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Modeling and Analyzing the Simplest Network of Telephone Subscribers

Abstract. Dynamic networks such as social, transport and biological networks are widely represented in the modern world.
Modeling complex networks as time-varying structures opens up additional opportunities for studying their properties.
Purpose. The goal of the work is to model the simplest dynamic network of telephone subscribers. The main focus is on
experiments with the resulting model and studying how the number of subscribers influences the network properties.

Research methods. The work uses the Monte Carlo method of stochastic dynamics of discrete states using time steps of the
same length, as well as the methods for constructing computer models, the methods for analyzing the properties of networks, the
least squares method and others. The computer model has been developed in Python using the Pandas, Numpy and NetworkX
libraries.

Results. The simplest model of a network of telephone subscribers has been designed, where subscribers are connected randomly
and disconnected after the phone conversation. In the model, the average daily number of outgoing calls from subscribers is
distributed according to the lognormal law. The experiments have been carried out with different numbers of subscribers, but for
the same time period. Based on the data obtained from the experiments, we analyzed such network properties as number of
connections, density, degree distribution, average clustering coefficient, and average shortest path length.

Conclusions. The developed computer model of the simplest dynamic network of telephone subscribers forms a model similar
to a random Erdes-Rényi graph, but the degrees of the vertices or the number of connections between subscribers are distributed
according to a lognormal law. The developed computer model can serve as the basis for the development of more complex
models and the study of the dynamic properties of such networks.

Keywords: dynamic complex network, mobile call graph, telephone network, lognormal distribution, degree distribution,
network density, clustering coefficient, average shortest path length.
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1. Introduction

Research of the social networks has been developing for many decades. The psychiatrist Jacob
Moreno, who became interested in the dynamics of social interactions within groups in the 1930s [1], is
usually considered as the founder of the field. ““A social network is any network in which nodes represent
people and edges represent some form of connection between them, such as friendship” [2]. In this paper,
we create a model and study a dynamic network of telephone subscribers or a mobile call graph. This
network can be seen as a social network in which contacts are made via a telephone. The peculiarity of
the network connected by the telephone calls is that connections are severed after the end of telephone
conversation between subscribers. At any moment in time, only pairwise connections exist, but a fully
connected network can be observed taking into account the connections that existed over a certain period
of time. Thus, in each period there are different configurations of connections between subscribers, and
accordingly, the network of telephone subscribers can be considered a dynamic one.
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Most networks, including a telephone subscriber network, change over time. However, researchers
often view networks as static entities. In some cases, this may be a reasonable approximation, but we can
learn a lot by observing, analyzing and modeling network changes over time. For example, in some
networks only connections may change and nodes remain permanent, in others, nodes may appear or
disappear. One of the approaches to modeling social networks, including networks of telephone
subscribers, is random graphs. The random graph model has been introduced in 1950-1960 by Paul Erdés
and Alfred Rényi [3]. A random graph is a network model in which the values of certain properties are
fixed, but other properties are random. For instance, a graph with a fixed number of nodes and edges is
one of the simplest models in which edges between nodes are randomly assigned. This approach is quite
primitive and has a number of disadvantages, for example, the lack of correlation between the degrees of
neighboring nodes, and the degrees of nodes are distributed according to Poisson’s law, which is rarely
the case in real networks. Additionally, in real networks structures called communities are formed, in
random networks they are absent. The next stage in the development of models of complex networks is
the Watts-Strogatz model [4]. This model creates a network with the properties of a “small world” — a
high clustering coefficient and a short length of the average shortest path between the vertices of the
network. As a result of the analysis of the Internet network topology by Albert and Barabasi [5], it has
been discovered that the distribution of vertex degrees follows a power-law. Such networks are called
scale-free networks. It has been empirically established that social, communication, biological, citation
graphs, Internet links, and other systems could be sufficiently modeled by scale-free graphs. It is believed
that the most important characteristics of social networks, in addition to high clustering, short average
paths and the presence of communities, include assortative mixing and a wide degree distribution. In [6],
the authors have presented a model of such a network in which new vertices are added both to random
vertices and to neighboring ones, which leads to implicit preferential joining.

Real world networks can have billions of users, and sometimes it is even impossible to determine their
size. In such conditions, network modeling is an effective way to study complex networks. It helps to get
an idea about the network structure, understand how the network changes when its parameters change,
and also study the processes occurring in networks, for example, the dissemination of information.
Dynamic network models can be divided into two groups: deterministic and stochastic. Stochastic models
take into account the random nature of network parameters, and therefore are better suited for modeling
social networks. For example, in [7], the authors have noted the limitations of the analytical approach and
created a stochastic model of the telephone network using the GPSS/H language. Using the created model,
the authors have determined the operational characteristics of the existing corporate telephone network
and assessed the performance of the designed networks before their installation. In [8], a discrete event
simulator for communication networks OSSIm is presented. A brief but comprehensive overview of graph
modeling of complex communication networks and their application to social network analysis is
provided in [9]. Based on various models of physical networks, the functions for generating artificial
social networks have been created in Matlab [10], thus adding a social component to the models of
physical networks. Currently, complex networks can be analyzed and modeled by describing models in
programming languages, including C++, Python, R, as well as using specialized software packages such
as NetworkX [11] and NetworkKit [12]. In works [13-16], the authors analyze the structure and dynamics
of social networks in which connections between people are carried out by using a mobile communication
network.

In this work, we present a simple model of social network in which connections between people are
established via telephone calls. Based on the data obtained after experiments, such network properties as
the number of edges, density, degree distribution, average clustering coefficient, and average shortest
path length have been analyzed.

2. Modeling dynamic network of telephone subscribers

In this work, we present a model of a social network in which connections between people are
established via telephone calls. A network of telephone subscribers is characterized by a certain number
of nodes (subscribers) and connections between them. Connections in such network occur when one
subscriber contacts another, and the duration of their contact is greater than 0. The number of connections
or call attempts is varied for different types of subscribers. For instance, usually people call 5-7 times a
day, while sales managers may call 200-300 times a day. As a result, at each moment of time a certain
number of pairwise connections exist. These connections cannot be considered a network. Only if we
increase the time scale, it is possible to observe a network formed during a given period of time.
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As a result of computer modeling, a simple model of a telephone network has been developed. The
main simplification is that subscribers choose to contact each other randomly. The number of calls over
a period of time is assigned to each subscriber according to the lognormal distribution. While subscribers
are in contact, they cannot make or receive calls. The call duration is modeled by the probability of ending
a call at a given time.

The input parameters of the model are the following: number of subscribers, parameters of the
lognormal distribution for assigning the number of calls per period of time, duration of the experiment.

3. Description of the experiment

Conducting experiments involves simulating the network of telephone subscribers over a certain
period of time. The number of subscribers is fixed and set beforehand. Time in this model is discrete, one
unit of time is considered to be one minute. If a subscriber calls 5 times a day, then the probability of a
call at any minute is defined as 5 divided by 1440 and therefore equals to 0.00347. The experimenter sets
the number of subscribers, duration of the experiment, as well as the parameters of the lognormal
distribution for modeling number calls per day for each subscriber. The subscriber selects a subscriber
randomly according to a uniform distribution law. The probability of a call ending at any given time is
0.99, which determines its duration. If subscribers have established a connection, they are blocked and
can neither make nor receive calls. The progress of the experiment is recorded in the table:

Table 1. Experiment data sample

idx | caller_id | callee_id | start_time | finish_time
0 67 22 0 1
1 49 64 2 3
2 44 54 3 4

idx is the record number, caller_id is the caller identifier, callee_id is the callee identifier, start_time is
the call start time, finish_time is the call finish, duration is the call duration.

The input data for the experiment are: the number of subscribers is 1000, the duration is 10080 time
units (minutes) or 7 days, the parameters of the lognormal distribution correspond to normal subscribers
(u=11,0 =1.0) [17].

4. Study of the obtained data

As a result of running a model, subscribers made 34834 contacts between each other. Based on this
data, we examine the distribution of the number of subscribers by the number of calls per day. The chart
(Fig.1) shows a histogram where the circles represent fraction of subscribers who called a certain number
of times in one day. This distribution can be compared with the distribution obtained in the work based
on the results of experiments, where it has been found that such data are distributed according to the
lognormal law [17]. Let us examine how well the model confirms with the experimental data.
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Fig. 1. Distribution of the number of subscribers by the number of calls per day. Green - experimental data from
the real network. Simulation data: yellow - all subscribers are included, blue - only those subscribers who made
at least one call. The lognormal law is shown as a black curve.
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The green line corresponds to experimental data from the telephone network of subscribers [17]. The
data obtained after experiments with the model is depicted by the blue and yellow circles. The distribution
of subscribers corresponding to the blue line has been calculated without taking into account subscribers
who made at least one call during the experiment. The distribution of subscribers corresponding to the
yellow line has been calculated taking into account subscribers who did not make a single call during the
calls simulations. The lognormal distribution (black curve) demonstrates the agreement between the
simulation data and the experimental observations.

The experimental data include subscribers who made at least one call during the experiment, i.e., there
are no subscribers without calls. There are such subscribers in the simulated network, which corresponds
to the distribution shown by the yellow line. As a result, differences in distributions arise.

As can be seen from Fig. 1, the blue curve — the distribution of subscribers who made at least 1 call -
is in good agreement with the experimental data (the green curve). Such subscribers form a network of
connections over a certain period. For a more detailed study of the properties of the telephone subscriber
network, we will use the data obtained as a result of additional experiments with the developed computer
model.

5. Analysis of the experiments with the model

To study the properties of the modeled dynamic network, we have conducted additional experiments
with a different number of subscribers, and measured the dependencies of such network properties as well
as determined the type of the resulting network. We have conducted 50 experiments in which the initial
number of subscribers was 10, and in subsequent experiments the number of subscribers increased by 10
up to 500 subscribers. The graphs of 6 networks out of 50 are shown in Fig. 2. The topology of the
resulting networks reflects the random nature of the choice of subscribers.

N subscribers: 10, N connections: 45 N subscribers: 70. N connections: 1323 N subscribers: 130, N connections: 3188

N subscribers: 190, N connections. 5243 N subscribers: 250, N connections: 7538

Fig. 2. Graphs of the resulting networks with selected number of subscribers

The number of connections in such networks increases linearly from 45 to 15277 depending on the
number of subscribers. As a result of the simulation, we obtained data on the relationship between the
number of connections and the number of subscribers. Linear approximation of these data by using the
least squares method gives the dependence shown in Fig. 3 with a black line. It is easy to notice good
agreement of the data with the given dependence.

n=32x(N -32) M

where n is the number of connections, N is the number of subscribers.
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From this dependence it follows that each new subscriber creates 32 new connections. The deviation
is observed in case of a small number of subscribers. There are not yet enough subscribers in this case to
establish an asymptotic number of connections.
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Fig. 3. Relationship between the number of connections and the number of subscribers in simulated networks. Red
circles are the simulation data, black ones are the direct approximation.

Network density is another property that we have analyzed, particularly, the changes in network
density with an increase in the number of subscribers. Density is the fraction of actually present edges to
the maximum possible number of edges. “It can be thought of as the probability that a pair of nodes,
picked uniformly at random from the whole network, is connected by an edge” [2]. As a result of the
network simulation, the maximum density was 1.00 in a network with 10 subscribers, the minimum 0.12
was observed in a network with 500 subscribers. In Fig. 4 the simulated data is shown in red, and the
approximating dependency in black. The data analysis has shown that the network density follows a
hyperbolic dependence:

o= 1.2
1+ N
>8 @)
where p is the network density, N is the number of subscribers.

Good agreement with the simulation data is evident in Fig. 4. Thus, as the number of subscribers

increases, the network density decreases and tends to 0.
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Fig. 4. Relationship between network density and the number of subscribers. Simulation data are in red,
hyperbolic dependence curve are in black.



ISSN 2304 -6201 BicHuk XapkiBCbKkoro HawjioHanbHoro yHisepcuteTy imeHi B. H. KapasiHa
cepis «MaTematuyHe MogentoBaHHS. IHpopmaLiiHi TexHonorii. ABTOMaTM30BaHi CCTEMW ynpaBniHHSY, Bunyck 59, 2023 11

During the experiment, the network subscribers managed to connect with 50-60 unique subscribers in
networks with 200 or more subscribers (Fig. 5). This subscriber or graph node property is known as the
degree.

degree

100 200 300 400 500
n subscribers

Figure 5. Relationship between the average node degree (number of created connections) and the number of
subscribers in the network

Let us consider one of the fundamental properties of the network — the degree distribution. The degree
distribution tells us the frequency with which nodes of different degrees appear in the network [2]. As a
result of simulating 50 networks, we have obtained the average degree distribution presented in Fig. 6.
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Fig. 6. Distribution of connections established by each subscriber, or node degree distribution. On the left is the
distribution of node degrees with standard deviations. On the right is the simulation data in red, the black curve is
the lognormal distribution (3) with 4 = 3.79 and o = 0.332. Good agreement with the simulation data is
observed.

The degree distribution corresponds well with the lognormal distribution with parameters ¢ =3.79

and o =0.332. Therefore, we observe that with a random selection of subscribers, the distribution of
degrees in the network repeats the distribution of the number of subscribers by the number of calls.
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where o and u are parameters that determine the lognormal distribution.

The next important network property is the clustering coefficient. The clustering coefficient is the
average probability that two neighbors of the same node are themselves neighbors or friends [2]. The
higher the value of clustering coefficient, the better information is transmitted over the network. As we
can see from the chart in Fig. 7, the clustering coefficient decreases from 1.00 in the fully connected
network with 10 subscribers to 0.21 in the network with 500 subscribers.

S e e
B foN o0
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Fig. 7. Relation between the average clustering coefficient and number of subscribers in simulated networks. The
red dots are the simulation data, the black curve is the dependence (4).

The simulation data is also well approximated by the hyperbolic dependency, which is shown in Fig.
7 with the black curve. It is clear that as the number of network subscribers increases, the clustering
coefficient decreases:

+
127 )

where C is the network clustering coefficient, N is the number of subscribers.

Finally, we consider the dependency between the average shortest path and the number of subscribers
in the simulated networks, which is presented in the Fig. 8. The lengths of all links between adjacent
nodes are considered equal to one. The shortest path in a network, also sometimes called a geodesic path,
is the shortest walk between a given pair of nodes, i.e., the walk that traverses the smallest number of
edges [2]. In the case of the telephone network and connections between people, this indicator
characterizes the average number of contacts required to connect any two subscribers.
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Figure 8. Relation between the average shortest path length and the number of subscribers in networks

In this telephone network model, in which subscribers communicate randomly, the average shortest
path is quite low (0.90 — 1.94).

6. Conclusions

In this paper, we propose a simple model of a dynamic network of telephone subscribers. The main
simplification of the model is that subscribers choose each other randomly. That leads to some restrictions
which determine the network topology and the dynamics of its properties. The basic properties of the
network such as the number of connections, density, clustering coefficient, degree distribution and the
average shortest path length in the network and their dependence on changes in the number of network
nodes or subscribers have been obtained. The modeling results have shown that the number of
connections increases linearly with the number of subscribers, which results in 32 connections when a
new subscriber appears on the network. Network density decreases with increasing number of subscribers
according to the hyperbolic law (2). The network clustering coefficient also decreases with increasing
number of subscribers according to a similar hyperbolic law (4). Another important network characteristic
that affects the propagation of information is the length of average shortest path between two subscribers.
It could be noted that a low average path length of 2 is possible even in a low-density network with the
density of 0.12. It may indicate that the network does not need to be fully connected so that subscribers
communicate with each other through a small number of contacts. The degree distribution or the number
of subscriber connections obtained by the simulation is in good agreement with the lognormal
distribution. It is interesting to compare the results obtained with data on real subscriber networks. Due
to the random formation of connections, the resulting model creates a network that resembles the Erdes-
Rényi random graph model, but the degrees of the vertices are distributed according to the lognormal
law.
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Moae/il0BaHHSI TA aHAJII3 HAMNIPOCTILIOI Mepe:Ki Tejie(POHHUX A0OHEHTIB

AKTyaJbHicTb. [IMHAMIUHI Mepexi MpeaCcTaBieH] Y IMUPOKOMY CHEKTpl 00JacTel Cy4acHOTO CBiTYy, BKIIOYAIOUM COIiajbHI,
TPAaHCIOPTHI Ta GioNoriyHI Mepexi. MoaenoBaHHs CKIIaTHIX MEPEX K CTPYKTYP, 10 3MIHIOIOTHCS B Yaci, BIIKPHBA€E T0IATKOBI
MO>KJIMBOCTI JUUI1 BUBYEHHS 1X BIIaCTUBOCTEMN.

Meta. MeToro poOOTH € MOJCIIOBAaHHS HANMPOCTIMIOl JUHAMIYHOI Mepexki TenepoHHMX aboHeHTiB. OCHOBHa yBara
30Cepe/KEeHA Ha CKCIICPUMEHTAX 3 OTPUMAHOI0 MOJICIUTIO Ta JIOCIIIXKCHHS BIUTUBY KiJIbKOCTI a00OHEHTIB Ha BIACTUBOCTI MEPEXKI.

Metonu nocainkeHHsi. Y poOOTi BUKOPUCTOBYIOTBCS MeToa MoHTe-Kapno cToxacTHYHO! JMHAMIKM JTUCKPETHUX CTaHiB i3
BHUKOPUCTaHHSIM YaCOBHX KPOKIB OJHAKOBOi JIOBXKHHHM, a TAKOXX METOIU MOOYJOBH KOMIT'IOTEPHUX MOJEJIel, METOAN aHali3y
BJIACTHBOCTEH MeEpeX, METOJ HalMEeHIIMX KBazpariB Ta iHmi. Komm'rotepHa Mmoxens pospobieHa MmoBoro Python i3
BUKOpHcTaHHsAM 0i6mioTex Pandas, Numpy Ta NetworkX.

Pe3yabTaTu. Po3po6iieHo HalpocTinry Moaens Mepeski Tene()OHHIX aOOHEHTIB, Y sKiii a00HEHTH 0OUPAIOTh IHIIUX a0OHEHTIB
BUIIAJKOBHM YMHOM, a 3B'S3KH ICHYIOTH TUIBKH Iif] 9ac TeneoHHOI po3MOBH. B Mozeni cepenHbOAeHHA KiNbKICTh BUX1THUX
JI3BIHKIB a0OHCHTIB PO3MO/IiICHa 332 JIOTHOPMAIBHUM 3aKOHOM. [IpOBEICHO €KCIIEPUMEHTH 3 MOJICIUTIO 3 Pi3HOIO KUIBKICTIO
aOOHEHTIB, aJie 3a OJHAKOBHH YacoBHil Binpi3ok. Ha mifcTaBi oTpUMaHHX JaHWX MPO N3BIHKH, PO3TIIHYTI Taki BIaCTHBOCTI
Mepex SIK KUIBKICTh 3B’SI3KiB, IIUIBHICT, PO3IOJILT BEPLIMH, CEepeAHii KoedilieHT KiacTepu3aimii Ta cepemHsl IOBXKHHA
HaWKOPOTIIOTO ILISXY.

BucnoBku. Po3pobiieHa KOMIT'IOTEpHA MOZETh HaHTPOCTImoi AWHaAMIYHOI Mepexi Tene@oHHHX abOHEHTIB GopMye MOIENb
CXO0Xy 0 Bunankosuii rpad Epaema-Pensi, ane npu poMy cTyIeHi BepIINH a00 KiTbKiCTh 3B'sI3KiB a00HEHTIB PO3IIOALIEHO 32
JIOTHOPMAJTbHAM 3aKOHOM. Po3pobieHa KOMI'IOTEpHA MOJENb MOXE OYTH OCHOBOIO PO3POOKHM CKIAJHINIMX MOJENeH Ta
BUBYEHHS JHHAMIYHHX BIACTUBOCTEH MOAIOHUX MEPEK.

Knwwuoei cnosa: cknaona ounamiuna mepedica, epagh MoOIbHUX SUKIUKIE, MeNeQOHHA Mepexcd, TOSHOPMATbHUL PO3NOOJIT,
PO3N0O0IN CMyNenis, WiNbHiCMb Mepeci, Koepiyichm Kiacmepusayii, cepeorsi 008XHCUHA HAUKOPOMULO20 UWLISIXY .

Hagiiwna y nepuwin pegakyii 18.06.2023, B octanHii - 21.08.2023.
The first version has been received on 18.06.2023, the final version - on 21.08.2023.


mailto:m.danilevskiy@gmail.com
https://orcid.org/0009-0000-0030-2218
mailto:yanovsky@isc.kharkov.ua
https://orcid.org/0000-0003-0461-749X

