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Discrete mathematical model of the scattering

process of E-polarized wave on a periodic

impedance grating

V.D. Dushkin1, S.V. Zhuchenko2, O.V. Kostenko3

1National Academy of the National Guard of Ukraine,

Zakhystnykiv Ukrainy Sq. 3, Kharkiv, 61001, Ukraine
2 V. N. Karazin Kharkiv National University,

Svobody Sq. 4, Kharkiv, 61022, Ukraine
3 B. Verkin Institute for Low Temperature Physics and Engineering,

Nauky Ave., 47, Kharkiv, 61103, Ukraine

dushkinvd@gmail.com, stanislavzhuchenko@ukr.net, alexvladkost@gmail.com

It is considered the discrete mathematical models which describe the interacti-
on process of the E-polarized wave and periodic system of impedance tapes.
It is shown that the discrete model for various values of the discretization
parameter is equivalent to the system of singular integral equations. Calculati-
ons were performed for the proposed model and for the model based on the
hypersingular equations. The obtaining results showed the closeness of the �eld
characteristics.
Keywords: mathematical model; impedance structures; numerical experiment.

Äóøêií Â.Ä, Æó÷åíêî Ñ.Â., Êîñòåíêî Î.Â. Äèñêðåòíà ìàòåìàòè÷íà

ìîäåëü ïðîöåñó ðîçñiþâàííÿ õâèëü ïåðiîäè÷íîþ iìïåäàíñíîþ

 ðàòêîþ. Ó ðîáîòi ðîçãëÿíóòî äèñêðåòíi ìàòåìàòè÷íi ìîäåëi, ÿêi îïèñó-
þòü ïðîöåñ âçà¹ìîäi¨ Å-ïîëÿðèçîâàíî¨ õâèëi ç ïåðiîäè÷íîþ ñèñòåìîþ iìïå-
äàíñíèõ ñòði÷îê. Äèñêðåòíà ìîäåëü ïðè ðiçíèõ çíà÷åííÿõ ïàðàìåòðà äèñ-
êðåòèçàöi¨ åêâiâàëåíòíà âiäïîâiäíié ñèñòåìi ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâ-
íÿíü. Îá÷èñëåííÿ ïðîâîäèëèñÿ íà áàçi çàïðîïîíîâàíî¨ ìîäåëi òà íà îñíîâi
ìîäåëi, ùî ñïèðà¹òüñÿ íà ãiïåðñiíãóëÿðíi ðiâíÿííÿ.
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü; iìïåäàíñíi ñòðóêòóðè; ÷èñåëüíèé åêñ-
ïåðèìåíò.

Äóøêèí Â.Ä., Æó÷åíêî Ñ.Â., Êîñòåíêî À.Â. Äèñêðåòíàÿ ìàòåìàòè-

÷åñêàÿ ìîäåëü ïðîöåññà ðàññåÿíèÿ âîëí ïåðèîäè÷åñêîé èìïåäàí-

ñíîé ðåø¼òêîé. Â ðàáîòå ðàññìîòðåíû äèñêðåòíûå ìàòåìàòè÷åñêèå ìîäå-
ëè, îïèñûâàþùèå ïðîöåññ âçàèìîäåéñòâèÿ Å-ïîëÿðèçîâàííîé âîëíû ñ ïåðè-
îäè÷åñêîé ñèñòåìîé èìïåäàíñíûõ ëåíò. Ïîêàçàíî, ÷òî äèñêðåòíàÿ ìîäåëü
ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà äèñêðåòèçàöèè ýêâèâàëåíòíà ñîîòâåò-
ñòâóþùèì ñèñòåìàì ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. Âû÷èñëåíèÿ
ïðîâîäèëèñü íà îñíîâå ïðåäëàãàåìîé ìîäåëè è ìîäåëè, îñíîâàííîé íà ãè-
ïåðñèíãóëÿðíûõ óðàâíåíèÿõ. Ïîëó÷åííûå ðåçóëüòàòû îêàçàëèñü áëèçêè.
Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; èìïåäàíñíûå ñòðóêòóðû; ÷èñëåí-
íûé ýêñïåðèìåíò.

2010 Mathematics Subject Classi�cation: 41A55.
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1. Origins of research.

Shchukin-Leontovich impedance boundary conditions are widely used to
describe the interaction processes of electromagnetic waves and di�erent kind of
non-PEC structures [1]− [8]. In this case, the 3D-problem for Maxwell's equations
reduces to two 2D-problems. They are boundary value problems for the Helmholtz
equation with third boundary conditions. In order to �nd an approximate soluti-
on to these problems, we use the two-stage algorithm of professor Yu. V. Gandel.
At the �rst step, we �nd systems of integral equations that are equivalent to
the original boundary value problem. We are using the method of parametric
representations of integral operators [9] − [11] on this step. At the second step,
a discrete mathematical model of the mentioned problem is built. The discrete
singularities method [12], [13] was used to obtain it. This approach has shown
its e�ectiveness in solving various problems[14] − [36]. In [13], [36], the method
of reducing the initial boundary-value problem to a system consisting of singular
equations of the �rst kind and Fredholm integral equations of the second kind
is considered. We propose a discrete mathematical model of the problem under
study based on the system of integral equations mentioned above. It is shown
that a one-to-one correspondence exists between discrete models for various values
of the discretization parameter and systems of approximating integral equations
of the problem. By solving this system, the approximate values of the main �-
eld characteristics are determined. The method of parametric representations of
integral operators makes it possible to obtain systems of integral equations of other
types [29], [30]. In particular, the original boundary-value problem was reduced to
a system consisting of hypersingular integral equations of the second kind and the
Fredholm integral equation of the second kind [32], [37]. Therefore, it is a good
base of interest for a comparative computer experiment.

2. Formulation of the problem

Let T =
∞⋃

n=−∞

M⋃
q=1

Tn,q be a system of non-ÐÅÑ tapes

Tn,q =
{

(x′, y′, z′) ∈ R3|x′ ∈ R, y′ = (α′q + 2nl′, β′q + 2nl′), z′ = 0
}
. (1)

E-polarized wave

~E(initial) = (E0, 0, 0) , ~H(initial) =

(
0,

1

iωµµ0
· ∂E0

∂z′
,− 1

iωµµ0
· ∂E0

∂y′

)
, (2)

E0

(
y′, z′

)
= exp

(
ik
(
y′ · sinϕ− z′ · cosϕ

))
· exp (−iωt) (3)

is scattered by this tape system. We consider the problem as formulated in [13]
and [36]. This problem amounts to �nding a function E (y′, z′) that corresponds
to the x-component of the total �eld , resulting from waves scattering by tapes.
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Fig.1 Impedance structure.

It is the solution of the Helmholtz equation:

4 E + k2 · E = 0, k =
ω

c
, (4)

in the whole plane without tapes. The total �eld satis�es

1) Shchukin - Leontovich boundary conditions on tapes:

∂E

∂n′
− h′ · E = 0, (y′, z′) ∈ T, (5)

2) Floquet conditions,

3) Boundedness energy condition in any region of the plane.

Also the di�erence between total and incident �eld E − E0 satis�es the
Sommerfeld radiation conditions.

2. Systems of integral equations.

Put

E(y′, z′)− E0(y
′, z′) =

{
E+(y′, z′), z′ > 0;

E−(y′, z′), z′ < 0;
(6)

where

E+(y′, z′) =
∞∑

n=−∞
a+n · exp(−γ′nz′) · exp(ip′ny

′), (7)

E−(y′, z′) =
∞∑

n=−∞
a−n · exp(γ′nz

′) · exp(ip′ny
′), (8)

and

p′n = k · sinϕ+
πn

l′
, γ′n =

√
(p′n)2 − k2, n ∈ Z; (9)

Re
(
γ′n
)
≥ 0, Im

(
γ′n
)
≤ 0, n ∈ Z. (10)
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Hereinafter we use the notation:

κ =
l′ · k
π

, y =
π

l′
· y′, z =

π

l′
· z′, h =

l′ · h′

π
;

pn =
l′ · p′n
π

= κ · sinϕ+ n, γn =
l′ · γ′n
π

, n ∈ N ; (11)

αq =
π

l′
· α′q, βq =

π

l′
· β′n, q = 1, ...,M ; (12)

L =
M⋃
q=1

Lq, Lq = (αq, βq). (13)

From �eld continuity condition

E+(y, 0) = E−(y, 0), y ∈ CL = [0, 2π]\L; (14)

∂E+

∂z
(y, 0) =

∂E−

∂z
(y, 0), y ∈ CL (15)

and the boundary conditions (5) we get:

∞∑
n=−∞

γn ·
(
a+n + a−n

)
· exp(ipny) = 0, y ∈ CL; (16)

∞∑
n=−∞

(γn + h) ·
(
a+n + a−n

)
· exp(ipny) = −2h · exp(iκy sinϕ), y ∈ L; (17)

∞∑
n=−∞

(
a+n − a−n

)
· exp(ipny) = 0, y ∈ CL; (18)

∞∑
n=−∞

(γn + h) ·
(
a+n − a−n

)
· exp(ipny) = −2iκ cosϕ · exp(iκy sinϕ), y ∈ L. (19)

Acting as in the monograph [13] , we de�ne two functions:

W+(y) =
∂u−

∂z
(y, 0)− ∂u+

∂z
(y, 0) =

∞∑
n=−∞

γn
(
a+n + a−n

)
exp(ipny),

y ∈ [0, 2π].

(20)

W−(y) =
∂u+

∂y
(y, 0)− ∂u−

∂y
(y, 0) =

∞∑
n=−∞

ipn
(
a+n − a−n

)
exp(ipny),

y ∈ [0, 2π].

(21)

It implies from (14), (15), that:
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W+(y) = 0, W−(y) = 0, y ∈ CL; (22)∫
Lq

W−(t)dt = 0, (q = 1, ...,M); (23)

E+(y, 0)− E−(y, 0) =

∞∑
n=−∞

(
a+n − a−n

)
exp(ipny) =

y∫
αq

W−(t)dt. (24)

Using the inverse Fourier transform and taking into account (22) − (23) we
obtain:

a+n =
1

4πγn

∫
L

W+(t) · exp(−ipnt)dt+

+
1

4πipn

∫
L

W−(t) · exp(−ipnt)dt, n ∈ Z;

(25)

a−n =
1

4πγn

∫
L

W+(t) · exp(−ipnt)dt−

− 1

4πipn

∫
L

W−(t) · exp(−ipnt)dt, n ∈ Z.
(26)

As proposed in [13] , we accomplished the conversions to (17) and get the
second-kind Fredholm integral equation:

W+(y)− h

π

∫
L

ln

∣∣∣∣2 · sin y − t2

∣∣∣∣W+(t)dt+

+
h

π

∫
L

Q(y, t)W+(t)dt = −2h · exp(iκy sinϕ), y ∈ L;

(27)

where

Q(y, t) = exp(iκ sinϕ(y − t)) ·

 1

2γ0
+

∞∑
n=−∞
n6=0

4+
n

2
exp(in(y − t))

−
−(exp(iκ sinϕ(y − t))− 1) · ln

∣∣∣∣2 · sin y − t2

∣∣∣∣ ;
(28)

4+
n =

1

γn
− 1

|n|
= O

(
1

n2

)
, n→∞. (29)
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This equation contains a logarithmic singularity in the kernel. Having applied
the method of parametric representations of integral transformations, we obtain
a singular integral equation:

− 1

2π

∫
L

ctg

(
t− y

2

)
W−(t)dt+

1

π

∫
L

R(y, t)W−(t)dt+

+h ·
y∫

α1

W−(t)dt = −2iκ cosϕ · exp(iκy sinϕ), y ∈ L,
(30)

with additional conditions:

βq∫
αq

W−(t)dt = 0, (q = 1, . . . ,M), (31)

where

R(y, t) =

∞∑
n=−∞
n6=0

4−n
2ipn

exp(ipn(y − t))+

+
κ cosϕ

2
·
∞∑

n=−∞
n 6=0

(
1

pn
− 1

n

)
exp(−ipnt)−

−iκ cosϕ · π − t
2
· exp(−iκ sinϕ · t)−

−exp(iκ sinϕ(y − t))− 1

2
· ctg

(
t− y

2

)
;

(32)

4−n = γn− | n | −κ sinϕ · | n |
n

= O

(
1

n

)
, n→∞. (33)

Making the substitution of y by 0 in (18) and taking into account (25) - (26),
we obtain

a+0 − a
−
0 = −

∞∑
n=−∞
n 6=0

(
a+n − a−n

)
=

= − 1

π

∫
L

exp(−iκ sinϕ · t) ·
∞∑

n=−∞
n6=0

1

2i

(
1

pn
− 1

n

)
exp(−int) ·W−(t)dt+

+
1

π

∫
L

π − t
2
· e−iκ sinϕ·t ·W−(t)dt.

(34)
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De�ne the functions:

V +
q (y) = W+(y)

√
(y − αq)(βq − y), y ∈ Lq, (1. . . . ,M); (35)

V −q (y) = W−(y)
√

(y − αq)(βq − y), y ∈ Lq, (1. . . . ,M); (36)

It implies from the boundedness energy condition that V +
q (y) ∈ C[αq, βq] and

V −q (y) ∈ C[αq, βq], (q = 1, . . . ,M).
De�ne mappings:

gq : [−1, 1]→ [αq, βq], gq(t) = φq · t+
βq + αq

2
,

φq =
βq − αq

2
, (q = 1, . . . ,M),

(37)

and notation:

K+
q,p(ξ, τ) = φq · h

{
Q(gq(ξ), gp(τ))− ln

∣∣∣∣2 · sin gp(τ)− gq(ξ)
2

∣∣∣∣
+ δqp · ln | τ − ξ |

}
, (q = 1, . . . ,M), (p = 1, . . . ,M);

(38)

K−q,p(ξ, τ) = φq ·
{

1

2
ctg

(
gp(τ)− gq(ξ)

2

)
−R(gq(ξ), gp(τ))

}
− δqp
τ − ξ

,

(q = 1, . . . ,M), (p = 1, . . . ,M).

(39)

f1,q(ξ) = −2φq · h ·
√

1− ξ2 · exp(iκgq(ξ) sinϕ), (q = 1, . . . ,M), (40)

f2,q(ξ) = 2iκφq · cosϕ · exp(iκgq(ξ) sinϕ), (q = 1, . . . ,M). (41)

In (38)-(39) symbol δqp is the Kronecker delta. Taking into account (35), (38) from
equation (27) we obtain:

V +
q (ξ)− hφq

π
·
√

1− ξ2
1∫
−1

ln | τ − ξ |
V +
q (τ)dτ
√

1− τ2
+

+
1

π

M∑
p=1

1∫
−1

K+
q,p(ξ, τ)

V +
p (τ)dτ
√

1− τ2
= f1,q(ξ),

| ξ |< 1, (q = 1, . . . ,M).

(42)
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The system of singular integral equations:

1

π

1∫
−1

1

τ − ξ
V −q (τ)dτ
√

1− τ2
+

1

π

M∑
p=1

1∫
−1

K−q,p(ξ, τ)
V −p (τ)dτ
√

1− τ2
−

−hφq ·
ξ∫
−1

V −p (τ)dτ
√

1− τ2
= f2,q(ξ),

| ξ |< 1, (q = 1, . . . ,M)

(43)

with additional conditions:

1∫
−1

V −q (τ)dτ
√

1− τ2
= 0, (q = 1, . . . ,M) (44)

is a consequence of the equations (30), (31) and notations (36), (39).

4. The mathematical model of the problem

We denote by
{
t1,n,k

}n
k=1

the Chebyshev nodes, which are zeros of Chebychev

polynomials Tn(τ) of degree n. Also we consider the collocation points
{
t2,n,m

}n−1
m=1

,

which are the zeros of Chebychev polynomials of the second kind Un−1(τ).

As in [38]− [40] we took into consideration the basis (fundamental) polynomi-
als:

l1,n−1,k (τ) =
Pn (τ)

P ′n (t1,n,k) (τ − t1,n,k)
, k = 1, . . . , n;

l2,n−2,m(ξ) =
Un−1 (ξ)

U
′
n−1 (t2,n,m) (ξ − t2,n,m)

, m = 1, . . . , n− 1.

We introduce the Lagrange interpolation polynomials of functions and

K+
q,p,n (ξ, τ) =

n∑
m=1

n∑
k=1

K+
q,p (t1,n,m, t1,n,k) · l1,n,m (ξ) · l1,n,k (τ) ,

q = 1, · · · ,M ; p = 1, · · · ,M ;

(45)

K−q,p,n (ξ, τ) =
n∑

m=1

n∑
k=1

K−q,p (t2,n,m, t1,n,k) · l2,n,m (ξ) · l1,n,k (τ) ,

q = 1, · · · ,M ; p = 1, · · · ,M ;

(46)
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f1,q,n (ξ) =

n∑
m=1

f1,q (t1,n,m) · l1,n,m (ξ) ,

f2,q,n (ξ) =
n∑

m=1

f2,q (t2,n,m) · l2,n,m (ξ) ,

q = 1, · · · ,M.

(47)

Let us consider the following system of integral equations:

V +
q,n (ξ)− φq · h

π
·
n∑

m=1

√
1− (t2,n,m)2 · l2,n,m (ξ)

1∫
−1

ln |τ − t2,n,m|
V +
q,n (τ) dτ
√

1− τ2

+
1

π

M∑
p=1

1∫
−1

K+
q,p,n (ξ, τ)

V +
p,n (τ) dτ
√

1− τ2
= f1,q,n (ξ) ,

|ξ| < 1, q = 1, · · · ,M ;

(48)

1

π

1∫
−1

1

τ − ξ
·
V −q,n (τ) dτ
√

1− τ2
+

1

π

M∑
p=1

1∫
−1

K−q,p,n (ξ, τ)
V −p,n (τ) dτ
√

1− τ2
−

−φq · h
ξ∫
−1

V −q,n (τ) dτ
√

1− τ2
= f2,q,n (ξ) ,

|ξ| < 1, q = 1, · · · ,M ;

(49)

1∫
−1

V −q,n (τ) dτ
√

1− τ2
= 0, q = 1, · · · ,M. (50)

Designate as L2
ρ, −1 the Hilbert spaces of measurable on segment [−1, 1] functi-

ons with the inner product

(U, V ) =

1∫
−1

U (τ) · V̄ (τ) · dτ√
1− τ2

(51)

and norm ‖V ‖ =
√

(V, V ).

From the results of the work [38]− [40] we obtain
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Proposition 1 Let N - su�cient integer number. If n > N the following

statement holds true.

1) The systems of equations (48) and (49)-(50) have a unique solution.

2) The functions V −q,n(τ) and V +
q,n(τ) are the polynomials of degree n-1.

3) The sequence {V −q,n}∞n=N+1 of solutions of IE system (48) converged to the

exact solution of the problem (42) in the norm of space L2
ρ, −1 .

4) The sequence of solutions of singular equation system (49)-(50) converged

to the exact solution of the problem (43)-(44) in the norm of space L2
ρ, −1.

It follows from Proposition 1 that, as a result of substituting the functions
V +
q,n(τ) into the left-hand side of equations (48) we obtain a polynomial of degree

n-1. Also, the result of substituting the polynomial V −q,n(τ) into the left-hand side
of equation (49) is a polynomial of degree n-2. On the right side of equations (48)
and (49) are polynomials of the same degrees. From the uniqueness of determining
a polynomial of degree n from its values at n+1 point, there follows a one-to-one
correspondence of problems (48) and (49)-(50) to the system of equations:

V +
q,n (ξ1,n,r)−

φq · h
π
·
n∑

m=1

√
1− (t2,n,m)2·l2,n,m (ξ1,n,r)·

1∫
−1

ln |τ − t2,n,m|·
V +
q,n (τ) dτ
√

1− τ2

+
1

π

M∑
p=1

1∫
−1

K+
q,p,n (ξ1,n,r, τ)

V +
p,n (τ) dτ
√

1− τ2
= f1,q,n (ξ1,n,r) , (52)

r = 1, · · · , n, q = 1, · · · ,M ;

1

π

1∫
−1

1

τ − ξ2,n,s
·
V −q,n (τ) dτ
√

1− τ2
+

1

π

M∑
p=1

1∫
−1

K−q,p,n (ξ2,n,s, τ)
V −p,n (τ) dτ
√

1− τ2
−

− φq · h
ξ2,n,s∫
−1

V −q,n (τ) dτ
√

1− τ2
= f2,q,n (ξ2,n,s) , (53)

s = 1, · · · , n− 1, q = 1, · · · ,M ;

1∫
−1

V −q,n (τ) dτ
√

1− τ2
= 0, q = 1, · · · ,M ; (54)

To discretize equations (52) - (54), Hermite's formulas and quadrature
formulas of interpolation type [13] are used:

1

π

1∫
−1

1

τ − t2,n,p
·
V −p,n (τ) dτ
√

1− τ2
=

1

n

n∑
k=1

V −p,n (t1,n,k)

t1,n,k − t2,n,p
, p = 1, · · · , n− 1; (55)
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1∫
−1

ln |ξ − τ | ·
V +
q,n (τ) dτ
√

1− τ2
=

=
1

n

n∑
k=1

V +
q,n (t1,n,k) ·

[
ln 2 + 2

n−1∑
m=1

Tm (ξ)
Tm (t1,n,k)

m

]
, |ξ| < 1;

(56)

ξ∫
−1

V −q,n (τ) dτ
√

1− τ2
=

1

n

n∑
k=1

V −q,n (t1,n,k) ·

·

[
arccos ξ − π +

√
1− ξ2 ·

n−1∑
m=1

Um−1 (ξ) ·
Tm (t1,n,k)

m

]
, |ξ| < 1;

(57)

Note that all formulas (55) - (57) are exact for polynomials of degree n-1.

Also, as a result of discretization of the integral equations (52), (53) and (54),
we obtain a system of linear algebraic equations with q · n unknowns

ϑ−q,n,m = V −q,n (t1,n,m) , q = 1, · · · ,M, m = 1, · · · , n. (58)

ϑ+q,n,m = V +
q,n (t1,n,m) , q = 1, · · · ,M, m = 1, · · · , n. (59)

The existence and uniqueness of the solution of linear systems is a consequence
of the existence and uniqueness of the solution of problems (52) - (54) and their
one-to-one correspondence with the systems of integral equations (48)-(50).

By solving these linear systems, we obtain approximate solutions to the
systems of integral equations (42) and (43)-(44) by the formulas:

V −q,n (τ) =
n∑

m=1

ϑ−q,n,m · l1,n,m (τ) , (60)

V +
q,n (τ) =

n∑
m=1

ϑ+q,n,m · l1,n,m (τ), q = 1, · · · ,M. (61)

5. Numerical results.

We studied the interaction of the E-polarized wave and the grating. The case
of normal wave incidence was considered. The calculations were carried out by
two discrete mathematical models. The �rst model is described in paragraph 4
of this paper. The second model is based on the discretization of hypersingular
integral equations of the second kind. In paper [37] the justi�cation algorithm for
�nding a numerical solution of these equations is given.
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Table 1. Absolute values of the Fourier coe�cients.

In calculations we take h′ equals:

h′ = −1− i
2K

·
√
k, (62)

where K = 0.0001.
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Fig.2 Map of the absolute value of the scattered �eld in the domain
above the two-elements periodic grating.

α1 = π
3 , β1 = 7π

9 , α2 =
11π

9
, β2 =

5π

3
.

On �gure 2 there are the maps of the absolute value of the scattered �eld |E+|
in the domain above a two-element periodic structure. The table 1 shows some
parameter values in this case obtained using singular and hypersingular equations.
The number of interpolation nodes in this case is twenty on tape.

We considered next structure. In the middle of the tape, lying in half the
period, a slot 2π wide was made. The graths on �gure 3 show the change in the
�eld characteristics depending on the slot width. In the �gures you can see the
absolute values of the Fourier coe�cients and values:

‖a−‖N =

√√√√ N∑
n=−N

|a−n |2. (63)

We also studied the similarities and di�erences in the �elds created by periodic
lattices and lattices consisting of a large �nite number of repeating elements. For
example, at the top of �gure 4 you see a colored map of the �eld in the domain
above periodic structure. In this case one tape lies on half the period. Below there
is a map of the scattered �eld above the central part of the non-periodic structure.
This structure consists of �fteen equal tapes. The distance between the tapes and
their width are the same and equal to π .
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Fig.3 Tape with slot 2πθ wide on the period.
a)
∥∥a+∥∥

10
, | b)

∣∣a+0 ∣∣ , c) ∣∣a+1 ∣∣ , d) ∣∣a+2 ∣∣ , f) ∣∣a+3 ∣∣ , g) ∣∣a+4 ∣∣ , h) ∣∣a+5 ∣∣ .
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Fig.4 Map of the absolute value of the scattered �eld
in periodic and non-periodic case, κ = 1.1

On �g. 5-6 we consider a �ve-element periodic structure. On the period, four
tapes have the same length, and the �fth tape has a defect on the right. You can
see the �eld characteristics for some values of theta. Graphs on �gure 4 show the
�eld characteristics for some values of theta. On �g. 5 there are colored maps of
the scattered �eld in the domain above this structure.

6. Conclusions and directions for further research.

The results of the performed numerical experiments showed are in a good
agreement of the obtained numerical results with the results obtained using
hypersingular integral equations. The performed experiment is a basis for the
numerical investigation of more complex impedance structures. These studies are
related to the work carried out at the Department of Applied Mathematics of
the School of Mathematics and Informatics of V. N. Karazin Kharkiv National
University for topic (017U004831) "Modeling the dynamics of complex systems in
order to identify problem situations". Publication contains some results based on
a research provided by grant support of the State Fund for Fundamental Research
(project F-83).
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Fig. 5 Amplitude transmission characteristics of �ve elements gratings
a)
∣∣a−0 ∣∣ , b) ∥∥a−∥∥25, c) ∣∣a−5 ∣∣ , d) ∣∣a−10∣∣ , e) ∣∣a−15∣∣ , f) ∣∣a−20∣∣, g) ∣∣a−25∣∣ ,

h)
∣∣a−1 ∣∣ , i) ∣∣a−2 ∣∣ , j) ∣∣a−3 ∣∣ , k) ∣∣a−4 ∣∣ , m) ∣∣a−6 ∣∣ .

Fig. 6 Map of the absolute value of the scattered �eld in the domain
above the �ve-elements periodic grating.
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Äóøêií Â.Ä, Æó÷åíêî Ñ.Â., Êîñòåíêî Î.Â. Äèñêðåòíà ìàòåìàòè÷íà ìîäåëü

ïðîöåñó ðîçñiþâàííÿ õâèëü ïåðiîäè÷íîþ iìïåäàíñíîþ  ðàòêîþ. Ó ñòàòòi
ðîçãëÿäà¹òüñÿ ñïîñiá ÷èñåëüíîãî ìîäåëþâàííÿ ïðîöåñó ðîçñiþâàííÿ õâèëü ïåðiîäè-
÷íîþ iìïåäàíñíîþ ãðàòêîþ. Ó ðàçi ãàðìîíiéíî¨ çàëåæíîñòi ïîëÿ âiä ÷àñó i îäíî-
ðiäíîñòi ñòðóêòóðè óçäîâæ äåÿêî¨ îñi òðèâèìiðíà çàäà÷à çâîäèòüñÿ äî ðîçãëÿäó
äâîõ äâîâèìiðíèõ çàäà÷ äëÿ êîìïîíåíò Å-ïîëÿðèçîâàíî¨ i Í-ïîëÿðèçîâàíî¨ õâèëi.
Øóêàíà ¹äèíà íåíóëüîâà êîìïîíåíòà åëåêòðè÷íîãî ïîëÿ, ñòâîðåíîãî ïàäàþ÷îþ Å-
ïîëÿðèçîâàíî¨ õâèëåþ, ¹ ðiøåííÿì êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ Ãåëüìãîëüöà ç ãðà-
íè÷íèìè óìîâàìè Ðîáåíà. Ç ôiçè÷íî¨ ïîñòàíîâêè çàäà÷i âèïëèâà¹, ùî ¨¨ ðiøåííÿ
ïîâèííi çàäîâîëüíÿòè óìîâi êâàçiïåðiîäè÷íîñòi Ôëîêå, óìîâîþ ñêií÷åíîñòi åíåðãi¨
â áóäü-ÿêèé îáìåæåíié îáëàñòi ïëîùèíi. Òàêîæ ðiçíèöÿ ïîâíîãî i ïàäàþ÷îãî ïîëÿ
ïîâèííà çàäîâîëüíÿòè óìîâi âèïðîìiíþâàííÿ Çîììåðôåëüäà. Ñëiäóþ÷è iäåÿì ðîáiò
Þ.Â. Ãàíäåëÿ, çà äîïîìîãîþ ìåòîäó ïàðàìåòðè÷íèõ óÿâëåíü iíòåãðàëüíèõ îïåðàòî-
ðiâ êðàéîâà çàäà÷à çâîäèòüñÿ äî äâîõ ñèñòåì iíòåãðàëüíèõ ðiâíÿíü. Ïåðøà ñèñòå-
ìà ñêëàäà¹òüñÿ ç ñèíãóëÿðíèõ ðiâíÿíü ïåðøîãî ðîäó ç äîäàòêîâèìè iíòåãðàëüíèìè
óìîâàìè. Äðóãà ñèñòåìà ñêëàäà¹òüñÿ ç ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü Ôðåäãîëüìà
äðóãîãî ðîäó ç ëîãàðèôìi÷íîþ îñîáëèâiñòþ â ïiäiíòåãðàëüíié ôóíêöi¨. Áóâ ïðîâå-
äåíèé ÷èñåëüíèé åêñïåðèìåíò äëÿ âèïàäêiâ ðiçíîãî ðîçòàøóâàííÿ ñòði÷îê. Îá÷è-
ñëåííÿ ïðîâîäèëèñÿ äëÿ ìîäåëi íà îñíîâi ñèíãóëÿðíèõ ðiâíÿíü i ìîäåëi íà îñíîâi
ãiïåðñiíãóëÿðíèõ ðiâíÿíü. Âîíè ïîêàçàëè áëèçüêiñòü îòðèìàíèõ ðåçóëüòàòiâ ó äià-
ïàçîíi äîñëiäæóâàíèõ ïàðàìåòðiâ.
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü; iìïåäàíñíi ñòðóêòóðè; ÷èñåëüíèé åêñïåðèìåíò.

V.D. Dushkin, S.V. Zhuchenko, O.V. Kostenko. Discrete mathematical model of

the scattering process of E-polarized wave on a periodic impedance grating.

The method of numerical modeling of wave scattering by periodic impedance grating is
considered. In the case of a harmonic dependence of the �eld on time and the uniformity of
the structure along a certain axis, the three-dimensional problem reduces to considering of
two 2D problems for the components of the E-polarized and H-polarized waves. The signle
nonzero component of the electric �eld created by the incident E-polarized wave is the
solution of the boundary value problem for the Helmholtz equation with Robin boundary
conditions. It follows from the physical formulation of the problem that its solutions
satisfy the Floquet quasiperiodicity condition, the condition of �niteness of energy in
any bounded region of the plane. Also, the di�erence between the total and incident
�elds satis�es the Sommerfeld radiation condition. Following the ideas of the works of
Yu.V. Gandel, using the method of parametric representations of integral operators, the
boundary-value problem reduces to two systems of integral equations. The �rst one is
the system of singular equations of the �rst kind with additional integral conditions. The
second system consists of the Fredholm boundary integral equations of the second kind
with a logarithmic singularity in the integrand. A discrete model for various values of the
discretization parameter is equivalent to systems of singular integral equations. By solving
these equations, approximate values of the main �eld characteristics are determined. The
method of parametric representations of integral operators makes it possible to obtain
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systems of integral equations of other types. In particular, the initial boundary-value
problem reduces to a system consisting of hypersingular integral equations of the second
kind and the Fredholm integral equation of the second kind. A numerical experiment
was conducted for cases of di�erent location of tapes. Calculations were performed for
the proposed model and the model based on hypersingular equations. They showed the
closeness of the obtained results in a wide range of parameters studied.
Keywords: mathematical model; impedance structures; numerical experiment.
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The conditions of existence and the construction of solutions of Cauchy problem
for di�erence-algebraic system are determined. The conditions of existence
and the construction of solutions of a linear Noetherian di�erence-algebraic
boundary-value problem are determined. An original classi�cation and a single
scheme of construction of the solutions of di�erence-algebraic equations are
proposed.
Keywords: boundary-value problems, di�erence-algebraic equations, pseudoi-
nverse matrices.

×óéêîÑ.Ì., Êàëiíi÷åíêîß.Â., ÏîïîâM.Â. Êðàéîâi çàäà÷i äëÿ ñèñòåì

íåâèðîäæåíèõ ðiçíèöåâî-àëãåáðà¨÷íèõ ðiâíÿíü. Çíàéäåíî óìîâè
ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà çàäà-
÷i Êîøi äëÿ ðiçíèöåâî-àëãåáðà¨÷íî¨ ñèñòåìè. Çíàéäåíî óìîâè ðîçâ'ÿçíîñòi,
à òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà äëÿ ëiíiéíî¨ íåòå-
ðîâî¨ ðiçíèöåâî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i. Çàïðîïîíîâàíî îðèãiíàëüíó
êëàñèôiêàöiþ êðèòè÷íèõ i íåêðèòè÷íèõ âèïàäêiâ äëÿ ëiíiéíèõ ðiçíèöåâî-
àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷.
Êëþ÷îâi ñëîâà: êðàéîâi çàäà÷i, ðiçíèöåâî-àëãåáðà¨÷íi ðiâíÿííÿ, ïñåâäîîáåð-
íåíà ìàòðèöÿ.

×óéêîÑ.Ì., Êàëèíè÷åíêîß.Â., ÏîïîâÍ.Â. Êðàåâûå çàäà÷è äëÿ ñèñòåì
íåâûðîæäåííûõ ðàçíîñòíî-àëãåáðàè÷åñêèõ óðàâíåíèé. Íàéäåíû
óñëîâèÿ ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðàòîðà Ãðè-
íà çàäà÷è Êîøè äëÿ ðàçíîñòíî-àëãåáðàè÷åñêîé ñèñòåìû. Íàéäåíû óñëîâèÿ
ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðàòîðà Ãðèíà äëÿ ëè-
íåéíîé íåòåðîâîé ðàçíîñòíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è. Ïðåäëîæåíà
îðèãèíàëüíàÿ êëàññèôèêàöèÿ êðèòè÷åñêèõ è íåêðèòè÷åñêèõ ñëó÷àåâ äëÿ
ëèíåéíûõ ðàçíîñòíî-àëãåáðàè÷åñêèõ êðàåâûõ çàäà÷.
Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è, ðàçíîñòíî-àëãåáðàè÷åñêèå óðàâíåíèÿ,
ïñåâäîîáðàòíûå ìàòðèöû.

2010 Mathematics Subject Classi�cation: 15A24, 34Â15, 34C25.

Introduction

The relevance of the study of solvability conditions, as well as �nding solutions
of linear Noetherian di�erence-algebraic boundary-value problems is associated
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with the widespread use of di�erence-algebraic boundary-value problems obtained
by linearization of nonlinear Noetherian boundary-value problems for systems of
ordinary di�erential and di�erence equations. The relevance of studying Noetheri-
an boundary value problems in critical cases, in turn, is associated with numerous
applications in electronics, mechanics, the theory of motion stability, biology and
radio engineering, and the theory of nonlinear oscillations.

In part 1 the conditions of existence and the construction of solutions of
Cauchy problem for linear nondegenerate di�erence-algebraic system are determi-
ned. In part 2 the conditions of existence and the construction of solutions of a
linear Noetherian di�erence-algebraic boundary-value problem are determined. In
part 3 the conditions of reduction of a di�erence-algebraic boundary value problem
to a non-critical case are determined. The proposed conditions of solvability, as
well as the scheme of �nding solutions of linear Noetherian di�erence-algebraic
boundary value problems are illustrated in detail in the examples.

1. Nondegenerate systems of linear di�erence-algebraic equations

Consider the problem of �nding bounded solutions [1, 1]

z(k) ∈ Rn, k ∈ Ω := {0, 1, 2, ... , ω}

of the system of linear algebraic di�erence equations

A(k)z(k + 1) = B(k)z(k) + f(k); (1)

here A(k), B(k) ∈ Rm×n are assumed, generally speaking, rectangular: m 6= n
matrices and f(k) is real column vector. The matrix A(k) is assumed rectangular
or square but singular.

The problem of �nding bounded solutions z(k) of boundary value problem for
a linear nondegenerate system of �rst-order di�erence equations

z(k + 1) = A(k)z(k) + f(k), `z(·) = α ∈ Rυ

was solved by A.A.Boichuk. Thus, the problem of �nding bounded solutions z(k)
of a di�erence-algebraic system (1) is a generalization of the problem solved by
A.A.Boichuk [1]. Denote PA∗(k) the matrix-orthoprojector [2]:

PA∗(k) : Rm → N(A∗(k)).

Provided [3] that the matrices A+(k)B(k), A+(k)f(k) are bounded, and also

PA∗(k) = 0 (2)

the system (1) can be reduced to the traditional system of linear di�erence equati-
ons

z(k + 1) = A+(k)B(k)z(k) + F0(k, ν0(k)); (3)

here
rank A(k) := σ0 = m < n.
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Besides,

F0(k, ν0(k)) := A+(k)f(k) + PAρ0 (k)ν0(k),

A+(k) � is pseudoinverse (by Moore - Penrose), PAρ0 (k) � (n× ρ0)− is a matrix
composed of ρ0 linearly independent columns of (n×n)− orthoprojection matrix

PA(k) : Rn → N(A(k)),

ν0(k) ∈ Rρ0 is an arbitrary real vector function. General solution of the Cauchy
problem

z(0) = c ∈ Rn

for the homogeneous part of the system of di�erence equations (3)

z(k) = X0(k) c, c ∈ Rn;

is de�ned by the normal fundamental matrix:

X0(k + 1) = A+(k)B(k)X0(k), X0(0) = In.

The normal fundamental matrix can be represented as:

X0(k) =
k−1∏
j=1

A+(j)B(j).

Under condition (2) the normal fundamental matrix X0(k) of the homogeneous
part of the system of di�erence equations (3) is, generally speaking, singular:

detX0(k) = 0,

therefore, to construct a general solution of the Cauchy problem z(0) = c ∈ Rn
for the inhomogeneous degenerate system of di�erence equations (3) the scheme
[1, 5] is not applicable. However, the Green operator of the Cauchy problem for
the degenerate system of di�erence equations (3) can be found as follows:

K[F0(j, ν0(j))](0) := 0, K[F0(j, ν0(j))](1) := F0(1, ν0(1)), ... ,

K[F0(j, ν0(j))](k + 1) := A+(k)B(k)K[F0(j, ν0(j))](k)+

+F0(k, ν0(k)), ... .

Thus, the following lemma is proved.

Lemma 1. The problem of �nding bounded solutions of a system of linear

di�erence-algebraic equations (1) under the condition (2) has a solution

z(k) = X0(k) c+K[f(j)](k), c ∈ Rn;
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here X0(k) � is a normal fundamental matrix,

K[f(j)](k) := K[F0(j, ν0(j))](k)

� is the Green operator of the Cauchy problem for the system (1).

By analogy with the classi�cation of di�erential-algebraic equations [3, 6], as
well as with the classi�cation of impulse boundary problems for ordinary di�erenti-
al equations [2, 7, 8] under condition (2)), in the case of boundedness of matrices
A+(k)B(k), A+(k)f(k), we will say that the system of linear di�erence-algebraic
equations (1) is degenerated. Note that, in contrast to the traditional system
of linear di�erence equations [1], the solution of the system of linear di�erence-
algebraic equations (1) under condition (2) depends on an arbitrary bounded
vector function ν0(k) ∈ Rρ0 .

Example 1. Let's �nd a solution to the system of �rst-order di�erence-

algebraic equations

Az(k + 1) = B z(k) + f(k), k = 0, 1, 2, 3, (4)

where

A :=

 0 1 0 0
−1 0 0 1
0 0 −1 0

 , B :=

 0 1 0 0
1 0 0 1
0 0 1 0

 , f(k) =

 1
2
3

 .

Since condition (2) is ful�lled and the system (4) has a solution of the form

z(k) = X0(k) c+K[f(j)](k), c ∈ R4;

here X0(k) � is the normal fundamental matrix:

X0(0) = I4, X0(1) =
1

2


−1 0 0 −1
0 2 0 0
0 0 −2 0
1 0 0 1

 ,

X0(2) =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 , X0(3) =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 .

Besides:

K[f(j)](0) := 0, K[f(j)](1) =


−1
1
−3
1

 ,
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K[f(j)](2) =


−1
2
0
1

 , K[f(j)](3) =


−1
3
−3
1

 .

In this case, the matrix A(k) � is rectangular, while ρ0 = 1 6= 0, therefore the
solution found depends on an arbitrary continuous vector-function; in this case
ν0(k) := 0.

2. Boundary value problems for systems

of linear di�erence-algebraic equations

We investigate the problem of �nding bounded solutions [1, 1]

z(k) ∈ Rn, k ∈ Ω

linear Noetherian (n 6= υ) for the linear Noetherian boundary value problem for
a system of linear di�erence-algebraic equations [1, 1]

A(k)z(k + 1) = B(k)z(k) + f(k), `z(·) = α, α ∈ Rυ; (5)

here A(k), B(k) ∈ Rm×n � are real matrices and f(k) are real column vectors,

`z(·) : Rn → Rυ

is a linear bounded vector functional de�ned on a space of bounded functions.
The problem of �nding bounded solutions z(k) of a boundary value problem for
a linear non-degenerate system of �rst-order di�erence equations

z(k + 1) = A(k)z(k) + f(k), `z(·) = α ∈ Rυ

was solved by A.A.Boichuk [1]. Thus, the task (5) is a generalization of the
problem solved by A.A.Boichuk [1]. According to Lemma 1, the problem of �-
nding bounded solutions of a non-degenerate system of linear algebraic di�erence
equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn; (6)

here X0(k) � is a normal fundamental matrix,

K[f(j), ν0(j)](k) := K[F0(j, ν0(j))](k)

is the Green operator of the Cauchy problem for the system of di�erence-
algebraic equations (5). Note that, unlike the traditional system of linear di�erence
equations [1], the solution of the system of linear di�erence-algebraic equations
(5) subject to condition (2) depends on an arbitrary bounded vector function
ν0(k) ∈ Rρ0 ; and we set this function to be �xed at the beginning.
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Denote the matrix Q0 := `X0(·) ∈ Rυ×n, and also

PQ0 : Rn → N(Q0), PQ∗0 : Rυ → N(Q∗0)

are orthoprojection matrices [1]. Substituting the general solution (6) of the
Cauchy problem z(0) = c ∈ Rn of the inhomogeneous linear di�erence-algebraic
equation (5) into the boundary condition (5), we get the equation

Q0 c = α− `K[f(j), ν0(j)](·),

solvable if and only if

PQ∗0

{
α− `K[f(j), ν0(j)](·)

}
= 0; (7)

in this case, the solution z(k) of the linear Noetherian boundary value problem
(5) is determined by the vector

c = Q+
0

{
α− `K[f(j), ν0(j)](·)

}
+ PQrcr, cr ∈ Rr.

Here Q+
0 ∈ Rn×υ � is the Moore � Penrose pseudo-inverse matrix [1]; matrix

PQr ∈ Rn×r is composed of r linearly independent columns of the orthoprojection
matrix PQ0 ∈ Rn×n. Thus, the following lemma is proved.

Lemma 2. The problem of �nding bounded solutions of the system of linear

di�erence-algebraic equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn;

here X0(k) � is a normal fundamental matrix,

K[f(j)](k) := K[F0(j, ν0(j), ν0(j))](k)

� is the Green operator of the Cauchy problem for the system of di�erence-

algebraic equations (5). The problem of �nding bounded solutions of a linear

Noetherian (n 6= υ) boundary value problem for the system of linear di�erence-

algebraic equations (5) under conditions (2) and (7) has a solution

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ Rr;

here

Xr(k) := X0(k)PQr , k ∈ Ω := {0, 1, 2, ... , ω}

is a fundamental matrix of solutions of the homogeneous part of the problem (5)

and

G[f(j), ν0(j), α](k) := K[F0(j, ν0(j))](k) +X0(k)Q+
0

{
α− `K[f(j), ν0(j)](·)

}
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is the generalized Green operator of a linear Noetherian boundary value problem

for the system of linear di�erence-algebraic equations (5).

Example 2. Let's �nd the solution of the linear boundary problem for the

system of �rst order di�erence-algebraic equations

Az(k + 1) = B z(k) + f(k), z(0)− z(3) = α, k = 0, 1, 2, 3, (8)

where

A :=

 0 1 0 0
−1 0 0 1
0 0 −1 0

 , B :=

 0 1 0 0
1 0 0 1
0 0 1 0

 , f(k) =

 1
2
3

 ,

α :=
(

1 −3 3 −1
)∗
.

Since condition (2) is satis�ed, the system (8) has a solution of the form

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ R4;

here X0(k) � is the normal fundamental matrix given in Example 1. In this case,
the matrix A(k) � is rectangular, and ρ0 = 1 6= 0, therefore, the solution found
depends on an arbitrary bounded function; we set ν0(k) := 0. Since the matrix

Q0 = X0(0)−X0(3) =


1 0 0 0
0 0 0 0
0 0 2 0
0 0 0 1


is degenerate, for the boundary value problem (8) the critical case is true: PQ∗0 6= 0,
and the solvability condition (7) is ful�lled; here

PQ∗0 = PQ0 =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , PQr =


0
1
0
0

 .

The solution of the boundary value problem (8)

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ R1

determines the generalized Green operator of the boundary value problem (8)

G[f(j), ν0(j), α](k) = K[f(j), ν0(j)](k),

and also
Xr(k) := X0(k)PQr = PQr , k ∈ Ω := {0, 1, 2, 3}
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is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem. (8).

Following the traditional classi�cation of linear Noetherian boundary value
problems [1, 7], the case of PQ∗0 6= 0 is called critical; in this case, the existence
conditions and the form of the general solution of the problem of �nding bounded
solutions of the system of linear di�erence-algebraic equations (5) are determined
by the proved Lemma 2. The case PQ∗0 = 0 is said to be noncritical; in this case,
the existence conditions and the form of the general solution of the problem of
�nding bounded solutions of the system of linear di�erence-algebraic equations
(5) is determined by the following statement.

Corollary 1. The problem of �nding bounded solutions of the system of linear

di�erence-algebraic equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn;

here X0(k) � is a normal fundamental matrix,

K[f(j)](k) := K[F0(j, ν0(j), ν0(j))](k)

is the Green operator of the Cauchy problem for the system of di�erence-algebraic

equations (5). The problem of �nding bounded solutions of a linear Noetherian

(n 6= υ) boundary value problem for a system of linear di�erence-algebraic equati-

ons (5) in the non-critical PQ∗0 = 0 case, under condition (2) has a solution

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ Rr;

here

Xr(k) := X0(k)PQr , k ∈ Ω

is the fundamental matrix of solutions of the homogeneous part of the boundary

value problem (5) and

G[f(j), ν0(j), α](k) := K[F0(j, ν0(j))](k) +X0(k)Q+

{
α− `K[f(j), ν0(j)](·)

}
is the generalized Green operator of a linear Noetherian boundary value problem

for a system of linear di�erence-algebraic equations (5).

Example 3. Let's �nd the solution of a linear two-point problem for a system

of �rst-order di�erence-algebraic equations

Az(k + 1) = B z(k) + f(k), `z(·) = 0, k = 0, 1, 2, 3, (9)

where the matrixes A,B and the function f(k) are de�ned above in example 2.

Besides

`z(·) := M (z(0) + z(3)), M :=

 1 0 0 0
0 1 1 0
0 0 0 1

 .
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In this case, the matrix A(k) � is rectangular, with ρ0 = 1 6= 0, therefore the
solution found above in example 2 of the system of di�erence-algebraic equations
(9) depends on an arbitrary continuous function; we set ν0(k) := k. Since the
matrix

Q0 = M (X0(0) +X0(3)) =

 1 0 0 0
0 2 0 0
0 0 0 1


is of full rank, the noncritical case holds for the boundary value problem (9):
PQ∗0 6= 0. The Green operator of the Cauchy problem for a system of di�erence-
algebraic equations (9) has the form

K[f(j)](0) := 0, K[f(j)](1) =


−1
1
−3
2

 ,

K[f(j)](2) =


0
2
0
4

 , K[f(j)](3) =


0
3
−3
6

 .

Since for the boundary value problem (9) there is a noncritical case, then, accor-
ding to the corollary, the boundary value problem (9) is solvable. The decision of
a boundary value problem (9)

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ R1

is de�ned by the Green operator for the boundary value problem (9)

G[f(j), ν0(j), α](0) =


1
1
0
−3

 , G[f(j), ν0(j), α](1) =


1
2
−3
1

 ,

G[f(j), ν0(j), α](2) =


0
3
0
4

 , G[f(j), ν0(j), α](3) =


0
4
−3
6

 ,

And also

Xr(0) = −Xr(1) = Xr(2) = −Xr(3) =


0
0
1
0


is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (9).
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3. Reduction of a di�erence-algebraic boundary value problem

to a non-critical case

In the general case, namely, for an arbitrary real vector function

ν0(k) ∈ Rρ0

the solvability of the linear Noetherian boundary value problem for the system of
linear di�erence-algebraic equations (5) essentially depends on the choice of this
function. Set

ν0(k) := Ψ0(k)γ, γ ∈ Rθ;

here

Ψ0(k) ∈ Rρ0×θ

is an arbitrary real full rank matrix. The generalized Green operator of the Cauchy
problem for a system of linear di�erence-algebraic equations (5) can be represented
as

K

[
f(j), νp(j)

]
(k) = K

[
A+(j)f(j)

]
(k) +K

[
Ψ0(j)

]
(k) γ;

here

K

[
Ψ0(j)

]
(0) := 0, K

[
Ψ0(j)

]
(1) := PAρ0 (0)Ψ0(0),

K

[
Ψ0(j)

]
(2) := A+(1)B(1)K

[
Ψ0(j)

]
(1) + PAρ0 (1)Ψ0(1), ... ,

K

[
Ψ0(j)

]
(k + 1) := A+(k)B(k)K

[
Ψ0(j)

]
(k) + PAρ0 (k)Ψ0(k).

Denote the matrix

D0 :=

{
Q0 ; `K

[
Ψ0(j)

]
(·)
}
∈ Rυ×(ρ0+θ).

Substituting the general solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn

of the system of linear algebraic di�erence equations (5) into the boundary condi-
tion (5), we arrive at a linear algebraic equation

D0 č = α− `K
[
A+(j)f(j)

]
(·), č := col (cρ0 , γ) ∈ Rρ0+θ. (10)

Equation (10) is solvable if and only if

PD∗0

{
α− `K

[
A+(j)f(j)

]
(·)
}

= 0. (11)
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Here PD∗0 is the ortoprojector: R
υ → N(D∗). Under condition (11) and only with

it, the general solution of equation (10)

č = D+

{
α− `K

[
A+(j)f(j)

]
(·)
}

+ PD δ, δ ∈ Rρ0+θ

determines the general solution of the boundary value problem (5)

z(k, δ) =

{
X0(k);K

[
Ψ0(j)

]
(k)

}
D+

0

{
α− `K

[
A+(j)f(j)

]
(·)
}

+

+K

[
A+(j)f(j)

]
(k) +

{
X0(k);K

[
Ψ0(j)

]
(k)

}
PD0 δ, δ ∈ Rρ0+θ.

Here PD0 is the orthoprojection matrix: Rρ0+θ → N(D0). So the following theorem
has been proved.

Theorem. The problem of �nding bounded solutions of the system of linear

di�erence-algebraic equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn.

Under condition (11) and only with it, the general solution of the di�erence-

algebraic boundary value problem (5)

z(k, cr) = Xr(k)cr +G

[
f(j); Ψ0(j);α

]
(k), cr ∈ Rr

de�nes a generalized Green operator for a di�erence-algebraic boundary value

problem (5)

G

[
f(j); Ψ0(j);α

]
(k) := K

[
A+(j)f(j)

]
(k)+

+

{
X0(k);K

[
Ψ0(j)

]
(k)

}
D+

0

{
α− `K

[
A+(j)f(j)

]
(·)
}
.

The matrix Xr(k) is composed of r linearly independent columns of the matrix{
X0(k);K

[
Ψ0(j)

]
(k)

}
PD0 .

Under condition PD∗0 6= 0 we say that the di�erence-algebraic boundary value
problem (5) is a critical case, and vice versa: under condition PQ∗0 6= 0, PD∗0 = 0
we say that the di�erence-algebraic boundary value problem (5) is reduced to
the non-critical case. The latter de�nition is a generalization of the critical case
(PQ∗ = 0) for the Noetherian di�erence problem for the system obtained from
system (5) with A(k) ≡ In, for the case in which the generalized Green operator
of the Cauchy problem for di�erence-algebraic system (5) is dependent on an
arbitrary vector function ν0(k) ∈ Rρ0 .
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Corollary 2. Under condition (2) the general solution of the di�erence-

algebraic boundary value problem (5) is the folowing

z(k, cr) = Xr(k)cr +G

[
f(j); Ψ0(j);α

]
(k), cr ∈ Rr.

Example 3. Let's �nd the solution of the periodic boundary value problem

for the system of �rst order di�erence-algebraic equations

Az(k + 1) = B z(k) + f(k), z(0)− z(4) = 0, k = 0, 1, ... , 4, (12)

where

A :=

 1 0 0 0
0 1 0 0
0 0 1 0

 , B :=

 1 −1 1 0
0 −2 5 1
−2 −1 4 0

 , f(k) :=

 0

sin πk
2

0

 .

Since condition (2) is ful�lled, the system (12) has a solution of the form

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ R4;

here

X0(k) =



cos πk2 + sin πk
2

− sin πk
2

sin πk
2

0

cos πk
2

+ 3 sin πk
2
− 3k cos πk

2
− 2 sin πk

2
2 sin πk

2
− cos πk

2
+ 3k 0

cos πk
2

+ sin πk
2
− 3k − sin πk

2
sin πk

2
0

0 0 0 0


is a fundamental matrix. Since the matrix

Q0 = X0(0)−X0(4) =


0 0 0 0
80 0 −80 0
80 0 −80 0
0 0 0 0


is degenerate, for the boundary value problem (12) the critical case is true:

PQ∗0 =
1

2


2 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 2

 6= 0.
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In this case the matrix A(k) � is rectangular and

PA =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 , PAρ0 =


0
0
0
1

 6= 0,

therefore, the desired solution depends on an arbitrary bounded function. We
assume that

Ψ(t) :=
(

1 sin πk
2

cos πk
2

)
,

and also

D0 =


0 0 0 0 1 1 0
80 0 −80 0 2 2 2
80 0 −80 0 1 1 0
0 0 0 0 −1 0 −1

 .

Since condition

PQ∗0 6= 0, PD∗0 = 0,

is satis�ed, the algebraic boundary value problem (12) is reduced to the non-
critical case, therefore, according to corollary 2, the boundary value problem (12)
is solvable. The solution of the boundary value problem

z(k, cr) = Xr(k)cr +G

[
f(j); Ψ0(j);α

]
(k), cr ∈ R2

is determined by

Xr(k) =



cos πk
2

+ 2 sin πk
2

−2 sin πk
2

5 sin πk
2

2 cos πk
2
− 2 sin πk

2

cos πk
2

+ 2 sin πk
2

−2 sin πk
2

0 0


the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (12), as well as

G[f(j),Ψ0(j), α](0) = G[f(j),Ψ0(j), α](1) = G[f(j),Ψ0(j), α](4) = 0,

G[f(j),Ψ0(j), α](2) =


0
1
0
0

 , G[f(j),Ψ0(j), α](3) =


−1
−2
−1
2


the Green operator of a boundary value problem (12).
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The results obtained, similarly [1, 2, 9, 10, 11, 12] can be used in the theory of
nonlinear Noetherian boundary value problems for systems of di�erence-algebraic
equations. In the case of insolvability, the di�erence-algebraic boundary value
problems can be regularized analogically to [13, 14, 15]. In addition, the results
obtained similarly to [16] can be used in the theory of stability for systems of
di�erence equations.
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Luzin and F.R. Gantmacher. Systematic study of di�erential-algebraic boundary value
problems is devoted to the work of S. Campbell, Yu.E. Boyarintsev, V.F. Chistyakov,
A.M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A. Boichuk, A. Ilchmann and T.
Reis. The study of the di�erential-algebraic boundary value problems is associated wi-
th numerous applications of such problems in the theory of nonlinear oscillations, in
mechanics, biology, radio engineering, theory of control, theory of motion stability. At
the same time, the study of di�erential algebraic boundary value problems is closely
related to the study of boundary value problems for di�erence equations, initiated in A.A.
Markov, S.N. Bernstein, Ya.S. Besikovich, A.O. Gelfond, S.L. Sobolev, V.S. Ryaben'kii,
V.B. Demidovich, A. Halanay, G.I. Marchuk, A.A. Samarskii, Yu.A. Mitropolsky, D.I.
Martynyuk, G.M. Vayniko, A.M. Samoilenko, O.A. Boichuk and O.M. Stanzhitsky. Study
of nonlinear singularly perturbed boundary value problems for di�erence equations in
partial di�erences is devoted to the work of V.P. Anosov, L.S. Frank, P.E. Sobolevskii,
A.L. Skubachevskii and A. Asheraliev. Consequently, the actual problem is the transfer
of the results obtained in the articles by S. Campbell, A.M. Samoilenko and O.A. Boi-
chuk on linear boundary value problems for di�erence-algebraic equations, in particular
�nding the necessary and su�cient conditions for the existence of the desired soluti-
ons, and also the construction of the Green's operator of the Cauchy problem and the
generalized Green operator of a linear boundary value problem for a di�erence-algebraic
equation. The solvability conditions are found in the paper, as well as the construction of
a generalized Green operator for the Cauchy problem for a di�erence-algebraic system.
The solvability conditions are found, as well as the construction of a generalized Green
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operator for a linear Noetherian di�erence-algebraic boundary value problem. An origi-
nal classi�cation of critical and noncritical cases for linear di�erence-algebraic boundary
value problems is proposed.
Keywords: boundary-value problems; di�erence-algebraic equations; pseudoinverse matri-
ces.

×óéêîC.Ì., Êàëiíi÷åíêîß.Â., ÏîïîâÌ.Â. Êðàéîâi çàäà÷i äëÿ ñèñòåì íå-

âèðîäæåíèõ ðiçíèöåâî-àëãåáðà¨÷íèõ ðiâíÿíü. Äîñëiäæåííÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ çàïî÷àòêîâàíå ó ðîáîòàõ Ê. Âåé¹ðøòðàññà, Ì.Ì. Ëó-
çiíà òà Ô.Ð. Ãàíòìàõåðà. Ñèñòåìàòè÷íîìó âèâ÷åííþ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
êðàéîâèõ çàäà÷ ïðèñâÿ÷åíi ðîáîòè Ñ. Êåìïáåëëà, Þ.�. Áîÿðèíöåâà, Â.Ô. ×èñòÿ-
êîâà, À.Ì. Ñàìîéëåíêà, Ì.Î. Ïåðåñòþêà, Â.Ï. ßêîâöÿ, Î.À. Áîé÷óêà, À. Ië÷ìàííà
òà Ò. Ðåéñà. Âèâ÷åííÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ ïîâ'ÿçàíå ç ÷è-
ñëåííèìè çàñòîñóâàííÿìè òàêèõ çàäà÷ ó òåîði¨ íåëiíiéíèõ êîëèâàíü, ó ìåõàíiöi, áiî-
ëîãi¨, ðàäiîòåõíiöi, òåîði¨ êåðóâàííÿ, òåîði¨ ñòiéêîñòi ðóõó. Â òîé æå ÷àñ äîñëiäæåííÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ òiñíî ïîâ'ÿçàíå ç äîñëiäæåííÿì êðà-
éîâèõ çàäà÷ äëÿ ðiçíèöåâèõ ðiâíÿíü, çàïî÷àòêîâàíèì ó ðîáîòàõ À.À. Ìàðêîâà, Ñ.Í.
Áåðíøòåéíà, ß.Ñ. Áåçèêîâè÷à, Î.Î. Ãîëüôîíäà, Ñ.Ë. Ñîáîë¹âà, Â.Ñ. Ðÿáåíüêîãî,
Â.Á. Äåìiäîâè÷à, À. Õàëàíàÿ, Ã.I. Ìàð÷óêà, Î.À. Ñàìàðñüêîãî, Þ.Î. Ìèòðîïîëü-
ñüêîãî, Ä.I. Ìàðòèíþêà, Ã.Ì. Âàéíiêî, À.Ì. Ñàìîéëåíêà, Î.À. Áîé÷óêà òà Î.Ì.
Ñòàíæèöüêîãî. Äîñëiäæåííþ íåëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ êðàéîâèõ çàäà÷ äëÿ
ðiçíèöåâèõ ðiâíÿíü ó ÷àñòèííèõ ðiçíèöÿõ ïðèñâÿ÷åíi ðîáîòè Â.Ï. Àíîñîâà, Ë.Ñ.
Ôðàíêà, Ï.�. Ñîáîë¹âñüêîãî, Î.Ë. Ñêóáà÷åâñüêîãî òà À. Àøåðàëi¹âà. Îòæå, àêòóàëü-
íîþ ïðîáëåìîþ ¹ ïåðåíåñåííÿ ðåçóëüòàòiâ, îòðèìàíèõ ó ñòàòòÿõ Ñ. Êåìïáåëëà, À.Ì.
Ñàìîéëåíêà òà Î.À. Áîé÷óêà íà ëiíiéíi êðàéîâi çàäà÷i äëÿ ðiçíèöåâî-àëãåáðà¨÷íèõ
ðiâíÿíü, çîêðåìà, çíàõîäæåííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ øóêàíèõ
ðîçâ'ÿçêiâ, à òàêîæ, êîíñòðóêöi¨ îïåðàòîðà Ãðiíà çàäà÷i Êîøi òà óçàãàëüíåíîãî îïå-
ðàòîðà Ãðiíà ëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ ðiçíèöåâî-àëãåáðà¨÷íîãî ðiâíÿííÿ. Ó ñòàò-
òi çíàéäåíî óìîâè ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãði-
íà çàäà÷i Êîøi äëÿ ðiçíèöåâî-àëãåáðà¨÷íî¨ ñèñòåìè. Çíàéäåíî óìîâè ðîçâ'ÿçíîñòi, à
òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà äëÿ ëiíiéíî¨ íåòåðîâî¨ ðiçíèöåâî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i. Çàïðîïîíîâàíî îðèãiíàëüíó êëàñèôiêàöiþ êðèòè÷íèõ
i íåêðèòè÷íèõ âèïàäêiâ äëÿ ëiíiéíèõ ðiçíèöåâî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷.
Êëþ÷îâi ñëîâà: êðàéîâi çàäà÷i; ðiçíèöåâî-àëãåáðà¨÷íi ðiâíÿííÿ; ïñåâäîîáåðíåíà ìà-
òðèöÿ.
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Sedimentation of the aggregating particles of di�erent technical suspensions,
blood and nano�uids in the gravity is investigated. The dependence of the sedi-
mentation rate on the angle of inclination is considered. The two phase model
of the aggregating particles is generalized to the inclined tubes. In the suggesti-
on of small angles of inclination the equations are averaged over the transverse
coordinate and the obtained hyperbolic system of equations is solved by the
method of characteristics. Based on the results, a novel method of estimation
of the suspension stability is proposed.
Keywords: Boycott e�ect; suspension; aggregation; sedimentation; medical di-
agnostics.

Áàðàíåöü Â.Î., Êiçiëîâà Í.Ì. Ìàòåìàòè÷íå ìîäåëþâàííÿ àãðåãàöi¨

òà îñiäàííÿ ÷àñòèíîê â ïîõèëèõ òðóáêàõ. Äîñëiäæó¹òüñÿ îñiäàííÿ
àãðåãóþ÷èõ ÷àñòèíîê ðiçíèõ òåõíi÷íèõ ñóñïåíçié, êðîâi i íàíîðiäèí â óìî-
âàõ ñèëè òÿæiííÿ. Ðîçãëÿäà¹òüñÿ çàëåæíiñòü øâèäêîñòi îñiäàííÿ âiä êóòà
íàõèëó. Äâîôàçíà ìîäåëü àãðåãóþ÷èõ ÷àñòèíîê óçàãàëüíåíà äëÿ âèïàäêó
ïîõèëèõ òðóáîê. Ó ïðèïóùåííi ìàëèõ êóòiâ íàõèëó ðiâíÿííÿ óñåðåäíþþ-
òüñÿ ïî ïîïåðå÷íié êîîðäèíàòi, à îòðèìàíà ãiïåðáîëi÷íà ñèñòåìà ðiâíÿíü
ðîçâ'ÿçó¹òüñÿ ìåòîäîì õàðàêòåðèñòèê. Íà îñíîâi îòðèìàíèõ ðåçóëüòàòiâ çà-
ïðîïîíîâàíî íîâèé ìåòîä îöiíêè ñòiéêîñòi ñóñïåíçi¨.
Êëþ÷îâi ñëîâà: åôåêò Áîéêîòòà; ñóñïåíçiÿ; àãðåãàöiÿ; ñåäèìåíòàöiÿ; ìåäè-
÷íà äiàãíîñòèêà.

Áàðàíåö Â.À., Êèçèëîâà Í.Í. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå àãðå-

ãàöèè è îñåäàíèÿ ÷àñòèö â íàêëîííûõ òðóáêàõ. Èññëåäóåòñÿ îñåäà-
íèå àãðåãèðóþùèõ ÷àñòèö ðàçëè÷íûõ òåõíè÷åñêèõ ñóñïåíçèé, êðîâè è íà-
íîæèäêîñòåé â óñëîâèÿõ ñèëû òÿæåñòè. Ðàññìàòðèâàåòñÿ çàâèñèìîñòü ñêî-
ðîñòè îñåäàíèÿ îò óãëà íàêëîíà. Äâóõôàçíàÿ ìîäåëü àãðåãèðóþùèõ ÷àñòèö
îáîáùåíà äëÿ ñëó÷àÿ íàêëîííûõ òðóáîê. Ïðè ïðåäëîæåíèè ìàëûõ óãëîâ
íàêëîíà óðàâíåíèÿ óñðåäíÿþòñÿ ïî ïîïåðå÷íîé êîîðäèíàòå, à ïîëó÷åííàÿ
ãèïåðáîëè÷åñêàÿ ñèñòåìà óðàâíåíèé ðåøàåòñÿ ìåòîäîì õàðàêòåðèñòèê. Íà
îñíîâàíèè ïîëó÷åííûõ ðåçóëüòàòîâ ïðåäëîæåí íîâûé ìåòîä îöåíêè óñòîé-
÷èâîñòè ñóñïåíçèè.
Êëþ÷åâûå ñëîâà: ýôôåêò Áîéêîòòà; ñóñïåíçèÿ; àãðåãàöèÿ; ñåäèìåíòàöèÿ;
ìåäèöèíñêàÿ äèàãíîñòèêà.
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1. Introduction

In�uence of inclination of the vessel in which a suspension of particles sedi-
ments in the gravity �eld was �rst discovered by Arthur Boycotte in 1920 on the
red blood cell (RBC) sedimentation in thin long vertical tubes [1], and now it
is known as the Boycotte e�ect. On that time the RBC sedimentation test was
recognized as the most powerful medical diagnostic means on general pathology,
and many researchers were seeking for more bene�t test conditions, including the
usage of the inclined tubes. This sedimentation technique is also widely used for
the waste water cleaning, drinking water puri�cation, treatment of mixtures in
industry and manufacture, and the high reservoirs or deep wells are needed for
the successful processing. The settling of particles in the high containers is limited
by its width, and tilting of the reservoir or well increases the e�cient area of sedi-
mentation, decreases the distance that each particle must travel before impacting
a wall, and, therefore, enhances the sedimentation rate in orders of magnitude [2].

The Boycotte e�ect is used in the oil industry because at certain inclination
angles (40-50)o of the tube the clearest separation of the suspension for oil-well
cementation is observed [3]. The e�ect is also used for mixing of the granular
matters [4]. It may be responsible for speci�c sediment distribution along incli-
ned ocean bottom at the water strati�cation conditions [5], and for the pattern
formation at the inclined surfaces of the sand-dunes [2]. All suspensions settle
faster in the inclined vessels and exhibit clear separation of the layers of di�erent
optical density, but the problem on determination of the optimal angels remains
still unsolved.

2. Review of theoretical and experimental data

Experimental studies of the Boycott e�ect on suspensions containing light and
heavy particles with concentrations Cl, Ch in inclined channels revealed a signi�-
cant in�uence of the inclination angle on the particle separation along the inclined
wall and the lateral �ngering phenomena [6]. For each set of the concentrations
{Cl, Ch} there was an optimal inclination angle ö* when the separation was the
clearest and at the bigger angles ö〉ö* it was blocked. The dependence ö*( Cl, Ch)
was found quite complex.

A complex dependence of the RBC sedimentation rate h on the tilt angle è has
been demonstrated in numerous experimental studies. The value h is measured
as the height of clear serum in the top part of the sedimentation tube (Fig.1a,b).
The experiments on the RBC suspensions with concentrations C = (10 − 50)%
and the tilt angles u = (0− 80)o revealed the approximation of the sedimentation
curves in the form h (t) = a (1− exp (−bt)), where a (θ) is an increasing function,
b (θ) = k sin (θ), k ≈ const [7].

Based on the continuum mechanics approach, it was shown [8] that the sedi-
mentation rate in the rectangle tank is determined by the Reynolds number Re
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and the parameter Λ which is the ratio of the sedimentation Grashof number to
Re:

Re =
ρfHu0
µf

, Λ =
(ρs − ρf )H2gC0

u0µf
, (1)

where ρs and ρf are densities of the solid and �uid materials, µf is the �uid
viscosity, C0 is the concentration of the particles, g is the acceleration of gravity,
u0 is the characteristic sedimentation rate of a single particle with diameter a in
the �uid, that can be estimated by the Stokes formula [9]

u0 =
2 (ρs − ρf ) a2g

9µf
. (2)

Using (2), (1) can be rewritten as

Re =
2ρf (ρs − ρf )Ha2g

9µ2f
, Λ =

9C0

2

(
H

a

)2

. (3)

At low Re numbers the values Λ are high, and in the limit Λ→∞ the rate
Q of the clear solvent production (layer I in Fig.1a,b) can be described by the
kinematic Ponder-Nakamura-Kuroda (PNK) formula [10, 11]

Q = u0f (C)B (cos (θ) + tan (θ)H/B), (4)

where the function f (C) depends on the particle size, shape, material, surface
charge and other properties.

a b
Fig.1. A sketch of the particle sedimentation in the inclined tube

for the non-aggregating (a) and aggregating (b) particles.
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As one can see from (3), the approach (4) is acceptable when

H � a

√
2

9C0
, (5)

that gives for the RBC with a = 5 · 10−6m, C0 = (35− 48)% the unrealistic esti-
mations H ∼ (3.5− 4) · 106m. Besides, the good correspondence of the PNK
formula (4) to the experiments has been proven at low concentrations C0 ≤ 0.1
only [2].

The continuum mechanics approach based on the two phase theory was appli-
ed to the sedimentation in the inclined vessels in the case of the inviscid [12]
and viscous �uid [13]� [15]. Based on these studies, the division into three sedi-
mentation zones (clear �uid (I), suspension (II), and sediment (III), Fig.1a) has
been proposed. The boundary layer approach has been used to determine the
velocity pro�les in the zonez I-III [8]. In the case of the non-aggregating hard
spheres the mixture theory gave the following formulae [8]:

δ =

(
2a2U tan (θy)

3C0u0

)1/3

, V =
9δ2C0 u0 cos (θ)

2a2

(
x

δ
− x2

2δ2

)
, (6)

where U is the sedimentation rate of the same suspension in the vertical tube.

The experimental studies on the non-aggregating RBC revealed that the layer
I begins to be formed after t=8 and 1.8 min at the tilt angles θ = 10◦ and θ = 40◦

accordingly [16]. The width δA and the velocity VA measured at the level of the
point A (Fig.1a) demonstrated a good agreement with those computed on (6).

Recently the inclined channel technology has been used in the micro�uidic
applications for blood separation using the centrifugal and Coriolis forces with
Zweifach-Fung e�ect [17, 18]. In this design the RBC are pushed to the bottom
of the curved channel due to the e�ect of centrifugal and Coriolis forces and then
are collected through the bottom channel due to ZP e�ect, and the blood plasma
is collected from the top of the channel.

Therefore, the RBC sedimentation in the inclines vessels is a promisi-
ng technology for biology, medicine, micro�uidic and nanotechnologies, while
theoretical description of the system dynamics is con�ned by non-aggregating
suspensions with low concentrations C0 < 0.1, low Reynolds numbers Re〈1 and
unrealistic high vessels. The dynamics of the ensembles of aggregating particles
has been recently studied by Lattice Boltzmann simulations [19]. The results of
the study con�rmed the existence of global convection motion of the particles and
their aggregates that tend to enhance the sedimentation process. It was found,
that smaller intermittent vortices, formed from the wakes of groups of settling
particles, play an important role in the sedimentation process and the resulting
distribution of the particles.

In this paper the continual mechanics approach is used for the sedimentation
of the concentrated suspensions of the aggregating particles. It will be shown, the
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settling dynamics in the incline tubes is more complex and the additional sublayers
of the sedimenting single particles (IIa), their aggregates (IIb) and the porous
viscoelastic layer (IIc) (Fig.1b) will appear during the sedimentation similar to
the vertical tube case [20].

3. Problem formulation.

The steady sedimentation of particles in the narrow channel of the width R
and the length L (R/L� 1), inclined at the angle θ is considered. The channel
corresponds to the gap between the walls of the rotation viscosimeter of the cone-
cone type or a rectangle vessel with the depth D � R. The two phase approach to
the suspension of the aggregating particles is used [20, 21]. Neglecting the inertia
forces as compared with the viscous forces, the equations of the quasi-steady
motion can be written in the form

∂N

∂t
+

∂

∂x
Nu1x +

∂

∂y
Nu1y = ϕ, (7)

∂H

∂t
+

∂

∂x
Hu1x +

∂

∂y
Hu1y = 0, (8)

∂

∂x

[
Hu1x + (1−H)u2x

]
+

∂

∂y

[
Hu1y + (1−H)u2y

]
= 0, (9)

H
∂p

∂y
= −F

(
u1y − u2y

)
+HρsG cos(θ), (10)

(1−H)
∂p

∂y
= F

(
u1y − u2y

)
+ (1−H) ρfG cos(θ), (11)

H
∂p

∂x
= −F

(
u1x − u2x

)
HρsG sin(θ), (12)

(1−H)
∂p

∂x
= F

(
u1x − u2x

)
+ (1−H)ρfG sin(θ), (13)

where (u1x, u
1
y) and (u

2
x, u

2
y) are components of the velocity vectors for the parti-

cles (phase 1) and �uid (phase 2), (0xy) is the Cartesian coordinate system
connected with the ρs, ρf are densities of the solid and �uid materials, p is the
hydrostatic pressure, H and N are the mass and numerical concentrations of the
particles, F is the phenomenological coe�cient for the viscous drag forces acting
on the particle from the viscous �uid, ϕ the aggregation rate, G is the mass force
that can be chosen as G = ng, n is the magni�cation factor when the sedimentati-
on is carried out in a centrifuge [21].

The equation (7) describes the kinetics of the particle aggregation due to
the collisions, decompositions or exchange interactions [20]. The mass continuity
conditions for the phases (8), (9) and the projections of the momentum equations
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for the phases on the axis coordinate (10)-(13) give the system of PDE for the
velocities, pressures and numerical concentration of the aggregates. The same
model in one-dimensional formulation has been used for the RBC sedimentation
modeling in the vertical tubes, in thin gaps between the walls of the rotational
viscosimeter of the cylinder-cylinder type [22] and in the centrifugal force �eld [23].
In the two-dimensional formulation it has been applied to the RBC sedimentation
in the circular tubes in the external magnetic �eld [24]. The system (7)-(13) can
be solved by numerical methods, but in order to derive more convenient half-
analytical estimations, in this paper a simpli�ed one-dimensional model will be
obtained by averaging of the equations (7)-(13) over the transverse coordinate x.

4. One-dimensional approximation for small inclination angles.

Based on the dimension theory, the expressions for Fand ϕ have been found
in the form [20], [22] � [24]:

F = µfH (1−H)−2,5w−2/3, ϕ = −kH2w−2, (14)

where w = H/N is the average volume of the aggregates, k is the empirical
constant that determines the aggregate formation.

By excluding pressure in (10)-(13) and using the impermeability condition at
the bottom of the tube x = L, one can obtain

u1x = −Θ(H) sin(θ), u1y = Θ(H) cos(θ),

u2x =
HΘ(H)ngδρ sin(θ)

(1−H)F
, u2y = −HΘ(H)ngδρ cos(θ)

(1−H)F
,

(15)

where Θ(H) = H(1−H)2δρG/F (H), δρ = ρs − ρf .
When θ = 0 (15) coincide with the corresponding expressions for the non-

uniform centrifugal force �eld ng(x) = ax+ b acting on the blood cells in vertical
tubes [23]. When θ = 0 and n = 1 (15) coincides with the expressions for the
gravitational blood sedimentation computed in [21, 22].

Let us assume, the aggregation at the expense of the lateral motion of the
particles is essential if during the time T of the particle sedimentation along the
distance L their radial displacement δ will be of the order of magnitude of R.
Since δ ≈

∣∣u1x∣∣T, T ≈ L/ ∣∣u1y∣∣, this condition accounting for (15) can be written
as

δ

R
≈
L
∣∣u1x∣∣

R
∣∣u1y∣∣ =

L

R
tan (θ) . (16)

Let us consider δ/R as a non-dimensional parameter characterizing the
aggregation due to the lateral motion towards the inclined lower wall of the vessel.
Since it will result in the faster approaching and aggregation of the particles, this
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parameter must be accounted for in the expression for the aggregation rate (14)
in the form [24]

ϕ = −kN2w−2 (1 +O (δ/R)). (17)

For instance, in [23] the following estimation has been used:

ϕ = −kN
2

w2

(
1− 2

δ

R
+
δ2

R2

)−1
. (18)

As it is follows from (16), the second order term in (18) can be neglected for
su�ciently small inclination angles. For instance, in for the laboratory viscosi-
meters for blood testing the values L/R ∼ (1.7− 2.5) so at the angles θ < 10◦

the simplifying approach δ/R� 1 is valid and ϕ = −kN2(1 + 2δ)/w−2 can be
accepted.

For the averaging purposes let us introduce the following designations:
x ∈ [0;xs], where xs is the coordinate of the interface between the layers I and
IIa (Fig.1b)

N(t, x, y) =

{
N (t, y) , x ≤ xs
0, xs < x ≤ s ,

H(t, x, y) =

{
H(t, y), x ≤ xs
0, xs < x ≤ s

(19)

where s is the width or the area occupied by the particles and aggregates (Fig.1b).

According to (15) the interface x = xs between the zones I and IIa moves with
the speed

Ux = u1x

∣∣∣x=xs = H (1−H)2 gδρ sinαF−1 . (20)

The averaged values will be introduced in the form

〈f〉 =
1

xs

xs∫
0

fdx. (21)

Then the system (7)-(13) can be written as

∂

∂t
〈N〉+

∂

∂y
〈N〉

〈
u1y
〉

+ k 〈N〉2 ∆ (xs, y) =
1

xs

∂xs
∂t

(N (t, xs, y)− 〈N〉) +

+

{
1

xs

∂xs
∂y

(
N (t, xs, y)u1y (t, xs, y)− 〈N〉

〈
u1y
〉)}
−

− 1

xs
N (t, xs, y)u1x (t, xs, y) ,

(22)
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∂

∂t
〈H〉+

∂

∂y
〈H〉

〈
u1y
〉

=

=

{
1

xs

∂xs
∂y

(
H (t, xs, y)u1y (t, xs, y)− 〈H〉

〈
u1y
〉)}
−

− 1

xs
H (t, xs, y)u1x (t, xs, y)− 1

xs

∂xs
∂t

(〈H〉 −H (t, xs, y)) ,

(23)

∂

∂t

[
〈H〉

〈
u1y
〉

+ (1− 〈H〉)
〈
u2y
〉]

=

=

{
1

xs

∂xs
∂y

(
H (t, xs, y)u1y (t, xs, y)− 〈H〉

〈
u1y
〉)}

+

+ (1−H (t, xs, y))u2y − (1− 〈H〉)
〈
u2y
〉
−

− 1

xs

[
H (t, xs, y)u1x (t, xs, y) + (1−H (t, xs, y))u2x (t, xs, y)

]
,

(24)

〈H〉 ∂
∂y
〈p〉+ F (〈H〉 , 〈N〉)

(〈
u1y
〉
−
〈
u2v
〉)

+ ρsg cos (θ) 〈H〉 =

=

{
1

xs

∂xs
∂y

(H (t, xs, y) p (t, xs, y)− 〈H〉 〈p〉)
}
,

(25)

(1− 〈H〉) ∂

∂y
〈p〉 − F (〈H〉 , 〈N〉)

(〈
u1y − u2y

〉)
+ ρfg cos (θ) (1− 〈H〉) =

=

{
1

xs

∂xs
∂y

((1− 〈H〉) 〈p〉 − (1−H (t, xs, y)) p (t, xs, y))

}
,

(26)

where ∆ (xs, y) =
1

xs

xs∫
0

(
1 +O

(
δ

R

))
xdx.

The system could be signi�cantly simpli�ed when ∂xs/∂y = 0. Since in the
general case ∂xs/∂y 6= 0, let us estimate the terms in the right hand sides of (22)-
(26). In the zones I and II we have the following expressions:

∂p

∂x
= [H (t, xs, y) ρS + (1−H (t, xs, y) ρf )] g sin (θ) (0 ≤ x ≤ xs)

∂p

∂x
= ρfg sin (θ) (xs < x ≤ R) .

(27)
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|〈p〉 − p (t, xs, y)| = (H (t, xs, y) ρs + (1−H (t, xs, y)) ρf ) g sinαx. (28)

Then at the conditions R/L� 1, H0 < 1 we can obtain from (15), (26), (27)
the following estimations:

|〈p〉 − p (t, xs, y)|
ρsg |cosα| 〈H〉

� 1;

∣∣〈u1y〉− u1y (t, xs, y)
∣∣

u1y
� 1. (29)

In this case the terms in the curly brackets in (22)-(26) can be neglected
and the governing equations for the averaged variables N (t, xs, y) = 〈N〉,
H (t, xs, y) = 〈H〉 can be written in the form (the averaging signs are omitted):

∂N

∂t
+

∂

∂y
Nu1y = −kN2∆− NH (1−H)2 δρ ng sin (θ)

Fxs
,

∂H

∂t
+

∂

∂y
Hu1y = −H

2 (1−H)2 δρ ng sin (θ)

Fxs
,

∂

∂y

[
Hu1y + (1−H)u2y

]
= 0,

H
∂p

∂y
+ F

(
u1y − u2y

)
+ ρsngH cos (θ) = 0,

(1−H)
∂p

∂y
− F

(
u1y − u2y

)
+ ρfng (1−H) cos (θ) = 0.

(30)

When θ = 0 the system (30) coincides with the corresponding systems in [20,
21]. The second term in the right hand side of the �rst equation in (30) is responsi-
ble for additional aggregation of the particles due to the transversal displacements.
In [24] the additional term responsible for the additional aggregation induced by
the applied magnetic �eld was computed as 2MδχNH (1−H)2 F−1xs , where δχ
is the di�erence of the magnetic susceptibilities of the particles and �uid, M is
the non-dimensional intensity of the ponderomotive force.

With the non-dimensional variables

Y =
y

L
, T =

t

T ∗
, T ∗ =

L

u0
, u0 =

ngδρw
2/3
0

µf
,W =

w

w0
, U1

y =
u1y
u0
, K =

kL

u0w0

where T ∗ is the characteristic time, w0 is the volume of a single particle, the
equations for the concentration and volume of the aggregates are the following
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∂W

∂T
+ U1

y

∂W

∂Y
= KH∆,

∂H

∂T
+

∂

∂Y
HU1

y = −H (1−H)4,5W 2/3 sin (θ)

Lxs
,

U1
y (H,W, Y ) = − (1−H)4,5W 2/3 cos (θ) .

(31)

The boundary conditions for the variables are

C (0, Y ) = C0, W (0, Y ) = 1, U1 (T, L) = 0. (32)

The system (31) is hyperbolic [20, 21] and can be written in the matrix form

= ∂
∂T

(
W
H

)
+

 U1
y 0

H
∂U1

y

∂W
U1
y

(
1 +

H

U1
y

∂U1
y

∂H

) ∂

∂Y

(
W
H

)
=

=

 KH∆

−H
∂U1

y

∂Y
− H (1−H)4,5W 2/3sin (θ)

Lxs

 ,

where = is the unit matrix
Its characteristic values are

λ1 = U1
y , λ2 = U1

y

(
1 +

H

U1
y

∂U1
y

∂H

)
.

The characteristic equations are

(I)
dY

dT
= − (1−H)4,5W 2/3 cos (θ), (33)

(II)
dY

dT
= A (1− 5.5H) cos (θ). (34)

where A = (1−H)3,5W 2/3.
The conditions at the characteristics are

(I)
dW

dT
= −KH∆, (35)

(II)
dW

dT
= −

(
1

2
+

1

2 (2H − 1)A cosα

)
dH

dT
+
H (1−H)A sin (θ)

Lxs
− 1. (36)

The characteristics of the family (I) have a positive slope, while the family (II)
in the physiological range have negative slope. Solution of the one-dimensional
problem (31)-(32) can be obtained on (33)-(36) by the method of characteristics.
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5. Two-dimensional formulation for arbitrary inclination angles.

In the case of arbitrary �nite inclination angle the hyperbolic system of two-
dimensional equations for and can be obtained from (7)-(8). Supposing the conti-
nuity of ∂p/∂x and ∂p/∂y, the system can be written in the form

∂w

∂t
+ u1x

∂w

∂x
+ u1y

∂w

∂y
= kH, (37)

∂H

∂t
+ u1x

∂H

∂x
+
(
u1y + 2HΘ′ sin(θ)

) ∂H
∂y

= 0. (38)

This hyperbolic system can be solved by the two-dimensional analogy of the
method of characteristics. All the expressions for the bicharacteristics and condi-
tions on them can be obtained on the formulae in [24] by substitution of sin(θ)
and cos(θ) instead of the magnetic �eld components ψr and ψx. Then the pressure
can be determined from the expressions obtained from (10)-(13)

∂p

∂x
= (Hρs + (1−H)ρf )G sin(θ), (39)

with the boundary conditions

∂p

∂y
= (Hρs + (1−H)ρf )G cos(θ). (40)

where patm is the atmospheric pressure. Solution of the two-dimensional aggregati-
ng particle sedimentation problem (7)-(13) can also be found by the particle
dynamics method [25].

6. Numerical results and discussion.

Like in the case of the vertical tube [20, 21], the families of characteristics (I)
and (II) have positive and negative slopes accordingly. The family (I) corresponds
to the interface between the zones II and III, while the family (II) describes the
movement of the interface between the zones I and II moving with the correspondi-
ng velocity (20). Numerical computations on (33)-(36) have been carried out using
the typical parameters for human blood [20, 21]

H0 = 0.35÷ 0.5µf = (1.1÷ 1.7) · 10−3Pa · s, G = g, ρf = 1030÷ 1080 kg/m3,

ρs = 1050÷ 1150 kg/m3, L = 5 cm, R = 2mm, k = 10−5 ÷ 10−2m3s−1.

The numerical procedure is described in details in [20, 21]. The example of the
interface of the software is given in Fig.2. The region con�ned by the characteri-
stics of di�erent families started at the ends of the tube Y = 0 and Y = 1
corresponds to the zone II (Fig.1a). Note the longitudinal coordinate axis in Fig.2
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Fig.2. An example of the interface of the software and the zone distribution
in the inclined tube: I is the clear �uid zone, II is the zone of sedimenting

. aggregates, III is the compact zone.

is located in the inverse direction comparatively to the axis in Fig.1. The results
of numerical computations are presented in Fig.3-4.

When the applied force increases (n=1,2,3,. . . ), the particles settles faster
(Fig.3a). Similar dependence is observed for the suspensions with increasing initial
concentration (Fig.3b), aggregation rate (Fig.3c) and small increase in the incli-
nation angle (Fig.3d). The increased external force uniformly accelerates particle
sedimentation along the tube and the locations of the interfaces between I and
II, II and III changes in a similar way (Fig.3a). When the initial concentration
increases, the changes are more noticeable for the I-II interface (Fig.3b). It may
be caused by lower viscosities of the suspension at the upper part of the tube that
produces lower Stokes forces acting on the surface of the more freely sedimenting
aggregates. In the lower part of the zone II the aggregates of the same volume are
surrounded my more concentrated suspension with higher viscosity that produced
higher Stokes forces hampering the settling of the aggregates towards the m zone
of the sediment III. When particle aggregation rate increases, the changes are
more noticeable at the II-III interface (Fig.3c) because in the region with higher
concentration the compact zone formation will be very fast. Small increase in the
inclination angle signi�cantly accelerates the zone I formation (Fig.3d) because of
the decrease of the length the particles move before reaching the lower wall of the
inclined tube. When the inclination angle becomes bigger than some critical angle
θ∗, the sedimentation decelerates. In the case of material parameters used in the
computation results presented in Fig.3d θ∗ ∼ 8◦. The behavior of the particles
in the case is similar to those for the granular materials on the inclined surfaces.
The inclination shorten the distance each particle must move the reach the lower
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inclined wall that accelerates the sedimentation. When a particle approach the
interface II-III and can not longer sediment, it can slide over the interface due to
the force ∼ ng cos(θ) that decreases with increasing the angle. The ability of the
settled particle to slide is also con�ned by the interaction between the neighboring
particles that can lead to their aggregation and by higher shear drag for sliding in
the concentrated suspension that those in the clear �uid. The increase in the �uid
viscosity decelerates the sedimentation but the properties of the particle dynamics
remain similar to those presented in Fig.3a-d that con�rms physical relevance of
the computed results. When n = 1, θ = 0◦ the computed curves correspond to
those obtained in [21].

a b

c d

Fig.3. Locations of the characteristics at di�erent external force (a),
initial concentrations of the particles (b), aggregation rate (c), and inclination
angle (d).

Tmax =
1

KH0

[(
5KH0)

3[1− γ(H0)](1−H0)3.5)
+ 1

)0.6

− 1

]
, (41)

where γ(H) =
1− 3H

1 + 2H
+

2.5H

1−H
.
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Since the drag coe�cient F (H,W ) and aggregation rate K(H,W,4) in the
inclined tube could be more complex functions than in the expression (14) which
was validated for the vertical tubes [22], (41) can be rewritten in the form

Tmax =
1

KH0

[(
5KH0f(H0)

3[1− γ(H0)](1−H0)3.5)
+ 1

)0.6

− 1

]
, (42)

where f(H0) is the unknown correcting function that is speci�c for the studied
suspension.

When θ = 0◦ (42) must coincide with (41). Based on (42), a novel method for
testing the suspension stability of any technical suspension, blood or nano�uid can
be proposed. The measurements must be carried out at di�erent inclination angles
θ = 0◦−10◦. In the case of θ = 0◦ (42) allows computation of the basic aggregation
rate k by the measured value Tmax. Then a series of experiments with gradually
increasing slop, to say, θ = 2◦; 4◦; 6◦; 8◦; 10◦ will give the dependence f(H0) that
can be used for corrections of the expressions in (14) for the inclined tube case.
Before decision making upon the nano�uid ageing or blood aggregatability the
test must be conducted for the same nano�uid in its basic state before being used
for a long time or for the healthy native blood samples. The proposed approach
will be tested experimentally in future works.

7. Conclusions.

The Boycotte e�ect which is used in testing of some industrial suspensions
is very attractive for usage in the medical diagnostics instead of conventional
blood sedimentation test, for investigation of ageing of micro and nano�uids. The
developed theory allows easy determination of the sedimentation curves as the
moving interfaces I-II and II-III by the method of characteristics. When the incli-
nation angle θ = 0◦ the obtained numerical results and analytical expressions are
transformed to the corresponding expressions obtained before for the gravitati-
onal sedimentation in the vertical tubes with and without external magnetic �eld
and in the non-uniform centrifugal force �eld. It was shown, the sedimentation
rate increased with increasing the particle concentration, their aggregation rate
and external force, but with distinct regularities for the I-II and II-III interfaces.
The corresponding dependence on the angle is more complex. Sedimentation is
accelerated by small angles but at the angles exceeded some critical value the
settling is decelerated and hampered. That can be explained by the initial faster
settling followed by deceleration of sliding of the particles along the inclined wall
by the shear drag. Based on the obtained results, a novel method of determination
not only the aggregation ability of the particles but also the particle-speci�c and
angle-dependent shear stress factor is proposed. The experimental validation of
the proposed approach will be tested in our future experimental studies on blood
and di�erent types of nano�uids used in the micro�uidic �ow systems.
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V. Baranets, N. Kizilova. Mathematical modeling of particle aggregation and

sedimentation in the inclined tubes. Sedimentation of the aggregating particles in
the gravity �eld is widely used as an easy and cheap test of the suspension stability of di-
�erent technical suspensions, blood and nano�uids. It was established the tube inclination
makes the test much faster that is known as the Boycott e�ect. It is especially important
for the very slow aggregating and sedimenting blood samples in medical diagnostics or
checking the ageing of the nano�uids. The dependence of the sedimentation rate on the
angle of inclination is complex and poorly understood yet. In this paper the two phase
model of the aggregating particles is generalized to the inclined tubes. The problem is
formulated in the two-dimensional case that corresponds to the narrow rectangle vessels
or gaps of the viscosimeters of the cone-cone type. In the suggestion of small angles of
inclination the equations are averaged over the transverse coordinate and the obtained
hyperbolic system of equations for is solved by the method of characteristics. During
the sedimentation the upper region (I) of the �uid free of particles, the bottom region
(III) of the compactly located aggregates without �uid, and the intermediate region of
the sedimenting aggregates (II) appear. The interface between I and II can be registered
by any optic sensor and its trajectory is the sedimentation curve. Numerical computati-
ons revealed the increase in the initial concentration of the particles, their aggregation
rate, external uniform force and inclination angle accelerate the sedimentation while
any increase in the �uid viscosity decelerates it that is physically relevant. Anyway, the
behaviors of the acceleration are di�erent. For the elevated force the interfaces I-II and II-
III shifts uniformly, while for the elevated concentration or aggregation rate the interface
I-II or II-III moves faster. Small increase of the inclination angle accelerates the sedi-
mentation while at some critical angles is starts to decelerate due to higher shear drag in
the very viscous mass of the compactly located aggregates. Based on the results, a novel
method of estimation of the suspension stability is proposed.
Keywords: Boycott e�ect; suspension; aggregation; sedimentation; medical diagnostics.

Áàðàíåöü Â.Î., Êiçiëîâà Í.Ì.Ìàòåìàòè÷íå ìîäåëþâàííÿ àãðåãàöi¨ òà îñiäàí-

íÿ ÷àñòèíîê â ïîõèëèõ òðóáêàõ. Îñiäàííÿ àãðåãóþ÷èõ ÷àñòèíîê ó ãðàâiòàöiéíî-
ìó ïîëi øèðîêî âèêîðèñòîâó¹òüñÿ ÿê ïðîñòèé i äåøåâèé òåñò íà ñòàáiëüíiñòü ñóñïåíçi¨
ðiçíèõ òåõíi÷íèõ ñóìiøåé, êðîâi òà íàíîðiäèí. Âñòàíîâëåíî, ùî íàõèë òðóáêè ðî-
áèòü òåñò íàáàãàòî øâèäøèì, ùî âiäîìî ÿê åôåêò Áîéêîòòà. Öå îñîáëèâî âàæëèâî
äëÿ äóæå ïîâiëüíîãî àãðåãóþ÷èõ òà îñiäàþ÷èõ çðàçêiâ êðîâi â ìåäè÷íié äiàãíîñòèöi
àáî ïåðåâiðêè ñòàðiííÿ íàíîðiäèí. Çàëåæíiñòü øâèäêîñòi îñiäàííÿ âiä êóòà íàõèëó
¹ ñêëàäíîþ i ìàëî âèâ÷åíîþ çàäà÷åþ. Ó öié ðîáîòi óçàãàëüíåíî äâîôàçíó ìîäåëü
àãðåãóþ÷èõ ÷àñòèíîê ó ïîõèëèõ òðóáêàõ. Çàäà÷à ñôîðìóëüîâàíà â äâîâèìiðíîìó
âèïàäêó, ùî âiäïîâiäà¹ âóçüêèì ïðÿìîêóòíèì ¹ìíîñòÿì àáî çàçîðàì âiñêîçèìåòðiâ
êîíóñîïîäiáíîãî òèïó. Ó ïðèïóùåííi ìàëèõ êóòiâ íàõèëó ðiâíÿííÿ óñåðåäíþþòüñÿ
ïî ïîïåðå÷íié êîîðäèíàòi, à îòðèìàíà ãiïåðáîëi÷íà ñèñòåìà ðiâíÿíü ðîçâ'ÿçó¹òüñÿ
ìåòîäîì õàðàêòåðèñòèê. Ïiä ÷àñ îñiäàííÿ ç'ÿâëÿ¹òüñÿ âåðõíÿ îáëàñòü ðiäèíè, âiëüíî¨
âiä ÷àñòèíîê (I), íèæíÿ îáëàñòü êîìïàêòíî ðîçòàøîâàíèõ àãðåãàòiâ áåç ðiäèíè(III)
i ïðîìiæíà îáëàñòü îñiäàþ÷èõ àãðåãàòiâ (II). Ãðàíèöÿ ïîäiëó ìiæ I òà II îáëàñòÿ-
ìè ìîæå áóòè çàðå¹ñòðîâàíà áóäü-ÿêèì îïòè÷íèì äàò÷èêîì, à éîãî òðà¹êòîðiÿ ¹
êðèâîþ îñiäàííÿ. ×èñåëüíi ðîçðàõóíêè âèÿâèëè, ùî çáiëüøåííÿ ïî÷àòêîâî¨ êîíöåí-
òðàöi¨ ÷àñòèíîê, ¨õ øâèäêîñòi àãðåãàöi¨, çîâíiøíüî¨ ðiâíîìiðíî¨ ñèëè i êóòà íàõèëó
ïðèñêîðþþòü îñiäàííÿ, à áóäü-ÿêå çðîñòàííÿ â'ÿçêîñòi ðiäèíè ñïîâiëüíþ¹ éîãî, ùî ¹
ôiçè÷íî äîðå÷íèì. Òàê ÷è iíàêøå, ïîâåäiíêà ïðèñêîðåííÿ ðiçíà. Ïðè çðîñòàííi ñèëè
ãðàíèöi ïîäiëó ìiæ çîíàìè I-II i II-III ïåðåñóâàþòüñÿ ðiâíîìiðíî, òîäi ÿê ïðè çáiëü-
øåííi êîíöåíòðàöi¨ àáî øâèäêîñòi àãðåãàöi¨ � ðóõàþòüñÿ øâèäøå. Ïðè íåâåëèêîìó
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çáiëüøåííi êóòà íàõèëó îñiäàííÿ ïðèñêîðþ¹òüñÿ, à ïðè äåÿêèõ êðèòè÷íèõ êóòàõ ïî-
÷èíà¹ ñïîâiëüíþâàòèñÿ âíàñëiäîê áiëüø âèñîêîãî çñóâíîãî îïîðó â äóæå â'ÿçêié ìàñi
êîìïàêòíî ðîçòàøîâàíèõ àãðåãàòiâ. Íà îñíîâi îòðèìàíèõ ðåçóëüòàòiâ çàïðîïîíîâàíî
íîâèé ìåòîä îöiíêè ñòiéêîñòi ñóñïåíçi¨.
Êëþ÷îâi ñëîâà: åôåêò Áîéêîòòà; ñóñïåíçiÿ; àãðåãàöiÿ; ñåäèìåíòàöiÿ; ìåäè÷íà äiàãíî-
ñòèêà.
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1. Ëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæåíèõ

äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì

Äîñëiäæó¹ìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ z(t) ∈ C1[a, b] ëiíiéíî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i [1, 2, 3]

A(t)z′(t) = B(t)z(t) + f(t), `z(·) = α, α ∈ Rk; (1)
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òóò
A(t), B(t) ∈ Cm×n[a, b] := C[a, b]⊗ Rm×n

� íåïåðåðâíi ìàòðèöi, f(t) ∈ C[a, b] � íåïåðåðâíèé âåêòîð-ñòîâïåöü; `z(·) �
ëiíiéíèé îáìåæåíèé ìàòðè÷íèé ôóíêöiîíàë: `z(·) : C[a, b] → Rk. Ìàòðèöþ
A(t) ïðèïóñêà¹ìî, âçàãàëi êàæó÷è, ïðÿìîêóòíîþ: m 6= n, àáî êâàäðàòíîþ,
àëå âèðîäæåíîþ. Çà óìîâè [3]

PA∗(t) = 0, A+(t)B(t) ∈ Cn×n[a; b], A+(t)f(t) ∈ C[a; b] (2)

ñèñòåìà (1) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

z′ = A+(t)B(t)z + F0(t, ν0(t)), rank A(t) := σ0 = m ≤ n; (3)

òóò
F0(t, ν0(t)) := A+(t)f(t) + PAρ0 (t)ν0(t),

A+(t) � ïñåâäîîáåðíåíà (çà Ìóðîì�Ïåíðîóçîì) ìàòðèöÿ, PA∗(t) � ìàòðèöÿ-
îðòîïðîåêòîð: PA∗(t) : Rm → N(A∗(t)), PAρ0 (t) � (n×ρ0)− ìàòðèöÿ, ñêëàäåíà
ç ρ0 ëiíiéíî íåçàëåæíèõ ñòîâïöiâ (n× n)− ìàòðèöi-îðòîïðîåêòîðà

PA(t) : Rn → N(A(t)).

Òàêèì ÷èíîì, çà óìîâè ρ0 6= 0, ñèñòåìà (3), ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨, çà-
ëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t). Ïîçíà÷èìî X0(t) íîð-
ìàëüíó ôóíäàìåíòàëüíó ìàòðèöþ

X ′0(t) = A+(t)B(t)X0(t), X0(a) = In

îòðèìàíî¨ òðàäèöiéíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (3). Âiä-
ìiòèìî, ùî íîðìàëüíà ôóíäàìåíòàëüíà ìàòðèöÿ X0(t) íåâèðîäæåíà. Çà óìî-
âè (2) ñèñòåìà (3), à îòæå i ñèñòåìà (1), ìà¹ ðîçâ'ÿçêè âèãëÿäó

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ Rn,

äå

K

[
f(s), ν0(s)

]
(t) := X0(t)

∫ t

a
X−10 (s)F0(s, ν0(s)) ds

� óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i Êîøi z(a) = 0 äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ ñèñòåìè (1). Îñêiëüêè çà óìîâè (2) ñèñòåìà (1) ðîçâ'ÿçíà äëÿ
äîâiëüíî¨ íåîäíîðiäíîñòi f(t), òî âèïàäîê (2) áóäåìî íàçèâàòè íåâèðîäæå-
íèì [3, 4, 5]. Ïiäñòàâëÿþ÷è çàãàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi z(a) = c äëÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (1) â êðàéîâó óìîâó (1), ïðèõîäèìî
äî ëiíiéíîãî àëãåáðà¨÷íîãî ðiâíÿííÿ, ðîçâ'ÿçíîãî òîäi i òiëüêè òîäi, êîëè [4, 5]

PQ∗d

{
α− `K

[
f(s), ν0(s)

]
(·)
}

= 0. (4)
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Òóò PQ∗ � îðòîïðîåêòîð: Rk → N(Q∗); ìàòðèöÿ PQ∗d ñêëàäåíà ç d ëiíiéíî

íåçàëåæíèõ ðÿäêiâ îðòîïðîåêòîðà PQ∗ , êðiì òîãî Q := `X0(·) ∈ Rk×n. Îòæå,
òiëüêè çà óìîâè (4) çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðài÷íî¨ êðàéî-
âî¨ çàäà÷i (1)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr

âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà äèôåðåíöiàëüíî-àëãåáðài÷íî¨ êðàéîâî¨
çàäà÷i (1)

G

[
f(s); ν0(s);α

]
(t) := X0(t)Q

+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+K

[
f(s), ν0(s)

]
(t).

Òóò PQ � ìàòðèöÿ-îðòîïðîåêòîð: Rn → N(Q); ìàòðèöÿ PQr ∈ Rn×r ñêëàäåíà
ç r ëiíiéíî íåçàëåæíèõ ñòîâïöiâ îðòîïðîåêòîðà PQ. Çà óìîâè PQ∗ = 0, êðàéî-
âà çàäà÷à (1) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé f(t) i α. Çà àíàëîãi¹þ
ç òåîði¹þ íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü [2] çà óìîâè PQ∗ 6= 0 áóäåìî êàçàòè, ùî äèôåðåíöiàëüíî-àëãåáðà-
¨÷íà êðàéîâà çàäà÷à (1) ïðåäñòàâëÿ¹ êðèòè÷íèé âèïàäîê, i íàâïàêè: çà óìîâè
PQ∗ = 0 áóäåìî êàçàòè, ùî äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (1)
ïðåäñòàâëÿ¹ íåêðèòè÷íèé âèïàäîê.

2. Ïðî ïðèâåäåííÿ ëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨

êðàéîâî¨ çàäà÷i äî íåêðèòè÷íîãî âèïàäêó

Äëÿ äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ∈ Cρ0 [a, b] ðîçâ'ÿçíiñòü
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1) iñòîòíî çàëåæèòü âiä âèáîðó
öi¹¨ ôóíêöi¨. Ïîêëàäåìî ν0(t) := Ψ(t)γ, Ψ(t) ∈ Cρ0×w[a, b], γ ∈ Rw; òóò Ψ(t)
� äîâiëüíà íåïåðåðâíà ìàòðèöÿ ïîâíîãî ðàíãó. Óçàãàëüíåíèé îïåðàòîð Ãðiíà
çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (1) ïðåäñòàâèìî ó âèäi

K

[
f(s), ν0(s)

]
(t) = K

[
A+(s)f(s)

]
(t) +K

[
PAρ0 (s)ν0(s)

]
(t).

Ïîçíà÷èìî ìàòðèöþ

D :=

[
Q ; `K

[
PAρ0 (s)Ψ(s)

]
(·)
]
∈ Rk×(ρ0+w).

Ïiäñòàâëÿþ÷è çàãàëüíèé ðîçâ'ÿçîê

z(t, cρ0) = X0(t)cρp +K

[
A+(s)f(s)

]
(t) +K

[
PAρ0 (s)Ψ(s)γ

]
(t), cρ0 ∈ Rρ0

çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (1) â êðàéîâó óìîâó
(1), ïðèõîäèìî äî ëiíiéíîãî àëãåáðà¨÷íîãî ðiâíÿííÿ

D č = α− `K
[
A+(s)f(s)

]
(·), č := col (cρ0 , γ) ∈ Rρ0+w. (5)
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Ðiâíÿííÿ (5) ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè

PD∗d

{
α− `K

[
A+(s)f(s)

]
(·)
}

= 0. (6)

Òóò PD∗ � îðòîïðîåêòîð: Rk → N(D∗); ìàòðèöÿ PD∗d ñêëàäåíà ç d ëiíiéíî

íåçàëåæíèõ ðÿäêiâ îðòîïðîåêòîðà PD∗ , êðiì òîãî Q := `X0(·) ∈ Rk×ρ0 . Îòæå,
çà óìîâè (6) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (5)

č = D+

{
α− `K

[
A+(s)f(s)

]
(·)
}

+ PD δ, δ ∈ Rρ0+w

âèçíà÷à¹ çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ çàäà÷i (1)

z(t, δ) = K

[
A+(s)f(s)

]
(t) +

{
X0(t);K

[
PAρ0Ψ(s)

]
(t)

}
D+

{
α−

−`K
[
A+(s)f(s)

]
(·)
}

+

{
X0(t);K

[
PAρ0 (s)Ψ(s)

]
(t)

}
PD δ, δ ∈ Rρ0+w.

Òóò PD � ìàòðèöÿ-îðòîïðîåêòîð: Rρp+w → N(D). Òàêèì ÷èíîì, äîâåäåíà
íàñòóïíà ëåìà.

Ëåìà. Çà óìîâè (2) i (6) çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨

êðàéîâî¨ çàäà÷i (1)

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ Rr

âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨

çàäà÷i (1)

G

[
f(s);ψ(s);α

]
(t) := K

[
A+(s)f(s)

]
(t)+

+

{
X0(t);K

[
PAρ0Ψ(s)

]
(t)

}
D+

{
α− `K

[
A+(s)f(s)

]
(·)
}
.

Ìàòðèöÿ Xr(t) ñêëàäåíà ç r ëiíiéíî íåçàëåæíèõ ñòîëïöiâ ìàòðèöi{
X0(t);K

[
PAρ0 (s)Ψ(s)

]
(t)

}
PD.

Ïðèêëàä 1. Âèìîãàì ëåìè çàäîâîëüíÿ¹ äâîòî÷êîâà äèôåðåíöiàëüíî-

àëãåáðà¨÷íà êðàéîâà çàäà÷à

A(t) z′(t) = B(t)z(t) + f(t), f(t) :=
(

0 et
)∗
, `z(·) = α, (7)

äå

A(t) :=

(
cos t sin t cos t

− sin t cos t − sin t

)
, B(t) :=

(
− sin t cos t − sin t

− cos t − sin t − cos t

)
,
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êðiì òîãî

`z(·) := z(0)− z(2π), α :=
1

5

 6− e2π

1− e2π

−4− e2π

 .

Çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíî¨ çàäà÷i (7) âèçíà÷à¹ âèðîäæåíà ìàòðèöÿ
Q = 0. Ïîêëàäåìî Ψ(t) :=

(
1 sin t

)
, ïðè öüîìó

D = −2π

 0 0 0 1 0
0 0 0 0 0
0 0 0 1 0

 , PD∗ =
1

2

 1 0 1
0 2 0
1 0 1

 .

Îñêiëüêè PD∗ 6= 0, òî çàäà÷à (7) ïðåäñòàâëÿ¹ êðèòè÷íèé âèïàäîê, ïðè öüî-
ìó âèêîíàíî óìîâó (6) ¨¨ ðîçâ'ÿçíîñòi. Òàêèì ÷èíîì, çíàõîäèìî çàãàëüíèé
ðîçâ'ÿçîê íåîäíîðiäíî¨ çàäà÷i (7):

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ R3;

òóò Xr(t) = X0(t), à òàêîæ

G

[
f(s);ψ(s);α

]
(t) =

1

10π

 −5 t− 2π cos t+ 2etπ cos t− π sin t− etπ sin t

2π
(
− cos t+ et cos t+ 2 sin t+ 2 et sin t

)
5 t− 2π cos t+ 2 etπ cos t− π sin t− etπ sin t


� óçàãàëüíåíèé îïåðàòîð Ãðiíà êðàéîâî¨ çàäà÷i (7).

Çà óìîâè PQ∗ 6= 0, PD∗ = 0 áóäåìî êàçàòè, ùî äèôåðåíöiàëüíî-àëãåáðà-
¨÷íà êðàéîâà çàäà÷à (1) ïðèâåäåíà äî íåêðèòè÷íîãî âèïàäêó. Îñòàíí¹ îçíà-
÷åííÿ ¹ óçàãàëüíåííÿì êðèòè÷íîãî âèïàäêó (PQ∗ 6= 0) äëÿ íåòåðîâî¨ êðà-
éîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíî¨ ñèñòåìè, îòðèìàíî¨ ç ñèñòåìè (1) ïðè
A(t) ≡ In, íà âèïàäîê çàëåæíîñòi óçàãàëüíåíîãî îïåðàòîðà Ãðiíà çàäà÷i Êî-
øi äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (1) âiä äîâiëüíî¨ íåïåðåðâíî¨
âåêòîð-ôóíêöi¨ ν0(t) ∈ C[a, b].

Íàñëiäîê. Ïðèïóñòèìî, ùî äèôåðåíöiàëüíî-àëãåáðà¨÷íå ðiâíÿííÿ (1)

çàäîâîëüíÿ¹ óìîâàì ëåìè. Çà óìîâè PD∗ = 0, äèôåðåíöiàëüíî-àëãåáðà¨÷íà
êðàéîâà çàäà÷à (1) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé f(t) i α, à òà-

êîæ ïî÷àòêîâî¨ ôóíêöi¨ ϕ(t). Çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî àëãåáðà-

¨÷íî¨ êðàéîâî¨ çàäà÷i (1)

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ Rr



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì 90 (2019) 65

âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà

G

[
f(s);ψ(s);α

]
(t) := K

[
A+(s)f(s)

]
(t)+

+

{
X0(t);K

[
PAρ0Ψ(s)

]
(t)

}
D+

{
α− `K

[
A+(s)f(s)

]
(·)
}

äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1).

Ïðèêëàä 2. Âèìîãàì íàñëiäêó çàäîâîëüíÿ¹ äâîòî÷êîâà äèôåðåíöiàëüíî-

àëãåáðà¨÷íà êðàéîâà çàäà÷à

A(t) z′(t) = B(t)z(t) + f(t), `z(·) :=
(

1 0 0
)

(z(0)− z(2π)) = 0, (8)

äå ìàòðèöi A(t) i B(t), à òàêîæ ôóíêöiÿ f(t) íàâåäåíà â ïðèêëàäi 1.

Ó âèïàäêó îäíîðiäíî¨ çàäà÷i (8) ìàòðèöÿ Q = 0, îòæå, âiäïîâiäíî äî òðà-
äèöiéíî¨ êëàñèôiêàöi¨ íåòåðîâèõ êðàéîâèõ çàäà÷, äëÿ çàäà÷i (8) ìà¹ ìiñöå
êðèòè÷íèé âèïàäîê. Ïîêëàäåìî Ψ(t) :=

(
1 sin t

)
, ïðè öüîìó

D = −2π
(

0 0 0 1 0
)
, PD∗ = 0.

Îñêiëüêè PD∗ = 0, òî çàäà÷à (8) ïðåäñòàâëÿ¹ íåêðèòè÷íèé âèïàäîê, i, âiäïî-
âiäíî, äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâàÿ çàäà÷à (8) ðîçâ'ÿçíà äëÿ äîâiëü-
íèõ íåîäíîðiäíîñòåé f(t) i α. Òàêèì ÷èíîì, çíàõîäèìî çàãàëüíèé ðîçâ'ÿçîê
íåîäíîðiäíî¨ çàäà÷i (8):

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ R3;

òóò Xr(t) = X0(t), à òàêîæ

G

[
f(s);ψ(s)

]
(t) =

1

10π

 t− e2πt− 2π cos t+ 2etπ cos t− π sin t− etπ sin t

2π
(
− cos t+ et cos t+ 2 sin t+ 2 et sin t

)
e2πt− t− 2π cos t+ 2 etπ cos t− π sin t− etπ sin t


� óçàãàëüíåíèé îïåðàòîð Ãðiíà êðàéîâî¨ çàäà÷i (8).

3. Íåëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæåíèõ

äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì

Äîñëiäèìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ

z(t, ε) : z(·, ε) ∈ C1[a, b], z(t, ·) ∈ C[0, ε0]

íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i

A(t)z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, t, ε), `z(·, ε) = α. (9)
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Ðîçâ'ÿçêè íåòåðîâî¨ (n 6= k) êðàéîâî¨ çàäà÷i (9) øóêà¹ìî â ìàëîìó îêîëi
ðîçâ'ÿçêó z0(t) ∈ C1[a, b] ïîðîäæóþ÷î¨ çàäà÷i

A(t)z′0(t) = B(t)z0(t) + f(t), `z0(·) = α. (10)

Òóò A(t), B(t) ∈ Cm×n[a, b] � íåïåðåðâíi ìàòðèöi, f(t) ∈ C[a, b] � íåïåðåðâ-
íèé âåêòîð; Z(z, t, ε) � íåëiíiéíà ôóíêöiÿ, íåïåðåðâíî äèôåðåíöiéîâíà ïî
íåçàëåæíié z(t) ó ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i, íåïåðåðâíà
ïî t ∈ [a, b] i íåïåðåðâíà ïî ìàëîìó ïàðàìåòðó ε ∈ [0, ε0], `z(·, ε) � ëiíié-
íèé âåêòîðíèé ôóíêöiîíàë: `z(·, ε) : C[a, b] → Rk. Íåëiíiéíà äèôåðåíöiàëü-
íî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (9) óçàãàëüíþ¹ áàãàòî÷èñëåííi ïîñòàíîâêè íå-
ëiíiéíèõ íåòåðîâèõ êðàéîâèõ çàäà÷ [2]. Ó êðèòè÷íîìó âèïàäêó (PQ∗ 6= 0)
íåâèðîäæåíà ïîðîäæóþ÷à çàäà÷à (10) ðîçâ'ÿçíà òîäi i òiëüêè òîäi, êîëè âè-
êîíàíî óìîâó (4) i äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ∈ C[a, b]
ìà¹ r ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ

z0(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr.

Ó êðèòè÷íîìó âèïàäêó â ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i êðàéîâà
çàäà÷à (9) ðîçâ'ÿçíà òîäi i òiëüêè òîäi, êîëè [4]

PQ∗d `K

[
Z(z(s, ε), s, ε), ν0(s)

]
(·) = 0. (11)

Äëÿ äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ðîçâ'ÿçíiñòü íåëiíiéíî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) iñòîòíî çàëåæèòü âiä âè-
áîðó öi¹¨ ôóíêöi¨. Ïîêëàäåìî ν0(t) := Ψ(t)γ, Ψ(t) ∈ Cρ0×w[a, b], γ ∈ Rw;
òóò Ψ(t) � äîâiëüíà íåïåðåðâíà ìàòðèöÿ ïîâíîãî ðàíãó. Ïðèïóñòèìî, ùî
äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (1) ïðèâåäåíà äî íåêðèòè÷íîãî
âèïàäêó: PQ∗ 6= 0, PD∗ = 0.

Ó ñòàòòi [4] çíàéäåíî óìîâè iñíóâàííÿ, à òàêîæ iòåðàöiéíà ñõåìà äëÿ çíàõî-
äæåííÿ ðîçâ'ÿçêiâ íåâèðîäæåíî¨ ñëàáêîíåëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) â êðèòè÷íîìó âèïàäêó, à ñàìå: çà óìî-
âè PQ∗ 6= 0. Óìîâè iñíóâàííÿ, à òàêîæ iòåðàöiéíà ñõåìà äëÿ çíàõîäæå-
ííÿ ðîçâ'ÿçêiâ íåâèðîäæåíî¨ ñëàáêîíåëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) â íåêðèòè÷íîìó âèïàäêó, à ñàìå: çà óìîâè
PQ∗ = 0, çíàéäåíi â ñòàòòi [5]. Ìåòîþ äàíî¨ ñòàòòi ¹ çíàõîäæåííÿ óìîâ çâiäíî-
ñòi íåëiíiéíî¨ íåâèðîäæåíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨
çàäà÷i (9) â êðèòè÷íîìó âèïàäêó äî íåêðèòè÷íîãî âèïàäêó àíàëîãi÷íî [5, 6].
Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (9) íåâèðîäæåíà; â öüîìó âèïàäêó ñèñòåìà
(9) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨. Ðîçâ'ÿçêè íåâèðîäæåíî¨ êðàéîâî¨ çàäà÷i (9)
â òàêîìó ðàçi âèçíà÷à¹ ñèñòåìà

z′ = A+(t)B(t)z + F0(t, ν0(t)) + εA+(t)Z(z, t, ε), `z(·, ε) = α. (12)
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Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (12) øóêà¹ìî â ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæó-
þ÷î¨ çàäà÷i: z(t, ε) = z0(t, cr) + x(t, ε). Ôiêñóþ÷è îäíó ç êîíñòàíò cr ∈ Rr, äëÿ
çíàõîäæåííÿ âåêòîðà

x(t, ε) : x(·, ε) ∈ C1[a, b], x(t, ·) ∈ C1[0, ε0], x(t, 0) ≡ 0

àíàëîãi÷íî [2], ïðèõîäèìî äî çàäà÷i

x′ = A+(t)B(t)x+ εA+(t)Z(z0 + x, t, ε), `x(·, ε) = 0. (13)

Ó âèïàäêó PD∗ = 0 çàäà÷à (13) ðîçâ'ÿçíà äëÿ äîâiëüíî¨ íåëiíiéíîñòi. Çàãàëü-
íèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13) äëÿ ôiêñî-
âàíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ∈ C[a, b] ìà¹ âèãëÿä

x(t, ε) = Xr(t)c(ε) + εG

[
A+(s)Z(z0 + x, s, ε);ψ(s); 0

]
(t).

Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (9) ïðè öüîìó âèçíà÷à¹ îïåðàòîðíà ñèñòåìà [2]

z(t, ε) = z0(t, cr) + x(t, ε), x(t, ε) = Xr(t)c(ε) + x(1)(t, ε),

x(1)(t, ε) = εG

[
A+(s)Z(z0 + x, s, ε);ψ(s); 0

]
(t).

Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ öi¹¨ îïåðàòîðíî¨ ñèñòåìè âèêîðèñòîâó¹ìî [2, 7] ìåòîä
ïðîñòèõ iòåðàöié; òàêèì ÷èíîì îòðèìó¹ìî iòåðàöiéíó ñõåìó

zk+1(t, ε) = z0(t, cr) + xk+1(t, ε), k = 0, 1, 2, ... ,

xk+1(t, ε) = Xr(t)c(ε) + x
(1)
k+1(t, ε), (14)

x
(1)
k+1(t, ε) = εG

[
A+(s)Z(z0 + xk, s, ε);ψ(s); 0

]
(t).

Îòæå, äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà. Ïðèïóñòèìî, ùî äèôåðåíöiàëüíî-àëãåáðà¨÷íå ðiâíÿííÿ (10)

íåâèðîäæåíå. Ó âèïàäêó PD∗ = 0 ïîðîäæóþ÷à çàäà÷à (10) ðîçâ'ÿçíà ïðè

äîâiëüíèõ íåîäíîðiäíîñòÿõ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè i êðàéîâî¨

óìîâè (10) i ìà¹ r ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ

z0(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ Rr.

Ïðè äîäàòêîâié óìîâi

A+(·)Z(z, ·, ε) ∈ C[a; b], A+(t)Z(·, t, ε) ∈ C[||z − z0|| < q] (15)

äëÿ ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çà-

äà÷i (9) âèêîðèñòîâó¹ìî çáiæíó ïðè ε ∈ [0, ε∗] iòåðàöiéíó ñõåìó (14).
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Äëÿ âèçíà÷åííÿ âåëè÷èíè ε∗ ìîæå áóòè âèêîðèñòàíî ìåòîä ìàæîðóþ÷èõ
ðiâíÿíü Ëÿïóíîâà [2, 8, 9]; êðiì òîãî, êîíñòðóêòèâíà îöiíêà âåëè÷èíè ε∗ çíà-
éäåíà ó ñòàòòi [7].

Ïðèêëàä 3. Âèìîãàì òåîðåìè çàäîâîëüíÿ¹ íåëiíiéíà äèôåðåíöiàëüíî-

àëãåáðà¨÷íà êðàéîâà çàäà÷à

A(t) z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, ε), `z(·, ε) = 0, (16)

äå

A(t) :=

(
cos t sin t cos t

− sin t cos t − sin t

)
, B(t) :=

(
− sin t cos t − sin t

− cos t − sin t − cos t

)
,

êðiì òîãî

z(t, ε) :=

 za(t, ε)

zb(t, ε)

zc(t, ε)

 , f(t) :=

(
0

sin t

)
, Υ :=

(
1 0 0

)
,

Z(z, ε) :=

(
0

z2b (t, ε)

)
, `z(·, ε) := Υ (z(0, ε)− z(2π, ε)).

Äëÿ îäíîðiäíî¨ ÷àñòèíè ïîðîäæóþ÷î¨ çàäà÷i ìàòðèöÿ Q = 0, îòæå, âiä-
ïîâiäíî äî òðàäèöiéíî¨ êëàñèôiêàöi¨ íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåí-
öiàëüíèõ ñèñòåì äëÿ çàäà÷i (16) ìà¹ ìiñöå êðèòè÷íèé âèïàäîê. Ó âèïàäêó
ðiâíÿííÿ (16) ïîðîäæóþ÷èé ðîçâ'ÿçîê çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨
ôóíêöi¨. Ïîêëàäåìî

Ψ(t) :=
(

1 sin t
)
,

ïðè öüîìó
D = −2π

(
1 0

)
, PD∗ = 0.

Îñêiëüêè PD∗ = 0, òî ó âèïàäêó ðiâíÿííÿ (16) ïîðîäæóþ÷à çàäà÷à ïðåäñòàâ-
ëÿ¹ óìîâíî íåêðèòè÷íèé âèïàäîê, i, âiäïîâiäíî, ïîðîäæóþ÷à äèôåðåíöiàëüíî-
àëãåáðà¨÷íà êðàéîâà çàäà÷à äëÿ ðiâíÿííÿ (16) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íåî-
äíîðiäíîñòåé f(t) i α. Ôiêñóþ÷è êîíñòàíòó

cr :=
1

10

 0
1
0

 ,

çíàõîäèìî

z0(t, cr) =
1

60

 5 sin 2t− 7 sin t

−2 (7 cos t+ 5 cos 2t− 15)

5 sin 2t− 7 sin t

 .
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Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨
çàäà÷i (16) âèêîðèñòîâó¹ìî iòåðàöiéíó ñõåìó (14), ïðè öüîìó, ïîêëàäàþ÷è
c(ε) := 0, ìà¹ìî:

x1(t, ε) =

 x1a(t, ε)

x1b(t, ε)

x1c(t, ε)

 , x1c(t, ε) = x1a(t, ε),

äå

x1a(t, ε) = − ε

86 400

(
− 4 200 + 7 125 cos t− 2 240 cos 2t−

−903 cos 3t+ 168 cos 4t+ 50 cos 5t− 3 012 t sin t

)
,

x1b(t, ε) = − ε

43 200

(
− 3 012 t cos t+ 5 451 sin t−

−560 sin 2t− 603 sin 3t+ 168 sin 4t+ 50 sin 5t

)
.

Äëÿ îöiíêè òî÷íîñòi çíàéäåíèõ íàáëèæåíü äî ðîçâ'ÿçêó íåëiíiéíî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (16) âèçíà÷èìî íåâ'ÿçêè ∆k(ε) íóëüîâîãî
i ïåðøîãî íàáëèæåíü äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (16). Ïîêëàâøè ε := 0, 1
òà k = 0, 1, ìà¹ìî

∆0(0, 1) ≈ 0, 0500 556, ∆1(0, 1) ≈ 0, 00 281 729.

Âiäìiòèìî òàêîæ, ùî ïåðøå íàáëèæåííÿ äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (16) â
òî÷íîñòi çàäîâîëüíÿ¹ êðàéîâié óìîâi.

Çàïðîïîíîâàíà â ñòàòòi ñõåìà äîñëiäæåííÿ íåëiíiéíèõ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ àíàëîãi÷íî [2, 10] ìîæå áóòè ïåðåíåñåíà íà
íåëiíiéíi ìàòðè÷íi äèôåðåíöiàëüíî-àëãåáðà¨÷íi êðàéîâi çàäà÷i. Ç iíøî¨ ñòî-
ðîíè, çàïðîïîíîâàíà â ñòàòòi ñõåìà äîñëiäæåííÿ ñëàáêîíåëiíiéíî¨ íåòåðîâî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) â êðèòè÷íîìó âèïàäêó ìî-
æå áóòè ïåðåíåñåíà íà àâòîíîìíi ñëàáêîíåëiíiéíi äèôåðåíöiàëüíî-àëãåáðà¨÷íi
êðàéîâi çàäà÷i [2, 11, 12].

Ïîäÿêà. Äîñëiäæåííÿ âèêîíàíî çà ôiíàíñîâî¨ ïiäòðèìêè Ìiíiñòåðñòâà
îñâiòè i íàóêè Óêðà¨íè, ð.í. 0118U003390.
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×óéêî Ñ.Ì., Í¹ñì¹ëîâà Î.Â.Ïðî ïåðåòâîðåííÿ íåëiíiéíî¨ íåòåðîâî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i äî íåêðèòè÷íîãî âèïàäêó. Äîñëiäæåí-
íÿ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâi çàäà÷i çàñíîâàíi â ðîáîòàõ Ê. Âåé¹ðøòðàññà,
Ì.Ì. Ëóçií i Ô.Ð. Ãàíòìàõåð. Ñèñòåìàòè÷íå âèâ÷åííÿ äèôåðåíöiéíî-àëãåáðà¨÷íèé
êðàéîâi çàäà÷i ïðèñâÿ÷åíi ðîáîòè Ñ.Êåìïáåëë, Þ.�. Áîÿðèíöåâ, Â.Ô. ×èñòÿêîâà,
À.Ì. Ñàìîéëåíêî, Í.À. Ïåðåñòþê, Â.Ï. ßêîâöÿ, À.À. Áîé÷óêà, À. Ië÷ìàííà i Ò.
ðåéñó. Ó òîé æå ÷àñ äîñëiäæåííÿ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ òiñíî
ïîâ'ÿçàíå ç äîñëiäæåííÿì íåëiíiéíèõ êðàùi çàäà÷i äëÿ çâè÷àéíî ðiçíèõ äèôåðåíöi-
àëüíèõ çàâäàíü, ïî÷àòêîâèõ â ðîáîòi À. Ïóà íêàðå, À.Ì. Ëÿïóíîâà, Í.Ì. Êðèëîâà,
Í.Í.Áîãîëþáîâà, I.Ã. Ìàëêèíà, À.Ä. Ìûøêèñà, �.À. Ãðåáåíèêîâ, Þ.Þ Ìiòðîïîëü-
ñüêîãî, I.Ò. Êiãóðàäçå, À.Ì. Ñàìîéëåíêî, Í.À. Ïåðåñòþêà i À.À.Áîé÷óêà.

Âèâ÷åííÿ íåëiíiéíî¨ äèôåðåíöiéíî-àëãåáðà¨÷íà êðàéîâà çàâäàííÿ ïîâ'ÿçàíå ç ÷è-
ñëåííèìè äîäàòêàìè âiäïîâiäíà ìàòåìàòè÷íèìè ìîäåëåé â òåîði¨ íåëiíiéíèõ êîëè-
âàíü, ìåõàíiêà, áiîëîãiÿ, ðàäiîòåõíiêà, òåîðiÿ ñòiéêîñòi ðóõ. Òàêîìó ÷èíîì, àêòóàëüíà
ïðîáëåìà ¹ ïåðåíåñåííÿ ðåçóëüòàòè, îòðèìàíi â ñòàòòÿõ i ìîíîãðàôi¨ Ñ. Êåìïáåëëà,
À.É . Ñàìîéëåíêî i À.À. Áîé÷óêà íà íåëiíiéíi êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü, çîêðåìà, çíàõîäæåííÿ íåîáõiäíèõ i äîñòàòíiõ óìîâ iñíóâàííÿ
ïîçîâîì õ ðiøåíü íåëiíiéíèõ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷.

Ó ñòàòòi çíàéäåíi óìîâè iñíóâàííÿ i ïîáóäîâàíî èòåðàöèîííóþ ñõåìó äëÿ
çíàõîäæåííÿ ðiøåíü ñëàáîíåëiíåéíîé íåòåðîâèõ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðà-
éîâî¨ çàäà÷i. Çàïðîïîíîâàíà â ñòàòòi ñõåìà äîñëiäæåííÿ íåëiíiéíèõ äiôôåðåí-
öiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ ìîæå áóòè ïåðåíåñåíà íà íåëiíiéíi ìàòðè÷íi
äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâi çàäà÷i. Ç iíøîãî áîêó, çàïðîïîíîâàíà â ñòàò-
òi ñõåìà äîñëiäæåííÿ íåëiíiéíèõ íåòåðîâèõ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâèõ
çàäà÷ ó êðèòè÷íîìó âèïàäêó ìîæå áóòè ïåðåíåñåíà íà àâò îíîìíi ñëàáîíåëiíåéíi
äèôôåðåíöiàëüíî-àëãåáðà¨÷íi êðà¹âi çàäà÷i.
Êëþ÷îâi ñëîâà: êðàéîâi çàäà÷i; äèôåðåíöiàëüíî-àëãåáðà¨÷íà ñèñòåìà; íåêðèòè÷íèé
âèïàäîê; ïñåâäîîáåðíåíà ìàòðèöÿ.

S.M. Chuiko, O.V. Nesmelova. About the reduction of the nonlinear Noetheri-

an di�erential-algebraic boundary value problem to the noncritical case. The
study of the di�erential-algebraic boundary value problems was established in the papers
of K. Weierstrass, M.M. Lusin and F.R. Gantmacher. Works of S. Campbell, Yu.E.
Boyarintsev, V.F. Chistyakov, A.M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A.
Boichuk, A. Ilchmann and T. Reis are devoted to the systematic study of di�erential-
algebraic boundary value problems. At the same time, the study of di�erential-algebraic
boundary-value problems is closely related to the study of nonlinear boundary-value
problems for ordinary di�erential equations, initiated in the works of A. Poincare, A.M.
Lyapunov, M.M. Krylov, N.N. Bogolyubov, I.G. Malkin, A.D. Myshkis, E.A. Grebenikov,
Yu.A. Ryabov, Yu.A. Mitropolsky, I.T. Kiguradze, A.M. Samoilenko, M.O. Perestyuk and
O.A. Boichuk.

The study of the nonlinear di�erential-algebraic boundary value problems is
connected with numerous applications of corresponding mathematical models in the
theory of nonlinear oscillations, mechanics, biology, radio engineering, the theory of the
motion stability. Thus, the actual problem is the transfer of the results obtained in the
articles and monographs of S. Campbell, A.M. Samoilenko and O.A. Boichuk on the
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nonlinear boundary value problems for the di�erential algebraic equations, in particular,
�nding the necessary and su�cient conditions of the existence of the desired solutions of
the nonlinear di�erential algebraic boundary value problems.

In this article we found the conditions of the existence and constructed the iterati-
ve scheme for �nding the solutions of the weakly nonlinear Noetherian di�erential-
algebraic boundary value problem. The proposed scheme of the research of the nonli-
near di�erential-algebraic boundary value problems in the article can be transferred to
the nonlinear matrix di�erential-algebraic boundary value problems. On the other hand,
the proposed scheme of the research of the nonlinear Noetherian di�erential-algebraic
boundary value problems in the critical case in this article can be transferred to the
autonomous seminonlinear di�erential-algebraic boundary value problems.
Keywords: the nonlinear di�erential-algebraic equations; the nonlinear boundary value
problems; the generalized Green's operator; Moore-Penrose pseudo-inverse matrix.

Article history: Received: 30 August 2019; Final form: 21 November 2019;
Accepted: 21 November 2019.
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âèïóñêè æóðíàëó (vestnik-math.univer.kharkov.ua/currentv.htm).

8. Ó âèïàäêó ïîðóøåííÿ ïðàâèë îôîðìëåííÿ ðåäàêöiÿ íå áóäå ðîçãëÿäàòè
ñòàòòþ.

Åëåêòðîííà ñêðèíüêà: vestnik-khnu@ukr.net
Åëåêòðîííà àäðåñà â Iíòåðíåòi: http://vestnik-math.univer.kharkov.ua

https://mathscinet.ams.org/msc/msc2010.html
http://www.udcsummary.info/php/index.php?lang=en
https://orcid.org/
http://www.researcherid.com/Home.action
https://www.scopus.com/search/form.uri?display=basic
http://vestnik-math.univer.kharkov.ua/currentv.htm
http://vestnik-math.univer.kharkov.ua
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