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The paper considers the evolution of a population of individuals, where each one initially possesses a certain number of
strategies the memory of which does not exceed a depth of 2. All individuals randomly enter into competition in pairs at each
stage of evolution. A random pair of individuals conducts a competition between pairs of all their randomly selected strategies
when they are interacting. These strategies compete in pairs according to the iterated prisoner's dilemma. In such struggle,
strategies earn evolutionary advantage points according to a given payout matrix. The strategy with the most points wins. Two
strategies come into this game twice to negate an impact of the first move. The first game starts by one strategy, the second
game starts by another one. The winnings are determined by the outcome of both these games. After this competition the
winning strategy of one individual replaces the corresponding losing strategy of another individual. Thus, there is an exchange
of more "successful" strategies between individuals with the loss of lost strategies. The evolution of the population of such
individuals was carried out until the stage of stationary state. There were established patterns of changes in basic properties of
strategies of average individual during evolution. It is shown that in the process of evolution the aggression of an individual
increases, tenting to the maximum value. The stationary set of strategies of an individual consists of strategies of maximum
memory depth and complexity with a certain number of primitive strategies. The complexity and memory depth of an
individual's strategies turns out to be evolutionary beneficial. In the stationary state the number of primitive strategies in an
individual depends on their initial distribution to individuals. The paper considers two initial distributions, where the first
corresponds to the equal probability of any strategy in the distribution by individuals, and the seconds corresponds to equally
probable choice in terms of memory depth. The variety of strategies in the process of evolution decreases significantly, making
up only a small part of the initial strategies present in the population.

Keywords: evolution of population, strategies with memory, memory depth, complexity, aggression, prisoner's dilemma,
stationary state.
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Manskuii cmydenm kagheopu MOOent08aAHHs cucmem i mexHo02il
Kupuio Biraniiiopnu Xapxiscokuii nayionanvruu ynigepcumem imeni B. H. Kapasina,
matioan Ceoboou 4, Xapxkie-22, Vkpaina, 61022

SAHoBCHKHMH 00Kmop Qizuxo-mamemamuynux Hayx, npoghecop, npoghecop xageopu
Boaoxumup WMYYHO20 THMeNeKmy ma npoepamHoco 3abe3neyents
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B po6oTi pO3rIsTHYTO €BOJIOLIO MOMYJIALIT 0COOMH, KOJKHA 3 SIKMX CIOYaTKy Ma€ MeBHY KUIbKICTh CTpaTerii, maM'sTh sIKUX HE
nepesuilye rmuounn 2. Ha Ko)xHOMY eTari eBosttonii Bci 0COOMHN BUITaJAKOBMM YMHOM BCTYIMAIOTh MOMAPHO B KOHKYPEHTHY
0opoTe0y. BumankoBa mapa ocOOMH TpH B3aeMOAii MPOBOAWTH 3MaraHHS MiX IapaMH BCiX CBOiX BHIAIKOBO OOpaHUX
crparerii. Lli crpaTerii momapHO BCTYMAIOTh y 3MaraHHS BIIIIOBIAHO IO iTEpOBAaHOi AWIEMH B'SA3HIB. Y Takii 6G0opoThOi
cTpaterii HaOMparOTh OYKU EBOJIOLIWHMX TepeBar BIAMOBIMHO 3aqaHoi MaTphili BUIUiat. Burpae ctparteris, sxa HaOpana
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HaWOLIBIIY KiIbKICTh 04OK. JJIs1 HiBEMIOBAaHHS 3HAYEHHS MEPIIOro XOMy IBi CTpaTerii BCTYHaloTh B TaKy rpy aBidi. CrioyaTky
Tpy TOYMHAE OJHA CTpaTeTis, B APYTill Ipi MOYMHAE iHIIA cTpareris. Burpam BH3HaYaeThCS 3a pe3yNbTaTOM IMX IBOX irop.
ITicnst mpoBeeHHs TaKOToO 3MaraHHs CTpaTerisl OJHiel 0COOMHY, sIKa BUTpaa, 3aMiHIOE BIATIOBIAHY CTpaTerilo, sika Iporpaa,
iHImoi ocobunu. TakuM YMHOM, MiX OCOOMHAMHU BiOyBaeThCcs OOMIH OUTBII "HPOLBITAIOUUMHU" CTPATETISIMU 3 BTPATOIO THX,
XTo mporpaB. IIpoBeaeHa eBOJIOWiA HOMYNALil TaKUX OCOOMH O €Tally BCTAHOBJIEHHS CTAaLliOHAPHOTO CTaHy OCOOMH
nomyssiii. Ilig 9ac eBomroii BCTaHOBJECHI 3aKOHOMIPHOCTI 3MiHM OCHOBHHX BJIACTHBOCTEH CTpaTeriii cepeaHboi OCOOHHHU.
IlokazaHo, mo B mpomeci eBOJIOLii arpecHBHICTb OCOOMHM 3pOCTa€, MPAarHy4yd IO MaKCHMalbHOrO 3Ha4deHHS. KinbkicTh
CTparTeriii 0OCOOMHN 3MEHIIYETHCS, OCSTAIOYH JIESKOTO CTallloHapHOTo 3HadeHHs. CrarioHapHHMi Habip crpaTeriii ocoOMHH
CKJIQIAIOTh CTpaTerii MakCHMAaIbHOI MaM'sTi Ta CKJIAJHOCTI 3 AESIKOI0 KUTBKICTIO NPHUMITHBHUX crparteriii. CriamHicTs i
rmOHHAa TaM'sTi cTpaTerii 0COOMHM BHUSBISIIOTHCS €BOMIOIMHO BUTiTHUMHA. KiIBKICTh MPUMITHBHUX CTpateTiii y 0ocOOMHHU B
CTaIlloHapi 3aJISKHUTH BiJl iX MOYATKOBOTO PO3IOJULY IO OCOOMHAM. Y poOOTI pO3IIISHYTI J[Ba MOYATKOBHX PO3IOILUIH: OJHMH
BIIMIOBila€ pPiBHOMMOBIPHOCTI OyaAb-siKOi cTpaTerii Hmpu PO3MOAUI MO OcoOWMHAM, APYTUi BIANOBiZa€ pPiBHOHMOBIPHOMY
BUOOpY 3a TMHOMHOIO MaM'sTi cTpaTeriii. Pi3HOMaHITHICT cTpaTeriii B mpoleci eBOIONI] 3MEHIIYETHCS 3HAYHO, CKIaJar0ul
JIMIIE MaJly YaCTHHY MPUCYTHIX B MOMYJISALIi HOYaTKOBHUX CTPATETii.

Knwuoei cnoea: esonroyis nonynayii, cmpameeii 3 nam'ammio, enubuna nam'ami, CKIAOHICMb, a2pecugHicms, Ouiema
V8'a3nenux, cmayioHapHutl Cma.
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B pabote paccMoTpeHa 3BOIIONUS TOMYIAIMK 0CO0eH, Kaxaas U3 KOTOPBIX M3HAYAIBHO O0TamaeT ONPEAENeHHBIM YHCIOM
CTpaTernii, MamMsITh KOTOPBIX HE MPEBOCXOAMT IIIyOWHBI 2. Ha KaXkmoMm sTare SBONIOIHMK BCe 0COOM CIydaitHBIM 00pa3om
BCTYIAIOT OMAapHO B KOHKYPEHTHYI0 00pr0y. CiryuaitHas mapa ocoOeit mpu B3auMOAEHCTBUH TPOBOIUT COPEBHOBAHIE MEKIY
MapaMy BCEX CBOMX CIyYaiHO BBIOPAHHBIX CTpAaTErWil. DTH CTPATErny MOMApHO BCTYMAIOT B COPEBHOBAHHE B COOTBETCTBHH C
UTEPUPOBAaHHOW AMJIEMMOH 3aKIIOUeHHBIX. B Takoil Oopnbe cTpaTerny HaOMPAlOT OYKH 3BOJIOLMOHHBIX NPEUMYLIECTB B
COOTBETCTBUH C 3aJaHHOM MaTpuiel BbIIUIaT. BeIUrpeiBaet crTparterus, HaOpapmias Ooibllie O4KoB. J[J1s HUBENIHpPOBaHMS
3HAUEHHUS IEPBOTO XO/1a JIBE CTPATErHH BCTYMAIOT B TaKylO UTpy ABaxapl. CHavana Urpy HAUMHACT OHA CTPATETHs, BO BTOPOH
Urpe HayMHaeT Apyras CTpaTerus. BBIUrphIII ompenesnsercs Mo pe3yiabTaTy d3THX ABYX urp. [locne mpoBeneHWs: Takoro
COPEBHOBAHUS BBIMTPABIIAS CTPATETHS OJHOI 0COOM 3aMEHsIeT COOTBETCTBYIONIYIO IIPOUTPABIIYIO CTPATETHIO APYTOi OCOOH.
TakuM 00pa3oM, MEXIy OCOOSMH HMPOHUCXOIUT OOMEH Ooiiee "MpeycreBaromUMH" CTPATETHSIMH C TOTepeH MPOHTPABIIHUX.
IIpoBeneHa sBoMOIMS MOMYJISIMN TAKUX 0COOEH 10 3Tala yCTAaHOBIEHHS CTAIIOHAPHOTO COCTOSHMS ocobelt momymsnun. Bo
BpEMsI IBOJTIOLIUH YCTaHOBJICHBI 3aKOHOMEPHOCTH H3MEHEHHSI OCHOBHBIX CBOWCTB CTpaTeruii cpequei ocobu. [lokazano, 4to B
HpoLIecce 3BOJIOIMHE arpecCUBHOCTb OCOOM BO3pACTaeT, CTPEMsCh K MaKCHMalbHOMY 3HaueHU0. Yucno crpareruit ocoou
YMEHBIIAETCs, JOCTHras HEKOTOPOro CTAlMOHapHOro 3HauyeHWs. CTalnoHapHbIH Ha0Op cTpaTeruii 0coOM COCTABISIOT
CTpaTeTMH MAaKCHMAJIbBHOW MaMATH W CJIOXXHOCTH C HEKOTOPHIM KOJHMYECTBOM IPHMHUTUBHBIX crpaTeruil. CI0XHOCTh H
riIyOMHa NaMsITH CTpaTeruii 0cOOM OKa3bIBAIOTCS IBOJIIOIIMOHHO BBHIFOJHBIMU. KOJIMYECTBO MPUMHUTHBHBIX CTpaTerdid y 0coon
B CTaI[MOHape 3aBHCHT OT HX IEPBOHAYAIBHOTO pacipeseneHust 1mo ocobsMm. B pabore paccMOTpeHBI [Ba HadadbHBIX
pacrpeneneHus: OJHO COOTBETCTBYET PAaBHOBEPOATHOCTH IIOOOH CTpaTerWyl IPU pacIpefeNieHHH MO 0co0SM, BTOpOe
COOTBETCTBYET pPABHOBEPOSITHOMY BEIOOpDY MO TiIyOMHe mamsTu. PasHooOpasme cTpaTernii B Ipomecce SBONIONHUN
YMEHBIIAETCS 3HAUYUTEIILHO, COCTABIISS TOJIBKO MATYIO YacTh MPUCYTCTBYIOMNX B MOMYISIIMY HA4aIbHBIX CTPATETHHA.

Knroueswie cnosa: 2607II0YUSL nonyaiyuu, cmpamecuu ¢ naAmMAmoio, a7y6uHa namsmu, C10IHCHOCMb, depecCueHOCHIb, ounemma
3AKNIOYEHHbIX, CMAYUOHAPHOE COCMOSAHUE.

1 Introduction

Nowadays, the evolution of different populations and communities is the subject of interest and
active research. Interest in their evolution is closely related to changes in the populations' properties that
emerge during the evolution process. The emergence of emergent properties of the population is of
particular interest. It should be noted that this method of changing the properties of a population is also
useful for artificial populations of various swarm and multi-agent systems. One of the properties that
have been attracting attention for a long time is the emergence of cooperative behavior in different
populations [1]. Elements of game theory are widely used in modeling the evolution of populations
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(examples [2,3]). In a result of the conducted researches some mechanisms were found that lead to
cooperation in a wide variety of systems (f. e. [4]). Among such mechanisms should be noted: voluntary
participation [5], punishment [6], similarity [7], heterogeneous activity [8], social diversity [9, 10],
dynamical linking [11], asymmetric interaction and permutation graphs [12], migration [13-15], in-
group favoritism [16], interdependent relations [17]. Of course, in a similar way it is possible to find
mechanisms of emergence and other properties of populations in the process of evolution.

Memory is one of the most general properties of individuals in a population, so its influence on the
evolution of populations is of great interest.The papers [18,19] considers the evolution of a population
of strategies limited by memory depth within the scope of generalized prisoner's dilemma. The concept
of strategy's complexity is also introduced. Every new generation of strategies loses the most
disadvantageous behavior strategies of the previous generation. There is shown that an increase in
memory and complexity of population strategies is evolutionary beneficial. Evolutionary selection
winners invariably come across strategies with maximum memory and close to maximum complexity.

The paper [20] considers the evolution of a population of strategies with memory in the presence of
sources of strategies of different memory depth. There is shown that memory depth and complexity of
strategies are evolutionarily advantageous too. In all cases the strategies' aggression decreases, and at
the stationary stage all strategies have zero aggression towards each other. This feature can be used as a
principle for selecting strategies for possible stationary states. Also, a relation was found between
aggression and amount of points received per strategy's move when strategies interact. The higher the
aggression, the fever evolutionary advantage points are received by the strategy per move.

The paper [21] considers the alternative evolution of a population of strategies with memory. In such
evolution from every generation removes a strategy with the highest amount of evolutionary advantage
points. This alternative evolution leads to significant changes in the strategies of the population in
comparison to its usual evolution. In a sense, the alternative evolution supports maximum memory
depth and complexity even more than regular evolution. However, the major difference lies in the
absolute aggression of stationary strategies to each other. The stationary state is formed by the most
aggressive strategies.

This paper considers a population of individuals where each has a certain number of strategies with
memory. A principle for the exchange of strategies between individuals is proposed, and the evolution
of such population is considered. When individuals interact, all their strategies come into competition in
pairs according to the iterated prisoner's dilemma. The winning strategy replaces the corresponding
losing strategy of the individual. It is shown that in the process of the evolution the aggression of an
individual increases tending to the maximum value. The behavior of the distribution of strategies of an
individual was studied in details in terms of memory depth and complexity in the process of evolution.
The number of individual's strategies decreases reaching a certain stationary value. The stationary set of
strategies of an individual consists of strategies of maximum memory and complexity with a certain
number of primitive strategies. The variety of strategies in the process of evolution decreases
significantly, making up only a small part of the initial strategies present in the population.

2 Population of individuals

In the considering population each individual has a finite set of strategies with memory. To carry out
evolution, it is essential to introduce the rules of strategies' meetings, interactions and selection. In the
following population at each stage of evolution all individuals are randomly divided into pairs that
interact. All strategies of one individual interact with the strategies of another (also by random division
into pairs) according to the iterated prisoner's dilemma. To negate the impact of the first move, both
strategies are joining the game twice. Initially one strategy starts the game, and another starts the second
game. The winnings are determined by the results of these two games. The winning strategy in a pair
struggle of strategies replaces the losing strategy of the corresponding individual. In other words, there
is an exchange of strategies between individuals with the removal of the loser. After the interactions of
all pairs of individuals in accordance with the described rules, the next stage of evolution comes. Again,
all individuals are randomly dividing into pairs that interact. In some abstract sense it resembles the
evolution of ideas or memes' in different societies. The evolution stops when the population reaches a

'ThistermwasintroducedbyRichardDawkinsin 1976 tonameaunitofrelevant information within a culture. Amemeisanidea, symbol, manner, ora
way of acting, that consciously or unconsciously can be transmitted from one person to another through speech, writing, video, rituals,
gestures, etc. In some sense, a meme is similar to a gene as a carrier of cultural information.
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stationary state. During the process of evolution, we will monitor the properties of the population's
strategies and all individuals included in the population.

Now, let us discuss the choice of the initial distribution of strategies over individuals of the
population. The full number of strategies with memory depth 2 is distributed among individuals. The
process of distribution can be implemented in different ways. This paper considers two ways of
strategies distribution. In the first method, we endow an individual with strategies by choosing them
randomly from the set of all strategies with the memory depth not exceeding 2, assuming that strategies
are equally probable. This choice does not take into account the properties of strategies, assuming them
to be equal. In the second method, we choose strategies for an individual by a uniform distribution over
memory. This means all strategies are divided into three sets by memory depth and the choice is equally
probable between these sets. Below we will consider the described two methods of forming the initial
distribution of strategies among individuals of the population.

Another feature of the considered population of individuals is the emergence of collective variables
to describe individuals and not just the population of strategies. Each individual has a distribution of
strategies in terms of memory and complexity, and the entire individual can show a definite aggression.
Thus, there are properties of an individual, such as distribution of strategies by memory depth and
complexity. These distributions define the average memory depth, complexity, aggression of i
individual and its average aggression (Formula 2.1).

NiM N[ Nia
MY =S —L(C), = L (4, =)L 2.1
(M), ;M<>' JZ_]‘,N[<>, 2y 2.1

There are (M),, (C),, (A), is the average memory, the average complexity, the average

aggression respectively of the i individual; N, is the number of strategies in the i individual; M ;18

1

the memory depth of the j strategy in the i individual; C,-j is the complexity of the j strategy in the i

individual; g, is the aggression of the ; strategy in the / individual.

These local characteristics can be used to track changes in the properties of individuals in a
population during evolution. In addition, global characteristics of the population appear, such as the
average values of memory, complexity and aggression of individuals of the whole population (Formula
2.2).

A7=2S:<M>i,5=zslﬂ,2=zsl<‘4>i (2.2)

where § is the number of individuals in the population.

These characteristics are calculated by averaging over all individuals in the population and
determine the typical characteristics of an individual in the population. One more useful characteristic
that determines the variety of strategies in the population is the number of different strategies in the
population which will be called as formative strategies. By the formative strategies we imply the
number of different strategies present in a population at some stage of evolution. Accordingly, we use
Formula 2.3 as characteristics of the formative strategies in the population.

N N

M) =Z%,<c> =Z%,<A> -y 2.3)

There are N is the number of formative strategies; (M), (C), and {A) are the average memory,
complexity, aggression respectively of the formative strategy.

3 Evolution of individuals with a uniform distribution of initial strategies
We are considering the population of 50000 individuals, where each one has 50 strategies. The ratio
between these values is chosen in a way all strategies that not exceed memory depth of 2 are present
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among the individuals of the population. The choice of these strategies is carried out in an equally
probable manner from the set of all strategies with the memory depth not exceeding 2. In this case, in
the individuals of the population, strategies with memory 2 dominate in accordance with the largest
number of such strategies in the initial set of strategies (32640) and a significantly smaller number of
strategies with the memory depth of 1 (120 strategies) and a very small number of strategies with the
memory depth of 0 (8 strategies). The initial distribution of strategies in the individuals is shown in
Fig.3.1 and inherits the distribution properties of all strategies. The overwhelming number of strategies
with the memory depth of 2 and maximum complexity is typical for the initial distribution of strategies
in an individual (see Fig.3.1), and it is the consequence of the used rule for selecting strategies for an
individual. Further, a calculation of the properties of individuals was carried out by averaging over 10
implementations of the initial state and their evolution.

Fig.3.1 In an average individual at the beginning of evolution, the share of strategies of a certain memory depth is
to the left, and the share of strategies of varying complexity is to the right. The same histograms determine the
probability of detecting a strategy of a certain memory depth (to the left) and complexity (to the right) in an
individual at the initial stage of evolution

Let us discuss the initial distribution of aggression which is formed in the individuals of the
population by the mentioned initial distribution of strategies. To do this we need to proceed with the
first stage of evolution to determine the initial aggression of the individuals in the population. At the
first stage of evolution, all individuals are randomly divided into pairs that interact. All strategies of one
individual are joining the interaction with the strategies of another, also by dividing strategies randomly
into pairs, in accordance with the iterated prisoner's dilemma (the number of moves is 100). They
interact twice: in the first meeting the first move starts by the first strategy, and the second meeting
starts by the second strategy. This method of competing between two strategies negates the impact of
the first move. To identify the winning strategy there applied the payoff matrix [3, 18-20] as shown in
the Table 1.

Table 1. Payoff matrix

Cooperation Rejection
Cooperation 3,3 0,5
Rejection 5,0 1,1

The winning strategy, or the one scored the highest, replaces the losing strategy of the corresponding
individual in a pair struggle of strategies. After the first stage, aggression shown by an individual (or the
relative number of refusals to cooperate) is established.

Figure 3.2 shows the distribution of the initial aggression of the individuals in terms of memory and
complexity. It is simple to see that average aggression of the individuals in the population is close to
0.5. At the same time, strategies with different memory depth shows approximately the same
aggression. The aggression of strategies with zero complexity is maximum, and with the complexity 1
is minimum; strategies of greater complexity have the same aggression (see Fig.3.2). Therefore, the
aggression of primitive strategies with the memory depth 0 and the complexity 0 is maximal.

Further evolution makes it possible to establish changes in the basic characteristics of individuals.
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First of all, the number of strategies in every individual decreases. Figure 3.3 shows the average
decrease in the number of strategies in an individual. In the process of evolution, after the stage of
exponential decrease in numbers, it reaches a stationary state.This way individuals develop a stationary
set of strategies. With such a ratio of individuals and their strategies the stationary stage is achieved on

average at N =45.5.

Let us consider how the distribution of strategies by memory depth of an individual changes over
time. Figure 3.4 shows the evolution in strategies' distribution by the memory. As a convenient
characteristic for this, we use the probability of finding in an individual a strategy with the memory
depth m =0,1,2 respectively.

Fig.3.2 The initial distribution of an individual's aggression in the population by memory depth (to the left) and
complexity (to the right) calculated at the first step of evolution

The probability of detecting strategies with the memory depth of 0 and 1 in an individual increased
up to tenth step, and at the same time the probability of strategies with the memory depth of 2 decreased
insignificantly and stabilized at a significant level (Fig.3.4). It is clearly seen that the probability of
discovering strategies of maximum memory depth in an individual throughout evolution is
overwhelmingly high.

50
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40

2 4 6 8 10 12 14 16 18t

Fig.3.3 The change in the average number of strategies in an individual of the population over time of evolution

Note that the probability of detecting strategies with minimal memory of 0 and 1 did not decrease
over time but even increased. So, for the memory 0 by a degree and for the memory 1 by 3 times but
still remaining at a low level. The composition of the strategies of an individual also undergoes
qualitative changes in terms of complexity. Let us consider the change in the probability of finding a
strategy of a certain complexity in an individual in the process of evolution. Figure 3.5 shows the
probabilities of finding a strategy of a certain complexity in an individual at the corresponding stages of
evolution.
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Fig.3.4 Shows the change in the probability of finding in an individual a strategy with memory depth 0 as P,,

with memory depth 1 as P,, with memory depth 2 as P, over time of evolution. To the right these relations are

shown in the same scale, so the changes of initial probabilities are relatively minor

Rather diverse behavior of these probabilities is noticeable. Every complexity follows three different
types of behavior: decreasing, increasing, oscillating. These probabilities reach certain stationary levels.

Fig.3.5 Shows the change in the probability of finding a strategy with complexity 0,1,..., 8 in an individual over

time of evolution, where strategies of these complexities named as P.,, P

>0r Py ... Pg respectively. A decrease in

the probabilities is observed only for strategies of complexity 1 and 5. The last figure shows these dependencies
on the same scale

The most complex strategies of 6, 7, 8 have the highest probability by the end of the evolution (
P,=0.12), (P,=0.25), (P;=0.5) and their changes over time are negligible.Strategies of
complexity 1 exhibit significantly different behavior, which disappeared from the population after step
8. Because of this, the probability to discover strategies with the memory depth of 0 increases due to an
increase in probability of strategies of complexity 0 and 2. It is interesting to note that also the
probability of detecting the most primitive strategies with zero memory and complexity increases by

4+35 times, it remains low at P, ~0.02 . The increase in strategies with zero memory occurs mainly
due to the increase in primitive strategies. The most common behavior is the one of the probabilities to
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find the most complex strategies P, P.,, P,, which retain their almost initial values. The reason is

in their overwhelming quantity and small number of low-complexity strategies, that does not allow
them to greatly influence strategies of high complexity. Noticeable changes are undergone in the

probabilities of detecting P, P, and strategies of complexity 5 and 4 that compete for presence in an

individual, which is also influenced by strategies of lower complexity.

Thus, in an individual in a stationary state, strategies of maximum depth and close to maximum
complexity have a dominant probability. Even so, the most primitive strategies did not disappear but
increased their own probability of presence in an individual remaining at a low level.

More obvious tendencies are displayed by the changes in the aggression of individuals in the
population. The average aggression of individuals in the population tends to the maximum possible
value of 1. The aggression distribution by memory depth is shown in Fig.6. Strategies with zero
memory demonstrates the highest aggression during all stages of evolution, and strategies with memory
depth of 1 demonstrates the lowest aggression. After the tenth stage of evolution the differences in their
aggression disappears and coincides with the average aggression (see Fig.3.6). The stratification of
aggression by complexity also indicates a typical increase of aggression and striving for maximum
value. The only exception is strategies with complexity 1 as the least aggressive strategies that
disappear from the population after stage 12. Therefore, the aggression of population's strategies,
regardless of memory depth and complexity of strategies, grows with evolution and reaches the
maximum value of 1 in the stationary state. The stationary set of individual's strategies consists of
strategies with maximum aggression towards strategies of other individuals. The stationary distribution
of strategies forms by the strategies of maximum memory depth and complexity. The variety of present
strategies in the population decreases significantly. The number of formative strategies in the stationary
state decreased by 97.7% in comparison to the initial one, and the number of strategies in individual

decreased by only 9%.

Fig.3.6 The average aggression of an individual of the population over time of evolution. By the memory depth to
the lefi, where A is the average aggression of the whole population, and Ay, A,, A, are the average aggressions

of strategies with memory depth 0, 1, 2. By complexity to the right, where A is the average complexity of the
population, and Ay, A,,..., Ay are the average aggressions of strategies with complexity from 0 to 8

Note that in the process of evolution no strategy was able to spread to all individuals. The maximum
presence of one strategy over individuals averaged 21%, which differs from the initial number by no
more than 0.4%. Also, an increase in the initial number of individuals does not affect the typical
behavior of their strategies. All tendencies of changes in individuals keeps the same as well as the
stationary values. Apparently, further increase in the size of population does not lead to significant
changes because of the presence of all formative strategies in the initial population.
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4 Evolution of individuals with a uniform distribution of initial strategies by memory

Let us now consider the evolution of a population with another initial distribution of strategies over
individuals. The initial distribution of strategies forms by equally probable choice between strategies of
different memory depth from formative strategies. This means that all formative strategies are divided
into three classes of memory depth and the probability of choice between them is equal. All
characteristics are averaged by 10 experiments with the same initial properties. In this section the
number of individuals is 50000 too, but the number of strategies for each is 24. With this choice each
individual has an equal number of strategies of different memory depth (Fig. 4.1) at the beginning of
evolution. So, the main difference from the previous case is the equal share of strategies of the memory
depth of 0, 1, and 2 in each individual in initial population. Strategies with greater memory can be more
complex and this affects the initial distribution of strategies in complexity in a complex way. In a result,
the initial distribution of strategies' complexity in a typical individual has a non-monotonic dependence
as shown in Figure 4.1 on the right. Here, the initial number of complex strategies C =6,7,8

decreases.

To find the aggression of population's strategies let us proceed with the first stage of evolution.
Figure 4.2 shows the simulation's results and the relation of aggression on the memory depth and the
complexity of population strategies.

Fig. 4.1 The initial distribution of strategies in an average individual in the population by memory depth (to the
left) and complexity (to the right)

First of all, note that despite the significantly different distribution of strategies among individuals,
the initial distribution of aggression in terms of memory depth and complexity remains the same. But
the tendency for an increased average aggression of strategies of complexity 0 and a decreased
aggression of strategies of complexity 1 even solidified due to an increase in the number of these
strategies.

Fig.4.2 The histogram that determines the distribution of strategies' initial aggression in an individual of the
population by memory depth (to the left) and complexity (to the right)
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Let us now consider how the evolution affects the number of strategies of an individual and their
memory depth with such initial population. Figure 4.3 on the left shows the change in the average
number of strategies in an individual. The change of the number of strategies in an individual is
universal demonstrating a decrease of their numbers in the process of evolution. To control the change
in memory depth of an individual we use the probability of finding a strategy of a certain memory
depth, which is shown in Figure 4.3 on the right.

At the initial stage these probabilities are equal. During evolution the probability of detecting

strategies with zero memory depth falls to the certain stationary level of P, ~0.15.

Fig.4.3 The change in the total number of strategies in an average individual (to the left) and the probability of
finding in them the presence of a strategy with a certain memory depth (to the right), where Po is the probability

of finding a strategy with memory depth 0, B, for memory depth 1, P, for memory depth 2

The probability of detecting strategies with the memory depth of 1 increases to a certain value and
then falls to the stationary value of P, ~0.43. In contrast to the previous case, strategies with the

memory depth of 1 are dominant in the stationary state. Probability of detecting a strategy with the
memory depth of 2 changes in a more complex way. There are two stages of increase of this probability

divided by the stage of decrease, and in the end they reach the stationary value of P, =0.41. It is
interesting to note that the minimum value of the probability P, is reached at the stage of the maximum

value of the probability £, . In other words, it is these components that compete with each other for their

presence in an individual. Thus, in the stationary state strategies with the memory depth of 1 and 2 are
dominant with a significant presence of strategies with a zero memory depth. The stationary values for
this distribution are radically different from the corresponding values found in the previous section. The
nature of these probabilities has also changed dramatically. Now, in the process of evolution the

probability F, does not increase, and the probabilities F; and P, exceed their initial level. This way

there is a seizure of individual by the strategies of the memory depth of 1 and 2.

For a more detailed analysis of the behavior of strategies of an individual let us consider how the
complexity of an individual and the complexity of strategies with a certain memory evolve. Figure 4.4
shows the average complexity of an individual in the population and the change in the complexity
components of strategies with a certain memory depth.

It is simple to spot two regions of increase in complexity of an average individual divided by the
stage of complexity decrease. The time period of complexity decrease can be called a period of decline
or a primitive period of evolution. Periods of complexity increase can be called periods of growth. The
first period of growth lasted 2 stages of evolution (or 9% of the evolution time). The period of decline
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took 4 stages (or 18% of the evolution time). And the last one lasted until reaching the stationary state
after 22 evolution stages (or 72% of the evolution time). These periods correlate with the behavior of
strategies with a certain memory depth. Thus, for example, probability of finding a strategy of the
memory depth of 2 in an individual correlate with a change in complexity of the individual's strategies
(see Fig.4.3). The reason is related to the greater complexity of the strategies contained in the class of
strategies of the memory depth of 2. Note that the average complexity of an individual is significantly
lower than in the previously considered case. This is due to the large number of strategies with zero and
one memory depth in an individual and a low initial complexity of individual's strategies. In the process

of evolution, complex strategies dominate and therefore the stationary level of complexity (65 ~4.3)

of strategies of an individual exceeds the initial (C o= 3.8).
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Fig.4.4 The evolution of the average complexity of an individual in the population C and by memory depth (Co
is the complexity of individual's strategies with memory depth 0, C\ for memory depth 1, C2 for memory depth 2

A more detailed behavior of the average complexity of strategies in an individual can be obtained by
plotting the relation of the number or the probability of the presence of a strategy of a certain
complexity on the time of evolution. The change in probability of finding a certain strategy in an
individual in terms of complexity is quite complicated depending on the value of complexity (Fig. 4.5).
So, strategies of complexity 0, 4, 6, 7, 8 increased their presence in an individual in the process of
evolution. The most primitive zero-complexity strategies came out on the third place in terms of
probability after strategies of complexity 4 (maximum value) and complexity 8. The probabilities of
strategies with complexity 1, 2, 3, and 5 decreased their presence in individuals of the population.
Strategies of complexity 1, as the most non-aggressive ones, have completely disappeared from the
population.

Moving on to the evolution of an individual's aggression in the population, Figure 4.6 shows that
strategies with memory depth 0 are more aggressive and strategies with memory depth 1 are less
aggressive over the course of evolution. In terms of complexity, strategies with complexity O are
distinguished as the most aggressive; complexity 1 as the most non-aggressive (disappears from the
population after step 12); complexity 8 as the least aggressive of all others after complexity 1. In the
previous type of distribution, strategies of complexity 1 also disappeared from the population and all the
others tend to the maximum possible value of the aggression, which indicates the universality of these
patterns. Also, with the previous distribution, the aggression of the strategies of complexity 0 was the
greatest. The average aggression of an individual is determined by the aggression of the strategies of
memory depth 2 and complexity 8 as shown on Fig.4.6.
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Fig.4.5 The probability of finding a strategy with a certain complexity in an average individual of the population (
P] Pg represents complexity from 0 to 8 respectively)

Thus, the stationary stage is also formed in this case by the most aggressive individuals, whose
strategies have the greatest complexity and memory depth. The presence of strategies of zero memory
depth in the stationary state increased in comparison to the initial one by approximately 2 times.
Moreover, it is the primitive strategies of zero complexity that have survived, while the less aggressive
strategies of complexity 1 have disappeared from the population. Complex strategies (C = 6,7,8) have

increased their presence in individuals of the population as well as of complexity C =4 . Strategies
with complexity C =1,2,3,5 have decreased their presence.

Fig.4.6 Aggression of the population by memory depth (to the left) and by complexity (to the right), where A is
the average aggression, Ao R A1 R A2 are the aggressions for memory depth from 0 to 2; Ao: Al yenes A8 are the

aggressions for complexities from 0 to 8

Let us now discuss the effect of an increase in the number of strategies in an individual while
maintaining the initial distribution of strategies with equal probabilities by memory depth. Naturally,
this will lead to an increase in the average strategies' complexity of an individual because of the
increased number of strategies of maximum complexity. Therefore, the stationary value of the average
complexity of the strategies of an individual will also increase. The dependence of its changes over time
with the presence of two periods of growth and one period of decline will remain (quite similar to the
example shown on Figure 4.4).
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The probabilities of finding strategies of a certain memory depth in an individual are subject to more
radical changes (see Fig.4.3). For example, when choosing the initial number of strategies in an
individual as 50, at all times of evolution the probability of finding a strategy of memory depth 2 in it
exceeds the probability of finding a strategy with memory depth 1 in contrast to the one shown on
Figure 4.3 for the initial number of strategies in an individual of 24. Thus, the tendency for the
dominance of strategies of maximum memory and complexity in an individual only becomes higher
with an increase in the number of its strategies.

5 Conclusion

Therefore, evolution with the used method of strategies' exchange supports individuals with
maximum aggression, maximum memory depth, and high complexity of strategies. The stationary set of
strategies of an individual consists mainly of strategies with some share of the most primitive strategies.
The number of strategies of the average individual decreases with the evolution time reaching a certain
stationary value, which depends on the initial distribution of strategies. The variety of strategies with
evolution decreases more significantly: about 6% of the original formative strategies remains in the
stationary state. Strategies of complexity 1, as the least aggressive, even disappear from the population.
Complex behavior and periods of growth and decline in complexity appear with significant proportion
of strategies of low complexity and low memory, otherwise these strategies do not affect the nature of
evolution being suppressed at early stages by more complex strategies with a large memory depth.
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