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Mathematical models and approaches in simulation of RRS-based laser
Sensor system

The article is devoted to the research of mathematical models and approaches in simulation of laser sensor systems based on
retroreflective sheeting (RRS) usage. The subject of the study is the mathematical model of the research object - the processes
of propagation of a light in the medium and its transformation on retroreflectors with further analysis of the reflected radiation,
which, being modulated by interaction with objects in the system, carries information about the state of the system. Overview
of existing studies has been made. The analysis of existing approaches to simulation methods has been carried out, as well as
the analysis of existing models. Common elements of models applicable in different fields and contexts of such systems have
been determined. The scientific methods of research are outlined, such as comparative analysis while studying similar systems,
conducting physical experiments in laboratory conditions with a prototype of a computerized detection system for observing
phenomena in the system, their systematization and description, synthesis of a mathematical model based on the obtained data,
creation of a computer model and, after its verification, and conducting computer experiments. The typical research schema is
proposed, suggesting such main stages in simulation modeling of the laser sensing systems based on RRS as generation of the
laser emission light field structure, interaction of the light field with environment, transformation of the APD inside the RRS,
finding the APD in the reception zone, converting the resulting APD into a photocurrent, finding dependencies between
parameters, evaluating detection efficiency, system optimization. The analysis of strong points of different approaches has
been made. Some major aspects to be considered when choosing the appropriate method have been pointed out. The guiding
principles for the general modeling of such systems illustrated with original concrete examples of such models verified in
practice are presented.

Keywords: laser, sensor, retroreflective sheeting, specklometry, simulation modeling.
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1. Introduction

Laser detectors have become widespread due to the properties of the emitters included in their
composition. Coherent radiation generated by lasers makes it possible to use the features of the
diffraction phenomenon, namely, observing the formed speckle pattern, which allows expanding the
scope of application of relatively simple optical detectors significantly. As optical detectors, they have
the advantage of low signal response delay, because the speed of light propagation is extremely high.
Among other advantages, one cannot fail to mention the fact that laser detectors will allow observing
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phenomena from a great distance, as this can be used in many fields of technology. In many cases, the
condition is also fulfilled that the effect of detector radiation on the investigated system is so small that
it can be neglected, which means that the system can be observed with their help without interfering
with it, for example, mechanically, which is a great advantage. These devices allow solving a wide
range of tasks - vibration control, laser ranging, velocimetry, turbulence control, as well as registration
of acoustic oscillations and others [1-8].

One of the significant limitations when using the speckle measurement method is a wide angular
spectrum of the laser light scattered on the rough object surface. This leads to a rapid decrease in power
of the received radiation with an increase of measurement range. By covering the object surface with
retro-reflecting sheeting (RRS) a significant increase of spatial concentration of the scattered radiation
can be achieved. These coatings are currently widely used, for example, to enhance the visibility of the
road signs, clothing, vehicles, etc. They consist of a large number of glass microspheres or microprisms
[9] with characteristic dimensions ranging from tens to hundreds of micrometers and disposed on a
substrate in random manner (microspheres) or relatively regular (microprisms). When the laser
radiation falls on such surface, the light field is transformed in accordance with the laws of beam pass in
each element of the RRS. The transformed radiation propagates in the direction of the laser source
within a small angle of a few degrees. That process creates the speckle image within the receiving plane
as a result of interference of waves re-emitted by each element. Use of RRS significantly increases the
laser radiation capacity observed in a receiver plane. That allows us to increase observation distance
and precision of measurements.

The study of the features of RRS-based laser sensor systems is of great interest. As part of the
research, it is beneficial to develop simulation models of the system to assist in analyzing the influence
of the variation of the system parameters on the quality of detection.

2. Overview of existing studies, analysis and goal definition

The design features of the retroreflectors provide for some useful properties. For example, as in case
of the roughsurfaced objects, a speckle pattern is formed in the far zone when they are irradiated with
laser radiation, which can be used for laser ranging. It is also possible to vary the microstructure, which
opens up an opportunity to influence the transformation characteristics of the light field and intensity
distribution of the reflected laser radiation in the far zone (receiving plane). The latter of these features
is of particular interest and is the subject of the research [8-11], since it makes it possible to optimize
the RRS used to improve the properties of a target, being a part of the specific optical subsystems.

The paper [12] describes the specklometric method of detecting acoustic vibrations, while reflective
surfaces based on corner reflectors are used. The article [13] describes an approach to observing and
measuring the acoustic dynamics of a gas after an ionizing pulse.

An extremely detailed study of using glass microbeads in road marking has been carried out at the
University of Pretoria [14]. The work focuses on the creation of a thermoplastic road marking standard.
It serves as a valuable source of both background information and information on different approaches
to technology. The model that simulates the reflection of the car headlights from the marking back into
the cabin is mentioned in the work. Statistical data on road marking wear over time are presented, an
analysis of the dependence of light-reflective properties on the radius of the microspheres used in
correlation with wear over time is carried out. The parameters of the structure of the reflective surface
and the issues related to the choice of the substrate material are discussed.

Among other promising areas of use for RRS, the creation of reflective screens for image projection
could be noted. For example, the article [11] describes a simulation model for studying the properties of
such screens. Another similar direction of technology development is the creation of surfaces with a
controlled degree of light reflection. The articles [15] and [16] describe such surfaces being developed
in the University of Cincinnati. The authors propose a combined approach to the creation of reflective
surfaces - prismatic microreflectors are suggested to be filled with an oily solution and light reflection
could be controlled by changing the wettability (and thus the spatial shape of the structure) by changing
the applied voltage. In [16], the mathematical model is described in detail and the results of physical
modeling are presented. Such a serious study of prospective areas of retroreflector application shows us
great relevance and broad prospects of using the RRS sensors.

Thus, the article [17] describes the use of RRS in scanning systems in conjunction with lidars. The
article [18] describes the principle of creating a linear velocimeter based on the use of RRS and Doppler
effect, the article [19] extends this idea to the case of rotating cylindrical objects. The article [20]
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describes the use of a retroreflective surface for optical tracking of object vibration, providing a
mathematical model of laser radiation diffraction on a vibrating surface covered with microprism-based
RRS.

The analysis of the literature shows that laser sensor systems with retroreflectors are widely used in
industry. Active research of RRS-based laser sensor systems, as well as prospective areas of their
application, reflects the interest of the scientific community in their further improvement and
development of new areas of their application.

Our goal is to carry out an analysis of existing approaches simulation methods, find common
elements of models applicable in different fields and contexts of such systems, as well as analyze strong
points of different approaches in order to help in selecting an appropriate method, taking into account
coherent laser radiation properties, and provide original examples of such models verified in practice.

3. Typical research schema

From the overview and analysis of the existing models it can be concluded that there is a general
underlying schema of research, which we are going to summarize.

The purpose of the research on the modeling of RRS-based laser sensor systems is developing
mathematical models of such systems for their further practical optimization and efficiency
improvement.

The subject of the study is the mathematical model of the research object - the processes of
propagation of a light wave (in the case of lasers - partially coherent) in the medium and its
transformation on retroreflectors (microbeads- or microprism-based) with further analysis of the
reflected radiation, which, being modulated by interaction with objects in the system, carries
information about the state of the system.

There are some widespread scientific research methods, such as comparative analysis, conducting
physical experiments in laboratory conditions with a prototype of a computerized detection system for
observing phenomena in the system, their systematization and description, synthesis of a mathematical
model based on the obtained data, creation of a computer model and, after its verification, conducting
computer experiments.

The result of such research is a developed mathematical and computer models describing the system
consisting of laser emitters and RRS, which allow improving the efficiency of such systems by
providing recommendations on the selection of system parameters. Depending on the type of sensor
under consideration and the application field such parameters as the detection efficiency, which is
expressed as the ratio of positive activations to all activations in notification systems, or the accuracy of
detection of environmental fluctuations, and the speed of movement of the object of observation, etc.,
can be selected.

LASER >

v

PHOTODETECTOR

Fig.3.1 Typical setup for the research

A typical [11, 12, 15, 18, 19, 21, 22] setup of laser sensor with RRS, regardless of the application
field shown in Fig. 3.1. It includes the main following elements: a source of laser radiation with an
external focusing device, some kind of environment that laser beam transverses (might be turbulent
atmosphere, regular acoustic oscillations, liquid, etc.) a reflecting surface with a reflective coating
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applied to it (surface might be moving — simulating vibrations or spatial movements of the target),
optical splitter, a radiation collector, a diaphragm, and a photodetector.

4. The main stages in simulation modeling of RRS-based laser sensor systems

4.1. Generation of the laser emission light field structure

In some studies, only the intensity of the emitter is taken into account and diffraction does not play a
role in detection, the speckle pattern is not important, and only the change in the amplitude of the
detected photocurrent is of interest [11, 14, 15, 17, 21]. This greatly simplifies modeling and is also
justified in cases where not only laser but the emitter with a wide spectrum can be used.

In the case when it is necessary to take into account the coherence of laser radiation, one should use
the representation of the emitter in the form of the Gaussian beam (in the general case, it is multi-mode,
most often it is enough to study the single-mode case). Next, we will consider the multimode laser
approach, because multimode lasers are required for the sensors to be applicable in practice. In this case
to describe the light field at a point, one should use the multimode Gaussian beams [23]:

E,,(%,Y,2) = E,—LH, (@JH(@}(

w(z) w(z) w(z)
. o 4.1)
exp[— o ]exp[—i “;R—a)j exp(iy (2) exp(-ika)

where |,m - a longitudinal mode and a transverse mode respectively, H - the Hermite polynomial.

The cross section of the intensity distribution across the beam propagation direction I is shown in the
Fig. 4.1 (a), with TEM LM designating modes: L designating the longitudinal mode and M the
transverse mode.

TEMOO E~2 Lom TEMO1 E~2 ‘o0 TEMOO NORM TEMO1 NORM
. | - i“ ‘ "
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Fig.4.1 Intensity distribution (a) and normal map (b) of the multimode Gaussian beam cross section

For the further transition to the geometric optics, which is used in the model at the stage of
calculating the field transformation inside of the RSS, it is necessary to restore the directional vector of
the field at a point, as well as the polarization vector perpendicular to it and lying in a given polarization
plane. To do this, it is enough to find the value of the gradient of the function at the desired point. One
can use the numerical methods (e.g., finite differences methods) [24] for finding the derivative of the
equation 4.1, considering the extreme cumbersomeness of the analytical calculation of the derivative
function of the multimode Gaussian beam. The attractiveness of the numerical approach is largely
explained by the presence of simple dependencies, with the help of which the derivatives at given points
can be approximated by several values of the function at those points and points close to them. The
construction of approximate differentiation equations based on a fact that the function on the given
segment is replaced by the corresponding approximating function, and then it is assumed that the
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derivatives of the functions coincide. At the same time, the approximating function is most often given
in the form of a polynomial [25].

The Fig. 4.1 (b) shows an example of normal maps for the cross sections of the fields of the
Gaussian beams of different combinations of the orders of longitudinal and transverse modes. It seems
obvious that for a multimode emitter it is possible to carry out an experiment for each of the chosen
order of the modes and then combine the obtained intensities in the far zone.

4.2. Interaction of the light field with environment

The environment that laser beam transverses might vary - turbulent atmosphere, regular acoustic
oscillations, liquid, etc. Most often it is just regular atmosphere and distances are so small, that it could
be ignored altogether. In some cases, atmosphere effects are to be taken into account, Rayleigh
scattering and Beer—Lambert law, for example [26].

In case of turbulent atmosphere usage of models with phase screens [27] and ray tracing in context
of the refraction are appropriate. The refraction approach can also be used to model liquid environment.
When dealing with acoustic wavefront, if width of the laser beam is much smaller than acoustic
wavelength, a simple refraction approach is appropriate and described below.

It is assumed that the laser beam width is smaller than the acoustic wavelength in air, therefore, the
sound wave can be represented as an acousto-optic refractive deflector - the mechanical propagation of
a sound wave is accompanied by a change in the air density, which creates a gradient of optical density
and causes the beam to deviate from the axis of its initial propagation.

D

-l -
<4 >

Fig.4.2 Acousto-optic refractive deflector

Then the following equation is applicable for the deflection angle [28]:

27AnD
nA

B=

sin(27z( ft + ¢)) (4.2)

where An - a modulation amplitude of the refractive index of the medium, D - acoustic wave
thickness, n - a refractive index, A - an acoustic wavelength, f - an acoustic frequency, t-time, ¢-a

phase shift.

For the model, the acoustic wave is assumed to be a plane with the wave propagation axis indicated
on it. At a zero point of the axis, the phase is assumed to be zero. For the case of a multimodal laser,
one should take into account that dielectric medium for propagation of radiation has a dispersion that
can be described by the Sellmeier equation [26].
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4.3. Transformation of the APD inside the RRS

Diffraction phenomena being neglected, and only the intensity is of interest, it is enough to calculate
the initial aperture, limiting angles of reflection and the reflection coefficient, based on geometrical
optics, both analytically as a whole, and by ray tracing, as in work [17], for example.

In the case of the scalar theory of diffraction and taking into account coherent radiation, two
approaches are possible. If the RRS grid is strictly periodic (for example, obtained by stamping),
analytical transformations according to the laws of diffraction grids are sufficient, as in the work [20],
for example.

When the retroreflectors are disordered, as in the case of glass beads, it is necessary to find the
transformation of amplitude-phase distribution (APD) on RRS by tracing rays (thus turning to
geometric optics), as it is done in the works [11, 29]. We emphasize the fact that the transition to
geometric optics is possible only if the retroreflective elements are at least an order of magnitude larger
than the wavelength. At the same time, the decomposition of the polarization vector, transmission
losses, and the calculation of the phase shift should be taken into account. An example of calculating
the transformation of AFD on the retroreflector based on glass beads is given below.

Knowing the field amplitude, phase, directing vector and electric field vector in space at the given
point, we can proceed to the second stage - the transformation of the field inside the RRS. To construct

the ray trajectory, the directing vector E at a point P, selected on the RRS plane, transforms into
vector E according to the Snell’s law (Fig. 4.3 (a)). Next, the bead with which the intersection occurs
and the point P, of the intersection of the ray {Fi,kj}with the sphere representing the bead is

determined. At the found point, a normal to the sphere is constructed, then similar actions are carried
out.

b.
Fig.4.3 Ray trajectory inside glass beads RRS: calculations (a) and simulation example (b)

According to the model, the points P, and P, should lie on the border between the bead and the
covering layer, and the point P, should lie on the border between the bead and the substrate; re-
reflections inside the bead or between neighboring beads are not considered. The point P, is sampled
and is the point of the output APD. In general case, the vectors E and kj lie in one plane, and the

vectors E k: kj k: k: lie in another. Given each of the segments |. = P_,P that make up the
trajectory of the light beam, the total phase shift ¢ is calculated:
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p=">>nl (4.3)
A3

where A -awavelength in vacuum, n, - an absolute index of refraction of the medium for 4.

The phase shift when reflected at the point P, is considered separately, since the shift i for the

parallel and perpendicular components n the general case is different. Also, for each transition from one
medium to another, the amplitude transmission and reflection coefficients for both field components are
calculated by using the Fresnel equations [26].

Fig.4.4 Example of the APD after the transformation on the glass beads RRS - parallel amplitude (a),
perpendicular amplitude (b) and phase (c)

4.4. Finding the APD in the reception zone (far zone)

In the case of incoherent radiation, only intensity and aperture [11, 14, 15, 17, 21] are of interest. In
this case, it is enough to account for the interaction with the environment, as in the modeling step
above.

When the radiation is coherent and the RRS plays the role of a diffraction grating, it is necessary to
take into account diffraction phenomena. In this case, it is possible to see the structure of the picture or
individual speckles to use this information for detection. Then it is necessary to use the scalar theory of
diffraction. We will present the general principle of finding speckle pattern in the far zone below.

After the APD is found on the surface of the reflector, one can start searching for the image formed
in the far zone. APD on the plane can be considered as a collection of point sources of radiation, the
coherence of which is given by the nature of the laser illuminating the surface. The expression for a
monochromatic wave has the form [30]:

u(x,y,t)=A(x, y)cos(2zzut + (X, y)) (4.4)
or, alternatively

u(x, y,t) =Re[U(x, y)exp(- j2mut)]

U (X, y) = A(X, y) exp(=jo(x, y))

The function U (x, y) from (4.5) also called a phasor and describes the APD. Due to the linearity of

the wave equation, as well as the coherence of radiation, the created diffraction pattern can be
represented as the integral of a superposition:

(4.5)

U (%:Y0) = | [ N0 Yoi X YU (X, v, ) dx,dly, (4.6)

—00 —00

In equation (4.6), the integrand function of transition has the form:
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1 exp( jkr, . —
h(xo,yo:xl,y1)=j—ﬂ¥cos(n,rm) 4.7)

01

The limits of integration in (4.6) are written as infinite due to the fact that outside the source region
the function U (x1 yl) turns to zero, which satisfies the Kirchhoff boundary conditions.

If z is sufficiently large, it is possible to represent the integral of the superposition as the Fourier
transform by using the Fraunhofer approximation:

T .2
U (% %)= ] U (% yl)eXP(—J T+ yoyl)jdxidyl (4.8)

The resulting Fourier image is a diffraction pattern in the far zone [31]. It should be noted that in
practice instead of the amplitude distribution of the received image, the squared one is being used
allowing us to obtain a value proportional to the intensity. This is due to the fact that quadratic detectors
are widely used, and therefore it is more convenient to evaluate the intensity. Regarding the model, it
should be noted that two Fourier transforms are calculated - for parallel and perpendicular components
relative to the common base, and then the listed intensities are added. This is due to the fact, that
polarization plane shifts during refraction, because the parallel and perpendicular components being
affected differently, so to stay within scalar diffraction theory one should consider components
separately.

Of course, computer model is able to work only with a limited amount of data, therefore, in practice,
only a discrete signal, that can be decomposed into finite Fourier series, can be calculated.

To calculate a two-dimensional DFT, it is enough to calculate one-dimensional complex DFTs of all
rows of the image, and then calculate one-dimensional complex DFTs of all columns in the resulting
image.

Direct computation of the discrete Fourier transform of the sequence x(n) requires n?products (or

additions) of complex numbers. Thus, for sufficiently large n, the direct calculation of the DFT
requires an excessive number of computational operations. Thus, in practice the fast discrete Fourier
transform (FDFT) algorithms are used for more efficient calculations [32].

Fig.4.5 Intensity of the APD in far plane after the FDFT (a), speckle structure closeup (b)

4.5. Converting the resulting APD into a photocurrent

Regardless of the way APD is obtained in the far zone, most of the detectors end up converting
observed intensity into the photocurrent for further analysis of the fluctuations. We will proceed with
explanation on how this part of modeling is approached.

On the previous step we have obtained far-field APD for the perpendicular and parallel polarization
components. To convert into a photocurrent, a few simple steps are enough. To begin with, let us
translate the amplitude into intensity by squaring. The resulting intensities for the components can be
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added. At this stage, one can simulate a different receiving aperture by imposing a bit mask on the
resulting distribution - multiplying the distribution with an array of zeros and ones of the same size -
this way we can cut out the central aperture, make it circular, etc. Further, it is enough to sum up all
intensities for each of the polarizations - this is equivalent to the operation of integration over the area,
which, in fact, is produced by the lens - the result will be the power. The obtained instantaneous energy
characteristic can be represented as directly proportional to the photocurrent - the characteristic of the
photodetector can be considered linear and the sensor is infinitely sensitive because this does not apply
to detection and is solved in applied cases by typical methods.

Further, one can trace the dynamics of the photocurrent in time by simulating the behavior of the
system at successive discrete moments in time. Thus, we receive a photocurrent. Now we need to get
the spectral characteristics of this sampled signal. To do this, first we find and subtract the average - this
is how we get rid of the constant component. Next, we apply the Fourier transform and obtain the
spectrum of the photocurrent - it carries information about the detected acoustic vibrations, since the
optical signal that formed it was modulated by a sound wave.

Below, shown on the Fig. 4.6, is an example of the use of FDFT for the analysis of the photocurrent
spectrum when detected in the environment of an acoustic column with a frequency of 1100 Hz.

Intensity over time Frequencies detected
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Fig.4.6 Example of the obtained via simulation photocurrent (a), and its spectral image (b)

It worth the mention, that in case you are aiming after modeling velocimetery application, then
bumps on the higher frequencies will correspond to the speed of movement of the RRS-coated object,
being result of the Doppler effect [18, 19].

4.6. An iterative pass with variation of parameter values of the system

Since for the components of real systems some deviations in the distributions of physical properties
are present, it is necessary to conduct computer experiments for various implementations. It is simply
impossible to assess whether the simulation model is correct or translate individual results into practice,
because this is not a completely analytical mathematical modeling. In fact, the Monte Carlo approach
[33] can be used to solve this problem. During iterative runs of experiments with different
implementations of the system parts, slightly different results can be obtained. Averaging the results
allows us to see which trajectory the system gravitates towards certain parameters, whether it is stable
within given limits of deviations.

4.7. Finding dependencies between parameters, evaluating detection efficiency, system
optimization

The imitation model ultimately allows, on the one hand, to better understand the processes in
detection systems, and on the other hand, to investigate the relationships of parameters in the system
without conducting a huge number of physical experiments - which are expensive to implement and
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take a lot of time. Indeed, the approach to finding relationships between parameters can vary depending
on the context of the system. Usually, they become clear quickly enough, since when observing the
boundary conditions and constrains, they fall under the theories found in classical works on optics,
being a simple combination of known laws. However, in cases where there are a lot of parameters in the
system and they are interconnected in such a way that it is not possible to fix all other parameters and
look at the influence of one of them on the result, it can be difficult to navigate. In this case, it is
advisable to conduct a number of experiments, find correlation between parameters and use a regression
model to identify the type of relations [34].

Moreover, based on the results of the experiments with the verified model, it is possible to make
recommendations regarding the specific values of the system parameters for the optimal operating
mode. In this case, the output parameter is selected, which must be maximized under the given input
restrictions. To optimize the target function of efficiency it is necessary to use the method of
mathematical programming [35]. The selection of the target metric depends entirely on the application
of the model. An example of such a target metric can be, in the case of laser fire detectors, the
notification efficiency, defined as the ratio of positive activations to all activations in the condition of
external disturbances.

5. Conclusions

The subject of the study is the simulation models of the processes of light wave propagation (in the
case of lasers - partially coherent) in the medium and its transformation on retroreflectors (microbeads-
or microprism-based) with further analysis of the reflected radiation, which, being modulated by
interaction with objects in the system, carries information about the state of the system. Overview of
existing studies has been made. Analysis of existing approaches to simulation methods and overview of
the existing models has been carried out.

As a result, common elements of models applicable in different fields and contexts of such systems
have been found. Scientific methods of research have been outlined and typical research schema is
proposed, suggesting the main stages in simulation modeling of RRS-based laser sensor systems. The
following topics are covered: generation of the laser emission light field structure, interaction of the
light field with environment, transformation of the APD inside the RRS, finding the APD in the
reception zone, converting the resulting APD into a photocurrent, finding dependencies between
parameters, evaluating detection efficiency, system optimization.

The analysis of strong points of different approaches has been made, the aspects important for
choosing the appropriate method have been underlined. The guidance principles for the general
modeling of such systems have been given, and original concrete examples of such models verified in
practice is provided.

REFERENCES

1. Measures R. M. Laser Remote Sensing: Fundamentals and Applications. Malabar, FL: Krieger
Publishing, 1992.
URL.: http://www.krieger-publishing.com/Titles/LthruO/STACKmno/stackmno_33.html

2. Tetsuo Fukuchi, Tatsuo Shiina. Industrial Applications of Laser Remote Sensing. Bentham Science
Publishers, 2012.
URL.: https://doi.org/10.2174/97816080534071120101

3. Kaorpel, A. Acousto-Optics, Second Edition; Technology & Engineering, CRC Press, 1996.
URL.: https://www.academia.edu/8400584/Acousto-optics

4. Magdich, L.N. Acoustooptic Devices and Their Applications; Technology & Engineering, CRC
Press, 1989.
URL :https://books.google.com.ua/books/about/Acoustooptic_Devices_and_Their_Applicati.html?i
d=DPCNu9hQuA4C&redir_esc=y

5. Sirohi, R.S., Ed. Speckle Metrology; Technology & Engineering, CRC Press, 1993.
URL.: https://www.routledge.com/Speckle-Metrology/Sirohi/p/book/9780824789329

6. M. Kowalczyk, Pluta M. , Jabczynski J. K., and Szyjer M. Laser speckle velocimetry // Optical
Velocimetry, Proc. SPIE 2729, 1996. Pp. 139-145. URL:
https://spie.org/Publications/Proceedings/Paper/10.1117/12.233000



http://www.krieger-publishing.com/Titles/LthruO/STACKmno/stackmno_33.html
https://doi.org/10.2174/97816080534071120101
https://www.academia.edu/8400584/Acousto-optics
https://books.google.com.ua/books/about/Acoustooptic_Devices_and_Their_Applicati.html?id=DPCNu9hQuA4C&redir_esc=y
https://books.google.com.ua/books/about/Acoustooptic_Devices_and_Their_Applicati.html?id=DPCNu9hQuA4C&redir_esc=y
https://www.routledge.com/Speckle-Metrology/Sirohi/p/book/9780824789329
https://spie.org/Publications/Proceedings/Paper/10.1117/12.233000

ISSN 2304 -6201 Bulletin of V.N. Karazin Kharkiv National University

16 series «Mathematical modeling. Information technology. Automated control systems» issue 56, 2022

7. Raffel M., Willert C., Kompenhans J. Particle Image Velocimetry. A Practical Guide. Springer,
1998.
URL.: https://link.springer.com/book/10.1007/978-3-662-03637-2

8. Dolya G. M., Lytvynova O. S. Modeling of fluctuations of laser radiation scattered on the reflector
array in a turbulent atmosphere // Laser and Fiber-Optical Networks Modeling (LFNM), 2011. Pp.
108-111.
URL.: https://doi.org/10.1109/LFNM.2011.6145015

9. Lloyd J. A brief history of retroreflective sign face sheet materials. The principles of retroreflection.
REMA publications, 2008.
URL: http://www.rema.org.uk/pub/pdf/history-retroreflective-materials.pdf

10. Migletz J., Fish J. K., Grahm J. L. Roadway Delineation Practices Handbook. US Department of
transportation, Federal highway administration, 1994.
URL.: https://safety.fhwa.dot.gov/ped_bike/docs/rdwydelin.pdf

11. Héricz D., Sarkadi T., Erdei G., Lazuech T., Lenk S., Koppa P. Simulation of small- and wide-
angle scattering properties of glass-bead retroreflectors // Applied Optics Vol. 56, Issue 14, 2017.
Pp. 3969-3976.
URL.: http://dx.doi.org/10.1364/A0.56.003969

12. Dolya G. M., Lytvynova O. S Modeling of speckle metrology technique of detecting the medium
acoustic oscillations // Bulletin of V.N. Karazin Kharkiv National University, series
“Mathematical modelling. Information technology. Automated control systems”, 31(1), 2016. 38-46
p. [in Russian]
URL.: https://periodicals.karazin.ua/mia/article/view/6807/6299

13. Wabhlstrand J. K., Jhajj N., Rosenthal E. W., Zahedpour S., Milchberg H. M. Direct imaging of the
acoustic waves generated by femtosecond filaments in air // Opt. Lett. 39, 2014. 1290-1293 c.
URL.: https://doi.org/10.1364/0L.39.001290

14. Naidoo S. The development of thermoplastic road marking material stadart. University of Pretoria,
2016. 302 c.
URL.: https://repository.up.ac.za/handle/2263/61319

15. Kilaru M., Yang J., Heikenfeld J. Advanced characterization of electrowetting retroreflectors //
OSA, OPTICS EXPRESS, Vol. 17, No. 20, 2009. 17563-17569 c.
URL.: https://doi.org/10.1364/OE.17.017563

16. Murali Krishna Kilaru. Electrowetting Switchable Retroreflectors: a dissertation for the degree of
doctor of philosophy (Ph.D.), University of Cincinnati, 2009. 148 c.
URL:
https://etd.ohiolink.edu/apexprod/rws_etd/send_file/send?accession=ucin1282054545&disposition=
inline

17. Anderson J., Massaro R., Lewis L., Moyers R., Wilkins J. Lidar-activated Phosphors and Infrared
Retro-Reflectors: Emerging Target Materials for Calibration and Control // Photogrammetric
Engineering & Remote Sensing, 2010. 875-879 c.
URL.: https://www.researchgate.net/profile/Richard-Massaro/publication/228747484 Lidar-
activated_Phosphors_and_Infrared Retro-
Reflectors Emerging_Target Materials_for_Calibration_and_Control/links/00b7d5208e69f0a9720
00000/L idar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-
Calibration-and-Control.pdf

18. Dolya G. M., Lytvynova O. S. Modeling the Method of Laser Doppler Speckle-Velocimetry for
Flat Objects with Retroreflective Surface // Asian Engineering Review Vol.4, No. 2, 2017. 7-13 c.
URL.: https://doi.org/10.20448/journal.508.2017.42.7.13

19. Dolya G., Bondarenko K. Laser Doppler Velocimetry of Rotating Cylinder with Retroreflecting
Surface // Asian Engineering Review, 5(1), 2018. 1-7 pp.
URL.: https://doi.org/10.20448/journal.508.2018.51.1.7

20. Dolya G.N., Chudovskaya E.S., Kochin A.V. Mathematical modeling of diffraction of laser
radiation on a vibrating surface with a reflective coating // Eastern European journal of advanced
technologies 1/6 (37), 2009. 59-62 c. [in Russian]
URL.: https://doi.org/10.15587/1729-4061.2009.3174

21. Ishikawa K., Asada K., Tamayama K., Ueda M., Optical Vibration Monitoring System by Means of

CCD Camera and Retro-Reflector // The Review of Laser Engineering VVol.30, No.2, 2002 91-93.


https://link.springer.com/book/10.1007/978-3-662-03637-2
https://doi.org/10.1109/LFNM.2011.6145015
http://www.rema.org.uk/pub/pdf/history-retroreflective-materials.pdf
https://safety.fhwa.dot.gov/ped_bike/docs/rdwydelin.pdf
http://dx.doi.org/10.1364/AO.56.003969
https://periodicals.karazin.ua/mia/article/view/6807/6299
https://doi.org/10.1364/OL.39.001290
https://repository.up.ac.za/handle/2263/61319
https://doi.org/10.1364/OE.17.017563
https://etd.ohiolink.edu/apexprod/rws_etd/send_file/send?accession=ucin1282054545&disposition=inline
https://etd.ohiolink.edu/apexprod/rws_etd/send_file/send?accession=ucin1282054545&disposition=inline
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://doi.org/10.20448/journal.508.2017.42.7.13
https://doi.org/10.20448/journal.508.2018.51.1.7
https://doi.org/10.15587/1729-4061.2009.3174

ISSN 2304 -6201 BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa
cepis «MaTematuuHe MogentoBaHHS. IHpopmaLiiHi TexHonorii. ABTOMaTM30BaHi CUCTEMMW ynpaBniHHAY, BUNycK 56,2022 17

URL.: https://www.jstage.jst.go.jp/article/Isj/30/2/30_2 91/ pdf

22. Dolya G., Bondarenko K., Laser detector of acoustic oscillations utilizing a retroreflective surface
with glass beads // EESA, Vol. 3, No. 11(63), 2020. 7-16 p.
URL.: https://archive.eesa-journal.com/index.php/eesa/article/view/30

23. Siegman, Anthony E. Lasers. Revised ed. edition. University Science Books, 1986. 1283 p.
URL.: https://uscibooks.aip.org/books/lasers/

24. Kryzhanivska T.V., Boytsova I.A. Synopsis of lectures on the discipline "Numerical methods".
Odesa, 2013. — 152 c. [ in Ukrainian ]
URL :http://eprints.library.odeku.edu.ua/id/eprint/711/1/KryzhanivskaTV_BoitsovalA_Chyselni M
etody KL 2013.pdf

25. Feldman L.P. Numerical methods in computer science. - Textbook. K., 2006. — 480c.[in Ukrainian]
URL: http://library.kre.dp.ua/Books/2-
4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%
B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%
D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5
%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0
%B5%D0%BB%D1%8C%D0%BD%D1%96 %D0%BC%D0%B5%D1%82%D0%BE%D0%B4
%D0%B8 %D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1
%82%D0%B8%D1%86%D1%96 2007.pdf

26. Born M., Wolf E. Principles of optics: electromagnetic theory of propagation, interference and
diffraction of light (7th expanded ed.). Cambridge: Cambridge University Press. 1999.
URL.: https://www.worldcat.org/title/1151058062

27. M. Charnotskii. Comparison of four techniques for turbulent phase screens simulation. J. Opt. Soc.
Am. A, 37(5):738-747, May 2020.
URL.: https://doi.org/10.1364/JOSAA.385754

28. Giarola A.J., Billeter T.R., Electroacoustic deflection of a coherent light beam // Proc. IEEE 51, #8,
1150, 1963.
URL.: https://doi.org/10.1109/PROC.1963.2463

29. Dolya G., Bondarenko K. Model of laser radiation transformation upon retroreflection from glass
beads based surface // East European Scientific Journal, #5(45), 2019. 10-20 p.
URL: https://eesa-journal.com/wp-content/uploads/EESA_may1.pdf

30. Goodmam J.W. Introduction to Fourier Optics., New York: W. H. Freeman, 2017. 546 p.
URL.: https://www.worldcat.org/title/introduction-to-fourier-optics/oclc/958780856

31. H.L. Kononchuk, V.M. Prokopets, V.V. Stukalenko Introduction to Fourier Optics: A Study Guide.
- Kyiv: Publishing and printing center "Kyiv University", 2009. — 320 p.[ in Ukrainian ]
URL:http://exp.phys.univ.kiev.ua/ua/Study/L ib/Navch_posibnyky/NP%20-
%20Fure%200ptyka%20-%20Kononchuk.pdf

32. Fedorov E.E., Nechyporenko O.V., Utkina T.Yu., Korpan Ya.V. Models and methods of computer
systems for visual image recognition: monograph. — Cherkasy: ChDTU, 2021. — 482 p. [in
Ukrainian]
URL: https://er.chdtu.edu.ua/bitstream/ChSTU/3502/1/mono_FEE.pdf

33. Kroese, D. P.; Taimre, T.; Botev, Z.I. Handbook of Monte Carlo Methods. New York: John Wiley
& Sons. 2011 p. 772.
URL.: https://www.wiley.com/en-au/Handbook+of+Monte+Carlo+Methods-p-9780470177938

34. Rouaud M. Probability, Statistics and Estimation. 2013, p 191.
URL.: http://www.incertitudes.fr/book.pdf

35. Bilogurova G.V., Samoilenko M.l. Mathematical programming: Synopsis of lectures. — Kharkiv:
KhNAMG, 2009. — 72 p. [in Ukrainian]
URL.: https://core.ac.uk/download/pdf/11322845.pdf

CIIMCOK JIITEPATYPU

1. Measures R. M. Laser Remote Sensing: Fundamentals and Applications. Malabar, FL : Krieger
Publishing, 1992.
URL.: http://www.krieger-publishing.com/Titles/LthruO/STACKmno/stackmno_33.html



https://www.jstage.jst.go.jp/article/lsj/30/2/30_2_91/_pdf
https://archive.eesa-journal.com/index.php/eesa/article/view/30
http://eprints.library.odeku.edu.ua/id/eprint/711/1/KryzhanivskaTV_BoitsovaIA_Chyselni_Metody_KL_2013.pdf
http://eprints.library.odeku.edu.ua/id/eprint/711/1/KryzhanivskaTV_BoitsovaIA_Chyselni_Metody_KL_2013.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
https://www.worldcat.org/title/1151058062
https://doi.org/10.1364/JOSAA.385754
https://doi.org/10.1109/PROC.1963.2463
https://eesa-journal.com/wp-content/uploads/EESA_may1.pdf
https://www.worldcat.org/title/introduction-to-fourier-optics/oclc/958780856
http://exp.phys.univ.kiev.ua/ua/Study/Lib/Navch_posibnyky/NP%20-%20Fure%20optyka%20-%20Kononchuk.pdf
http://exp.phys.univ.kiev.ua/ua/Study/Lib/Navch_posibnyky/NP%20-%20Fure%20optyka%20-%20Kononchuk.pdf
https://er.chdtu.edu.ua/bitstream/ChSTU/3502/1/mono_FEE.pdf
http://www.incertitudes.fr/book.pdf
https://core.ac.uk/download/pdf/11322845.pdf
http://www.krieger-publishing.com/Titles/LthruO/STACKmno/stackmno_33.html

ISSN 2304 -6201 Bulletin of V.N. Karazin Kharkiv National University

18 series «Mathematical modeling. Information technology. Automated control systems» issue 56, 2022

2. Tetsuo Fukuchi, Tatsuo Shiina. Industrial Applications of Laser Remote Sensing. Bentham Science
Publishers, 2012.
URL.: https://doi.org/10.2174/97816080534071120101

3. Kaorpel, A. Acousto-Optics, Second Edition; Technology & Engineering, CRC Press, 1996.
URL.: https://www.academia.edu/8400584/Acousto-optics

4. Magdich, L.N. Acoustooptic Devices and Their Applications; Technology & Engineering, CRC
Press, 1989.
URL :https://books.google.com.ua/books/about/Acoustooptic_Devices_and_Their_Applicati.html?i
d=DPCNu9hQuA4C&redir_esc=y

5. Sirohi, R.S., Ed. Speckle Metrology; Technology & Engineering, CRC Press, 1993.
URL.: https://www.routledge.com/Speckle-Metrology/Sirohi/p/book/9780824789329

6. M. Kowalczyk, Pluta M. , Jabczynski J. K., and Szyjer M. Laser speckle velocimetry // Optical
Velocimetry, Proc. SPIE 2729, 1996. Pp. 139-145.
URL.: https://spie.org/Publications/Proceedings/Paper/10.1117/12.233000

7. Raffel M., Willert C., Kompenhans J. Particle Image Velocimetry. A Practical Guide. Springer,
1998.
URL.: https://link.springer.com/book/10.1007/978-3-662-03637-2

8. Dolya G. M., Lytvynova O. S. Modeling of fluctuations of laser radiation scattered on the reflector
array in a turbulent atmosphere // Laser and Fiber-Optical Networks Modeling (LFNM), 2011. Pp.
108-111.
URL.: https://doi.org/10.1109/LFNM.2011.6145015

9. Lloyd J. A brief history of retroreflective sign face sheet materials. The principles of retroreflection.
REMA publications, 2008.
URL: http://www.rema.org.uk/pub/pdf/history-retroreflective-materials.pdf

10. Migletz J., Fish J. K., Grahm J. L. Roadway Delineation Practices Handbook. US Department of
transportation, Federal highway administration, 1994.
URL.: https://safety.fhwa.dot.gov/ped_bike/docs/rdwydelin.pdf

11. Héricz D., Sarkadi T., Erdei G., Lazuech T., Lenk S., Koppa P. Simulation of small- and wide-
angle scattering properties of glass-bead retroreflectors // Applied Optics Vol. 56, Issue 14, 2017.
Pp. 3969-3976.
URL.: http://dx.doi.org/10.1364/A0.56.003969

12. Dolya G. M., Lytvynova O. S Modeling of speckle metrology technique of detecting the medium
acoustic oscillations // BicHnk XapkiBcbKOTro HalliOHaIbHOTO yHiBepcuteTy iMeHi B.H. Kapasina,
cepis «MartemarnyHe MoJemoBaHHA. [HpopmarliiiHi TexHomorii. ABTOMAaTH30BaHi CHCTEMH
yrpasiiaas», 31(1), 2016. 38-46 c.
URL.: https://periodicals.karazin.ua/mia/article/view/6807/6299

13. Wabhlstrand J. K., Jhajj N., Rosenthal E. W., Zahedpour S., Milchberg H. M. Direct imaging of the
acoustic waves generated by femtosecond filaments in air // Opt. Lett. 39, 2014. 1290-1293 c.
URL.: https://doi.org/10.1364/0L.39.001290

14. Naidoo S. The development of thermoplastic road marking material stadart. University of Pretoria,
2016. 302 c.
URL: https://repository.up.ac.za/handle/2263/61319

15. Kilaru M., Yang J., Heikenfeld J. Advanced characterization of electrowetting retroreflectors //
OSA, OPTICS EXPRESS, Vol. 17, No. 20, 2009. 17563-17569 c.
URL.: https://doi.org/10.1364/OE.17.017563

16. Murali Krishna Kilaru. Electrowetting Switchable Retroreflectors: a dissertation for the degree of
doctor of philosophy (Ph.D.), University of Cincinnati, 2009. 148 c.
URL:
https://etd.ohiolink.edu/apexprod/rws_etd/send_file/send?accession=ucin1282054545&disposition=
inline

17. Anderson J., Massaro R., Lewis L., Moyers R., Wilkins J. Lidar-activated Phosphors and Infrared

Retro-Reflectors: Emerging Target Materials for Calibration and Control // Photogrammetric
Engineering & Remote Sensing, 2010. 875-879 c.

URL: https://www.researchgate.net/profile/Richard-Massaro/publication/228747484 Lidar-
activated Phosphors and_Infrared Retro-

Reflectors_ Emerging_Target_Materials_for Calibration_and_Control/links/00b7d5208e69f0a9720



https://doi.org/10.2174/97816080534071120101
https://books.google.com.ua/books/about/Acoustooptic_Devices_and_Their_Applicati.html?id=DPCNu9hQuA4C&redir_esc=y
https://books.google.com.ua/books/about/Acoustooptic_Devices_and_Their_Applicati.html?id=DPCNu9hQuA4C&redir_esc=y
https://www.routledge.com/Speckle-Metrology/Sirohi/p/book/9780824789329
https://spie.org/Publications/Proceedings/Paper/10.1117/12.233000
https://link.springer.com/book/10.1007/978-3-662-03637-2
https://doi.org/10.1109/LFNM.2011.6145015
http://www.rema.org.uk/pub/pdf/history-retroreflective-materials.pdf
http://dx.doi.org/10.1364/AO.56.003969
https://periodicals.karazin.ua/mia/article/view/6807/6299
https://repository.up.ac.za/handle/2263/61319
https://doi.org/10.1364/OE.17.017563
https://etd.ohiolink.edu/apexprod/rws_etd/send_file/send?accession=ucin1282054545&disposition=inline
https://etd.ohiolink.edu/apexprod/rws_etd/send_file/send?accession=ucin1282054545&disposition=inline
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf

ISSN 2304 -6201 BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa

cepist «MaTemaTiHe MoaentoBaHHs. IHhopmaLliiHi TexHonorii. ABTOMaTU30BaHi CMCTEMM ynpaBniHHs», Bunyck 56,2022 19

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

28.

29.

30.

31.

32.

00000/L.idar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-
Calibration-and-Control.pdf

Dolya G. M., Lytvynova O. S. Modeling the Method of Laser Doppler Speckle-Velocimetry for
Flat Objects with Retroreflective Surface // Asian Engineering Review Vol.4, No. 2, 2017. 7-13 c.
URL.: https://doi.org/10.20448/journal.508.2017.42.7.13

Dolya G., Bondarenko K. Laser Doppler Velocimetry of Rotating Cylinder with Retroreflecting
Surface // Asian Engineering Review, 5(1), 2018. 1-7 pp.

URL.: https://doi.org/10.20448/journal.508.2018.51.1.7

Honst I'. H., Uynosckas E. C., Kounn A. B. Maremarndyeckoe MoaenupoBaHue AUGPaKLIUU
JIA3EPHOTO M3IY4YCHHs] Ha BUOPUPYIONICH MOBEPXHOCTH CO CBETOBO3BPAINAONINM MOKPHITUEM //
Bocrouno-EBpomneiickuii xxypHan nepenoBeix texnosoruit 1/6 (37), 2009. 59-62 c.

URL.: https://doi.org/10.15587/1729-4061.2009.3174

Ishikawa K., Asada K., Tamayama K., Ueda M., Optical Vibration Monitoring System by Means of
CCD Camera and Retro-Reflector // The Review of Laser Engineering VVol.30, No.2, 2002 91-93.
URL.: https://www.jstage.jst.go.jp/article/Isj/30/2/30_2 91/ pdf

Dolya G., Bondarenko K., Laser detector of acoustic oscillations utilizing a retroreflective surface
with glass beads // EESA, Vol. 3, No. 11(63), 2020. 7-16 p.

URL.: https://archive.eesa-journal.com/index.php/eesa/article/view/30

Siegman, Anthony E. Lasers. Revised ed. edition. University Science Books, 1986. 1283 p.

URL.: https://uscibooks.aip.org/books/lasers/

Kpwmxanisceka T.B., boitnoBa [LA. Koncmekr nexmiit 3 nucrumuiiny ,,Yncenpri Metomu”. Omeca,
2013. - 152 c.

URL :http://eprints.library.odeku.edu.ua/id/eprint/711/1/KryzhanivskaTV_BoitsovalA_Chyselni_M
etody KL_2013.pdf

®enpaman JLIL. YncensHi MmeToau B iHGopmaruti. — [linpyunnk. K., 2006. — 480c.

URL: http://library.kre.dp.ua/Books/2-
4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%
B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%
D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5
%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0
%B5%D0%BB%D1%8C%D0%BD%D1%96 %D0%BC%D0%B5%D1%82%D0%BE%D0%B4
%D0%B8 %D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1
%82%D0%B8%D1%86%D1%96 2007.pdf

Born M., Wolf E. Principles of optics: electromagnetic theory of propagation, interference and
diffraction of light (7th expanded ed.). Cambridge: Cambridge University Press. 1999.

URL.: https://www.worldcat.org/title/1151058062

M. Charnotskii. Comparison of four techniques for turbulent phase screens simulation. J. Opt. Soc.
Am. A, 37(5):738-747, May 2020.

URL: https://doi.org/10.1364/JOSAA.385754

Giarola AJ., Billeter T.R., Electroacoustic deflection of a coherent light beam // Proc. IEEE 51, #8,
1150, 1963.

URL.: https://doi.org/10.1109/PROC.1963.2463

Dolya G., Bondarenko K. Model of laser radiation transformation upon retroreflection from glass
beads based surface // East European Scientific Journal, #5(45), 2019. 10-20 ¢

URL: https://eesa-journal.com/wp-content/uploads/EESA_may1.pdf

Goodmam J.W. Introduction to Fourier Optics., New York: W. H. Freeman, 2017. 546 p.

URL.: https://www.worldcat.org/title/introduction-to-fourier-optics/oclc/958780856

I'.JI. Kononuyk, B. M. Ilpoxomnens, B.B. Crykanenko. Beryn no ¢yp’e-onTuku: HaB4yaibHUN
nocionuk. —K.: Bunasauuononirpadivamii nentp «KuiBcbkuit yHiBepcurer», 2009. — 320 c.
URL:http://exp.phys.univ.kiev.ua/ua/Study/Lib/Navch_posibnyky/NP%20-
%20Fure%200ptyka%20-%20Kononchuk.pdf

®enopo €. €., Heunmopenko O. B., Ytkina T. FO., Kopnawp f. B. Mogem Tta meromm
KOMIT IOTEpHHX CHCTEM PO3Mi3HABaHMUs 30pOBUX 00pa3iB : MoHOrpadis. — Yepkacu : YATY, 2021. —
482 c.

URL: https://er.chdtu.edu.ua/bitstream/ChSTU/3502/1/mono_FEE.pdf



https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://www.researchgate.net/profile/Richard-Massaro/publication/228747484_Lidar-activated_Phosphors_and_Infrared_Retro-Reflectors_Emerging_Target_Materials_for_Calibration_and_Control/links/00b7d5208e69f0a972000000/Lidar-activated-Phosphors-and-Infrared-Retro-Reflectors-Emerging-Target-Materials-for-Calibration-and-Control.pdf
https://doi.org/10.20448/journal.508.2017.42.7.13
https://doi.org/10.20448/journal.508.2018.51.1.7
https://doi.org/10.15587/1729-4061.2009.3174
https://archive.eesa-journal.com/index.php/eesa/article/view/30
https://uscibooks.aip.org/books/lasers/
http://eprints.library.odeku.edu.ua/id/eprint/711/1/KryzhanivskaTV_BoitsovaIA_Chyselni_Metody_KL_2013.pdf
http://eprints.library.odeku.edu.ua/id/eprint/711/1/KryzhanivskaTV_BoitsovaIA_Chyselni_Metody_KL_2013.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
http://library.kre.dp.ua/Books/2-4%20kurs/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC%D0%B8%20%D1%96%20%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8%20%D0%BE%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D1%8C/%D0%A4%D0%B5%D0%BB%D1%8C%D0%B4%D0%BC%D0%B0%D0%BD_%D0%A7%D0%B8%D1%81%D0%B5%D0%BB%D1%8C%D0%BD%D1%96_%D0%BC%D0%B5%D1%82%D0%BE%D0%B4%D0%B8_%D0%B2_%D1%96%D0%BD%D1%84%D0%BE%D1%80%D0%BC%D0%B0%D1%82%D0%B8%D1%86%D1%96_2007.pdf
https://www.worldcat.org/title/1151058062
https://doi.org/10.1364/JOSAA.385754
https://doi.org/10.1109/PROC.1963.2463
https://eesa-journal.com/wp-content/uploads/EESA_may1.pdf
https://www.worldcat.org/title/introduction-to-fourier-optics/oclc/958780856
http://exp.phys.univ.kiev.ua/ua/Study/Lib/Navch_posibnyky/NP%20-%20Fure%20optyka%20-%20Kononchuk.pdf
http://exp.phys.univ.kiev.ua/ua/Study/Lib/Navch_posibnyky/NP%20-%20Fure%20optyka%20-%20Kononchuk.pdf
https://er.chdtu.edu.ua/bitstream/ChSTU/3502/1/mono_FEE.pdf

ISSN 2304 -6201 Bulletin of V.N. Karazin Kharkiv National University
20 series «Mathematical modeling. Information technology. Automated control systems» issue 56, 2022

33. Kroese, D. P.; Taimre, T.; Botev, Z.I. Handbook of Monte Carlo Methods. New York: John Wiley
& Sons. 2011 p. 772.
URL.: https://www.wiley.com/en-au/Handbook+of+Monte+Carlo+Methods-p-9780470177938

34. Rouaud M. Probability, Statistics and Estimation. 2013, p 191.
URL.: http://www.incertitudes.fr/book.pdf

35. binoryposa I'.B., Camoiinenko M.I. Marematnune nmporpamyBanHs: KoHcHekT jekmiid. — XapkiB:
XHAMT, 2009. — 72 c.
URL.: https://core.ac.uk/download/pdf/11322845.pdf

bonnapenko Kocrsintun  acnipanm

OunexciiioBu4 Kageopa meopemuunoi i npuxnaonoi cucmemamexnixu, axynvmen Komn 1omepHux
Hayk, Xapkiscokuu Hayionanvrui yHisepcumem im. B. H. Kapasina, matioan Ceo600u 4,
61022, Xapkis, Yxpaina
e-mail: konstantinb2016@gmail.com
https://orcid.org/0000-0002-2430-0716

Hous I'puropiii 0.m.H., npogecop

MuxkosnaioBu4 Kagheopa meopemuunoi i npuxnadnoi cucmemamexuixu, Qaxyiomem KOMn 1OMepHUx
nayx, Xapkiscokuu Hayionanvru ynieepcumem im. B. H. Kapaszina, matioan Ceob0o0u 4,
61022, Xapxie, Yxpaina
e-mail:_gdolya@karazin.ua
https://orcid.org/0000-0001-8888-5189

MaremMaTu4HIi MOJei Ta MIAXOAH 10 IMITANIHHOI0 MOJCTIOBAHHS JIa3ePHUX
natymukiB Ha ocHoBi CIIII

CraTTs mpuCBSYCHA JOCHIIIKCHHIO MaTeMAaTHYHUX MOJENel 1 MAXO0IiB 0 MOJENIOBAHHS JIA3ePHUX NaTUYHKIB, SIKi 0a3yrOThCA
Ha BHKOPHCTAHHI CBITJIONOBEPTAIOUUX ITOBEPXOHB. [IpeiMeToM MOCTiPKEHHS € MaTeMaTHIHa MOAETb 00’ €KTa TOCHTIHKEHHS —
MPOIIECiB MOIMIMPEHHS CBITJIa B CEPEIOBHIII Ta foro Tpanchopmaliii Ha peTpopedieKTopax 3 HOAATBIINM aHaTi30M BiIOHTOTO
BUIIPOMIHIOBAHHS, SIKE, MOJYJFOIOUUCH B3a€MOJIIEI0 3 00 €KTaAMH CHCTEMH, Hece iH(OpMAIlifo MPO CTaH CHCTEMH. 3pOOJICHO
ODJISA] ICHYFOUMX JOCHiIKEeHb. [IpOBECHO aHaNi3 iCHYHOYHMX IIIXOMIB O METOMIB MOJCIIOBAHHSA, Ta aHANI3 iCHYIOYHX
Mozenel. 3HaliIeHO CIIIbHI eJIeMEHTH MOJIeIIeH 1110 MOXKYTh OYTH 3aCTOCOBaHI B Pi3HUX NPHKIAIHIX 00IacTsAX Ta KOHTEKCTaX
Takux cucTeM. HaBesieHO Taki HayKOBi METOJM JOCIIXKCHHS, SIK MOPIBHUIbHUN aHATi3 MPH JOCTIKCHHI MOIIOHUX CUCTEM,
npoBesieHHsT (Pi3MYHUX eKCIIEPUMEHTIB y J1JabOpaTOPHUX yMOBaX 3 MPOTOTUIIOM KOMII IOTEPHU30BAaHOI CHCTEMH IETEKTYBaHHS
JUISL CIIOCTEPEXKSHHS SIBUII[ Y CHCTEMI, IX CHCTeMaTH3aisl Ta OMHC, CHHTE3 MaTeMaTHIHOI MO/IeIi Ha OCHOBI OTPUMAaHHX JaHHX,
CTBOPEHHS IMITaIliifHOT KOMII'IOTEpHOI MOJeNi Ta TPOBEACHHS KOMIT IOTEPHHX EKCIIEpUMEHTIB michnsa 11 Bepdikarii.
3anmponoHOBaHO THIIOBY CXEMY AOCIHiIKEHHS, siKa Iepeadayae OCHOBHI €TaI iMITAI[IIfHOTO MOJIENIOBAaHHSA CUCTEM JIa3€PHOTO
nerektyBaHHs Ha ocHOBI CIIII. PosrmsamaroTeess Taki Temu, sK: TeHEpalis CTPYKTYpU CBITIIOBOTO TOJS JIa3€PHOTO
BUIIPOMIHIOBAHHS, B3a€MOJis CBITJIOBOIO MOJS 3 HAaBKONMIIHIM cepenoBuiieM, TpaHcdopmaiis ADP Bcepenuni CIIII,
3Haxo/pkeHHst ADP B 30HI mpuiiomy, neperBopeHHs orpumaHoro ADP y dorocTpym, 3HAXOIDKEHHS 3aJKHOCTEH MiX
napameTpamH, OIliHKa e(EeKTHBHOCTI BUSBJICHHSI, ONTUMI3allisi cucteMu. [IpoBeIcHO aHaNi3 CHIBHUX CTOPIH Pi3HUX MiJXOIIB,
BKA3aHO JIeTalli, sSIKi HeOOXiJJHO BpPaxOBYBaTH MPY BUOOPI BIAMOBIIHOTO METOAY 3 ypaxyBaHHSM BIACTHBOCTEI KOI€pPEHTHOTO
JIa3epHOTr0 BUIPOMiHIOBaHHA. HaBeneHo KepiBHI MPUHIHMIK 3arajbHOTO MOJENIOBAHHS TAKUX CHCTEM, IO TPOLTIOCTPOBAaHI
OpHTiHAIBHUMH KOHKPETHUMH PHUKIaJaMHI TAKHX MOJIENICH, TepeBipeHNX Ha MPaKTHUIII.

Knrwowuoei cnosa: nasep, damuux, ceimionogepmaioue NOKpUmMms, Cnekiomempis, iMimayiiiHe MOOeT08AHH.
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Using the two-sided approximations method for the numerical research
of nanoelectromechanical systems under the action of the Casimir force

O. Konchakovska, M. Sidorov

Relevance. Developing the method of two-sided approximations for finding a positive solution to a nonlinear boundary value
problem that models an electrostatic nanoelectromechanical system under external pressure has been considered. The presented
mathematical model takes into account the influence of Casimir forces as an additional force of attraction between the
components of nanosystems. Such systems feature the nonlinear phenomenon of pull-in instability, which occurs due to the
interaction of conductive plates under a critical electric voltage. This phenomenon significantly limits the range of system’s
stable states and is typical of many nanodevices, in particular, accelerometers, switches, micromirrors, microresonators, etc. It
is suggested to study the model parameters and estimate their values in order to analyze the stable states of
nanoelectromechanical systems.

Goal. To develop a method of two-sided approximations for solving the given problem by using the methods of the nonlinear
operator theory in semi-ordered Banach spaces.

Research methods. The nonlinear elliptic equation that models the operation of the electrostatic nanoelectromechanical
system using the Green’s function method is replaced by its Hammerstein integral equation equivalent. The specified integral
equation is considered to be a nonlinear operator equation with a monotone operator in the space of continuous functions,
semi-ordered by using a cone of non-negative functions. The conditions for the existence of a unique positive solution to the
specified problem and the two-sided convergence of successive approximations to such a solution have been obtained.

The results. The developed method has been implemented and investigated by solving test problems. The results of
computational experiment are shown in graphical and tabular form.

Conclusions. The performed computational experiments have confirmed the effectiveness of the developed method and can be
used to solve the problems of mathematical modeling of nonlinear processes in micro- and nanoelectromechanical systems.
The prospects for further research may lie in applying the method of two-sided approximations for models of
nanoelectromechanical systems with repulsive Casimir forces.

Keywords: method of two-sided approximations, Green’s function, invariant conical segment, monotone operator,
nanoelectromechanical system, external pressure, Casimir force.
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1. Introduction

The development of microelectromechanical systems (MEMS) has been driven by combining the
principles of mechanics and electrostatics [1, 2]. Mathematical and numerical modeling of MEMS has
been a key principle, initially focusing on stationary states [3-5] and later expanding to models
including external pressure and non-stationary states governed by parabolic laws [4, 6].

Such systems in mathematical modeling are usually presented in partial differential equations with
appropriate initial and boundary conditions. The most common method of solving such non-stationary
problems is to reduce them (according to Rothe’s method) to a system of ordinary differential equations
in the time variable and then to solve the resulting equations numerically or analytically. Some
discretization approaches are also used: the finite element method, the boundary element method, and
the finite difference method [7]. For the numerical analysis of the corresponding stationary problems, it
is convenient to use numerical methods with a two-sided nature of convergence. This approach allows a
posteriori estimation of the error of the approximate solution at each step of the iterative process [8].

Therefore, developing and improving existing approaches to mathematical modeling and numerical
analysis of the problems arising while studying electromechanical systems is a relevant field of
research.

2. NEMS and the impact of Casimir’s forces

When the scale of these systems decreases to the nanoscale, it is necessary to consider
nanoelectromechanical systems (NEMS). Most typical models of electrostatic NEMS consist of two
conductive plates: an elastic plate fixed along the boundary at the top and a fixed, rigid plate at the
bottom. The applied electric voltage between the two plates leads to the deflection of the elastic plate
and the following change in the system’s capacitance [9]. The operation scheme of the simplest NEMS
is shown in Figure 2.1.

Supported boundary 9f2 4 Elastic plate at potential V/

D —

o

F 3

— 90

™~

v Rigid ground plate

Fig. 2.1 Scheme of the electrostatic NEMS operation

The so-called pull-in instability is a distinguishing feature that limits the effectiveness of
electrostatic NEMS. This effect occurs when the applied voltage exceeds a specific critical value. As a
result, the plates snap together, limiting the range of stable operation of the devices. Many researchers
have investigated pull-in instability [9-12]. Moreover, the miniaturization of devices requires
considering the Casimir force along with the Coulomb force in a mathematical model.

An essential effect of quantum electrodynamics, namely, the effect of quantum fluctuations on non-
guantum objects, was theoretically demonstrated by Hendrik Casimir in 1948 [13]. He considered the
interaction of two conducting parallel plates in a vacuum and determined the force of gravity between
them

nznc
4 1
24090
where gq is the distance between the plates, n is a Planck constant, ¢ is the speed of light in a

vacuum.
The presence of Planck’s constant indicates the purely quantum nature of the phenomenon.

F=-
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The Casimir force for NEMS models is related to the interaction of plates. It is well-known that each
wave presses the plate, and the closer the plates are, the fewer waves can exist between them, and the
weaker their pressure is. At the same time, there is no limitation for the external space, so there can be
much more waves outside. This creates a relatively sizeable converging force from the outside, which is
illustrated in Figure 2.2. It turns out that the smaller the distance between the plates, the more they are
attracted. This effect restricts the stability of micro- and nanoscale systems, as the parts of the
mechanisms tend to snap together.

Consequently, to develop reliable, high-performance devices, it is necessary to determine stable
modes of operation to prevent the occurrence of pull-in instability.

Fig. 2.2 Casimir forces acting on conductive plates

3. The research method
Let us consider a nonlinear boundary value problem modeling an electrostatic NEMS under the
influence of external pressure [14, 15]:

—Au= M09 + Mg (X) +P(X), xeQ, (3.1)
-u? @-u?

u(x)>0, xeQ, (3.2

u(x)=0, xeoQ, (3.3

where Q is a plane domain with a piecewise smooth border 0Q, x=(x, X2), P(X) is the external
pressure, P(x)>0, the functions f(x) and g(x) describe the dielectric properties of the plate, the
parameters A and p are the Coulomb and Casimir forces, respectively

x:&NZE - nen?L2
260hgd " 240cphg]
oy is the tension in the plate, gq is the distance between the plates, h is the thickness of the deformed
plate, gq is the vacuum dielectric constant, L is the length of the plate, V is the applied voltage, n is a

Planck constant, c is the speed of light in a vacuum.
From the physical content of the problem, it follows that the functions f(x), g(x) and P(x) are

continuous and non-negative at x € Q.
The problem (3.1) — (3.3) is equivalent to the Hammerstein integral equation

0 = [G(xe)| 1), HIO) by fgs (3.4)
Q @-u@)” d-u@)

where G(X,s) is the Green’s function of this problem, s=(s;, s,) .
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Let C(Q) be the Banach space of functions continuous in the domain Q=QuaQ, with the norm
Jul| =max|u(x)|. Let us consider a normal (and even an acute) cone of non-negative functions
xeQ)

K, ={ueC(Q):u(x)>0, xeQ} in space C(Q). And let us define semi-ordering in the C(Q) with a
cone K, by the rule: for u,veC(Q) u,, v, if v—ueK,. It means that [16]
u,, v, if u(x)<v(x) forall xeQ.
The nonlinear integral equation (3.4) semi-ordered by a cone K, will be considered in C(QQ) as an
operator equation u=T (u) , where operator T acts in the C(Q) according to the rule

TU)() = [ G(x9) M) -+ H9(S) 7+ P(9) [ds. (3.5)
Q A-u()” (A-u(s)
It should be noted that if a classical solution of the problem (3.1) — (3.3) exists as a function
u* eCZ(Q)mC(Q) that satisfies equation (3.1) and conditions (3.2), (3.3), this function will also
satisfy the integral equation (3.4). If the problem (3.1) — (3.3) does not have a classical solution, then
the equation (3.4) will be taken as the definition of the generalized solution of the problem (3.1) — (3.3).
Definition. The generalized solution of the boundary value problem (3.1) — (3.3) will be the function
u* e K, , which is the solution of the integral equation (3.4).
The properties of the operator T (3.5) has been stated in the following lemma.
Lemma. The operator T (3.5) is:
a) a positive operator;
b) is a ug -positive operator, where the function ug(x) is defined by the equality
Up(X) = [ G(x,S)ds ; (3.6)
Q
¢) is an isotonic operator;
d) has an invariant conical segment <0, B>, and the constant B, 0<B <1, is a solution of the
inequality

AM ¢ (L-B)? +uMg < (B-Mp)(L-B)*, (3.7)
where
M ¢ =max [ G(x,s)f(s)ds, Mgy =max [G(x,5)g(s)ds, Mp =max [G(x,s)P(s)ds;
xXeQ) O XeQ) P XeQ) Q
e) is a Lipschitz-continuous operator on <0, >, i.e,, for all v,we<0, 3 > the following inequality
TV -TW)||<y|v-w]. (3.8)
2)\M 4uM
where y = f i is true.

+
@-p)° @-p)°
Proof. a) The Green’s function G(x,s) of the first boundary value problem for the operator —A in
the domain is continuous for x,seQ, x#s and
1
In—

XS

0<G(x,8)<kg

where g =|x—9|= \/(xl - 51)2 + (X — 52)2 is the distance between the points x and s [17].

Taking into account the non-negativity and continuity of the functions u(x), f(x), g(x) and P(x)
at xeQ, the integral expression in (3.5) will also be non-negative and continuous at X, seQ, x#s,
and, therefore, the function T(u)(x) is non-negative and continuous at x (). This means that the
operator T (3.5) acts in the space C(QQ) and leaves the cone K, invariant, i.e., converts the function
from K, to the function from K, . Therefore, T is a positive operator.

b) It is obvious that the function ug(x) of the form (3.6) belongs to K, \{0}. If Q; is a subdomain
of the domain Q, and n(Qy) >0, then there will be a such number y=y(Qg) >0 that the inequality
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holds [17]
v[G(x,s)ds< [ G(x,s)ds.
Q Q
On the other hand, if ue K_\{6} , then for some oy >0 there isaset Qy — Q that n(€2y)>0 and
MO g
(L-u())?  @-u(x)’

T(u)(x)= jG(x,s){ M) 5+ 19 (S) " +P(s)}dsz
0 A-u(s))” @A-u(s)

+P(x)>ag forall xeQy. Then forall xeQ

M (s) ug(s)
> | G(x, P(s) |ds > G(x,s)ds > G(x,s)ds = )
>QIO ) S){(l—u(s))2+(l—u(5))4+ (S)} s>a0££0 A
is true.

Next, for all xeQ

T(U)(X)=jG(x,s){ M) S+ Mg () 4+P(s):|ds£
0 @-u(s)” @-u(s))

<max{ MO, 1m0 +P(x)} [G(x,s)ds = max{ MO, “g(x)4+P(X)]U0(X)-
xeQ | 1-u(x))®  (@-u(x)* xeQ| (1-u(x))*  (1-u(x))

Therefore, for all xeQ there will be a double inequality

ocuo(x)sj'G(x,s){ M) S+ MO (S) 4+P(S)}dssﬁuo(x),
0 @-u(s)” @-u(s))

M (x) - ug (x)
@-u()? @-u)?

where o =0y >0, B=max l:
xeQ

+ P(x)} >0, which means that the operator T is
the ug -positive.
c) Let vyweK, and v,, w, thatis v(x) <w(x) forall xeQ. Then for all xeQ
M), 1900 poo o MO0 wg00 oo

Q-v(x)?®  @-v(x)? S L-w))? @-wx)?

and hence, in view of the non-negativity of the Green’s function G(X,s),

T(V)(x) = fG(x,s)[ M) 5+ Mg (S) " +P(s)}dss
Q @-v(s))® (@-Vv(s)

st(x,s){ M) S+ H9(S) 4+P(s)}ds=T(w)(x).
Q 1-w(s)”  d-w(s))

Therefore, it follows from v,we K, and v,, w that T(v) <T(w). Therefore, the operator T (3.5) is
isotonic.

d) The invariant conical segment <vy,wgp> is defined by the inequalities T(vp)...vg and

T(wp),, Wp. Letustake vg =0 and wy = . Then the specified inequalities will take form

jG(x,s)[kf (s)+pg(s)+ P(s)]ds=>0 forall xeQ, (3.9
Q
J'G(x,s)|: MG a6 +P(s)}ds<[3 forall xeQ. (3.10)
Q @-p? @-p)’

The inequality (3.9) will always hold, since the Green’s function G(x,s) at x,s€Q, x#s, and

functions f(x), g(x) and P(x) at xeQ are non-negative, and parameters A and p are positive. The
inequality (3.10) can be written as
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A 5 [G(x,5) f (s)ds + b Z [G(x,9)g(s)ds + [ G(x,5)P(s)ds <P forall xeQ.

-B)a -p)"a 0
Taking the maximum in the last inequality leads to
MMi  uMy

-7 a—p°

+Mp <B, (3.11)

where M ¢ =max [G(x,s)f(s)ds, Mgy =max [G(x,5)g(s)ds, Mp =max [G(x,s)P(s)ds.
XeQQ Q xXeQ) O xXeQ) O
It follows from physical considerations that 0<p<1. Then after multiplying by (1—[3)4 the
inequality (3.11) takes the form (3.7).
e) Let us denote
Foupg) =28, HO0) b
1-u(x)”  @-u(x)

Let us choose v,we<0, 3> and consider the expression
|F (x,v(x)) = F (x,w(x))| =

B O N[ NS N B S CO N (O NS
@-v(x)?  @-v(x)* Q-w(x)?  @-w(x)*

1 1 1 1
Af — —
(X)[(l—v(x»z (1—w(x))2J+Mg (X)[a—v(x))“ —w()”*

The triangle inequality leads to

1 1| 1 1|

|F (x,v(x)) = F (X, W(x))| < Af (x) 5= 5|+ 1y (X) i 7l
L-v(x)?  1-w(x)?| A-ve)*  @-wx)*|

Sinceat O<v, w<f
|1 1| 2
2 7=
(a-v? @-w?| a-p)
then the inequality holds

|F (x,v(x)) = F (X, W(x))| < {

11|
@-v)* @-w? @-p)

3|V_W|’ 5|V_W|1

20 (x) , 4ug(x)
@-p° @-p)°

:||v(x) —w(x)|.
Therefore

[T (v) = T (W) = max T (v)(x) ~ T (W)(x)| = max <
XeQ) xeQ)

j G(x,8)[F(s,v(s)) — F(s,w(s))]ds
0)

Sl: i 3 max [ G(x,s) f (s)ds + i 5maXIG(X,S)Q(S)dS].maX|V(X)‘W(X)|=
1-P)° xQ A-p)" x2q X

2\ 4uMy
8- =y
a-p” a-p
The lemma has been proven.
Obviously, the operator T (3.5) is continuous and completely continuous.
Let us proceed to constructing the method of two-sided approximations for finding the positive
solution of the integral equation (3.4) (and, therefore, the boundary value problem (3.1) — (3.3)).
Since the ends of the invariant conical segment <0, 3> will be chosen as the initial approximation,

let us investigate the inequality (3.7) wunder the condition O<B<1 and denote
o(B)=AM ¢ 1-B)* +uMy, w(B)=(B-Mp)L-PB)*. Then the inequality (3.7) takes the form
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e(B)<w(B). It is obvious that ¢(B)>pMy >0 if 0<B<1. On the other hand y(0)=-Mp <0,

vy =y(Mp)=0 and if Mp =1, then y(B)<0 for 0<PB <1 and the inequality (3.7) will not hold.
Therefore, the condition 0<Mp <1 must be fulfilled and y(B) >0, if Mp <B<1. In addition, the
inequality (3.7) cannot be satisfied if sup y(B) < inf o(p).

0<p<t

0<p<l
8.1 5
Accordingly, sup w(ﬁ)zw(A'MP +1)= 2 d SMP) , inf (p(B):MMg . If the inequality (3.7) has a
0<p<1 S5 5 0<p<d
solution, then the following inequality should be satisfied
81 5
g < ZAMp)° 612)
5
It is obvious that the inequality (3.7) has the solution B <j3 <P when
IMp +1) 281-Mp)°  (4aMp+1) 24
sup () —y| M| EEEL o ML e+ g
0<B<1 5 5 5
namely
2'5%M t (1-Mp)? +5°uM ¢ <28 (1-Mp)°. (3.13)

It is clear that the inequality (3.12) is a consequence of the inequality (3.13).
It should be noted that the inequality (3.7) will hold only at one point B =g if

2'5°AM ¢ 1-Mp)? +5°uM 4 =28(1-Mp)°.
Therefore, the set of solutions of the inequality (3.7) for B forms the segment [B, B], only under the
conditions:
0<Mp <1, 25°AM ¢ 1-Mp)® +5°uM § <22(1-Mp)°.
Consequently,
22(1-Mp)° —5°uM
P wivlg
2%53M§ (1-Mp)?
and the positivity of the parameter A leads to

_2%0-Mp)°
5 )
5°My
or
2B(1-Mp)°-2%53 M 1-Mp)? 8(1—-Mo)®
n< d=Me) . (=Mp)” < 42 (-Me) . (3.14)
5°My 2%53M ¢ (1-Mp)
At the same time Mp <B <B<1.
Let us form an iterative process according to the scheme
v () = [G(x,9) ”k(s) + “gk(s) 7P |ds, k=0,1,2, . (3.15)
o a-vE)?  @a-vMs)
w9 () = [ G(x,5) ”k(s) S+ “gk(s) S+PE) |ds, k=0,12..;  (3.16)
o a-whE)?  a-wh(s))
vO x)=0, w© x)=B. (3.17)

The sequence {v(k) (X)} is non-decreasing under the cone K, and the sequence {w(k) (x)} is non-
increasing under the cone K, since the conical segment <0, 3> is invariant for the isotonic operator

T (3.5). The existence of boundaries v*(x) and w"(x) of these sequences follows from the normality
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of the cone K, and the complete continuity of the operator T . Therefore, the chain of inequalities
holds
OZV(O) 2 V(l) 99 "ty V(k) 99 "ty V* 29 W* 9% "ty W(k) 99 "t W(l) 2 W(O) :B'
There are two possible cases: v* <w* and v* =w". In the second case u” :=v* =w" is unique fixed

point of the operator T on the conical segment <0, p >, and therefore u™ is unique positive solution of
the considered boundary value problem (3.1) — (3.3).

To obtain the conditions for the case v* =w", let us estimate the norm Hw(k+1) — kD) H . Taking the

inequality (3.8) into account leads to
Hw(k+1) _y(k+D) ‘ — H—r (W(k)) T (v(k) )H < yHw(k) _y(& H — YHT (W(k—l) )-T (V(k—l) )H <

<42 HW(k—l) _ (kD H <<k HW(O) @ H _ <G

It follows that lim Hw(k”) —yk+)
k—

So, the following theorem is true.

‘:o,Lev*=wﬁify<L

Theorem 3.1. Let <0, B> be an invariant conical segment for the operator T (3.5) and y <1. Then
the iterative process (3.15) — (3.17) converges from two sides in the space C(Q) norm to the continuous
positive solution u® of the boundary value problem (3.1) — (3.3), which is unique for the segment.

For the approximate solution of the boundary value problem (3.1) — (3.3) at the k -th iteration let us
choose the function

(k) (k)
u) (x) = vV (X) ;W (x) ,
considering the mentioned above, the error of this approximation will be estimated by the inequality
) < Lo — @<Lk
u —u H_ZHW v H_Zy B. (3.18)

Therefore, if the accuracy € >0 is specified, the iterative process (3.15) — (3.17) should be carried
out until the inequality

Hw(k) —v() H = max(w(k) xX)— v() (X)) < 2¢
xeQQ

or inequalities ka < 2¢ are satisfied, so with the accuracy ¢ it can be stated that u™(x) ~ u (x).
The number of iterations required to achieve the specified accuracy ¢ can be estimated from a priori

estimation (3.18) and the inequality %yk[k g, l.e.

Y
where the square brackets denote the whole part of the number.
Thus, it is necessary to choose 3=p for the fastest convergence of the iterative process.

4. Numerical experiments
Let us consider the problem (3.1) — (3.3) in the domain Q={x= (X, X,)| x12 + x% <c R?. Green’s

function in this case has the form

G(x,s)zzilni—iln 1 ,
T

s 2T pra

where X =(X,X2), S=(51,S7), p=«/512 +s§ , points s, st are symmetrical about the unit circle, ryg,
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%! is the distance between the points x, s and X, st respectively.
The researchers [4] suggest using functions of the plate’s dielectric properties for the circle domain

in the form
f(x) = eg(\x\z—l) _ eg(xlz+x§—1) , g(x) = eC(\X\Z—l) _ eC(X12+x§—1) ,

where ( is a non-negative constant.
To simulate the influence of external pressure, let us select a function

2 2
P(x) =@ [x2)Ee ¥ +e Py« 5 w>0, a=(0.75,0.75), b=(-0.15;-0.15)

(x=0is the case of no external pressure).
Let =3, k=05, x=3, w=5. Then My =0.0343, My =0.0343, Mp =0.0510. The graph of
the surface of the functions f(x) and g(x) is presented in Figure 4.1, and the graph of the function

P(x) surface is presented in Figure 4.2.

—1.0
1.0

Fig. 4.1 The surface of the functions f (x) and g(x)

x1

0.0 -0.5—___1:9__

no0.41 :

0.2} :
f0.0
10 e
0.5

-1.0
Fig. 4.2 The surface of the function P(x)
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The condition (3.14) leads to a set of solutions for the parameters A and p, which is shown in
Figure 4.3. According to (3.14): A <3.1929. Let A =2, so u<0.6875. Let us choose u=0.5. Then
according to (3.7): 0.1998<p<0.4363. Thus, the conical segment has the form
<0,B>=< O,§>=< 0, 0.1998>. In this case y=0.4764. Since y<1, according to Theorem 3.1, the

successive approximations formed by the scheme (3.15) — (3.17) converge from two sides to the
positive solution of the problem, which is unique on the cone <0, 3 >.

td

e
()
T

1.0

u

T T T T T T T T T T T T T T T T
R I R
,
1

0.0 r=m==q=r=mmmcepemmmrmmmms |

Fig. 4.3 The set of solutions for the parameters A and p

Let the accuracy be ¢ =10"*. Since the condition is fulfilled on the fifth iteration
mag(w(s) (xX)— v®) (x)) =0.285 1073,
XeQ

w® (x)+ v® (x)
2
In this case Hu(S)H =0.1621. The two-sided nature of the convergence of successive approximations

and with the accuracy 0.57 1074, u*(x) ~ u® x)= can be chosen.

is illustrated in Figure 4.4, where the graphs of the upper (solid line) and lower (dashed line)
approximations to the solution at x, =0are shown. The contour lines and the surface of the
approximate solution u® (X) are shown in Figures 4.5 and 4.6, respectively.

A computational experiment has been performed for different values of A . Table 1 presents the
value of the approximate solution norm of the problem (3.1) — (3.3) depending on the parameters A and

n.

Table 1. The value of the approximate solution norm depending on the problem parameters

¢ Amax (€) A Hmax (A) s ”u"
0 1.8403 1.80 0.1389
1 1.2639 1.20 0.1545
3 3.1929 2 0.6875 0.50 0.1621
3 0.1112 0.10 0.1896
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u'(k)(ﬁ 0). zr(k)(zr'l ,0)

I

-1.0 -0.5 0.5
Fig. 4.4 Cross-sections of upper and lower approximations to the solution at X, =0

1.0F

0.5+

0.0

-0.5¢

—10 o,y
-1.0 -0.5 0.0 0.5 1.0
Fig. 4.5 The contour lines of the approximate solution

1.0
Fig. 4.6 The surface of the approximate solution
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The analysis of the results of computational experiment shows that for a fixed value (, the
parameter value ppmay (A) decreases with the increase of 2, and the norm |u|| increases. Those results

define stable modes of operation for electrostatic NEMS. It should be noted that the choice of an
unevenly and asymmetrically distributed external pressure leads to a violation of the radial symmetry of
the solution.

5. Conclusions

The paper considers a generalized mathematical model of electrostatic nanoelectromechanical
systems, which takes into account the Coulomb and Casimir forces and the external pressure. The
method of two-sided approximations based on the usage of Green’s function has been applied for the
first time to the analysis of the proposed mathematical model, therefore, making it possible to obtain
both the conditions for the existence of a unique positive solution of the problem and the two-sided
convergence of successive approximations to it. The computational experiment conducted for the test
values of the parameters has shown that this novel method is effective and can be used to study the
parameters and modes of operation of real NEMS.

The research into Casimir’s repulsive forces is a promising area of study due to the potential
application in developing ultra-low friction and eliminating pull-in instability. The experiments have
shown that repulsion occurs in one specific configuration; a plate and a sphere, instead of two flat
plates, have been used in the model, as it is difficult to arrange the plates in parallel at such a small
distance.

REFERENCES

1. B. McLellan, L. Medina, C. Xu, Y. Yang “Critical pull-in curves of MEMS actuators in presence of
Casimir force” ZAMM Journal of Applied Mathematics and Mechanics/Zeitschrift fiir Angewandte
Mathematik und Mechanik, vol. 96, no. 12, pp. 1406-1422, 2016.

2. J. A. Pelesko, D. H. Bernstein Modeling MEMS and NEMS, Cleveland: CRC Press, 2002. 351 p.

3. J. Davila, L. Flores, I. Guerra “Multiplicity of solutions for a fourth order equation with power-type
nonlinearity” Mathematische Annalen, vol. 348, no. 1, pp. 143-193, 2010.

4. P. Esposito, N. Ghoussoub and Y. Guo Mathematical analysis of partial differential equations
modeling electrostatic MEMS, Providence: American Mathematical Society, 2010. 262 p.

5. Z. Guo, J. Wei “On a fourth order nonlinear elliptic equation with negative exponent” SIAM journal
on mathematical analysis, vol. 40, no. 5, pp. 2034-2054, 2008.

6. D. Ye, F. Zhou “On a general family of nonautonomous elliptic and parabolic equations” Calculus
of Variations and Partial Differential Equations, vol. 37, pp. 259-274, 2010.

7. A. H. Nayfeh, M. I. Younis, E. M. Abdel-Rahman “Reduced-order models for MEMS applications”
Nonlinear dynamics, vol. 41, no. 1, pp. 211-236, 2005.

8. M. V. Sidorov “Green-Rvachev’s quasi-function method for constructing two-sided approximations
to positive solution of nonlinear boundary value problems”, Carpathian Mathematical Publications,
vol. 10, no. 2, pp. 360-375, 2018.

9. R.C. Batra, M. Porfiri, D. Spinello “Effects of Casimir force on pull-in instability in micro-
membranes” Europhysics Letters, vol. 77, no. 2, pp. 20010, 2007.

10. J. A. Pelesko “Mathematical modeling of electrostatic MEMS with tailored dielectric properties”,
SIAM Journal on Applied Mathematics, vol. 62, no. 3, pp. 888-908, 2002.

11. Y. Guo, Z. Pan and M. J. Ward “Touchdown and pull-in voltage behavior of a MEMS device with
varying dielectric properties”, SIAM Journal on Applied Mathematics, vol. 66, no. 1, pp. 309-338,
2005.

12. F. Lin and Y. Yang “Nonlinear non-local elliptic equation modeling electrostatic actuation”,
Proceedings of the Royal Society of London A: Mathematical, Physical and Engineering Sciences,
vol. 463, no. 2081, pp. 1323-1337, 2007.

13. Gusejnov K. Foton: uchebnoe posobie / pod redakciej professora B.S. Ishhanova. M.: “KDU”,
“Universitetskaja kniga”, 2020. 276 p. [in Russian].

14. J. R. Beckham, J. A. Pelesko “An electrostatic-elastic membrane system with an external pressure”,
Mathematical and computer modelling, vol. 54, no. 11-12, pp. 2686-2708, 2011.

15. Y. Guo, Y. Zhang and F. Zhou “Singular behavior of an electrostatic—elastic membrane system with



ISSN 2304 -6201 BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa
cepist «MaTemaTiHe MoaentoBaHHs. IHhopmaLjiiHi TexHonoril. ABTOMaTM30BaHi CUCTEMM YNpaBNiHHs», BUNyck 56, 2022 33

an external pressure”, Nonlinear Analysis, vol. 190, pp. 111611, 2020.

16. V. . Opojtsev, T.A. Khurodze Nonlinear Operators in Spaces with a Cone, Thilisi, USSR:
Izdatel’stvo Thbilisskogo Universiteta, 1984. 246 p. [in Russian].

17. M. A. Krasnosel’skij Positive Solutions of Operator Equations. M: Fizmatgiz, 1962. 394 p. [in
Russian].

CIIMCOK JIITEPATYPHU

1. McLellan B., Medina L., Xu C., Yang Y. Critical pull-in curves of MEMS actuators in presence of
Casimir force. ZAMM Journal of Applied Mathematics and Mechanics/Zeitschrift fiir Angewandte
Mathematik und Mechanik. 2016. Vol. 96, Ne 12. P. 1406-1422.

2. Pelesko J. A., Bernstein D. H. Modeling MEMS and NEMS. Cleveland: CRC Press, 2002. 351 p.

3. Davila J., Flores I., Guerra I. Multiplicity of solutions for a fourth order equation with power-type
nonlinearity. Mathematische Annalen. 2010. Vol. 348, Ne 1. P. 143-193.

4. Esposito P., Ghoussoub N., Guo Y. Mathematical analysis of partial differential equations modeling
electrostatic MEMS. Providence: American Mathematical Society, 2010. 262 p.

5. Guo Z., Wei J. On a fourth order nonlinear elliptic equation with negative exponent. SIAM journal
on mathematical analysis. 2008. Vol. 40, Ne 5. P. 2034-2054.

6. Ye D., Zhou F. On a general family of nonautonomous elliptic and parabolic equations. Calculus of
Variations and Partial Differential Equations. 2010. Vol. 37. P. 259-274.

7. Nayfeh A. H., Younis M. I., Abdel-Rahman E. M. Reduced-order models for MEMS applications.
Nonlinear dynamics. 2005. Vol. 41, Ne 1. P. 211-236.

8. Sidorov M. V. Green-Rvachev’s quasi-function method for constructing two-sided approximations
to positive solution of nonlinear boundary value problems. Carpathian Mathematical Publications.
2018. Vol. 10, Ne 2. P. 360-375.

9. BatraR. C., Porfiri M., Spinello D. Effects of Casimir force on pull-in instability in micro-
membranes. Europhysics Letters. 2007. Vol. 77, Ne 2. P. 20010.

10. Pelesko J. A. Mathematical modeling of electrostatic MEMS with tailored dielectric properties.
SIAM Journal on Applied Mathematics. 2002. Vol. 62, Ne 3. P. 888-908.

11. Guo Y., Pan Z., Ward M. J. Touchdown and pull-in voltage behavior of a MEMS device with
varying dielectric properties. SIAM Journal on Applied Mathematics. 2005. Vol. 66, Ne 1. P. 309—
338.

12. Lin F., Yang Y. Nonlinear non-local elliptic equation modeling electrostatic actuation. Proceedings
of the Royal Society of London A: Mathematical, Physical and Engineering Sciences. 2007. Vol.
463, Ne 2081. P. 1323-1337.

13. I'yceiinoB K. ®otoH: yuebHOe mnocobue / mox penmakumed mnpodeccopa b.C. HmxaHosa.
Mocksa: “KJIY”, “YuuBepcurerckas kaura”, 2020. 276 c.

14. Beckham J. R., Pelesko J. A. An electrostatic-elastic membrane system with an external pressure.
Mathematical and computer modelling. 2011. Vol. 54, Ne11-12. P. 2686-2708.

15. Guo Y., Zhang Y., Zhou F. Singular behavior of an electrostatic—elastic membrane system with an
external pressure. Nonlinear Analysis. 2020. Vol. 190. P. 111611.

16. Omnotines B. U., Xyponze T. A. Henunelinsle onepaTopsl B IPOCTPAHCTBAX C KOHYCOM. TOwiHcH:
W3n-Bo Towmwmc. yu-Ta, 1984. 246 c.

17. Kpacuocenbckuit M. A.  [lomoXUTENbHEIE — pEIIeHUS  ONepaTOpPHBIX  ypaBHEHWHA. MockBa:
®duszmarrusz, 1962. 394 c.



ISSN 2304 -6201 Bulletin of V.N. Karazin Kharkiv National University

34 series «Mathematical modeling. Information technology. Automated control systems» issue 56, 2022
KonuakoBcbka acnipanm xageopu npuKIaoHoi Mmamemamuru
Oxkcana CepriiBHa Xapriscokuu HayioHanbHull yHisepcumem padioenekmpoHtiku, np. Hayxu

14, Xapxis-166, Vkpaina, 61166
e-mail: oksana.konchakovska@nure.ua
https://orcid.org/0000-0002-0836-6045

Cunoposn 0oKkmop @iz.-mam. HayK, npogecop; 3a6idyeay Kageopu nPUKIaOHoT

Maxkcum BikTopoBuu mamemamuku XapKiecbK020 HAYIOHANbHO20 YHIBEPCUMENY
paodioenekmponixu, np. Hayrxu 14, Xapxis-166, Vkpaina, 61166
e-mail:_maxim.sidorov@nure.ua;
https://orcid.org/0000-0001-8022-866X

Bukopucranus MmeToay ABOOIYHMX HAOJMKEHD IJIs1 YUCEJIbHOT0
AOCJIIIKEHHSI HAHOEJIeKTPOMEXaHIYHUX cucTeM i gaiero cuiamn Kasumupa

AKTyaJbHicTb. Po3risgHyTO THMTaHHA TOOYIOBM METOAYy NBOOIYHMX HAOMIDKEHb 3HAXODKEHHS MOAATHOTO PO3B’SI3KY
HEIiHIHHOT KpalioBO1 3a7adi, [0 MOJENIOE EIEKTPOCTATHYHY HAHOCIEKTPOMEXaHIYHY CUCTEMY IIiJ] Ji€l0 30BHIIIHBOTO THUCKY.
HaBenena MmaremaTH4Ha MOJENIb BPaxoBye BIUIMB cui KasumMupa sK IOJAaTKOBY CHIY TSDKIHHA MDK KOMIIOHEHTaMH
nanocucteM. OcoOJIMBICTIO TAKMX CHCTEM € HENIHIMHE SBUILE HECTAOIILHOCTI BIAXMIIAHHS, IKE BUHUKAE BHACIIIOK B3a€MOIil
CTPYMOTIPOBITHUX TUIACTHH i JIEF0 KPUTHYHOT eJIEKTPUYHOI Hanpyry. Lle siBuie 3HauHO 00MEKye iana3oH CTIMKUX CTaHIB
CHCTEMH Ta XapakTepHe Uil 0araTboX HaHONPHCTPOiB, 30KpeMa, aKCelIepoOMeTpiB, IEepeMHKadiB, MIKpOI3epKal Ta
MiKpope3oHaTopiB Tomo. [ NOCII/DKEHHS! CTIHKMX CTaHiB HaHOEIEKTPOMEXaHIYHHMX CHCTEM 3allpOIIOHOBAHO JOCITIIUTH
mapamMeTpy MOJIENI Ta OTPUMATH iX OLIIHKH.

Merta. Kopucryrounchk MeTogaMu Teopii HETiHIITHUX ONepaTopiB y HaIliBYHOPSAKOBAHMX OaHAXOBHX MPOCTOPaxX PO3pOOHTH
MeTo/ ABOOIYHUX HAOMMKEeHb PO3B’3aHHS [TOCTABICHOI 3a1a4i.

Metonu nociaigxenHs. HemniniliHe eninTHYHE PiBHSAHHA, IO MOJEIIOE POOOTY EIEKTPOCTATUYHOI HAHOENEKTPOMEXaHIYHOL
CHCTEMH 3a IOIOMOrol Merony (yHKIiH I'piHa 3aMiHIOETHCS €KBIBAJICHTHHM IHTETpAJIbHUM pPIBHSHHAM [ ammepmiteiiHa.
3a3HayeHe iHTerpajgbHe PIBHAHHS PO3TIIIIA€THCS SIK HENiHIMHE olepaTopHe PiBHSHHS 3 MOHOTOHHHM OIIEpaToOpPOM y MPOCTOPi
HeTlepepBHUX (YHKIIH, HaMIBYIOPSIKOBAHOMY 3a JOIIOMOTOI0 KOHyca HeBix eMHHX ¢(yHKUIiH. OTpHMaHO yMOBH iCHYBaHHS
€IMHOTO JTOJIATHOTO PO3B’A3KY PO3MIISAAYBaHOI 3a/1a4i Ta ABOOIYHOT 301’KHOCTI 10 HHOTO MOCITiTIOBHUX HAOIMKEHb.

PesyasTaT. Po3pobnennit MeTon mporpaMHO peayizoBaHO Ta IOCIIDKEHO NP PO3B’s3aHHI TECTOBUX 3anad. PesympraTn
00YHCITIOBANIEHOTO eKCIIEPUMEHTY HaBEJCHO Y BUTILAAI TpadiuHoi Ta TabmmyHo1 iHdopMmaii.

BucnoBkn. [IpoBenieHi 00YHCITIOBaIbHI €KCIIEPUMEHTH MiATBEPAWIN €(EeKTHBHICT PO3pOOIEHOT0 METOAa i MOXYTh OyTH
BUKOPHUCTaHHI Ha MPAaKTHUII TPH PO3B’A3aHHSA 3a7ad MATEMaTHYHOTO MOJENIOBAHHS HENIHIMHUX TPOIECiB y MIiKpo- Ta
HAHOEJIEKTPOMEXaHIYHUX CHCTeMax. [IepCHeKTHBH MOAANBLIMX JOCTIIKEHb MOXYTh IOJSTaTH Yy 3acTOCYBaHHI METOXY
JBOOIYHUX HAONVOKEHB JUIS MOJieNiel HAHOETIEKTPOMEXaHIYHUX CHCTeMax 3 BIAIITOBXYIOUMMH cuiiamu Kasumupa.

Knrwowuoei cnosa: memoo 0606iunux nHabausxcens, yuxyia I pina, ineapianmuuil KoOHycHull 8i0pi3oK, MOHOMOHHUL ONepamop,
HAHOENeKMPOMEXAHIUHA cucmema, 308HiuHil muck, cunu Kasumupa.

Hagiiwna y nepuin pegakuii 18.01.2022, B octanHiit - 11.09.2022.
The first version has been received on 18.01.2022, the final version - on 11.09.2022.


mailto:%20lgloba@its.kpi.ua
https://orcid.org/0000-0001-7855-3957

ISSN 2304 -6201 BicHuk XapkiBcbkoro HawioHanbHOro yHiBepcuTteTy imeHi B. H. KapasiHa
cepia «MaTematiyHe MogenioBaHHs. IHopmaLliiHi TexHonorii. ABTOMaTM30BaHi cuCTEMM ynpaeniHHsY, Bunyck 56,2022 35

DOI: https://doi.org/10.26565/2304-6201-2022-56-03

UDC 004.93

Malyha Ihor postgraduate

Yevheniyovych Kharkiv National University of V.N. Karazin,4 Svobody Square, Kharkiv,
Ukraine, 61077
e-mail: igormalyga@gmail.com;
https://orcid.org/0000-0002-5708-7739

Shmatkov Serhiy doctor of science, professor; Head of the Department of Theoretical

Ihorovych Theoretical and Applied System Engineering

Kharkiv National University of V.N. Karazin,4 Svobody Square, Kharkiv,
Ukraine, 61077

e-mail:_s.shmatkov@karazin.ua
https://orcid.org/0000-0002-6328-988X

Scopus Author ID: 57203141869

Machine learning methods for solving semantics and context problems in
processing textual data

Topicality. As machine learning capabilities expand and impact many aspects of modern life, such as natural language
processing, understanding semantics and context in textual data is becoming increasingly important. Semantics and context play
a significant role in the ability of machines to understand human language. They are central elements in various applications
such as machine translation, sentiment analysis, spam detection, voice recognition, and others. However, these aspects are often
neglected or underestimated when processing textual data. Despite significant progress in this area, the problem of semantics
and context remains unresolved, which reduces the efficiency and accuracy of many machine learning systems.

Goal: The main goal of this article is to investigate the problem of understanding semantics and context in machine learning in
the textual data processing. The article aims to identify the main challenges associated with understanding semantics and context,
and how they affect various aspects of text processing. Additionally, current techniques and approaches used in the field of
machine learning for solving those problems have been analyzed and their limitations identified.

Research methods. Analysis, explanation, classification.

The results. It has been found that despite significant advances in machine learning technologies, problems of semantics and
context in processing textual data are still existing. They affect the quality and accuracy of decisions made by machine learning
based systems, which can lead to incorrect analysis and distortion of data. It has been found that even modern transformer-based
models can face challenges in understanding semantics and context, especially in complex and multi-valued scenarios.

Conclusions. On the basis of the conducted research, it has been concluded that the problem of semantics and context in the
processing of textual data is significant and requires further study. The existing methods and technologies show high results in
some cases, but may be insufficient in others, especially complex ones. It is proposed to continue research in this area, to develop
new methods and approaches that will be able to effectively solve these problems. It is also important to study how different
contextual factors affect the semantics of textual data and how these effects can be taken into account when designing and using
machine learning systems.

Keywords: Machine learning, natural language processing, semantics, context, textual data, neural networks, transformers,
BERT, GPT-3, data analysis, sentiment analysis, semantic analysis.
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1. Introduction
Machine learning is one of the fastest growing sectors of the technology industry, where textual data
processing plays an important role. Applying machine learning to textual data, including sentiment
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analysis, emotion recognition, automatic translation, information retrieval, and more, opens up endless
possibilities for advancing science, technology, and enterprise.

However, understanding and processing a text in machine learning faces several challenges,
particularly in understanding semantics and context. Semantics, that is, understanding the meaning of a
word or phrase, is one of the biggest problems in processing textual data. Intelligent systems often have
difficulty in understanding that words can have different meanings in different contexts.

In addition, the problem of the context is also a big challenge for machine learning. Understanding
how the meaning of a word can change depending on its context in the text is a complex task that machines
are not yet able to perform effectively.

Given this, the relevance of those problems is topical. Solving them will improve the ability of
machine learning to process textual data, paving the way for further progress.

2. Statement of the problem in a general form and its connection with important scientific or
technical tasks. Review of topical publications.

Machine learning and artificial intelligence create many opportunities to transform large amounts of
unstructured textual data into valuable information. However, applying these technologies to real world
situations often leads to complex problems, especially in the context of natural language processing
(NLP).

One of the main problems lies in semantic understanding. Artificial intelligence cannot yet fully
comprehend the meaning of words, especially when used in different contexts. This is a natural for
humans, but machines cannot yet sufficiently reproduce this ability.

The issue of context is also critical. Context can greatly affect the meaning of words or phrases, and
it is difficult for machines to take this into account. For example, they may not understand cultural or
historical context, which can lead to misinterpretation of textual data.

These issues limit the potential effectiveness and accuracy of machine learning algorithms that process
textual data. Solving those problems will open new opportunities for the application of machine learning
in various fields, including text analysis, automatic translation, text generation, and many others.

In the field of machine learning and natural language processing, the importance of semantics and
context has been emphasized in a number of important studies.

First of all, a significant contribution to the study of semantics in machine learning is the work of
Tomas Mikulov and his colleagues. They developed the word2vec model, which became one of the main
methods of representing words in a vector space. The word2vec model uses large volumes of text for
training aimed at learning high-dimensional vector representations of words that can represent semantic
relations between them. However, this method still has limitations because it does not take into account
the different meaning of a word in different contexts. This model uses neural network architectures to
learn high-dimensional vector word representations from a large dataset. An important point is that
Word2Vec can learn the semantic relations between words by displaying them in a vector space [1].

In addition, Bahdanau, Cho, and Bengio have made significant contributions to our understanding of
how machines can better learn to recognize context. They proposed an attention model that allows
focusing attention on specific parts of the input while generating the output. This provides more flexibility
in context understanding and can help in various tasks including machine translation and automatic
generalization [2].

In recent years, the BERT (Bidirectional Encoder Representations from Transformers) model,
developed by Devlin and colleagues, has attracted special attention. BERT uses bidirectional
transformers, which allows the model to better understand the context of a word because it analyzes the
text in both directions. This made it possible to significantly improve the results in some NLP tasks, but
at the same time new challenges arose, such as the large quantity of resources required for training the
model and the weak ability to interpret [3].

We should also note the work of Vaswani et al., who developed the Transformer architecture for
machine translation. This architecture, based on self-attention mechanisms, favored several previous
approaches to semantics and context, including recurrent neural networks (RNNs) and convolutional
neural networks (CNNs). However, Transformer also has its limitations, especially regarding the
processing of long texts and taking into account the global context [4].
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3. Highlighting previously unresolved parts of the general problem, to which the article is
devoted, with justification of the relevance of the solution. Research of other authors on the topic.

The main theoretical approaches to understanding semantics and context in textual data processing are
based on word embedding models and neural networks.

However, despite the success of the Word2Vec model, it struggled to cope with polysemy - cases
where one word has several meanings depending on the context. This has led to the development of
context-aware models, such as the GloVe (Global Vectors for Word Representation) model, which
additionally uses statistical information from the word correlation matrix [5].

A more recent advance has been the development of models that can better understand the contextual
information of a word. One such model is BERT (Bidirectional Encoder Representations from
Transformers), proposed by Devlin. BERT uses bidirectional transformers, which allows the model to
better understand the context of a word by analyzing the text in both directions.

These and other studies have made valuable contributions to understanding the challenges of
semantics and context in machine learning. However, those problems are still open and require further
research.

3. Statement of the task.

The purpose of the article is to analyze the problem of semantics and context when processing textual
data in machine learning. The article highlights how relevant this problem is, how it affects the quality of
machine learning systems, and what possible consequences may arise from underestimating this issue.

It is necessary to identify the main problem situations where semantics and context are crucial, and to
analyze how effectively modern machine learning techniques and algorithms can cope with these cases.

The latest theories and practices in this area need to be reviewed to determine whether they can offer
meaningful progress to the solution of this problem.

The final purpose of this paper is to formulate recommendations for further research in this area and
ways that can improve the use of machine learning for semantic and context-aware processing of textual
data.

To achieve this goal, it is necessary to solve the following tasks.

e To reveal the relevance and importance of the problem of semantics and context. To show how
deep this problem is, it is necessary to identify the key problematic points that researchers and
practitioners face when processing textual data in machine learning.

e ldentify and analyze the main problem situations. It is intended to consider typical situations
where the consideration of semantics and context is particularly important, and to analyze how
effectively modern machine learning techniques and algorithms can cope with these cases.

e Overview of modern methods and techniques of textual data processing. This requires analyzing
how existing techniques and technologies handle semantics and context to identify their potential
weaknesses and opportunities for improvement.

e Identify possible directions for further research. Based on the analysis, it is planned to identify
the key areas, in which the further research needs to be conducted, and formulate the practical
recommendations.

4. Presentation of the main material with a full justification of the obtained scientific results.

Increasingly, machine learning-based systems depend on the efficient understanding and processing
of textual data. However, there are significant challenges related to semantics and context that still require
further research and development.

Polysemy, the problem of distinguishing different meanings of the same word in different contexts, is
one of the most obvious challenges in this area. Standard natural language processing (NLP) models such
as Word2Vec or GloVe, which are based on vector representations of words, do not take this problem
into account. They create one vector for each word, regardless of the context in which it is used.
Therefore, words with multiple meanings can be problematic [6].

Another problem that arises when processing textual data is the identification and processing of
sarcasm and irony. This is difficult because sarcasm often requires a deep understanding of the context
and situation in which it is used. A study conducted on the Twitter sources revealed that most machine
learning models cannot effectively cope with this task [7].

Please note that the meaning of words may change depending on the context in which they are used.
In particular, context can be related to culture, social conditions, era or even individual characteristics of
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the person using the language. This creates problems for machine learning models trying to learn the
general rules of language, because these models may not take such variations in context into account.

That becomes particularly important when dealing with such phenomena as slang or dialects, where
the use and meaning of words may differ significantly from those adopted in the standard language. For
example, the study of Curtis and colleagues has shown that machine learning displays difficulties when
trying to understand and generate texts written in African American Variants of English (AAVE) [8].

In addition, there are problems with processing implicit content such as metaphors, allegories, and
other figurative expressions. These expressions usually require a deep understanding of the context and
cultural background to be correctly interpreted, which is beyond the capabilities of most modern machine
learning systems.

The issue of processing texts that contain descriptive, emotional or subjective information is especially
difficult. These types of information often require a deep understanding of context and personal
experience, which is difficult to model in machine learning systems.

To solve these problems, a number of problems and technologies have been developed recently,
namely.

e Using contextual vector representations of words. To solve the problem of polysemy, so-called
contextual vector word representations are used in machine learning and NLP research. One such
model is BERT (Bidirectional Encoder Representations from Transformers), which was
introduced in 2018 by Google. It uses an attention mechanism that allows the model to look at
the context from both sides of a word to determine its meaning.

e Using fine-tuning of models. Researchers have also begun to use a technique known as "fine-
tuning" to adapt general machine learning models to specific tasks or domains. This may involve
pre-training a model on a large dataset and then fine-tuning it on a smaller, more specialized
dataset. This approach shows promising results in solving the problem of language variability in
different contexts [9-10].

o Use of ensembles and multimodal models. Researchers also use ensemble techniques and
multimodal models to combine different types of information and solve complex language
processing problems. For example, a combination of text, audio and visual information can be
used to better understand the context in a dialogue [11-13].

e Using deep learning to understand implicit content. Recent research shows that deep learning can
help in understanding implicit content in texts, such as identifying sarcasm or irony. This can be
achieved using complex neural network architectures, which include recurrent neural networks
(RNNs), long-term memory networks (LSTMs), and the attention mechanism [14-16].

e Using transformative models for speech generation: Transformers such as OpenAl's GPT
(Generative Pretrained Transformer) use the attention mechanism and other state-of-the-art
techniques for high-quality text generation. These models can generate much more naturalistic
text sequences compared to older models, but they also have their own challenges in terms of
context processing and semantics [17-18].

e Semantic multi-task learning: Some researchers are working on using multi-task learning to solve
multiple language processing problems simultaneously. This means that the model tries to
perform several tasks at the same time, using a common semantic space. For example, the model
can simultaneously try to classify emotions in the text, determine sentiment and recognize named
entities [19].

e Generalized machine learning models: Some researchers are also working on generalized models
that can adapt to a wide range of language processing tasks without the need for fine-tuning.
These models use universal architectures and algorithms that can effectively handle a variety of
language tasks and domains [20].

However, it should be noted that all these methods have their own limitations and challenges. For
example, contextual models of dictionary representations often require enormous computing resources
and data to train. Nevertheless, these approaches open up new possibilities for improving the processing
of textual data in machine learning.

Research findings show that to improve understanding semantics and context, practical research can
be conducted in the following direction.

e Selection of dataset. Selecting a corpus of text that includes a wide range of contexts and semantic
interactions that machine learning models often encounter in the real world. This data set should
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include a variety of language styles, from academic texts to everyday spoken language, allowing
us to evaluate how the models perform on a variety of tasks.

e Data pre-processing. Before training the models, several important data preprocessing steps must
be performed. This includes removing noise (such as non-standard characters or URLS), using
tokenization to break text into individual words, and using stemming or lemmatization to reduce
words to their base form.

e Model training. To train the models, it is proposed to use several types of machine learning
models to understand the semantics and context in our textual data. This includes lexical
representation models such as Word2Vec and GloVe, contextual lexical representation models
such as BERT and GPT-3, and transformative models for language generation.

e Assessment of models. Evaluation of the models will include the use of a set of metrics commonly
used to evaluate the quality of machine learning in processing textual data. These can be, for
example, accuracy, completeness (recall), precision, Fl-score, or metrics considered in the
context of tasks, such as BLEU for translation tasks or ROUGE for text generation tasks.
Additionally, semantic-specific metrics such as the distance between word vectors in the
representation space can be considered.

e Statistical analysis. After evaluating the models, it is necessary to conduct a statistical analysis of
the results, using tests to compare the results of the models and determine the statistical
significance of the difference between them. Tests such as Student's t-test, ANOVA, or non-
parametric tests can be used for this, depending on the nature of our data.

e Processing of results. Finally, one can start processing and analyzing the results, interpreting them
in the context of the study. It is necessary to compare the results with existing research and
theories, and to determine what implications these results have for the field of machine learning
and textual data processing.

5. Conclusions

In this article, the problems of semantics and context in textual data when using machine learning have
been considered and analyzed. The article identified the main challenges associated with understanding
semantics and context, and how they affect various aspects of text processing. In addition, the current
techniques and approaches used in the field of machine learning to solve these problems and their
limitations have been considered.

The analytical nature of this article allows us to better understand the current problems that arise when
processing textual data in machine learning. The issues of semantics and context in processing textual
data in machine learning are becoming increasingly relevant at the intersection of disciplines such as
computer science and linguistics. This article analyzed those problems, examining them from different
angles and trying to find possible ways to solve them.

From a practical point of view, the research is important for developers of machine learning systems.
Challenges they may face have been identified, and directions for the further research that may help
address these challenges are suggested. One such direction is the development of new machine learning
methods and techniques that relies more on the semantics and context. Another direction may focus on
finding effective ways to incorporate those aspects into the existing models.
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MeToau MAIIMHHOTO HABYAHHSA /IJIsl BUPilIeHHI MP00JieM CeMaHTUKH
Ta KOHTEKCTY NMPHU 00po01i TEKCTOBUX JAHUX

AKTyaJIbHIiCTb. 3 PO3LIMPEHHAM MOXKIMBOCTEH MAIIMHHOTO HABYAHHS Ta HOTO BIULIMBOM Ha 6araTo acreKTiB Cy4acHOro XHTTS,
BKJIIOYa0uX 00poOKy IPHPOAHOI MOBH, PO3YMIHHS CEMaHTUKH Ta KOHTEKCTY B TEKCTOBHUX JIaHUX CTA€ BCE OLIBII aKTya bHHM.
CeMaHTHKa Ta KOHTEKCT BIJIrpaloTh 3Ha4YHy POJIb y 3JaTHOCTI MAallMH PO3YMITH JIIOJCEKY MOBY. BoHM € IeHTpambHUMH
eJIeMEHTaMH B Pi3HUX IpOorpaMax, TaKHX SIK MaIllMHHUN HepeKiIal, aHali3 HaCTPOIB, BUSIBJICHHS CIIaMy, PO3Ii3HaBaHHs IOJIOCY
tomo. OfHaK NUMH acleKTaMH YacTO HEXTYIOTh ab0 HEIOOLIHIOIOTH i Yac 0OpoOKHM TeKCTOBMX AaHHMX. He3Bakarounm Ha
3HAYHUH Tporpec y will ramysi, mpodjeMa CeMaHTHKH Ta KOHTEKCTY 3aJIHMIIAETHCS HEBUPIMICHOO, IO 3HIKYE ¢(hEeKTUBHICTS i
TOYHICTh 0araTb0X CHCTEM MAIIMHHOTO HaBUAHHS.

Meta: OcHOBHa MeTa ITi€] CTaTTi — JOCTIAUTH NPOOIEMy CEMAaHTHKH Ta KOHTEKCTY B MAaIIMHHOMY HaBUaHHi, a came B 00po01i
TEKCTOBUX JaHHuX. CTaTTs Ma€ Ha METi BU3HAYUTH OCHOBHI MPOOJIEMH, MOB’s3aHi 3 PO3YMIHHSAM CEMaHTHUKH Ta KOHTEKCTY, a
TaKOX Te, K BOHH BILIMBAIOTh HA Pi3Hi acriekTH 00poOKu TekeTy. KpiM Toro, Oyne mpoaHanizoBaHO MOTOYHI METOIH Ta MiAXOIH,
SIKI BUKOPUCTOBYIOTBCS B Tally31 MAaIIMHHOTO HABYaHHS JJII BUPILICHHs LUX MPOOJIEM, 1 BU3HAYEHO X OOMEKEHHSI.

Metonu gocaigxeHHs. AHami3, MOSCHEHHS, KIacupiKallis.

PesyabTaTi. Byno BcTaHOBIIGHO, 10 HE3BAXKAIOUM HA 3HAYHI JOCSTHEHHS B TEXHOJIOTISX MAIIMHHOTO HAaBYaHHS, MpobieMn
CEeMaHTHKH Ta KOHTEKCTY B 00poOIli TEKCTOBUX JAaHHUX BCE IIE iCHYIOTh. BOHM BIUIMBAIOTH Ha SIKICTh 1 TOYHICTH PillIeHB, IO
NPUIAMAIOTHCSl CHCTEMaMH Ha OCHOBI MAIlIMHHOTO HAaBYaHHS, III0 MOXKE MPH3BECTH JJ0 HEKOPEKTHOTO aHAJIi3y Ta CIIOTBOPEHHS
IaHWX. Bysio BUABIIEHO, IO HABITH CydacHI MOJIENi HA OCHOBI TPAaHC(OPMATOPIB MOXKYTh 3ITKHYTHCS 3 IPOOIEMaMH PO3YMiHHS
CEeMaHTHKH Ta KOHTEKCTY, 0COOIMBO B CKJIQJHUX 1 6araTo3HauyHUX CLEHAPISX.

BucnoBku. Ha ocHOBI poBeIeHOTO AOCIIIKEHHS 3p00JICHO BIUCHOBOK, IO Mpo0ieMa CEMaHTHKH Ta KOHTEKCTY Ipu 00poOIIi
TEKCTOBHUX JaHHUX € CYTTEBOIO Ta MOTpeOye MOJANBIIOTO BUBYEHHS. ICHYrOUi METOIM 1 TEXHOJOTII, X0U i MOKa3yI0Th BHUCOKI
pe3ysbTaTH B OJHMX 3aBJIAHHAX, MOXKYTh BUSIBUTHCS HEIOCTATHIMHU B IHIINX, OCOOJIMBO CKIIAIHUX, CUTYyamisx. [IponoHyeThCs
HPOJOBXUTH JOCITI/PKEHHS B IAaHOMY HANpsIMKy, PO3pOOHTH HOBI METOJM Ta MiIXOIH, sIKi 6 3MOIJIH e(eKTHBHO BUPIIINTH I
npo6sieMu. Tako)k BaKJIMBO BUBYUTH, SIK Pi3HI KOHTEKCTyasbHi ()aKTOPH BILIMBAIOTh HA CEMAHTUKY TEKCTOBUX JAaHUX 1 K Ii
e(eKkTH MO)KHA BpaXyBaTH MPH MPOSKTyBaHHI Ta BUKOPUCTAHHI CHCTEM MAIIMHHOTO HaBYAHHSI.

Knwwuosi cnosa: Mawunne nasuanns, o6po6Ka npupooHoi MO8, CeMAHMUKA, KOHMEKCM, MeKCMO8L OaHi, HeUPOHHI Mepedici,
mpancgopmamopu, BERT, GPT-3, ananiz oanux, ananiz Hacmpois, ceManmuyHuil anais.
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KoMmnisisiniitHo-ceMaHTHYHA Bepupikanisa yaconapamMeTpu3oBaHUX
MYJIbTHIIAPAJIeJIbHUX NPOrpam s iHGopManiiHUX yIPABJISIOYMX CHCTEM

VY crarTi HaBOAWTHCS BH3HAUCHHS 4YacONAapaMETPU30BAHMX MYyJbTUIApANCNBHAX IIporpaMm, sKi (Ha BIIMIHY BiX
3araTbHOIPHHHATOTO TPAKTyBAaHHS IapalelIbHAX IIPOTrpaM) MICTATH CrenuQikanii MOMEHTIB OYAaTKy BUKOHAHHS orepaiii /
GyHKIIH, a TaKoX MiIAMHOXKHHU Takux omepauiil / ¢yHkiii. OOrpyHTOBYEThCS HEOOXiTHICTH PO3POOKH HOBUX METOJIB
Bepudikalii yaconapameTpu30BaHUX MapajlesbHUX MporpaM. PO3KpUBAIOThCS e€Tary BUKOHAHHS 3aBJAHHSA KOMITUIALIIHOTO-
ceMaHTH4YHOI BepH(ikalii dYacomapaMeTpU30BaHUX MYJIbTUIApAJCAbHAX IpOrpaM B IHTEpecax CTBOPEHHSA CHCTEM
ABTOMATUYHOTO CHHTE3Y BHCOKOC(EKTHBHUX MapajeIbHUX IPOTpaM Uil OOUHCITIOBAIEHUX CHCTEM Pi3HUX KIIACIB.
AxTyanbHicTh. HeoOXigHICTE pilleHHS HayKOBOI 3aJadi po3poOKM HOBHX METONIB BepHdikarii yacomapameTpHU30BaHUX
MYJIBTHIApAIEIEHHUX IPOTPaM, OPIEHTOBAHUX Ha 3aCTOCYBaHHS (JOpMaTy CTPYKTYp CEMaHTHKO-YHCIIOBO]I crienudikarii poOHTs.
MerTo10 € onmc MeToxy KOMIUIALIHO-ceMaHTHYHOI Bepudikalii 4yacomapaMeTpu30BaHUX MYJbTHIAPATIEIbHUX MIPOrpaM B
iHTepecax CTBOPEHHS CHCTEM aBTOMAaTHYHOTO CHHTE3y BUCOKOS(PEKTHBHHX IapalelbHHX NPOrpaM Uil OOYHCIIOBAIEHUX
cucteM pi3HEX KiaciB. Merox aocaimkenHs. KowmminsmiliHo-cemMaHTHYHa Bepu(ikalisi YacomapaMeTpHU30BaHUX
MyJNbTHIApATENbHUX NporpaM. Pe3y1bTaTH: BHKOPHUCTAHHS PEaIbHOTO Yacy sIK OAUH 3 OCHOBHUX IapaMeTpiB ()OpPMaIbHOTO
CHHTE3Y MapalelbHUX MPOTPaM i YaCOBUX MapajelbHUX MPOIECiB, IO IM BiAMOBIAAIOTh; SBHE BiIOOPaXCHHS B KOHCTPYKIIISIX
MapaeIbHIX OporpaM CKIaay (akTHIHO BUKOPHCTOBYBAaHHMX METOMIB MapaleilbHOI OOpOOKH JaHMX; SIBHE BifOOpakeHHS B
KOHCTPYKIISIX MapaJielbHUX MporpaM OJWHHUIG BUMIPY (CEMaHTHKH) JaHHX, 10 00poOisioThcs. HaBoauThes mpuKiaj, mo
UIIOCTpYE  OCHOBHI eramd MeToxy. BucHoBkHM. Po3pobneHnii Meron  KOMIUIAIIHHO-ceMaHTHYHOI — BepHikamii
YacomapaMeTPU30BaHUX MYJIbTHIAPATCIBHUX TMporpaM 3abe3reuye 00K HACTYIMHUX TPYI YHHHHKIB, IO POOJSATH iCTOTHHUH
BIUTHB Ha e()eKTHBHICTh MPOrpaMHHX 3aCO0IB MapaaeIbHIUX 00UYNCIIOBATEHUX CHCTEM.

Knrwuosi cnosa: uaconapamempuszo8ani mMitemunapaneivti npocpamu, 8epu@ikayis napaienbHux npocpam, KOMRIIAYIUHO-
cemMaHmuuHa sepuixayis, ceManmuyHo-4uciosi cneyugixayii.

Sk muryBatu: Mopo3 O. 0. KomninsniliHo-ceMaHTHYHA BepHQiKallis dacorapaMeTpH30BaHUX
MyJbTUNIAPANIEIBHAX TpOrpaM JAjsl iHQOPMAIifHUX YOpPaBISIFOUUX CUCTeM. Bicuux  Xapkiecvkozo
HAYIOHAIbHO20 YHigepcumeny imeni B.H.Kapaszina, cepia. Mamemamuune MOOeno8anHs.
Ingpopmayiini mexnonocii. Asmomamuzosani cucmemu ynpaeninns. 2022. umyck 56. C.43-50.
https://doi.org/10.26565/2304-6201-2022-56-04

How to quote: Moroz O. Yu. “Technology of semantic-numerical verification of time-parameterized
parallel programs for information and control systems.” Bulletin of V.N. Karazin Kharkiv National
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1. Anani3 octanHix gocsirHens i myouikaniii. [loctanoBka npodsemu.

AmHaini3 JiTepaTypu IOKa3ye, M0 OJHMM 3 IEPCIEKTUBHUX HaNpPAMiB PO3BUTKY TEXHOJIOTiH
NapajelbHOr0 MPOrpamMyBaHHA € JOCHI[DKEHHS B 00NacTi aBTOMAaTWYHOrO MNPOrpaMyBaHHS
YacornapaMeTPU30BaHUX MYJIbTHIIApAIEIbHUX porpam [1-4].

YacomnapameTpu3oBaHa MyJbTHIIApajieibHa IporpaMa BU3HAYAETHCA (HA BiAMiIHY BiA OpuitHATOrO
HHUHI TPaKTyBaHHS CTaTUYHUX HapalieIbHUX Mporpam) sIK KOHCTPYKLIA, siIKa MICTUTh B SIBHOMY BUJI
cnenugikaliii HACTYITHUX KaTeropii iHdopmarrii:

— MHOXHHY 00'€KTIB - IaHUX, HaJ SKMMHU IOBHHHI BUKOHYBATHCS [ii (110 33/1al0ThCS CKJIAZIOM
orepaniii/pyHKIIiH anropuTMiYHOT MOBH BUCOKOTO PiBHSI);

— MHOXMHY Ail (onepauiit/gyHKuiit), siki MatroTh OyTH BHKOHaHi HajJ JAaHUMH JAJIs BUPILICHHS
3aBJIaHHS;

— MHOXHHY CTaTHYHHX 3B'A3KIB, 1110 33Jal0Th CTOCYHKH BITOPSIKOBAHOCTI ornepamii/QyHKIiii 3a
JAHMMH 1 0 yTIPaBIiHHIO;
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— BIOPSAKOBaHICTh ONepamii/QyHKIIH B IUHAMII MapajieibHOI0 00YHCITFOBAIIBLHOTO MPOLECY,
M0 33J]a€THCSI MHOXKMHOIO MOMEHTIB Yacy MOYaTKy BUKOHAHHS OTepalliil/pyHKIii;

— PpO3IiNeHHs] MHOXKHWHU Onepalii/QyHKii Ha 4acoBi ¢pparMeHTH (MHOKHHHI 4acOBi onepaTopH,
MBO), mo BKIIOYAIOTh CYKYMHICTh ONEpaliil/pyHKIi{, BAKOHAHHS SIKUX MOYMHAETHCS OJHOYACHO B
KOHKPETHHI MOMEHT JAUCKPETHOTO 4acy;

— po3milieHHS MHOXHWHH NaHUX (PparMeHTH JaHWX, [TOCTaBIEeHI B OJHO3HAYHY BiAIMOBIAHICTH
MHOKHHHUM YaCOBHM OII€PaTOpaM i BUKOPHUCTOBYBaHI Y BiAIOBITHI MOMEHTH TUCKPETHOTO 4acy;

— HasABHICTH iH(OpMAIIli TPO PO3OUTTS MHOKMHHM KOMAaH[ Pi3HUX (pparMeHTIB Ha ITiIMHOXUHHU
(HMTKM), 110 BUKOHYIOTHCSI BIIIOBIAHUMH MOJYJISIMH/TIPOLIECOPAMH;

— HasgBHICTb iHPOPMALIl PO OAMHUII BUMIpY Pi3UUHUX BETHMUUH JaHUX.

Hoswuzna knacy yaconapaMeTpru30BaHIX MYJIbTUIIAPAIEIBHUX IPOTpaM POOUTH HEOOX1THUM PillIeHHS
HAyKOBOI 3a7a4di po3poOKM HOBUX METOHIB Bepu(ikamii, Opi€HTOBaHMX Ha 3aCTOCYBaHHA (hopMaTy
CTPYKTYp CEeMaHTHKO-drcioBoi crenudikamii [4]. B sxocti omHoro 3 eramiB Bepudikaii
YacomapaMeTpU30BaHUX  MYJNbTUIApalelbHUX  NpPOrpaM  TMPOMOHYETbCS ~ BUKOPUCTOBYBATH
KOMIUIALIHHO-CeMaHTHYHY Bepudikamiro. OCHOBOIO KOMMUISIIHO-ceMaHTHUHOiI  Bepudikamii €
BUKOPHUCTAHHS OJMHUIF BUMIPY (CEMaHTHKH) TOYATKOBHUX JAHWX | BUXIJHUX Pe3yIbTaTiB 3a7ad, IO
3a7af0ThCSl KOPUCTyBayeM, aBTOMAaTHYHE BHU3HAYCHHs B MpOLECi pillleHHS 3aJad OJUHHIL BUMIpY
NPOMDKHHUX 1 BUXIJHHUX pe3yJbTaTiB i iX MOPIBHSAHHSA 3 OAMHUISIMUA BUMIPY BHXIIHUX pe3yJbTaTiB,
3aaHUMHU KOPHUCTYBAYEM.

MeTtor cTaTTi € omMc METOAYy KOMIUIALINHO-CEMaHTHYHOI Bepuikallii yacomapaMmeTpr30BaHUX
MyJbTUNIAPANICIBHAX MPOTpaM B IHTEpecax CTBOPEHHs CHUCTEM  aBTOMAaTHYHOTO  CHHTE3Y
BHCOKOE(DEKTHBHHX TapalIeIbHUX MPOTPaM IS OOUMCITIOBATIFHIX CUCTEM Pi3HUX KJIAciB.

2. locaigkeHHsI Ta pe3yJbTaTH
[TouaTkoBi JaHI KOMMUIAIIHHO-CEMAaHTUYHOT BepU(iKaIlii:
— moyvarkoBa ctatnyHa Ci-iporpamMa 3ajadi;
— Ci-TekcT 4acoBOi MyJbTHIAPANENHHOI MPOrpaMy, 10 BiAmoBigae movyatkoBid Ci-porpami i
3aJI0BOJIFHSIE BUMOTaM/O0OMEXEHHIM KOPHCTYBada;
— cemanrtuyHa 6a3a nanux b/l «SEM» onnaunb BuMipy (i3MYHUX BEIHYHH;
— ceMaHTHKa (OJUHHUII BHMIpY) IMOYATKOBHX AaHWX 1 BuxigHux Ci-porpaMu, M0 3aJar0ThCs
KopucTyBaueMm, — cTpykrypa US SEM.
— Bumaraerscs:
— TMepeBIpUTH CEMAaHTUYHY KOPEKTHICTh Mo4yaTtkoBoi Ci-mporpamu 3ajaui;
— TMEepeBIPUTH CEMAHTUYHY KOPEKTHICThYACOMapaMeTPHU30BaHOl MYy IbTUNIAPANIEITBHOT TPOTPAMHU.
— TMepeBIPHUTH JOTIYHY €KBiBaJICHTHICTh YAaCOBOI MYJIbTHIIAPAJIETBHOT porpamMu i mouaTkoBoi Ci-
MporpaMu 3a/1adi.
BuxigHumu 1aHUMM €:
1.  CemanTHKO-uuciiOBa crienudikalis HOYaTKOBOrO KOAY IIPOrpamMu (CIMCOK OAWHHUID BUMIpY
MOYaTKOBUX JIaHUX 3aBJaHHsa/]a4i, 3HAYCHb PO3MIPHOCTI PE3YJIbTaTIB MPOMIKHUX OOYUCIICHD 1 3HAUCHD
PO3MIPHOCTI pe3yJbTaTiB BUKOHaHH: Ci-iporpamn).

2.  PesynpraTH HepeBipKM 1IEHTUYHOCTI 3HAYEHb PO3MIPHOCTI pe3ynbTariB BUKOHaHHS Ci-
MPOTPaMH 1 MPU3HAYEHOT JJIsl KOPUCTYBada CEMaHTHYHOI crienudikarii 3agayqi.
3. Pesynpratn nepeBipKu CEMaHTUYHOI KOPEKTHOCTI 4acoBOi MoJeni i

TEKCTy4aconapaMeTpU30BaHOT MY IbTUIIAPAIEITBHOI IIPOTPAMHU.

OCHOBHI eTanmu MeTolly KOMMUIAIIHO-ceMaHTH4HOI BepUdikalii yaconapameTpu30BaHHX
MyJIbTUTIAPAIETBHUX TIPOTpaM IoKa3aHi Ha puc. 1.

Po3rnsHeMo 3MicT OCHOBHHX €TaliB METOAY KOMITUISLIHHO-cCeMaHTH4HOI Bepugikarii.

Etan 1 (cumBon 2 puc. 1) 3abesneuye cunre3 s Ci-nporpamu (puc.2) ctpykryp BF i CF
CEMaHTHKO-9MCIIOBOH crienmikarii (tTadbmuist. 3 npeacrasisie BF).

Ha erami 2 (cumBon 3 puc. 1) 3abe3neuyerscs rpadivna Bisyasnizarnis noyatkosoi Ci-iporpamu y
Burisiai Ci-rpada (puc. 3), Buxogsuu i3 ctpykryp CUC BF, chopmoBaHux nmpu BUKOHaHHI MEPILIOTO
erany. [Tooymoea Ci-rpada 31iHCHIOETBCS 3a TOTIOMOTOK0 3ac00iB Bi3yai3allii mapajae/ibHUX armapaTHoO-
nporpamMHuX 00'€KTiB, onrcanux B [1].
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-1
[TouatkoBi gaHi:

[ouarkosa Ci-nporpama 3aaui.

Opmuanni Bumipy (RAZM) mouaTKOBUX/BUXITHUX TaHUX 3aadi-

ctpykrypa US  SEM.

baza garnx SEM onuanne Bumipy (RAZM) ¢i3ndHnX BenTHInH
r 2 "

Cuntes crpykryp BF, CF CUYC mouaTtkoBoi
Ci-nporpamu
r3 - "
Cuntes Ci-rpadyy mogaTKoBoi
Ci-nporpamu 3amadgi
4
Beenenns B crpykrypu CUC BF, CF
OJTMHHMII> BUMIPIOBaHHS (DI3UUHUX BEJIUYHH 3
orpumanHsaM ctpykryp BF_SEM, CF_SEM
r 9 — —
Komminsiiitno-ceManTn4Ha Bepudikariis
ctpyktryp CUC BF, CF, Ci-rpa¢y, BF_SEM, CF_SEM
-6
Cuntes crpykryp PBF, PCF CUC
4aconapamMeTpU30BaHOl MYJIbTHIIAPATIETbHOT
Ci-nporpamu

r7

Beenenns B crpykrypu CUC PBF, PCF
OJIMHUIIb BUMIPIOBaHHS (PI3MYHUX BEJIUUUH 3
orpumanHsM ctpyktyp PBF_SEM, PCF_SEM

NOMIUIALIiHO-ceMaHTHYHa Bepudikamis crpykryp CUC PBF,
PCF, PBF_SEM, PCF_SEM

-9
[MepoBipka ceMaHTHYHOIKOPEKTHOCTI
ctpykryp CUC BF_SEM, CF_SEM, PBF_SEM,
PCF_SEM
10

Buxinni nani:
® CEeMaHTHUYHA KOPEKTHICTh MOYaTKOBOI
Ci-tiporpamu;
®  CeMaHTH4YHAa KOPEKTHICTh YacOBOT
napajesbHOl Iporpamy,
e  JIOTiYHa €KBIBAIECHTHICTB NPOrpam

Puc. 1. Ocnosni emanu memooy KOMRIIAYIIHO-CeMAMUyHOI epuikayii uaconapamempuso8anux
MYTbMUNAPANENIbHUX NPOSPAM
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Tpertiit eran (cumBon 4 puc. 1) 3abe3nedye CHATE3 OMWHUIL BUMIPY IaHUX, IO (GOPMYIOTHCS
"BHyTpimHiMK" 1 "BuximHumu" omeparopamu Pj ctpyktyp CUC i Ci-rpada, Buxoasuu i3 3amaHuX
KOPUCTYBaueM OJWHHIb BUMipy MOYAaTKOBHX 1 BUXiAHUX AaHux Ci-mporpamu 3ajadi, TUIIB ONepauil,
[0 BUKOHYIOTBCS oreparopaMu Pj, ci-porpamu, i 3aralbHONPHUHAHATOI 0a3y MaHWX OJAWHHUIE BUMIPY
(GI3UIHIX BEITUIHH.

Etam yerBeptuii (cumMBOA 5 puc. 1) BUKOHY€E NUISIXOM KOMIUIALIHHOI BepHu(ikalii nepeBipKy
cunTtedy ctpykryp CUC Ci-nporpamu i Binnmosigaoro Ci-rpada. MeToauka KOMOUTAIIAHOT Bepudikartii
posrisHyTa B [1, 4]. A Takox 3a0e3rnedye mepeBipKy ceMaHTHYHOI KOpeKTHOCTi cTpyktyp CUC BF
SEM, CF _ SEM noyarkoBoi Ci-porpamu OUISIXOM MOPIBHSIHHS pO3paXx0OBaHUX OJUHHLB BUMipIOBaHHS
JaHMX, 10 BiATOBIAAIOTH BUXITHUM OllepaTopaM cuHTe30BaHOi cTpykTypu BF — SEM mnouartkoBoi Ci-
IPOrpamMu, 3 ONMHHULISMHU BUMIPIOBaHHS BUXIAHUX JAHUX, IO 33JaI0ThCSI BUKOPUCTAUEM.

Cunte3 crpykryp PBF, PCF CUC uyacomapameTpu30BaHOI MyJIbTUIIAPAJTIENBHOI MpOrpaMu
BUKOHYETHCS Ha eTami 6 (cumBoin 6 puc. 1) ananoriuno etamy 1 (cumBoxn 2 puc. 1).

Ha erami 7 (cumBoin 7 puc. 1) 3ailicaroetses BBeaenns B crpykrypu CUC PBF, PCF oguanmm
BUMIpY (Gi3MYHUX BenuyuH 3 oTpuMaHHsaM ctpyktyp PBF  SEM, PCF _ SEM.

Etan 8 (cumBon 8 puc. 1). Bepudikauis komminsuii crpyktyp CUC PBF, PCF 3 onnouacHoro
MEPEeBIPKOI0 CEMAaHTUYHOI KOpeKTHOCcTi po3mmpernx ctpykryp CUC PBF ~ SEM, PCF _ SEM
yacomnapaMmeTpU30BaHOI MyJIbTUIAPANIEIIBHOI MPOrpaMH LUIIXOM IOPIBHSHHS PO3PaxOBaHUX OAMHUIID
BUMIPY JlaHUX, IO BIJMOBIJAIOTh BUXIJIHMM oOIlepaTtopaM cuHTe30BaHol crpyktypu PBF  SEM, 3
OJTMHHIISIMU BUMIpY BUXiIHUX JaHUX, 32laHUMU KOPHCTYBadyeM.

[IpoimtocTpyeMo 3MICT OCHOBHUX €TaliB METOAY CEMaHTHYHOI JIIsl KOMIUISMII Bepudikarii 3a
noromororo Ci-mporpamu, npeacraBieHoi Ha puc. 2. Jlo ckiany MOYaTKOBHX AaHUX BXOISATH TaKOXK
¢parmMeHT 0a3u IMX OAMHUIL BUMIipY (Qi3MuHHX BenuuuH (TaOu. 1) i mepemik AaHWX, IO 33Jar0ThCs
KopHcTyBaueM (Tabi. 2).

#include <stdio.h>

void main (void)

{

int a,b,c,r, k,1,m,p, s,t;
scanf ("$d %d

%d\n", &a, &b, &c) ;

k =a * b;

1 =Db % a;

if(k < a-c)
{m= (k % 2) * 2;
r=1%*2;

p =%k + 1;

}

else
{p=2*1;

r 1 - k;
m=p + 1;

}

s =p - r;

t = (m * 2) / a;

printf ("%4d
%$4d\n", s, t);
)

Puc. 2. [louamkoea Ci-npocpama

Bazosa cTpykTypa BF (Tabi. 3) onucye HomepH 1 ckia onepatopis Pj3amaui (macus N), iX Trnu
(macuB TYP), uncio Bxigaux (MacuB SJD) i Buxigaux (MaccuBWJD) 3B's3kiB K0kHOTO omepaTtopa P,
inenTudikaropu oneparopis (MacuB RES), mokaxxunky Ha HOYAaTOK JAHLIOXKKIB CIPSHKEHUX 1 30BHIIIHIX
omneparopiB (MacuBu NSJ, NWJ) nist koskHoro oneparopa Ci-iporpamu. Cuntes crpykryp BF i CF CUC
3MICHIOETECS BIAIOBIIHO 10 METOIUKH, BUKIaAeHOI B [1].
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Tabnuys 1. @®paemenm cemanmuunoi 6asu danux «SEMy

KOD_RAZM RAZM KOD_RAZM SEM

2 M 14 pan/c

3 KT 15 M/(c*c)

4 c 16 pan/(c*c)

5 A 17 1/m

6 K 18 Kr/(M*M*M)

7 MOJTb 19 M*M*M/KT

8 KJT 20 A/(M*M)

9 pan 21 A/M

10 cp 22 MOJIB/(M*M*M)

11 M*M 23 1/c

12 M*M*M 24 M*m/c

13 M/C 25 K1/ (M*M)
Tabnuys 2. Cmpykmypa US SEM o0unuyb 6umiproganHs, wjo 3a0armvbCsi KOpUCYsaiem

N_OP REZ VHOD_ VIH KOD_SEM

3 a 0 2

4 b 0 2

5 c 0 2

11 S 1 2

12 t 1 11
Tabnuya 3. Basosa cmpykmypa BF onepamopie nouamxosoi Ci-npoepamu
dHEEEEHEEHEHEEE IR EEEEEEEEEEE:
0 [0|58|-1{0|0|0|1]|0|0|0|1|ain|26]|0|12(24|2|1(48|2|0|0|2]|2| =
1 |0|58|-1]0|0|1]|12|0|0]|0|1|binj27/0|3]|26(3|1|50(1]0]|0|3]|1
2 |0(58|-1{0|0|2|1|0|0|0]|1|cin|28|0|12|29|2|1|51|2|0|0|2]|2]| =
3 | 0(47|-1{0]0]|3]1|0|0|0|2| a |29/0]1|31{3|1|53|1|0|0|3|1| +
4 | 0(47|-1]0|0|4]1(0|0|0|2]| b |30|0|12|34|2|1|54|2|0]|0]|2|2]| =
5 |0([47]-1]0|0|5|1|/0(0|0|2| ¢ [31/0|50(36|3|1|56|1|3]|]0[3|1]bp
6 | 0|47|-1{0]|0|6]|2|0|0|0|2| r |32/2]|3|39/3|2|57{1|0]|0|3 |1 *
7 |0|47]-1{0|0|8|1|0|0|0]|2| k |33/0|12|42|2|2|58|2|0|0|2|1] =
8 [0]47|-1/0]0]9|1]0]0|0]2 I |34(0|2|44(3|2|60/1|0|0|3|1]| -
9 | 0(47|-1{0]0]10/2|0|0|0|2| m |35/0|12|47|2|2|61|2|0|0|2|2| =
100 (47|-1]0|0(12{2|0|0|0]|2]| P |36]|0|1(49|/2|2|63|1]|0|0|2]|1] +
11|10 |47(-110|0(14|1|0|0]|0|2| s |37/0]12|51({2|2|64|2|0]|0|2]|2]| =
12|10 |47(-1/0|0|15/12|0|0|0|2| t |38/0|50|53[2|2|66(1|3|0|2|1]| bp
13/101(12{0]|2|0(16|/4|0|0|2|1| = |39|3|54|55|2|3|67|1|0|0|2|1]lo
14101(12/2|2|0(2012|0|0|2|1] = |40|0|53|57{2|3|68/1|0]|0|2]|1]ao0
15/01(12{4]2|01(22{1|0|0|2]|1]| = |41|0|53(59|2|3(69(1|0|0|2]|1]ao
16/ 0(3]6(2|01(23]1|0|0|2]|1]| * |42|0|53(61|2|3|70/1]|]0|0|2]|1]ao
171011282 |0|24|/4|0|0]|2|1| = |43/0]2|63|3|3|71/1]0|0|3|1]| -
18/ 0(5(10{2|01(28{1|{0|0|2]|1]| % |44|0 |12|66|2 |3 |72|2|0|0|2]|2]| =
19101121212 |01(29|{5|0|0|2]|1]| = |45/0|3(|68|2|3|74/1]|0|0|2]|1]| *
20102 |14]{2|0|34|1|0|0|2]|1| — |46|0|4|70,2|3|75|1|0|0|2|1] [/
21 | 0|25(16(2 |0 (35(1|0|0|2|1| < |47]0|12|72{2|3|76|2|0|0|2]|2]| =
22 1015118/ 1|10(36|5|212|2|1]|2|upl [48]0|50|74]2|3|78/11(980/0(|2]|1]| bp
23 |0 |57|-1/0|1|41|5|]0|0|0|1|C2 |49/980{49|76|1|4|-1{0|0|0|1]|0|stop
24 11(15(19{3|1]46|/1|0|0|3|1| % |50|0|48|77({1|4|-1{0|0]|0|1|0]|sout
2510(3(22|{2|1)|47)11 10|02 |1 | * |51,0|48|78/1|4|-1{]0|0|0| 1|0 |tout
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Puc. 3. Ci-epagh nouamxoeoi Ci-npozpamu, wo po32anyicycmobcs

@ailn eneMeHTiE: C\My_progiCiResulflCHSVWVEXWIXT. TXT
ain 38'A3KE eNeMeHTIE: CAMy_prog\C\Resul\CNSVIWWVIXVIX2. TXT

TECT KOPEKTHOCTI QARNIE:

MaEKCHMANEHA KNBKICTE enemenTie: 0-35

MAKCHMANEHA KiNBKICTE 38'AKE 0-38

TECT BIZNOBIOHOCTI YMCNA, CNOPYHEHWX | S0BHILWHIX 3B'A3KIE: OF
TECT YMCNA 3B'A3KIE NO CNOPYAEHWMX ENEMEHTAX. O

TECT YMCNA 3B°A3KIE NO 30BHIWHIM ENEMEHTAM: OK

TECT BIANOBIQHOCTI BMCHOBKIE MO CNOPYHEHWK ENEMEHTAX: OK
TECT BIANOBIAHOCTI BMCHOBKIE MO 30BHIWHIM ENEMEHTAM: OK

TECT EIONOEBIOQHOCTI YWCTA BXOOIE ENEMEHTY | KINLKOCTI MO0 CIIOMYAEHMX: OK

Puc. 4. Pesynbmamu xomninayiunoi eepugpikayii cmpykmyp cemanmuro-yuciogoi cneyugixayii Ci-npoepamu ma
Ci-epagy (View of test results)

Pesynbrartu cuHTE3y ceMaHTHKO-uucoBoi crienndikarii BF_SEM Ci-nporpamu nokasasi B a0 4.
Pesynbrartu cuHTE3y ceManTHKO-uMcnoBoi cnenudikaiiii BF_SEM Ci-nporpamu nokasasi B Tadmuiti. 4.
VY tabnuui npudHATI HACTYNHI Mo3Ha4deHHs: MacuB RAZM — oauHULI BHMipy NMOYAaTKOBHX JaHMX 1
JaHUX — Pe3yJIbTaTiB BUKOHAHHS ONEpaliil : «M» - METp, «Hi» - BiCYTHICTh BUYMCIIEHOT'O 3HAYEHHS
BUXIJTHOT 3MiHHOI, «0/p03» - 0e3po3MipHa BEIMYHHA, «M¥*M», «M*M*M)» - CHHTE30BaHI OJJMHHUII BUMIPY
JOBUIbHUX BEJTHYHH.
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Tabnuya 4. Cmpyxmypa BF SEM — pe3ynomam cunmesy o0uHuysb sumipy onepamopis nowamrosoi Ci-npozpamu

-\t|2|gla|2(8| 8| § |-|%/2|5/a|2/8 8 3

0 [58|-1|]0|0|0|1]aln M 26|12 (2412 |1 |48 2 = M*m
1 (58| -1{0{0]| 21 |1]|hbin M 27| 3 1263 ]1 |51 * 6/po3.
258|100 |2]|1]c.n M 2812129 2 |1 |51 2 = 6/pos3.
3 (47100} 3|1 a M 291|313 |1|53]|1 + M
4 |47 |10 |0} 4|1 b M 30|12 13412 |1 |52 = mHu
5147|110 |0 |5 |1 c M 31|50 (3|3 |1 |51 bp 6/po3.
6 |47 -1/ 0| 0|6 |2 r 6/pos3. 32131332571 * 6/pos3.
747|100} 8|1 k M*m 331242 2 |2 |58] 2 = 6/pos3.
8 [47| 1|0 |0 |9 |1 1 6/po3. 34| 2 4413 ]2 |60]|1 - mHu
9 47| 1|0 |0 |10] 2 m mEu 35|12 (4712 |2 |61]| 2 = mHu
10|47 -1 0| 0|12 2 P M*m 361|492 |2|63]|1 + 6/pos3.
1147|110 | 0 (14| 1 S M 7112|512 |2 |64]| 2 = 6/po3.
12|47 |-1{0|0|15|1 t mEu 38|50 (532 |2 /|66]|1 bp 6/po3.
13|12 0|2 |0 |16 4 = M 39|54 5512 |3 |67]|1 l.o 6/pos.
1411212 |2 0|20 2 = M 40 [ 53 | 57| 2 | 3|68 1 a.0 BYAY
1511214 |2 0|22 1 = M 41 153|592 |3]|69]|1 a.0 6/po3.
6|3 |62 |0]23|1 * mEu 42 |53(61|2|3|70|1 a.o mHu
17|12 | 8 |2 | 0 |24 ]| 4 = mEu 43| 2 |63 3|3 |71|1 - mHu
18| 5|10 2 0|28 1 % 6/pos3. 44 112 |66 | 2 | 3 |72 2 = M
1911211212 | 0|29 5 = 6/pos3. 451 3 |68 2 |3 |74]1 * M
2002 (14|12 |0 |34 |1 - M 46 7012|371 / M

21| 25|16 2 | 0|31 < 6/po3. 47 |12 (72| 2 | 3 | 76| 2 = M

22 (511181 |0 |36]| 5| upl 6/pos3. 48 |50 | 74| 2 | 3|78 1 bp 6/pos3.
2357|110 |1 415 | C2_ 6/po3. 49 149|176 | 1 |4 |-1| 0 | stop 6/po3.
24151193 |1|46| 1 % mEu 5048|771 |4 | -1| 0 | s_out M*m
25|13 (222|147 |1 * M*m 51148 |78 1|4 |-1| 0| tout M

BucHoBkm.

Huni y OaraThoxX Tamy3six HayKHd 1 TEXHIKM 3HAXOSTh 3aCTOCYBaHHS 4YacollapaMeTpHu30BaHi
MyJbTUIApAJIETbHI POrpaMu. Y 3B'3Ky 3 LIMM Ha IEpLIe MICLEe BUXOIATH MUTAaHHS BepHdikamii i
TECTYBaHHS IPOrpaM TAaKOTro Kiacy.

Po3pobnenunit  Meron — KOMIUISIIMHO-cEeMaHTHMYHOI  Bepu(ikamii  yacomapaMeTpu30BaHUX
MYJIbTHUIIApATICIBHUX MporpaM 3ades3rneuye OO0JIK HACTYIMHHX TPyl YMHHHKIB, 110 POOJATH ICTOTHHIA
BIUIMB Ha €(EKTHBHICTh IPOIPAMHUX 3aCO0IB MapajeIbHUX OOUHCIIOBATBHUX CUCTEM:!

— BHKODHUCTAaHHSl pEalbHOrO 4acy sIK OJMH 3 OCHOBHHX IMapaMeTpiB (OpMajbHOTO CHHTE3Y
napajelibHUX MPOorpaM i 4aCoBHX MapayebHUX MPOIIECiB, 10 IM BiIIIOBIAAI0Th;

— sBHE BiJIOOpaXEHHS B KOHCTPYKINSX MapalelNbHUX TporpaM CKjiaay (pakTU4HO
BUKOPUCTOBYBAaHHX METO/IIB TapalieNIbHOI 00pOOKH JIaHKX;

— sBHE BiIOOpaXeHHS! B KOHCTPYKILISIX MapajelbHUX MPOrpaM OAMHUIL BUMIPY (CEMaHTHKN)
JTAHUX, 110 0OPOOIISIFOTHCS,

— MIATPUMKA B SIBHOMY BHUJI CTPYKTYPaMH YacOBHX MapajielbHUX HPOrpaMHHUX 1 amapaTHUX
MPOJIYKTIB BUMOT apXiTEeKTYypHOI i/a00 MpoOIeMHOT OpieHTaIliT;

— MIATPUMKA B SIBHOMY BWJII CTPYKTYpaMU THapalieIbHUX MPOTPaMHUX 1 almapaTHUX MPOAYKTIB
BUMOT 1 OOMEXeHb KOPUCTYBaUiB (HaIpuKia, 3abe3rneveHHs] HeoOXiTHOTO Yacy BUKOHAHHS IPOTPaMH,
3aJaH01 TAKTOBOI YaCTOTH OOPOOKHU AaHUX IU(POBUM MIPUCTPOEM Ta iH.).
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Compilation-semantic verification of time-parameterized multi-parallel
programs for information management systems

Abstract: The article provides a definition of time-parameterized multi-parallel programs, which (in contrast to the generally
accepted interpretation of parallel programs) contain specifications for the start of operations/functions, as well as the subsets of
such operations/functions. The need to develop new methods for verifying time-parameterized parallel programs is substantiated.
The stages of performing the task of compilation-semantic verification of time-parameterized multi-parallel programs in the
interests of creating systems of automatic synthesis of highly efficient parallel programs for computer systems of various classes
are presented. Topicality. The need to solve the scientific problem of developing new methods for verifying time-parameterized
multi-parallel programs, focused on the application of the format of semantic-numerical specification structures, is necessary.
The goal is to describe the method of compilation-semantic verification of time-parameterized multi-parallel programs in the
interests of creating systems of automatic synthesis of highly efficient parallel programs for computer systems of various classes.
Research method. Compilation-semantic verification of time-parameterized multiparallel programs. Results. The real time is
used as one of the main parameters of the formal synthesis of parallel programs and time-parallel processes corresponding to
them. The actually used methods of parallel data processing are clearly presented in the constructions of parallel programs. The
units of measurement (semantics) of the processed data are clearly presented in the constructions of parallel programs. An
example illustrating the main stages of the method is given. Conclusions. The developed method of compilation-semantic
verification of time-parameterized multi-parallel programs takes into account the groups of factors that have a significant impact
on the effectiveness of software tools of parallel computing systems.

Keywords: time-parameterized multi-parallel programs, verification of parallel programs, compilation-semantic verification,
semantic-numerical specifications.

Hagiiwna y nepuwin pegakyii 07.10.2022, B octanHiit - 01.12.2022.
The first version has been received on 07.10.2022, the final version - on 01.12.2022.


http://eir.nuos.edu.ua/handle/123456789/3802
https://doi.org/10.26565/2304-6201-2020-46-07
http://eir.nuos.edu.ua/handle/123456789/3802
https://doi.org/10.26565/2304-6201-2020-46-07

ISSN 2304 -6201 BicHuk XapkiBcbkoro HawioHanbHOro yHiBepcuTteTy imeHi B. H. KapasiHa
cepia «MaTematiyHe mogenioBaHHs. IHopmaLliiiHi TexHonorii. ABTOMaTU30BaHi cUCTEMM ynpaBniHHaY, Bunyck 56,2022 51

DOI: https://doi.org/10.26565/2304-6201-2022-56-05

UDC 519.6

Pryimak Oleksii Candidate of Engineering Sciences

e-mail: pryimak@mail.com https://orcid.org/0000-0003-2633- 7456
Yanovsky Volodymyr  Doctor of Physical and Mathematical Sciences, Professor

V. N. Karazin Kharkiv National University,

4 Svobody Sq., Kharkiv, 61022, Ukraine;

Institute for Single Crystals, NAS Ukraine,

60 Nauky Ave., Kharkiv, 61001, Ukraine

e-mail: yanovsky@isc.kharkov.ua https://orcid.org/0000-0003-0461-749X

Head-on collision of flocks

Relevance. The study of the collective behavior of flocks of intelligent agents by using the mathematical and numerical
methods is related to the multi-agent systems and artificial intelligence, which are actively researched nowadays.

Goal. To reveal the patterns of flocks dispersion during their collision and to obtain the analytical ratios of flocks kinematics.
Research methods. The work is based on the methods of mathematical and numerical modeling of multi-agent systems.

The results. The main parameter that determines the flocks behavior during their interaction is the acceleration. When the
impact parameter is increased, the changes in the characteristics of the flocks become less noticeable. The obtained dependence
of the acceleration on the value of the aiming parameter resembles the dependence that is typical for phase transitions.
Conclusions. The main regularities of flocks dispersion are determined, as well as the analytical ratios of flocks kinematics,
which are in good conformity with the simulation data.

Keywords: collective behavior, multi-agent system, flock, intelligent agent, force vector, kinematics, acceleration, impact
parameter.
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1 Introduction

Currently the collective behavior of self-driven or motile elements is of great interest (see [1] for
example). Such systems include flight of flocks of birds [2-4], movement of schools of fish [5-7], insect
migrations [8, 9] and herds of animals [10]. The patterns of their collective motion and the nature of the
appearance of coordinated motions are intensively studied [11]. However, that interest is not limited to
natural objects. Similar problems arise with the emergence of artificial multi-agent systems capable of
manifesting themselves in collective behavior [12-14]. Even the influence of artificial objects — robots
on the behavior of natural systems is also considered [15, 16]. At the same time, on the one hand, such
systems can be considered as simple models of natural objects, on the other hand, as the emergence of
swarm intelligence in artificial intelligent systems. A new direction in physics has even appeared —
active matter [17, 18].

In nature, the behavior of systems consisting of many interacting moving individuals is extremely
diverse. Despite the widespread occurrence of such phenomena, there have been no systematic studies
of self-propelled interacting objects till recent times. One of the first works [19] is devoted to modeling
the movement of schools of fish using the rules: (a) approach movement to allow aggregation, (b)
parallel orientation movement and (c) cohesion. The speed and direction of individuals were considered
stochastic, and the direction of movement of individuals was determined by the position and direction
of movement of their neighbors. It has been noted that a collective movement can arise even in the
absence of a leader. Much more famous was the later work of Reynolds [20] in which he simulated the
movement of bird-like objects — boyds. A more detailed discussion of the various patterns of movement
of interacting individuals can be found in the review [1].

In this work, the behavior of flocks during their head-on collision is considered. Two flocks have
been simulated by using the flocking algorithm and their behavior after the collision has been studied.

© Pryimak O.V., Yanovsky V.V., 2022
This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0.
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Actually, this type of collision in physics is the beginning of studying the scattering of bodies in a
collision. The features of flocks collisions and the differences between them and the regularities of
scattering of physical particles are discussed. The main patterns of collisions of such flocks have been
determined.

2 Model
The collective behavior of flocks of agents has been modeled by using the flocking algorithm
proposed by Reynolds [20]. In its basic form, flocking describes the collective movement of agents
according to three simple rules: separation, alignment, cohesion. The process of moving is iterative. At
each iteration, the change in the velocity of each agent is calculated as the sum of the changes in speed
in accordance with the three rules of the flock. The change in the position of the i-th agent is
determined by a simple iterative equation
X (t+1) =X (1) +V (t+1)-At. (2.1)
The change in the velocity of the i-th agent depends on the neighboring agents marked with the
index j, which falls into the sphere of radius R centered on the i-th particle in accordance with the
equation
Vi(t+1) =V, (t) + AV, 1), (2.2)
where V, (t) is the velocity vector of the i-th agent at discrete time t. For flocking, the change in speed

is determined by three factors, as noted above
Av(t)l = 5 : A\_iseparanion i (t) + 3 AVallgnment i (t) + AVcohesmn i (t)

Numeric multipliers determine the weights or significance of the respective contributions to the
velocity change and may vary. To describe the model, we define these terms [21]. So let us start with
the separation

A\_isepi (t) = (VO _Vi (t))‘

where v, is the magnitude of velocity vector of the agents and v, (t) =|V,(t)| is the magnitude of
velocity vector of the i-th agent. The factor (v0 -V, (t)) is present in all contributions and it is needed
to return the velocity value to the value of v, . We will also use the notation

(30 ), =3 S es

Here (...); denotes averaging (or summation) of the velocities within a circle of radius R
surrounding agent i. For each rule, the radii of the neighborhood can be chosen separately. Now we
define the value of AV (t) as

separation,i

AV (t) AV, (1) ] 1if |AvSep (t)| <0.03
ion,i = O, o= .
Mg, ) 0.03 if |AV,,, (t)| > 0.03

The o factor is called steering force. It is introduced to smooth non-physical sharp turns. The value
o =0.03 is chosen for modeling and may change.
Let us move on to alignment and define

AV (0 = (v =V, (1))

Here we again use the natural notation

sep

(9(0), = 23,0,

where (...); - means averaging over the velocities of the agents inside the sphere of radius R

Vg

[<Vi)e |

surrounding the i-th agent. It is obvious that is a unit vector in the direction of the mean
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motion of neighboring agents. This provides alignment. Let us define AV, .. as
AV, (t 1 if |AV,, (1) <0.03
AVg’:\lignment,i (t) = aal#l() 2 o= | Lg' | )
NG 0.03 if |AV,q (1) >0.03
Let us proceed to the description of the last contribution of the person responsible for <<cohesion>>
and define
(4%, (1))
AV (t) = (VO —Vi (t))ﬁ—'
(a%, (1))
where

(%), = ) 3 (0% ()

deviation of the position of the i-th agent from the average position of the neighbors in the sphere of
radius R. Finally

AV, L if |AV,,,, ()] <003
A\_icohesion,i (t) = L() o, o= { | h, |

AV )] 0.08 if [AV,,,, (1) > 0.03
When modeling, two flocks of agents are considered to move in a two-dimensional space without

obstacles. When determining the change in the corresponding velocities of the agent, the different radii
of the spheres, over which the averaging is performed, are chosen:

Rseparation = 500 m,
Ralignment = 1000 m,
Rcohesion = 2000 m.
The velocity of the agent v in space per iteration is limited by the expression v,,,, <v<v,., and the

rotation angle is limited by the expression AA<AA, .. . The agent’s velocity tends to Vv, , which is taken
into account in the three flocking rules. The magnitude of the velocity of each agent at the initial
moment of time is equal to v, . The listed characteristics are assigned the following values:
Voin =30mM /1,
v, =50m/1,
Vo = 70m/1,
Vi

AAnax—%.

At the initial moment of time, the agents of each flock are located in space in a "chessboard" order
according to the following rules. In each column, the agents have the same position along the X axis,
and the distance between the neighboring agents along the Y axis is 500 meters. The distance between
adjacent columns along the X axis is 500 meters. There is one less agent in the even columns than in
the odd ones, and the agents are located with a shift along the Y axis by 250 meters (Fig. 1). The cases
with the following number of agents in a flock are considered: 3, 14, 33, 60, 77, 95.

Lo = L
L B -
L - -
L - -
- - -
— - -
= == =
-— - -
- - -
- - L
- - -

Fig.1 An example of the location of a flock of 33 agents at the initial time
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In a numerical experiment, two flocks with the same number of agents collide. The centers of two
colliding flocks at the initial moment of time are located at a distance of 10° meters from each other
along the X axis. The center of a flock is determined as the arithmetic average of the positions of the
agents of flocks separately for each dimension.

The direction of movement at the initial moment of time for the agents of the first flock is equal to 0
radians, and for the agents of the second flock to ~ radians.

The flocks move towards each other. The collection of statistics on the movement of flocks begins
with an iteration when the distance between any two agents of two flocks does not exceed R e
agents of different flocks begin to interact with each other.

Flocks collide and fly past each other, after which the agents of different flocks stop interacting with
each other. The interaction of agents of different flocks lasts for t,,, and the collection of flock

movement statistics starts from the moment the interaction of agents of different flocks begins on the
interval 4t for flocks of sizes 3, 14, 33 agents and 8-t,, for flocks of 60, 77, 95 agents.

int
The average speed of the flock is equal to the arithmetic mean of the speed of the agents of the flock,
and the average direction of movement of the flock is equal to the arithmetic mean of the direction of
the agents of the flock.
The obtained simulation data are dimensionless. The characteristic scale for nondimensionalization
IS S=R, +R, +Ry.on: Where the flock radius R is equal to the maximum distance among flock

agents from the center of the flock.

‘cohesion !

int

3 Collision of flocks

Let us consider a head-on collision between two flocks. The geometry of their scattering is shown in
Fig. 2. This is the simplest and in some sense the canonical case of scattering. Initially, the agents of the
respective flocks occupy certain areas. When modeling, they have been distributed over areas close to a
circle. The initial distance between flocks across the direction of movement corresponds to the impact
parameter p. During the simulation, the impact parameter changes from 0 to |, . For large values of

p , there is no interaction between flocks and, accordingly, their scattering.

Fig.2 The top image shows the directions of movement of flocks, their velocity and sizes at the moment of the
beginning of the interaction of agents of flocks. It is convenient to skip the free movement stage. Possible a priori
changes in flock parameters and their movement after interaction are shown below. So, the directions of their
movement can change, which are characterized by the scattering angles A&, the indices indicate the flocks, the
velocity of their movements and the characteristic sizes and even the shape of the flocks. The circles show the
areas occupied by the agents of the respective flocks
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There are specific features of the interaction of flocks. First, their interaction occurs at a finite
distance not exceeding |,,., and, accordingly, takes a finite time interval from 0 to t, . The flock

characteristics may change during interaction, and even after interaction, some changes may persist.
These features distinguish flock scattering from such a well-studied process as the scattering of
interacting particles. In this sense, the stage of asymptotic return to free motion with new parameters
may not occur. Therefore, it makes sense for flocks to determine scattering data starting from the end of
scattering, and to track their change in the future at the moments of relaxation to some steady state, if it
occurs.

Another a priori difference may lie in the dependence of the scattering pattern on the shape of the
colliding flocks. For different forms with the same exposure parameters, different proportions of agents
can participate in the interaction and, accordingly, affect their flocks in different ways.

The nature of the interaction between agents, based on the information they receive, complicates the
analytical construction of the theory of flock dispersion. Therefore, in the future, we will use the
simulation results to establish the main patterns of flock dispersion.

4 Flocks collision simulation results

Let us start with an analysis of the change in the distance between the centers of the flocks during
interaction. Typical examples of distance changes obtained as a result of flock collision simulation are
shown in Fig. 3. The behavior of distances is universal and most stable, in the sense of the absence of
noticeable fluctuations.

(a)

i
1

KL} Fit)

iy . T T T T
n 100 20 300 0 [ 150

r r
Fig.3 Typical changes in the distance between flocks over time, obtained as a result of numerical simulation. Red
line is the distance between non-interacting (phantom) flocks, blue line is the distance between interacting flocks.
(a) — impact parameter p =0.014, characteristic interaction scale I, =0.82608, and minimum position

t., =47. (b) —impact parameter p =0.0693. With the same number of agents in the flock N, = N, =33

Mo 3500 300

We can note an important consequence of comparing the change in distances between interacting
and non-interacting flocks. For all the initial parameters and the number of agents in the flocks, there is
a close location of the minima and a good conformity between the minimum distance and the impact
parameter. Noticeable differences can be observed in the asymptotic change of distances with time at
times t >>t, . or at distances r >>1. . (see Fig. 3). The difference in the slope angles of the asymptotics

int int
means the difference in the velocities of these flocks. In other words, when flocks interact, it reduces
their movement speed. In a certain sense, the differences between these dependences determine the
degree of influence of the interaction of flocks on the impact parameter. So, for large values of the
parameter, only a small part of the agents of both flocks interact, and this does not have a noticeable
effect on the behavior of the flocks as a whole. Therefore, the interaction of agents does not always lead
to the interaction of flocks.
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Another important observation is related to the value of the minimum distance between flocks. For
example, Fig. 4 shows the change in the minimum distance of approach of flocks from the impact
parameter. The number of flocks is the same and equal to 95 individuals. In fact, it can be seen that the
minimum distance of approach of interacting flocks coincides with the value of the impact parameter
r, = o . This dependence is retained for all considered numbers of flocks.

0.0 02 03 04 05 06 0.7
b
Fig.4 The dependence of the minimum distance of approach of flocks on the impact parameter is shown. Black

line is for interacting flocks, red line is for phantom flocks, and green line is for r, = p . One can see the complete
coincidence of these dependencies for flocks N, = N, =95. The same coincidence is observed for flocks of
different numbers

The coincidence of the minimum distance with the impact parameter means the absence of
transverse displacements as a result of interaction. Therefore, a small scattering angle for any values of
the impact parameter can be observed. Fig. 5 shows flock scattering angles N, = N, =60 obtained by
modeling flock collisions. Similar dependences are also observed for flocks with a different number of

agents in flocks. It can be assumed that during a head-on collision, flocks retain their direction of
movement after the collision due to symmetry considerations.
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Fig.5 The dependence of the scattering angles of the first flock is shown in red, the second flock in black. Data
about flocks with N, = N, = 33 agents are presented on the left, and flocks with N, = N, =60 on the right. In

fact, the deviation of the directions of movement is small and does not have a systematic character

It is important to remember that flocks interact at a finite distance |, , after which the interaction

stops and flocks continue to move freely with new parameters. In fact, if the direction of movement is
preserved, then one of the important parameters is the speed of movement of flocks after interaction.

Let us now discuss in more detail how the speed of interacting flocks changes. The nature of the
interaction depends on the impact parameter. Thus, at small values, the nature of flock speed changes is
clearly expressed and has a typical form, shown in Fig. 6 with noticeable sharp decrease in the speed of
the flock and a slower return to the initial speed of the flock. The characteristic velocity relaxation time
for these parameters is t., =~ 647, and the interaction time is t,,, 143 . Thus, the minimum is reached at

int
the stage of interaction, and the increase in speed continues after the interaction of flocks. The ratio of
times for this case is easy to establish. So for the first flock, the beginning of the decrease in speed is
t,,, =10, the time to reach the minimum is t ., =123 and t.,, = 657 (t, =t —t5,), flock interaction

vimin
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starts at t=0 and lasts t,, =~143. For the second flock, similar values tg, ~10, t,..
t-,, =641 are realized. Thus, the relaxation times are much longer than the interaction time.

For large impact parameters, when a small part of agents from different flocks interact, the behavior
of the velocities is significantly different (see Fig. 6). In fact, there are no noticeable changes in the
speed of the flock. In such cases, the change in distances between interacting flocks and phantom flocks

~125, and

is indistinguishable.
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Fig.6 The change in the velocity of the first flock is shown on the left, the second on the right. The number of
agentsis N, =N, =95, p=0.050

This behavior is observed with a different number of agents in flocks. Fig. 7 shows the dependence
of the jump in velocity and relaxation time on the impact parameter. One can see the disappearance of
the jump in speed even at the stage of interaction of a certain proportion of the agents of the flocks.
Similar dependences are observed for other numbers of flocks.
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Fig.7 The change in the velocity of the first flock is on the left, the second is on the right. Number of agents is
N, =N, =95, p=0.687.The magnitude of the jump in velocity is shown below on the left and the relaxation

time on the right, depending on the impact parameter. The circles are for the first flock, the squares for the second
one.

Some important changes are also observed in the forms of flocks during interaction. The average
radius of the flock has been chosen as a parameter characterizing the shape of the flock. The
characteristic differences have been observed again depending on the values of the impact parameter.
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Fig. 8 shows characteristic changes in the average radii of interacting flocks for different values of the
impact parameter. A sharp change in the average radius is noticeable at small values of the impact
parameter (see the bottom row of Fig. 8). The change starts at the stage of interaction and continues
even in the absence of interaction. At times of the order of the velocity relaxation time, the stage of a
slow decrease of the average radius begins. At large values of the impact parameter (see the top row of
Fig. 8), a slow monotonous increase in the average radius is observed.
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Fig.8 The changes in the average radlus of the first flock is on the left, the second is on the right. The number of
agents in flocks is N, = N, = 95. For the top row p =0.687 , for the bottom row p = 0.050

It is interesting to consider the change in flock density over time for similar flocks and parameters.
Fig. 9 shows the corresponding dependencies. It is easy to see the correlation with the behavior of the
mean radius. In addition, an increase in the density of flocks during the interaction and a subsequent
sharp decrease in density after the end of the interaction is noticeable.
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Fig.9 The change in the average densny of the first flock is on the left, the second is on the right. The number of
agents in flocks is N, = N, = 95. For the top row p =0.687, for the bottom row p = 0.050
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We can say that there is a jump in the Ac density. After times of the order of velocity relaxation, a
slow stage of density increase begins. The presence or absence of that jump, as well as the magnitude of
the jump, determines the degree of influence of the interaction of flocks on their movement and
behavior.

5 Flocks kinematics

Let us consider the kinematics of the flocks” movement. In this case, we consider two cases of flock
movement with the same initial data. This is the movement of flocks without interaction and in the
presence of interaction between flocks. Flocks without interaction are phantom flocks. Agents of this
flock cannot see agents of another flock and pass through them unharmed. Let us start with this case.
Let the centers of the flocks move without interaction, then the positions of the flocks change with time
as

Xl = XOl +Vlt’ yl = yOl;

Xy = Xoz _Vzt; Yo = Yoo
Here, the number of the flock is marked by the index, and the speeds of the flock movement are
oppositely directed along the X axis. Let us assume that the beginning of the flocks’ movement starts
with the distance between them coinciding with the characteristic scale of interaction [, . In other

words, X,, = X,, + /12, — p* . Then the distance between the centers of the flocks changes according to

()= \/(x1 =X )2 +(Y1 - y2)2 = \/((Vl +V2)t_\/|iit -p )2 +p°, (5.1)

where r,(t) is the distance between freely moving flocks without interaction. The minimum r(t) is

2 2

Iint —-pP
AV
magnitude to r,(t,,) = o . When comparing with experimental data, it is convenient to use an equivalent

form, but depending on other parameters

rs(t)=\/[[ti—1] lfm—sz +p°. (5.2)

In this relation, the time of the closest approach t, appears as the main parameter. We also give the
initial speed of approach

reached at time t=t = where the approach velocity is Av=v, +v, and is equal in

2 2

dr (t I -
%lt:o int : 1% ) (53)
It

int *m

Comparing this expression with a similar form obtained from the relation (5.1), we recieve the initial
approach velocity through the main parameters
|_2 _ A2
v, +V, :%p. (5.4)

m

This relation can be used for an a priori estimate of t, from the initial data.

Now let us calculate how the distance between the interacting flocks will change. Suppose that the
interaction leads to the acceleration of the movement of the flock. We will assume that the acceleration
at the moments of interaction is constant and oppositely directed for the first and second flocks. In fact,
this assumption is related to the hypothesis of the fulfillment of Newton’s third law (the force of action
is equal to the force of reaction) and is based on simulation data. Then

2 t2

t
X = X01+V1t_ax1?; Y = y01+ay15;
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t? t?
X, = X _Vzt"'asz; Yo = Yoz _ayzz-

It remains to calculate the distance between the interacting flocks

2 2
rim(t)z\/[(v1+v2)t—AaxtE— ifn_pzj +p2; OStStint’ (5-5)

where Aa, =a, +a, and for reasons of symmetry and simulation data, we neglect the lateral
acceleration a, =0. This relation is satisfied when the flocks t<t;, interact, where r, <I . This

int — Vint *
dependence of the distance between flocks contains natural parameters. Minimum convergence is
achieved at times that are easy to find

int

2

_ V1+V2_\/(V1+V2)2 —20a\ly - p

m i

Aa,
2 2 2
_vl+v2+\/(v1+v2) —2Aa .\l —p
2m Aa '

X

It is easy to see that

t, <t,, if a >0,

m — “2m
t,<0, t,>0 if a, <O
Therefore, t,, is important for us if Aa, >0, and t,, if Aa, <0. Further, we will be interested in

the case Aa, > 0. The choice of this case is justified by the data obtained in the simulation of collisions.
The condition that these times are real gives an a priori constraint on the acceleration

(v, +V,)°
2\/|i$1t _p2

Assuming the acceleration being small, we can obtain a more convenient expression for the time to
reach the minimum distance between flocks

0<Aa <

|_2 A2 _2 2
,~ Y2 pq twp (5.6)
v, +V, 2(v, +V,)

Actually, this ratio explains the closeness of the minimum distances of approach for the phantom
and interacting flocks (see the ratio (5.4)). Using the equation (5.6) it is easy to set the acceleration
value from the simulation data. Similarly, we can estimate the interaction time r,, (t;,,) = L.,

_ (Vl +V2)_\/(V1 +V2)2 _4Aax iit _pz

: 5.7
int ra, (5.7)
Assuming the acceleration being small, we also obtain an approximate value
I-Z A2 |-2 2
t v 2Ym 2 opg i TP (5.8)
Vv, +V, (v, +v,)

The minimum approach distance is still r,,,(t,,) = o, as well as the initial approach velocity

2 2

dr, ©), _ 2 li—p

praml S Ji
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Thus, the dependence (5.5) agrees well with the experimental data. It includes a single unknown
parameter Aa,.

Actually, in a certain sense, it is the parameter which determines the <<force>> of the interaction of
flocks. Naturally, we use simulation data to determine it. So, for example, the acceleration of flocks
approach Aa, can be determined by comparing the t, time to reach the minimum distance with the

value t, obtained in the simulation

a = 2((v, +V2)tet2_\]|iit _pz). (5.9)

X

Using this ratio, it is easy to set the acceleration values from the simulation data.
Finally, after the interaction, the distance changes, as in non-interacting flocks, but with different

. Co Aa A
velocities. These new speeds are the same as v, +V, =V, +V, — 2* t... Thus, the change in distance

with time t._. <t occurs as

int —

r(t)= \/((v'l +V)t— (12, = p%))* + p° + \/((vl + V)t —%tﬁn —(12, = PN+ p* +1. (5.10)

This equation is used below for comparison with the simulation data.

6 Results and conclusions

Let us start by comparing the simulation data on the change in the distance between flocks with the
obtained dependencies. Fig. 10 shows the simulation data and the corresponding dependencies for the
set value of approach acceleration Aa,. For the chosen initial conditions Aa, =0.134-10* according to

the relation (5.9). There is a noticeable good conformity between the dependence (5.5) and the
simulation data during the interaction. The conformity of the minimum distance with the impact
parameter and the achievement of |, at time t=t,, has been shown as well. At times t>t,,, the

int int 7
dependency (5.10) is shown in green against the simulation data (Fig. 10). The differences between
these dependencies are hard to notice. Thus, the hypothesis of uniformly accelerated deceleration of the
flocks at the moments of interaction conforms with the simulation data. Such a good match is observed
for a different number of agents in flocks and impact parameters. In this sense, acceleration is actually
the only parameter that determines the interaction of flocks in a head-on collision. It is natural to
assume that it is the acceleration that determines the <<force>> of the interaction of flocks. Therefore, it
is of interest to establish its dependence on the impact parameter and on the number of agents.

0.8 3

4
1.6

T ¥ T T a T T T ¥ T I T ¥ T T T ¥
020 40 o er] o0 120 140 i L] 200 . R 400 S0
Fig.10 Changing the distance between interacting flocks. The blue color shows the simulation data for flocks
N, =N, =95 and p=0.115. The red line corresponds to the dependency (5.5). On the left, at times of flock
interaction 0 <t <t , onthe right, at times t > t,, . The two horizontal lines on the left side correspond to |, and

£ - On the right, the dependence (5.10) of the distance change after the end of the interaction of flocks is shown in
green

int int
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The characteristic change in the approach acceleration Aa, as a function of the impact parameter is
shown in Fig. 11.
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Fig.11 On the left the dependence of acceleration on impact parameter p for N, = N, = 95is shown. Circles are
simulation data, blue line is root-mean-square approximation in the region of decline, black line is a constant
value corresponding to the absence of acceleration. On the right the dependence of acceleration on the impact
parameter for different numbers of flocks is shown. Blue line — N, = N, =95, black line — N, = N, =33, green

line— N, =N, =77,and red line— N, =N, =60

This behavior is typical of the order parameter in phase transitions. This means the disappearance of
the interaction of flocks at a certain value of the impact parameter, despite the presence of a certain
proportion of interacting agents in the flocks. If we use a linear approximation of the given data in
Fig. 11, then the value of the impact parameter at which Aa, =0 for all numbers of flocks is p, =0.7.

This value is less than |, and, accordingly, part of the agents continues to interact with this value of the

impact parameter. In other words, the interaction of agents does not mean the interaction of flocks.
Thus, in a head-on collision at the stage flock interactions, the main parameter acceleration Aa, is

determined by the relation (5.9) and determines the main characteristics of their behavior.
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JloOoBe 3iTKHEeHHsI 3rpal

AxTyanbHicTh. JOCHIIDKEHHS KOJIKTUBHOI IIOBEIIHKM 3rpail IHTENIEKTyalbHMX areHTiB 3 BHKOPHCTaHHSM METOJIB
MaTEMaTH4YHOT'O Ta YMCENBHOI0 MOJECIIIOBAHHS TIOB’s3aHe 3 BUPILICHHSM 3a/1a4 Y akKTHBHO JIOCII/PKYBaHHX y Hall 4ac cepax
0araToareHTHUX CUCTEM Ta IITYYHOTO iHTEJIEKTY.

Mera. BusBuTH 3aKOHOMIPHOCTI PO3CISIHHS 3rpail 1HTENEKTYalIbHUX areHTiB MPH IXHbOMY 3iTKHEHHI Ta OTPUMATH aHATITUYHI
CHIBBiIHOIIEHHS KIHEMAaTHUKH 3Tpai.

Metoau jpociaigkennsi. B ocHOBI po0OTH JekaTh NMPUHIMIN Ta METOAM MAaTEMAaTHYHOTO Ta YHMCEIBHOTO MOJCIIOBaHHS
GaraToareHTHUX cucTeM. KoOJEKTHMBHA IOBEIiHKAa areHTIB 3MOJEIBOBaHA 3 BHUKOPHCTAHHSIM alrOpUTMY (IOKYBaHHS, IO
HaJeKUTh 10 METONIB MOJETIOBAHHS PyXy, 3aCHOBAaHMX Ha BEKTOpPax CHI. BUKOpPHCTAaHO aHANITHYHI METOAM OIHCY
KiHEMaTHKH HOBEIHKN CTal, sIKi 10Ope y3ro/KYIOThCS 3 pe3yJIbTaTaMH MOJCITIOBAHHS.

Pesyabratn. OTprMaHO JaHi, sKi BH3HAYAlOTh TOJOBHI 3MiHM, IO BiIOYBAaIOTHCS 31 3rpasMU B HACIIJOK iX 3iTKHCHHS.
BusnavueHo ocoOIMBOCTI, sIKi BigOyBalOThCA P B3a€EMOIi 3rpail MpH 3MiHI KUIBKOCTI areHTiB y 3rpasx. BuzHaueHo, mo npu
30LIBIICHH] MPULIIIBHOTO MapaMeTpy 3MiHH B XapaKTEPHUCTHKAX 3TPpail CTAIOTh MEHII MOMITHHMH, HE3BA)KAIOUH Ha iICHYIOUY
B3a€EMOJIII0 areHTiB JABOX 3rpail. Bu3HaueHO, IO TONOBHHMH mMapaMmeTp, SKU BU3HAYA€ TOBEOIHKY 3Tpalf, € BeIHMYMHA

MPUCKOPEHHS Ha cTafii iX B3aemomii. OTpuMaHa 3aleXHICTh MPUCKOPEHHS BiJ 3HAYCHHS MPUIIBHOIO MapaMeTpy Haramrye
3aJICKHICTB, SIKa € THIIOBOIO s (ha30BHUX MEPEXOIIB.

BucnoBkn. B po0oTi oTpuMaHO HOBI HAyKOBi pe3yinbTaTH, IIO IOJISITAIOTh y BHSBJICHHI TOJOBHUX 3aKOHOMIpHOCTEH
PO3CISIHHSI 3rpaii iHTENeKTyalbHUX areHTiB NP TXHbOMY 3ITKHEHHI Ta OTPUMaHHI aHAJIITHYHUX CIiBBIIHOIIEHb KiHEMaTHKH
3rpai, sKi J00pe y3roKYIOTHCS 3 TAaHUMH MOJICITFOBAHHS.

Knirouogi cnosa: xonexmusna nogedinka, 6azamoazeHmua cucmema, 32pas, iHmeneKmyanibHull azenm, @QIoKy8aHHs, 6eKMOP
cunu, Kinemamuxa, npUcKopenis, npuyineHull napamemp.
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