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horizontal excitation

V.Y Kylynnyk, ?D.V.Kriutchenko, >Y.V.Naumenko

V. N. Karazin Kharkiv National University, 4 Svobody Sq., Kharkiv, 61022, Ukraine
2A. Pidgorny Institute of Mechanical Engineering Problems of the National Academy of Sciences,
vul. Pozharskogo, 2/10, Kharkiv, 61046, Ukraine;
email:vladakylynnyk@gmail.com;

Vibrations of an ideal incompressible fluid in shells of revolution have been considered. The shells of revolution under
consideration include cylindrical and conical parts. It is assumed that the shell is subjected to vertical and horizontal
excitations. The liquid in the shells is supposed to be an ideal and incompressible one. The fluid flow is the irrotational.
Therefore the velocity potential that satisfies the Laplace equation exists. The non-penetration conditions are applied to the
wetted surfaces of the shell and the kinematic and dynamic conditions on the free surface have been considered. The liquid
pressure as the function of the velocity potential is defined using the Bernoulli equation. The problem of determining the fluid
pressure is reduced to solving a singular integral equation. The numerical solution of the equation has been obtained by the
method of discrete singularities. The method of simulating the free and forced oscillations of the fluid in the shells of
revolution has been developed.

Key words: compound shells of revolution, ideal incompressible fluid, methods of boundary elements and discrete
singularities, frequencies and modes of vibrations.

Po3rnsaaroThesl KOMMBAHHS 1/jealbHOT HECTHCIMBOI PiITUHN B 000JIOHKaX oOepTaHHs. Pyx piguHM sBIsSEThCS OE3BUXPOBUM, i
PO3IIISIIAlOThCS JIMIIE HEBEJIMKI KOJIMBAHHS 1€l piguHH(iHiHHA Teopis). OGONIOHKH BKIIOYAIOTH LMIIHAPHYHY Ta KOHIYHY
gactuHH. [lepenbadaeTscs, MmO 0OOOJNOHKA MiANAETHCS BEPTUKANBHUM Ta TOPH3OHTAIBHUM 30ymkeHHAM. CdopMynpoBaHi
TpaHMYHI YMOBH [Uii pPO3B’si3aHHA piBHAHHA Jlammaca. Ha 3modeHit moBepxHi OOONOHKH 3aCTOCOBYIOTHCSI YMOBHU
HETIPOTiKaHHsA, a Ha BUIbHINA MOBEPXHI PO3TIAJAOTHCS KiIHEMAaTHYHI Ta JUHAMIYHI YMOBH. . ICHy€e MOTeHIian MBUIKOCTI, KU
3an0BoNIbHIE  piBHAHHIO Jlammaca. Tuck piguHM K (QYHKIS MOTEHHIANy IIBHAKOCTI BHU3HAYAETHCS 3a JOMOMOTOIO
JliHeapu30BaHOTO piBHAHHA bepHymn i moTeHuiiHOro moTtoky. [IpoOnema BU3HAYEHHS THCKY PIIVMHH 3BOIUTHCS JO
PO3B’sI3aHHSI CHHTYJISIPHOTO IHTErpaJbHOTO PIiBHSAHHA. UMCIOBE pilIeHHS LOTO PIBHSHHS OTPHMAHO 3a JOIOMOTOI0 METOoZa
JMCKPETHUX OCOONMBOCTEH. Slnpa iHTerpaJbHUX PIBHSHBb MICTATH IIOBHI €MINTHYHI IHTETpajd MEpLIOro Ta APYroro BHIY.
EninTuyHuii iHTErpanm Apyroro BHIY OOYHCIIOETBCSA 3a JIOMIOMOTOK CTaHIAapTHOI KBaapaTwyHoi ¢Gopmymu [aycca. Jlis
SJINTUYHOTO IHTErpaja IEpHIoro BHIY 3aCTOCOBYETHCS IiIXiJHa OCHOBAa HAa XapaKTepHI BIACTHBOCTI CEpEIHBOTO
apu(METHIHOTO TeOMETpUYHOro 3HaueHHA AGM. 30BHIIIHI IHTErpand MAaroTh SKi MarOTh JIOTapUPMIYHY OCOOIHBICTH
O00YHCITIOIOTECS 32 JONOMOTOI0  CHeliaNbHOi  KBagpaTypHoi ¢opmymn [aycca. OTpumaHO HE3B'S3aHYy CHCTEMY
IuQepeHIiaTbHUX PiBHAH MaThe Ipyroro mopsaky. Po3poOieHo MeTon NOCHiIKeHHS BIIbHUX 1 BUMYIICHHX KOJHBaHB
piauHE B 006010HKaX 00epTy. PO3p0o0iieHO MeTo | OI[iHKM BUMYIIEHUX KOJMBAHb PiJMHU B 000JOHKAaX 00epTaHHsI, 3aCHOBAaHUH
Ha BUKOPHUCTaHHI METOJy I'DaHWYHMX IHTErpaJbHUX PIBHSIHB Ta poskiany psagy Dyp'e. AHanmi3 pe3ynbTaTiB HOKas3aB, L0
CIIOCTEpIraeThesl SIBUIIE MapaMETPUYHOTO pEe30HAHCY. PO3MNISIHYTO CyMapHUWH BIUIMB BEPTHKAIBHHUX 1 TOPH30HTAIBHUX
30y/1>KEHb.

Knrouogi cnosa: cxnadeni obononku obepmy, ideanvha HeCMUCIUBA PiOUHA, Memoou SPAHUYHUX eleMeHmie ma OUCKpemHi
ocobnusocmi, yacmomu ma Gopmu KOIUEAHD.

PaccmarpuBatoTcst KoneGaHUsT MCTBHOM HEC)KMMAEeMOW JKHUAKOCTH B O0OJIOYKAX BpamieHHs. JTH OOOJIOYKH COCTOST M3
UJIMHIPUYECKOH 1 KoHWYeckoil yactei. [Ipenmnonaraercs, uTo 000J0YKa MOABEpPraeTCs BEPTUKAIBHBIM M TOPH30HTAIBHBIM
Bo30OyxneHneM. JKuakocTs B 00070YKax paccMaTpHBaeTCs HeanbHas W HecknmMaemas. Ee mBmkeHne B 000i0uke
npesmnonaraeTcs 0e3BUXPEBBIM. B 3THX yCIOBHSX CyIIECTBYeT MOTEHIHAI CKOPOCTEH, KOTOPHIi yIOBIETBOPSET YPaBHEHHIO
Jlammaca. Ha cMoueHHOW TOBEPXHOCTH OOOJOYKHM 33/laeTCs YCIOBHE HEMPOTEKaHWs, a Ha CBOOOJHON MOBEPXHOCTH
paccMaTpHUBarOTCSI KMHEMAaTHUeCKHUe M JUHAMHUYecKue ycinoBus. JlaBieHne *XHUAKOCTH Kak (DyHKIHS MOTEHIMaga CKOPOCTH
omnpezensieTcsl ¢ MmoMoulblo ypaBHeHHsi bepHymmu. IlpoGiema ompeneneHusl NaBie€HHs >KUAKOCTH CBOJAUTCS K PEIICHUIO
CHHTYJSIDHOTO HMHTErPAJIbHOTO ypaBHEHHs. UMCICHHOE pEIIeHHE 3TOr0 YPaBHEHHs OCYLIECTBISETCS C MOMOIIBI0 METoAaa
JIMCKPETHBIX ocoOeHHOcTell. Pa3paboTan meTon pacuera cBOOOAHBIX M BBIHYXJCHHBIX KOJIeOaHMIl )KHUIKOCTH B 00O0JIOYKaxX
BpallleHUsL.

Knrouesvie cnosa: cocmagnvle 060104k 8pawenus, UOEaIbHAsL HECHCUMAEMASL JICUOKOCTb, MEMOObl 2PDAHUYHBIX DNEMEHMO8 U
OuCKkpemuvix 0cobeHHoCmel, Yacmomsl U (PopMbl KOIeOAHUIL.

1. Introduction

Shell structures for storage and transportation of fluid are the subject of numerous scientific
researches. These shell structures are important for power plants, pumps, columns of oil evaporators,
and other industrial constructions. There are a large number of various strength and vibration problems
for shell structures that have been examined in recent decades.
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The overview of scientific works has shown that many articles are focused on the problem of intense
liquid sloshing in containers and fuel tanks. The overview on the problem of fluid splashing in
cylindrical, conical and spherical reservoirs is presented in the works of R. A. Ibrahim [1, 2]. On the
other hand, shells consisting of cylindrical and conical parts have received less attention in the scientific
literature although such thin-walled structures are widely used in various installations. A review of
researches on this topic [2, 3] shows that the dynamic characteristics of the reservoirs are significantly
influenced by fluid sloshing and oscillations of the elastic walls. Free and forced oscillations of
cylindrical reservoirs with a liquid are examined in [4-7]. It should be noted that the majority of studies
do not take into account the impact of the force of gravity causing sloshing.

2. Formulation of the problem.

The problem of oscillation of a fluid in a compound rotation shell having cylindrical and conical
parts has been considered. The moistened part of the surface of the shell is denoted as S; and the free
surface as Sy. Furthermore, it is suggested that the Cartesian coordinate system Oxyz is bound to the
shell, the free surface coincided with the plane z = H = H; + H; at state of rest (Fig. 1).

We assume that H; is the length of the cylindrical part, and H, is the height of the conical part, R,
and R, are the radii of the lower and upper parts of the shell, Fig. 2.1.

The mathematical model for the fluid-occupied region is based on the following hypotheses: fluid is
incompressible and non-dissipative, fluid motion is non-vortex, and only small fluctuations are
considered (linear theory). Therefore, we could enter the scalar potential of velocities @ (x, y, z, t)
which satisfy the Laplace equation. The fluid pressure p = p (X, Y, z, t) which acts on the wetted surface
is obtained from the linearized Bernoulli equation for the potential flux

D

p—po= il + xax(t) +2(g + a,(0))], (2.1)
where g is gravitational acceleration, z is vertical coordinate of the point in the fluid, p; is a density of
fluid, po is an atmospheric pressure, a, (t) = agcoswt is a vertical acceleration of the excitatory force,
a, (t) = a;coswt is a horizontal acceleration of the excitatory force, a, is an amplitude of the forced
influence.

J_}

Figure2.1. Shell rotation with fluid and the forms of oscillations of free surface
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It should be noted that the assumption of flow potential is quite natural since, according to Kelvin's
theorem, if the motion of an ideal incompressible fluid is potential at an initial moment, it will remain
potential throughout the next period of motion.

First of all let us consider the problem of the shell free oscillations. We have formulated the
boundary conditions for solving the Laplace equation. On the wetted surfaces of the shell, the boundary
impermeability condition have been set [8]. The following boundary conditions have to be satisfied on
the free surface of the liquid:

PN T R T4
p pOISO_O'an SO - at’

where n is a unit outer normal to the surface® . Function { describes the shape and position of the free
surface. The first of these conditions is dynamic one and states that the pressure on the liquid surface
equals atmospheric pressure. The second condition is kinematic and means that points on the free
surface at the initial moment of motion remain on it thereafter.

Having made the transformations at the specified boundary conditions, similar to [8] to find the
velocity potential in the problem of free oscillations of a liquid, we have the following boundary value
problem:

od
ans o

0P
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+
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Here n is an outer unit normal to the surface under consideration.
In order to fulfill the conditions of solvability of the boundary-value problem, the Neumann
condition must be satisfied [8]:
oo
fSO a_ndSO —_ 0 .
Thus, a mixed boundary value problem for the Laplace equation is formulated.

3. The main research material
Consider the potential @ in representation of the series.

d= YM dp (Do . (3.1)

The modes @y are solutions of boundary-value problem (2.2) which, according to [3, 8], becomes the
problem of eigenvalues. To define functions ¢, We use the direct formulation of the boundary element
method. The main integral relation is presented in the form [9]

2n0(Py) = ff, =

where S = S;USy; points P and Py belong to the surface S. |P — Py| denote the Cartesian distance
between points P i Py. Functions ®, which is defined on the surface S;, is the pressure on the wetted

surface, and the function = ‘;—: , that is defined on Sy, is a flow . Using boundary conditions

as— ff, o

dS,S= S, U S,
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and assuming that ®(x,y,z,t) = exp(ixt) ¢(x,y,zt) , we obtain a system of singular integral
equations in the form [7,10]

1
{'2”"”[[ "’a PPyl Po ff "’°|P Pol d”ﬂ “’Oa P Po|)d5_0

1
2 —_
\ ﬂ (pan P — P0|>d5 tPo ﬂ PP —p,| P0|dS 0.
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where @p is value of the potential at the surface Sy, ¢ is value of the potential at the surface S;. The
numerical solution of the obtained system of singular integral equations is carried out by the method of
discrete singularities. In [6] it is shown that the kernels of integral equations contain complete elliptic
integrals of the 1st and 2nd kinds. Since the 2nd-order elliptic integral is a regular function, the standard
Gaussian quadratic formula is used for the calculation. An approach base on the characteristic
properties of the mean arithmetic geometric value of AGM (a, b), [11] is applied to the elliptic integral
of the first kind. External integrals have a logarithmic feature. For their calculating the special Gaussian
quadrature formulas [9] are used. The developed method of discrete singularities [12] is applied for the
analysis of free and forced vibrations of shell structures.

For solving the forced oscillation problem we consider the Bernoulli equation (2.1) on a free surface.
We represent the velocity potential in form (3.1), and write the function describing the position of the
free surface as follows:

¢ = Tiidi(t) 2k, (3:2)

The functions ¢y are modes of free fluid oscillation in a rigid tank. They are obtained by solving
boundary-value problem (2.2). We substitute expressions (3.1) and (3.2) into the Bernoulli integral
(2.1), taking into account that

a 2
o = Fels, (33)
and receive the relation
7 z(t)
Yh—1di O + Xi-1 XF dePr (1 + ag ) + xa,(t) =0 (3.4)

The values |k are the frequencies of free oscillation of the fluid in the rigid tank. It should be noted
that according to [7, 10], the frequencies and modes of oscillations of the fluid are considered to
correspond to certain harmonics, it is also assumed that the velocity potential and the function
describing the level of lifting of the free surface. The formulas are presented below

d = 21&]:0 cosab Zf\cd=1 d('xk B Par(r,z), = ng.Y:o cosat ZkM=1X02rk dak (D) Par (1, 0) (3.5)

In equality (3.5) the wave number ¢ characterizes the harmonic number, or the number of nodal
diameters [7, 10].

Of especial importance is a value a = 0, which determines the axisymmetric fluctuations of the fluid
in the rigid reservoir, as well as « = 1 which corresponds to antisymmetric oscillations.

Let us find the scalar product of equality (3.4) on the function ¢,(I = 1, M) using orthogonality of
eigenmodes. We obtain a non-coupled system of 2nd order Mathieu differential equations:

di+ 28 (14 =2 ) d = —ax (O 90) (36)
To obtain a solution to the system (3.6), the initial conditions must be set. We use hereinafter

d;(0) = 0.05,d,(0) = 0.0,k = 2,M,d,(0) =0,k =1,M .

4. Numerical results

The liquid vibrations in the cylindrical- conical shell are considered. Suppose that R;=H; =H,=1m
and R,=1m. Let horizontal and vertical accelerations be a, = a,cosw,t, a, = a,cosw,t. Time-
histories of free surface elevation at different loadings are shown in Fig. 4.1-4.4. Hereinafter the dot
points correspond to horizontal excitations (a; =0.1, a,=0 ), dash lines correspond to vertical
excitations (a; =0, a, = 1.8), solid lines in Fig. 4.1 and 4.3 correspond to the free surface elevation due
to simultaneous action of vertical and horizontal excitations.
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Figure 4.1. Time- histories of free surface elevation at different loadings, @ = 6.13Hz, w, = 1.0Hz, w, = 0.012Hz.
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Figure 4.2. Time- history of free surface elevation at vertical loading, « = 6.13Hz, w, = 1.0Hz, a, = 1.8.
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Figure 4.3. Time- histories of free surface elevation at different loadings, « = 6.13Hz, @, = 6.13Hz,
wy=0.012Hz,a; =0.1; a,=1.8.
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Figure 4.4. Time- history of free surface elevation at vertical loading, « = 6.13Hz, @, = 6.13Hz, a, = 1.8.

The results depicted in Fig. 4.3, 4.4 demonstrate that the parameters of sloshing process correspond to
the region of instability.

5. Conclusions

The method of estimation of forced vibrations of liquid in the shells of rotation based on the use of
the method of boundary integral equations and the Fourier series decomposition has been developed.
The integral equations have been solved using the method of discrete singularities. The analysis of the
results has shown that the phenomenon of parametric resonance takes place. The joint effect of vertical
and horizontal excitations has been considered.
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