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Spectral boundary value problem for coaxial shells of revolution

The main objective of this study is to develop an efficient numerical approach using boundary elements to estimate natural
frequencies of liquid vibrations in composite tanks. The spectral boundary value problem for liquid tanks is to find the natural
frequencies and modes of free surface sloshing. The calculation of hydrodynamic forces on the walls of tanks with liquid is an
important problem for ensuring the strength and stability of movement of industrial tanks and vessels. The vibrations of shell
structures, including cylindrical and conical shells connected by rings, are analyzed. The area between the shells is filled with an
ideal incompressible fluid. Numerical modeling uses the superposition method in combination with the boundary element
method. A numerical solution of the spectral boundary value problem regarding fluid vibrations in rigid shell structures has been
carried out. Frequencies and modes are determined by solving systems of singular integral equations. For the shells of revolution,
these systems are simplified to one-dimensional equations, where the integrals are calculated along curves and line segments.
Efficient numerical procedures are used to calculate one-dimensional integrals with logarithmic and Cauchy features. Test
calculations confirm the high accuracy and efficiency of the proposed method. The importance and practical significance of the
method lies in the ability to study fluid fluctuations in real compound fuel tanks of launch vehicles under different load
conditions. This makes it possible to study the movement of liquid in fuel tanks and reservoirs under the action of external loads.
The elaborated method will be used in computer modeling the dynamic behavior of liquid tanks and the stability study of liquid
movement in compound fuel tanks of launch vehicles. In the future, it is planned to study the vibrations of elastic coaxial shells
with liquid, using various composite materials
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1 Introduction

Shells of revolution are widely used as fluid storage tanks in water supply systems, oil and gas
facilities, various industries, and nuclear facilities for storing liquids, chemical substances, and various
wastes. When external loads are suddenly applied to partially filled tanks, significant splashing of the free
surface occurs. This splashing refers to movements of the liquid's free surface inside the container, which
has a substantial impact on the container's dynamic response. The spectral boundary value problem for
liquid tanks involves finding the natural frequencies and sloshing modes of the free surface. Calculating
hydrodynamic forces on the walls of liquid-filled tanks is crucial for ensuring the strength and stability
of industrial tanks and vessels. Key aspects in studying the liquid include assessing the distribution of
hydrodynamic pressure, forces, and moments, as well as determining the natural frequencies of the
liquid's free surface. These parameters directly affect the dynamic stability and strength of the containers.
Although full-scale experiments provide the most accurate assessment of tank strength under dynamic
conditions, they are often expensive and dangerous. Therefore, computer modelling has become the
forefront of modern scientific research in this area.

2 Problem formulation and literature review

The problem of fluid vibrations in tanks and reservoirs presents a significant challenge for various
industries, including aerospace, chemical, mechanical, and nuclear engineering, as well as a complex task
for physicists and mathematicians. Fluctuations of the liquid can lead to catastrophic damage to water
and oil storage tanks and deviations from the calculated trajectories of launch vehicles. Due to these
potentially dangerous effects, liquid sloshing in tanks has been the focus of many theoretical and
experimental studies over the last few decades [1-3]. These studies have addressed many important
phenomena, especially the linear and nonlinear sloshing effects in both inviscid and viscous fluids [4-6].
General overviews of existing methods to the problem of fluid oscillations are provided in [7-9]. It is
noteworthy that while compound shells of revolution are typical structures in fuel tanks for launch
vehicles and tanks used in the automotive, chemical, and agricultural industries, the study of the
oscillations of such tanks has received insufficient attention in the scientific literature [10-12]. Therefore,
this study, dedicated to solving the spectral boundary value problem concerning fluid oscillations in
compound rotational shells, addresses a highly relevant and topical issue.

3 The research aim and problem statement

The purpose of this study is to develop computer technology based on a combination of mode
superposition and boundary element methods to estimate the natural frequencies and modes of fluid
vibrations in compound shell structures.

The study focuses on compound shells of revolution that are partially filled with liquids, as illustrated
in Fig. 1(a-b). Here the wetted surface of the shell structure is denoted as Si, while So represents the free
surface of the liquid. The liquid is assumed to be ideal and incompressible one.

H

i

a) b)
Fig. 3.1. Compound shells of revolution and their drafts
The tanks under consideration consist of coaxial cylindrical and conical shells connected by rings that
form the bottoms. The liquid is contained between the shells. The surfaces of the shells and bottoms are
wetted, and the free surface at rest is at height H, forming a ring described in the polar coordinate system

as follows: {z = H,R; <r < Ry}. Here Ry = R3 + (R, — R3)(L — H)/L for structure depicted on Fig.
la), whereas for shell structure 1b) we have Ry, = Rz + (R, — R3)H/L.
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Let assume that the movement of the liquid between the shells is vortex-free. The fluid velocity vector
is denoted hereinafter as V(Vx, V, Vz). The incompressibility condition takes the form divV = 0. The
condition of the motion potentiality implies that there exists a scalar potential ®, and V = grad® . From
these assumptions, it follows that the potential @ satisfies the Laplace equation in the region occupied by
the liquid. Let Q be the area occupied by the liquid, and let P be a point inside the area Q. The liquid
pressure p on the wetted surfaces of the shell is determined

P gz (3.1)
P

where p, is the liquid density, g is the gravity acceleration, and z is the vertical coordinate of the point P.

Formulate the boundary conditions for the Laplace equation to evaluate the potential ®. On the wetted
surfaces Si the no-flow condition must be fulfilled, while on the free surface So dynamic and kinematic
conditions are applied [13]. The non-penetration condition is given by

0w
on

=0, (3.2
51

where n is the unit normal vector to the surface Si.
Kinematic and dynamic conditions are fulfilled on the free surface

0| _ 3¢,

_ = g (2%
550_5’ P—P0|SO—0,P Po = Pl(at+gC)- (3.3)

Here p is the liquid pressure on the wetted surfaces, p, is the atmospheric pressure, (=((x,y,t) is an
unknown function describing the motion and location of the free surface.
Thus, the boundary value problem is formulated for the Laplace equation

V20 = 0,PeQ, 22 =0, PeS;, 2o =2 p—p, =0, PeS, (3.4)

relatively to the potential ®, that is connected with the unknown function {(x,y,t) by boundary
conditions.

4 Method of mode superposition
Since the shells of revolution are considered and due to the linearity of relations (3.4), let us represent
the unknown functions @ and { in cylindrical coordinates as following series:

C,(T, 9' t) = ﬁo COS( le) ZTI/{,’:l dkl (t)ck (r), (41)
O(r,0,2,£) = Ny cos(10) X2, dy (), (r 2) (4.2)

In this case, the kinematic condition will be fulfilled if the following relationship exists between
the basic functions ¢, (r, z) and {, () on the free surface:

00y, (r.2)

o |y = G, (M. (4.3)
The functions v, = (pkl(r, z) cos(16) must satisfy the Laplace equation.

From the dynamic and kinematic conditions, it is follows

o __ o e _ o o
at e ez . 95t I (4.4)

Assuming the harmonic change in coefficients d;(t) via time as dy;(t) = Dy; exp(img;t), one can
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obtain from (4.4)

Ny ok
6—n = f “Vkl' (45)

Thus, the spectral boundary value problem is formulated relatively functions v, , [14]

2
Okl

2 _ A Wy _
Viy,, = o,PeQ,W’“ =0, PeS,, Ekl == Vi PeS,. (4.6)

The boundary element method (BEM) is used to solve the spectral boundary value problem. Note that
in representations (4.1)-(4.2) the multipliers sin(10) are also can be involved.

5 Boundary element method
To apply the boundary element method in its direct formulation, we use Green's third formula
[15]

_(f OV 1 a 1
2myy, (Po) = ffsﬁmds = Il \Ifklﬁmdi (5.1)

where |P — Py| is the Cartesion distance between points P,P,, and S = S; U Sp. Using the boundary
conditions of the spectral problem (4.6), we obtain

o (1 Ok Vi 9. (1 _
2nyy, + ﬂsl VYkion (|p-1>0|) dsy —= ﬂso ppy @S0+ ffso Yki on (|p—p0|) dSo = 0,PeSy,

2my + [y, Vi () Sy + L[ Y g, = 0, PyesS (5.2)
Vi 51\Vk16n |P=Py| 1 g So [P=Py| 0 1 0520 .

For shells of revolution, using the representation v, , = (pkl(r, z) cos(10), we arrive at the one-
dimensional system of singular integral equations in the form

2 R _
zn(Pkl(rOiZO) + fl—* (Pkl(r(z)' Z)® (Z, Zo)T(Z)dF - %fo (Pkl(p' H)‘:‘(P' PO)pdp = OIPO € Sll (53)

2
Zﬂ(pkl(TO,H) + f]" (pkl (T‘(Z),Z)@ (Z' ZO)T(Z)dF - %IOR (Pkl(P' H) E(P' PO)pdp =0, PO € SO'
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Jatb a-b a-b
= 4 2 2 2
E(P,Py) = ==Fi(k), a=1°+15 + (2 —20)*, b = 2r7,.

In (5.3) the generalized elliptical integrals are introduced

E,(k) = (~1)'(1 — 412) [T cos 2 by 10V — k2 sin 0 d), (5.4)

n/2 cos2b,10d0
RO = D' e

To calculate the integrals in equations (5.4) and (5.5), the method proposed in [16] is used, which is
based on the arithmetic-geometric mean. To solve the system of singular equations in (5.3), the boundary
element method with a constant approximation of the density along the element is imp;oyed, as described
in [13] and [17].

do, k%=2b/(a+ D). (5.5)
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6 Numerical results

To validate the proposed method, numerical results were compared with data provided in [18]. Both
V-shaped and A-shaped conical tanks with R; = Im i a = 7/3, filled with liquid, are considered, where R»
represents the smaller radius of the cone. We focused on the first frequencies with wave numbers 1=
0, 1, 2, as these are the lowest natural frequencies governing hydrodynamic loading. The comparison
results are summarized in Table 6.1 for various values of Ry,

During the numerical computations, 120 boundary elements were consideed along the conical section,
100 elements along the radius of the free surface, and another 100 elements along the radius of the
structure bottom. Increasing the number of elements did not significantly alter the results.

The outcomes obtained using the proposed one-dimensional arithmetic-geometric mean method
(MGE) closely match those of [18]. Some discrepancies were noted particularly at R,=0.2m for A-shaped
conical tanks, consistent with [18]'s observation of the semi-analytical method's reduced accuracy in this
specific scenario.

In what following, exactly 120 boundary elements are used along both cylindrical and conical surfaces
to investigate fluid vibrations in coaxial shells

Table 6.1. Sloshing frequencies in cone tanks

V-shapei A-shape

Rom | 02 | 04 [ 06 | 08 ] 09 ] 02 [ 04 [ 06 | 08 ] 09
=0, k=1
[18] | 3.386 | 3.386 | 3.382 | 3.139 | 2.187 | 24.153 | 10.014 | 6.665 | 4.550 | 2.683
MIE | 3.389 | 3.390 | 3.391 | 3.192 | 2.200 | 20.027 | 10.034 | 6.669 | 4.545 | 2.678
=1 k=1
[18] | 1.304 | 1.302 | 1.254 | 0.934 | 0.542 | 11.332 | 5.629 | 3.515 | 1.661 | 0.726
MIE | 1.305 | 1.307 | 1.259 | 0.954 | 0.574 | 11.303 | 5.626 | 3.481 | 1.651 | 0.732
=2, k=1
[18] | 2.263 | 2.263 | 2.255 | 2.015 | 1.361 | 17.760 | 8.967 | 5.941 | 3.724 | 1.923
MIE | 2.265 | 2.270 | 2.269 | 2.048 | 1.394 | 17.939 | 8.965 | 5.941 | 3.726 | 1.951

Next, the spectral boundary value problem (4.6) has been solved, which made it possible to find the
modes ¢, (,0,z) and their corresponding fundamental frequencies for the structures shown in Fig. 1.
The following geometric dimensions were chosen: L=1m, Ry =0.5m, R, =0.5 m, Rz = 0.25 m, filling
level His 1.25 m.

The specificity of these structures is that the free surface has the shape of a ring. The free surface has
the same shape when considering toroidal shells, sloshing of liquids in such shells was studied in [11].

The values of the lower eight sloshing frequencies of coaxial cylindrical-conical shell structures are
given in table 6.2.

Table 6.2. Sloshing frequencies in co-axial shells, Hz
N [ 1 [ 2 | 3 ] 4 | 5 | 6 | 7 | 8
Shell structure, Fig.1a)
aacrora | 0,6277 | 0,6277 | 0,8892 | 0,8892 | 1,0779 | 1,0779 | 1,2355 | 1,2355
Shell structure, Fig.1b)
gacrora | 0,5512 | 0,5512 | 0,8153 | 0,8153 | 1,0027 | 1,0027 | 1,1548 | 1,1548

Note that there are multiple sloshing frequencies. They correspond to the factor sin(l0) in
equations (4.1)-(4.2). The corresponding sloshing modes of the free surface are shown in Fig. 6.1-6.2.
The sloshing frequencies of both structures differ slightly, but for structures with a smaller radius of the
free surface, they are higher. This difference decreases with increasing wave number.

The lowest frequencies correspond to the first, second and third wave numbers. This corresponds
to the calculation data given in [5, 7, 10] regarding sloshing of liquid in conical and cylindrical shells.
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1 2 3 4
7 8

Fig. 6.2 Vibration modes ¢, (r, 8, H) of the free surface in shell structure /a).

i
ALl

Fig. 6.3. Vibration modes ¢, (r, 6, H) of the free surface in shell structure 1b).

5 6

Thus, the spectral problem of determining the frequencies and modes of fluid vibrations in coaxial
shell structures has been solved. This makes it possible to study the movement of liquid in fuel tanks and
reservoirs under the action of external loads.

Conclusion
The method has been proposed for determining the frequencies and modes of fluid vibrations

in coupled shells of revolution. The boundary element method is used to solve the spectral
boundary value problem within these coupled shells for the first time. This approach will be
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pivotal in computer modeling to understand the dynamic behavior of liquid tanks and to
investigate the stability of liquid movement in the fuel tanks of complex-shaped launch vehicles.
Future research will focus on studying the vibrations of elastic coaxial shells containing liquid,
incorporating various composite materials [19].
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CnekTpaJjibHa KpaiioBa 3aJa4a VISl KOAKCiaJIbHUX 000JI0HOK 00epTaHHS

OCHOBHOIO METOIO IILOTO JOCITIIPKEHHS € PO3p00Ka €eKTHBHOTO YHCENBHOTO MiIX01Y 3 BUKOPUCTAHHSIM I'PAaHUYHIX EIEMEHTIB
IUTSL OLIIHKU BJIACHUX YaCTOT KOJWBAaHb PIIMHM y CKIaJCHUX pe3epByapax. [IpoaHani3oBaHO BIAacHI KOJIMBAaHHA KOHCTPYKIIIH
000JIOHOK, 10 BKJIIOYAIOTh IWIIHAPHYHI Ta KOHIUHI 00OJOHKH, MOEqHAH] KinblsiMu. OOIacTh Mik 00OJOHKAMH 3allOBHCHA
i7IaJTbHOI0 HECTHCIIUBOIO PIMHOI0. Y YHCIOBOMY MOJENIOBAHHI BHKOPHCTOBYIOTHCSI METOJ| CYNEpHO3ULii y MOETHAHHI 3
METOJIOM T'PaHUYHHX EJIEMEeHTIB. 3IifICHEHO YMCIIOBHH PO3B'S30K CIEKTPaIbHOI IPaHMYHOI 33a1adi I0J0 KOJMBAHb PiTUHU B
JKOPCTKHX OOOJIOHKOBUX KOHCTPYKIisX. YactoTy i (OpMH BHU3HAYAIOTHCS LUIIXOM DPO3B'SI3aHHS CHCTEM CHHTYISIPHHX
iHTerpabHUX PiBHAHB. {751 00OJOHKH OOEpTaHHS, Il CHCTEMH CHPOIIYIOThCA 10 OJHOBHMIPHHX DIBHSHB, /€ IHTETpain
00YHCITIOIOTECS B3IOBXK KPHUBUX 1 BiApi3KkiB mpsAmux. s oOumMCIeHHS OJHOBHUMIPHHX I1HTErpaiiB i3 JorapupMiuHHMH
0COOHBOCTSAME Ta OCOONUBOCTSAMH THITY KoIn BHKOPHUCTOBYIOThCS €(EKTHBHI YHCIOBI Tpoueaypu. TecToBi po3paxyHKH
MiATBEP/KYIOTh BUCOKY TOYHICTB 1 €()eKTHBHICTh 3alPONOHOBAHOTO METOMy. BakmBicTh 1 MpakTHYHA 3HAYMMICTH METOIY
TOJISITa€ B MOXKJIMBOCTI IOCHIKYBaTH KOJIMBAHHS PiIHHU B peabHUX CKJIaJCHUX MaJMBHUX Oakax pakeT-HOCITB 3a pi3Hi yMOBH
HaBaHTaKCHHSI.

Knrwowuosi cnoea: yuninopuuno-xouniuni peszepeyapu, cucmemu CUHSYIAPHUX I[HMESPANbHUX DIGHAHL .MemoO 2PaAHUYHUX
eleMeHmis, NiecKants pioutu.
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