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Bending analysis of multiply-connected anisotropic plates with elastic
inclusions

Relevance. Determining the stress-strain state of thin anisotropic plates with foreign elastic inclusions under transverse
bending is an important engineering problem. However, the general case of a plate with multiple, arbitrarily arranged
inclusions has lacked an effective numerical or analytical solution due to significant mathematical and computational
difficulties.

Objective. The purpose of this work is to develop a new approximate method for determining the stress state of a thin
anisotropic plate containing a group of arbitrarily located elliptical or linear elastic inclusions.

Methods. The method is based on the application of S. G. Lekhnitskii's complex potentials. The problem is reduced to
determining functions of generalized complex variables for the plate-matrix and the inclusions. These potentials are
represented by corresponding Laurent series and Faber polynomials. The generalized least squares method (GLSM) is used to
satisfy the contact boundary conditions on the inclusion contours. This reduces the problem to an overdetermined system of
linear algebraic equations, which is solved using singular value decomposition (SVD).

Results. The developed method was validated by comparison with the known exact analytical solution for a plate with a single
elliptical inclusion, showing perfect agreement. Numerical studies were conducted to analyze the influence of the relative
stiffness of the inclusions, the distances between them, and their geometric characteristics on the bending moment values. It
was established that the interaction between inclusions is significant and leads to a substantial increase in moments at small
distances. Isotropic plates are considered as a special case of anisotropic ones.

Conclusions. It was established for the first time that for linear elastic inclusions, moment singularities, described by moment
intensity factors (MIFs), occur only in cases of sufficiently stiff or sufficiently flexible inclusions.

Keywords: thin plate, inclusions, cracks, complex potentials, boundary value problem, mathematical modeling, numerical
methods, moment intensity factors.
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1. Introduction

Despite the significant practical importance of determining the stress state of thin plates under
transverse bending, especially in case of presence of foreign inclusions, many engineering problems
remain unsolved. It is connected with major mathematical and computational difficulties that have been
historically challenging to overcome.
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Significant results in developing solution methods for the applied theory of bending of anisotropic
plate were obtained by S. G. Lekhnitskii [1] as early as the mid-1930s. Complex potentials were
introduced, and the simplest problems for simply-connected domains were solved. Somewhat later,
methods for solving problems for multiply-connected plates were developed [2]. However, inaccuracies
in the general representations of complex potentials in [2], the use of the series method to satisfy
boundary conditions in such complex problems, and the limited computational technology of that time
prevented the solution of many relevant problems in plate bending theory. To satisfy the boundary
conditions in such complex problems, the discrete least squares method was initially applied, followed
by the generalized least squares method (GLSM). This evolution in solution methods allowed to analyse
any multiply-connected domains with arbitrarily shaped contours. The GLSM, in particular, proved to
be the simplest for computer implementation.

The presence of elastic inclusions in plates introduces additional difficulties in solving these
problems. For a plate with elliptical (circular) elastic inclusions under a generalized plane stress state, a
large number of problems have been solved [2-4]; plates with linear inclusions have been considered as
a special case [5]. In the case of transverse bending of plate, such problems have only been solved for a
plate with a single elliptical (circular) inclusion [1, 6] or a single linear inclusion [7]. However, the
general case of the bending of a multiply-connected plate with several elastic inclusions, including
linear ones, has not been considered.

This article, using the GLSM, presents for the first time a solution to the problem of the bending of
an anisotropic plate containing multiple elliptical or linear elastic inclusions. The results of numerous
calculations are described, which identify the influence of the elastic inclusions' stiffness, the distances
between them, and the geometric characteristics of the inclusions themselves on the bending moment
values arising in the plate. Isotropic plates are considered as a special case of anisotropic ones. To
simplify the utilized relations, the plate is assumed to be infinite, and the surfaces of the plate and
inclusions are unloaded.

2. Problem Formulation and Solution Method
Let us consider an infinite anisotropic plate-matrix, occupying a multiply-connected domain S,

bounded by the contours L (I :JI) of elliptical holes. These holes have semi-axes a;, by, centers at
points O; (with coordinates Xg;, Yo ), and orientation angles ¢; formed by the x -axis with the semi-

axes a; (Fig. 2.1). Elastic inclusions, occupying domains s and made of different materials, are
inserted into these holes without pre-stress. These inclusions are in perfect mechanical contact with the

plate. At infinity, the plate is subjected to moments My, M’ and Hyj .

O X

Fig. 2.1 Infinite anisotropic plate with inclusions
Puc. 2.1 Heckinuenna anizomponna nauma 3 6Ku0YeHHAMU

Let’s use the complex potentials from the applied theory of anisotropic plate bending. It leads to
finding the complex potentials Wy (z) for the plate-matrix and Wk’(')(z(k')) for the inclusions, based on
the corresponding boundary conditions.
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The complex potentials Wy (z,) for the plate-matrix are functions of the generalized complex
variables

Zy =X+ Uy, (2.1)
where p are the roots of the characteristic equation
4 3 2
Doou” +4Dagu” +2(Dya +2Dgg Ju” + 4Dy + D1y =0, (2.2)

Di j = Bj jDg are the flexural rigidities of the plate material, where
Bi1 = (80866 —a35)/A . Bio = (216206 — a12865)/A . By = (12826 — a1gazp)/A
Byy = (41865 —8%5)/A . Bos = (81816 —axan1)/A, Bgg = (anan —ab)/A,
Y1 a2 e
A=lagp ayp axy|;
46 a6 g6
ajj are the compliance coefficients of the material, Dy = 2h3/3; h is the half-thickness of the plate.

These functions are defined in the domains Sy , obtained from the original domain S by the affine
transformations (2.1), and in our case they can be expressed in next form:

W' (z¢) = szk+zz Hlp (2.3)
I=1p=1 C

in which T', are constants determined from the system of equations

2Re Z Fk = CllM +C21M +C31H Xy’
k =1

ZRGZMka—Cle +C22M +C32ny,

k=1
2 9 2 1
ZReZuka —C13M +C23M +C33ny, 2ReZ—Fk =0; (2.4)
k=1 k=1Hk

Cn= (2D22D66 - 2D226)/A1 ,
2Dy6Dp — 2DyDgg ) /A1,
2DyDypg —2Dy5Dy) ) /A,
Dy2Dg6 —Di1gDy2)/As
Dy2Dy6 —Dy3Dgg)/Ar

1=(
1=(
2=(
2=(
(D11D22 - D122) / Ap,
(
(
(

Ci3
Co3

2D16D26 — 2D15Dg5 ) /A1
2
2D11Dg6 — 2D16)/A1 )
Ca3=(2Dy2D16 —2D11D ) /A1 ,
D1y 2D Dy
A1=D12 2Dz Dpaf;
Dig 2Dgs  Dog
Ly are variables obtained from the conformal mappings of the exterior of the unit circle |G| >1 onto
the exterior of the ellipses Ly

7y =7 + Ry (Ckl C:: J (2.5)
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Zk1 = Xo1 + Kk You»

Rit = &) (cosy +p singy ) +iby (singy —p cosey ) /2,

Mg =[a, (COS(pI + Ly sm(p|)—|b| (singy —pk cosgy J/ZRH ; (2.6)
ay p are unknown constants.

Once the complex potentials are determined, the plate deflection, bending moments and transverse
shear forces are calculated using the formulas [1, 2]:

2
w=2Re ZWk(Zk) )
k=1
2

(Mw My, Hyy, Ny, Ny)Z_ZReZ(pk: Ok Tho BieSk =Sk Wi (2k) (2.7)
k=1

in which
Py = D1 +2Dyghy + Dyahif
Ok = D12 + 2Dy + Dol
fi = D5 + 2Dggitk + Dol

2
s =—Dig — (Dyp +2Dgg 1 —3Dagki — Dol - (2.8)
For the bending moments on elements with a normal n we have:

M, =My cos?nx+M y cos? ny +2H,y sinnxcosnx . (2.9)
The complex potentials W’(')(zk) for the inclusions (I =1,_L) are functions of the generalized
complex variables
zﬁ') =x+p(k|)y, (2.10)
where u(k') are the roots of characteristic equations of type (2.2), in which the coefficients D;; are

replaced by the constants Di('j) for the inclusions. These functions are defined in the domains Sﬁ')

obtained from the domains S( by the affine transformations (2.10). They are holomorphic in the
domains S,E') and can be expanded in series of Faber polynomials, which, after transformations, are
represented as power series:

© M _,m\P

2. —1
w ("= ¥, aﬁ'p)[ : (|)kI J ' (2.11)

p=0 Ra

Here R(') and z('l) are constants calculated by formulas (2.6) for Ry, and zj, respectively, substituting

py for M(I) (') are unknown constants.

The unknown constants ay, and af('l)o will be determined from the boundary conditions on the

contours of the plate and the inclusions:
2Rez(gkl.wk(zk> oD (@0)= i (=19, (2.12)

in which

| | |
gar=1, 9 =1, Guz=mk. 9Gh=n{’,

Oki3 = Pk /Hk 9|(<||)3— I)/u v Okig =0k 9|£|4—q ;

flu="fi2=0, fig=—cx+oy, fia=-y+cy,
where ¢, are real constants and c;;, ¢y are complex constants.
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When using the generalized least squares method GLSM, we will satisfy the boundary conditions
(2.12) in a differential form in order to eliminate the arbitrary complex constants within them. To do

this, we select a set of collocation points t,, = Xj, +iyjm (M =21, M) on the plate-inclusion interface.

Then we substitute the functions (2.3) and (2.11) into the boundary conditions (2.12) after
differentiating them with respect to the contour arc. This yields a system of linear equations:

2 L o« ©
2Re 35, zzgk.i@'k.pakm)ak.p—nggcpsp(tﬁm)asg,]z

k=1 |I=lp=l p=1
. 2 - - _
:df“(tkm)—ZReZSkgkan (|=]_,|_; m=1 I i=1, ) (2.13)
ds k=1
Here,
p-1
D(Zﬁl)—zkl)
Ohip =i o= -
[ 1 ’ P
Ch (CEI _mkI)RkI (Rﬁ'))p

O =dty /ds; tym =Xm + Lk Ym, tlgr)]:Xme“(kl)ym-

The system (2.13) is supplemented by the single-valuedness conditions for the deflection function
w(X, y) for each hole in the plate-matrix

2 _
2Re Z iajk|1Rk| =0 (| =1,L) . (214)
k=1

After finding the pseudo-solutions of the augmented system (2.13) using singular value
decomposition (SVD) [8], the constants ayp , alg'%, and consequently, the functions (2.3) and (2.11),

become known. The bending moments and shear forces (2.7) can then be determined from them. If an
inclusion S( is reduced into a linear elastic line (and the corresponding hole into a slit), the moment
intensity factors (MIFs) k1i (for moments M 9) in the local coordinate system centered at point O,

(see Fig. 2.1)) and ké—* (for moments H>(('y) in the same coordinate system) can also be calculated. The

superscripts — and + refer to the left and right tips of the inclusion respectively. By analogy with the
derivation of stress intensity factors (SIFs) for slit tips in plates [9], the formulas for them are:

2 2 2
k1=2ReZ[pksin @) + g COS (p,—rksianpJMk,
k=1

2
ko =2ReZE(qk — Pk )Sin 20y + 1y cosZcpJMk, (2.15)
k=1

It should be noted that in the case of a plate with a single elliptical inclusion, an exact analytical
solution can also be obtained using the series method, in the form of:

1
' k11 , z
Wk(Zk)ZFka+—, Wk(l)(zk):al((lf%,
k1 Rk
2
a
(MX, My, ny)=—2ReZ(pk,qk, rk) Fk —+ ,
k=1 Rkl(Ckl - mkl)
1 2
(kli’kit):_ZRez(qurk)akllv (2.16)
N

in which ayq; and algll) are constants determined from a system of linear algebraic equations of the 4th

order.
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3. Numerical studies

Numerical studies were conducted for a plate made of KAST-V isotropic material (Material M1) and
angle-ply fiberglass (Material M2). The compliance coefficients for these materials are presented in
Table 3.1. In the numerical calculations, the compliance coefficients for the inclusion material were

selected as follows: ai(j') = k(')aij ,where () is the relative stiffness parameter of the inclusion s,

Table 3.1. The compliance coefficients of materials
Tabnuya 3.1. Koegiyienmu oegpopmayii mamepianis

Material | 5 .10~ MPa™ | a,,-107* MPa! | a,-10™* MPa™™ | agg-107*, MPa ™
Ml 72,100 72,100 -8,600 161,500
M2 10000 2,800 -0,770 27,000

During the numerical studies, the number of terms N in the series functions (2.3) and (2.11) and the
number of collocation points M; on the plate-inclusion interface (where conditions (2.13) were

satisfied) were increased until the boundary conditions were met with a sufficiently high degree of
accuracy. The calculations showed that, depending on the distances between inclusions and the semi-
axis ratios of the ellipses, satisfying the boundary conditions required retaining from 7 to 20 terms in
the series for each hole and inclusion, and selecting from 50 to 1000 collocation points on each contour.

Below, some of the obtained results are described for the case where, at infinity, Mg‘f =my and

MY = H;‘(‘; =0. All results are presented as multiples of m, /Dy . For the case of a plate with a single

inclusion, the exact solution (2.16) was also used for comparison.
It was established that the moment values are significantly influenced by the semi-axis ratio of the

ellipses. Calculations showed that for bl/a1<10_3 the inclusion can be considered linear, and MIFs

(Moment Intensity Factors) can be calculated for it. In Table 3.2, the Mg moment values for a plate
with a single inclusion are presented. These values are shown for points on the plate near the inclusion

and for various semi-axis ratios b /a; and relative stiffness parameters AW . For the case of a linear

inclusion (by /& —107*), the MIFs are also presented.

Table 3.2. The Ms moment values for a plate with a single inclusion
Tabauys 3.2. 3nauenns momenmie Ms Ons naumu 3 0OHUM GKIIIOYEHHSM

Material | 5 () by /ag MIF
1 [ 05|10t | 102 | 1078 107 ki

M1 0 -0,16 | -0,19 | -0,42 | -3,02 |-29,00 |-288,69 |-0,136
102 |-0,12 | -0,16 | -0,33 | -0,97 |-1,32 |-1,38 -0,001

05 |072 |063 [053 |050 |0,49 0,49 0,000

2 1,25 | 1,40 1,77 | 1,97 |1,99 1,99 0,000

102 | 1,70 | 2,40 | 7,62 | 42,10 | 86,81 97,28 0,013

o 1,72 | 2,44 |8,18 |72,78 |718,83 | 7178,87 | 1,000

M2 0 -0,22 | -0,27 | -0,69 | -5,37 |-52,18 |-520,13 |-0,170
102 |-0,19 | -0,24 | -053 | -151 |-1,99 |-2,06 -0,001

05 |065 |058 [051 |049 |0,49 0,49 0,000

2 1,37 | 1,55 1,86 |1,97 |1,99 1,99 0,000

102 |231 | 359 |12,71|57,10 | 91,35 |97,22 0,007

w 235 | 3,70 |14,48 13577 | 1348,63 | 13475,67 | 1,000
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It is evident that as the ratio by /a; decreases, the absolute values of the moments Mg near the tips
of the major semi-axis a; increase sharply, and for small b;/a; values, this indicates the singular
behavior characterized by MIFs.

Fig. 3.1 shows plots of the MIF (kli) variation as a function of the inclusion material stiffness
(parameter k(l)). It can be seen that for a linear inclusion, when 2D <1073, the inclusion can be
considered perfectly rigid; when AW >10%, it is considered perfectly flexible (a crack). For

1073 <2.® <10 the MIF values are very small and can be neglected. Therefore, it is not meaningful to
discuss MIFs for linear elastic inclusions when their material stiffness differs from that of the plate

material by less than a factor of 103, although other authors, using different models and methods, have
reached different conclusions [7]. It should also be noted that for perfectly flexible linear inclusions
(cracks), their faces will come into contact. This must be accounted for when solving such problems, for
instance, by applying appropriate additional tensile forces. These issues are not addressed in this study.
We note that the exact solution (2.16) was also used for the plate with a single inclusion. The results
obtained from the approximate GLSM solution were found to coincide with the results from the exact

solution.
kl/m
0,8 y II
J—Lln //
0,6 1
i) /
m

0,4 ,l
/
02 /
J
0,0 4
il
Z
[ "
0,2
-8 —4 0 4 Ig7.®

Fig. 3.1 MIF variation depending on inclusion stiffness
Puc. 3.1 3mina KIM 6 3anesrcnocmi 8i0 scopcmrocmi 6KIHOYeHH s

Table 3.3 presents the bending moment values Mg for an infinite plate with two identical circular
inclusions (Fig. 3.2) of radius a; (b =a,=b, =a). The values are given for various distances c

between the inclusions and various values of the relative stiffness parameter A (where A2 = k(l)).
The moments are calculated at the contact points of the plate with the left inclusion, on elements
perpendicular to the inclusion contour. Here, 6 is the central angle for the left inclusion, measured
counter-clockwise from the line of centers.

y

Fig. 3.2 Infinite anisotropic plate with two circular inclusions
Puc. 3.2 Heckinuenna anizomponna niuma 3 0860Ma Kpy2osUMU 6KIHOYeHHAMU
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The data in Table 3.3 show that as the distance between the inclusions decreases, the My moment

values at points near the ligament (the area between the inclusions) increase. If the distance between the
inclusions is greater than the diameter of one of them (c/a; > 2), the influence of one inclusion on the
stress state around the other is insignificant and can be neglected. As the stiffness of the inclusions

decreases (with an increase of x(l)), the My moment values at the point corresponding to 6 =0 (at the
ligament) increase. At the point corresponding to 6=m/2, the moments decrease for 2D >1 (i.e.,
stiffer inclusions) and increase for AW <1 (i.e., more flexible inclusions).

Table 3.3. The Ms moment values for a plate with two inclusions
Tabnuys 3.3. 3nauenns momenmie Ms Ons naumu 3 0860Ma BKIIOYUECHHAMU

2@ | c/ay 0, rad
0 ‘ n/2 ‘ T 0 ‘ /2 ‘ T
M1 M2

0 © | -0,16429 | 0,37740 | -0,16429 | -0,22231 | 0,19019 | -0,22231
2 | -0,15829 | 0,31479 | -0,08789 | -0,24754 | 0,17038 | -0,14703
-0,12078 | 0,26235 | -0,01533 | -0,26818 | 0,15308 | -0,04814
0.5 |-0,04908 | 0,21283 | 0,03215 | -0,28425 | 0,13658 | 0,05675
0.1 | 0,12031 | 0,18256 | 0,00779 | -0,43370 | 0,12183 | 0,10487
1072 | o |-012351| 0,35057 | -0,12351 | -0,18512 | 0,17639 | -0,18512
2 | -0,12717 | 0,29375 | -0,05347 | -0,21340 | 0,15806 | -0,11195
-0,07491 | 0,24712 | 0,01489 | 0,22438 | 0,09538 | 0,33411
0.5 |-0,15650 | 0,18608 | 0,04670 | 0,22850 | 0,05939 | 0,55252
0.1 |-0,13326 | 0,17431 | 0,14177 | 0,41496 | 0,11151 | 0,74618
0,5 o0 0,71970 | -0,00208 | 0,71970 | 0,65308 | -0,00633 | 0,65308
1 0,61813 | -0,00630 | 0,72212 | 0,58172 | -0,00825 | 0,66258
01 | 053298 | -0,01874 | 0,74171 | 0,39733 | -0,01669 | 0,72451
2 o0 1,24827 | 0,05753 | 1,24827 | 1,36933 | 0,04577 | 1,36933
1 1,39080 | 0,05634 | 1,26801 | 1,47429 | 0,04405 | 1,38645
0.1 | 1,70994 | 0,06741 | 1,26061 | 1,89385 | 0,05277 | 1,35439
102 o0 1,70384 | 0,27407 | 1,70384 | 2,31079 | 0,25327 | 2,31079
2 1,92563 | 0,26062 | 1,77606 | 2,48063 | 0,24013 | 2,38868
2,24528 | 0,26094 | 1,82188 | 2,76070 | 0,23748 | 2,45147
2,80183 | 0,26642 | 1,86998 | 3,38583 | 0,23875 | 2,52330
4,23279 | 0,29051 | 1,93290 | 2,54783 | 0,18390 | 1,99577
© o0 1,71784 | 0,28251 | 1,71784 | 2,34765 | 0,26278 | 2,34765
1,94561 | 0,26859 | 1,79201 | 2,52289 | 0,24917 | 2,42875
2,27663 | 0,26857 | 1,83915 | 281262 | 0,24625 | 2,49507
05 | 286793 | 0,27381 | 1,88746 | 3,45585 | 0,24880 | 2,57465
0.1 | 562046 | 0,28538 | 1,97168 | 7,32184 | 0,26064 | 2,74416

=N

Numerical studies were also conducted for the case of two linear inclusions. Fig. 3.3 shows the
variation of the MIF ratio kf/kfo for the isotropic material M1, where ki represents the MIF at the

inner tip (right tip of the left inclusion) and kj is the baseline MIF for an isolated single inclusion. For

material M2, the corresponding graph differs only slightly from that shown in Fig. 3.3, and therefore it
is not depicted. It is evident that as the distance between the linear inclusions decreases, the MIFs for
the inclusions' inner tips increase significantly.
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Fig. 3.3 Variation of the MIF ratio for case of two linear inclusions
Puc. 3.3 3mina sionowenns KIM 0nst 6unaoky 060x JHIUHUX GKIIOUEHD

1021072

10

4. Conclusions

In this paper, a new effective approximate method for analyzing the stress state of thin anisotropic
plates with multiple elastic inclusions under bending has been developed. The approach is based on the
application of complex potentials, their representation by Laurent series and Faber polynomials, and the
implementation of the Generalized Least Squares Method to satisfy the contact boundary conditions.
The problem is reduced to solving an overdetermined system of linear algebraic equations using
Singular Value Decomposition (SVD).

The high accuracy and reliability of the proposed method were validated by comparing its results
with the known exact analytical solution for the case of a single elliptical inclusion, demonstrating
perfect agreement.

The primary scientific contributions of this work are:

1. A robust computational framework capable of handling multiple, arbitrarily oriented elliptical
or linear inclusions, a problem not previously solved in the general case.

2. A key finding regarding linear inclusions: it was established that moment singularities,

described by MIFs, arise only for sufficiently stiff (x(l) <10_3) or sufficiently flexible (k(l) >103)
inclusions.

3. The significant effect of inclusion interaction was quantified. For both circular and linear
inclusions, it was shown that as the distance between them decreases, the stress (moment) concentration
in the ligament region increases substantially.

The developed method demonstrates significant potential for further development. Future research
could focus on several promising directions:

* Analyzing periodic or finite arrays (rows and bands) of inclusions to effectively model the
mechanical behavior of modern composite structures.

»  Extending the method to analyze inclusions of arbitrary (non-elliptical) shapes, which are
common in engineering practice, by employing advanced conformal mapping techniques and
polynomial approximations.
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AHaJi3 3ruHy 0araTo3B’sI3HMX AHI30TPONHUX IUIUT 3 NPYKHUMHA
BKJIIOYEHHAMH

AKTyanbHicTh. BH3HaueHHs HampyXeHO-IepOpMOBAHOTO CTaHy TOHKHMX aHI30TPOIHHUX IUIUT 3 IHOPOJHUMH MNPYKHUMH
BKJIIOYEHHSIMH [TPY MOIEPEYHOMY 3THHI € BaXKJIMBOIO iH)XKEHEPHOI0 3a1auero. O/IHaK 3arajbHUK BUIAOK IUTHTH 3 AEKiJbKOMa
JOBUJIBHO PO3TAIIOBAHUMH BKJIFOUEHHSMH JI0CI HE MaB €()eKTHBHOTO YHCENHFHOTO ab0 aHANITHYHOTO PO3B'A3KY depe3 3HauHi
MaTeMaTU4Hi Ta 00YHCITIOBABHI TPYAHOLII.

Meta. MeTo10 po0OOTH € po3poOKka HOBOTO HAONMMKEHOTO METOAY ISl BU3HAUEHHS HAMPY>KEHOTO CTaHy TOHKOI aHi30TpPOITHOL
TUTATH, 10 MICTUTH TPYITy JOBUIFHO PO3TALIOBAHUX EIINTHYHAX a00 MHIHHUX MPYKHUX BKIFOUECHb.

MeTtonu mrociimkennsi. Meron 6a3yeTbcs Ha 3acToCyBaHHI KoMmIuiekcHUX noteHmianiB C. I'. Jlexauipkoro. 3aaua 3B0OUTHCS
0 BU3HAUCHHA (YHKIIH y3araJbHEHHX KOMIUICKCHMX 3MIHHHMX JUIS TUIMTH-MATPHI Ta BKJIOYEHb. [li moTeHmianu
NPE/ICTABISIOTECS BiANOBIAHMMY psinamu Jlopana Ta moniHomamu ®abepa. [{ys 3a10BOJIEHHS KOHTAKTHUX TPAaHUYHUX YMOB
Ha KOHTYpax BKJIIOYEHb BHKOPHCTOBYEThCS y3arajbHeHWH MeTon HaiimeHmmx kBazgpatiB (YMHK). Lle 3Boauts 3amauy 1o
MepEeBU3HAYCHOT CHCTEMH JIHIHHUX anreOpaidHuX piBHSIHb, sIKa PO3B'SA3YETHCS 3a JOTIOMOTOI0 CHHTYJISIpHOTO po3kiany (SVD).
PesyabTaT. Po3pobneHuit MeTox Oymo mepeBipeHO MUITXOM MOPIBHAHHS 3 BiIOMHM TOYHHM aHAJITHYHAM PO3B'SI3KOM IS
IUIMTH 3 OJHUAM EJINTHYHUM BKJIIOUCHHSM, IIO IMOKa3ajo MOBHHHK 30ir pe3ynbrariB. [IpoBemeHO UYHCENBbHI MOCITiHKEHHS
BIUIMBY BiITHOCHOI JXOPCTKOCTI BKJIIOYEHb, BiJICTaHEH MK HHMH Ta IXHIX T€OMETPUYHHX XapaKTEPUCTHK Ha 3HAYCHHS
3THHAIBHUX MOMEHTIB. BCTaHOBIEHO, 1110 B3a€MOJIisl MiXK BKJIIOYEHHSIMH € CYTTEBOIO Ta IPH3BOAUTD JI0 3HAYHOTO 3POCTaHHS
MOMEHTIB TIPH MAJIHX BiJICTaHAX MK HUMH. [30TPOITHI INTUTH PO3IIISAAIUCE SIK OKPEMHUH BUMAIOK aHi30TPOITHUX.

BucnoBkn. Briepiie BcTaHOBIEHO, IO Ui JIHIHHMX MPYXHHUX BKJIIOYEHb OCOOJMBOCTI MOMEHTIB, SIKI ONMHCYIOTHCS
koedinientamu iHTeHCcHMBHOCTI MOMeHTiB (KIM), BUHHKAIOTh JIMIIE Y BUIIAKaX JOCTATHBO XKOPCTKUX a00 JOCTATHBO THYYKUX
BKJIIOYEHb.

Knwwuoei cnoea. monka niuma, 6KIOUEHHA, MPIWUHU, KOMNIEKCHI NOmMeHyianu, Kparoéa 3aoayd, MamemamuyHe
MOOEN0BAHHS, YUCETbHI MEeMOOU, KOeqhiyieHmu IHMeHCUBHOCMI MOMEHMIs.
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