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G-force reaching several g affect the stability of the launch vehicle in the launching phase. The mathematical modeling 

methods are used to study the longitudinal vibration stability of liquid-fueled launch vehicles in the launching phase. The paper 

presents the modeling of small oscillations of fluid motion in a rigid, partially filled shell of rotation. The modeling is based on 

the developed mathematical model: fluid is supposed to be ideal and incompressible, fluid motion being vortexless, velocity 

potential gradient being fluid velocity. The conditions for the velocity potential at the boundaries of the computational domain 

are determined. The kinematic boundary condition and dynamic boundary condition on the free surface and nonpermeability 

condition on the bottom and side surfaces of the tank are fulfilled. The solution of the differential equations system for the 

boundary conditions has been obtained. The liquid sloshing in a low gravity has been investigated and the boundary conditions 

have been generalized. In the dynamic boundary condition the surface tension is accounted for. The assumed mode method has 

been developed to solve problems of free and forced oscillations of shell structures with compartments filled with liquid. The 

system of differential equations relative to the elastic movements of the structure and the active liquid pressure is obtained. For 

its solution three sets of basic functions have been used. The gravitational component in the singular equation system in the 

problem of sloshing in a rigid shell is taken into account. The cases of control points being positioned on the liquid free 

surface, as well as on the shell surface are considered. The solution of the system of equations determines the velocity 

potential. 

Key words: mathematical modeling, g-force, low gravity, surface tension, free surface, boundary element method. 

Метод інтегральних рівнянь в задачах дослідження коливань оболонок, 

частково заповнених рідиною 
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Інститут проблем машинобудування ім. А. Н. Підгорного НАНУ, вул. 
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Перевантаження на активних ділянках польоту впливають на стійкість ракети-носія та досягають величини у кілька g. 

Для дослідження стійкості рідинних ракет-носіїв щодо дії поздовжніх коливань на активній ділянці польоту 

застосовуються методи математичного моделювання. В статті наведено моделювання малих коливань руху рідини у 

жорсткій, частково заповненій оболонці обертання на основі розробленої математичної моделі: рідина ідеальна та 

нестислива, рух рідини є безвихровим, градієнт потенціалу швидкості є швидкістю рідини. Визначені умови для 

потенціалу швидкості на границях розрахункової області. Виконуються кінематична та динамічна умови на вільній 

поверхні та умова непротікання на днищі та бокових поверхнях резервуару. Отримано розв’язок системи 

диференційних рівнянь з виконанням граничних умов. Досліджені коливання рідини в умовах низької гравітації та 

узагальнено граничні умови. В динамічній граничній умові здійснено врахування поверхневого натягу. Для 

розв’язання задач про власні та вимушені коливання оболонкових конструкцій з відсіками, що містять рідину, 

розроблено метод заданих форм. Отримано систему диференційних рівнянь відносно пружних переміщень 

конструкції та діючого тиску рідини, для розв’язання якої використано три набори базисних функцій. Виконано 

урахування гравітаційної складової у системі сингулярних рівнянь в задачі коливань рідини в жорсткій оболонці. При 

цьому розглянуті випадки положення контрольних точок на вільній поверхні рідини та на поверхні оболонки. 

Розв’язок системи рівнянь визначає потенціал швидкостей. Досліджено умови, при яких вплив поверхневого натягу 

стає несуттєвим. Отримані результати свідчать про те, що при значних параметрах перевантаження вплив 

поверхневого натягу стає несуттєвим. Але зі зменшенням цього параметру (при низьких рівнях гравітації) 

поверхневий натяг стає домінуючим. 

Ключові слова: математичне моделювання, перевантаження, низька гравітація, поверхневий натяг, вільна поверхня,  

метод граничних елементів. 
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Метод интегральных уравнений в задачах исследования колебаний 

оболочек, частично заполненных жидкостью 
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Перегрузки на активных участках полета влияют на устойчивость ракеты-носителя и достигают величины в несколько 

g. Для исследования устойчивости жидкостных ракет-носителей к действию продольных колебаний на активном 

участке полета применяются методы математического моделирования. В статье приведены моделирования малых 

колебаний движения жидкости в жесткой, частично заполненной оболочке вращения на основе разработанной 

математической модели: жидкость идеальная и несжимаемая, движение жидкости является безвихревым, градиент 

потенциала скорости является скоростью жидкости. Определены условия для потенциала скорости на границах 

расчетной области. Выполняются кинематическое и динамическое условия на свободной поверхности, условие 

непротекания на днище и боковых поверхностях резервуара. Получено решение системы дифференциальных 

уравнений с выполнением граничных условий. Исследованы колебания жидкости в условиях низкой гравитации и 

обобщены граничные условия. В динамическом граничном условии осуществлен учет поверхностного натяжения. Для 

решения задач о собственных и вынужденные колебания оболочечных конструкций с отсеками, содержащими 

жидкость, разработан метод заданных форм. Получена система дифференциальных уравнений относительно упругих 

перемещений конструкции и действующего давления жидкости, для решения которой использовано три набора 

базисных функций. Выполнен учет гравитационной составляющей в системе сингулярных уравнений в задаче 

колебаний жидкости в жесткой оболочке. При этом рассмотрены случаи положения точек на свободной поверхности 

жидкости и на поверхности оболочки. Решение системы уравнений определяет потенциал скоростей. 

Ключевые слова: математическое моделирование, перегрузки, низкая гравитация, поверхностное натяжение, 

свободная поверхность, метод граничных элементов. 

 

1. Introduction 

The mission plan of the launch vehicle includes several thrust and coast phases. The pulsations of 

the engine thrust in the active part of the flight influence the rocket as a closed system, and cause 

oscillations of the missile body and liquid in the fuel lines [1]. This can lead to loss of stability and 

cause serious consequences. 

Flight and control of the launch vehicle on the active part of the trajectory take place under the 

influence of such external forces as temperature changes and atmosphere density, wind disturbances, as 

well as liquid oscillations in fuel tanks which are caused by the full range of those external influences 

[2]. During the orbital shot the gravity and aerodynamic losses reduce the speed of the spacecraft by 2-3 

km/s at the end of the active phase. Taking into account these factors, as well as other losses, the 

required launch speed will be exceeding the first cosmic velocity. The achievement of speed which 

exceeds 8000 m/s over a short period of time during the active part requires significant accelerations. 

For example, the acceleration of a 5000 kg rocket upon reaching orbit is approximately 6g [3]. Thus, 

the longitudinal acceleration acting on the launch vehicle in this flight path can reach several g and 

affect the stability.  

A nonuniform rocket motion causes the appearance of inertial force, which is an additional load on 

structural elements. Accounting for the presence of rocket payload and assuming no angular oscillations 

of the rocket relative to the center of mass, the lateral-stability coefficient and longitudinal load factor, 

which show how the stress caused by the payload exceeds the payload weight, is determined in [4]. It is 

specified that the decrease in vehicle mass due to chemical combustion has the greatest effect on the 

longitudinal load coefficient, which changes unevenly on the active part of the trajectory and acquires 

the maximum value at the end of the engine working stage [4].  

Researching stability of liquid-propellant missile concerning longitudinal oscillations on an active 

part of trajectory is pretty difficult on the ground. Verification tests in situ require significant material 

and financial costs, so the use of mathematical modeling techniques can help to avoid such expenses 

and contribute to solving the problem of longitudinal stability [5]. 

 

2. Problem statement 

The elastic shell of revolution, which is partially filled with liquid, is considered. To simulate the 

flow of liquid, a computer model based on the postulates that the fluid is ideal and incompressible and 

the flow of fluid is vortex-free, has been developed. Only small-amplitude oscillation has been 
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investigated (linear theory). There is a velocity potential ( x, y, z ,t ) , the gradient of which is the fluid 

velocity, namely: 

V ,V ,Vx y z
x y z

    
  

  

     (2.1) 

The motion equation of the shell system is presented in an operator form 

p  LU MU n Q ,      (2.2) 

 

where ,L M  are the operators of elastic and mass forces; 

     p  is liquid pressure on a wetted surface of a shell structure, N/m2; 

     n  is an outer unit normal; 

     Q  is exciting force, N. 

Using the motion equations and the flow potentiality conditions, we arrive at the Cauchy-Lagrange 

integral in the form [6]: 

   
21

p a t x a t z gzx zl
t 2


 


      



 
  

,   (2.3) 

where l is liquid density, kg/m3; 

        a t , a tx z  are components of the acceleration of exciting force, m/sec2; 

      g is a gravity acceleration, m/sec2. 

If we consider small liquid oscillations (linear formulation), then 
2

1  , , and from the 

formulas (2.3) we obtain 

   p a t x a t z gzx zl
t





    



 
  

.    (2.4) 

Assuming that the flow is vortex-free, the motion of an ideal incompressible fluid is described by the 

Laplace equation for the velocity potential. 

2
0  .      (2.5) 

To determine the pressure, it is necessary to calculate the velocity potential. The boundary 

conditions are to be formulated for the velocity potential at the boundaries of the computational domain. 

Nonpermeability condition is met on the bottom and the lateral surface. Kinematic and dynamic 

boundary conditions are fulfilled on the free surface. The defined conditions are as follows: 

   
w

a t x a t g 0, ,x z
t t tS S0 0

   
 



    
     

    n n

,  (2.6) 

where   w , U n  is the normal component of displacement of  shell structure; 

       x, y,t )   is the free surface motion function.  

Thus, we have the differential equation system for determining five unknown functions 

U ,U ,U , ,
1 2 3

  : 
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     a t x a t z gz t ,x zl
t

2
0.







      



 

  
   





LU MU Q

  (2.7) 

We solve a system of differential equations (2.7) by fulfilling the boundary conditions (2.6). 

To obtain an unambiguous solution of the equations system (2.7) with boundary conditions (2.6), we 

add the Von Neumann condition: 

dS 0
0S0




n

.     (2.8) 

The differential equations system (2.7) should also be supplemented by the conditions for securing 

the shell structure, i.e. the conditions with respect to the vector-function U. 

 

2.1. Taking into account the surface tension in the study of liquid oscillations at low gravity 

Note that the boundary conditions (2.6) in the case of low gravity must be generalized. Let 0 be the 

surface tension. According to the Laplace-Jung formula [7] we have 

ps 0
  ,      (2.9) 

where   is the surface curvature.  

The expression for the curvature can be linearized, as in [8]: 

s    , 

where s  is the Laplacian.  

Thus, the dynamic boundary condition on the free surface takes the form 

    0
a t x a t z g 0.x z s

t
l S0


  




    



    (2.10) 

The condition (2.10) allows us to account for the surface tension, which becomes a determining 

factor in the study of oscillations of the shell structure under conditions of low gravity. 

 

2.2. The assumed mode method 

The assumed mode method has been developed to solve problems of proper oscillations and 

constrained oscillations of elastic shell structures with the liquid-filled compartment. A connected 

differential equations system with respect to the elastic displacements of the structure and the effective 

fluid pressure has been obtained. Three sets of basic functions are used to represent the solutions of this 

system. The first of them consists of normal oscillations modes of the structure in the absence of filler 

and is used to construct hydroelastic displacements. The second and third sets of basic functions are 

obtained by constructing the velocity potential and the function describing the time variation of the 

liquid free surface. The velocity potential is represented by the sum of two partial potentials. One of 

them corresponds to the liquid normal oscillations in the rigid reservoir, taking into account the gravity 

forces; the second refers to the normal oscillations of the elastic shell with the liquid without taking into 

account the gravity forces. 

In general, we look for the displacements of the shell structure with compartments partially filled 

with liquid, in the form: 

 
N

c t
k kk 1




U u ,     (2.11) 
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where  c t
k

 is the unknown coefficients which are time-dependent only; 

     
k

u  is the oscillation modes of the unfilled shell structure; 

      N is the number of modes obtained in the calculations. 

The orthogonality relations are satisfied [9] 

2
( ) ( ) , ( ( ), )jk k k k kj

  L u M u M u u , 
2

( ( ), )jk k kj
 L u u , (2.12) 

where 
k

  is the k-frequency of natural oscillation of the unfilled elastic structure. 

We find the velocity potential as the sum of two potentials 
1 2

    . The potential Ф1 is 

represented in the form 

 
N

c t
1 k 1kk 1

 


     (2.13) 

where 
1k
  is the basic functions. 

In the formula (2.13), the time-dependent coefficients  c t
k

 are defined in the equation (2.11). For 

the functions 1k


 
we have the following boundary value problems: 

2
0

1k
  ,   1k

w , w ,
k k k




  u n

n

, 0
1k S0
     (2.14) 

These functions are presented in 10. 

Let us represent the potential 2
 in the form of a normal oscillation mode of liquid in a rigid tank 

 
M

d t
2 k 2kk 1

 


,       (2.15) 

where  d t
k

 is the unknown time-dependent coefficients; 

      2k  is the basic functions;
 

      М is the number of modes obtained in the calculations. 

For the functions 2k we formulate boundary value problems as follows: 

2
0

2k
  , 

2k
0



 


n

, 
2k 2k

; g 0
t t

S0

 


 
  

  n

.   (2.16) 

Thus on a free surface we have a ratio 

2

2k k
2k

g

 





n
,     (2.17) 

where 
k

  is the frequency of normal oscillations of the free surface, Hz. 

These basic functions are constructed in 11. The free surface equation takes the form 

 
N M1k 2k

x, y,t c d
k kk 1 k 1

 
 

 
   
  n n

,    (2.18) 
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and for the velocity potential we have 

 
N M

x, y, z ,t c d
k 1k k 2kk 1 k 1

      
 

.    (2.19) 

Note that the total potential (2.19) satisfies the following relations 

0  ,  
w

S t1








n

,  
tS0

  


 n
.  (2.20) 

Thus, for the final solution of the initial boundary value problem (2.7) with boundary conditions 

(2.6), (2.9) - (2.10) it is necessary to satisfy the differential equations system (2.6) and the dynamic 

boundary condition on the free surface described by the first of equations (2.6), and if the surface 

tension is taken into account, it is described by the equation (2.10). 

In this case, the following relation is fulfilled on the free surface: 

    
N M N M

1k 2kc d g a t c d a t x 0z xk 1k k 2k k k
k 1 k 1 k 1 k 1

 
 

  
         

     n n
. (2.21) 

In addition, due to the equation (2.2) the relation is true 

   N N
c ( t ) c ( t )
k k k kk 1 k 1

  
 

L u M u  

     
N M

c ( t ) d ( t ) a t x a t zx zl k 1k k 2kk 1 k 1
        

 

 
  

Q . (2.22) 

In the equation (2.21) the surface tension is not taken into account. 

From the relations (2.21), (2.22) we find the unknown functions of time  and . For 

their unambiguous definition we use the initial conditions 

       c 0 c , c 0 c , d 0 d , d 0 dk k0 k k1 k k0 k k1    .  (2.23) 

This makes it possible to investigate the forced oscillations of the shell structure with compartments 

partially filled with liquid. Since it is usually assumed that at the initial time the "shell-liquid" system is 

at rest, zero initial conditions are used in the calculations. 

To study free oscillations, we assume that 

   c t C exp( i t ), d t D exp( i t )k k k k   .  (2.24) 

Let us substitute these expressions into the relations (2.21), (2.22) and arrive at the eigenvalue 

problem, similar to that given in [11]. 

Next, we describe the method of reducing the task of determining the oscillation modes and 

frequencies of shell systems partially filled with liquid, to a set of singular equations. 

 

3. The system of singular equations for velocity potential in the problem of liquid oscillations 

in a rigid shell taking into account a gravitational component 

Let us represent the potential 2 as follows 

𝜑2(𝑥, 𝑦, 𝑧, 𝑡) = ∑ 𝑑̇𝑘

𝑛

𝑘=1

(𝑡)𝜙2𝑘(𝑥, 𝑦, 𝑧) 

where the functions 𝜙2𝑘 are determined from the relations (2.16). 

Hereinafter, for simplicity of notation 𝜙2𝑘 = 𝜓. 

Let us represent 𝜓 as a sum of the potentials of a simple and double layer [12] 

 c t
k  d t

k
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2𝜋𝜓 =∬
𝜕𝜓

𝜕𝑛

 

𝑆

1

|𝑃 − 𝑃0|
𝑑𝑆0 −∬𝜓

 

𝑆

𝜕

𝜕𝑛

1

|𝑃 − 𝑃0|
𝑑𝑆 ; 𝑆 ∈ 𝑆1 ∪ 𝑆0                      (3.1) 

 

Here 𝑟(𝑃, 𝑃0) = |𝑃 − 𝑃0| is the Cartesian distance between Р and Р0. 

Let us consider different cases of the control point position. We leave the general integral solution 

2𝜋𝜓 =∬0

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆1 +∬

𝜕𝜓

𝜕𝑛

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 − 

−∬𝜓
𝜕

𝜕𝑛

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆 −∬𝜓

𝜕

𝜕𝑧

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 .                                      (3.2) 

а) Let 𝑃0 ∈ 𝑆0 (the control point is on a free surface): 

 

2𝜋𝜓0 =∬
𝑘2

𝑔

 

𝑆0

𝜓0
1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 −∬𝜓1

𝜕

𝜕𝑛

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆1 −∬𝜓0

𝜕

𝜕𝑧

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 .         (3.3) 

In this case we have 

 

𝜕

𝜕𝑧
(
1

𝑟
) =

𝑧 − 𝑧0

√(𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2 + (𝑧 − 𝑧0)
2
;                   (3.4) 

In this case, on 𝑆0, 𝑧 = 𝑧0
 
⇒ 1

z r S0

0
  
 

  
                                        

Then 

2𝜋𝜓0(𝑃0) =
𝑘2

𝑔
∬𝜓0

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 −∬𝜓1

𝜕

𝜕𝑛

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆1.                 (3.5) 

 

b) Let 𝑃0 ∈ 𝑆1 (the control point is on the shell surface). We have the following integral equations 

 

2𝜋𝜓1(𝑃0) = ∬
𝜕𝜓 
𝜕𝑛

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 −∬𝜓 

𝜕

𝜕𝑛

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆1 −∬𝜓 

𝜕

𝜕𝑧

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0;            (3.6) 

2𝜋𝜓1(𝑃0) =
𝑘2

𝑔
∬𝜓0

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 −∬𝜓1

𝜕

𝜕𝑛

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆1 −∬𝜓0

𝜕

𝜕𝑧

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0.       (3.6) 

Let us transform these equations by calculating the components with 𝜓1 and 𝜓0 . For control and 

integration points on the shell of revolution, we obtain 

2𝜋𝜓1 +∬𝜓1
𝜕

𝜕𝑛

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆1 = A𝜓1.                                                (3.7) 

For control points belonging to the shell and integration points on the free surface we have 

𝑘2

𝑔
∬𝜓0

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 −∬𝜓0

𝜕

𝜕𝑧

 

𝑆0

1

𝑟(𝑃, 𝑃0)
𝑑𝑆0 =

𝑘2

𝑔
𝐵𝜓0 − 𝐶𝜓0,                    (3.8) 

where 
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𝐵𝜓0 =∬𝜓0

 

𝑆0

(
1

𝑟
)𝑑𝑆0;  𝐶𝜓0 =∬𝜓0

𝜕

𝜕𝑧

 

𝑆0

(
1

𝑟
)𝑑𝑆0.                                   (3.9) 

For the control points on the liquid free surface and the integration points belonging to the shell of 

revolution we obtain 

−∬𝜓1
𝜕

𝜕𝑛

 

𝑆1

1

𝑟(𝑃, 𝑃0)
𝑑𝑆1 = 𝐷𝜓1.                                          (3.10)  

For control and integration points, which simultaneously belong to the liquid free surface, we have 

2𝜋𝜓0 −
𝑘2

𝑔
∬𝜓0

 

𝑆0

1

𝑟
𝑑𝑆0 = 2𝜋E𝜓0 −

𝑘2

𝑔
𝐹𝜓0,                                (3.11) 

where  

𝐹𝜓0 =∬𝜓0

 

𝑆0

1

𝑟
𝑑𝑆0                                                                   (3.12) 

 
For control points on the surface 𝑃0 ∈ 𝑆1 we obtain 

A𝜓1 =
𝑘2

𝑔
𝐵𝜓0 − 𝐶𝜓0.                                                         (3.13) 

From (3.13) 𝜓1 via 𝜓0 is expressed as follows 

𝜓1 =
𝑘2

𝑔
𝐴−1𝐵𝜓0 − 𝐴

−1𝐶𝜓0.                                               (3.14) 

For the control points from the liquid free surface 𝑃0 ∈ 𝑆1 we obtain 

𝐷𝜓1 = 2𝜋𝐸𝜓0 −
𝑘2

𝑔
𝐹𝜓0.                                                  (3.15) 

In (3.15) we substitute the expression for ψ1 obtained above and arrive at the following integral 

relations 

𝑘2

𝑔
𝐷𝐴−1𝐵𝜓0 − 𝐷𝐴

−1𝐶𝜓0 = 2𝜋𝐸𝜓0 −
𝑘2

𝑔
𝐹𝜓0; 

𝑘2

𝑔
(𝐷𝐴−1𝐵𝜓0 + 𝐹𝜓0) = 2𝜋𝐸𝜓0 + 𝐷𝐴

−1𝐶𝜓0; 

𝑘2

𝑔
𝜓0 = (𝐷𝐴

−1𝐵 + 𝐹)−1(2𝜋𝐸 + 𝐷𝐴−1𝐶)𝜓0; 

 

The last one takes the form 

(𝐴̃ − 𝜆𝐸)𝜓0 = 0,                                                                   (3.16) 

where 

𝐴̃ = (𝐷𝐴−1𝐵 + 𝐹)−1(2𝜋𝐸 + 𝐷𝐴−1𝐶); 

𝜆 =
𝑘2

𝑔
 

That is, we came to the eigenvalue problem. 

 

4. Reduction to one-dimensional singular equations 

Let us construct integral equations to determine the potential in the form: 
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{
 
 

 
 2𝜋𝜓1 +∬𝜓1

𝜕

𝜕𝑛
(
1

𝑟
) 𝑑𝑆1 −

𝑘2

𝑔
∬𝜓0

1

𝑟
𝑑𝑆0 +∬𝜓0

𝜕

𝜕𝑧
(
1

𝑟
)𝑑𝑆0

 

𝑆0

= 0

 

𝑆0

 

𝑆1

−∬𝜓1
𝜕

𝜕𝑛
(
1

𝑟
)𝑑𝑆1 − 2𝜋𝜓0 +

𝑘2

𝑔
∬𝜓0

1

𝑟
𝑑𝑆0 = 0

 

𝑆0

 

𝑆1

                     (4.1) 

From (3.16) we derive ψ0 and κ. 

The solution of the system (4.1) is sought in the form: 

𝜓 = 𝜓(𝑟, 𝑧) cos𝛼θ                                                                (4.2) 

 

where 𝑟, θ, 𝑧 are cylindrical coordinates; 

|𝑟| = |𝑃 − 𝑃0| = √𝑟
2 + 𝑟0

2 + (𝑧 − 𝑧0)
2 − 2𝑟𝑟0 cos(𝜃 − 𝜃0).                        (4.3) 

The normal derivative takes the form 

𝜕

𝜕𝑛

1

|𝑃 − 𝑃0|
= −

𝑛𝑟[𝑟 − 𝑟0 cos(𝜃 − 𝜃0)] + 𝑛𝑧(𝑧 − 𝑧0)

(√𝑎 − 𝑏 cos(𝜃 − 𝜃0))
3 ;                             (4.4) 

 

𝑎 = 𝑟2 + 𝑟0
2 + (𝑧 − 𝑧0)

2; 𝑏 = 2𝑟𝑟0. 
The transformation of kernels leads to the following formulas for calculating integrals in (4.1). 

∬𝜓 
𝜕

𝜕𝑛

 

𝑆1

(
1

𝑟(𝑃, 𝑃0)
) 𝑑𝑆1 = ∫𝜓

 

𝑟

(𝑧)Θ(𝑧, 𝑧0)𝑟(𝑧)𝑑Γ,                            (4.6)  

∬𝜓 

 

𝑆0

(
1

𝑟(𝑃, 𝑃0)
) 𝑑𝑆0 = ∫𝜓

𝑅

0

(𝜌)Φ(𝑃, 𝑃0)𝜌𝑑ρ                                         (4.7) 

 

where 

Θ(𝑧, 𝑧0) =
4

√𝑎 + 𝑏
{
1

2𝑟
[
𝑟2 − 𝑟0

2 + (𝑧 − 𝑧0)
2

𝑎 − 𝑏
Ε𝛼(𝑘) − 𝐹𝛼(𝑘)] 𝑛𝑟 +

𝑧0 − 𝑧

𝑎 − 𝑏
Ε𝛼(𝑘)𝑛𝑧              (4.8) 

Φ(𝑃, 𝑃0) =
4

√𝑎 + 𝑏
𝐹𝛼(𝑘),     𝑘

2 =
2𝑏

𝑎 + 𝑏
                                                      (4.9) 

 

𝐹𝛼(𝑘) = (−1)
𝛼 ∫

cos 2𝛼𝜃𝑑𝜃

√1 − 𝑘2 sin2 𝜃

𝜋/2

0

                                                    (4.10) 

Ε𝛼(𝑘) = (−1)
𝛼(1 − 4𝛼2) ∫ cos 2𝛼𝜃√1 − 𝑘2 sin2 𝜃 

𝜋/2

0

𝑑𝜃                        (4.11) 

In the given formulas  𝐹𝛼(𝑘),  Ε𝛼(𝑘) are integrals along the circumferential coordinate; Γ is the 

generating surface S1; ρ is the polar coordinate of S0. 

Let us calculate the matrices of integrated equations of the eigenvalue problem (3.6). We obtain the 

following formulas: 

{
Α𝜓1 = 𝜆Β𝜓0 − 𝐶𝜓0;  Α𝜓1 + 𝐶𝜓0 − 𝜆Β𝜓0 = 0 
D𝜓1 = 2𝜋E𝜓0 − 𝜆𝐹𝜓0;  D𝜓1 − Ε𝜓0 + 𝜆F𝜓0 = 0

                                         (4.12) 
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or in a matrix form 

(
𝐴 𝐶
𝐷 −𝐸

)(
𝜓1
𝜓0
) − 𝜆 (

𝐵
−𝐹

)(
𝜓1
𝜓0
) = 0                                                              (4.13) 

 

Note that the obtained integral operators contain logarithmic features. To numerically determine 

such integrals the method proposed in [13, 14] has been used. 

 

5. Free oscillations of shell structures at different gravity levels 

To determine the conditions of stable movement of the shells partially filled with liquid under the 

action of external loads, at the first stage we find the frequencies and modes of oscillations of the "shell-

liquid" system according to [9, 15, 16]. 

At first, we will limit ourselves to liquid oscillations in rigid shells. Note that in practice these 

oscillations correspond to the lowest oscillation frequencies which results in the detuning [9]. 

The cylindrical (C) and cylindrical-conical (CC) shells shown in Fig. 1 are considered. The 

frequencies and modes of liquid oscillations in these composite shells of revolution are obtained by the 

method proposed above. 

 

   
 

Fig. 1. Shells partially filled with liquid 

 

Tab. 1 shows the frequencies of non-axisymmetric oscillations of the liquid for different shells 

with the following parameters: Н = 2 м, Н1 = Н2 = 1 м, R = 1 м,  = 60о. 

 
Table 1. Frequencies of non-axisymmetric oscillations of the liquid, Hz 

 

Shell type 

n 

1 2 3 4 5 6 7 

1 С 4.2474 7.2352 9.1573 10.726 12.089 13.312  14.433 

CC 4.2346 7.2352 9.1573 10.726 12.089  13.312 14.433 

2 C 5.4733 8.1148 9.8966 11.377 12.678 13.855 14.939 

CC 5.4718 8.1148 9.8966 11.377 12.678 13.855 14.939 

3 C 6.4197 8.8719 10.558 11.973 13.226 14.364 15.417 

C 6.4195 8.8719 10.558  11.973  13.226 14.364 15.417 

 

Fig. 2 shows the first modes of neosesymmetric oscillations of the liquid at =1.  
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Fig. 2 The first modes of non-axisymmetric oscillations of the free surface,  = 1 

 

Note that for the selected parameters of the shells, the frequency and the modes of the oscillations 

are similar for both tanks considered. It indicates that for such parameters the shape of the bottom does 

not significantly affect the frequencies and modes of oscillations; the determining factor is the filling 

level of the shells Н.  

Next, we introduce the parameter [17], which characterizes the capillary length 
gl

c



 . To take 

into account the surface tension, we use the formula [18] 

 

                                                 

,1
2

4

2

22








 







ggg

l

c

lcl

,...2,1l     (5.1) 

 

where 
lcl

 ,  are the oscillation frequencies with and without accounting for the surface tension, 

respectively. 

Let us determine the effect of surface tension. To do this we calculate the frequency parameters 

g
l
/2  for a cylindrical shell, the parameters of which are given above. Next, we select 2 3

c 10   and 

calculate the frequency parameters 2
cl / g  taking the surface tension into account.  

The results are shown in Tab. 2. The g-force parameter ng=1 is used here, which corresponds to the 

level of gravity on the Earth's surface. 

 

Table 2. Frequency parameters with accounting for surface tension 
 

Frequencies 

and 

frequency 

parameters 

l 

1 2 3 4 5 6 7 

g
l
/2  1.8389 5.3361       8.5480    11.727 14.817 18.227  21.234 

g
cl

/2  1.8451 5.4880      9.1725      13.339 18.069  24.282 30.808 

l


,  
4.2474  7.2352       9.1573      10.726 12.089 13.312  14.433 

cl
  4.2544    7.3374 9.4859      11.439  13.314 15.434 17.384 

 

Tab. 3 shows the data on the oscillation frequencies of the liquid at different values of the parameter 

ng, with and without accounting for the surface tension respectively. 

From the results above we see that even at 32 10c  there is a noticeable effect of surface tension, 

especially at high oscillation frequencies. 
 

 

 

 



Bulletin of V.N. Karazin Kharkiv National University 
82 series «Mathematical modeling. Information technology. Automated control systems» issue  50, 2021 

 

Table 3. Frequencies of oscillations at different values of the g-force parameter 

The 

oscillation 

frequencies 

G-force parameter ng 

0.1 0.25 0.5 1 2 3 4 

1
  1.3431 2.1236 3.0032 4.2474  6.0065 7.3565 8.4946 

1c
  1.5536 2.1803 3.0235 4.2544    6.0091 7.3579 8.4955 

 

The obtained results indicate that for significant g-force parameters, the influence of surface tension 

becomes insignificant. But with the decrease of this parameter (at low levels of gravity) the influence of 

surface tension becomes dominant. 

 

6. Conclusions 

The integral equations method is generalized for the research of free liquid oscillations in shells at 

different values of the g-force parameter. A connected system of differential equations with respect to 

the elastic displacements of the structure and the effective fluid pressure has been obtained. Liquid 

oscillations in cylindrical and cylindrical-conical shells have been considered. It has been established 

that for the selected parameters of shells frequencies and forms of oscillations are similar for both shells 

considered. Therefore, for the selected parameters the shape of the bottom has a negligible effect on the 

frequencies and modes of oscillations; the determining factor is the level of filling of the shells. The 

results characterizing the influence of the parameters of g-force and surface tension have been obtained. 

The conditions under which the effect of surface tension becomes insignificant have been investigated. 
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