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CnexkTpajibHa KpaoBa 3aa4a Il KOaKCiaJbHUX 000JI0HOK 00epTaHHSA

OCHOBHOIO METOIO IIOT'O JIOCIIIKEHHS € PO3p00Ka e()eKTUBHOTO YHCEIHHOTO MIX0/Ty 3 BAKOPHCTAHHSAM I'DaHUYHHX €IEMEHTIB
JUISL OLIHKY BJIACHUX YacTOT KOJIMBaHb PIMHH y CKJIAJICHUX pe3epByapax. IIpoaHanizoBaHO BIACHI KOJMBAHHS KOHCTPYKILIH
000JIOHOK, II0 BKJIIOYAIOTh LWIIHAPUYHI Ta KOHIYHI 00OJOHKH, MOeqHaHI KinbIsaMHU. OOmacTe Mik OOOJOHKaMH 3allOBHEHA
17IcaTbHOI0 HECTUCIIMBOIO PIIMHOI0. Y YHCIOBOMY MOJECIIOBAHHI BHKOPUCTOBYIOTHCS METOJ CYIEPIO3HUIIi y MOE€JHAHHI 3
METO/IOM TPAaHWYHHX €JIEMEHTIB. 3I1MCHEHO YHCIOBUH PO3B'SI30K CIIEKTPANbHOI MPpaHUYHOI 3a/adi 00 KOJWBaHb PiIUHU B
JKOPCTKAX OOOJIOHKOBHX KOHCTPYKIisAX. YacToTH 1 (QOpMH BH3HAYAIOTHCS LUIIXOM PO3B'A3aHHS CHCTEM CHHTYISIPHHUX
IHTerpalnbHUX piBHAHB. JIjIs1 0OOJIOHKM OOEpTaHHs, LI CHCTEMH CHPOLIYIOTHCS 1O OJHOBHMIPHHMX PIBHSHB, Jie¢ iHTErpau
OOYHCITIOIOTECSL B3JIOBK KPHUBUX 1 Bifpi3KiB NpsMux. st oOUYMCIEHHS OJHOBMMIPHHMX IHTErpajiB i3 sorapudMiuHHMH
0COOJIMBOCTSIMU Ta OCOOJIMBOCTAMM THIy Kommli BHKOPHUCTOBYIOTBCS €(EKTHUBHI YMCIIOBI NMpOLeAypH. TecToBi po3paxyHKH
HiATBEPDKYIOTh BUCOKY TOUHICTb 1 €()EKTHUBHICTH 3allPONOHOBAHOTO METONYy. BaXJIMBICTh i MpakTHYHA 3HAYUMICTH METOJY
MOJISITa€ B MO>KJIMBOCTI TOCHIKyBaTH KOJIMBAHHS PIIMHU B PEAIbHUX CKIIAJICHUX ITATUBHUX OaKkaX pakeT-HOCIIB 3a pi3Hi yMOBU
HaBaHTaKCHHS.

Kniouogi cnosa: yunindpuuno-koniuni pesepeyapu, CUCMeMU CUHSYTIAPHUX [HMEZPANbHUX DI6HAHL .MEemoO 2PaAHUYHUX
e/leMeHmi8, NIeCKaHHs PIOUHU.

Ax muryBaTu: [HiTeko B. 1., Hertapsos K.I'., lopomenko B.O., Kpiotuenko J.B. Cnekrtpanbha
KpalioBa 3ajaya JjIsi KOAaKCiaJIbHUX OO0OJOHOK oOepraHHs. Bicnux Xapkiecvkoeo HAYIOHANLHO20
yuigepcumemy imeni B.H.Kapaszina, cepis Mamemamuune mooenroganus. Ingpopmayitini mexnonogii.
Aemomamuszoeani cucmemu ynpasuinus. 2023. sun. 60. C.6-14. https://doi.org/10.26565/2304-6201-
2023-60-01

How to quote: V.I. Gnitko, K.G. Degtyarev, V.O. Doroshenko and D.V. Kriutchenko, “Spectral
boundary value problem for coaxial shells of revolution”, Bulletin of V.N. Karazin Kharkiv National
University, series Mathematical modelling. Information technology. Automated control systems, vol. 60,
pp.6-14, 2023. https://doi.org/10.26565/2304-6201-2023-60-01 [In Ukrainian].

1 Beryn
O6onoHKM 00epTaHHS SIK pe3epByapH IJis 30epiraHHs piAMHU. MUPOKO BUKOPHCTOBYIOTHCS Ha
00'ekTax BoJIONIOCTAYaHHS, HAQTH 1 Ta3y, B PI3HUX Taly3sX MPOMHUCIOBOCTI, B SIEPHUX YCTAHOBOK JUIS
30epiraHHsi pi3HOMAaHITHUX PiAKUX ab0 TMOJIOHMX JO HUX MarepianiB, XIMIiYHOI PIIMHU Ta PI3HUX
BigxoniB. [Ipu nie panToBo npuKIIaAeHNX 30BHIIIHIX HABAHTAXXEHb B YaCTKOBO 3alIOBHEHUX pe3epByapax
BiZIOYyBalOTHCSl IHTEHCHBHI TUICCKaHHS BUIbHOI moBepxi. [IneckanHs o3Hauae Oyab-sKWH pyX BUIBLHOI
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MOBEPXHI PIOUHU BCEpEeIMHI KOHTeWHepa. lle sBuine mMae 3HAYHWIA BIUIMB HA NWHAMIYHUNA BiITYK
KoHTelHepa. CnekTpaibHa KpaiioBa mpobieMa Ui pe3epByapiB 3 PiAMHOIO TMONATaE€ B 3HAXOMKEHHI
BJIACHHMX YacTOT Ta ()OPM IUIECKaHb BUILHOI MOBEpXHi. PO3paxyHOK TigpoJAMHAMIYHMX CWJI HA CTIHKH
pe3epByapiB 3 PIAMHOIO € BaKJIMBOIO IMPOOJIEMOIO I 3a0e3MEUYEeHHs] MIITHOCTI Ta CTIHKOCTI pyXxy
MIPOMHMCIIOBUX pe3epByapiB 1 mocyanH. OCHOBHI MpoOJIeMH TIPH BUBUCHHI PITWHU TOJSITAIOTh B OIIHIII
PO3MOAITY TiAPOIMHAMIYHOTO THUCKY, CHJ, MOMEHTIB 1 BU3HAUYCHHI BJIACHHX YaCTOT BIJIBHOI MOBEPXHi
pimuau. Li mapamerpu 6e3mocepeHbO BIIMBAIOTh HA AMHAMIYHY CTIMKICTBH 1 MIITHICTH KOHTEHHEPIB.
Xoya JTMIIIe HATYPHUH eKCTICPUMEHT MOXKE HalaTH afeKBaTHY OIIHKY MIITHOCTI Pe3epByapiB 3 pyXOMOIO
PIAMHOIO0, aJie MPOBEJCHHS TaKMX MOBHOMACIITA0OHHX SKCIIEPUMEHTIB € KOIITOBHOK Ta HEOE3NCUHOO
MIPOILEAYPOIO, TOMY Ha MEPE/IHiN (JIaHT B Cy4aCHUX HAYKOBHUX JIOCIHIJDKCHHSX BUXOJUTHh KOMII FOTCPHE
MO/ICITFOBAHHSI.

2 [locTaHoBKAa MPOOJIEMH Ta OTJIS Cy4ACHOTO CTAHY MUTAHHS

IIpoGnema KONMMBaHb PIAUHN € BUKIMKOM IJIsl PI3HUX Taly3edl MPOMHUCIOBOCTI, TaKWX SK
aBiaKOCMi4Ha, XIMiYHa, MAITUHOOY/IiBHA, AEPHA 1H)KEHEPid, a TAKOXK CKIIaTHUM 3aBJaHHIM U (Di3UKiB
Ta MaTeMaTHKiB. KOJMMBaHHS PiIUHU MOXE TIPU3BOJUTH JI0 KaTacTPO(iuHUX MOIIKOIKESHb Pe3epByapiB
U1 30epiraHHs BoAM Ta HA(TH, CXOKCHHIO 3 PO3PaXyHKOBOI TPAEKTOpii paKeT-HOCIiB. 3aBISKH
MOTCHITIHHO HeOe3IMeYHOMY BIUIMBY, IUICCKAHHS pIOWHH B pe3epByapax € 00'eKToM 0aratbox
TEOPETUYHUX Ta EKCIIEPUMEHTAITbHHUX JOCIIPKEHb MPOTATOM OCTaHHIX KUTBKOX AecsaTHIiTh [ 1-3]. Bararo
BOKJIUBUX SBUI OyJIO PO3IJISHYTO B IMX JOCHIIKCHHSIX, OCOOIMBO JIHIMHI Ta HETIHINAHI eheKTH
IJICCKAHHA K JJI HeB'SI3KO1, Tak 1 A B’ sI3K01 piawHM [4-6]. 3aranbHUE OTJIA iCHYIOUHX IIIXOIIB 10
PO0JIEMH TUIECKaHb 3p00JIeHO B [ 7-9]. 3ayBaxKuMo, 1110 X04a CKJIaJIcHI 000JIOHKH 00epTaHHS € THITOBUMHU
KOHCTPYKI[ISIMU TTAJTMBHUX OaKiB PaKeT-HOCIIB, pe3epByapiB, 110 BUKOPUCTOBYIOTHCS B aBTOMOOIIBHIM,
XIMIYHIH Ta CUTBCHKOTOCTIONAPCHKINA Taly3sX, B HAYKOBIM JIiTepaTypi BUBYEHHIO KOJHBAHb TAKUX
pesepByapiB mpuiIieHo HeaocTaTHRO yBaru [10-12].

ToMmy maHe AOCHIKCHHS, TIPUCBSIYCHE PO3B’I3aHHIO CICKTPaIbHOI KpaioBol 3a1a4i 111010 KOJIUBaHb
piavHY B cKiIageHnX 000JI0HKaX 00epTaHHsI, BAKOHAHO HA aKTyalbHY TEMY.

3 Meta gocaigkenns Ta GpopMyJI0BaHHs 3a1a4i

MeTta IOCIiPKEHHS TIOJIsITae B PO3pOoO0Ili KOMII' FOTEPHOI TEXHOJIOTIi Ha OCHOBI MOEIHAHHS METOIIB
CYTIEPIO3HIIA MO Ta TPAHIUYHUX €JIEMEHTIB JUTSI OI[IHKM BIIACHHUX YacTOT Ta (hOpM KOJIHMBAHb PiAVHU B
CKJI/ICHUX 000JIOHKOBHX KOHCTPYKIIiSIX.

PosrisiHyTO CKIlaieHi 000JI0HKH 00epTaHHS, YaCTKOBO 3aIIOBHEHI piuHO0, puc.1(a-0). Sk S; 0ynemo
MOo3HauEHa 3MOUYEHY ITOBEPXHIO 00OJIOHKOBOI KOHCTPYKIIii, TOMI K So € BUTFHOIO ITOBEPXHEIO PiIUHU.
BBakaeTncs, 0 piiMHA i1€anbHa 1 HECTHUCIIHBA.

i I:

H

a) 0)

Puc. 3.1. Cxradeni 060101K08i KOHCmMPYKYIT ma ix cxemu

PesepByapu, 1110 pO3TIISIAIOTHCS, CKIIAJAI0THCS 3 KOAKCIAbHUX IAIIHIPUYHOT Ta KOHIYHOT 000JIOHOK,
3'¢AHaHUX KUIBISIMH, IO YTBOPIOIOTH AHWIIA.. PimmHa 3Haxomutbesi MK obOosoHkamu. lloBepxHi
00OJIOHOK 1 THHII] 3MOYYIOTbCA, a BiJIbHA MOBEPXHS B CIIOKOI 3HAXOAMTHCS Ha BUCOTI H, yTBOpioroun
KiJIbIIE, SIKE OTIUCYETHCS B TOJISIPHIN CHCTEMI KOOPAWHAT TakuM 9rHOM: {z = H,R; <1 < Ry}. Tyt Ry =
R3 + (Ry — R3)(L — H)/L nnst 060710HKOBOT KOHCTPYKIIIT, 1110 300paxkeHa Ha puc. 1a), a Juist KOHCTPYKIIiT
10) maemo Ry = R3 + (R, — R3)H/L.

[Ipumyctumo, o pyX piAMHH, SKA 3HAXOAUTHCS MK 000JIOHKaMH, € 0e3BUXpOBUM. [lo3HaUUMO SK
V(Vx, |4 Vz) BEKTOp IIBUAKOCTI PiMHU, TO/I yMOBa HECTUCIMBOCTI npuiiMae Burisag divV = 0. YmoBa

NOTEHUIHHOCTI PyXy O3HAYae, IO iCHye CKaJsipHUI noTeHuian meuakocteid @, takuil mo V = grad®.
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X WX MPHUITYIICHb BUILTABAE, M0 moTeHItian @ 3amoBoipHs€e piBHAHHIO Jlamuraca B 001acTi, 1o 3aifHATa
pinuHoto. Hexaii 2 — oOnacTb, mo 3aiiHsTa pinuHoto, P — Touka Bcepeauni obnacti (2 . Tuck piaunu p Ha
3MOYEHI MOBEPXHi 000JIOHKH BU3HAYAETHCS 3 iHTErpaity bepHyti 3a popmyoro
p __ 00
P

Po
E — 9z + p—l, (31)

Zie p, — TYCTHHA PiIMHH, g — NPUCKOPEHHS BUTLHOTO MA/IiHHSA, Z — BEPTUKATIbHA KOOp/MHATA TOUKH P.

Chopmynroemo rpaHuyHi yMOBH s piBHsHHsA Jlamnmaca Juis 3HaxoJpkeHHs mnoteHiiany ®. Ha
3MOYCHHUX MOBEPXHAX Si1 Ma€ BUKOHYBATUCh YMOBA HEMPOTIKAHHS, B TOW Yac SK Ha BUIbHIA MOBEpXi
CTaBUMO JMHAMIi4Hi i KiHeMatiuHi ymoBH [13]. YM0OBa HENMpOTiKaHHS Ma€ BUIIIS

0D
a s = 0 (32)

Ha BinpHIN MOBepXHI BUKOHYIOTHCS KIHEMAaTUYHA Ta THHAMIYHA YMOBHU

oD 7] L]
55026—?5: P—P0|50:0,P_P0:_P(§+QC)- (3.3)

TyT p — THCK piIMHHM Ha 3MOYCHI MOBEPXHi, Py — aTMOC(EpHHUH TUCK, p - TYCTHHA PIAWHH, g —
MPUCKOPEHHS BiIbHOTO madinHs, (={(x, y,t) — 3a3aaneriap HeBizoMa QYHKIIis, KA OMUCYE TOTOKESHHS
Ta pyX BUTBHOI MoBepxHi. O0IacTh, Ky 3aiiMace pianHa, TO3HAYNMO K €, a 9K P — Toukn Bcepenuni 2.

Takum anHOM, 1115 piBHsHHA Jlamnaca chopMynboBaHa KpalioBa 3a1ada

V20 = 0,PeQ, 22 = 0, PeS;, 2o =%, p —py = 0, PeS, (3.4)

BITHOCHO HEBIZIOMOr0 MoTeHIiany O, 1o moB’si3aHuil KIHEMAaTHYHOI T'PAHUYHOIO0 YMOBOIO 3 (DYHKIIIEIO
Cx, ¥, t).

4 Meton 3axanux ¢gopm
OCKUIBKH PO3MIISIAIOTECS OOOJIOHKM OOEpTaHHsS Ta BHACHIJIOK JIHIMHOCTI CHiBBiIHOIIEHD (3.4)
300pazumo HeBimomi yHkii @ Ta { B MIITIHAPHYHUX KOOPAWHATAX Y BUTIIA/I HACTYITHUX PAIIB:

C(r,6,t) = XiZo cos(10) Xie=q dia ()G, (1), (4.1)
®(r,0,z,t) = 2, cos(l0) 222:1 iy D)o, (1,2) (4.2)
[pu bomy Oy/ie BUKOHAaHA KiHEMATHYHA YMOBA, KO Mixk GasucHumu dyHnkuismu @, (1,z) ta {, (r) na

BiJIbHIN TIOBEPXHI iCHYE TaKUil 3B’ I30K:

Bcpk(r.Z)]
on  lz=gy

= (1. (4.3)
OymKLil Y, = ?,, (r,z) cos(l 6) maroTh 3310BOIBHATH piBHAHHIO Jlamuiaca.

3 IMHAMIYHOI Ta KiIHEMaTHYHOI YMOB MaeMO

o0 _ e oL _ 0P
5= 9% SE=95;="95 (4.4)

Ipumyckaroun rapMOHIUHAN XapakTep 3MiHM KoedittieHTiB dy;(t) 3a yacom dy;(t) = Dy exp(img;t),

oTpuMaemo 3 (4.4)

N _ Of
E = 7 Wkl' (45)

Taxum 4rHOM, c(HOPMYIILOBAHO CIIEKTPAIbHY KPaOBy 3aj1auy BiqHOCHO , , [14]
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Vo, = 0,PeQ, 2t = 0, Pes,, W=k, pes, (4.6)

Jl1s1 po3B’si3aHHS CIIEKTPATBHOI KpaloBOT 3a7a4i 3aCTOCOBAHO METO TpaHUYHHX eneMeHTiB (MI'E).
3ayBaxumo, 10 B mogaHHsx (4.1)-(4.2) MoXHa TaK0 BUKOPUCTOBYBATH MHOXHHUKH Sin(10).

5 MeTox rpaHHYHHX €J1€eMEeHTIB
JIi1st 3aCTOCYBaHHSI METO/ly TPaHHYHHX EIEMEHTIB B IPSIMOMY (pOpMYITFOBaHHI BHKOPHCTOBYEMO
TpeTio popmyay ['pina [15]

oy 1 o 1
znwkl(PO) = ffsa_:l |P—P,| as — ffs \Vkl % |P—P,| dS: (51)

ne |P — Py| — nexaprosa Bigcrans mix Toukamu P, Py, S = S1 U Sp. 3 BUKOPHUCTAHHSIM KpPallOBHX YMOB
CIEKTPaNbHOI 3a1adi (4.6) OTpUMyEMO

_ o v 2 ( 1 B
2Ty ffsl Vi on (IP P, |) v ﬂS |P—klio| dSo + ffSo Vit on (m) dSo = 0,Py &Sy,
a 1 w2 I _
2my,, + I, sza(m) dS; + 28 [f S dSy = 0, PyeSo. (5.2)

Y pasi 0000HOK 0OEPTaHHs Ta 3 BUKOPUCTAHHAM TIOJAHHSA ), = (pkl(r, z) cos(l 0) mpuxoaumo 10

OTHOBUMIPHOI CHCTEMH CUHTYJISIPHUX IHTETPAbHUX PIBHSIHD Y BUTIISII
2ng,,, (1o, 20) + J1. 0, (r(2),2)0 (2, 2p)r(2)dl’ — m’“f ¢ (0, H)E(P,Po)pdp = 0Py €53, (5.3)
Zﬂ(pkl(TO,H) +f (pkl(T(Z) Z)G) (Z' ZO)r(Z)dF - U’klf (Pkl(P' H) (P PO)pdp =0, PO € SO

1 2_ 2_+_( _ )2
0(z,20) = \/—b{ZT [r roa—ZO - E(l) - Fy (k)] nr + }’

E(P,Py) = —%Fl(k), a=r2+1¢+ (z—20)% b =2rr,.

B (5.3) BBeneHi y3aranbHeHi eNiNTUYHI IHTeTpaiu 3a GopMyIaMu

E (k) = (-D'A -4 [,

/2 cos 2b,10d9
Rk = (D' {7 =

Inst obuncnenns interpaiiB (5.4)-(5.5) BHKOPHCTOBYETHCS METOJ, 3amporioHoBaHui B [16],
3aCHOBaHMI Ha BUKOPHCTaHHI CEPEIHBOTO apr(PMETUKO-TEeOMETPUUHOTO 3HA4YCHHS. J[s po3B’sI3aHHS
CUCTEMM CHHIYJIAPHUX PiBHSIHB (5.3) 3aCTOCOBYETHCSA METOJ TI'PAHUYHHMX €JIEMEHTIB 31 CTajloko
ampOKCUMAIII€I0 TYCTHHH B3I0BXK enementy [13], [17].

™2 05 2 by 10VT — k2 sin2 6 db, (5.4)

do, k% =2b/(a+b). (5.5)

6 AHaJii3 YHCJI0BUX pe3yJbTATIB

s TecTyBaHHA 3alpONOHOBAHOIO METOAY 3AIHCHEHO NOPIBHSAHHS OTPUMAHUX UHCIIOBHX
pe3ynbTaTiB 3 JaHuMH, HaBeneHumu B [18]. Sk i B [18], posrnspatorees sk V-moniOHi, Tak i A-1moaioHi
KOHIYHI pe3epByapu 3 R1 = 1M 1 o = /3 3 pigunOoI0. BBaxkaemo, mo R, MeHIH pajgiyc KoHyca.

PosrisHyTi Teprmi 9acToTH 3 XBHIBOBUMH umciaaMu 1= 0, 1,2, OCKiNbKM BOHH € HAWHIKIMMH
BJIACHUMHM YaCTOTaMH, 110 BU3HAYAIOTH MAPOJUHAMIYHE HaBaHTAXKEeHHS. Pe3ynbpTaTy opiBHAHHS HaJaHi
B Tabsuili 6.1. 1y1s pisHUX 3HaYeHb R

[Ipu yucnoBux po3paxyHkax ooupanock 120 rpaHUYHUX €JIEeMEHTIB B3JJOBXK KOHIYHOI yactuTH, 100
€JIEMEHTIB B3JIOBXK paiiycy BUIbHOI moBepxHi, Ta 100 enemeHTiB B31OBXK paniycy auuuia. [lonaneiie
301IBLIEHHS KIIBKOCTI €JIEMEHTIB He MIPHUBEJIO 10 CYTTEBOT 3MiHM PE3YJIBTATIB.
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Pe3yneTaTd, OTpHUMaHi 3apOIToOHOBaHNM oaHOBUMIpHEM MI'E, rapHO y3romKyroThes 3 qanumu [18].
JHesika po30ikHICTh JaHUX criocTepiraetTbest npu Rp=0.2m 1t A-moaiOHUX KOHIYHUX pe3epByapis. Ilpu
poMy, B [18] 3pobiieHo 3ayBakeHHS BiIHOCHO HEBUCOKOI TOYHOCTI MOJTy-aHAJTITHYHOTO METO/IY came B
[IbOMY BHIAJIKY.

Hanaini came 120 rpaHUYHNX €I€MEHTIB BUKOPHUCTOBYETHCS B3IOBXK SIK IIMITIHAPUYHOI, TaK 1 KOHITHOL
MOBEPXOHB JJIs JOCHIPKEHHSI KOJIMBAaHb PIIMHH B KOAKCIaTbHUX 00OJOHKAX.

Tabnuya 6.1. Yacmomu nieckaus 8 KOHIYHUX pe3epsyapax

V-monioH1 A-t1o10H1

Rom | 02 | 04 [ 06 | 08 ] 09 [ 02 [ 04 [ 06 | 08 ] 09
=0, k=1
[18] | 3.386 | 3.386 | 3.382 | 3.139 | 2.187 | 24.153 | 10.014 | 6.665 | 4.550 | 2.683
MI'E | 3.389 | 3.390 | 3.391 | 3.192 | 2.200 | 20.027 | 10.034 | 6.669 | 4.545 | 2.678
1=1,k=1
[18] | 1.304 | 1.302 | 1.254 | 0.934 | 0.542 | 11.332 | 5.629 | 3.515 | 1.661 | 0.726
MIE | 1.305 | 1.307 | 1.259 | 0.954 | 0.574 | 11.303 | 5.626 | 3.481 | 1.651 | 0.732
=2, k=1
[18] | 2.263 | 2.263 | 2.255 | 2.015 | 1.361 | 17.760 | 8.967 | 5.941 | 3.724 | 1.923
MIE | 2.265 | 2.270 | 2.269 | 2.048 | 1.394 | 17.939 | 8.965 | 5.941 | 3.726 | 1.951

Jlani po3s’s3ana crieKTpaibHa rpaHidHa 3aj1a4a (4.6), mo go3somuio 3uaitu Gopmu ¢, (7,6, z) Ta
BIJIMIOBi/THI iM ()yHIaMEHTAIbHI YaCTOTH JUIsl KOHCTPYKIIiH, 300pakeHrX Ha puc. 1.

Crenugika 1uX KOHCTPYKIIiH TOJISATa€E B TOMY, 1110 BiJIbHA MOBEpXHS Mae Gpopmy Kbl Taky x came
(hopMy Mae BiNIbHA TIOBEPXHS B MPU PO3TIISAaHHI TOPOIAATBFHUX 0O0OJOHOK, TUIECKAHHS PIAMHA B TAKUX
0000HKaxX JAociimkeHo B [11].

3HaueHHS HUXKYUX BOCHMI YacTOT IUICCKaHb KOAKCIAJIBHUX LMTIHIAPUYHO-KOHIYHUX OOOJIOHKOBUX
KOHCTPYKIIiil HaBeqeHi B TadbmuIi 6.2.

Tabnuys 6.2. Yacmomu naeckans piouHu 6 KoakciaibHux 06oroukax, 1y
N | 12 [ 2 | 3 ] 4 | 5 | 6 | 7 | 8
O060510HKOBa KOHCTPYKIIisl, puc.la)
uacrora | 0,6277 | 0,6277 | 0,8892 | 0,8892 | 1,0779 | 1,0779 | 1,2355 | 1,2355
0060J10HKOBa KOHCTPYKIis, puc.16)
yacrora | 0,5512 | 0,5512 | 0,8153 | 0,8153 | 1,0027 | 1,0027 | 1,1548 | 1,1548

3ayBakuMO, 110 HasiBHI KpaTHI 4acTOTH IUIeCKaHb. BOHM BinnoBigaroTb MHOXHHKY sin(l0) B
piBHsHHSAX (4.1)-(4.2). BignoBimHi gopMmu TUlecKaHb BiNBHOI MOBEpXHI 300paxkeHi Ha puc. 6.1-6.2.
YacroTu 1UIeCKaHb 000X KOHCTPYKIIIH BIAPI3HSIOTBCS HE3HAYHO, ajie i KOHCTPYKIIHA 3 MEHIIUM
pajilycoM BUIBHOI MMOBEPXHI BOHU € OLIbINUMU. L[ pi3HHUIA 3MEHIIYETHCS 13 3POCTAHHSIM XBUJIBOBOTO
qHcIa.

HaitHmk4i 49acToTH BIiANOBINAIOTH MEpIIOMY, APYrOMY Ta TPETbOMY XBWIBOBHM uuciam. Lle
BIJINOBI/Ja€ TAHUM PO3paxyHKiB, HaBeJAeHUM a poboTax [5,7,10], cTOCOBHO IIeCKaHb PiJMHU B KOHIYHHX
Ta T HAPUIHAX 000JOHKAX.

1 2 3 4
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5 6 7 8

Puc. 6.2 @opmu nrecxano ¢, (1,0, H) sinvroi nosepxui xoncmpyryii 1a).

2 - - 3 - 4

Puc. 6.3 @opmu naecxanv ¢, (r,0, H) eironoi nosepxni xoncmpyryii 16).

TakuM YUHOM, pO3B’SI3aHO CIIEKTPaJIbHY 337auy 010 BU3HAYEHHS YacTOT Ta ()OPM KOJIMBAHb PiIUHH
B KOAKCiallbkHUX OOOJIOHKOBUX KOHCTPYKIisiX. Lle mae 3mMory mocnmiguTu pyx piiHA B TAJIMBHUX OaKax
Ta pe3epByapax IpH [ii 30BHIIIHIX HABaHTAXKEHb.

BucHoBkn

3amponoHOBaHO METOJ BHU3HAUEHHSA YacTOT TU (OPM KOJIMBaHb PiAWHHU B CKJIAJEHHUX OOOJOHKAaX
obeprannas. MeTol TpaHMYHHX €JIEMEHTIB BIIEpIIEe 3aCTOCOBAHO JJISi PO3B’SI3aHHS CIEKTPaIbHOL
KpaiioBoi 3ajaui B CkiIajeHuX oOonoHkax oOepraHHs. Lleit miaxixm Oyne BHKOPHCTOBYBATHUCH MPH
KOMIT'IOTEpHOMY MOJICJIIOBaHHI AMHAMIYHOI IOBEOIHKM pe3epByapiB 3 PIAMHOIO Ta IOCHIHKEHHI
CTIMKOCTI pyXy pIIMHM B TMalMBHUX 0akax pakeT-HOCiiB ckmajgHoi QopMu. Y TOJanbIIoMy
nepen0dadacTbesi JOCTIPKEHHS KOJIMBaHb NPYKHUX KOAKCIaIbHUX OOOJIOHOK 3  DiJUHOI0, 3
BUKOPHUCTAHHSM Pi3HHX KOMITIO3UTHHX Matepiaiis [19].

CIIMCOK JIITEPATYPU
1. Gnitko V., Naumenko V., Rozova L. & Strelnikova E. Multi-Domain Boundary Element Method for
Liquid Sloshing Analysis of Tanks with Baffles. Journal of Basic and Applied Research
International, Vol. 17(1), P. 75-87. 2016.
https://www.ikppress.org/index.php/JOBARI/article/view/3788



https://www.ikppress.org/index.php/JOBARI/article/view/3788

ISSN 2304 -6201 Bulletin of V.N. Karazin Kharkiv National University

12 series «Mathematical modeling. Information technology. Automated control systems» issue 60, 2023

2. Balas O.-M., Doicin C. V. and Cipu E. C. Analytical and Numerical Model of Sloshing in a
Rectangular Tank Subjected to a Braking, Mathematics, Vol. 11, P. 949-955, 2023.
DOI:10.3390/math11040949

3. LiulJ., ZangQ., Ye W., Lin G. High performance of sloshing problem in cylindrical tank with various

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

barrels by isogeometric boundary element method, Engineering Analysis with Boundary Elements,
Vol.114, P.148-165, 2020. DOI:10.1016/j.enganabound.2020.02.014.

Gnitko V., Karaiev A., Degtyariov K., Strelnikova E. Singular boundary method in a free vibration
analysis of compound liquid-filled shells, WIT Transactions on Engineering Sciences, Vol.126,
P.189-200, 2019. WIT Press, DOI:10.2495/BE420171.

Strelnikova E., Kriutchenko D., Gnitko V. Tonkonozhenko A. Liquid Vibrations in Cylindrical Tanks
with and Without Baffles Under Lateral and Longitudinal Excitations. International Journal of
Applied Mechanics and Engineering, Vol. 25(3), P.117-132, 2020. DOI:10.2478/ijame-2020-0038
Tong, C. Shao Y., Bingham H. B. & Hanssen, FC. W. An Adaptive Harmonic Polynomial Cell
Method with Immersed Boundaries: Accuracy, Stability and Applications. International Journal for
Numerical Methods in Engineering, Vol. 122, P. 2945-2980, 2021. https://doi.org/10.1002/nme.6648
1brahim R. A., Liquid Sloshing Dynamics. Theory and Applications. Cambridge University Press,
984 p., 2005.

Pradeepkumar K., Selvan V., Satheeshkumar K. Review of Numerical Methods for Sloshing.
International Journal for Research in Applied Science & Engineering Technology. Vol.8, Issue XI,
2020, doi.org/10.22214/ijraset.2020.32116.

Zheng Jh., Xue, MA., Dou, P. et al. A review on liquid sloshing hydrodynamics. J Hydrodyn Vol.
33, P. 1089-1104, 2021. https://doi.org/10.1007/s42241-022-0111-7

Strelnikova E., Kriutchenko D., Gnitko V. Liquid Vibrations in Cylindrical Quarter Tank Subjected
to Harmonic, Impulse and Seismic Lateral Excitations. Journal of Mathematics and Statistical
Science. Vol.5, P. 31-41, 2019. http://www.ss-pub.org » 2019/03 » IMSS18122001.

Karaiev A., Strelnikova E. Liquid Sloshing in Circular Toroidal and Coaxial Cylindrical Shells. In:
Ivanov, V., Pavlenko, I., Liaposhchenko, O., Machado, J., Edl, M. (eds) Advances in Design,
Simulation and Manufacturing 1ll. DSMIE 2020. Lecture Notes in Mechanical Engineering.
Springer, Cham. 2020. https://doi.org/10.1007/978-3-030-50491-5_1

Murawski K. Technical Stability of Very Slender Rectangular Columns Compressed by Ball-And-
Socket Joints without Friction, Int. Journal of Structural Glass and Advanced Materials Research,
Vol. 4(1), P. 186-208, 2020. DOI: 10.3844/sgamrsp.2020.186.208

Krutchenko D. V., Strelnikova E. A., Shuvalova Y. S. Discrete singularities method in problems of
seismic and impulse impacts on reservoirs. Bicnux Xapkiecbkoeo HAYiOHAIbHO20 YHigepcumemy
imeni B.H. Kapazina, cep. «Mamemamuune mooentoganus. Inpopmayitini mexHonoeii.
Aemomamuzoeani cucmemu VIPAGIIHHSY, BMII. 35, C. 31-37, 2017,
http://lib.kart.edu.ua/bitstream/123456789/13113/1/Krutchenko.pdf.

Raynovskyy I. A. and Timokha A. N. Sloshing in Upright Circular Containers: Theory, Analytical
Solutions, and Applications. 155p., 2020. CRC Press/Taylor and Francis Group,
https://doi.org/10.1201/9780429356711

Brebbia, C.A. The birth of the boundary element method from conception to application. Engineering
Analysis With Boundary Elements, Vol. 77, P. iii-X, 2017.
https://doi.org/10.1016/j.enganabound.2016.12.001.

Karaiev, A, Strelnikova, E. Axisymmetric polyharmonic spline approximation in the dual reciprocity
method. Z Angew Math Mech. Vol. 101, e201800339, 2021. DOI:10.1002/zamm.201800339.
Naumenko V., Strelnikova H. Singular integrals accuracy of calculations in two-dimensional
problems using boundary element methods, Engineering Analysis with Boundary Elements, Vol. 26,
Issue 1, P. 95-98, 2002. https://doi.org/10.1016/S0955-7997(01)00041-8.

Gavrilyuk 1., Hermann M., Lukovsky 1., Solodun O., Timokha A. Natural Sloshing frequencies in
Truncated Conical Tanks, Engineering Computations, Vol. 25, no. 6, P. 518 — 540, 2008. DOI:
10.1108/02644400810891535

Sierikova O, Strelnikova E, Gnitko V, Degtyarev K. Boundary Calculation Models for
ElasticProperties Clarification of Three-dimensional Nanocomposites Based on the Combination of
Finite and Boundary Element Methods. IEEE 2nd KhPIl Week on Advanced Technology (KhPI1Week)
P. 351-356. 2021. doi: 10.1109/KhPIWeek53812.2021.9570086



https://doi.org/10.1007/978-3-030-50491-5_1
http://lib.kart.edu.ua/bitstream/123456789/13113/1/Krutchenko.pdf
https://doi.org/10.1201/9780429356711
https://doi.org/10.1016/j.enganabound.2016.12.001
https://doi.org/10.1002/zamm.201800339
https://doi.org/10.1016/S0955-7997(01)00041-8

ISSN 2304 -6201 BicHuk Xapkiscbkoro HauioHanbHoro yHiBepcuteTy imeHi B. H. Kapasina

cepia «MaTematiyHe MogenioBaHHs. IHopMmaLliiiHi TexHonorii. ABTOMaTU30BaHi cucTeMM ynpaeniHHay, Bunyck 60, 2023
13

10.

11.

12.

13.

14.

15.

16.

17.

REFERENCES
V. Gnitko, V. Naumenko, L Rozova. & E. Strelnikova, “Multi-Domain Boundary Element Method
for Liquid Sloshing Analysis of Tanks with Baffles”. Journal of Basic and Applied Research
International, 2016, Vol. 17(2), P. 75-87,
https://www.ikppress.org/index.php/JOBARI/article/view/3788
O.-M., Balas C. V. Doicin and E. C. Cipu, “Analytical and Numerical Model of Sloshing in a
Rectangular Tank Subjected to a Braking”, Mathematics, 2023, Vol. 11, P. 949-955,
DOI:10.3390/math11040949
J. Liu Q. Zang, W. Ye, G. Lin, “High performance of sloshing problem in cylindrical tank with
various barrels by isogeometric boundary element method”, Engineering Analysis with Boundary
Elements, 2020, Vol. 114, P. 148-165, DOI:10.1016/j.enganabound.2020.02.014
V. Gnitko, A. Karaiev, K.Degtyariov, E.Strelnikova, “Singular boundary method in a free vibration
analysis of compound liquid-filled shells”, WIT Transactions on Engineering Sciences, 2019, Vol.
126, P. 189-200, WIT Press, DOI1:10.2495/BE420171.
E. Strelnikova, D. Kriutchenko, V. Gnitko, A. Tonkonozhenko, “Liquid Vibrations in Cylindrical
Tanks with and Without Baffles Under Lateral and Longitudinal Excitations®, International Journal
of Applied Mechanics and Engineering, Vol. 25, Issue 3, P. 117-132, 2020, DOI: 10.2478/ijame-
2020-0038.
C.Tong, Y. Shao, H. B. Bingham, & FC. W. Hanssen, “An Adaptive Harmonic Polynomial Cell
Method with Immersed Boundaries: Accuracy, Stability and Applications. International Journal for
Numerical Methods in Engineering, 2021, Vol. 122, P. 2945-2980. https://doi.org/10.1002/nme.6648
R. A. 1brahim, Liquid Sloshing Dynamics. Theory and Applications. Cambridge University Press.
2005, 984 p.
K. Pradeepkumar, V. Selvan, K.Satheeshkumar, “Review of Numerical Methods for Sloshing”,
International Journal for Research in Applied Science & Engineering Technology, Vol. 8, Issue XI,
2020, doi.org/10.22214/ijraset.2020.32116.
Jh. Zheng, MA. Xue, P. Dou, et al. “ A review on liquid sloshing hydrodynamics. J Hydrodyn 2021,
Vol. 33, P. 1089-1104. https://doi.org/10.1007/s42241-022-0111-7
E. Strelnikova, D. Kriutchenko, V. Gnitko, “Liquid Vibrations in Cylindrical Quarter Tank Subjected
to Harmonic, Impulse and Seismic Lateral Excitations”, Journal of Mathematics and Statistical
Science, 2019, Vol. 5, P. 31-41. http://www.ss-pub.org » 2019/03 » IMSS18122001.
A. Karaiev, E. Strelnikova, “Liquid Sloshing in Circular Toroidal and Coaxial Cylindrical Shells”,
In: Ivanov, V., Pavlenko, I., Liaposhchenko, O., Machado, J., Edl, M. (eds) Advances in Design,
Simulation and Manufacturing I11. DSMIE 2020. Lecture Notes in Mechanical Engineering. Springer,
Cham, 2020, https://doi.org/10.1007/978-3-030-50491-5 1
K. Murawski, “Technical Stability of Very Slender Rectangular Columns Compressed by Ball-And-
Socket Joints without Friction”, Int. Journal of Structural Glass and Advanced Materials Research,
2020, Vol. 4(1), P. 186-208, DOI: 10.3844/sgamrsp.2020.186.208.
D. V. Krutchenko, E. A. Strelnikova, Yu. S. Shuvalova, “ Discrete singularities method in problems
of seismic and impulse impacts on reservoirs”, Bulletin of VN Karazin Kharkiv National University,
series «Mathematical modeling. Information technology. Automated control systemsy, 2017, vol. 35,
P. 31-37. http://lib.kart.edu.ua/bitstream/123456789/13113/1/Krutchenko.pdf.
I. A. Raynovskyy and A. N. Timokha, Sloshing in Upright Circular Containers: Theory, Analytical
Solutions, and Applications. CRC Press/Taylor and Francis Group, 155p., 2020.
https://doi.org/10.1201/9780429356711
C.A Brebbia, “The birth of the boundary element method from conception to application”,
Engineering  Analysis  With  Boundary  Elements, 2017. wvol. 77, pp. iii-X,
https://doi.org/10.1016/j.enganabound.2016.12.001.
A. Karaiev, E. Strelnikova, “Axisymmetric polyharmonic spline approximation in the dual
reciprocity method”. Z Angew Math Mech. Vol. 101, 201800339, 2021.
DOI:10.1002/zamm.201800339.
V. Naumenko, H. Strelnikova, “Singular integrals accuracy of calculations in two-dimensional
problems using boundary element methods”, Engineering Analysis with Boundary Elements, Vol. 26
(1), P. 95-98, 2002. https://doi.org/10.1016/S0955-7997(01)00041-8.



https://www.ikppress.org/index.php/JOBARI/article/view/3788
https://doi.org/10.1007/978-3-030-50491-5_1
http://lib.kart.edu.ua/bitstream/123456789/13113/1/Krutchenko.pdf
https://doi.org/10.1201/9780429356711
https://doi.org/10.1016/j.enganabound.2016.12.001
https://doi.org/10.1002/zamm.201800339
https://doi.org/10.1016/S0955-7997(01)00041-8

ISSN 2304 -6201 Bulletin of V.N. Karazin Kharkiv National University
14 series «Mathematical modeling. Information technology. Automated control systems» issue 60, 2023

18. I. Gavrilyuk, M. Hermann, I. Lukovsky, O. Solodun, A. Timokha, “Natural Sloshing frequencies in
Truncated Conical Tanks”, Engineering Computations, Vol. 25, no. 6, P. 518 — 540, 2008. DOI:
10.1108/02644400810891535

19. O. Sierikova, E. Strelnikova, V. Gnitko, K Degtyarev, “Boundary Calculation Models for
ElasticProperties Clarification of Three-dimensional Nanocomposites Based on the Combination of
Finite and Boundary Element Methods”, IEEE 2nd KhPI Week on Advanced Technology
(KhPIWeek), P. 351-356, 2021.DOI: 10.1109/KhPIWeek53812.2021.9570086

Gnitko Vasyl PhD, senior researcher
A. Pidhorny Institute of Mechanical Engineering Problems
vul. Pozharskogo, 2/10, Kharkiv, 61046, Ukraine,
Degtyarev Kirill PhD, researcher
A. Pidhorny Institute of Mechanical Engineering Problems
vul. Pozharskogo, 2/10, Kharkiv, 61046, Ukraine
Doroshenko DSc, Ptofessor
Volodymir Kharkiv National University of Radio Electronics
Nauky Ave, 14, Kharkiv, 61166, Ukraine
Krutchenko Denys PhD, junior researcher
A. Pidhorny Institute of Mechanical Engineering Problems
vul. Pozharskogo, 2/10, Kharkiv, 61046, Ukraine

Spectral boundary value problem for coaxial shells of revolution

The main objective of this study is to develop an efficient numerical approach using boundary elements to estimate natural
frequencies of liquid vibrations in composite tanks. The spectral boundary value problem for liquid tanks is to find the natural
frequencies and modes of free surface sloshing. The calculation of hydrodynamic forces on the walls of tanks with liquid is an
important problem for ensuring the strength and stability of movement of industrial tanks and vessels. The vibrations of shell
structures, including cylindrical and conical shells connected by rings, are analyzed. The area between the shells is filled with an
ideal incompressible fluid. Numerical modeling uses the superposition method in combination with the boundary element
method. A numerical solution of the spectral boundary value problem regarding fluid vibrations in rigid shell structures has been
carried out. Frequencies and modes are determined by solving systems of singular integral equations. For the shells of revolution,
these systems are simplified to one-dimensional equations, where the integrals are calculated along curves and line segments.
Efficient numerical procedures are used to calculate one-dimensional integrals with logarithmic and Cauchy features. Test
calculations confirm the high accuracy and efficiency of the proposed method. The importance and practical significance of the
method lies in the ability to study fluid fluctuations in real compound fuel tanks of launch vehicles under different load
conditions. This makes it possible to study the movement of liquid in fuel tanks and reservoirs under the action of external loads.
The elaborated method will be used in computer modeling the dynamic behavior of liquid tanks and the stability study of liquid
movement in compound fuel tanks of launch vehicles. In the future, it is planned to study the vibrations of elastic coaxial shells
with liquid, using various composite materials.

Keywords: cylindrical-conical tanks, systems of singular integral equations, boundary element method, liquid sloshing.
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