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Multidimensional generalizations of atomic radial basis functions

Possible approaches to generalizing multidimensional atomic radial basis functions are presented. The functions of
mathematical physics are used in solving two-dimensional and three-dimensional boundary value problems with partial
derivatives. Depending on the problem, the functions of different dimensions are used, that is, the functions generated by
various differential operators. The functional-differential equations that generate those functions are considered and families of
finite solutions for those equations generated by the differential operators of Laplace, Helmholtz, etc. have been constructed
according to the given scheme. The results are presented in the form of theorems. In order to expand the class of functions and
improve their properties, the construction of the atomic radial basis function family of three independent variables on the
example of a functional-differential equation of the appropriate type is considered. The solution methods refer to seedless
schemes and combine the possibilities of constructing the boundaries of regions by using R-functions. Atomic functions are
convenient for implementing computational algorithms for constructing approximate solutions of boundary value problems in
2D and 3D domains by using meshless schemes. The properties of these functions make it possible to use them as basic
functions in solving boundary value problems by meshless methods based on collocation methods. For atomic functions, the
dependence on the compression ratio is provided, which is specified in the process of constructing the solution of the boundary
value problem as necessary to ensure certain properties of the functions. The scheme for constructing solutions of heat
conduction problems by using a gridless scheme is provided.
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value problems..
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The necessity to construct various types of multidimensional generalizations of atomic radial basic
functions is determined by the requirements of their application in the numerical analysis. For example,
when constructing an interpolation spline it is necessary to solve systems of algebraic equations. The
dimension of the system is determined by the number of interpolation conditions and may be
sufficiently huge. The task of interpolation is simplified by using local splines, as to calculate each of
the splenic parameters several interpolation conditions are utilized. Atomic functions not only enable
the further simplification of the solution of the interpolation problem, but allow us to consider more
complex situations of interpolation of functions which are determined on various geometric manifolds.

An attempt to non-trivial generalization of atomic functions in the case of many variables was
provided in the research [1] where a number of necessary conditions for the existence of finite solutions
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of some functional-differential equations is given without evidence. Multidimensional generalizations
of atomic functions appeared as a result of solving one of the lists of relevant tasks of the theory of
atomic functions [2] on the construction of finite solutions of functional-differential equations like the
following:

Lu(xy,...,x,) = J- @&y, .. & u(ax, — &,,...,ax, — & )ds + ku(ax,,...,ax,)
a1

where L is a linear differential operator; 6Q is the boundary of the convex closed area. The cases
of existence and unity of the solution of this problem when the operators of Laplace, Helmholtz and
Klein Gordon and others are considered as generating operators.

Let us consider the equation

Au(xy,x,) = .1% u[3(x, — &,).3(x;, — &;)]ds + pu(3x,,3x,)
an

where 0Q is a circle: & + &2 =7 r%, 4 = 8% /dxi + 3*/dxZ is a Laplace operator. The
consideration of these functional-differential equations follows from the condition that the Laplace
operator is invariant relatively to rotations and a finite system of points. In the case when it contains
more than one point it is not invariant. Summation in the right part of the equation (similar to one-
dimensional case when the equation like [3] Ly(x) = A X3, cpv(ax — b),|a| > 1, is considered
where L is a linear differential operator with constant coefficients) does not provide the finite solution.
However, if instead of the subformation we carry out an integration operation by a circle, it is
possible to establish a solution with a compact carrier (that is the finite solution of the output equation).
The resulting functions have preserved the name of atomic ones. The finite solution is called

Plop(x,, X, ), it exists and is the only one for the following values of coefficients: x=-4zA/3 and
A=31(4rx).

Plop(x,, X,) =D D a, cos(rzx,) cos(qzx,)

r=0 @=0
21-J,(2q7/3") .
o 37qn)?
2 1-J,2rzl13") .

o 3(rm)?

1—JO( 2 \/(rﬂ)2+(qﬂ)2)

) S
o=V an = ey - @

The graph and the level lines of the atomic function Plop(X;, X,) the support of which is a part of

a. =

ro

U(rz,0)=

N |~

Ay = %U (0,qr)=

a) b)
the region [—1, 1]x[ -1, 1] are presented in Fig. 1:
Fig. 1. The graph (a) and the level lines (b) of the atomic function Plop(X,, X,) .
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In the case of three variables the desired function is obtained when solving the equation:
Bulry ey x5) = A [ § w30 = E3(x = £2)30x = £)1ds + u(3xy 353, 333)
an

whnere IS the surface of the ball: + + = —, = Xy + X5 + X IS the
here 6Q) is the surface of the ball: &7 + &7 + &7 g A=0?10x;+0*10x5+0°10x; isth

Laplace operator in R®. That function is called Corp(xl, X, x3) and support of that function is shown
in Fig. 2 and Fig. 3 (a, b)

a) b)

Fig. 3 The graph of the atomic function: a) with different sections of the OZ and b) plane cross section
visualization of its distribution density

In numerical schemes for solving boundary value problems, in addition to the above functions, the
following functions are also required:  APlop(x,, X,), ACorp(x,, X,, X;) , A°Plop(x;, X, ),
A Corp(Xy, X5, X5), S>1.

To solve the equation of thermal conductivity according to the mesh scheme, it makes sense to use
the atomic solution of the following functional-differential equation:

AU(xg, %) = 52U(x, %) = 4 [ B0 — &), 30% — &))d @+ 1 U(3x, 3%,)
oQ

where 0Q: 512 +§22 =1, A=0%] 8x12 +0% 1 8x§, with the appropriate choice of parameters 4 and u :
9¢?

27[3o(ic) -3 (0)]

The support of the function Hlop(x;, x,) is a circle of radius 1.5 (Fig. 4).

Hu=27mAdy(ic), 1 =
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Fig. 4 The graph of atomic function Hlop(xy, X5)

The information about other atomic functions such as KGlop(xq, x,) and Blop(xy, X,) functions
generated by a biharmonic differential operator can be found in [5, 6, 8].
Obtaining functions of three independent variables Corp(Xq, X,, X3) and Horp(xy, Xy, X3) is
ensured when finding finite solutions of functional differential equations like
Lu(%, X, X3) = A[[Julal — &), ax, — &), alxg — &)+ u u(ax, ax,, axy)
0
where the atomic function Corp(Xy, X,, X3) is a solution to the functionally differential equation

2

3
0 . . .
generated by the Laplace operator: A= Z—z; the atomic function Horp(xl, Xy, x3) to the equation
i=1 OX

generated by the Helmholtz operator: A + 52, where 52 is the parameter of the Helmholtz equation.
The corresponding supports of the functions Corp(Xy, Xy, X3)and Horp(Xy, X, X3) are a ball of a

certain radius supp F (x,,%,,%3) = M;M:x] +x3 + x3 <R F(X, X, X3) is one of the

functions Corp(xq, Xy, X3)or Horp(X., X,, X3) . Each of these functions is normalized by the condition
~+00 400 +00
I I I F (X, X, X3)dx =1.

These three-dimensional atomic functions are convenient for implementing computational
algorithms when constructing approximate solutions to boundary value problems in 3D domains using
meshless schemes. The properties of these functions make it possible to use them as basic ones for
solving boundary value problems by meshless methods based on collocation methods.

Atomic functions of three independent variables are solutions of functional differential equations
with the Helmholtz operator

AU(Xg, X, X3) = 52U, X, Xg) = A[[U[304 &), 30, — &), 30 — &) ]d @+ 1 U(3x, 3%y, 3%3), (1)
oQ

?  *
ﬂ; =—5+—5 +— isthe Laplace operator; A, x are the
9 OX;{ OX; OX3
parameters, the values of which are refined in the process of finding a finite solution to this equation;
52 is the parameter of the Helmholtz equation.

The functions Horp(x;, X», X3) form a subclass of atomic functions that are generated by the

where 9Q is the sphere: &2 + &2 + &2 =

modified Helmholtz differential operator A —&%. Other subclasses of atomic functions which are
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generated by the Laplace operator, biharmonic and polyharmonic operators, have been investigated in
articles [5, 6, 7].

Fig. 5-7 show the visualization of the result of the numerical construction of a three-dimensional
function Horp(xq, X,, X3) , its first and second derivatives with respect to the arguments x;, x,, and the

results of the action of the Laplace and Helmholtz operators on the function Horp(x;, X,, X3):
AHorp(Xq, X, X3), (A—&z)Horp(xl, X, X3) respectively.

Fig. 5 Visualizing the graph of the Horp(x;, X, X3) function projection in space Ox;x,Horp(xy,X,,const) :
a) determining the support points under the condition Xz = const (section by the plane X5 = const of the
support — a unit ball centered at the point (0, 0, 0)); b) the graph of the function projection
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Fig. 6 The graphs of projections of the first derivatives of the function Horp(x;, X,, X3) with respect to
variables X;, X,, provided X3 = const : a) the graph of BHEPP(ZTZ’WMF} in space
Ox%, OHorp(xq, Xo, const) oHorp(Xq, X, X3) j BHorp(x,y.const)

; b) the graph of in space OJx,x,
axl ) g p aXZ p 1 ax'.‘.
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Fig. 7 The graphs of projections of the second derivatives of the function Horp(x;, X,, X3) on the variables
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Fig. 8 The results of the action of the Laplace A and Helmholtz (A —52) differential operators on the function
Horp(X;, X,, X3) : ) the projection graph of AHorp(X;, X,, const) in space Ox;x,AHorp(X;, X,, const) ;

b) the graph of (A—&z)Horp(xl, X,, const) in space Oxlxz(A—§2)Horp(x1, X, CONst)

The scheme for constructing a finite solution to a functional differential equation (1) can also be
used to find a finite solution to a functional differential equation of the following form:

AUy, Xg, Xg) +52U(Xy, Xp, X3) = ﬂjfu[3(xl —&1), 3% — &), (%3 — &) [dw+uu(3xg, 3%,, 3x3), (2)
20

where all the notations of the equation (1) are preserved.
The atomic function KGorp(X;, X5, X3) Which is a solution to the functional differential equation (2)

where 8Q is the sphere 512+§22+§32:g and the values of the coefficients

3s° 87 , . 2
A= , ,u=—/1$|n§5 will be a bounded infinitely differentiable function supported

Sn[sinié—w} 36

in the form of a ball of wunit radius and normalized by the condition
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o0 00 00
I J' j KGorp(xy, Xy, X3)dx dx,dx; =1 which is represented in the cube [-1, 1]x[-1, 1] x[-1, 1] by the

Fourier series

KGorp(xy, X, X3) = Y ZZapqr cos(prrx;) cos(grX,) cos(raxs)
p=0g=0r=0
where apq, P, 4, =1 2,... arethe Fourier coefficients:
1
do0o = g’
—1KG~~~ 0,0 —1KG”~O 0 —1KG””00
apoo = orp(pz,0,0), agqo =2 0rp(0,q7,0), ag, = 6rp(0,0,rx),

Apq0 = 3 KGOrp(pz,qr,0), agqr = % KGOrp(0,q7,rz), age, = % KGorp(pr,0,rx),

) 2«ﬁ2+t2+t2
sin| V1L T2+l
167

3h+1
ﬂ_
3 2\ +13 + 82
s 0 3h+1
KGO =] | IR
h=0 Blh +h +13 _ 52
52h

Fourier function transformation KGorp(X;, X5, X3) is a rapidly decreasing function of exponential
type for t7 +12 +t — oo.

The proof of the existence of a solution is similar to the given above.

The considered atomic functions Horp(x;, X5, X3) and KGorp(xq, X,, X3) are the radial basis
functions that can be used to construct approximate solutions of boundary value problems according to
meshless schemes for differential equations in the formation of which Helmholtz-type operators are
used.

In order to expand the class of functions and improve their properties, let us consider the
construction of a family of the atomic radial basic functions (ARBFs) of three independent variables by
using the example of a functional differential equation in the form

Au(xy,x5,%3) — 8%u(x),x5,%3) =
= APy ulk(xy — &), k(xs — &),k (x3 — &3))dw + pulkxy, kxg, kxs), (3)

3
where 0Q: > &% =2 and &, = (k).
i=1

It should be noted that the region 0Q is dependent on the compression ratio and can be refined in
the process of constructing a solution to the boundary value problem if it necessary to ensure certain
properties of functions.

That function will be denoted Horp, (X;, X,, X3) and, according to [7], will be considered an atomic
function. It should be noted that the index indicates the possibility of extending the subclass of the
functions Horp, (x4, X,, X3) in order to provide the necessary characteristics of the function.

The function Horp, (X, X,, X3) IS even with respect to its variables and can be expanded in a
threefold Fourier series [4]

o0 00 o0

Horpy (X, Xp, X3) =D > Zapqr cos( prr¥, ) cos(qrX,) cos(rrxs) (4)
p=09g=0r=0

in which the Fourier coefficients are calculated by using the following formulas:
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(5)

where p,q,r=12,..

The functions Horp, (x4, X,, X3) forms a family of a subclass of atomic functions that are generated

by the modified Helmholtz differential operator A — 52 (Fig.9).

). B) o

Fig. 9 The Horpy (X1, X5, X3) function of ARBF family with variation in parameters r (support radius) and

k (compression ratio)

According to the scheme above, it is possible to construct families of finite solutions to the

considered functional differential equations which are generated by differential operators of Laplace,
Helmholtz, etc.

The proposed families of atomic radial functions can be used as basic ones in the case of solving
boundary value problems by using meshless schemes [9, 10]. Expanding the subclass of functions will
allow selecting functions from families. That will provide the best approximation of the desired solution
to the boundary value problem.

1.
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TIpencraBieni MOXIJIWBI MiIXOOM y3aralbHEHHsS OaraTOBHUMIPHHX aTOMAapHHX paliajdbHUX Oa3ucHHUX QyHKUi. @yHkil
MaTeMaTu4HOi (i3UKH BUKOPHCTOBYIOTHCS TPU PO3B’sI3aHHI JBOBUMIPHHX Ta TPHBHMIPHUX KpalOBHX 3aad 3 YACTUHHUMH
NoxXimHUMHU. BigmoBimHO A0 3agay MaroTh Miclie BHKOPUCTAaHHS (QYHKIII 3TiJHO OO PO3MIpPHOCTI, TOOTO (yHKUil, MO
MOPOJKEeHI pi3HUMH JudepeHniiftHnMu oneparopamu. Po3risHyTi GyHKIiIOHAIEHO-AU(EpEeHIIHH] PIBHSAHHS, IO MOPOIKYIOTh
came mi ¢yHKuii. 3rigHO 3 HaBEJEHOI CXeMOIo, OyayloTh ciMeiicTBa (IHITHHX pilIeHb PO3MTISIHYTHX (YHKIIOHAJIBHO-
mudepeHIiaTbHIX PIBHSHB, SKi MOPOUKYIOThCS AndepeHiansHumMu oneparopamu Jlamnaca, I'enpmronsus Ta iH. [lincymku
HaBe/IeHI Y BUIIAI TEOpeM. 3 METOI0 PO3LIMPEHHs Kiacy (YHKIIH Ta yIOCKOHAJICHHsS IX BJIACTUBOCTEH pO3MIISNAETHCS
nobynosa cimeiictBa APB® Tppox He3aneXHMX 3MIHHHUX Ha NPHKIANl (QYHKIIOHAJIBHO-AN(EPEHIIaTbHOTO pIBHSIHHS
BIZIMOBiHOTO BUAY. MeToau po3B’si3aHHS BITHOCATHCS 10 OC3ITKOBHX CXEM Ta MOEIHYIOTH MOMIIUBOCTI MOOYJOBH TPaHUIIb
obmacteii 3a momomororo R-dyHkmiii. Aromapri QyHKmii 3pydHi TpW peamizamii 0OYHCITIOBANFHUX AITOPUTMIB MOOYHOBI
HaONMMKEHUX pilleHb KpaloBuxX 3aBHaHb y 2D Ta 3D olOmactsx 3a 0e3CiTOUHMMH cxeMaMmH. BracTuBOCTI muX (QyHKIIH
JIO3BOJIAIOTH BUKOPHCTOBYBATH X sIK 0a3WCHI NMPH BHPIMIEHHI KpalOBHX 3a1ad O0E3CiTOYHHMH METOJaMH Ha OCHOBI METOIIB
kosokanii. /[ atomapHuX (yHKIIH HajgaHa 3aJeKHICTD BiJf Koe(ilieHTa CTHCHEHHS, SKa YTOYHIOETHCS B MPOIECi T00yI0BH
pillieHHsS KpaioBol 3amadi 3a HEOOXIAHICTIO T 3a0e3MeueHHs MeBHUX BIacTUBOCTEH ¢yHkiii. Hamano cxemy moOymoBu
PO3B’sA3KIB 33]1a4 TEILIOMPOBITHOCTI 32 OE3CITKOBOIO CXEMOIO.

Kniouosi cnosa: amomapmui padianvui 6Oasuchi @yuxyii, Kpaiiosi sadaui mamemamuuynoi Gizuxu, 0e3cimxkosi memoou
PO38 ’513Y8AHNS KPAUOBUX 3a0aH.
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