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This paper presents an mathematical model for the prediction of temperature field distribution in spoke-type permanent magnet 

synchronous machines. The mathematical model takes into account radial heat transfer streams; it is presented as a boundary 

problem in a multilayer non-canonical region with conjugation conditions at the boundaries of the layers, with different 

thermal physical properties. The entire study area is divided into five types of simple subdomains, including a shaft, an inner 

fan-shaped magnet, an outer fan-shaped magnet, a slot opening and a slot. Moreover, on the border of the inner and outer fan-

shaped magnets in slot opening and a slot, we have an perfect thermal contact. The problem is solved by the finite element 

method. Using the results of numerical experiments, the model allows you to control the temperature field of the machine, 

allows you to calculate the temperature distribution in its individual parts. 

Key words: electric machine, mathematical model, temperature field, finite element method. 

У роботі представлена математична модель розподілу температурного поля в синхронній машині з постійним, у формі 

спиць, магнітом. Математична модель враховує як радіальний так і осьовий потоки передачі тепла і представляє 

собою крайову задачу в багатошаровій неканонічній області з умовами спряження на границях шарів, з різними 

теплофізичними властивостями. Вся область дослідження розділена на п'ять типів простих підобластей, а саме вал, 

внутрішній віялоподібний магніт, зовнішній віялоподібний магніт, пазовий отвір і паз. Причому, на границі 

внутрішнього і зовнішнього віялоподібних магнітів пазового отвору і пазу має місце ідеальний тепловий контакт. В 

даній машині 4 пари полюсів і 9 слотів. Джерело тепла рівномірно розподілено в обмотках статора.У центрі слота 

розташовується обмотка, площа якої дорівнює сумі площ всіх мідних проводів. Задача розв’язується методом 

кінцевих елементів. У порівнянні з існуючими математичними моделями теплових процесів в  синхронній машині з 

постійним, у формі спиць, магнітом, оригінальність цього дослідження полягає в побудові комплексної теплової 

моделі, яка враховує характер теплового обміну на межі розділу складових частин машини. Результати проведених 

досліджень є основою для проектування синхронної машини з постійним, у формі спиць, магнітом, розробки 

алгоритму керування температурним полем синхронної машини, дозволяють враховувати температурні ефекти, 

особливо в тих підобластях, де робоча температура може змінюватися. Запропонована математична модель 

температурного поля в електричній машині дозволяє контролювати температуру в режимі реального часу. Модель 

дозволяє розраховувати температуру окремих частин машини, що важливо для швидкого регулювання умов її 

експлуатації і охолодження. 

Ключові слова: електрична машина, математична модель, температурне поле, метод кінцевих елементів. 

В данной статье представлена математическая модель распределения температурного поля в синхронных машинах с 

постоянными спицевидными магнитами. Математическая модель учитывает как радиальный так и осевой потоки 

передачи тепла и представляет собой краевую задачу в многослойной неканонической области с условиями 

сопряжения на границах слоев, с различными теплофизическими свойствами. Вся область исследования делится на 

пять типов простых подобластей, включая вал, внутренний веерообразный магнит, внешний веерообразный магнит, 

пазовое отверстие и паз. Причем, на границе внутреннего и внешнего веерообразных магнитов пазового отверстия и 

паза имеет место идеальный тепловой контакт. Задача решается методом конечных элементов.  Модель позволяет 

рассчитывать температуру отдельных частей машины, что важно для быстрого регулирования условий ее 

эксплуатации и охлаждения. 

Ключевые слова: электрическая машина, математическая модель, температурное поле, метод конечных элементов. 

 

1 Introduction 

High-speed electric machines with excitation from permanent magnets are widely used in various 

industries, including automotive industry. Recently, interior permanent magnet synchronous motors 

have become known as a good candidate for hybrid electric vehicle traction drive application due to 

their unique merits. Synchronous electric machine with different geometry and permanent magnets 

(PMSG) became the object of numerous studies. In this paper we consider electric machine with a 

spoke-type PM rotor and an internal permanent magnet [1-2]. In [1-2] the magnetic field in the spoke-

type PM rotor is investigated, and an attempt to account for the impact of the end effects (form of end 

winding reactance or magnetic leakage flux) in a two dimensional approximation is made. In [1] 

presents an analytical model for the prediction of magnetic field distribution in spoke-type permanent 

magnet synchronous machines with rectangular magnets and magnetic bridges. In [3] mainly 

https://www.multitran.ru/c/m.exe?t=4015_1_2&s1=%EC%E0%F2%E5%EC%E0%F2%E8%F7%E5%F1%EA%E8%E9
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investigates the equivalent stator slot model used in temperature field of high torque-density permanent 

magnet synchronous in-wheel motor. Based on the law of heat transfer in stator slot, a new layered 

winding model is put forward in this paper. For high torque-density permanent magnet synchronous in-

wheel motor, service life and electromagnetic performance are related directly to winding temperature 

[2]. With high efficiency and power density, interior permanent magnet (IPM) synchronous machines 

have been employed in many commercialized electrified power trains [4-5]. The interior permanent-

magnetic motor is widely used for electric vehicles. 

In [6] mainly analyzes the thermal field distribution of two conditions: the rated speed and rated load 

condition; the low speed and rated load condition. In [7], the influences of temperature variation on the 

characteristics and performance of spoke-type interior permanent magnet (IPM) machines are analyzed. 

Key machine performance metrics, such as flux linkages, torque, and inductances variation as functions 

of the temperature are simulated and discussed. However, in all these works, the complete mathematical 

model of the thermal process in the permanent magnet synchronous machines was not considered, with 

the help of which it was possible to determine the temperature regime at any point of it. 

In [7-8], a mathematical model of the thermal process in an electric machine is constructed, which is 

presented in the form of a three-layer cylinder, in which in one layer the internal heat sources operate, 

while the heat is transferred to another by thermal conductivity. The method for solving boundary value 

problems for the heat conduction equation in a complex region is a multilayer cylinder, where in one 

part of the layers the internal sources of heat act, and in the other external ones, is proposed. The 

method of solving the problem in conditions of uncertainty (absence) of one of the boundary conditions 

on the boundary of the layers with conductive heat exchange between the layers is proposed. The 

essence of the method is to average the temperature distributions along the radius in the inner layers. As 

a result of transformations at the boundary of the layers, the boundary condition of the conjugation of 

the impedance type appears. In [9] a mathematical model of the temperature field of the radial section 

of an electric machine is constructed; the temperature distributions are considered in the individual 

subdomains of the machine, and then the summation of the resulting solutions takes place. In this work 

a complete mathematical model of the thermal process in synchronous machines with spoke-type 

permanent magnet is investigated. Knowledge of temperature distributions in the windings and in the 

air gap is very important for designing an electric machine and analyzing its temperature field of the 

machine as a whole. Stator and rotor sheets have open, semi-closed or closed grooves in which current 

conductors (windings) are located. In the stator most commonly used are semi-enclosed grooves of 

rectangular or oval shape, in high-power machines - open grooves of a rectangular shape. The 

distribution of the conductors in the slots has a certain influence on the maximum temperature of the 

windings [10]. 

In comparison with other studies [11-15] of thermal processes in a permanent magnet synchronous 

machine, the originality of this study is to construct a complete mathematical model of the thermal 

process in synchronous machines. Moreover, the synchronous machine is represented as a multi-layered 

region with different thermal physical characteristics of the layers. Let's consider a synchronous 

machine with a spoke type permanent magnet rotor in the form as in [1]. Figure1 shows an example 

spoke type permanent magnet rotor. 
 

 
Figure 1. Spoke type permanent magnet rotor with eight poles 
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2 Purpose of the Paper 

The purpose of this paper is to construct and investigate the complete mathematical model of the 

thermal process in spoke-type permanent magnet synchronous machines with four pairs of poles and 

nine slots, that takes into account the nature of the heat exchange at the interface between the parts of 

the machine. 
 

3 Study resources and results 
 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Machine geometry  

 

In this paper, a mathematical model for the rotor shown in Figure 2 is constructed. 

Fig. 2 shows the model with rectangular magnets and magnetic bridges [1], where θ is the 

circumferential position, the position of initial axis is defined as θ=0; ri is the angular position of the ith 

magnet with reference to initial axis; s jis the angular position of the jth slot; α1 is the width angle of the 

magnet outer edge; α2 is the width angle of the magnet inner edge; c1 is the slot opening width angle; c2 

is slot width angle; 1r , 3r , 4r and 5 6,r r are the radius of the shaft, stator bore, slot top and slot bottom, 

machine  respectively.  
To achieve the set goal, the entire field domain is divided into five types of simple subdomains, i.e. a 

shaft (I), an inner fan-shaped magnet (II), an outer fan-shaped magnet (III), a slot opening (IV) and a 

slot (V). There are four pairs of poles and nine slots in the investigated machine. Besides, there is a 

perfect thermal contact on the boarder of the inner and outer fan-shaped magnets and the slot. 

 
 

 
 

Figure 3. Subdomains of electric machine 
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Determination of the temperature distribution ( , )T r  in the multilayer region

 6: 0 , 0 2    r r   , where the internal heat source is concentrated in the windings, that is, in the 

region V can be written as a boundary value problem with conjugation conditions in the form 

 

 (1) 

 

 

                                                    
4 4

3 3 3 3(r , ) ( ) ( ),r c cT T T T T       
                                                            (2) 
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4 4

5 5 5 5(r , ) ( ) ( ),r c cT T T T T       
 (6) 

 

–coefficients of heat conductivity of the rotor, stator iron, conductors of electric current and 

isolation, respectively, cT  – ambient temperature, – corresponding heat transfer coefficient, 

current strength, resistivity of current conductors, emissivity factor, Stefan-Boltzmann constant, 1 5T T –

machine subdomain temperatures, 1 5r rT T –temperature derivatives in the corresponding subdomains. 

Here  is the area of the slot, that is, the region V. For the calculations parameters were taken from 

[1]. The following assumptions for calculating the temperature field were taken using the finite element 

method. Convective and radiation heat exchange is considered. Radiation heat transfer always occurs, 

especially when the speed of rotation of the rotor is very small or the rotor is still. The heat source is 

evenly distributed in the stator windings. In the center of the slot is a winding, the area of which is equal 

to the total area of all copper wires. 
 

TABLE 1.Thermal parameters of the machine materials  

Postion Materials Termal coefficient(W/m 

K) 

Shaft 45# 50.2 

Rotor core DW 310-35 42.5 

Winding copper copper 387 

 

The solution of the problem (1) - (6) in the Partial Differential Equation (PDE) Toolbox is 

implemented with the purpose of finite elements [16-18]. 

At first, the complex form of the region is constructed by combining intersection and subtraction 

operations. Then we set Equation 1 and, after specifying the coefficients of the differential equation, 

construct the computing grid using the Delaunay triangulation. The fundamental property is the 

Delaunay criterion. In the case of 2-D triangulations, this is often called the empty circumcircle 

criterion. For a set of points in 2-D, a Delaunay triangulation of these points ensures the circumcircle 

associated with each triangle contains no other point in its interior. 
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We divide the domain Ω into triangles 
 

Such a partition is called triangulation. 

Triangles with two vertices on the boundary of the region may have a curved side. We replace this side 

with a segment of a straight line and denote the resulting region by . The vertices of the triangles are 

called triangulation nodes, we number them and let D1 be the set of nodes belonging to the boundary, 

D2 is the set of internal nodes, − set of all knots of triangulation. Further, finite elements 

are constructed, in this case triangles. 

Consider any triangle . For each vertex of this triangle we define the function , 

equal to one at this vertex and equal to zero at other vertices (here i is the number of the triangle, j is the 

number of the vertex in the set of all nodes D). The simplest such function is a linear function in the 

form , moreover, z = 1 in one of the vertices of the triangle and z = 0 in the other two 

vertices. We associate an arbitrary parameter to the jth node,  Let the vertices of a triangle 

have in the set D numbers j1, j2, j3. We define a new function 
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The function  is called the finite element. After the region  was triangulated, a finite 

element mesh was regularized. The finite element mesh was rearranged in such a way that the 

irregularity of all finite elements does not exceed the value set in the PDE Tool. Then we build the 

system of equations. 

Figure 4 shows that the highest temperature is observed in the windings of an electric machine. A 

significant proportion of failures of the electric machine is associated with the stator windings.  The 

statistics of failures in the operation of an electric machine indicates that they occur due to overheating 

of the windings during operation. The temperature of the electric machine during operation increases 

with increasing current strength of the device; this can be caused by a decrease in the supply voltage to 

95% and below. 

 
Figure 4. Solution of the problem (1) – (6), with the following working parameters of the electric machine 
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 Current density in DRM slots 6

2
10

A
J

m
. Number of pole pairs 4, number of slots 9. 

Geometric dimensions of the electric machine as in [1]. 

 

5 Conclusions 

In this article a complete mathematical model of the thermal process in spoke-type permanent 

magnet synchronous machines is proposed. The investigated field consists of five subdomains. There is 

an ideal thermal contact on the border of the inner and outer fan-shaped magnets, the opening slot and 

the slot. When describing this ideal thermal contact, boundary conditions consider the equality of 

temperatures and feat flow on the surfaces. The boundary conditions of the fourth kind essentially give 

the rule of coupling of temperature fields of the study volume and the external body, where the heat is 

transferred by heat conduction. The problem is solved by the finite element method. The solution to the 

problem described in the mathematical model is implemented in the Partial Differential Equation (PDE) 

Toolbox. To implement the solution algorithm, a regularized computational grid was constructed using 

Delaunay triangulation. The results and trends shown in this research paper set a foundation for 

developing control algorithm which takes the temperature effects into consideration, especially in the 

applications where operating temperature varies significantly. This proposed mathematical model of the 

temperature field allows to control temperature in machine. The model allows to calculate the 

temperature of individual parts of the machine. This is important for quick adjusting its operating and 

cooling conditions.  
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