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The new approach for studying the vibration modes and frequencies of a circular plate immersed in a liquid has been
developed. The approach is based on the use of hypersingular integral equations and the assumed mode method. It is assumed
that a round thin elastic plate is immersed in an ideal incompressible fluid, and its motion is considered to be irrotational.
Under these conditions, there is a velocity potential that satisfies the Laplace equation everywhere outside the plate, and the
no-flow condition is satisfied for the plate surface. The fluid pressure has been determined by using the linearized Cauchy-
Lagrange integral. For solving the boundary value problem with regard to the velocity potential, an integral representation in
the form of a double layer potential has been used, the potential density being proportional to the fluid pressure drop. The
assumed mode method makes it possible to reduce the problem of determining the added masses of a liquid to solving
hypersingular equations on a circular domain. The two-dimensional hypersingular integral equations have been reduced to one-
dimensional ones. Therefore, the inner integrals take the form of elliptic integrals of the second kind without singularities. To
calculate the external integral, which exists only in the sense of Hadamard, the boundary element method is proposed. A
procedure for calculating the matrix elements of a system of linear algebraic equations for determining the density of the
double layer potential has been developed. A numerical solution of the hypersingular integral equation has been obtained, and
a comparison of the numerical and analytical solutions has been carried out. The right-hand sides of hypersingular integral
equations are the modes of vibrations of a rigidly fixed circular plate, which are obtained analytically. A technique for
calculating the matrix of added masses has been developed, which makes it possible to reduce the considered problem to
solving the problem of eigenvalues.
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Jnst mociimkeHHs 4acToT Ta (OpPM KOJNMBaHb KPYIJIOi IUIACTUHKHM, II0 3aHypeHa B PigUHY, PO3poOJICHO HOBHH MiAxin,
3aCHOBAHHMH Ha 3aCTOCYBaHHI TiEPCHHTYJISIPHUX IHTErpajbHHX PIBHSAHb Ta MeToxy 3amaHux Qopm. IIpumyckaerbcs, IO
KpyrJla TOHKa MpYy’KHa [IACTHHA 3aHypEHa B i/ieabHy HECTUCIIMBY PillHHY, PyX SIKOT BBaXKA€ThCsl Oe3BUXPOBUM. B 1IMX ymMoBax
ICHy€ TOTEHI[ial LIBUIKOCTEH, 110 3a/J0BOJIbHSE piBHAHHIO Jlamiaca BCIOAM 3a MEXaMH IUIACTHHHM, a Ha MOBEPXHI [UIACTHHU
BUKOHYETHCS YMOBA HENPOTiKaHHs. THCK piHN BU3HAYCHO 3 JIiHeapu30BaHoro iHTerpany Komri-Jlarpamxka. [Ipu po3s’s3anHi
KpaifoBol 3a1a4i 11010 MOTEHIiaNy MIBUIKOCTEH BUKOPHCTAHO IHTErpanbHe 300paKeHHs y BUIJIAl MOTEHI{aly MOJABIHHOTO
mapy, Mpu LIbOMY T'YCTHHA MOTEHI[ial]y NpOINOopIiiiHa mepenagy THUCKY piaMHH. BukopucTanHs Merony 3agaHux (opm
JI03BOJIMJIO 3BECTH 3aJavy BH3HAUCHHS MPUEJHAHUX Mac PiJUHH IO PO3B’sI3aHHS TIMEPCHHTYIIPHUX PIBHSHb Ha KPYroBid
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obyacti. 37iliCHEHO 3BEJECHHS [BOBHMIPHHMX TilEpCHHTYISIPHUX IHTETPAIBHUX PIBHSHb 10 OJHOBHMIPHHX. BHyTpimmHi
iHTerpanu Ipu [bOMY HaOyBaroTh ()OPMy ETNTHYHUX IHTETpaliB APYroro poay, IO HE MalTh ocobimBocTed. s
0OYHCIIeHHsT 30BHIIIHBOTO IHTErpaly, KU iCHye JIMIIE B CEHCI Anamapa, 3alipOIIOHOBAHO BHKOPHCTATH METOJ TPAaHHIHUX
eneMeHTiB. Po3pobieHo mnpoueaypy OOYMCICHHS €JIeMEHTIB MAaTpHli CHCTEeMH JHIMHUX anreOpaiuHuX piBHSIHD IS
3HAXOJ/UKEHHS HEBIZOMOI T'YCTHHI MOTEHLIaly MOJABIHHOTO Imapy. 3AiHCHEHO PO3B’S30K TINEPCHHTYISIPHOTO PiBHSHHSA Ta
HaBEJCHO IMOPIBHSIHHSA YHCIOBHX Ta AHANITHYHHUX pO3B’s3KiB. [IpaBi 4acTHHU TiNEPCUHTYISPHUX IHTErpaJbHUX PIBHAHB €
(dhopMamMu KOJHMBaHb KOPCTKO 3aKPIIIEHOT KPYIJIOi [UIACTHHH, SKi OTPUMAaH| aHATITHYHHM HUIIXOM. PO3po0IIeHO METOANKY
00YHCIIeHHST MAaTPHIIi MPUETHAHUX Mac, IO JJO3BOJIMIIO 3BECTH 331ady, IO PO3IIISIAETHCS, 10 PO3B’I3aHHS IIPOOIEMH BIIACHIX
3HAYCHb.

Knrwowuoei cnosa:monxa nnacmuna, ioeanvHa HeCmucauea piouna, KOIUEAHH, inepcuHeyiapHe iHmezpaibHe PiGHAHHS, Memoo
CPAHUYHUX eTleMeHMIE.
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Jis uccnenoBaHus 4acToT U GopM KomebaHUi KPYIIIoH MIIaCTUHKH, TTOTPYKEHHOH B KHIKOCTh, Pa3paboTaH HOBBIM MOIXONI,
OCHOBAaHHBIH Ha MPUMEHEHHH THIICPCUHTYISIPHUX MHTETPAIBHBIX ypaBHEHHH M MeToja 3amaHHbIX (opm. IIpeamomaraercs,
YTO KpyTJasi TOHKasl yrnpyras IUIACTHHA MOTPY)KE€HA B HICANbHYI0 HECKHMAEMYIO KHIKOCTh, JBIXKECHHE KOTOPOH CUMTAETCS
0e3BUXpEBBIM. B 3THX YCIOBHMSX CyHIECTBYeT IIOTEHIMAT CKOPOCTEH, KOTOPBIH yHOBIETBOPsET ypaBHeHHIo Jlamuaca BComy
BHE IUIACTHHBI, @ HA IIOBEPXHOCTH IUIACTHHBI BBIOJHSETCS YCIOBHE HENpoTeKaHus. JlaBleHHe >KHUIKOCTH OIPECNICHO C
MOMOIIBIO JIMHeapu30BaHHOro uHTerpana Kommu-Jlarpawxka. [Ipu pemieHun kpaeBod 3aaud OTHOCHTENBHO IOTEHLUAIA
CKOpOCTEeH MCHOIBb30BAaHO WHTErpajlbHOE MPEACTaBJICHHE B BHJE IOTCHLHalNa ABOMHOrO cios, IpU 3TOM IUIOTHOCTh
MOTEHIMaIa IPONOPIHOHANBHA TIepeNany AaBIeHHS KHAKOCTH. Vcnons3oBaHne MeTo/a 3alaHHBIX (JOPM MO3BOIMIIO CBECTH
3a7ady OomIpefereHns MPUCOSANHEHHBIX MAcC *XUAKOCTH K PENICHHIO THIEPCHHTYISIPHUX YPaBHEHUH Ha KPYroBOH oOmacT.
OcCyIIecTBIEHO CBEIEHHE IBYMEPHBIX THIEPCHHTYISIPHAX HMHTETPAIbHBIX YypaBHEHHH K OJHOMEpHBIM. BHyTpenHue
MHTETPAIBl IIPU 3TOM NPHOOpETaroT (GopMy SIUTHNTHIECKHX HHTETPAIIOB BTOPOTO POJa, HE MMEIOMMX ocoOeHHocTed. s
BBIUMCJICHUS] BHEIIHET0 MHTErpajia, KOTOPbIM CylIecTBYeT TOJBKO B CMbICIe AaMapa, NMpeUIo’KeHO HCIOIb30BaThb METOM
TPaHUYHBIX 3J1eMeHTOB. Pa3paboraHa mpoleaypa BEYHCICHHUS 3JIEMEHTOB MAaTPHIBI CHCTEMbI JMHEWHBIX anreOpandyecKux
YpaBHEHUI A1 HaXOXJIEHWs HEU3BECTHOW IIOTHOCTU IOTeHuuana ABOoHHOro cios. I[lomydyeHo duCIeHHOE pelieHHe
THIEPCUHTYJIIPHOTO UHTETPAJIBHOTO YPaBHEHHS, U IPOBEICHO CPAaBHEHUE YUCICHHOTO M aHAJINTHYecKoro pemeHuil. [Ipasbie
YaCTH THUIIEPCHHTYISIPHAX HMHTETPAIbHBIX YPAaBHEHHI SABIAIOTCA (opMaMH KOIeOaHWH >KECTKO 3aKpEIUICHHOH KpyTiIoH
TUTACTHHBI, OTy9IEeHHBIX aHATUTHYECKUM ITyTeM. Pa3paboTana MeToanKa BBIYMCICHHS MAaTPHIBI IPUCOSIMHEHHBIX Macc, 9TO
MO3BOJIMIJIO CBECTH PAacCMATPUBAEMYIO 33/1ady K PEIIeHHIO IIPOOIeMbl COOCTBEHHBIX 3HAUCHHUH.

Knrwueewvie cnosa. monxas niacmuna, UOeANbHASL HeCHCUMAeMAast chudkocmb, KO/Z€6CIHM}1, cunepcunyisipHoe unmezpajibHoe
ypaeHerue, Memoo CPAHUYHBLX J]IeMEeHm o6

1. Introduction

Problems of hydroelastic interaction of structural elements with the environment have been of great
interest to many scientists in recent decades. These problems are conventionally divided into two
classes. The first includes the task of determining the dynamic characteristics of the structures
containing a liquid; i.e. the surfaces of the structural element are in a unilateral contact with the liquid.
The works [1-3] are devoted to the problems of liquid splashes for rigid shell systems. The vibrations of
elastic reservoirs partially filled with a liquid are analyzed in the article [4]. The free vibrations of an
elastic head cover of a hydro turbine during interaction with a liquid are considered in [5, 6].

The second class incudes the determination of the dynamic characteristics of elastic thin structures
where the bearing surfaces are in bilateral contact with a liquid, such as the blades of the impellers of
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Francis and Kaplan turbines [7, 8], the blades of powerful air units [9, 10], the wings of aircraft [11],
etc.

The powerful computational methods have been developed for solving such problems numerically.
Among them there are the method of finite differences, [12], the methods of finite and boundary
elements [13, 14], the method of R-functions [15].

But each new design, which is intended to work under intense power loads and to interact with the
environment, requires careful analysis of its strength and dynamic characteristics. This leads to the need
of developing new and improving existing computational methods that would take into account the
specific features of the structure being analyzed.

The new effective method for solving hypersingular integral equations on a circular domain has been
developed in the article. The method has been successfully used to determine the free vibration modes
and frequencies of a circular plate immersed in a liquid.

2. Formulation of the problem

The vibration of a thin circular plate immersed in a liquid is analyzed. The Kirchhoff-Lev hypothesis
has been used to model the motion of the plate [16].

The following notation is used: E is the Young's modulus, v is the Poisson's ratio, and h is the plate
thickness.

With a thickness of a homogeneous plate being constant, the equation of motion of the plate [16] has

the form
2

o'W
DAAW—i—pph?:q(X, y.it), (2.1)

where w(x, y,t) is a deflection of the plate;

pp is density of the plate material;
3

D= Eh is cylindrical rigidity;

12(1-v?) ’
q(x, y,t)is a force acting on the plate.
If the plate is immersed in a liquid, then

a(x,y,t)= p(x, y,thn+g,(x, y,t), (22)
where p(x, y,t) is a liquid pressure drop on the plate;
nis a unit normal to the surface of the plate;
0, (x, y,t) is a disturbing force.
If in the equation (2.2) the function q,(x,y,t)=0, then we have the case of free hydroelastic
vibration.

To find the pressure p(x, y,t), the following assumptions have been made: the fluid is an ideal and

incompressible, and its motion is vortex-free. In this case, there is a velocity potential @(x,y,z,t), and its
gradient is the velocity of the liquid, namely:

v=20y ey o0

x| “ oz
This potential satisfies the Laplace equation
2 2 2
T, 0% 00 _g (2.3)
ox: oy® oz

The relationship between velocity potential and pressure is determined from the linearized Cauchy-
Lagrange integral
p*=-p, %"' Po
where p, is density of the liquid;
po IS an atmospheric pressure.
The limit values ¢* correspond to the transition to the plane of the plate from the positive and

negative values of z coordinate, respectively.



BicHuK XapkiBCbKOro HaLlioHansHoro yHiBepcuteTy imeHi B. H. KapasiHa
cepis (MaTemaTnyHe MogentoBaHHs. IHpopmaLliiHi TexHonorii. ABTOMaT30BaHi CUCTeMM yripaBniHHsy, Bunyck 48,2020 9

Thus, for the pressure drop we have
N 99" O
=p'-p =—p,| ——1|. 2.4
p=p —-p P.( o ot J (2.4)
The boundary conditions for the differential equation (2.3) have been formulated. According to the
condition of non-leakage [17] we could obtain the following equations for the surfaces o of the plate:

op | _ow (2.5)
on o ot

The system of differential equations (2.1), (2.3) with boundary condition (2.5) must also be
supplemented by the conditions of fixation, in other words by the conditions which respects to the

function w(x, y,t) on the plate contour.
Thus, we arrive at a related problem with respect to two unknown functions W(x, y,t) and ¢o(X,y,2,t).
Moreover, the right-hand side of the differential equation w(x, y,t) includes time derivative of ¢(x,y,zt),

while boundary conditions for the Laplace equation to ¢(X,y,z,t) include time derivative of an unknown
functionw(x, y,t).

3. The assumed mode method
To solve the problem of natural and forced vibrations of elastic plate immersed in a liquid, the

assumed mode method [17] has been used. Generally, we consider the movement of the plate immersed
in a liquid as:

Wiy 0)=36, 0w, (x.y), @

where c, (t) are unknown coefficients that depend only on time;
wk(x, y) are modes of plate vibration without taking into account the interactions with the liquid;

N is the number of modes retained in the calculations.
From (2.4), (3.1) we can see that for the velocity potential @(x,y,z,t) it is necessary to choose the
following

N
o(x,y,2,t)= kZc‘k(t)(pk(x, Y,2), (3.2)
=1
in which the functions ¢, (x, y,z) are solutions of the following boundary value problems
¢
Ap, =0, X =w . 3.3
? o (3.3)

It should be noted that in the boundary value problems (3.3) the right-hand sides in the boundary
conditions are known.

In the next part we will describe the method of reducing the problem of determining the vibration
modes and frequencies of a "plate-liquid"” system to the hypersingular equations.

4. The hypersingular equations for determining the velocity potential and fluid pressure

To find the fluid pressure drop on the surfaces of the plate, the equation (2.4) can be used. It should
be noted that the velocity potential is a harmonic function everywhere outside the circular plate, i.e. it is
a continuous function in three-dimensional space with a section. In this case, according to the equation
(2.5), this harmonic function has a continuous normal derivative at the intersection of the section in the
form of a circle occupied by the plate. But according to the equation (2.4), this function has a finite gap
in the specified area.

Such properties are known to be inherent in the potential of the double layer [18]. This potential has
a form

1 o 1
o(P,) 4njsjr(P) P |P—P0|ds’ PesS, (4.1)
where S is an area occupied by the circular plate;
n is a unit normal to the surface S;
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P and P, are the points of three-dimensional space with coordinates (x,y,z) and (X,,Y,.Z,),
respectively;

[P —Pol=(x=x, )} +(y—y, )} +(z—2,) is a Cartesian distance between P and Po;

['(P) is potential density, the function given on the surface S.

The function defined by the formula (4.1) satisfies the Laplace equation (2.3), has a continuous
normal derivative, and at the intersection of the surface S along the normal has a finite discontinuity,
namely [18]

(P+(Po)_(P7(P0)= 1—‘(Po)' P es.

Therefore, we use the representation (4.1) for the velocity potential. To determine the pressure drop,
it is necessary to find the density F(P) on the surface of the plate. From (3.2) it follows that we need to
obtain solutions of the boundary value problems (3.3). For the functions o « the expression (4.1) is used.
The Laplace equation with (3.3) is satisfied, and the boundary condition leads to the integral equation in
the form

JJ Le)-- on PP P| w () PPy €S (42)

As proved in [19, 20], the mtegral in (4.2) does not exist either as an ordinary improper one or in the
sense of the Cauchy principal value. This integral can be interpreted only in the Hadamard sense [21,
22] as a limit value of the normal derivative of the double layer potential. For the case where the surface
S is a part of a plane, we have

824 ﬂ () o) P| w,(P,), PP eS,

or

— 5 =W, (X, ) (4.3)

%, (\/(X_Xo)z +(y -y ) +22 )3

The equations of the same type as (4.3) refer to hypersingular integral equations.
Some methods of numerical solution of such equations are investigated in [22].

lim — ”F (X, y)

z ”0475

5. Reduction of two-dimensional hypersingular equations to one-dimensional singular
eguations
If the domain S in the equation (4.3) is a circle, then it is possible to reduce a two-dimensional
hypersingular equation to a one-dimensional one.
Let S be a circle on the xOy plane, namely
S={y:x*+y? <R?}
Let us calculate the Cartesian distance | P — Po| for the points of the specified region S. In cylindrical
coordinates we have
X=pcosd, y=psin®, z=z, X +y’ =p°,
Xo =PoC0S0,, Yo =poSin0,, Z,=2,, X3 +Y;=p;
as follows

[P —Pol =\p*+p}+(z—2,) —2pp,cos(6-0,).
Then we use standard notation [14]
a=p’+p;+(2-2,f, b=2pp,.
Firstly, we suppose that the functions w,,T’, do not depend on the circumferential coordinate 6, i.e.

we consider the problem in an axially symmetric formulation.
Then by using (4.3) we obtain the following hypersingular integral equation(z = z, = 0) :

1 —dxdy
p fsf L.(x,Y)

(Vo= +(y=vF |

3 =Wk(X0,y0).
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With the transition to a cylindrical coordinate system and taking into account the assumptions about
the axial symmetry of the problem, we find that

J-J- () pdbdp
(Ja_bcose_o0,)]

Let us write this integral as a repeated one

(5.1)

Ip k(p){f(\/m)g} (y)-

Let us make a variable replacement in the internal integral in (5.1)
y=0-0, 0=y+60, dOo=dy.
Since under the sign of the integral there is a periodic function that integrates by a period, the
boundaries of integration will not change. Therefore, we take not (0,27) but (—= , ). For the internal

integral we obtain
T d
|1(pap0):_J.( a—b\(‘.‘,lOS\yf.

Due to the parity of the subintegral function we have

|1(pvpo): 2} dy :
oi,/a—bcoswi

Then we make the transformations in this integral

n/2

L60,)=2] v e
(,/a bcosw)3 (\/a+b 2bcos’ (\u/2))) 0(,/a+b—2bcoszwf
After another variable replacement
vy, =n/2-vy; dy, =—dy

we find that

/2 d 2b
|1(pvpo): ( Ad ’

i k=2
MT 0 (\/M)i a+b

Next we use the formula from [23] and obtain
n/2 /2
(—T k'z ), Ek)= gwll—kzsinzwd\y, k?=1-k”.
sin \y

Since k> =1-k* = 1—2—b _a-b , then for the internal integral we have

a+b a+b
/2
1 (p.ps ) = \/— Hl k?sin” ydy =

where E(k) is a complete elliptic mtegral of the second kind.
Thus, we obtain a one-dimensional hypersingular integral equation for determining the functions
T (p) by the known functionsw, (p), m=1.2,...

p+po)(p po) PEk).

k)d
—J o) —LER___ (o). (52)
o p+po)(p Po)
Note that the kernel of the integral operator in (5.2) has the following form:

K(p po) (P+ Pl)E(g(zp )2 '

This kernel has a feature of type (p—p,)”.
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To clarify the nature of the function K(p,p,) near the singularity (o —p, = 0) we use the asymptotic
formula [23] for the function E(k) at k , close to 1

2
E(k)=1+1k'2(|n i—ij{ij Ek"‘(lni—1—11j+
2 k 2) \2) 4 k"~ 34

Let I, be a special element, that is I, €[0,R], p, €1,. Let us introduce the notation

1 4 1
Kq(p.p )=+{1+—k'2[m—,——ﬂ.
T prpoo—poF L 2 k' 2

Then for calculating the integral of the element containing the feature, we use the formula

lIF (PK(p.p,)dp = IJFm (P)Ko(p.po Jdp + II T, (P)K(p.po)— Ky (p.po)ldp - (5.3)

The first part here contains hypersingular and logarithmic components, and the second is an integral
of the function that does not contain features.

6. Determination of free vibration modes and frequencies of a circular plate without taking
into account the added masses of a liquid
Let us assume that in the equation (2.1) the functionq(x,y,t) = 0, i.e we assume that the plate
vibrates freely. Then we look for a solution of the equation (2.1) in the form
w(x, y,t)=exp(iQt)w(x, y). (6.1)
Then we substitute (6.1) into the homogeneous equation (2.1) and obtain the differential equation in
partial derivatives with respect to the amplitude values w(x,y)

12p (1-V? h
AMW-o‘w=0, o =QZ%\Z)=QZ%. (6.2)
The equation (6.2) is represented in the form

(A—a?)A+0? =0

fl s 6

For a circular plate in polar coordinates we have
7# 1o 1 ¢
=——t=—
ap* padp p° O’
In this case, the system (6.3) takes the form
2
ow tow 1ow ey-o, (6.4)
o° pop p° b

2
a—vzv+la—w+i28—w+a2W:0. (6.5)
" pop p° b
The solutions of the equation (6.4) are the Bessel functions of the first and second kind of zero order
J,(ap) and Y,(ap), and the solutions of the equation (6.5) are the modified Bessel functions of the
first and second kind of 1,(ap)and K,(ap). Thus, the general solution of the equation (6.2) has the

form

which is equivalent to the system

w(p)= AJy(ap)+B Yy(ap)+Cly(ap)+ D, Ky (ap)
where A,B,C,D, are constants.
Since the functions Y, (a.p) and K, (ap) will infinitely increase if p— 0, we assume that
B =0, D, =0 to avoid non-physical displacements.
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To determine the constants A,C, we use the boundary conditions for fixing the plate along the
contour. For the case of rigid fixation we have the following boundary conditions [16]:

dw
Vv|p:R =0, dr

=R
From these conditions it follows that p
{AJn(ocR)+Cln(ocR):0 66)
AJ(aR)+C 1 (aR)=0" '
For the system (6.6) to have a nonzero solution, it is necessary for the system determinant to be zero.
Therefore, we obtain the equation for finding the unknown quantity o

j:EZE; :ZEZEJ = (aR)[I”’l(aR)+ I”+1(aR)]_ In(aR)[‘] n—l(aR)_‘]nﬂ(aR)] =0 (6.7)

Let's denote A =aR. Table 6.1 shows the first six root values of the equation (6.7) for different
values of n.

Table 6.1 The values of the roots of the characteristic equation
m Am

3.196220616
6.306437050
9.439499140
12.57713064
15.71643853
18.85654552

OO~ IWIN|F-

The relation between the constants A and C for each o is obtained from the equality
J (o R
A’nn ‘]n(amnR)+ Cm In(amnR) =0= Cmn = _A'nn n(—mn)
I n (amn R)
Note that we can choose A, =1Vm.
Thus, the dependences of free vibration modes of the circular plate on p in the mode are obtained
Jo(0tmR)
-] (a,P)- 6.8
In((xmnR) n( mp) ( )
These functions appear at right-hand sides of the hypersingular equations (5.2).
Fig. 6.1 shows the functions defined by the formulas (6.8) for R =1.

Winn (p) = ‘]O(amnp)

0,2 -
06 -
0,4 -

0,2

-0,2

-0,4 -
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Figure 6.1 Dependences of vibration modes on the radial coordinate

Numbers 1-6 in Fig. 6.1 denote the modes corresponding to the values An = a.m, given in Table 6.1.
Fig. 6.2 shows the first six modes of axially symmetrical vibrations of a circular plate rigidly fixed
along the contour.

dri2

Y
Vi
i

e
HH

mﬁ{ e
V

Figure 6.2 Modes of axially symmetric vibrations of a round plate

According to the formulas (6.8), for the increasing number m, vibration modes of w, (p) will
asymptotically approach J,(a.,p).
Checking the orthogonality of the natural vibration modes w,, (p) we can find that
(W, (P)w (p)) = A3y - (6.9)
The following values are obtained for the constants A,

A1 = 0.1018870979, 4. =0.0506907858, A3 = 0.0337792448, A4 = 0.0253319976, 45 =0.0202649244,
A6 =0.0168871927.

7. The numerical method of solving a hypersingular integral equation
For a numerical solution of a hypersingular integral equation

R
Lirp) LER___ o) .0
o (p+peNp—po)
with known right-hand sides, the method of boundary elements with a constant approximation of the
density [22] has been used. Note that as compared with (5.2), the index m is omitted in the equation
(7.1) to simplify the recording.

To do this, we divide the integration region [0, R] into N1 boundary elements of an equal length. Let
us denote

L =[p..p} i=LN, 2t=p,—p,,=R/N,, p,=0, p,=R.
Inside each element [, , we select the points (collocation points) as follows:
Pio 20-5'(pi +pi—l)’ i=LN,.

After we roughly replace the integral in (7.1) by the integral sum, assuming that for each element the

unknown density is constant, that is T'(p)=T}, pelp.,.p;], we obtain a system of linear algebraic

equations with respect to T, in the form

%TF(p)K(p,pio)dp = %;,Ajrj = _W(pio)’ i=LN,,
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where the system matrix elements are calculated by the formula

A == TK(p,po)dp (72

Pj=1
In the case of the boundary element not containing a collocation point, i = j, standard quadrature
formulas can be used for the calculation of A;. If i = j, the following formula can be used

Pi Pi Pi
Ty [Kp.piodp =T, [Ky(ppyoJdp+T; [[K(p.p o)~ Kolpp o JHp - (7.3)
Pi-1 Pi-1 Pi-1
According to the results obtained above, the second term in (7.3) is not singular, and standard
quadrature formulas can also be used to calculate it. The first term contains hypersingular and
logarithmic features. The hypersingular component has the form

P
Kilp:py)=——— .
P ooy
Let us make such transformations
1 1 1 1 1
K (p,p ): PP _ Po _ - { _ }:
Y pp)p-pef  P2-P2NP—Po) (P-pP.f 2P—Ps|P—Ps P+Po
1 1 1 1 1 1 1 1

= + = +—— - :
20-po)  2(p*=pi) 200-pof  4psp—ps 4Py P+,
In this expression there is the component that does not contain features, namely

1 1
KhZ(p'pO):_$p+p '
0 0

(7.4)

Let

1 1 1

Kulpp) =ttt
T 2p—py ) 4py PPy

We calculate the integral over a special domain from K,,(p,p,)

Pio+T Piot+T

T L + 1 }dpz— 1 + Injp —p,|
Pio-T 2(p_Pio)2 4pi0(p_pi0) 2(p_Pio)|pi0,I 4p;, ? Pio—T
1(1 1) 1 T 1
== =+= |+ In—{=-=
2\t ) 4p, |t T

The logarithmic component has the form

oK' 4 1 P 1
K (p,p )= (In—,——jz—[IM———ln
T 2Ap+pNo—pe UK 2) 2o+ ) 2
Note that the component

After the transformations we have
1 1
Klz(p!po)z{ ——Po )3:N:|n4—5—|n|p+po|} (7.5)

P~ Po
P+ Po

]

P —Po

P+Po

K.(p,po){ 1l h }{m—%—m
2p+p,)  2p+p

2p+p,)  2p+p,)
does not contain features, it is further referred to the regular part. Let

1 1
Kll(p’p0)=_|:_ + Po j||n|p_po|'

2 (pt+p) (p+po)
When calculating the integral of K, (p,p,) we carry out the integration of parts. Let us consider that

1 1 o}
av ==| - +—2+=1 U=Inp-p
2{ (P+po) (p+po)3} b=ps
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1[ 1 2p, } 1
= — —_ > s dU =

2| (p+p,) (p+po) P—Po
At integration on a special element we will receive

Pio ¥ 2p+pig P g e 2p+p,, 1
[ Kiulp, p.o)dp— p—pio) =5 -7 [ ——%——dp.
Pio—T ( +pi0) pio—T Pio—T (p+pi0) P—Pio
Next we have
! Piot+T Pio+T PiotT
Pio* 1 2p +p; 1 | |p p |
Kiy(p,pio dp ==In|p—p; {—'O} = 0
Pic-)[—'f " ° 4 | I0| (p+pi0)2 Pio—T 8p+pio|Pio—T 16p'0 |p+p|0||Pio—T
:;{(m )3pp+1) _(In r)(Spio—r)+1£ 11 } 3 ,nlzpwl}:
4 (2pi0+r)2 (Zpio—r)2 2\ 2pi0+T 2pio—7T) 4pio |2pi0—r

T Pio Int 1 |2p|0+‘t|
- 2 2 2 275 |t
2(4pio—1~' ) dpjp—1° 2 16F’|0 |ZP|0_T|
Thus, it is obtained that
A 1 T piolnt 1 3 200 +1| f A
Ky(p.p o p=—=— 0T 21, 2 R T K (0pio e+ [Kp(o.pio)dp.
p{l O(p pjobp T 2(4pi20—T2)(4pi20—T2 2} 16pi0 ‘ZPiO—T p{l hZ(p Pjo)dp p;[_l IZ(p pjo)dp
The functions K,,(p,p,) and K,,(p.p,) are calculated by the formulas (7.4) and (7.5), respectively,

and the integrals of these functions are calculated by the standard quadrature formulas.

To calculate the integrals with kernels in the form of elliptical integrals, we use the method from
[24].

To test the proposed method, we use the analytical solution of the spatial hypersingular equation
given in [22, 25]. For the hypersingular equation in the form

1 T y)dxdy s=-7m, S= {(x y): X +y?< RZ}
S +(y=Yo)’

in [22, 25] it is proved that
(x,y)=yR*=x*—y?.

If we consider the hypersingular equation in the form (7 1), then for the equation

E(k)dp
I'(p =-1 7.6
ﬁ! p+po)(p po) (79

we will have the analytical solution
4
[(p)=—=yR*~p’

To numerically solve the equation (7.6), the method of boundary elements with a constant
approximation of the density on the elements [22] has been used. A circle with the radius R = 1m is
considered. 100 boundary elements have been selected. The comparison of numerical and analytical
results is given in Fig. 7.1.
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Figure 7.1 Numerical and analytical solutions of the hypersingular equation

The solid line corresponds to the analytical solution; the points indicate the numerical data obtained
by the proposed method.

Let us note that at almost all points of the segment [0,R] the accuracy is € =10~ The exception is
points near the ends of the interval. Since at p, p,, close to zero, an additional feature appears in the
equation (7.6), it is proposed to replace the integration segment by [6, R] [14]. For the above mentioned
calculations, 3 = 0.025/R is chosen. For p close to 1, the accuracy can be increased by taking into

account the behavior of the solution at the ends of the integration interval [22].
For the method of boundary elements for the two-dimensional region in [22] we used 1200 boundary

elements, and the obtained accuracy is €=10". These data indicate the effectiveness of the proposed
method.

8. Receiving the matrix of added masses

After determining the natural vibration modes w,, (p) of a circular plate by the formulas (6.8) we find
the solutions of hypersingular equations according to the method of boundary elements.

(k)d
= J ¢ =W, (p,)
i3 p +po )P —Po)

We look for a solution to the problem of hydroelastic vibrations of the plate in the form of the series
(3.2), (3.2).

Considering the equation (2.1) in the assumption that qo(x, y,t) = 0, and the pressure drop is
obtained from the equation (2.4), we have the following relations
o'w 09" (x,y,t) ¢ (x,y,t)

P Ta T a |

D c, (tAw, + p,h 3, (W, = —p, D¢, (O, 61)

Since free hydroelastic vibrations will be considered, we suppose that

c,(t)=C, exp(int), (8.2)
where o is the frequency of natural hydroelastic vibrations; i is an imaginary unit; C_, is unknown.
According to the equations (6.2) and (8.2) we convert (8.1) to the form

N N N
D> C,otw, —m{pphZmem +p|ZCmFm}:0. (8.3)
m=1 m=1 m=1
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The next step is fining a scalar product of the equation (8.3) on the functions w,(p), n=1,2,...N
and obtaining the system of linear homogeneous algebraic equations with respect to the constants
N
> 8 ADats o [p A5, +p, (T, w,)JC, =0 (84)
m=1
To find the nonzero solution of the equations (8.4) we obtain the characteristic equation with respect
to o

detp hQ?2 A S, —o?[p,hA S, +p, (T, W, )}=0 (8.5)
Thus, the problem of determining the frequencies and modes of natural hydroelastic vibrations of a
circular plate is reduced to solving the problem of natural values.
(A-oB)c=0,
where the elements of the matrices are determined by the formulas
8y = p,hA S, B, =p,hA S, +pi (T, W, ).
The elements of the matrix of the added masses of a liquid are determined by the formulas

G = (0 )=T2pT (o, ).

that is, we use the formula of central rectangles.
Thus, for determining free vibration frequencies and modes of a circular plate immersed in a liquid
the method based on the use of one-dimensional hypersingular equations has been developed.

9. Conclusions

The method for solving the problem of determining the frequencies and modes of vibrations of a
circular elastic plate immersed in an ideal incompressible fluid, the motion of which is considered to be
irrotational, has been developed. The method is based on using one-dimensional hypersinsular
equations. The analysis of singularities of kernels of integral operators has been carried out, which
allowed obtaining analytical formulas for calculating hypersingular terms and terms with logarithmic
singularity. The test calculation of a hypersingular equation with a unit right-hand side has been
performed. It has proved the effectiveness of the proposed method over the method of boundary
elements in two-dimensional formulation. The algorithm for obtaining the matrix of added masses is
proposed.
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