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Stationary problem of heat conductivity for complex-shape multilayer plates
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A method for calculating stationary temperature fields in a complex-shape multilayer plate when it is heated with film heat
sources is proposed. Convective heat exchange takes place on the outer surfaces of the plate. The solution of the stationary heat
conduction problem is obtained for a three-dimensional formulation based on the immersion method. A comparative analysis
of the temperature distribution along the thickness of a square plate with the results obtained by finite element method has been
carried out. As an example, the problem of stationary thermal conductivity for a five-layer glazing element of a vehicle when
heated with a film heat source has been solved.
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3anponoHOBaHO METO]] PO3PAaXyHKY CTaI[lOHApPHUX TEMIIEPAaTypHHX MONIB y 0araToIiapoBiii IIACTHHI CKIAAHOI (GOPMH IpH
BIUIMBI IUTIBKOBHX JDKEpeN Teruia. Ha 30BHIMIHIX NOBEPXHAX IUIACTHHHU BiOyBa€ThCs KOHBEKTUBHHU TEIIOOOMiH. PiBHSHHSA
TEIUIONIPOBIAHOCTI 1 TPAaHUYHI YMOBH OTPUMAHi 3 BapiallifHOTO piBHSIHHS TEIIOBOro OanaHcy. Po3B’s130k 3amadi cTanioHapHOL
TEIUIONIPOBIAHOCTI OTPHUMAHO B TPUBUMIPHIH IIOCTaHOBLI Ha OCHOBI Meroay 3aHypeHHs. [loximHi mrykanoi ¢yHKmii
TEMIIEpaTypHy B3IOBXK IONEPEYHOI KOOPAMHATH, IO BXOJATh y PIBHSIHHS TEIUIONPOBIIHOCTI, 8 TAKOX YMOBH KOHBEKTHBHOTO
TEIIOOOMIHY Ha BEpXHii 1 HHKHIM MOBEPXHSX IUIACTHHY Ta YMOBHU PIBHOCTI ITOTOKIB TeIUIa i TeMIepaTyp Ha MeXax KOHTAKTY
IapiB, 3aMIHIOIOTECS X CKIHYEHHO-PI3HUIEBUM IOJAHHSIM. JUJIsi IbOTO BHKOPHCTOBYIOTHCS CHMETpWYHI pi3HuIi. Buximxa
GaraTomapoBa IUIaCTHHA JOBUTFHOT (JOPMU B IUIaHI 3aHYPIOETHCS B IONMOMDKHY 0araToIapoBy IUIACTHHY, IO OXOILIIOE, 3 Ti€0
JKe KoMrosuuielo mapiB. dopMa IUIACTHHH, IO OXOILIIOE, BHOMPAETHCS TaKMM YHHOM, 10O MOXIINBO Oyiio OTpUMAaTH
MPOCTUIl aHATIITUYHUH PO3B'A30K. Y HaHii poOOTi POk MIIACTHHY, IO OXOIUTIOE, BUKOHYE MPSIMOKYTHA IUIACTHHA 3 HYJIbOBUMH
yMoBaMH Ha KOHTypi. L[[00 3a0e3meynTH BHKOHAHHS peabHUX TPAHWYHHX YMOB, JO IOIMOMDKHOI IUTACTHHU B KOXHiH
BY3IIOBiil TOUIi MO TOBIIMHI B3JOBX BHXiZHOTO KOHTYPY HOMAIOThCA JOJATKOBi KOMIIEHCYIOUi JKepena. IX iHTeHCHBHOCTI
BU3HAYAIOTHCS 3 YMOBH 33JI0BOJICHHS BUXIJIHUM TPaHUYHUM yMoBaM. DyHKIIT TeMIlepaTypH B mapax i Ha OiYHii MOBEpXHi, a
TaKOX IIUTBHOCTI BHYTPILIHIX TEIJIOBHUX DKEPENT PO3BHBAIOTHCS B TPUTOHOMETPHYHI PSITU MO (QYHKIISAX, IO 33J0BOJIBHSIIOTH
TPaHUYHI yMOBaM JIOIIOMIXKHOI TUIACTHHH, a TAKOX y PSJ Y3IOBXK BHUXITHOTO KOHTYPY. Y pe3yibTaTi MepeTBOPEeHb CUCTeMa
IHTErpalbHUX PIBHSIHB 3BOAWTHCS O CHUCTEMHU JIHIHHMX anreOpaidHMX pPIBHSAHB IIOJNO KOE(]ili€HTIB PO3BHHEHHS B PsJ
¢yHKIIH KOMIeHCyrounx Jokepen. IIpoBeieHO NOPIBHIOBAIBHMI aHAN3 PO3MOALTY TEMIIepaTypH B3JIOBX TOBIIMHH
KBaJpaTHOI ITACTHHH 3 pe3yJlbTaTaMM, OJEPKaHUMH METO/IOM CKIHYCHHHMX eJeMEHTIiB. SIK NpHKiIaa po3B’sizaHa 3anava
CTalliOHAPHOI TETUIONPOBITHOCTI LIS 1T’ ITHIIAPOBOTO €JIEMEHTa OCKIIHHS TPAaHCIIOPTHOTO 3acO0y MPH HarpiBaHHI IUTIBKOBUM
JDKEPEJIoM TerIa.

Knirouogi cnosa: bazamowaposa nnacmuna, ckiaoua gopma, cmayionapna menionpogionicme, niigkoge 0icepeno menad.

IIpemtoxxer MeTon pacdera CTallMOHAPHBIX TEMIIEPATYPHBIX IOJIE B MHOTOCIOWHON IUTACTHHE CIOKHOH (DOpMBI TpH
BO3JCHCTBMH IUICHOYHBIX HCTOYHHUKOB TeIia. Ha BHENIHMX TIOBEPXHOCTSIX IUIACTHHBI IPOWCXOANT KOHBEKTHUBHBIN
TEIII000MEH. YpaBHEHHMS TEIIONPOBOAHOCTH M TPAHWYHBIC YCIOBHS ITOJIYYCHBI M3 BapHAI[OHHOTO YPABHEHUS TEIIIOBOTO
Gananca. Pemenne 3agauM CTallMOHApHOW TEIIONPOBOJHOCTH TOJMYYE€HO B TPEXMEPHOI MOCTAaHOBKE Ha OCHOBE METOJa
norpyxenus. [Ipon3BojHble UCKOMOH (YHKIMH TeMIIEpaTypsl BIOJb IONEPEYHOIl KOOPIMHATHI, BXOJSLIMX B YpaBHEHHE
TEIJIONPOBOAHOCTH, @ TAaKXKE YCIOBHS KOHBEKTHBHOTO TEIUIOOOMEHA Ha BEpXHEH M HW)KHEH MOBEPXHOCTSAX IUIACTUHBI U
yCJIOBHA paBE€HCTBa IOTOKOB TEIJIa U TEMIEPATyp Ha IpaHUIlaX KOHTAKTa CJIOEB, 3aMCHAIOTCA HUX KOHEYHO-Pa3HOCTHBIM
npencTaBieHueM. JI1 3TOro MCHONB3YIOTCS CHMMETPUYHBIE pa3sHUIBL. BEIXOAHAs MHOTOCITOWHAs ITacTHHA IPOU3BOJIBHOM
(hOpMEI B TIJIaHE MOTPYKAETCSI BO BCIIOMOTATENBHYI0 MHOTOCIIOHHYIO TIIACTHHY, KOTOpasi OXBATHIBAET, C TOH e KOMIIO3UIHEH
cioeB. dopma TIIACTHHBI, KOTOpas OXBaTHIBAaeT, BHIOMpaeTcs TakUM 00pa3oM, YTOOBI MOXHO OBIIO IMOJYYHUTH IIPOCTOE
aQHAINTHYECKOe pelieHne. B maHHONW paboTe poilb OXBAaTHIBAIOIIEH IUIACTHHBI BBIMONHSET HPSMOYTOJbHAs IUIACTHHA C
HYJICBBIMH YCJIOBHSIMH Ha KOHType. UTOOBI 00ecIeunTs BEHIOTHEHNE PEalbHBIX 'PAHUYHBIX YCIOBHH, K BCIIOMOTATEIbHOMN
IJIaCTHHE B Ka)l()lOl\/'I ySJ'IOBOﬁ TOYKE II0 TOJIIMHE BJOJIb HCXOAHOTO KOHTYypa }106aBJ'[$[I'OTC$[ JOITIOJIHUTCIIBHBIC
KOMIICHCUPYIOIINUE HCTOYHHUKHU. X WHTEHCUBHOCTH ONPEACIIAOTCA U3 YCJIOBUS YAOBJETBOPEHUS BBIXOAHBIM I'PAHUYHBIM
YCIIOBUAM. CDyHKLlHI/l TEMIIEPATYpPbl B CJIOSAX M Ha 0OOKOBOM INOBEPXHOCTH, a TAKXKE IJIOTHOCTH BHYTPEHHUX TEIJIOBBIX
HUCTOYHHUKOB pPa3BUBAIOTCA B TPUTOHOMETPUYCCKUE PAAbI 110 q)yHKLU/IﬂM, YAOBJIETBOPAIOIINE TMPEACIbHBIE YCIOBUAM
BCIIOMOTATEeIbHON IUIACTHHBI, a TaKKe B pPAI BAOIb HCXOJHOTO KOHTypa. B pesymprare mpeoOpas3oBaHmii cucTeMa
MHTETPAIBHBIX YPAaBHEHUH CBOAUTCS K CHCTEME JHMHEHHBIX anreOpandecKuX YpaBHEHUH OTHOCHTENBHO KO3 QHIMeHTOB
pasnokeHHss B psAx  (QYHKIUH KOMIECHCHPYIOIIMX HWCTOYHUKOB. I[IpoBeleH CpaBHHUTENBHBIN aHAIM3 paclpeeleHHs
TeMIIepaTyphl BIOIb TOJIIMHBI KBAAPATHOH IUIACTHHBI C Pe3yIbTaTaMH, MOTYYSHHBIMH METOJIOM KOHEUHBIX 3JIEeMEHTOB. B
KayecTBe MpHMepa pelleHa 3ajJada CTallMOHAPHOM TEMIONPOBOAHOCTH JUISL MATUCIOMHOTO 3IEMEHTa OCTEKJIECHHUS
TPaHCHOPTHOTO CPEJICTBA MPH HarpeBaHUH IUNICHOYHBIM UCTOUYHUKOM TEIlIa.

Knroueevle cnosa: mnozocnovinas naacmuHa, CRoMNCHAA d)opMa, cmayuoHapras menﬂonpoeoduocmb, NJICHOYHDIL UCTMOYHUK
menJia.
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1 Introduction

Analysis of the literature shows that the problem of thermal conductivity of multilayer plates on the
outer surfaces of which convective heat exchange takes place have been fully studied for the plates of a
standard shape in the plane [1, 2]. For non-standard plates FEM and R-functions are mainly applied [3,
4]. As arule, internal heat sources in the objects under consideration are absent.

Therefore, the development of methods for calculating temperature fields in multilayer plates having
an arbitrary shape, with convective heat transfer on the outer surfaces and the presence of distributed
interlayer film heat sources is an urgent problem.

In publications [5-7] similar problems were solved on the basis of a two-dimensional theory. This
paper proposes an approach based on a three-dimensional theory.

2 Formulation of the problem
We consider a multilayer plate which is assembled from | layers with constant thickness h;. The

plate is referred to the Cartesian system of coordinates, which is related to the outer surface of the first
layer (Fig.1). On the coordinate plane, the plate occupies the area Q bounded by the contour

I
L: X =x(S),yL = Y(S). On the outside Sp,S, and the side (S,_ = ZS{_J surfaces of the plate are
i=1

convective heat transfer.

X
¥
0
z
— T .
Q 7 Q, n
Y, J SO
L —— s
n
hy| 6
62
AKX A KX e h 03
h
7 ‘ -
Sy St
Fig.1 Multilayer plate
The temperature distribution in the layers of the plate is determined by the equation:
AT ==X, A=+, (XY) €Q 64 <254, @
Ki X oyc oz

_ | .
where i is the layer number (i =1,I); o = Zhj; hj is the thickness of the j-th layer, T is temperature
j=1
of the i-th layer, Qi is internal heat source of the i-th layer, k; is thermal conductivity of the i-th layer.
Boundary conditions on the side surface:
or' L _
L i iy _ i i i_17
St T =T =0, (x,y.z) €S|, (x,y,2) €S}, i=1]1, )
n .

[
where Tﬂ is temperature on the side of the i-th layer, H,i_ is convective heat transfer coefficient on the
side surface of the i-th layer.
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Conditions of convective heat transfer on the upper and lower surfaces of the plate:

1 H | H
T Pt 1ly_g, z-0 LD Srlyoo, 225, ©®)
0z kl 0z k|

where TO% and To'O are environment temperatures at the boundary between the first and I-th layer, H;

and H, are coefficients of convective heat transfer on the outer and inner surface of the plate
respectively.

Conditions for the equality of heat fluxes and temperatures at contact boundaries of layers,
taking into account thermal loads on surfaces of the layers, are written as:

oT! ot i+l P
ki ki ——— =0 =0, T' ="}, z=4 )

qio, X1 £X<Xo, Y1 SY=<Y>
where ¢; =

0, 0<X<X1, Xo<X=<A 0<y<yg, Yop<y<B
qi0 is heat flux arising from the action of the film heat source located at the contact boundary of

adjacent layers.

Derivatives of the desired function with respect to the transverse coordinate z included in equations
(1) as well as conditions (3) and (4) will be replaced by their finite-difference representation. To do this,
we use symmetric difference [8]:

aTri _ Tri+1 _Tri—l 82Tri _ Tri+l B 2Tri +Tri—1
oz 2, ozt A

h: .
where Ap, =—1 is grid spacing, I, +1 is the number of nodes in the i-th layer, T.' is the value of the
i
[
desired function in the r-th node of the i-th layer.
As a result, the system of equations (1) takes the form:
2

i 2 od? ) i Ah i
Tr—l - (2 + AZhI (7 +7j)Tr +Tr+1 = _k_thr . (5)

The conditions of convective heat transfer on the upper and lower surfaces of the plate (3) and the
conditions on the interface of the adjacent layers (4) take the following form:

1 1
- H
—[u}—l(ﬂi—u):a 2-0,

2A,, Ky
Tl _Tl
[—2A +%(ﬂ,‘ -T))=0, z=4, (6)
h, 1

T.-T. T -T i _ il
k{Tj+km le—lJ_q‘:O’ T'=T", z=8§, (7

hi+1
Conditions (6) and (7) allow excluding the values of the desired functions at the nodal points with

the numbers: r=—1 and r =r; +1 in the i-th layer (i :1,_I), as well as with numbers r =0 (in all

layers, excepting the first layer) from the system (5)
As a result, we obtain a system of equations in the following form:

AT=B+[clQ (8)
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To solve the system (8) an approach similar to the immersion method [9] is applied. The original
multilayer plate of arbitrary shape in the plane is immersed in the auxiliary covering multilayer plate
with the same composition of layers. The shape of the enclosing plate is chosen so that it is possible to
obtain a simple analytical solution. In this paper, a rectangular plate with zero conditions on the contour
is used as a covering plate (Fig.2).

(q comp

Fig.2 Auxiliary plate

The conditions of convective heat transfer on the upper and lower surfaces of the auxiliary plate
coincide with the conditions of heat transfer on the surfaces of the original plate. To ensure that actual
boundary conditions are met for the auxiliary plate at each node point in thickness along the border L

additional compensating heat sources are attached g™ (x, y), (x, y)e L and included in the system
of heat conduction equations (8) in the form:

A (6 y)= [ o (x, v )8(x—x, y -y, )ds, r=0,1,2,
where 5(x — X,y yL) —is two-dimensional Dirac 3-function, s* is contour length L .
Satisfying the boundary conditions for the contour leads to a system of integral equations for
determining the distributions of compensating sources:
BLT|qK°M”(x,y)‘=O, X,y eL. (9)
Further Tri (x, y) and qi(x, y) are decomposed into trigonometric series in functions satisfying the
boundary conditions at the boundary of the enclosing rectangular plate:

M N

T (X y)=D> D Tasin anxsin n?ﬂy
m=1 n=1
M N

9 (x,y)= Zqu‘mrsinm—ﬂXsinn—ﬂy,
m=1 n=1 A B

where A and B — side lengths of the enclosing rectangular plate.
In addition, the functions Tri and q:, included in the boundary conditions of the original plate are
decomposed in a row along the contour L [10-12]:
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63 T T ,6). 66)-3 T, 4,0
_ 272'.[5 ds
where d,, =sin[uy(s)], d,, =cos[ur(s)], 7(s)= S*if ,0<y(s)<2x.

As a result of transformations, the system of integral equations (9) is reduced to a system of
linear algebraic equations for coefficients of expansion in a series of functions of compensating

sources q‘“” .

3 Numerical examples

A comparison of the results calculated on the basis of the proposed approach with the results
obtained in [1] using the finite element method and on the basis of two-dimensional theory has been
carried out. In this paper a square plate is considered.

Initial data are as 1=5 (the number of layers); I;=1,=0,9m (linear dimensions of the plate);
h;=0,006 m, h,=0,003m, h3=0,015m, h,=0,002m, hs=0,020m (layer thickness);
ki=1,60 W/(m-°C) (i =1, 3,5); ki=0,17 W/(m-°C) (i = 2, 4) (thermal conductivity coefficients of the
layer material); H, = 80 W/(m%°C), H, = 25 W/(m?-°C) (convective heat exchange coefficients); T = -
16°C, T's =20°C (ambient temperatures).

Fig. 3 shows the temperature distribution across the thickness of the five-layer plate at the midpoint.
The calculation results are shown with a solid line. The results obtained by the finite element method
are shown with a dashed line; results on the basis of the two-dimensional theory are presented with
markers.

=
mgs
-
2 “\"'ﬁ
t.
.“.&I
= S
@) - P
(o] - _8 &\
I |
G.
-13- S|

10 20 30 40
Z, mm

Fig.3 Temperature distribution over the thickness of a five-layer plate

Therefore we consider the thermal state of a five-layer plate, the design diagram of which is shown
in Fig.4. The location of the heat source is shown in the figure with a dashed line.

The plate has the following geometrical and thermal characteristics: number of layers | = 5; sizes
shown in Fig. 4, 1;,=09m, I,=055m, [3=089m, I,=0,46m, R;=0,15m, R,=0,15m,
R;=0,17m, R,=0,16 m; layer thickness h; =0,005m, h,=0,003m, hs=0,01 m, h,=0,002m,

hs = 0,012 m; thermal conductivity coefficients of layer material k;j=1,61 W/(m-°C) (i=1, 3, 5);
ki=0,17W/(m-°C) (i=2, 4); convective heat transfer coefficients H; =90 W/(m2-°C),
H, = 40 W/(m2-°C); ambient temperature: T'. = -20°C, T'.. = 20°C.
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The power of the film heat source located between the first and second layers: g, = 4000 W/m?, and
its dimensions (see Fig.4)—a=1m,b=0,6 m.

On the contour of the original plate TLi =0.

Fig.4 shows the temperature distribution over the plate thickness in section 4 — 4 indicated in the
design diagram with a thick dashed line.

s 15 S s

Fig.4 The design scheme and the temperature distribution across the thickness of the plate in cross
section A— A

Fig. 5-7 show the temperature fields on the outer surfaces of the plate and the interface of the 1st
and 2nd layers. On the outer surface of the first layer (Fig. 5) and the surface containing the heat source
(Fig. 6) a sharp change in temperature is observed near the edge of the region occupied by the heat-
generating film. Such changes can lead to significant temperature stresses in the layers of the plate. On
the outer surface of the fifth layer (Fig. 7) the temperature takes only positive values.

i
N
-15
0

Fig.5 Surface temperature distribution S,
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Fig.6 Temperature distribution on the surface S, (surface with heat source)

Fig.7 Temperature distribution on the surface Ss

4 Conclusion

The method for solving problems of stationary heat conduction in a three-dimensional formulation
for multilayer plates has been developed. It allows describing the thermal state of non-standard plates.

The comparison of the obtained results with the results presented in [1] confirms the reliability of the
proposed approach. The calculations carried out for the plate shown in Fig. 4 demonstrate the
capabilities of the method.

The proposed approach can be applied in designing heating systems for multilayer glazing of various
vehicles.
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