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BinHOBNIEHHS BepIIMH MHOTOKYTHHKA 3a CepeIMHaMU HOTO CTOPIH
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B crarti posrsgaeTses 3amada moOyMoBH ITOCKOTO MHOTOKYTHHKA 33 3aJaHUMHU KOOpPIHMHATaMH cepeanH ioro cropid. Taki
3a71a4i BHHUKAIOTh IIPU YHCEIHFHOMY PO3B’S3aHHI CHHTYISIPHUX 1 TINEPCHHTYISPHHX IHTErpanbHHUX pIiBHSIHB METOIOM
IMCKPETHUX ocoOJMBOCTe!. BBeneHi cnemianbpHi MaTpuIli 3CyBYy, IIpOaHANi30BaHi IX BIACTHUBOCTI, IO TO3BOJIHMJIO OTPHUMATH B
aQHANITHYHINA (HOpMi KOOpAMHATH BEPIIMH MHOTOKYTHHKA. 3ajada Mae€ €IWHE PO3B’SI3aHHS IIPH HEMapHiil KUIBKOCTI CTOPIH.
HaBeneHo nmpuxiiaz BiIHOBIIGHHS BEpPIINH KBajapara 3a CiMOMa 3aJlaHUMU BY3JIOBHMH 3HadeHHAMHU. Lle 1o3Boisie moOymyBaTn
TPaHHLIO PO3PAaXyHKOBOI 00JIaCTi IPU HEMOBHiH iH(popMaIrlii oo Hei.

Knrwwuosi cnosa: nobyoosa po3paxynkogoi obracmi, mampuyi 3¢y8y, 8iOHOBIEHH 6EPUIUH MHOLOKYMHUKA, MOYKU KOIOKAYIL,
Kymosi Koegiyienmu.

Many important technical problems lead to the solution of boundary value problems of differential equations with partial
derivatives. With the help of boundary value problems, it is possible to describe such processes as heat and mass transfer,
diffusion, fluid flow, propagation of acoustic waves, electromagnetism, deformation of a solid. Some boundary-related
problems can be solved analytically. Usually in these cases the geometry of the region and boundary conditions are relatively
simple, and the equations with partial derivatives are linear. In practical problems arising in engineering and applied sciences,
it is difficult to rely on obtaining analytical solutions, even if the differential equations are linear, since these problems are
characterized by extreme irregularity of the boundaries of the regions and (or) heterogeneity of the material; since the solution
of problems can not be constructed with the help of simple mathematical functions. In such cases, looking for approximate
numerical solutions. Let the coordinates of the points, which are the middle of the sides of the N-corner, are known. Need to
find the coordinates of the vertices of the polygon. Such problems arise in the numerical solution of singular and hypersingular
integral equations using the method of collocation. Note that the problem has a unique solution for an odd number of sides.
With a pair of sides, the matrix of the system is degenerate, which leads to the need to impose additional conditions for the
solution. In the paper we consider a problem of flat polygon construction using the coordinates of its side’s centers. These
problems arise in numerical solution of singular and hypersingular integral equations using the discrete singularities methods.
The special shift matrixes were introduces to get the analytical solution of coordinates of polygon vertices. The problem has
the only decision if the number of sides is odd. There was given the example of recovering the square vertices by the seven
node's values. These results can help in construction of the calculation area if we haven’t full information about it.

Keywords: construction of calculation area, shift matrixes, flat polygon construction, colocation points, angular coefficients.

1 3araabpHa akTyaJabHiCTh 3a1a4i Ta MeTOJ IMCKPETHUX 0COOJIMBOCTEI

bararo Ba»IMBUX TEXHIYHUX NpoOJIeM MPUBOIATH IO PO3B’s3aHHS KpaHoBUX  3ajad
nudepeHIliaibHUX PIBHIHb 3 YaCTMHHUMH NOXIAHMMHU. 3a JIONOMOTOK KpaloBHX 3a1a4 MOXHA
omucaTH Taki TMpoLecH fK TeIUIo- Ta MacolepeHoc, AuQy3is, MOTIK pPiIOUHU, PO3MOBCIOIKEHHS
AKyCTUYHHUX XBHJIb, €JIEKTPOMarHeTusM, aehopMyBaHHs TBepAoro Tina. [eski kpaiioi 3a1a4ui BAa€TbCA
PO3B’s13aTH aHATITHYHO. 3a3BHYail B IUX BHUIAJKaX T€OMETpisl 00JIacTi Ta IpaHWYHI YMOBH JJOCTATHBO
MPOCTi, a PIBHSAHHS 3 YaCTUHHUMH TOXIIHUMHU — JiHIHHI. B npakTHnyHMX 3a/mavyax, 10 BUHHUKAIOTH B
IHKEHEepHIN chpaBi Ta NPUKIATHUX HAayKax, BaXKO pPO3PAaxOBYBaTH HA OTPUMAHHS aHATITHYHUX
PO3B’SI3KiB, HABITh SKIIO JAM(EpEHIlialibHI PIBHSAHHS JIIHIAHI, OCKIIBKU JUIS IMX 3a7ad XapakTepHa
Ha/[3BUYaiiHA HEperyJsIpHICTh TpaHMIs obyacTeld Ta (ab0) HEOJHOPIIHICTH MaTepially; OCKLUIbKH
PO3B’S30K 3a/a4 HE MOxe OyTH MmoOyJOBaHUH 3a JOMOMOrOI0 NMPOCTHX MaTeMaTHYHUX (yHKuUid. B
TaKUX BUTAJIKaX NIYKAIOTh HAOJIMKeHI YHCENbHI PillIeHHS.

Habmmwkeni MeTou, IO MPHUBOJASATH 1O TOSBH CHHTYJISPHUX Ta TINEPCHHTYISAPHHUX iHTETPalbHUX
PiBHSHb TpH pPO3B’S3aHHI 3a7ady MaTeMaTHYHOI (I3UKH, OCTaHHIM 4YacoOM JOCTaTHbO YacTo
BUKOPHUCTOBYIOTBCS, OCKIIBKH KJIAC MPUKIATHUX 33/1a4, 10 IPUBOJAATH A0 CUHTYJSIPHUX iHTETpalbHUX
PIBHSHB, JOCHTh MIMPOKHUH. 30Kpema, JO0 TaKuX PIBHAHb MOXKHA 3BECTHM KOHTAKTHI 3aJadi Teopii
NpPYKHOCTI, 3a/adi BHU3HAYEHHs CTAalllOHApDHUX TEeMIEepaTypHUX IMOJIB B TUIaXx 3 OXHOPIAHUMH
BKJIIOUEHHSIMH Ta TpilIMHAMH (pO3pi3aMu), 3a7adyi BU3HAYCHHS! KOHLEHTpALii Hallpy>XeHb B TiJax, L0
MICTSITh TPILIMHH, 3/1a4i BU3HAYCHHS acpOJMHAMIYHAX HABAaHTa)XCHb HA TOHKI HECydi MOBEPXHi, JIEsAKi
3ama4i Audpakiiii Ta aKkyCTHKH, 33124l KOJIMBAaHb PIIMHN Y IPY)KHUX pe3epByapax Ta inmii. [1-5].

Teopis Ta METOAM YUCETBHOTO PO3B’SI3KYy OAHOBHUMIPHHUX TiEPCHHTYJISPHUX PIBHSAHb Ha BiAPI3KY
OTpUMaJId 3aKOHOMIpHMH po3BUTOK y poboti FO.B. Tammens [6]. OcHoBaM METOQy IAMCKPETHHX
0CO0JIMBOCTEH Ta HOro oOIpyHTyBaHHIO mpucBsueHa moHorpadis C.M. Bimonepkoscekoro ta LK.
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JlibanoBa [7]. Sk CBiZYMTH OIJIAM JITEPATYPHUX JDKEPE, BaXKIUBUM IUTAHHAM IPU YHUCIOBOMY
PO3B’si3aHHI CHUHTYJISIPHUX IHTETpajbHUX PiBHSAHb € BiAMOBiAHWI BHOIp To4Yok Komokamii. L{i Toukm
00MPaIOTHCSI HACTYITHUM YHHOM.

X 1=12,.n . . . .
Hexait T BIJIMTOBIIalOTh TPAHMIIAM €IIEMEHTIB O0JACTi, /e PO3IIYKYETHCS PO3B’ 30K

IHTETpaJILHOTO PiBHAHHS. TOJi TOUKM KOJIOKAIliT O0YUCITIOIOTHCS 32 (POpPMYIIoI0
ggi =X +qj (Xi+1 =X ), | :1,3,...n -1
IIpn npomy BuOip 3HaueHb ¢« NeplIOpsHE 3Ha4YeHHsS. [IuTaHHSAM BHOOPY TOYOK KOJOKALil

MIPUCBSIYEHO BEIWKY KUTBKICTH AociimkeHb. Cepen HUX Bim3HauuMo podotu [2, 7-12]. 3a3HadaeThcs,
0 HEeBAAIHMA 3aci0 BHOOPY TOYOK KOJIOKAIii MOXKE€ TPHU3BECTH IO 3HAYHUX IMMOXHOOK 1 HaBITH 0
HECTIHKOCTI IIPH PO3B’sI3aHHI CHCTEM JIIHIHHUX anreOpaidHuX PiBHIHB, 10 SKUX 3BOISTHCS CUHTYISIPHI
IHTerpanbHi PiBHSHHS BHACHIJOK AUcKpeTw3auii. B poborax [1,7,12] Ha OCHOBI YHMCJIOBOrO aHami3y
PO3B’SI3KiB CHHTYJISIPHHUX Ta TIMEPCHHTYISPHAX IHTETPAbHUX PiBHSAHB 3p00JIEHO BUCHOBOK TPO T€, IO

o, =05 Vi . o . .
opu OyayTb OTpHUMaHi CHCTEMH JIHIHHMX anreOpaiyHUX pIBHAHB 3 CYTTEBO
JMOMIHYIOYHMH JiarOHATFHUMHY €JIeMEHTaMH, IO Ja€ 3MOTY IMMOOYAyBaTH CTIMKH OOYNCITIOBAIbHI CXEMHU.
Tomy Hamam 0OMEXNMOCH CaMe UM BHIIAIKOM.

2 MocranoBka 3agayi

Hexait Bimomi koopaumHata N =2m+1lmeZ Toduok, mo € cepeauHamMu CTOpiH N-KyTHHKa.
HeoOxigHo 3HAiTH KOOpAWHATH BEPIIMH MHOTOKYTHHKA. Taki 3aja4i BUHWUKAIOTH MPH YHCIOBOMY
PO3B’si3aHHI CHHTYJISAPHHUX Ta TINEPCHHTYJSIPHUX IHTErpaibHUX DPiBHAHb NMPU BUKOPUCTAHHI METOIY
KOJIOKaIii. 3ayBa)KMMO, 1110 3a/1a4a Mae OAHO3HAYHHMHA PO3B 30K MPU HEMapHii KibkocTi ctopin. [Ipu
MapHiIiH KITPKOCTI CTOpPIiH MATPHISL CHUCTEMH € BHPOKEHOI, IO TMPUBOIUTH M0 HEOOXiTHOCTI
HaKJIaJlaTy 10JIaTKOBI YMOBH JUISl pO3B’SI3aHHSI.

1 1 9

N-1

Puc. 1. MrozoxymHuk 3 gidomumu cepeOuHamu cmopin

3 Po3B’s13anHsa 3aa4i

—_—

{3 - {30
BBe,Z[eMO TTIO3HAUCHHA. HexaI/I aJa=l _— MHOXHHA Cepe,Z[HH CTOle MHOFOKYTHI/IKa, a=

MHOXHHA BEpIIINH MHOTOKYTHHKA.
Toxi 3B’A30K MK pajiyc-BEKTOPaMH CEPEJUH CTOPIH Ta BEPIIMH 3aJIA€EThCS CHUCTEMOIO
CIIIBBIIHOILIEHD:
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(3.1)
Martpuis i€l cucTeMl Ma€e HaCTYITHAN BUTIISA:
11 0o 0 r'
2 2
o 11 0o 0l
2 2
0 0 0 % % r,
Lo o o L]y
2 2 (3.2)

Hns toro, mo6 cucremMa Oyna HEBHPOIKEHOIO, HEOOXimHO, m00 BH3HAYHUK MaTpuii (3.2) He

JOpiBHIOBaB HYII0. MaeMo

1 1 0 0 0
2 % 1 1 0 0
OEE OOLJNO 1 0(1N 1N71
T e =] = 2= =
) (3)
0 0 0 11 0 0 0 1
. 2 2 1 0 0
- 0 O 0 =
2 2
VY npomy BUMaaKy oOepHeHa JI0 3aanoi Marpuili (3.2) icHye i Mae HACTYITHUA BUTJIISL:
1 -1 1 -1 1
1 1 -1 1 -1
-1 1 1 -1 1
-1 1 -1 1 1 (3.3)
Jnst monanpioi modymoBr HEOOXiTHO BBECTH JIOTIOMIKHI MaTpPHIIi, 2 caMe MaTPHIIi 3CYBY.
4 Martpuui 3cyBy
BBeneMo HacTyIHI TO3HAUSHHS ISl MATPHII BEPXHBOTO 3CYBY Ta MATPUIl HIXKHBOTO 3CYBY:
0O O 0 O
0 O 0 O
0 O 0 O
1 O 0 O
1 0 0 O
U= L= (4.1)
0O O 0 1
0 O 0 O
0O O 0 O
0 O 1 0
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Pesynapratom wmatpuusoro modytky UA, me A — Oymob-sika JOBiUTbHA MAaTpHILL JT03BOJECHOL
PO3MIpHOCTI, € 3CYB €leMEHTIB Marpuili A Ha OIMH pPSIOK Bropy, NpPH IbOMY OCTaHHIH PSIOK
3aIIOBHIOETHCS HYJIAMH. AHAJIOTTYHAM YHHOM BH3HAYaeThest 100yToK LA MaTpwuili HIKHBOTO 3CYBY 3
OyIb-SIKOFO TOBLITBHOIO MAaTPHIICIO.

Honsiiina gis U2 A MaTpHIIi BEPXHBOTO 3CyBY Ha OyAb-IKy MaTpPHUIIIO 3CYBaE eIEMEHTH MaTPHIIi Ha
JBa psIKK Bropy. BpaxoBytouu 1ie (akT, MOXKHa 3pOOMTH BHCHOBOK, 10 omepariis U “A niniiimae
MaTPHINO Ha K pSaKiB Bropy. AHATOTIYHO BU3HAYAETRCS Jisl MATPHUIT L“A Ha JOBLIBHY.

BukopucTOBYIOUM BIACTUBOCTI MAaTpUIb 3CYBY, MOXKHA 3alucaTH OOEpHEHY MAaTpHUII0 Y
HACTYITHOMY BUTJISIAL:

N-1
Alap =845+ kz (0 8 Lgﬂ) (4.2)
=1

Toxi po3B’sI30K CHCTEMH pIiBHSHb Y KOODAMHATHOMY BUTJISIAI MOXKE OYTH TNpeACTaBICHHUH
HAaCTYIHUM YHHOM:

— —

NS k(K k

ry=|6pp+ 2 (-1) (Uaﬂ—Laﬂ) rg' (4.3)
k=1

TakuMm 9rHOM, OTPUMaHI BUPa3u IS pPaIiyCiB-BEKTOPIB BEPIINH MHOTOKYTHHKA.

5 PiBHsiHHSA cTOPiH

s momanporo BUKOPUCTaHHA B MOZEIOBaHHI BOXJIMBO OTPUMATH BHPA3u AL PIBHAHB CTOPiH
MHOTOKYTHHUKA.

Puc.2. Cmopona mnozoxymnuxa

Kopucryrounch piBHSHHSIM MPSIMO1, IO MPOXOAMUTH Yepe3 JIBi TOUKH, MOXHA JIETKO 3HAWTH BUpa3
JUIsL PiBHSIHHSI CTOPOHM MHOTOKYTHHKA, OCKIJIbKM MU 3HA€MO, 1110 CTOpPOHA | MPpOoXoauTh Yepes cepeanty

croponu I}' Ta BepuuHy I, , a came:

y=2 My (5.1)
X =X

Toxi kyToBi KoedilieHTH OyayTh BU3HAYATUCS HACTYITHOIO (POPMYIIOIO:
k-1

N
. 1
Z (_ 1)I yi + Z (_ 1)I+ Yi
Ke =t (5.2)
>+ DY
i1 i=k+1
i criiBBiIHOIIICHHS TAlOTh 3MOTY OYyBaTH PiBHSHHS BiIIOBIIHUX CTOPIH MHOT'OKYTHHKA.

6 [Ipuxyiag BiTHOBJIEHHA MHOTOKYTHHUKA

Hexait rpanuiero Tia € KBaapar 31 cTopoHOr a. Po3i0’eMo kBajapar Ha 7 NPOMIKKIB Tak, IIO
BY3JIM PO3TAIIOBaHI BCEPEIMHI KOXKHOTO Bi/Ipi3Ka, HA TPbOX CTOPOHAX IO JBi, HA OCTaHHIA — OAHY.
BBenemo cucteMy KOOp/IMHAT TaK, sSIK IOKa3aHO Ha pHC.3.
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0 6 5 a

Puc.3. 3aoani 8y3nu nHa epanuyi

Koopnunartu By3iiB B IbOMY BUIIAJIKy MAIOTh HACTYIIHI 3HAYEHHS:

4
Ej 61
1 (6.1)

BukopucToBytoun OTpuUMaHi BUILE cmiBBimHOUIEHHS (4.3),
MHOTOKYTHHKA 32 TAKUMH (POPMYITaMH:

3HANIEMO KOOpPJIMHATU BEPUIMH

a
— a
4
3a
1—11—11—117aga
1 1 -1 1 -1 1 -1 3a| |5 2
a_
11 1 -1 1 -1 1 4| |a a
a
1—111—11—1@1%aE 6.2)
-1 1 -1 1 1 -1 1|3 a 0
1—11—111—17090
a 2
-1 1 -1 1 -11 1)2% o |5 o
4
o 2
2
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Ha puc.4 BimoOpaxxeHO BEpITUHN OTPUMAHOTO MHOTOKYTHHKA.

on

0 6 abd

Puc.4. Bepuwunu mrocoKymnuka

Mae miciie moBHA y3TOKEHICTH 3 PUC.3, M0 CBITYATH PO €PEKTHUBHICTH Ta TOYHICTH METOMY.
T06T0, TaKUM 4YHHOM MOXKC 6yTI/I BiZ[HOBJ'IeHa 00J1acTh JJIA YUCCIIBbHOTO iHTeryBaHHiI B YMOBax HEIIOBHO1
iH(pOopMarii.

7 BUCHOBKH i HANPSIMOK MOJAJBIIUX J0CTi/IKEHb

OtpuMaHi aHamiTHYHI GOPMYITH UII TOOYIOBH BEPIIMH MHOTOKYTHHKA MPHU HAsSBHOCTI iH(opMaItii
PO KOOPAWHATH CEPEeIUH TPAaHHYHUX EJIEMEHTIB MPU 3aCTOCYBAHHI YHCIOBHX METOJIB PO3B’SI3aHHSI
CHUHTYJISIPHUX Ta TIMEPCUHTYJSIPHUX PiBHAHB. Y MOJAIBIIOMY IepeadavyacTbcs pO3BUHEHHS METOLy Ha
BUITAI0K JIOBUTHHOTO PO3TANTYBaHHS TOYOK KOJOKAMii B MEKaX IPaHMYHOTO SJIEMEHTY.
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