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A method of solving the boundary-value problems for heat conduction equation in a complex area — a multi-layered cylinder
with internal heat sources in some layers and external ones in other layers, is proposed. A method of problem solution in
conditions of uncertainty of one of the boundary condition at the layers interface with conductive heat exchange between the
layers is reviewed. The principle of method is in the averaging of temperature distributions radially in the internal layers. A
boundary condition of the impedance-type conjugation appears as a result of transformations at the layers interface. The
analytical and numeric-analytical solutions of simplified problems have been obtained. The mathematical model of a thermal
process in an electrical machine presented as a three-layer cylinder, where internal heat sources operate in one layer and heat is
submitted to the other two by means of heat conduction, has been built as an example.
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3amponoHOBaHUK METOA pO3B’S3aHHA KpaloBHX 3adad sl DPIBHAHHS TEIUIONPOBIMHOCTI Yy CKIamHii ob0macti —
GaraToiapoBOMy LIMJIIHJPI, 1¢ B OJHIN YaCTHHI IIapiB AilOTh BHYTPIIIHI JKepena Tera, a y iHIIii — 30BHiHI. Po3rmsHyTo
METOJI PO3B’s3Ky 3a/a4i B yMOBaX HEeBU3HAYCHOCTI OJHI€] 3 TPAHMYHUX YMOB Ha MEXi LIapiB 3 KOHAYKTHBHHM TEIUIO0OMiHOM
Mix nrapamu. CyTHICTh METO/ly MOJISATAE B yCepeJHEHI TeMIepaTypPHUX PO3MOALTIIB 3a pajiiycoM y BHYTpilIHix mapax. [Ipomec
yCepeIHEeHHsT TEMIIepaTypHOro pPO3MOALTY Y3AOBXK pajiyca, SKIIO Le Jgo3Boiisie (izndHa Monenb 3agadi, 3HWKYe ii
PO3MIPHICTh, alle y pe3yJbTaTi MepeTBOPEHb 3 SBIETHCS HAa MEXI IIapiB TpaHWYHA YMOBA iMIlegaHcHoro tumy. Lllmsxom
HOCJTZIOBHOTO YCEePEIHEHHSI 3a pajiiycoM, BUKOPUCTOBYIOYH YMOBY CIIPSDKCHHS Ha MEXKIi IIapiB BU3HAYAETHCS TeMIIEpaTypHHI
po3Mojia B ocraHHBOMY Imapi. J[yisi BH3HAYCHHS TEMIEPAaTypHOTO PO3MOALTY B OCTaHbOMY Iapi MmoOymoBaHa KiHIIEBO-
pizuuieBa cxema Kpanka-Hikoncon. Hactymauii kKpok BU3HAYCHHS TEMIIEPATYpPHUAX PO3MOALIIB y OaraTonrapoBoMy IHTIHIPI
TOJIATa€ y 3BOPOTHOMY PO3B’sI3aHHI 3a/1a4 BiJj OCTAHHBOTO LIapy A0 mepuioro. Po3s’sA3yroun 3aady BiJl OCTAHHBOTO LIApy 10
MEpPIIOro0 Ha KOXKHOMY Iapi OTPUMYEThCS MATpPHUIls] 3HAUYSHb TEMIEPATyp, 1[0 BUKOPUCTOBYEMO JUIs PO3B’SI3aHHS 3a/1aui sIK
IPaHUYHY YMOBY JUIsl HACTYIHOTO Iapy. L{e Aae MOXIMBICTD 3HAWTH TeMIlepaTypHUI PO3MOALT B yChbOMY LMJTIHAPI. Y SIKOCTI
NpHKIany moOyqoBaHAa MaTeMaTHYHa MOJIENb TEIUIOBOTO IMpPOLECY Y eNeKTPUYHIM MalluHi, siKa MpeACTaBlIeHa y BUIJISMI
TPHUIIAPOBOTO IWIIHIpA, € B OJHOMY 3 INApiB JilOTh BHYTPILIHI JoKepeda Tera, a O JBOX IHIIMX TEIUIO MepeIacThes
TeIIonpoBifHicTI0. OTPHUMAaHO aHATITUYHUH Ta YHUCENHHO - AaHATITHIHUH PO3B’SI30K CIPOINEHUX 3anad. [IpoBeneHo uncensHi
PO3paxyHKH, 3HAIICHO pO3B 30K HEINiHIHHOI 3a1a4i Ta o0y oBaHi rpadiki TEMIIEpaTypHUX PO3IOILTIB.
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IIpemtoxkeH MeTOJ pELIeHUs KpPaeBBIX 3ajJad il ypaBHEHHs TEIUIONPOBOJHOCTH B CIOXKHOI 00JacTH — MHOTOCIOHHOM
IUIMHIpPE, TIe B OJHON JacTH CIIOEB ACHCTBYIOT BHYTPEHHHE MCTOYHHUKHM TEIIa, a B Jpyroil - BHemHue. PaccMoTper meTon
peLICHUs 3a/laud B YCJIOBHUSIX HEOINPENEICHHOCTH OJHOIO M3 IPaHUYHBIX YCJIOBHHM Ha IpaHUIE CIOEB C KOHIYKTHBHBIM
TEIUIO0OMEHOM Mex [y closiMi. CYIHOCTb METO/la 3aK/II0YaeTCs B YCPEAHCHUH TEMIEPaTypHBIX Paclpe/ele U 0 pagycy
BO BHYTPEHHHX CIOSIX. B pesynprare mpeoOpa3oBaHMil Ha I'paHHIE CIIOEB IOSBISIETCS TPAHUYHOE YCIOBHE COIPSIKEHHS
UMIIEJAHCHOTO ThMa. B kauecTBe mpHMepa IOCTPOEHA MaTeMaTHdeckas MOJENb TEIUIOBOTO IPOIEcca B 3IEKTPHUYECKOH
MalluHe, KOTOpast MpeJcTaBlIeHa B BUIE TPEXCIOWHOTO NMINHAPA, T B OJHOM U3 CIIOEB JEHCTBYIOT BHYTPEHHHE HCTOUHUKI
TeIJa, a B ABYX APYTHX TEIUIO MEPeAacTCsl TEeIIONPOBOIHOCTRIO. [10MydeHO aHANINTHYeCKOe M YHCIICHHO - aHAIUTHYECKOe
pelleHue YIpoIeHHBIX 3amad. IIpoBeseHbl YUCIIEHHBIE PAcyeThbl, HAWJEHO pPELICHHE HEIMHEHHOMW 3alaud U IMOCTPOEHBI
rpaduKy TeMIepaTypHbIX pactpeaeneHuil. [IpeaioxeHslii MeTon pemeHns 0ocoOeHHO OyIeT MoJie3eH MPU PeIIeHH! TEIIOBBIX
3aJ1a4 B CJIO’KHBIX MHOTOCIIOWHBIX 00JIacTsIX, HAIPUMeEp B 3JIEKTPHUECKUX MAIIMHAX MM B BAJIKOBBIX KPHCTAIUIN3ATOPaX.

Knouesvie cnosa: SleKMpU4ecKas mawuna, mamemamudeckas Moaeflb, memnepamypHoe noiie, MHO20CIOUHbILL Lﬂl/lqup

1. Introduction

In the mathematical modelling problems of thermal processes a range of challenges related to
nonlinear nature of the problems, complexity of investigation areas and boundary conditions at their
interfaces, inhomogeneous medium limiting the investigation areas, as well as tridimensionality of the
problems appears. For linear and some of the nonlinear problems with linear boundary conditions in
canonical areas the analytical methods are applied (e.g. the Fourier method, the integral transformation
method, the thermal potential method, the conformal representation method, the methods of problem
linearization). These methods require of the researchers to simplify output problems of heat exchange to
the level where problem solution becomes practically enforceable.

An important advantage of analytical solutions of heat exchange problems is a possibility to review
their dependence on parameters in an explicit form. Analytical solutions help to sort out the determining
criteria through all their diversity. It greatly facilitates the physical experiment set-up. The accurate
analytical solutions often are used as standard solutions and serve as a test task for checking the
adequacy of more complex nonlinear models.

In comparison with the above-mentioned analytical methods numerical methods give the
opportunity to get a full quantitative description of heat exchange in the complex form constructions
and use complex nonlinear mathematical models. Nonlinear mathematical models describe the
investigated thermal processes more accurately in a wide range of geometrical and physical parameters
[1-2].

Contemporary computer technologies allow using numerical methods to obtain mathematical
prediction of thermal processes in quite complicated physical objects, particularly in modern electrical
machines.

The electrical machines construction started to expand rapidly at the end of the XX century due to
the development of small electrical machines for space, aircraft and electrical cars industries. A
magnetic core and winding are active parts of any electrical machine. All the other parts are
constructive ones which provide necessary toughness, durability, slewing capacity, and cooling. The
range of operating temperatures of electrical machine plays an important role in their reliability.

The diversity of the types of electrical machines notwithstanding, they have a lot of common
structural elements: a wire with low electrical resistance, an isolation material with high dielectric
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properties, magnetic conductors with anisotropic properties in orthogonal directions. That allows
building mathematical models of electromagnetic and thermal processes in electrical machine. The
method of temperature field investigation in a three-layer cylinder has been reviewed in the paper with
the example of mathematical model of thermal process in a simplest electrical machine.

Determination of three-dimensional temperature distributions generated by electromagnetic field
activity in electrical machines is an extremely complicated problem of mathematical modelling and
mathematical physics [3-8]. Electromagnetic fields are described by the models containing the
Maxwell’s equations system, the equation of charge continuity and the Ohm’s law [9-12].

rotﬁ:4—”j+l§, rotE = 29
K K ot K ot

divE = 47p,, divH =0, agtudiﬁ:o, J=0,E.

Where H,E,J,p, 0, are a magnetic field strength, an electric field strength, an electric current

density, an electric charge density, an electrical conductivity. Presence of the fields and currents in an
electrical machine stimulates an electrocaloric effect in the subareas where electrical current flows. So
an energy equation must be added to the Maxwell’s equation in the mathematical model in order to
determine the temperature distributions in the windings and between them because the model will not
be consistent without it. Furthermore, the electrical conductivity o, of electrical machine windings
depends on the temperature. To determine the internal energy in electrical machine the following form
of the thermal conductivity equation is used

Pa % =div(A(T)gradT )+W (P,t,T),

where 4,p, are a thermal conductivity coefficient and winding materials density, respectively,
e= j c,dT is a specific internal energy, c is a generalized thermal capacity of the environment,
Q
W (P,t,T)is a density of heat sources in electrical machine windings. The displacement current 9E s
ot
neglected in many Maxwell’s equations

roth = 225, 1€
K x ot

in comparison with the conduction current J generated by the electrical current density. H is a
magnetic field intensity in electrical machine windings, E is an electric field intensity, « is a speed of
light. Such assumptions are appropriate because the displacement current 9E in electrical machines has

ot

much less influence on the temperature distribution than the conduction current J . Also the Peltier heat
which appears in the moving contacts is often neglected.

Accepting the abovementioned assumptions, the Maxwell’s equations system can be written in the
quasi-steady-state approximation in the area Q, in the following non-dimensional form

rotH = 470, E, rotﬁz—%, divH =0, T =0, E=W (P,t).
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Neglecting the displacement current @ allows simplifying a mathematical model greatly by
ot

changing the equation system and turning it from the hyperbolic into parabolic. The model is
significantly simplified by decreasing the number of boundary conditions.

Alternating electric current flowing through the electrical machine windings releases the energy in
cases of both direct and backward current. Furthermore, electrical energy of alternating current causes
the change of internal energy of conductors. Because of energy of alternating magnetic field and
magnetic reversal, the coil cores are heated by the whirling currents. Electric and magnetic energy cause
the rise of temperature of constructive elements. It is also called active energy, and the density of active
heat sources can be determined by the formula

W =JxUxR/Z, R:M, Z=\R2+ X2,

where S,p,,X,,U,Z,Rare a wire section area, a specific resistance of winding wire, a winding

inductance, a voltage in windings, an operating impedance, an active impedance. If the electrical
machine power factor cos¢ is known, the density of active heat sources is determined by the formula
J xU cos¢

s :

Mathematical models that permit to investigate electromagnetic and thermal fields in electrical
machine can be designated as the models of processes in a complex area. Therefore, the simplest case of
the heat exchange process in electrical machine can be presented as the temperature field in a three-
layered cylinder, where the internal heat sources operate in one layer (winding) and external heat
sources operate in other two layers. The simpler case of temperature field in a two-layered cylinder has
been reviewed in [5, 6].

W =

2. Purpose of the paper

Purpose of the paper is to construct a mathematical model of temperature field in a multi-layered
cylinder where internal heat sources operate in one part of the layers and external sources operate in
another part, using the simplest electrical machine as an example. It is also necessary to develop a
method for determining the temperature field in a complex multilayer area.

A schematic illustration of a three-layered cylinder is shown in Fig.1.

o (;\l
\/ L~ |

Figure 1. A three-layered cylinder with different thermal-physical characteristics of the layers.

3. Study resources and results

Let us consider the mathematical model of temperature field in a three-layered cylinder where
internal heat sources work in one layer and heat is transferred by means of thermal conductivity to other
two layers which have different thermal-physical properties. Internal heat sources constitute the Joule
heat released while the electric current flows through one of the layers. Let us consider the temperature
field of an electrical machine consisting of a two-layered rotor without heat sources and a stator with
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the windings of a copper wire or aluminum inserts where an electric current flow generates the Joule
heat (see Fig. 1).

Determination of the temperature distribution T(r,z,t)in a three-layered cylinder, where internal
heat sources operate in the external layer and heat is transferred from the external layer to the internal
ones by means of thermal conductivity, can be presented as the following boundary problem on

conjunction in the area Qxt:{0<r<r, 0<z<l, 0<t<ty)

1%p, (1
e R s &)
"ror e
0, O<r<nr,p<r<p, r>r,
Ti(r,2,0)=To, @
Ti(r,o,t):To, Ti(l',|,t)=T0, (3)
oT,; oT.
L=0 423 =[-a (h-T)-a0( =T,
or | o |, @
T (5, z,t)=T(r,o.2,t), 1=1.3 (5)
T, .
A — _111 Tiat i=1.3, (6)
o lr=g-0 'S fi+0

where 4, ¢, p;,i=1..3, T; are the respective thermal-physical characteristics and parameters of the

parts of an electrical machine, the ambient temperature «, !, o, & o, B are a heat transfer
coefficient, a current strength, a resistivity of the windings wire, an emissivity factor, the Stefan-
Boltzmann constant and a temperature coefficient of resistance, respectively. S is a total section area of

the wire in the stator windings, particularly s, = ﬂ(r;- - rl2) layer surface areas,.

The problem as arranged in (1)-(6) is non-linear, so the analytical solution for it does not exist. Let
us simplify the problem according to the following algorithm.

It is enough to know the homogenized temperature distribution in the third and second layers to
investigate the temperature distribution in the inner cylinder. So to determine the transmission rate of
heat flowing through the inner cylinder surface, let us multiply the equation (1) by rdr and integrate

over the layer thickness within the 1 to r, limits

Ty rr |2Po ? ©)
ﬂgrﬁ . +/13—IT3rdr C3p3 ITsrdr =— X rj(1+ ST5)rdr,
aT,| " y(5,2,1).
r—=2 = (T -T,) +eo (T -1, —sun
Ca 2 (0a(Ts ~To) + a0 (T 1)) 2gh =
After the transformations and using the ratio [13]
Us(z,t) = jTg(r z,t)rdr,

> (8)

the equation (7) can be displayed in the form of
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Sg Ty(,2,1) 4583 0°Us  C3p3S30u; 128 1% pq r22 r12
o 2 - - ' Z-1)

u
2 ar 2 o 20t 2s; ° s2l2 2

1y [ Uy =T +eo(us* =T | o)

The proportion (9) will be reviewed as a boundary condition of impedance type at the interface of
the outer and inner cylinders. With u(z,t) »T;(r, z,t) T, (1, z,t) and taking into account the direction of

the heat flow, the condition (9) could be written as

2 2
A aT, (1, 2,1) :ﬁasz _Capshp Ty | po/% T | poﬂz(rz - )_
or A A a Aq1;S42 RN

_ Ah2
T,-T T,
0 22 (T, -T,) + eo(T* T |.
(10)
After the determination of the boundary condition, the temperature distribution in the second layer
of the cylinder can be reduced to the following problem with the condition that includes a tangent
derivative alongside with a normal derivative by the direction of

aT, 2T2 aT,
9 -C,p =0,
Y ay)
p<r<r, 0O0<z<l, t>0
T,(r,z,0)=T,, (12)
Tz(r,o,t):To, T2(rl|1t) :T|7 (13)
5, L) 40T aph 0Ty Vool 1A% -5)
ar R SN a gt 857 R 2585
I
/22 [a(Tz Tc)+5O'(T24 _Tc4):|’
1S3/ (14)
T (o 2t) . aTi(ho.2t)
% -4 -
or or (15)

The second boundary condition in this problem arrangement (11)-(15) is indefinite. The method of
determination of the temperature distribution in a multi-layered cylinder in the conditions of uncertainty
is stepwise averaging of the temperature fields along the radius and the consequent determination of the
temperature field in the first layer 0<r <r,. After finishing the averaging the backward process of

determination of the temperature distribution in the inner layers starts y<r<up,
<P <Dy Ty <I<fry-
If it is possible to neglect the temperature distribution along the radius in the second layer of the

cylinder, then, after averaging by analogy with (8) we get the boundary condition at the interface of the
first and second cylinders
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2 2 2
T, (rp, 2,1) :ﬁazuz _ Cyp3dy OUy aUz I Poﬂﬂz + : poﬂa(rz —h )_

- e I A ST PRI
_LZZ[O,(UZ “T.)+eo(uy’ - T, )] ﬁa_u;_%ﬂaﬁ:o,
S34 fhy oz rp ot

(16)

In this way the temperature distribution in the inner cylinder (layer S:) is determined from the

solution of the following problem in the area O, xt={0<r<r, 0<z<l, t>0}

/11_

aT1 2Tl aT1
- (r ) ﬂl

Tl(r, Z,O) :To,
Tl(r,o,t):To, Tl(r,l,t):-r“

5 Tlo2) 24 5 Ay | ey Voo +l2poﬂi(r22—r12)_

or oz Al Aol T Ot AgnSy " 15851
A2 4 14
- a(u, -T.)+eo(u,” =T =0,
r083/13|: ( 1 c) ( 1 c ):|
am(0,z,t)
or

To
Uy (z,t) = SE [To(r.z,0rdr, S =717,
10

r:ro 2 f

an ITlrdr an jTlrdr =0,

r
ﬂiar

r=0

ﬂr ’ /116“1 AP ﬂiczpz)aul |,00,3/11 Ipoﬂi(rzz_rlz)_ﬂirz
or o B a asE s S

Ar
By using (24) in (23) and taking into account (22) we get

) 12, (rz —r2)
oy (03P3+Cz,02 01/01)5”1 (| PP _ N2a ), + o\2 1),
o7 3 3k 3k A 3187 357, 3555
( r,2a T+ r2¢oTy . 1,260 bt =

35k 350 ) 35

and come to the following boundary problem for a differential equation of the second order

2
a_\zl_a2Q+Av+Cv = O<z<l, t>0
oz ot

v(z,0) =T,

[a(ul T,)+é0(u 4—T;‘)]

(17)
(18)
(19)

(20)

(1)

(22)

(23)

(24)

(25)

(26)

(@7)
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v(o,t) =Ty,  v(I,t)=T,,

(28)
where
2
A= (Pl B2ay e (Sbs Py OGPy o R260
34,S5° 33k 3% 3, 34 3534
|2,0 2 _p2 4
Bo_ o(z31)+r22a_|_c+r22ch )
3455, 353/, 3534,
Supposing that ¢ =0, the problem (26)-(28) can be solved by analytical means.
After replacing the variables
747t A -t
v=e®""u,  u=0 A1=—, f(zt)=Be",
a
the equation (26) can be reduced to
u =a’u, + f(z,t),vt>0, 0<z<I 29)
with the nonhomogeneous boundary and initial conditions
u(z,0)=g(z) =Tye™, (30)
u(0t) =y, M) =Toe™, u(l,t)=y,@)=T e, (31)
We seek the solution of the problem (29)-(31) as a sum of two functions
u(zt)=v(zt)+w(z,t), (32)

where Vv(zt) is a new required function and w(zt) is an arbitrary function satisfying the
nonhomogeneous boundary conditions

Wz, ) =10 -1 0]+ 1 0.
(33)

The function v(z.t) should satisfy the nonhomogeneous equation

v, —a?v,, = f(z,t), (34)

where
?(z,t) =f (z,t)—wt —a2WZZ

and the additional initial and boundary conditions are

v(z,0) = ¢(z) —w(z,0),
v(0,t) =y, (t) —w(0,1),
v(l,t) =y, (t) —w(l,t). (35)

After inserting (33) into (35) the conditions become nonhomogeneous and the problem (34)-(35) is
reduced to
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u =a’u, +f(zt),t>0, 0<z<l
u(z,0)=0,

u(0,t)=u(l,t)=0.

The solution of this problem has a form

n’n?

to| o — T a2(t-1)
u(zt)=J | TZZe 12 sin$zsin$§ f(g1)dedt =
00

(36)
Therefore the problem (26)-(28) of determining the temperature distribution in the inner cylinder is
completely solved. Then we build the finite-difference scheme of Crank-Nicolson [1-2]. In the area
Qxt {0<z<I, t>0}we apply the uniform grid by the length (coordinate z) of the cylinder

oh ={z, =mh, m=0,1..M}; the time grid (coordinate t) wx ={t,- = jAt, j:o,l,__jo} with the intervals:
h=1/M, At=ty/],-

The problem solution in the area Q is sought as a solution of a system of nonlinear algebraic
equations for the grid function u, . marked as uj.

TR Y BTN £ SN £ S £ iyl

ut—ud w20 ul T Ul - 2ud +u ; ;

aZ i " i il i |+lh2 i-1 i i+1 +AUiJ+l+C(UiJ+l)4—B.
2

@37)

Let us review and solve the linearized problem. The obtained temperature values matrix is used for
the solution of the problem (13)-(16) as a boundary condition.

For this purpose the finite-difference scheme of Douglas-Gann is built for by the alternating
direction method [1-4] in the area Qxt {0<r<r, 0<z<I, t>0} with

the intervals

T ul gy WG W2
AtI2  reyp, 2h, " Cop, h
" ﬂz ur{,m—l_zur{,m +ur{m+l
C202 hs ,
Um—udn? 4, wiim-ulR? o ulR 20l vulin
At/2 rc,p, 2h " Cy 09 hl2
N A ur{}r:][—l —ZUJ}} +ur{,+rr}+1
G20, hs

at the boundaries of the area

j+1 j+l j+1
Uy + Aug —3u0an

=0, n=0
2hy

for n=N we substitute the value of the temperature distribution matrix at the boundary of an outer
cylinder.
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Fig. 2 shows the solution of the problem (34)-(35), that is the distribution of temperature in the inner
layer of the cylinder along the coordinate z.

Temperajure, K

[
[
)

0.4 0.6 0.3

length, nx
m2

Figure 2. Solutions of the problem (34)-(35): curve 1- with o =1 , curve 2-a =10 , curve 3-a =100 K

4. Conclusions

The general mathematical model of heat conduction in a complex multi-layered area has been
developed in the paper. The method of solving the boundary problems for the heat conductivity
equation in a complex area — a multi-layered cylinder with internal heat sources in some layers and
external sources in other layers in the conditions of uncertainty of one of the boundary conditions at the
layers interface and with conductive heat exchange between the layers is proposed. The principle of
method is averaging the temperature distributions by the radius in the internal layers if the boundary
condition by the radius in one of the layers is not determined. Averaging the temperature distribution
along the radius decreases its dimensionality if it is allowed by the physical model of the problem, but
as a result of the transformations, the boundary condition of impedance type appears at the interface of
the layers. The temperature distribution in the last layer is determined by the stepwise averaging by the
radius and using the conjunction condition at the interface of the layers. The next step of determining
the temperature distributions in the multi-layered cylinder is the backward problem solution, from the
last layer to the first. The analytical solution of the simplified problem for the three-layered cylinder
where internal heat sources operate in one layer and heat is transferred to other two layers by means of
heat conductivity is obtained. The numerical experiments have been conducted and the approximate
solution of the nonlinear problem has been obtained. The temperature distributions are presented as the
graphs.
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