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The hipersingular integral equation method in the problem of determination
of vibration modes and frequencies of a circular plate immersed in a liquid
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The new approach for studying the vibration modes and frequencies of a circular plate immersed in a liquid has been
developed. The approach is based on the use of hypersingular integral equations and the assumed mode method. It is assumed
that a round thin elastic plate is immersed in an ideal incompressible fluid, and its motion is considered to be irrotational.
Under these conditions, there is a velocity potential that satisfies the Laplace equation everywhere outside the plate, and the
no-flow condition is satisfied for the plate surface. The fluid pressure has been determined by using the linearized Cauchy-
Lagrange integral. For solving the boundary value problem with regard to the velocity potential, an integral representation in
the form of a double layer potential has been used, the potential density being proportional to the fluid pressure drop. The
assumed mode method makes it possible to reduce the problem of determining the added masses of a liquid to solving
hypersingular equations on a circular domain. The two-dimensional hypersingular integral equations have been reduced to one-
dimensional ones. Therefore, the inner integrals take the form of elliptic integrals of the second kind without singularities. To
calculate the external integral, which exists only in the sense of Hadamard, the boundary element method is proposed. A
procedure for calculating the matrix elements of a system of linear algebraic equations for determining the density of the
double layer potential has been developed. A numerical solution of the hypersingular integral equation has been obtained, and
a comparison of the numerical and analytical solutions has been carried out. The right-hand sides of hypersingular integral
equations are the modes of vibrations of a rigidly fixed circular plate, which are obtained analytically. A technique for
calculating the matrix of added masses has been developed, which makes it possible to reduce the considered problem to
solving the problem of eigenvalues.

Key words: thin plate, perfect incompressible fluid, vibration, hypersingular integral equation, boundary element method

MeTtoa rinepCUHryIsipHUX iHTEerPaJbHUX PIBHAHb B 32124l BU3HAYCHHS
4acToT Ta (OPM KOJIUBAHb KPYIJIOL IVIACTUHKH, 3aHYPEHOI B PiIUHY
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Jnst mociimkeHHs 4acToT Ta (OpPM KOJNMBaHb KPYIJIOi IUIACTUHKHM, II0 3aHypeHa B PigUHY, PO3poOJICHO HOBHH MiAxin,
3aCHOBAHHMH Ha 3aCTOCYBaHHI TiEPCHHTYJISIPHUX IHTErpajbHHX PIBHSAHb Ta MeToxy 3amaHux Qopm. IIpumyckaerbcs, IO
KpyrJla TOHKa MpYy’KHa [IACTHHA 3aHypEHa B i/ieabHy HECTUCIIMBY PillHHY, PyX SIKOT BBaXKA€ThCsl Oe3BUXPOBUM. B 1IMX ymMoBax
ICHy€ TOTEHI[ial LIBUIKOCTEH, 110 3a/J0BOJIbHSE piBHAHHIO Jlamiaca BCIOAM 3a MEXaMH IUIACTHHHM, a Ha MOBEPXHI [UIACTHHU
BUKOHYETHCS YMOBA HENPOTiKaHHs. THCK piHN BU3HAYCHO 3 JIiHeapu30BaHoro iHTerpany Komri-Jlarpamxka. [Ipu po3s’s3anHi
KpaifoBol 3a1a4i 11010 MOTEHIiaNy MIBUIKOCTEH BUKOPHCTAHO IHTErpanbHe 300paKeHHs y BUIJIAl MOTEHI{aly MOJABIHHOTO
mapy, Mpu LIbOMY T'YCTHHA MOTEHI[ial]y NpOINOopIiiiHa mepenagy THUCKY piaMHH. BukopucTanHs Merony 3agaHux (opm
JI03BOJIMJIO 3BECTH 3aJavy BH3HAUCHHS MPUEJHAHUX Mac PiJUHH IO PO3B’sI3aHHS TIMEPCHHTYIIPHUX PIBHSHb Ha KPYroBid
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obyacti. 37iliCHEHO 3BEJECHHS [BOBHMIPHHMX TilEpCHHTYISIPHUX IHTETPAIBHUX PIBHSHb 10 OJHOBHMIPHHX. BHyTpimmHi
iHTerpanu Ipu [bOMY HaOyBaroTh ()OPMy ETNTHYHUX IHTETpaliB APYroro poay, IO HE MalTh ocobimBocTed. s
0OYHCIIeHHsT 30BHIIIHBOTO IHTErpaly, KU iCHye JIMIIE B CEHCI Anamapa, 3alipOIIOHOBAHO BHKOPHCTATH METOJ TPAaHHIHUX
eneMeHTiB. Po3pobieHo mnpoueaypy OOYMCICHHS €JIeMEHTIB MAaTpHli CHCTEeMH JHIMHUX anreOpaiuHuX piBHSIHD IS
3HAXOJ/UKEHHS HEBIZOMOI T'YCTHHI MOTEHLIaly MOJABIHHOTO Imapy. 3AiHCHEHO PO3B’S30K TINEPCHHTYISIPHOTO PiBHSHHSA Ta
HaBEJCHO IMOPIBHSIHHSA YHCIOBHX Ta AHANITHYHHUX pO3B’s3KiB. [IpaBi 4acTHHU TiNEPCUHTYISPHUX IHTErpaJbHUX PIBHAHB €
(dhopMamMu KOJHMBaHb KOPCTKO 3aKPIIIEHOT KPYIJIOi [UIACTHHH, SKi OTPUMAaH| aHATITHYHHM HUIIXOM. PO3po0IIeHO METOANKY
00YHCIIeHHST MAaTPHIIi MPUETHAHUX Mac, IO JJO3BOJIMIIO 3BECTH 331ady, IO PO3IIISIAETHCS, 10 PO3B’I3aHHS IIPOOIEMH BIIACHIX
3HAYCHb.

Knrwowuoei cnosa:monxa nnacmuna, ioeanvHa HeCmucauea piouna, KOIUEAHH, inepcuHeyiapHe iHmezpaibHe PiGHAHHS, Memoo
CPAHUYHUX eTleMeHMIE.

Meroa runepcHHryJIspHbIX HHTErpaabHbIX YPABHEHHUH B 3a7a4e
onpeaeJeHus: 4acToT U GopM KoJ1eOaHUH KPYIJIOH NJIACTHHBI, IOTPYKEHHOM
B KUIKOCTH

N.A. Bepymikus, E. A. CrpenbHukoBa
Bepymkun UBan acnupanm
AlleKkceeBUY Hncmumym npobnem mawunocmpoenus um. A. H. Ilooeopnoco HAHY, yn.
Toocapckoeo, 2/10, Xapovros, 61046, Ykpauna
e-mail: ivanveruskin86@gmail.com;
http://orcid.org/0000-0002-3837-5567

CrpensnukoBa Enena [J.m.u., npog., sedywuii nayunwiii compyonux
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Jis uccnenoBaHus 4acToT U GopM KomebaHUi KPYIIIoH MIIaCTUHKH, TTOTPYKEHHOH B KHIKOCTh, Pa3paboTaH HOBBIM MOIXONI,
OCHOBAaHHBIH Ha MPUMEHEHHH THIICPCUHTYISIPHUX MHTETPAIBHBIX ypaBHEHHH M MeToja 3amaHHbIX (opm. IIpeamomaraercs,
YTO KpyTJasi TOHKasl yrnpyras IUIACTHHA MOTPY)KE€HA B HICANbHYI0 HECKHMAEMYIO KHIKOCTh, JBIXKECHHE KOTOPOH CUMTAETCS
0e3BUXpEBBIM. B 3THX YCIOBHMSX CyHIECTBYeT IIOTEHIMAT CKOPOCTEH, KOTOPBIH yHOBIETBOPsET ypaBHeHHIo Jlamuaca BComy
BHE IUIACTHHBI, @ HA IIOBEPXHOCTH IUIACTHHBI BBIOJHSETCS YCIOBHE HENpoTeKaHus. JlaBleHHe >KHUIKOCTH OIPECNICHO C
MOMOIIBIO JIMHeapu30BaHHOro uHTerpana Kommu-Jlarpawxka. [Ipu pemieHun kpaeBod 3aaud OTHOCHTENBHO IOTEHLUAIA
CKOpOCTEeH MCHOIBb30BAaHO WHTErpajlbHOE MPEACTaBJICHHE B BHJE IOTCHLHalNa ABOMHOrO cios, IpU 3TOM IUIOTHOCTh
MOTEHIMaIa IPONOPIHOHANBHA TIepeNany AaBIeHHS KHAKOCTH. Vcnons3oBaHne MeTo/a 3alaHHBIX (JOPM MO3BOIMIIO CBECTH
3a7ady OomIpefereHns MPUCOSANHEHHBIX MAcC *XUAKOCTH K PENICHHIO THIEPCHHTYISIPHUX YPaBHEHUH Ha KPYroBOH oOmacT.
OcCyIIecTBIEHO CBEIEHHE IBYMEPHBIX THIEPCHHTYISIPHAX HMHTETPAIbHBIX YypaBHEHHH K OJHOMEpHBIM. BHyTpenHue
MHTETPAIBl IIPU 3TOM NPHOOpETaroT (GopMy SIUTHNTHIECKHX HHTETPAIIOB BTOPOTO POJa, HE MMEIOMMX ocoOeHHocTed. s
BBIUMCJICHUS] BHEIIHET0 MHTErpajia, KOTOPbIM CylIecTBYeT TOJBKO B CMbICIe AaMapa, NMpeUIo’KeHO HCIOIb30BaThb METOM
TPaHUYHBIX 3J1eMeHTOB. Pa3paboraHa mpoleaypa BEYHCICHHUS 3JIEMEHTOB MAaTPHIBI CHCTEMbI JMHEWHBIX anreOpandyecKux
YpaBHEHUI A1 HaXOXJIEHWs HEU3BECTHOW IIOTHOCTU IOTeHuuana ABOoHHOro cios. I[lomydyeHo duCIeHHOE pelieHHe
THIEPCUHTYJIIPHOTO UHTETPAJIBHOTO YPaBHEHHS, U IPOBEICHO CPAaBHEHUE YUCICHHOTO M aHAJINTHYecKoro pemeHuil. [Ipasbie
YaCTH THUIIEPCHHTYISIPHAX HMHTETPAIbHBIX YPAaBHEHHI SABIAIOTCA (opMaMH KOIeOaHWH >KECTKO 3aKpEIUICHHOH KpyTiIoH
TUTACTHHBI, OTy9IEeHHBIX aHATUTHYECKUM ITyTeM. Pa3paboTana MeToanKa BBIYMCICHHS MAaTPHIBI IPUCOSIMHEHHBIX Macc, 9TO
MO3BOJIMIJIO CBECTH PAacCMATPUBAEMYIO 33/1ady K PEIIeHHIO IIPOOIeMbl COOCTBEHHBIX 3HAUCHHUH.

Knrwueewvie cnosa. monxas niacmuna, UOeANbHASL HeCHCUMAeMAast chudkocmb, KO/Z€6CIHM}1, cunepcunyisipHoe unmezpajibHoe
ypaeHerue, Memoo CPAHUYHBLX J]IeMEeHm o6

1. Introduction

Problems of hydroelastic interaction of structural elements with the environment have been of great
interest to many scientists in recent decades. These problems are conventionally divided into two
classes. The first includes the task of determining the dynamic characteristics of the structures
containing a liquid; i.e. the surfaces of the structural element are in a unilateral contact with the liquid.
The works [1-3] are devoted to the problems of liquid splashes for rigid shell systems. The vibrations of
elastic reservoirs partially filled with a liquid are analyzed in the article [4]. The free vibrations of an
elastic head cover of a hydro turbine during interaction with a liquid are considered in [5, 6].

The second class incudes the determination of the dynamic characteristics of elastic thin structures
where the bearing surfaces are in bilateral contact with a liquid, such as the blades of the impellers of
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Francis and Kaplan turbines [7, 8], the blades of powerful air units [9, 10], the wings of aircraft [11],
etc.

The powerful computational methods have been developed for solving such problems numerically.
Among them there are the method of finite differences, [12], the methods of finite and boundary
elements [13, 14], the method of R-functions [15].

But each new design, which is intended to work under intense power loads and to interact with the
environment, requires careful analysis of its strength and dynamic characteristics. This leads to the need
of developing new and improving existing computational methods that would take into account the
specific features of the structure being analyzed.

The new effective method for solving hypersingular integral equations on a circular domain has been
developed in the article. The method has been successfully used to determine the free vibration modes
and frequencies of a circular plate immersed in a liquid.

2. Formulation of the problem

The vibration of a thin circular plate immersed in a liquid is analyzed. The Kirchhoff-Lev hypothesis
has been used to model the motion of the plate [16].

The following notation is used: E is the Young's modulus, v is the Poisson's ratio, and h is the plate
thickness.

With a thickness of a homogeneous plate being constant, the equation of motion of the plate [16] has

the form
2

o'W
DAAW—i—pph?:q(X, y.it), (2.1)

where w(x, y,t) is a deflection of the plate;

pp is density of the plate material;
3

D= Eh is cylindrical rigidity;

12(1-v?) ’
q(x, y,t)is a force acting on the plate.
If the plate is immersed in a liquid, then

a(x,y,t)= p(x, y,thn+g,(x, y,t), (22)
where p(x, y,t) is a liquid pressure drop on the plate;
nis a unit normal to the surface of the plate;
0, (x, y,t) is a disturbing force.
If in the equation (2.2) the function q,(x,y,t)=0, then we have the case of free hydroelastic
vibration.

To find the pressure p(x, y,t), the following assumptions have been made: the fluid is an ideal and

incompressible, and its motion is vortex-free. In this case, there is a velocity potential @(x,y,z,t), and its
gradient is the velocity of the liquid, namely:

v=20y ey o0

x| “ oz
This potential satisfies the Laplace equation
2 2 2
T, 0% 00 _g (2.3)
ox: oy® oz

The relationship between velocity potential and pressure is determined from the linearized Cauchy-
Lagrange integral
p*=-p, %"' Po
where p, is density of the liquid;
po IS an atmospheric pressure.
The limit values ¢* correspond to the transition to the plane of the plate from the positive and

negative values of z coordinate, respectively.
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Thus, for the pressure drop we have
N 99" O
=p'-p =—p,| ——1|. 2.4
p=p —-p P.( o ot J (2.4)
The boundary conditions for the differential equation (2.3) have been formulated. According to the
condition of non-leakage [17] we could obtain the following equations for the surfaces o of the plate:

op | _ow (2.5)
on o ot

The system of differential equations (2.1), (2.3) with boundary condition (2.5) must also be
supplemented by the conditions of fixation, in other words by the conditions which respects to the

function w(x, y,t) on the plate contour.
Thus, we arrive at a related problem with respect to two unknown functions W(x, y,t) and ¢o(X,y,2,t).
Moreover, the right-hand side of the differential equation w(x, y,t) includes time derivative of ¢(x,y,zt),

while boundary conditions for the Laplace equation to ¢(X,y,z,t) include time derivative of an unknown
functionw(x, y,t).

3. The assumed mode method
To solve the problem of natural and forced vibrations of elastic plate immersed in a liquid, the

assumed mode method [17] has been used. Generally, we consider the movement of the plate immersed
in a liquid as:

Wiy 0)=36, 0w, (x.y), @

where c, (t) are unknown coefficients that depend only on time;
wk(x, y) are modes of plate vibration without taking into account the interactions with the liquid;

N is the number of modes retained in the calculations.
From (2.4), (3.1) we can see that for the velocity potential @(x,y,z,t) it is necessary to choose the
following

N
o(x,y,2,t)= kZc‘k(t)(pk(x, Y,2), (3.2)
=1
in which the functions ¢, (x, y,z) are solutions of the following boundary value problems
¢
Ap, =0, X =w . 3.3
? o (3.3)

It should be noted that in the boundary value problems (3.3) the right-hand sides in the boundary
conditions are known.

In the next part we will describe the method of reducing the problem of determining the vibration
modes and frequencies of a "plate-liquid"” system to the hypersingular equations.

4. The hypersingular equations for determining the velocity potential and fluid pressure

To find the fluid pressure drop on the surfaces of the plate, the equation (2.4) can be used. It should
be noted that the velocity potential is a harmonic function everywhere outside the circular plate, i.e. it is
a continuous function in three-dimensional space with a section. In this case, according to the equation
(2.5), this harmonic function has a continuous normal derivative at the intersection of the section in the
form of a circle occupied by the plate. But according to the equation (2.4), this function has a finite gap
in the specified area.

Such properties are known to be inherent in the potential of the double layer [18]. This potential has
a form

1 o 1
o(P,) 4njsjr(P) P |P—P0|ds’ PesS, (4.1)
where S is an area occupied by the circular plate;
n is a unit normal to the surface S;
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P and P, are the points of three-dimensional space with coordinates (x,y,z) and (X,,Y,.Z,),
respectively;

[P —Pol=(x=x, )} +(y—y, )} +(z—2,) is a Cartesian distance between P and Po;

['(P) is potential density, the function given on the surface S.

The function defined by the formula (4.1) satisfies the Laplace equation (2.3), has a continuous
normal derivative, and at the intersection of the surface S along the normal has a finite discontinuity,
namely [18]

(P+(Po)_(P7(P0)= 1—‘(Po)' P es.

Therefore, we use the representation (4.1) for the velocity potential. To determine the pressure drop,
it is necessary to find the density F(P) on the surface of the plate. From (3.2) it follows that we need to
obtain solutions of the boundary value problems (3.3). For the functions o « the expression (4.1) is used.
The Laplace equation with (3.3) is satisfied, and the boundary condition leads to the integral equation in
the form

JJ Le)-- on PP P| w () PPy €S (42)

As proved in [19, 20], the mtegral in (4.2) does not exist either as an ordinary improper one or in the
sense of the Cauchy principal value. This integral can be interpreted only in the Hadamard sense [21,
22] as a limit value of the normal derivative of the double layer potential. For the case where the surface
S is a part of a plane, we have

824 ﬂ () o) P| w,(P,), PP eS,

or

— 5 =W, (X, ) (4.3)

%, (\/(X_Xo)z +(y -y ) +22 )3

The equations of the same type as (4.3) refer to hypersingular integral equations.
Some methods of numerical solution of such equations are investigated in [22].

lim — ”F (X, y)

z ”0475

5. Reduction of two-dimensional hypersingular equations to one-dimensional singular
eguations
If the domain S in the equation (4.3) is a circle, then it is possible to reduce a two-dimensional
hypersingular equation to a one-dimensional one.
Let S be a circle on the xOy plane, namely
S={y:x*+y? <R?}
Let us calculate the Cartesian distance | P — Po| for the points of the specified region S. In cylindrical
coordinates we have
X=pcosd, y=psin®, z=z, X +y’ =p°,
Xo =PoC0S0,, Yo =poSin0,, Z,=2,, X3 +Y;=p;
as follows

[P —Pol =\p*+p}+(z—2,) —2pp,cos(6-0,).
Then we use standard notation [14]
a=p’+p;+(2-2,f, b=2pp,.
Firstly, we suppose that the functions w,,T’, do not depend on the circumferential coordinate 6, i.e.

we consider the problem in an axially symmetric formulation.
Then by using (4.3) we obtain the following hypersingular integral equation(z = z, = 0) :

1 —dxdy
p fsf L.(x,Y)

(Vo= +(y=vF |

3 =Wk(X0,y0).
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With the transition to a cylindrical coordinate system and taking into account the assumptions about
the axial symmetry of the problem, we find that

J-J- () pdbdp
(Ja_bcose_o0,)]

Let us write this integral as a repeated one

(5.1)

Ip k(p){f(\/m)g} (y)-

Let us make a variable replacement in the internal integral in (5.1)
y=0-0, 0=y+60, dOo=dy.
Since under the sign of the integral there is a periodic function that integrates by a period, the
boundaries of integration will not change. Therefore, we take not (0,27) but (—= , ). For the internal

integral we obtain
T d
|1(pap0):_J.( a—b\(‘.‘,lOS\yf.

Due to the parity of the subintegral function we have

|1(pvpo): 2} dy :
oi,/a—bcoswi

Then we make the transformations in this integral

n/2

L60,)=2] v e
(,/a bcosw)3 (\/a+b 2bcos’ (\u/2))) 0(,/a+b—2bcoszwf
After another variable replacement
vy, =n/2-vy; dy, =—dy

we find that

/2 d 2b
|1(pvpo): ( Ad ’

i k=2
MT 0 (\/M)i a+b

Next we use the formula from [23] and obtain
n/2 /2
(—T k'z ), Ek)= gwll—kzsinzwd\y, k?=1-k”.
sin \y

Since k> =1-k* = 1—2—b _a-b , then for the internal integral we have

a+b a+b
/2
1 (p.ps ) = \/— Hl k?sin” ydy =

where E(k) is a complete elliptic mtegral of the second kind.
Thus, we obtain a one-dimensional hypersingular integral equation for determining the functions
T (p) by the known functionsw, (p), m=1.2,...

p+po)(p po) PEk).

k)d
—J o) —LER___ (o). (52)
o p+po)(p Po)
Note that the kernel of the integral operator in (5.2) has the following form:

K(p po) (P+ Pl)E(g(zp )2 '

This kernel has a feature of type (p—p,)”.
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To clarify the nature of the function K(p,p,) near the singularity (o —p, = 0) we use the asymptotic
formula [23] for the function E(k) at k , close to 1

2
E(k)=1+1k'2(|n i—ij{ij Ek"‘(lni—1—11j+
2 k 2) \2) 4 k"~ 34

Let I, be a special element, that is I, €[0,R], p, €1,. Let us introduce the notation

1 4 1
Kq(p.p )=+{1+—k'2[m—,——ﬂ.
T prpoo—poF L 2 k' 2

Then for calculating the integral of the element containing the feature, we use the formula

lIF (PK(p.p,)dp = IJFm (P)Ko(p.po Jdp + II T, (P)K(p.po)— Ky (p.po)ldp - (5.3)

The first part here contains hypersingular and logarithmic components, and the second is an integral
of the function that does not contain features.

6. Determination of free vibration modes and frequencies of a circular plate without taking
into account the added masses of a liquid
Let us assume that in the equation (2.1) the functionq(x,y,t) = 0, i.e we assume that the plate
vibrates freely. Then we look for a solution of the equation (2.1) in the form
w(x, y,t)=exp(iQt)w(x, y). (6.1)
Then we substitute (6.1) into the homogeneous equation (2.1) and obtain the differential equation in
partial derivatives with respect to the amplitude values w(x,y)

12p (1-V? h
AMW-o‘w=0, o =QZ%\Z)=QZ%. (6.2)
The equation (6.2) is represented in the form

(A—a?)A+0? =0

fl s 6

For a circular plate in polar coordinates we have
7# 1o 1 ¢
=——t=—
ap* padp p° O’
In this case, the system (6.3) takes the form
2
ow tow 1ow ey-o, (6.4)
o° pop p° b

2
a—vzv+la—w+i28—w+a2W:0. (6.5)
" pop p° b
The solutions of the equation (6.4) are the Bessel functions of the first and second kind of zero order
J,(ap) and Y,(ap), and the solutions of the equation (6.5) are the modified Bessel functions of the
first and second kind of 1,(ap)and K,(ap). Thus, the general solution of the equation (6.2) has the

form

which is equivalent to the system

w(p)= AJy(ap)+B Yy(ap)+Cly(ap)+ D, Ky (ap)
where A,B,C,D, are constants.
Since the functions Y, (a.p) and K, (ap) will infinitely increase if p— 0, we assume that
B =0, D, =0 to avoid non-physical displacements.
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To determine the constants A,C, we use the boundary conditions for fixing the plate along the
contour. For the case of rigid fixation we have the following boundary conditions [16]:

dw
Vv|p:R =0, dr

=R
From these conditions it follows that p
{AJn(ocR)+Cln(ocR):0 66)
AJ(aR)+C 1 (aR)=0" '
For the system (6.6) to have a nonzero solution, it is necessary for the system determinant to be zero.
Therefore, we obtain the equation for finding the unknown quantity o

j:EZE; :ZEZEJ = (aR)[I”’l(aR)+ I”+1(aR)]_ In(aR)[‘] n—l(aR)_‘]nﬂ(aR)] =0 (6.7)

Let's denote A =aR. Table 6.1 shows the first six root values of the equation (6.7) for different
values of n.

Table 6.1 The values of the roots of the characteristic equation
m Am

3.196220616
6.306437050
9.439499140
12.57713064
15.71643853
18.85654552

OO~ IWIN|F-

The relation between the constants A and C for each o is obtained from the equality
J (o R
A’nn ‘]n(amnR)+ Cm In(amnR) =0= Cmn = _A'nn n(—mn)
I n (amn R)
Note that we can choose A, =1Vm.
Thus, the dependences of free vibration modes of the circular plate on p in the mode are obtained
Jo(0tmR)
-] (a,P)- 6.8
In((xmnR) n( mp) ( )
These functions appear at right-hand sides of the hypersingular equations (5.2).
Fig. 6.1 shows the functions defined by the formulas (6.8) for R =1.

Winn (p) = ‘]O(amnp)

0,2 -
06 -
0,4 -

0,2

-0,2

-0,4 -
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Figure 6.1 Dependences of vibration modes on the radial coordinate

Numbers 1-6 in Fig. 6.1 denote the modes corresponding to the values An = a.m, given in Table 6.1.
Fig. 6.2 shows the first six modes of axially symmetrical vibrations of a circular plate rigidly fixed
along the contour.

dri2

Y
Vi
i

e
HH

mﬁ{ e
V

Figure 6.2 Modes of axially symmetric vibrations of a round plate

According to the formulas (6.8), for the increasing number m, vibration modes of w, (p) will
asymptotically approach J,(a.,p).
Checking the orthogonality of the natural vibration modes w,, (p) we can find that
(W, (P)w (p)) = A3y - (6.9)
The following values are obtained for the constants A,

A1 = 0.1018870979, 4. =0.0506907858, A3 = 0.0337792448, A4 = 0.0253319976, 45 =0.0202649244,
A6 =0.0168871927.

7. The numerical method of solving a hypersingular integral equation
For a numerical solution of a hypersingular integral equation

R
Lirp) LER___ o) .0
o (p+peNp—po)
with known right-hand sides, the method of boundary elements with a constant approximation of the
density [22] has been used. Note that as compared with (5.2), the index m is omitted in the equation
(7.1) to simplify the recording.

To do this, we divide the integration region [0, R] into N1 boundary elements of an equal length. Let
us denote

L =[p..p} i=LN, 2t=p,—p,,=R/N,, p,=0, p,=R.
Inside each element [, , we select the points (collocation points) as follows:
Pio 20-5'(pi +pi—l)’ i=LN,.

After we roughly replace the integral in (7.1) by the integral sum, assuming that for each element the

unknown density is constant, that is T'(p)=T}, pelp.,.p;], we obtain a system of linear algebraic

equations with respect to T, in the form

%TF(p)K(p,pio)dp = %;,Ajrj = _W(pio)’ i=LN,,
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where the system matrix elements are calculated by the formula

A == TK(p,po)dp (72

Pj=1
In the case of the boundary element not containing a collocation point, i = j, standard quadrature
formulas can be used for the calculation of A;. If i = j, the following formula can be used

Pi Pi Pi
Ty [Kp.piodp =T, [Ky(ppyoJdp+T; [[K(p.p o)~ Kolpp o JHp - (7.3)
Pi-1 Pi-1 Pi-1
According to the results obtained above, the second term in (7.3) is not singular, and standard
quadrature formulas can also be used to calculate it. The first term contains hypersingular and
logarithmic features. The hypersingular component has the form

P
Kilp:py)=——— .
P ooy
Let us make such transformations
1 1 1 1 1
K (p,p ): PP _ Po _ - { _ }:
Y pp)p-pef  P2-P2NP—Po) (P-pP.f 2P—Ps|P—Ps P+Po
1 1 1 1 1 1 1 1

= + = +—— - :
20-po)  2(p*=pi) 200-pof  4psp—ps 4Py P+,
In this expression there is the component that does not contain features, namely

1 1
KhZ(p'pO):_$p+p '
0 0

(7.4)

Let

1 1 1

Kulpp) =ttt
T 2p—py ) 4py PPy

We calculate the integral over a special domain from K,,(p,p,)

Pio+T Piot+T

T L + 1 }dpz— 1 + Injp —p,|
Pio-T 2(p_Pio)2 4pi0(p_pi0) 2(p_Pio)|pi0,I 4p;, ? Pio—T
1(1 1) 1 T 1
== =+= |+ In—{=-=
2\t ) 4p, |t T

The logarithmic component has the form

oK' 4 1 P 1
K (p,p )= (In—,——jz—[IM———ln
T 2Ap+pNo—pe UK 2) 2o+ ) 2
Note that the component

After the transformations we have
1 1
Klz(p!po)z{ ——Po )3:N:|n4—5—|n|p+po|} (7.5)

P~ Po
P+ Po

]

P —Po

P+Po

K.(p,po){ 1l h }{m—%—m
2p+p,)  2p+p

2p+p,)  2p+p,)
does not contain features, it is further referred to the regular part. Let

1 1
Kll(p’p0)=_|:_ + Po j||n|p_po|'

2 (pt+p) (p+po)
When calculating the integral of K, (p,p,) we carry out the integration of parts. Let us consider that

1 1 o}
av ==| - +—2+=1 U=Inp-p
2{ (P+po) (p+po)3} b=ps
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1[ 1 2p, } 1
= — —_ > s dU =

2| (p+p,) (p+po) P—Po
At integration on a special element we will receive

Pio ¥ 2p+pig P g e 2p+p,, 1
[ Kiulp, p.o)dp— p—pio) =5 -7 [ ——%——dp.
Pio—T ( +pi0) pio—T Pio—T (p+pi0) P—Pio
Next we have
! Piot+T Pio+T PiotT
Pio* 1 2p +p; 1 | |p p |
Kiy(p,pio dp ==In|p—p; {—'O} = 0
Pic-)[—'f " ° 4 | I0| (p+pi0)2 Pio—T 8p+pio|Pio—T 16p'0 |p+p|0||Pio—T
:;{(m )3pp+1) _(In r)(Spio—r)+1£ 11 } 3 ,nlzpwl}:
4 (2pi0+r)2 (Zpio—r)2 2\ 2pi0+T 2pio—7T) 4pio |2pi0—r

T Pio Int 1 |2p|0+‘t|
- 2 2 2 275 |t
2(4pio—1~' ) dpjp—1° 2 16F’|0 |ZP|0_T|
Thus, it is obtained that
A 1 T piolnt 1 3 200 +1| f A
Ky(p.p o p=—=— 0T 21, 2 R T K (0pio e+ [Kp(o.pio)dp.
p{l O(p pjobp T 2(4pi20—T2)(4pi20—T2 2} 16pi0 ‘ZPiO—T p{l hZ(p Pjo)dp p;[_l IZ(p pjo)dp
The functions K,,(p,p,) and K,,(p.p,) are calculated by the formulas (7.4) and (7.5), respectively,

and the integrals of these functions are calculated by the standard quadrature formulas.

To calculate the integrals with kernels in the form of elliptical integrals, we use the method from
[24].

To test the proposed method, we use the analytical solution of the spatial hypersingular equation
given in [22, 25]. For the hypersingular equation in the form

1 T y)dxdy s=-7m, S= {(x y): X +y?< RZ}
S +(y=Yo)’

in [22, 25] it is proved that
(x,y)=yR*=x*—y?.

If we consider the hypersingular equation in the form (7 1), then for the equation

E(k)dp
I'(p =-1 7.6
ﬁ! p+po)(p po) (79

we will have the analytical solution
4
[(p)=—=yR*~p’

To numerically solve the equation (7.6), the method of boundary elements with a constant
approximation of the density on the elements [22] has been used. A circle with the radius R = 1m is
considered. 100 boundary elements have been selected. The comparison of numerical and analytical
results is given in Fig. 7.1.
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L .4
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Figure 7.1 Numerical and analytical solutions of the hypersingular equation

The solid line corresponds to the analytical solution; the points indicate the numerical data obtained
by the proposed method.

Let us note that at almost all points of the segment [0,R] the accuracy is € =10~ The exception is
points near the ends of the interval. Since at p, p,, close to zero, an additional feature appears in the
equation (7.6), it is proposed to replace the integration segment by [6, R] [14]. For the above mentioned
calculations, 3 = 0.025/R is chosen. For p close to 1, the accuracy can be increased by taking into

account the behavior of the solution at the ends of the integration interval [22].
For the method of boundary elements for the two-dimensional region in [22] we used 1200 boundary

elements, and the obtained accuracy is €=10". These data indicate the effectiveness of the proposed
method.

8. Receiving the matrix of added masses

After determining the natural vibration modes w,, (p) of a circular plate by the formulas (6.8) we find
the solutions of hypersingular equations according to the method of boundary elements.

(k)d
= J ¢ =W, (p,)
i3 p +po )P —Po)

We look for a solution to the problem of hydroelastic vibrations of the plate in the form of the series
(3.2), (3.2).

Considering the equation (2.1) in the assumption that qo(x, y,t) = 0, and the pressure drop is
obtained from the equation (2.4), we have the following relations
o'w 09" (x,y,t) ¢ (x,y,t)

P Ta T a |

D c, (tAw, + p,h 3, (W, = —p, D¢, (O, 61)

Since free hydroelastic vibrations will be considered, we suppose that

c,(t)=C, exp(int), (8.2)
where o is the frequency of natural hydroelastic vibrations; i is an imaginary unit; C_, is unknown.
According to the equations (6.2) and (8.2) we convert (8.1) to the form

N N N
D> C,otw, —m{pphZmem +p|ZCmFm}:0. (8.3)
m=1 m=1 m=1
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The next step is fining a scalar product of the equation (8.3) on the functions w,(p), n=1,2,...N
and obtaining the system of linear homogeneous algebraic equations with respect to the constants
N
> 8 ADats o [p A5, +p, (T, w,)JC, =0 (84)
m=1
To find the nonzero solution of the equations (8.4) we obtain the characteristic equation with respect
to o

detp hQ?2 A S, —o?[p,hA S, +p, (T, W, )}=0 (8.5)
Thus, the problem of determining the frequencies and modes of natural hydroelastic vibrations of a
circular plate is reduced to solving the problem of natural values.
(A-oB)c=0,
where the elements of the matrices are determined by the formulas
8y = p,hA S, B, =p,hA S, +pi (T, W, ).
The elements of the matrix of the added masses of a liquid are determined by the formulas

G = (0 )=T2pT (o, ).

that is, we use the formula of central rectangles.
Thus, for determining free vibration frequencies and modes of a circular plate immersed in a liquid
the method based on the use of one-dimensional hypersingular equations has been developed.

9. Conclusions

The method for solving the problem of determining the frequencies and modes of vibrations of a
circular elastic plate immersed in an ideal incompressible fluid, the motion of which is considered to be
irrotational, has been developed. The method is based on using one-dimensional hypersinsular
equations. The analysis of singularities of kernels of integral operators has been carried out, which
allowed obtaining analytical formulas for calculating hypersingular terms and terms with logarithmic
singularity. The test calculation of a hypersingular equation with a unit right-hand side has been
performed. It has proved the effectiveness of the proposed method over the method of boundary
elements in two-dimensional formulation. The algorithm for obtaining the matrix of added masses is
proposed.
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JocnimkeHo HanpykeHO-1e(OPMOBaHUHN CTaH IUTIHIPUIHOI OOO0IOHKH 3 TIEPiOJMYHOI0 CHCTEMOIO OTBOPiB. BBaXkaeThcs, 1m0
pyX OOOJOHKHM 3IOIMCHIOETBCS TMiJ BIUIMBOM KOPOTKOYACHOTO I1HTEHCHBHOTO HABaHTA)XCHHsS. 3alpOIOHOBAHO METOJ
JOCHIPKEHHS PYHHIBHUX HaBaHTaKEHb NMPH KOPOTKOYACHUX CHIIOBHX BIUIMBAaX Ha MEepPOpOBaHY LITIHAPUYHY OOOJIOHKY.
3agagy BU3HAYEHHS PyXy OOOJIOHKH PO3TILIHYTO B MPYKHO-TUIACTUYHOMY (HOPMYITIOBaHHI. BBaskaeThCs, 10 KON €KBIBAJICHTHI
HaBaHTAKEHHS JIOPiBHIOIOTH 200 MEPEBUIIYIOTh TPAaHMII0 IUIMHHOCTI, B MPY)XHOMY TiJli HOYWHAIOTH PO3BUBATHUCS IUIACTHYHI
nedopmarii. 3oHa mIacTHYHUX AedopMalili YyTOYHIOETHCS Ha KOXKHOMY Kpolli HaBaHTaxeHHs. CymapHy nedopmariiro
300pakeHO B BHIVLIII CyMHM TNpPYXHOI Ta IulacTmyHoi  ckimanoBux. IpyxHi nedopmarii BHpakaroTbCs depe3 MNpPYKHi
HepeMillleHHsT 3a JI0TOMOroo criBBinHomeHs Konri. YMoBH piBHOBarn 3acTocoBaHO B HampyXeHHsX. [Ipu mpomy npykHa
CKJIaJIOBa PUBOJNTE N0 PiBHAHB Jlame B mepeMilIeHHIX, HEBIIOMI IDIACTHYHI HANPY)KEHHS MPUAMAIOTh BUTIIAI TOJATKOBHX
HaBaHTa)KEHb Ta BPaXOBYIOTHCS B IMPaBiil YacTHHI JudepeHiadbHAX PiBHAHD PyXYy. 3aCTOCOBYIOTECS TEOPis MAMX MPY:KHO-
IUIACTUYHUX JeopMariii Ta teopis Teuii. OOHpaeThCcs 3aKOH ITUIACTUYHOI Tedil, 3a/1a€ThCs MYJNbTI - JiHilHa abo OimiHiitHa
Jiarpama pO3TATYBaHHS, IO XapaKTepu3ye 30HY IUTACTHYHOI Tedii, MpU IIbOMY BBaXKAEThCS, IO KOMIIOHEHTH JeBiaTOpy
IUIACTHYHUX JedopMaliii mpsMo MpONMOpLiliHI KOMIIOHEHTaM JeBiaTopy HamnpyxkeHb. /[l po3B’s3aHHS CHCTEMH
mudepeHIiagbHIX PIBHSIHb PyXy BHKOPHCTaHO METOJl CKiHYEHHHX eJleMeHTiB. Bukopucrani mpoctopoBi 20-Ti By3JOBi
CKIHUCHHI CJIEMEHTH 3 KBaIPaTHYHOIO alTPOKCHMAIII€I0 MepEMillleHb BCepeInHi eieMeHTIB. [IpoBeeHO AOCITiIKEeHHS 301’KHOCTI
METOJIy B 3QJISXKHOCTI Bifl KUTBKOCTI eneMeHTiB. OTpUMaHO OLIHKY MOMEHTY IT0YaTKy pyHHYBaHH:.

Knrouogi cnoga: nepgpoposana obononxa, npysucno-niacmuyna nogedinkd, KOpomxovachHe HagaHmadiCeHHs, Memoo CKiHYeHHUX
enieMenmia, pyuHye8anHs
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Stress-strain state of cylindrical shells with periodic system of openings is considered. It is supposed that the shell moves under
the influence of short-term intense load. The method of determining destructive loads in case of short-term force effects on a
perforated cylindrical shell is proposed. The problem of determining the shell motion is considered in the elastic-plastic
formulation. It is supposed that when the equivalent loads are equal to or exceed the yield strength; plastic deformations begin
to develop in the elastic body. The zone of plastic deformations is specified at each step of loading. The total deformation is
presented as the sum of elastic and plastic components. Elastic deformations are expressed through elastic displacements with
Cauchy ratios. Equilibrium conditions are applied in stresses. The elastic component results in to Lamé equations in
displacements, unknown plastic stresses take the form of additional loads and are taken into account in the right part of the
differential equations of motion. The theories of small elastic-plastic deformations and plastic flows are applied. The law of
plastic flow is chosen, a multi-linear or bilinear tensile diagram characterizing the zone of plastic flow is given, and it is assumed
that components of plastic deviator deformations are directly proportional to the components of the stress deviator. The finite
element method is used to solve the system of differential equations of motion. Spatial 20-nodes finite elements with quadratic
approximation of unknown motion inside elements are used. Studying the convergence of the method depending on the number
of elements has been performed. The estimation of the moment of the beginning of destruction is obtained.

Key words: perforated shell, elastic-plastic behavior, short-term load, finite element method, fracture
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HccnenoBano HampshKeHHO-Ie(OPMHPOBAHHOE COCTOSHHE IIMJIMHAPHYECKOH OOONOYKH ¢ TEepHOIMYECKOH CHCTeMOU
oTBepcTHid. [IBIKEHHE 00OJIOYKH OCYIIECTBISICTCS IMOJ ACHCTBHEM KPAaTKOBPEMEHHOW WHTEHCHBHOW Harpysku. llpensoskeH
METOJ] HCCIIeJOBAaHMS Pa3pyMIAIOMNX HAarpy30K HPH KPAaTKOBPEMECHHBIX CHJIOBBIX BO3ACHCTBHAX Ha MNeppOpHUPOBAHHYIO
LUIMHAPUUYECKYI0 000704Ky. 3ajgaya OIpe/eNieHUsl MABWXKEHHS OOOJOYKHM pPAacCMOTpEHa B YIPYro - IUIACTHYECKON
¢dopmysmposke. [Ipr 3TOM, KOrja SKBUBAJCHTHBIC HANPSOKEHUS PABHBI MIIM MPEBBILIAIOT TIPE/e TEKy4eCTH, B YIIPyroM Teje
pa3BUBAOTCS IUIACTHUeCKue nedopmarnuy. 30Ha IUIACTHYECKUX AehopMaluii yTOuHseTCs Ha KaXIOM LIare Mo Harpyske.
CymmapHast aedopmManusi mpeicTaBieHa B BHIAEC CYMMBbl YIIPYrod M IUIaCTUUECKOW COCTAaBJIAIOMINX. Ympyrue nedopmarun
BBIP)KAIOTCSl depe3 YNpyrue MepeMemeHus ¢ MOMOIIbIo0 cooTHomeHnit Komm. PaccMOTpeHBI ypaBHEHHSI paBHOBECHS B
HanpspkeHusX. [Ipm 3ToM ympyras cocTaBisiomas NPUBOAWT K ypaBHeHHsM JlamMe B TIepeMeIleHHsX, HEeH3BECTHEHIC
TUTACTHYIECKHUE HANPSDKEHHS IPUHUMAIOT BHJ JOTIOMHUTENBHBIX HArPY30K M YIUTHIBAIOTCS B IPaBoi dacTH IuhepeHImans HbIX
ypaBHEHUH IBIKEHHS. [IpUMEHSIOTCS TEOpHs MajlblX YINPYro - INTACTHYECKUX AeopManuii M Teopus TeUeHWs. 3amaeTcs
MYJIBTH - JIMHEHHas Wi OWIMHEiHas quarpaMma pacTsDKEHHs, XapaKTepU3yrolas 30Hy IUIACTUYECKOTO TEUCHUs, TIPH ITOM
NPUHATO, YTO KOMIIOHEHTBI ACBHATOPA IIACTHYCCKUX zlecbopmaum‘/'l MNpsAMO MPONOPUHHUOHAIBHBI KOMIIOHEHTaAM JI€BHATOpa
HanpspkeHuit. {is perrerns cuctemsl qud)pepeHIanbHbIX YpaBHEHHH ABH)KSHUSI HCIIOJIb30BaH METOJ] KOHEYHBIX JJIEMEHTOB.
Hcnonb30BaHbl NPOCTPAHCTBCHHBIC ZO-TI/I Y3JIOBBIE KOHEYHBIE DJIEMEHTBI C KBa}lpaTH‘lHOﬁ annpoxcnmauuel‘?{ HEU3BCCTHBIX
nepeMelieHni BHYTpH 3eMeHTOoB. IIpoBeieHo nccneioBaHNe CXOIUMOCTH METO/Ia B 3aBUCHMOCTH OT KOJIMUECTBA HJIEMEHTOB.
Tlomyuena onenka BpeMeHH 10 Hadana pa3pymIeHus.
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1 Beryn

JocnipkeHHs BIUIMBY TNIACTUYHUX AedopManiil Ta fedopMariii moB3y4oCTi € aKTyaJIbHUM A7 33134
MIITHOCTI 1 CTIHKOCTI HEOJHOPITHUX KOHCTPYKIIi, HApHUKIAd, B paKeTHO-KOCMiuHIA TexHimi. [lpu
BHCOKMX pIBHSX HABAHTQXCHHA 1 TPUBAIMX TEPMiHAX EKCIUTyaTallii B eleMeHTaX KOHCTPYKIIIH
BUHHKAIOTh TacTuuHi nedopmanii. Taki gedopmarii B mepury uepry BHHUKAIOTh HPU JIOKaIbHUX
HAaBaHTKEHHSX 1 KOHTAKTHUX B3aeMoisax [1-4]. BpaxyBanas Takux eexTiB, 0 XapakTepusye Gi3uaHy
HENTHIHHOCTb, JA€ PeaTbHY OIIHKY MIITHOCTI 1 ITpaIe3aaTHOCTI KOHCTPYKIii. 3aaadi Teopii IIacTUIHOCTI
3BOJIATHCS JI0O TOOYJOBM KPOKOBHMX IIPOLICCIB TMOCHIJOBHUX HAOJIMKEHb, B KOXXHOMY HAaOJIMKCHHI
PO3B’s3y€ThCS 3a/1aua Teopii MPYKHOCTI 3 BBEJCHHSIM IapaMeTpiB, IO XapaKTEePU3yIOTh OCOOIUBOCTI
TUTACTUYHOTO JTe()OpMyBaHHSA (I0aTKOBI HABAHTAXKEHHS 1 e opMariii, 3SMiHHI TapaMeTpH MPYKHOCTI Ta
in.) [5-9].

[lpu iMITyTbCHOMY HABaHTa)XKEHHI B KOHCTPYKILIii BHHUKAIOTh HANPYKEHHS PI3HOI MPUPOIH, IO
HOIIMPIOIOTECA 3 BU3HAYEHHMH MIBHAKOCTAMH Yy BHIVIAI XBWIb 30YpeHHS (XBWIb HANpPyXEHb -
HABaHTAKEHHS, PO3BAHTAXECHHS 1 BimoOpakeHHs). 3aJie)kKHO BiI MPUPOAM XBIJIb HAIPYXeHb 00JacTi
30ypeHHSs OJUISAIOTHCS Ha IIEPBUHHI Ta BTOpHHHI. [lepBHHHOIO € 00611acTh 30ypeHb XBUIII HABAHTAKEHHS,
TakK SIK TIPH 11 BIICYTHOCTI HE iCHY€E XBHIIb PO3BAHTAKEHHS 1 BiTOOpa)KeHHsI; BiIMOBITHO 001acTi 30ypeHb
XBHJIb PO3BAaHTAXEHHS 1 BIIOMTHX XBHJIb BBAXKAIOTHCS BTOPHHHUMH. BOHM 3aBKaM 3HAXOIATHCS
BCEpeAMHI 00s1acTi 30ypeHb XBUIII 1 € 00JIACTSIMU 3 TIOYATKOBUMH HAIPY>KEHHSIMHU Ta AedopMallisiMu.

MeToro 1TBOTO AOCTIIKEHHST € MPOTHO3 PYHHYBaHHS KOHCTPYKTHBHOTO €JEMEHTY B BHTJISAIL
nepopoBaHoi, BCTAHOBIEHHS MOMEHTY 4Yacy, B SIKMH BimOyBaeThcsi pyiHyBaHHSA. Ha mimcrasi
PO3paxyHKIiB JalOThCS PEKOMEHJamii IM0J0 3MiHM TapaMeTpiB KOHCTPYKTHBHOTO €JIEMEHTY JUIs
ITOJIIIIILIEHHS MIIIHOCTI.

2. ®opMyaI0BaHHA 3a1a4i

PosrasiHyTo 1MIiHAPHYHY OOOJOHKY, MOCTA0JIEHY MEPiOJUYHOI0 CHUCTEMOIO KPYTrOBHX OTBOPIB.
CTBOpPEHO CIIPOIEHY T€OMETPUYHY MOJIEINb U PO3PaxyHKy PyXy Takoi 0OOJOHKH, 300paKeHy Ha pHC.
2.1. JIns npuUCKOPEHHs Po3paxyHKiB 0yJi0 BBEACHO JIB1 IUIOIIMHI CUMETPIi, 110 JO3BOJIMIIO 3AJIUIINTH B
pO3paxyHKax OJIHY YBEPTh BXiTHOI KOHCTPYKIIii.

100,00 ()
]

Pucynox 2.1 Pospaxynxosa mooenb KOHCMpyKyii

HaBaHTakeHHs, 110 i€ HAa KOHCTPYKTHUBHHH €JIEMEHT, MOJAIOTHCA y BHUIJISAI TaOJHUIll, B SKIH
MOKa3aHO 3MiHYy THCKY SIK YHKIII yacy.

Baxxaemo, 110 nipu 301NIbIICHH] HABAHTAXXEHHS B TLJII MOXKYTh PO3BUBATHCS TUIACTHYHI Jieopmallii,
TOOTO 3B'SI30K HAIPYKEHb 1 IEpEMIIlIeHb He OyJie onucyBaTucs 3akoHoM ['yka.

[ BU3HAUYEHHs AMHAMIYHOTO HapyXKeHO-Ae(hOopMOBaHOTO CTaHy NPYKHOT'O TiJla CIIy>KaTh FPaHUYH]
YMOBH 3aJladi i cucTeMa TPhOX AU(EpeHIiaJbHUX PIBHAHD €MiNTHYHOTO TUIY B YACTMHHHUX MOXiJHHX
Jpyroro nopsiiky (piBHsHB JlamMe) HanpysKeHb 1 gedopmartiii
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2 2 2
ae A:a—2+a—2+a—2, 8=di\/u:%+%+%;
OX; OX; OX3 0% OX, OXg

Ui(X) - mepemirieHHs,

X - KOMIIOHEHTH 00’ €MHO{ CHIIH,

p - TyCTHHA MaTepially KOHCTPYKTHBHOTO €JIEMEHTY,

u=E[2(1+V)]* — monyus 3cyBY,

A=Ev[(1+v)(1-2V)] ! — koediuient Jlame,

E, v — Mmoxyns npyxHocTi Ta koedinienT [lyaccona, BigmoBimHO.

IIpu npomy v=A[2(A+w)]?, E=p(2u+31)(A+u) ™.
Slkmio mepiri MOXijHI MepeMimieHh HACTUTBKH Mall, Mo iX KBajgparaMH i T0OyTKaMH YaCTHHHUX

noxigHux Big Ui(X) MOKHA 3HEXTyBaTH, TO Aedopmariii &j momaroThest y (GOpMi TEH30pa Maaux
nedopmartiii Korri

sijZ%(uiﬁ Uij ). (2.1)

KomnoHeHTH TeH30pa HampyXeHb AJS NPYKHOTO 130TPOIHOTO TiNla, SKe 3a3Ha€ BIUIMBY 30BHINTHIX
MEXaHIYHUX HaBaHTaKCHb, BU3HAYAIOTHCS Uepe3 KOMIOHeHTH Ui(X) 3a 3akonoM I'yka B dopmi [10]

. ou; .
oy = Shdiv utp Sy Ml o123, 2.2)
ox;  0X;

ne Oij — cumBol KpoHekepa.

3rimno 3 [10], BBememo mudepeHIiiHui omepaTop MPYKHUX HANpyXeHb (OIepaTop 3YCHIb
KJIACUYHOI TeOpii MPY>KHOCTI), 1110 JIi€ Ha MMOBEPXHI 31 30BHIITHHOI OJUHUYHOI HOPMAJLITIO n(x

0 0 o . .

T.'(0,,n(X)) =An (X) —+pun; (X) — + &;u——, i, j =1,2,3,
ij (O, (X)) = ( )axj un; ( )axi oo
ae n J-(x) - KOMIIOHEHTH BEKTOPY HOPMAJTI.

[Ipumyctumo, o Ha wacThHI Mexi [’y 3amaHi mepemilieHHs Tijla, a Ha 4acTWHI [ 2 - 3ycHius;
I'=I"1ul. 3ycwist BupaxaroTbes 3a popMyioro

p (X,1)=T" (Ox,n(X,t))u(x,t)= Zu? +Andivu + M(n X rotu) . (2.3)
n
ToOTO rpaHUYHI YMOBU MarOTh BUIJIS
u(x,t)|r1 =U(t) p(x.t),, =P(t). (2.4)
3a1a10ThCs TAKOXK MMOYATKOBI YMOBH, SIKIIIO PO3TIISIAETHCS JMHAMIYHUMA CTaH
u(x,0)=0, w -0, (2.5)

3a3BUUail po3TIBIIAIOTHCS HYJIhOBI MIOYATKOBI YMOBHU, TOOTO BBAXKAETHCS, IO PYX Tija MOYWHAETHCS
13 CTaHy CIOKOIO.

Baakaemo, 1110 1pu 3017IbIIEHH] HABAaHTAXKEHHS B T1JII MOXKYTh PO3BHUBATHCA IUIACTUYHI Aedopmarii,

TOOTO 3B'SI30K HampyXeHb 1 MepeMilieHb He Oyae onucyBatucsi 3akoHoM ['yka. bynemo

3aCTOCOBYBATH TEOPil0 MATUX MPYXKHHUX Jieopmaliiii abo Teopito Teuii.

DopMyITIOBaHHS 3a/1a4i MPYKHO-TUIaCTHYHOTO AedopmyBaHHs € Taku. Hexail Ha Tino, 1o 3aiiMae
ob0nacte () 3 rpanuiero [, mifoTh 3amaHi 00’€MHI Ta MOBEPXHEBI CHa. [IOTpIOHO BH3HAYUTH OIS
HaInpyKeHb, aedopmariiii i nepeminieHs oij, &, Uj (i, j= 1,2,3) Ta HeBigomi 3a3/ajieriap iHTCHCHBHOCTI
MOBHUX HANPYXKEeHb Ta TOBHUX JieopMaltiii B o0sacTi 2, sKi BIAIOBIIAIOTH 3aIaHM IPaHIYHIM yMOBaM
Ta CIIBBITHOIICHHSM, 1[0 OMUCYIOThH PYyX Tija MPHU Pi3HUX PIBHAX HABAHTAXKCHHS.

[ 3HaX0/DKEeHHS 3a3HaYeHNX (QYHKILIH 3aCTOCOBYIOTHCS TaKi PiBHAHHS:

- nudepeHIiaNbHi pIBHSIHHS PIBHOBArH B HAIPYXXCHHSX Gij
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2
Gjjj + X ZP%OJ 1,j=123,

- TpaHU4HI yMOBH (2.4);
- IOYaTKOBi YMOBH (2.5);
- cmiBBigHomeHHs Komri, sKi Aal0Th 3aleXHOCTI MiX KOMIIOHEHTaMH TeH3opa Aedopmariii i
KOMITOHEHTaMH BEKTOpa MepeMIlIeHb Ta BU3HAYAI0ThCs hopMyioro (2.1);
- (bi3uyHi piBHSAHHSA, IO 3B'A3YIOTh KOMIIOHEHTH TEH30PIB HANpYXeHb i AedopMaliii 10 MOMEHTY
BUHUKHEHHS TUIACTHYHUX Aedopmartiii (3akoH ['yka, hopmyna (2.2));
- yMOBa IDIMHHOCTI, PH BUKOHAHHI SKOTO BHHHUKAIOTH IUTacTH4YHI Aedopmamii (ymoBa Xybepa-
Mizeca-I'enkmn)
GeQ(X):GTv
JIe OT- MeXa IUNIMHHOCTI;
Gi(X) - IHTCHCHBHICTh TIOBHUX HAIPY>KeHb, 10 BU3HAYAETHCA 32 (HOpMyIIoro

1
O (X) = ﬁ\/(cn —Op )2 + (022 —Og3 )2 + (533 - c711)2 + 6(052 + 053 + 031) .

SKIo Geg(X)<oT, TO Marepian 3HAXOAWUThCS B NPYXKHIA 30HI, 1 IUIACTHYHI aedopmarlii He
PO3BHUBAIOTHCS.

3rimHo 3 [11] BHKOPHCTOBYEMO TiloOTe3y PO ICHYBaHHS €IUHOI KPHUBOI Je(OpMYyBaHHS, sKa
BCTAHOBIIIOE OJIHO3HAYHY 3aJICKHICTh MK €KBIBaJCHTHHMH NeQOPMAISIMH Eeq T4 EKBIBAJICHTHUMH
HaNpPYXCHHSAMH G ¢q. 3aJa€ThCSl MYJNBTI - JiHiiHA a0o OumiHilHA j;iarpama pO3TATYBaHHS, IO
XapaKTepHu3ye 30HY IUIACTHYHOI Tedil. 3a TirmoTe30i0 €IuHOi KpUBOi NeOpMyBaHHS BBAXKAETHCS, IO
Jiarpama Hampy>KeHHs-nedopmaliii 3aTuIaeTbes TaKok K, SIK MPU OJHOOCHOBUX BHUIPOOYBaHHSIX, aje
OJTHOOCHOBI HampyXeHHs 1 JedopMalisi 3aMiHIOIOTBCSl BiJIIOBITHHUMH iHTCHCUBHOCTSIMU HANpYXKEHb 1
nedopmartiii. 3a manumu [12] BBasKaEMO, 10 TYCTHHA P € CTAJIOKO.

[HTEHCUBHICTh CKBIBaJICHTHUX JehopMalliii BU3HAYAETHCS 32 (DOPMYJIIO0

J2 3
Ceq = ?\/(811 —&5 ) + (€20 — €35 VP +(eas - 811)2 + E(sz +85+ 851) : (2.6)

[ToBHa aedopmMariist € cymoro il IPY>KHOI Ta TUIACTUYHOT CKIIaJ0BUX 3a rinore3amu [Ipanaris-Petica
[11]

e=¢e"+¢". 2.7

Toni noBHY eKkBiBaJICHTHY Jle()OpPMAIlil0 MOKHA TIOAATH Y BUTIISAL CyMH 11 €KBIBaJIEHTHHUX TPYXKHOT

€gq TA IUTACTHYHOI £}, YACTHH, a CaMme:

— o8 pl
Eeq = Eoq + Eqq -

KommonenTu npyxHoi aedopmariii 38’°s13aHi 3 KOMIIOHEHTaMH HaNpy»XeHb 3aKOHOM [ 'yka.

3riguo 3 [13] BBakaemo, 1110 338 paXyHOK IUIACTHYHUX Aedopmariiii 3MiHa 00’€My HeBelHKa, TOOTO
BUKOHaHAa YMOBa HECTHUCIHMBOCTI MaTepially; MpH MajluX IUIACTHYHHX Je(opMalisiX KOMIIOHEHTH
JeBiaTopa JedopMalliii MpomopiiiHi KOMIIOHEHTaM JieBiaropa HampykeHb. MK IHTEHCHBHICTIO
€KBIBAJICHTHUX HAMpyKeHb Ta IHTCHCHBHICTIO €KBIBAJICHTHUX JedopMalliii icHye (yHKIIOHAIbHA
3aJIEKHICTD

Geq = Dlecg ), (2.8)

[Ipuyomy 15 3anexHICTh, € €AUHOIO Ul JAaHOTO MaTepially, HE 3aJIe)KUTh BiJl BUAY HalpyXEHOTO
CTaHy, i moAaiOHa 70 3aJeKHOCTI Bil HANPY>KEHHAMH Ta JedopMalisiMu NpH po3TsrHeHHi. Tomy wmio
3aJIeKHICTh 3a3BUYall OyIyrOTh 32 JIiarpaMor0 pO3TATHEHHS.

@Di3uuHi piBHAHHS, a00 PIBHSHHA 3B’ 53Ky MIX HANPY>KEeHHSAMH Ta AedopMaiisiMu, a0 MIBUIAKOCTIMH
nedopmaniii, 3aiexarb Big NPUAHATHX 3aKOHIB 3MiIHEHHS. B Teopii Manux mpy>KHO-TUIACTHYHHX



BicHuK XapkiBCbKOro HavioHarnbHoro yHiBepeuteTy iMeHi B. H. KapasiHa
cepist (MaTemaTnyHe MogentoBaHHs. IHopmaLliitHi TexHonorii. ABTOMaTu30BaHi cucTeMn ynpasniHHsy, Bunyck 48, 2020 27

nedopmMariiii 3a7a€ThCs 3B’ 130K MK HANPYXEHHIMH Ta JehopMaIlisiMi, a B TeOpil INTACTUIHOTO TUTHHY
3a7af0THCS 3B SI3KM MK HalPy>KEHHSAMH Ta IBUAKOCTSIMHU AedopMariii.

B mpoMy nocmigykeHHI BUKOPUCTAHO TEOPil0 MaluX IJIACTUYHUX jAedopMaiild, 3 BUKOPUCTAHHIM
rinore3 [Ipanaris-Peiica [13], a Takox Teopito Kymnepa — Caiimonzca [14], konu miactuasi nedopmarii
CYTTEBO MEPEBUIILYIOTH MPYKHI.

®Di3uuHi piBHSAHHSA TEOPii MaTMX NPYXKHO-IJIACTUYHUX AedopManili MaloTh BUTIIAL
2 O,

3¢
eq
Cp=——5;, & =——(Gij —Sijcso), Gy=

ij ij
3 &g 2 oy,

G;—0 €y Ogq = (I)(aeq), (2.9

ij ij

—-2v

Jie &, BU3HAYAETHCA 3a hopmyInoro (2.6).

Bracnimok piBHOCTI (2.7) MaeMo IS IPpHUPOIIECHb AedOopMaIliid Taki CIIiBBITHOIICHHS
_S.e pl
dg;; = Og;; +0gfj .

[Ipupomenns npyxHHX Aedopmariii 3HaXomuMo i3 3akoHy ['yka, a NpPUPOMIEHHS IUTACTUYHUX
nedopmartiit 3uaxoaumMo 3a dopmyiioro [13], a came
oo
el =¥ —
IIpu 3acrocyBanHI Teopii Manwx NPYKHO-TUIACTUYHHUX nedopMaliii MaeMo ISl JOJATKOBHX
nedopmartiit Taki Bupasu [13] i3 3acTocyBanHsM KpuTepiro Xyoepa-Mizeca-I'eHkn MaeMoO

885' = ‘P—i (G-J- —Sijco),

e S;j =Gjj — Gy - KOMIIOHEHTH JIEBIaTOPY HAIPYKEHb.

3rigHo 3 METOIOM MOJATKOBUX HaBaHTaxkeHb [11], 3Haxommmo

(04 -8,00)= ey 3y} 5= 2u—(2u—$)

ij

Lle mae 3Mory moOyayBaTu Take 300paskeHHS TOBHUX HAIIPYKEHb
1

1 .. . . .. .
Sxmmo 2u— E =0, To MaEMo CITiBBiTHOIIECHHS MPYKHOT 3a1aui. [le CriBBiAHONMICHHS IPUITMAEMO SIK

HyJIbOBe HaOmwxkeHHs s 3HaueHHs Y. [licins posp’s3aHHs piBHSAHB Jlame 3HAXOAMMO BiAMOBIAHI

HYJTbOB1 HAOMVKEHHS 7S TIepeMilleHb Ta Aedopmarii ui(o),ai(jo). Hauri 3a popmynoro (2.6) 3HaX0ANMO

sgg) Ta 3a ¢popmyror (2.8) oduucIoeMo Ggg) . Ilicna mporo 3raxomumo nepiie HaOmmkeHHs A Y 3a
dhopmyIoro
p _ 3%
200

Hdani 3HOBY po3B’sizyeMo piBHsSHHA Jlame 3 BiZOMHMH [J0JaTKOBHUMH NPaBUMH YaCTHHAMH,

1 .
noOy10BaHUMH 3a [ZH _gj(gij - Sijso) Ta orpumyemo U, Si(jl). Jani 3HaXoIuMo 8%) , 0%) Ta
36O
y@ = E% . Po3B’s13aHHs 3aa4i NpoJOBKYEMO JIOTH PI3HHLSL MK HAOJIMKEHHSMH 110 HOpMi He Oyne
c

eq
MEPEBUIIYBATH HATIEPE/T 33J]aHOT0 MAJIOro A0AaTHOTO urcia [15].
[Ticns mporo MepexoaruMo Ha HACTYITHUH KPOK 32 4aCOM.



Bulletin of V.N. Karazin Kharkiv National University
28 series «Mathematical modeling. Information technology. Automated control systems» issue 48, 2020

Teopito Manmux MPYKHO-TUITACTHYHHUX JAedopMalili 3aCTOCOBYEMO JOTH IUIACTHYHA YacTHHA
nedopmaniii € Maor B MOPIBHSHHI 3 MPYXHOI0. B Hammx po3paxyHkax HaJali NpHEMaNoch, O A
3aCTOCYBaHHS ITi€l Teopii ekBiBaleHTHa macTHdHa aedopmamis Mae He mnepesumryBatu 0.1 Bifg
eKBIBAJICHTHOI MIPY>HOI e opMartii.

[Tpu nepeBuILIeHHI BKa3aHOT MeKi epexoIuMo 10 3acrocyBaHHs Teopii Kymepa — Caiimonnca. [Ipu
IFOMY OOYHCITIOEMO MIBUAKOCTI ieopMalliil 1 3aCTOCOBYEMO 3B'SI30K MixK IIBUAKOCTSIMH Aedopmariii Ta
HaINpy>KeHHSIMH, K KPUTEPii pylHYBaHHS BUKOPHCTOBYEMO TaKy 3aJICKHICTh

. g |1
6 =0 1+| 2| |, (2.10)

ne D,n e cranumu marepiany, iHTEHCHBHICTb INBUKOCTEN £, OOUMCIIOETHCS 32 (HOPMYIIOO

o N2 y N
€eq = ?\/(811 —&€p )2 + (822 - 833)2 + (833 - 811)2 + E(sz +é5+ 8gl) '

Bupas (2.10) € nuHaMiqHOO IpaHUICIO TUTMHHOCTI. PiBHsHHS (2.9) y3aranbHIOIOTHCS TAKUM YHHOM
2 O . . 3¢ . .
Gjj — 6,00 = §é;eq8ij g = _(.Sﬂ(cij _Sijco)’ Oeq = (I)(Seq )

eq eq

B piBusHusax [IparaTis-Peiica nmpupicTt npyxHUX Aedopmariiii BBaXKa€EMO MaJIFM IO BiTHOIIEHHIO IO
NPUPOCTY IJIACTHYHUX AedopMariid.

Jauni 3HaX0uMO MIBUIKOCTI MeopMalliii Ta Hampy>KEHHS Ha KOXKHOMY KPOIIi 32 4acoM.

Bubupaerscst Takok kputepiit pyiiHyBaHHs. lle kpuThyHEe 3HaueHHS eKBiBaJeHTHOI Aedopmariii.
MogentoBaHHS MpolECy JOKAIBHOTO PYHHYBaHHS MaTepialy peasi3yeTbcss HacTymHUM 4uHOM. Komm
eKBiBaJICHTHI JedopMallii cAraroTh CBOTO TPAHUYHOTO 3HAYEHHS, MaTepial KOHCTPYKIii BBa)Ka€ThCS
3pyIHOBaHMM, a Yac, 3a IKHH OTPHMAHO I1¢ TPAaHWYHE 3HAUYEHHS, BBAYKAETHCS YaCOM pyHHYBaHHS.

3 Uncnoruii MeTox po3B’A3aHHA 3amadi

Ha Tenepimniniii 4ac OCHOBHUMHU METO/IaMU YHCEIHHOTO iHTETpyBaHHS NU(epeHIiaIbHIX PiBHIHb 110
MPOCTOPOBHM KOOpDAMHATAM B 33jladaX aHalli3y CTaTWYHOTO Ta JWHAMIYHOTO HAIPYXEeHO-
Je(hOPMOBAHOT'O CTAaHY KOHCTPYKIIIH € METOIM CKIHYCHHUX Ta TPAHUYHUX SJIEMEHTIB, METO] CKIHUCHHHUX
pi3HHUIb Ta METOAM po3KiajieHHs B psau [16-20]. KoxxeH 3 HUX Mae CBOI mepeBard Ta HEJOJIKH, 10
00yMOBITIO€ BHOIp METOMY ISl KOXKHOI KOHKPETHOI 3a/1a4i.

B 1iboMy A0CiIPKEHHI BAKOPUCTAHO METOJ CKIHUEHHHX €JIEMEHTIB, IETAIbHUIN OIKC 3aCTOCOBAHOIO
METOJTy MOJIaHO B POOOTI [9].

Byna cTBopeHa sikicHa CKiHU€HHO-€JIEMEHTHA CITKa 3 METOI0M IMO0Y0BY OJJHOMaHITHIX CKiIHYEHHUX
€JIEMEHTIB, MIPIOPUTETOM SKOTO € PIBHOCTOPOHHI €JIeMEHTH OJTHAKOBOTO pO3MIipy, SKi HAHOLIbII Kpale
MiJXOAATH JJIs JMHAMIYHOI'O aHAJIi3y.

BuxopuctoByBanmce 20-By31I0Bi TPOCTOPOBI CKIHUEHHI €IEMEHTH 3 KBaJPaTUYHOIO allPpOKCUMAITIE0
TIEpPEeMIIlIeHb BCEPE/INHI €IIEMEHTIB.

Takox Oyyo 371MCHEHO JIOKaJIbHE MOAPIOHCHHS CITKH B HaWOULIBII CIAa0KMX 1 HEOS3MEUHUX MICIISIX
KOHCTPYKI(ii. TakuMu MICISIMH € KiJIbLII OTBOPIB HAHOUIBIIMX JiaMETPiB, IO 3HAXOAATHCSI MK JIBOX
nackiB KoHCTpykuii. DiHanmbHa CiTKa CKiHYEHHUX eleMeHTiB (puc. 3.1) Hamiuye nonax 35 Ttucsui
CKIHUCHHMX €JIEMEHTIB 13 CepEeHBOIO SKICTIO eieMeHTa Oubiie 0.85, 1110 € XOPOIIMM Pe3yJIbTaTOM ISt
000JIOHKOBOT MO/IeJTi aHOT reoMeTpii. 301IbIIEHHS KITBKOCTI CKIHUEHHUX SJIEMEHTIB BJIBIUl HE MPUBEIIO
JI0 CYTT€BOI 3MiHHU Pe3yJIbTATIB.

B pospaxyHkax NpUAHSATO MYJBTI - JiHIHHY Aiarpamy pO3TSATHEHHs, Ta ii ¢opma NpuiiHATa AT
moOyIOBH JiarpamMu, IO OINKCY€E 3B'I30K MIDK IHTCHCHUBHICTIO €KBIBaJCHTHUX jaedopmariii Ta
€KBIBaJICHTHUX HANPy>KeHb, pUC. 3.2.
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0,000 0,100 0,200 {m)
I 09— 00

Pucynok 3.1 Cxinuenno-enemenmna mooenv KOHCMpPYKYii

Temperature : 20 [C

Stress [MPa)

0 0,05 0.1 0.15 0.2 0,25
Plastic Strain [m m~-1]

Pucynok 3.2 Mynemi- ainitina diaepama po3mseHeHHs

HaBaHTa)keHHSI € THCKOM Ha BHYTPIILIHIO TOBEPXHIO 000JIOHKH, BKIIIOYAOUX OZMH 3 ii (IaHIIiB, 110
BUKJIMKAa€ HE TUIBKM MEPHUIIOHANbBHI, ajie i HampyXeHHs po3Tary. HaBaHTa)keHHS 3MIHIOIOTHCS SIK 32
4acoM, TaK i 3a BEJIMYUHOIO, Ta 3aJaI0ThCsl B TAOIMYHOMY BUIIISAI. 3aKpiluIeHHs 000JIOHKH NPUHMAocs
K KOPCTKE 3allleMIICHHS 32 KOHTYpoM 000s0HKH. Ha puc. 3.3 300pakeHo MOoBEepXHIO HABAHTAXKCHHSI.

0,000 0,100 0,200 ()
I 920 a0
1,050 1,150

Pucynox 3.3 [osepxus nasanmagicentsi Ha 060I0HKY

Posrnsianucy HaBaHTAXEHHS, 3MIHHI 32 YacoM, Ta JOCIIXKYBaBCSA HAMpyKeHO-Ie(hOPMOBaHHIA CTaH
KOHCTPYKIIT 3 ypaxyBaHHSIM IUIACTUYHMX JedopMaltiii.
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4 AHaJi3 YUCI0BUX pe3y/IbTaTiB.

PosrnsiHyTO HanpyxeHo-aehopMoBaHUl CTaH MepPOpPOBaHOT OOOJOHKH 3 TAKUMH T€OMETPUUYHUMU
rmapamMeTpaMH. JiaMeTp 30BHIMHIA 190MM; TOBIITMHA 4 MM; TOBIWHA CTIHKH 3 TTOTOBIICHHSAMH B paioHi
¢bmanmiB 5 MM; 1oBxkuHA 00010HKH 3 (aanmeM 430 mM; moBkuHA Mojeli 0e3 (uanmg 390 MM; giaMeTpH
1,2,4,5 kinenps orBopiB 40MM; qiaMeTp TPETHOTO KiJIbIA OTBOPIB 45 MM; KiJbKICTh OTBOPIB B KUIBII
nopiBaioe 10, puc. 2.1. O6ononka BurororneHa 3i cram 30XI'CA. ®i3nko-MexaHiuHi BIACTHBOCTI IILOTO
MaTepiaixy nojasi B taom. 4.1.

BBakaeThcs 1m0 000JI0HKA 3HAXOAUTHCS ITiJT €10 3MIHHOTO HABAHTKEHHS, SIKE TIOJIAEThCS Y BUTIISL
Tabmumi. CxeMaTHYHO 3MiHY HaBaHTaXEHHS 3a YacOM MoJaHo Ha puc. 4.1.

Tabauysa 4.1 Baacmusocmi mamepiany Cmanv 30XI'CA

p, Kr/M3 E, I'Tla v 602, MIla os, MIla 8, %
7850 213 0,3 834 1059 9

3agaga po3paxyHKy NOJSATaE y BH3HAYCHHI HAIPYXKEHO-IE(POPMOBAHOTO CTaHY KOHCTPYKIIII,
MOMEHTY MOYaTKy pyHHYBaHHSI O0O0JIOHKH, a TAKOK MPOLIECY pyHHYBaHHS.

Crnix BpaxyBaTH, IIO MPU TAKUX BUCOKUX HAIPYKEHHAX IMOYATOK PO3BHUTKY TPIMIMHHU (TIOYATOK
pyWHYBaHHS KOHCTPYKIii) i MOMEHT 3pOINEHHS TPINIMH (OCTaTOYHE pPYHHYBaHHS KOHCTPYKIIiT)
MPAKTUYHO 30iraroThCs B Yaci. TakuM YMHOM, BUSHAYCHHS MIITHOCTI BiJOYBAEThCS MUITXOM BU3HAYCHHS
MaKCHUMaJbHO JOMYyCTUMHX TUIACTUYHUX Aedopmaliil. 3amady po3B’s3aHO B MPYKHO-IUIACTUIHOMY
(hopMyITIOBaHHI.

Pesynpratn po3paxyHkiB HaBeneHi Ha puc.4.2-4.4.

Steps | Time [<] | [ Pressure [Pa]
0 [

1,:-003 | 2,e+007

2,003 | 33e+007
32,6003 | 4,e+007

4,003 | 3,e+007

I

Pucynok 4.1 3mina nasanmasicenus 3a 4acom
3a3HaunMo, 110 Mmiciast MOMEHTY Yacy t = 1.65Mc maTepian 3a3Ha€ 3HAUHUX IUIACTUYHUX JedopMariiii
y TIOPiBHSIHHI 3 MPYKHUMH. TOMY, TIOYMHAIOYHM 3 ILOTO MOMEHTY, OYJI0 BUKOPUCTAHO PiBHSHHS Teopil
iacTuyHoro minHy B gopmi Kymepa — Caiimonjca. 3nadeHHst ctanux B Gopmyii (2.10) mpuidHsTI
takumu D = 3000 1/c, n = 3, m1o XxapakTepHO st CTajIeH.

Equivalent Plastic Strain
Type: Equivalent Plastic Strain
Units m/m

Time: L9791e-003
Cycle Number: 16314
05.12.2017 23:56

0,099337 Max
0,088299
0,077262
0066224
0,055187
0,04415
0033112
0,022075
0011037

0 Min

0,000 0,100 0,200 ()
[ IEEaaaa—— |

0,050 0,150
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Equivalent Plastic Strain
Type: Equivalent Plastic Strain
Unit: mfm

Tirne: 2, 1475e-003
Cycle Number: 18314
06.12.2017 0:00

0,099337 Max
0,086299
0,077262
0065224
0,055187
0,04415
0033112
0,022075
0,011037
0Min

6)

Pucynok 4.2 Pozgunenns niacmuunux oegpopmayiii 3a uacom: a) t = 1.98mc 6) t =2.15muc.

2,1475¢3
9,9337e-2 b

875e-2
7,52
6,25¢-2

5e-2

[m/m]

3,75e-2
2,58.2

1,25¢-2

0,
0, 4,64 &e4 1,2¢3 16e3 2,1525¢3

Pucynok 4.3 3anescnicmo makxcumanbHux niacmudnux oe@opmayiii 6io 4acy Ha8anmadceHHs.

AHai3yruu pe3yibTaTi, HaBeleH Ha puc. 4.2 — 4.3, Mo)KHA 3pOOUTH TaKi BUCHOBKH.

IlosiRa 1 3pocTaHHs TacTHYHOI Aedopmarii MOYMHAETHCS 3 CEPEeOUHH TEpINoi MiiCeKyHIN
po3paxyHky (puc. 4.1a). CnoyaTtKy 3pocTaHHs PiBHS MIIACTHYHOI JedopMallii € HECYTTEBUM 1 CTAHOBUTH
omu3pko 3% 3a 1.5 Mc, motiM BiAOyBaeThes pi3Ke WOro MPUCKOpPEHHs. Taky IMOBEIIHKY, OYEBHIIHO,
BUKJIMKAHO BITyKOM KOHCTPYKIii Ha mpolec 11 HaBaHTakeHHS. 3a mepiox mix 1.5 mc i 1.98 mc
BiZOyBa€eThCs Pi3Kuil CTpUOOK piBHS MIacTUUHOI AedopManii 10 KpUTHYHOTO. ¥ MOMEHT yacy 1.98 mc B
KOHCTPYKIIil TOYMHAIOTHCS MOYaTKOBE pyHHYBaHHS. 3pyHHOBaHI €IEMEHTH Biipa3y * 3pOCTAIOThCS B
HACKpi3Hy TpimuHy (puc. 4.2a), 1m0 NPU3BOJUTH IO MOBHOTO pylHYBaHHS KOHCTpyKIii. [lepBuHHe
pyVHYBaHHS BiOYyBa€ThCS MUISIXOM 3POIICHHS TPIMIMH MiX 2, 3, 4 KUTBIIMH OTBOPIB, TOYMHAIOYHU 3
OTBOpiB HaiiOinbmoro mgiamerpa. Hezabapom, depes nekiibKka MiTiCEKyHJ YaCTHHA KOHCTPYKINI Mix
OTBOPIB MEPETBOPIOETHCS B HAOIP OCKOJIKIB Pi3HOTO po3mipy (puc 4.20).

TakuMm 4MHOM, KOHCTPYKIIiS CTAIeBOi 00OJIOHKH 3 TOBIIMHOIO CTIHKY 4 MM HE IPOHIILIa BipTyaJIbHOTO
BUIpoOyBaHH 1 mepeAyacHo 3pyiHyBanacs. 301IbIIEHHS TOBIIMHN CTIHKM KOHCTPYKLIi Ma€ HajaTH i
JIOJIATKOBY MIIHICTb.

Byna npoBeneHa cepist NepeBipOYHUX PO3PAXYHKIB JJIs TOBIIMHUA MOJICII 3 KPOKOM 1o ToBInuHI 0,2
MM. Pe3ynbpTaTtu po3paxyHky BimoOpakeHi Ha puc. 4.4.

L a5
4

3.5
3 “"”/

25 el

2
1,5

4 42 44 46 48 5 52 54 h
Pucynox 4.3 3anexcnicms uacy npayezoamuocmi xoncmpykyii t, mc 6i0 moswunu iv cminku O, mm.
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3akiHueHHs cepil po3paxyHKiB Bil0OyBajIOCh MPHU TOCATHEHHI TaKO1 TOBIIMHY, MIPU SIKil KOHCTPYKIIisI
BUTpUMaia 0e3 pyiHyBaHHSI BECh MpOIeC HaBaHTaXeHHs. llepiioro TOBHIMHOIO OOOJOHKH, MPU AKIH
JIOCSTAEThCSI HEOOXiMHA MIIHICTh, € TOBIIMHA 5,4MM. MakcHManbHI IDIACTHYHI medopmartii, 1o
BUHUKAIOTH B KOHCTPYKIIi{ TPH TaKii TOBIMHI, € BIIUyTHUMH, aJie He MepeBUILYIOTh KpuTu4aHi 10%, 110
JIO3BOJISIE KOHCTPYKIIi YCIIIIHO MPOWTH BipTyanbHi BUNPOOYBaHHS 1 HE PyHHYBAaTHUCS.

Hiarpama po3mo/IiTy OCTaTOUYHUX TUIACTHYHUX NMedopMaliiii B 00omoHIi nogana Ha puc. 4.4. I'padix
3MiHE MaKCUMAJIbHUX TUTACTHYHUX Jedopmariiii KOHCTPYKIIii B TPOIieci HaBaHTaKEHHS MTOJAaHO Ha PUC
4.5. Po3nonin ekBiBaJIeHTHOTO 10 Mu3ecy Hanmpyrd KOHCTPYKIil B MOMEHT MakcuMyMy ipu t=3,12mc
oaHo Ha puc. 4.6.

Equivalent Plastic Strain
Type: Equivalent Plsstic Strain

Unit: msfm
Tirme: 4,0001e-003
Cycle Mumber: 27866
06.12.2017 &:57
0,056628 Max
0,050336
0,044044
0027752
0,03146
0,025168
0,018876
0,012584
0,006292
0 Min
0,200 ()
Pucynok 4.4 Po3nodin niacmuunux deopmayiti KOHCMPYKYIi 6 MOMEHM 3aKIHUEHHS PO3PAXYHKY
5,66288-2
582
4,82
E 3e2
E
282
1,e-2
o,
o, 1,63 2e3 3,63 4,0001e3
[s]
Pucynok 4.5 I'paghix sminu MaxcumaibHux nAaCmuyHux 0egpopmayiii 3a 4acom
Equivalent Stress
Type: Equivalent (uon-Mises) Stress
Unit: Pa
Tirne: 3,1159e-003 T AVAVAVAVAVAYAVAVAVAY,

Cycle Number: 27866
06,12.2017 9:0L

1039229 Max
9,237c8
8,0824c6
6,0277¢8
5773168
46185¢6
3,4630¢6
2,3092¢8
1154628
0Min
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Pucynox 4.6. Posnooin exeisanenmmnozo no Muzecy nanpyau koncmpyxyii 6 momenm maxcumymy npu t =3,12mc

Takum 9nHOM, OyJia OTpUMaHa ONITUMAaJIbHA TOBIIMHA KOHCTPYKIIT, 110 JI03BOJISIE T YCIIITHO MPOUTH
BipTyaJibHI BUIPOOYBaHHA 1 HE MiAATHCS PyHHYBaHHIO. PiBeHb MaKCUMaJIbHUX TUIACTHYHUX AedopMarii
ckiaB 5,7%, a KOHCTPYKIisl BATPUMaia BECh IIPOLIEC HABAHTAKEHHS.
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3a3HaunMoO, MO ] Yac TPOBENEHHS ONTHUMI3allifHUX pO3paxyHKiB Oyll0 BHUSBICHO e(eKT
3aIi3HIOBaHHS BiTYKY KOHCTPYKIii Ha 11 HaBaHTaXeHH:I, 110 CKOPILI 3a BCE IMOB'A3aHO 3 XBUIHOBUMH
npolecaMy B KOHCTPYKIIii, 8 TAKOX iIMITyJIbCHIUM XapaKTepoM HaBaHTakeHHs. Onucannii eeKT B AKX
poO3paxyHKax MPUBOIWB A0 PYHHYBaHHS KOHCTPYKIIi, Mpw, 34aBanocs O, mocTtatHid ToBmuHi. [lana
0COOJIMBICTH TIOBEIIHKA KOHCTPYKIIil MOTIa OyTH BpaxoBaHa TIIbKW B JUHAMITHOMY PO3PaxyHKY, SIKAN
1 OyB mpoBeACHUI.

5. BucHoBKH

[ToGynoBaHO MeTOJ pO3B’sI3aHHS 3ajadi BU3HAYCHHS PYHHIBHUX HaBaHTaXXeHb Ha MepdopoBaHy
000s10HKY. P03p0o0iieHO KOMIT'tOTEpHY MOZETL JJIs JOCHIJDKCHHS, aHali3y Npane3/laTHOCTI Ta
BH3HAYEHHS PAlliOHATbHUX KOHCTPYKTHBHHX ITapaMeTpiB mephopoBaHUX 0OO0IOHKOBHX CHCTEM 3 PI3HUX
MaTtepialiiB Ipu KOPOTKOYACHUX CHIIOBHX BILTHBax. Po3po0ieHO KOMM'IOTEPHHH METOJ MOJCTIOBAHHS
JUHAMIYHUX BUIIPOOYBaHb, IPOBEICHHS aHAJI3y PYHHYIOTh HaBaHTaXXEHb ep(hopoBaHNX 0O0TOHKOBHX
cucteM npu iMmynscHUX BromnBax. [locmimkeno HJIC i mpouec pyliHyBaHHS KOHCTPYKIii. Bu3zHadeHo
yac 10 pyWHYBaHHs i BEMTUYHHA PYHHIBHOTO HaBaHTaKeHHS. KoMm'toTepHH aHami3 1aB MOXJIHBICTb
3HAUTH MiHIMadbHy TOBIIMHY MOJIENi, HIO BUTPHUMYye BUNpoOyBaHHS. B mopampmomy manye
MIPOBEJICHHS ONTHMIi3allii 00OJIOHKH, BPaxOBYIOUM T€OMETPHUYHI MapaMeTpH, BIACTUBOCTI MaTepialiB,
po3TaimryBanHs, GOpMy 1 pajiiycl OTBOPIB.
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JlocnipkyeMo KepoBaHHI pyX IBOJAHKOBOTO MaHIIyJISITOpa, SIKMH I Ji€f0 KepyBaHb (MOMEHTIB CHJI Y LIApHIpaX) BUKOHYE
TPAHCTIIOPTHY OMNEpalil0 B TOPH30HTAIBHIN IDIOMIKHI: MEPEHOCHTh BAHTAX 13 3aJaHOTO MOYATKOBOTO IIOJIOKEHHS B 3aJaHE
kinnese. [IIBUIKICTh BaHTaXy Ha MOYATKYy Ta B KiHIII Omeparlii BBAXKAEMO HYJIHOBOKO, TPUBAIICTh PyXy 3amaHoro. [lix vac
HaJIAIITYBaHHS MaHIIyJsITopa (Ha BUKOHAHHS 33/1aHol olepallil) MOJKHa 3MIHHTH ITOJIOKEHHST 6a30BOTO IIAPHIpa, IO 3B’s3y€
CHCTEMY 3 HEPYXOMOI OCHOBOIO. TakoxX JJIs 3aaHUX JIIHIHHUX KOOPAMHAT BaHTaXy (Ha MOYATKY Ta B KiHII PyXy) MOKIIHBI
pi3Hi KyTOBi KOH(pirypauii nmaHok wmaHimyiaatopa. ChopMynboBaHO 3ajady CyKyNHOI ONTHMIi3amii KoopauHAT 0a30BOTO
HIapHipa, MOYaTKOBHX 1 KiHIEBUX KOH(Irypaliil JaHOK MaHIMyJIsATOpa Ta HOTo pyxXy 3a yMOBH MiHiMi3amii KBaapaTHYHOT O (32
KepyBaHHAMH) (yHKIIOHaNA. 3allpOIOHOBAHO aJITOPUTM NOOYIO0BH CYOONTHMATBFHOTO PO3B’s3KY 3a1adi, SIKHI IPYHTYEThCS Ha
METOMAUII MapamMeTpu4Hoi ontuMizalii. KyToBi KOOpIMHATH MaHIMyIATOpa alpOKCHMYEMO CyMOIO KyOi4HOro MONiHOMA Ta
CKIHYEHHOTO TPUTOHOMETPUYHOTO psny (3 HeBimomMuMu napamerpamu). KoedilieHTH moxiHOMa 3HAXOIUMO 13 TIOYATKOBUX Ta
KIHIIEBHX YMOB TPaHCIIOPTHOI omeparii. B pe3ynprari BuXinHA 3amada 3BOJAMTHCS A0 3a1adi HENHIHHOTO MpOrpaMyBaHHS 3
LITBOBOIO (DYHKIII€IO, 3aIeKHOI0 Bil KOOpAWHAT 0a30BOTO INApHipa, TPaHMYHUX KOHOQIrypamiil jJaHOK Ta KoedilieHTiB
TPUTOHOMETPUYHOTO psify. I po3B’si3aHHS OTPUMAHOI 337adi BUKOPHCTOBYEMO YHCIIOBI aTOPUTMHU MiHiMizanii QyHKIiNH
GaraThox 3MiHHMX. HaBeneHO pe3ysbTaTH YMCIOBOTO MOJEIIOBAHHS CYOONTHMAaJbHOIO PYXY JBOJAHKOBOI'O MaHIIyJsITOpA,
TaKOK YHUCEJILHO IOCII/PKEHO BIUTHB KOOPANWHAT 06a30BOro MIapHipa Ha XapaKTePUCTHKH [[bOTO PYXY.

Knrouogi cnosa: 060orankosutl Maninyisamop, mpaHcnopmua onepayis, ONMuMaibie KepyeaHnHs, Napamempusayis Kymogux
KOOpOuHam, HeliHitine NPOSPaMy6aHHsl.

Parametric optimization of the kinematic structure
and the movement of the two-link manipulator

Demydyuk Myroslav PhD, Senior Researcher,
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics
National Academy of Sciences of Ukraine, 3-5 Naukova St., L viv, 79060,
Ukraine

Demydiuk Vitalii Master’s Degree (System Analysis), Software Engineer, LLC “DevCraft”,
(ORIL Inc.,www.oril.co), 3 Syhnivka St., off. 81, L viv,79040, Ukraine

The controlled motion of a two-link manipulator has been studied. The manipulator being under the action of controls (torques
at joints) performs a transport operation in the horizontal plane, namely, transfers the cargo from a given initial position to a
given final position The speeds of the cargo at the beginning and end of the operation are considered to be zero, and the
duration of the movement is given. While preparing the manipulator for executing a given operation, it is possible to change
the placement of the joint which connects it to a fixed base. The different angular configurations of manipulator links are
available at the beginning and the end of the operation. The problem for aggregate optimization of the base joint coordinates,
as well as the boundary configurations of the links of the manipulator and its movements is formulated, providing that the
quadratic (over the controls) functional is minimized. The algorithm for building a suboptimal solution of the problem, based
on the methodology of parametric optimization is proposed. The angular coordinates of the manipulator are approximated by
the sum of a cubic polynomial and a finite trigonometric series (with unknown parameters). The coefficients of the polynomial
are found from the initial and final conditions of the transport operation. As a result, the initial problem is reduced to the

© Jemuarok M.B. Oemugtok B.M., 2020


file:///D:/DMV/0%20-%20СТАТТЯ/2020/MatMod/0%20-%20В%20редакцію/m_demydyuk@ukr.net
https://orcid.org/0000-0002-9719-4512
http://www.oril.co/
file:///D:/DMV/0%20-%20СТАТТЯ/2020/MatMod/0%20-%20В%20редакцію/vitalii.demydiuk@oril.co
https://orcid.org/0000-0003-3442-2108
http://www.oril.co/

BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa
cepis «MaTemaTiyHe MogenioBaHHs. IHopMaLliiHi TexHonorii. ABTOMaTM30BaHi CUCTEMM ynpaBniHHs», BUnyck 48, 2020 37

problem of nonlinear programming with an objective function depending on the coordinates of the base joint, boundary
configurations and coefficients of the trigonometric series. The standard numerical procedures for minimization of the
functions of many variables have been used to solve the resulting nonlinear programming problem. The results of numerical
modeling of two-link manipulator suboptimal motion are described, and the influence of the base joint coordinates on the
characteristics of this motion is numerically investigated. The analysis of numerical calculations shows that the position of the
base joint and the boundary configurations of a two-link manipulator influence significantly the energy consumption during the
transport operation.

Keywords: two-link manipulator, transport operation, optimal control, angular coordinate parameterization, nonlinear
programming.

I[lapameTpuyecKkasi ONTUMHU3ANMSA KHHEMATHYECKOH CTPYKTYPbI
U IBUKeHU I IBYX3BEHHOTI0 MAHHUIYJISTOPA

JeMbITIOK Kanouoam uz.-mam. HayK, CMapuiuii HaAy4Hulli COMpYOHUK,
MupociaB BacunbeBuu  [Hcmumym npukiaoHux npoonem Mexanuku u MamemamuKu
um. A.C.IHoocmpueaua HAHY, yn. Hayunasa, 3-b, 2. JIbeos, 79060, Ykpauna

Hdembiaiok Buranuii Mazucmp (cucmemnuwlii ananus), undicenep-npozpammucm, TOO “/leeKpagpm”
MupociaaBoBuY (ORIL Inc., www.oril.co), yr. Ceienusxa, 3, ogp. 81, 2. JIveos, 79040, Vrpauna

HccnenyeM nBrkeHHsl NBYX3BEHHOT'O MaHUITYJIATOPA, KOTOPHIH IOJ JEHCTBHEM YIpaBieHHH (MOMEHTOB CHJI B LIApPHUPAX)
BBITIOJTHSIET TPAHCIIOPTHYIO ONEPANUI0 B TOPU30HTANBHOM IIIOCKOCTH: NEpeMeIaeT IPy3 ¢ 33AaHHOTO HaYaIbHOTO COCTOSHHS
B 3aJaHHOEe KOHEeYHoe moioxeHne. CKOpPOCTh Ipy3a B Hadale M KOHIIE ONEpAlM CUYUTaeM HyJIECBOH, BPEeMs IBHKEHHS
3agaHHBIM. IIpu HacTpolike MaHUITYyIATOpa (Ha BBINOJHEHHE 3aJaHHOH ONepaliy) MOKHO U3MEHHTH MOJOXKEHHE 0a30BOTO
[IApHUPA, CBA3BIBAIOIIECIO CHCTEMY C HEMOABIDKHBIM OCHOBaHHeM. Tarske U 3alaHHBIX JIMHEWHBIX KOOpAMHAT Tpy3a (B
Havalle ¥ KOHIIC JBU)KCHHS) BO3MOXKHBI Pa3HbIC YIIIOBbIe KOHMUrypaluu 3BeHbeB MaHumyastopa. ChopMynupoBaHa 3a1aua
COBMECTHOH ONTHMH3aIMKM KOOPAWHAT 0a30BOTO IApHHpPA, I'PaHUYHBIX KOH(QUIypaluii 3BEHbEB MAaHMITYJISITOpPA M €ro
JBIDKEHHUH TIPH yCIOBUM MUHUMHU3AIMHU KBaAPAaTHYHOTO (T10 ynpaBiieHUsIM) yHKIroHana. [IpeioixkeH anropuT™ HOCTPOCHUS
CyOONTHMAIBHOTO PEIICHUs 3a7a4n, Oa3supyromMiics Ha METOJUKE MapaMeTPUYECKOH ONTHMU3AIUH. YTIIOBBIE KOOPIUHATHI
MaHUITyJIATOpPa AalMpPOKCHMHPYEM CyMMOH KyOMYecKOro IOJIMHOMAa M KOHEYHOTO TPHUTOHOMETPHUYECKOro psga (c
HEeH3BECTHBIMU MapameTpamu). KosdduimenTs! monmHOMa HAXOAUM M3 HAYAIBHBIX M KOHEYHBIX YCIOBHH TPaHCIOPTHOH
omepanun. B pe3ynpraTe MCXOmHAs 3a7ada CBOAWTCA K 3alade HEIWHEWHOTO MPOTPaMMHUPOBAHUS C IIETICBOH (QYHKIHEH,
3aBUCSAIIEH OT KOOpAUHAT 6Aa30BOr0 MIAPHHUPA, TPAHUYHBIX KOH(GUTYpalHnii 3BeHbEB U KOI(QPUIIMEHTOB TPUTOHOMETPHUIECKOTO
psina. st perieHns MoJTy4eHHOW 3a1aui HCIOJIb3yeM YHCICHHBIE aJlTOPUTMBI MUHUMH3AIMU (QYHKINA MHOTHX TIEPEMEHHBIX.
IIpuBeneHs! pe3yabTaThl YMCIEHHOIO MOJAEIMPOBAaHMSA CyOONTHMAIBHOIO ABMXKEHHUS JBYX3BEHHOTO MAaHUILYJSATOPA, TAKkKe
YUCIIEHHO UCCIIE0BAHO BIMSHUE KOOPAUHAT 0Aa30BOT0 LIAPHUPA HA XapaKTEPUCTUKU 3TOTO ABUIKEHUS.

Knrouesvle cnosa: 0s8yx3senmvlii MAnUnyIsamop, MpaHCROPMHAs ONepayus, ONMUMAIbHOE YApAGleHue, Napamempusayus
V2ll08bIX KOOPOUHAM, HEIUHENHOEe NPOSPAMMUPOBAHUE.

1 Beryn

KommiekcHa aBroMaTH3allisi BAPOOHUIITBA — BAXKIIMBHI HAMPSM HAYKOBO-TEXHIYHOTO Tporpecy. Ha
ChOTOJIHI aBTOMAaTH30BaHI BUPOOHWYI CHUCTEMH IIUPOKO PO3MOBCIOJDKEHI B PI3HUX Taly3sx
npoMuciIoBocTi. OCHOBHMM CKJIaJHMKOM TaKHX CHUCTEM € MaHilyJsidiiHi podotu. [locriliHa moTpeda B
MiIBUIICHHI TEXHIYHOTO PIBHS BUPOOHUWIITBA BUCYBAa€ Ha MEpEAHIN TUaH MpoOiIeMH BIOCKOHAJICHHS
ICHYIOUMX Ta CTBOPEHHS HOBHX 3pa3KiB MaHINYISLHIHHUX POOOTIB i3 BUCOKMMH (YHKI[IOHATBHUMH
nokazHukaMu. Cepell IUX TOKA3HHKIB YiJlbHE MICIE 3aiiMalOTh TOYHICTH TO3HIIFOBaHHI POOOYOTro
oprany (3axOIUIIOBa4ya) MaHIMMyJsTOpPa Ta €HEProBUTPATH, HEOOXiAHI IJIsI BAKOHAHHSA poO0oYOoi oneparii
[1]. OueBumHO, 1110 3a3HaYCHI TTOKA3HUKHU 3aJISKATh BiJl MapaMeTpiB KOHCTPYKIIi poboTa Ta HOro pyxy.

[IpoayKTUBHAM MiIXOAOM Y MOJIMNIIEHH] QYHKIIOHAIBHUX XapaKTEPUCTHK POOOTIB € ONTHUMI3aLlisd
iX KOHCTpyKLi{ Ta pexxuMiB kepyBaHHs [2]. [lopsn 3 MM Ba)KJIMBHM ONTHMI3yHOYHM YMHHUKOM, IO
Jla€ BIMUYTHUH pe3ynbTaT, € BIANOBIIHE po3MimeHHs (y TEXHOJIOTIYHIH 30HI BUPOOHUIITBA)
MaHIMyJISAIHOTO POOOTa Mi/T Yac HOro HaNAIITYBaHHS Ha BUKOHAHHS poOodoi omepariii. Sk cBig4aTh
pe3y/IbTaTH YHCIOBOTO MOJETIOBAHHS PyXy JABOJIAHKOBOTO MaHimynstopa [3], 3aBOsku BUOOpY
BIJIIOBIIHOTO PO3MIillIEHHS 0a30BOro MmapHipa (apHip, II0 3B’s3y€ MaHINYJALIAHY CHCTEMY 3
HEPYXOMOIO OCHOBOIO) MOXKHA CYTTEBO 3MEHIIIUTH €HEPrOBUTPATH HA BUKOHAHHS omeparlii. 3a3Haunmo,
110 Takuil BUOIp € OCOONMBO aKTyaJbHUM JUII MOOUIBHHX POOOTIB, Y SIKMX MaHIMyJsLiliHAa cucTema
3aKpiluieHa Ha KOJiCHIM miatdopmi, 10 MOXKe mepeMilaTtics y Mexxax pooouoi 3ouu [4]. Lle ogaum
IUTIIHAM TIX0J0M Yy ONTUMI3allli MaHIMyJAUIHHUX CHCTEM € BHOIp BIAMOBIIHOI KiHEMaTHYHOL
KoH(]irypauii naHoK MaHimynstopa. Hampukman, s JBOJAHKOBOTO MAaHIMyJATOpa 3aJaHOMY
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MOJIO’KEHHIO 3aXOIUTIOBada BiAMOBIMAIOTH IBI KiHEMaTH4HI KOH(]Irypailii JTaHOK, BHOIp SKHX TaKOX
ICTOTHO BIUTHBA€ Ha (DYHKIIOHATIbHI XapaKTEPUCTHKNA MaHIMMyJsiiHOT cuctemu [5].

EdextuBHuM y peamizalfii HaBeJICHUX BUIIE ONTHMIi3Al[ifHUX MiAXOMIB € BUKOPUCTaHHS 3aco0iB
MaTeMaTHYHOTO MOJENIOBAaHHS, TEOopili ONTHMi3amii Ta CyJacHHX KOMII IOTEpHHX TexHojoriid. Tomy
JOCTKEHHST MaTeMaTHYHUX MOJIEIeH TUIIOBUX MaHIMyJSAIIHHIX CHCTEM 1 TIOOy[oBa Ha TXHil OCHOBI
ANTOPUTMIYHO-TIPOTPaMHOTO 3a0e3MeUYeHHs AJIsl ONTHMI3allii KOHCTPYKIIN Ta PEeXUMIB KepyBaHHS €
aKTyaJIbHOIO 33/1a4€f0 POOOTOTEXHIKH.

Cepen MaHINYISIMIHHAX CHUCTEM YiJlbHE MICIE TMOCIAIOTh BOJIAHKOBI MaHIMynsTopu. Taxi
MaHIMyJISATOPH € CKJIaJOBUMH YaCTHMHAMHM KOHCTPYKLIH 0araTb0X MaHIMyJSIIHHUX POOOTIB, Yy SIKUX
JOBXHHH JBOX CYMDKHHMX JIAHOK MOMITHO MEPEBHUILYIOTh PO3MIpH DPEIITH JIAHOK (AWB., HApPUKIAL,
koHcTpyKitii podotieB SCARA [6, 7], LabVolt 5150, KUKA KR 100-2 [8]). Came 1i TaHKH BUKOHYIOTh
OCHOBHHUH 00cAT pyxy poOoTa i 4ac BUKOHaHHs poObourx onepaniid. ToMy IBOJaHKOBI MaHIMyIsSTOPH
BXKE TPUBAIMH Yac MPUBEPTAIOTH YBary AOCHIIJHHKIB, IPO MIO CBiTYNThH 3HAYHA KITBbKICTh MyOJiKaIii.

Bigmitumo nesiki myOumikariii, MPUCBSYEHI ONTHMI3amii JBOJAHKOBUX MAaHIMYJIIHHUX cHCTEM. Y
MoHorpadii [6] mocmianmm HU3KY 3a7ad ONTHMAJBHOTO (3a IIBHIAKOMIEI0) MPOTPaAMHOTO KepyBaHHS
JIBOJIAHKOBUM MaHIMyIssTopoM. YucenpbHO NOOyAyBalM HiarpaMu, 3a JONOMOIOI0 SIKHX MOXKHA
BU3HAYNTH (y TTapaMeTPHIHOMY KJIaci KyCKOBO-CTANNX (PYHKIIN) mapameTpu KepyBaHHS. Ha migcrasi
YHCIIOBOTO MOAEIOBAHHS ABTOPH MMOKA3aJId, 10 AJIS 334aHO01 TPAHCIIOPTHOI omepariii, KO 3aJal0ThCs
TiHIMHI KOOPIMHATH 3aXOIUIIOBaYa Ha MOYATKy Ta B KiHII pyXy, BiAMOBimHI (rpaHudHi) KoHGirypamii
JIBOJIAHKOBOT'O MAaHIIMYJIATOpAa CYTTEBO BIUIMBAIOTh Ha Yac IIBUIKOAIL. Y pa3i NPSIMOJIHIHHOTO
MIEpPEeMIIIeHHs] 3aXOIUTIOBaYa aBTOPH 3allPOMOHYBAIA METOJIUKY BU3HAYEHHs ONTHMAaIbHOI KOH(iryparii
MaHinynsatopa. ¥ [9] po3s’s3anu 3aauyy ONTHMaIbHOTO KepYBaHHS JBOJAHKOBUM MAaHIMyJIsTOPOM i3
KOMOiIHOBaHUM (YHKI[IOHAJIOM, y SKOMY IHTerpajibHa 4YacThHA (KBaJpaTH KepyBaHb) BHUpPaXKae
€HEepProBUTPATH, TEPMiHAIbHA YACTHHA — TPUBATICT PyXy. P0O3B’ 130k moOyayBanu 3a yMOBH CTaTHYHOI
YPiBHOBaXEHOCTI JAPYTOi JIAHKH, KOJH ii IEHTP Mac PO3MIIeHUH Ha oci mapHipa. Takoxk TyT YUCENbHO
noOyayBaJIv AiarpamMu Ui BU3HAYEHHS ONTHUMAIBbHOI KOH(Irypatii TaHOK MaHimysTopa (Y KiHIEBOMY
MIOJIOXKEHH1) Ta HANPSAMKY TXHHOTO MOBOPOTY. BIJIMB rpaHn4HUX KOHQIrypalii (Ha movaTKy Ta B KiHIIi
PYXy) JABOJAHKOBOTO MAaHIMYJISITOpa HA AWHAMIYHI XapaKTEPUCTHKU MOOYJOBAHOTO CYOONTHMAIIEHOTO
PEKUMY KepyBaHHS YUCEIBbHO NoCHiauin Takok y [5]. TyT ans po3B’si3aHHS 3a/a4i ONTHMAJIHHOTO
KepyBaHHS BUKOPUCTAIH METOAMKY MapaMeTPUYHOI ONTUMI3alii, y sSKili KyTOBI KOOPAMHATH CUCTEMH
anpOKCHMYBAIIM CyMOIO KyOi9HOTO TMOJIIHOMA 1 CKIHYEHHOTO TPUTOHOMETPHYHOTO PSY (3 HEBIIOMUMHU
napameTpamy), 10 a0 3MOTY 3BECTH BHXiAHY 3aJady A0 3ajadl HeNiHIIHOro mnporpamyBaHHS.
AHaJIOTIYHYy METOJHMKY IiJl 4ac JOCIIKCHHS 3aJa4 ONTHUMI3alii PyXy JBOJAHKOBOTO MaHIMyJsITOpa
3acrocyBanu B ctartsax [10, 11]. ¥V npari [10] mis anpokcumartii BAKOPHCTAIN KJIACHYHI OPTOrOHANbBHI
nojinomu. ¥ [11] po3riisiHynu MaHIMynATOp, 0 BUKOHYE LUKIIIYHY TPAHCIIOPTHY ONEpaLiio Mmija Ji€ro
AaKTUBHHX Ta TPYXHHHO-IEMI(pEPHUX MACHBHUX NPHUBOAIB. Ha OCHOBI METOAMKHM MapaMeTpuU4HOi
onrtuMmizamii TYyT MOOyAyBalld alIrOPUTM CYKYIHOI ONTUMI3alii mapaMmeTpiB MacMBHOTO IMPHUBOLY Ta
3aKOHIB PyXy MaHIMyJsATOpA.

[Tixxif, 110 TPYHTYETHCS HA CHOPOLICHHI PIBHSIHB PyXy, BUKopucTanu B [1]. TyT /i JBONAHKOBOTO
MaHIMMyJIATOPa 3 EIEKTPOMEXaHIYHHMHU TPUBOAAMHU MOOYIyBaId MPOTPaMHI PEXKUMHU KepyBaHHS, SKi
MIHIMI3YIOTh: €HEPrOBUTPATH Ta TPHUBAIICTh PyXy CHUCTEMH (3a/ava 1); eHeproBUTpaTH Ta TOYHICTH
No3uLiOBaHHs (3agada 2). Pexxumu kepyBaHHs MoOyAyBajy B NPHUIIYLIEHHI BETUKUX IE€peAaBaIbHUX
yrced PeAyKTOpIB Ta HYIbOBUX KOe(]IIi€HTIB 1HIYKTHMBHOCTI OOMOTOK SIKOPIB JBHTYHIB, IO JAJIO
3MOTY 3HEXTYBATH B3a€EMOBILIUBOM Pi3HMX CTYIEHIB BUIBHOCTI MaHiMyJIsITOpa.

ANTOPUTMH KEpyBaHHS JABOJAHKOBUM MaHIMymsaTopoM i3 BukopuctanHsMm [I1J[-perymsaropis
omucaHo B cTarTsx [12-14]. V [15] 3anpononyBanu aroput™ ajaanrariiii kiacuuxoro ITIJ[-peryssitopa
(3 BUKOPHCTaHHSM CHMIUIEKCHOT'O 1HBApIaHTHOT'O METOJIy ONTUMI3allii), SIKHi BUKOPUCTAIH B CHCTEMI
KepYyBaHHS ABOJIAHKOBUM MaHIMyJIsSTOPOM.

VY crarri [3] aBTOp aKieHTyBaB yBary Ha JOLUIBHICTh PAI[iOHAJIBHOTO PO3MIlIEHHsS 0a30BOro
HIapHipa JBOJIAHKOBOTO MaHimynstopa. TyT y3arainbHEHI KOOPJMHATH MaHIMyJsATOpa 3alaloTh Y
BUTTISIAI KyOiYHMX TONIHOMIB (32 4YacoM), KOe(ili€HTH SKHX BH3HAYAIOTh 3 YMOB TPaHCIOPTHOI
omepauii. 3acodamMy YHCIOBOIO MOJEIIOBAaHHA MTOKAa3aHO, 10 MOJIOKEHHS! 0a30BOTr0 MIApHIpa CyTTEBO
BIUIMBA€E Ha €HEProBUTpaTH MaHimynsropa. Y [16] s ABONaHKOBOTO MaHIMyJsTopa OyAiBeIbHOTO
po0oTa BCTAaHOBWIIM SIBHI 3aJIGKHOCTI MIX JHIHHMMH po3MmipaMu pobodoi 30HHM, 33aHol y ¢opmi
NpSAMOKYTHHMKA, Ta IHapamMeTpaMd MaHillyJasaTopa (IOBXMHAMH JAaHOK Ta TPaHUYHUMU 3HAYEHHSIMH
MDKIIAHKOBOTO KyTa). Y mpami [17] moOymyBanu MaTeMaTHUHY MOJIENIb Ta alTOPUTMU PO3B’S3aHHS
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mpsiMOi Ta 0OEpHEHOT 3a/a4 KiHEMaTHKH W AWHAMIKH JBOJAHKOBOTO MAaHIMYISITOpa, HA OCHOBI SIKHUX
po3pobunu nmporpamuuii kox (y cepenosuii MATLAB) Ta mpoBenu HU3KY YUCIOBUX €KCIIEPUMEHTIB.

Hwxkue nocmimpkyeMo 3afady CyKymHOI ONTHMi3alii KiHEMAaTH4HOI CTPYKTYpH Ta 3aKOHIB PyXy
JIBOJIAHKOBOTO MaHIMyJIsTOpa. MaHIITyIATOp M Ii€l0 KepyBaHb (MOMEHTIB CHJI Y IIapHIpax) BUKOHYE
TPAHCIIOPTHY OTIEPAIlif0 Y TOPU3OHTAIBHIN TUTOIMIKHI: 32 3a/IaHUi Yac MEPEHOCHUTh BaHTaX 13 3a1aHOTO
MOYaTKOBOTO MOJOXKEHHS Yy 3aaaHe KiHmeBe. IIBHIKOCTI BaHTaXy Ha MOYATKy Ta B KiHI omepaii
BBO)KAEMO HYJIbOBHMH. [Ipumyckaemo, mo miix 9ac HaJalITyBaHHA MaHIMylIATOpa (Ha BUKOHAHHS
3aaHoi omepariii) MO)KHa 3MIHHTH TOJOXEHHS 0a30BOTO MIAPHipa, IO 3B’S3y€ CHCTEMY 3 HEPYXOMOIO
OCHOBOW. TakoX JUIs 3alaHOTO TIOJIOKCHHS BaHTaXy (Ha MOYATKy Ta B KiHI PyXy) MOXJIHBI pi3Hi
KiHeMaTu4Hi KoHQirypauii MaHimynsTopa. SKicTe mpolecy KepyBaHHs OLIHIOEMO KBaJpaTHYHUM (32
KepyBaHHsAMH) (yHKIIoHAIOM. [ToOymyBanu cyOonTuMaIpHI pPO3B’ 30K 3a/1adi, AKUI IPYHTYETHCS Ha
napamMeTpu3anii KyTOBUX KOOPAMHAT MAHIMyJIsTOpa CyMOIO KyOidyHOro MOJiHOMa Ta CKIHYEHHOTO
TpuroHoMeTpuuHoro psny. KoedimieHTH mnoniHOMa 3HaWILIM i3 TOYATKOBHX Ta KIHIEBHX YMOB
TpaHCTIOPTHOI omepamii. Y pe3ynpTari BUXIAHY 3a7ady ONTHMAJIFHOTO KEpyBaHHS (3 MapaMeTpaMu)
3BeNM 70 3a/a4i HeNiHIHHOTO MpOrpaMyBaHHsS 3 IITHOBOIO (YHKIIEIO, 3aIEKHOI0 BiJ KOOpAUHAT
0a30Boro mapHipa, rpaHUYHUX KOHQITYypaliil JaHOK Ta KOEQIi€HTIB TPUTOHOMETPUIHOTO psiay. Jlist
PO3B’sI3aHHS OCTaHHBOI BHKOPHCTAIHM CTaHIAPTHI YHCIOBI MpoIenypy MiHiMizamii (yHKIT 6aratbox
3MiHHHX. [IpoBenm HH3KY YHCIOBHX EKCICPHMEHTIB MO MOJETIOBAHHIO CYOONTHUMAIBHOTO DYyXY
MaHIIMyJISATOPa Ta YUCETBHO OCIIIMIN BIUIUB KOOPAMHAT 02a30BOT0 MIApHipa Ha XapaKTEPUCTUKH IBOTO
pyxy.

Mera gocmiKeHHS — MOOyAyBaTH aTOPUTM HapaMETPUIHOT ONTUMI3aMii KIHEMAaTHYHOI CTPYKTYpH
Ta 3aKOHIB PyXy JBOJIAHKOBOTO MaHIMyJsITOpa, pO3pOOMTH BiAMOBIMIHY KOMII'IOTEpHY Nporpamy Ta
YHCENBHO JIOCTIIUTH BIUIMB MapaMeTpiB MaHIMyIsATOpPa HA HOTO AMHAMIYHI XapaKTepUCTHKH. Po3poOka
€ TTOIAJIBIIIUM PO3BUTKOM METOJMKH MapaMeTpUIHOI ONTHMI3allil y AOCTIKEHH] 3a7a4 ONTHMAIFHOTO
KepyBaHHs MaHinyJsiiHuMu cucremamu [5, 10, 11, 18-22].

2 MexaHiuyHa MoJieJIb Ta PiBHAHHA PYXy MaHIimyJasiTopa
PosrnssaeMo ABOJIAHKOBHIA MaHIITyIISATOP, IO 3MIHCHIOE KEPOBAHUH PyX Y TOPU3OHTAIBHIN TUTOIIKHI
O XY . Mozenb MaHIIysTOpa CXeMaTHYHO 300paskeHa Ha puc. 1 (a). MaHInysTop CKiIanaeTbes i3

nBoX TBepaux Tin (ianok) OA, AB, 3’emHaHux Mix cO00I0 IWIHApUYHUM mapHipoMm A. Ilepria
JIaHKa 3B’s3aHa 3 HEPYXOMOI OCHOBOMO (0a3010) 1utiHApruHUM MmapHipom O i3 koopaunatamu (&, 1)
B iHepuiiHiil cucremi Bimtiky Oy XY . Ha kiHIi Apyroi JaHKK po3TallIOBaHi 3aXOIUIIOBAY 13 BaHTaXKEM.
3 METOH CIHPOIIEHHS MaTeMaTHYHOI MOJEIi MPHITYCKAEMO, IO JIiHiiHI po3Mipu 3axomtoBava (3
BaHTa)XeM) € HabaraTo MEHIIMMH 33 PO3MIpH JIAHOK MAaHIMyJISATOpa, TOMY iX MOJEIIOEMO TOYKOBOIO
Macor M, 3ocepemkeHoro B Touli B . Takox BBakaemo, 110 BCi MAPHIPH CUCTEMH € 11eaThHAMHU.

c
=

A 4

a) 0)

Puc. 1. Kinemamuuna cxema (a) ma obracmo oocsischocmi maninyasimopa (6)
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PiBHSHHS pyXy MaHIIyIATOpa MOAAMO Y BHIJISINI CHCTEMH IBOX HENiHIMHUX AuQepeHIiarTbHuX
piBHSIHB Jpyroro nopsaky [5, 10]:

Kati+ K[Bcos(a—B) +B2sin(a—B)] =, — Uy ,
Ky + K[6cos(a—B) — & sin( o —B)] = Uy , (1)
Je To3HaueHo: o, 3 — KyTd moBopoTy jaHok OA, AB BimnocHo oci O;X ; U;, Uy — MOMEHTH
KepYIOUUX CHII, IpHuKiafeHux y maphipax O 1 A Bimnosigno; Ky =J,+ az(mo +m), Kyp=Jp+ mb?,
K=a(rm,+mb); a=[OA, b=|AB| — noexunn naHok MaHimyastopa, J,, J — MOMEHTH iHepuii
nanok OA, AB BimHocHO oceli mapHipiB O, A BigmoBimHo, m,, I' — maca nanku AB Ta BigcTtanb
Bif ii meHTpa mMacu a0 mapHipa A. Kpankoro (3Bepxy HaJl BEIWYHHOIO) MO3HAYEHO NH(EpEHIIIIOBaHHS

3a yacom t. CmiBBigHomeHHs (1) € piBHsSHHAMU Jlarpawxa apyroro popay, fKi ONHCYIOTH PyX
JIBOJIAHKOBOT'O MaHIIyJISITOpA TiJ Ai€ro KepyBanb Uy (t), up(t) [6].

3 [locTanoBKa Ta aIrOPUTM PO3B’sI3aHHA 3a74a4i onTHMI3ail

B yMoBax cydacHOTO aBTOMAaTH30BAHOTO BHPOOHHIITBA JOCUTHh MOLIMPEHOI TEXHOJIOTIYHOIO
oTeparli€ro, Ky 4acTO BHKOHYIOTh MaHIIyJAIiHHI poOOTH, € TPAHCIIOPTHA Olepallis — MepeHECeHHS
BaHTaXYy 13 3aJJaHOTO TIOYATKOBOTO MOJIOKEHHS (POOOYOTo MPOCTOPY MAHIMYNIATOpa) V 3a7aHe KiHIIEBe
nojoxeHHst [2]. [IIBuaKicTs BaHTaXy B IMOYAaTKOBOMY Ta KiHIIEBOMY IIOJIOKEHHSX, 3a3BHYail, piBHA
Hyq10. B okpemux Bumagkax I IIBHIKICTh MOXKE OyTH BiIIMIHHOKO BiJ| HYJIS, HANpUKJIaJ, BaHTaX
3aXOIUTIOIOTh HAa PYXOMOMY KOHBEEpI Ta IEPEHOCHATh Ha IHIMUN pPyXOMHH KOHBeep. TpHBaicTh
omeparlii, K 1 3aKOH pyXy BaHTaXy, MOXYTh 3aJaBaTd 3a37ajierilb, a MOXYTh BHU3HA4YaTH 13
JOJATKOBUX BHMMOT, HaKJIaJEHMX Ha PyX MaHIMyJSiHHOT CHCTEMH, HampuKiIaj, MiHiMi3amii dacy
MIEpEeMIIlIeHHs] BAHTaXy, BUTPAT €HEeprii MpUBOAIB KEPyBaHHs TOIIO. Tako)X MOMKIIMBA CHTYaIlis, KOIH
3a/IaHO TPAEKTOPII0 PyXy BaHTaXKYy, a 3aKOH PyXy (B3IOBXK 3a/JaHOI TPaeKTOpil) MOTPiOHO BHU3HAYWTH.
BonHouac Ha TPaeKTOPi0 MOXKYTh HAKJIAJaTHCS MEBHI reoMEeTpUYHI 0OMEKEHHsI, 3yMOBIICHI YMOBaMH
TEXHOJIOTI9HOTO MPOIIECY.

Hexaif 3a1aH0 TpaHCTIOPTHY OTEPAIIiFO

X(0) =%, ¥(0)=Yo, X(0)=y(0)=0,

X(T)=xr, yT)=yr, XT)=¥(T)=0, @
ae X, Yy — xkoopauHatu Touku By cueremi Bimmiky O;XY ; (Xo. Yo), (Xr.yr), T — 3amani crami
napameTpH, siKi BA3HAYAIOTh MOYATKOBE 1 KiHIIEBE MOJIOKEHHS BAaHTaXy Ta TPUBAIICTh pyXy. BBeaeHi
napaMeTpu (pa3oM 3 KoopauHatamu 0a30BOTO ImapHipa &, 1) TOBHHHI 33J0BOJIGHATH YMOBH

JIOCSDKHOCTI MaHIMyJsITopa
2 2 2 2
(a-b)*<(x -8 +(y:—m)*<(a+b)*, t=0,T. ®)

Ha puc. 2 (0) o0iacTh JOCSDKHOCTI MaHIMyNnsATOpa OOMEXKEHa JBOMA KOHIICHTPUYHHMH KOJIAMHU
(300paykeHUMH TYHKTUPHUMH JiHisMH) 3 neHtpom y Ttouri O(E,m). Panmiycum BHYTpimHbOrO Ta
30BHIIIHBOTO KU1 PiBHI BIAMOBIIHO |a—b| Ta a+b. HaBeneHi TyT KiHEMaTH4HI CXEMH MaHIIyJIATOpa
BIAMOBIAIOTh BUmMagkaMm: a>b, a<b. JleranpHimuii aHami3 30HH JOCSIKHOCTI JIBOJIAHKOBOTO
MaHinynsaTopa y pasi, ko E=n=0, 0<a <1, onucano y crarri [23].

I3 anamizy KiHEMaTHYHOI CXEMHU MaHIIYJIATOpA CIIAYy€e, IO KOJU 3aXOILUTIOBAY PO3MIIY€EThCS
BCEpEIMHI 00JIACTi JOCSHKHOCTI, HOTO 33J]aHOMY TIOJIOKEHHIO (X, Y,) BIAMOBINAIOTH JIBa PI3HUX HAOOPH

3HaYeHb KyTOBHX KoopauHaT (of, B7), (o, BY) (BHacminok kiHemarnuHoi HaummkoBocti) [5]:

oF =GE-A@E), BT =Pr-AGD),

2, 2 2_ 2
- rF+c° =7 _ rF—c
oﬁ:\ytiarccostT, By =\y1+arccossz, c?=
T

T

we =sgn(y, ~marecos™ S =k~ 92+ (y, -2
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e GyHKIis A(G)En[1+sgn(|6|—n)]sgn(9—n) MPUBOIUTH 3HAYCHHS KyTa O Ha MpOMiKOK [T, 7).
Tyr Bupasu a1 KyTiB o, B OTpPUMYeMO, DO3B’SI3aBIIM CHCTEMY TPUTOHOMETPHYHHX PiBHAHb
acoso, +bcosp,=x,, asino +bsinB,=y, 3a ymoB —-n<o,<n, —n<PB,<n. HabGopu KyTiB
(of,B7), (o, BY) Binmosinarors 1BoM KOHIryparism KiHemaTiaroro nanmora OAB , cumMeTprudHIM
BimHOCHO mipsimoi OB . 3aramom Maemo 9oTrpu Habopu KoHDirypariit y moment yacy t=0,T :

& =[(og, Bo). (o7, Br)]. &2 =[(ag, Bo). (o7, )1

Es=[(c. Bo). (o7, Br)]. Ca=[(0g, Bp), (o7, BT)] -

[TozHaunMo yepe3 () MHOXKUHY TONMYCTHMHX 3Ha4eHb KoopauHat OazoBoro mapaipa O(E, 1), ski
3a7I0BONBHSIOTE oOMexkeHHs M (3), uepes Z={(;,Cr,C3,(4} — MHOXKHMHY MOXJIHMBHX TPaHHYHUX
KOH(QITypamiii KiHeMaTHJHOi CTPyKTypu wMaHinyisaropa. Cdopmymoemo 3amady. 3HAWTH Taki
xoopauHatu GaszoBoro mapripa O(E",M*)eQ), xoudirypaumito £*eZ, 3akOH pyXy MaHiIymsTOpa
a’(t), B*(t) Ta Bimmosinmi mporpamui kepyBanns Uy(t), us(t),te[0,T], sixi 3a6e3neuars BUKOHAHH:
MaHIMyJIATOPOM 33J]aHOi TPAHCTIOPTHOI omeparii (2) 3 MiHIMaTEHUM 3HaUYEeHHSIM (QyHKIIiOHAIa

:
E = [[uf(t) +us(®)]at . 4
0

KBagpatnunuii pyHkioHan Buay (4) 4acTo BUKOPUCTOBYIOTH y 33/1adax ONTUMAaIbHOTO KepPyBaHHS
MexaHiunumu cucremamu [1, 2, 5, 9-11, 18, 24, 25]. 3a meBHHMX NPHUNYIIEHb, KOIW KEPYyBaHHS
CHCTEMOIO BiTOYBa€THCS 32 IOTIOMOTOI0 €IEKTPOMEXaHIYHIX TIPUBO/IB, el (hYHKITIOHAT XapaKTepU3ye
CHEeproBUTPATH Ha ii mepemimenns [1].

Bukopucraemo st po3B’sizaHHs cpopMyIbOBaHOI 3aa4i METOANKY TapaMeTpUIHOI onThMizamii (y
MIPOCTOP1 y3aralbHEHUX KOOpAWHAT). MeTomuka IpyHTYeThes Ha ifei meroay Pitma [26], 3rigHo 3 siKor0
3a/avdy Ipo BiANIyKaHHS MiHIMyMYy (DYHKI[IOHaJa 3aMiHFOEMO TPOCTIIIIO 33a49el0 PO 3HAXOKEHHS
MiHIMyMy BignoBigHO1 ¢yHKUii (OaraTbox 3MiHHHX). 3TiHO 3 Ii€l0 METOAMKOIO Yy3arajibHEeHi
KOOpJMHAT MEXaHIYHOI CUCTEMH MPEACTaBUMO Yy BUIJISJI JHIMHOT KOMOiHaIi 3amaHux (QyHKIIH i3
HEBIZIOMMMH MapaMeTpaMy, 110 Aa€ MOXKJIMBICTh 3BECTH BHUXIIHY 3a/1a4y ONTUMAJILHOTO KEPYBaHHS [0
3a/a4yi HeNiHIHHOrO TmporpaMyBaHHA. BiAmoBigHO Iii METOMUII TOJAMO KYTOBI KOOPIWHATH
maninynsatopa oft), p(t) y takomy Burmsmi [5]

3ot At fo ot f ot
f=>¢t+G,(t), Gy =2 [a g M) +b 9], fe{o,B}. (%)
i=0 i=1

Tyr {g]j (t), ngi (OHY — 3amani va [0,T] dynxkii, gjfi eC?[0,T], j=1 2. Takumu dpyHKLIIMH MOXKYTb
OyTu, HanpuKIaa, TpuroHomerpuuHi Qyukuii [5, 18, 20, 27], oproronanbhi nominomu [10, 28, 29]
tomo. Koedinientn nominoma {Cif },3:0 3HAaXOJIMMO 3 YMOB TPAaHCIIOPTHOI orepartii (2):
¢ =fo-Gi (0), ¢ =G (0),
1 . o
cf =Ll - o+ 6l @-cf s Tlsi @+l M)} ©
1 o .
el = Llelto- 1+l m-cf 0] Tléf @+ 6]}
ne rpannuHi 3HaveHHs f. = f (1) e{o(1), B(v)}, ©=0,T, piBHi
at) =k, B)=Ppi, &(r)=P(x)=0, ©=0,T. (7)

PiBHiCTh HYNIO KYTOBHX HIBHJIKOCTEH JIAHOK B CIIIBBITHONICHHSX (7) 337a€MO 3 OTJIsIy Ha HYJIBOBI
JiHIMHI IWBUAKOCTI BaHTaxy B (2).
.. f o f ;
Koediujentn napamerpusanii {g', b Hly, f e{o, B} sHaxomumo B pesymbrari po3s’szaHHs

BIJMOBIAHOI 3a/1a4i HENIHIHOTO MporpamyBaHHA, SIKy OTPUMYEMO B Takuii crocib. IlpeacraBieHHs
KyTOBHX XapaKTEPHCTUK MaHIMyJsTopa y BUIIAAl (5) NPUBOAMTH A0 NapaMeTpUYHUX CiMEHCTB

at, &6 2), Btt,E M, 2), ne z=(af", b, af, bP,...,a,?, o aﬁ, bﬁ) — BEKTOP HEBIZIOMHX KOe(ilieHTiB
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napamerpmsamii B (5). Ilicia migcraBiaenns o, B Ta iX moxigHUX y piBHSHHS pyxy (1) 3Haxommmo
napametpu3oBaHi kepyBaHHS Ui(t, &, E,z), Ux(t, & n, ¢, 2), ki nepeTBopioloTs (QyHKUioHAT (4) Yy
¢yukiito 6aratbox 3miHaux E(E, M, (,2). Y pe3yabraTi BuxiHa 3a1ada ONTHMAIBHOTO KepyBaHHS (3

napaMeTpaMu) 3BOUTHCS 10 331a4i HeliHiiHoro mporpamyBanus [30, 31]

E(E NG 2) W_) min (8)

HaBenenwii Buie aqropuTM peaizoBaHO y BHIJIII KOMII FOTEPHOI MporpamMu (B iHTETPOBAHOMY
nporpamMHoMy cepeaoBuili MS Visual C# 2012, [32]), 3 10moMorom skoi MpOBEAECHO ONTHUMI3alliio
KIHEMaTHYHOI CTPYKTYPH Ta 3aKOHIB PyXy JBOJAHKOBOTO MaHIIMyJIsATOPA.

4 YucioBe MOJEJTIOBAHHS

HaBenemo oxpemi pe3ynbTaTH poO3B’s3aHHS JOCTIDKYyBaHO! 3aaavi. Posrmsmanu MaHimymsTop,
JIAHKH SKOTO MArOTh: KUIBIIEBHI MTOTIEpEYHUN Tiepepi3 31 crammmu 30BHIIIHIM 0.1 M i BHyTpimHiM 0.094
M JiaMeTpamy, cTally TyCTHHY marepiary 7850 KF/M3, a=0.8 M, b=0.6 M, r=0.3m. [Tapamerpu
TPaHCIIOPTHOI omeparii Ha0yBalu Takux 3HaueHb: X =0, yg=1m, Xy =0.7 M, yy =0.6M, T =6c,
m=§ KT.

OOuuciieHHsT TPOBOAWIM Ha KoM 'torepi 3 mporecopom AMD Ryzen 5 1600 (3.2 I'Ti) Ta
omepatuBHOIO am’ATTi0 16 I'B. Y mapameTpu3anii (5) BUKOpHCTATU TPUTOHOMETPUYH] QYHKIIT

n . .
f f 2mi f o 2mi
Gn Zé[a' COSTt—'—bi sSin Tt] ,

Jle 3amaBamd N=8, BIAMOBIAHO 3arajbHa KUTBKICTh TapaMmMeTpiB omrtuMmizamii craHoBmna 38. s
PO3B’sI3aHHS OTPUMAHOI 3a7adi HENIHIKHOTO MporpaMyBaHHs (8) BHKOPUCTAIN CTAaHAAPTHI alTOPUTMH
omnTHMIi3alii, 30KpeMa, UUKIIYHANA aNrOPUTM MMOKOOPAWHATHOTO CIYCKY B TIOE€AHAHHI 3 ajJTOPUTMOM
30510TOr0 TMofiny BiApizka [33]. 3a movaTkoBi 3Ha4YeHHs MapameTpiB omTumizaiii Oymno B3sito =0,

nN=0, =&, z=0. Tounictp 3a mapamerpamu ontumizauii (&, m, Z) Ta 3HAYCHHAM LiIHOBOI
(byHKLIT CTAaHOBWJIM BiAMOBIAHO 1078 | 10_3, Kpok muckpernsauii npomikka [0,T] — 0.03 ¢, yac
po3B’s3aHHs — 6mu3bKko 11 c.

YV pesyabTaTi onTHMi3alii OTpMManM MiHiManbHe 3HauyeHHs ¢yHkumionara (4) E*=0.8, sxe

JIOCATAEThCS JUIS KOOPAMHAT 0a30Boro maphipa & =1.143M, n"=0.413Mm, Habopy koHdirypaiii
nanok £ ={, Ta koediuienTis napamerpusanii Z, noganux y tabn. 1. Orpumane E* =0.8 € meHmmm

npubIU3HO B 7.7 pas BiA E®=6.14 — enuuna ¢yHkioHana (4) 1 TOYaTKOBUX 3HAYCHb apaMeTpiB

ONnTHMI3allii, a TakoX MeHIIe B 5.4 pa3 BiJ BEJIUYMHU E*=4.333, SKYy JOCSTJIM MiHIMi3aIli€ro
¢dynkmionana (4) Tinbku 3a KoedilieHTamu Tmapamerpusaiii Z Ta (IKCOBaHHMH IMapaMeTpamMu
&=n=0 (onTumizaris 6e3 3mimieHHs 6a3ooro mapHipa [5]).

Tabnruys 1. Koeghiyienmu napamempusayii

_ f =a(t) f =B()

| 8 b 8 b

1 | 0,066725 | -0,041106 |-0,038123 0,089544
2 | 0,006689 | -0,006904 | -0,001038 | -0,000214
3 | 0,000988 | -0,001120 | 0,000296 | -0,000906
4 | 0,000163 | -0,000132 | 0,000082 | -0,000296
5 | 0,000051 | -0,000051 | 0,000000 | -0,000132
6 | 0,000000 | -0,000050 | 0,000000 | -0,000051
7 | 0,000000 0,000000 | 0,000000 0,000000
8 | 0,000000 0,000000 | 0,000000 0,000000
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Biamosigni rpadiku KiHEMaTHYHHUX Ta JMHAMIYHIX XapaKTEPUCTHK OTPIMAHOTO CYOONITUMAIIEHOTO
nporiecy 300paxkeHo Ha puc. 2—6. Tyt yac t BUpaxeHO B CEKyHJaX, JIiHilHI IEPEMIIIICHHS 3aXOILII0Ba-
4ya X, Yy —B MeTpax, IBUAKOCTI X, Y —B M/C, KyTH O, [ — B pamiaHax (paf), KyTOBi IIBUAKOCTI O,

B — B pan/c, MomeHTH U, Uy —B H - M. Ha puc. 2 HaBeneHo rpagiku 3aK0Hy pyXy Ta IIBHUAKOCTI

3aXOILTIOBaYa, Ha pHC. 3 — rpadiku KyTOBUX KOOPAUHAT Ta MIBUAKOCTEH JaHOK MaHimysTopa. baunmo,
110 OOY/I0BaHMIA CyOONITUMAIBHUN PYX MaHIIysiTopa € 6e3peBEepCHUM Ta 33J0BOJIBHSIE YMOBH
TpaHcnopTHoOi onepauii. I'padixu BiamoBinHUX KepyBaHb Uy, Uy 300pakeHo Ha puc. 4 (a). Ha puc. 4
(6) mokazaHa TPaEKTOPisA PyXy 3aXOIUTIOBava (CTPUIKOIO BKa3aHO HATIPSIMOK PYXY).

07 L2
ol X . \
05 | 08 1 y
04 t 06 r '
03 | 0,4
02 | X 02 | .
01 f 0 y
0 : -0,2 s
0 3 t 6 0 3 t 6
a o

Puc. 2. 3axon pyxy ma wieudkicme 3axonmosaua: (a) —y nanpsmky oci Oy X; (6) — y nanpamxy oci Y

3 0,4
2 L
o

Ly 02 I
0 L
-1 0k
I
-3 &
4 ! -0,2 :

0 3 t 6 0 3 t 6

a o
Puc. 3. Kymosi xapakmepucmuxu 1aHoK maninynamopa: (a) — kymu, (6) — Kymosi wieuoxocmi
1
us Yy \
0 L
0,8 r
ug

-1 L ‘

0 3 t 6 0.6

0 0,35 X 0,7

0

Puc. 4. Kepysanns maninynsmopa (a), mpaekmopis pyxy 3axonnogaua ()

Ha puc. 5 300paxkeHo KiHOTpaMmy pyXy MaHIMyisaTopa M 4Yac TEpPEeMIlIeHHS 3aXOIUToBava 3
moyarkoBoro monoxenns PO=(0, 1.0) y kinmese P1=(0.7, 0.6). Baummo, mo 6azosuii mapuip O
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3mimenui B Touky (1.143, 0.413) cucremu koopaumHatr Oy XY , MOJOXKEHHS JIAHOK MAaHIMyJIATOpa B
MOYaTKOBHUI Ta KiHIIEBUII MOMEHTH 4acy pyXy BiANOBiAa0Th KOH(pIrypauisim Habopy (g4 .

Posnozin minimManbHuX (3a Koediuientamn Z ) eneprosurpar E* =min, E(& 1, §,z) Ha auckpeTHiii

ciTIi 3HaveHb mapaMeTpiB &, n Ta (dikcoBanill koHdirypauii C=_C, HaBemeHo Ha puc. 6. TyT citka

snadenb (&) €{(§nj): §=-0.8+0.1, nj=-05+0.1j, i=0, 23, j=0, 26}. [losnauenns oci X

BianoBizae mapamerpy &, oci Y — mapameTpy 1, oci Z — eHeprosutparam E. BupHo, 1m0 as
3a/1aHoi TPAHCIOPTHOI orepailii MoJI0XKeHHS 0a30BOro IapHipa MaHIMyJISATOpa CYTTEBO BIUIMBA€E Ha
HOro eHeproBUTPaTH.

OTxe, M 9ac HAJAIITYBaHHA JABOJAHKOBOTO MAHIMTYJIATOpAa HA BUKOHAHHSA TPAaHCIOPTHOI omepartii
BaYXJIMBUM € BHUOIp MOJIOKEHHS HOT0o 0a30BOTO IMIapHipa. SIK CBiYaTh OTPUMaHI pe3yJbTaTH YUCIOBOTO
MOJICTTIOBAaHHS, 32 PaxyHOK PalioOHAIFHOTO PO3MIMIEHHS I[HOTO MIAPHIpA MOXKHA ICTOTHO 3MEHIITUTH
€HEPrOBUTPATH MaHIMYIATOPA.

PO

0.413

o 1.143

Puc. 5.0nmumanvne sminyenns 6a306020 wapripa ma Kinozpama pyxy Mawinyiamopa

Puc. 6. Po3no0in MiHiManbHUX eHepeosumpam MaHinyisamopa
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5 BucHoOBKH

Jlns  ABONAHKOBOI MAHIMYJALIAHOT CUCTEMH, IO BUKOHYE 3aJlaHy TPAHCIOPTHY OIEPAIlito,
chopMylIbOBaHO 3aJauyy CYKYIHOi ONTUMIi3alii KOOpIWHAT 0a30BOTO IIApHipa, TPaHUYHUX
KOHQITYpamiii JaHOK Ta 3aKOHIB pPyXy MAaHIMyJIATOpa. 3ampolOHOBAHO alTOPUTM TOOYJOBH
CyOONITHMAaNBHOTO PO3B’S3KY 3aAadi, SIKUH TPYHTYETHCS HAa METOIUIN MapaMeTpHYHOI ONTHMI3allii,
KOHIEMNIil oOepHEeHNX 3aJay JUHAMIKA Ta YMCIOBHX MNpOLEAYypax HeNiHIHHOTro mporpaMmyBaHHs. B
OCHOBY METOJMKM IIapaMETPUYHOI ONTHMI3alil IOKJIAaJeHO alpOKCHMalil0 KyTOBHX KOOpAMHAT
MaHIMyJIATOpa CYMOIO KyOI9HOTO TMOJIIHOMA Ta CKIHYEHHOTO TPUTOHOMETPUIHOTO PATY (3 HEBIJOMHUMU
napamMeTpaMy), MO 3BOJUTH BHXIJHY 3aJady ONTHUMAaJbHOTO KEpyBaHHA (3 MapaMeTpamH) [0
MiHiMi3amii QyHKIiT 0araTb0X 3MiHHHAX. AJTOPUTM PEani3oBaHO y BHUIJISAI BiAMOBIIHOI KOMI IOTEPHOT
MporpaMu i3 CydacHUMH iHTep(eCHUMH MOMAYISAMU [JIs BBENEHHS, ONTHMi3allii, aHamizy Ta
30epeKeHHS TapaMeTpiB Ta AWHAMIYHUX XapaKTEpUCTHK MaHimyisropa. [IpoBeseHo cepito YMCIOBUX
PO3paxyHKiB ([UII MOJENBHOTO MPHKIAAY MaHIMyIsSTOpa), aHali3 OTPUMAaHUX YHCIOBHUX PO3PaxyHKiB
CBITUHTBH, IO MOJIOKEHHS 0a30BOTO IMIApHipa Ta TpaHUYHI KOHQITypallii JBOJAHKOBOTO MaHIMyJISITOpa
CYTT€BO BIUIMBAIOTh Ha HOrO €HEProBUTPATH IiJl Yac BUKOHAHHSA TPAHCIOPTHOI omeparii, a ToMy iX
JIOIIILHO BPaxOBYBATH IIiJI YaC HANAIITYBaHHS MAaHIMYJISALIHHOT CUCTEMH.

Pozpobnene anroputMidHO-TIporpaMHe 3a0e3MedeHHsT MOKe OYTH BKITIOUEHE JI0 PO3PaxyHKOBUX 0a3
JMAHUX CHUCTEM aBTOMATH30BAaHOTO TNPOEKTYBAaHHS MAaHIMYJSAIMIMHUX pPOOOTIB Ta BUKOPUCTAHE IS
YIOCKOHAJICHHS HASIBHUX Ta pO3pOO0JIeHHS] HOBHX 3pa3KiB MaHIMYJISIIHHIX CUCTEM 13 BUCOKHM piBHEM
eKCIUTyaTallifHuX XapaKTEePUCTHK.

[lepcriekTHBOIO MTOAANBIINX JTOCIIHKEHb MOXKE OyTH MOPIBHUTFHUIN aHalli3 ONTUMATBFHUX MPOIIECIB,
noOyJOBaHUX JJISl IBOJIAHKOBOTO MaHIMyJIsITOpa 3a JOMOMOTOI0 METOAMKY MapaMeTPHYHOT ONTUMI3aii
Ta 3 BUKOPUCTAHHSAM MPUHIUITY MakcuMyMy [ToHTpsiriHAa.
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Hocnimxyerbes quHamiki nomupeHHs COVID-19 Ha 0CHOBI CTaTHCTHYHOTO aHANI3y YaCOBUX PSAAIB UL YHCIA iHPIKOBAHUX,
OIy’KaJIMX, IOMEpPJIMX, Ta iH. JIAHUX, SKi JOCTYIHI 3 BIIKpUTHX Jukepen. Bymo oxibpano 60 kpaiH, 1t sskux Oyiu BHSBIICHI
CTaTHCTUYHO 3HAUYILi KOpeJsLil i oTpuMaHi iX QyHKIioHanbHI anpokcuMartii. BusieieHi HaitOnbm iHGopMaTHBHI TOKa3HUKH
emigemii. [Toka3aHo, 0 BOHM 3aiexarh BiJ piay (akTopis, crerm¢ivHux A8 AaHOI KpaiHW, i MOBUHHI OyTH OOYMCIIeHI
OKpeMO Ui KO>KHOI XBHII Ta (a3u manzemii. JlocmikeHi Kopersmii IUX MOKAa3HUKIB 3 PAIOM COIiabHO-CKOHOMIYHUX
(hakTopiB. 3aponoHOBaHa MaTeMaTHYHA MOJIENb IWHAMIKK MOLUIMPEHHS 3aXBOPIOBaHHSA y BUIIIAAL cuctemu 31Y (amanroBaHa
SIR-Mozenp) Ta oO4MCIIeHHIT KpUTEpiil aCHMIOTOTHYHOI CTIHKOCTI CHCTEMH, SIKHH € TIOKa3HUKOM HEOOXiAHOCTI BBEICHHS
nokgayHy. lmeHTH(ikamis mapameTpiB MaTeMaTHYHOI MOJENi IUIA AaHOi (a3 emifemii 3a paXyHOK aHalli3y CTaTHCTUYHHUX
JAHWX J03BOJISIE OLIHIOBATH 3MiHH KPHUTEPIiO CTIHKOCTI 32 YacOM, IPOTHO3YBATH Ta KOHTPOJIIOBATH AMHAMIKY €IigeMii.

Kniouosi cnosa: ounamiuni cucmemu, Kopeasyiinuil ananis, mamemamuyne mooemoganns, COVID-19.

Study of correlations of COVID-19 dynamics with social-economic factors
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Studying the current state of the dynamics of the COVID-19 spread is based on the statistical analysis of time series for the
number of infected persons, recovered or died patients, the number of tests performed and other data available from open
sources. The mathematical models of infectious diseases have been investigated. Sixty countries from Europe, Asia, Africa,
North and South America and Oceania have been selected for the statistical analysis. Statistically significant dependences
between the time series have been identified by means of correlation analysis, and their functional approximations have been
obtained. The indicators that are the most informative for assessing the state of the epidemic and forecasting its further
dynamics have been identified. It is shown that those indicators depend on a number of factors specific to a given country and,
therefore, they should be calculated separately for each wave and phase of the pandemic. It has been confirmed that the
averaged 14-day values for the new daily cases is a more reliable indicator of COVID-19 dynamics than the 1-day values but
the approximation coefficients are country-specific. The correlation of the indicators with a number of socio-economic factors,
among which the Human Development Index (HDI), tourism activity and social distance are the most significant, has been
shown. The synergy of other factors that exhibited no significant effect separately should be noticed. A mathematical model of
the disease spread dynamics as a system of ordinary differential equations (adapted SIR-model) is proposed and the criterion of
asymptotic stability of the system, which is an indicator of the need for lockdown, is calculated. ldentification of the
parameters for the model of current phase of the epidemic by the analysis of statistical data allows assessing changes in the
criterion of stability over time, predicting and controlling the dynamics of the epidemic.
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Ku3nnosa 0.¢p.-m.n., npogeccop; npogeccop Kageopvl NPUKIAOHOU MAMEMAMUKU,
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Hccnenyercs nunamuka pacnpoctpanenuss COVID-19 Ha ocHOBe CTaTHCTHYECKOTO aHAIM3a BPEMEHHAIX PSIOB JUIS 4Hcia
WH(QUIUPOBAHHBIX, BBI3JIOPOBEIH, YMEPIIHX, U JP. JaHHBIX, KOTOPBIC JOCTYIHBI U3 OTKPBITBHIX UCTOYHUKOB. BBUTO 0TOOpaHBI
60 cTpaH, Ui KOTOPBIX OBUTM OOHApPYKCHBI CTATUCTUYCCKU 3HAYMMBIC KOPPEISAIUH M TOJIYYCHBI HX (DYHKIHOHAIBHBIC
anmnpoKCUMaIy. BrisgBlieHbl Hanbonee WHPOPMATHBHBIC MOKA3aTeNH JMUACMHUM. [loKa3aHO, YTO OHHM 3aBHCAT OT psla
(hakTOpoB, crenupHUECKUX A JAHHOW CTPaHbl, U NOJDKHBI OBITH BBIYHMCICHBI OTACNBHO A KaXJOW BONHBI U (a3bl
nma"geMuu. lccnenoBaHel KOPPESIIMU 3THUX IOKaszaTeleld ¢ PsSAoM COIMAIBbHO-3KOHOMHUYECKHX (akTopoB. [Ipeamoxena
MaTeMaTh4eckas MoJelib JMHAMHUKH pacrpocTpaneHus 3aboneBanus B Buae cucteMmel O/1Y (amantupoBannas SIR-moznens) u
MOJy4eH KPUTEPUI aCUMITOTHYECKON yCTOWYHMBOCTH CHCTEMBI, KOTOPBIN SBIAETCS MOKAa3aTeleM HEOOXOIMMOCTH BBEIACHUS
nokgayHa. VpeHTudukanus mapaMeTpoB MaTeMaTHYECKOM MOAENH Uil KOHKPETHOH (a3pl SMHAEMUHM 32 CUET aHaIn3a
CTaTHCTUYECKUX JIaHHBIX I103BOJISIET OLICHWBATh HM3MEHEHHUS KPUTEPHUS YCTOWYMBOCTH IO BPEMEHH, IMPOTHO3UPOBATH H
KOHTPOJIMPOBATh IWHAMHKY DITHJIEMUH.

Knrwuesvie cnosa: ounamuueckue cucmemvl, KOppeIAYUOHHbLI AHATU3, Mamemamuieckoe mooenuposanue, COVID-19.

1 Beryn

[Ipotsrom nmannemii Bipycy COVID-19 cranom Ha kinerns nuctomaga 2020 p. Oymm oxormeni 215
KpaiH 1 TepUTOPiii, 3apakeHi moHaa 63 MINBHOHIB JIOAEH 1 CIPUYMHEHO TOHAA 1.5 MINBHOH cMepTel y
BcboMy CBiTi.! TIpOTHCTOSIHHS pPO3NOBCIO/DKEHHIO 3aXBOPIOBAHHS MOMKIMBO TUIBKM 33 YMOBH
o0’emHaHmX 3ycwib Oionorie, izionorie, mikapiB, ¢apmareBTiB, OioximikiB, 0iodi3ukiB Ta
MateMmatukiB. CtaTUCTHYHI Mojeni OaraTopiBHEBOi OOpOOKM BENWKUX IaHHWX JO3BOJSIOTH BHSBUTU
KOpenslii MK pi3HUMH (akTOpaMd Ta piBHEM 3aXBOPIOBAHOCTI y PI3HHX KpaiHax, MOOyayBaTu
perpeciiiHi 3aJeXHOCTI Ta BUKOPUCTATH iX Ui OylyBaHHS HOBHX MaTeMaTHYHUX MOJEJEH, sKi
JTO3BOJISATH IPOTHO3YBATH AMHAMIKY PO3IIOBCIOKEHHS BipyCy, 3HAXOAUTH HAHOUIBIT eheKTHBHI 3aco0m
00pOTHOM 3 HUM Ta MOJICNTIOBATH IMOJIOHI BUMAJKU Y MallOyTHROMY, 1100 OyTH roToBMMHU 10 HUX [1].
Cepen uuciennux (aktopiB, mnos’s3anux 13 pusukom COVID-19, BusBiICHO, 110 EKOHOMIYHA
HepiBHICTh nmocumoe pusuk nepepadi COVID-19. KinpkicTh JIKOK Ha AyIly HaceleHHS HETaTHBHO
kopemoe 3i cMmeptHicTio Bix COVID-19. I'pynu kposi B i AB BusiBneHi 3axucHuMu (pakropamu Juist
pm3uky COVID-19, Toxi six rpyna kpoBi A Oyna ¢pakTopoMm pu3uKy. 30UTbIIEHHS CIIOKUBAHHS OBOYIB,
icriBHOI omii, OinkiB, BiTaminy D Ta BiTaminy K Oyno moB’si3aHO 3i 3HWKEHHSIM, TOJII SIK 301IBIICHHS
CIIOKMBAHHS JIKOTOJIO OyJo 1moB’si3aHe 3 miaBuieHHsM pusuky COVID-19. [amii dakropu BriIrOUamm
BiK, CTaTh, TEMIIEPATYPY, BOJOTICTh, COLIANBHY JAMCTAHIIIIO, KYpiHHS, iIHBECTHUII B OXOPOHY 3/0pPOB'S,
piBeHb ypOawnizamii Ta pacy. Beebiuna inentudikaris gakropis, siki BImuBaroTh Ha nepegausy COVID-
19 ta netanpbHMH pe3yabTAaT, MOXE JaTh HOBI ysBieHHA npo nadgemiro COVID-19 Tta 3naiiti
edexTHBHI cTparerii 3anoliranHs Ta mirpauii nomuperass COVID-19.

Ha oCHOBI CTaTUCTHYHOTO aHaJli3y pPO3POOJIAIOTH HOBI METOJU IArHOCTHKH Ta MPOTHO3YBaHHS
MOUIMPEHHSI Ta aHaNli3y BIpYCiB, SIKi BBOJSTH MOKA3HUK HECTaOUIBHOCTI B IMHaMIKy maHzaemii [2]. Y
poboti [3] npoBeneHui aHa i3 YAaCOBUX PSAiB HOBMX BHUIAJKIB, IIOJECHHUX CMEPTEH Ta BHKOHAHHX
tecTiB B BenukoOpuranii Tta HiMewduHi 18 IOCHIPKEHHS HACHIIKIB CaMOI30JISILIl  IPOTIroM
KapaHTHHY. Pe3ynbTaT mokasanu, mo MosBsa JIpyroi XBHII 3aJIS)KNUTh Malke BUKITFOYHO BiJI IIBUIKOCTI,
3 SIKOIO IPALIOE IMYHITET, 1 O ISl peanizauii pilieHHs HEeOoOXiAHO BiacTexxyBaTH sikHaiiMeHme 20%
0e3cHMITOMHHX 3apa3Hux B IKiB. [ToaiOHM aHai3 OyB MpoBeAeHUH 1 s iHIKX Kpaid [4,5].

https://www.worldometers.info/coronavirus/
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OCKUTBKH OJHHM 3 HaHBaXXJIMBIIIHNX CIIOCOOIB Tepenadi 3aXBOPIOBAHHS € COIiaIbHa aKTHUBHICTB,
MOOUIBHICTb, KOO OXOIJICHI OLTBLIICTh aKTUBHUX JIFOJIEH MOJOAOTO Ta CEpeTHbOro BiKy [0], 3HaUHMIA
iHTepec ABISE MOCTIHKEHHS (PaKTOPiB, SKi CHPUSAIOTH COLialbHIi aKTUBHOCTI 1, TAKUM YWHOM, TIOBHHHI
OyTH HaNEKHUM MIITXOM MOAM(IKOBaHI IS 3a00iraHHi pO3MOBCIOKEHHIO MTaHAEMIi.

2 Marepiaym i MmeToaH

B po6oTi mpoBoauiack cTaTUCTHIHA 00pOOKA «BENMKHX MAHWUX» 3 BIAKPUTHX JDKEPEN IIOACHHUX
BUMIPIOBaHb 3aralbHOi KUIBKOCTI ltot 1 Diot Ta HOBHX BUMAAKIB Ha JICHb lday | Dgay 3axBOpimmX i
nomepnux Bix COVID-19, 3aranbHi KiTBKOCTI aKTUBHHX At , KpUTHUHHX Ciot Ta omyxkanmX Rio
MAIi€HTIB, KUTBKOCTI Tiot MPOBEACHUX TECTIB, a TAKOXK 3araJbHONPUUHATHX TOKA3HUKIB, TAKUX SK
JeHHA KiJbKicTh HOBHX iH(pikoBaHMx Ha 100000 HacemeHHsS, cepelHsS KUIBKICTh HOBHUX XBOPHX 3a
ocraThi 2 TwkHs |4 Ta immmx.? Cepen (akTopiB, sKi HaifdacTille 3rajyroThCS Ta BMBYAKOTHCS SK
HaNOUTBII BIUTMBOBI Ha AMHAMIKY XBOPOOH B KpaiHi, KAHTOHI, 00JIACTi TOIIO, € CEpeAHIi BiK HACEICHHS,
JIOJISL JTHBOTO HACENCHHA, IHAEKC PO3BHHEHHA KpaiHW, KIIBKICTh KOIITIB, IO BHUTPAYalOTHCA Ha
menunuHy, Human Development Index (HDI), TypucTu4Ha akTHBHICTb, COLiaNbHA AUCTaHIIiS, PIBEHb
MPOAaXy TIOTIOHOBUX BHUPOOIB, KUTBKICTH KYpIIiB, CIIOPTHBHA aKTHBHICTH, KJIIMATHYHI (paKTOPU Ta
i1, OCKUTBKY ITOCHTIIATH 3aJICKHOCTI BiJI BUIIC BU3HAYCHHUX (PAKTOPIB B paMax OTHOTO JOCIIKCHHS
HEMOXKITMBO, Oynu 00paHi colianbHO-ekoHOMIuHi ¢akTopu. HDI - me cymapHuii mokazHUK cepeHix
JOCSATHEHb 3a KJIIOUYOBHMH MapaMeTpaMy JIIOJACHKOTO PO3BUTKY: JOBI€ 1 3II0POBE JKUTTA, PIBEHb
OTPUMAaHUX 3HAHb 1 T1THUN PIBEHB KHUTTS, SIKUH PO3PAXOBYETHCS SIK CEPEIHE TEOMETPUIHE HOPMOBAHHUX
1HAEKCIB JJIs1 KOXKHOTO 3 TPhOX BUMIpiB. JJIst IeTanbHOTrO ysBJICHHS HAWO1IBII BATOMHX MTapaMeTpiB, SKi
MOBMHHI OyTH BKJIFOUYCHI JI0 MaTeMaTHYHOI MOJEJI, 10 JIO3BOJUThH MPOTHO3YBAaTH JMHAMIKY HaHIeMii
Ta BIUIMBATH HE HEl, MPOBOIUBCS Kopeusiiiauii anani3 Mixk mapamerpaMu {lwot , Diot , lday , Dday , l14} Ta
PI3HUMU COIlIaTbHO-€KOHOMIYHUMH TIOKa3HUKaMH 3 0a3 BEIMKHUX IaHuX®, 1o Oynum BHUMIpSHI IS
KOoXKHOT 3 kpain B 2019 p. [Ing nopiBasHHS Oynu BigiOpaHi 60 kpain €Bporu (31), Asii (15), Abpukn
(6), iBuiunoi (2) i IliBmennoi (4) Amepuku ta Okeanii (2). MeTogamMu KOpENSIIHHOTO aHami3y
JOCIKYBAIUCH TaOIHIi Koe(illieHTIB Kopesiii. 3a HassBHOCTI MMO3UTHUBHOI 200 HETaTUBHOI KOPEIIAIIii
JUTSL JliarpaM po3CitOBaHHs Oy IyBaJIMCs JIiHIHHI, EKCIIOHEHITIAIbHI Ta CTEIICHEBI PerpeciiHi 3aJIe)HOCTI
METO/IOM HalMEHIIINX KBaJ[paTiB.

3 Pe3yJibTaTH CTATHCTHYHOTO aHAJI3Y TaHUX

3.1 CtaTucTH4HI 3aJ1€KHOCTI Mi’K MOKa3HUKAMHU MaHaeMil

JetanpHuii aHami3 TOKa3aB, MI0 KOPENANii MK KyMYISTUBHUMH TapaMeTpPaMH CTAaTUCTHYHO
He3HayHi. [[e Moxe OyTH TOB’s13aHO 3 Pi3HOI0 KYMYJISTUBHOKO AMHAMIKOIO TaHJEMil B KpaiHax (meprra
XBUJISI, TIOYATOK, MK, 3racaHHs a0o0 3aKiHUEHHsS JAPYroi XBHWII), BBEACHHS CYBOPHX, CEepelHix abo
JIETKUX OOMEXEeHb, BCEOXOIUICHICTh 1 JOCTYMHICTh TECTYyBaHHS, BIKPUTICTh JaHUX Ta iH. B mpomy
pO3MiTi HaBeJleH] JUIIe Ti Pe3yJbTaTH, SKi BUSBWIM CTATHCTUYHO 3HAYYINI KOPENIMii Ta BiAMOBIHI

perpeciiiHi 3aJIe)KHOCTI 3 BHCOKAM KOe(iIlieHTOM JieTepMiHaliii ( R? ). Ha Puc.1a,0 BigmoBimHO HaBeaeHI
niarpamu po3citoBaHHA Dmin(lmin) 1 l1a(lmin) Wi xinbkocted lgay , Dday , lia mepenmivenux Ha 1 MIIH.
HacelieHHs1 Kpainu. Ha Puc.lB,r HaBeneHi Ti K caMi 3aJ€KHOCTi, aje TUIbKW JJIs KpaiH €BporH i3
3a3HaYCHHSAM KpaiH.

3Hauymii perpeciiti 3anexxHocti (Puc.1a) Oymu 3naiiaeHi st Dmin(Imin) Tineku muis kpain Adpuxu

(~0035-x%7%8;R?2 —095097), Tomi sk 3anexHOCTI l14(1rmin) - 1mias  kpain  Adpukn
(~1.246-x1001: R? =0.9954 ), Asii (~1.515-x%%8; R? =0.9931) i €Bporm (~ 2.309-x°°!8; R? =0.9036).
Takum 4yuHOM, TeorpadidHe TONOKEHHs Ta PiBeHb EKOHOMIYHOTO PO3BHHEHHS KpaiHW HE BU3HAUAE
3anexxHocti D/l 3a gens, 2 TwxkHa abo 3a mepion maHaeMii, i iHIII (QakTOpu MOXYTb OYTH CYTTEBO
Oinpin 3HauymmMu. B TOl ke uwac, BusBWIACh JiHiIKHA Kopemauis MK  lis 1 lmn (Puc.16). Y
BUIIICHABE/ICHNX CTYMEHEBHX 3aJIe)KHOCTEH TOKAa3HUK CTYyMeHIo ~1, ane koe(il[ieHTH 3aleKHOCTeH
pi3Hi ans kpain Adpuku, A3sil i €Bponu. 3HauyHO BUIIMK KOe(iLi€HT 3aJeKHOCTI IJIsl KpaiH €Bponu
Moyke OyTH MOB'SI3aHMK 3 KUTBKICTIO TECTyBaHb Ta JOCTYMHICTIO nanux. s kpain IliBH.AMepuku Ta

2 https://ourworldindata.org/coronavirus-source-data
3 https://ourworldindata.org/ , https://www.worldometers.info/
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Okeanii (mo 2 kxpainm) perpeciiHuil aHami3 HEe Ma€ CeHCy, aje (opMaTbHHUI aHaji3 Ja€ HACTYITHI
aneskHocTi  Dimin(lmin) 1 l1a(lmin): TTiBe. Amepuku (~0.219-x%4%%:R? =1 i ~0576-x*1%;R? =1) i

Oxkeanii (~0.348-x%%7;R2 =1 i ~0.941.x%%7% R? =1). TakuM YMHOM, OCTAaHHi 3aNEKHOCTI CYTTEBO

BIJJPI3HSAIOTECSI BiJl CTATUCTUYHUX. TakUM YHHOM, MOKa3HUK lmin, SKUH TPUHAHATHI SIK TOPIC IS
BBE/ICHHS HOKIAyHy B JESKHUX KpaiHax €BpoIH, € OOIPyHTOBaHMM, aje HMOBHHEH PO3PAXOBYBATUCS
OKpeMo /ISl KOJKHOI KpaiHW 3 ypaXyBaHHSM Pi3HHIN B OTPUMAaHUX BHUIle KOe(illi€eHTIB B perpeciiHux
3anexxHocTsaX. Hampuknan, B BoeBoacTBax pecmyOmiku [lonbmii odiniiiHo npuitHATHA 1OPIT lgay

>10%/10°4 3arampHa craticTHKa s Beix 60 kpain mae 3amexsocti ~0.124-x%%4:R%2 =0.498 i

~1.438-x9988-R2 _ 00805 s Doin(lmin) 1 la(lmin) Bigmosimmo. Sk Bummo 3 Puc.lB,r wirkmx

TEPUTOPIaTHHIUX 3aJIeKHOCTEH, SIKi MOXKHA OYJ10 O TOSICHUTH Pi3HHUIEIO B CEPEeTHBOPIUHINA TeMIepaTypi,
BOJIOTOCTI MOBITPS Ta iHIMKX TeorpadigHuX Ta KIIMaTHIHHUX (GaKTopax, He crocTepiraerbes. Bei kpainu
[liBriyHOi €Bponwu, kpim IlIBewii, BUABNAIOT, HU3bKI 3HA4YCHHS Dmin ,Imin , li4, M0 mosiCHIOETHCS
ocobuuBicTIO 00panoi IlIBeriero TakTrku 60poTsou 3 COVID-19 npoTsromM mepiioi XBUiIl MaHaeMii.
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Puc. 1. Jliacpamu Dmin-Imin (@) i l14-lmin (6) cmanom na 1/12/2020 p. ons 60 kpain ma mi sic oiaepamu (8), (2) 0
kpain €sponu. Ymoeni nosnauenns: Austria (AUT),Belgium (BEL),Bulgaria (BGR),Czechia (CZE),Denmark
(DNK),Estonia (EST),Finland (FIN),France (FRA),Germany (DEU),Greece (GRC),Hungary (HUN),Iceland

(ISL),Ireland (IRL),lItaly (ITA),Latvia (LVA),Lithuania (LTU),Monaco (MCO),Netherlands (NLD),Norway
(NOR),Poland (POL),Portugal (PRT),Romania (ROU),Russia (RUS),Slovakia (SVK),Slovenia (SVN),Spain
(ESP),Sweden (SWE),Switzerland (CHE), Turkey (TUR),Ukraine (UKR),United Kingdom (GBR), xorsopamu
no3HaueHi Kpainu nieHiuHoi (bnaxumuuil), nie0enHoi (nomapanuesuil), cxionoi (ghionemosutl), 3axionoi (3enenuii)
ma yenmpaneHoi (scoemuti) €sponu.

Byiu BHSBIICHI TAKOX KOPENAIii MK KiTBKOCTAMH Aday, Riay Ta Caay Bim Iy (R2 <0.85), ame
KoeilieHTH BIAMOBITHUX PETpeciiiHUX 3aJIeKHOCTEH pi3HI y pi3HUX KpaiH. BiamomimHo m0 mgaHuX

4 https://tvn24.pl/polska/koronawirus
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pi3HEX mociimKeHb [1-4], mi KoediieHTH 3aexaTh BiJ PiBHS MEAWMYHOI TOTIOMOTH B KpaiHi Ha JaHWH
9ac Ti 3aBaHTAXKECHOCTI IIMHUTATIB,

3.2 BB ekoHOMiYHHX (PAKTOPiB HA MOKA3HHUKH PO3MOBCIOKEHHS MaHAeMil

Kopemnsmifinuii aHami3 npoBoauBcs MK ycima mokazHukamu nasaemii {[,D,A,C,R} 3a mens, 3a 2
THOKHS 1 3arasibHOIO KibKicTio Ha 1.12.2020 p. Ta Buime3a3HaueHUMH eKOHOMIYHUMH (pakTopamu. bymu
po3paxosani koedimientu xopesmnii [lipcona (I1jj). Ockinbku OLIBIIICTE TapaMeTpiB MaHAEMIl HE Ma€
HOPMAJIBHOTO po3moity, Oymu obumcneni xoedimientn Cripmena (Pj). ¥V pasi mocTaTHRO BETHKHX
3HaueHb [1.P>0.5 OymyBanucs BiAMOBiAHI AiarpamMu pO3CiIOBaHHS Ta KOPEJAILiHHI 3anexHocTi (JiHiiHi,
eKCTIOHeHIaNbHI Ta cTymeHeBi). 3a yMoBO R2>0.8 pOOMBCS BHCHOBOK O HASBHOCTI 3HAdyIioi
kopesarii. Bemmunua cepemuboro reomerpudHoro (CI) TphOX TOKa3HUKIB JaBajia MOXKIIUBICTB
OI[IHATH HASBHICTH BIANOBIMHUX MNPSAMUX (PYHKIIOHATBHUX 3aliekHOCTeW [5-7]. [leski pe3ympraTth
po3paxyHkiB HaBeeHi B Taou. 1.

Tabnuysa 1. Hassnicms Kopenayiil Midi NOKA3HUKAMU:
Cr>0.8 (+),0.8>Cr=0.6 (), 0.6>Cr>0.4 (+¥), 0.4>Cr (-)

I tot Atot Ctot Rtot Dtot
1 | Teorpadiune mosoxeHHs1 KpaiHu F |- - - -
2 | Ilnoma kpainn + |- - - -
3 | llliapHICTh HACCIEHHS T | F F F +
4 | BBII Ha nynry HaceneHHsI F ¥ ¥ t t
5 | Butpatu Ha oxopony 310poB's (% BBIT) | + | ¥ + +
6 | PiBenb po3BuUTKY Typu3my (% BBII) + | F ¥ ¥ +
7 | KinpKicTh TYpHUCTIB Ha Iynly HaceneHHs |+ | + |+ + |+
8 | HDI + + + + +

TakuM YMHOM, € cila0Ka 3aJeKHICTh SK 3arajibHOi, TaK 1 IMOJACHHOI KUIBKOCTI PI3HHMX CTaii
3axBoproBanHs Ha COVID-19 Bim minsHOCTI HaceneHHs, piBHa BBII Ha mymy HaceneHHs, BUTpaT
KpalHH Ha OXOPOHY 37I0pOB'sS Ta BiJ| 3arajbHOTO iHJeKCY sikocTi x)kutTTst HDI. 3nauno Bumuii BIumuB Mae
TYpUCTHUYHA MPUBAOIUBICTh KPaiHU Ta KiIBKICTh TYpHUCTIB, SKi MPUDKDKAIOTh, IO MO CYTi BIUIMBAE Ha
TUMYacOBY IIUTbHICTh HaceneHHs. el BB momiTHIMH s lior, B Aeskux Bumaakax — st Rior 1 Dot
aje 3HA4YHO cHa0Wi JUIs 1HIIMX TTOKA3HWKIB, SKi 3ayleXaTh BiJ] JOCTYITHOCTI Ta PIiBHSI MEIMYHOI
JIOTIOMOTH, & TaKOK Bijl 00paHOi B0 TAKTHUKH 0OPOTHOU 3 MaHIEMIERO.

3.3 BnuiuB coniaibHUX (paKTOPIiB HA MOKA3HUKHU PO3MOBCIOIKEHHS MaHaeMil

Cepen pi3HOMaHITTS collialbHUX (h)aKTOPIiB BUBYABCS BIUIMB TaK 3BaHOI COIIajbHOI JUCTAHINI, SKa
BU3HAYAETHCS SIK KOM(POPTHA BiJICTaHb JUTS CIUJIKYBaHHS 3 He3HaioMoro (Social, Lsoc~ 2 M), MpuitHATOI0
(accepted, Lacc~ 1.2-2 M) , 3raiiomoro (personal, Lpes~0.46-1.22 m) Ta 106pe 3uaiiomoro (intimate, Lin<
0.46 M) ocoboro, cepelHi 3HaUEHHS SIKMX BUMIpIOBAIHCS B pi3HUX KpaiHax. [IpoBeneHuit B poOOTI
CTaTHCTHYHMI aHaJI3 1MOKa3aB, M0 JIOIM BHOMPAIOTh BHJ AUCTAHIIIi HE TIJIbKH BUXOJSYH 3 BIAHOCHH 3
JIIO/IMHOO, ajie 1 3 OrJIsIy Ha TakKi XapaKTEpUCTHKH, sIK CTaTh, BIK, €KOJIOTi4HI (akTopu (Temreparypa
perioHy, KiJbKICTh 3aXBOpIOBaHb B JaHii KpaiHi 1 TEMOH 3pOCTaHHS HAaceJNeHHs), COIliallbHO-
NCUXOJIOT1uHi (hakTopH (coliagbHe OTOYEHHS, PIBEHb KOJEKTHBI3MY, 0ararcTBO CyCHiJIbCTBA, OCBITa,
HDI). Bik € BaxximBuM (hakTopoM BHOOPY AMCTaHMIi 1 MOJIOI JIOAW OOMPAIOTHh OJIM3BKI TUCTAHMIT Yy
MOPIBHSAHHI 3 JITHIMH JIOAbMH. BHABUIOCH, 110 B OIgHIIIMX KpaiHAaX HAIalOTh MepeBary  OLIbII
0JIM3bKUM MiocoOucTiCHUM auctaniiaM. [Haekc HDI, sikuit 3B'13aHuil 3 piBHEM COIaIbHOT JOBIPH B
KpaiHi, TeX BIUTUBAE Ha 3HAYCHHS {Lsoc, Lacc, Lpers, Lint}. MiOCOOMCTICHI BijcTaHi 301IbIIYIOTHCS IPH
B3a€MOJIIT JIFOJCH, sIKI BIAPI3HAIOTHCSA COLIAIBHMM CTaTyCcoOM. B mijgoMy, cepemHsi MIKOCOOHCTICHA
mucTaHiis ckinagae Lsoe = 1.35M; Laee = 1.02cM; Lpes = 0.92cm; Liw = 0.32 cM, mo Hibkye
3aranbHONpPUKHATOI Oe3neuHoi auctaHmii npu nmanaemii L>1.5 m. Takum 4rHOM, BIUIMB COLiajdbHHUX,
€KOJIOrYHuX Ta reorpadiuHux (akTopiB yepe3 Tak 3BaHy COI[laJIbHY TUCTAHIIII0 MOXE BIUIMBATH Ha
PO3MOBCIOKEHHS MaHaeMil uepe3 3HaueHHst {Lacc, Lpers, Lint}
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4 MatemaTH4Ha Moje]db i aHATI3 pe3yabTaTiB

Cepen MaTeMaTHYHHX MOJIeNIel OUHAMIKY 1HQEKIIHHNX 3aXBOPIOBaHb HAHOIIBII MOMYISPHOIO Ta
BuBucHOI0 € SIR-Monens® (Sustainable-Infected-Recovered) a6o ii mogudikanii. OpurinaabHa MogEIb
BHKOpHUCTaJa 3BUKI audepenmiiini pisasaus (3P) mis eBomomii cucremu {birth > S 2> | 2> R}, ne
S — KIIBKICTB TOTEHITIHO 3M0poBHX 0c0o0 (Sustainable). Biamosinwi 38’ s13ku 300pakeHi Ha Puc.2.

Po3mpena Mojienb BKIIIOYAE TAKOXK JIATSHTHHN mepio]] nepexoay S = | y BUIIIsAAl 3aTpUMaHHS 32
yacoM abo BBeIEHHs 101aTKoBOI rpymu ocod E (exposed), siki maroTh Bipyc (xBopoOy), ane e He
MaloOTh CHMIITOMIB 1 TOMY HE MOXYTh OyTH BimHeceHi f0 rpymu |. Ha BigmiHy Bix iHImmX BipyciB, 1
COVID-19 moxnuBuii Takox mepeximx R = S, To6TO ocobu, sKi OJyXKaad, MOXKYTh OyTH Ie pa3s
iH(ixoBaHi. Kpim Toro, rpyna E ckianaerbes 3 0co0, SKi € HOCISIMU BipyCy, aje He MOXKYTh 1H(IKyBaTH
iHMUX (Epass) 1 THX, siKi MOXyTh 1€ 3p0OUTH (Eact). OCKiIBKH € neTanbHa CTATHCTHKA JIUHAMIKA
kimbKkocter A, C, D, 1i rpynu Tex MOKyTb OyTH BUKOPUCTaH1 I PO3MIMPEHOT MOJIEITI.

MoaundikoBaHi MozeNi MarOTh 3HAYHO OiIBIIY KiNBbKICTh MapaMeTpiB, sSKi NOTPeOYIOTh BU3HAUCHHS
(imeHTHiKAaMii) HA OCHOBI CTATHCTUYHOTO aHANI3Y PE3yIbTAaTiB BUMIPIOBaHb HA «BEITUKUX JAHUX), aJle
JIETANBHIIIE OIMUCYIOTh EBONIOIII0 JUHAMIYHOI CHCTEMH Ta MJar0Th OLUTBIIE MOXIHUBOCTEH IS
KepyBaHHS IMUHAMIKOI Ta BHBYCHHs Buxoay 3 mnaiemii [7,8]. Opurinambna SIR-mozens mae
MiHIMaIBbHY KIUIBKICTh TapaMmeTpiB, SKi MOXKHA ieHTH(]IKyBaTH, ajJe BOHA HE JO3BOJSE OIHCYBATH
CKIIQJIHy 0araTOCTYIIHYACTy AWHAMIKy $SK HApOCTaHHS, TaK 1 3MEHIIeHHA (pelakcallii) 3Ha4eHb

napametpiB S, [, R.
bu'th
~(s] —'.—’@

BiamoBigHo 10 cxemMu B3a€MOBITHOCHMH MiXK Tpynamu (Puc.2), MmareMaTHdHa MOJeNbh MOXe OyTH
3anucana y BUrsii cucrtemu 3J1Y neprioro nopsiaky [7,8]

ZS—(A 1)S—aSl+5R, %:aSI—(ﬂ+y)l, dd—T:ﬂl—5R, (1)

Puc.2. Cxema SIR-mooerni.

ne A 1 g - IpUpOJHI KOe(illiEHTH HAPOIKYBAHOCTI Ta CMEPTHOCTI, o - IMOBIPHICTh 3aXBOPOBAHHS
npu 3ycTpidi 3 iHikoBaHUMH, y - KoediuieHT cmepTHOCTI Bin COVID-19, S - xoediuieHT omy>kaHHS
31 CTIIKMM IMyHITETOM, § - iMOBipHiCTh OBTOpHOTO iH}iKyBanHs COVID-19.

3HavyeHHs A 1 4 MOXYTb OyTH OTPHMaHi 3 piYHUX CTATUCTHYHMX TaOJIWIb, a 3HAYCHHS o , fF,7,0
3ajJie)KaTh BIJl COLIAJIBHO-eKOHOMIUHUX (DAKTOpiB, sIKi OOTrOBOPIOBAJIHUCS BHWILE. 3HAYCHHS IUX
KOEQIIIEHTIB MOXKYTh OyTH OTPUMAaHI TIJIBKH IUIAXOM CTATHCTUYHOT OOPOOKU «BEJIMKHMX JTAHHUX); BOHU
Pi3HI IS pi3HHUX KpaiH Ta 3aJekaTh BiJl MOTOYHUX YMOB 1 TOMY MOXYTh OYTH BUKOPUCTaHI JIJIsl OLIHKH
3aX0/liB, sIKi OpraHizye ab0 MOXKe 3alporOHYBaTH YMHHA Blaja (JOKIAyH Pi3HOTO CTyreHs abo Horo
BIJICYTHICTh), 000B’SI3KOBI J1AOOPATOPHI JOCIIKEHHS 1 T.JI.

Cywma piBHsHb (1) BiANOBIZa€ AMHAMILI HACEJICHHS B LIJIOMY

= G-ws-11, 7

SKa BH3HAYA€THCS TUIBKM HApOUKYBaHICTIO HaceleHHS (A) Ta MOTO CMEPTHICTIO BiA 3BHYANHHX
daxropis (u ) Ta COVID-19 (y). Cucrema (2) 3snaxoautbest y cramionapaomy crani (AN/dt=0) sxmro

lo=(A-m)Soly, A2 p.

Binnomenns 1g/SyB naniid Moaeni BiANOBiAa€e iHIEKCY MOMIMPEHHS 3aXBOPIOBaHHS Ry = (A— ) /v,
KpUTH4YHI 3Ha4YeHHs sKoro (Ry<0) BUMIPIOIOTBCS 3a JAHUMH CHOCTEPEKEHb B PI3HUX KpaiHax Ta €

5 M'Kendrick A.G. Applications of Mathematics to Medical Problems. Proc. Edinburgh Math. Soc. 1926. Vol.44. P.98-130.
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TOJIOBHMM YMHHHKOM JUIsl BBEJCHHS JoKAayHy [8]. B pamax maTemaTHyHUX MOjelnell 3HaueHHs R

BIJMOBIAAlOTh CHUTyalisM, TOOTO HabopaM mapaMeTpiB, KOJIU PpO3B’SI3KH CHCTEMHU CTaroTh
ACHMITTOTHYHO HecTiiikumu [8,9].
Jns cuctemu (1) cramioHapHHA po3B’ 30K

s =Lt7

/1_
0=2"Es, R0=£|0 (3)
a 14 o

€ HeCTIHKIM, SIKIo Ry =12k +81k3 +12k3k3 —3k, K, (K k, +18K3) <0,

nek1=5+ﬁ“7‘“), kz=“;“)((ﬁ+5)ﬂ+(2ﬂ+y)y), ks =72+ PO~ 1)

BukoHaHHs ocTaHHBOI YMOBH MOTpeOye 4YHCENbHUX OLIHOK IapaMeTpiB MoOJeNi Ha OCHOBI
CTaTUCTUYHOT OOPOOKH «BETUKUX AaHUX» AJIS TaHOI KpaiHu, JaHoi XBIJI 1 (pa3u maHaemii.

S BucHoBKH

TakuM 9uHOM, Pi3HI COMIaTBFHO-eKOHOMIYHI (pakTOpH, TaKi sIK reorpadidHe MONOKEHHS 1 IUIONTIMHA
KpaiHu, miapHicTh HaceneHHs, BBII Ha mymy HaceneHHs, BUTpaTH Ha OoXOpoHY 310pos'a (% BBII),
piBerb po3BuTKy Typusmy (% BBII), HDI Ta comianeHa aucranimis B pi3Hii Mipi BINIMBaIOTh Ha
MUHAMIKY TOMHUpeHHs naHaeMii. B poOoTi BusiBieHa cnabka 3ajeKHICTh K 3arajibHOi, TaK 1 MIOAEHHOT
KUTBKOCTI pi3HHX cTanii 3axBoptoBanHs Ha COVID-19 Bin minsHOCTI HaceneHHs, pias BBII Ha gymny
HACeJICHHs, BUTPAT KpaiHW Ha OXOPOHY 3MIOpPOB'S Ta BiJ 3arajbHOTO iHAEKCY sikocTi >kutTss HDI, a
TaKOX CHJIbHA 3aJICKHICTh — B TYpUCTHYHOI HpuBabimBocTi Kpainu, piBHio HDI Ta comianbaol
JMUCTAHIIII Y CIJIKYBaHHAX 3 J00pe 3HaoMuMH JtoabMu. OTpuMaHi (GyHKITIOHATBHI 3a€KHOCTI IS
MOKa3HUKIB TUHAMIKM TaHfemii Ta reorpadivyHHUX 1 COIiaJbHO-€KOHOMIYHUX (DaKTOpIB, SIKI MOXKYTbH
BUKOPHUCTATUCS B MATEMATUUYHUX MOJEIAX JJI1 KOKHOI KOHKPETHOI KpaiHu.

BusiBiieHi Takox Kopelsmii MK KUTBKICTIO 1H(IKOBAaHUX, TIOMEPIUX, OIYXKAJIUX, a TaKOX 0CO0 B
aKTUBHOMY 1 KPUTHYHOMY CTaHaX B 3aJIeKHOCTI Bif KpaiHu i ii reorpadiunoi mokarii. BimmosimHi
perpeciiiHi 3a1exHOCTI MOXYTh OyTu BukopucTaHi B SIR-mMozmeni auHamiku 3axBoproBaHHs abo B ii
Oimpm geranpHIN Momudikarii. 3 agantoBanoi SIR-monmeni y Burmsni cucremu Tpbhox 3P orpumani
CTaIliOHapHI PO3B’SI3KM Ta YMOBH iX aCHMNTOTHYHOI CTIMKOCTI y BUTIIAI OOMEXEHb Ha TMapaMeTpH
Moeii. OCKIJIbKY JIJIsi TaHOTO BUIAAKY HECTIMKICTh CHCTEMHM O3HA4a€ HEKOHTPOJIbOBAHE 3POCTAHHS
Yycia 3aXBOPUINX 1 MOMEPIUX 3 4acOM, OTPUMaHi KPUTEPIi CTIKOCTI € MOKa3HUKaMH KOHTPOJILOBAHOT/
HEKOHTPOJIbOBaHOI AMHAMIKM MaHIeMii, SKi MOXYyTb €(EeKTHMBHO BHUKOPHUCTOBYBAaTHCA Ha MPAKTHII.
JertanbHi OLIHKY MMapaMeTpiB MOJENI Ta yMOB CTiHKOCTI Juis BuOpanux 60 KpaiH OyayTh MpoBelleHi B
MOJIANIbIIH pOOOTI.
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VYV momyky HOBHX €(pEeKTHBHUX METOMIB Ta iIHCTPYMEHTIB YNPaBIiHHA MMAaCaKUPCHKAMHU MEPEBE3CHHAMH, SIKi CIPSIMOBaHI Ha
MiHIMi3aLilo Yacy 00CIyroOBYBaHHS Ta TOCATHEHHA MaKCUMAJIBFHOTO IMMOKa3HUKA 33I0BOJICHHS OTPEO MacaXupiB y TPAHCHOPTI,
po6oTy MapIIpyTy Ta BUBYECHHS ITaCAXHPOIIOTOKY Ha HhOMY KOPHCHO PO3TIITHYTH 32 IOMOMOTOF0 METOIB HEUiTKOT JIOTIKH, IO
3a0e3neyyloTh MeXaHi3M po0OTH 3 HETOYHUMH IOHSTTSIMH, BBOAATH HEYITKI MHOXHHH, NPOBOASATH 3 HUMH JIOTi4HI Oil Ta
OTPUMYIOTh KiHIIEBHI pe3yNbTaT MMOCTABIEHOI 3anadi. Y NaHii poOOTi 3 BUKOPUCTAHHAM (YHKILIH MPUHAIEKHOCTI HETiTKUM
MHO»XHHAM PO3pOOJICHO AJITOPUTM MONIYKY PO3KJIaay poOOTH TPAaHCIIOPTHUX 3aCO0IB HA MapIIPYTi AK MOCIiIOBHOCTI IHTEPBAIIIB
00CITyroByBaHHS, 0 BIAMOBINAIOTH Y XOIi MOCTABJICHOI 3a4a4ui HEUiTKii (QyHKUIi i — 3aA0BOJEHHS MOTPeO HACEIEeHHS Y
MEPEBE3CHHAX Ta HEUITKUM OOMEXCHHSIM Ha BHKOPHCTAHHS TPaHCIOPTHUX 3ac00iB, sIKi 0OCIYrOBYIOTh MapIIPYT MiCBKOTO
HAaCaKUPCHKOTO TPAHCIIOPTY.

Kniouosi cnoea: mpancnopmna cucmema, Mamemamuia Mooeis, KaieHOapHe NIaHy8aANH s, HeYimKa 102iKd, ONMUMAanbHull
PO3K1A0, aneopummizayis.

Modeling fuzzy management processes of passenger transport systems
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Lisina Olga PhD of Physical and Mathematical Sciences, docent
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The main tasks of organizing route transportation when considering processes in transport systems are to ensure a high level of
management and the introduction of advanced working methods to meet the needs of the commuters, to ensure the quality of
passenger service, to use vehicles of the enterprises’ automobile fleet efficiently, to ensure transportation safety, as well as to
reduce the cost of the necessary trips for the population. The main task of the passenger transport management should be the
creation of schedules and the rational organization for the routes of vehicles. When looking for new effective methods and tools
for managing passenger traffic, aimed at minimizing service time and achieving the maximum level of satisfaction of passengers,
it is useful to consider the fuzzy logic methods. These methods provide and implement the mechanism of working with inaccurate
concepts, introduce fuzzy sets of input data and allow performing logical actions with them as well as obtaining the final solution
of the problem.

While setting the task of integer programming for creating a schedule for a train route, the target function and the system of
restrictions on the desired values of unknowns are replaced by the functions of belonging to fuzzy sets, which indicate the average
degree of belonging to the selected sets. Finding the values of the variables that are the solution to the problem and grouping
them gives us a schedule for the route, which optimizes the target function under given restrictions. As the objective function,
namely, the function of belonging to multiple time intervals, which correspond to the fuzzy function of the target in the studies,
the numerical expression of the average degree of satisfaction of the needs of passengers is chosen. The time intervals — the
average degree of use of vehicles during service during the daily operation of the route is chosen as the system of restrictions on
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the desired variables. The algorithm for finding a solution space that is the basis for generating a schedule of vehicles on a route
in the form of a sequence of service intervals corresponding to variable values has been developed.

The fuzzy objectives of the problem should be subject to the main criterion for creating a traffic schedule and optimal route
control. That criterion takes into account the cost of the operation time of vehicles and the cost of waiting time for passengers.

Keywords: transport system, mathematical model, scheduling, fuzzy logic, optimal schedule, algorithmization.

MOIIeJII/IpOBaHI/Ie HCYCTKHUX IMPOUHECCOB YIIPABJICHUA TPAHCIIOPTHUMMU
CUCTEMAMHU MACCAKUPCKHUX IIEPEBO30K

Kozavok cm. npenooasamenb
Jlapuca HukomaeBHa XapbkoGcKull HAYUOHANbHBLI ABMOMOOUTLHO-00POIICHBIL YHUBEPCUMEN!,
ya. Apocnasa Myopoeo 25, Xapvkos, Yrpauna, 61002

Jlucuna K. ¢.=M. H., Ooyenm
Ouasbra IOnueBHa Xapvrosckuil HayuonanbHulil yHueepcumem umenu B. H. Kapasuna,
nrowaob Ceoboovl 4, Xapekos, Yrpauna, 61022

IIpn mnoucke HOBBIX 3((GEKTUBHBIX METOJOB M HHCTPYMEHTOB YIPABICHHS IAaCCAKUPCKHMH IIEPEBO3KAaMH, KOTOpPBHIC
HalpaBJICHBl Ha MHHUMH3AIMIO BPEMEHH OOCIYXMBAHHS ¥ IOCTIDKEHHE MAaKCHMAJbHOTO YPOBHS YAOBJIETBOPEHHS
HOTpeOHOCTEH MaccaXXUpoB B TPAHCHOPTE, pabOTy MapLIpyTa M U3y4eHHE MAacCaKMPOIOTOKA HA HEM IOJIE3HO PACCMOTPETh C
MOMOII[BIO METOAOB HEUETKOH JIOruky. JIaHHbIe METO/IBI MPEIOCTABISIOT M BHEAPSAIOT B MPOIECC IOMCKA PEIICHUS] MEXaHU3M
paboTHI C HETOUYHBIMH MTOHATHAMH, BBOIAT HEUETKHE MHOJKECTBA 110 BXOAHBIM JaHHBIM, IIPOBOJIAT C HUMH JIOTHIECKHE ACHCTBHSA
U TOJTy4aroT KOHEYHBIH Pe3yNbTaT MMOCTaBICHHOW 3ama4un. B 3Toil mccienoBarensckoi paboTe ¢ UCTIONB30BaHUEM (DYHKIUI
MPUHAISKHOCTH HEYETKOTO MHOXKECTBA Pa3paboTaH alrOpUTM IOMCKA PACHHCaHUS PabOTHl TPAHCIOPTHBIX CPEACTB HA
MapuipyTe Kak IOCIIeJ0BaTeIbHOCTH HWHTEPBAIOB OOCITY)KMBAaHHS, COOTBETCTBYIOIIMX B ITOCTAaBJIEHHOW 3ajgade HEYETKON
(YHKIMY LeNU — YHOBIETBOPEHHE HMOTPEOHOCTEH HACeNeHNs B MEpeBO3KaX M HEYETKHM OIPaHHMYCHHEM Ha HCIIOJIb30BAaHUE
TPAHCIIOPTHBIX CPEZCTB, 00CIIY)KUBAOLINX MapIIPYT TOPOJCKOr0 MacCaXUPCKOTO TPAHCIIOPTa.

Knroueevie cnosa: mpancnopmuast cucmema, mamemamudeckast MOO@JZb, KaJlth)apHoe njaaHupoeanue, Hedvemkas J02cuKa,
onmumalbHoe pacnucanue, aicopummusayusl.

1 Beryn

VY Xoai po3risiAy pi3HOMaHITHHX MiJIXOMIB O MOJIMIICHHS POOOTH MacaXUPCHKOTO TPAHCIOPTY y
MiCTaXx Ta METOJIB, CIPSIMOBAaHUX Ha IIe, 3BEPHEMO YyBary Ha BIJAINOBiJHI BapiaHTH yIOCKOHAJCHHS
YIOpaBIliHHS [E€PEBE3CHHSIMU MAaCaXHUPIB HA MapIIpyTax. Y SKOCTI TaKUX PEryJIsATOPIB MOXYTb OyTH
BUKOPHUCTaH1 HACTYITHI MOKa3HUKH: 3MEHIIIEHHSI IHTEPBaJIiB Mi’K BUXOJIaMH HA MapIIpPyT JJisi BAKOHAHHS
nepeBe3eHb KOHKPETHHMH TPAHCIOPTHUMH 3aco0amM, po3po0Ka pO3KIAfiB, sIKi BPaxOBYIOTh
YIOCKOHAJIEHHS SIKOCTi pOOOTH HA MapIIPyTi, 3aTy4eHHS iHIIMX BHUIIB TPAHCIIOPTHHX 3aCO0IB 3 TIEBHOIO
nacaxupoMicTkicTio. KopekTyBaHHS Ta CTBOpEHHsI HOBUX IpadikiB poOOTH MapIIpyTy, HOBUX PO3KJIAIiB
00CITyroBYBaHHSI MACAKUPIB TPAHCTIOPTHUMHU 3ac00aMH PYXOMOT'O CKJIaJly TAaKOXK MalOTh CIIUPATUCS Ha
3MiHEHHSA IHTEpBAJIIB pyXy Ha MapuIpyTi, Ha 3MiHEHHS 4Yacy TOYaTKy Ta 3aKiHYeHHS POOOTH IO
nepeBe3eHHI0 macaxupis [2, 3]. Benuke 3HaueHHS y muX po3poOkax HaOyBae ypaxyBaHHS 3MiH
MacaXHMPOIIOTOKY BIIPOJOBXK PoO0U0i 100K Ha MapIIpyTi Ta JOCITIHKEHHS MOOY0BaHOT 38 HEOOX1THUMH
00’eMaM¥ TIepeBE3E€Hb EMIOPH IHTEHCHBHOCTI MAaCAKUPOIIOTOKY Ta KUTBKOCTI TPAHCIIOPTHHX 3aC00iB, 110
MPAIO0Th Ha MapipyTi [ 1, 4].

TakuMm 4uHOM, MMOOYJ0Ba PO3KJIAJIB, IO CIUPAIOTHCS HA 3MiHEHHS 4acy pOOOTH TPAHCIOPTHUX
3aco0iB Ha MapIIpyTi B 3aJIE)KHOCTI BiJ| KiJIBKOCTI MacaXXWpiB, SKi BHKOPHUCTOBYIOTH aBTOOYCHHI
NacaXUPCHKUHM TPAHCIOPT B IE€BHI NEPiOIU Yacy Ta Ha MEBHUX AISTHKAX € NEePCHEKTUBHUM HAIPSIMKOM
PO3BHUTKY METOAIB YIPaBIIiHHS Ta BPETyJIIOBaHHA POOOTH MapIIPYTiB TPAHCHOPTHUX CHCTEM MICT.

B 0Garathox HaykoBHX pOOOTax TaKOXX OCTAHHLOTO 4Yacy HaJlaHi PO3POOKH HOBHX €(EKTUBHHX
METO/IB Ta IHCTPYMEHTIB yIpaBIliHHS NacCaXUPCHKUMH IIEPEBE3CHHIMH, K1 CIIPSMOBaHI Ha MiHIMi3alio
yacy 0OCIyroByBaHHS, NOCATHEHHS MaKCHMAaJIbHOTO IOKa3HMKA 3aJOBOJICHHS MOTped HacaXwpiB y
TPAHCHOPTI HAa HEOOXIJIHWX, €KOHOMIYHO AaKTHBHHX JUISHKAX TPaHCIIOPTHOI Mepexi Micta Ta Ha
MiHIMI3ali0 3aTpaT MpH BUKOPHCTAaHHI TPAHCIIOPTHUX 3aco0iB Ha MapmpyTti, TOOTO 1 Ha
EHEePro30epeIKeHHs PeCyPCiB EKOHOMIKHU MicT [5-7].
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2 OCHOBHi NOHATTS MeTOAA A0CTiIAKEHb

BuBYeHHSI MAcCa)KUPOMOTOKY KOPHCHO PO3IJISIHYTH 3a JOIMOMOIOI0 METOMAIB HEYITKOI JIOTIiKH, SKi
rapaHTyIOTh BUCOKHI piBeHb OOPOOKHM BXiJHHX JAaHUX Ta HU3BKY 3aTPUMKY Y Yaci OOpOOKH IIMX JaHHX.
Takox HediTKa JIOTiKa JOMOMAara€ BW3HAYaTH 3HAYEHHS JIOCTOBIPHOCTI IMPAKTHYHUX DPE3YJIbTATIB.
HeuiTka ytorika rnpu BipHO BBEICHUX 03HAYCHHSIX J1a€ TAKOX IMTPOMIXKHI OIIHKH KPUTEPiiB Mi>K a0COITFOTHO
BIpHMM 3HAYEHHSIM Ta a0COTIOTHO XMOHUM 3HAYECHHSIM 3 YpaxyBaHHSM TOTO, IO PY OLTBIINX 3HAYCHHSIX
(GyHKIIIT TpUHAIEKHOCTI /IO TeBHOT MHOXKWHH BUIIIE JOCTOBIPHICTH KPUTEPIFO, IO PO3TIISIAETHCS.

IIpormec 3acTocyBaHHS HEUITKO1 JIOTIKH 0 BX1THUX 3HAYEHb ABIISIE€ COOOI0 CKIHYEHY KiTbKICTh PaBHUJI,
SKI BUKOPUCTOBYIOTHCSI TIPH OTPUMaHHI BUXiTHUX 3HA4€Hb, T4 BiAMOBIIHO MPH NPUHHATTI PillIeHb AJIs
YIOCKOHAJICHHS TEXHIYHUX mpotieciB. [ToHsATTs HewiTkol MHOXHHU BBeneHoZadeh y poborax 1965 p. [8],
BOHO € TMOHATTAM MHOXXMHHU 3 HEUITKMMHU TpaHumsiMA. Ha 3amiHy 1inboBid (yHKIII HiIOYHUCIOBOTO
NporpaMyBaHHs BBeleHa (YHKIIisS NPUHAISKHOCTI MHOYKHHI, 3HAUYEHHS K0T 3MIHIOIOTHCS Yy 1HTepBai
Bin 0 10 1, u(x) € [0; 1], Bka3yrouu Ha CTYMiHb BiMOBIJHOCTI 00paHiii MHOXXHHI. BBe1eMo mo3HaueHHs
X nmesikoi MHOKMHH 3HAY€Hb, BITHOCHO SKHUX OOTOBOPIOETHCS KPHUTEpid A, TOMI HEUITKa MHOXWHA
eneMenTiB X Oyne HamaHa sk Habip BrnopsakoBanux map {(x, uy(x)|x € X}, pa(x) — crymins, sxuii
BKa3y€ HACKUIbKH X HAJIC)KUTh HEWIiTKid MHOXHHI A. 3aBISKM BBEJICHUM IOHSTTSIM Y MOJANBLIOMY
po3BUTKY Ii€l Teopii bemnman y 1970 pomi [9] 3amaui HiIOYUCIOBOrO MPOrpaMyBaHHs 3MIT 3BECTH 10
BUpIIICHHS 3a7a4 y TOHATTSIX HEYITKOi JIOTIKM, y AKHX IiIboBa (DYHKIiSI Ta cHcTeMa OOMEXKEHb
3aMMCYIOThCS SK HEYITKI MHOXHWHHU. Bupimmru 1 3amadi o3Ha4yae BHPINICHHA 3a7adi CYMICHOTO
BUKOHAHHS HEYITKUX IIIJICH Ta HEYITKUX 0OMEXEHb 1,TOOTO, IEPETHH BiAMOBITHUX MHOXKHH.

HeuiTki MHOXWHHA Ta omeparlii 3 HUMU OyIeMO 3aCTOCOBYBATH JJISl IIPOTPaMyBaHHS Ta YIPaBIiHHS
npolecaMi Ha MICBKOMY IAcCaXMPCBKOMY TpaHcmopTi. Hexail mapk IesKoro TpaHCIIOPTHOTO
MiANPUEMCTBA CKIIAJAETHCS 3 TPAHCIIOPTHHUX 3aCO0IB PYXOMOTo CKJany Y HEoOMEKeHiH KilbKOCTi,
CIOYaTKy 3poOMMO Take HpunylneHHs. Lle TpaHCOpTHE MiANPHUEMCTBO OOCIYTOBYE NESKUH MapIpyT
MACaKUPCHKUX MICHKHX TepeBe3eHb. PO3rIIsTHEMO MOXKIWBI BapiaHTH PyXy aBTOOYCiB Ta IOCAIKH
MacaXupiB y aBTOOyCH Ha 3yIHHKaX.

[ToHATTS YacOBHX CTaHiB, SIKi CTBOPIOIOTH MPOCTIP YaCOBUX CTaHIB.

Sk Oyno omucano y poborax bemmmana P. E. [9], mpoctip Q HemepepBHOTO Yacy 00CIyroByBaHHS
MIePETBOPIOETHCS Y TUCKPETHHUIN CKiHUCHHU mpocTip cTaniB 2, ne |1 < 0o 3 oHaKOBUMH iHTEpBaIaMHU
gacy y 1 XBWINHY

Vwi;,wiz1 €EQ: wip —w;=1.

[ToHATTS IPOCTOPY YACOBUX €TaImiB (BiIpPi3KiB Yacy).

[Ipoctip wacoBoro eramy Kninuthess Ha mpoctip wacoBoro eramy Q , ge N =|Q| < oo 3
eKBiBaJICHTHUMHU iHTepBaiamu S € [5,30] B 3a1ex)HOCTI Bix 00CIyroByBaHHs acaxupiB. YacoBuii cTan
® BiInoBiiae yacoBoMy erany q(w, S), SIKMI BU3HAYAETHCSI HACTYITHUM YHHOM:

q(w,s) = [w,s].

Po3kiiag po6otr aBTOOYCIB Ha MAPIIPYTi 10 0OCIYTOBYBAHHIO ITACAXKHUPIB.

Z ={24,25,...,Zy} — pO3KIAN, KU SBIsE COOOI0 Ta HANAa€ MPOMDKKH 4Yacy OOCIyrOBYBaHHSL.
MaeTbess Ha yBasi OOCITYyroBYBaHHS MAcaXMpiB Ha MapuIpyTi NMEBHUM aBTOOYCOM IIpU 4YOMY Zy €
MOMEHTOM Yacy BianpasieHHs Ha MapuipyT N-ro aBToOycCy, SKH BiJJpaXxOBYETHCS BiJi MOMEHTY 4acy
BUXO/1y TIEPIIIOTO aBTOOYCY HAa MapIpyT. Takok 4ac MovyaTky Ta 3aKiH4eHHs 00CITyTOBYBaHHS MMACaKUPIB
Ha MapHIpyTi Z; Ta Zy 3a/JaHi CoYaTKy, Ae N—KiIbKiCTh aBTOOYCIB, PAIIOI0YUX HA MapIIPYTi.

3HaxOIKEHHS 3HAa4€Hb 3MIHHUX, K1 OyIyTh pilIEHHSIM 3a7adi.

t € Te 3HAYEHHSIMH, 1110 HAJIEXKATh CKIHUEHIH MHOXHHI yCiX 3HA4YeHb IHTEPBAJIB Yacy Ta SBJISIOTh
€00010 IPOMIXKKH Yacy, 0 MPOXOSITh MiX JIBOMa MOCIIIOBHUMH 3yITHHKaMHU aBTo0ycCy:

t1<t2<"'<tM,|T|=M, tl‘+1_ti:1,Vi:1,M—1.

MHoX1Ha 3yTUHOK Ha MapLIPYTi.
[purmyctiMo, MmO KiTbKICTh MAcaXHpiB, sKi OOCIYroBYIOThCS 3a iHTepBaIM 4acy t;i= 1M ,
po3nozineHa piBHOMipHO. MHOXHHY 3YTIMHOK TO3HA4YUMO b; € {bl,bz, s b]} J=1].
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MakcumanbHa TACaKUPOMICTKICTh SBIIIE COOOI0 MAaKCHMalIbHY KUIBKICTH TACaXUpiB, sKa
TIepeBO3UTLCS OJIHIM aBTOOYCOM, Ta Mo3HayaeThes p;,i = 1, N . Takosk [jist po3ryisay 3aBJaHb MOXKHA
BHUKOPHUCTOBYBATHU MOHATTS 0a)KaHOI MacaXMPOMiCTKOCTI, sike Oyo BBeneHo CederA.

To0OTo a71st BUBYEHHSI pOOOTH 10 0OCITYTOBYBAaHHIO Ha MapUIPYTi CUCTEMH MiCBKOTO MACaXKHUPCHKOTO
TPAHCTIOPTY Ta MOCTAHOBII 33/1a4i ONTHUMI3aIlil BBOAATHCS YMOBHU 3 CHCTEMH OOMEXEHb Yy TIEBHOMY
4acOBOMY CTaHi w € () Ha IEBHOMY YacOBOMY €Tarli ¢ € () Ta y meBHOMY IpOMiXKKY dacy t € T.

OnuieMo macaxupornoTik.

[IBHAKICTh TOTOKY mMacaxupiB (IHTCHCHUBHICTH), NMPUOyBalOYMX Ha 3yNUHKYl Ha eram q € Q
MO3HAYNMO vf .
MHoXV1Ha TTacaXupiB, MO OYIKYIOTh aBTOOYCHA 3yNMUHIL € / Ma€e MIIHICTh (KITBKICTh TTACAKUPIB)

q..2
Uit

Oyzie 3ammcaHo vf - t , yac ouikyBaHHS aBTO0yCa IUMU Macakupamu OyJe
[HTEHCHBHICTB NMOTOKY IAaCa)KHPIB, [0 BUKOPUCTOBYIOTh aBTOOYC, CiIal0Th y aBTOOYC Ha 3yMUHII |,
BUXOJISITh 3 aBTOOYCY Ha 3yMHUHII | Ha 4acOBOMY eTami q € ( MO3HAYMMO /1?]- , @ KUJIBKICTh TaKux
MACaKUPIB 3HAXOAUTHCS SIK vf “t- /1?]. .
KinbKkicTh macaKupiB, 110 MPOJOBKYIOTh IUISX MOT3IKK y aBTOOYCI Micis j-01 3yMUHKH MO3HAYUMO
I(j“”tnpn [IbOMY TIPOMIKOK Yacy @ Oyjie Pi3HHUIICI0 y Yaci MK BiAMpPABICHHSIM aBTOOYCY Bifl 3yIHHKH |

Ta OCTaHHIM aBTOOYCOM Ha MapIIpyTi Y MOMEHT BiATIPaBICHHS HOTO BiJl EPIIOi 3yITMHKH MIPH PO3TIISAAL

MEBHOTO YaCOBOT'O CTaHY
wt _ ot q . _vJ-1.4q, .4
Kj = Kj_1 + v; te Zi:l vty Aij . @

BusHaunMo BHKOPHCTOBAHICTh KOHKPETHOI 3YIHUHKH, 11 3HAYYINICTh, KA 3aIEKUTH BiJl KITBKOCTI
MaCaXHUPIB, 10 3aX0/IATh y aBTOOYC Ta BUXOATH i3 aBTOOYCY Ha 3YIHHII | IPU PO3IJISI €Tary Jacy (:

q Jj=1.q .44
b4 v; + o1 Y lij

A a4, ~J-1.da.,a~’
Zj:l(vj +Zi=1vi Aij)

(2)

J q _
ae j=1b = 1.
3 BuxopucTaHHA MeTOIiB HEYiTKOI JIOTIKH JJIS MOOYAO0BH ONTHMAJIBLHOTO PO3KJIAay PodoTH
MapupyTy
DYHKINI MPUHAJICKHOCTI 10 MHOXXUHM YaCOBUX IHTEPBAIB, IO BIANOBINAIOTh HEWITKIH (yHKIIT
1L, SIKa YUCENTbHO BU3HAYAE CTYIIHD 33/I0BOJICHHS MTOTPEO MACaKUPiB, KITBKICTh SIKHUX Kj‘“'t € KIJIbKICTIO

NacakupiB, 1O BiANPaBIAIOTLCA Bijl 3yNUHKH j, Oy/e MO3HAYEHO Ug p (Kjw’t) , e P — makcumainbsHa
MICTKICTh TPAHCIIOPTHOT'O 3aC00Y.

Hosnaunmo pg (t) ta ug (t) byHKUil MpUHANEKHOCTI, IKi BUKOPUCTOBYFOTBCS VISl ibOBOT PyHKIIT
Ta CHCTEMH OOMEXEHb, apryMEHTOM IMX (QyHKLiH Oyne 4acoBuil iHTepBan t, KWl pO3IIIAAAETHCS Y
YacoBOMY CTaHI @ TPAaHCIOPTHOI CHCTeMH. [IpHHANEXHICTh YacOBOIO IHTEpBaly J0 HEOOXimHOI
MHOKMHH YacOBHX IHTEpBAIIB PO3IISIIAE€TbCA Ui KOKHOI 3ymuHkH j = 1,/ —1 3 ypaxyBaHHAM
3HAYYIIOCTI I1i€T 3yMWHKY SK Bard, o Oya 3ajaHi BUIE piBHICTIO (2).

Juis iux QyHKIIH NpUHANEKHOCTI OTPUMAEMO HACTYITHI POPMYIIH:

J-1
K = ) b - 11g p (K1) ®
=1

J-1
RE©) = ) b - pep(K) )
=1

Jauni 3anmumemMo (yHKIIiI0 MPHUHAIEKHOCTI, SIKa BKa3ye Ha CTYIiHb BiJIIIOBIJHOCTI YACOBOT'O IHTEPBAITY
t oOciyroByBaHHS TPAaHCHOPTHUM 3acO00M MAacCaKUpiB HEWITKIH LibOBIM (yHKUil Ta HEYITKUM
0oOMEXeHHsIM, TOOTO (PYHKILII0 NPUHAIEKHOCTI JO MHOXMHHM YacOBUX I1HTEpBAajiB, IO HaMOUIbII
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BIJIIIOBIIal0Th HEUITKIM LTI Ta HEYITKUM OOMEXCHHSIM Y IIEBHOMY YacOBOMY cTaHi w. Ll popmyiia Oyae
MaTH HACTYITHUH BUTJIS;

uo (t) = ug () aug (o). 5)

st d € (0;1) BBenemo monsttst d-piBHst GyHKuil ug (t), sxuit nozHaunmo sk Muoxuny Uy (Uop),
TaK0X TIO3HAYMMO N — KUIBKICTh YaCOBHUX IHTEPBAJIIB, 1[0 OYIyTh BKJIFOUEHI IO ONTHMAJILHOTO PO3KIIaLy
Z* poboTn Ha MapmpyTi Ta OyayTh ONTHUMI3YBAaTH L€l PO3KIA y 4acOBOMY CTaHi . MHoxuHa 03 €
nigmMHOoxkUHOIOU ; (ULp), IO MICTUTH I1HTEPBaNM, SKi MalOTh HAWBUIIMK CTYHIHb BiIMOBITHOCTI,
BimoOpakeHUH y PyHKIIT MPHHATIEKHOCTI, KIJTBKICTh €JIEMEHTIB i€l MHOXXHUHH OyIe N .

Takum ynHOM

Ogn, () € Ug(po) = {tlug (t) > d},

tow (8)| = luol < no . (6)
ko, ©)|

st Toro, mo6 OLIHIOBATH ONTUMANBHICTH PO3KIAAY pyXy Z TpaHCHOPTHHX 3ac00iB HA MapIIpyTi
HEOOXiTHO OOYNCIIUTH BEIMIHMHH, SKi € XapaKTePUCTHKAMH IIOTO PO3KJIaIy, Ta 3a JOMOMOTOI0 3HAYEeHb
UX XapaKTepPUCTHK MOXHa ONTHMI3yBaTh po3kinan pyxy. Crnodarky 3amuiieMo (GOopMynd uis
00YMCIIEeHHS 3arajJbHOTO Yacy OOCIyTOBYBAaHHS MACAXXHUPIB TPAHCIIOPTHUMH 3aco0amMu Ha MapmpyTi Tz,
3arajJbHOTO Yacy pyXy Maca)XHpiB, IO 3AJICKUTH BiJl CTAaHy TPAHCIIOPTHOI cucTeMH, T, , 3aTalbHOTO Yacy
OUiKyBaHHS MacaXKUPaMu TPAHCHOPTHUX 3ac00iB HA MapmpyTi Ty, :

zy J-1
=) > of (7)
w=Z1 ]=1
zy J-1

CEDIDACERTD ®

wW=Zy ]=1

zy J-1 q 2

w=2z, j=1

Jami Mi MoxxeMO BUBECTH (OPMYITy Ui OOYKMCIICHHS CEPEAHBOrO CTYIEHIO 3a0BOJICHHS MOTPEO
HaCeJIeHHs y aBTOOycax, sIKi BUKOHYIOTH TIEPEBE3CHHS HAa MapIIPyTi BIPOAOBXK pPoOOUOi J0OH sIK
CEPeIHbOr0 3HAYCHHS (YHKIII MPUHAICKHOCTI 10 MHOXHHHM YaCOBUX IHTEPBAJIIB, 110 HAHOIIBII
BIJINIOBI/Ial0Th HEYITKIN i, TOOTO CTYIMiHb BIAMOBITHOCTI HiabOBIM (yHKIii. Takox Oyzae 3amucana
dbopmyna s OOYMCIEHHS CEpelIHbOTO 3HAYCHHS CTYNEHI0 BUKOPUCTAHHS TPAHCIOPTHUX 3aco0iB
BIIPOJIOBK JOOOBOT pOOOTH Ha MapUIPYTi SIK cepeHe 3HaueHHS (QYHKIIIT MPUHAIEKHOCTI, 1110 BKa3ye Ha
CTYIIIHb BIJIOBITHOCTI HEUITKMM OOMEKCHHSIM

1 -
o= ) H®)
wW=2Zp
ZN
1 .
o=t ) K . (10)
w=2Zp

Heuitki mini mocTaHOBKM 3a/1a4i HOBMHHI HiANOPSAKOBYBATHCS TOJIOBHOMY KpUTEPilO po3MIsidy i
BUPILIICHHS 32/1a41 TOOYI0BU PO3KIIAly PyXy Ta ONTUMAIBFHOTO YIIPaBIiHHS HA MapIIPYTi, el KpUTepii
BpPaxoOBY€ BapTICTh POOOTH PO3KIIAY, IO CKIAJAETHCS 3 BAPTOCTI Yacy poOOTH TPAHCIOPTHHUX 3aCO0IB
1o 00CIYroByBaHHIO MACAKUPIB Ta BAPTOCTI YacCy OWiKyBaHHS IMacakKUPaMu TPAHCIOPTHHUX 3ac0o0iB Ha
MapuIpyTi:
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C=c, T,+c, T, ,

Je C, - 3aTpaTH Ha OIHY T'OJMHY OOCIYrOBYBaHHS MapuUIPYTy TPaHCIIOPTHHM 3aco00M, C,, - 3aTpaTH
MacaXupiB 3a OJHY TOAMHY OUYiKyBaHHS Ha 3yMUHKaX.

BuzHaueHHS ONTUMANBEHOTO IHTEPBANY Yacy t,, U1 KOXKHOTO YaCOBOTO CTaHY (.

[Tpu BupileHHi 3aa4yi MOKHa OyAyBaTH YiTKy MareMaTu4yHy MOJENb 3 YITKUMH OOMEKEHHSIMH Ha
MPOIMYCKHY 3/1aTHICTh aBTOOYCIiB MPU OMY ONTHUMAJIbHUIM YacOBHI iHTEpBaJl BU3HAYAETHCS TakK, 100
OTPUMATH MAaKCHMaJbHE CYKyITHE HABAaHTAKEHHS, SKe HaOMMKaeThCst a0 OakaHOI 3alHATOCTI
TPAaHCHOPTHHUX 3aCO0IB Ta BIOBOJICHHS MOTPEO HACENCHHS Y TICPEBE3CHHSX.

SAxmio OyayBaTh HEWiTKY MOJENb AJISl BUPILICHHS 3a7adi, 0 MOCTaBJieHa, TO ONTUMaJIbHI 4acoBi
IHTEpBalH, IO OYAyTh BXOAWTH O ONTHMAIBHOTO PO3KIATy POOOTH Ha MapIIPyTi, BU3HAYAIOTHCS 5K
HEYITKOIO IUTFOBOIO (PYHKII€IO TaK 1 HEUITKUMH OOMEXEHHSIMH, 3TPYIIOBAHUMHU y CHCTEMY, Y TIEBHOMY
9aCcOBOMY CTaHi POOOTH Ha MapIIpyTi:

_ (argmaxpg () saxwo ug(t) <d, 1
=108, axmo ud() > d b

nput € T = {t;, ty, ..., ty}.

MaremaTnyHa MOJIENIb MPH LILOMY TEPETBOPIOE YITKY LiIbOBY (YHKIiIO Yy ABi HedwiTki (QyHKIiI
MPUHAJIE)KHOCTI — HEYITKY IUIb 3aJOBOJICHHS MACAKUPIB Ta HEUYITKI OOMEXKEHHS BHUKOPHUCTAHHS
MPOIYCKHOT CIIPOMOXXHOCTI TPAHCIIOPTHOTO 3ac00y. J1Jisk IEBHOTO YacOBOTO IHTEPBATY y IEBHOMY CTaHi
4acy KUIbKICTb MTACAKUPIB Y TPAHCIIOPTHOMY 3ac001 HA KOXKHIH 3yNUHII b; BiAPI3HAETbCA. Y HACIIIOK
1boro g (t) Ta p¢ (t) OTPUMYETBCS arperanieio ycix fi, Ta ji, Ha 3yMMHII jHa[ yciMa 3yNUMHKaMHU j =
{1,2,...,] — 1}, BpaxoByIOYH Baru KOXKHOI 3yIIHHKH b]gHa eTarti poOOTH TPaHCHOPTHOI cUcTeMH q € Q.

4 ®opmyBaHHSI PO3KJIaAy POOOTH TPAHCHOPTHHUX 3aCO0iB HA MAPHIPYTi MO 00CIYrOBYBAaHHIO
nacakKupin

VY piBHSHHI 3HAXO/KEHHS YaCOBHX IHTEpPBANIB ONTHMAIBFHOTO PO3KIALy POOIT CKazaHO, IO MPH
ug (t) < d MHOXMHA ONTHUMATbHHX YAaCOBHX IHTEPBANIB CKIANAETHCS 3 OJHOTO EJIEMEHTY t,,, IO
Makcumisye ug (t), ne d — meBHuil piBeHb 3Ha4YeHb (QYHKIII mpuHanekHOCTI. Skmo uy (t) > d, to
MHOKHHA YaCOBUX iHTEPBANiB ONTHMAIBLHOIO PO3KIANY € MHOKUHOW Og (t), 1O cKiajaeThes 3
IHTEpBaJIiB, SKi MalOTh HAWBUIIMK CTYIiHb BiAIOBIAHOCTI, BimoOpaxkeHWH y QyHKIIII MPUHATIEKHOCTI,
KIUTBKICTh €JIEMEHTIB I1i€l MHOXXHHH OyJle N, €IeMEHTH OyAyTh PO3TAIIOBaHI Y TIOPSAAKY HE 3pOCTaHHS
ix BemmuuH. PimmeHHsM mocrasieHoi 3aga4ui Oyne matpuist O po3Mipy p X ¢, eleMeHTH sIKoi OyayTh
O(w,t,) = ug (Hw.

[poctip mpuiinsaTrs pimenb O € 6a3or0 ans QopmyBaHHS po3kiany Z sk rpadiky dvacy
00CIyroByBaHHsI, IIPH AKOMY JIBa ITOCJIIJOBHUX BiINPaBJICHHS aBTOOYCIB IO CIIOJYYCHHIO BIIITOBIAAI0Th
cTaHaMm w, W + t,, , e t,, - YaCOBWH 1HTEPBAI, IO BiAMOBIIA€ CTAaHY W.

3anuiemMo MOCHiI0BHI KPOKH MOIIYKY Tpoctopy pitueHb O (w, t,):

. . . . w’t
- Cniouatky ycim enementam matpuii O (w, t)IPUCBOIMO HYJIbOBI 3HAYEHHS, TAKOXK K;"" = 0.

-V mukni mo w€QtET,j=1,J]—1 Oynemo oOOYMCIIOBATH  KUIBKICTh IaCaXHUPIB, SKi
[POJIOBXKYIOTh TIEPEMIIIICHHS y aBTOOYCI MiCIIs -1 3yIMTUHKH 3a (OPMYIIOI0,HaBEICHOIO BHUIIIE:

wt _ ot q J-1..4q . 49 — @
Kj = Kj_l + tw(vj - Zi:l Y; Aij):ﬂe q= [wo] .

- 3HaX0/AMMO 3HaUeHHs QYHKUIA NpUHATIEKHOCT y nuKmi mo w € Q,t € T

J-1
B = ) b g5 (K,
=1
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J-1
RO = ) B 1ep (K,
j=1

1o () = pg (O)Aug (t) -

-V mukmi o t € T o0uncII0eEMO ONTHUMalIbHI YaCOBI iHTEPBAaJM, MHOXKHHY, IO BiAMOBIIA€ IPOCTOPY
piteHs y Burisai Matpuii O

t, = argmaxug'(t),

0((1), tw) = .ug)(tw) .

- PosramyBaru 3HaueHHs GyHKIii ug (t) Mo CragaHHIO 3HAYCHB CIEMEHTIB, PE3yNbTAT 3aMUCATH Y
BEKTOP- CTOBITYUK

spuskO = descending(uy (t)).
- Y muxii o n = 1, np BUKOHATH HACTYTIHI i
skaio spuskO(n) < d rtoni t, = spuskO(n), 0(w,t,) = spuskO(n).

5 BucHoBku

VY X071l BUKOHAHHS HABEJCHOTO BHILE AITOPUTMY MU OTPHUMAEMO PO3KIAd POOOTH TPAaHCIIOPTHHX
3aco0iB Ha MapuHIpyTi y 3amucy MOCHiAOBHOCTI IHTepBaiiB oOcmyroByBaHHsA. LleW poskmax Oyne
HAONMMKEHUH IO ONTHUMAIIBHOTO PO3KIAAy POOOTH, MO0 MOXKHA PO3TIISHYTH, BPaXOBYIOUH KiIBKICTh
peiiciB aBToOYyciB N, 4ac 00CIyroByBaHHSI MapUIpyTy TPaHCIOPTHUMH 3acobamu T, , 4ac 3HAXOHKEHHS
nacaxupiB y noposi Ha mapupyti T, , yac OWiKyBaHHS MacaKUpaMH TpPaHCHOpTHOro 3acody Ty, ,
CEPEIHIO KiNBKICTh MacaXupis y aBroOyci P, cepenniil CTymiHb 3a10BOJIEHHS MOTPEO Macaxkupis fiy Ta
CepellHE 3HAYCHHS CTYNEHIO BHKOPHUCTAHHS TPAHCHOPTHUX 3ac00iB BIPOAOBXK J000BOi poOOTH Ha
MapIpyTi i, . BapTicte po6oTH pyXOMOro ckiamay Ha MapHIpyTi, IO PO3IIISAAETHCS, 3a TTO0YI0BaHUM
PO3KITIaZIOM 00UNCITIOETHCS HACTYITHUM YHHOM:

C=c, T, +cy, Ty
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TIpuBenenuii neTanbpHUM OIS MAaTEMAaTHIHUX MOJIEIIEH, sIKi pecTaBiieHi cucteMaMu 3/1P 1 BUKOPHCTOBYIOTBCS [l BUBUCHHS
B3a€MO3B’SI3aHUX NUIAXIB 1 MeXaHi3MiB INOMMpeHHs iH(eKIiHHNX 3axBopioBaHb, 30kpeMa SIRS i SEIRS mopeneii ta ix
Moaudikaniii. OxpemMo TochiKyeThbes y3aranbHeHa SEIRS-mozens, sika MICTHTB IIICTh MapaMeTpiB i BpaxoBye CHIIKECHHS
JIOCTYITHOCTI Ta SKOCTiI JIKYBaHHS 31 3pOCTaHHSIM 4YHCIa XBOpUX. [IpOBEACHI JOCITIIKCHHS ACHMIITOTHYHOI CTiMKOCTI
CTaLliOHAPHOTO PO3B’SI3Ky CHCTEMH Ta aHAJNITWYHU OLIHKH 0a30Boi mBHAKOCTI momupeHHs iHpekmii Ro. [Tokazano, mo B
3aJIeKHOCTI Bl MapaMeTpiB MOZETl MOXJIHBa OiypKamis MOBEAIHKH AWHAMIYHOI cucteMu. [IpoBeneHi dncenbHi po3paxyHKU
32 MOZEJUIIO 3 BUKOPHCTaHHSAM JaHHX IJIs psAxy KpaiH €Bponw, BKIrodaroud Ykpainy. [lokasaHo, 4To mapamerp CTiHKOCTI
cucremu 3/1P BiamoBigae KiTbKOCTI BUIMAIKIB BTOPHHHOTO 3apaKEHHs, SIKY PO3PaxOBYIOTh IIUIIXOM aHAIII3Y KIIHIYHUX JaHUX.

Knrouoei cnosa: ounamiuni cucmemu, enioemionozia, mamemamuume mooenoganus, COVID-19.

Mathematical modeling of the dynamics of the COVID-19 pandemic

Kostetska Valeriia student
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Kizilova Nataliya Doctor of Physical and Mathematical Sciences, Professor; Professor of the
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The detailed review of mathematical models represented by the systems of ordinary differential equations (ODE) and used to
study the complex interconnected mechanisms and pathways of the spread of infection diseases over a country, a region or
worldwide is presented. The most popular models are based on functional interconnections between the groups of susceptible,
exposed, infected and recovered individuals in the community (SIRS and SEIRS models). It is shown that in some cases the
number of ODE can be decreased. The SEIRS models and their recent modifications are discussed. The generalized SEIRS-
model, which has six parameters and takes into account the noticeable decrease in the availability and quality of medical care
with a rapid increase in the number of infected patients, is considered. The asymptotic stability of the stationary solution of the
system is studied, and some analytical estimates of the basic reproduction number (BRN) of infection Ro are presented. It is
shown that, depending on the model parameters, a bifurcation in the behaviour of the dynamical system is possible. In those
cases the dynamical system could transfer from the conditions with one stability criterion Ro1<0 to another Ro2<0 during the
same “wave” of the pandemic in the country. The model has been validated on the data for Indonesia obtained from the open
sources. The numerical calculations by using the statistical data for a number of European countries, including Ukraine, have
been carried out. It is shown that the stability parameter for the model system of ODE corresponds to the BRN index of secondary
infection calculated by the statistical analysis of the epidemiological data. The obtained results can be used in the decision making
about the measures against the COVID-19 propagation in a given country or region.

Keywords: dynamical systems, epidemiology, mathematical modeling, COVID-19.
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MartemaTuyeckoe MoeIupoBaHue AuHaAaMukn nanaemun COVID-19

Kocrenkas cmyoenmxa,
Xapvrosckuti  HayuonanoHvll  yHugepcumem umenu B.H. Kapasuna, nn.

Baaepust Baaumuposna Ce0600w1, 6, Xapkis-22, Vkpauna, 61022

Kuznnosa 0.¢b.-m.n., npogheccop; npogheccop Kageopvl NPUKIAOHOU MaAMEMAMUKY,
Haranbs HukoJsiaeBHa Xapvrosckuti HayuoHnanvnulii  yHueepcumem umenu B.H. Kapasuna, nn.
Cs0600w1, 6, Xapxie-22, Yrpauna, 61022

IIpuBenen moapoOHEI 0030p MaTeMaTHYEeCKUX MOJeJel, KOTopble mpeacTaBieHbl cucteMamu OJlY u ucnomnb3yrorcs s
M3yYeHHs] B3aMMOCBS3aHHBIX IyTeH M MEXaHM3MOB paclpOCTpaHeHHs MH(EKIMOHHBIX 3aboseBaHUi, B gacTHOCTH SIRS m
SEIRS wmoneneit m ux momudukamuit. OtmenbHO wuccnemyercss oboomenHas SEIRS-momenb, xoTopas COAEPKHT MIECTh
MapaMeTpoB U yIUTHIBAET CHIDKEHUE JOCTYITHOCTH M Ka9eCTBa JICUCHHUS C POCTOM 4HcIIa 00IbHBIX. [IpoBeieHHbIe NCcCiTeT0BaHMs
ACHMIITOTHYECKOH YCTOWYMBOCTH CTAI[MOHAPHOTO pEIIeHUs CHUCTEeMBl W AHAINTHYECKHE OLEHKH 0a30BOi cKopocTH
pacnpoctpanenus nHpeknun Ro. [TokazaHo, 9To B 3aBUCHMOCTH OT IapaMeTPOB MOJIENN BO3MOXKHA OMdypKays moBeIeHus
JUHAMHUUYECKOH cucteMsl. [IpoBeneHbI YnCIeHHbIE pacyeThl O MOJENHU C UCTOIb30BAaHUEM JAaHHBIX AN psjaa cTpaH Espomsl,
BKJIIouas Ykpauny. [lokasano, yto nmapamerp ycroiunBocTu cucteMbl OJ[Y cOOTBETCTBYET KOIMYECTBY CIy4aeB BTOPHYHOTO
3apaXeHHs1, KOTOPYIO PACCUUTHIBAIOT ITyTeM aHAIN3a KIMHUYECKUX JaHHBIX.

Kniouesnie cnosa: ounamuyeckue cucmembvl, INUOeMUOL02Us], Mamemamuyeckoe moodenupoganue, COVID-19.

1 Beryn

[Nanmemist koponaripycy COVID-19 posnouanacs 3 reputopii Kuraro B rpyani 2019 p. i cranoM Ha
novatok rpyans 2020 p. Bxe oxonwia 220 kpaiH i perioHiB 3 mMaibke 70 MJIH. XBOpHX, 1.5 MITH. momepinx
ta 50 MiTH. oxyxanux. Po3poOka 3aco0iB mpoiJakTHKH, JTIKyBaHHS Ta BaKI[MHAII1, BIVIUBY I€HETHUHUX
(hakTopiB, BiKy Ta CYITyTHIX 3aXBOPIOBAHb € HEBIIKJIAJHUMH 33/1a4aMH MEINKO-010JI0TiYHNX HayK. B Toii
JKe 4ac akTyaJbHUMU 3a7adyaMi (Pi3MKO-MaTeMaTUYHUX HAYK € JOCHIKEHHs (i3NYHUX MUXIB nepeaadi
iH(eKnil, cTaTUCTUYHOI OOpOOKM «BEIHMKHX JaHWX» CIOCTEPEKEHb Ta BUMIPIOBaHb NapameTpiB
nomupenHs nanaemii COVID-19 y mopiBHSHHI 3 TOTIepeTHIMU BipyCHUMU Ta HE BIpYCHUMH €ITiIeMisIMH,
a TaKkoXX PO3POOKH BIAMOBIAHMX e(EKTHBHUX MaTeMaTHYHUX MOJENeH, sIKi JO3BOJSIFOTH TUIaHYBAaTH
3aco0M OOpPOTHOM 3 TOIIMPEHHSM emifieMil Ta IPOrHO3yBaTH Il MOAANbLIY AWHAMIKY (Caj, HasBHICTH
Jpyroi Ta MOoJAIBIINX XBHIIb, HEKOHTPOJIBOBAHE 3POCTaHHS TOLIO).

IIpotsrom 2020 p. Oynu omyOIiKOBaHI open access pe3yNbTaTH IOCTIKEHb Ta CTATHCTUYHOTO
aHaJi3y JJaHUX B Pi3HMX KpaiHax cBity — Kurai [1], BenukoOpuranii [2], Itanii [3], Ingonesii [4] Ta iH.
L1i maHi HAAIOTH MUPOKI MOKIIMBOCTI JUISI TIIMOOKOTO aHalli3y 3aKOHOMIPHOCTEH MOIMIMPEHHS MaHaeMii
COVID-19 Ta BrumB Ha m1ed mporec reorpadivyHUX, KIIMATHYHUX, EKOJIOTIYHHX, E€KOHOMIYHUX,
COIIaNIbHUX, MONITUYHUX Ta 1HIIWX Ba)XUIMBHUX (DAKTOPIB, sKi € crienuiYHAMA IS KpaiHu, o0JacTi,
Tepuropii. B maHiii poOOTI NMpOBEICHWI aHaNi3 ICHYOUMX MaTEMaTHYHUX MOJEJICH Ta HaBeICcHI
pe3yIbTaTH MOAETIOBaHHS JUHAMIKY MOLIUPEHHS eMiieMil 3 BAKOPUCTaHHSAM JaHuX psay Kpain €Bporn,
BKJIIOYAIOYH YKpaiHy.

2 Orasa MaTeMaTHYHUX MoaeJIel

IcropyuHO mepmIi COpoMOru «MaTeMaTH3yBaTH» MpOLEC IMOLIMPEHHsS 3aXBOPIOBAHHS HajeXaTb
BUIaTHOMY MaTeMatuky i mexaniky J1. bepuymi, sikuii B 1760-1766 p. BUBUAB MOKIIMBOCTI 301TbIIICHHS
CepeIHbOI TPUBAJIOCTI KUTTS 3a PaXYHOK YCYHEHHSI BICIIH, sIKa B Ti Yacy OyJia OJTHI€I0 3 TOJIOBHUX IPHYNH
cmeprit. Jlumre B 1870-x pokax P. Kox Ta Jlyi ITactep miaTBepammy, mo indeKiiiHi XBOpoOu BUKIMKaHi
MIKpOOpraHi3MaMy, L0 BiAKPWIO HUISX A0 MOSCHEHHS CIIOCTEPEXYBAaHHX KPUBHX, AKI ChOT'OZHI
HaA3MBalOTh KpUBUMH 3axBoproBaHocTi [5]. Ha nouyarky XIX ct. [[)xon CHoy [5] chopMyiitoBaB rinoresy,
o emijieMii 3aKiHYYIOThCS, KOJH AOCTYIHICTh CHPHUHSATIMBHX OCI0 («EmiIeMiYHOTO TalnuBay) -
3MeHIIyeTscsl. Kinbka pecaTwiniTe mi3HiIIE, aHaNi3ylOYM JaHi Opo 3aXBOPIOBAHICTb Ha Kip Y
Benuko6puTanii, Binbsm Xamep? BU3HaUMB IBOPIYHMIA NEPIOJ CHaaxiB y MicTax, i 30KpeMa IOSCHHUB
MOBTOPHICTh emijieMili kopy rinore3or0 CHoy. Kimo4oBWil Kpok 1O MEpeTBOPEHHS MaTeMaTHYHOI
emnizemiosorii B HAyKOBY TUCUHMILTIHY 3B’ A3aHuH 3 npaismu Jikaps P. Pocca, saxuii 3acTocyBaB Teopiro

! Bernoulli D. Essai d’une nouvelle analyse de la mortalité cause par la petite vérole et des avantages de I’inoculation pour la
prévenir. Histoire de 1’académie royale des sciences avec les mémoires de mathématique et de physique tirés des registres de
cette académie. Paris 1766.

2 Hamer W.H. The Milroy Lectures on Epidemic Disease in England: the Evidence of Variability and of Persistency of Type,
Bedford Press, 1906.
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MIMOBipHOCTEH 715 3p03yMiHHS nepenadi inekuii® ta emigemionora A. MakkeHapika’, skuii BAKOpHCTaB
MiJIXON CTATUCTUYHOT (PI3UKH 1 3aKOH MACOBOI /il KIHETUKH XIMIYHUX PEaKIIiii, 100 OmKcaTu nepeaavy
iH(eKLil SK pe3yiabTaT COLIAILHOrO KOHTaKTy Mik iH(ikoBanumu (infected, 1) cnpuitHATIMBHUMHI
(susceptible, S) mogpmu. Came MakkeHApiKa BUCYHYB TiIIOTE3y MPO T€, MO MOMYJIAIS TOBOAUTHCS K
CYKYITHICTh «9aCTHHOK» Pi3HUX THITIB, SKi BHITAJKOBO PYXalOThCS B HABKOJIHITHHOMY CEPEIOBHIII, /e
KOXKHE «3ITKHEHHSD» MiXK YacTUHKaMH 3 Tpym S i | 3 Mae piBHOMipHY HMOBIpHICTH TOTO, L0 YaCTHHKA S-
TUMy TiepexoanTs y [-tum. Bin BUBIB mepime B icTopii 3Buuaiine audepenmiansae piBHsaHHSA (3P) mms

/

IIBUKOCTI MOMIUPEHHS erieMii y Burisai y' = ky(N—y), ne N — 4ucenbHiCTh HOMYJIAIl, ' - oXigHa 3a

yacoM, y — 9ucio iHpikoBaHuX, T00TO [ = y/N — BigHOCHa H0s iH(IKOBAaHUX B MOIMYIAIil, K - IIBUAKICTB
MOIIMPEHHS 3aXBOPIOBAHHS.
s 6e3posmiproro napamerpa | Makkenapik orpumas norictuune 3P

I'=ki(1-1), (1)

po3B’s130K skoro I(t) = Ioekt 11+ Io(ekt -1)), lg =1(0) omucye CUTMOBUIHY KPHBY, sIKa MAa€ aCUMIITOTY

lim I(t) =1, mo BigmoBimae momwpeHHs iH(EKII Ha BCIO MOMYJNAIII Yy pasi BiICYTHOCTI IMYHITETY
t—ow

(mepiMi MPMHIMIT TEOPETHYHOI emigemionorii). B momansmiii cepii npaus 3 M. Kepmakom® Gyna
JTOKa3aHa BiJioMa MOpOroBa Teopema Jutst iH(EeKIil, sIKi HalaloTh MOCTIHHUA iIMyHITET, BUBYEHI YMOBH
€HIeMIYHOCTI, TIPOaHalli30BaHi CTPYKTYpH emieMioNoriyanx Mojenei. lle mpuBeno 10 crpaBKHBOTO
BUOYXy OloMaTeMaTUYHUX JOCIIHKCHD [6].

HacTynmuuii npopuB B MaTeMaTH4HIH IMyHOJIOTII MOB'SI3aHUM 3 CHCTEMaTHYHUM BUKOPHCTAHHSIM
MaTeMaTHYHUX MOJIeNel A iHTepIpeTallii eniaeMioNoTiYHIX JaHUX Ta TEHACHIIIH, CIpIMOBaHUX Ha
00poTh0y 3 mHEeBMOHi€w [7], BipycHuM renatutom, CHIJL [6], sAKki cTany HEHTPaJbHUM JOIMOMIXHHM
IHCTPYMEHTOM MJIsl YpSAYy Ta TPOMAJACBKOCTI Uil MPUUHATTS PIillIeHHS HIOAO OXOPOHHU 3JI0POB’S B
cycminbsCcTBi. B ocraTHi gecatupidys yumano 3ycriib Oyio MPUKIAJeHe B TOCTIHKEHHIX HOBHUX 3arpo3
naggemii: 2000 - wepeBruit Tud, 2002 - SARS, 2005 - nramuawmii rpur, 2009 - cBuHsunit rpum, 2010 -
nmuxomanka 3axignoro Hiny, 2012 - MERS, 2014 - nuxomanka Ebona, 2015 - tuxomanka 3uka, 2016 -
cubipcbka Bupaska, 2019 — kip. Came mMaTeMaTHyHEe MOJCIIOBAHHS y TIOPIBHSHHI 3 pe3yibTaTaMu
CTaTUCTUYHOTO aHAII3y NAaHWX O3BOJMJIO 3pO3YMITH, LIO JIIOJU HE € «JaCTUHKaMH» B MOJEII, L0
MIPUBENIO JI0 CYYaCHUX TEOpid «collialbHUX MOTOKiB» [8]. Byno mokazaHo, 110 BaXJIUBUM iHAEKCOM
ermiieMiqHo1 3arpo3u € 0a30Ba penpoayKTHBHA MBUAKICTH (basic reproduction number, BRN) indexii
Ry, SKUA BU3HAYAETHCA AK OYIKyBaHAa KUIBKICTh BHUIIAJKiB BTOPHHHOTO 3apa’Ke€HHS, CIPUUYMHEHOTO

OJTHUM THUIOBUM IHQEKIIHHAM BHIIQJKOM IIPOTSATOM YCHOTO IMEpiofy 3apaKeHOCTi. Y BENHKil
OJHOpiAHIN momymanii Ry - e HOporoBuil mapameTp, KUl BU3Ha4Yae, YM emiJieMisl 3pocTae, Ui CHajae.
3 TOUYKM 30py MaTeMaTHYHOI'O MOJIENIOBAaHHS Ry - 1€ €KCHOHEHUiaNbHUI (aKTOp 3pOCTaHHS 4HKCIa
iH(ikoBaHUX BiHOCHO rpymu S [4-8]

1(S) ~ Rgt log(S/Sp) , (2)

e Sy =5(0) .
B po3BuHeHHNX KpaiHax 3HaueHHS R 11101000BO PO3PAXOBYIOTHCS TSl KOKHOTO PEriOHY SIK MOKa3HUK

B CKCIIOHCHIIIAIbHIM anpOKCUMAIlil MOTOYHOI YaCTHHH 4acoBOro psay I(t), onpuiitogHIOIOTBCA Ta
BUKOPUCTOBYIOTHCS JUIsl IPUHHATTS pimteHb. Tak, B Itanii npoTarom nmuky apyroi XBuii mangemii R

>2.6, a Ha mowarok rpyaHs 2020 p. 3Hm3MBcA 10 Ry=0.61-1.06; s NOPIBHAHHS, NPOTITOM
nanaemiunoro rpuny 1918 p. B Icmanii Ry ~2 [6]. 3a kpuTHUHI 3HaYEHHS IS BBEJCHHS JIOKJAyHY 3
KOPCTKUMH 0OMEXKEHHSIMHU NpuiiMaioTs Ry =1.5-2 B 3a1eKHOCTI BiJ] 3aIOBHEHHS MEANYHUX 3aKIIa/IiB.

3 Ross R. An application of the theory of probabilities to the study of a priori pathometry. Part I, Proc. R. Soc. A, Contain. Pap.
Math. Phys. Charact. 1916. v.92(638). P.204-230.

4 McKendrick A. The rise and fall of epidemics, Paludism. 1912. v.1. P. 54-66.

5 Kermark M., Mckendrick A. Contributions to the mathematical theory of epidemics. Part I, Proc. R. Soc. Lond. Ser. A Math.
Phys. Eng. Sci. 1927. v.115(5). P.700-721.
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HaiimpocTimra mMareMatndHa MOJENb 1H(PEKIIMHOTO 3aXBOPIOBaHHS 0aszyeThcs Ha rpymax S,I Ta
onyxanux (recovered, R), Mix skumMu MOXkJIHBI 3po3ymini nepexonu S=>1->R->S (tak 3Bana SIRS, abo
SIR mopens), sika orucyeThbest cuctemoro 3P [5,6]

S'=A-fSI- 1S +0R,

I'= BSI—y1—(u+¢)l, 3)
R'=yl-(u+0)R,

Jae A - IBHUIKICTh 3pOCTaHHA NOMyJsLii, B - IBUIKICTh iHQIKYBaHHS, ¢ - CMEPTHICTh BiJl XBOPOOH, u
- CMEpPTHICTH BiJ] IHIMNX IPUYHH, ¥ 1 § - IIBUAKOCTI OIy>KaHHS Ta OCIA0IEHHS IMyHITeTy.
[TapameTtp [ 3aNeXKUTH K BiJ HapaMeTpiB )KUBYYOCTI Ta MIBUIKOCTI Miepeadi 1aHoTo BUAY iH(DeKIIii,

€KOJIOT1YHUX 1 MOTOAHMX (PAKTOPIB, & TAKOXK BiJl aKTUBHOCTI 1H/JMBIJIIB, YMCIA 3yCTPiYCH HA OJAMHUITIO
yacy, comianbHol auctadMii i T.1. [6]. Cyma piBHSHB (2) omHCye CTAIliOHAPHHHA CTaH CHCTEMH, B SIKIH
0co0i  HApOMKYIOThCA Ti  BMHpAIOTh  BiIl  NpHPONHUX  abo  emigeMidyHuX  (aKTOpiB:
(S+1+R) =A1—u(S+1+R)—¢l. 3a Biacyrnictio emigemii (¢ =0) Ta HassBHOCTI 30amancoBaHocTi (A= 1),

CHUCTeMa 3HaXOJUTHCS B CTallioHapHOMY (merepminoBaHomy) crtaHi S+I+R=1. lle mae mMoxnmBicTH
orpumartu 3 (3) Havnpocrinry SIS-monmens [6]

S =1 fSI— 48,
I"=(BS~y—u—-9),

a JIOJIO Oy KaJIUX MOTIM 00YHMCITIOBAaTH sIK R =1-S—1; npu A = = ¢ =0 (4) nae xiacuuny SIR- monens

(4)

Kepmaka i Makkenapika.

Po3B’s130K 4 MOXHa 3HAWUTU y BHIJISLT {S, 1}(t) ={Sq. g} ={5*, I*}e‘ft , ne
So=(+u+d)l B, log=(A-uSe)! Sg, AB>u(y+u+¢) - crauioHapHuid po3B’sizok (4), S*1*-
aMIUTITYAN MalluX BIAXWICHD, £ - BIACTI 3HAYCHHS omeparopa 3anadi (4). B 3anexHocTi Big napamerpis
MOJIeJi, MOYXKHA JOCTIIUTH Pi3HI peXXVMH TUHAMIYHOI cucTeMu (4) Ta YMOBH CTIHKOCTI CTaIliOHAPHOTO
CTaHy Re(¢) <0.

Uwncnenni momudikarnii SIRS-mMomeni BKIFOYat0OTh MOTTOBHEHHS ii TOAaTKOBUMH I'PyITaMU KOHTAKTHUX
IHIWBIAIB, SIKI 1€ HEe MalOTh cuMITOMiB XxBopoOu (exposed, E) — SEIRS-monens [6]; iHdikoBaHmX, sKi
HE € MEePEHOCHUKAaMHU BIpyCy, fAKi MalOTh CHMIITOMH Ta 3HAXOSAThCS Ha JIKYyBaHHI 32 YMOBaMH
00MEXEHOCTI COolliaTbHIX KOHTAKTIB, SKi € iH()IKOBAaHUMH 1 MOXKYTh 3apa)kaTH iHIMHUX i 3HatOTH (l1) abo
He 3HarTh (l2) Ipo Te, rpynu HEOOCTEKEHUX, TIOBEPXHEBO a00 IIIHOOKO 00CTeXKeHUX, 1 T.A. [4-9] [lpu
upomy mogenm (3), (4) MOKYTh SIK 3aBFOJIHO YCKJIQJIHIOBATUCS, 110 BEAC JI0 3HAYHOTO ITiIBHIICHHS
KUTBKOCTI MapaMeTpiB MOJIeli, sIKi TOTpeOyoTh BU3HaYeHHs. Ha choro/iHi 3aa4a BU3HAYSHHST MOJIEINI,
sKa € JOCTATHHO PO3IIMPEHA 1 MOXKE OMMUCYBATH Pi3HI IWHAMIYHI PEXKUMH, SIKi CTIOCTEPITaIOThCA B PI3HUX
KpaiHax (HasiBHICTh OKPEMHUX XBHIIb 3 BU3HAUCHHMHU (azaMu 3pOCTaHHs, MHKY, IUIATO, CHaJaHHs, abo
nepexij| mepuioi XBuii B APyry, NEpMaHEHTHE 3pOCTaHHSI 1 T.JI.), aie pO3yMHO OOMekeHa MOXKIIMBICTIO
ineHTH(diKaIii mapaMeTpiB MOJIENI 3 JaHUX CIIOCTEPEKEHb.

3 ITocTaHOBKA 32124 Ta AHAJTITHYHI OIIHKH

B nawiit po6ori po3risimaersest Moaudikariss SEIRS-momeni [6-8]

S'=A— Sl - uS+ 4R, |'=aE-(y+LJ|-(y+¢)|,
1+ bl (5)
E' = fSI—(a + u)E, R’:[7+le—(y+5)R,
1+bl

Ie & - e(eKTHBHICTh JIIKyBaHHS B JIiKapHi, b — Koe(ilieHT HacW4yBaHHS JIIKAPEHb XBOPUMH, « -
napaMmeTp, KUK 3aJIeKUTh Bijl IHKyOaliiHOTO Mepioay Bipycy.

TakuM YMHOM, MOJIEJB (5) BpaXxOBY€E CTYIIHb MiATOTOBICHOCTI MEIMYHOI CUCTEMH KpaiHH JI0 emigeMii
Ta JI03BOJISIE KEPYBATH JMHAMIYHOIO CHCTEMOKO 32 PAXYHOK HE TUILKH 0OMEXKEHb KOHTAKTiB (1 ), ane i
nosinmerns axkocti (V@) Ta mocrymuocti (4 b, T &) nikysanns. [TapameTpu A, TeX miiarThes
KOHTPOJIb, ajle TIIbKH B JaJEKiH MepCreKTHB, a mapaMeTp o MOXKE 3MiHIOBATHCS HEKOHTPOJIBOBAHO Y
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3B’SI3Ky C MyTallisiMH Bipycy abo iHmumu ¢akrtopamu. Cyma piBHsSHbL (5) mae OajnaHC 3arajibHOI
YHCENBbHOCTI MOMYIALIT 328 paXyHOK IPUPOAHUX (aKTOPiB Ta CMEPTi Bif iH(EKLii: N'=A-uN-gl.
3 ypaxyBanHsM cmiBBigHOmeHHT N=S+1+E+R (5) Mmoxe Oytu 3Benena no SEI-mozeni, aHanoriaHo

@), (4).

Crauionapauit po3B’si30k (5) {Sy,Eq, g, Ro}

S(y@+blg)+&)lg+A(u+5)L+blg) BSolo (Blo +1)Sg — A
So = , Eg = , Ro="—"7"-, (6)
(u+6)(Blo + 1) (a+u) g
. Ky — Ky + kg — Ky — u(y + &)
I - 2 ikl ke =0, k, =X Kot Ke—py kg p
ae |y - IO3UTUBHUMN KOPiHb PIBHAHHS 1§ +K4lg +Ks 4 (k=KD 5 (7K~ Kp)b
aff
, ki=ko-p, ko =(u+ , Kg=Au+)k— +4), ks —————,
1 B ky=(u+4)B, kg =A(u+8)k-p(u+4) @i d)

B 3anexHOCTI BiJ mapaMeTpiB MOAEI KPUTEPiH CTIMKOCTI cucteMu Ry <1 Mae BUIIISI

(7)

—ky, saxmo kg >k421/4,
Ry =
—k5, SIKIITO k4 >2Jk5.
B [4] posrnsnanace Oinbln geranpHa 6-mapamerpudna mozaens COVID-19, ame OyB oTpumaHuit

TIBKH OJTUH KPUTEPiH CTIMKOCTI AJist BUnaaky b=0

_ afl
O wuryrpreNatu)

(8)

ITizcranoBka b=0 B (6) mae miniliHe piBHAHHS A1 |y 1 Tomy B (7) Maemo onuH Kputepiii k, = Ks,
akuil cmiBnagae 3 (8). Jna mopambimoro aHamizy AuHaMi4HOI cucTeMH (5) MOTPIOHO MpOBEACHHS
YHCENbHUX PO3PAXYHKIB.

4 YncenbHi po3paxyHKH i aHaJi3 pe3yabTaTiB

3 meroro Bamijamii mMozeni (5) MpOBOMMINCSA YHCEIbHI PO3PAaXyHKH 3 IapaMmeTpamu, sKi Oymu
OTpUMaHI HIISIXOM 00pOOKH IaHHX CIIOCTepekeHb 3a nepinoro xsuiiero COVID-19 (3 3.03 mo 10.05 2020
p.) B M. [Ixxakapra, [anonesis [4]: «=0.25, B -1.44.10"" , y=027, £=023, $=0.06, b= 107 , 0=05
, 1=0.0164, n=0.0064 (mani 3a 2019 p.). YucenbHi po3paxyHKH 3a IIUMH TTapaMeTPaMu Jajlu KPHUBI,
Mo1i0OHI aHAJIOTIYHUM 3aJIe)KHOCTSIM, SIKi HaBeJleHi B [4], Xo4a B Tiif poO0TH Oyiia BUKOPHCTaHA CHCTEMa
3 mectu 3/1P, B skiit rpyna E Gyna noginena Ha Tpu niarpynu. Monens (5) 103BoJIsie ONMcaTH JUHAMIKY
MOLIMPEHHST eMmijieMii 3a BiJICYTHOCTI OyAb-fIKUX NPO(]ITaKTHYHHX 1 OOMEXYyBILHUX 3aXO[iB, 3a
HAsSBHOCTI M’SIKUX a00 KOPCTKMX OOMEXKYBAIBHHX 3aXOJiB, OI[IHIOBAaTH IIPOTHO30BAaHY KiJBKIiCTh
MIEPEXBOPLINX, BUIYKAIHX 1 IOMEPIHX, MOTPedy KOMKO-MICIb B JIKApHIX, OYIKyBaHUN TEPMiH TIKY 1
3aKIHYEHHS eIniieMil TOIIO.

YucenbHe IOCHIKEHHS 4yTAUBOCTI cuctemMu 3/IP (5) mo 3MiH KOXKHOTO 3 mapaMeTpiB Mojedi
NIOKa3aB, [0 HAHOLIBII 3HAYHM BIUTUB OKa3ye mapameTp [3, 3MiHa K0T Ha IOPSIOK BUKJIMKAE K 3MiHU
B 3HaueHHAX {Sy,Eg,lg,Ro}, Tak i B 3HaKax kputepiiB Ry =—Ks, Ry =—Kg. CoisibHi 3MIHT JESIKHX 3
HapaMeTpiB MOJENI TEX BILIMBAIOTH Ha 3alEKHOCTI Ry (L) 1 Rop(B) . A nopiBHAHHA 3 JaHUMU IS
Innonesii mpoBegeMo po3paxyHKH JUIA JISSIKMX KpaiH €BpONH 31 MO3UTHBHOIO AMHAMIKOIO 3POCTaHHS
Hacenenns (@panmis A =0.0123, £ =0.0093 i Hopeeris A=0.0122, x=0.081), 3 Maiixke CTalliOHAPHUM
cranoM (Icanist A =0.0094, £=0.0091), i3 HeraTuBHOIO AMHAMIiKoIO (YKpaina, A =0.0105, x=0.0144
). Po3paxyHKM KpUTUYHHX 3HaY€Hb S*, TaKuX 10 npu B < f* Mae Miclle aCHMITOTHYHA CTIMKICTh 1
Ro1 <0, Ryp <0 mamm 3Hagenns £*=0.4285, 0.3005, 0.2035, 0.2348, 0.2255 nns Innonesii, panmii,
Hopsgerii, Icnanii i Ykpainu BiAmnoBigHo.

CriinbHI 3MiHU TapaMeTpiB A, i, a TakoxX &,0b 1 y,8,¢ BIuMBatoTH Ha 3HaUYeHHA S*. TakuMm YUHOM,
B 3aJIGKHOCTI BiJi HAOOPIB MapaMeTpiB MOJEIII MOXKe MaTh Miciie OiypKallis JMHAMIYHOT CHCTEMH, KOJIU
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ACHMIITOTHYHO CTIMKHIA PO3B’SI30K, KU BiAmoBigae ymoBaM k4 >0, kg > ki /4 B (7) MOXe 3a paxyHOK
3MEHIIEHHS &, 3pOCTaHHA b 1 T.I. mepelTH B HECTIHKUI, SKUH BinmoBigae yMmoBi k, <0.

Binbm neranbHi po3paxyHKy OyIu MPOBEACHi AJs YHCENbHUX PSIiB mepioi XxBuii nanaemii (3 20.03
110 30.06.2020)°. Pe3ynbTaTn MOJI€NIOBaHHS HaBeieHi Ha Puc.1a-r. BubpaHni kpaiHu 1eMOHCTPYIOTH pi3Hi
¢hazu crurecky 3axBoproBaHHs. Pe3ynprati MojemoBanHs 3a (5) HaBeIeHI y BUTIIA/I TOHKOT Ta )KHUPHOT (
Ro1 <0 1 Rgp <0) uepBoHOi Ta cuHBOI (6=0.3 1 §=0.5), a Takoxx Il KOMOIHOBAHOTO CLEHAPIIO

(3enena ninig). B ocTaHHBOMY BHIIAIKY TOUHICTh MPOTHO3YBaHHS IIOMITHO Kpallie.

I'N
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Puc.1. Yacosi paou i oani modentoganus 1-i xeuni nandemii: Yrpaina (a), Icnanis (6), Hopsezis (8) i Inoonesis(2).

5 BucHoBKH

MaremarnuHi Mojeni y Burisigi cucreM 3 3-6 3/IP mis gmcna 310poBUX, KOHTAaKTHHX, XBOPUX,
ONyXXaauX 1 T.J. IHIWBIJAIB 37aTHI BIATBOPIOBATH PIi3HI THIM IMOBEAIHKH JUHAMIYHOI CHUCTEMH Ta
nependadyBaTd 3pOCTaHHS, MUK Ta chajx emigemii. Moaens ocoOnmuBa WyTiIMBa [UISl IIBHIKOCTI
3aXBOPIOBaHHA 3 (TpUBANICTH iHKYOAIIHHOTO Mepioy) i CTabKo YyTIWBa AJIs IHIHX mapaMeTpi. s

SKICHOTO TPOTHO3Y IOBEJIHKM CHCTEMH Tpebda BHKOPHCTOBYBATH HE CTali, a 4YacoBl 3HAUYCHHS
napamMmeTpiB, siKi Tpeba mepepaxoByBaTH MPOTITOM BCHOTO Yacy CIOCTEPIraHHS 32 PO3IOBCIOKEHHSIM
emizeMii B KOXHIN KpaiHi, BAMipIOBaHHS YaCOBUX KPUBUX Ta CTATUCTHYHOI OOPOOKH TaHUX.
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KnacuyHi 4iTKi MaTeMaTH4Hi MOJENi CKJIAJHUX CHCTEM He THYYKi Ta BHOAriMBi J0 PEeCypciB B Ipoleci HOOYJOBH i TSDKKI B
po6orti. [ToGynoBa Takux MoAenel CKIaIHUX CHCTEM Y HOBiil MpeaMeTHii 001acTi cTHKaeThesa 3 psagoM mpodiem. O6macts,
3HAHH Ta JaHi IOTaHO CTPYKTYPOBaHi a00 HE CTPYKTYpOBaHi B3araii, Y4acTHHA JaHUX BiZICYTHSA a00, HABIAKH, JTaHUX Tak 06arato,
10 BUOKPEMHUTH CYTTEBI CTa€ IyXe CKIagHO. A ToMy moOyaoBa YiTKOi MareMaTW4HOi MOJENi, BUBYECHHS il JUHAMIKH IS
noTpiOHOT MpeAMETHOI 00JIacTi cTae qy)e BaXKHM a00 HaBITh HEMOMUIIMBUM 3aBIaHHAM. ToMy Ui pO3B’S3Ky TaKuX 3aBIaHb
MH HOTpeOyeEMO HOBHX METOJIB, a caMe Mo0YAO0BH IECKPUIITHBHOI MOJIEN CKJIQHUX CHCTEM. J|eCKpHIITHBHA MOJIENIb BUCTYIIA€
B POJIi HE YITKOT, aJie AKiCHOT MOJIelTi, siKa TPH JOCIIPKCHHI J]a€ 3MOTY JJaTH OMUCOBY CTPYKTYPY CHCTEMH, IS IKOT OOYI0BaHa,
xapakTep il BHYTPILIHIX BiIHOCHH, HaOJW>KeHi NpaBuia 11 AuHamiky. Taka sKiCHa MOJeNb J1a€ 3MOTY BXKe Ha MepIIoMy eTari
BIIXWJIMTH TIIIOTE3M, 1110 3 HEIO HE CITIIBBIIHOCATHCS.

Knrwwuoei cnosa: mamemamuuna mooens, CKIAOHI cCucmemu, OUHAMIKA CKIAOHUX CUCEM, OeCKPUNMUGHT MOOEJ.
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Common mathematical models of complex systems are not flexible, their creation is very resource-demanding and they are hard
to work with. The numerous problems can arise during the process of building a mathematical model for complex systems. An
area of knowledge, facts, and information could be structured badly or not structured at all. Part of the data might be missing or
vice versa — we might have too much data available, which makes it difficult to find the necessary information. Therefore building
a formal mathematical model, studying its dynamic for the relevant area of knowledge becomes a very hard or even almost
impossible task. And that is why the new methods for such task are in much demand, namely, the methods of building descriptive
mathematical models. The descriptive mathematical model serves as not a strict and formal model but a qualitative one. Such a
qualitative model gives us a possibility to describe the character of the system, behavior of its internal components, and
approximate rules of its dynamics. The qualitative model gives us a chance to deny the propositions, which do not fit the model
directly at the first stage.
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I[eCKpl/IHTl/IBHbIe MOAECJIU I€TEPMUHUPOBAHHBIX CUCTEM
H.A. Otnes, I'. H. JKontkeBuu

OrteB Unbs Acnupanm 4 200a obyuenus, kageopa meopemuueckol U NPUKIAOHOU
AHaToJIbeBHY ungopmamuku, Gaxyremem Mamemamuku u Hupopmamuku, Xapvrkosckuil
HayuonanoHull ynugeepcumem um. B. H. Kapasuna,

Hnowaoe Ceobo0ul, 4, 2. Xapvkos, Vrpauna, 61022

Koarkesuu [puropuii 0.¢-m.n., npogeccop; dexan axyromema Mamemamuxu u Ungopmamuxu,
HuxosaeBuu Xapvrosckuil nayuonanvvili yHusepcumem um. B. H. Kapasuna,
Hnowaoe Ceob00ul, 4, 2. Xapvkos, YVrpauna, 61022

Knaccnueckue gyeTkne MaTeMaTHIeCKHE MOJIEIIH CIIOXKHBIX CHCTEM He THOKHE, 09eHb TPeOOBaTeIbHEIE K KOJIMIECTBY PECypCOB
B IIpoIiecce OCTPOEHHS | CIIOXKHEI B padote. [locTpoeHne Moienelt CII0KHBIX CUCTEM JUTSl HOBOH IIPeIMETHOH 001acTH CBSI3aHO
¢ psgom npob6iaem. O6nacTh, 3HaHHUS MM JaHHBIE IIOXO CTPYKTYPHPOBAHBI MM HE CTPYKTYPHPOBAHBI BOBCE, YaCTh JAHHBIX
OTCYTCTBYET HJIH, Ha00OpOT, AaHHBIX TaK MHOTO, YTO BBIIEIUTH HEOOXOIUMBIE CTAHOBUTHCS OUYEHb TPYAHO. A IIO3TOMY
MOCTPOCHUE UYETKOH MaTeMaTHYeCKOH MOJEH, W3ydeHHe e NWHAMHUKH JJisi HMHTEpeCcyIollel Hac MpeaMeTHOH oO0JacTu
CTaHOBHUTBCS OUCHb TPYAHOH WM IOYTH HEBO3MOXKHOM 3amadeil. [ToaToMy muist pemeHus Takux 3aaad HaM TpeOyloTcs HOBbIE
METO/Ibl, @ IMEHHO METO/Ibl IIOCTPOEHHS JECKPUIITUBHBIX MOAeNeH. JleCKpUNTuBHAs MOJICNIb BBICTYIIAET B POJIH HE YETKOI, HO
Ka4eCTBEHHON MOJENHU, KOTOpas NpH UCCIEJOBAaHUU JAET BO3MOXKHOCTb CAEIATh OMMCATEIbHYIO CTPYKTYPY CHCTEMBI, I
KOTOpPOI1 MOCTpOEHa, XapakTep e€ BHyTPEHHUX OTHOLICHHUH, MPUOIVIKEHHBIC IpaBrla TMHAMUKY. Takasi kKaueCTBeHHast MOJIENb

JaéT BO3MOXKHOCTH YK€ Ha IIEPBOM 3Tare OTOPOCUTH THIOTE3bI, KOTOPHIE C HEH HEe COOTHOCSTCS.

Kniroueswvie cnosa: mamemamuueckas Jl/loaeﬂb, CJIOJHCHbLIE cUcmembl, OUHAMUKA CILONCHBIX cucmem, OeCKpunmuBHbZe Mmooenu.

1 Beryn

MateMaTiyHe MOJEIIOBAHHS € 3arajbHO IPUHHATUM METOIOM JOCIIIKEHHS CKJIAAHUX IPUPOIHUX 1
texuigyaux cucteM [1]. Ile 3ymMOBiIE€HO CKIAAHICTIO, a IHOMI 1 HEMOXKIMBICTIO, €KCIIEPUMEHTAIBHUX
JOCITI/DKEHD 3BaXkaroud Ha (i3W4Hi, TeXHI4YHI, 4y¥ (PiHaHCOBI oOMexeHHsA. OCHOBOK MaTeMaTHYHOTO
MOJIEJIIOBAaHHSI € MaTeMaTU4Ha MOJENb, 110 IPEACTaBIsIE COO00 MPUOIN3HUM OMUC 00’ €KTY UM SIBUILA,
0 JOCITIKYETHCSI, OTPUMAHUM NUISIXOM a0CTparyBaHHS BiJ HECYTTEBHX 3 TOYKH 30pY JOCHITHUKA
BJIACTHBOCTEH 00’€KTY JOCIHIHKCHHS, HOT0 CKJIaJIOBUX Ta 3B’S3KIiB MiX HMMHU. KpiM Toro, Takuii omuc
BUKOHYEThCS Ha 0a3i MeBHOro OOpaHOTO MareMaTHYHOro ¢GopMai3My, SKHH HaJae BiAIMOBITHUIMA
IHCTpyMeHTapiil aHali3y MOJIeNi 3 METOIO TIPOSICHEHHS CTPYKTYPH 00’ €KTa JIOCIIHPKEHHS, TPOTHO3YBaHHS
HOro TOBEIIHKK, BH3HAYEHHS MOXJIMBOCTEH 1 METOMIB KEpYBaHHsS TaKOI IOBEAIHKOIO. PO3BHUTOK
cy4JacHUX iH(OpMAIfHUX TEXHOJIOTIH J03BOJISIE 3aCTOCOBYBATH KOMIT IOTEpHI CHCTEMH JI0 aHAJi3y
MaTeMaTHYHHUX MOJEJIeH 3a yMOBH, 110 MaTeMaTU4YHUH (popMmaiizm, 00paHuii 1ocTiTHUKOM Oa3yeThCs Ha
KOHCTPYKTHBHIM MareMaTHii i Moxke OyTH IMOJaHWI KOMILIEKCOM alTOPHUTMIB 1 CTPYKTYp JaHUX.
BinnoBigHuii pisHOBUI MATEMAaTUYHOTO MOICIIIOBAHHS BIJIOMUI sIK iMITallii{HE MOJICITFOBAHHS, a MOJICII,
0 BUKOPHUCTOBYE ITiJIX1J1 — IMITAI[ITHUMH MOJICIISIMH.

TakuM dYWHOM, CTBOPEHHS aJeKBAaTHOI OO’€KTy 1 MeTi JOCITIJDKEHHS MaTeMaTHJHOI MOJeNi €
MEPEyMOBOIO YCIIIIHOTO JOCsATHEHHs Iriei meru. Cij MiAKPECIWTH, 10 NOOYyJI0Ba aIeKBaTHOL
MaTeMaTH4YHOI MOl MOTpedye CTPYKTYPOBaHUX 3HAHb MPO 00 €KT JOCIIKCHHS, BIiJIOBIIHUX
00YHCITIOBAILHUX PECYPCIB Ta Yacy.

[Tpu 3acTocyBaHHI MaTEeMaTHYHOTO MOJEIIOBAHHS /IO JOCITIJKEHHS! KOHKPETHUX CHCTEM BHU3HAYHY
pOJb Bijirpa€ KOHTEKCT mociipkeHHs. Came KOHTEKCT (iKCye TOYKY 30py JOCHITHHKA 1 CIIOCiO
3MICTOBHOI iHTepHpeTalii MaTeMaTHYHUX pe3yJbTaTiB, OTPUMAHUX IIJI Yac MaTeMaTHYHOTO YH
KOMIT IOTEpHOT'0 aHaNli3y MOJAEMI.

IIpu pocmipkeHI CKIAQAHMX CHUCTEM Y Taly3sX Ji¢ MaTeMaTH4yHI METOAM TPaJULIAHO HE
BUKOPHUCTOBYIOThCSI, a00 BUKOPUCTOBYIOTHCSI B €JI€MEHTapHId (OopMi, BUHUKAE MpoOieMa MOeTarHol
noOyZOBM JIAHIIOTa MOAEJEH, SKi MOCTYNOBO YCKJIQAHIOIOTHCS. BaXJIMBOIO BIACTUBICTIO TaKOTO
JIAHIIOTA € Y3TOJPKEHICTh HOrO WIEHIB Y TOMY PO3yMiHHI, 1[0 HACTYITHA MOJIENb Y JIAHIIOTY € OUIbII
crenuivHO0, aje He cynepeunTs monepentiit [2, § 1.2]. Taka Touka 30py, 3 AKOi OOymIOBa MOJENI
pO3MIIAJAEThCSl K TMOKPOKOBHHM IMpolec NOOYAOBH JIAHLIOTa Y3TOMKEHUX MoJeneil, morpedye
BU3HAYEHHS TIEPIIOTO WISHY [[LOTO JIaHIIora. B KOXKHOMY KOHKPETHOMY BHIAAKY BHOIp MEpIIOro 4ieHa
€ cneun(ivauM. Hanpuknaza, sKmo Juis OpeaMeTHOI o0acTi AOCHIKSHHS BXKE iICHYIOTh PO3BHHYTI
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MaTeMaTU4IHi MOJENi, TOIi JAHIIOT Oyae IMOYMHATHCS 3 HAHOUTBIT OJIM3BKOI J0 TPOOIeMH, IO
JOCITIPKY€ETHCS, ICHYIOY0i MOJIEINI 1 CKIIAIa€ThCS 3 IBOX-TPHOX WICHIB.

[IpoTe, HAC 1iKaBUTH iHIIIA CUTYAITis, TOOTO 00’ EKTOM JIOCIIPKSHHS € CHCTEMa 3 IPEIMETHOT 00J1acTi,
JUTSL SIKOT HE Ma€ 4iTKO CTPYKTYpPOBaHOTO, (popMaNbHOrO Omucy. B TakoMy BUNAAKy BUXIAHUN 4iieH
JIAHITIOTY MOJIeNel € JOCTATHBO MPOCTHM 1 TIPEICTABIIsE CHCTEMHI KOMITOHEHTH 1 3B 3KM MK HUMH Ha
JoriuHOMY, omMcoBoMy piBHi. CaMe Ui [IBOrO BHUMAAKy MH HPOMOHYEMO BHUKOPHUCTOBYBATH
JIECKPUIITUBHE MOJICTIOBaHHs. JIeCKpUIITHBHE MOJICITIOBAHHS OYJI0 3alPOIIOHOBAHO B poboTax [3, 4] mis
JIOCTIDKEHHS TEXHOTCHHUX BILUIMBIB HA €KOCHUCTEMHU.

JeckpunTuBHE MOJENIOBaHHS € CHEUialbHUM BHJOM MAaT€MaTUYHOTO MOJEIIOBAHHS, SKUH
BUKOPUCTOBYETHCSL JJISl BCTAHOBJICHHSI 0a30BUX MOJEIBHHX 3aliekHocTel. KiHIeBOI0 METOo Takoro
MOJICITIOBAHHS € MOOYIOBa HE JIETATHbHOT MATEMaTHYHOI MOJIEIi TPOIIECY UM SIBHINA, & HOTO OMUCOBOI
mopeni. Taka MOAenbs Ha BiAMIHY BiJ AeTalbHOI (iKCY€E TIIBKH SIKICHI 3aJI€KHOCTI MiIX MapaMeTpamu
Mojeni. 3BUYallHO, BOHA HE Ja€ ACTAIbHUX BIANOBiAeH Ha NHUTAaHHs, U0 BUHHUKAIOTH B MpoLeci
JOCTTiPKEHHS, ajle BOHA Ma€ iHIe Mpu3HadeHHs. Taka Mozens 1ae 3MOTy 3pO0UTH NMPUOIN3HY OIIHKY
cucTeMH, fae€ il skicHui ommc. Taka Moaens OyAyeThCs IS BIiAIOBiI Ha KOHKPETHI 3alHUTaHHS PO
XapakTep BHYTPIIIHIX BIAHOCHH a00 TUHAMIKY CUCTEMH, i IEPEBIPKH JISTKUX TIIIOTE3, OB’ I3aHUX 3 ITUMU
MUTAaHHSAMH Ha SKICHOMY piBHI. Bike Takuii 3araqbHUI OMHKC, IO BiANOBIIAE JECKPUTITUBHIN MO, 1a€e
MOJKJIMBICTh BIIKHHYTH J€SKi TIIOTE3H, IO HE BiAMOBIIAIOThH NECKPUIITUBHIA MOJIENI.

2 lecKpUMNTUBHA JUHAMIKA

V maniit cTaTTi MH ITOJAEMO METOJT TOOYAOBU JECKPUIITUBHUX MOJAEIIEH CKITaTHUX CUCTEM. 3BaXKAIOUH
Ha Te, 10 JCCKPUIITUBHA MOJC]b € MAaTeMaTHYHOI MOJICIUI, I MOOYyJ0Ba Mae BIAMOBITATH BCIM
YOTHPHOM OCHOBHHUM €TaraM 3arajibHoi CXeMH MO0y J0BH MaTeMaTH4Hol Mosei [5].

Ha mepmomy eram Mu MOBHHHI BHBYMTH Haml O0’€KT YW sIBUINE, CIIPOOYBATH BHUSBHTH HOTO
xapaktepHi pucu. Ha mpomy erami My motpedyemo Oimbmioi KUTBKOCTI 3HaHB i (DaKTiB, IO MAarOTh
BiJTHOIICHHS JI0 00 €KTa YM SIBUIIA, SIKE MU 30MPAaEMOCH OMKMCYBATH 32 JIOTIOMOTOr0 Mojeni. ToOTo Ha
IILOMY €TaIli MU MAaEMO 3HAWTH BIAMOBII HA 3alMTAHHS, IO MH XOYEMO OIMCATH HAIIOK Moje/uto. Ha
SIKi MATAHHS JUIA HAIIOT CHCTEMH MU XOTUTH O 3HAMTH BiAMOBiMi? MOXKINBO 3BY3UTH KOJIO CBOIX THTaHB,
OCKIUJTBKM OTpUMaHa MOJIEJb Bee K OyJie OMHCOBOIO.

Jpyruii eran xapakTepusyeThCsl po3B’si3aHHSAM TpsMoi 3amadi. Ha nmpomy eTami 1t HAaC BaKIMBO
chOopMyIIIOBaTH YITKUI MaTeMaTHYHUI anapar, HeoOXiqHUHA A1 nmoaanbuoro anamizy. ChopmynoBaTu
OCHOBHI mpaBwia — copMyBaTH MOBY Hamoi poboTH. B 3ampomnoHoBaHiil cTarTi MH pO3IIISIHEMO
BHUIII€3a3HAYCHI ITyHKTH 3a JIOMIOMOTOI0 TAKMX MaTeMaTHYHHUX TIOHSTH SIK rpad, 1ose, Ta OJyKaHHS [oJeM
Haz rpadom. Mu chopMyII0eMO OCHOBHI MOHSTTS, TBEPPKEHHS Ta TEOPEMHU, K1 HAM 3HAAOOISATHCS IS
moOyIOBU Ta aHaNI3y AECKpUNITUBHOI Mojierni. Ha ripoMy eTtami Oy/ie BiiOyBaTHCs IPUHIAITOBUH MIEPeX i
BiJ] 3aTaJIbHOTO JI0 KOHKPETHOTO onKcy cucTeMu. OCOOIUBICTIO IECKPHIITHBHOTO MOJICTIFOBAHHS € TE, 110
OCHOBHHM 1HCTPYMEHTOM MOOYIOBH MO/IIIel € IPOCTi HeOpieHTOBaHi rpadu.

Ha tperpomy erami Mu OyZeMo JOCTiKyBaTH OTpUMaHi pe3yiabTatu. Ha sskicHoMy piBHI BifkugaTa
XUOHI TBEP/UKCHHS, TINOTE3M, 10 BHSBWIKCS HE NPaBIUBUMH. ByleMo IOCHIPKyBaTH Ha CKIUIBKH
CKJIaJHIMH BUHMIIUIM OTPUMaHi 3aBJaHHA, Ta SKi METOJM MOXXJIMBO BHKOPHCTATH JJIsl iX PO3B’SI3aHHS.
[IpoBenemo amamiz Hamoi MOJeNi: Ha CKUTBKM INBHAKO OyJe 3pocTaTd ii po3Mip Ta CKIAIHICTH 3
NOJANIBIINM YTOUHEHHAM. SIKi METOIM MU 3MOXKEMO BHKOpHCTaTH Hajgani? OCKIIbKH MU POOMTUMEMO
noOy/0By Hamoi MoJiesii 3a JJOoMoror Trpadis, IpoBeJeMo OIIHKY po3MipiB rpada — KilbKicTh HOTOo
BepLIMH Ta pedep. Skmo cuctema Oyzae 3pocTaTd 3aHAATO IIBHIKO, TO, XO4a BOHA 1 OyJe JIMIIATHCh
KIHIIEBOIO, TO BCE JK TAaKA METOJI MPOCTOTro mepedopy He Oyae ePpeKTHBHUM, OCKIIBKH MU OyIeMO MaTH
CTpaBy 3 3aHAJITO BEJIMKHMH MacHBaMH JIaHUX. A OTxe HeoOXiJHO Oyjie 3HAWTH Ta BUKOPUCTATH HOBI
METOJIM JIIsl BUPILICHHS! OTPUMAHUX 3aBJaHb. MOXKINBO, MU OyJeMO 3MyIIEHI 3MiHUTH TOCTaHOBKY
JESIKUX 3aBAaHb, 3SMEHIINTH I10JI€ HAIIOTO0 BUOOPY 0 NPUITYCTUMHUX PO3MIpiB.

YerepTHii erar Mo’ si3aHUN 3 TIOJAIBIINM aHAII30M HAIIOT MOJIEN 3 YpaXyBaHHSIM BXKE OTPHMaHHX
3HaHb Ta TOTNEPEIHIX BUCHOBKIB MO0 OYIIOBH, XapaKTepy BiIHOCHH, MOXIIMBOI MOBEJIHKH CUCTEMHU.
OLiHKK MOXIIMBOCTI KepyBaHHS IIi€10 TOBEAIHKOIO, 3BAKAaIOUM Ha CKJIAQAHICTH CHCTEMH Ta OTPHUMaHi
pe3yibTaTH. A TaKOX CKJIAAATUCS 3 YTOYHEHHS Hamoi MOAENl — Mepexoly A0 HACTYIHOTO CTaHy, 3
011101 TouHICTIO. TOOTO PO3MIMPEHHS HAIIOT CUCTEMU, i1 yTOUHEHHS Ta GopmMaizaiii. Bukopucranus
METO/IIB OI[IHKH, OTPHMMAaHUX Ha IOMEPEAHbOMY €Talll, OCKUIbKH IPH TaKOMY IMepexoai MH OyaemMo
CIIOCTEpiraT HEMHHYY€E 3pOCTaHHS PO3MIpPIB, a OTXKE 1 CKJIAAHOCTI HAIIOi MOAETI.



BicHuk XapkiBCbKOro HawioHanbHOro yHisepcuteTy imeHi B. H. KapasiHa
cepis «MaTematuuHe MogentoBaHHs. IHpopmaLinHi TexHonorii. ABTOMaT30BaHi CUCTeMW ynpaBniHHsy, Bunyck 48,2020 75

Onrcannii mporec TOOYAOBH JCCKPUNTHBHOI MaTeMaTWYHOI MO MH OyIeMO IPOBOIUTH
BBa)KAaIOUH, 110 CUCTEMa JJISl IKOi MH OyIyeMO MOZEb YiTKO AeTepMiHOBaHa, TOOTO BH3HAYEHA, Taka,
IO €BOJIIOLIIOHYE TIOCTYIOBO, Ma€ 0OYMOBIICHHI KPOK PO3BHUTKY, T4 KOXXCH HACTYIHHN CTaH CHCTEMH
MoO’ke OyTH TIOBHICTIO BH3HAUYEHHH depe3 momnepennii. 3rigHo 3 knacudikamieto cuctem C. bipa, Taki
CHCTEMH MOXYTh OYTH SIK IPOCTUMH, TakK i ckiaagHuMu [6]. Taki BU3HAYCHHS MU MPUIMA€EMO MOKH IO
JUI 3pYYHOCTI NPHM BUKOPUCTAaHHI HaBeAGHMX MeToAiB. OYeBHAHO, IO B MOAAJIBIIOMY, HaBeAEHI
BU3HAYEHHS, TEOPEMH Ta METOIM MOXHa OyJe JOOIPAaLIOBAaTH B Ipoleci MOOyI0BH IECKPUITHBHUX
MOJIEJIeH ISl CHCTEM, SIKI MAalOTh CTOXaCTHYHHUI XapakTep abo MOXXyTh OYTH OMICaHI Tak 3BaHOIO «HE
gitkoto Jsorikoro» (Fuzzy logic) [7]. Taki cucreMu MOKHA 4YacTille 3yCTPITH NMPH BUBYCHHI PI3HUX
oOmacTeil 3HaHb, a TOMY METOJM MOOYAOBU TaKMX MOAEIeH, METOAM poOOTH 3 HUMH 1 iX aHami3y €
HEOOX1THUMU JIJIs1 BABUECHHS B MOJAIBIIIOMY.

s mouaTKy 3a3HauMMO, LIO0 POOMTH OMNKC CKJIAJAHUX CHCTEM MH OyAeMo 3a JIOIOMOTO0
MaTeMaTHYHOTo rpada Ta TakuX MOHSTH K Toie Haa rpadom, Omykanag rpadom i T.iHm. Baxkmmo
3a3HAYNTH, M0 OyIyeThCs rpad 0COOTMBIM MIPHUHITUTIOM, a came Tpad Ui Hamroi Mojei Oyae 3B’ I3HNM,
HEOPIEHTOBHUM Ta OyayBaTHCS Ha MPUHIMIN «cycigcTBa». ToOTO KOXHI JB1 BEpIIMHU, IO 3B’sA3aHI
CHiBHUM peOpoM, OyIOyTh CycCimHiMU. 3HAa4YCHHS KOMIIOHEHT JUIS TaKHX CYCIIHIX BepIIUH OyayTb
BiZIpi3HATHCS He Oinble Hix Ha | Kpok, abo He BiApi3HATHCS B3araji, OCKUTBKA MH HE BHKJIIOYAEMO
MOJKJIMBOCTI HE ITEPEXOTyY.

OcCKinbKH Yepe3 BEepIIMHA MH 30HMpPAaEMOCHh OMMCYBAaTH KOHKPETHI CTaHW HAIIOI CHCTEMH, JOCHUTH
NPUPOJHLO BUIIIAJAE Hallla yMOBa cycinctea. Lle o3Havyae mocTymoBuid pO3BHTOK HAIIOi CHCTEMH, ii
IuHaMiKy Oe3 po3puBiB. 3a Takoi yMOBHM 3a BH3HAUYEHUH OAMH KPOK MH IOTPAIUIIEMO JIMILE 0
CYCITHBOTO CTaHy, a00 JIUIIAEMOCH B IOTOYHOMY.

Hexait Mmu maemo rpad G(V,E) 3 Habopom BepunH V 1pedep E . Koxxne peOpo Mu po3ymiemo sk

JBOCJIEMEHTHY MiAMHOXHHY V . CaMe Taki jBa eIEMEHTH € CYCiTHIMH, a TOMY JOCSDKHHMU 33 OJMH KPOK
3 000x OOKiB. A Takox s Oyab sIKOTO X €V OyAeMO BUKOPHUCTOBYBAaTU HACTYIHE IO3HAYECHHS:

E(x)={ecE|xe¢}.
Takox BBeJeMO BH3Ha4YeHHs OiykaHHs rpadoM. Baykanusam rpadgom G(V, E) OyzeMo Ha3uBaTu

oneparop S :V —V Takuii, o {X,%}€ E nns Oyab-sKoro X eV .
JIis  IeCKPUNTUBHOTO MOJCIIOBAHHS KOXKHA BepHIMHA Tpady TMPENCTABISETHCS BEKTOPOM
(X,,...,X,)3Hauen N arpubyTiB, KOKHHIl 3 AKX mnpuiiMae oxHe 3 M 3HAYeHb 3 MHOKUHH

{0,1, oM —1}. Mu GyieM0 BBaXKaTh 3HaueHHs | Ta ] cycimHimu, SKimo |i — j| <1. Tenep Mu MOXeMO

chopMyBaTH MHOXHHY pebep rpada, sk MHOXKHHY ABOCJIEMEHTHI MiAMHOXHHHA BeKTOpiB E, ski
yTBOpEHi BeKTopaMu X Ta X' TaKMMH, IO X, i X', € cycimHimMu 3Had9eHHsIMH 1u1st Oy 1b-siK0r0 1< Kk <n

brnykannas mus 1mporo rpady TOAI BHU3HAYAETHCS OIMEPATOPOM S(Xl,...,Xn)Z(Xlr,...,Xn’), e
3HAYCHHS BiJIMOBIJIHUX KOMIIOHEHTIB BEKTOpiB X Ta X' € CyCiIHIMHU.

TakuM YUHOM JIECKPUIITHBHA MOJIETh XapaKTepU3yeThes mapaMeTpaMu 1 — KiBKICTh aTpUOYTIB, 110
ONHCYIOTh CTAaHW Hamioi cuctemu, Ta M — KiNbKiCTh 3HaY€Hb, SKi 1[I aTpHOyTH MOXYTh NMpUIMATH, i
MOBHICTIO BU3HAYAETHCS OINEPATOpOM ONiyKaHHs S BianmoBigHum rpadom. OueBuaHO, 110 Haml rpad

marnme 3arazom M" BEPILHH.

Onwcasim Tenep mMaixe Bech rpad, HEOOXiHO AiI3HATHCS SIKY CKJIAIHICTh BiH MPEJCTaBIsiE COOOI0.
ToOTo siKi po3MipH Ma€, a TaKOX SK 3POCTA€ HOro CKIAIHICTh, Ta K BIiH PO3LIUPIOETHCS 13 BBOJOM
JTOJTATKOBO1 KOMIIOHEHTH, 200 IIIe OJTHOTO 3HAYEHHS JIJIsl HUX.

Sk Bxke OyJ0 3a3HaveHo, s rpada Haiioi Moxaeni, sskuil moOymoBaHuit aas N — aTtpuOyTiB, 110

o . . . n . . .
MMPpUUMArOTh m 3HA4YCHb, KUIbKICTh BEPIINH "V ” JOPIBHIOE OUCBUIHO Mm" . Inma CUTyall1sd 3 KUIbKICTHO

pebep 115t 1IboTo Ipada, OCKIIBKY caMe BOHA BU3HAYAE PO3MIp MHOKUHH OTIEpaTOpiB OIyKaHHs rpadom.
Bynemo mnosHawatu KinbkicTe peGep rpada uepes ||E|.3aranmom, kimbkicth peGep Moxna momatu

HACTYITHOIO (hOpMYII0I0
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m-1, akwyon=1im=2
m"(m" -1
||E||: % AKWon=2 im=2 0.1)

(M-D@BM-2)"" axwyon>2im>2

Posrisinemo hopmyiy (2.1) Giblin AeTaabHO.
Jns Bunanky, konmu n=1 ¢opmyna € oueBuaHoro. JliicHO, Y IbOMY BUIIaAKy Ma€EMO JIiHIHHUN Tpad
3 M BepmmHAMU, B AKOTO KiJIBKICTH pedep €, 09eBUIHO, M —1.

Jlnst Bumaaky, komx M=2,N 2> 2 nepecBigunTHCS Y KOPEKTHOCTI (POPMYITH TAKOK TOCHTH HPOCTO.

Taxwuit rpad € mOBHAM, a A7 MOBHUX TrpadiB Mu MaeMo (HOpMyITy I 3HAXOMKEHHs KUTBKOCTI pedep,
3HAIOYH KITBKICTh BEPIITHH.
Jl1st BCiX iHIIMX BUMIAAKIB, SIKi 1 SIBJISIFOTH JIJIsl HAC HAWOUIBIITNI iHTepec, 00TrpyHTYBaTH (pOopMyITy AEII0

cxnazmime. Hosrasumo wepes E(N, M) wucno |E| mnst Momeni 3 N atpubyramu i M 3Havennsmu. Mu

3HAEMO, 1110 E(l, m) =m-1.A3 [LOT'0, MU MOXEMO 3pOOUTH BUCHOBOK, IIO:
E(n+1m)Z"™ =Z(Bm-2)E(n,m)Z" (0.2)

He Z — 1e meskuii MHOXKHHK, (3m - 2) — 1Ie 3arajibHa CyKyIHICTh HOBUX BEPIIHH, K& CKIaIa€ThCS

3 M — crapux BepiIuH, IO € CyCiaMu, Ta 2(m —1) — HOBHUX, III0 OTPUMYEMO TIPU TIEPEXO/Ii.
A otxe, popmyiy (2.6) MOXKHA TIepenucaTy B OLIBII 3araJbHOMY BUTIISII:

E(n,m) =E(k,m)(3m-2)""* (0.3)

Hde k — ue meska MiAMHOKUHA BXKE ICHYIOUHMX KOMITOHEHT. Tonai anst ¢opmynu (2.7) MU MOXEMO
MIPOBECTH 3aMiHy 3MIHHUX, Ta 3aIACATH 11 Y HACTYITHOMY BUTIISII:

S E(k,m)z* =2(3m-2)3 E(n,m)2" 0.4)
k=1 n=1

Sk MoxHa mobaunTy, JTiBa 1 IIpaBa YacTUHA AyXKe CXOXI 1 BiIPi3HAIOTHCS JIMIIE HA OJWH MHOXKHUK.
Mu MO’KEMO BUHECTH HOr0, Ta MO3HAYUTH:

0(2) =Y E(n,m)z" 05)

BpaxoByroun Taky 3aMiHy 3MiHHUX, popMymy (2.8) MOXKHa MepenrcaTH y HACTYITHOMY BHUTJISI:
®D(z)-z(m-1)=z(3m-2)D(z) (0.6)
Cnpouryrouu 110 GpopMyIry MU OTPUMYEMO:

O(2)1-z(3m-2)) = z(m~1)

D (z) = z(m-1)

T1-2(Bm-2) 0.7

Juis 3pyyHOCTI BeleHHsSI HACTYIHHUX 3allMCiB, MPOBEAEMO IIe OAHY NPOCTY 3aMiHy 3MiHHHX, Ta
no3HaunMo a=m-—1, ta uepe3 b=3m-—2. Toxi (2.11) mMoxna 3anmcatu y HOBii ¢opmi i3
CHPOLICHUMH 3MIHHUMHU:
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1-bz b b(l-bz) b (1-hz

Tenep Mu MOXXKeMO CKOPHCTYBAaTHCA po3kiamaHHsaM ¢yHKmii y psag Teinopa y mymi. Tomi mamri
BUBEJICHI (hOPMYJTH IPUHMYTh MalKe OCTATOYHY CIPOIICHUN BUIJIS, 3 SKUM MH 1 OyZeMO MpaiioBaT
JIJTi;

oM (0)
I

E(n.m)= 0.8)

Tenep mpoBeAeMO MOYEProBe JOCHIHKEHHS MOXITHUX A QYHKIIT D(z). OTpumyeMO HacTyIHI

pesymsraru:
Chr (1_2,2)2 ) (1—6;)z)2

[Iponorxkyroun et mporec mo N -HOT MOXiAHOI, HANMINEMO 3aradbHUNA BHTIIAM JJIS ITOXiTHOI
nopsiaky N .

nlab™*
(1_ bz)n+l

A oTxe, pO3KIaaaruu 110 QYHKI[0 B Toulll «0», MU OTPUMAEMO, 10 3HAMEHHUK JOpiBHIOE 1. A
TOMY, ITiICTABUBIIH HAII 3HaYeHHs U1t PyHKIIA 4 Ta b , OTpEMyEMO HACTYITHE:

E(n,m) =(m-1)(3m-2)"" (0.10)

0" (z2) = (0.9)

Mo came i BiAmoBiJa€ KiNBKOCTI pebep B Hamiomy rpadi B cHTyallii, KOJM KUIbKICTh KOMIIOHEHT Ta
KIJIBKICTh 3HAUCHB MEPEBHIIYIOTh 2, Ta CUCTEMA, SIKY MU OIIMCYEMO, Ma€ JMCKPETHUI XapakTep. A oTXe,
JUTSL IIBOTO BapiaHTY MU MOXKEMO T00AYUTH, IO TPH 301IBIIEHH] KUTHKOCTI KOMITIOHEHT, KUTBKICTh pedep
OyJie 3pOoCTaTH EKCIIOHEHIIIHHO. A TIpU 30UIBIICHHI KITBKOCTI 3HaUEHb /IS KOMIIOHEHT — MOJIIHOMIAJIBHO.
Take 3pocTaHHsI CKJIAJHOCTI € IOCUTH IIBUJIKUM, & TOMY TIOTpeOye po3poOKH Ta BAKOPUCTAHHS METO/IiB
Ut poOOTH 3 TaKMMH 3a1auaMu. OCKUIBKH, X042 MU 1 PALIOEMO 3S CKIHYEHUMH MOAEIISIMH, BCE K TaKH,
BOHHM Benuki. ToMmy 1 HEOOXigHI TOMANBIN JOCHIPKEHHS 1 PO3pOOKH METONIiB pOoOOTH 3 TaKHMH
MO/JIEIISIMU.

3 OCHOBHi BU3HAY€HHS

Tenep namo 6a30Bi BU3HAYEHHS, K1 OyTyTh 3aCTOCOBYBATHUCS NIPH OTIMCI IAaHUX METOJIIB, a caMme rpad,
Ta KOHIeNIis ixei ooxomy rpada. IlpomeMoHCTpy€eMoO, MO Taka ies My’Ke TICHO IMOB’s3aHa 3 IHIIUM
MIOHATTSM, a caMe — ToJIeM HaJ| rpadoM.

B miit crarri OyneMo BHKOPUCTOBYBATH TTO3HAYEHHS G(V, E) , 10 BIANOBIiJaTUME IMPOCTOMY,

HeopieHToBaHOMY rpady. B npomy rpadi, Oynemo noznadatt V. — K MHOXHHY BEPIIHH Takoro rpada
1 BigmoBimHO E — gk mBOENEMEHTHY MiAMHOXHHY V . SIKy IOCHTH NPUPOJIHBO OyaeM pO3yMiTH SK
MHOXHHY pebep Juisi Bu3HaueHoro rpada. A Takox Jisl 1i€i MHOXKHHH, OyJeMO BBa)KaTH, IO JUIS
KOXKHOTO X eV BipHE HaCTYyIHE TBEPKECHHS:

E(xX)={ecE|xee} (0.11)



Bulletin of V.N. Karazin Kharkiv National University
78 series «Mathematical modeling. Information technology. Automated control systems» issue 48, 2020

[Io MOXXHA MPUPOTHEO PO3YMITH SIK BEPIUINHHM, IO HaJeXXaTh A0 OJHOTO pedpa, a OTXKe HaJeKaTh
OJIHOMY €JIEMEHTY 3 MHOXUHU E .

Sk Bxke OyJo 3a3Ha4EHO, MU OyJIeMO PO3TJISAATH JHINE JSTCPMIiHOBAHNN BUMIANOK JUIsl cucteMu. Lle
HAWTPOCTIMINI BHUITAOK, KOJIH HACTYITHHHA CTaH CHCTEMH MOXKE OYTH MOBHICTIO XapaKTepHU30BaHHUN 3a
iH(OpMAITi€IO 3 TOTOYHOTO CTaHy.

OCKUTbKY MU BXKE JTAIM BU3HAYCHHSI rpada Jyisi Hallloro METo Iy, TEHep MU MOXKEMO BBECTH TOHSATTS

o0xomy momeM Hanx rpadom. JleTepMmiHiCTUYHHM 00X0A0M moJeM Haa rpadgom G(V,E) Oynemo
Ha3uBaTy oneparop S :V —>V Takuii, mo:

Sx=x:{x,Sx}e E(x):vxeV (0.12)

ToOTo MK MaeMoO Ha yBa3i Take BiZoOpaskeHHS, 110 IEPEBOANTE HAC 3 ONIHi€T BepLIMHU rpada B iHILY,
TUTBKH SKIO BOHH SIBJIAIOTH COOOIO Pi3HI KiHII ogHOTO pedpa. TakuM YMHOM MU JOCHTH MPHUPOIHBEO
MO>XeMO OOXOJHTH HaIll BU3HAUEHUH Tpad TIIBKH ITO BEPITHHAM, SKi 3B’ SI3aHi.

Matoun BU3Ha4YCHHSI 00XOAY, MU TENEp MOXKEMO y3aralbHUTH I TOHATTA. A caMe BBECTH MOJe
nepemimens 1o rpady. [Jaroun dhopmanbHe BU3HAUCHHS, MU OyAeMO Ha3MBATH IOJIEM MepeMillleHb

rpadomG(V, E) s mesworo o6xony S:V —»>V taky mamy: 0S:V = EU{J}, axy Gymemo
BU3HAYATH AK:
&g 1 SXx=X

(@5)x= {x,Sx} : Sx#x (0.13)

3BHYANHO, 119 VX eV .

A TakoX MH MOXEMO CIIPUIMATH MO Ha Tpadax He3aIeKHUMH BiJl 00X0Iy IT0 IboMy Tpady, K aBa
pi3HUX 00’€KTHU i MOHATTS. Take MpUIYHIEHHS MPU3BOIUTH HAC JI0 HACTYITHOTO BH3HAYCHHS, SIKE Tpeba
3a3HAYNTH.

Ilonem Ha rpagi G (V , E) OyJieM Ha3uBaTH TaKe BioOpaXkeHHs T V-o>E U{@} TaKe, 0 7X # &

. B cBot0 uepry, 1e came mig coboro Mae Ha yBazi mo i TX € E(X).

Bcst 3a3HaYeHa CyKyIHICTh BU3HA4YEHb JI03BOJISIE HAM 3pOOUTH TaKe MPUIYIIEHHS, IO IS KOXKHOTO
moJisi Ha rpadi MH MOXEMO TMPOKIACTH YHIKalbHE ONyKaHHS, sKe Oyne CIHiBMAaTH 3 UM MOJEM.
Hanmmmemo 1ie popManbHO y BUTTISII TEOPEMH.

Jls 6yap sikoro 7 -V — EU{} na rpadi G(V, E) icuye ynikanbne Gnykanns S, st uBOro K
rpada G(V, E) , taxuit mo 0S,=r1.

CripoOyeMo 10BECTH BCTAaHOBJICHE TBEPKeHHS. [1J1s1 ToKa3y yHIKaIbHOCTI BU3HAYMMO 00Xi]1 rpadoM
S, HACTYIHHM YHHOM:

X : TX=
S = AX (0.14)
y o ox={xy}

IIpu TakoMy 3aIuci MH GBI HAOYHO GadNMO, O S_ e GiTyKaHHs rpadom G(V,E).

Tenep, cnpobyemo Bu3HAYUTH OS,. Y BHIAJAKY SKIIO 7X=(JMH MAEMO TaKy CHTYAIil0, IO MH
MaeMo S_X = X, a omKe crpaseunso i HactynHe: (0S )X = =7X.

Jns Bunangky xomu TX ={X, ¥}, mu OTPHMYEMO BHIAJOK KOIH S X =Y. A OTXKE CIPABEMIHBO i
nacrynue mo: (0S,)X ={X, S x}={X, y} =X . Takum 4nHOM YacTHHY T€OPEMHU IIPO iCHYBAHHS TAKOTO
OJTyKaHHS MOKHA BBaXKATH JI0BEAEHOH. 1[0 710 4aCTUHH PO HOTo YHIKAIBHICTH, TO MU OY1EMO BBaXKATH,
mo icuye Takmit 06xin S :V —>V ua rpadi G(V,E). Takuit, mo 8S = za takox Sx, #S,X, a1s
nesikoro X, €V .

[punyuienns, mo SX, = X, JOTiYHO NPU3BOIUTH HAC 10 TOrO, o TX, = (0S)X, =L . A omke i 10

BHCHOBKY, IO S X, = X, .
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[punymenns, mwo SX, = Y # X JIOTiYHO MPU3BOAUTH HAC 10 TOro, o 7X, = (0S)X, ={X,. Y}. A
OTXe€ 1 10 BUCHOBKY, L0 STX0 =Y.

OpHax o0u/Ba MPUITYIIEHHS HE y3rOKYIOTHCS 3 IPUITYLICHHSIM, 10 SX; # S_X, , 1ie pPOOUTH OCTaHHE

HE BIpHUM. A OT)K€ € JOBEJACHHAM YHIKAIBHOCTI Takoro ONykaHHA. 3rafylodd, IO YacTHHA IIPO
iCHyBaHHA Bxe Oyia JoBeleHa, MU MAaEMO MOBHUH JI0Ka3 HAIIOI PECTaBICHOI TEOPEMHU.

3BaXkarouu Ha Te, [0 MU BBEJIM MOHATTA rpada, moist Haa rpadoM, MOHITTS OaykaHHs rpadoM. Ham
JUIITUITIOCS 3pOOUTH Ie OJTHE KITFOYOBE BH3HAYCHHS, K€ € BAXKIIUBUM JIJIs TIOAABII0T poOOTH TOOYI0BH
JIECKPHUITUBHOT MOJIEIi Ta B3araji Juisl po3yMmiHHs. Hac 1ikaBUTh AOCHIKEHHS JUHAMIKH CHCTEMH, il
3MiHH 3 KPOKOM 4acy. A OT)Ke B KOHTEKCTI rpadis, HaM IiKaBO JOCITITUTH MapuipyT, a0 TPAEKTOPIIO
PO3BHTKY.

Hns rpada G(V,E) i JEeTepMiHICTUYHOTO 00xony S :V —V Ha 1poMmy rpadi, HOCIiTOBHICTD

CTaHIB Xy, Xy..., X, X . GyIeMo Ha3MBaTH TPAEKTOPIEN0, KO X, , = SX, s Oyap-aKoro n e[

n+17°
. ToOto, six BXe 3a3HavaIOCA AJIS1 NETEPMiHICTUYHOTO BUIIA/IKY, KO)KEH HAaCTYIIHUH CTaH HAIIOI CUCTEMHU
MoyKe OyTH omMcaHui i3 iHpopmarii nmpo i moTouHuit cTaH.

Tenep, chopMyJtOBaBIIM OCHOBHI BU3HAYCHHS JUIS 3arajlbHOT CHUTYyallil, OMMCABIIM BHIJIS] Ta
IUHaMIKy Tpada A IeTepMiHICTUIHOTO BUMAIKy MH MaeMo 0a3y Ui MOJABIIOTO JOCTIIHKEHHS.

4 BUCHOBKHU

Orxe, Oyno pO3poOJNIEHO 3pYyYHHUH Ta TMOTEHHIWHO JOCHTh 3aralbHUN METOH IMOOYyA0BU
JECKPHUIITUBHUX MOJENEH Ul CKIIaTHUX cucTeM. by copMynb0oBaHi OCHOBHI BU3HAYeHHS HEOOXiaHi
B po0oTi. [IpoeMOHCTpOBaHO Ta JOCHIKEHO Tpad, 10 caMe 1 sIBJIT€ COOOI0 HAIlly OIIMCOBY MOJICHb TS
CKJIQ/THOT CHCTEMH Ta Ja€ MOXIJIMBICTD JOCTIINTH SIK 1 11 OKpeMi cTaHu, TaK 1 JHHAMIKY.

BusiBiim, 1mo mpu po3mIMpeHHI KiTbKOCTI JOCTIMKYBaHWX 3HAY€Hb, CKIAIHICTh CHCTEMH Oye

3pocraty miniitno. Hanpukman: mst rpada 3 M =3,N = 2 My MokeMo [OpaxyBaTH, 110 HOro KiTbKiCTh
pebep ckiagatume EB2)=14. A npu kpoui mo MMy OTpUMYeEMO pE3yNbTarT: E(4,2)=30. Ha

HACTYITHOMY Kpo1Ii Oyze Bxke E(5,2) =52. Cucrema 3pocTae, ane sl TaKuX 3HA4eHb, MU 1€ B 3MO031

3aCTOCOBYBATH CTaHAapPTHI METOIU pOoOOTH, ab0 rmepeduparu BCi 3HAYCHHS 110 Yep3i, mepedopom.
Hust kxpoky o N mu cnoctepiraemo iHmy curyaiito. OCKUTbKHY, HAaBITh MOYMHAIOYH 3 TOTO K CAMOTO

rpapa E(3,2) =14, mxe mwa macrymmomy kpoui mm orpumyemo E(3,3)=98. Illo cumbmo
BiJIPI3HSETHCS BiJ] OMEPE/IHIX MEPEXOiB sl 30UThIIEHHS KITLKOCTI 3Ha4eHb. J{JIs HACTYITHOTO KPOKY,
pesynpTaT Oyne mie OuThIIuM: E(3,4) =686 . Taxuii 3picT Habararo ycKJaaHIO€ OOpOOKy i aHami3

nanux. Metox npoctoro nepedopy He Oyze eheKTUBHIM, OCKIUJIBKY Ha JISIKOMY eTari Mu Oy1eM0 IPpOCTOo
HE B 3MO3i 1epedpary BCi CTaHH. X04Ya MU BCE K TaKd MPAIFOBATHMEMO 3 KIHIIEBUMH BEITMYMHAMH, iX
e(ekTrBHA 00pPOOKa Oyie MOTPeOyBAaTH BUKOPUCTAHHS CIICIIaIbHUX METOiB. PO3po0Ka Takux METOIiB
NpEICTABIISIE IHTEpEC IS MOJANBIIOTO AOCIIPKEHHS Ii€] TEMH.

Takox, citiji 3a3HaYNUTH, 10 OYB PO3TISIHYTHH BHIIAIOK ISl CHCTEM 3 JAUCKPETHOIO TOBEIIHKOMI0. B
NOAATBIIOMY TaKHHU IMiAX1T MOKHA TaKOXK YCKJIaJHIOBAaTH. BylyBaTH IeCKpUIITUBHI MOJIEIi TAKOT'O THITY
JUISL CHCTEM 13 CTOXAaCTHYHOK AWHaMikoro. Taki cucreMH € OUNbIN yHiBepCaJbHUMHU Ha BIJIMIHY Bij
CTOXAaCTHYHHX, & TOMY METOAM MOOYJOBHM MoOJeNiel Ais HUX € akTyalbHUMU. KpiMm Toro, micis
OTPUMaHHS pPe3yJbTaTiB ISl CTOXaCTUYHHX MOJEJEH, NPEICTAaBICHHH MeXaHi3M Moxe OyTH Iue
PO3BHHYTHI JJIsl ONMUCY Ie OiNbIl CKJIaJHUX CUCTeM. Hampukiaa cucteM, AMHAMIKY SIKMX MOMKHA
OIKCATH 3a JTOIOMOrOK BUKOPUCTaHHS He 4iTKol jioriku (Fuzzy logic).

VY3aranbHIOIOYH, CKa’KeMO 10 IPEICTABICHI METO/IU Ta IX MOAANBLINHA PO3BUTOK € MOTEHIIIHO TyXe
AKICHUM Ta 3pY4YHUM IHCTPYMEHTOM, SKHHA MOXHa OyAe BHKOPHUCTOBYBAaTH Ui HOOYZOBH
JECKPUTIITUBHUX MOJIeIel CKIaHux cucteM. J{ist TociikeHHs 1 0OpOOKH pe3yibTaTiB TAKUX MOJIENEH,
HEeoOXigHO OyZie BUKOPUCTOBYBATH CIELiaNbHI METOIH, sIKi OyIyTh po3poOieHi B nmojansmomy. Tomy
MOIAJTBIIIE TOCITI/PKEHHS i€l TPOo0JIeMH € aKTyallbHUM Ta HEOOXiTHUM.
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The motion of a viscous incompressible fluid with constant coefficients in case of the Hagen-Poiseuille flow is considered in
this paper. The equation of motion of the elastic shell in the absence of external perturbations is obtained on the basis of the
Ostrogradsky-Hamilton principle. Assuming the Hagen-Poiseuille flow, the expression for the kinetic energy of a moving fluid
in a nanotube is obtained, and the equations to determine oscillation frequencies of a tube with a fluid are constructed, that allows
investigating the stability of motion. Using the Poiseuille formula it is possible to effectively determine the movement of fluid
in tubes. According to the Bernoulli's equation, when the fluid is stationary along a rectilinear horizontal tube of a constant cross-
section, the fluid pressure must be the same along the entire length of a tube.

In recent years, a new trend associated with nanotechnology has been developing in hydromechanics. The relevance of modeling
fluid flow through micro- and nanotubes is confirmed by the results of many experiments conducted over two decades. A
nanotube can be represented as a graphite plane rolled into a cylinder (hollow tube), which is a set of regular hexagons with
carbon atoms in the vertices, and having the diameter of several nanometers. The fluid flow through micro and nanotubes is a
common phenomenon in various biological and technical devices and systems and therefore is of great importance.
Consequently, flows in nanometer-sized channels are being studied intensively. The numerical values of the oscillation
frequencies of the elastic cylindrical shell for the cases of absence of fluid and the presence of fluid with different pressure values
have been obtained.

OTpHMaHi YHCIIOBI 3HAYEHHS YaCTOT KOJIUBAHb MPYXKHOT IMITIHAPHIHOT 000JIOHKH 0€3 ypaXyBaHHS HAsBHOCTI PIANHH, a TAKOX
3 PIAMHOIO TIPH Pi3HUX 3HAUYEHHSX MEepPernaay TUCKY.

Keywords: nanotubes, ideal liquid, boundary conditions, incompressible fluid, Hagen-Poiseuille flow.

MoaenBaHHS pyXy PiIHHU B HUJIIHAPUYHUX 000JI0HKAX

0.0. CrpenspnikoBa. O.0. Ycarosa

YcaroBa OJjibra acnipaum 3-20 poKy HAGYANHS

OunexcanapiBua Tucmumym npobrem mawunodyoysanns im. A.M. Iliocopnoco HAH Ykpainu,
synuys [oocapcokozo, 2/10, Xapkis, 61046, Vkpaina
https://orsid.org/0000-0001-1267-2723

CrpeabHikoBa OJieHa O00KMOp MexH. HayK, npogecop

OuexcanapiBHa Incmumym npobaem mawunodyoysanus im. A.M. ITiocopnoco HAH Ykpainu,
synuys loocapcokozo, 2/10, Xapkis, 61046, Vkpaina
e-mail: elenal5@gmx.com
https://orsid.org/

B po0oTi po3riisiHyTO pyX B’s13K01 HECTUCIHMBOI PiAMHHU B MPYXKHIN MTIHAPHYHIN 000I0HII. PiBHSIHHS pyXy NpYXHOT 000JI0HKH
3a BIICYTHICTIO 30BHIILIHIX 30ypeHb OTpUMaHO Ha OcHOBI mpuHIMmy OcTporpancekoro — I'aminbToHa. 3a MPUIYLICHHAMH
HasiBHOCTI Teuil XareHa — [lyaseiins oTpumaHo BUpa3 IJisi KIHETHYHOI eHeprii pyXoMoi piIMHU B HAHOTPYOLi Ta moOymoBaHi
PIBHSHHS IJIsI BU3HAYEHHS 9aCTOT KOJMBAHb TPYOKH 3 PiAMHOIO, IO A€ 3MOTY JOCHIANTH CTIHKICTh pyXy. OTpUMaHi 4HCIOBI
3HAYEHHS YaCTOT KOJMBAaHb MPYXKHOI LMTIHIPHYHOI 0OOJIOHKH 0€3 ypaxyBaHHs HAsSBHOCTI PiIMHH, a TAKOXK 3 PIJMHOIO IIPH
Pi3HHUX 3HAYEHHSX HEpenany THCKY.

Knrouogi cnosa: nanompyoxu, ideanvha piouna, epanudni ymosu, necmuciusa piouna, meuis Xaeena — Ilyazeiins.

© CrpenbHikosa 0.0., Ycatosa 0.0., 2020


https://orsid.org/0000-0001-1267-2723
http://orcid.org/0000-0003-0707-7214
https://orsid.org/0000-0001-1267-2723
http://orcid.org/0000-0003-0707-7214

Bulletin of V.N. Karazin Kharkiv National University
82 series «Mathematical modeling. Information technology. Automated control systems» issue 48, 2020

MOI[eJ'II/IpOBaHI/Ie ABMIKCHUSA KUIKOCTH B HHUJIMHAPHUYICCKUX 000J109KaX

E.A. CrpenbauxoBa. O.A. Ycarosa

YcaroBa Oabra acnupanm,

AJlekcaHIpoBa HUnemumym npobaem mawunocmpoenus um. A.M. Iloozopnozo HAH Ykpaunwi,
yauya Ioxcapcrozo, 2/10, Xapwros, 61046, Ykpauna, https://orsid.org/0000-
0001-1267-2723

CrpenbuukoBa Eaena o.m.n., npogheccop,

AJlekcaHIpOBHA Hucmumym npobarem mawunocmpoenust um. A.M. I[Toocopnoco HAH Ykpaunui,
yauya Hoxcapckozo, 2/10, Xapwvkos, 61046, YVrpauna, e-mail: elenal5@gmx.com
https://orsid.org/0000-0003-0707-7214

B nociennue ronsl, B rMApOMEXaHHKE IIOJIydaeT pa3BUTHE HOBOE HAIPAaBJICHHE, CBA3AHHOE C PACIHPOCTPAHCHHBIM
MpUMEHEHHEM HaHOTEXHOJOTUH. JIBrKeHNe ®UAKOCTH MO TpyOKaM sIBISIE€TCS OUYeHb PAaCIPOCTPAHEHHBIM SIBICHHEM B IIPUPOJIE
U TexHuke. B paboTe paccMOTpPEeHbI IBMKEHHE BA3KOH HEC)KMMAaeMOW XKUIKOCTH B YIPYrod IWIMHAPHYECKOH obosiouke.
VYpaBHEHHS MABIDKCHUsI YNpPYrodl oO0ONOYKM TPH OTCYTCTBHH BHENTHHX BO3MYIIEHMI IOIYYeHO HA OCHOBE IPHHIMIA
Octporpazckoro - ['amuiapToHa. B mpeamnonoxeHusx, XapakTepu3yomux TedeHiue Xarena — [lyaszeiins moaydeHo BhIpaKeHne
JUIST KUHETHYECKOM DSHEePruM IBIDKYLIEHCS JKUIKOCTH B HAHOTPYOKE, IOCTPOEHBI YpaBHEHHMS MU OIpENeeHHs YacTOT
KoJIeOaHMH TPYOKH C KHIKOCTBIO, YTO TIO3BOJISIET MCCIIE0BATh YCTOWYNBOCTD JIBHKCHHS.

Kniouesvie cnosa: nanompyoxu, udeanvHas JcUOKOCMb, SPAHUYHbIE YCI08US, HECIHCUMaemMa icuoKocms, mevenue Xaeeuna -
Ilyazetins.

1 Introduction

The movement of fluid is a phenomenon inherent in many technical processes. It is known that a
stationary liquid in a vessel transmits external pressure in all directions according to Pascal's law, and
conditions at all points of the volume of the liquid medium are constant and identical. However, if the
fluid flows through the pipe without friction, the cross-sectional area varies in different areas. The
pressure is different along the pipe lengths [1]. There is an effective way to determine the movement of
fluid in tubes by using the Poiseuille formula. According to the Bernoulli's equation, if the fluid is
stationary along a rectilinear horizontal tube of constant cross-section, the fluid pressure must be the same
along the entire length of the tube. But in reality the fluid pressure drops along with the direction of its
movement. To use the Poiseuille approach it is necessary to ensure stationarity, namely, to maintain a
constant pressure difference at the ends of the tube, balancing the forces of internal friction that occur
during the movement of the fluid [2, 3].

In recent years, a new trend associated with nanotechnology has been developing in hydromechanics.
The relevance of modeling fluid flow through micro- and nanotubes is confirmed by the results of many
experiments conducted over two decades. A nanotube can be represented as a graphite plane rolled into
a cylinder (hollow tube), which is a set of regular hexagons with carbon atoms in the vertices, and having
the diameter of several nanometers. Nanotubes can consist of a single layer of atoms - single-walled
nanotubes (SWNT), or several "nested" single-layer tubes - multi-walled nanotubes (MWNT). It has been
found that if the size of volume is about 10 molecular diameters or less, the liquid behaviour changes
significantly. The studies show that in a microtube with a diameter of 50 nm the flow is continuous but
in a microtube with a diameter of 5 nm it is not. The high value of the elasticity modulus of carbon
nanotubes makes it possible to create composite materials that could be extremely resistant to ultra-high
elastic deformations.

2 The Poiseuille flow simulation.

Stating that molecules in a microtube form a solid wall and atoms in the wall are subjected to chaotic
motion at a finite wall temperature, there are the following peculiarities of the Poiseuille flow: in the
intermediate range of the Knudsen numbers, liquid particles slide into the walls. Three possible cases are
described in [4]:

1) the liquid is stationary (no slippage);

2) there is a flow with slippage;

3) there is no friction.
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For the classical hydrodynamics, Navier (C.L.M.H.Navier, 1823) proposed a boundary condition that
took into account the slippage of a liquid along the surface a solid body. O. Girard used this model to
describe his experimental data [5].

According to the Navier boundary condition, the value of the liquid slip rate is proportional to the
velocity gradient on the wall:

_ 98

=L — 1
z=R s dz . ( )

Scientists from the University of Wisconsin-Madison (USA) have been able to prove that the laws of
friction for nanostructures do not differ from the classical laws [6].

The inner surface of the nanotube is considered to be smooth even on the atomic level. But the
macroscopic surfaces of porous materials are rough on a much smaller level. Therefore, the gas that
propagates through the inner cavity of the nanotube meets significantly less surface resistance. Moreover,
not only gaseous but liquid substances can pass through the nanotubes as well. The experiments have
proved that the liquid carrying capacity of nanotubes is more than three orders of magnitude higher than
the corresponding value obtained on the basis of the classical the Hagen-Poiseuille formula. This effect
could be explained by the complicated nature of the fluid interaction with the inner walls of the
membrane. The membrane is a part of a filter element, which is a nanotube. A liquid slides along the
surface of a nanotube; therefore, the traditional boundary conditions (according to which the speed of
movement on the wall is zero) are no longer satisfied. On a manometer scale, the liquid exhibits atypical
properties, such as a sharp increase in viscosity and density near the walls of nanocapillaries, the changes
in thermodynamic parameters, and the atypical chemical activity at the boundary between solid and liquid
phases. Experiments have shown a significant increase in effective viscosity in such volumes compared
to macroscopic values. It is determined that the effective viscosity of a liquid in a nanotube depends on
its diameter.

In classical hydrodynamics, the atomic (molecular) structure of a liquid is not taken into account, and
the liquid motion in nanochannels with a diameter of 10 nm and smaller is not described. One of the main
problems is that the laws of classical physics are not applicable in the nanotechnology.

At present, the main methods of studying the flow of fluid in nanotubes are the molecular dynamics
and continuum mechanics. The method of modeling molecular dynamics is an effective method, but it
requires a great amount of computational time, especially for large systems. Therefore, it is expedient to
model large systems by the method of continuum mechanics [7], [8], [9].

During the physical adsorption of the substance on the inner and outer surfaces of the tube, the density
of a layer formed can be similar to the density of a condensed state of the substance. Thus, on the one
hand, the tube could be as a container for storing aggressive substances without using common thick-
walled vessels. On the other hand, the properties of the tubes themselves will be modified by the absorbed
particles, and that allows creating various heterostructures. [10].

The fluid flow through micro and nanotubes is a common phenomenon in various biological and
technical devices and systems and therefore is of great importance. Consequently, flows in nanometer-
sized channels are being studied intensively. At the first stage it is necessary to investigate the adequacy
of the classical models of shells.

9

3 Problem formulation and method of solution

The equations of hydrodynamics are nonlinear, even at constant coefficients. Due to the fact that the
inertial terms of the equation include the square velocity, relatively few exact solutions are known.
Therefore, it is necessary to find such approximate solutions that would be a set of basic currents present
in technological processes.

As the first approximation, we will consider the Hagen-Poiseuille flow in an elastic cylindrical tube.
Let us present the value G, which characterizes the volumetric flow rate of the liquid

B 4
G =f U(r)zardr = w
D 8uL )
where v is a speed, R is a tube radius, L is a tube length, p is a dynamic viscosity of the liquid, Ap is
a pressure drop.
Using the Hagen-Poiseuille formula (2), we can find the average cross-sectional velocity in the pipe
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Ucep = TCR2 (3)

L
Figure 1. Coordinate system for the Hagen - Poiseuille flow

Here is a layered flow with a single non-zero z-velocity component, namely:
U, =U=0 (4)
A characteristic feature of layered flow is the presence of the only one non-zero velocity component.
This means that the trajectories of all fluid particles are co-aligned with one of the coordinate lines [11].
The equation of the elastic shell motion in the absence of external perturbations can be obtained on
the basis of the Ostrogradsky-Hamilton principle:
t
[(r1-5T)dt=0 5)
L’}
where I1, T- potential and kinetic energy.
Let U =(Ur,Uz,Uy) be a shell displacement vector in the cylindrical coordinate system r, z, 6. Let us
present the vector of displacement in the form an expansion into Fourier series by a circumferential
coordinate

0

U(r,z,0)=>u,(r,z)C,(0) ()
a=0
where
. 1 0 O cosaO 0 0
CO:EO 1 0,C,=| O cosa® 0 |, a=12 .0
0 0 1 0 0 sino®

The potential strain energy can be represented as follows:
1
S

where ajj, &j are components of tension and strain tensors.
The expressions:

are the differentials of the arcs of the median surface along the directions of the coordinate lines o1 and o..
For the kinetic energy of a shell that does not contain a liquid, we have the expression:

1 o
T, :Efsjps (Uf +U? +U§)dSldSZ. 9)

In the presence of the Hagen-Poiseuille flow, the expression for the kinetic energy of a moving fluid
in a shell which experiences small oscillations has the form:
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2
_—UP ( +U, 8;] +UZ |dS,dS, (10)

where the quantities ps , pr are the densities of the shell material and the liquid, respectively, [12].
The overall kinetic energy of the system is equal to

T=T+T,.. 11
The equation of the shell motion has the form

LU+MU+DU=Q (12)

where L is an elastic force operator, M is a mass operator, D is a damping operator, Q is a vector
describing external influences.
We will look for a solution of the system of equations (12) in the form

U= ick(t)uk ,ou, = (s uku), (13)
k=1

where ¢ (t) are unknown coefficients that depend only on time, Uk are modes of oscillations of an elastic
unfilled shell. ¢ (t) can be considered as generalized coordinates.

Substituting the series (13) into equation (12) and taking into account the expressions obtained by
using the Hamilton-Ostrogradsky principle and the formula (11), we obtain

>c, (HL(u)+ X6 (OM(u, )+ e, (1D, )= Q (14)

Let us perform the scalar product of equation (14) on U;, j=1,2,...
Let us use the relations (13)

L(uk) :QiM(uk)l (15)

in which Qx is an oscillation frequency of the unfilled shell.
From (15) we obtain
(L(u)uy) =9 (M(u, ) u,) (16)

Taking into account the formulas (9), (10) for the kinetic energy of the fluid and the expression (13)
the expression (D(ux), u;) takes the following form

Ou)u) =50 U, @ﬂauj

0z

Taking into account the above relations, the equation (14) takes the form

) R R w ou’ )
Ck(t)(psh +p| Ejskj +EpsUcep kzzl(:k (t)[u 62 J+Q p hSkJC ( ) (Q’uj)’ (17)

where h is shell thickness.
To solve the problem of eigenvalues (determination the natural frequencies of
oscillations of the shell with a liquid) we assume that

Q=0, c/(t)=C, exp(wt), C, =const.

Therefore, we obtain the equation for determining the oscillation frequencies ® and unknown
coefficients Ck, which determine the modes of oscillations, in the form of

R p:R
o’ P 3, +2;5,C, +c0UC3pZDkJC =0, D, = u’, ou, . (18)
2p.h 2psh 0z
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We reduce (18) to the standard problem of eigenvalues. Let us limit to a finite number of n members
of the series in (13).
We introduce the vector X in the form of

X=(C, ©C) (19)
(18) could be rewritten in a matrix form
»? BC+QC + oU., DC =0, (20)
where the following order matrices are used (nxn).
1 00 0 Q> 0 0 O
RYO 1 0 O 0 Q2 0 0
B=|1+F Q- :
2ph ). oo
0 0 0 1 0O 0 o0

n

The expression for the matrix D is given in the formula (18).
From the equation (20) we obtain

®?BC=—- (Q+ o U, D)C,
0?C=—(B1Q+ 0 U B! D)C.(21)
We introduce a dimensional matrix 2n x2n

A 0 E
|-B'@ -U_B'D/

From (19), (20) we have the equality

0 E C) (oC) (C
_B'Q -U_B"DJec) (o'c) ec)

Therefore, the standard problem of natural oscillations is obtained
AX= X . (22)

In contrast to the equations used in [13, 14], the characteristic equation in (22) can have complex
natural frequencies. If the real parts of such roots are positive, there is a stability loss. The described
approach can be used to study the stability of the elastic tubes with a fluid.

4 Analysis of the numerical results

The elastic cylindrical shell with the following geometric and physical parameters is considered:
R=0.05m, L=3m, ,u=1.004’10'3Pa-s, Ap=0.5Pa, h=0.005m, the Young's module E=20000MPa, the
Poisson’s ratio v=0.3, ps =1000kg/m* , ps=7800kg/m?*. We suppose that the shell is rigidly fixed at z =0.

Table 4.1 shows the values o of the first five oscillation frequencies for the empty elastic shell, for the
shell filled with the stationary liquid (Ap=0), and for the case of the shell with moving fluid (Ap=0.5Pa).

Table 4.1. Shell oscillation frequencies

pr, kg/m3 Ap,Pa n=1 n=2 n=3 n=4 n=5
0 0 261.699 422.243 785.098 1266.42 1308.50
1000 0 181.964 293.579 545.895 880.595 909.827
1000 0.5 (0,181.964i) | (-1.8580, (0,545.895i) | (-1.3854, | (0,909.827i)
293.579i) 880.595i)
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From the data we can see that the complex frequencies appear in the case of moving fluid. The real

parts of these frequencies are negative, i.e. the oscillations are damped. The presence of fluid leads to a
decrease in the frequency of the shell oscillations.

5. Conclusions
The motion of the viscous incompressible fluid in the elastic cylindrical shell has been considered in

the paper. The expressions for kinematic and potential energy have been derived. The equations for
determining the frequencies of the fluid oscillation according to the assumptions of the Hagen-Poiseuille
flow have been obtained. The frequencies of the shell oscillation have been determined taking into
account the presence of moving fluid. The approach to studying the elastic shell stability in case of fluid
motion has been developed.

10.

11.

12.

13.

14.

JIITEPATYPA

Cusyxun /J[.B. O6mwuit kypc ¢usuku. T. [. — M.: Hayka, 1996. I'n. XII, §§ 93, 94, 95.
https://learn.ztu.edu.ua/pluginfile.php/93163/mod_resource/content/1/Sivuhin_D.V. Kurs_obwej_fi
ziki._Tom_2-arpg75zI9bj.pdf

Xaiikun C.O. ®dusmueckue ocHOBbl MexaHuku. — M.: Hayka, 1971. I'm. XVI, §§ 123, 124.
https://www.twirpx.com/file/1922952/

CrpenkoB C.II. Mexannka. — M.: Hayka, 1975. §§ 100-106. https://ikfia.ysn.ru/wp-
content/uploads/2018/01/Strelkov1975ru.pdf

Eric Lauga,Willow R. DiLuzio, George M. Whitesides, and Howard A. Stone. Swimming in Circles:
Motion of Bacteria near Solid Boundaries. Biophys J. 2006 Jan 15; 90(2): 400-412. doi:
10.1529/biophysj.105.069401 https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1367047/

Darrigol, O. Between Hydrodynamics and Elasticity Theory: The First Five Births of the Navier-
Stokes Equation. Arch Hist Exact Sc. 56, 95-150 (2002). https://doi.org/10.1007/s004070200000
https://link.springer.com/article/10.1007/s004070200000

Yifei Mo, Kevin T. Turner, Izabela Szlufarska. Friction laws at the nanoscale. Nature, Vol 457| 26
February 2009| doi:10.1038/nature07748. https://pubmed.ncbi.nlm.nih.qgov/19242472/

Toshiaki Natsuki and Morinobu End. Vibration analysis of embedded carbon nanotubes using wave
propagation  approach.  Journal of  Applied Physics 99, 034311  (2006);
https://doi.org/10.1063/1.2170418 https://aip.scitation.org/doi/abs/10.1063/1.2170418

Wang, Q., Varadan, V.K., Quek, S.T. (2006-09-04). Small scale effect on elastic buckling of carbon
nanotubes with nonlocal continuum models. Physics Letters, Section A: General, Atomic and Solid
State Physics 357(2) :30-135. ScholarBank@NUS Repository.
https://doi.org/10.1016/j.physleta.2006.04.026 https://scholarbank.nus.edu.sg/handle/10635/66179
C.A0nymnaesa, ®.Haruee Hanoruapomexanuka, 2011,baky. //[Ipsuxor I1.H// VYraepomusie
HaHOTPYyOKu. Marepuansl st xkoMmnbioTepoB XXI Beka // Ilpupooa. 2000. Nell. C.23-30.
http://anl.az/el _ru/kniqgi/2013/2-815097.pdf

Kunrcen A.C., Jlokmun [.P., OnbxoB O.A. OcHoBbl pusuku. T. 1. MexaHuka, 3JIEKTPUUECTBO H
MarHeTusM, KoiieOaHHs W BOJHBI, BOJHOBas omnthka. — M.: ®wmsmarmur, 2001. Y. 1. I'm 8.
https://e.lanbook.com/book/2684

baiikoB B.U., IlaBmokesnu H. B., ®emoroB AK., Illaun AWM. Munck: MHCTUTYT Temio- u
maccooomena umenu A. B. JleikoBa HAH  benmapycu, 2014. — 370 c.
https://www.itmo.by/doc/publication/full_teplofiz2.pdf

Reza Bahaadini, Ali Reza Saidi and Mohammad Hosseini. Flow-induced vibration and stability
analysis of carbon nanotubes based on the nonlocal strain gradient Timoshenko beam theory. Journal
of Vibration and Control 2019, Vol. 25(1) 203-218, doi.org/10.1177/1077546318774242
https://journals.sagepub.com/doi/full/10.1177/1077546318774242

Degtyarev, K., Glushich, P., Gnitko, V., Strelnikova, E. Numerical Simulation of Free Liquid-
Induced Vibrations in Elastic Shells // International Journal of Modern Physics and Applications.
Vol. 1, No. 4, pp. 159-168, 2015. DOI: 10.13140/RG.2.1.1857.5209 https://www. researchgate.
net/publication/280728146_Numerical_Simulation_of_Free_Liquid-Induced_  Vibrations_  in_
Elastic_ Shells

Medvedovskaya T. Free hydroelastic vibrations of hydroturbine head covers/ Medvedovskaya T.,
Strelnikova E., Medvedyeva K // Int. J. Eng. and Advanced Research Technology.— 2015.— Vol. 1.—



https://learn.ztu.edu.ua/pluginfile.php/93163/mod_resource/content/1/Sivuhin_D.V._Kurs_obwej_fiziki._Tom_2-arpg75zl9bj.pdf
https://learn.ztu.edu.ua/pluginfile.php/93163/mod_resource/content/1/Sivuhin_D.V._Kurs_obwej_fiziki._Tom_2-arpg75zl9bj.pdf
https://www.twirpx.com/file/1922952/
https://ikfia.ysn.ru/wp-content/uploads/2018/01/Strelkov1975ru.pdf
https://ikfia.ysn.ru/wp-content/uploads/2018/01/Strelkov1975ru.pdf
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1367047/
https://doi.org/10.1007/s004070200000
https://link.springer.com/article/10.1007/s004070200000
https://pubmed.ncbi.nlm.nih.gov/19242472/
https://doi.org/10.1063/1.2170418
https://aip.scitation.org/doi/abs/10.1063/1.2170418
https://doi.org/10.1016/j.physleta.2006.04.026
https://scholarbank.nus.edu.sg/handle/10635/66179
http://anl.az/el_ru/kniqi/2013/2-815097.pdf
https://e.lanbook.com/book/2684
https://www.itmo.by/doc/publication/full_teplofiz2.pdf
https://journals.sagepub.com/doi/full/10.1177/1077546318774242

88

Bulletin of V.N. Karazin Kharkiv National University
series «Mathematical modeling. Information technology. Automated control systems» issue 48, 2020

10.

11.

12.

13.

14.

No 1.— P.45-50. DOI: 10.13140/RG.2.1.3527.4961 https://journal-me.com/archive-ukr/vol21-2018-
iss1-paper5/?print=print

REFERENCES

Sivukhin D.V. General course of physics. T. I. - Moscow: Nauka, 1996. Ch. XII, §§ 93, 94, 95.
https://learn.ztu.edu.ua/pluginfile.php/93163/mod_resource/content/1/Sivuhin_D.V. Kurs_obwej_fi
ziki._Tom_2-arpg75z19bj.pdf [in Russian]

Khaikin S.E. Physical foundations of mechanics. - M .: Nauka, 1971. Ch. XVI, §§ 123, 124.
https://www.twirpx.com/file/1922952/ [in Russian]

Strelkov S.P. Mechanics. - M .. Nauka, 1975. §§ 100-106. https://ikfia.ysn.ru/wp-
content/uploads/2018/01/Strelkov1975ru.pdf [in Russian]

Eric Lauga,Willow R. DiLuzio, George M. Whitesides, and Howard A. Stone. Swimming in Circles:
Motion of Bacteria near Solid Boundaries. Biophys J. 2006 Jan 15; 90(2): 400-412. doi:
10.1529/biophysj.105.069401 https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1367047/ [in
English]

Darrigol, O. Between Hydrodynamics and Elasticity Theory: The First Five Births of the Navier-
Stokes Equation. Arch Hist Exact Sc. 56, 95-150 (2002). https://doi.org/10.1007/s004070200000
https://link.springer.com/article/10.1007/s004070200000 [in English]
Yifei Mo, Kevin T. Turner, Izabela Szlufarska. Friction laws at the nanoscale. Nature, Vol 457| 26
February 2009| doi:10.1038/nature07748. https://pubmed.ncbi.nlm.nih.qov/19242472/ [in English]
Toshiaki Natsuki and Morinobu End. Vibration analysis of embedded carbon nanotubes using wave
propagation  approach.  Journal of  Applied Physics 99, 034311  (2006);
https://doi.org/10.1063/1.2170418 https://aip.scitation.org/doi/abs/10.1063/1.2170418 [in English]
Wang, Q., Varadan, V.K., Quek, S.T. (2006-09-04). Small scale effect on elastic buckling of carbon
nanotubes with nonlocal continuum models. Physics Letters, Section A: General, Atomic and Solid
StatePhysics357(2):30-135.ScholarBank@NUSRepository.
https://doi.org/10.1016/j.physleta.2006.04.026  https://scholarbank.nus.edu.sg/handle/10635/66179
[in English]

S. Abdullaeva, F. Nagiyev Nanohydromechanics, 2011, Baku. // Dyachkov P.N. // Carbon nanotubes.
Materials for computers of the XXI century // Nature. 2000. No. 11. P.23-30.
http://anl.az/el_ru/knigi/2013/2-815097.pdf [in Russian]

Kingsep A.S., Lokshin G.R., Olkhov O.A. Fundamentals of Physics. T. 1. Mechanics, electricity and
magnetism, oscillations and waves, wave optics. - M .: Fizmatlit, 2001. Part 1. Ch. eight.
https://e.lanbook.com/book/2684 [in Russian]

Baikov V.I., Pavlyukevich N.V., Fedotov A.K., Shnip A.l. Minsk: A.V.Lykov Institute of Heat and
Mass Transfer of the National Academy of Sciences of Belarus, 2014 .-- 370 p.
https://www.itmo.by/doc/publication/full_teplofiz2.pdf [in Russian]

Reza Bahaadini, Ali Reza Saidi and Mohammad Hosseini. Flow-induced vibration and stability
analysis of carbon nanotubes based on the nonlocal strain gradient Timoshenko beam theory. Journal
of Vibration and Control 2019, Vol. 25(1) 203-218, doi.org/10.1177/1077546318774242
https://journals.sagepub.com/doi/full/10.1177/1077546318774242 [in English]

Degtyarev, K., Glushich, P., Gnitko, V., Strelnikova, E. Numerical Simulation of Free Liquid-
Induced Vibrations in Elastic Shells // International Journal of Modern Physics and Applications.
Vol. 1, No. 4, pp. 159-168, 2015. DOI: 10.13140/RG.2.1.1857.5209
https://www.researchgate.net/publication/280728146 Numerical_Simulation_of Free Liquid-
Induced Vibrations_in_Elastic_Shells

Medvedovskaya T. Free hydroelastic vibrations of hydroturbine head covers/ Medvedovskaya T.,
Strelnikova E., Medvedyeva K // Int. J. Eng. and Advanced Research Technology.— 2015.— Vol. 1.—
No 1.— P.45-50. https://journal-me.com/archive-ukr/vol21-2018-iss1-paper5/?print=print

Hagiiwna y nepwin pegakyii 07.10.2020, B octanHii - 12.11.2020.


https://journal-me.com/archive-ukr/vol21-2018-iss1-paper5/?print=print
https://journal-me.com/archive-ukr/vol21-2018-iss1-paper5/?print=print
https://www.twirpx.com/file/1922952/
https://ikfia.ysn.ru/wp-content/uploads/2018/01/Strelkov1975ru.pdf
https://ikfia.ysn.ru/wp-content/uploads/2018/01/Strelkov1975ru.pdf
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1367047/
https://doi.org/10.1007/s004070200000
https://link.springer.com/article/10.1007/s004070200000
https://pubmed.ncbi.nlm.nih.gov/19242472/
https://doi.org/10.1063/1.2170418
https://aip.scitation.org/doi/abs/10.1063/1.2170418
https://doi.org/10.1016/j.physleta.2006.04.026
https://scholarbank.nus.edu.sg/handle/10635/66179
http://anl.az/el_ru/kniqi/2013/2-815097.pdf
https://e.lanbook.com/book/2684
https://www.itmo.by/doc/publication/full_teplofiz2.pdf
https://journals.sagepub.com/doi/full/10.1177/1077546318774242
https://www.researchgate.net/publication/280728146_Numerical_Simulation_of_Free_Liquid-Induced_Vibrations_in_Elastic_Shells
https://www.researchgate.net/publication/280728146_Numerical_Simulation_of_Free_Liquid-Induced_Vibrations_in_Elastic_Shells
https://journal-me.com/archive-ukr/vol21-2018-iss1-paper5/?print=print

BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa
cepis «MaTemaTnyHe MoaentoBaHHs. IHhopmaLliiHi TexHonorii. ABTOMaTM30BaHi cUCTEMM ynipaBniHHs», Bunyck 48,2020 89

DOI: 10.26565/2304-6201-2020-48-09

VJIK 004.07

Po3pooka mepe:xesoi inppacrpykrypu loT Ha 6a3i cencopHoi mepe:ki
PO3NOJLIeHNX JATYMKIB VI BUMIPIOBaHHSA palialiiHOro 3a0py/{HeHHS 3
BUKOPHUCTAHHAM 0araTopiBHeBOI apXiTeKTypH

M.TI".CrepBoenos, B.JI.Teproxin

CrepBo€aoB K.M.H., 00yenm, 3a6i0yiouull Kageopu ereKmpoHiku
Muxkoga Ma ynpasusiiouux cucmem
I'puroposuy Xapxiscokuu Hayionanvhui ynisepcumem imeni B.H. Kapasina,

Maitioan Ceoboou 4, Xapxie-22, Ykpaina, 61022
e-mail: styervoyedov@yahoo.com
https://orcid.org/0000-0003-0136-6437

Tepboxin acnipanm Kageopu enekmponiKu ma ynpasgiaouux cucmem
Birauniii Xapxiscokuil Hayionanvhui yHisepcumem imeni B.H.Kapasina,
JleonimoBnu Maitioan Ceoboou 4, Xapxie-22,Ykpaina, 61022

e-mail: kbs-com@karazin.ua
https://orcid.org/0000-0001-7653-4488

V miif craTTi po3pobieHO MiIXOAW 10 CTBOPEHHS MepexeBoi iH(PpPacTpyKTypu Ha 0a3i CEHCOPHOI Mepexi pOo3HMOAiIeHHX
JAaT4UKIB JUI1 pamiallifHOro KOHTPOJIO 3a0pyAHEHHS HABKOJIWINHBOrO cepenoBuma. @DyHnameHtanbHi pimenHs 10T
XapakTepu3ye cebe SIK YacTWHA HEBIIMIHHOTO JKUTTS JIIOACH y Hammi KpaiHi, Ta He TUIbKH. BcTaHOBIIGHHS 3B 53Ky MiX
MPUCTPOSIMH Ta MEPEKEr0. Y CTATTI MPOaHATi30BaHO Ta PO3pOOIEHO MPUHIMIIOBI CXEMH Ta YHi()iKOBaHI MiAXOAH A0 MOOYI0BU
MOBHOILIIHHOT CHUCTEMH pO3MOAUICHMX IaTYHKIB SKI MOXYTh 3’€IHYBaTHCA MDK €000 10 O€3IpOTOBHM KaHAI.
BukopucToByroun XxMapHi cepBicH CHCTeMa BHXOAWTh HAa HOBHH PIBEHb B3a€MO3B’A3KiB MiX KOPHCTYBaueéM Ta JOJATKOM.
ABTOHOMHE KepyBaHHs Mepe)xelo MOBHHHA IependadaTd pi3Hi acIeKTH, sIKi B Hill 3aKJIajeHi TaKuX SIK, cepel SKUX MOXKHA
3a3HAYUTH: CaMOYIPABIiHHS], aBTOMAaTHYHE HAJAIITYBaHHs, aBTOMAaTHYHE YCYHEHHs NpoOieM, a TaKoX YCYHEHHs IpoliieM
skuBiIeHHs. LI mepenyMoBH € HalBaXJIMBIIMMHU Y Ciff CyKymHOCTI mpucTpoiB. Takok cucTeMma BifmoBigae KOMYHiKarlii
KOpHCTYBa4a Ta JIOJATKIB, a EeplI 3a BCe B CTBOPEHHI 3aXMIIECHNX KaHAIIB 3B 53Ky, 00 y ChOMY CBITI IOCTaja 3arpo3a came
KibepOe3reni cepeJoOBHINA Ta TOJATKIB, SKi 10 IHOTO 3aJTy4eHi Ta CIIPUSHHS HEJOCTOBIpHOT iH(OopMaIlii MOKe TTOBECTH 32 COO0I0
BEJNMKI BUTpPATH KOINT HA YCYHEHHS CTaTTi PO3IIITHYTO 3AaTHICTH pearyBaHHS JIOKAIi€l0 Ta KOMYHIKalil0 MpWIafiB Ta
KOpUCTYBaYiB Ta BiMOBigaTH MOTpebaM Oe3leKkn y BCTaHOBIEHHI oOnmagHaHHs. Oxpemi wacTiHM cuctemu 10T, mo 3a3Buyait
MPAIIOI0Th aBTOMATHYHO, HANAIOTh MOXKJIHMBICTH YIIOBHOBXXEHMM 0c00aM TPOBOAWTH HEOOXiTHI HaNaTyBaHHS Ta
BUMipIoBaHHs. Po3risiHyTo GararopiBHeBicTh 10T [u1s1 ynpasiiHHs nepeaadi, npuiomy Ta 00pooku nanux. CTaTTs € JOMOBHEHHS
JI0 IHIIUX CTaTeH 3a I[i€I0 TEMATHKOIO iHPPACTPYKTypH Ta PO3rany’keHO € MOBHOILIIHHOIO apXiTEKTYpOIO CEHCOPHOI Mepexi 3
BUKOPUCTAHHS MPOBIJHUX MiKPOKOHTPOJIEPIB sIKi Ha 6arato BUIIEPEIDKAIOTh CBiif 4yac. A BUKOPHCTAHHS Cy4aCHUX IIPOTOKOJIB
Ha 6arato pokKiB 1a€ MOXKJIMBICTh BIIPOBA/PKSHHSI 1i€] CHCTEMH He TUTBKH Ha TUpeTopil YKpaiHi. Mepexki koMyHiKanii HepeaaThb
JlaHi, OTPUMaHi 3 MiIKIIOYEHUX MPUCTPOIB, a TAaKOX IHCTPYKIIi BiJ MporpaM, iHIIMM YacTHHAM CHCTeMH. BOHHM HamaroTh
MOXIIUBOCTI I HaAiiHOI Ta eQeKTHBHOI mepemaui naHux. [HppacTpykrypa mepexi loT moxe OyTu peamizoBaHa sK 3a
JTOTIOMOTOI0 ICHYFOUMX MEPEeX Ta MPOTOKOJIIB 0OMiHY JaHUMH, HanpuKiIa, npotokoay TCP/IP, Tak i Ha Mepekax 110 y 1ei gac
MIPOXOIATH CTAIII0 PO3POOKH, TaKUX K Mepeski HoBoro mokomiaHsA (NGN). CkiagHi Mepeski 3aCTOCOBYIOTh HOBITHI MIAXOIH 10
YIPAaBIIiHHS CUCTEM.

Knrwowuosi cnosa: padiayiiinuii MOHIMopuHe, MiKpOKOHMPOIEPHUL 003UMemp, OemeKmop, MiKpOKOHMpoiep, HanienpogioHUKo8i
CeHcopu, 3apa0o - Yymaueuil nioCUI08ay, XMapHi cepsicu, 6i00aneHuti 00Cmyn Kopucmysadis, ceHcopui mepedci, Inmepnem
peuell.
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Approaches to creating a network infrastructure based on a network of distributed sensors for radiation monitoring of
environmental pollution have been developed in the article. Fundamental solutions 10T is characterized as integral part of the
peoples’ live not only in Ukraine but a whole world. The article analyzes and develops schematic diagram and unified approaches
to building a full-fledged system of distributed sensors that can be wirelessly connected to each other. By using cloud services,
a new level of interaction between the user and the application has been reached. Autonomous network management should
provide for various aspects such as: self-management, automatic configuration, automatic troubleshooting, as well as power
management. These prerequisites are essential for this set of devices. The system is responsible for communication between the
user and applications, and above all for creating secure communication channels, because the issue of cybersecurity is of extreme
importance and data breaches can cause environmental risks and huge expenses. The article examines the ability to respond to
location, provide communication between devices and users and meet the security needs of the equipment installation. Individual
parts of the 10T system, which usually work automatically, allow authorized persons to provide the necessary configurations and
measurements. The multilevel nature of 10T for managing transmission, reception, and data processing has been considered. The
article supplements previous articles on the topic of full-fledged sensor network architecture where the modern microcontrollers
are used. Using modern protocols makes it possible to present this system on the world market. Communication networks
transmit data received from connected devices, as well as program instructions to other parts of the system; therefore providing
opportunities for reliable and efficient data transmission. The 10T network infrastructure can be implemented through existing
networks and data exchange protocols, such as TCP/IP, and on currently developed networks, such as next-generation networks
(NGN). The latest approaches to system management are applied.

Keywords: radiation monitoring, microcontroller, dosimeter, detector, microcontroller, semiconductor sensors, charge-sensitive
amplifier, cloud services, remote user access,sensor networks,loT.
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B 3710it cTathe paspaboTaHbl MOAXOMBI K CO3JIaHUIO CETEBOW HH(PACTPYKTYphl Ha 0a3e CEHCOPHOW CETH pAaCIpeNesICHHBIX
JATYMKOB JIJIsI pAIHAIIMOHHOTO KOHTPOJIS 3arps3HEHHs OKpyKaroleit cpeapl. @yHnamentansHbie pemenns 0T xapakrepusyer
ce0st KaK 4acTh HEOTMEHHOM KHU3HHM JIIOJIeH B HAILIEH CTpaHe U He TOJbKO. Y CTAaHOBKA CBA3M MEXAY YCTPOHCTBAMHU U ceThi0. B
CTaThe MPOAHATM3MPOBAHBI M Pa3pabOTaHbl MPUHIMITHATIBHBIA CXEMbl M YHU(DUIMPOBAHHBIC TMOIXOABI K IMOCTPOCHHUIO
MOJTHOIIEHHOH CHCTEMBI PacIpelelIeHHBIX NaTYHKOB, KOTOPhIE MOTYT COCOMHATHCS MEXIY cOOOW MO OecrpOBOIAHBIM KaHAIL.
Hcnonb3ys obmauHble CepBUCHI, CHCTEMa BBIXOANUT HA HOBBIM yPOBEHB B3anMOCBs3eil Mexay [lomp30BareneM u MPUIOKECHUEM.
ABTOHOMHOE YIPaBJIEHHE CETHIO JOJDKHO MPEIyCMaTPUBATh Pa3IUYHbIC aCTIEKTHI, KOTOPBIC B HEll 3aJI0’KEHBI TAKUX KaK, CpeIn
KOTOPBIX MOKHO OTMETHTh: CaMOYIPaBJICHUE, aBTOMAaTHIECKasl HACTPOWKa, aBTOMAaTHYECKOe yCTpaHEeHHe MpoOieM, a TaKKke
ycTpaHeHHe Mpo0ieM MUTaHus. DTH MPENOChUIKHU SBISIOTCS BOKHEHIIMME B 3TOH COBOKYITHOCTH yCTpoiicTB. Takxke cucrema
COOTBETCTBYET KOMMYHHKAIIMH MOJB30BATENs M HPHIOKEHUH, a TPexIe BCEro B CO3JaHMHU 3allMIICHHBIX KaHAJOB CBSI3H,
MOTOMY YTO B CEIbMOM MHpE BO3HHKJIA Yrpo3a MMEHHO KHOepOe30IacHOCTH CPeAbl M IMPUIIOKEHHH, KOTOPhIE K 3TOMY
BOBJICUCHBI U CO/CHCTBHE HEIOCTOBEPHON MH(pOPMAIMK MOXKET MOBECTH 3a co0Oi OOJIbIINE pacXolbl Ha yCTPaHEHHE ITHUX
npobieM. B cratke paccMOTpeHa CHOCOOHOCTH pearupoBaHUs JIOKAIMEH M KOMMYHUKAIMIO TPHOOPOB W MOJB30BaTENEH,
OTBEYATh MOTPEOHOCTSM OE30MacHOCTH B ycTaHOBKe oOopynoBaHus. OTaenbHbIe YacTd cucTeMbl 10T, KOTOphIe OOBIYHO
paboTaroT aBTOMATUYECKH, MPEAOCTABIIOT BO3MOKHOCTh YITOJHOMOYEHHBIM JIHI[AM MPOBOJUTH HEOOXOIUMBIC HACTPONKH U
n3MepeHnsi. PaccMoTpeHa MHOTOypoBHEBOCTH |OT ans ympaBieHus mepenadd, mpreMa W oOpaOOTKH JaHHBIX. CTaThbs
npeacTaBiseT coOol JOMONHEHHe K JPYTMM CTaThsM IO JTOH TeMaTHKe HWH(PACTPYKTYPhl M Pa3BETBICHHO SBISETCS
MOJTHOLICHHOW apXUTEKTYpOH CEHCOPHOW CEeTH MO HCHONB30BAaHHMIO BEIYIIMX MHUKPOKOHTPOJUIEPOB, KOTOPBIE HAa MHOTOE
OTIEPEXKAIOT CBOE BpeMsl. A HCIIOJb30BaHHE COBPEMECHHBIX MPOTOKOJIOB HAa MHOTHE TOMBI Ja€T BO3MOKHOCTH BHEIPEHHUS DTOMH
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CHCTEMBI HE TOJIbKO Ha TeppHTOpuu YKpamHbl. CeTH KOMMYHHKAalUH IEpealoT JaHHbIE, MOJyYeHHbIE C IOJKIIOYCHHBIX
YCTPOMNCTB, a TakKe MHCTPYKIUH OT IPOTPaMM, APYTHM 4acTsIM cucTeMbl. OHHU IIPEIOCTABISIIOT BO3MOXKHOCTH JUISl HAJISKHOH H
s dexTrBHOI epenaun naubIX. MHGpacTpykTypa cetn 10T MoskeT OBITH peai30BaHa Kak ¢ IOMOIIBIO CYIIECTBYIOIINX CeTel
U MPOTOKOJIOB OOMEHA JaHHBIMH, Hampumep, npotokoia TCP/IP, Tak u Ha ceTsiX B HACTOSIIEE BPEMSI MPOXOAAT CTAIHIO
pa3paboTku, Takux kak cetu HoBoro mokosneHust (NGN). CroxkHble CeTH MPUMEHSIOT HOBEHIIHE MOAXOMABI K YIPABICHHUIO
CHCTEM.

Knrouesvie cnosa: paouayuonmvlii MOHUMOPUHE, MUKDOKOHIMPOLNEPHLIL 003UMemp, OemeKmop, MUKPOKOHMPOLIep,
NOIYNPOBOOHUKOBbLE CEHCOPYbL, 3aPA00 - YYECMBUMENbHbII YCUNUMeNs, 00JayHble CepeUChl, YOAIeHHbIE 00CmYn noab3oeamenei,
cencopHvle cemu, Hnmeprem gewyu.

Beryn

Ha nanwit yac 3HalTH BUXiTHY TOYKY /U KOHIIETIT [HTEpHETY pedeil € mpoOeMoro, OCKLTEKH TTOSBa
IaTepHeTy peueil € opraHiyHOIO Ta MepeAdadyyBaHOIO B YMOBaX CHIBHOTO PO3BUTKY ENEKTPOHIKH Ta
iHpopmaniianx TexHosorii y 1980-x pokax. Pi3Hi iHCTpYMEHTH MiAIMITOBXYBAJM JIIOJCTBO BIIEpE],
PO3IIMPIOBATIM MOKJIMBOCTI IMBLTI3AI] Ta 3aKIafalid OCHOBY JJIsi BUHAXOAY HOBUX 3HApAOb MpaIlli.
[HCTpYMEHT € MPOAYKTOM JIIOJUHH, 1 BiH 3aBXIH HAMAara€ThCsl MOJEPHI3yBaTH HOTO AJIS 3aJ0BOJICHHS
noroynux notped. llle mo mosBu mepmoi BOyIOBaHOI CHCTEMH, 3 BIPOBAKCHHSAM TEXHOJOTI
enexTpudikamii Ta aBTOMaTH3aIii, 3MiHWIACS BEJIHMKA KUTBKICTh 3BHUAHHUX MPEaMeETiB mooyTy. PruHOK
CTUMYJIIO€ BUKOPHCTAaHHS HOBHX TEXHOJOTiH, OCKUTFKA BOHHU JIOJAIOTH BAPTICTh MPOAyKTaM. bimbrie
TOTO, X04a OINBIIICTH JIOJICH HE HOCATH KOJIBOPOBE B3YTTs, OUNIBIINI BiICOTOK JIIOAEH BUKOPHCTOBYE
EJIeKTPOIPIII 3aMicTh py4yHUX. Lleit mpukiag HAOYHO LTIOCTPYE BAKIMBICTH BUPIMIEHHS KOHKPETHUX
TEeXHIYHUX TpoOiieM. OCKiNBKU [HTEpHET MPOCYBAETHCS Y BCHOMY CBITI SIK €IMHUHN iHGOpMAaIiitHmiA
KaHaJ, "po3yMHi" IpuUcTpoi (TOOTO MPUCTPOT, PYHKIIIT IKUX OyJIHM PO3LIMPEH] a00 BIOCKOHAJICHI 3aBIISKH
BUKOPHUCTAHHIO IU(PPOBUX TEXHOJIOTIH) MOYaIN IHTETPYBATUCS B MEPEKY.

Bimoma xopmoparist Cisco Systems BuszHaumna mnepiog 3 2008 mo 2009 pik, xonmu [HTEpHET pedei
cnpasai "HapoauBcs". CiBBiAHOIIEHHS KIIBKOCTI peueii 10 KiIbKOCTI Jitojieid B [HTepHETI Mae nepesary,
tomy B 2010 p. BapricTs peueit cranoBuna 1,84, a 8 2003 p. - 0,08 [1]. Toit daxr, 1110 mpucTpois 3abarato,
LTFOCTPY€E KOHIICTIIIF0, TOMY BOHa € YaCTHHOK CY4YacHOTO CBiTYy, TOMY PO3YMiHHS ii NMPHUHIHUIIB €
aKTyassHUM. Po3po0OKa MiIxo/iB 10 CTBOPEHHS XMapHUX CHCTEM OLIBII MPUMITUBHUX cucteM M2M, B
SAKUX 00YHCITIOBAIbHI MAIITMHU MTOEAHYBATUCS 0JJHA 3 OJHOO HanpsMy. 3BU4aliHuiA [HTepHEeT, KilieHTaMu
SIKOTO € JIFOJIH, III0 BUKOPUCTOBYIOTH Pi3HI BapiaHTH MEPCOHAIBFHUX KOMI IOTEPIiB MPUIHATO Ha3UBATH
«IHTEpHETOM KOMII FOTEPIBY.

VY cdepax JOTICTHKH Ta OXOPOHHHUX CHCTEM BXKE IaBHO BUKOPUCTOBYBAJIHCS 3aCO0H PajliodacTOTHOT
inentudikamii (RFID). Miceka iHdpacTpykTypa Takox migkiaroueHa 1o I[HtepHery. CBoeuacHe
BUSIBIICHHSI 3arpo3 BiJl CTHXIHHHUX JIMX, TAaKWX SK JICOBI MOXKEXI 49X pajialiiiiHi 3arpo3u, JA0MOMarae
aBapiiiHuM ciyx0am. 3a JIOMOMOror Po3yMHOI CUCTEMH KaMmep ado JAaTYMKIB B MOXKETE BCTAHOBUTH
BJIACHHMKa aBTOMOOLIs Ta HaknacTu mrpad. KoHTpob TOpOXKHIX 3aTOPIB yCyBae mpodiieMy 3aTopiB Ta
ABTOMAaTHYHO 3MiHIOE PiBE€Hb OCBITJIEHHS, 11100 JONMOMOTTH 3a0ILAAUTH €JEKTPOCHEPIii0 Ta MOKPAILUTH
OTJISI TPU 3MiHI TPUPOJHUX YMOB. BiJCTeXylOUn HAsSBHICTb MicIlb Ta OpOHIOIOYH MICIS IS
NapKyBaHHs, CTOSHKH CTaloTh MBHIIUMHA. CHCTeMa METEOCTAHIH MOXKe IMOKpPAIIUTH TOYHICTh
nporHo3sis nmoroau. Y 2010 poui Kutaii B3sB HarlioHaIbHUI Kypc 1 3anpoBaauB [HTepHET peueil y cBoix
Mictax. B nanwmii uac Kuraif KOHTpOIIOE HaOLIBbITy YacTKy pUHKY [HTEpHETY peueid, o ctaHoBUTE 22%
BiJI 3arajibHOI KiJIbKOCTI [2].

DyHAaMeHTAJIbHI XapaKTepucTHKH BUKopucTaHnHs 10T y ceHcopHiii Mepexi panianiiiHoro
MOHITOPMHIY

BukopucTaHHS CEHCOPHMX MEPEX MOXKHA OXapaKTepPH3yBaTH HU3KOK OCHOBHUX XapaKTEPUCTHK,
OB’ SI3aHMX 31 CTPYKTYPOIO Ta BUKOPUCTAHHAM [HTEpHET peueit:

ApPXITEKTypy MEpeKi MOKHA PO3JIIIMTA HA YOTHPH PiBHI, KOXKEH 3 IKUX BUPIIIYE [TEBHI TPOOJIEMH B
nporieci 00pobku manux (puc. 1).
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Ipomizxui npuctpoi (inTepnperanis, 38'130K)

Vv ou Posymni npacTpoi (TeTekTyBanAs, peakmis)

Puc. 1. Pigni apximexmypu mepedici ma ix 3adaui.

Haiibnmkue 10 npeamMeTHOT o0iacTi - e BUCOTa CMapT-MPUCTPOIO (JIaT4YMKa) - Tak 3BaHOI "peui'.
Po3ymHI ipucTpoi - 1ie cnocid mepeTBopeHHs JaHuX i3 (pizuyHOro CBiTY B IM(ppOBUii 1 HaBmaku. BoHu
MAalOTh JAaTYHKH, SKi JO3BOJSIIOTH OTPUMYBATH 3HAYEHHS Pi3HHUX 30BHIMIHIX 1 BHYTPIIIHIX TTOKa3HUKIB:
TeMIIepaTypH, BOJIOTOCTi, MPOCTOPOBOTO PO3TAaIlyBaHHS, HAPYTH, KOILOPY Tomo. [lyckaui (ABUTYyHH,
3BYKOBI, Bi3yallbHi 1HCTPYKIii TOIO) IO3BOJISIOTH pearyBaTh Ha KOMaHIM MEpeXi Ta pearyBaTd Ha
30BHIIITHE cepenoBUIne. Bennka KidbKiCTh HaTYHMKIB MiaKitoueHa 1o JokanbHOT Mepexi (LAN, WSN)
uepes 3'enHanHs Wi-Fi abo Ethernet. IcHytoTh TakoX maTumky, siki Oe3MocepeHbO MiIKITI0Yal0ThECS 10
Mepexi 3a gjonomMororo Mooinsaux MetoaiB (GSM, GPRS, LTE).

CeHcopHI MacHBH, SIKi TEHEPYIOTh BEJIMKi 00CATH TaHUX 1 BAMAralOTh HAIIHOI Ta MIBUAKOI epeaadi
JAHUX, 3a3BHYail BUKOPHCTOBYIOTh BHJIUIEHI MepexXi Ta MPOMIXHI MPUCTPOi, AKi MepenaroTb JaHi B
Mepexy. s 3B'I3Ky B JIOKAIBHIN Mepexi BUKOPHCTOBYETHCS CIIEIiaIbHUIA MPOTOKOM JAJIsl iHTerpaiii
JaTyiKa 3 pe3yJibTaraMu B pi3HUX (popmaTax. [IpomikHHI TPUCTPiH MOXKE IHTEPIPETYBATH OTPUMAHI
naHi, 30Upaty iX y MakeTH JaHWX, 30epiraTé y TUMYAacOBOMY CXOBHII, BUKOHYBATH (iIbTpaIlilo Ta
BUKOHYBATH MOIEpPETHIO 00pOOKY, IepeaaBaTH JaHi 10 MEpeXi Ta 3aXUINATH JOKAJIbHY MEpPEeKy BiJ
MOXJIMBUX aTak [5]. PiBeHb ynpaBiiHHS JaHUMH BCTAHOBJIIOE TPaBUJIa MPOMIXXHOI OOPOOKH NaHUX.
OO6pobuisitoun Benuki o0csry iHpopmarii, BiH 34aTHUH OYMIIATH HETIOTPiOHI 3amucy, aHalli3yBaTu AaHi
Ta 30MpaTH CTaTUCTUYHY iH(OpMaIito. 3a MEeBHUX YMOB BiH MOXKE HaJiclaTy 3aluT Ha NEBHUN piBEHb
BIJIMOBiZII Ha CMapT-MIPUCTPiHd, THM CaMHM IPHCKOPIOIOYHM IIBWAKICTH BIJMOBiAI cucTeMu. PiBeHb
VIOpaBIiHHSA JJAHUMH [1030aBJIsg€ MOTPEOM 3aBaHTAXKyBaTH PO3IIMPEHI MPOrpaMu IILJIIXOM aHai3y
HaJUIMIIKOBUX IMAaKeTiB AaHUX. Hampukian, oTpuMyioun TeMneparypy Ta BOJOTICTb, SKIIO 11 TTOTPiOHO
KOPUCTYBaueBi, BIH MOXe TepeaBaTH JIHIIE JaHi PO TeMIIepaTypHHUi 1HIIEKC.

PiBens nporpamu (piBeHb IpOrpaMu) € MTBOBUM KOpucTyBadeM iHpopmarii. Ls nporpama otpumye
00po0iteHi gaHi. Y IpUMIIIeHHI 3HAXOAUTHCS CUCTEMa KIIIMaT-KOHTPOJIIO Ta HAcOCHA cTaHIis. Cucrema
BHKOPHCTOBYE 1HIMKATOP JETEKTOPa JUIsi KOHTPOJIIO TUCKY BoHM [6].

Po3podka 3’eqHaHb CEHCOPHOI Mepe:ki ¢ BukopucTanus 10T

Juis BCTaHOBIJIGHHSI 3’€JHAHHS MK YacTHHAMH CHUCTeM I[HTepHeTy pedell BUKOPHUCTOBYIOTH Pi3Hi
MIPOTOKOJIM OOMIHY TaHUMHU:

«  MQTT (Message Queue Telemetry Transport) — mpoTokos 3’€1HaHHS CEHCOPIB Ta MPOMIKHHX
npucTpoiB. BukopucToBye MoOjens TiAMUCKH 3 OpokepoMm, Je Opokep BiINOBiIalbHHN 32
aBTeHTH]IKAIII0 aapecary Ta aapecaHry. [Ipaitoe y moennanui 3 TCP/IP.

* ZIGBEE - mpotokon 3 HHM3bKMM pPiBHEM €HeprosaTpaT Ta MaJIOI0 IPOIYCKHOIO 3AATHICTIO.
Haituacrime BukopuctoByeTbes B [0T.

+  AMQP (Advance Message Queuing Protocol) — BUKOpHCTOBYEThCS Ha MPHKIAIHOMY PiBHI.
3acHOBaHUI1 Ha Yeprax MoBiJIOMJICHb.
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+ DDS (Data Distribution Service) — mpoTokoa po3MOBCIOMKEHHS JaHNUX, 3aCHOBAaHMI Ha PiBHI
pexoncTpykuii ganux (DLRL), mo Buctymae intepdeticom anst piBHS iHPOpMaLiiiHO-Opi€eHTOBaHHX
nyOunikanii 3a nianuckoro (DCPS). BUKoprcTOBYIOTh B IPOMIXKHHUX MPHUCTPOSIX Ta XMAPHUX CEpBicax.

»  LoRaWAN (Long Range Wide Area Network) — mpoTokoi, 1110 Hafae MOXKIJIUBICTb ITiJKITFOUEHHS
BEJIMKO{ KiIbKOCTI IPUCTPOIB MaJIoi MOTY>KHOCTI HA 3HAYHIN BifcTaHi (10 15 Kimomerpis).

Inmumu nporokonamu 0T e: Bluetooth, Wi-Fi, Cellular (moGineauii 38’ s130k), UDP, IPv6, QUIC,
Nano-IP, DLTS [7].

BukopucTOBYIOTH pi3Hi TOITOJIOTII i AKITFOYEHHS 10 MEPEXKi:

*  3’€QHaHHAM 3 JOMOMOTOIO HITIO3Y;

*  3’eaHaHHAM 0e3 MOoCcepeIHNKIB;

*  3’¢mHaHHAM 0€3 BUKOPHCTAHHS MEPEXi, TOOTO, IO CXEMi «TOYKa-TOUKa.

TakoX 3aCTOCOBYIOTH 3MIillIaHi BapiaHTH TOIMOJIOTII Mepexi MOE€AHAHHSIM MACKUIBKOX BapiaHTiB
komyHikanii. Cxemy cuctemu IHTepHeTy pedell 3 pi3HMMH BapiaHTaMH MiIKIIOYEHHS HaBEJICHO Ha

(puc. 2).

IHOPMAaLLIHHWIE CBIT

Pi3U4HUK CBIT
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Puc. 2. Bapianmu nioknouenms mepeoici.

XMapHi cepBicu Ta KJIacH CEHCOPHOI Mepe:xi

Meperxka 3B'3Ky Tiepeae AaHi, OTpUMaHi BiJI MiJKIIOYEHUX PUCTPOIB, Ta IHCTPYKIIT B/l mporpamu
JIO 1HIIIMX YaCTUH CUCTeMHU. BOHM Ha/lal0Th MOXKIIMBOCTI JUIsl HaIiHOT Ta ePeKTHBHOI Iepenayi JaHuX.
Mepexesa inppactpykrypa loT Moxke Oyt peaizoBaHa 3a JOIMTOMOTOIO ICHYFOUHX MEPEX Ta IPOTOKOJIIB
383Ky (Takux sik TCP / IP) abo B Mepexax, 110 3apa3 po3poOisioThes (TaKUX K MEpEXi HAaCTYIHOTO
nokoiaHs (NGN)). CknanHi Mepexi BAKOPUCTOBYIOTh HOBITHI METO/IM YIIPABIiHHS CHCTEMOIO.

Sk OyJ10 omKcaHo y MOMEpeaHiX cTaTTsx [6], BUKOHYIOYM MEBHI KOMaHAH, CIIiJl 3BEPTAaTH yBary Ha
THUIH TIOB1IOMJICHb, SIKUMH OOMiHIOIOTHCSI MK PI3HUMH YaCTHHAMH CUCTEMH Ta KIIFOYOBUMH 00JIACTAMHU.
Bu mobauwure, 1110 JesKi TOBIJOMJICHHS 03HAYEH] KOJbOPOBUMH CTPLIIKAMH, 1 mporiec Oy 1e 3aIriaTHCs
aKTHBHUM JI0 OTPUMAaHHS BIAMOBIII BiJ ofepyBaya. IHII aCMHXPOHHI MOBIJOMJICHHS JI03BOJISIOThH
BUKOPUCTOBYBATH CHCTEMHI KOMIIOHEHTH BiJpa3y Miciis HaJcuiIaHHs KoMaHau. Kpim Toro, Ha MaoHKy
TaKOX MMOKa3aHo JBI 00J1acTi KUKy, BOHM BiIIOBIIal0Th 3a POIIEC BUSBICHHS LIUKITY, 1€ BIIOYBAETHCS
yac MiX cripo0aMy BHUSIBJICHHS Ta 4ac MiXK BiampasieHHsM nakeTiB 1o ThingSpeak. Ha npomy erami
MOYKHa BB@)KaTH, IO AMHAMIYHUMA ONUC KOMIIOHYBaHHS CHCTEMH € JOCTAaTHIM IJisi PO3pOOKH ii
ITOPUTMY Ta MPOrpaMHOI peaizawii. 3aBepIIaJbHIM KPOKOM Y po3poOLi apXiTeKTypHu MakeTa 0OMiHy
JaHUMU OyJie CTBOPEHHS CXEMU KJIACy NPOrpaMHOro 3abe3reveHHs] MakeTa Ta KII€HTCHKOI Iporpamu
Android 11 BU3HaYCHHS CTPYKTYPHHUX €JIEMEHTIB, iX aTpHOyYTIB Ta MoBeAiHKH (puc. 3).
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cd Module J
EEPROMWorker Main JSONSender
- ssid_tag: char - server_ssid: char* - buf: char{2000]
- pswd_tag: char ﬁ - server_password: char* ’1—1 - wKey: char[17]
- eeprom_addr. int - server. WebServer - chanlD: char(8]
- buff_size: int = wifiMuiti: WiFiM ulti - buff_size: int
- setAddr(int); void - dlient: WiFiClient + init(int, String, String): void
- setEntriesN(int): int - eaprom: EEPROMWorker + addInfo(float float,fleat float)
+ clear(int); void - mode: bool + sendInfo(WiFiClient): void
+ getEntriesN(): int - wifi_connect(): void + setWKey(String). void
+ getAddr(). int - shutdown(): void + setChanlD(String): void
+ save(String,String ). void - setupServer(): void
+ load (WiFiMulti*) - setup(): void <constant>
+ loop{): void €-—--- page_root
- PAGE_ROOT: chad]

Puc. 3. UML oiacpama knacie npoepammozo 3abe3nedents Mooy,

IIporpamue 3abe3neueHHs] MakeTa He IOTPeOy€e CTBOPEHHS BEJHMKOI KiTBKOCTI KiaciB. SIK mpaBwiio,
MpoIIecH, sIKi BiZ0OyBaTUMYThCA B Ll YACTHUHI CHCTEMH, OyIyTh peasTi3oBaHi 0e3 BUKOPHCTaHHS 00'€KTHO-
opieHTOBaHUX TporpaM. SIk BUAHO 3 (pHc. 3), KIacoMm, SIKUi IOBUHEH OyTH peanizoBaHuil poOOTOM0, €
kmac poboru. Kmac EEPROMWorker iHKamcymoe BCIO poOOTY B €HEproHE3aNIeKHIM TaM'aTi
MiKpOKOHTpoJjepa. Bin noeunen 3anucaru napy SSID i mapons, nepenani B HTTP-3anmti, B EEPROM.
Kpim Toro, notpiOHO 30eperTH KinbKiCTh LIUX Map Ta MiCle PO3TaIllyBaHHsI OCTAHHBOTO 3aHSATOTO OJIOKY
30epiranns. Takoxx MOTPIOHO MAaTH MOXKIUBICTh OYHCTHUTH ITaM’STh, TOBEPHYBIIUCH IO ITOYaTKOBOTO
hopmarty, i 3aBaHTXUTH 30€peKeHi 3HAYSHHS Y KJIAC, BiAMOBIMAIBHUN 3a IiIKIIOYECHHS O BiIOMHUX
To4OK moctymny Wi-Fi. Sk 1 iHmn kjiacy, BUKOPUCTaHI Ha il cXeMi, IIeH KJIac TaKOX € YaCTHHOI rOTOBOT
0i0mioTexku. ToMy iX 300paskeHHsI Ha liarpami KJIaciB HEMOTPiOHI, OCKITbKY BOHU € "UOPHUMHU SIIIIUKaMHU"'
JUTSL CHICTEMH. BiNbIl akTyalnbHHM € CTBOPEHHS Jiarpamu KiaciB ais KiieHTcbkoro Android momaTtky

(puc. 4).

cd Android app J N winterfacen
51 |1 |1 &1 ,—{) Fragment
FragmentClientSetup DataViewerSVM FragmentData \Viewer : x\cf‘mal:er\:!m(-a;enw }; void
- model: DataViewerSVM + CHAN_ID: MutableLiveData<Int> - model: DataViewerSVM o
- tfChNum: TextinputLayout + POINTS_NUM: MutableLive Data<Int> - chlD: String fl}n
- tfFieldNum: TextinputLayout + FIELDS_NUM: Mutable LiveData <Int> - fNum: String
- tfPtNum: TextinputLayout + UPDATED: MutableLive Data<Boolean> | |- pNum: String FragmentDeviceSetup
+ onCreateView(...). View + sendChan ID(Int). void - updateDataView(View): void - parameters: String[]
+ onViewCreated(View, ...). void + sendPointsNum(int): void + onCreateView(...). View « inputFields: TextinputLayout[7]
+ sendFieldsNum(Int). void + onViewCreated(View, ...). void - switches: SwitchMaterial[2]
4 ’ + update(): void - KEY_PATTERN: Pattern

1 - postRequest(): void

1 1 3 7 - clearFielkds(). void
‘ 6 + onCreateView(...). View

+ onViewCreated(View, ...} void

7 AppContextProvider MainF S Adapter
- instance: AppContextProvider - itemCount: int
+ applicationContext: Context + getitemCount(): int i 7 MainActivity
+ onCreate(): void + createFragment{int): Fragment + appVer: String

I + onCreate(): void
1 e

Puc. 4. UML oiaecpama xnacie Android oodamxy.

Cxema kJaciB JOAATKIB MOKA3Y€E JIMILIE KJIACH, sIKi MOTPiOHO po3podutu. s ctBopeHHs rpadidHoro
iHTepdeiicy KopucTyBaua MoTpiOHO BUKOPHCTOBYBATH BEJHKY KUIbKICTh TOTOBUX KOMIIOHEHTIB 3 Pi3HUX
0i0miorek Android. Jesiki 3B’s3KHM 3JIHCHIOIOTBCS Ha pIBHI TPUXOBAHWX 4YacTUH OiOMIOTEKH Ta
BIpoBaKeHHsI. OCHOBHUMM KjacoM mporpamu € kinac MainActivity. Ilporpama moumnaerscst 3 i
iHimiamizamii. AHadi3yloud BUKOHAHHS CHCTEMH, IO MICTUTh HEOOXiIHI €JIeMEHTH NPOEKTY, VI
3a0e3neueHHss KOPEKTHOI POOOTH MpOorpaMHu MOXKe OyTH MpH3HAYeHO Oe3Niv KiaciB 00CIyroByBaHHS.
Jl1st HaflaHHS KOHTEKCTY IPOIrpaMH CTBOPIOETHCS TOYKa JocTyny y Burisi kiacy AppContextProvider.
Lle mo3Boysie mepeHECTH KOHTEKCT MNpOrpaMd Ha iHIN BHAM [JisSUIBHOCTI, KpiM ocHoBHOI. Kiac
DataViewerSVM 3a0e3neuye aCHHXpPOHHUH JOCTYII IO CIIJIbHUX 3MIHHHUX KUTBKOX (DparMeHTiB, TAKUMH
€. (parMeHTH TpeJCTaBleHHS JaHUX Ta (parMeHTH KoHirypamii mnporpamu. TyT dacro
BUKOPHUCTOBYIOTh JIaHi SIK MapaMeTp 3aluTy Ui XMapHuX ciyk0. PoOora Han mpoekroM moB’si3aHa 3
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PO3pOOKOI0 HHU3KH TMPOTPAaMHUX PpillleHb IS (HI3MYHO-PO3Taly’)KEHHUX EJIEMEHTIB CHCTEMH Ta
HaJIaTOJKCHHSM 3B 3Ky MK HUMH. KiHIEBHM pe3ynbTaToM CTaB amapaTHO-IPOTPaMHHUI MakeT IO
JEMOHCTPYE B3a€EMOJiI0 KOMIIOHEHTIB CHCTEMH HAa KOXKHOMY €Talli poOOTH 3 JaHWMH Ta 34aTHUH 110
HaJIAIITYBaHHS JJIs1 pOOOTH y HOBIH JIOKAIIii.

Buo6ip Ta nigk/JI09eHHs anapaTHAX YaCTHH MaKeTy

Ilixm gac po3pobku He OyIO NOUITBFHOCTI MasTH BIACHWUH 8-pO3PSIHUN KOMITIOTEp Ui BUBYCHHS
€JIIEKTPOHHUX MPOJYKTiB, BKIIOYAIOYH MPOrPaMiCTH B CTPYKTYpi CXE€MH, TOMy HeMae HeoOXiIHOCTI B
JOPOTHX 30BHIIIHIX pIlIEHHSX 1 HEHAAIMHUX cXeMax MiAKIIOYeHHsS, a BOyJZOBaHAa cXxeMma peryisropa
MOTY>KHOCTI €KOHOMHTB COTHI mporiecopiB KopoTke 3aMrukaHHS Ta HecripaBHICTh. B OCBiTI Ta MOOIYHMX
MPOEKTax BUKOPUCTAHHS IUIaT, MoAiOHuX 10 Arduino, cTano ¢pakTHYHUM CTaHAapToM. Manwuii 6i3Hec Ta
CTapTaIy iHOJi BAKOPHCTOBYIOTh JIOIIKK PO3BUTKY JIsi CTBOPEHHS IIEpIIOi Bepcii CBOiX Oi3HEC-TIPOEKTIB.
[TosiBa HOBHX MIKPOKOHTpOJIEPIB Maike 3aBKAM MOB'S3aHA 3 MOSBOIO IJIAT PO3BHUTKY, 3aBASKH YOMY
(haxiBIyi 3HAHOMIIATHCS 3 PYHKIISIMA HOBHX MIKPOKOHTPOJIEPIB, a MMOTIM BUKOPHUCTOBYIOTH 1X y BIACHUX
cxeMax po3poOku. {1 HpOro mpoeKkTy Oyo BUPIIIEHO CTBOPUTH MaKeT 3a JOIMIOMOT OO [IATH PO3POOKH
Ta nepudepiitanx npuctpois. Ilicms ocTaTodHOTO 3aTBEpKEHHS amapaTHOTO 3a0e3MedeHHs] CUCTEMH,
pPO3poOKH Ta TECTyBaHHS MPOTPAMHOIO AITOPUTMY Ta BHIIPABICHHS IMOMIJIOK Ha PI3HUX eTamax
PEKOMEHYETHCS PO3POOHUTH Ta BATOTOBUTH BJIACHY CXEMY MiKpOKOHTpoJiepa. Bubip KOHKpeTHOT miatn
PO3pOOKHM I BUKOPHUCTAaHHS IBOT'O MIKPOKOHTpOJepa 0a3yeThCsl Ha KiJIbKOX (paKTopax: KiTbKOCTI
po3Benennx BuxofiB GPIO, HasBHOCTI BUXO/IB MPOrpaMicTa Ta JIAHITIOTIB JKUBJICHHS Ta HASBHOCTI IIIaT
PO3BUTKY B YKpailHCBKMX MarasuHax. SIk pe3ysibTaT, oOpaHa ara € anajaoroM Bizomoro Wemos D1 R2
(puc. 3.1), axuii mobynoBanuii Ha MikpokoHTpoJepi ESP8266. [Tnata Wemos D1 R2 Oyna oGpana,
OCKUTBKM BOHa Mae BOYZOBaHHMH KOHTPOJEP JKUBJICHHS 3 KOAKCIaIbHHUM BXOJIOM, IIO JIO3BOJISIE
3aMUTYBATH MIKPOKOHTPOJIEP BiJ JuKepera KUBIEHHS 3 IIUPOKUM Jiama30HOM JOMYCTUMHX HampyT (9-
24B). Kpim Toro, BiH Takox Mae iHTepdeiic USB, 11 nudpoBux ta 1 ananorosuii Buxia. Ha (puc.
5).300pa)keHO TOTOBUI MaKeT MPHUCTPOIO MOLIMPEHHS JO3UMETPHUYHOT iHpOpMallii Ta BKa3aHO TOJOBHI
KOMITOHEHTH MaKeTy.

Puc. 5. Komnonenmu maxemy npucmpoio 0OMiHy OaHumu.

Jlo KOMIIOHEHTIB MakKeTa HajexaTh: 1-rutata po3pooku Wemos DI1R2, 2-maTunk TemmepaTypu Ta
Bosorocti DHT22, 3-morenuiomerp, akymyistopHa Oartapes 4-5 B 2,4 A 3 Buxomom USB, 5-
IHAMKAaTOPHUI CBITIIOA10/, 6-KHOIIKA YIPABIiHHS.

LentpanpHuii BUXiJ TOTEHI[IOMETpA IiIKIIOUEHHNA JO aHAJIOrOBOTO BXOJY ILIATH-TIPOTOTHILY.
3ameKHO Bij OJIOKEHHS pYKOSITKH, BOHA OyJie 3a0e3nedyBaru Hanpyry Bin 0 no 3,3 B. Ludposuii Bxin
NpU3HAYEHUH TS T IKIIF0USHHS BUXOAY JaHUX JaTduKa Temiepatypu ta Bosiorocti DHT22, mio nparroe
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B mpotokoyi 12C. OmuH 1UdpOoBUA BUXi[ 3aWHATHA KHOIKOIO YIIPABIiHHS, OJWH CBITJIONIOZHHI
1HAMKATOP CTaHy CXEMH PO3MIILEHHS HU(PPOBOTO BUXOAY, a APYTUi MoeAHy€eThes 3 BuxogoM RST mus
iHimiamizamii  pexkuMy eHeprozOepekeHHs MIKpOKOHTpojiepa. Pemra BuxoziB mnepudepiitHux
KOMIIOHEHTIB TIiIKITFOYEH] 3TiTHO 3 JOKYMEHTOM: BUXix + V abo miara komnonysanas GND.

BucHoBxku

Pe3ynpraTom noTouHOi cTaTTi € OLIBII TOYHA Ta IOBHA MOJEJb IUPOKOIO CHEKTPY AO3UMETPHUUHHUX
cucTeM Ha 0a3l CEHCOPHUX Mepex, HepepoOJIeHHs Ta BIOCKOHAIEHHsSI 0OpOOKH JaHUX Ta MOIIUPEHHS
KOHIeMNii BusiBieHHs [HTepHEeTY peueii. Kpim Toro, BpaxoByloun iHAMKATOP Yacy CUTHAILY Ta peaji3allito
(hopMyITH, 3aPOTIOHOBAHO] Y HamIil BIacHIA HAyKOBiH myOumikarii, Oyna po3pobiieHa MOAETs MOy
CIIEKTpa JJIsi MOJCIIOBAaHHS pPOOOTH JIETEKTOpa I10HI3yHUOro BuUIIpoMiHIOBaHHs. JlaGopaTopHe
MOJIEIIOBAHHS IPOBOAMIIOCH I TIOOYAOBH CHEKTPOCKOMIYHHUX 3aMipiB, PO3rOpTaHHS Ta eKCILTyaTamii
cuctemu oOMiny nanumu loT s excriepuMeHTiB 3 qo3uMeTpii. Ha ocHOBI apXiTeKkTypH, alropuTMiB Ta
amapaTHUX Ta IPOTPAMHHUX PillIeHb, PO3POOICHHX Iif] 9ac 10 IOTO HAIMMCAHUX CTaTel, Oy IyTh CTBOPEHI
OiMbII JAeTanbHI iMiTalidHI MOJENi, peaqbHi MPOTOTUIHM CUCTEM MOHITOPHHTY BHUIPOMIHIOBaHHS Ta
JOCITTHUIIbK] Ta HABYAIbHI CHCTEMH CITEKTPOCKOTIII.

PoGora Ham mpoekrom miaTpumyeTrbes MikHapogHuM TpaHTom YHTIL[ Ne9903. CymicHumm
sycuisimu XHY imeni B.H. Kapasina ta mpanisaukis HHL[ XTI roryerbest poGounii MpoTOTHIT
3alPOIIOHOBAHO] YACTUHU CUCTEMH.
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