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Fractal properties of neural networks

The work is devoted to the research of neural networks’ properties, which have been extremely intensively used in various
applied directions recently. The study of their general and fundamental properties is becoming more and more actual due to
their wide application.

The key goal of the work is to investigate the reaction field of an artificial neural network in the space of all possible input
signals of a certain length. Based on the example of a simple perceptron, zones where the reaction field of the neural network
has a structurally complex nature are studied.

Research methods: To research an output signal field, software was developed, which allowed modeling and visualization of
the output signal field over the space of all input signals. The software also allowed changing of activation functions, weights,
and thresholds of each neuron, which made it possible to research the influence of all these factors on the structural complexity
of the output signal field.

As a result, the study established that, in general, within the space of input signals, there are shadow zones where the response
field of the neural network has a self-similar fractal structure. Conditions for the appearance of symmetry of such structures
were determined, the influence of activation functions, weights and thresholds of network neurons on the properties of fractal
structures was investigated. It was revealed that the input layer of neurons predominantly influences these properties.
Dependences of the fractal dimension of the structures on the neuron weights were obtained. Changes occurring with the
increase in the dimensionality of the input signal space were discussed.

The presence of shadow zones with a fractal output signal field is important for understanding the functioning of artificial
neural networks. Such shadow zones define regions within the input signal space where the neural network’s response is
extremely sensitive even to minute changes in input signals. This sensitivity leads to a fundamental change in output signals
with a slight change in input signals.

Keywords: artificial neural network, space of input signals, field of output signals, perceptron, artificial neuron, fractal
structures, fractal dimension.
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1 Introduction

The emergence of artificial neural networks begins with the work of Warren McCulloch and Walter
Pitts [1], in which they proposed the concept of an artificial neuron and artificial neural networks based
on electronic circuits. The artificial neuron itself was a simplified abstraction of the understanding of
the natural neuron’s functioning that existed at the time. Further development of these ideas led to the
creation of a perceptron in the 1960s by Frank Rosenblatt [2, 3], which is a classical neural network that
solves the problem of dividing signals into two classes. Initially, the perceptron sparked high hopes for
artificial intelligence, bolstered by Rosenblatt's statements at a conference [4] in 1958. However, it
quickly became clear that the perceptron struggled to discern certain patterns. A particularly significant
decline in interest in the perceptron occurred after the publication of M. Minsky and S. Papert’s book
[5], which criticized the single-layer perceptron.
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For an extended period, neural networks remained outside of active scientific research. Interest in
this direction was reignited with the realization that neurons of forward-propagation networks with two
or more layers have extraordinary power. The situation changed in the 1980s due to the contributions of
John Hopfield [6, 7, 8], who proposed a new perspective on the architecture of neural networks and
introduced the ideas of feedback and self-learning algorithms for the first time.

Research on algorithms for linear classification continues even now. For example, the paper [9]
proposed a classification algorithm that combines the perceptron algorithm with the Helmbold and
Varmuth “leave one output” method.

An overview of existing error limits and new limits for the perceptron algorithm or the perceptron
core can be found in [11]. Discussion of the obtained limits go beyond standard margin-loss type
bounds, allow for any convex and Lipschitz loss function. The development of information technologies
in the 2000s showed a lot of applications of neural networks, such as voice and image recognition [12,
13, 14]. Nowadays, research in the field of neural networks has gained immense popularity [15].
However, the focus on practical applications of neural networks diverted attention from their intrinsic
properties, which are not studied enough.

This work delves into the structural properties of neural networks’ reactions using a simple two-
layer perceptron as an example. The primary focus of this article lies in exploring the properties of the
output words’ field within the space of all input words of a certain length. It is shown that within the
space of input words, under general conditions, there are shadow zones where the field of output words
has a fractal structure. The range of scales covered by self-similar fractal patterns is determined by the
input words’ lengths. The study also uncovers the influence of neuron activation functions and their
wights on the fractal dimension of these structures, pinpointing a more significant impact from neurons
in the first layer. Typical dependences between changes in the fractal dimension and neuron weights are
established.

The obtained results regarding the study on artificial neural network behavior’s fractal properties
hold theoretical and practical significance for enhancing the stability of neural networks and mitigating
the impact of minor input data changes that might otherwise obscure the correct output. Research in this
direction can open new prospects for neural networks development and provide deeper understanding
and improvement of their functionality.

2 Formulation of the problem

Let’s consider the properties of input word processing by a simple two-layer perceptron with two
inputs and one output. The input words that this perceptron will process are formulated in some finite
alphabet A = (a4, ...,a,). Thus, words in the alphabet 4 will be the inputs of the perceptron. One of the
main characteristics of input words, for example a,asa,a,, is their length |a,asa,a,| = 4 or the number
of letters in a word. After input sequences processing, we will receive a sequence in some alphabet as
the output word of the perceptron. For the sake of simplicity, let’s assume that the alphabet of the
output signals coincides with the alphabet A. Thus, after processing of two input words with a length of
n we will receive an answer or a word of length n in the alphabet A as an output of the neural network.
Next, we will explore how the neural network’s responses to all possible input words look like.

If we consider words of length = in the alphabet of k letters, then k™ words can be created. Then if
we take a unit segment and divide it into k™ segments of length kin one word can be assigned to each of
the segments. That is, we can enter specific coordinates — placing all words (sequences) in
lexicographic order and assigning them to segments of length kin starting from the first left one (see Fig.

2.1). From now on, we will use such coordinates to identify input words.
Then all input words which are applied to the input of the perceptron correspond to a unit square

divided into k™ x k™ squares with a side length of kln Each pair of input words supplied to the neural
network’s inputs has corresponding coordinates along the axis x and the axis y. The input word given to

the input v, defines the coordinate along the axis y and the word given to the input x, defines the
coordinate of the pair along the axis x. Thus, each pair of input words corresponds to one specific

square with a side length of kin All output words can be assigned to such coordinates in a completely
similar way. This unit square can be considered as an input word space of the perceptron with two input
channels. All output words can be visualized by assigning a specific “color” to each small square based
on a received response to the corresponding input words. Thus, the output word space of the perceptron
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will be represented as a painted unit square. If input words have infinite length, then each dot of the
square defines a particular input word, and its color represents a corresponding output word. The details
of such divisions are given in Appendix A.

Next, we will use A = (0,1,2...,9) decimal symbols as the alphabet. All neurons have certain weights,
which will change in different experiments. All activation functions will be step functions with values
defined in the alphabet A. It is vital to receive a network response in the same alphabet. Thus, we will
further consider perceptrons with different activation functions. We will be interested in the structure of
all output words over all input words of a certain length, as well as the rearrangement of output words
as the length of input words increases. In another words, we will explore the field of output words in the
space of input words.

01

) ) ) . , 00
00 o1 10 11 00 o1 10 11 X

Fig. 2.1. On the left is a division of the unit segment that corresponds to all words of length 2, for simplicity, in
the binary alphabet (0,1). Words are arranged in lexicographic order from left to right. On the right is a unit
square with the corresponding coordinates. Each small square corresponds to a certain value of input sequences
(x,y) of a certain length. Similarly, the unit segment is divided into a larger number of parts that correspond, for
example, to words of length 4 and the corresponding coordinates.

3 Perceptron model

To analyze the properties, a simple model of a two-layer perceptron was built (see Fig. 3.1). It
receives input words (x,y) and forms output words z which length matches with the length of the input
words. Each neuron of the perceptron weights w,, w, and a threshold or bias b that can be changed. As
discussed before, the values of the activation function correspond to the values of the alphabet A =
(0,1,2...,9). The domain of the activation function is all real number. Thus, the general activation
function that satisfies the necessary conditions is

if x<xq
a, if x<x<x

ai, Iif x<x<x;
a, if x3<x<x,

FQo) = ai, If xa<x<xs (1)
a;, if xs<x<uxg

ai, if xe<x<x;
ai, If x<x<xg
ai, if xg<x<x9
\ai,, if x9<x
where a;; € Aare the letters of the alphabet 4,
x; satisfy the conditions x; < x, < x5 < x, < x5 < x¢ < X, < xg < X and form ten subintervals.

X o

y d

Fig 3.1. The model of the perceptron, which is researched in the work.
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Each activation function is defined by a value x,, ..., x;, and a word a;, a;, ...a;,, in the alphabet A.
That is, with the given values x;, ..., x;,, We can create 101° different activation functions. It is clear that
only a small number of activation functions can be considered in the work. It should be noted that
activation functions of different neurons of the perceptron may be different. Additionally, for each
neuron, the activation function can divide its domain into intervals of different lengths depending on the
choice of weights and threshold of the neuron. Since the argument of the activation function can be
values from the interval [o; (w, + w,)9 + o], it is necessary to choose such values of weights, threshold,
and type of activation function that the intervals formed by the activation function are close to the
interval [o; (w, + wy)9 + a].

Using the developed application, it is possible to choose activation functions, weights, thresholds of
neurons, and the length of input words to study the corresponding perceptron response fields. A detailed
description of the software can be found in Appendix B.

4 Results of modeling

Fig. 4.1 shows the results of modeling with certain activation functions and neuron weights. On the
left is the response field for all input words of length 3, which demonstrates the complex geometric
structure of the response field. The part of the answers, which is marked with a blue square, is shown on
the right in 10 times enlarged view. Comparing the pictures, it is easy to see the complex, self-similar
structure of the answers, which persists as the length of the input words increases. Such structures
belong to fractal structures, which have been intensively studied in mathematics and physics (see, for
example, [16]). Fractal structures are characterized by a fractal dimension. Having already used this
self-similarity, it is possible to calculate the fractal dimension, for example, of black areas [17]. From
Fig. 4.1, we can see that the number of black squares is N = 556688 with a word length of 3.
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Fig 4.1. An example of a graphic display of output signals with set weights of synapses, for all questions of
length 3. On the right, in the upper corner, the activation functions of neurons are shown. Each neuron has its
own activation function. The area bounded by the blue square is 10 times enlarged and shown on the left. The

comparison of these images shows a self-similar structure on smaller scales. Such self-similarity extends to scales
of 107", the display of which is impossible for large n due to the limitation of the pixel size.

Thus, by counting the number of black squares N at different input word lengths L, we obtain a
linear dependence of In(N) on ln(%), as shown in Fig. 4.2. Such a linear dependence indicates the fractal
structure of the perceptron response field, the fractal dimension of which can be calculated as follows
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_ In(N,) — In(Ny)
F - —)
In(;-) — In(2)
2 1
where N; and N, are the number of black squares with sizes L, and L,, respectively.

That is, in this case, Dy = W ~ 1.805 is the fractal dimension of the set of a certain
MG0001) MG 1

answer, marked in black and shown in Fig. 4.1. Such self-similarity is observed for the scales, which
are determined by the length of the input words and covers the range of scales from 1 to win where n is
the length of the questions. That is, it occupies a gigantic range of scales. As the length of the words

increases, this range increases. Thus, the existence of fractal regions of responses in a simple perceptron
is shown.

2 4 6 B 10 12 14
In 1L
Fig. 4: Graph of the logarithm of the number of black squares N versus the logarithm of the inverse of the side
length of one square L. As you can see, a linear relationship is formed, which indicates the presence of a fractal
structure the fractal dimension of which is equal to the slope of this line.

It should also be noted that a fractal structure can occur when you select thresholds for the output
signals to be displayed that have several decimal places other than 0 that is not less than the length of
the output words. For example, if the output words have a length of 3, then a threshold of 0.5555 can be
used to create a fractal structure.

Otherwise, the fractality will disappear because when comparing the output signals with the
threshold, it is enough to compare only a part of the characters of the output word. For example, if the
threshold for displaying output signals is 0.5 and the length of the output words is 3, it is enough to
know only the first character of the output word to determine whether the signal exceeds the threshold,
which eliminates the need to determine the subsequent response characters. This leads to the
elimination of the sensitivity of the structure of the field of output signals to the length of words, which
leads to the elimination of fractality.

The presence of such fractal structures in the input word space is important, so changing even the
last letter of the input word drastically changes the answer. In other words, there are shadow zones of
input words in which the answer fundamentally changes when one last letter in the question is changed.
So, for example, if we use the binary alphabet of answers A = (Yes, No), then when changing the last
letter in questions of length 10, instead of the answer “Yes” we can get “No”. Such sensitivity will
always occur in shadow zones. By shadow zones we will understand the areas of input words, in which
the field of output words has a fractal structure. Such a sensitivity can be used for various purposes.
Similar shadow zones and fractal patterns of responses were observed for all tested activation functions.

Let us consider the question of what types of structures can be observed with different activation
functions and weights of the neurons. It is clear that it is impossible to model perceptrons with all
possible activation functions due to their gigantic number. Therefore, it is necessary to consider some of
them, based on theoretical considerations and observations for a number of selected activation functions
that were used in the simulation.

4.1 Effect of activation functions

The question then arises, what response patterns can be expected for different activation functions?
Let's start with the symmetry of the structures. It is easy to understand that if you use neurons that have



ISSN 2304 -6201 BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa
cepis «MaTematuyHe MogentoBaHHS. IHpopmaLiiHi TexHonorii. ABTOMAaTW30BaHi CUCTEMW ynpaBniHHAY, Bunyck 64,2024 71

the property of giving the same response when x is replaced by y, then the field of responses will be
symmetrical about the unit square diagonal. An example of a symmetrical structure is shown in Fig. 4.2.
In general, such symmetry is absent, as shown in Fig. 4.1. The condition when such symmetry is
present limits the properties of activation functions of the first layer neurons only. The activation
functions of the £, of the first and £, of the second neuron of the first layer must satisfy the condition

{f1(ﬂ)1x + wyy +b) = fi(wy + wyx + b)

f2(@1x + @y + b) = f,(&,y + @yx + b) @

which is satisfied by the equality of weights w, = w, and @, = @, regardless of the form of the
activation functions. But values of the weights may be different in the first and second activation
functions.

Thus, the symmetry of the structures about the diagonal is fulfilled when the weights of the first
layer neurons of both synapses are symmetrical. But there may be other solutions to this functional
equation, for special activation functions. An example of symmetrical fractal structures is shown in Fig.
4.3. This figure shows the fulfillment of criteria (2) and, accordingly, the lack of influence of the output
layer neuron (that is, its weights and activation functions) on the symmetry of fractal structures.

Now let's discuss the types of fractal structures that arise with various activation functions. During
the simulation, it was found that various fractal structures appear for all considered activation functions.
This means that the presence of shadow zones and the appearance of fractal structures corresponds to
the general case. It is clear that it is impossible to consider all cases of activation functions due to their
large number. Various fractal structures were obtained by changing activation functions. An example of
one of them is shown in Fig. 4.3. As a result of the simulation, it was found that the appearance and
fractal dimension of the structures depend on the choice of the activation function and may change.

Fig 4.3. An example of a diagonally symmetric self-similar fractal structure. The activation functions of the
neurons are different. The first is 6008234346, the second is 9883057840 and the activation function of the output
neuron is 6252371258 (see ratio (2)). The first neuron weights are w, = w,, = 0.233, the weights of the second
neuron are w, = w, = 1.348 and the third neuron weights are w, = 1.692, w,, = 1.076. The threshold of the
first neuron is ¢ = —0.463, the second ¢ = —1.339 and the third ¢ = —1.535. Condition (2) is fulfilled. This
structure has a fractal dimension Dy ~ 1.88. Shown on the right is a 10 times magnified portion of the fractal
structure drawn in the blue box on the left to demonstrate self-similarity of the output field.

All described properties are preserved even when choosing the same activation functions for all
neurons of the perceptron. The appearance of the fractal structures changes a little, but no qualitative
changes are observed.

Thus, the appearance and fractal dimension of the structures change when activation functions are
changed.
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Fig 4.3. Self-similar structure using other activation functions. Activation functions of the neurons are different
and defined by the words 2865111974, 2786803702 and 3460777549. Weights of the first neuron are w,, = 1.274
w,, = 0.088, the second neuron weights are w, = 0.588, w,, = 1.775 and weights of third neuron are w, =
0.823, w,, = 1.668. The threshold of the first neuron is ¢ = —0.686, the second o = —0.195 and the third ¢ =
—0.564. Fractal dimension D ~ 1.85. On the right is a 10 times magnified portion of the fractal structure drawn
in the blue square on the left to demonstrate self-similarity.

4.2 Effect of weights of the neurons

Let's consider how alterations of weight values affect fractal structures. It is natural to start with the
impact of weights on the symmetry of fractal structures. For instance, changing the weights of neurons,
such as those for the symmetric fractal structures mentioned earlier, can break the symmetry about the
diagonal. An example demonstrating the loss of symmetry due to alterations of the weight values w, of
only the first neuron is shown in Fig. 4.5. In the general case of weights and activation functions, such
symmetry of fractal structures is absent. Examples of the absence of symmetry under general conditions
are shown in Fig. 4.1 and Fig. 4.4.

Fig 4.4. In the first figure, a symmetrical structure is generated by a perceptron with activation functions of the
neurons defined by the words 6008234346, 9883057840 and 6252371258 and weights of the first neuron w, =
w,, = 0.233, the second w, = w,, = 1.348, and the third w, = 1.692, w,, = 1.076, and thresholds of the first
neuron ¢ = —0.463, the second ¢ = —1.339, and the third ¢ = —1.535. Fractal dimension of the symmetrical
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structure is D =~ 1.871 Further, the drawings are obtained by changing only values of the weight w,. of the first
neuron. In the following pictures the values of the weight w,, are 0.253, 0.273 and 0.293 respectively. Fractal
dimensions of the structures D are 1.966, 1.984 and 1.979 respectively. They show violation of the symmetry
when values of the weight w, of the first neuron change.

Moreover, changes in values of the weights of the neurons affect the fractal dimension of the
structures as well. Examples of such changes are shown in Fig. 4.4 and Fig. 4.5. The fractal dimensions
were found for the structures arising from different values of the weights, showing the dependence
between fractal dimensions and the weights of the respective neurons. In each case, only one weight of
a certain neuron changed. Figure 4.6 shows the corresponding dependencies. Considering the case of
different activation functions of the neurons (see Fig. 4.6, top row), the dependences on the input layer
neuron weights are symmetrical. In other words, altering the weights of either neuron results in identical
dependences. However, the effects of these neurons show different dependencies. The dependence on
the weights of output neuron of the perceptron is more intricate, causing a loss of symmetry in the
dependencies (see Fig. 4.6). If every neuron of the perceptron has the same activation function, the
dependence of the fractal dimension on the weights is simplified. In the lower row of Fig. 4.6 the left
side shows the dependence on the weight of any neuron in the first layer, while the right side shows no
changes in the fractal dimension with changes in weights of the output neuron. Consequently, the fractal
dimension of the structures within the shadow zones is notably more affected by the weights of neurons
in the first layer.

2.1 2.1
20 20
19 19
1.8 18
D D
1.7 1.7
1.6 1.6
15 15
14 14
1 1.5 2 25 3 1 1.5 2 25 3
w w
2.1 2.1
20
1.9
2.0
1.8
D D
1.7
19
1.6
1.5
14 1.8
1 15 2 25 3 1 1.5 2 25 3

w w

Fig 4.5. The dependence of the fractal dimension on the weights of the neurons of the perceptron. The upper row
corresponds to the situation when all activation functions of the neurons are different. The left section stands for
the dependence on the weights of the first and second neurons in red and blue, respectively, within the first layer.
The right section shows the dependency on the weights of the output neuron, where dependencies on weights w,

and w,, are red and blue, respectively. The lower row corresponds to the case of identical activation functions for
all neurons. On the left side is the dependency on the weights of any neuron within the first layer, while the right
side shows the dependency of the fractal dimension on the weights of the output neuron, which demonstrates its

weak influence on the fractal dimension of the structures.
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5 Conclusions

Thus, in the general case, there are shadow zones within the space of input words in which the
response field of the perceptron has a fractal structure. Under certain conditions explored in the work,
fractal structures can be symmetrical about the diagonal of the unit square. Changing the weights of the
neurons of the perceptron within the first layer in a certain way can disrupt this symmetry while the
activation function and the weights of the output layer have no impact on the symmetry of fractal
structures. In the general case, such structures lack symmetry. The fractal dimension of the structures in
the shadow zones within the input word space depends both on activation functions of the neurons and
their weights. Changes in the weights of the neurons within the first layer affect this characteristic more
significantly, while, in the case of identical activation functions, the weights of the output neuron have a
weak influence on its value.

It is clear that similar fractality will occur in more complex neural networks with a larger number of
inputs. The main difference is in the large dimension of the space of questions and, accordingly, in the
impossibility of demonstrating fractality visually. The dimensionality of the space of input words aligns
with the number of input channels, impeding direct visual confirmation of fractality. In this case,
verifying fractal characteristics may require specialized data processing algorithms, enabling
determination of the fractal dimension without visualization. Such algorithms find application in the
study of complex systems such as strange attractors in nonlinear dissipative systems with high
dimensionality of the phase space [18]. The alternative approach of their determination involves
studying certain intersections between the space of input words and the response field, focusing on
these intersections of smaller dimensions.

6 Appendix A

Let's discuss some details of the location of the input words in the unit square and their coloring,
according to the received output words. For the sake of simplicity, we will use the binary alphabet A =
(0,1). In Chapter 2, we discussed the way to assign coordinates to every input of the perceptron. Now
we will discuss the changes that occur as the length of the questions increases. Figure 6.1 shows a
comparison of the location of two divisions with different sequence lengths.
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Fig 6.1. Examples of dividing a unit segment for different sentence lengths. The coordinates of the corresponding
segments are defined. Below, the length of sentences is 4. It is easy to compare the consistency of a smaller-scale
division with a larger-scale one. There are two examples of color palettes shown above that match the
corresponding source sentences below, regardless of sentence length.

Such coordinates ensure consistency between the smaller-scale division and the larger-scale one. For
instance, if we simplify the corresponding coordinates by truncating with n = 4, that is, discarding the
last letter, both segments and their coordinates would coincide with the truncation with n = 3.

Now let's discuss the visualization of responses to all possible input words. As suggested in Chapter
2, it can be achieved by using some color palette. Any of different palettes can be used for this task.
Thus, Fig. 6.1 shows two simple ways of coloring with two colors and 4 colors respectively and the
relationship of the palette with words. The color palette stays the same for any division of segments.
The color of a word is defined by the color above its position. Of course, it is possible to use more
detailed palettes with more colors, including a palette where each word has its own color. Also, in some
cases, when a specific sentence must be visualized, a specific color can be assigned to it.
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7 Appendix B

To conduct experiments with the perceptron model, we developed a software that allows a user to
perform the following actions:
setting parameters for the model of the perceptron;
calculating output values for different combinations of input signals of the perceptron;
setting parameters for graphical representation of results;
controlling the calculation process;
viewing the result of calculations in the form of a graphic representation of the output signals;
viewing the number of squares of a certain color and size to determine the fractal dimension
of the constructed image;
7. uploading the results to a file.

ok whE

The general view of the user interface is shown in Fig. 4.1. Before performing the calculations, all
the characteristics of the neural network must be set.

Thus, to set the values of the weights of each connection, the corresponding fields “w_x1”, “w_y1”,
“W_X27, “w_y2”, “w_x3”, “w_y3” must be filled in (Fig. 7.1). To set the threshold values of each
neuron, the corresponding fields “c_17, “c_2”, “c_3” must be filled in (Fig. 7.1).

w_x3 |1.73300000( 3

o_3 |-0.4550000(/%

w_y3 |1.95700000 5

Fig 7.1. Fields for setting the weights of each connection of the perceptron model (highlighted in blue), fields
for setting neuron thresholds are not highlighted.

The user can also define activation functions for each neuron. To do this, you need to set the values
of the ends of the intervals, in which the corresponding output characters will be set, and the values of
these output characters for each interval must be set as well. All these fields are filled in the upper right
corner of the interface (see Fig. 4.1).

The software allows the user to construct two images to compare the structure of the global signal
field and its parts. To do this, two separate modules were developed. Each of them has a picture box for
visual representation of the output field, a “Start” button for starting calculations, “Word length” field to
set the length of words, “Low threshold” and “High threshold” fields for setting the minimum and
maximum intensity thresholds of the output signals for display, fields “Low dots” and “High dots” for
displaying the number of squares painted with the corresponding color, fields “Min value” and “Max
value” for displaying the minimum and maximum values of the output signals (Fig. 4.1).

In addition, in the right module for displaying the results there are buttons “Zoom In" and "Zoom
Out" to zoom in and out the image, respectively, fields “R”, “G”, “B” to set the color to highlight the
part of the global field that is considered on the right, the “Show area” button to select the part of the
global field of output signals on the left that is shown on the right, and the “x0”, “y0” and “range” fields
to set the initial coordinates and the length of the side of the square within which the output signals of
the perceptron are calculated and displayed on the screen (Fig. 4.1).

To set the threshold and color for displaying signals that exceed and do not exceed the set threshold,
fill in the appropriate fields in the “Color” section (Fig. 7.2).
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Fig 7.2. Fields for setting colors for displaying low and high signals and a button for saving parameter values
and experiment results (highlighted in blue).

After setting all parameters and pressing the “Start” button, the program calculates the values of
output signals for all possible combinations of input signals with the specified length in a specified area
within the input signal space of the perceptron. The values of the output signals are calculated according
to the algorithm described in Chapter 3.

Intensities of the input signals are represented as numbers 0, a;a,asa,, Where a,, a,, as, a, are some
digits from 0 to 9. In this way, it is possible to analyze all possible values that are transmitted to the
inputs of the neural network. Since the neural network must work within a specific alphabet, for
simplicity of data processing we will choose the alphabet 4 = 0,1,2,3,4,5,6,7,8,9.

The neural network sequentially processes each symbol of the input. This means that the neuron,
which receives the signals X = 0, x;x,x3x, and Y = 0, y,y,y3v,, processes the symbols x; and y, on the
first iteration, then the symbols x, and y, are processed etc. Each connection of the perceptron has its
own weight. Let the signal X pass through the connection with the weight w,, and the signal Y — through
the connection with the weight w,, then the total intensity of the signals will be in the interval D =
[b,9(wy +w,) + b].

Since it is necessary to process the signal in such a way as to obtain a symbol from the alphabet 4 at
the output, it is necessary to select the proper activation function. This activation function is the theta-
function described in Chapter 3.

After processing all the symbols of the input signals in this way, a sequence of symbols of the output
signal will be received. That is, after processing the corresponding symbols of the signals X =
0,x;%,x3%, aNd Y = 0,y,y,y5y., We Will get the output signal Z = 0, z,z,2;2,. So, using this algorithm,
for each of the possible values of the input signals, the intensities of the output signals are calculated
and a matrix of the intensities of the resulting signals is created, where the columns correspond to the
values of the first input signal X, and the rows correspond to the values of the second input signal Y. In
the intersection of the corresponding column X,, and row Y,, the value of the output signal Z, , for the
inputs X,, and Y, is set:

le ZlZ Zln
ZZl ZZZ ZZn (3)
Ziy Zyz Zn
Matrix 3 is square, that is k = n:
le Z12 Zln
ZZl ZZZ ZZn (4)



ISSN 2304 -6201 BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa
cepis «MaTematuyHe MogentoBaHHS. IHpopmaLiiHi TexHonorii. ABTOMAaT30BaHi CUCTEMW ynpaBniHHAY, Bunyck 64,2024 77

After calculations are completed, the matrix (4) of the output values of the perceptron is shown in
the form of a square image, in which each point stands for the intensity of the output signal for the
corresponding inputs. The specified accuracy of calculations (number of decimal places) is used to
construct the image. Each square of the given size is painted with one of the specified colors (Fig. 7.2),
depending on whether the signal is greater or less than the set threshold. For example, if you set the
word length to 3 and the threshold to 0.555, the output signals from 0.0 to 0.554 will have a color for
low signals, and from 0.555 to 0.999 will have a color for high signals. The greater the specified
accuracy of the calculations, the smaller the cell size, and therefore the greater their number in the
figure.

After calculating the output signals, the software also calculates the number of squares of the
corresponding color displayed on the image of the output field of the perceptron to determine the fractal
dimension of this field.

In addition, in the results section, the program displays the values of the maximum and minimum
signal in the field of output signals represented in the image, as well as the number of colored squares
with high signals to verify the calculation of the fractal dimension.
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PoboTy mpHCBSYEHO MOCITIIKEHHIO BJIACTHBOCTEH HEHPOHHMX MEpeX, SIKi HaJ3BHYaliHO IHTEHCHBHO BHKOPHCTOBYIOTBHCS
OCTaHHIM YacoM Y pI3HOMaHITHHMX IPHKIAaJHUX HaNpsiMKax. BuBueHHs 1X 3arajgpHUX Ta (yHIaMEHTAIBHUX BIIACTHBOCTEH
HaOyBae Bce OLTBIIOT AKTYAJbHOCTI Y 3B’SI3KY 3 IIMPOKHUM 3aCTOCYBAaHHSIM.

Merto10 poGoTH € BUBUEHHS II0JIS PEAKILii ITYYHOI HEHPOHHOI MEpexki Yy MPOCTOPi BCIX MOXKIMBUX BXiJHUX CUTHAIIIB MEBHOI
IoBXHMHU. Ha mpukmami mpocToro mepcenTpoHa OOCTIIKYIOTHCS 30HH B SKHX IMOJ€ peakiii HEWpOHHOI Mepexi Mae
CTPYKTYPHO CKJIaJHUHI THII.

Mertonu pocaimenH: [lns IOCTDKEHHS MONS BHUXITHUX CUTHANIB Oylo poO3poOJICHO MporpaMHe 3a0e3ledeHHs, SKe
JIO3BOJIMJIO MOJICTIOBAaTH Ta Bi3yali30BaTH IOJ€ BHUXIJHUX CHTHAIIB HajJ HPOCTOPOM BCIX BXIAHMX CHUrHamiB. Takox
nporpaMHe 3a0e3MedeHHs T03BOJIUIO 3MiHIOBATH (YHKIIIO aKTHBAIll, BArM Ta MOPOTH KOXXHOTO HEHPOHY, IO J03BOJIUIO
BUBYHTH BIUTUB yCiX IMX (AaKTOPIB Ha CTPYKTYPHY CKJIaHICTb ITOJISI BUXIHUX CUTHAIIB.

B pesyabTaTi O6yiio I0BeCHO, 1110, Y BUIAAKY 3arajJibHOTO TOJIOKEHHS, Y MPOCTOPi BXiHUX CHTHATIB iCHYIOTh 30HH TiHi B
SIKHX TI0JIE peaKilii HeMpOHHOI Mepexi Mae caMoroaiOHy (pakTanbHy CTPYKTypy. BU3Ha4eHO yMOBH MOSIBH CUMETpii TaKHX
CTPYKTYp, AOCIIKEHO BIUTMB (DYHKIIN aKTHBaIii, Bar Ta MOPOTiB HEHPOHIB MEPEkKi Ha BIACTHBOCTI (PpaKTATBHUX CTPYKTYP.
Buseneno, mo BXimHMIA map HEWPOHIB Ha IIi BIACTHBOCTI BIUIMBAE AOMIHYIOUMM 4rHOM. OTpHMaHi 3aJeKHOCTI (pakTapHOL
PO3MIPHOCTI CTPYKTYp Bia Bar HelipoHiB. OOroBOpeHO 3MiHH, SIKi BiOYBalOTbCS HPH 3POCTaHHI PO3MIPHOCTI MPOCTOPY
BXIJHUX CUTHAJIIB.

HasiBHicTh 30H TiHI 3 ()pakTalbHUM IIOJIEM BHXIJHHMX CHTHAJIB Ma€ BaXJMBE 3HAUCHHS JUI1 PO3YMiHHS (YHKIIOHYBaHHS
IITYYHUX HEWPOHHHX Mepex. Taki 30HM TiHI BU3HAYaOTh 00JIACTi BXiIHOTO MPOCTOPY CUTHANIB Y SIKMX PEaKiilo HeHPOHHOI
MepeXi HaI3BUYAHO UyTIMBA HABITh JI0 HE3HAYHMX 3MiH BXIJHUX CHUrHaIB. l]e MPUBOAUTE 10 MPHUHIMIIOBOT 3MiHH BUXITHUX
CHUTHAJIIB ITPY HE3HAYHII 3MiHI BXiJJHUX CUTHAJIB.

Kniouogi cnosa: wmyuna neiiponna mepesica, npocmip 8XiOHUX CUeHANi8, noie GUXIOHUX CUSHANIB, NepCenmpoH, WMYYHULL
HeupoH, hpaxmanvti cmpykmypu, pakmanvha posmipHicme.
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