
KPUTEPUIO aHTHCUMMETpHYIHOCTH (Tpemiokenne 3) U ﬁ(U ) c Ap. Pacrimmem

JIEBYIO YaCTh 3TOT'0 BKIKOUCHMS !
-1

UL = Yo Qo] = Guie YUt guinbe)

i=0,1,.. i=0,L,... i=0L,... i=0,L,... i=0,1,...;j=0.1,..

B  ykasaHHBIX mepexomax, Hapsgy C  OOIIE3HAYUMBIMH  TEOPETHKO-
MHOXECTBEHHBIMH PaBEHCTBAMHU, BOCIIOJIB30BAIUCH JTUCTPUOYTUBHOCTHIO MHBEPCHU
OTHOCUTENFHO OObeAMHEHHH (BTOpOW TMEpexoa) HW HWHBEpCHEH MpPOH3BEICHHS
(nmocnemuuit mepexon) — nm. 3 u 4 npemnoxenns 1. Utak, nmeem:

_ * * -1
UU' ( 1) =U ﬁ(U ) CA,. Orcroma ®  BBITEKAET,  YTO
i=0,1,..;j=0,1,..
Uiﬁ(U_l) CAp mmaeeex 1, J=12,...0
HocraTtounocts. BBuay Kputrepuss aHTHCUMMETPUYHOCTH (IpeiokeHue 3)

* * _l
JA0CTAaTOYHO YCTAHOBUTH BKIIFOUCHUC U M U c AD

Hcnonp3yem npeacTaBiIeHUE JEBOM YaCTH 3TOTO BKIIOUEHUS, MPUBEICHHOE BBIIIE
MIpH JI0Ka3aTeNbCcTBE HEoOXoaumMocTh. mMeeM:

UTn)t = Julal) -

i=0,1,..:j=0,1,..
= U Uim( ) UA m( 1) UU'mA c
i=1,2,.1j=L2,... j=0.1.. i=0,1,...=0

CAy UAL UAp =A,
Om
OTMCTI/IM, 4TO B npaBoﬁ YaCTH SKBUBAJICHTOCTU MNPCIJIOKCHUA 7 MOXHO
pacimpuTh 00J1acTh AEWCTBHUS CB3aHHBIX MIEPEMEHHBIX i, j =0,12,..
Tenepb MOXHO chOPMYITHPOBATH OJIMH M3 OCHOBHBIX PE3yJIbTATOB.
Teopema 1 (kpurepuil YaCTUYHOTO TOPsIKA JUIsl Pe(IEeKCHBHO-TPAH3UTHBHOTO
3aMI>IKaHI/I$I). BrinosiHsieTcsl SKBUBaJIGHTHOCTb .

*

. < i -1
U™ — wactrunslii nopsaaok < Vi, j =1,2,..U"' M (U ) CAp.m
JlokazarenbcTBo. Heo0X0qMMOCTh BBITEKAET U3 KPUTEPHUS aHTHCUMMETPHYHOCTH

s pediekCUBHO-TpaH3UTUBHOTO — 3ambikanust U (npennmoxenue 7), a
JIOCTAaTOYHOCTh — M3 TOTO K€ KPUTEPHS U MPEATIOKECHHUS 6. W
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Nmenno »r1oT pE3YIbTAT BAXCH MJIsI aJI'OPUTMOB JIMHCapU3aluu, Korga Iio
HUepapxmuun KJaccosB, YILOBJ]GTBOpﬂ}OHleP'I o CyTh YCIOBUIO OTCYTCTBUA HHKIIOB B
COOTBCTCTBYIOILIEM HHAYIHUPOBAHHOM rpa(pe Ha KJaccax, CTpPOUTCHA YaCTUYHBIN

TMOPSMOK HA MHOXeECTBe Kiaccos (tpebosanme Vi, j=12,..U" m(U _1)J CAp u
FOBOPHT M0 CYLIECTBY O OTCYTCTBHH IIUKIIOB).

5.  PeduieKCHBHO-TPAH3UTHBHOE 3aMbIKAHME OHHAPHOIO OTHOLIECHMS:
XapaKTepuCTHYECKHe 1eHOTATHBHbIE CBOICTBA

[MepexoauM K CBOMCTBaM pe(IIEKCUBHO-TPAH3UTHBHOTO 3aMbIKAHMS, BAKHBIM IS
BHYTPEHHEH MpPOOIEMAaTHKY TEOPUHM OMHAPHBIX OTHOIIEHWH. Byayr npencrapieHbl
1B 3a1aHust peIEKCUBHO TPAH3UTUBHOTO OTHOIIEHHS B TEPMUHAX €70 CBOWUCTB.

5.1. PediexcuBHO-TpaH3UTHUBHOE 3aMbIKaHHE KaK HauMeHbIlee
pediiekcHBHOE U TPAH3UTHUBHOE OTHOLIIEHHE, COJAEP KaIIee HCXOJHOE OTHOIIEHNE

PaccmotpuM  cnemyromiee CEMEHCTBO OTHOIICHWH I 3a()MKCHPOBAHHOTO
otHomreHus U :

K = {V|V — pedaexcusno u tpansutusHo AU <V }

DTO CeMEiCTBO HEIMYCTOE: OHO coaepkuT, Harpumep, U (BBHIY mpemiokeHus 6)
U yHuBepcaibHoe otHomenne D x D na momene.
IIpenso:kenne 8 (cBOMCTBO 3aMKHyTOCTH [, OTHOCHTENBHO mepeceyeHuil).

CemeiictBo [, 3aMKHYTO OTHOCHTEIBHO IIPOU3BOJIBHBIX IIEPECECUCHUI. W
HoxkazarensctBo. Ilycte V :ﬂVi, rie V, ek, mms Bcex umigexcos iel.
iel
[TokaxkeM, 4TO IS IIEPECEUCHHsT BBIOHsIETCs puHatexHocts V € K .

Pedexcusnocts V u Bkmoyenne U <V oueBuanbl. O

[Tokaxxem  TpamsuTuBHOCTE V.  BBHOy  KpuTepusi  TPaH3HUTHBHOCTH

(mpemnokenue 4) Ui 3TOr0  JIOCTaTOYHO TPOBepuTh BKIoyenune VoV V.
JeicTBUTEIBHO, UMEEM LICTIOUKY PABEHCTB U BKIIFOUECHHM:

VoV =NV ol NV N VioV; = NVioV, =NV, =V.

icl jel iel;jel iel icl

B stux nepexoJax HMCIIOJIb30BaJIM BEPXHIOK OILICHKY MPOU3BEACHUA nepecequI/Iﬁ

(BTopoii mepexod, M.3 TPEAIOKEHHUS 2) U PAaBEHCTBO Vi2 =V, (mpeanocnennuii

IIEPEX0/I; UCIOIB30BAIN TO, YTO OTHOIICHHE V, Pe(IEKCHBHO M TPAH3UTHUBHO, Jaiiee
IO CJIE/ICTBUIO 2). OM

U3 npemnoxenuss 8 BbITeKaeT, 4TO ceMmeiicTBO |, sBisieTcss MypoBCKHM IO
tepmuHosioru [ 10] u neHTpupoBaHHbIM 10 TepMuUHONIOTHH [11].

Teopema 2. Brinosnsercs paBenctso U = nV .u
Vek
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HoxasatensctBo. Obo3Haunm V, = ﬂV. Taxk xax U e€F,, o V,cU 1u
Veky

ocTraeTcsl IOKa3aTh 00paTHOE BKIIOUCHHE. O
Bapukcupyem mpomsBonsHoe V € R, n mamykumeir mo K =0,1,... mposepum

srmouenne U <V .

Basuc unykiin. U° = A, <V BButy pediexcusroct V . 0

Wunykrtueeiid mar. Ilyets U k <V, DOMHOXHMM 00€ YacTH BKIIOYEHHS Ha
U crnpaBa; Toraa, BBHAY MOHOTOHHOCTH mpousBeaeHus (.1 mpemtoxenus 2),
pmouenne coxpanntes: U¥oU =U¥ cVoU . Ocraercs yuects BKmodeHue
VoU cV oV =V (ucnons3oBana Ta € MOHOTOHHOCTH [TPOM3BENEHUS, BKIIOYEHUE

U <V, cBoiictBa pedieKCHBHOCTH W TPaH3UTUBHOCTH V U COOTBETCTBYHOLIHI
KPUTEpHI — ClIeACTBUE 2). O

k *
Hrak, U<V mms Bcex k=012,.., te. U V. Orciona BBHuIY
npousBoisHocTH V € F; u BbITekaeT Tpedyemoe BkmoueHne U < mV =V,.Om
Veky
Takum oOpasoM, 3ambikanue U — HammeHblnee (OTHOCHTEIBHO TEOPETHKO-

MHOKECTBEHHOTO ~ BKIIIOUCHHs) pe(IIEKCHBHOE HM  TPAH3UTHBHOE OTHOIICHHE,
comepkamiee ortHomeHne U . DT0 W ecTh TepBOE JICHOTATUBHOE 3aJaHue
pedIIeKCUBHO-TPAaH3UTHUBHOTO 3aMbIKaHUSI.

Otcro1a BBITEKAET CIICMYIONICE CICACTBHUE.

Cneacreue 4 (ommcanne HemoABIKHEIX Touek omepatopa U —>U’). Hmeer
MECTO:

U — pednexcusro u tpamsutusao<>U =U . m

Joka3zatenbcTBo. HeoOX0MMOCTh BBITEKACT U3 TEOPEMBI 2, a JOCTATOYHOCTh — M3
MpeAJIOKEHHS 6. m

Mpenaoxenne 9 (coiictBa omepatopa U F>U"). BBIMONHIIOTCS CIEIYyIOMIHE
YTBEPKICHUS!

1) UcV =U" <V (MoHOTOHHOCTH OTHOCHUTEIILHO TEOPETUKO-
MHOKECTBEHHOT'O BKJIFOUCHHS ),

*
2) U cU (Bo3pactaeMocTh  OTHOCHTEIBHO  TEOPETHKO-MHOXKECTBEHHOTO
BKITFOUECHHUS);

3) (U *)* =U" (MIeMIIOTEHTHOCTS). W

HoxazatensctBo. II.1 BBITEKaeT W3 MOHOTOHHOCTH TmpousBeneHus (. 1
MIPEIOKEHIS 2) ¥ TEOPETUKO-MHOKECTBEHHOTO O0BETMHECHHUSI. [

I1. 2 ouenzen (U =U ). o

Jlnst mpoBepkd 1.3 Hamo mnpuMmenuts npemtoxkenne 6 (U — peduexcuBHO
TPaH3MTHBHO) U CIEACTBHE 4 (0 HEMOABIKHBIX ToukKax omeparopa U > U ™). om

Hwxe nonatne oneparopa 3aMbIKaHUs HCIIONB3yeTCs B cMbicie [12]. Cnenyromee
CJICZICTBUE SIBIISETCS] TIPOCTO KPaTKOH (POPMYIHMPOBKOM MPENbIIYLIEro MPEIJIOKEHUs

9.
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CnencrBue 5. Omepatop U U sBisercs omeparopoM — 3aMbIKaHHS
OTHOCHTEIIBHO TEOPETHKO-MHOKECTBEHHOTO BKJIFOUYCHHS. W
Jloka3aTenbCTBO HEMOCPEACTBEHHO BHITEKACT U3 MPETIOKECHUS 9. m

5.2. PediekcuBHO-TpaH3UTHBHOE 3aMbIKaHHe KaK Moaajredopa, mopokaeHHast
AUATOHAJIBIO B CTIENMAJILHOM ajredpe Bcex map
PaccMoTpuM cneayrolyro yHapHYyIO TapaMeTpUUYECKYIO ONEPaLlMIo Ha/l TapaMu:

———:DxD5DxD, dom———=Dx{x}, (z.x)——>=(zy)

(nconp3yeM mocthukcHyo ¢dopmy 3ammcu). Beromy manee [U ]X—y> — TIOJTHBIH

o0pa3 oruomenuss U  OTHOCHTENBHO oOIEeparuu —5 (Takke HCIOJIB3yeM
noctpukcHyro  ¢opMy 3amuMcH; TO TOBOAY  OOIIE3HAYUMOW  TEOPETHUKO-
MHOXXECTBEHHOM KOHCTPYKLMM IIOJHOTO 00pa3a MHOXECTBA OTHOCHTEIBHO
OTHOILEHHs cM. paboTty [13]).
OcCHOBHBIE CBOMCTBA 3TOH OIEpaIiui IPUBEACHEI B CICTYIOIIEM PEIOKCHUH.
Ipennoxenue 10. BeinmoaHsA0TCA caenyOIUe YTBEPKACHUS:

1) (z,x)eU A(x,y) eV :((z,x))T)eU oV ;

2) (x,y)eV =[U]——>cUov;

3) (x,y)eU oV :>E|z(<x,z> eU A(z,y) eV A(Xx,Y) =(<x,z>)T>);
HUoV= (JUl—+—> =

(x.y)ev

HokazarensctBo. II.1 BbITEKaeT H3 ONpEAENCHUIl oOlepaluu —y > 4

MPOU3BEAEHNA OTHOUIEHUN. O
I1. 2 BeITekaeT u3 1. 1 1 onpeaeneHus MOJHOTO 00paza. O

—
I1. 3 BeITEKAET U3 ompeneneHuii onepaii~ *Y W NPOM3BEACHUS OTHOILIEHHUH. O
I1. 4. BkmroueHwe mpaBoii YacTH B JIEBYIO BHITEKaeT W3 JOKAa3aHHOTO TI. 2

npeayioxenns 10, a oOpaTHOe BKIIIOYEHHE — M3 YK€ JIOKa3aHHOIO II. 3 3TOro JKe

MIPEIOKEHNS. W
CuencrBue 6 (cBoiicTBa omepanun X—y)). Bemonusiores  crnepyromue

YTBEPXKIAECHUA:

k+1 k .
1)U = U[U ]X—y>,IlJIH Bcex k=01,2,...;

(x,y)eU
2) [UK]T)gUk+1,unﬂBceX <X, y>eU nk=0L12,..;

3) U 3aMKHYTO OTHOCHUTEIBHHO JIF000H Oneparuy Bua — > e <X, y> eU.m

HoxazatensctBo. II.1. BBugy mn.4 mnpemioxenus 10 u  omnpeneneHus

IIPOU3BCACHUSA OTHOIICHUH NMEECM LCIIOYKY paBeHCTB:
k+1 k k
U“t=U*eU= JU*|5—-c
(x,y)eU

I1. 2 BeiTekaer u3 . 1. O
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I1. 3. Ilycte <X, y> €U , umeeM 11em0UKy paBeHCTB U BKITIOUCHHIA:

* k k K+ k *
vl == Ut 2= Ut e Yut= Yureu®.
K=0.1,.. K=0.1,.. K=0.1,.. K=L2,..
Bo BTOpOM mnepexoje ObLIa HCIOIB30BAaHA TUCTPUOYTHBHOCTH IOJIHOrO 0Opasa
OTHOCHUTENBHO 00beauHenuii (cM. [13]), a B TpeTheM — MOKa3aHHBIH 1. 2 CIIEACTBHS 6.

Urak, ans monHoro obpasza |U X—y)gU , YTO W O3HayaeT 3aMKHyToCTh U

OTHOCHTE/ILHO ONEPALH — ——>, TAe <X, y> eU.m

3adukcupyem otnomenne U H paccMOTpHM YAaCTUUHYIO IapaMETPUYECKYIO
anreOpy Bcex map A, = <D x D, > ,Tae Q) = {X—y>‘<x, y> elU } — CHUTHATYpA.

Haiee [AD]OU — noganreOpa anredpsl A, , HopoxaeHHas JuaroHanbio Ap (1o

HOBOJy TOAAITeOp U TMOPOXKIAMONIMX COBOKYIHOCTEH cM., Hampumep, [rio. I, § 1,
n. 1.3, 14]).

Teneps MOXHO CGHOPMYIHPOBaTh YTBEPKICHHE O BTOPOM JICHOTATHBHOM
NPE/ICTaBICHUN Pe(ICKCUBHO-TPAH3UTUBHOTO 3aMbIKaHUSI.

Teopema 3 (pedieKCHBHO-TPaH3UTHBHOE 3aMBIKAaHHE KaK 3aMBIKaHHE B anreOpe

*
nap). Bemmonusercs pasenctso U = [A ]Q .;
D U

HoxazatensctBo. B cunmy 1. 3 cienctBust 6 BBIMONTHICTCS [AD]OU cU (Benp

HOCHTEJIb pacCMaTpuUBaeMoil MojanreOpbl — HauMEHbIIee MHOXECTBO, CoJeprKaliee

*
JMAaroHallb W 3aMKHYTOE€ OTHOCHTEIBHO BCEX CHTHATYpHBIX omepamuii, a U
COJZICP’KUT IMAroHallb ¥ 3aMKHYTO OTHOCHUTENIBHO BCEX CUTHATYPHBIX ONEpaliii B CHILY
VIIOMSIHYTOTO T1. 3 CIIEACTBHSI 6) U OCTaeTcs yCTaHOBUTH 00paTHOE BKIIIOYCHHUE. O

Ist storo uaaykuumeit mo K =0,1,2,... mokaxkem, yro U K< [AD]QU .

0
Basuc oueBuzen, Tak, kak U~ = Ay . O
WupykruBHei mar. B cuny n. 1 ciuencteus 6, MHAYKTUBHOTO TIPEIIOIOKEHUS 1

MOHOTOHHOCTH MTOJTHOTO obpasa (cm. [13]) uMeeM ETOYKY:
Ukt = < L>J[U k]x—y) C < L>J|.[AD]QU Jx—y) C [AD]QU . B mocnennem mepexone
X,y)eu X,y )eu

BOCIIOJIB30BaJINCh OYCBUIHBIMU CBOMCTBaAMH 3aMKHYTOCTH (OTHOCI/ITCHBHO onepaunﬁ

—5 > A <X, y> €U ) sambikanus [AD]QU .

Takum o6pasom, pedieKCHBHO-TpaH3UTHBHOE 3ambikanue U mopoxmaercs
AuaroHanpio B anreOpe map Buga A . DTO U €CTh BTOPOE ACHOTATHBHOE 3aaHUE

pedIIeKCUBHO-TPAH3UTHUBHOTO 3aMbIKaHHUSI.

6. PeduexcuBHO-TPAH3UTHBHOE 3aMbIKaHHe OHHAPHOIO OTHOUIEHHUS KaK
HaHMeHblee pelieHHe XapaKTePUCTHYeCKOro YpaBHeHUsl

Jamum TpeThio JEHOTATUBHYIO XapaKTEPUCTHKY peQieKCHBHO-TPAH3UTHBHOTO
3aMbIKaHHA, a HUMCHHO Kak HauMMCHBIICTO peUICHUA COOTBECTCTBYIOILIECTO
€CTECTBEHHOT'O yPaBHEHHUSI.
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3ac1)HKcnpyeM orHomenne U wu paccMOTpuUM TMapaMETPUICCKOEC YPABHCHHC
. DxD .,
OTHOCHUTEJIbHO IEPEMEHHOU Xe?2 .

X=A, uXulUoX. Q)

Teopema 4 (pedieKCUBHO-TPAH3UTHBHOE 3aMBIKAHUE KaK HAMMEHBIIIEE PEIICHUE

ypasHenns). PedirekcnBro-TpansnTnBHOE 3aMbikanre U SBISETCS HAMMEHBINM (110
TEOPETUKO-MHOKECTBEHHOMY BKIIFOUEHUIO) peleHneM ypaBaeHus (1). m

JokazarenbctBo. [Tokaxkem cHavana, uto U sBrsercss pemieHneM ypaBHeHus (1).
NmeeM 1iemouKy paBeHCTB (BO BTOPOM IIEPEX0/Ie BOCTIOIB30BAINCH TUCTPUOYTUBHOCTEIO
MPOU3BEICHHS OTHOCHTEIBHO 00bheANHEHHH (T1. 2 TIPEIIoKeHusI 2)):

Ao LU LU U =80 Jurous Ut =850 Juto Ju=

i=01,.. i=0,1,... i=01,.. i=0,1,... O
=A,u (JUu'u (Ju'= Yu'=U"
i=01,.. i=1,2,... i=01,..

[Tycts Teneps V — npousBoibHOE peuienue ypaBHenus (1). OueBuaHO, YTO TOrAa
BBITIOTHSIOTCSI BKJIFOUEHUS

ApcV,UoV V. 2
. k
Wnpykuueii mo K =01, 2,... mokaxem, uro Beinonnsercs Bkaodenne U V.
0
Basuc. U™ = A, ocraeTcs mpUMEHUTSH IIEpBOE BKIIOYEHHE U3 (2). O

NupyxtuBeeiil mar. [lycths uX <V, goMHOXHUM 00e dacTh BKItodeHHs Ha U
cieBa. B cmimy MOHOTOHHOCTH  NPOW3BENEHUS  BKIIOUYEHHE  COXPAaHUTCH:
UoU*=U*"cU oV cV (ucnonssoam Bropoe BKIIOUCHHE 13 (2)). O

Urak, U* <V s seex k=012,...,1e. U = LJUk cV.om

k=01,...
AHaJOTHYHO, KaK B TeOpeMe 4, MOXKHO TIOKa3aTh, YTO PeIEKCUBHO-TPAH3UTHBHOE

3ampikanne U ABJISIETCS. HAaUMEHbUIMM ([0  TEOPETHUKO-MHO)KECTBEHHOMY
BKIIIOUEHHUIO) pelIieHneM Oonee Tmpoctoro B cpaBHeHmH ¢ (1) ypaBHeHUS

X =A,UUoX.

Jlanee ycTaHOBUM CTPYKTYPY MHOXKECTBA BCEX pelleHui ypaBHeHus (1), A gero
MOHa 100U TCS JieMMa, 0000111ato11as BTOpoe BKIIIoUeHHE U3 (2).

Jlemma 1 (cBoiictBa pemienus ypasuenus (1)). Ecnu V — pemenune ypasuenue (1),
TO BBITIOJIHSETCS BKIFOUCHHUE

UkoV'cV (3)

msiBeex K=012,.. uV'cV.nm

JlokasareabCTBO mpoBeaeM unaykiuei mo K =0,1,2,...

Basuc mpoBoanTcs O4YeBHAHBIM 00pPa30M C HCHOIB30BAHMEM TOro, uro Ap—
eIMHUIIA TI0 TTPOU3BEACHUIO (T1. 4 TIpeIoKEHUS 2). O

WHIyKTUBHBIA IIar TPOBOJUTCS aHAJIOTHYHO JIOKA3aTEeNbCTBY TeOpeMbl 4
(MHIYKTUBHBIN IIAr JJIsl YCTAHOBIICHHS BKJIFOUCHHUS U¥<cV) ¢ ucnonssosannem
BTOPOTO BKJIFOUEHUS U3 (2). Ol
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Teopema 5 (cTpyKkTypa MHOXECTBa BcexX perneHui ypaBHeHms (1)). OTHOmEHUE
prta U~ U UU “ oV st moGoro oTHOmeHHs V SBISETCS PEIICHHEM YpaBHEHHs
k=0,1,...
(1). JIroboe perienne nMeeT yKa3aHHbIH BHI (IS TOAXOSIIET0 OTHOMECH!US V ). m
HokazatenscTBo. Ilyctb V — mpousBoiabHOe oOTHOIIeHME. [lokakeM, dTO
OTHOIIICHUE BHUJA, YKAa3aHHOTO B TeopeMe 5, sBisiercs pemicHueM ypaBHeHHsS (1).
Nmeem 11emouky paBeHCTB:

Apu|U"U [JU eV (LU U U (U oV |=
k=01,... k=0,1,...
=A, WU U JUurevu [Jutu [Juitev =
k=0.1,... k=0.1,... k=01,...
=AU U [JU evu (Ul u [Jukev =UTU UKoV,
k=0.1,... k=1,2,... k=1,2,... k=0.1,...
Bo BropoM mepexoze BOCHONB30BAINCH AUCTPUOYTHBHOCTBIO IPOU3BEIEHUS
OTHOCUTENFHO 00beAMHEHHH (I1. 2 IpEeIOKEHU 2). O
[Tycts Temeps V — mpousBosbHOe pernenne ypaBHenus (1). [Tokakem, 4To OHO
UMeeT BUJI, YKa3aHHBINA B JIOKA3bIBAEMOI TeopeMe; T.e. HaiieM oTHoIieHue V , Takoe,
gto V =U"U UU oV . Honoxum V =V \U"  u ycranoBum Ttpebyemoe
k=01,...

paBeHCTBO. MMeem 1emouky paBeHCTB (yurem, yro U HammeHbliee pelicHue

ypaBHEHHS (1) COTJIaCHO Teopeme 4):
U JUkeV\UT)=U" VU U JukeV U=V U [Jukef\u7)
k=0,1,... k=1,2,... k=1,2,...

TakuMm 00pa3oM, BBIMTOJIHAIOTCA ABa BKmMoueHus V 'V U UUKO(\/ \U )gV
k=1,2,...
(mocnenHee BKIIOYEHHE BBITEKAeT W3 BKItOueHUs (3) B jmemme 1), U3 KOTOPHIX U

BBITEKAeT TpebyeMoe npejcTaBieHue pemenns V . Om
OtmernM, 4TO BMECTO ypaBHeHHA (1) MOXKHO paccMaTpuBaThb ypaBHEHHE BHAA

X =ApUXUXoU. Ilpu srom ananoru teopem 4-5 nmeror Mecto. OT™MeTHM

TaKXe, YTO OTHOCHTEJILHO MPOCTasi CTPYKTypa MHOXKECTBA BCEX PEIICHUH YpaBHEHHS
(1) (reopema 5), BeposTHO, CBs3aHa C BO3PAaCTAaEMOCTBIO  OMEpPaATOpa,
COOTBETCTBYIOILIETO MPABOI YaCTH 3TOTO YPaBHEHHS.

7. OCHOBHBIE Pe3yJabTAThI H BHIBOABI

B 3aximoduenue kpaTko chopMyJIMpyeM OCHOBHBIEC PE3YJIbTaThl M BEIBOBI, KOTOPbIE
OHH TIO3BOJISIIOT crenaTh. B paboTe Ha OCHOBE CBOWCTB MHBEPCHM M HPOM3BEICHUS
OMHApHBIX OTHOIIEHWH (TpeuiokeHus 1, 2) yCTaHOBIEHBI CIEAYIOIIME CBOWCTBA
pedIeKCUBHO-TPaH3UTHBHOTO 3aMbIKaHNsl OWHAPHOTO OTHOIIICHHSL:

1) pediekCUBHO-TPaH3UTHBHOE 3aMbIKaHHe OTHOLICHUHS U SBISETCS YaCTHYHBIM

HOPSIIKOM TOTJa M TONBKO Torja, korma Vi, | =12,..U' m(U _1)J c A (teopema
1);
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2) omeparop IOCTPOSHHS MO OTHOIICHHIO €ro pedIeKCHBHO-TPAH3UTHBHOTO
3aMbIKaHHsl SIBJISICTCSI MOHOTOHHBIM, BO3PACTAIOMIUM (OTHOCHTEIBHO TEOPETHUKO-
MHO>KECTBEHHOT'O BKJIFOUCHHSI) U HICMIOTSHTHBIM (TIpeaiioxeHue 9);

3) pedeKCHBHO-TPaH3UTHBHOE 3aMBIKAHWE OTHOLICHHUS SIBISICTCS HAMMEHBIINM
(MO0 TEOPETHKO-MHO)KECTBEHHOMY BKJIIOYECHHIO) DPE(ICKCUBHBIM W TPaH3UTHBHBIM
OTHOIIICHNEM, COJEP KAIINM UCXOAHOE OTHOIIEHHE (TeopemMa 2);

4)  pedleKCUBHO-TPAH3UTHBHOE  3aMBIKaHME  OTHOLICHHS  MOPOXKIAETCs

JNAroHANBIO B YaCTHYHOM apaMeTpudeckoii anredpe map Buga A, (teopema 3);

5) pediaeKkCHBHO-TpaH3UTHBHOE 3aMmbikanne U~ sBisercs HamMeHbIIMM (IO
TEOPETUKO-MHOKECTBEHHOMY BKJIFOUCHUIO) PEHICHHEM MapaMeTPHUSCKOT0 YPaBHECHUS
X =A, UXUUo X (teopema 4);

6) Bce pelieHWs ypaBHEHHS W3 MPEAbIAYIIEr0 IYHKTa HMEIOT  BHI
U v UU K oV 15 moaxoasumx oTHOWEH!H V ; II060€ OTHOLICHHE TaKOTo BHAA

k=0.1,...
SIBIISIETCS PEIICHHEM YKa3aHHOTO ypaBHEHHA (Teopema 5).

W3 yka3aHHBIX Pe3yJIbTaTOB CIEAYIOT BBIBOJBIL:

1) pednekCHBHO-TPAaH3UTUBHOE 3aMbIKAaHHE OTHOIICHHUS SIBISCTCS YaCTHYHBIM
MOPSIIKOM TOTAa W TOJBKO TOTAA, KOrja Tpad STOro OTHOIICHUS SIBISETCS
AIMKITHICCKUM;

2) ormepaTop TMOCTPOCHHS IO OTHOWICHHIO €ro pedIeKCHBHO-TPAH3UTHBHOTO
3aMBIKaHUsl ~ SIBJISCTCSl  OTMEPAaTOpPOM  3aMBIKAHUSI  OTHOCHTEIBHO  TEOPETHUKO-
MHOECTBEHHOT'O BKITFOUCHHUSI (CIICICTBUE 5);

3) Hapsy C SIBHBIM 3a7aHueM pe(IeKCHBHO-TPAH3UTHBHOTO 3aMBIKAHHSI UMEIOTCSI
U TPHU HESBHBIX (JCHOTATHUBHBIX): BO-TIEPBBIX, KAK HAUMEHBIIETO PEIICKCUBHOTO U
TPAH3UTHBHOTO OTHOINCHHS, COACPIKAIIEIO MCXOJHOE OTHOIIeHHE (Teopema 2); BO-
BTOPBIX, KaK 3aMbIKaHWsl JHAarOHAM B MOCTPOEGHHOW anreOpe map (Teopema 3); B-
TPEeThUX, KaKk HaWMEHBIIET0 pelIeHus ypaBHeHHs (Teopema 4) (OTMETHM, HYTO
MOCKOJIbKY JIeBasi YaCTh XapaKTEPUCTHUYCCKOTO YPaBHEHUS pa3pelieHa OTHOCHTEILHO
MEPEMEHHOI0, TO, MO CYTH, pPE€Yb MAET O HAUMEHbBIIEH HENOJBUKHON TOYKE
omepaTopa,  COOTBETCTBYIOIIETO  MPaBOM  YaCcTH  3TOrO  YPaBHEHUS,

XA uXuUoX).
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VIIK 539.3

[ToOynoBa KOMOIHOBaHOTO YMCEIHHO-aHAIITUIHOTO METOLY
MIIBUIIEHOT TOYHOCTI JIJIs1 PO3PAXYHKY 3a7a4 000JIOHKOBUX
KOHCTPYKIIN

B. A. JI3t00a

Yepkacvruii HayionanoHutl ynigepcumem imeni b. Xuenvnuywvxoeo, Yxpaina

B pobori HaBeneHuil HOBUHM MiAXiA A0 PO3PAaxyHKY 3 MiJBUILEHOI TOYHICTIO
MEXaHIYHUX XapaKTEPUCTUK OOOJIOHOK 3MiHHOI TOBUIMHH. 3alpONOHOBAHHHA METOH
3BoANThCA 10 po3B’sizaHHA CJIAP i3 BHKOpPHCTaHHSM CIUIAifHIB Ta KOMOIHOBaHHX
iTepanifHux MeroniB. HaykoBa HOBHM3HA IOCIIDKEHHS IOJATAE y BUKOPUCTaHHI
CIUIalHIB y iTepamiiHii nporenypi. [1o0ynoBaHo YHceNbHO-aHATITHIHUH METOA, IO
Jla€ 3MOTY OTPHMATH pe3yJbTaTH OOYHCIECHb 3 MiIBHUIIEHOI TOYHICTIO. IIpoBeneHa
OLlIHKAa 3alPOIIOHOBAHOTO METOQY Ha TECTOBOMY NpHKJIANi, MOJETb TOYHOTO
pO3B’s3Ky AKoro Bimoma. 30DKHICTE 1OOyHOBaHOI iTepauifHOI HpouexypU
MPOLTIOCTPOBaHa rpadivHo.

Knrouosi cnosa: kpaiiosa 3a0aua, anpoxcumayis, CAAiH, imepayiina cxema, Memoo npo2oHKuU.

B pabore mpuBeseH HOBBII MOAXOA K pacueTy C MOBBIIICHHOW TOYHOCTBIO
MEXaHHYECKUX XapaKTEPHCTHUK O00O0JOYEK MEepEeMEHHOW TOMMHEL [IpeanmoxeHHbIi
Meton cBogutrca Kk pemeHuto  CJIAY ¢ ucnonb3oBaHHeM — CIUTAWHOB U
KOMOWHHPOBAHHBIX HTEPAllMOHHBIX MeTOHOB. HaydHas HOBHW3Ha HCCIIEIOBaHUS
3aKJII0YaeTCs B MCIOJIBb30BAaHMU CIUIAHHOB B uTepauluoHHOU mpoueaype. Ilocrpoen
YHUCICHHO-aHAIUTHYECKUH METOJA, KOTOPbIM IO3BOJSAET IONYyYUTh pe3yIbTaThl
BBIYKCJICHUH ¢ IOBBIIIEHHOH TOUHOCTHIO. [IpoBeeHa olleHKa IpeAsIoKEHHOI0 MeToja
Ha TECTOBOM IpHMepe, MOJETb TOYHOTO PEIIeHUs] KOTOporo m3BecTHa. I'padmueckn
HIPOMIITIOCTPUPOBAHA CXOAUMOCTh TOCTPOSCHHON HTEPAIIMOHHOM MPOIETYPHI.

Knroueevie cnosa: Kpaeesasi 3[10&4[1, annpoxkcumayusi, C}’l,’ZaﬁH, umepayuorHas cxema, Memoo

NPOCOHKU.

This article represents a new approach, with which mechanical characteristics of the
shells having variable thickness can be calculated with high accuracy. The proposed
method reduces the problem to solving SLAE using splines and combined iterative
methods. The iterative procedure uses splines, and this is the scientific novelty of the
research. Numerical and analytical method that was intentionally developed makes it
possible to obtain calculation results of high accuracy. The proposed method was
assessed with the test example, having the known model of exact solution. The
convergence of the constructed iterative procedure is illustrated graphically.

Key words: boundary problem, approximation, spline, iterative scheme, tridiagonal matrix
algorithm.

1. AkryansHicTh pocaigxenns. Orasg nyoaikauniii mo naniii Temi

[Ipn po3B’s3aHHI NPUKIAJHUX 33734 y PI3HOMAHITHHX Taly3sX TEXHIKH, MOXKHA
CTIOCTepiraTH, M0 BCE YaCTill JUIS MOTPed Cy4acHOi HAYKH MOCTAIOTh PO3pPaxyHKH
MOB’s13aHl 3 BEJIMKUM 00’eMoM iHGopmallii, sika noTpedye ompairoBanus [1].
3ocepelMMO CBOIO yBary Ha akTyaJbHOCTI PO3POOKH pPO3PaxXyHKOBHX CXeM Ta
00YHCITIOBATIBHOTO METOAY MMiJIBUIIEHOT TOYHOCTI JUIs TeOpii 000JIOHOK.

VY mporieci CTBOpPEHHS HOBITHIX KOHCTPYKIiH 0OOJOHKM 3a0€3Medyr0Th BUCOKY
MIIHICTh, JKOPCTKICTh, TEIUIOI3OJAIINHI XapakTepuCTUKHU. llutaHHS MOCITiIKEHHS
OOYHNCIIOBAIbHUX  METOJIB  Teopii O0OOJNIOHOK MOKHAa 3HalWTH y poborax
X. M.Mymrrapi, O. T. bekkepa, A.T. Bacunenka, SI.M. ['puropenka, [1.0. CrebnsiHka,

© [latoba B. A., 2016
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Jx. Kemmuepa, A. B. bemseBa, H. f. IlumOenpmana. Pazom 3 muM BHHHKAIOTH
MaTeMaTH4yHi Ta OOYMCIIOBAIBHI TPYIHOII MPH BUKOHAHHI T'PaHUYHUX YMOB 3
JIOCTaTHHOKO TOYHICTIO.

IIporpecuBHI HOCHIHKEHHS HAYKOBIIIB B HANPsMi MOOYA0BU €(PEeKTUBHUX METOIIB
00YNCICHHS MEXaHIYHUX XapaKTePUCTUK IUIACTHH Ta OOOJOHOK TICHO TIOB’s3aHi 3
posButkoM cydacHux EOM [2, 3]. IIpu miaxoxi 1o BUOGopy METOAy po3B’sA3aHHS 3a1a4
Teopii 000JI0HOK, MOXKJIMBIMH BapiaHTaMHU € aHAIITHYHI Ta YiceabHI MeToau. KoxeH
3 SIKUX, B KOHKPETHINA 3ajadi, Ma€ CBOI IepeBaru Ta HEIOJIKH, M0 OOMEXye HOTO
3aCTOCYBaHHS. BUKOpPHCTaHHS YHCETBbHUX METOJIB HE 3aBXKIH CPCKTUBHE, TOMY IO
iX po3B’si3aHHS 3BOAWTHCS JIO PO3B’S3aHHS CHCTEM JIHIHHUX pPIiBHAHB BEJIUKOTO
nopsaaky. ToMmy BuHUKaE HEOOXiTHICTH IO PO3POOKH YHCETHHO-aHATITHIHNX METOIB
JUTS PO3B’SI3aHHS 33134 000JIOHKOBUX KOHCTPYKIIii [5].

2. Meta cTarTi

Po3pobuty KoMOIHOBaHHMII METOJ Ha OCHOBI KiHIIEBO-PI3HHUIICBUX alpOKCHMAIIii
MOXIIHUX 13 3alydyeHHSM CIUIalHIB U1 TPOBEACHHS  PO3PAaxyHKY ITiIBUIIEHO]
TOYHOCTI 33J1a4 000JIOHKOBHX KOHCTPYKII 3MiHHOT TOBIIMHU.

3. BukJ1a/1 0CHOBHOI'0 MaTepiay J0C/IiIKeHHs
[MpomoHy€eThCS OOCHIAMTH HACTYMHY CHUCTeMY AuQepeHLialbHUX pIiBHSIHDb Y
3araTbHOMY BUTIISIL

u'=fU,V)
. )
V'=1,U,\V)
13 3aJaHUMH KPaliOBUMH YMOBaMHU
U (0)=U.
(0) (1%
V(L)=VW.

Bimomo, mo cumcremy (1) ™MoxHa 3ammcaTé y PpI3HHIIEBOMY BHIJILIAL 3
BUKOPUCTAHHIM KJIACHYHHX (POpPMyYJ IBOTOYKOBOI ampoOKCHMAIii MOXigHOI. Y IboMYy
BUITAQJKY iTepaliifHy cXeMy MOKHa BHUKOHATH 3a HACTYITHHMH PO3PaxXyHKOBUMHU
dhopmynamu
— k _ k-1 k-1
=0 U =hf; +U,
=X, US =2nhfX* +U <t
_ K _ opf k-1 k-1
=X, U; =2hf,” +U,
....................................... (2)

X=Xy_2 Ulr\(171:2hfllr<\1:12+urlil_}3
Uk =2hf% +USS
X:XN =L UN :h(le—l_'_% lej-i'—UNz ;_UNl

3 MeTOH MOKpAIIeHHs PO3PaxyHKiB 3BEpHEMOCS JI0 CIulaiH-anpokcumarii [4].
Bigomi popmymnu npu pikcoBaHUX 3HAYEHHIX KOE(IIiEHTIB
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n, =8 k, =1 k =11 k, =18; k,=9; k, =2; k, =3; k, =6
kU, +kU, kU, + kU] = i

1
a[—kpo —kU, +kU, —kOUS] =f,;
1

ﬁ —ky (U4 _Uo)"'no (U3 _Ul):|: 127

.................................................... 3)

1
ﬁ[_ko (UN _UN—4)+n0 (UN—l_UN—?»):': fin-z
1
6h
1
E[_k4UN—3 kU, — KUy kU = iy

[kOUN—3 - k6UN—2 + kSUN—l + k4U N ] = le—l;

Kopucryrounces Brupazamu (3) BUBEAEMO PO3pPaxyHKOBI (OPMYIH IJs OpraHizamii
iTepaliifHoi mpoueaypy B METOAI MPOTOHKH. AHamizytoun (opmynu (3), 6aurmo, mo
JUISL KIHIEBOI TOUKH X =X, =L icHye nBa cmocoOu oGuncnenns U , i3 BpaxyBaHHs

IUX MIPKyBaHb CKIIaJIeMO JiHIHY KOMOIHAIII0 OCTaHHIX ABOX (GOpMyII, mpuAMaIOUH
a+ [ =1, maTumMemMo

kU +kU, , kU, +kU, ,=06hf, , (xa
kUy —kUy, +kUy , —kUy ; =6hf} (XIB)
[ozk4 + (1—05)k1]UN +[0{k5 —(1—05)k2]UN_1 +[—ock6 + (1—a)k3]UN_2 +

(4)
+[aky — (- a)k, Uy, =6h[afy  +1-a)fy]

BBezieMo No3Ha4YeHHs, Ta 3HAIIEMO MOXUIIUBI IPOMDKKH 3HAYCHb UL &/
A =ak, +(1-a)k =2a+1-a)l1=11-9a, A €[11;2]
A, =ak; —(1-a)k, =3a - (1-a)18=-18+21a, A, €[-18;3]
A, =—aks + (- a)k; =—6a + (1-a)9=9-15¢, A, €[9;—6]
A =ak,—(1-a)k, =a—-(1-a)2=-2+3a,A, e[-21]

3HaiiieMo [JONMYCTUMMH Jiala3oH 3HA4€Hb « Ui CTIMKOro pO3paxyHKY B
iTepauiiHii cxemi 3enaens

a) |Al|>|Az|:11—905218—2105,120527,052%

6) |A|>|A|=11-9a > -9+15¢,20 > 24a,a sg
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m|Aﬁ4AJ:ﬂi—9a2—2+3a1321&na£%§

BukoHaBmm 00paxyHKH, IPUXOJAAMO IO BUCHOBKY, IO JJISI IPOBEICHHS CTIHKOTO
pO3paxyHKy B iTepariifHii cxeMi 3eWjeNs JOMYyCTUMHUM J[iala30HOM JUJIS BEJIUYMHU
a e npomixok 0,58(3) <« <0,83(3).

3HaiieMo ONTUMAIIbHE 3HAYCHHS TUTS a, KOJIH

|A|=|A| =18-21a =-9+15¢,27 =36a,a = ;g —i 0,75, oTxke oNTUMAIBLHUM

3HadeHHsIM € ¢ =0,75. Takum 9uHOM, TIPH MiICTAHOBIII 3HAWIEHOTO 3HAYEHHSI Y

Bupa3 (4), orpumaemo KinueBy popmyiy amast U

1

79w (®)
bepyun mo yBarm ¢opmymu (3), (5) 3anmumemo po3paxyHKOBI (oOpMymu s

IPSMOTO X0y METOAY MpOoroHKu i cuctemu (1), (1*)

6 9
UN :ﬁh[3le—1+ le]"'E[ N 1+UN 2]

U, =U.
u; ki(shfkl+ku +h U kU
2
Ut ki(ehfkuku +kU“+kU“)
6
us ki(shf“+ku“+ku“+ku“)
6
UA 6Mk1+kUkl+kUkl+kUk1|_23 (6)
k6
12h

k
U|+1

A kal+k—°(u,kl u“)u_23 N-2
b i-1 no i+2

Uy = h(31 1) e (U U - Ul

BuBenemo ¢opmynu ais 3BOPOTHOTO XOAYy METOY IPOTOHKH Uil I[BOTO
ckopuctaemocst gopmynamu (3). TlpoBoasun aHANOTIYHI JO MPSIMOTO XOIY
MipKYBaHHs, CTa€ 3p03yMijo, 0 004nucauTH V, MO’kKHA JBOMA CIOCO0aMH, y 3B S3KY

3 UM CKJaJIeMO JiHiIiHYy KOMOIiHaIil0 TepIuX IBOX piBHAHB (3) 3a YMOBH, IO
a+p=1
—k\V, + KV, =KV, +K,V, =6hf,, (xa)
—k,V, —kV, +kV, —k,V =6hf,, (xﬂ)
~V,[ak +k,A-a)]+V, [ak, —ksQ-a)]+V, [-ak, + k1 —a)]+

(7)
+V;[ak, —k,(1—a)]=6h[a f, + f,(1-a)]
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OnTrMaasHAM 3HAYCHHSM IS CTIHKOTO pO3paxyHKY B iTepalliiiHiil cxemi 3eimens
1 . .
Oyze « :Z. [ligcraBuBIIM 3HAa4YeHHS ¢ Y BHUpa3 (7) MaTUMEMO KiHIEBY (popmyiy

1711 obumcnenHs V,

6 9 1
Voz_ﬁh[fzo+3f21]+ﬁ(vl +V2)_EV3' ®)

Ha ocnoBi ¢opmyn (3), (8) 3anmmiemo QopMyiIH 3BOPOTHOTO XOIy METOAY
NpOroHKH A cuctemu (1) 3 kpaiioBumu ymoBamu (1%*)

A —% h[ ft+3 fzﬁ‘l} + %(Vl"‘1 AARE !

_V k-1
17

3

V.k_lzi(—12hf2kj’1 ko (Vi3 =V ) +V T ) j=2

] j+2 j+l
nO

Vi =L (ehf VS kS V) =N 2N =382 (9)
K

j j+1 j+2
6

Ve ki(—ehfz‘;‘j PRV RV 1k )
6
Vi = (6 -V Vi kY )
N T o 4VN-3 T K3V 2 N
2

V, =V.

Y craTti 3anpoNOHOBaHMN HOBHI BapiaHT YHCENBLHO-aHATITUYHOTO METOAY
JTOCITIDKEHHST MOJIENeN JUId 3a/1a4 00OJIOHKOBUX KOHCTPYKIIN. 3apoIioHOBaHa TEOPis
po3paxyHKy OyIyeTbcs Ha OCHOBI JETalbHOTO aHaji3y IIOCTaBIEHOI 3ajadi, i3
BpaxyBaHHSIM KpalOBHUX YMOB, BJIACTHBOCTEH CHUCTEMH, IO 3HAXOAMTHCS MiX i€l0
HABaHTAKEHHS, Ta 3[aTHICTIO CUCTEMH 30epiraTy MOYaTKOBI JaHi.

[lepeBara qaHOrO METOMY IOJSATAE B TOMY, IO MU OTPUMYEMO SIBHI pO3PaXyHKOBI
(dhopMyJu, TaK K CHCTEMa MOXe OyTH I'POMI3JIKOIO B 3aJIS)KHOCTI BiJl KUTBKOCTI KPOKIB
Mo X, TO BIJUIYKaHHS 11 PO3B’sI3Ky J00pe BIIOMHMH METOJAaMH MOXKE BUKIUKATH
TPYJHOIIIi, OCKIJIbKH HE BJACThCS 3HAUTH 00CPHEHY MATPHIIIO.

4. Pe3yabTaTH Ta iX 00roBOpeHHs

Jnst  OCHIDKEHHST OI[IHKK  3alpOIOHOBAHOTO HAMH METOAY IPOBEICHHS
PO3paxyHKiB, BHKOPHCTAEMO TECTOBY 3aJady, MOJIEb TOYHOTO PO3B’SI3KY SIKOTO €
BIIOMOIO.

X
y'(X)=—— () (x)——m,03xsl (10)
y(0)=1z() =1

Sxmo npumyctuty, mwo Y(X, a), Z(X, ) — po3B’s3ku 3aga4i Komri, To

V(X&) = ——:7'(x, &) = ————,y(0,a) =1, 2(0, ) = ax.
(X, ) y(X, @)

X x?

Tounui po3B’s30k MaTuMe BUrIsL Y(X, ) =e2%, 7(X, o) = 2ae 2,
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Ha marmonky HaBesieH1 uncenbHI pe3yapTaTh it cucteMu (10) Ta iX MopiBHSIHHSA 3
TOYHUM PO3B’SI3KOM

905 01 @35 02 O3 03 0 04 0& 05 055 D6 065 07 ©) 04 085 09 0%

1

105

115

— Toumui poas'azox ana U ia xporom h=006

— — KomtiHosanwit meron ana U npu h=0.05 irepawin N'20
~~~~~~~ KomBisosammit meTon ann U npu h=0,05 irepauin N*50
----- Komsinosanmi meton ana U npu h=0.05 itepauin N'100

Puc. 1. Ilopisuanus ompumanux po3e’saskie ons U

005 01 015 32 0 03 03 04 045 05 055 06 965 07 9% @2 085 09 0%

19

115

Toumi poan'aaox ann Via xpoxom h=0.05

— — KomGiHoBanw MeToa ana V npu h=0.05 irepauja N'20
------- Kom6inosarmit meTon anm V npi h=0.05 itepauin N'S0
= KomSiHoBaHA MeTOR AN V npu h=0.05 irepaws N 100

Puc.2. [lopisusnus ompumarnux po3e’szxie onsiV

R
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IIpoBenenHi MomenbHI JOCTIHKEHHS TIOKa3aiM, 10 OpTraHi30BaHA HAMH iTepariiiHa
MPOIeAypa 3 BUKOPUCTAHHSIM CIUIAHHIB € YCIINTHOW Y BUKOPUCTaHHI Ta 30iraeThcs 3
JIOIYCTHMOI0 MaKCUMAJILHO BiJIHOCHOIO TTOXHOKOIO.

MareMaTiuyHe MOJCNIOBaHHS 3a7ad OOOJIOHKOBHUX KOHCTPYKIIIH Ta BJalo
migibpanuii  OOYHMCITIOBAIBPHUIA METOJA 3 WOTO YCIIITHOK pPeaji3alli€lo BiKpHBAE
MOKJIMBICTh TIPOBEICHHS YUCEIbHUX CKCIICPUMEHTIB JIJIsl PO3POOKH HOBUX TEXHIYHUX
piTIeHb.

5. HaykoBa HOBH3Ha

Y crarTi TOKa3aHO BHWKOPUCTAHHS KOMOIHOBAaHOTO MiAXoay J0 TMOOYIOBU
O0YHMCITIOBAHOTO METOJy, METOJ TMOOYIOBaHWH ITEpamiifHO Ha OCHOBI CIUTAiH-
GyHKUIN, 10 Ja€ 3MOTY MPOBOAWTH OOYMCIEHHS 3 MiJBUIICHOIO TOYHICTIO, TAKOTO
poly Tiaxig, a camMe BUKOPHCTaHHS CIUIAHIB Yy ITepalliiiHiii mpouemypi
3aCTOCOBYETHCS BIIEPIIIC.

6. BucHoBKH

Hagenennit HoBui minxin 1o moOymoBH 0OYHCIIOBAHOTO METOY /IS 3a/1ad Teopil
000JIOHOK, IO Ja€ 3MOTY MPOBOIUTH PO3PAaXyHKH IMiABUIIEHOT TOYHOCTI 32 paXyHOK
BUKOPHCTaHHS CIUIAiiHIB Ta KOMOIHOBaHMX iTepanifinux wmetoxiB. [loka3aHa
peaitizailisi 3alpOTIOHOBAHOIO METOJy Ha TECTOBOMY IMPHKIAJi, 3 BIJIOMHUM TOYHUM
PO3B’SI3KOM, HaBelleHI Bi3yallbHI TpadiKd OTpPUMaHUX PO3B’SI3KiB, TOBEACHO, IO
MeToA 30iracTbcsi Ta € eeKTHBHUM y BHKOPHCTaHHI. BUHWKae TeopeTHYHHI Ta
NPakTUYHUI 1HTEpec N0 TOAaibIIOro JOCTI/KEHHS 3alpoNOHOBAHOTO Y CTaTTi
YHCENbHO-aHATITUYHOTO METOAY, IO, B CBOIO Yepry, PO3IIUPHUTH CIEKTP HOro
3aCTOCYBaHHS y Till UM 1HIIIN TaTy3i MPOMHUCIOBOCTI.
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Bnusaue namsTi Ha 3BOTIOLUIO TOMYJISIAN

B. M. Kyxnun, A. B. Ilpuiimak, B. B. SIHoBckuii
XapvkoscKuil HAYUOHATLHBIU YHUSEPCUMEM
umenu B. H. Kapasuna, nn. Ceo600wi, 4, 61000, Xapvros, Yxpauna
Hucmumym monoxkpucmannos, Hayuonanvras
Axademus Hayx Ykpaunsl, np. Hayku, 60, 61001 Xapvros, Yxkpauna

B pamkax o0O0OOIICHHOW «IWJIEMMBI 3aKITIOYCHHBIX» PAaCCMOTPEHA OBOJIOIHUS
MOIMYJSIIIAKA  C TIOJNHBIM HAOOpOM CTpaTerdil TOBEACHHS, OTPAHUYCHHBIX TOJBKO
nryouHO# mamsatu. Kaxmoe mocieayromniee MOKOJICHHE TOMYIISIUH OCIeI0BATEIBHO
yTpauuBaeT HanOojee HEBBITOAHbIE CTPATETHH MOBEICHHS MPEIBIAYILET0 MOKOJICHHUS.
Ilokazano, 4YTO yBenWMUEHHE NAMATH B MOMYJSIMH 3BOJIOMUOHHO BBITOAHO.
IloOenutenn SBOMIOLUMOHHOTO OTOOpa HEU3MEHHO OTHOCATCA K areHraM C
MaKCHUMaJIbHOM MaMsAThI0. BBOAMTCS MOHsATHE CIOKHOCTU cTpareruu. Ilokasano, uro
CTpaTerud, MOOEKMAIONINE B ECTECTBEHHOM OTOOpE, UMEIOT MAaKCHMAIBHYIO WITH
OJTU3KYI0 K MAKCHMYMY CIIOKHOCTD.

Kntouegvie cnoga: ounemma 3aKmioyeHHO20, 360TI0YUS, NONYAAYUS, CIMPAMeSuld, CIOACHOCTID,
Koonepayusi.

B pamkax y3araqpHEeHOi «IWMJIEMH YB'S3HEHHX» PO3TIITHYTAa EBOJIOLIS MOMYIALii 3
MOBHUM HA0OpOM CTpaTeriii MOBEOiHKH, OOMEKEHHX TUIbKH TJIMOWHOK IaM'sTi.
KoxHe HacTymHe MOKONIHHS MOMYJAMii MOCHIZOBHO BTpadae HaWOUIbII HEBUTiOHI
CTpaTerii MOBEIHKU MONEPEAHBOT0 TOKOMiHHA. [loka3aHo, Mo 30UIbIICHHS MaM'saTi B
MOMYJISINii  €BOJIOMIWHO BUTiAHO. [lepeMOXIli EBOJIOMIHHOTO BigOOpy HE3MiHHO
BUSIBIIIIOTBECSI ar€HTAaMH 3 MAaKCUMAJIBLHOKO HaM'ITTIO. BBO,I[I/ITLCH TIOHATTSA CKJ'Ia,Z[HOCTi
crparerii. [TokazaHo, mo crpaTerii, ki epemMararoTe B IPHPOAHOMY BinOOpi, MArOTh
MaKCHMaJIbHy a00 OJM3BKY 10 MAKCUMYMY CKIIaIHICTb.

Knrouoei cnosa: ounema yg'sasnenux, egonioyis, NOnyiayis, cmpamezis, CK1aoHiCmb, KOOnepayisl.
The evolution of the population that possesses the full range of behavioral strategies
and is limited only by the depth of memory has been considered within the framework
of the generalized "Prisoners' Dilemma". Each successive generation in this population
consistently loses the most disadvantageous behavior strategies pertained to the
previous generation. Increase of memory depth is shown to be evolutionarily
advantageous for the population. The winners in evolutionary selection always have
the maximum memory. The concept of the strategy complexity has been introduced. It
is shown that the strategies, which win in natural selection, have the maximum or
almost maximum complexity.

Key words: prisoner's dilemma, evolution, population, strategy, complexity, cooperation.

1. BBenenne

[ToHuMaHue NPHUPOJHI BO3HUKHOBEHHUSI KOOMEPATHBHOTO TMOBEJCHHUS B Pa3HBIX
CHUCTEMaxX HHTEpecyeT HCCIefioBaTelied yke Ha MPOTSDKEHHH HECKOJIbKHX
JecaTuiaeTHid. DBomoinoHHas Teopus urp [1]-[3] obecrieunBaer rubkue OCHOBaHUS U
3 PeKTHBHBICE METOBI JJIsl M3YYCHUS TOSABICHUS COTpymHHuYecTBa. Cpeaud MHOTHX
UTPOBBIX MOJIENIEH, KOTOpBIE HCHONB3YIOTCS s OOBSCHEHHS KOOIEpPaTHBHOI'O
MOBEJICHUS, 0CO00E MECTO 3aHWMAIOT UTPHI, KOTOPbIE MOXHO paccMaTpUBaTh Kak
000011eHre qUIeMMBbI 3aKiTroueHHBIX [4], [5]. BoiOop MaTpuilsl BRITUIAT (BHIMTPHIIICH)
B OTOM CJIy4ae OIpeJeNIAeTCs MPOCThIM MPAKTUYCCKUM coobpaxkeHnueM. Kooneparus
BcerJa TpeOyeT MOMONHUTENBHBIX 3aTpaT PECypcoB 1O CPaBHEHUIO C OTKAa30M OT

© Kyknuu B. M., Mpuitmak A. B., AHosckuit B. B., 2016
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koomepanuy. CKIOHHOCTh K SKOHOMHHH DPECYpCOB WM YCHIIMH TPOSBISAETCA B
Mmarpuue Bbimar. [lomaraercs, 4To OpU KaXIOM OTIAEIBHOM B3aUMOACHUCTBHU
WHIWBUAYaJIbHBIA BBIMTPHII HPU OTKa3e OT KOONEpally MPEBBINIAET BBIUTPHILI MPH
corjacuu Ha Koomeparnuio. Ha KaxmoM sTare mporiecca 3BOONHK (MM TOKOJICHUH)
MOMYJIANKS OTKAa3bIBA€TCS OT TPUMEHEHHs HanMeHee YCIEIIHBIX CTpaTeruil
NPEABIAYILETO TOKOJICHUS.

OTH Wrpel CAOyXaT B KauyecTBE IMapaaurMbl, KOTOpas MpHBela K OTKPBHITHIO
MeXaHN3Ma KOOTIEPATUBHOTO TMOBENEHUS, KaK B TEOPUH, TaK M IKCIEPUMEHTAIBHBIX
HaOmonenusx. Hauunas ¢ pabotel HoBak u Meit [7], 3BOMIOIMOHHBIC MIPBI OBLIH
HIMPOKO M3YYEHBI B CTPYKTYPHPOBAaHHBIX MOMYJISIHUAX, B TOM YUCIE Ha PETYJISPHBIX
pemrerkax [8]-[13] u crmoxubix cersix [14]-[23]. Mcmosb3yst Takoi MOAXO0J, MOKHO
BBISICHUTH MOSBJICHHE MHOXKECTBAa Pa3HOOOPAa3HBIX CBOWCTB Y 3BOJIIOLMOHUPYIOIIUX
nomynsauuid. Ilog SBOMIOLMOHHBIME  TOMYJSIIMSAMH, cienys JapBuny, Oyaem
MMOHUMAaTh MHOXECTBO OOBEKTOB, KOTOPBIE MOAYUHSIOTCS CIEAYIOUINM MPUHIIATIAM.
D710 1) MPUHINATT HACTEACTBEHHOCTH, 2) TPHUHIIUIT U3MEHUYUBOCTH U 3) €CTECTBEHHOTO
otbopa.

B »s10#i paboTe MBI mMpoaHaNM3UpPyEeM BIHMSHHUE IMaMATH Ha TPOIECC SBOIIOLUU.
Ecnmu nefictBue oOBekTa 3aBUCHT HE TOJNBKO OT HAONIONAEeMOW CHUTYaIlHd, a U OT
MPEIICCTBYIOMIMX COOBITHI, TO OyJeM CUMTaTh, YTO OOBEKT O0JIafaeT maMsThio. B
9TOM CMBICJIE OOJNBIIMHCTBO OHOJOTHYECKUX OOBEKTOB OONANalOT TaMATHIO.
OCHOBHOH BOIPOC, KOTOPBI MBI OyaeM oOCykmaTe B paboTe, STO HACKOJIBKO
BBITOJJHO JJISl TIOMYJISIIUK YBEJIWYHMBATh MaMATh B IPOLIECCE DBOJIONMHU U K KaKUM
CIIEZICTBUSIM 3TO MPUBOIUT. EcTecTBeHHO, TiyOHHA MaMaTH OOBEKTOB IMOMYJSIAA H
OTIpEZIeTISIET YMCIIO BCEX BO3MOXKHBIX CTPATETrHid, JOCTYIHBIX MOIMYISAINU. BakHBIM
AIIEMEHTOM PalOTHI SBIAETCS KOHKYPEHIIHS B UCXOJHON TOITYIISAIINN BCEX BO3ZMOKHBIX
CTpaTeTUi C OTPAHUYEHHOM CBEPXY MAMSTBIO.

Bropoii Bompoc, KOTOpBIH 3arparuBacTcs B paboTe, CBA3aH C OOCYXKIECHUEM
CBOMCTB KOHKYPUPYIOIIUX CTpaTeTHii, MPUBOJIMINX K M3MEHEHUIO HOMUHHUPYIOIIAX
CTpaTeruii TOMyJSAUM B TpOIEcCe OIBOJIONUH. B KadecTBe XapaKTepUCTHKHU
CTpaTeruii BBOAUTCA M HCIOJB3YETCS MX CIIOKHOCTb. OCHOBHOI BOIIPOC CBOJUTCS:
SIBIISIETCSI JIM CJIOKHOCTh CTPATETMH 3BOJIIOLMOHHO BbITONHON? Ha MHTyUTHBHOM
YpOBHE OTBETHl Ha O3TH BOMPOCH KaXyTcs odeBHAHBIMU. [Ipu MonmenmpoBaHHUU
B3aUMOJICHCTBUS CTPaTETMil MCIONB30BAIOCH OJIHOYACTHYHOE NPHUOIMKEHHE, MPU
KOTOPOM BCE areHTHI IMOMYJIANNHN, UCIOBENYIOIINE OJHY M3 BO3MOXKHBIX CTpaTeTHH,
o0OBeIMHANNCh B EAWHBIA KiacTep. B3aumoJelicTBHe OCYIIECTBISIOCH MEXIY
KJIacTepaMd WM CTpaTerusiMH. J(pyrumu clioBaMH, B3aUMOJIEHCTBYIOT HMMEHHO
ctparterun. [Ipu 5TOM Kaxkas cTpaTerus B3auMOJICHCTBYET ¢ Ka) IO, BKIIIO4ast ceOsl.
Paccmorpero 3 Tuna momymsaiwmid. Ilomymsaiuun 6e3 mamstu (0), momynsiun ¢
riyounoit namsta 0 u 1, a Taxke 0; 1 u 2.

B xaxnom ciyyae B HavaJbHOW MOMYJISIMM TPUCYTCTBYIOT BCE CTPATErHMH C
MaMsAThIO, HE TPEBBIMIAINIEH yKa3aHHYl0. Tak, HampuMep, Mpu TIyOWHE HamsTH 2
MPUCYTCTBYIOT Bce crpaternu ¢ mamatbio 2, 1 m 0. B pesynmprare 4mCIeHHOTO
MOJIEJIMPOBAHMS TIOKA3aHO, YTO YBEJIMYEHHE MaMATH B TOMYJSALUU 3BOJIOIUOHHO
BEITO/IHO. [loGenuTenn 3BONIOIMOHHOTO OTOOpPa HEM3MEHHO OTHOCSITCS K areHTam C
MakCUMalbHON mamsaThio. CTparerud, MOOEKIAONME B ECTECTBEHHOM OTOOpE,
UMEIOT MaKCUMalIbHYI0 WM OJIM3KYI0O K MaKCUMyMy CJIOXHOCTh. [lomyTHO
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00HApY)XEHO, YTO B TaKHX IOMYJIANHUIX TMOOSAUBINHE CTPATETHH OTHOCHIHCH K
«1OOPOTIOPSIOYHBIMY» CTPATETUSAM, CKJIOHHBIM K KOOMEpAaIlMH, TO €CTh Takue, B
KOTOPBIX aKThl KOOMNEpallMd MPEBATMPYIOT HaJ OTKa3aMu COTpyaHHYaTh. B
OTIPENIEJICHHOM CMBICIIE MOJYKHO CKa3aTh, YTO KOOIIEPAaTHBHOE TOBEICHHE B TaKUX
CIIy4asxX yCTaHaBIMBAECTCS CAMOIPOW3BONBHO. MOXHO OXHIATh, YTO B 3TOM H
COCTOUT YHHUBEpCaJbHas TEHICHUHUA. B momynamusx ¢ KOHEUHOH OrpaHHYEeHHOMN
CBEpXy MaMATHI0O KOHKYPEHIINS BCEX BO3MOKHBIX CTPATETHil B HAYAIBHOMN MOITYJISIIUN
MPUBOJNT K JOMHHHPOBAHHUIO B XOJE DBOJIOIHH «TOOPOIIOPSIOYHBIX» CTpPaTETHil.
JlanbHeliee yBeqUYCHUE TIIyOMHBI MaMsTH TPUBOJAMT K HOBOW mpobieme, Korma
YUCJIO AareHTOB MOMYJISIIIUM OKAXKETCS MEHbBIIE YHCIIa BO3MOXHBIX CTpaTeruil.
ITocnencTust 3TOr0 Takke 00CYKIAIOTCS B 3aKITIOYCHUHN 3TOH paboTHI.

2. OnucaHue cTpaTeruii ¢ NaMATHIO

PaccmoTpum Bee cTpaTerun, KOTOpbIe UCIIONB3YIOT IaMATh. BBenem npoctpaHcTBO
Takux crpareruii. CTpaTerus 3TO IMpPaBUJIO, IO KOTOPOMY OINpEnNeNseTcsl XOH IO
M3BECTHBIM 3HAYCHHUSIM XOJOB MPOTHBHHWKA. [ MX KiaccupuKalMy HCIONb3yeM
rryOuny namstu. llog rnyOuHON mamstu OyaeM MOHMMATh YHUCIO MPEIbLAYIINX
XOI0B, KOTOpbIE HCIIOJIB3YyeT CTpaTerusi JUis BBINOJHEHUS xoxa. Haunem c¢
MPOCTEHIINX CTpaTeruif, KOTOpble HE UCIONb3YIOT NaMATh. JTO 03HAYAET, YTO TaKUe
CTpaTeTHH OCYLICCTBISIIOT XOJl, OCHOBBIBASICH TOJBKO Ha HaONI0JacMOM XOje
MpOTHBHKKA. B 9TOM citydae Bo3MokHbIi HaOmomaemblid xox 310 0 mwmm 1 (0=
otka3, 1= koonepanus). COOTBETCTBEHHO, ISl OMUCAHKS OTJAEIBHOM CTpAaTernd HaM
HYXXHO OIMCaTh ONpEAEICHHOE MPaBHJIO OTBETa Ha 3TH Xoxa. Haunem co cmocoba
3aIMCH HEKOTOpOii cTpaterun npu riuyoune mamsta 0. SIcHO, 9TO Takyro CTpaTeruo
MOJKHO 33/1aTh CIIEAYIOIIeH TabIuIei

Bo3moxusblit xox npotuBHuka | 0 1
OTBer cTpareruu 0 0

Jlerko MOHATH, YTO €CJIM IOTOBOPUTHCS O MOPSIIKE 3aIMCH BO3MOXKHBIX 3HAUCHUM
XOJIOB NMPOTHUBHMKA, HANPUMEp, B JIEKCUKOrpadUuecKoM mnopsake (Kak B Talbnuie B
BEpXHEH CTPOKE), TO Ul OMUCAHMS MPaBUJ JAEWCTBUS CTPATErMM JIOCTATOYHO 3HAThH
HIDKHIOIO CTPOKY HJIM IIOCJIE/IOBATENIbHOCTh HYJIeH M eAnHuL. B mpuBeaeHHOM BbIle
npumepe 31o nocnenoBaTeabHOCTh «00». Tak Kak KaXmoi CTpaTeruu COOTBETCTBYET
ornpeziesieHHast MOCJIE0BATENbHOCTD, TO €€ MOKHO MCITOJIb30BaTh U B KA4€CTBE NMEHH
COOTBETCTBYIOIIEN cTpaTeruu. B aToMm cityyae uMs U OnpeaenseT NpaBuiio JAeiCTBUA
cTpateruu. Takum oOpa3oM, CTpaTeru ¢ HyJIE€BOW IMTyOMHOM MaMsTH ONpenesstoTcs
0,1-nocnenoBaTenbHOCTSIMA M3 JBYX 3JIEMEHTOB. Torja MMsi KaKAOH CTpaTernu c
HYJIEBOH ITyOMHOM MaMsTH ONPeeNsieTCs JBOMYHBIM YUCIOM C IBYMsI 3HAKAMH.

SlcHo, UTO MMEHa BCeX CTpaTeruil mpu OTCYTCTBUM HamsTH 3T0 yucia ot 00 go 11,
OTKyJa oueBHMIHO, 4yrto Takux crpateruid 4 (00, 01, 10, 11). B kadectBe mpumepa
MpHUBEJIeM cTpaTeruio ¢ uMeHeM 10, KoTopas IEHCTBYET 10 CIEAYIOUINM MpaBuiIaM

Bo3mox#sblit xox npotuBHuka | 0 1

U Y
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| OtBer crparerun (1 |0 |

Cpenu ctpartermii ¢ HyJlIeBOW TTTyOMHOW MaMSTH IBE TPUBHANbHBIE. JTO KpalHe
arpeccuBHast crparerust 00 u Oe3gymHO cornamatenbckas 11. OcrtaeTcs TOJIBKO
00CyIuTh BHIOOp MEPBOTO XOZa, KOTOPBIA OCYIIECTBISIETCS HE MO YKa3aHHBIM BBIIIE
npaBwiaM. Ero BeIOOp MPOMCXOIHUT U3 IBYX BapHaHTOB. [IepBblit X0 MOXeT ObITh 1
w0 . ITosroMy ym00HO BKIIFOYNTH HEPBbIM X0/ B OMKMCAHKWE CTpareruu. J{jist 3Toro
yKakeM ero B CKoOkax mepen mMmeHeM crtparermn. Hampumep, wms [1]10 u [0]10
O3HayaeT, 4yro NepBbIi Xxox coorBercTBeHHo 1 m 0, u maneHeilmme nelcTBHs
OCYHIECTBISIIOTCSL  coriacHO crparernn 10. YmoOHO paccMaTpuBaTh KakKIyro
CTpaTeTHIO C YKazaHHEM IepBOr0 XoJa Kak OTAETbHYIO cTpaTeruto. Torma mpu
OTCYTCTBHUU NIAMSATH YHCIIO BCEX CTPATETHI paBHO 8.

PaccMoTpuMm Temepp Bce CTpaTernd ¢ MaMAThIO 00 OJHOM TPEABIAYIIEM XOIe.
Takue crpareruu JJisi ONpeCIICHUs X0/1a JODKHBI YUYUTHIBATh JIBA X0J1a MPOTUBHUKA.
[penpinymuii 1 HaOmronaeMbiii. CHOBa PacHoNIOKUM BCE BO3MOXKHBIC Taphbl XOJIOB
MPOTHUBHHUKA B JIEKCUKOTPapUIECKOM TOPSIIKE:

Bo3moxusblii xox npotuBHuka | 00 01 10 11

U U U U

OTBeT cTpaTeruu

s onucaHus cTpaTeru KaXJ0d mape X0A0B IPOTHBHHUKA HY>KHO cONOCTaBUTh 0
win 1. JIpyrumu cinoBamu, 3aMEHUTHh TOYKW B Tabmwuie Ha cumBosbl 0 mwin 1. CHoBa
npu (QUKCHPOBAHHOM TOPSAAKE 3alMCH BO3MOXHBIX XOJIOB INPOTHBHUKA Ka)Kaas
cTpaterust ompexensercss teneps 0,1-mocrnemoBaTenbHOCTBIO, HO Temepp u3 4
ameMeHTOB. MMs crTpareruu yJOOHO BBIOpaTh COBIMAJAIONIMM C IPAaBUJIOM €e
neiictBus. Takum oOpa3oMm, UMEHA CTpaTeTHil ¢ TIyOWHOW maMATH 1 coBmagaroT c
JBOWYHBIM YHCIOM ¢ 4 3Hakamu, wiu ¢ 0,1-nocnenoBaTeIbHOCTBIO € 4 3JIeMEHTaMu.

TpuBunanbHas arpeccuBHast crparerusi HazpiBaetcst 0000. Beero takux crtpareruit
CHOBa CTOJbKO, ckombko wyucen or 0000 mo 1111. [JIpyrumu cnoBamu ux 16.
AGCONIOTHO aHAIOTUYHO MOYKHO OMNPEIEIUTh CTPATerHd ¢ TIyOMHOM mamstu K.

k+1
Takue cTparernu OyayT ONpPENENATHCS JBOMYHBIM YHCIOM ¢ 2 3HaKaMH. Takum
00pa3oM, NPOCTPAHCTBO CTpareruii ¢ riyouHod mamsatu K cocrasmsmor 0,1-

MTOCIEIOBATEILHOCTH 251 snemenToB.

OHako MPUBEIEHHOE BHINIEC OMHMCAHUE CTPATETHil ¢ MIyOMHOW MamsITH k>1 nue
SIBJISIETCSI MTONHBIM. [IprynHa B TOM, YTO MOCJIE IEPBOr0 X0Ja NPOTUBHUKA MBI 3HAEM
TOJIBKO OJTHO HaOI0/1aeMOe 3HAYEHUE U OTCYTCTBYET 3HAUCHHE MPEIBIIYIIEro Xoa.
[loaTOMy HET JaHHBIX [Js1 NPUMEHEHHUs YKA3aHHBIX MPaBWJ CTpaTeruu. [aKum
00pa3oM, MBI JOJDKHBI yKa3aTh MPABWIIO, KaK JelaTh XOJ MPHU HEMOJHOTE JTaHHBIX.
JIist 3TOr0 €CTECTBEHHO HCIOJIB30BaTh OJHY M3 cTparerud ¢ namsareio 0. JIpyrumu
CJIOBaMH, CIIEAYyeT yKa3aTh CTPATEIHI0, HE UCHOJIb3YIOIIYI0 aMsITh, KOTOPYIO OyaeM
MPUMEHSATh, TPEXKJIC YeM MOSBUTCS MH(POPMAIMsI O NMPEIbIIYIIEM XO0/¢ MPOTUBHUKA.
Torga mModaHOE YHUCIO CTPATETMH €CTECTBEHHO YBEIMYMBACTCS U MEHSETCS HMsI
cTparerud. B nMeHU MBI TOJKHBI YKa3aTh CHavaja CTPaTerui0 ONpPEECICHHs IEPBOTO
X0Jia TIPU OTCYTCTBHUH JIAHHBIX O MPEIBIAYIIEM X0/e (T.e. UM CTPATETHH C MaMATHIO
0) a sarem ums crparernu ¢ namsateio 1. Takum oOpasoM, Ha3BaHue (M NpaBHIIA)
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CTpaTeruy ¢ MaMATBIO 00 OJHOM IPEABIAYIIEM XOJI€ IPOTUBHUKA BBITJIINT,
Hanpumep, kak [01]01110. Ilepsoie aBe mmudpsl B ckoOkax 3To MM (M MpaBHIia)
cTpaTeruu ¢ mamMsAThio 0, a YeThIpe MOCIeAYIOIIHUE - TPaBHiIa X0J0B UTPOKa C MaMSITHIO
00 omHOM XOz€e mpoTuBHUKA. [l ymoOCcTBa CTpaTerny ¢ MEHBIIEH MaMATHIO OyIemM
IPUINCHIBATh CJIE€BAa M 3aKII0YaTh B KBaJApaTHbIe CKOOKM. PaccmarpuBas kaxnoe
TaKO€ MPaBHJIO KaK OTIENIBHYIO CTPATETHIO, MOXKHO JIETKO BBIYMCIHMTH YUCIO TaKUX
crpareruid. ClieoBaTeNIbHO, 0OIMEe YHCIIO CTpaTerdii ¢ MaMAThI0O 00 OTHOM

IpeIBIAYIIeM Xo[e HpoTHBHHKA paBHo 2°x2'. KpoMme sToro kakmas crparerus
MOJKET Ha4YWHATh WUTPY C HEKOTOPOTO MEpBOro Xoza. [pyrnMu cioBaMu, OHA MOKET
HauaTh ¢ 0 wim ¢ 1. Y1o0HO paccMaTpuBaTh CTpaTETHH, COBEPLIAIOLINE DPa3HBIC
nepBbie xofa 0 win 1 Kak pasHble cTparerud. Torja Yuciao CTPAaTeTHuil YBEIUUUTCS

BaBoe 2x2°x2* =128. Ums takux cTpareruii OyJeT BBIDJISNIETh, HANPUMEpP, Kak
[0][01]0111, aTa cTpaTterus HauHeT Urpy ¢ xona 0. B yacTHOCTH, U3BECTHAsI CTpPATErUs
«OKO 3a OKO» B 3THUX 0003Ha4YeHHSX cooTBeTcTBYeT cTpateruu [1][01]0011. Cnenyet
OTMETHUTB, YTO TIPH 3HAHUHU IIyOMHBI IAMSTH, B JAHHOM ciiydae paBHoi K =1, MmoxHo
JlaXKe HE HCIOJb30BaTh CKOOKHW. Jlake MpPU MX OTCYTCTBUM IO HM3BECTHOM 3ammcu
CTpaTerny OTHO3HAYHO YCTAHABIIMUBACTCS MIPABHUIIO IEHCTBHSI CTPATETHIA.

AOCOJIOTHO aHAJIOTHYHO MEPEUUCIISIFOTCS BCE CTPATETHH € MAaMATBIO O JABYX XOAaX
NPOTUBHKMKA, WM B OOIIEM cilydae ¢ maMsaTelo o K Xomax mporusnmka. Baxmo

_ 2(2k+2 71)

o 293 2K
MOAYePKHYTh, 4T0 uncio crpareruii N, =2x2°x2°-..2 pacter cBepx

SKCMIOHEHIUAILHO C YBEIMYEHHEM IITyOUHbI mamsty K .

BepHemcss K paccMOTpEHHIO cTpaTeruii ¢ riuyomHod mnamsatu 1. OGpartum
BHUMAaHUE, YTO CPEIH 3TUX CTPATEruil MPUCYTCTBYIOT CTPATErHU C HYJIEBOU TITyOUHON
NaMATH. J[eHCTBUTENBHO, €CIIM CTpaTerusl JACUCTBYET OJUHAKOBO IIPU Pa3IU4HBIX
NOpeABIYIINX X0AaX MPOTHUBHUKA, TO OHA (PAKTHYECKH HE MCIOIb3YeT HHPOPMALIUIO O
MIPEIBITYIIEM XOA€ UK TepsIeT MaMATh O NMpeabIayieM xoae. COOTBETCTBEHHO, TaKUe
CTpaTeTHH COBIAJAIOT CO CTPaTeTHsIMH C HyJleBoW TiiyOuHol mamstu. [lpaBmia
JIEUCTBUNA CTpATErMii 3KBUBAJIEHTHBIX CTPATETHMsIM C HYJEBOM MAaMATHIO OIPEIEISATCS
ciemyromei Tadnumen

Bosmoxusrit xon npotuBauka | 00 01 10 11
U U U U
OtBeT cTpareruu X, X, X, X,

I'ne X, ¥ X, NPUHHMAIOT 3HAYECHUS {0,1}. Jlerko 3ameruTh M3 TAGIHIBI, YTO
Takhe CTpaTeTHMH JEHCTBYIOT HE3aBHCHMO OT MPEIBIAYIIET0 X0[a MPOTUBHUKA. JTO
O3HAYAEeT, YTO CTPATErMU X X,X X, JKBUBAJIEHTHBI CTPATETUAM C HYJIEBOH NAMATHIO

X X,. Takum 00pa3om, cpeau CTpaTernii ¢ MMEHAMHU YETHIPEX3HAYHBIX JBOMYHBIX

YyCeNl MPUCYTCTBYIOT CTPATErMH 3KBUBAJICHTHBIE BCEM CTPATErHsIM C OTCYTCTBHEM
namsta. Tax crparermn  0000~00, 0101~01, 1010~10 w» 1111-~11.
CrnenoBaTenbHO, TpPHU 3alUCH WMEH CTPATETHil YeThIPEX3HAUYHBIMH JIBOWYHBIMHU
YHCJIaM{ CPey HUX HPUCYTCTBYIOT BCE CTPATErHH C TITyOMHOM NMaMATH MEHbIIE WIIN
paBHO#1 1. JIerko MOHATH, YTO 3TO YAOOHOE CBOMCTBO COXPAHUTCS W NMPH OMUCAHUH
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cTpareruii ¢ 0ol TyOuHOH maMsaTu. Tak UMeHa CTpAaTernu ¢ MIyOMHOM maMsaTH
K comep»aT Bce CTpaTeruu SKBUBAJIEHTHBIE CTPATETUAM C ITyOuHOM mamstu K —1, ...
0. DTO CBOWCTBO CIEyeT YYHTHIBATH MPU MPOBEIACHHH HUTP MEXKIY CTPATETHUSAMH.
Takum 00pa3oM, MBI OMPEAETMIN W MEPEUUCIIA BCE CTPATETUH C OIPENeICHHOM
KOHEYHOH TriyOuHoi mnamsaTtu. IlosToMy naniee, eciau TOBOPUTCS O CTPATETHSIX C
riay6uHoi mamaTH K, To GymeM IOMHHUTB, YTO B HMX BKJIIOYEHBI BCE CTPATETHHU C
MeHbIIeld TiayOuHONM mamsath. Cpenu 3THX CTpaTeruil  MPUCYTCTBYIOT —Kak
MIPUMHTHBHBIC, TaK U CJIOXHBIE cTpaTernu. Tenepb o0cynum Ooiee AeTaabHO OHATHE
CIIOKHOCTH CTpaTeTHi.

3. CnoxkHOCTB cTpaTeruii

B mpenmpimymem pasmene ObpIO TOKa3aHO, YTO cTparermu omwmchiBaroTcs 0,1-
MOCJIEOBATENFHOCTSIMUA ONPEENIEHHON AJMMHBI WU COAEPKAIIMMH OIpeIesIeHHOEe
yrcio wieHoB. Tak ans rayOounsl nmamsitu () Takux IociefoBaTeNbHOCTEH 4, a st

k _ 2kt o k+1
[IIyOHHBI TTAMSTH ux N, =2° , mmHa uMeH Takux crparteruii paBHa 2" .

Pasymeercs, cpein 3TUX CTpAaTerui NMPUCYTCTBYIOT CTPAaTErMU SKBUBAJICHTHBIE BCEM
CTpaTeTHsiIM C MeHbIIeH TrinyOuHOH mnaMaTtd. UYMciao TakuxX CTpaTerwii Takke
ompezenseTcss WX THyOmHOW mamsth. s mocnmemyrommx mene oOCcymuM Takoe
cBoiicTBO 0,1-1OCIIeI0BATEILHOCTEH KaK CIOXHOCTh, DTO UCKIIFOUUTEIILHO IITyOOKOe
MOHSATHE, KOTOpPOE HAaXOAWT BaKHbICe NpHMEHEHHs B (u3uke M MaTemaTHke. B
YaCTHOCTH, TOHSTHE XAOTHYHOCTH TECHO CBS3aHO C TOHATHEM CJIOXHOCTH (CM.
Harpumep [24]). B coBpeMeHHO# nHTepaType CyMIECTBYET MHOKECTBO Pa3IMYHBIX
onpeneneHuii caoxuocTu [25]. OaHako OGOJBIIMHCTBO M3 HHUX OCHOBAHBI Ha TPEX
obmux upesx: 1) Kak clI0KHO 0OBEKT OMUCATh, 2) KaK CIOXHO €ro co3uaTh U 3) Kak
CJIOHO OH OPTaHM30BaH.

B pabote wucmonp3dyeM TMOAXON K ONHCAHHIO CIIOKHOCTH KOHeuHbIX O0,1-
MOCJIeJ0BAaTEILHOCTE!, KOTOPBI OCHOBAH HA CPAaBHUTENBHOW CIOKHOCTH (QYHKIUH, B
YaCTHOCTH MHOTOWIEHOB. B OCHOBE JEXHT MOHMMaHWE, YTO MHOTOWIECHHI Ooiee
BBICOKOM CTEIICHH CIIOKHEE, YeM 0oJiee HU3KOW CTEICHH.

Jns Gonee mocnenoBaTeIbHON (OPMYTHPOBKH CIOKHOCTH HCIIONB3yeM, CICAYsI
[26], Teopuio monan. ITox mMoHamo# OyaeM MOHMMATh KOHEYHOE MHOXecTBO M
oroOpakeHne A 3TOro KOHEYHOr0 MHOXECTBa B ceOst. J[pyruMu CIIOBaMH, KaxJ1ou
TOYKE ATOTO KOHEYHOTO MHOXKECTBA COIOCTABISIETCS Apyras ero Touka. MoHajgam
COMoCTaBysieTcss Tpad, BEpPIIMHBI KOTOPOro KOHEYHOe MHOXectBo M, a
OpUEHTHPOBaHHBIE pedpa CBSA3BIBAIOT BEPIIMHEI B COOTBETCTBHUHU C MX OTOOpaKEHHEM
A . U3 kax1o0ii BepmMHbl X B 9TOM Ipad)e BHIXOAUT POBHO OJHO PeOpO, M OHO BEJIET
B BepuinHy AX.

B namewm cnydyae Toukamu sBIsSIFOTCS crpareruu win 0,1-TocienoBaTensHOCTH

KOHEYHOU JTMHBI N =2k Torga mHOXecTBO M Takmx ImociIenOBaTELHOCTENM,
MOYKHO IPEJCTaBIISITh KaK MHOKECTBO BEPIIWH eAWHMYHOTO N -mepHOro kyba. Tak,
HallpuMep, CTPATETMU C HYJEBOM MNaMSTBIO SBISIOTCS BEPUIMHAMU €IUHUYHOTO
KBaJipara.
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0,1-mocnenoBarenbHOCTH X = X X, ... X, MOKHO paccMaTpHBaTh M Kak (yHKIIHIO,

KOTOpas CONOCTAaBISICT LENOYUCICHHOMY 3HadeHutro | 3Hauenne X €{0,1}. Kax

MIPABHJIO, TIPH 3AIHCH MOCIEIOBATENIEHOCTA MBI HE OYyJIeM HCIIONIb30BaTh B KauecTBE
pasnenutens 3amnatyro. [Ipu BBIOpaHHOM OMHapHOM ajgaBUTE 3TO HE MPHBOIMUT K
HejopasyMeHusM. BBeneHre ciiokHOCTH (PyHKIUMH BOCXOAHUT enie K uaesm HrroToHa.
st 3TOro OH MpemyIoXKWI HCIIONIb30BaTh pa3HOCTH (QyHKOWHA. B Hamem ciydae
OIIPEJICIIMM TaKoe OTOOpaKeHHe pasHOCTHRIM oreparopom A: M — M

y = AX,
TJIe 3JIEMEHTHI TIOCJIEIOBATEIIBHOCTH Y =V, Y, ... Y, ONpeAesstoTCs pa3HOCTAMU
Yi =X =%
3mecy 1=1,2,...,N HOMEp >JIEMEHTA B MOCIENOBATENLHOCTH. [Ipy BHIUMCIEHHH

3JIEMEHTOB IIOCJIEAOBATEAbHOCTH Y OydeM HCIOIb30BaTh YCIOBHE LUKIMYHOCTH
IIOCJIEIOBATENBHOCTH X, cuuTasd X, = X, . JIpyruMu ClloBaMH, MOKHO T'OBOPHUTH O

NEPUOJNUYECKUX MOocaeqoBaTeNbHOCTIX mepuoga N. Takum oOpa3om, HMpuUXomuM K
MoHaJe cTpaTteruii. CtpaTterusi X otoOpaxkaeTcs B cTpareruro Y . Paccmorpum rpadst

CTpaTerwii, HauMHAs C MaJod TIyOMHBI MaMsTH. |JTaBHOE CBOWCTBO 3THX TpadoB
COCTOUT B TOM, 4YTO M3 KaKIOW BEPIIMHBI BBIXOAUT TOJBKO OHO pebpo. s
nocseaoBaTeabHOCTER AmuEBI N rpad conepxur 2" Bepmmn. Haunem ¢ Hynesoit
ry6unsl mamsatn K =0. Takue cTpaTerud COBHANAIOT C TOCIENOBATENHLHOCTIME
0+1 o .
AByX a3nmemeHToB N=2"". I'pad cTpareruii, COOTBETCTBYIOUIMHA 3TOMY CIydalo,
npuBeneH Ha Puc.l. 3gech B 1ensAX KOMIAKTHOCTH BEPIIMHBI OKa3aHBI
OKPY’KHOCTSIMH, BHYTPU KOTOPBIX 3aKOJIMPOBAHBI B AECATUYHON CUCTEME UCUUCIIEHUS
uMeHa ctpareruil. Tak mocnemoBarensHOCTh 00 0003HaYeHa Kak 0, BepmmHa 01 kak 1,
BepmnHa 10 kak 2 u, HakoHerl, 11 kak 3.

(2) (D)

Puc.1. I'pagh cmpameeuti ¢ Hyneoll namamuio (8 KPYICKax 3aK00UpOBaHbl UMeHA Cmpameutl,
6 K8aOpamax - ux Mecma npu COpeeHOBAHUU 8 NEPEOM NOKOJCHULL).

XapakTepHOW OCOOEHHOCTBIO 3TOrO rpada SBISLETCS HAIMYME LUKIA €JUHUIHOU
JUTMHBL. JITMHA LMKIa paBHA YHCIY BEPIIUH, BXOAAMMX B HUKI. OO03HaueHWe A

sroro rpapa O, *T, ucnonssyem B coorsercrBuu ¢ [26]. ne O, osnauaer wuki
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GZ[I/IHI/I‘-IHOI;'I JJIMHBI, a T4 - 6I/IHapHO€ ACPEBO C 4 BCpIIMHAMMU. MoxHO J0Ka3aTb, 4TO

rpad crpareruii Oyzer o6manath TobK0 oaHUM HHKIOM O, .

Bepuemcs Tenepp k HabmroneHuro HproTOHA, KOTOPOE COCTOSIIO B TOM, YTO €CIH
(hyHKIMS KOHCTaHTa, TO MEepBbIe pa3HOCTU OynyT Hynu. Eciu nepBbie pasHOCTH OyIyT
KOHCTaHTOH, TO (yHKIHMA OyAeT MHOTOWICHOM IEPBOM CTENEeHH. A €Clu BTOpHIC
pPa3HOCTH KOHCTAaHTa, TO HE OOJBIIe BTOPOW... ODTO HAOIIOAECHHE ITO3BOJISAET
chopMynHupoBaTh CIOXKHOCTb, KaK YAAJICHHOCTh BEPIIMH rpada OT KOpHS IepeBa Win
nukia [26]. Yem Oosee ynaneHa BeplMHA OT KOPHS EpEeBa, TEM CIIOKHEE CTPATETHSL.
TaxuMm onpeneneHneM CI0KHOCTH Mbl OyIeM I10JIb30BaThLCs B 3TOH padore.

B cooTBETCTBUM C 3TUM CpeAu CTPATErMi ¢ HYJIEBOM MaMATBIO camasl MpOCTast
cTpaTterust 3To camasi arpeccuBHas crpareruss 00 (cm. Puc.l). DOrta crparerus
COOTBETCTBYET IMOCTOSHHOM (YHKIMU apryMeHTa |, NPUHUMAIONIEH HYJIEBOE
3HadyeHue. bomee crnoxkHas ctpaterus 11 - ©e3qyMHO cornamiaTenbCKas CTpaTerusl.
DrTa CTparerust COBIANAET C MOCTOSHHON (yHKIMEH aprymeHTta |, NpUHUMAKOIIEH
snauenue 1. «luddepenmmponanne» A 3T0it QyHKIHH MEPEBOTUT €€ B DYHKIIUIO,
npuauMatontyto 0 3Hauenne. Ctpateruun 01 u 10 ompenensitor JHHEHHbIE (YHKIHH.
HelicTBUTENBHO, cTparerus 01 COOTBETCTBYET JINHEUHOUN GbyHKIIH
X(t)=(t+1) mod2, a crparerus 10 nuueiinon pynxkuuu X(t) =t mod2. Jlerko

IPOBEPUTH, HAnpHUMep, uTo 3Hauenust Gpynkuun X(t) =t+1 mod2 mpu uenwvix t
JaeT MEePHOAMYECKYI0 MOCIenoBaTenbHOCTh ¢ mepuomoM 2 u X =X(1) =0,
X, =X(2)=1. AHanOrMYHO JIErKO MPOBEPHTH, 4YTO MOCIEAOBATEIbHOCTE 10
coorBerctByer 3HauenmsM X(f)=t mod2 B wuensix Ttoukax X =X(1) =1,
X, =X(2) =0. D10 coBmazaer ¢ MHTYUTHBHO MOHSTHBIM BBIBOJOM, YTO MOCTOSHHbIC
(hyHKIIMYN TIporIe JUHEHHBIX. JInHeliHple QYHKINK - YacTHBINA CIydail MHOTOYJICHOB
cremern Menbmie . Kak Obuto nokazano eme HproToHOM, ecmu  (yHKIus
YIOBJICTBOPSIET APXx=0, To X MHOroYIeH CTENeHH MEHBbIIE p. DTO CBOWCTBO

OyJIeM HCIIONIb30BaTh, HIDKE IS ONPEACICHHS MHOTOYWICHOB, COOTBETCTBYIOIIUX
0oJee CI0XKHBIM CTPATETHSIM.

Puc.2. I'pagh cmpameeuii ¢ enybunoit namsamu 1 u 0 (8 Kpysickax 3aKo0uposanvl umeHa
cmpamezutl, 8 K8AOPAMaAx - UX MeCmMa NPU COPEGHOBAHUU 8 NEPEBOM NOKOEHUL).
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Ilepefinem Temeps K MOHAJE cTpaTeruid ¢ TryomHon mamsatu 1. Ee rpad npusenex
Ha Puc.2. Bepmmnbl rpada umeror umena ot 0000 mo 1111. Jlerko 3ameTuTh, 4TO

ctpykrypa rpada coorserctByer O, *T,. OOcyauM pacronoxeHne Ha 3TOM rpade

CTpaTeruii, SJKBUBAJICHTHBIX CTPATETUAM C HYJICBOH TTIyOMHOW NaMATH. DTH CTPATETUU
Ha Puc.2 mokazaHbl BepIIMHAMH, 3aKpallCHHBIMH CEpPbIM IIBETOM. PsmoM ¢ HUMH
CeppIM IIBETOM HaledaTaHbl WMEHa OHKBHBAJCHTHBIX WM CTpaTeTUH C HYIJIEBOI
namsaThio. TakuMm 00pa3oM, 3TH CTPATETHH SIBIIIOTCS CaMBIMUA TMPOCTHIMH B 3TOM
MOHa/ie. ITO B TOYHOCTH COBIAAET C TEM, YTO CJIOKHOCTH CTPATETUH KaK (pyHKIHH |
BO3pacTacT Mo Mepe yIaleHus OT KOpHs rpada. OcTambHBIC CTPATETHH YAAJIEHBI OT
KOpHSI Jajbllié W, COOTBETCTBEHHO, Ooiee ciokHble. MOXXHO YOemuThCs, dYTO

CIEIYIOIMI YpOBEHb Ipada COOTBETCTBYET MHOTOWIEHAM CTENEHH 2, a BEPXHHM

. . 5
MHOTOYWIEHaM CTereHn 3. J[elCTBUTENbHO, NEHCTBYS HA BEPUIMHY 5-TO YPOBHS x®)

oneparopoM A 1o onpeeneHuio, nepeiiem B Bepmmny 4-ro yposus AX® = x®

x®

OTO OuUeBUIHOE CIEJCTBHE YCTPOWCTBA JepeBa. AHAJIOTMYHO BEpIIMHA oJt

neiictBueM A CITyCTHTCSI HA YPOBEHb HHXKE AX® =x®  Cropa MOBTOPSASL ICUCTBUE,
nepeiinem Ha yposerb Hike AX® =x® u, maxomeu, momyunm Ax? =x® =0.
OOBbeuHSS 3T PaBEHCTBA, MOJIYYUM A*x® =0. Moo ckazarh, uto 0 sBiseTcs
aTTPaKTOPOM BW)XEHUI Ha rpade, WHIyHUPOBaHHBIX oTOOpakennem A. Torma B
COOTBETCTBHH C JI0Ka3aTenbcTBoM HbroToHa BepimHa msroro yposus X cosnagaer
C MHOTOYICHOM CTEIEHH MeHbIe 4 .

Teneppr oOcymuMm Tpad MOHAIBI, COOTBETCTBYIOIIMU CTPAaTErWsiM C TIIyOHHOH
mamatd K. B srom cinywae mmmna 0,1-moCnenoBaTenbHOCTH, ONPENEISIONIEH

k+1 o okt
crparernn pasa N=2°". OGmee uucno takux crpareruii N, =2° . Moxuo
=2t i O, *T
JI0Ka3ath, 4T0 mpu N= cTpykTypa rpada crpareruii cosmamaer ¢ O, e

EcTecTBeHHO, y KOpHS MO-TIPEKHEMY pacIOJararoTCsl CTPATErWH, SKBHUBAJICHTHBIE
CTpaTerusiM C HYyJIEeBOW TNyOMHOW mamsTH. Bplme pacnojararoTcs CTpaTerdu C
rIyOMHOM mamsath 1, W Tak [0 ypPOBHS, COOTBETCTBYIOIIEIO IIOCIEAHEMY YPOBHIO

rpada crpareruii ¢ ryounoit K —1, r.e. O =l<T22k . TakuM 00pa3oM, YHCIIO CTpATErnii,

2k+1 2k 2k 2k
WCTIONB3YIOIMX rayOuHy mamatd K, pasro 2° —2° =2° (2° —1). Ilo mepe
yIaJ€Huss OT KOPHS CTPATErMH CTAHOBATCS BCE OOJIEE CIOKHBIMH M COOTBETCTBYIOT
MHOTO4JIEHaM Bce OoJiee BLICOKOM creneHu. B kauectse nmpuMepa Ha Puc.3 npusenem

o 3 N
rpad cooTBeTcTBYIOIMI cTpaTerusm mmunbl N =2° =8 (K = 2), xotopelii coBnagaer
¢ O, *T,, . Takum 006pa3oM, CIIOKHOCTb CTPATET I MOKHO ONPEAEIATH [0 3HAYCHUIO

ypoBHA Tpada, KOTOPOMY MNPHHAIJICKUT BEpIIMHA, COOTBETCTBYIOILAS 3TOU
CTpaTeruu.

BaxxHO OTMETHTb, YTO 4YHCIO BO3MOXHBIX CTpaTerMii € pOCTOM MaMSTH
YBEJIMUMBAETCA  CBEPXAKCIIOHEHIMAJIbHO.  OTO  NPUBOAMT K  IIIyOOKUM
BBIUMCIUTEIBHBIM  TPYJHOCTAM TIPU  HCCIIEJOBAHWU  B3aUMOJIEHCTBHUS  TaKHX
CTpaTeruii, KOTOpble CBA3aHBI C HEAOCTAaTKOM pecypcoB. Kpome 3Toro mHTepecHo
OTMETHTh, YTO KOJIMYECTBO pEAJTM3YEMbIX CTpaTerMii B KOHEYHBIX CHCTEMax
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OIr'paHUYCHO CKOPEEC KOJIMYECTBOM YYACTHHUKOB, a HEC YHUCJIOM BO3MOKHBIX CTpaTeFHﬁ.
,Z[pyI‘I/IMI/I CJIOBaMH, B KOHCUHBIX CHCTEMax B IIPOLECCE 3BOJJIOLMHN BCCra MOKCT
IMOABUTHCA U UCIIOJIB30BATLCA HOBAs CTPATCTHA. JKu3Hb nojiHa HOBBIMU UACsAIMHU. 9TO0T
BBIBOJ HUTPACT BAXHYKO POJIb IPU YHUCICHHOM MOACINPOBAHUU B3aHMOICUCTBHS
KOHEYHOTO YHCIIa 00BEKTOB MOITYJIAUH.

4. BzaumoaeiicTBUe cTpaTeruii

JKv3Hp B MOMyJSIMHM M €€ SBONIONHS B OINPEISICHHOW CTETeHH OMpPENesIeTcs
XapaKTepOM B3aMMOJICHCTBUS CTpaTeruii 00beKTOB momyisiuu. Haubonee mpocTtoi
ciayuyall 3TO mapHoe B3amMmojnelicTBue crpaTeruil. CyliecTByeT MHOTO BapHUaHTOB
OCYIIECTBJIICHHUSI TaKOTO B3anMojaeWcTBus. CaMblil TIPOCTON BapHaHT - 3TO KaKJas
CcTpareruss B3aUMOJICHCTBYET C  KaXJOW, BKIOUas ce0s. OITOT  BapuaHT
B3aMMOJICHCTBUS MOXXHO OCYIIECTBUTh NPHU OTHOCHUTEIHHO HEOOJBIIOM YHCIC
00BekToB. [IprunHa 3TOT0 B KOHEYHOCTH BPEMEHH KU3HH 00BEKTa MOITYIISIINH.

T T T 1T TIT 1T T [T T TIT TT 11T T TIT

T e vER ey

O TIT
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0
(]
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Puc.3. I'pagh cmpamezuii ¢ enyounou namsmu 2.

JelcTBUTENBHO, HA B3aUMOJEUCTBHE Mapbl CTPATErHi 3aTPauMBACTCsl HEKOTOPOE
xapaktepHoe Bpems At u, COOTBETCTBEHHO, Ha B3aMMOJICHCTBUE N cTpateruii Apyr ¢

OpyroM OyIeT 3aTpayeHo Bpems N°At . IIpu yBennueHun N Bpems N°At moxer
NPEBBICUTH BPEeMs JKU3HU 00bekTa. [pyroi crmocod mapHOTO B3aWMOJICHCTBUS, KOT/Ia
NPOTHBHUK BBIOMpAaETCs CIydailHbIM 00pa3oM Cpeld BCEro MHOXKECTBa CTpaTerui,
npejnoiaras uX paBHOBEPOSTHhIMH. Elile onuH 00mIuMii croco0, He HCIONb3YIONUi
CITy4aifHOCTh, MOKHO OCYIIIECTBHTH, UCIIONIB3YsI CETh B3auMo/ieiicTBuiil. B rpade sToit
ceTn OyIyT COEIMHEHBI B3aUMOJCWCTBYIOIIME cTparerud. Ee MoxHO 0000muTH,
YUNTBIBAasl B3aUMOJICHCTBHUS YIAJICHHBIX BEPIIMH C HEKOTOPBIM BECOM, BKIIOYas
BEPOSITHOCTHBIN. MOXHO TakXe Y4YUTBIBATH NPOCTPAHCTBEHHOE CTPYKTYpUPOBAHUE
nonyisimuid  [2], [8], [12], B 3TOM ciiydyae B MpOCTpPaHCTBE MOIYT BO3HHKATh
FEOMETPUYECKUE  CTPYKTYpbl  coTpyaHudectBa [7]. Eme ogHO  BaxkHOe
00CTOSITENTLCTBO, KOTOPOE BIMSET HAa XapakTep B3aMMOJEWCTBUS CTpaTeruil, yxke
OTMEYaloch paHee. ITO KOHEYHOCTh MHOXECTBA OOBEKTOB, COCTaBIISIFOIIMX
MOMYJIALNIO. B 9TOM ciiyyae KOJIMYECTBO CTpaTETMil MOYKET 3HAYMTENBHO MPEBBIIATD
KOJINYECTBO OOBEKTOB oOmiecTBa. Torma B3auMOACHCTBHE MOXKET IPOUCXOIUTH
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TOJIBKO MEXKTy YacThIO CTpaTeruii. B aToii pabore OymeM mpeamnoiaarath, 970 00ObEKT B
MPOIIECCE KU3HU HE MCHSCET CTPATETUI0 M B3aUMOJICHCTBYET C KaXKIOW CTpaTerucit
MOMYJISALIMY BKITto4as ce0s1. J|pyrumu c10BaMu, MOXKHO CKa3aTh, YTO PacCMaTPUBACTCSI
OJTHOYACTHUYHOE TIPUONMKEHNE B3aMMOICHCTBHA CTpaTeruii - 0Oe3 ydera dmclia
HOCHUTENEH CTpaTeruu.

st TOro 4ToOBl YCTAaHOBUTH PE3YJIBTAT B3aUMOJCUCTBUS CTPATETH, OTPEACTUM
MAaTpUILy BEITIIAT.

HamomanM, 49TO nnieMma 3aKIFOYEHHOTO ABYX HTPOKOB COCTOWT B TOM, HYTO
KK UrPOK MOXKET BhIOpaTh Mexay corpyanudectBoM (1) wim otkazom (0). B

3aBMCUMOCTH OT CTPaTETMM CONEPHMKA, BHIOPAHHBIM MI'DOK MOJNyHaeT a,;, €Cu 00a
COTPYIHHMYAIOT; A, - €CIIM 00a OTKA3BIBAIOTCA; &;, - €CIIM BBIOPAHHBIA COTPYIHHYAET
U NPOTHBHHMK OTKA3bIBAETCSH; U a, - €CIIM BBIOPAHHBIA OTKA3bIBACTCA 4 IMPOTHBHHK
COTpyIHMYaeT, Trle d, >ad;; >ad, >ad, Hu 2811 >ay +a,. B pa60Te MBI

HCIIONIb3yeM 3HaYeHHs MaTpHILbl BRIIIAT Akcenbpona M, [27],

A\B KOOTIePAITHsI OTKa3
KOOTIepaIus 3,3 0,5
OTKa3 50 11

Takum 0Opa3om, pe3yabTaT B3aUMOICHCTBHS CTPATETHi OyIeT OMpeAesATHCS ITOH
Matpuueil. Mcnonb3ys B3auMMOACHCTBUE MEXKIAY BCEMH CTPATETUSMU C KOHEUHOM
rTyOMHOM MaMsTH, YCTaHOBUM, TPEXJE BCETo, MOMYYalOT JI CTPAaTeruu ¢ OONbIIeH
MaMAThIO 3BOJIIOLIMOHHOE MNpenMyIecTBO. Kpome 3TOro MHTEPECHO H3YHHTh, Kak
BIMSET CIOXHOCTh CTPATETM Ha DSBOJIIOLMOHHBIE IPEUMYIIECTBA CTPATETHH.
I[pyFI/IMI/I CJIOBaMH, €CTh JIM IpUYWHA YCIIOKHCHHUA CUCTEM.

Hwxe cMopenupyeM mpouecc 3BOJIOLUUUA CTPATETU ¢ NaMAThbio. {1 mpocTOThI
MIPUHLUI U3MEHYUBOCTH YUITEM B IPOCTOM BapHaHTe, IPEAoaras, 4To B HOITyJIAIUN
peaarM30BaHbl BCE CTPATETHHU C TIIyOMHON MaMsaTH MeHblie win paHoil K. Tak kak B
3TOM Clly4yae YUITEHBI BCE CTPAaTETHH, TO B MPOLECCE SBOIIOLMU HE OYAyT HOSABISATHCS
Jpyrue cTpaterud. [IpyHIMI HAcIEeICTBEHHOCTH OyAeT COCTOSTh B TMepeaaye
BBIMTPBIIITHBIX CTpaTeruii moToMKam. [IpHHIMII ecTecTBEHHOro OTOOpa peannzyeM
UCKIIIOYEHNEM WM YHUYTOKEHHEM IPOMUTPBIIIHBIX CTpaTernil. EcTecTBEHHO, Takoi
YOPOIIEHHBIH BapUaHT 3BOJIOIUM MOXHO YCIOXXHMTh MHOTHMH CIIOCOOAMH.
HexoTopsie n3 HUX 00CYINM IO3XKeE.

EcrectBeHHBIll 0TOOp peanusyeM cieayromuM obpasom. Ilycte Bce crtparerun
B3aMMOACHCTBYIOT APyl C JpPYyroM II0 KPYroBOW CHCTEME B COOTBETCTBHU C
WTEPUPOBAHHOW WUIPOM C JMJIEMMOM 3aKIOYEHHBIX. UMCIO B3aUMOJECUCTBUN JBYX
CTpaTerMii B OJHOM IIOKOJEHHWH BBIOEpEM OAMHAKOBBIM JUIS BCEX, paBHBIM IN.
CoOcTBeHHO BHIOOp OOJBIIOTO YMCIA B3aMMOJEHCTBUI MEXKIY JABYMS CTpaTCTHUSMH
MpU3BaH UCKJIIOYMTH BIWSHHUE IEPBOTO XoAa. B pe3ynbTare Takoro cCOpeBHOBaHUS
CTpaTeruu HabUPAalOT OYKU B COOTBETCTBHHU C NPUBEACHHOHN BBILIE MAaTPULEH BBIMJIAT.
Ilocnme »TOrO mpowurpaBmias CTpaTerys, a BO3MOXKHO M HECKOJBKO CTpaTeru,
HaOpaBIIMX MHHUMAIBHOE YHCIO OYKOB, BBIOBIBAIOT M3 CIIEAYIOUIETO MOKOJICHHS.
Janee ouky 5BOJIOLNMOHHBIX MPEUMYILIECTB OOHYIISIOTCS, U MIPOBOJUTCS CIIETYIOLIUHI
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Kpyr B3aUMOJEHCTBUI MEXJY OCTABIIMMHUCS CTPATETUsIMH, COOTBETCTBYIOIIMI
(hOpMUPOBAHUIO CTPATETUH HOBOTO IMTOKOJICHUSI.

5. Mup 6e3 namsiTu

Haunem ¢ B3ammMopelcTBus cTpaTteruil ¢ riryOnHOM mamsaTa 0 B paMKax OIHOTO
MoKoJieHus. JIpyruMu ciloBaMM, CTPaTernyd HE TMOSBISIFOTCS M HE HCUE3al0T B 3TOM
NOKOJNeHUH. McX0qHO B MOMyJNISUM MPUCYTCTBYIOT BCE BO3MOXKHBIE CTpaTeru, HE
ucrosb3yromue namiaTb. IlycTe Kakgas cTpaTerusi B3aMMOJECHCTBYET € Jpyrou
crparerueii N =100 pa3 B pamkax UTEPUPOBAHHOMN JAWUIEMMBI 3aKII0OUeHHBIX. Habop
OUYKOB OIpenensieTcd MaTpullel BBIIIAT, MPHUBEJIECHHON BBIIIE, U CYMMHpPYETCH.
Kaxnas cTparerus B OHOH UIpe OTBEYAET Ha MEPBBI X0 BEIOPaHHOTO NPOTHUBHUKA,
a B JIpyroil HauMHAET, Jenas NEPBBIA XOI B UIPE C TEM XK€ INPOTUBHHUKOM. B Tex
urpax, KOTOpbleé OHa HauMHAET, €CTh JIBE BO3MOKHOCTH Cli€JaTh MEPBBIH XOI - 3TO
BeiOpate 0 wmm 1. Crparterus, penaromias OINpPEJCICHHBIM MEPBBIA X0,
paccMmaTtpuBaeTcs Kak OTAenbHas ctparerus (cMm. pasaen 2). [locrie mpoBenenus urp
MEXIY BCEMH TaKUMH CTpPaTErMsMH, BKIIOYas ce0si, CTpaTeruu pacupenessitoTcs Mo
3aHATBIM MECTaM B COOTBCTCTBUU C Ha6paHH])IMI/I O4YKaMu. HepBoe MECTO 3aHHUMACT
cTpaterusi, HaOpaBmas caMyl0 OOJBLIYI0O CyMMY OYKOB. [lamee MOXKHO HCKIIOYHTH
BJIIMSHUE TNEPBOrO XOHa, YCPEIOHSS PEe3yJbTaThl CTPATETUH, OTIUYAIOLIMECS TOJBKO
nepBeIM xoz0M. [lomyueHHoe cpeHee 3HaUEHUE NPHUIKCHIBACTCS COOTBETCTBYIOIIEH
CTpaTeruu. Ilo »Tum CpCaAHUM JaHHBIM YCTAaHAaBJIMBACTCA 4YHCJIO OYKOB, Ha6paHHbIX
KaXI0H cTparerueil ¢ rimyomHoi mamsatu 0. Pacmpenenenue crpateruii mo mecram
nmoka3aHo Ha Puc.] B kBagpaTikax Bo3je Kaxxaoi BepmuHbI rpada. CoriiacHo JaHHBIM
YHCICHHOTO MOJEJMPOBAaHUS CPEIH CTpareruii 06e3 maMsATH B NEPBOM IOKOJICHHH
noOexaaer camas rmpoctast u arpeccuBHast crparerust 00. [Tocnennee Mecto 3aHUMAaeT
0e31yMHO coTpyaHu4aromias crparterus 11, nmeromass OOJBIIYIO CIOXHOCTb, YEM
ctparerust 00. Camble crnoxkuble ctpateruu 10 u 01 B 3ToM Kateropuu (cMm. Puc.1)
3aHHMMAIOT COOTBETCTBEHHO 2 U 3 MecTa.

VBenuuenue yucia B3auMoeicTeuil Mexay crparerusimu go N =500 ue Bimser
Ha pacrpenencnue mect (cMm. Puc.4).

10000+

8000 -

6000 -

4000 -
00 10 01 "

2000 -

0

1 2 3 4
Puc.4. Habop oukoe 6 nepsom nokoienuu 0Jis cmpame2uil ¢ Hy1esot namsamoio npu N =500
(ums cmpamezuu YKa3aHo 8 COOMeemcmsayrouell KOIOHKe UCMOSPAMMbL).



BicHuk XapkiBcbkoro HawjoHanbHoro yHisepcuteTy iMeHi B. H. KapasiHa, 2016 53

Takum oOpa3om, B mupe 0€3 MaMsITH B TEPBOM IIOKOJIEHWW camasi BBITOJHAs
cTpaTerus - 3TO camas IPUMHUTHBHAsT M camasi arpeccuBHas. CMOJeIUpOBaHHOE
B3aMMOJICHCTBUE CTPATETUH OMHMCHIBACT HAOOP OYKOB DBOJIOIUOHHBIX MPEUMYIIECTB
B TedeHHWe ofHoro rmokoneHus. Clenyromee IMOKONIeHnEe OyAeT OmpenensThCs
€CTeCTBEHHBIM OTOOpPOM, KOTOPBIA TPHBOAWT K «BBIMHPAHHIO» IIPOWTPABIIEH
cTparern. BbpiOOp mpouWrpaBiiell CTpaTeTdd MOXHO OCYIIECTBUTH I0-Pa3HOMY.
MoxHO OTOpaKoOBBIBATH CTPATETHH C YYE€TOM MEPBOTO XOAa WM OTOpachIBaTh
crpareruu 11 He3aBUCHMMO OT IEpBOro xonaa. B mocienHeMm BapuaHTE YMEHBLIAECTCS
YHCJIO MOKOJCHUM B MPOIECCE IBOIIOIUU O BbIX0Aa HA JOMUHHUPYIOUIYIO CTPATETHIO
nomyysiiiud. HauHem ¢ oTOpachlBaHUsI TPOUTPABIIUX CTPATEerHil 0e3 ydyeTa MepBBIX
xomoB. Torma BO BTOpOE TIOKOJEHHWE IIOCIE pEIUTUKAlMK MepeidayT B CHIY
eCTeCTBeHHOro otbopa Toibko 3 crtpareruu 00, 10 u 01. [dpyrumu crioBawmu,
orOpakoBytorcst crpateruu [0]11 wm [1]11. Temepp ananormuHas wurpa OyneT
MPOBOAUTHCA MEXKIYy OJTHUMH OCTAaBIIUMIECS cTparerusiMu. HaOpaHHbIE O4YKH
MPEBITYIIETO TTOKOJICHUS 3aHyJ IsIF0TCsl. Habop 0YKOB ABOIOIMOHHBIX TPEUMYIIECTB
BO BTOPOM TIOKOJIEHHH PACTIPEACISIIOTCS CIEAYIOIUM 00pa3omM

Crparerus Ouxu CII0KHOCTD
00 1399.5 0
01 1101.5 2
10 905.5 2

Bo BTOPOM IIOKOJICHMM IO-NPCKHEMY BbI'OAHAa CcaMad arpe€CCuBHas U
NPUMHUTHBHAs cTparerusi. EcTecTBeHHBI 0TOOpP OTOpaKOBBIBAET NPOUTPABIIYIO
crpareruto 10 U B TpeThe MOKOJEHUE MEPENacT TOIbKO ABE cTparerur. CHOBa
pe3ynapTaT COPEBHOBAHUS ATHX CTpAaTeTHd 3-TO IMOKOJIEHUS OIpejaesseTcs HabopoM
OYKOB 3BOJIIONMOHHBIX MPEUMYIICCTB 3TUMU OCTABHIMMHCSA CTPATCTUSAMMU. Pe3yJ'H>TaT
COPEBHOBaHMHU NPHUBEICH B TaOIHLIE HIKE.

Crparerus Ouku
01 651.5
00 409.5

3ameuaTeNbHBIM pPE3yJIbTaTOM Habopa OYKOB SBOJIONHMOHHBIX MPEUMYIIECTB B
3TOM TIOKOJICHHH SIBIISICTCS TPOUTPBIINI CaMOW MNPUMHTHBHOW W arpecCUBHOMN
CTpaTerud. JTO O3HA4YaeT, YTO B 4YETBEPTOE IOKOJEHHE ECTECTBEHHBIH OTOOD
nepenact Hambonee crnoxHyro crpareruro 01 (cm. Puc.l), koTopas oka3biBacTcs U
JIOOPOTIOPSAA0OYHON. DTy CTPATETHUIO MOXKHO Ha3BaTh «OKO 332 OKO» CPEIH CTPaTeTui ¢
HYJICBOW TJIyOWMHOW mamsTH. TakuM o0pa3oMm, Jake B MHUpe 0e3 MaMsATH SBOJFOIIHSI
NPUBOJIUT K BBDKMBAaHWIO Hauboliee CIOXKHOW W TOOPOMOpSIOYHOH cTpateruun. B
OTPEJICIICHHOM CMBICIIE 3TO HEOXKUIAHHOE CIIEJCTBHE dBOJIoNMU. Jlanee craauu, Ha
KOTOPBIX B MOMYJISIMHA MPUCYTCTBYET caMasi MPUMHUTHUBHAS M arpecCHBHAs CTPATErHs,
OyzeM HasbIBaTh arpeCCHBHBIM COCTOSHHEM MOIMyJsud. VHTepecHO OTMETUTh, YTO
arpecCMBHOE COCTOSIHUE TIOMYJISIMU, KOTJa MOoOekIana camas arpecCHBHAs W
NPUMHUTHBHAS CTPATETHs, 3aHSIO 3/4 70K BCEro BPEMEHH DBOJIOIMHU JIO BBIXOJA Ha
CTalMoHap ¢ OJHOM CTpaTeruei.

OO0cynuM BIMSTHEE HA 3BOJIONHUIO MIEPBOTo xoja. Kaxercs: eCTeCTBEHHBIM, YTO €ro
BJIMSHUE C YBEJIMYCHUEM 4YHCIA XOJOB MPH COPEBHOBAHWM JBYX CTpaTerui
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yMeHbIIaeTcs. JeHCTBUTENBHO, CyMMAapHbI BBIMIPBI S IMIPH 4YHCIE XO4OB N

COCTOMUT U3 ABYX BKJIAJI0B SO - 9TO YHCJIO OYKOB, IMOJTYy4YaCeMbIX IOCJIC IEPBOro X044, 1

Habopa OYKOB YXe C HCIOIb30BaHHEM crpaTeruu. [lycTb cTparterus, HaduHas coO
BTOPOTO X0, B CpeHEM 3a X0oA HabupaeT { oukoB. Torma cyMMapHBIH BBIMTPBIII

pasen S, =S, +(N—1) u npu Goxsmmx N >>1 momyyaem

i:M_Hj (1)
n n

Y‘II/ITLIBaH, q9To SO MOXET IIPUHUMATh KOHCYHOC 3HAYCHUEC, JICTKO 3aMCTUTDh, YTO

BKJIaJl [IEPBOTO X0Ja B Cpe/IHEe 3HAUCHHUE BBIMIPHIIIA 38 OAMH X0/ TOJDKEH OBITh Madl.
Ha Puc.5 nmokazana 3aBUCHMOCTh OT N CPEIHETO BBHIUTPHINIA 32 ONWH XOI XyAIIeH u
ayqmeid cTpateruid ¢ rTiyouHod mamatw 0. Toukamu MOKa3aHbl 3HAYCHUS,
NOJy4€HHbIE YHCIIeHHO. Mcxos u3 3Tux HabIr0AEHUH MOXKHO CYUTATh, YTO C POCTOM
N BIMAHWE TEPBOTO XO0naa ucuesaeT. st crparerwii ¢ HylIeBOW TITyOMHOW MaMSITH
yxke npu N~100 s>tum BiamsHHEM MOXHO npeHeOpeds. Cleayer 0XKHIaTh, YTO IO
AHAJIOTUYHOH TPUYMHE BIUSHHUE TMEPBHIX XOMOB OydeT HE3HAUYUTENbHBIM H JUIS
OONBIINX TITYOWH MTAMSITH.

Sn Sh
n n
1.515
3.001
298
1.510
2.96
2.94+
1.505
2.92
1 500‘ T T T T T T T 2‘90 T T T T T T T T T
100 200 300 400 500 600 700 00 11 100 200 300 400 500 600 700 800 11

Puc.5. 3asucumocms om N eviuepviwa (1) ona xyoweti cmpameauu 11 ¢ 0 =1.500 u

So — 0 =0.8 (cresa) u ayuweii cmpamezuu 01 ¢ 4 =3.00 u S, —q =—0.8 (cnpasa).

HHTEpecHO OTMETUTH, YTO B MUpE 0€3 MaMITH XapaKTep SBOJIIOLUK CTPATEr il He
3aBHCUT OT BBIOOpa MAaTpHIbl BHILIAT W HOCHT YHHMBEpCAJbHBIM XapakTep. Tak
COXpAHSETCs paclpeleleHHe CTpPaTeruii 1O 3BOJIIOLMOHHBIM OYKaM B KaXJIOM
MOKOJICHUH, & COOTBETCTBEHHO W TOPSJAOK WX BBIOBIBAHMS JJISI JPYTUX MaTpPHIL

BhIILIAT. YHCIIEHHOE MOACIIMPOBAHUC 3BOJIFOIUH, HAIIPUMED, C M 2

A\B KOOTIepaIus OTKa3
KOOTIepaIus 2,2 0,3
OTKa3 3,0 1,1
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¥ ¢ Matpuieii Beruiar M,

A\B KOOIIEPAITHSI OTKa3
KOOTIEPAITHS 4.4 0,7
OTKa3 7,0 1,1

MPUBOAST K COBHAJAIONIMM C OMNHMCAHHOW BHINIE 3BONIONMEH. EcTtecTBeHHO, Tpu
B3aMMOJICWCTBUH CTPATETHIl OTIINYHE COCTOUT TOJIHKO BEIMIMHAX HAOPAHHBIX OYKOB.

Bepremcs Temeph K pacCMOTPEHHIO DBOJIOIMH C OTOPAKOBKON cTpaTeruii ¢
Y4eTOM MEPBBIX XOJOB. J[pyrumu cioBaMu, IMociie Habopa SBOJIIOIMOHHBIX OUYKOB
OTOpaKOBBIBAETCS OJHA CTpaTerusi C y4eToM mepBoro xoxaa. Ilycte Habop O4KOB

onpenensercs Marpuueid Beiiar M. B mepBoM HOKOJIEHHHM MHHUMAIbHOE YHCIIO
oukoB HaOupaer crparerus [1]11. menno ee m oTOpakyeT ecTecTBEHHBIH OTOOP.

Ilocne PCINIMKAllU BO BTOPOM IIOKOJICHHUU OCTACTCA 7 CTpaTCFHP'I, U KOHKYpPCHLUSA
HAaYMHACTCA MCKAY HUMU. Ha6op OYKOB B 3TOM IIOKOJICHUH yKa3aH B Ta6J'H/II_I6

MECTO CTpaTerusi OYKHU CJIOKHOCTH
1 [0][00] 2500 0
2 [1][00] 2487 0
3 [0][10] 2250 2
4 [1][01] 1950 2
5 [0][01] 1655 2
6 [1][10] 1545 2
7 [0][11] 1213 1

Takum oOpa3om, B TpeTbeM mokojeHnu ucdezaer crparerus [0][11]. B gerBeprom
nokojienun ucuezaer [1][10]. B mATOM TIOKOJIEHMHM €CTECTBEHHBIH OTOOP
otOpakoBeIByeT crpateruto [0][10], B mecToM caMyro MPUMHUTHUBHYIO U arpecCUBHYIO
crpareruto  [0][00], B cempmom [1][00] wu, Hakomem, B 8 wucuesaer [0][01].
CoOTBETCTBEHHO, B MHpe 0e3 MaMsITH SBOJIOIMIO BBIMTPHIBAET CTPATETHsl «OKO 3a
oko» [1][01]. CrnoxHOCTb, BHIMTpaBLICH CTpaTeTMH MaKCHMajbHa B 3TOM KJlacce
cTpareruii. PaccmarpuBasi X0 3BONIOIMH TPU TaKOW pealln3allii eCTECTBEHHOTO
oTOOpa, MOXXKHO 3aMETHTh, YTO XapaKTep OBOJIONMM He u3MeHwicsa. [Ipocto
YJIBOMJIOCH YUCJIO TIOKOJIEHUH B COOTBETCTBUU C YUCJIOM CTpareruil. B octaipHOM Bece
MPOTEKAET MO MpekHeMy clieHaputo. ClieoBaTeNbHO, MOXKHO HCIOJIh30BaTh Oolee
OBICTPYIO OTOPAKOBKY MTPOUTPABIINX CTpATeTHil 0e3 yuera pa3indus B IEPBhIX X0/IaX,
Mo cpeaHeMy HaOOpy OYKOB Kaxaoi crparerwei. J[mst crparerwii ¢ OOJbIIOH
MaMSITBIO 3TO 3HAYUTENEHO COKpAIAET TPpeOyeMble Il MOICTTHPOBAHUS PECYPCHI.

6. Mup c rayounoi namstu 1

[lepeiinem Temeph K aHAIHM3y DBOJIONHMH CTPATETHH ¢ MUHUMAIHHOU TITyOWHOM
namatu 1. Bcero Takux crparteruii 128. Pazymeercs, B UX YHUCIO BXOOAT U §
CTpaTerwii, HSKBUBAJEHTHBIE CTpaTerusM c riyomHou mamstu 0 (cm. Puc.2). Ilycts
Matpuia Bbiiar Oyaer M;. B mepBoM MHOKONGHHH pacHpelencHHEe OYKOB

OBOJIIOIMOHHBIX IMPEUMYIICCTB UMECT CHG}Z[YIOHII/Iﬁ BUJ
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Tabn.l.Pacnpedenenue cmpame2uti 8 nepeom NOKOIeHUU.

MECTO CTpaTerust OYKHU CII0’KHOCTh
1 0010 39372.0 4
2 0000 38208.0 0
3 1000 36755.0 4
4 0110 32308.5 3
5 0100 31347.0 4
6 1010 29684.0 2
7 1100 29665.5 3
8 0011 279345 3
9 0101 27916.0 2
10 0111 273515 4
11 0001 27181.0 4
12 1001 252915 3
13 1101 25014.5 4
14 1110 239125 4
15 1011 19466.5 4
16 1111 19392.0 1

B xpaitneii mpaBoil KOJIOHKE TaOIUIBI MPUBEICHA CIOXKHOCTH COOTBETCTBYIOIIEH
ctpareruu (cM. paszaen 3). Jlerko 3aMeTHTh, 4TO CJI0KHOCTh OOSAMBIIEH CTpATETHU B
3TOM MOKOJIEHMH MakcuMaibHa. [Ipourpasimas crparterus UMeeT Malylo CJI0KHOCTb.
Ha Puc.2 nokaszansl B KBaIpaTHBIX paMKax MECTa, 3aHUMAaEeMble COOTBETCTBYIOIIUMHU
CTpaTerusiMH B IEPBOM IOKOJICHHH. BenuunHa CIOKHOCTH COBNAAAET C YPOBHEM
JepeBa, Ha KOTOpPOM pacrojaraeTcsi COOTBeTCTBYyIomlas crparerus. Crparerud,
HUMCIOIINE CJIOKHOCTh MCHBIIIC UJIM PAaBHYIO 2, COBITIAJAIOT CO CTPATCrUAMU C HyHCBOﬁ
rryOuHON mamsaTH. Jlerko 3aMeTHTh, 4YTO TNpPH BO3HUKHOBEHHM IAMSTH camas
npumMuTHBHAs U arpeccuBHas crparerusi 0000 He sBisieTcs MOOETUTENeM Oaxe B
nepBoM nokosieHnH. OHa 3aHuMaeT 2 Mecto. OJHaKo, KaK U IPU OTCYTCTBHH MaMATH,
MoCIIeTHeE MECTO 3aHMMaeT Oe3yMHO cornarnarensckas crpaterus 1111, Haxe Takas
M3BECTHAsl CTpaTerus Kak «OKO 3a OKO» 3aHuMmaeT Bcero 9 mecro. IloGemurenem
SBJIIETCSl CTpAaTerusi MaKCHMalbHON CJIOXHOCTH B paccMaTpHUBaeMOM KaTeropuu
crpateruil. CiiexyeT HOAYEPKHYTh, YTO CPEIU OTCTAIOIIUX CTPATErHid MPHCYTCTBYIOT
CTpaTEeTHH TaKOH e CIOXKHOCTH. J[pyrnMu cioBamH, CJIOKHOCTb CTPAaTeruu cama Io
ce0e erne He TapaHTUPYET BHICOKUI PEUTHHT 11O YBOJIIOIIOHHBIM OYKaM.

BnusiHne mepBBIX XOJ0B Ha CYMMapHBIH HabOp OYKOB C YBEIMYEHHEM 4YHCIA
X0ZI0B N yMEHBIIAETCS MO THIEePOOINIECKOMY 3aKOHY

S c _
=2 4g @
n n

rae C - MOCTOSHHAS, YYMTHIBAKOIias BKIaJ 2 mepBbix xojoB. Ha Puc.6 mokaszano
CpaBHEHHE 3aBUCHMOCTEH, MOITYYSHHBIX YUCICHHO C TEOPETHYECKON 3aBUCHMOCTHIO
(2). Jlerko 3aMeTHTB, YTO HWMEHHO TIEPBBIA XOa OMpeAenser 3HadeHue C.
[TpuBeneHHBIN XapakTep 3aBUCUMOCTH Ha Puc.6 yka3pIBaeT Ha BIUSHUS MAJIOTO YHCIIA
X0/I0B N Ha 3aHMMaeMbIe MECTa cTpaTeruil. Tak, Mpu CpaBHEHUU UTOTOBBIX MECT BCEX
256 crpareruii i pasHoro yucia xoaoB N =100 u N =200 mecra ommyaroTcs y
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OoJsiee 4eM MONMOBHHBI cTpareruil. [IpudnHa 3T0ro 3dheKkra COCTOUT B TOM, UTO PSIf
cTpaTeruii HaOMParOT OJM3KUE 3HAYCHHsS, U MOOABICHHE YHCIA XOJOB MPUBOAUT K
OCIMIUTALMSAM 3HAYCHHH B OKPECTHOCTH cpefHero 3HadeHus. C yBemudeHuem N
Takasi 3aBUCUMOCTh yMeHblaercst. Hanpumep, mpu N =700 u N =900 3anumaembie
MeCTa OTJINYAIOTCS y 22 CTpaTeruid.

Sn Sn
n \ n
31 \\ 31
5 A\

. 3.0q
\\(0)(00)(00101 (1)(01)(0010)
- (0)(01)(0010) |  *°] (1)(00)(0010)

(0)(10)(0010) (1)(11)(0010)

28 ©)11)0010)|  >*] (1)(10)(0010)
2.7 : : : . . . . . . 2_?-] . ; : . . . . . .
100 200 300 400 500 600 700 800 11 100 200 300 400 500 500 700 800 1)

Puc.6. 3asucumocms om N eviuepouua (2) 0na cmpameeuu, umeioweii C =3 (creéa) u C=5
(cnpasa).

[anee, kak U B IpeAbILyILIEM pa3leie, 3BOJIIOLUS OTOPAKOBBIBAET IMPOUTPABILYIO
CTpaTeTHIO M B HOBOE IIOKOJCHHE IIEpexXolsIT Bce cTparerud kpome Hee. Hosoe
MOKOJICHUE BCTYMAeT B COPEBHOBAHME 32 OYKH ABOJIOIMOHHOTO OTOOpa ¢ Hyis. Ha
MPOTSHKCHUU 1ecTh mokosneHuit crpareruss 0000 ynmep>kuBaeT BTOpPOE MeECTO.
Curyauuss MeEHsAETCS B CEAbMOM IMOKojieHuH, rae 10 ocraBmuxcs cTpaTeruit
pacronararoTcs B CIEAYIOIIEM MIOPSAKE IO HA0OPY 3BOJIIOLIMOHHBIX OUKOB.

MECTO CTpaTerus OUKHU CIIOXHOCTh
1 0010 18554 4
2 0011 15659.5 3
3 0101 15590 2
4 0110 15013.5 3
5 0111 15001 4
6 0000 14576 0
7 1000 14333.5 4
8 0100 13272 4
9 1010 13038 2
10 0001 12954 4

W3 pe3ynbTaToB UMCIEHHOIO MOJEJIUPOBAHMS CIENyeT, YTO MEepBOE MECTO
COXpaHseTCs 3a CTpaTeruel MakCUManbHOW CloXHOCTH, Korjga crpaterus 0000
ckatbiBaeTca Ha 6 mecto cpeau 10 ocTaBmIMXCsS CTpaTeruil. ATpecCHBHOCTh B 3TOM
MOKOJIGHUH cHIDKaetcsi. [Ipomoinkas SBOJIONMOHHBIA 0TOOp, monydum B 10
MIOKOJICHUH
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MECTO CTpaTerust OYKHU CJIO’KHOCTh
1 0011 11215.5 3
2 0101 11174.0 2
3 0010 10809.0 4
4 0111 10735.0 4
5 0110 10639.0 3
6 0100 77555 4
7 0000 5892.0 0

Hpyrumu cinoBamu, B 11 mokoseHN# ncue3aeT caMmasi arpecCUBHAsI U IPUMHUTHBHAS
crparerus 0000. B 15 mOKoOJIEHHH OCTAIOTCS TOJIBKO 2 CTpaTeTHH, KOTOPHIE HAOMPaIoT
OJIMHAKOBOE YHCJIO OYKOB SBOJIOLMUOHHOIO OTOOpa, M W3MEHEHHE CTpaTeTHid
nomyyiauuMu  npekpamiaercd. CHOBa MOXHO CKas3aTh, 4YTO arpeccuBHas CTaius
pa3BUTHS MOMYJSANHIH ¢ TIyOnHON mamsatu 1 3aamMaet 11/15 BpeMeHu sBoOnAN 10
BBIXOJ]a B CTallHOHAPHOE COCTOsIHME. VHTepecHO 3aMeTHTh, YTO MHpPU MOSBICHUU
NaMsITH CTaAMs arpecCMBHOCTU IOMYJSLUH 3aHUMAaeT MEHBIIYI0 YacTh BPEMEHU
3BOJIIOLINU.

MECTO cTparerus OYKH CIIOKHOCTh
1 0011 3600.0 3
2 0110 3600.0 3

[MoGenuTensiMu  €CTECTBEHHOTO OTOOpa OKa3alhCh CTPaTeTHH  JOCTaTOYHO
CIIO)KHBIE, HO HE HMEIONIHE MAKCHMAIBHYIO CIIOKHOCTb. ODTH CTPAaTeTHMHd HMEIOT
rnyouny namat 1. Cpean moOequBIIMX CTPATETHi MPUCYTCTBYET CTPATEIHsl «OKO 32
oko» [1][01]0011. Crpaterus 0011 oTHOcuTCS K JOOPOMOPSAOYHBIM. DTO MOXKHO
YCTaHOBHTH, AHATHM3UPYS €€ PeaKkIui0 Ha XOJAbl MPOTUBHMKA. JlelicTBHE cTpaTeruu
0110 comauTensHON moOponopsimodHOCcTH. ClemyeT Moa49epKHYyTh, YTO B pe3yNIbTaTe
€CTECTBEHHOTO OTOOpa BBIMEPJHM BCE CTpaTeTMH C HyJIEBOW TIyOMHON NaMsATH, HE
BBIJICPKaB KOHKYPEHIIUU CO CTPATETHsIMU, UMCIOIMMU MaMsITh. KpoMe 3T0ro0, MOKHO
3aMETUTh, YTO MOOEAMBIIME CTpaTeruy 3aHUMand 4 U § MecTa B COPEBHOBAHHH
NEePBOTO0 TMOKOJICHUS. DTO JIEMOHCTPUPYET CJIOKHOCTh TPEACKA3aHHUsS CTpaTerui
nobenuTeNel IBONIOIMOHHOTO OTOOpa Ha PaHHUX CTAAMAX SBOMIONMH. Huxke Mbl
PAcCCMOTPHM DBOJIIOIHIO CTPATETHH ¢ OOJIBILCH TITyOMHOMN MTaMsITH M IPOBEPHM, KaKHe
BBIBOJIBI COXPAHSTCS C POCTOM TITyOWHBI TAMSITH.

OOcynum BiHsIHUE BBIOOpA YMCia HTp N Mexay AByMs cTpaTterusmu. HTepecHO
OTMETHUTh HAINYUE CIEeHU(UIECKOro MEXaHW3Ma YyBCTBHTEIBHOCTH K N, KOTOPBIH
CBSI3aH C HAIMYMEM OCHWUIALMHA 1Mo N, 3aHUMaeMbIX MECT HEKOTOPBIMH TPYIIIIaMU
CTpaTeruii, B YaCTHOCTH WX mapamu. Tak cymmapubiii Habop mpu N =200 B 12
nokoneHnu crpareruii 0101 u 0011 paBen 18200.0 m 18199.0, cooTBeTCTBEHHO.
Paszuuna cocrasisier Bcero 0.0055% . SIcuo, uro mpu yBenuuennn N Takoil TOHKHIA
OanmaHc MOXeT pa3pymuTbes. Jlnsi BBIOpaHHON MaTpHIBI BBHIIIAT TEPHOJ TaKOTO
6ananca Haomomaerca or N=1000 mo n=1011. Paznuuus Ha 3Tame 12 ot N,
KOTOpBIE OOCYXIalMCh BBIIE, TEM HE MEHee, HE CKa3bIBAIOTCS Ha CIHCKE
noOeauTeNnel ¥ MPOUTPABLINX B PE3YIITATE IBOJTIOLHUH.
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Ilepeitnem Temepb K 0OCYXKICHUIO BIMSHUC BHIOOpA MaTpuIl BhILIAT. [IJis 3TOTO
CHOBa CMOJCIHPYEM O5BOIIOLMIO, HCMONb3ys Marpuuy Bbimiatr M,. B mepBom

IMMOKOJICHUH CTPATCTHUU PACTIPEACIIAIOTCA MO0 MECTaM CIICAYIOIIUM 06pa30M

Tabn.2. Pacnpedenenue mecm 8 nepeom NOKOIEHUU.

MECTO CTpaTerust OYKHU CJIO’KHOCTh
1 0010 25512.0 4
2 0000 25472.0 0
3 1000 23171.0 4
4 0100 21634.0 4
5 0110 21539.0 3
6 0001 19453.0 4
7 0011 19200.0 3
8 0101 19200.0 2
9 1010 19200.0 2
10 1100 19200.0 3
11 0111 18947.0 4
12 1001 16861.0 3
13 1101 16766.0 4
14 1110 15229.0 4
15 1111 12928.0 1
16 1011 12888.0 4

CpaBuuBas Tabmuiy 1 ¥ 2 MOXKHO OTMETUTh, YTO MOOCAUTENb COXPAHSIETCS, HO
MIpOWTpaBIIed OKas3bIBaeTCs JApyras cTparerus. JIpyruMm cioBamMH, MOTYT
MPOMCXOANTh U3MEHEHUS MEXKAY HEKOTOPBIMH CTPAaTETUsIMH, HAOMPAIOIIUMU OJIM3KO0e
YHUCJIO OYKOB C HEKOTOpPOM Marpuleil Bbuuiar. llepBble nBa MecTa yAepKUBarOTCS
crpareruamu 0010 u 0000 nmo ceapmoro moOKoJeHHS. B BOCBMOM TMOKOJCHUH
crparerus 0000 nepexonut Ha 6 mecto, a 0010 npoxomkaer nuaupoBars. B neBsitom
MOKOJIEHUM camasl arpeccHBHas W NPUMHUTHBHAsS CTpaTeTHs 3aHUMAaeT IocieIHee
MECTO

MECTO cTparerus OYKH CIIOKHOCTh
1 0111 8810.0 4
2 0101 8792.0 2
3 0011 8791.0 3
4 0010 8466.5 4
5 0110 8361.5 3
6 0001 7456.5 4
7 0100 7169.5 4
8 0000 6544.0 0

Takum oOpa3oM, camasi MPUMHUTHBHAS M arpecCHUBHAS CTPATETUSl UCUE3aCT YKE B
10 moxosnennu. COOTBETCTBEHHO, CTaJMs arpeCCUBHOCTH IMOMYJISIIUNA 3aHUMAET E

JAOJIF0  DBOJIOOHMU OO0 CTALUMOHAPHOI'O COCTOSHUS. MoxHo cyuTaTrb, 4YTO BBI60p
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MaTpHUIBl BBITUIAT MOKET BIMATH HAa BpPEMs CYIIECTBOBAHWE arpeCCHBHON CTaIuu
nomyysiiuid. B 15 mMOKONEHWH OCTaroTCs ABE CTPATErMH CO CISAYIONIMM Habopom

OYKOB
MECTO cTparerus OYKH CIIOKHOCTh
1 0011 2400.0 3
1 0110 2400.0 3
XoTa ocTaBHIMECS CTpaTermd B TOYHOCTH COBMAJalOT C  OCTaBIIMMHUCS

CTpaTeTUuAMM B 3TOM IMOKOJICHUU MPHU MATPULIC BBIILIAT Ml . OI[HaKO, B CJICOYIOLICC

MOKOJIEHNE TMepelayT o0e cTparermu Kak HaOpaBIIHe OJWHAKOBOE UYHCIO OYKOB
SBOJIIOLIMOHHBIX TPEUMYIIECTB. B 3TOM cMBICIE CTalMOHApHOE COCTOSHHE OyaeT
COCTOSITh M3 JIBYX CTpareruii. Pazymeercs, Takoil TOHKHI OaaHC MOXKET pa3pymaThCst
MHOTUMHU crioco0amu. PaccMOTpuM Terneph SBOJIIOIMIO CTPATET UM ¢ TITyOWHOM MaMsITH

1 ¢ matpuneii Beimiar M. B nepBom nmokosnenun nobesxaaer Ta xke crparerus 0010,

a 0000 zanmmaer BTOpoe Mecto. Crparermsi 0000 mcuezaer B 11 mokoneHuH, H,
CJICIOBATEIbHO, JOJISI arpeCCUBHOCTU TMOMYJIALMU Takas e, KaKk U IpU MaTpulle

Boitar M. B 15 mnokoneHuH BBIXOAST Te K€ CTPATErMH, YTO U IPHU JPYrHX

SHAUYCHUAX MaTpuUll BbITIJIAT

MECTO CTpaTerust OYKHU CJIO’KHOCTh
1 0011 4800.0 3
1 0110 4800.0 3

CHoOBa CTallMOHapHOE COCTOSHHME COCTOUT M 3TUX ABYX cTpareruil. OCHOBHOI
BbIBOJ U3 MOACIUPOBAHUA 3BOJIOIMKU C PasHbIMH MaTpUllaMU BBIIUIAT COCTOUT B
YHHUBEPCATHHOCTH MOOSAMBIIUX CTPATETUH, CPEId KOTOPHIX MPUCYTCTBYET CTpATETHS
«OKO 32 0KO». Bce mobeauBIme cTparernd MIMEIOT MAKCUMAIIbHYIO TIyOHHY nmamstu |
Cpelld YYacTBYIOIIUX B SBOJIIOIIMU CTPATErHMi M OOJBIIYIO CIOXKHOCTH 3 OJHM3KYIO K
MaKCHUMAaJIbHOH.

7. Mup ¢ rayouHoil namMsaTu 2

[lepetinem k cimy4aro cTpareruil ¢ OONbIIEH TITyOMHON NMaMsTH, JOCTUTAOIIEH 2.
HanomHauM, 4TO cpean Bcex 3THX CTpaTerui, Kak 0TMEYaloch paHee, NPUCYTCTBYIOT
CTpaTeruy ¢ MaMsIThIO 2 M CTPATErHH SKBUBAJICHTHBIE CTPATETHIM C INTyOWHOM MaMsaTH
1 u 0. PaccMoTpuMm, Kakre M3MEHEHHUsI B DBOJIIOLIMK CTpaTeruii Oy ayT HaOIroAaThes B
aTOM ciydae. Yucno crpareruii ¢ Takod INTyOMHOM HaMsTH C Y4eTOM IIEPBOrO H
BTOPOro xoja coctapisieT 32768 crparerwii. PaccMoTpuM pe3ynpTaT UYHCIEHHOTO
MOJIEJIMPOBAHMS COPEBHOBAHMK MEPBOTO IOKOJEHHSA, B KOTOPOM YYacTBYIOT BCe
cTpateruu. lIpu mopcyere OYKOB SBOJIOLNMOHHOTO OTOOPa HCIOIB3YEM MAaTPUILY

Bbiuiat M, a uncino xoznoB npu B3aumozneincteun aByx crpareruii N =100 . Kaxnas

CTpaTerusi B3aUMOJEHCTBYET CO BCEMH CTpaTerusiMu, BKiIIo4yas ce0s. B mepBom
MOKOJICHHH To0exmaer He camas arpeccuBHas crparerus 00000000, a menee
arpeccuBHast 00001000. Camas arpeccuBHas u npumutuBHas crparerus 00000000 B
OTOM IIOKOJICHHH 3aHMMaeT yxe 10 MecTo 1Mo SBOJIONMOHHBIM OYKaM. Takum
o6pa30M, C YBCIIMUCHUEM IaMATU B MNOIIYJIANUAX HNPUMUTUBHOCTH U arp€CCUBHOCTDH
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yrpaunBaer mpeumymiectsa. Crparterus 00001000 ymepkwBaeT IMepBEHCTBO 1O 75
MOKoJIeHUs 3BoJroINy. Jlanee nmpoucxoaut cMena nodeautens crpaterueii 00001010,
KOTOpasi yJepxuBaeTcs Ha nepBoM mecte 10 200-ro mokonenus. Jlanee modeaurens
cmensier crparerus 01111101, MHTEpecHO OTMETHTH yBEIHUYEHHE UYWCIIA CIUHUI] B
Ha3BaHMAX IMOOEKIAIOIINX CTPATeTHil B Mpollecce 3BONIIONWH. B ompeneneHHOM
CMBICJIC 3TO TOBOPUT O POCTE KOOICPATUBHOCTH Takux cTpareruii. Camas
NPUMUTHBHAS W arpeCCHBHAS CTpPATErHs WCYe3aeT M3 MOMYJAIUH B 136 MOKOJICHUH.
MOo’kHO CKa3aTh, 9TO arpecCUBHAS CTaIWs Pa3BUTHS OIS 3aKkaHynBaeTcs B 136
MOKOJICHUH. YUUTHIBAsI, YTO DBOJIOIUS JO CTAIIMOHAPHOTO COCTOSHUS 3aHUMaeT 256

36

MIOKOJIEHHH, TO arpecCHBHAsi CTaJIusl TOMYJIAIMHA 3aHUMAET yXKe 256 ~0.53 ugactp

BPEMCHH 3BOJIIOIMM TIOMYJSAIUU. B pe3ynbrate 3BOMIOIUU B 254 TMOKOJICHUH
nobexmaer ctparerus 11010001, BRIMTpbIBas IO 3BONIOIMOHHBIM OYKaM y CTpaTeTHH
01111111. Bemrpapmmass B X0[¢ 3BOJIONHUHA CTPATErHs BIIOJTHE AOOPOIIOPSIOTHASL
ctparerus. ToIbKO OJMH XOJi OTBEUACT HA MPEUIOKCHUE KOOIECPAIlMA OTKa30M U TO
MoCJie MPEABAPUTEIILHOTO OTKa3a OT HEE MPOTUBHUKOM.

Puc.7. I[Tame nudsicnux yposueil 2paga (nonnwiil epagh nokaszan na Puc.3).

IepetinemM Tenepb K OOCYXJICHHUIO CIIOKHOCTUA MOOCAMBIINX CTPATETHd, KOTOpas
ompeenseTcs yposueMm rpada (cm. Puc.7). Cormacho rpady crpateruit (cm. Puc.3),
nmoOeMBIIAs CTpaTeruss HWMeEEeT CIOXHOCTh paBHylo 7. [pyrumum crnoBamu,
BEINTPHIBAET B OBOINIOIWUW CTpATeTHs, HMEIIas CJIOXHOCTh 7 - ONH3KYyK K
MakCUMaJbHOH, HO He MakcuMmaibHyro. Cpeau 3TOro Kiacca CTpaTerui
MaKCHMaJlbHas CIIOXHOCTh paBHa 8. [IpUMHTHBHBIX CTpaTerui, y4acTBYIOIIUX B
sBomtonnu, Obuio 4. DOto 00000000, mmeromass 0 CIOXKHOCTh, OJHA CTpaTeTUs
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11111111 wumerormmass 1 cmoxkHocts, m aBe crparermm 01010101 m 10101010
cioxkHocTd 2. B uerBepToM mokosneHuun ucuesna crparerus 11111111, cnemyromieit
ucyesna B 62 nokonenuu crpareruss 10101010, a 3atem B 136 nmokonennn 00000000
u, "HakoHer, crparerus 01010101 wmcuesma B 232 moOKOJNeHWH. DTa CTpaTETHs,
HECMOTpSI Ha CBOI0 MAalyl CIOXHOCTh, PaBHYIO 2, JOJITO VyAEP)KHWBajlach B
nomyysiiiuid.  Crlenyer oXuIaTh, YTO TPH YBEIMYCHHHM TJIYOWMHBI TaMITH 3Ta
ctparerus Oymer ucye3aTh panbiie. MHTepecHO oTMeTnTh, uTo crparerus 00110011,
SKBHBAJICHTHASI CTPATETHH «OKO 3a OKO», Mcue3sia B 216 MOKOJEHWH W HH B OJHOM
MOKOJICHUH HE SIBIIsIach mooemuteneM. Takum o0pa3oM, MpU JOCTATOYHOW TiTyOuHE
nmaMsTH OOJIbIIe 2 CTPATErHsl «OKO 332 OKO» HE SIBIISICTCS] SBOJIIOIIMOHHO BBITOJTHOM.
Bo3M0HO, 110 ATON NpUYMHE OHA PEAKO BCTPEUAETCS B MPUPOAHBIX nomyisuusax. Ha
Puc.8 nokazaHbl CI0XKHOCTH CTpaTeruii, MOOSAUBIINX HA KaXKJIOM 3TaIle BOJIIOIUU.
HHTEepecHO OTMETHTD, YTO CIOXKHOCTh BBIMTPABIINX CTPATETHH B KAXKIOM ITOKOJCHUH
HE HIDKE 6 B TOAABISIONIEM YHCIIE MOKOJICHHHA. JTO COOTBETCTBYET CTpATETHSIM,
o0namaonM B TOYHOCTH namsThio 2. CTpaTternu, obianaroniie maMsaThio TITyOHHOM
He Oosiee 1, UMCIOT CJIOKHOCTh MCHBINYIO WM paBHyH 4. Jlpyrumu cioBamw,
nmoOeuTeN B TOJABISIFOIIEM YHCIIE€ TOKOJICHHWA HMEIOT OOJBINYI0 CIIOKHOCTS,
OJIM3KYI0 K MAaKCHMaJIbHON TN PaBHYIO €.

H

8 —_— - —— =

3

50 100 150 200 t
Puc.8. Cnoxcrocms sviucpasuieti cmpamezuu 6 noxonenuu { .

OCHOBHOH BBIBOJ] COCTOUT B TOM, YTO JBOJIIOIIMOHHO BBITOJHBIE CTPATETHH B
JH0O00M MTOKOJIEHUH UMEIOT OJIM3KYI0 K MAKCUMYMY HJIM PaBHYIO €MY CJIIO)KHOCTb.
PaccmoTpum Teneps BIHMsHUE BBIOOpAa MAaTpHUIl BBIIIAT HA XapaKTEp 3BOJIIOLUH

crpareruii ¢ riyouHoi mamsitu 2. Ilpu Bbibope martpuus! Boiuiatr M, B mpomecce
sBomonuu  BbiurpeiBaeT crparerus 00111101, kotopas uMeeT MaKCUMAabHYIO

CIOKHOCTH 8. [I[pUMUTHBHEIE CTPATETUN UCYE3aI0T B ciemyromiem mopsake: 11111111
B 7 mmokojyieaun, 10101010 B 59 nmoxonennu, 00000000 B 142 u moxonaerun 01010101
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B 230 moxoseHun. [lopsSmok MCUE3HOBEHHUS NMPUMUTHUBHBIX CTPAaTETHH COBIAIACT C
MPEIBITYIUM CllydaeM. ATpEeCCHBHAs CTaJus TMOMYJISIMA 3aHUMAaeT HECKOJIbKO

142
Gonpmryro gomo —— ~ 0.56 Bpemenu spomroruu. Crparerus 00110011 «oko 3a

OKO» HucYe3aeT B 227 MOKOJCHUU M TaKKE€ HU B OJTHOM TOKOJEHUU HE SIBISICTCS
nobeauTeneM. XapaKTep 3BOIIOIIH CI0KHOCTH BBIMTPBIBAIOIINX CTPATETH B Pa3HBIX

IMOKOJIEHMSIX ITOKa3aH Ha Puc.9 AJId MaTpull BbIIJIAT M2 u MS' B o6oux cirydadax

HO6C,HI/IBHIa$I B 3BOJIFOIIUM CTPATETUA UMEECT MAaKCUMAJIbBHYIO CJIOKHOCTDH 8.

H H
8 — - — — §— - —
7 7 -
5] — —_— 5 —
5 S5
4 - 4 -
3 3
50 100 150 200 t 50 100 150 200 t

Puc.9. Crosicrocmo ebluepaemeﬁ cmpamecuu 6 NOKoJIeHUuu t ons mampuybl eblniam M 2

(cnesa) u |V|3 (cnpasa).

AHaJOrNYHO TPOUCXOAMIA SBOJIOLMS CTpaTernii M mpu marpuue Beiuiar M.

[IpuMuUTUBHBIE cTpaTeruu ucuesanu B ToM ke nopsake: 11111111 B 4 mokonenuw,
10101010 B 67 mnoxkomenuu, 00000000 B 131 u moxomeumum 01010101 B 236
NOKOJICHWH. JIpyruMm CIOBaMH, XapakTep OJBOJIOLNUM CTPATETHH NOMYJISIHN
coxpansercs npexanM (cm. Puc.9). [lobexmaer B sBomorum ctparerus 00111101,
UMerIas  MakCUMaJbHYIO  CIOXHOCTh.  [IpUMUTHBHBIE  cTpaTerud  ObUIH

noGeaurensimu Beero B 0.02 none noxosenuit npu M, , B 0.012 npu M, u B 0.16 npu

M,.

8. BeIBOabI

Takum o0pa3om, HECMOTpS Ha NPU3HAHHE TOTO, YTO BBIUTPHIIN MPU OTKa3e OT
KOOTIEpaIK MPEBBIIIAET BHIUTPHIII MPU COTJIACHU Ha KOOIEPAIMIO0, YHUBEPCATBHBIM
NPaBHJIOM ABOJIIOLMH TIOMYJISIIUI SBISETCS JOMHHUPOBAHHE CIOXHBIX CTPAaTErHid C
MaKCUMaJbHOW IiTyOMHON mamsTH. [Ipudem, Kak IOKa3aHO BBINIE, STH BBHIMTPABIIHE
KOHKYPEHTHYI0  OOpbOy CTparermd OKa3bIBalOTCS B  OOJNBIIOW  CTENEeHH
«I00OpOTIOPSIOYHBIMIY) CTPATETHSAMH, CKJIOHHBIMA K COTPYAHUYECTBY, TJIe AKTHI
KOOTIEpallii SIBHO NPEBAIMPYIOT Haa oTka3amMu. KoHkypeHTHas Oopbba 31ech
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HPOSIBISIETCS. B TOM, YTO Ha Ka)XKIOM 9Tale SBONIONMH (MM B KaKIOM MOKOJICHUH)
MOMYJISIIMS  OTKa3blBAaeTC OT NPUMEHEHHs CTPaTerdii, BBIUTPHII KOTOPHIX B
NpEABIAYIEM TOKOJICHUH OKa3aJiCsi MUHUMAaJIbHBIM.

B pabGore paccMOTpeHBI SBONIOUMHM HOMYISIUHA CO CTPATETHSIMH C TPeMs
3HadeHUsMH TiyonHbl mamsatd 0; 1 w 2. B 3THx cimydasx B OBONIONWH MOTYT
y4acTBOBaTb B IIEPBOM IMOKOJICHHUH BCE BO3MOXHBIE CTpPAaTETWH, BKIIOYAs H
NPUMHTHBHBIC, TIPUYEM  HEKOTOpPHIC  NPUMHTHBHBIC  CTPaTerWd  CHOCOOHBI
CYIIECTBOBAaTh B TAaKMX MOMYJMLMAX JUINTEIHHOE BPEMs, CPAaBHUMOE CO BpEMEHEM
sBoIIIONIMK nonyasuuu. Bonee Toro, npu rinyoune mamsatd 2 B 0.01+0.02 momsx
MOKOJICHUH OHM Jake TMOOEXKTAI0T Ha MPOMEKYTOUYHBIX CTaAMSX OSBOJIOLHUH
nomynsiuu  (cMm.  Puc.8, Puc.9). Pasymeercs, ClI0XHOCTP 3THX OTHOCHTENBHO
NPUMUTHBHBIX CTpAaTeruii He CTONb Mana M paBHA 4, YTO BCE-TAaKU COOTBETCTBYET
MaKCHMAaJIbHOW CIIOKHOCTHU TpH IiryOnHe maMsaTh 1. CaMble IPUMUTHBHBIE CTPATETHH
B TaKUX MOMYJSALMSIX cO cIoXHOCTSIMU 0; 1; 2 OTCYTCTBYIOT B KadecTBe moOenuTesne
BO BCEX ITO3THHUX MOKOJICHUSIX.

VHTEepecHO OTMETHTH, YTO MONOO0HOE SBICHWE HAOMIOAAeTCS W TPH 3BOJIOLHMU
CTpaTeruii ¢ rryOuHON mamsTu He Bbimie 1. B 3ToMm ciydae cpemu mobeauteneit B
pa3HBIX MOKOJEHUSAX BBIKHMBAIOT CTPAaTETHH C MAaKCHMAIBHOW CIOXHOCTBIO 4 U 3.
Opnnrako B HEOOIBIIIOM YHCIIE TTOKOJICHH Ha MMPOMEXYTOYHOW CTAINH 3BOIIOINH, TEM
HE MEHee, NPHCYTCTBYIOT NPUMHTHBHBIC CTPATETHH CIOKHOCTH 2, KOTOPBIC IpH
rnyoune namsatu 0 UMeNIn MaKCUMAaJbHYIO CIOKHOCTb. B 4acTHOCTH, IJIsl MaTpHIIBI

M2 J0JIs1 Yucia HOKOHGHHﬁ, B KOTOPBIX HO6€)KIlaeT MNPUMHUTUBHAA CTpPATCrusa Co

CIIOKHOCTEIO 2, cocTaBiseT 0.08.

C yBenmueHWeM TIOyOMHBI TMaMATH YHCIO TIOKOIEHUH, TIe JAOMUHHUPYIOT
HpI/IMI/ITI/IBHI)IC CTpaTCFI/II/I, YMCHI)HIaCTCSI. OTMCTI/IM TaKX€, 4TO I/IHTCpBaH HOKOHCHI/II‘/’I
Ha HaanBHOﬁ cTaauu 3BOJJIIOIIUHU, B KOTOpI)IX B HOHy.HS[LII/II/I HpI/ICYTCTByCT a6COJIIOTHO
arpeccuBHasi CTPATErHsl, C POCTOM TITyOMHBI TAMATH 3aMETHO COKPAIIaeTCsl.

Kpome Toro, nmpoBeieHHOE pacCMOTPEHHE MOCTAaBUJIO U HOBBIE BOMPOCHL. TO €CcTh
npupojia 00ECIeYMBACT JOMHUHHPOBAHHE «IOOPOMOPSAOYHBIX» W JIOCTATOYHO
CJIOXHBIX CTpATEeTHil OBEIEHHU CyOHBEKTOB, CKIIOHHBIX B OOJBINEH CTENICHH TIOMHUTH
0 CBOMX yJa4yax W Heyjgadax B mponuioM. [IOHATHO, 4TO 3TO CIIOCOOHO MPHUBIIEYH
BHUMaHHE CYOBEKTOB K CTpaTerHsiM ¢ OoJblIed mamsaThio. Takum oOpa3zoM, mamsTh
JIOJDKHA YBEIHYUBATHCS B Tporiecce dBoionnu. C yBeNIWYeHHEM TITyOWHBI MaMsTH
KOJIMYECTBO BO3MOXHBIX CTPATETUH PaCTET CBEPXIKCIIOHEHIIMAIBHO, YTO TPUBOANT K
HEJIOCTAaTOYHOCTH PECYPCOB IS MOJIEITHPOBAHUS SBOIOIUN TaKuX cTpareruit. Kpome
9TOTO, /Il KOHEYHBIX MOIYJISIHA YHCIIO CTPATETui, HaYWHasi C HEKOTOPOH TTyOHHEI
MaMSTH, 3aBE0MO MPEBBICHT YUCIIO 0co0ei momymsmun. [loaTomMy I TakuX TIyOuH
NaMsITH CTPaTerMu TMOMyJSIMA (QaKTHYECKH TEpsI0T 3aMKHYTOCTh. B mporecce
3BOJIIOOIUN B HOHy.]'ISIIII/II/I MOFYT BO3HUKATh HOBBIC CTpaTeFI/II/I, OTCYTCTBYIOHII/IG B
MEPBBIX TIOKOJICHUSAX. Takue TMOIMyNANNNA CTAaHOBATCS OTKPBITHIMH CHCTEMaMH, B
KOTOPBIX KPOME «CTOKa» CTPATErhii, KOTOPBIN 00ecIeYrBaeT YBOJIOIUOHHEIN 0TOOD,
NPUCYTCTBYET W WUCTOYHUK, TMPUBOJSIINN K «BOPACHIBAHHIO» B TIOMYJISIIHAIO HOBBIX
ctparermii. TakuM o00pa3oM, CTAallMOHAPHOE COCTOSHUE TaKWUX  TOIYJISIUI
OTIpeZIeIIICTCS] CYIIECTBEHHO HEpPAaBHOBECHBIMH Iporieccamu. Cpenu (QU3NIecKux
HpI/IMep0B TaKux HepaBHOBeCHBIX CTaHI/IOHapHLIX COCTOHHI/Iﬁ MO>XXHO Ha3BaThb
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TypOYJIEHTHOCTh, B KOTOPOH CTaIlMOHAPHOE COCTOSHHE BO3HHKAET B pe3yJbTaTe
OanmaHca WCTOYHUKA OSHEPrUM B KpymHOMaciiTaOHOW oOnacTh ©  CTOKa B
MenkoMacmtabHoW [28]. MopenupoBaHue SBOJIONMH TAaKUX TOMYJSIHMHA TpeOyer
JPYTHX MOAXO0B U II03TOMY OyJeT paCCMOTPEHO OTIAEIBHO.

3aMeTHM B 3aKJIIOYCHHUU, YTO YHUBCPCAJIbHas TCHACHIUA K JOMHWHHPOBAHHIO B

MPOIECCE JBOJIIOIMH CIOXHBIX CTPATeTUH TpeOyeT CTONb K€ YHHUBEPCAIBLHOTO
o0BsicHeHHs. B ompeneneHHOM CMBICIIE BO3HHKAeT CBOEOOpaszHas CTpelia BPEMEHH.
BozHuKkaeT OTKpBITHII BOIIPOC: 3TO Ta )K€ SHTPOMHIHAS CTPEIa BpEMEHH WITH JpyTras?
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Mathematical modeling of hydraulic networks
of structurally complex technological schema

A. 1. Silakov, M. L. Ugryumov, A. S. Shmelev

National aerospace university “Kharkiv aviation Institute”’, Ukraine

The paper analyzes some methods and means of hydraulic network simulation. A
method for calculating parameters of such a network is developed. The method is
based on the system of differential equations written for the network nodes. The
proposed model can be applied for both designing the new piping systems (hydraulic
networks) and virtual testing the existing systems under "stress" or emergency
conditions.

Keywords: hydraulic network modeling, system of equations, coefficient of hydraulic resistance,
pressure, node.

AHamU3UpYIOTCS METOABI U CPEICTBA MOJEIUPOBAHUS THIPABINYECKUX CETCH.
IIpemnaraercst Meto pacuera mapaMeTpoB T'HIPABIMYECKUX CETeH, pa3paboTaHHBIA
Ha OCHOBE CHCTeMbI MU (epeHIMAIBHEIN ypaBHeHHH y310B. [IpemioskeHHas Molenb
MO3BOJISIET, KAaK MPOEKTHPOBATh HOBHIE CHCTEMBI TPYOONPOBOAOB (THAPABINYECKHE
CeTH), TaK U TPOHM3BOJUTH OIEHKY pabOTBI yXKe CYIECTBYIOIIHNX CHCTEM B
«CTPECCOBBIX» MIIH aBAPUIHBIX yCIOBUAX pabOTHI.

Knrouesvie cnosa: cuopasnuueckas cemo, MOOCIUPOSAHUE, CUCIIEMA YPAGHEHUTL, KOIpduyuenm

ZMOPIIBJIMVECKOZO conpomueieHusl, ()LZGJIEHME, yzei.

AHAITI3YIOTBCS METOJH i 3aCO0M MOJICITIOBAHHS TipaBIiuHUX Mepex. [IponoHyeThes
METOJ PO3paxyHKy MapaMmeTpiB TipaBIiuHUX MEPEkK, pO3pOOJICHHH Ha OCHOBI
cucteMd AudepeHIiaTbHIX PIBHSAHb BY3JIiB. 3aIpONOHOBaHA MOJEIb JO3BOJISE SIK
MPOSKTYBaTH HOBI CHCTEMH TPYyOONMpOBOIB (TiApaBiiuHi Mepexi ), Tak i poOUTH
OILIIHKY POOOTH B)KE ICHYIOUHMX CHCTEM B «CTPECOBUX» a00 aBapiifHUX yMOBaxX POOOTH.

Knrouosi cnosa: ciopasniuna mepeosica, MOOeNIO8AHHS, CUCMeMd DigHAHbL , Koeiyienm
2I0pasniyHO20 ONOPY, MUCK, 8Y30L.

1. The problem description and statement

Simulation of hydraulic network (HN) is an important part of the processes of
setting up the new as well as operating the existing complex pipeline system. Models
that describe a multy-section hydraulic network deal with the high dimension systems
of nonlinear equations. Constantly growing complexity of real objects together with
problems related to designing the new and to effective controlling the operating ones
require to improve existing and develop new modeling and calculating techniques [1].

Pipelines are the complex dynamic systems whose characteristics are not constant,
and the law, which governs the changes of these characteristics during the system
operation, is not known in advance. Inaccuracies in piping construction embodiment
and unsteady conditions of their operation cause significant deviation of actual
resistance coefficients from those planned by design. These wrong coefficients are
then embedded in equations solving the direct problem of flow distribution. Together
with operation loads, which are known only approximately, this leads to unacceptable
errors in the mentioned distribution calculations. Hence, the necessity to solve the
inverse problems arises. One of such problems is refinement of resistance coefficients
of piping network sections. The problems of this kind become even more essential

© Silakov A. 1., Ugryumov M. L., Shmelev A. S., 2016
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when one has to pass from the pipeline system design to such a system management.
The huge amount of hydraulic networks, which already have been built and now are in
operation, brings to the fore the task of effective control of existing pipeline networks.

Hydraulic resistance, by definition, is the irreversible loss of fluid energy density
(which transforms into heat a cause of the fluid viscous friction [2]) in different parts
of hydraulic system (piping, hydraulic drive system, etc.).

To obtain reliable results needed for designing the new as well as for modeling the
existing systems, one has to perform the long-term calculations based on measuring of
angles between the pipeline sections, their lengths, crossections, etc., but the known
models of hydraulic networks have insufficient accuracy while their calculation
methods are not as fast as necessary.

The main objective of this study is to develop an efficient calculation method that
beats the challenges of design and control of big and complicated pipe systems.

2. A method for hydraulic network modeling

In order to create a mathematical model of a system of pipelines (hydraulic
network), it is necessary to build corresponding directed graph together with the
matrix of its edges connectedness. Besides that, full information is required on
geometric features of used pipes as well as on physicochemical properties of
substances and mixtures that flow inside.

The theory of constructing hydraulic networks is presented in [3]. Also, this article
proposes a method founded on said theory and an information technology that
implements the method. This technology is based on technological schemes that has
allowed eliminating any user’s participation in formation of the connectedness matrix
for nodes, vertices and edges. When modeling a hydraulic network and its
technological process, different computing modules exchange information
automatically.

The input data for hydraulic network modeling are the following:

- piping section hydraulic resistances (hydraulic resistance is a coefficient that

can be calculated based on pipe geometrical features);

- density of the substance that passes through the piping section;

- the piping section equivalent diameter;

- the degree of opening of the piping section valve;

- the source and the receiver pressure (initial approximation for solving the

system of equations);

- connectedness of edges, nodes, and vertices.

The output data (the results of hydraulic network simulation) are:

- the mixture flow rate for each piping section;

- pressure in piping nodes (points of flow mixing/separation).

Evaluation of hydraulic resistance of the piping section depends on mixture flow
mode, but in general case it is determined by both the frictional losses and the local
losses.
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Various local resistances cause changes of flow velocity direction and/or value.
This induces (in addition to frictional) the extra energy (head) losses as result of
bumps, local turns, etc. (Figure 1).

reu— ’Q
—

:
;

c d

Fig. 1. Some local resistances: a - sudden expansion; b - sudden contraction; ¢ - a smooth 90°
turn (a branch); d - a sharp 90° turn (elbow).

The head losses due to local resistances as well as frictional losses are expressed as
fractions of velocity head. The ratio of the head drop in a given local resistance h, .
2
. w . . . .
to the velocity head 20 is called the coefficient of local resistance and is designated
g

as é,w.c. *
2

: . , w
So, the expression for each of the local resistances is h . =& og and for the
' 9

M.C.

total their sum:

W2
hM.C. = Zé:,w.c. ' 5 y

where & isanexperimental value that could be found in handbooks.

The head loss h,, is:
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L w? w?
hn =(4-—+ z : = + Z —_—.
(-G 50 =€+ T 5
Consequently, the pressure loss across a pipeline section is:

2 2
AR, =hypg = (Ao 428,20 =(¢,, + 28, 20 Nimt (4]

From the viewpoint of mathematical modeling, a network scheme is a graph. In
other words, it is a structure comprised of a number of points (nodes) and connecting
them segments (arcs, edges). In terms of hydraulic networks, the graph elements have
a very clear meaning: the nodes represent feeders, consumers, wells, etc., while edges
are pipes. In some cases, it is necessary to introduce additional nodes in those points
where the measurement equipment is installed, as it can change the pipeline diameter,
or influence the flow in other way. Since the direction of mixture movement through
the network is determined, the nodes winding order at a given time is strictly
determined too. Thus, the above graph is oriented.

The Fig. 1 illustrates the principle of nodes and flow rates naming. All nodes are
numbered (named) randomly. Then the flow rate in the pipeline connecting the nodes

i and j is denoted as Q, - Withdrawal from the node I is denoted as g;. Any of
hydraulic calculations deal with equations of two types: the equations reflecting the

balance of mixture rates (conservation) in the network nodes and those for mechanical
energy balance in network sections (edges) [5].

q: q_"i {I_i
T 0, 4
)

1 0, 27 0, 3
le ds
5 QO 6 Qp 7 0 8

Fig. 2. The principle of naming the hydraulic network graph elements

s
2
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E o
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In terms of hydraulic network, this means that the sum of mixture flow rates that
enter a node equals the sum of the effluent mixture flow rates. For example, for node

Ne 3 in Fig. 2, we have:
st :Q36 + Q34 +0;.

Condition of mechanical energy balance must be written for each pipeline.
According to the Bernoulli’s equation for the pipeline, wherein the mixture moves
from node i to node j, neglecting the velocity heads, one has:
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where Ah,; is the head loss between the nodes i and j; z;; are the vertical

ji
coordinates of the central points of crossections that are perpendicular to the flow

velocity vectors; FEJI is the hydraulic head.
g

The total number of equations that describe a network operation can reach several
hundreds or even thousands. The system of these equations is nonlinear in flow rates,
and this creates the major difficulties when solving it.

In the case of an arbitrary law of hydraulic resistance and unknown steady flow
rates in pipes, the system of corresponding equations looks as follows:

Cyy Xy .o+ Cyy X, =0y,

Inn

CXy +...+C X, =0,
A

-1 Ln-1
ChaasSy /Xy | Xy ot Cgn Sy X, [ X, =y, (1)

cnlsl\xl\ﬂl_lxl+...+c Sy X, Mm% =h

nn=n

n n-k
where _
X; is the flow rate in the pipe !;
coefficients C; =1,-1,0 must be found from the first or second Kirchhoff's
laws. In the first case, the influent flow in some point determines the
coefficient value equal to 1, and the value -1 corresponds to the effluent
flow. In the case of the second Kirchhoff's law and nonlinear equations,

the values of coefficients c; can be either +1,-1(depends on the winding
order) if the section j is included into the calculation cycle, which
corresponds to the i ™ nonlinear equation, or ¢; =0;

h. is the sum of all productive heads in all edges of i ™ contour;

q; - inflow into (withdrawal from) a node;

B; is the degree in the law that determines dependence of the head drop on

discharge.
The matrix A comprised of coefficients of equations listed in (1) is the matrix of
the hydraulic network graph. The system (1) can be represented in vector form:
Ax=Q. (2)
Adding the matrix of circuits B, we obtain the compact form of second
Kirchhoff's law for the whole scheme:
BSXx =H , ©)
where
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Let us introduce new variables to refer to the matrix and vector in the right part of
the nonlinear system of equations:

A Q
F(X)= ,G = ,
0-[a Jo-[3)
then the system of equations (1) in vector form looks like
F(X)x=G. (6)

From the fact that (1) is built in accordance with Kirchhoff's laws for the hydraulic
circuits, the following theorem follows.

Theorem: Let x is a vector solution of the system of nonlinear equation (1)
composed for the flow rates calculation problem, let x is such that each its component

X; is not zero. If F(X) is the system matrix then this x is the unique solution of the
equation F(x)x=G.

The new method to solve the system (6) was developed based on modified
successive approximation method proposed by R.T. Faizullin together with K.V.
Loginov.

Solution to the problem is sought as the limit of iterations of the following form:

1 1
(k+2) (k=3)
2 =ox® +(1l-a)x 2
()

(k+)
F(x 2)x® =G,
where F is the system (6) matrix; x*, x**V are the approximate solutions obtained
1 1
. (k=2) (k+>) . .
in the steps k and k+1, correspondently; x 2, X "2 are some intermediate
solutions; « € (0,1) . For example, in the case of quadratic law of resistance, a =0.5.

The node pressure values were taken as the initial approximation.

This is such a modification of simple iteration method, each step of which is
preceded by averaging of some extremum values and followed by finding new
extremums based on approximation obtained at this step. This is necessary because the
simple iteration method does not converge: at some iteration, the approximation
oscillates in several areas.

ZQik <& ()
|Xik - Xik—l| <&, ©)
X+ X (10)

X_ — min max

' 2
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The aim of iteration process is to approximate the values of pressure in network
nodes to use them further as parameters in the system of equations. The flow material
balance expressions written for nodes (8) and the minimum difference (with a given
accuracy) between pressure values in each node i obtained at iterations k and k —1
(9) are used as conditions to obtain solution. The method algorithm is the following.

The maximum pressure X, for a node i is obtained as the highest pressure in the set

of all nodes connected to i one; correspondently, the minimum pressure X is the

lowest one. Before the next iteration, the averaging (10) is performed for each node.
Then goes the iteration calculation. This done, new maximum and minimum values
are obtained.

One of advantages of the proposed method is that it converges in a broad region.
Also, the rate of this convergence is close to the square one, as is implied by the
following statement.

Statement: If, upon the iteration method (7) application, the Degree of
Nonlinearity in the law of hydraulic resistance for each section is /3, the parameter

that determines the next iteration approximation a = E and the linear part residual

at each iteration is equal to 0, then the modified method of successive approximation
is equivalent to the Newton's method.

This fact allows stating that the method converges provided there is a sufficiently
good initial approximation. Unfortunately, the strong evidence of convergence without
good initial approximation has not been achieved for general case. The proof is

complicated by the fact that in general the operator F™*(x)H is not limited. However,
analysis of the problem when its dimension was small (2 and 3) has shown that we can
prove the convergence of our method under certain conditions. This as well as

numerous experiments and practical application of the method confirm that the
convergence takes place without requirement of good initial approximation [6-11].

3. Algorithms and data exchange in hydraulic networks simulation

Prior to the numerical modeling of hydraulic networks, one needs to prepare the
input data. An algorithm for this preparation is shown in the Fig. 3.

Inputting the coefiicients Inputting the initial
of hydraulic resistance in approxmations of
each section ofthe pipeline ressure inthe nodes

Furmatlnn ofthe Formation ofthe corresponding
adjacency m atrix of param eter list for the exchange
nodes, edges, and of data between the hydraulic

vertices ofthe network calculation and techno-
hydraulic network logical process modeling

Fig. 3. An algorithm of input data preparation for hydraulic net simulation
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To form the system of equations, one must have the connectedness matrix for
edges, nodes, and vertices. The method to fill such matrix is described in [3].

Modeling of Hydraulic network and physicochemical processes inside it includes
the dynamic analysis of processes in structurally complex systems. This requires to
create a table of parameter compliance necessary for information exchange between
calculations of two types. The data needed for numerical simulation of hydraulic
networks (physical and chemical properties of the mixtures and the state of opening of
valves along the flow way) are transferred from the technological model to the model
of hydraulic network, and the data needed for numerical modeling of physicochemical
processes (pressures and flow rates in the piping system sections obtained as solution
of described above system) are passed in the opposite direction.

So, the data transfer is carried out by means of parameter compliance table. Then
the cycle starts to process the hydraulic network nodes, which are pre-determined and
are present in the connectedness matrix. The total number of nodes is n. Each node i
connects k edges. In a loop over the edges of a given node, the equations reflecting
the balance of flows in it are solved. The equations have been solved and balance
achieved, the results are transferred to the module that simulates physicochemical
processes. Then the iteration is repeated. In this way the continuous sequential
modeling of the hydraulic network and internal physicochemical processes proceeds
taking into account the external effects (valves and dampers control, changes in
boundary conditions, etc.).

4. The numerical simulation results

Numerical simulation of a hydraulic network assumes solving a system of
equations under condition of the balance convergence for each network node. When
the proposed method is applied in the case of a new piping system, the needed
resistance coefficients are calculated based on geometry of pipes and type of mixture
that will run inside. In the case of a training system creation or testing some known
network under altered boundary conditions (the system stress test), one can use the
simplified formulas (sometimes even fitting method) because the sum of pressure
drops along the edges is already known. In the last case (the coefficients are fitted
based on pressure drop), the computation results would not be that accurate, but still
they would quantitatively reflect the system behavior under some external impact.

The Fig. 4 shows the results of computation of pressure values in the hydraulic
network nodes, which, in their turn, are the elements of devices of some technological
scheme.
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Fig. 4. The results of computation of pressure values in the hydraulic network nodes

The Fig. 5 represents the information window, which outputs one of hydraulic
network calculation results, namely the mixture rate along the flow, which can be
shown in different units depending on the mixture physicochemical properties.
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5. Results and conclusions

Production technologies evolution and safety requirements stimulate the
development of computer modeling of hydraulic networks and technological
processes.

The method and process have been developed that allow computing the mixture
flow rate in each of the pipeline sections and pressure in its nodes (points of flow
mixing/separation), including those cases when the system has some defects.

Calculations performed using this technique have shown simulation results close to
the real manufacturing parameters in both cases: when hydraulic resistance
coefficients of the pipeline sections are known exactly or fitted.

In the future, the authors plan to improve and automate the process of fitting the
coefficients for the case of existing pipeline network, as well as to optimize the
algorithm of solving systems of equations due to reduction of the number of internal
iterations for systems with the large number of nodes.
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VJIK 532.5:519.6

MaremaTtudeckas MOACIb TCUCHHS B MCHKOBOHHOﬁ AKBATOpHUH
. 1. Yepuuit

HUnemumym menekomMmyHuKayuil u 2n106anbroeo ungopmayuonnozo npocmparcmea HAH
Ykpaunor
Kueecxuii nayuonanonvi ynusepcumem um. T.11lleguenxo, Yrpauna

PaccmarpuBaeTcss TedeHHs B MENKOBOJHOHM aKBaTOPHU. AKBAaTOPHs IpeCTaBleHa B
BHUJIE IUIOCKOTO KaHaJla CO CJIOXHOW (hopmoii rpanun (GeperoB). I'iryOuHa kanama
cuuTaercsd Majnoil. TeueHne npeanoaracTcs BA3KUM M CIOMCHBIM. Mozenbs ocHBaHa
Ha aHaJUTHYECKOM pelleHun ypaBHeHuit Hasbe-CTokca Ui 4acTHOTO —cirydas
cinoucToro TteyeHus (it koroporo TedyeHue —Xwui-llloy sBiseTcs NpHIENBHBIM
ClyyaeM) C YYeTOM KOHBEKTHUBHBIX CJlaraéMbIX M HECTallMOHAPHOCTH. 3ajada
CBOAWTCS K ONpPEIEICHHI0 TEUYEHHMS MEXIYy OTPaHWYMBAIOIIMMH ITOABIKHBIMU
MOBEPXHOCTSIMH C 3a[JaHHBIM pacIpe/ie/ieHHeM ITapaMeTpOB.

Knroueevie cnosa: CMHZle}lprle unmezpaibHsle YpAaeHeHUs, mamemamudeckas Jl/lO()e,'lb,

mevenue.

PosrnsimaeTbes Tedii B MIIKOBOAHINM akBaTopii. AKBaTOpis NpEACTaBICHA y BUIIISAII
IUIOCKOTO KaHainy 31 ckiagHoio (opmoro kopaoHiB (OeperiB). [nmOuna kaHamy
BBAXAETbCA Majoro. Tedis mependavaeTbesi B'SI3KOI0 Ta MIapyBaror. Mogenb
3aCHOBaHA Ha aHAIITHYHOMY pilleHHi piBHsAHb Hap'e-CToKca Ul OKPEMOTo BUIAIKY
mapysati Teuii (i sikori Tewis Xin-Illoy € yacTKOBHM BHIIQJKOM) 3 ypaxyBaHHIM
KOHBCKTHUBHUX ﬂOﬂaHKiB i HeCTaL[iOHapHOCTi. 3aBZ[aHH${ 3BOJUTHCA OO BU3HAUCHHS
Tedil Mk OOMEXYIOTh PyXJIMBUMH ITOBEPXHSIMH 13 3aJaHHM PO3IIOAITIOM apaMeTpiB
Kniouosi cnosa: CuneyispHi inmeepanbHi PiGHAHHS, MAMEMAMUYHA MOOEb, Meyis.

The flow in the shallow water area. The water area is represented in the form of a flat
channel with a complex shape boundaries (coasts). The depth of the channel is
considered to be low. Over the estimated viscous and layered. The model is based on
an analytical solution of the Navier-Stokes equations for the particular case of the
layered flow (for which for the Hele-Shaw is pridelnyh case), taking into account the
convective terms and unsteadiness. The problem is reduced to the determination of the
flow between the movable limiting surface with a given distribution of the parameters.

Key words: Singular integral equations, mathematical model, flow.

1 BBeaenue

HawnGonpiryro moTpeOHOCT, B MPOTHO3€ DBOJIONUU TaKWX IIPOIECCOB, Kak
pacmpocTpaHeHHe 3arpsi3HeHWid B aTMocdepe UM MaccomepeHoc (C  ydeTom
3arpsi3HCHUI) B OTPAHUYCHHBIX AKBAaTOPHUSAX IIOJ BO3JCUCTBHEM W3MEHSIOIIUXCS
TUAPOJIOTUYECKUX WM aTMOC(EPHBIX YCIOBHM HCIBITHIBAIOT CIYXKOBI, MPU3BaHHBIC
OTIEpaTHBHO MPENyNpexXIaTh Pa3BUTHE MPUPOJHBIX W TEXHOTEHHBIX KaTacTpod u
YMEHBIIATh/TIPE0TBPAIaTh UX BO3ICHCTBUE HAa OKPYKAIOIIYIO CPEIy.

WNHCTpYMEHTOM Il IPOTHO3UPOBAHMSI 3BOJIOLUN HIMPOKOIO CIIEKTPa IPOLIECCOB B
o0nacTH THAPOJIOTHUH, METEOPOJIOTUH, OJKOJOTHM ¥ TEOAWHAMUKU  SBISIOTCS
KOMITIBIOTEPHBIE CHCTEMBIL. D¢ dexTuBHOCTD CHCTEMBI MIPOTHO3UPOBAHUS
onpezaensaeTcs 3h(HEKTUBHOCTHIO UCIIOJIb3YEMbIX MATEMaTHUECKUX MOJICIICH.

[loctpoeHne wMareMaTHYeCKHX MOJENeHd THUAPOJIOTHYECKHX TIPOIECCOB B
akBaropussx Ha ocHoBe 3D ypaBHenwit Hasbe-Crokca [5] compspkeno ¢
MaTEeMAaTUYCCKUMHU HpO6J]eMaMI/I, BBIYUCJIIUTCIIBHBIMU TPYZ[HOCTHMI/I nu
3HAYUTCIIbHBIMU SanaTaMI/I MAIIUHHOT O BpeMeHI/I JUIS camMoro Hpouecca

© YepHuin .W., 2016
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MOJICITUPOBAHUS. DTO MPH TOM, YTO Hauboliee BaXKHBIM (pakTopoM st oOecrieueHus
OMEPaTUBHOTO pPEarupoBaHUs SIBIACTCS MHHUMH3ALUS BPEMEHH Ui ONpEAeSICHHS
TEHJIEHIIMH Pa3BUTHS MOCTKATOCTPOPHUECKOro Mpoliecca (BpeMsi Ha MOJICINPOBaHNE,
BpeMsI Ha paCCMOTPEHHE BO3MOKHBIX «CIICHAPUEB» PAa3BUTHS MPOLECCOB U MPUHATHE
pemienuit). VIMEHHO ONEPATHBHOCTH SIBJISCTCS HEOOXOJMMBIM YCIOBHEM JUIS
o0ecriedeHns1 BO3MOXKHBIX YIPEXKAAIOMINX U cllacaTeNnbHbIX Meponpustid. [Ipudyem, B
NOJABIIAIONIEM OOJNBIIMHCTBE CIIy4aeB, JOCTaTOYHOW uH(poOpManmei sBiseTcs
CTPYKTypa MOBEPXHOCTHBIX T€YCHUH (BU3yaJTbHO KOHTPOIUPYEMBIX MPOIECCOB), THOO
OCpEHEHHBIX 10 ITyOuHE (110 TOJIIKMHE CII0S, PACXOAHBIX ) XapaKTEPUCTUK TCUCHUH.

Hcnonp3oBaHue yNpoOHIEHHBIX MaTeMaTHYecKHX Mojeiel (0e3 CyIIecTBEeHHBIX
HOTEePh aJEKBATHOCTH) JUIS KOMITBIOTEPHBIX CHCTEM YMEHBIINT BpeMs 3KCIpecc
MPOTHO3UPOBAHMSI, YTO TIOBBICUT ONEPATUBHOCTH MPUHSTHUS PEILICHUS CliacaTeIbHbBIMU
cny)k0aMy TpH ONTUMH3ALWU JACUCTBHI, HANpaBICHHBIX Ha JIOKANU3alHI0 U
JMKBHAAIMIO TIOCIIEICTBUIT TEXHOTCHHBIX KaTacTPoQ.

Llenpto paGoOTHI SBISETCS pACHIMPEHHE TPHUMEHUMOCTH METOAA JUCKPETHBIX
0cOOEHHOCTEH Ha CIEKTP TUAPOJIOTHYECKUX (PYCIOBBIX 3a/ad) MyTeM MOCTPOCHHS
AQHU30TPOIHO-BSI3KOH (TOYHEe, «CTPATH()ULIUPOBAHO HACATBHON») MOJAENH IOTOKA
KHUIKOCTH, JUII KOTOPOH BO3MOXKHO NMPHUMEHEHHE TEOpUH IOTCHIMANa, a 3HAYUT U
MeToJa AUCKPETHBIX 0COOCHHOCTEH.

2 IlocTaHOBKA MPOG./1eMbl
PaccmarpuBaercss TeueHue (B IUIOCKOM KaHale C KPUBOJIMHEHHOW OOKOBOM
rpaHulel) BA3KOM HEC)KMMaeMOU JKUAKOCTH, KOTOPOE ONMCHIBAIOTCS YPaBHEHUSIMU
Hagpe-Crokca:
ﬂ+V(l\72+£+U)—\7x(Vx\7)=ﬁA\7 (1)
ot 2 o,

vV =0, 2)

Z VP(x,,0)20

. N
\ V=y(x,),2,) = e
\\ . | 2
Puc.1 Puc.2 Puc.3
Domo meuenus 6 Cxema meyenus 6 cioe Cxema meyenus 6
aksamopuu NIOCKOM 6 KaHale

IIpenmonaraercs, 9To TeueHNe B KaHaie sBisieTcs cioucThiM (Puc.2, koMImoHeHTa
CKOpOCTH TIepHeHAMKYIspHas 1iockoctd OXY  mojaraercss paBHOW — HYIIIO:
w(X,Y,z,t) =0), a 1111 KOMIOHEHT CKOPOCTU U(X,Y,z,t) 1 V(X,Y,Z,t) IpH I00BIX Z U
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t cymectByer HempepsiBHO mupdepenuupyemas ¢yHkms @ = (X, Y,Z,t) Takas,
YTO CIIPABEIHRBO:

U(X,y,z,t)=§¢)(x,y,2,t)1 V(X,y,Z,t)Z%(p(X,y,Z,t)’ W(X!yizvt)EO- (3)

Torma miia ypaBuenust HaBpe-Croxkca (1), ¢ yaerom ypaBHEeHHUSI Hepa3phIBHOCTH (2),
MOJYYaeTCsl MHTETPAIbHOE TPE/ICTaBICHIE BUIA

%400(, Y Z,t)+;{@¢(x, y,z,t)j +[§y¢(x, Y, z,t)) J+' @
POV 1Oy 2= g
p  por

Y10 T1O3BOJAET C(I)OpMyanOBaTI) Ha4YaJIbHO-KPACBLIC 3aJa4yu JId HaXOXICHUA
bynkmn @ = (X, Y,Z,t) 1 V(x,y,z,1) =(§(p(X, y,z,t),%w(x, y.Z,t),OJ-
X

Ilocnennee cmaraemMoe B TpaBoi 4acTH (4) MOXKET TPaKTOBAaThCA KaK BKJIAJ
«BSI3KOH aHHM30TPOIUW» TEUYCHHUS C CYIICCTBYIOIIMM IMOTCHIMAIOM JIJIS KaXJIOro
OTIIENIBHOTO CJIOSI «UACATbHOW IKHIKOCTH». [IpoOiiemMa COCTOMT B HaXOXJICHUU
pEIICHHS ISl TAKOTO TCUCHHS.

3. «PacmienjieHue Te4eHUN» AJ1s «aHHSOTpOl’[HO-BﬂI}KOﬁ» KHUAKOCTH.
I[J'ISI «aHU30TPOITHO-BA3KOI'0» TECYECHHS BO3MOXXHBI IIOCTAHOBKU 3a/lad B TCPMHUHAX

z,t (X,y — ABJISIOTCSI TApaMeTPaMHu):

Bagaual (ms @ = (X, Y, 2,t) )

G0 _n_ 1((%}1(6_@2}M_q(2,o o
ot poz 2|\ ox oy P
C KpaeBbIMH yCIOBHSIMH HA TPAHUYHBIX CHOAX (TIpu Z = 0; h ):
(X, ¥,0,t) =Dy (X, y,1), (6)
(% ¥y, h,t) =@, (X, y,1), (7)
t=0:

W ¢ HayaJIbHBIMU YCIIOBUSIMU, NIPU

¢(x,y,2,0) = @(x,y,2). (8)

3amaua? (s \7(X, y,Z,1)):
N udN 1(3pY (00) ) P(xy.t
_:ﬁ_z_vxy _ (_(Dj + _(0 +w_q(z’t) (9)
ot poz 21\ ox oy 2,
C KpaeBbIMH YCIOBHAMH Ha rpannunbix ciosx (mpu Z = 0;h):

UV)| _, = V0% y.0,t) =V, (X, y.1), (10)
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V)., =Ve(x y.ht) =V, (x y,t), (11)
¥ C HAYaJIbHBIMH YCIIOBUSMH, TIPH t=0:
V(x,Y,2,0) =V (X,Y,2). (12)

Pemrenne mo6oii u3 3ama4 (5)-(8) mmm (9)-(12) B mepemennsix (Z,t), onpenenser ¢ u

V' xak QyHKIMH KOOpAMHATHI Z (T. €., 10 TOJLIMHE cios, Puc.2,) u Bpemenu t. Itu
pEILICHHS MOXHO MOJTYYUTh METOJIOM Pa3JIelICHHsI TEpEeMEHHBIX (MeToioM Dypbe) npu
yXke 3amaHHBX 3Hauenmax dymkmmii @ u Vo (8 sume Py, P, ,V,,V,) na

rpaanmgHbIX  cnosx (6),(7) m (10),(11). 3aBucMMOCTH OT X W Y CUYHTAIOTCS
"3aMOpPOKEHHBIMU "

4. 3aBeplieHHMe IIOCTPOEHMSI MaTeMaTH4eCKOH MoJenau, KOTOpas II03BOJIUT
UCIIOJIB30BaTh METO/ AUCKPETHBIX OCOOCHHOCTEH AJIs1 YUCICHHOTO MOJICIIMPOBAHNUS Ha
KOMIIBIOTEPE

1 «aHHU30TPONMHO HACANBHOW», T.€. AJIA MOCIOMHOM  Moneneil  TeueHus
«UIeanbHON  KMAKOCTH» Heobxomumas wmH(popmamus o @, V Dy DV, V,
MOKET OBITh MmoJiydy€Ha M3 pCUICHHA 3aJa4d O TCUCHUU ((HI[eaJIBHOﬁ KHUAKOCTHU» B
cioe — B IulockoMm KaHaie (Puc. 3), 3aauydl Ui ONpenAeieHUs (YHKIUH
o =0p(X,Y,2,t), kak ¢yHKqEE OT mnepeMeHHBIX X y, (mpu  (QUKCHPOBAHHOM
napameTpe Z):

Banaua 3 (it @ = @(X,Y,2,t) uV =V, npu GuKcMpoBaHHOM Mapamerpe Z):

Ap=0,8 D7 (13)
C KPaeBBIMHU YCIOBUAMHU
9P| _w, wuaexome 5 kaan (14)
N\ _up
86_(p =W, =0 Ha 60KOBBIX cTeHKax KaHana Lg (15)
n Ly
97| _%9° Ha cBOOOIHOM rpanuie Ly (16)
onf, —~ on| '
l(p| rvt =I'(f)= Const| ;. Ha cBoGO/HOM Tpanuie Ly, 17)

C HaYaJIbHbIMU YCJIOBUSIMU:

t=t,: Ld(to):Lod'Lv(tO):L0v1¢+ :(Dg- (18)

t=t,

Kpaesas 3agaua (13)-(18), ¢ ycnoBusmu Heiimana (14),-(16) u dupuxie (17) na
pa3HBIX €€ YacTsX, ABJsgeTcs (HEeMUHEeWHOI) 3aaueld co cBoO0aHO# (mmonBrxkHOMN (16),
(17)) rpanunei.

PazpickuBaeTcs ee pelieHne, KOTOpoe ONpeIeieHo B Kiacce QyHKIIIH:
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Vo' <o . (19)
Pemenne matemaruueckoit 3amaun (13)-(19) miast SIMOTHYECKOTO YpaBHEHUS B
negopMupyromencs obnacTtu C YacTUYHO HEW3BECTHBIMM TpaHULAMU U

HECTAIlMOHAPHBIMH, CMEMIAHHBIMH KpaeBbIMH YCJIOBHSMH, B IPOCTPAHCTBEHHO-
JIBYMEPHOM CJIy4ae HMeeT (B KauecTBe MAaTEMaTHYSCKOW MOJEIH) HHTErpalbHOS
npefcTaBieHue (B TepMHUHAX KOMIUIEKCHOW IepeMEHHOM Z = X-+iy H ammapata

aHamuTHdeckux (Qynkuouit). Takasg MaremaTtudeckas MOAENb, HPU  33JaHHBIX
3HAYCHUSIX  NOJUHTETPaJbHBIX  (PYHKIUHA f(a),t) U 3aJJaHHBIX ¢dopme,

B3aUMOPACIOJIOKCHUU W 3aKOHC M3MCHCHUS T'PAaHUIL Ld (t) " I—V(t) onpeaciiacT

YMCIIEHHBIE 3HAYEHUS HEW3BECTHBIX QyHKUIH @ u V .
WnTerpanpHble MpeaCcTaBIEeHU HA OTPaHUYEHHOM KOHTYpe

L(t) =L, (1) + L, (D):

qn(z,t)z(pﬂy/:i_j f(w,t)ln(z—w)daw% [ f(@,1)In(z - w)dw+ Const (20)

Le (1) L, ()
\7(z,t):u+iv:—a®(z’t):i_ _[ —f(a)’t)da)+i_ _[ —df(w’t) @, (21)
oz 27 71— 2 YN0

La (1)
paccMaTpUBaIOTCS B CMBICJIC IJIABHOI'O 3HAUCHMS.

L, (1)

s ompeneneHus 3HaYEHUI f(a),t) Y UX W3MEHEHHS Ha IOJBIKHBIX TPAHHIIAX

L, (1), L, (t) ypasmenns (20),(21) TpeGyror ewd, uTOGHI YHOBICTBOPSIHCH

WHTETpalIbHBIe COOTHOIIEHUs (22), Moiy4eHHble W3 KpaeBbix ycimoBuit (14),(15), a
TAK)KEe CIEIyIoIIee 3a HUMKA ypaBHeHue (23), posib KOTOPOTro aHAJOTWYHA KPAeBbIM
ycnoBusM (16),(17):

Ha Ly (t):

Z=w,(t)el,, t=to:

Re{ 1 ¢ f(o)n(w,)

— da)}zwn —Re{\ln(a)d)+i_ I Mda)}’ (22)
27 Ly (04 — o) 2

A (v, — )

[ f(@,do, == [ f(a,,)da, +C;,j=12..

Lgj L; (®

Ha I—v (t) :
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z=aw,{)eL,(t), t>t,:
da_)v(t): 1 f(a),t)da)+ 1 f(w,t)do

dt 27 0 (o, —w) 274 7 (0, — o) 23)
o, =0, = f(o,,t)=f(oy,1),
t=t,:
I-v(to) =L,

3amaya (22),(23) moxeT ObITh perieHa uuciaeHHo (Hampumep, MJIO- meromom
JMCKPETHUX ocoOeHHocTeil [3,4]), M 4ero MpoOM3BOAUTCS pa3OHeHHE KyCOYHO-
M

ri1agKkoi rpaHullbl Ha COBOKYIIHOCTbL I'PAHUYHBIX 3JICMCHTOB L = z LJ, rae
=

Wy € L j » TaK, 9TO CIPABCTMBBI TOX/CCTBA

Zimjf(w)ln(z—a))dw_ ZIn(z wol)jf(w)dw+—2jf(w)ln(l— w°’)dw,(25)

i1 L —

f(a)) l M LM ~ 0] . ,(26)
ij T i e O)If(”)dmzm;( o) jf(a))((l - ) “Dde
L@ g, Ly L 1 %0 _pge @7)
A o) " 2 ey O 2 2y O ng) “Ddo

M

B cuny Toro, 4To 171 TOUKW Z, BHE MOKPBITUSA TPaHULIBI L= E L j cUCTEMOM
=

OKPYXXHOCTEH (KaXk1asi U3 KOTOPBIX MOKPBHIBAET CBOM IPaHUYHBIN demenT L j), 1O

0« 2 _ g <1, TO Wis

Po
MOCIIEIHUX CIIaraeMBbIX MPaBbIX dacTeil (25)-(27) cripaBeyIiBhl OLIEHKH:

OTHOIICHHUIO KO BCEM €JIECMCHaAM LJ , CIIpaBCIJIMBO
Z -y

13 MA AN (A) 28

> JZ;‘LI f () In( o ]da) < max f(a))[ln [1 poj{poj ] (28)
P (z_lw) I (@)@ Do < oy (@9
l M

<

_[f(a))((l— °')* ~1)dw
27 o (z— OJ) L
B cuny wero cripaBeanBo
VYrBepxaeHue[6]:
[Mycts aHanuTHveckass 10 Z (QYHKIUS JOMYCKaeT OJHO M3 WHTErPaIbHBIX
npenacrasienuii Buma (25)-(27), rae ¢yukius f ompenenena W HenpepsiBHA Ha

z _0)| = Prin > Lo >0,

ZMAn max| f ()|(@- )" -1)  (30)
oy o 2o

KOHEYHOH >KopaaHoBoii kpusoit L, Torma mans VZ: ml[l
we
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AM (aucno), IE, E, (cormacosannoe pasbuenne xpupoii L), uro cnpaseinsbl

2\
sMAmaxf(a))[lnz[l—AJ+(A]J (31)
27 ) o,
< MA e (o) {1—Aj - (32)
270, 0 )

1 f@)de ¥ 1 MA AV ] e
7zi-[(z—a))” gzm(z_%j)n!jf(w)dwszﬂpgrggglf(w)l(1 ] 1] (33

OLIEHKH:

i.[f(a))ln(z—w)dw—%éln(z—a)oj)!f(w)da)

f(w)dw_i 1 Jf(w)dw

2;:1'{ -0 Goiz-ay)]

£o

[lpu Bomonnennn ycnoBudt  (31)-(33) momyckaercss 3aMeHa WHTETPANBHBIX
npencrasienuit (20)-(21) kBagpaTypHBIMH, YTO SBJSETCS B TUIOCKOM CIIydae OCHOBOIt
it MJIO-meToma ,Z[I/ICerTHBIX oco6eHH00Tel‘/’1[1 3,4,6-8]:

D(2,t) = Z—Ln(z woj)+z Zy;n Ln(z—af)+0(e),  (34)

1
M n

=Y e T z#wm(ij (35)

j=1 2721(2_6001) i=1 2721(2_(00 Po

5.Pe3ysbTaThl MOJIEJIHPOBAHMSA
Hwxe mpencraBieHsl pe3yibTaThl YMCICHHOTO MOJICTUPOBAHUS, J1aOOPaTOPHOTO
9KCIIEpUMEHTa | cryTHUKOBBIC (hoTo Kepuerckoro nponusa (Puc.4-Puc.7).

Puc.4. Puc.5.
Mamemamuueckoe modenuposanue Mamemamuyeckoe mooenuposatue
MEHOBEHHO20 NOJIA CKOpOCMel pacnpocmpanerus 3a2pA3HeHUll 6

Kepuencxom nponuse.
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Puc.6. Puc.7.

JlabopamopHuiii excnepumenm. @omo co cnymuuka. Pacnpocmpanenue
Buzyanunayus meuenus 6 Kepuenckom saepsiznenuti ¢ Kepuencrkom nponuse (11-12.
npoause 2007)

6.3ak/109eHne

[MpuBenenusble pe3ynbTaTtel MoaenaupoBanus (Puc.4, Puc 5), B nenom, orobpaxarot
A0CTAaTOYHO XOpoHIe€ COOTBECTCTBUC IO JOMUHUPYIOIIUM TCUCHHUAM U IIPOABIICHUAM
MUPKYJSIAH TTOTOKOB C pe3ynbTaTaMu dxcnepuMenToB (Puc.6, Puc 7).

Xopomiee  COOTBETCTBHE  CIEAyeT TIOHUMAaTh B CMBICIEC  BU3YalbHO
KOHTPOJIMPYEMBIX TEUEHHH B cJ0€, THOO0 BU3YaIbHO KOHTPOJIUPYEMBIX OCPEIHEHHBIX
o TiryouHe (110 TONIUHE CII0s, PACXOAHBIX) XapaKTEPUCTHK TCUCHHIA.

JlaHHbIe pe3ysbTaThl XOPOWIO corjacyiorcs ¢ mojoxenusmu H.S. Hele-Shaw
[8] (npaBna, CIETaHHOM JIJIsT MEJICHHBIX U CTAIllMOHAPHBIX TECUEHUI) O TOM, UTO JIJIs
OCPEITHEHHOTO 10 TOJNILIMHE CJIO0S ~ TEYCHUS  CIPABEUIMBO IMPEAINOIOKEHHE O
«TIOTEHIMAJIBHOM) PEILICHHU.

Pe3y.III)TaTI>I MOACIUPOBAHUA ACMOHCTPUPYIOT, 4YTO [JIA HECTAUOHAPHOI'O
CIIONCTOTO TEYCHHS B TPEXMEpHOW o0macTH MEXIy IOByMsd IUIOCKHUMH
napajyieNbHBIME  TPaHULAMU (UI1  3aJa4d O CJIOMCTOM TEYEHHH B IUIOCKOM

KPMBOJIMHEHHOM KaHalle) B HepeMeHHbIX Z, é: 1 (rme miAd(z,£,t) KOMIUIEKCHAsS
& =X+1iy, a z ABIseTCS MapaMeTpPOM TOJIIUHBI CJI0S1) MOXKET OBITh HCIOJIb30BaHA
MaTeMaTu4deckas MOJIelib, KOTopas MMEET KaK WHTErpajbHOE MPEACTABICHHE

q>(z,§,t)2¢+iy/:2iﬂij f (2, 0,1) |n(§—a))dw+2iﬂi [ 1z w.nE - o)do . (36)

L (1)
Vigen=-220el_j L (feedg, 1 [ lzoel,, (37)
o0& 274 ¢-w 27 Yy E—w

TaK U KBaapaTypHOe (Ha OCHOBE METO/Ia JUCKPETHBIX ocobeHHocTei [3,4]):

D(z,E)=p+iy = %Mln@ - )+ NVZ(E‘)ﬂln(gg -o; (1), (38)

jd =1 Zﬂi jv =1 2721
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s Ty (2,1) O I(2),

. + - , (39)
a2a(é-w; ) 32748 - w; 1)

V(&) =u—iv=

rac

r,@h=[fetde . T ()= [fletde J;=1M J,=LN,@0. (40)

Lig Li,

IIpugyem, o TIEpEeMEHHBIM zZ,t npenctasienus (36)-(40) mOMKHBI yIOBIETBOPATH
pemeHusM 3axad 1 u 2.
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YK 519.217.1

[TyaccoHiBChKI MepioIndHI KyCKOBO CTalllOHAPHI
MOTOKH Ta OI[IHKA iX IHTEHCUBHOCTI

O. B. Maegscokuii, O. B.Maitok, M. B. [Ipuiimak, O. M. Ilpuiimak

Tepnoninbeovkuii HayionanbHuli mexuiunuil yHieepcumem imeni leana Ilynos, Yxpaina

IlepionnyHi myaccOHIBCHKI MOTOKM HE PiAKICTH Y peanbHOMY KUTTi. IIpore nmutanHs
OWIHKM 1X TmepioAWYHOi I1HTEHCHBHOCTI 3aJMIIAETHCA BIIKPUTUM. B poOoTi
BCTaHOBJICHO, I0: MOOyIOBa OJHO3HAYHOI OLIHKM HECTAlliOHAPHUX IIOTOKIB 3
BUKOPHCTAaHHAM METOAY MAaKCHUMAaJbHOI MpPaBAOMOAIOHOCTI HEMOJXIIMBA, KOIHU
IHTEHCHUBHICTh 3QJISKUTH BiJ] JIBOX YM Oijiblle IapameTpiB; MoOymoBa OJHO3HAYHOI
OLIIHKH, IO € He3MIMIEHOI0, CIYIIHOI0 Ta e()eKTUBHOIO0, MOKIINBA JIUIIE Ha OKPEMHX
iHTepBaJIax HECTalliOHApHOTO MOTOKY, Ha SIKUX IOTIK € CTAIl[loHapHUM. BuineHo kiac
MOTOKIB, JUIS IKUX PO3pOOKa METOJIIB OI[IHKM IHTEHCHBHOCTI € MOXJIMBOI0. OTpuMaHi
pe3ynbTaTH BiIKPUBAIOTH MOXJIUBOCTI AJSI OLIHKM IHTEHCHBHOCTI EMIIIPHYHHX
CTOXAaCTUYHUX NEPIOANYHUX MOTOKIB IIYaCCOHIBCHKOTO TUILY, HAIIPUKIIA[, I3BIHKIB JI0
CTaHII1 HEeBiAKJIAIHOI JOIIOMOT'H, TIOTOKIB TaHUX B [HTepHeTi 1 T. iH.

Knwouosi cnosa: nepioouunuil nyaccoMieCbKuil NOMIK, KYCKOB0 CMAYIOHApHUil NOmik,
IHMeHCUBHICMb NOMOKY, OYIHKA IHMEHCUBHOCTI NePIOOUUHO20 NOMOKY .

Ilepronnueckue myacCOHOBCKOTO ITOTOKM HE PEIKOCTh B peabHOH KH3HU. OIHAKO
BOIIPOC OILIEHKH HX NMEPHOANYECKOW MHTEHCUBHOCTH OCTaeTCs OTKPHITHIM. B pabote
YCTaHOBJIEHO, YTO: MOCTPOCHHE OJHO3HAYHOH OLICHKM HECTALIMOHAPHBIX MOTOKOB C
UCIHOJIb30BAaHHEM METO/Ia MAaKCHMAJIBHOTO IPaBIoNoa00Hs HEBO3MOXXHO, KOTZa
MHTEHCHBHOCTb 3aBHCHUT OT JBYX WJIH 00jee MapaMeTpoB; MOCTPOCHHUE OHO3HAYHOI
OILICHKH, SBIIOMICHCS HECMEIIEHHOH, YI0OHO! 1 3 PEKTUBHON, BO3MOKHO JIAIIb HA
TeX OTHCIBHBIX MHTEpBaJaX HECTAIMOHAPHOTO IIOTOKAa TIJE TOTOK SBISETCS
CTaI[MOHApHBIM. BhIieNieH Ki1acc MOTOKOB, ISl KOTOPBIX Pa3padoTKa METOOB OLICHKH
MHTCHCHBHOCTH BO3MOJXKHA. [loydeHHBIE pe3yabTaThl OTKPHIBAIOT BOBMOXKHOCTH JUIS
OLICHKH HMHTEHCHBHOCTH SMITUPHYECKUX CTOXAaCTUUSCKUX HEPHOIMYECKUX ITOTOKOB
IIyaCCOHOBCKOTO THIIA, HAlpUMep, 3BOHKOB Ha CTAHIMIO HEOTJIOKHOW IOMOIIH,
HOTOKOB JIaHHBIX B VIHTEpHETE U T. 1.

Knroueswie cnoga: nepuoduuecxmi nyacconoeckutl HOMOK, KYCOYHO cmauuonapnblﬁ HnOMOK,
UHMEHCUBHOCMb NOMOKA, OYEeHKA UHMEHCUBHOCMU nepuoduqecmeo nomoka.

The periodic Poisson flows are not rare in real world. But evaluation of their periodic
intensity still is an open question. The investigation under dicussion has proved that: it
is impossible to use the method of maximum likelihood to build the unique estimate of
unsteady flow intensity depending on two or more parameters; the unique estimate,
which is unbiased, opportune and effective, is possible only for certain stream sections
where an unsteady in general flow is nevertheless stationary. The class of flows is
separated, for which development of methods for their intensity evaluation is possible.
The investigation results open the way for evaluation of intensity of empirical
stochastically periodical Poisson's type streams, for example calls to first aid station,
data streams in the Internet, etc.

Key words: Poisson flow, periodic Poisson flow, piecewise linear Poisson flow, flow’s intensity,
assessment of the flow’s intensity.

1. Beryn

B TOBCSKIICHHOMY JKUTTI HaM IMOCTIHHO 3yCTPIYAOTHCS MOTOKU — ITOTOKH MAaIlInH
Ha Tpacax, MOTOKH 3BEPHEHb B CUCTEMH MacoOBOTO OOCIYyroBYBaHHs (HampWKIaj, B
CyJH, TepyKapHi), B OCTaHHI POKH HEMOXIJIMBO YSBUTH iCHYBaHHS JIIOJUHU Oe3
indopMmauiiHuX MOTOKIB. BBaXkaeTbes, 110 iCTOPist JOCHIHKEHHS TIOTOKIB METOAaMHU

© Maescbkuit O. B., Mautok O. B., Mpuitmak M. B., Mpuitmak O. M., 2016
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Teopii HMOBIpHOCTEH 1 MaTeMaTHYHOI CTATUCTHKH Oepe CBi IOYaTOK 13 poOiT
narcekoro imkenepa A.K. Epnanra. IIpore, gkmo 3BepHyTHCA 4O OJHOTO i3
OpUKJIaaiB TOTOKIB — MOMEHTIB MOSBH COHSYHUX IUISIM, TO BHUSBISETHCA, IO
BMBYEHHS IIOTOKIB Ma€ Habararo raudmry ictopito [1]. AHamizyroun COHSYHI TUISIMH, B
1843 pomi I'. IlIBaGe BigKpwB, MO TSI IHTEHCHUBHOCTI X IIOSBH XapakTepHA
nepioauyHicTh i3 cepenHim mepiogom 10 poki. [emo misHime P. Bonbd orpuman
OB TOYHE 3HAYCHHSA [[HOTO TepioAy — mpubmm3Ho 11 pokis.

Oxpemuii eram B JOCHI[UKCHHI COHSYHUX IUISIM, a MO CyTi CTOXacTHYHO
MEePiOAMYHUX MTOTOKIB, MMocinarTh gocmimkeras A. lllycrepa. Buxoasuu i3 HarnsaHol
«TePiOANYHOCTI» TOCHIAOBHOCTI (psimy) uwcen coHsuHux 1M, A. Llycrep
3ammporoHyBaB CHOCi0 X aHami3y, M0 OTpUMaB Ha3By mepiomorpamananizy. Ille onun
MiAXiA A0 JOCTiIKEHHS OTOKY COHSYHMX IUISIM 3amporonyBaB k. FOx (1928 pik),
JUIS LIbOTO BiH 32 MOJIENIb MOTOKY BHKOPUCTAB MPOLIEC aBTOperpecii i BCi moanbii
JOCIIDKEHHS 311HCHIOBAB Ha 0a3i 1iel Moaei.

HoBwmii eTanm B mOCTiIKEHHI MOTOKIB 3 BHKOPHCTAHHSIM WMOBIPHICHUX METOIIB
po3noyaBcs 3 poOiT A. Epnanra. Xoya OCHOBHOIO NMPUYMHOK TMOSIBU HOTO PoOiT, a
mizHime poOit iHmux aBTopiB — K.Ilamema (IBemis), ®. [lnauexa (PDpanmis), B
O®emnepa (CIIA), O. Xinumna (CPCP)), Oymo nochimkeHHS CHCTEM MAacOBOTO
o0CIyroByBaHHs, NpPOTE€ 3HAYHA yBara NpUIUIAIAcs 1 IMOTOKAaM, SK OJHIET i3
CKIagoBuX IHx cucteM. OcoOnuBOi yBarum 3aciayroByloTh pobotu O. XiHumHa
(CPCP), 30kpema pobota [2], B sIKid 3aKia/ieHi OCHOBH TeOpii MOTOKIB, B IEPIIy
Yepry HaWNpOCTIIMX TMOTOKiB, SKi 3 YacoM OTpUMalil Ha3By CTalliOHApHUX
MyacCOHIBCHKUX TMOTOKiB. /IS 1MX TMOTOKIB poO3po0JieHI METOAM OIIHKH iX
IHTEHCHUBHOCTI [3].

Y3aranpHEHHSM CTalliOHAPHUX MTOTOKIB € ITyacCOHIBCHKI HECTAIiOHAPHI MOTOKH [2,

c.15-18], iHTEHCHBHICTD SIKHX BXKE € JAESKOI0 (YHKIIIEI Jacy /1('[). [Ipore 1i moTokn

SKOTOCh OCOOJIMBOTO iHTEpecy He MaroTh. [IpuBepTaloTh yBary 4acTHHHI BHIIQJKH
HECTaI[ilOHAPHUX TMOTOKiB, B IMEpUIy 4Yepry CTOXacTHYHO TMepioAnyHi MOTOKH
MyacCOHiBCbKOI0 THITY, IHTEHCHBHICTD SKHX 3MIHIOEThCS TepiogudHo. [IpuanHa B
TOMYy, MIO KpiM COHSYHUX IUISAIM, TPO SIKi 3raayBajocsl BHIIE, CTOXacTHYHA
NEePIOIMYHICTh XapakTepHa Ui BXiJHHX TOTOKIB OUIBIIOCTI CHCTEM MAacOBOTO
00CITyroByBaHHSI.

SKuM Ke € CcTaH JOCHIDKEHb INEepiOJWYHUX ITyacCOHIBCBKMX MOTOKiB? Yacrto
O0OMEXYIOTBCSl JIMIIE 3rajJjKaMH IPO HAsSBHICTh TAaKUX MOTOKIB Ta TPHUKIAAAMHU IX
nepioguuHoi iHTeHcWBHOCTI [4, c. 107], HaromomryeThCsi Ha BaXKIMBOCTI iX
nocmimkeHHs 5, c. 48-50]. 3acnyroBye yBarm poOorta [6], B sKiii BBEAEHO Kiac
BUTIAJIKOBUX MPOIECIB 3 HE3AICKHUMH TEPIOANYHUMH TPUPOCTAMH, YaCTHHHHM
BUTIAJIKOM SIKHX 1 € MYyacCOHIBCBbKI MepioAnyHi mporecu abo Te came, MO MOTOKH.
Ilpote, moO CTOCYETbCS YW HE OCHOBHOTO IMUTAHHS NMEPIOAMYHMX ITyaCCOHIBCHKUX
MOTOKIB — OI[IHKHU 1X IHTEHCHMBHOCTI, TO IS 33]1a4a 3aJIMIIAEThCS HEBUPIIICHOO,

2. MeTa podotu

HaBectn OCHOBHI MOHSTTS MYaCCOHIBCHKUX ITOTOKIB, B TOMY YHCII IEPiOJIUIHAX
MyaCCOHIBCHKUX MOTOKIB; PO3IJISHYTH IMUTAHHS 1070 MOXJIUBOCTI BUKOPUCTAHHS JIJIS
moOyIOBU OIIIHKM 1HTEHCHBHOCTI TEPIOJAMYHOTO ITYaCCOHIBCHKOTO TIOTOKY METOIB
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CTaTUCTUYHOTO aHATI3y MEPIOAUTHO KOPEITHOBAHUMHU IPOIECAMH Ta HECTAIllOHAPHUX
MyacCOHIBCHKUX ITOTOKIB i HA OCHOBI 3pOOJICHUX BHUCHOBKIB BUJUINTH 13 MHOXHHH
MEPIOAMYHUX TYACCOHIBCHKHUX IMOTOKIB KJIAC MEPIOAMYHUX ITyaCCOHIBCHKHX KYCKOBO
CTaIliOHApPHUX MMOTOKIB Ta MOOY/IyBaTH OILIHKY iIHTEHCHBHOCTI.

[I{o6 nepeiiTu 10 pO3MIISAY IMX IMUTAHD 1 IPU IIbOMY YHUKATH MTEBHUX PO3’SICHEHbD,
HarajayBaHb, 3aCTEPEXKCHb, CIIOYATKy HaragaeMo JCsKi TOHATTS, IOB’s3aHi 3
IIOTOKAMH

3. IoTokm, ixX 3a1aHHS Ta OCHOBHI BUIH MyacCOHIBCHKUX NMOTOKIB

B 3arazpHOMYy BUDAaIKy TIOTOKOM Ha3WBAalOTh MOCTIIOBHICT MOJMIH, IO
BiIOYBAOTHCSA B JIESKi MOMEHTH 4acy, IPUYOMY Ili MOMEHTH B TIEPEBAXKHIN OUTBIIOCTI
€ BUMAJKOBUMH. SIKIIO MOIISIMH € 3aMOBIICHHS B CHCTeMY OOCITYrOBYBaHHS, TaKHU
MOTIK HA3WUBAETHCSI MMOTOKOM 3aMOBJICHb (3BEPHEHb, BHUMOT), BXiTHUM MOTOKOM a0o
IIPOCTO NTOTOKOM.

3.1. Crioco0u 3agaHHA NOTOKIB
€ TpH OCHOBHHX CIIOCOOM OMHCY TOTOKiB. Haramaemo iX, JOTpUMYIOYHCH MpH

pomy [2-4].
IToTik MOXHA PO3IJISIIATH SIK BUMAIKOBUHN TPOIIEC
&t)t>0, (3.1)
0 BU3HAYAE YHUCIIO TOJIIH, IO BiIOYIHCS 32 TPOMIKOK Yacy (O,t) .

Hexait t,---tj,---,{p=0 — BHUIaAKOBI MOMEHTH uacy, B SKi HaIXOHIATbH
3aMOBJICHHS. SIKIO 11i MOMEHTH PO3TJISIIATH SIK IOCIHIJOBHICTh BUTIAJIKOBUX BEITMYUH
(Touok) ty,---,tj,---, 3amany Ha oci wacy Ot,t >0, npuuomy O <t; <ty <---, TO TaKy
MOCITiIOBHICTh HA3UBAIOTh MIOTOKOM [4], iHO/II TOYKOBHM IIPOIIECOM.

Skmo nocnigosHicTh t,---,t,--+ — Ile MOMEHTH HAJXOJKEHHs 3aMOBIIEHb, TOJl

df
pisuumi tj —tj_1 =7j,1=12,---, BU3HA4YaIOTh iHTEpBaIH (IPOMIKKH) Yacy Mix i—1-

M 1 i -M 3aMoBieHHAMHU. CaM K€ MOTIK PO3TISAAAETHCS SK TMOCTIIOBHICTh BUMAIKOBUX
BeNMuuH (iHTepBaiiB) 7j, 1=12,---.

Po3rnsHyTi criocoOu 3ajaHHs MOTOKIB B3a€MOIIOB’sI3aHi, TOOTO MOTIK, ONMHUCAaHUH
OJIHUM i3 TPHOX CIOCO0iIB, MOKe OyTH ONMUCAHWUH i B PO3YMiHHI JBOX iHINX [2, c. 41;
4]. B momanmpmomy mm OymeMo posrismaTéd motTik y surimsimi (3.1), ToOTO sIK

BHIIaIKOBHI TIPOIIEC 5('[), t>0

3.2. Halinpocrimuii notik

3a CBOIMM BIIACTMBOCTSIMH IIOTOKH MOXYTh OyTH pi3HMX TumiB. HaiGinbin
BUBUCHUMH € HAHWIIPOCTIlli MOTOKH, TOOTO IMOTOKH, IO 3aJOBOJBHSIOTH YMOBaM
CTAI[IOHAPHOCTI, BIICYTHOCTI micisiaii Ta opauHapHocti [2, c. 8]. Tlokaszano [2, c. 8-
10; 4], mo s HAWMPOCTIIOTO HOTOKY f(t) HMOBIPHICTh TOTO, IO 32 JOBIIBHUN

MIPOMIXOK 4acy (t,t + T) BinOyneTbes S MOAiN, BU3HAYAETHCS 32 (POPMYIIOO

Plele)=5)="L e 501 2
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ITapametp A Ha3WBa€THCS IHTEHCUBHICTIO TIOTOKY, 1HOJI T'yCTHHOIO IMTOTOKY.

Ockinbku  po3noain (3.2) € posmoxiiom IlyaccoHa, HaWNpoCTIMMN MOTIK
HA3WBalOTh CTAIllOHAPHUM ITyaCCOHIBCHKHM IIOTOKOM a00 CTaIlilOHapHUM ITOTOKOM
Ilyaccona. Bapro Takox BiJ3HAYWTH, IO 3aMiCTh Ha3BH «ITyaCCOHIBCHKHM IOTIK»
O1ITBIII TOYHOIO € Ha3Ba «IIyacCOHIBCHKUHN MPOLIEC», MPOTE BPaxOBYIOUH, IO LI poOoTa
Ma€ TpsME BITHOIIEHHS 1O Teopii MacoBOro OOCIYrOBYBaHHS, 3aMiCTb Ha3BH
MTyacCOHIBCHKUX TPOIlEC MH OYyAEMO IEPEBAKHO BXXKMBATH TEPMIH ITyaCCOHIBCHKUI
MOTIK. 3arajoMm ke, MOTpiOHO Mmam’sTaTH, 0 MyacCOHIBCHbKHUI MOTIK — 11e Te:K caMe,
10 MyaccoHiBchbKHUi mpouec [7, c.763]

3.3. HecrauionapHi nmyaccoHiBcbKi IOTOKH

Kputnune BHMBYEHHS YMOB, $Ki MNpPUBOIATH A0 HAWNPOCTIIIOr0 MOTOKY, B
MPAaKTHYHUX CHUTYAIlisiX 3ycTpidaroThcs He Tak dacto [5, ¢.20]. Skmo motoku
pO3MIIgaT Ha JIOCTAaTHBRO TPUBAIMX iHTEpBajax yacy, TO cepel HUX JOCHUTh 4acTo
3yCTpi4alOThCs MOTOKH, AJIS SIKKX YMOBa CTalliOHAPHOCTI BXKE€ HE BUKOHYETHCS, X04a
YMOBH OpPAMHAPHOCTI 1 BIACYTHOCTI MICISAIl 3aMUIIAIOThCS crpaBeanuBuMu. Ileprri
BaroMi pe3ynbTaTH 3 Teopili HECTalliOHapHUX TIOTOKIB ITyaCCOHIBCHKOTO THITY
oTpuMaHi y Bimomiit podoti O. Xinuuna [2, ¢.15-18, 75-78].

HecTamionapHicTh IOTOKY IIPOSBIISETHCS B TOMY, IO HOTO IHTEHCUBHICTh A BXKE €
Jesikoro (DYHKIIIEIO Yacy 1 BU3HAYAETHCS 32 POPMYIIO0

at)= tim MECrA)-C0]_ ) ME@AY _ ey (3.3)

At—0 At At—>0 At
Ie .f(t, z’) = f(t + T)— f(t) — MpUPICT TOTOKY, TOOTO YHCIO MOJIH TOTOKY, IO
BiOy/NUCs Ha IHTepBai [t,t + At), m(t) = Mf(t) — MaTeMaTH4HE CIIOJIBAHHS MOTOKY.
3ayBa)XMMO, 110 MPHUPICT .f(t, Z') MO>KHa PO3IJIAIATH SIK BUIIAJKOBY BEJIINUUHY.
sk XapakTEepUCTHUKH IyacCOHIBCHKOTOIOTOKY KpiM HOro IHTEHCHBHOCTI /’L(t)
BUKOPHUCTOBYETHCS TAKOXK MPOBigHA PyHKIis A(t,Z'), 110 BU3HAYAETHCS SIK CePeaHE
YHCJI0 MO, siki BigOymucs 3a iHTEpBai yacy [t,t + z’] :

t+7

Alt,z)= [A(t)dt.
t

BpaxoByroun (3.3), mpoBimHa GyHKIis A(t, r) = Mg(t, r) =M [f(t + 2')— §(t)]

. Alt,7) . . . .
BigHomieHHs ——— — 1€ cepellHE 3HAYEHHsI IHTCHCHUBHOCTI MOTOKY B iHTEpBai
T
(t,t+7).
OCKiBKH [T CTallilOHAPHOTO TIOTOKY iHTEHCUBHICTh /1(t) = A, npoBifHa QyHKIIis
t+7 df

A(t, r)= _[ldt = At = A(r), TO6TO 3a1eKUT NUIIE Bl 1OBKUHHU iHTEpBATY.
t
Ioxazano [2, ¢.15-18, 75-78], mo s HECTAiOHAPHOTO MOTOKY 3 IHTEHCUBHICTIO
At) wmcno momiit &(t,7)=&(t+7)— &) posmomineno 3a 3axomom Ilyaccoma i3

apaMeTpoM A(t; z’), TOOTO
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Pleltr)=kj=—t—e T = [A(tf(!r)]k o~AL).

3.4. IlyaccoHiBcbKi mepionnyHi NoToKM

Cepen HecTalliOHapHHX TIIOTOKIB yBary CIIEIiaNiCTiB-TIPAKTHKIB MPHBEPTAIOTH
CTOXaCTHYHO TepioAndHi noToku. Haramaemo [8, 9], o B 3araibHOMY BHTIAJIKY MTOTIK
HAa3UBAETHCSI CTOXACTUYHO MEPiOAMYHUM, SIKIIO MEPIOANYHUMH (3 OJHUM 1 THM XKe
nepiooM) € Horo neBHI mapameTpH, WMOBIpHicHI XxapakrtepucTuku. Lo cTocyerbes
CTOXACTUYHO TEPIOIUYHHUX MOTOKIB IyaCCOHIBCHKOTO THUILY, TO TMEPiOANYHOI0 € [3-5]
ix inTencusricts A(t),t>0 , T06TO icHye Take uncno T , mo

At)=Alt+T).

[Tpu npoMy caM TOTIK HA3UBAETHCS MEPIOANYHUM IMyaCCOHIBCHKUM IMOTOKOM.

Xoua B MpPUKIATHUX AOCHIIPKEHHAX Ii TOTOKM 3yCTPIYalOThCs IOCUTH YacTo,
MPOTE OCHOBHOMY IHTAHHIO iX JOCIHIIPKEHHS — OLIHII MEepioANYHOI iHTEHCHUBHOCTI
MPAKTUYHO HisKOT yBaru He mpuaiisiocs. 1[o0 po3risHyTH 1€ MUTaHHS, CIIOYATKY
3YNMHMUMOCh Ha aHalli3i MOMJIMBOCTEH BUKOPUCTaHHS JJs TOOYIOBH OIIHKH
MepioguYHOl IHTEHCHBHOCTI METOJIB TeOopii OIiHIOBaHHS IHIIMX KIACiB IPOIIECIB, B
MIEPITy Yepry CTalioOHAPHUX 1 epiOANIHO KOPEThOBAaHUX MPOIIECIB.

4. Tlpo BiAMiHHOCTI y BH3HAYeHHSX MEPiONMYHO KOPEIbOBAHUX MpoueciB i
MepioANYHNX MYyacCOHIBCHKHUX MOTOKIiB Ta B MOCTAHOBII 327124 OUiHIOBAHHHA iX
XapaKTePUCTUK

Ha manwmii yac mocTaTHBO TIMOOKO PO3POOJIEHI METOIM CTATUCTHUYHOTO aHAli3y
JUTSL  pi3HUX KJaciB TMPOIECiB, 30KpeMa [JIs CTaI[lOHApHUX Ta TIEePIOJUIHO
KOPEJIhOBAHUX TIPOIIECIB, MEPIOJUYHUX JAHIIOTIB MapkoBa. | TyT BHHHKA€E IIJTKOM
3aKOHOMIpHE THTaHHSA: YA MOXJIMBO JUIS TOOYIOBH OIIHKA TepiOAWIHOI
IHTEHCHUBHOCTI BHUKOPHCTAaTH Ti YW IHION €JIEMEHTH METOJIB  OIliHIOBAaHHSI
HMOBIDHICHUX  XapaKTePHCTHK, pO3pOOJIEHMX  JJs  TPOLEciB, [0  TeXK
XapaKTePU3YIOThCS CTOXACTUYHOI TEPIOINYHICTIO, B MEPIIy Yepry MepioJnvHO
KOpEJIbOBaHUX MPOLECiB?

BusiBnsierbest, OesnocepeiHnbo He MoxHAa. OCHOBHA NPHYMHA TaKOi BiAMOBIAL
MoJiAra€ B PI3HMX BHUXITHUX TO3UIIAX I[OJI0 BU3HAYCHHs LUX mpoieciB. [lpu
BU3HAYEHHI TIEpPIONWYHO KOpenboBaHOro tmporiecy [10-12] BHUKOPHUCTOBYIOTHCS
HMOBIpHICHI XapaKTEepPUCTUKH 3HAYeHb Ipoluecy f(t) B TOUKax t e (— oo,oo). B ocHoBi
BU3HAUEHHS  MEPIOAMYHOTO  IYacCOHIBCHKOTO  TIOTOKY  JIe)KaTh  NPHPOCTH
MOTOKY n(t, T), B3STI Ha TIEBHUX YAaCOBUX iHTEpBajlax [t, t +z')e [O,oo). BinMminHOCTI Y
BU3HAYEHHSX TEPIOJMYHO KOPENbOBAHUX TPOIECIB 1 MEPIOANYHUX ITyacCOHIBCHKUX
MOTOKIB (TIPOIIECiB) € MPUYMHOIO BiAMIHHOCTEH i B IOCTAHOBII 3BOPOTHUX 3a1ad —
OIIHII iX WMOBIPHICHUX XapaKTEPUCTHUK, 4Yepe3 BIIACTUBOCTI SKHUX IIi MPOIECH
BU3HAYAIOTHCAL.

st epioIMYHO KOPEJIbOBAHOTO IPOIIECY cf(t),te(—oo,oo) 3 mepiogom T wmu

MOKEMO 3HAXOJMWTH OLIHKH HOTr0 JOKAJIbHUX XapaKTePUCTHK, TOOTO OLIHKH B JESKI
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MoMeHTH 4acy. OCh ofHa i3 THUMOBHX 3a7ad4: MOOYAYyBaTH OIIHKY MaTEMaTHIHOTO
CIIOiBaHHA Mf(ti) B TOUKaX tj € [O,T), i=12,---,n.

s nepioIMYHUX MyacCOHIBCHKUX MOTOKIB, SIK 1 HECTaliOHAPHHUX ITyacCOHIBCHKHX
MOTOKIB 3arajiaoM, MOBa MOXKE€ MTH MpO IHTETrpajibHI OLIHKH iX 1HTEHCHBHOCTi, TOOTO
PO OI[IHKY Ha AESKUX YacOBHX iHTepBamax. [Ipu oMy 3amava ass mepioguvHOrO 3
nepiofoM T IyacCOHIBCHKOTO IOTOKY §(t),te[0,oo), Moxke Oyt cdopmyIbOoBaHa

TaKUM YUHOM: 10OyqyBaTH OLIHKY 1HTEHCHBHOCTI i(t) Ha iHTepBanax
[ti,t; +7;)<[0,T),i=12,---,n, mO He MepeTHHAIOTHCS.

5. MoOXKJIHMBOCTI CTATHCTHYHOIO AHAJI3Y HECTAIOHAPHHX MYyaCCOHIBCHKHX
NMOTOKIB

Ockinmpky A TOOYOBH OIIHKK 1HTEHCHBHOCTI MEPIOAMYHOTO MyacCOHIBCHKOTO
noToky Ha iHTepsani [t,t+7)c[0,T) moTpibHO Gyme BHKOPHCTOBYBAaTH TIPHPOCTH
MOTOKY Ha [bOMy iHTepBaii (I MOXIIMBO Ha CIEMialbHO MiAIOpaHUX I1HIINX
IHTepBaJax), MPUIOMY IMOTIK Ha WX IHTEpPBAIaX € HECTAI[IOHAPHHAM, TO B ITii CUTYyaIlil
BUHHMKA€E MIe OJHE MPHUHLMUIOBE 3alUTaHHA: [0 3pOOJICHO B HAMpPSIMKY OILIHKA
IHTEHCHBHOCTI HECTAI[IOHAPHUX MOTOKIB, 1 IO i3 I[OTO MOXXHAa BHKOPHUCTATH IS
OIIIHKH MEePIOUIHOT iIHTEHCUBHOCTI?

o6 BiAmoBicTM Ha 1€ 3alUTaHHS, CIOYaTKy pPO3MVIIHEMO NPUKIATd Ha
3HAXOJ/KCHHS OLIHKU iHTeHCUBHOCTI. [lepmmuii i3 mpukmazniB po3risiaascs B [3, c.314-
315], mporte #oro po3B’sS30K i 0COOIMBO BUCHOBOK JI0 HHOTO, B SIKOMY TOBOPUThCS «B
OUTBIIOCTI BUTIAJIKIB PO3B’SI30K HE MOKE OyTH 3HAIEHWH B SBHOMY BHUIJIAIL 1 TOMY
BUKOPHUCTOBYIOTH YHCIIOBI METO/IN», HE IEPEKOHIIMBHH.

Mpuknan 1. JocnigKyeTbes MyacCOHIBCHKAN MOTIK f(t), t >0, 3 IHTEeHCHUBHICTIO
Alt,a), ne Ale,») — Binoma dymxuis, @ =(ag,ay, @, --,ay ) — BEKTOP HEBiTOMHX
napaMmeTpiB. Hexaii B pe3ysbTaTi CIIOCTEPEKCHb 3a I[MM IIOTOKOM Ha IiHTepBai
(tl,t1+rl) Oyno 3adikcoBaHo S MOXiH, TOOTO M BHIIQAKOBOI BEJIWYHMHHU
§(t1;z'1)=§(tl +Tl)—§(t1) ii peamizais X(tl;'rl): X(tl +Z‘1)—X(t1)=Sl. Ha ocHoBi
OUX  JaHUX  JOCHIUTH  MOXIWBOCTI  MOOYIOBH  OIIHKH  IHTEHCHBHOCTI
A(t,é), te [tl,tl +11), a0o Te came, 1110 OLIIHKK BEeKTOpa a = (ao,al,---,ai e -,ak).

Jns oTpuMaHHS OLIHKM BUKOPHCTAEMO METOJ MaKCHMAJBHOI MPaBIONOAiOHOCTI
[3, c.314-315]. Hns mporo 3ammmemMo (yHKIIO MpaBaoNomaiOHOCTI L(O) IS
BUITJKOBOi BEITMYMHHU f(tl,rl), BPaxoBYIOYH, II0 BOHA PO3MOAIJICHA 332 3aKOHOM

t+7;
ITyaccoHa, mapaMeTpoM SIKOTO € IPOBifHa QyHKIIis A(tl, 71 E) = J%(t, E)dt :
b

t+17, %
Ji(t,a)dt LR
Sl .7 - .[j’(t’a)dt
P(f(t1;T1)=51)=—A (tl’rl’a)e"\(tl?fl)z G e . (51)

Sl! Sl!
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OCKUTBKA MU PO3TIISIIAEMO JIUIIEC OJIHY BUIAJKOBY BEIUYHHY é‘(tl,rl), GbyHKITisS
MPaBAOIIOAIOHOCTI criBMamae i3 po3nomiiaom (5.1), To6tTo

Ly )= 2 0m ) o An),
!
3rifHO MeTOomy MAaKCHMAalbHOI TpaBIOMOAIOHOCTI 3a OLIHKY a BEKTOpa
éz(ao,al,---,ak) npuitMaeThes Taka (ymxuis @ = a(x(ty,71)) Bia cmoctepexenns
X(t,71), mo wamae wmakcumym dyHkuii mpasmomomi6HocTi L(ty,7q;a) abo i
norapu(pMoBi InL(ty, z1;a). ITocraBneny 3ajaqy OLIHKH BEKTOpa
éz(ao,al,--~,ai,---,ak) MOJKHA TeTep 3aIUCaTh y BUTIISAI

A% (ty,71:8) _Aft.ea
argmaxL(ty, 71;a) = argmax Ay, 71:3) ‘71 )e Al 7:3)
a a S1!

abo Te came, 110

Aty r;a) 5
argmaxin At (ty,7:3) )e Alty7:d) |
a S]_!

TOOTO 3HAWTH BEKTOp a = (ao ,81,°7, 8,8k ), KA JOCTaBiIsIe€ MaKCHMaJbHE
3Ha4YeHHS QyHKLII npaBaonoaiOHOCTI L(tl,rl; é) abo i torapudmosi
In L(tl, 1, é) = SllnA(tl, 71, g)— |n(51!)—A(t1, 715 é)
J1is 3HaXO/KEHHS OI[IHKH MaKCUMaIbHOI MPaBIONOIiOHOCTI, MOTPIOHO PO3B’sA3aTH
CUCTEMY PIBHSHB MPABIONOAIOHOCTI

% In L(tl, 715 g) = %(Sl In A(tl, 715 5)— In(Sl!)—A(tl, 71; 5)) =0, i= 01,---, k. (52)
i i
Honanku In(sll) B cucteMi (5.2) He 3ajexars BiJ @, TOMy BOHa HaOyBa€ BUTIISTY

8—2_(31 InA(ty, 71;8)— Alty, 74;a))=0, i=04,--,k,
1
a0bo micns audepeHITitoBaHHs

AL G, 7p:@ S .
1L1_)—A’a_ (ty,72;8) = A (g, 718 ————1|=0, i=0L--- k-
A(tl,rl;a) ! A(tllrl;a>
. S . o
IIpupiBHIOIOYM MHOKHHK —1_ —1| KOXXHOTO pIBHSHHS L€ CUCTEMH IO
Alty,7y;a)
HYJIS, OTPMMA€EMO €KBiBaJIeHTHY cucTeMy i3 K +1 piBHsHB:

A(t1,11;§)=sl, i=0,1,"',k. (53)

Ockinbku Bei 11 K+1 piBasaus cucremu (5.3) cmiBnagaroTh, 3aMiCTh CHCTEMH
PIBHSHB JOCTATHHO PO3TIISIATH JIUIIE OJTHE PIBHSIHHS

A(tl,rl;é): A(tl,rl;ao,al,---,ai ,---,ak)z S1- (54)

PiBustHHA (5.4) 13 HEBiIOMUMH apaMeTpamMu dg,aq,: -, 8, -,y OyJeMO Ha3UBaTH

po3paxyHkoBuM. Illo0 3HaliTm #Oro poO3B’s30K, BHOEpEMO TOJIOBHHIA ITapaMmeTp

(KOMIIOHEHTY) i3 HEBIIOMUX &g,8q,"*, 8, ", 8y , HAIPHUKIAJ, 8, IPU LOMY BCi 1HIII
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mapamMeTpu € BUTBHUMH. HajaBmum BIIRHUM TIapaMeTpaM IIeBHI 3HAYCHHS Ta
mifcTaBUBIIM iX B piBHAHHA (5.4), 3HaiimeMO pO3B’S30K BiAHOCHO TOJOBHOTO
napametpa. OTprMaHi 3HaYeHHS BUIBHUX 1 TOJIOBHOTO MapaMeTPiB MO3HAYUMO Uepe3
4g,87, -, 8y, -, 4. B CYKYITHOCTI BOHH YTBOPIOIOTH BEKTOP

A

a=(4y,41,4, 8 ), Axuii i € ouinkoro BekTopa a =(ag,aq, - aj, -,y ). KO
Terep KOMIIOHEHTH IIhOTO BEKTOpa TMIACTAaBUTH Yy BHpa3 s IHTEHCHUBHOCTI
Alt,a)te [tl,tl +171 ), OTPUMAEMO i OLIiHKY /i(t, ﬁ) te [tl,tl + 11).

OCKUTBKY 3HAYCHHS BUTBHHX MTapaMeTPiB MOKHA BUOMPATH JOBUIBHO, TO MHOXKHHA
po3B’s3kiB piBHgHHESA (5.4), TOOTO MHOXHHA OI[IHOK a= (éo,al, s, 8y, ék) €
HECKIHYEHOI0. 3BIJICH BHXOIHUTH, 1[0 HECKIHYEHOIO, a4 3HAYUTL 1 HEOMHO3HAYHOIO, €
TAKO’)X MHOXXHMHA  OLIHOK  1HTEHCHBHOCTI /i(t, 5) te [tl,tl + rl). Orxe B

chopMyITbOBaHOMY BHTJISIII I15 337jada OJHO3HAYHOTO pimeHHs He Mae. OIHO3HAYHY
OLIHKY 1HTEHCHUBHOCTI HECTAI[lOHAPHOTO IIyaCCOHIBCBKOTO TOTOKY MOXIHBO
3HAXOJIUTH JIUIIC Ha OKPEMHUX IHTEpBaJlaX YacoBOi HAIiBOCI [O, oo) 1 Ipy YMOBI, 110
IHTEHCHBHICTD Ha IMX 1HTEpBaJIaX 3aJIe)KUTh JIUIIE BT OTHOTO MMapaMmeTpa.

Mpuknang 2. JlochmimKyeTbess MyacCOHIBCBKHU TOTIK §(t), t>0, mnpuyomy
MIPUITYCKAETHCS, 110 HOT0 IHTCHCHUBHICTbH 3aJICXKHUThH JIMIIE BiJ] OJHOTO MapaMerpa. B
pe3ynbTaTi CIOCTEPEXEeHb 3a TIOTOKOM Ha iHTepBai (tl,tl + T]_) Oy1o 3adikcoBaHO §;
nonidd. [ToOymyBaTH OWiIHKY IHTEHCUBHOCTI TOTOKY ISl BUTIAAKIB, KOJH: a) /1(t): ap;
6) Alt)=aqt.

t+7,
Bunanok a). Skio /1(t)=/1=a0 , IPOBiHA (YHKITis A(tl,rl)z _[aodtz ap7y -
Y
IMpu upoMy pospaxyHkoBe piBHSHHA (5.4) HaOyBae BUTIILY A(tl,rl)zaorlzsl.

3BiJICH BUXOJHTh, IO OLIHKOK IHTEHCUBHOCTI € BEIMYMHA Ay = % , te [tl,tl + z'l),
1

aoo, BUKOPHCTOBYIOUM  TpaJUIliiiHE  JUIsi  IHTGHCHUBHOCTI  ITO3HAYCHHS,
A)=A= % telt,t+7).
Bunamox 0). Sxmo /”t(t) =at, TO IIPOBiTHA GbyHKITiS
t,+1; ar
A(tl, rl) = _f aqtdt = ﬁ(Ztl + rl), BIAIMOBIJHO PO3PaXyHKOBUM € DIBHSHHSA
t 2
& 2s .
2 (2t111 + 712 )= S;. I3 HbOro smaxommmo, mWoO @y = —=1 _ Omxe ouinkowo
2 71 (Ztl + Tl)
. . .2 2s
inTencuBHoOCTI € Qynkuin At)= — =t te [tl,tl +77).
71 (2t1 + Z'l)

BimzHaunmo, mo ans pO3MNISIHYTHX BHWITAJKIB a) 1 0) OIliHKAa IHTEHCHBHOCTI
BU3HAYAETHCSA OJHO3HA4YHO. [IpoTe SKINO i BHIQAKY a) OIIHKA IHTEHCHBHOCTI
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/At(t)z%, te[tl,t1+z'1), He 3aleXUTh Bil PO3MillleHHs iHTepBany [tj,t +71) Ha

oci [O, oo), TOOTO HE 3aI€XKUTh Bijl 3HAUEHHS 1}, CUTyallis y BUIIaJKy O) € 1HIIO.
IIpu ofHMX 1 THX € Pe3y/bTaTax CIOCTEPEKEHb, TOOTO KOMM 7q 1 S OAHI 1 Ti XK,

rpadiky OIIHKH IHTEHCHBHOCTI Ha PI3HHX IHTEpBANAX CIOCTECPSKCHHS MAIOTh Pi3HI
aHATITHYHI BHUpPA3d 1 BIAPI3HAIOTECS 3a TECOMETPUYIHOIO (OPMOIO, TOOTO TIpH
napaieilbHOMY TEepeHoci BOHM He cyMicHi. Pa3om i3 Takor po30OiKHICTIO Mae micie
. . LA 2s
nikaBuii Qakr. BpaxoByroouw, mo y BHUpasi ﬂ,(t)z—lt, te [tl,tl +71),
rl(2t1 + Tl)
napamertp t; 1aprymenr te [tl,tl + rl) € BEJIMYMHAMH OJJHAKOBOT'O MOPAJIKY, HEBAYKKO
MEePEKOHATHUCS, 110
N . 2s 281 S
lim At)tely,ty+7)= lim — 2t teft,ty+7)=—x =2,
t—o0 t;—>o0 11(2t1+rl) 22’1 1
Ocrtanns QopMyna Moka3ye, IO KOJH IHTEPBal CHOCTEPEKEHHS [tl,tl +rl]

3CYBA€TbCSl B CTOPOHY 3POCTaHHs apryMeHty t, To mpu (iKCOBaHOMY S; OILIHKa

) . S ) ) .

IHTEHCHBHOCTI TPSIMYy€ 10 BEINYUHH % , SKa € OIIHKOI IHTEHCHBHOCTI
1

CTalliOHAPHOTO MOTOKY.
Mpuknag 3. B pesynapraTi crnocTepekeHb 3a CTalliOHAPHUM MYaCCOHIBCHKHM

IIOTOKOM g"(t) Ha IHTepBalax [ti,ti +7Tj ),i=1,~~~,m, Oyno 3adikcoBaHO S; MOJiii:

m
sz )= ét(ti +7j )—§(ti )=s;,i=1---,m. Cyma Bcix intepBaiis > 7j =7, cyma BCix
i=1
m
oIl ZSi =S. BBaxkaerscs, 1m0 iHTepBaIH [ti L+ 7 ) i=1----m, He
i=1

MEPEeTUHAIOTECSA.  BUKOpUCTOBYIOWM I pe3ynbTaTH, MOOYyAyBaTH  OIIHKY
IHTEHCHBHOCTI A .
OCKibBKH ~ TIPUPOCTH é‘(ti ;‘L’i)Z f(ti +ri)—§(ti) Ha iHTepBaJaX, MO0 HE
MIEPETUHAIOTHCS, € HE3AICKHUMH BEeIHMYNHAMHY, (DYHKILiS TIPaBIOIOAi0HOCTI
n N (A )T g IPTLIPA
@)= TPl ep) =)= [T it = e 70
: : S;! 1 Sj!
=1 i=1 | i=1 "I
N S,—A
[osuaunmo []——=a, npu upomy QyHkuis npasgonogibHocTi L(/l)z at’e .
i=1 Si’
BasBmm nmoxinHy Bif 1€l QyHKINT Ta MPUPIBHSBIIN 11 10 HYJIS, MAEMO
Ly =ast® e ™ —amstle™ =ar’ e (s—Ar)=0
abo Te came, moO S—Ar. 3BimcH OTPHUMYEMO, IO OI[IHKOIO IHTEHCHBHOCTI A €
BEJIMYHMHA
S

A=, (5.5)
T
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AHaii3 oTpuMaHuX B POOOTI TEOPETHYHUX PE3YJIbTATIB Ta PO3TIITHYTUX MPUKIIAIIB
JIO3BOJIIE  CTBEP/DKYBAaTH, 10 MMOOYyAOBa OJHO3HAYHOI OI[IHKK TEPiOJUYHOT
IHTEHCHUBHOCTI MOJIMBA HE ISl BCiX 3arajioM MepionYHUX MyacCOHIBCHKUX IOTOKIB,
a Jume JUid TOTOKIB, IO 3aJ0BOJBHAIOTH MEeBHMM yMmoBaM. Cdopmymroemo ix
HACTYITHUM YHHOM.

bynemo BBaxaTH, IO NEPIOAUYHHMN IYaCCOHIBCBKHMH IIOTIK f(t),te[o, oo) 3
nepiogoM T € TakuM, IO Ha iHTepBaji [O,T) MOJKHa BUAUTUTH OKpeMi iHTepBalll
[ti L+ ), i=1---,m, AKi HE MePETUHAIOTHCSA, iX 00’ €JHAHHS CITIBIIAIA€ 3 IHTEPBAIOM
[O,T), OpUYOMY Ha KOXKHOMY 3 IHTEpBaliB [ti,ti +Ti) NoTiK € cramioHapHuM. Lle
MIPUITYIIEHHS 1a€ 3MOTY BHIIIUTH 13 MHOKHHU TEPIOTUIHUX ITyaCCOHIBCHKUX IMTOTOKIB
OKpeMHI KJ1ac TOTOKIiB, JUIsi SKMX MOXIHWBO CTaBUTH MHUTaHHA NP0 MOOYHOBY
OJIHO3HAYHOI OI[IHKM iX IHTEHCUBHOCTI, IO 3aJOBOJIBHSIE YMOBAM HE3MIIEHOCTI,
CITYIIHICTD 1 €PEeKTUBHICTD.

6. ITyaccoHiBchKi nepioquyHi KyCKOBO CTAlliOHAPHI MOTOKH

O3nauvenns 1. [lyaccoHiBChbKUH MOTIK f(t) HA3UBAETHCS MEPIOANIHAM KYCKOBO

CTaI[lOHAPHUM IIOTOKOM, SKIO HOTro Mapamerp l(t) € TICPIOJAMYHOI0 KYCKOBO

nocTiitHoIo GyHKIi€r 3 iepiogom T .
Y BH3HAauYeHHI NEpPiOANYHHX ITyaCCOHIBCHKUX KYCKOBO CTAIliOHAPHUX TIOTOKIB
MOXYTh OyTH 3p0o0JIcHI TeBHI YTOYHEHHS, KOHKpeTu3auis. Hanpuknaz, s iHTepsaty

[O,T) MOXKYTh BKa3yBaTHCS IHTEPBAJIH CTAI[IOHAPHOCTI TIOTOKY
[to:tl)r",ltj—l,tj)"',[tn—lltn): tg=0ty =T,

Ha KOXHOMY 13 SKHX IHTCHCHUBHICT, TIpUHAMAaE BIAMOBiAHE 3HAYCHHA
Alt)= Aj.te [tj_l,tj ) Sxo rj=tj—tjy —  MOBKHMHH  IHTCPBAliB
|_t j—l’t j ), j=1,---,n, TO B CyKYITHOCTI Ili JIOBXXMHH MOJKHA TIOJATH y BUIJISA/I BEKTOpa

n -
z_'z(rl,---,rj,-n,rn), UL SIKOTO Zz’j =T, cami  IHTepBaJIU ltj—lltj) j=1---,n,
j=1
I1I€ MOJKHA 3aIMCaTH Y BUTJISI |_tj_1,tj_1 +7; ), j=L1---,n.

Slkmo BpaxyBaTH, IO IHTEHCHUBHICTh TOTOKY € MEPiOJUYHOI (YHKIEW 3
nepiogoM T, TO IHTEpBajlM CTalliOHAPHOCTI [to,tl),---,l_t j—lvt j ),---,[tn_l,tn),
po3MillieHi Ha Tepioi [O,T), MOJKHA TEPIOIUIHO PO3MICTHTU 3 THM K€ mepiogoM T
Ha BCIM HamiBoCl [0,00) Y BUIJISLI:

[tj g +iT .t +iT) j=L-,n; i =01, (6.1)

OcCKiNbKM 32 HallUMHU TPUNYHNICHHSMH Ha JOBUIBHOMY Mepioji [iT,(i +1)T)
pO3MIIIyETbCS N iHTEPBANIB CTAI[iIOHAPHOCTI, TO BHUKOPHCTABIIN ITO3HAYEHHS
tj+ iT=t j+in» iHTepBanu (6.1) MOXKHa Nepe NO3HAYMTH TAKUM YHHOM:

ltj—1+in'tj+in): J =1--,n; i=01---.
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Kpim 3amanHs iHTEpBaiB CTAIIIOHAPHOCTI TAKOX MOXKYTh OYTH BKa3aHI 3HAUCHHS
IHTEHCUBHOCTEH MMOTOKY Ha ITUX IHTEpBallaX, HAPUKJIAJ, Y BUTIISAI BEKTOpa

7 :(,11,...,,11.,...,,1”),
e A i j=L1---,n — iHTEHCHBHICTH MMOTOKY Ha IHTEpBaJi lt =Ry ), a 3HAYUTh 1 Ha
iHTepBaIax |_tj_1+iT,tj +iT), i=01---.
Y Bumagkax, KOJTM PO ITyaCCOHIBCHKHH TMEpIOJUYHMN KYCKOBO CTalliOHapHUI
MOTIK BioMa Jesika JOAaTKOBa iHQOpMAIis, HANpHKIaA, BiIOMUMH MOXYTh OyTH
mepiof; MOTOKY, HOTO iHTepBajHM CTAIliOHAPHOCTI, IHTEHCHBHOCTI MOTOKY Ha IIHX

IHTepBajlaXx TOMIO, [g iHGOpMAIlis MOXXe BKa3yBaTHCS INPH 3agaHi MOTOKy. SIKImo,
HATPUKIIA, BIJOMUMH €;

V' mepiox T, TO MOTiK MOXe OYTH NMOJAHUI y BUTTISAL {§(t), T} ;
v\ BEKTOp 7 —y BUIUIAI {§(t),z_'};
v BeKTOp A - Y BHUTJISLIT {§(t), A };
v' mepion T iBekTOp A — Y BHUTJISLII {f(t), T, };
v’ BekTOpH Ti A —y BUIIAII {f(t), A }
[lomaHHs MepiogMYHOTO MyacCOHIBCHKOTO KYCKOBO CTAaI[iOHAPHOTO MOTOKY B TOMY
Yl {HIIOMY BHIJISII  JO3BOJSiE POOWUTH TIOCTAHOBKM  KOHKPETHUX, HiTKO

chopmynboBaHuX 3aga4d. Hanpukian, mis notoky {f(t), A } TaKUMH 337a4aMH MOXYTh

OyTH oliHKa nepiogy T 1BeKTopa 7 ; Uil IOTOKY {§(t), T } — OlliHKa BeKTOpa A .

7. OuiHka iHTEHCMBHOCTI TEPiOAMYHOI0 TMYacCOHIBCHKOI0 KYCKOBO
CTALIOHAPHOTO MOTOKY

PosrnsHemo mnuTaHHS 1MOOYMOBH  OIIHKA IHTCHCHBHOCTI  IyacCOHIBCHKOTO
MEePIOMIHOTO KYCKOBO CTaI[iOHAPHOTO MMOTOKY {f(t),T, T }, TOOTO MOTOKY, AJIS SIKOTO
BifoMMMH € Horo 1mepiog T  Ta BEKTOp IHTEpBANIB  CTAIliOHAPHOCTI
(to,tl),---,(tj_l,tj).n-,(tn_l,tn), ne tg=0,t, =T, abo BimnoBigHuii iM BekTOp

TPUBAIIOCTEN CTaI[iOHAPHOCTI T z(rl,---,r j,---,rn), ae T =t j -t j-1- [Ipu oMY
BEKTOD IHTCHCHUBHOCTEH A= (ﬂl,m,/i i ',/In) € HEBIIOMHUM.
CnocTepeskeHHsl 32 HOTOKOM 3JIMCHIOBANUCA Ha 1HTEpBaji [O,T'], T >T,

[T%} =m, e [0] — mija yacTuHa. Bech iHTepBai criocTepeKeHHS [O,T'] po3i0’emo

Ha oxpemi Tj-imrepsamu [(i—1JT,iT),i=1---,M, OBKHMHA KOXKHOIrO 3 SKHX piBHA

nepiony T .
PesysibpraTi CIOCTEPEKEHh PO3MICTUMO Yy BHIVIAAI MXN MaTpHIl, MOAAHOI B
tab.l, me M — wuwcno Tj-iHTepBaiiB [(i—l)T, iT), HA TIPOTA3I SAKHUX BEIHCS

CIIOCTEPEXKEHHS 32 TMOTOKOM, N — KiJBKICTh IHTEPBATIB CTAI[iOHAPHOCTI MOTOKY Ha
KO)KHOMY Tj -iHTepBasioBi. Exement S(i, J) MaTpHIli — e KUTbKICTh MOJiH, siKi Oynm
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3adikcoBaHi Ha |-My iHTepBaji cTalioHapHOCTI i-ro T -iHTepBaty, TOOTO S(i, j) —
1e mpupict notoky &(t) ma inrepsai lt j-1 +(i-1T,t; jo1+T] +(i —1)T)'

s(i, ) =x{tj1 + (-7, 75 )=xltjg +7j + (—1)T)_ X(tj_q +(i-1T).
m
B ocranHiii cTpiuni Matpuii posmimieni cymu S( J) = Zs(i, j), j=1...,n, KoxHa 3
i=1
SAKUX piBHa CyMi moOAid, MmO BimOyIMCS Ha BCiX iHTepBaJaX CTal[iOHAPHOCTI
[tj (-, t +(i -7 +7; ), i=1..,m, 3 oxHi€r0 i Ti€l0 X IHTEHCHBHICTIO Aj,

OHIHKy SIKOT 1 HOTp16H0 3HANTH.

Tabn.1. Pesynbmamu cnocmepedicens 3a nyacCoOHIBCLKUM NEPIOOUYHUM KYCKOBO
CcmayionapHum nomokom

oMep iHTepBay Ha
T -mepioni :

Howmep ! J :
T -mepiomy

1 s(12) s(L j) s(Ln)

i s(i,1) s(i, ) s(i,n)

m s(m,1) s(m, j) s(m,n)

s@ S(j) S(n)

OCKiJ‘IBKI/I mpu  (ikcoBaHOMY j Ha  KOXHOMY 13  iHTepBaiiB

|_t j 1+ 1)Tt +( l)T +7T; ), i=1 ..M, mOTIK € cTalioHapHUM i3 TOKH IO

HEBIJOMOIO IHTEHCHUBHICTIO A j» TO MpUMaloYy 10 yBard MeETOHA  OIliHKH

IHTCHCUBHOCTI B TIpUKIafi 3, 30kpemMa Gpopmyiy (5.5), HeBaKKo 6a4uTH, IO OL[IHKOIO
iHTEHCUBHOCTI A i j=1...,n Gyxe cratucTrKa

Jie, Sk 3a3Havasocs panime, S(j) — e cyma mojii, mo Bi0yIKcs Ha BCIiX 1HTEpBanax
CTalliOHApHOCTI [t j-1 +(i—1JT, t +(i-]T +7 J) 110 MOTh OJIHAKOBY MOBXHUHY T I

KOXXHOMY 3 JKHX OJHa 1 Ta X IHTEHCHBHICTB ﬁ’j’ m — dYucio 1HT€pBaJ'I1B

crarionapHocti. Bektop A = (/le j ,---,ﬂ,n) Oyae  OIIIHKOIO  BEKTOpa
IHTEHCUBHOCTEMN /Tz(/l ,o-',/ij,~~~,/1n).
8. BUCHOBKH

HaBesieHO OCHOBHI TOHATTS Ta BJIACTHBOCTI IyaCCOHIBCBKHUX IOTOKIB —
CTalliOHAPHUX, HECTAIlIOHAPHUX 1 TepioguuHuX. PO3MISHYTO THTaHHA MIOJI0
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MOXKJIMBOCTEH BHKOPUCTAHHS JUISI TIOOYIOBU OINIHKM IHTEHCHBHOCTI IIEPiOTMIHOTO
MyacCOHIBCHKOTO MOTOKY METOJ[IB CTATHCTUYHOTO aHAJIi3y MEePiOAMYHO KOPEIhOBAHUX
MPOIIECIB Ta HECTAI[IOHAPHUX IyacCOHIBCHKHX MOTOKIB. BpaxoByroun oTpumaHy mpu
[IFOMY HETaTUBHY BIiJIOBi/lb, i3 MHOXXHHU TEPIOAWYHUX ITyaCCOHIBCHKHX ITOTOKIB
BHIIJICHO KJIAC TIOTOKIB, JUISI SKHX MOXIIMBA PO3POOKAa METOMIB OIIIHKHA 1X
iHTeHCUBHOCTI. lLle kiac mepiogWYHUX MYacCOHIBCHKHX KYCKOBO CTallilOHApHUX
MOTOKIB, JJIS SIKUX 1 MOOyZOBaHa OIliHKA IX MepioAWYHOI iHTeHCHBHOCTI. OTpuMaHi
pe3ynbTaTH BIAKPHUBAIOTH MIISAX 10 OLIHKH MEPIOJAYHOT IHTEHCHBHOCTI €MITipHIHIX
CTOXACTHYHO TIEPIOJIMYHMX MOTOKIB MTyaCCOHIBCHKOTO THUILY, HAIIPHUKIIA]], BUKIIUKIB Ha
CTaHIIIIO MBUKOI TOTIOMOTH, MOTOKIB iH(opMmarlii B [HTepHET-Tpadikax ToIo
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YK 517.958+338.3+519.6

I/IMI/ITaI_[I/IOHHOG MOJCINPOBAHNUC CUCTCMBI I'a3-IIOPIICHDb
IIPpX BBICOKHX CTCIICHAX CXKATUA

M. A. Xaiinenxo, O. B. Xaitnenxko, 0. K. UepHbliiies
Hayuonanvnwviii aspoxocmuuecxuti ynugepcumem umenu H. E. JKyxosckozo «Xapvrogckuil
aG‘uaLﬂ/{OHHbllZ uncmumymy, YKpauHa

IIpuBeneHs! pe3yabTaThl IMUTAIIMOHHOTO MOJAEIUPOBAHUS PACIPOCTPAaHEHUs 3ByKa B
CHJIBHO CXaTOM OJHOATOMHOM Tra3e, MOJy4YeHHble IPUMEHEHHEM IUCKPETHO-
COOBITHHOTO HpeACTAaBICHUS TOBEICHHS KOJUIEKTHBa TBEPABIX chep. Paccmorpena
JUHAMUKA BBITAJKMBAaHMS TOPIIHA B BakyyM. [IpoBemeHO wHccleIoBaHHUE
TEpMOAMHAMUYECKUX TapaMeTpOB B IIPOIECCE BBITAJIKMBAHMS MOABIKHOTO Tela
CHJIBHO CXaTbiM ra3oM. OOHapyxeHbl 3(QeKTH ITyJbcanuif, 00yCIOBICHHBIE
HOBBIIICHUEM CKOPOCTH 3BYKa C IOBBIIICHHEM ILIOTHOCTU. JlaH 4MCIEHHBIH MeTon
3aJaHus BO3MYIIEHMI Oe3 M3MEHEHHsS IIOJTHOW SHEPrHH 3a CUET HCKYCCTBEHHOTO
YMEHBIIICHHS SHTPOIHH.

Kniouesvie cnosa: cobvimuiinoe mooenuposanue, nonpasku K OAGIEHUI0, CKOPOCHb 38YKd,
meépovie cgepbi.

HaBeneHo pesynbpraTé iMIiTallifHOrO MOJENIOBAaHHA NOIMIMPEHHS 3BYKY B CHIIBHO
CTUCIIOMY OJHOATOMHY Ta3i, OTpPHMMaHi 3acTOCYBaHHSIM IHCKPETHO-TIOI€BOTO
ySBJICHHS IIOBEOIHKM KOJEKTHBY TBepaux cdep. PosmmiHyro aumHamiky
BUIITOBXYBAaHHsS IIOPIIHS B BakyyM. [IpoBeIeHO IOCIIJUKEHHS TEepMOJMHAMIYHUX
[apaMeTpiB B IIPOIECi BHIITOBXYBAaHHS PYXOMOIO TiJla CHJIBHO CTUCHYTHM Ta30M.
Buspneni edexktu mynbcaniii, OOyMOBIICHI MiABHINEHHSIM LIBHAKOCTI 3BYKY 3
MiABUIIEHHSM IIIIBHOCTI. [laH uncensHuid MeTo T 3aBAaHHA 30ypeHb 0e3 3MiHH MOBHOT
€Heprii 3a paXyHOK IITyYHOTO 3MEHILICHHS CHTPOTIIi.

Knrouosi cnosa: nodicee mooentosans, NORPAasKu 00 MUCKy, WeUOKICHb 36VKY, meepoi cghepu.

The results of the simulation of sound propagation in highly compressed monatomic
gas are obtained using discrete-event behavior of the collective representation of hard
spheres. The dynamics of pushing the piston in a vacuum was described. Research of
thermodynamic parameters in the course of pushing out of a mobile body is conducted
by strongly compressed gas was done. The effects of fluctuations caused by an
increase in the speed of sound with increasing density was found. The numerical
perturbation method of setting without changing the total energy due to an artificial
reduction of the entropy was described.

Key words: event simulation, the amendment to the pressure, the speed of sound, solid spheres.

1. Beenenue

Cxopoctb pacmpocTpaHenus V., MaJbIX BO3MYLIEHMH B HJICabHOM TIa3e

soun
3aBUCHUT JIMIIIb OT TEMIIEPATyphl U BhIUUcIseTcs mo ¢popmysie [1]:

V4
Vsound = EVheat’ (1)

C

__p
rae y = c V}eat — CPETHEKBAAPATUYHAS (TEIIIOBAsA) CKOPOCTh MOJIEKYJI I'a3a.
v

© XarneHko M. A., XaineHko O. B., YepHbiwes 0. K., 2016
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3NKT
B cBoro ouepemb, Vpeat =.——, rae K — mocrosHHas Bompnmana, T —
u

Temnepatypa B rpagycax KeneBuna, g =Nmg — macca mons (B rpammax), My —

Macca ofgHOW MoJekynsl, N =6 10%% — gucno Asorazapo. Ilpu m3oTepMHUIECKOM
CKaTHH CKOPOCTH 3BYyKa, coryacHo (1), He n3mensercs. OmHaKo B NeHCTBUTEIHHOCTH
3TO HE TaK; 3HAYHUTEILHYIO POJIb HAYMHACT UTPATh CTENEHb 3allOJHEHHOCTH pabodei

V, N . i
obnactu 77:70’ roe V — o0véM rasza, Vy — cymmapHsli o0bEM Monekyn. B

NACAJIbHOM Ta3€ JaBJICHUC P'[h 3aBUCUT JIMIIb OT TEMIICpATypbl U IJIOTHOCTH:

Py =n,KT, rae n,— xommuecto Mmomekyn B 1 cm’. IlompaBku K peambHOMY

JABICHUIO K|y :iph M CKOPOCTH 3ByKa IPH MAJIBIX 3HAUCHHAX MapaMeTpa 77 MOTYT
OBITH TONy4eHbl MyTEM HCIONB30BaHUS ypaBHeHHs Ban-mep-Baamsca. Ho s
IUTOTHOCTEH, OJMM3KHUX K TUIOTHOCTSIM JKHJKOTO COCTOSHHS, «IIPaKTHYECKasi IEHHOCTh
ypaBHeHus1 Ban-nep-Baannpca HeBenmmka» [1]. Takum oOpasoM, akTyanbHO# 3amadeit
SABJIACTCA BBIYMCIICHHUE IIONPABOK IIPU BBICOKHMX CTCIICHAX CXKATUA U HUX y‘-IéT npu
pelIeHNH 3a/ad THNA BBIYHUCICHHS CKOPOCTH 3BYKa, IUHAMHKH BBITAJIKHBAHHS
nopuras. Hanboree moiaHo MaremMaTinyeckast TeOpHs TONPABOK VIS ra3a yrnpyrux chep
npy OONBIIUX 3HAYEHUSAX KOI(D(PUIMEHTa 3alOoNHEHHS pacCMOTpeHa B pabote [2].
Opnaxo nmosrydyeHHbIE B HEW pe3yiIbTaThl HEJOCTATOYHBI.

2. Metoa TBépAbIX chep

C nosienerneM DBM mepBblii ycrnex B paccMaTpuBaeMol TeMe ObUT JOCTUTHYT B
[3] nyTéM HMMUTaLMOHHOIO MOJENMPOBAHMSA, CBOISIIEIOCS K 3aMEHE pPEalbHBIX
MOJIEKYJ 1 TBEPABIMH c(pepaMu U HCHOJIH30BAHMIO 3aKOHOB MEXaHUKH IpU pacyére
TpaekTtopuil. IIOBBIIIEHNE BBIUMCIUTENBHBIX MOIIHOCTEM W Pa3BUTUE CIELUAIbHBIX

AITOPUTMUYIECKUX METOOOB AaJI0 BO3ZMOKHOCTH COCTaBUTh T3.6J'II/II_II>I IIOITPaBOK Kp K

JABJIICHUIO U K ; K AJIMHE cBOOOJHOTrO mpobera [4], rpaguyecku NpeCcTaBlIeHHbIX Ha
puc. 1. Ecinm naBneHnme B HOpMalbHBIX YCIOBHAX paBHO Py, To B ciyuae

3HAYUTENLHOTO CYKaTHS JIJISl BRIYMUCIICHHSI HCTHHHOTO JIaBJIeHusl P BHOCHTCS MOIpaBKa
K TEOPETUYECKOMY 3HAUEHHIO:
po_tth (2)
Kp(77)
IIpu cTOIKHOBEHUH OBYX yNpyrux cdep maccamu My, Mo u paguycamu Rq, R
co ckopoctsimu Vq, Vy M HEHTpaMd (B MOMEHT CTOJKHOBEHHS) [ H [, HOBBIC
ckopocti Vi, V5 paccUMTHIBAOTCS 10 (HOPMyIaMm, CBS3aHHBIM C BBITIOJHCHHEM

3aKOHOB COXpPaHEHMsI CyMMAapHBIX HEPrUH, UMITyJIbCa U MOMEHTA UMITyJbca [5]:

\71,:\71+2M(Av,n)ﬁ, 7! ZVZ_ZMEnAV,n)ﬁ’ 3)
2
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— FZ_F]. M = mimo

roe AV=Vy,—Vyq, = , M= — IpHUBEIEHHAs Macca.
R 2+ Rl mp; +myp

a) 0)
Pth I
Puc.1. 3asucumocmu nonpasounvix kosppuyuenmos Kp=—0" uKy=—
P lh
Om cmeneHu 3an0IHEHHOCIU 8 CIyHae Mpeéxmeprozo (a) u 0gymepHo2o (6) npocmpancms

Hns obecrieueHus] MakCUMAallbHOW CKOPOCTH TOWCKA ONMDKaWINX MO BPEMEHHU
COOBITHI-CTONIKHOBEHUH  UCTOIB3YETCsS IEKOMITO3WINS pabodeil o0macTé myTéM
pa3buecHus € Ha KyOMdeckue sYeiku [4, 5] U cocTaBiICHHUS JUHAMHYECKOW OYepen
JUISL BCEH COBOKYITHOCTH MOJICJIBHBIX YaCTHII.

3. PacuérHas cxema cHCTeMbl ra3-nopuieHb
PaGouast ob6macTe mnpencTaBleHa LEMOYKOH Ngojjs KyOHMYECKHX SU€eK C

eMHUYHBIMU pEOpaMu. OOLIMEe TpaHW NBYX SYECK CUMTAIOTCS MPOHHULIACMBIMH, a
BHEIIHHE — OTpaxkaromuMmu. [IoMumo 3Toro, paccMarpuBaeTcs MOABIKHAS CTEHKA C

3a/1aHHBIM PACTIONOKEHHEM Xody 110 OCH LETOUKH SUEEK, MOJIEIMPYIOLIas [PAHUILy
Tena (IOpUIHS) Macchl Mypggy. Pabouast oGnacts, 3ajaBacMas HEPAaBEHCTBOM
1<X < Xpody < Ncel| , H3HAYATBHO XaOTUMECKH 3allONIHEHA N MOJETBHBIMU chepamu

eIMHUYHOM MacChl W paauyca R, KakIod W3 KOTOPBIX MpHUIHCaHa CiydaiHas
CKOpOCTH V; €IMHUYHON JUIMHBI C PABHOMEPHBIM YIJIOBBIM pactpesieieHueM. Cunras

aproH HanOosee OJU3KUM 10 CBOMM (DPU3MUYECKUM CBOMCTBaM Tasy u3 TBEPIBIX chep u
YUUTBIBAsl, YTO CTEMEHb 3aIOJHEHHOCTH aproHa IMPH HOPMAJIBHBIX TEMIIEPATYpPHBIX

3
ycnoBusx cocrapister npumepro 107, monydaem npuGimkeHHyr0 dopmyiy s
JaBIICHUS:

Py, =14.65LT MiITa. (4)
y7,

B cpemnem B oxHoii sueiike comepxkurcs  N/(Xpogy-1)MonenprbIx wacThu,
3HaueHe mapamMeTpa  3alolHeHMs  oueHuBaeTcs  Kak 77 =Vpar/Vq, 1a€
3 2
Vpart=(47zR /3)n, Va“ =(Xbody—1+2R)(1+2R) .

PazBuTHE KapTHHBI B3aUMOJIEHCTBHS MOJENBHBIX YACTHII TOCie peann3anuu 10-
15 (B cpemHem) ynpyrux HMapHBIX CTOJIKHOBEHHUHN MJIST KaXXIOW MOJETBHON YaCTHUIIBI
MPUBOAUT K «MaKCBEJUIM3alUm», [6], T.e. K YCTaHOBJIECHHIO pacHpeeseHus



BicHuk XapkiBcbkoro HawjoHanbHoro yHisepcuteTy iMeHi B. H. KapasiHa, 2016 103

MakcBemia ¢ eqMHUYHON CcpellHeW KBaJpaTUYHON CKOPOCTbIO M CpelHEeW SHEpruei,
paBHoit 0.5. /laBnenue, oka3piBaeMOe OJHOM MOJIEIHHONM YacTULICH HA CTCHKU STYCUKHU

1
B OTHUX YCIIOBHUAX, paBHACTCA 5 YCJIOBHBIX €IWHUIL], a TEMIIEpaTypa paBHaA

1
Tsimul =3 [4].
3
ITpeobpaszoBaHue CKOPOCTEH MPU CTOJKHOBEHHHM MOJIEIBHON YAaCTHIBI C Maccoi
m u ckopocteio  V (Vy >0) ¢ mopumHem, 00JagarolUM CKOPOCTHIO Vhody
KOJJTMHEApHOU OCH aOCHHUCC, TIPOU3BOAUTCS IO 3aKOHAM YIIPYTOTO OTPayKCHHUS:
vy =(2M bodyVbody + (M —Mpagdy) Vx )i(m+ Mhody)
Voody = (2 mvy —(m-— mbody)Vbody)/(m +Mpogy)-

I'papuaeckoe  nudpdepeHurpoBaHHe CIIQKCHHOW 3aBHCHMOCTH  Vpoqy OT

(5)

BPEMEHH HPHBOAUT K 3aBUCUMOCTH YCKOPEHMS OT BPEMEHH, a CIeJOBAaTENbHO, U K
3aBUCUMOCTHU OT BPEMEHH CHIIbI JaBJICHUS MOJENBHOTO Ta3a HA MOJABIKHYIO CTEHKY.
OO6w1as aavHa IEenoYKy B KonudecTBe Neepjs =10000 conmocransercs 1M, MoaenbHOI

TEIJIOBOM CKOPOCTH B OJHY YCIIOBHYIO €MHUILY COIOCTABIISICTCS peajbHas TEIUIOBas
ckopocth 500 M/c, s paspexenHoro raza ¢ 17 =0.001 ngaBiieHUI0 Ha CTCHKY Tela

COIIOCTAaBUM BEJIMYMHY, BBIYMCICHHYIO 1O (opmyne (4). DT 3Ha4YeHUs ONU3KH K
COOTBETCTBYIOIIMM BEJIIMYMHAM JUIs aproHa INPH HOPMalbHBIX ycinoBusx. [locie
MaKCBEIUTM3allUM  CPEeJHsIE CKOPOCTh 3BYKa B CHCTEME MOJCIBHBIX YaCTHII

o 5
OJJHOATOMHOI'O CTAaHOBHTCSI paBHOM, cormacHo dopmyine (1), Vsgund = \/; =0.7454

YCIIOBHBIX €JMHULI, YTO COOTBETCTBYET 372,7 M/c.

PaccmarpuBaemas pacuéTHas cXxema MO3BOJISET 3a/1aBaTh HayalbHbIE BOSMYIIEHHS
TaKUM 00pa3oM, YTO YMEHbILIEHHE SHTPOIMH CONPOBOXKIAETCS MOCTOSHCTBOM IOIHOM
SHEPruu ra3a. BekTopam ckopocTeil MOAENBbHBIX YacTUIl B sUeHKaM ¢ HOMepaMH OT |
10 Ngound #100 mpupaérest manpasienne Bronb ocu OX 0e3 M3MEHEHMS UX JJIHH.

OTO W BHOCHT BO3MYIIEHHE, pacIpocTpaHsionieecs B AainbHeimeM mo ocu OX,
npuyéM TOJNHAS OSHEeprus He U3MEHSAETCs, a JHTPOIMs, Kak I[0Ka3aTellb
YHOPSIIOYEHHOCTH, — yMeHblnaercs. B [4, 7] paccMOoTpeHO pacnpocTpaHEHHs BOJTHBI
cyMMmapHOro ummyiabca. CKOpocTh 3ByKa OTOXAECTBIAETCA CO CKOPOCTBIO
NepeMEeIeHNs] HYJIEeBOM TOYKM (pOHTa, OTHENSIomEed 00JacTh MONOXKHUTEIBHBIX
3Ha4YeHUH aOCUKCCHl UMITYJIbCa OT 00JIACTH OTPULIATEIIbHBIX.

Junst pemieHust 3aa4 THIIA MOJCIMPOBAHMS BBITAIKHBAHUS CBOOOJHOTO IMOPIIHS
U3 TpyObl WM Pa3BUTUS JCTOHALMOHHOM BOJHBI MpeJlaraeTcs CKOPOCTb
pacrpocTpaHeHus] BO3MYILEHHH ONpPEAEsITh, UCXOI U3 UHTEPBAIOB BPEMEHH MEXKIY
CTOJIKHOBEHHsSIMH (poHTa C TOABIKHBIM TeloM. Ha puc. 2 oToOpakeHbI

o 6
TOCJIE/0BATENLHOCTH TAKUX OTpakeHui npu macce Mpgqy =107, Ngqyng =100,
Xpody =2000. 3HaueHue Macchl NOABHXKHOIO Tela B TAKOM CIIyYae Ha HECKOJIBKO

MOPSIIKOB OOJIBIIIE, YeM Macca raza, 4TO COOTBETCTBYET OYEHb MAaJIbIM CKOPOCTSIM
BBITAJIKHBAEMOT'O Tella, T.€. MPaKTUYECKH HEM3MEeHHOMY OO0BEMYy raza. Cumras
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TEIIOBYIO CKOpOCTh paBHOW 500 M/C M Y4HTHIBash OTpaKEHHS, HAUWHASI C TPETHETO,
MPUXOIUM K 3HAUEHUSIM CKOPOCTHU 3BYKa.

P atm
1.800
1.600
1.400
1.200
1.000
0.800
0.600
0.400
0.200
a

PikT
450U
4,000
3500
3,000
2500
2,000
1,500
gt boood 1.000
- 0.500

CEINEES

- ‘:
< . e o O 0 O o1 0 70 40 o0 o0 100 T2 140 150 14t 200
Time*0.2e-4 s Time*0.2e-4 s

a) 6)

Puc.2. Ompadsicenus ¢hponma manvix 603myuwjeHuti 6 2aze nPu PasiuiHbIX napamempax

sanoanennocmu: a) 15 =0.001, k5 =0.996; 6) 17, =0.171, x, =0.49

B ciyuae a) ras sBusercs paspexeHHsM, 775 =0.001, xy =0.996, naBnenne npu
orcyrcrun  Bo3MylleHuH P, =0.1004MIla u  Vgoynq@)=375+5m/c, uro

MIPAKTUYECKN COBIAAAET C TEOPETUUECKH BBIYHCICHHON CKOPOCTBIO 3ByKa 372.7wm/C.
B cmywae b) 7,=0.171 x, =049  (cormacmo puc. 1, a), pp,=2.03py, u

Vsound(p)= /285 M/c. 3amernm, uto B ciaydae b) Py ~17.1Mlla, a pasnenue ¢

y4éToM mompaBok  Pp ~35Mlla. OTHOIIEHHE CKOpOCTEeH 3ByKa OKa3bIBaeTCA
00paTHBIM K OTHOILICHHIO MOMPABOK K JIaBIEeHUIO (puc. 3) :

Vsound(b) Vsound(a)= Ka / Kb - (6)
o e ] ¢ —T -
005000 ¢ o] © o"’i f [> %o o
e UL P » 2 [° P ks o
a)
— — ("ur"}__‘ 5 TR o :’\ i“\ £
(éf%' D ) ONFC0 (@?U A *(&L)
A W) { j (‘ffc /‘<,.-/\ O D
B 7 p—
&)

Puc.3. Cpasnenue 3anonnennocmeti wacmu siyeex pabouetl obracmu: a)

115 =0.001, x5 =0.996; 6) n7, =0.171 x, =0.49

JlaBieHre ¥ CKOPOCTh 3ByKa B ciiydae 0) mpuHONM3WTEIBHO B JiBa pa3a OOJIbIie
TEOPETHUYECKUX, YeEM B CIIydae a), YTO M SBJISETCS pPe3yJbTaTOM Yy4€Ta MOMPaBOK K
¢dopmyie (1) a1st CKOPOCTH 3BYKa B Pa3pesKeHHOM rase.

TToMHUMO NIPUBEICHHOTO TPUMEpPa, COOTHOIIEHHE (6) MPOBEPEHO ISl [IMPOKOTO
nuanazona kodduumenros 3amonHeHus. WatepBan 0.1<77<0.55 cooTBercTByeT

COCTOSTHHIO CHJIBHO cCXaTtoro wmojenbHoro rasa, 0.55<7<0.57- xuakoctn wu3
TBEPABIX cdep, 0.57 <7 <0.74 — TBEPAOTO IIOTHOYIAKOBAHHOTO TEJIA.
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4. BoITaJIKUBaHHE MOJABHKHOTO TeJia
PaCCMOTpI/IM TOT cnyqaﬁ, Koraga Macca IoJABHUKXHOTO TEJia CpaBHUMaA C Maccou rasa,

HanpuMep, Myogy = Mpogyn =10000 mpu  Mpoqy=1. Ha puc. 4 npusenen

PE3YIbTAT BBITAJIKMBAHUA B BAKYYM TaKOI'0 IOABMIXXHOI'O TEJia;, €ro Macca NpHHATa
paBHOﬁ Macce rasza. HauvanpbHOoe IIOJIOKEHHME IIOABMOKHOM CTCHKH 3aJaHo e€

KoOpaAnHaToi Xpqgy= 2000 yeiren., T.e. 0.2 M; Julst pa3peCHHOr0 MOJEIIBHOIO rasa,

0JIM3KOTO0 10 CBOWCTBAM K uaeanbHoMmy, Py, = 0.1 MIla.

sespssaduasshaaad

oot
aa g
s

TO0 &0 o0 S0 U B0 0 Tho
Trne 0l 2e-4 5 T 24 5
a) 0)
Puc.4. Beimankugarnue nod8udiCHO20 mena Maccwl, pasHOU MAacce 2a3a, 2a3 PA3pedCeHHbll: a)
epagux ckopocmu mena; 6)3a8UCUMOCMb OAGIEHUS. HA NOPULEHb O BPEMEHU .

JononxutensHas HHGOPMAIMS O COCTOSIHUM Ta3za B pabodeil 001acTu NpHUBeeHa
Ha rpadukax puc. 5.

Function
0450
0400
0350
0300
0250
0200
0150
0100
0050

Puc.5. Pacnpedenenue mepmoounamuieckux napamempos 0is 00HOU Yacmuybvl

PaGouass ob6macte pazbuBaercst Ha 100 paBHbIX oTpe3koB Aj, 1=1..100, nHa
Ka)XJIOM M3 KOTOPBIX B OTAEIBbHBIC MOMEHTHI BPEMEHHU IIOJICYUTHIBACTCS CyMMapHBIE
n; n; mk vk2 _ n; B
macca Massaj = » My, sHeprus Ej= Y ———, wnmoymsc Pj= > my Y,
XkeAi Xk EAi XkeAi
p2

KUHETHYeCKas sHeprus cios K = u TemoBas sHeprus cinoa Qj = Ej —Kj,

2massa;

MOCJIE YETO BBIUUCIIAKOTCA 3TH K€ BEJIMYUHBI, TPUXOAIIMECS HA OJIHY YACTHILY ITyTEM
JeJICHUsT Ha KOJIMYECTBO Nj dYacTULl B cioe. Mexny OTAEIbHBIMH MOMEHTaMHU
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m3Mepennii porcxoaut 10° coBBITHIA; 06IIee KOTHYECTBO COOBITHI B JAHHOM CIIy4ae
PaBHO MPUMEPHO 85 MUILITMOHOB.

OHeprus Taza nepenaércs TMOJABIKHOMY Telly, B Ppe3yJlbTaTe 4Yero Juist
paccMaTpuBaEMOro MOMEHTa BPEMEHHU OTHOIIICHHE SHEPTUU Teja K MONHOW dHEPTUH
ra3a paBusercs 0.34, remrnepartypa ras cHmwkaercs 10 0.75 OT HCXOTHOM.

PaccMoTpuM aHaAIOTMYHBIN TPOIECC BBHITAIKHBAHUS TOABMXKHOTO Tella CUIIBHO
ckateiM Ta3oM. CoriacHo pe3ynbTaram I.3, CKOPOCTh 3BYKa B TUIOTHOM Ta3e MOXKET
3HAYUTENLHO MPEBBIMATh CKOPOCTh 3BYKA B Pa3peKCHHOM raze. JTO 3HAYUT, YTO HA
JIMHAMUKY TTPOJIBMYKCHHUS TEJIa MOTYT BIIMSATH OTPAXKCHUS 3BYKOBOW BOJHEI. Ha puc. 6,
a) BOCIIPOM3BE/ICHO 3allOJIHCHUE CIMHUYHBIX KYOMYECKHX SYCCK IEHTPaMU TBEPIBIX
cep pamgnycom R=0.37, Tak uro 77=0.49, x,(0.49)=0.108.
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Puc.6. Boimanxkuganue no0uicHo020 meia CUIbHO COHCAMbIM 2A30M: @) 3aNOJIHEHUe eOUHUUHBIX
aueex yenmpamu meépowix cpep npu 1 =0.49; 6) usmenenue cxopocmu mena u dasnenus na

CMEHKY cO 8peMeHeM; 8) npeobpazosanue meniosol IHePUU 2a3d 8 KUHEMUYECKYIO

5. BuiBoabI

CpaBHUTENBHBIN aHATU3 Pe3y/IbTAaTOB, IPUBEACHHBIX Ha rpadukax puc. 4, 5, 6,
MIOKA3bIBAET CIIEAYIOILEE:

— rpadMK 3aBUCHMOCTH JIaBJICHHS Ha TOPIICHb OT €ro CKOPOCTH TNPH BHICOKOM
YPOBHE 3aIlOJTHEHUSI COJCPKHUT YYacCTKH PE3KOM HEPaBHOMEPHOCTH, YTO MOXKHO
OOBSICHUTH PACIIPOCTPAHEHHEM 3BYKOBOW BOJIHBI U €€ OTPaKEHUSIMU;
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— K.IL.J. IIpoliecca Iepeady Tely S3HEPrMM C)KaToro ra3a 3HAYMTENIbHO BBIIIE; IS
JAHHOTO MPHMEpa MPH BBIXOJE Teja u3 paboueil 00JacTH OTHOLICHUE SHEPTHH Tea K
Ha4aJbHOW 3HEPruM raza paBHO npumepHo 0.64, a CKOPOCTh MOXKHO OLIeHUTH Kak 400
Mm/c;

— TeMIIepaTypa raza B KaKAblii MOMEHT BPEMEHH NP BBITAIKUBAHUH CBOOOIHOIO
MOPILHS B BaKyyM MPUMEPHO MTOCTOSIHHA 110 JUTHHE paboyei 001acT;

— B CIy4ae 3HAYMTEIbHOM 3aII0JIHCHHOCTH MIPAKTUYECKU BCSl HAadalbHAs TEMJIOBas
SHEPrusl MOJIEKYJI Ta3a MEPEXOAUT B KUHETHUECKYIO C PE3KUM CHIDKEHHEM TEIJIOBOH
(a 3HAYMT, C PE3KUM CHIDKCHHUEM TEMIIEPATYPHI).

B nenoM coOBITHHHBIN MOAXOM K MMUTAMOHHOMY MOJCIMPOBAHHIO MOBEACHUS
rasa I03BOJISIET JOCTATOYHO a/IeKBAaTHO ONKCHIBATh OCOOBIE CiIydaH IOBEACHUS Ta3a B
mpolecce  AMHAMHUYECKOrO  B3aUMOJCHCTBMS € TOJABMKHBIMH  TeJlaMH,
WCTIBITHIBAIOIIUMH JaBieHue. Kpome TOro, CTaHOBHTCS BO3MOKHBIM YHCIICHHOE
UCCJICIOBAHNE OIMCAHHBIX MPOLECCOB C YYETOM SHEPTOBBIACICHUS IPU JIOKAJIBHBIX
B3aUMOJIEMCTBUAX MOJAEIBHBIX YacTuil [8].
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