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The solution of the problem of stationary thermal elasticity of multilayer plates of a non-canonical shape in a plane is
proposed. It is based on the immersion method, where a complex non-canonical shape is merged into the canonical shape.
Therefore, a plate of a non-canonical shape with arbitrary boundary conditions is "immersed" into a canonical one. To ensure
that the specified boundary conditions are met compensating loads distributed along the contour of the initial structure are
added to the auxiliary structure. The intensities of compensating loads are determined from a system of integral equations.
Deformation of the layers of the plates are described within the framework of the first-order theory, taking into account a
transverse shear strain in each layer. The field of temperature loads is obtained by solving the non-stationary problem of
thermal conductivity of a multilayer plate. The temperature stresses in a five-layer plate when heated by a film heat source
have been investigated.
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OpHi€lo 3 aKTyaJIbHUX 334 B CydJacHiH TeXHilll € JOCTOBIpHE BH3HAUCHHS TEMIIEPAaTypHHX IIOJIB i HaNPY>KEHb B €IEeMEHTaxX
KOHCTpYKIiit. Oris Mojesnelt i MeToAiB po3B’si3aHHS 3314 i TEPMOIIPYKHOCTI ITOKa3aB, 10 HAHOUIBII TOCIIKEH] OXHOPITHI
KOHCTpyKii. IIpomoHyeThCsT MeTon po3B’s3aHHSA 3a4adi  CTAI[lOHapHOI TEPMOIPY)KHOCTI 0araTomrapoBHX IUIACTHH
HEKaHOHIYHOI (OpMHU B IUIaHi, AKUH Oa3zyeTbcsd Ha NMPHUIOMI 3aHYPEHHS CKIaaHOi 001acTi B 00JacTh KaHOHIYHOI (OpMHU.
3agaHa IIaCTUHA HEKAaHOHIYHOT ()OPMH 3 JOBUIBHIMHU TPAHUYHUMU YMOBAMH «3aHYPIOETHCA» B IUIACTHHY KAHOHIYHOI (POPMHU.
HaiinpocTimmii po3B’s30k 3a7a4i B aHANITHYHOMY BHUIJISAII MOXKHA OTPHMATH, KOJH Yy SIKOCTI JOMOMDKHOI 3aCTOCOBYETHCS
LIApHIPHO OIepTa IUIACTUHA MPSIMOKYTHOI (JOPMH Y IUIaHI 3 Ti€IO K KOMIIO3UII€I0 MIapiB. YMOBU HAaBaHTAKCHHS JOMOMIKHOT
KOHCTPYKILIi 30iraloThcsl 3 YMOBaMH HaBaHTA)KCHHS BUXITHOI KOHCTpYKIil. [l 3a0e3nedeHHss BUKOHAHHS 3aaHUX T'PaHUIHHX
YMOB JI0 JOIIOMDXKHOI KOHCTPYKII{ JONAIOTHCS JOJATKOBI KOMIICHCYIOUi HaBaHTa)KEHHS, IO PO3IMOJIICHI B3JIOBXK KOHTYPY
BUXIHOT KOHCTPYKILIi. [HTEHCHBHOCTI KOMIIEHCYIOUMX HAaBaHTa)KCHb BU3HAYAIOTHCS 3 CHCTEMH IHTETPaJbHUX DIiBHSIHB, B
OCHOBI SIKOI JIeXKaTh BHXIiJHI TPaHHYHI yMOBH. PO3B’S30K CHCTEMH OJep>KaHO NIIIXOM PO3BUHEHHS NIYKaHUX (QYHKLIN Y
TPUTOHOMETPHYHI PSIIU Y JOMOMDKHIN 0071acTi 1 B3MOBK KOHTYPY BUXITHOT KOHCTPYKIIii Ta MOJANIBIIOTO PO3B’sI3aHHS CUCTEMHU
TMHIHHUX anreOpaiyHuX pIBHAHb BIJHOCHO Koe(]ili€HTIB po3BHHEHb. Ilicias 3HAXOHKEHHS 3HAUYeHb KOMIICHCYIOUMX
HaBaHTAKCHb BH3HAYAIOTHCS MEPEMIIlCHHS Ta HAlpyKeHHS y IIapax BHXigHOI KoHcTpykumii. Jedopmamii mapiB miacTuH
OIMUCYIOThCSL Y PaMKax Teopil mepiioro MopsjaKy, 10 BpaxoBye AedopMallii MOmepedHoro 3cyBy B KOXKHOMY LIapi. PiBHSHHS
TEpMOTIPYKHOI PIBHOBAarM Ta TpaHWYHI YMOBH OJepkaHi 3 BapiamiiHoro mpuHOumy. Ilose TemmepaTypHHX HaBaHTa)KeHb
OTpPHMaHO 3 PO3B’S3KY HECTAI[lOHApHOI 3ajadi TEIUIONpPOBITHOCTI OaratomapoBoi IuracTHHU. Ha BepxHIW Ta HIDKHIN
MOBEPXHSIX IUIACTHHH BiZI0yBa€ThCS KOHBEKTHBHHUH TEIUIOOOMIH, a OiYHA IIOBEPXHS BBAKAETHCS 11€aIbHO TEII0I30I50BAHOIO.
JlocipkeHo TeMIepaTypHi Halpy>KeHHs y I’ STHIIApOBiH INTACTHHI CKIAJHOI ()OPMH P HarpiBaHHI IUTIBKOBHM JKEPEITOM
TeruIa.

Knrouogi cnosa: bacamowaposa niacmuna, ckiaona gpopma, oxcepeno menua, memnepamypad, mepMonpyjicHicmo.
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Ipennaraercs METOA PEIICHHs 3a/ladll CTAIIMOHAPHOW TEPMOYNPYrOCTH MHOTOCIOWHBIX IJIACTHH HEKaHOHHYEeCKOH (GOopMBI B
IUIaHe, KOTOPBI Oa3mpyeTcs Ha TpHEeMe MOTPYKEHHUs CIOXHOM o0iacTH B oOiacTe KaHOHMYECKOH ¢opmel. [lmactuHa
HEKaHOHMYECKOW (HOPMBI C MPOU3BOJIBHBIMU TPAHUYHBIMU YCIOBHSMH «IIOTPYXKAeTCsS» B IUIACTHHY KAHOHMYECKOH (hOPMBL
Jns obecrieyeHHst BBINONHEHMS 3aJaHHBIX TPAaHUYHBIX YCJIOBHH K BCHOMOTATENbHOW KOHCTPYKLIMH JOOABIISIOTCS
JIOTIOJIHUTEIIbHbIE KOMIICHCHUPYIOIME HArpy3KH, pPaclpe/ieleHHbIe BI0Jb KOHTYpa MCXOAHOI KOHCTPYKIMH. THTEHCHBHOCTH
KOMICHCHPYIOIIMX HArpy30K OINpPEAENSIOTCS W3 CHCTEMbl HHTETPAlbHBIX ypaBHeHHH. J[ledopmarmm cioeB mimacTuH
OIMHUCBHIBAIOTCSI B PaMKaxX TEOPHH IEPBOrO TOPs/KA, YUUTHIBaeT AedopMalny MONEepPEeYHOro cIBHra B Kaxaom cioe. ITome
TEeMIIepaTypHBIX HAarpy30K IMOJYyYeHO B pe3yJbTaTe pPelIeHHs HEeCTAlMOHApHOM 3aJadM TEIUIONPOBOJHOCTH MHOTOCIOWHOI
IacTHHBL. VccnenoBanbl TeMIiepaTypHble HaNPsDKEHMS B ISITUCIIONHON TUIACTHHE NP HarpeBaHUM IUIEHOYHBIM HCTOYHHKOM
TeruIa.

Knrouesvle cnosa: mnozocnolinas niacmuna, CloJiCHas opma, UCMOYHUK Menaa, memMnepamypd, mepmoynpy2ocb.

1. Introduction

Widespread usage of multilayer structural elements in various fields of technology is associated with
the need to develop the methods for their calculation at different loads, such as thermal effects. The
analysis of literature sources shows that the homogeneous structures are the most studied ones [1-5].
The models and methods of solving heat conduction and thermal elasticity problems are reviewed in [6,
7]. The problems of thermal elasticity of multilayer plates and shells are most often solved for objects
of canonical shape, and the law of temperature distribution over the thickness and surface of the
structure is usually given, but not obtained from solving the problem of thermal conductivity of these
structural elements [6-12].
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In this work, we propose a method for solving the problem of thermal elasticity of multilayer plates
of noncanonical shape in the plane under the influence of temperature fields, which are determined
from the solution of the problem of stationary thermal conductivity.

2. Unresolved issues and goals of the work

From the analysis of publications on thermoelastic deformation of multilayer structural elements we
can conclude that each of these research methods has its advantages and disadvantages which limit their
scope. In addition, the deformation of multilayer plates is often considered by using the classical theory,
although the plate may consist of layers whose physical and mechanical characteristics differ
significantly. Therefore, the development of new methods and improvement of existing methods for
calculating multilayer plates of a complex shape is of great importance.

3. Basic relations

Let us consider a multilayer plate assembled from | layers of constant thickness and assigned to the
Cartesian coordinate system, which is connected to the outer surface of the first layer. On the coordinate
surface the plate occupies an area G bounded by the contour L. The plate is subjected to a system of
force and heat loads.

The behavior of the plate is described within the framework of a refined first-order theory that takes
into account the shear strains [5, 13]. It is assumed that the contact between the layers prevents their
delamination and mutual slippage. The displacements of the plate points are represented as

ul=u+ Zj'-;ll hips + (z — §;i— Yk, vi=v+ Z_i]'_:::[[ haby, + (z = 8- )Y},
wi=w, &=3%'1hj, §_1<z<6, i=1,1 (1)
where u = u(x, y), v =v(x,y), w = w(x, y) are displacements of the coordinate surface point in
the direction of the coordinate axes; i = L (x, ¥), Y5 = L (x, y) are angles of rotation of a normal
element in the i- th layer around the axes Ox and Oy; h; is the thickness of the j-th layer. The layer
strains €5, €5, Viy, Viz ¥y are determined according to the Cauchy formulas. Stresses and strains in the

i-th layer are related by Hooke's law
E; E;

, , . E: , . , E;
i _ i i L t i _ i i t

Oy = &y +viEy) — a;T;, o, =——&, +vies) —
x 1_Vi2(x ly) 1_Vi it y 1_Vi2(y Lx)

1_Vi

Tﬁicy = Giyagya T)icz = Giyyéza T3i/z = Gi)ﬁizz, i=1,1, 2

t
a; T,

E;
2(1+vy)’

E; is the Young's modulus of the i- th layer material; v; is the Poisson's ratio; af is the coefficient of
linear thermal expansion of the i-th layer material; T; is the temperature change in relation to the
temperature of the unstressed state.

Equilibrium equations for a multilayer plate are obtained on the basis of the Lagrange's variational
principle

where G; =

CU:Qt_Q' (ny)EG1 (3)
as well as the corresponding boundary conditions
ru = Q- ()]

Here Q is the vector of force loads, U is the vector of the required displacement functions,
; T ; N ; T
U={u v, w 9L i} Q" ={Cl. Cl, 0, D, Di,} ; @“={cl, 0, 0, D}, 0} ;
. . _ 7 1 ..
C{ =Xl NE, Di=m XiN™ + M,
i Eia:-'L 5i i Eia:-'L 5i . —
Ntl = 1—_1/if5i—1 TidZ, Mr} = 1—_1/if5i—1 Ti(Z - 5i_1)dZ, L= 1,1
The elements of the symmetric matrix C (3) and the matrix T" (4) are given in [5, 11].

4. Solution method

The solution to the problem of thermal elasticity is based on the immersion method developed
previously for solving the problem of unsteady dynamics of multilayer structures [14]. The initial
multilayer plate of arbitrary shape in plane is immersed in an auxiliary enveloping multilayer plate with
the same composition of layers. The shape of the enveloping plate is chosen in such a way that a simple
analytical solution can be obtained. In this work a hinged rectangular multilayer plate is chosen as an
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auxiliary one. The loading conditions for the auxiliary plate in the area G coincide with the loading
conditions for the initial plate.

To ensure the fulfillment of the actual boundary conditions (4), additional compensating forces and
moments are applied to the auxiliary plate along the contour L Q° = {¢f(x,)}, (x,y) €L, j =

1,21 + 3. The functions of compensating loads enter the equations of thermoelastic equilibrium (3) in
the form of integral relations:

piCey) = [ q§Cey)8(x —xp,y —y,)ds, j=121+3, (5)
where §(x — x;, vy — y;) is the two-dimensional Dirac 6- function; L: x; = x(s), y, = y(s), 0 <s <
s*; sis the current arc length; s” is the plate perimeter.

Boundary conditions (4) taking into account (5) lead to a system of integral equations for
determining the intensities of compensating loads
rufQ(x,y)] = Q" (x,y) € L. (6)
The method for solving system (6) is that the functions of displacements U, force Q, temperature Q*
and compensating P¢ (5) loads are expanded into trigonometric series in functions that satisfy the
conditions for the hinge support of the auxiliary rectangular plate

uj(xl V) = Xm=12n=1 (ijnBjmn(x' ¥, Qj(xr Y) = Xm=12m=1 QjmnBjmn(x: ¥,

q; (6 Y) = Xm=1Xn=1AUmnBimn (6, ¥), 0§ (6, ¥) = Xzt Tzt Pimn Bimn (6, ¥),  (7)
mnx . nmy . mmnx nmy . mmux | nmy
Bin = cosTsm?, Bon = SlnTCOST'Emn = sstmT,
B3timn = Bimn Ba+1+imn = Bamn, 1=11,j =121 +3;
A and B are geometric dimensions of the plate according to the coordinate axes.
At the same time, the functions of compensating loads and functions included in the boundary

conditions (4) are expanded in a series along the contour L
q]q(s) = Za:l,z ZOZ=0 f}'audau(s)' uj(s) = 20::1,2 Zﬁ=0ujaudau(s) , J=121+3, (8)

where d;, = sin[uy(s)], dy, = cos[uy(s)], y(s) = 2m f; d§/f05* ds, 0 <y(s) < 2m.

As a result of the expansions (7), (8) and further transformations, the system of integral equations (6)
is reduced to a system of linear algebraic equations for the coefficients of expansion into a series of
functions of compensating loadsf;,,, the solution of which makes it possible to determine the values of
compensating loads. Finally, the solution to the problem (3), (4) can be represented as

9] oo 2I+3 0
U.j(x,y) = Z Z Z n;f]l(n q]mn — q;mn + 2 Z fjauejrgﬁ Bjmn' ] =121+ 3,
m=1n=1 k=1 a=1,2 u=0

where n7" are the coefficients of the inverse matrix obtained by expanding the displacement
functions from the equilibrium equations (3) into series in functions satisfying the conditions for the
hinged support of the auxiliary rectangular plate;
mn

4 (st [
oy = Efos Ay (S)Bimn (X1, ¥ )ds  j =121+ 3.

5. Numerical results

The efficiency and effectiveness of the developed method is illustrated by solving the problem of
thermal elasticity of a multilayer plate, the contour of which is made up of K line segments and K arcs
of circles conjugated to them (K = 4). The sections of the contour s,j_;, which are line segments, are
given by the following equations:

X, = Xp—1 + (S = Sak-1)) €0S A1, Y1 = Va1 + (S = Sak—1)) Sin @p—1, k = LK,

where the point with coordinates (x,x_1, V2x—1) iS the beginning of (2k — 1)-th straight line segment.

The sections of the contour s,,, which are circular arcs, are given by the ratios:

X, = X + Ry [sin (S_“;% + a2k_1) — sin a2k_1],
YL = Var — Ry [cos (%Zkk_l + aZk—l) — cos aZk_l], k=1K,

where the point (x,, V,) is the end of (2k — 1)- th straight line segment, a,,_; is the angle between
the (2k — 1)-th straight line segment on the contour and the positive direction of the X-axis, S is the
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length of the contour section from the origin [point(x,, y;)] to the current point(x, y) on this contour
section; S, =YX . s;, S, =0.

Fig. 1 shows the design scheme of the plate, [, = 74 mm, I, = 53 mm, I3 = 77 mm, [, = 60 mm,
R; =30mm, i = 1, 4. The layers of the plate are made of materials with the following characteristics:
E; = 6.8-10* MPa, v; = 0,22, af =9-107°%°C?, i =1, 3,5; E; = 2,2-10%> MPa, v; = 0,38, af =
8.3-107°%°C?t, i =24; hy = 5mm, A, = 3mm, Az = 19mm, hy, = 2mm, hs = 12mm.

Fig. 1. Design scheme

It is assumed that there are no power loads. The field of temperature loads is obtained from the
solution of the non-stationary problem of thermal conductivity of multilayer plates [15-17], taking into
account the effect of a film heat source. Thermal insulation of the side surface of the plate is considered
to be ideal. The heat conductivity problem has been solved with the following initial data: k; =
1.08 W/(m-°C), i =1, 3,5; k; = 0.22 W/(m-°C), i = 2,4 (thermal conductivity coefficients of the i-th
layer material); H; = 433 W/(m-°C), H, = 20 W/(m-°C) (convective heat transfer coefficients on the
upper and lower surfaces of the plate); T, = —30°C, T, = 20°C (environment temperature at the upper
and lower surfaces boundary). A film heat source with a capacity of g = 6 KW/m? is located between
the first and second layers of the plate. The source location is shown in Fig. 1 by a dashed line.

Fig. 2 shows the distribution of temperature and the principal stress o} (i = 1,1) over the thickness
of the plate at point D (see Fig. 1), which located in the middle of the region occupied by the heat
source. The stress is obtained for the temperature distribution at the time when the temperature on the
surface with the source reaches the highest value. Layer composition is also shown. At the interface
between the first and second layers of the plate, a sharp change in temperature and stress caused by the
presence of a heat source is observed.

0 10 0 T,0C -5 0 o!, mea
V4 —
110 110
“
L 20 20
g 130
#
10 140

Z,mm Z,mm

Fig. 2. Distribution of temperature and stress over the thickness of the plate.

6. Conclusions

A method for solving problems of thermal elasticity of multilayer plates of non-canonical shape in
plane has been developed, which makes it possible to present the solution of the problem in an
analytical form.

Deformation of plates is described within the framework of the linear refined first-order theory
which accounts for transverse shear strain in each layer along with the polygonal line hypothesis for a
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pack. The thermal elastic equilibrium equations and the boundary conditions on the contour are
obtained by using Lagrange's variational principle. The method of solving the thermal elasticity
problem for multilayer plates with non-canonical shape is based on the immersion method.

The proposed approach can be applied in the design of heating systems for multilayer glazing in
various vehicles.
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