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Discrete mathematical model of the scattering
process of E-polarized wave on a periodic
impedance grating

V.D. Dushkin!, S.V. Zhuchenko?, O.V. Kostenko?

! National Academy of the National Guard of Ukraine,
Zakhystnykiv Ukrainy Sq. 8, Kharkiv, 61001, Ukraine
2 V. N. Karazin Kharkiv National University,
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3 B. Verkin Institute for Low Temperature Physics and Engineering,
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dushkinvd@gmail.com, stanislavzhuchenko@Qukr.net, alexvladkost@gmail.com

It is considered the discrete mathematical models which describe the interacti-
on process of the E-polarized wave and periodic system of impedance tapes.
It is shown that the discrete model for various values of the discretization
parameter is equivalent to the system of singular integral equations. Calculati-
ons were performed for the proposed model and for the model based on the
hypersingular equations. The obtaining results showed the closeness of the field
characteristics.

Keywords: mathematical model; impedance structures; numerical experiment.

Hymkin B[, 2Kyuenko C.B., Kocrenxko O.B. JIuckperHa mareMaTuvIHa
MO/IeJib TPOIleCy PO3CIIOBaHHS XBUJIb MMEPiOJUYHOI0 IMIIEJaHCHOIO
rpaTkoro. Y po0OTi PO3TJISHYTO AUCKPETHI MaTEeMATHYIHI MO, fKi OMUCY-
I0Th POIIeC B3aeMOil E-mtosisipu3oBaHol XBUJIi 3 MEPIOIMYIHOI0 CUCTEMOIO iMTIe-
JAHCHUX CTPidoK. JluckpeTHa MOmesib npu Pi3HUX 3HAYEHHSIX IMapaMerpa JIuc-
KpeTu3allil eKBiBaJeHTHA BiJANOBIAHINM CUCTEMI CUHIYISPHUX iIHTErpaibHUX PiB-
Hsiib. OOYMC/IEHHsS TPOBOAMIIMCS HA, 0a3i 3aIPOIIOHOBAHOT MOJEJi Ta HA OCHOBI
MOJIEJT, IO CITUPAETHCA HA TIMEPCIHTY/IApHI PIBHIHHSL.

Kamowosi caosa: MaTeMaTHIHA MOJETD; IMIIEJAHCH] CTPYKTYPH; YUCETbHII €KC-
MTEPUMEHT.

Hymkuna B.J1., 2Kyuenko C.B., Kocrenko A.B. uckpernass maremaru-
YecKasd MOJEJb MpoIlecca pacceTHUs BOJIH NEPUOAMIECKOIN MMIIeIaH-
CHOI1 pemiéTkoii. B pabore paccMOTpeHbI TUCKPETHBIE MATEMATHIECKUE MO/IE-
JIU, OMTUCHIBAOIIINE TIPOIECC B3auMO IelicTBus E-moIspru30BaHHON BOJIHBI C TIEpU-
OJIMYECKON CHUCTEMON MMIEIaHCHBIX JieHT. [loka3aHno, 9To AUCKpeTHAs MOIENb
MIPU PA3INIHBIX 3HAYEHUAX TTaPAMETPA JUCKPETU3ANUN IKBUBAJIEHTHA COOTBET-
CTBYIOIIAM CHCTEMAaM CHUHTYISPHBIX WHTEIPAJIbHBIX ypaBHeHUi. Borancienus
[IPOBO/IMJINCH HA OCHOBE IIPEJJIATAeMOil MOJEIN M MOJE/H, OCHOBAHHOU Ha I'h-
TNEePCUHTYJIAPHBIX YDABHEHUAX. HOHy‘-IeHHbIe pe3ysbTraTbl OKa3aJInuCh 6HH3KI/I.
Karouesvie crosa: MaTeMaTnaecKasi MOJIEIhb; MMIIEAHCHBIE CTPYKTYPbI; YACIIeH-
HBII SKCIIEPUMEHT.

2010 Mathematics Subject Classification: 41A55.
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1. Origins of research.

Shchukin-Leontovich impedance boundary conditions are widely used to
describe the interaction processes of electromagnetic waves and different kind of
non-PEC structures [1] — [8]. In this case, the 3D-problem for Maxwell’s equations
reduces to two 2D-problems. They are boundary value problems for the Helmholtz
equation with third boundary conditions. In order to find an approximate soluti-
on to these problems, we use the two-stage algorithm of professor Yu. V. Gandel.
At the first step, we find systems of integral equations that are equivalent to
the original boundary value problem. We are using the method of parametric
representations of integral operators [9] — [11] on this step. At the second step,
a discrete mathematical model of the mentioned problem is built. The discrete
singularities method [12],[13] was used to obtain it. This approach has shown
its effectiveness in solving various problems[14] — [36]. In [13], [36], the method
of reducing the initial boundary-value problem to a system consisting of singular
equations of the first kind and Fredholm integral equations of the second kind
is considered. We propose a discrete mathematical model of the problem under
study based on the system of integral equations mentioned above. It is shown
that a one-to-one correspondence exists between discrete models for various values
of the discretization parameter and systems of approximating integral equations
of the problem. By solving this system, the approximate values of the main fi-
eld characteristics are determined. The method of parametric representations of
integral operators makes it possible to obtain systems of integral equations of other
types [29], [30]. In particular, the original boundary-value problem was reduced to
a system consisting of hypersingular integral equations of the second kind and the
Fredholm integral equation of the second kind [32],[37]. Therefore, it is a good
base of interest for a comparative computer experiment.

2. Formulation of the problem

co M
Let T= |J U T4 be a system of non-PEC tapes

n=-—o00 q=1

Thg = {(x',y',z’) € Rz’ e R,y = (a; + 2nl',ﬁé +2nl'), 2 = O} . (1)

E-polarized wave

L o 1 E 1 E
[ (initial) _ (E(),0,0), [ (initial) _ (0 0Ey 0 O) , (2)

Viwppo 07 dwppg Oy

Ey (y,2') = exp (ik (y - sing — 2’ - cos¢)) - exp (—iwt) (3)
is scattered by this tape system. We consider the problem as formulated in [13]

and [36]. This problem amounts to finding a function E (y/, z’) that corresponds
to the x-component of the total field , resulting from waves scattering by tapes.
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Fig.1 Impedance structure.

It is the solution of the Helmholtz equation:

AE+I<:2-E:O,/<::%, (4)

in the whole plane without tapes. The total field satisfies
1) Shchukin - Leontovich boundary conditions on tapes:
aE !/ / /
%_hE:()v (y,Z)GT, (5)
2) Floquet conditions,
3) Boundedness energy condition in any region of the plane.
Also the difference between total and incident field E — Ej satisfies the
Sommerfeld radiation conditions.

2. Systems of integral equations.

Put
ET (.2, 2 > 0;
E(,2) - Ey(y,2) = e 7 6
(y ) O(y ) {E_(y',z'), Z/ <07 ( )
where
o0
ET(y,7)= > af -exp(—,2") - exp(ip,y), (7)
n=-—o00
o
E~(y,2)= Y a, -exp(y,2) - exp(ip)y), (8)
n=-—o00
and n
Pn=k-sing+ —=, 7, = V(p)? — k%, n € Z; (9)

ll
Re (7v,) 20, Im (v,) <0, n € Z. (10)
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Hereinafter we use the notation:

kT T ’h—l/'h/‘
K= ﬂ_?y_l, yaz_l/ 2 - 7'["
I .~
Dn = p":ﬁ-sincp+n, Yn = ’Y",neN; (11)
T T
7r s
aq:p'aga ﬁq:pﬂéaq:L)M, (12>
M
L= U an Lq = (aCJaﬁq)' (13)
q=1
From field continuity condition
E*(y,0) = E~(y,0), y € CL = [0,27)\ L; (14)
OE™ OE~
—_— = —(y,0 CL 15
5, W0 =—5—(40),y¢€ (15)
and the boundary conditions (5) we get:
Z Vi - (a;{ + a;) ~exp(ippy) =0, y € CL; (16)
Z (v + h) - (a:{ + a;) -exp(ippy) = —2h - exp(ikysiny), y € L; (17)
Z (a;) —ay,) - exp(ipny) =0, y € CL; (18)

o0

Z (vn + 1) - (a) — ay,) - exp(ipny) = —2ik cos ¢ - exp(ikysing), y € L. (19)

n=—oo

Acting as in the monograph [13] , we define two functions:

Oou~ out >

W+(y) = E(%O) - W(%O) = nz_:oo Tn (a; + a’;) eXp(ipny)v (20>
y € [0, 27].
_ ou™ ou~ > _ .
w (y) = Ty(yv 0) - Ty(yv 0) = n:Z_OO Pn (@;f - an) eXp(any)7 (21)
y € [0, 27].

It implies from (14), (15), that:
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=0, W (y) =0,y € CL; (22)
/ W= ()dt = 0, (g = 1,.... M); (23)
E*(y,00 = E~(5,0) = Y (af —a,)exp(ipny) = / W= (t)dt.  (24)

Using the inverse Fourier transform and taking into account (22) — (23) we
obtain:

1
al = /W+(t) - exp(—ipnt)dt+

47y
(25)
/W -exp(—ippt)dt, n € Z;
4mpn
o ! /W+(t) exp(—ip,t)dt
pr— . X _/L n J—
. - (26)
“Irin, /W_(t) - exp(—ipnt)dt, n € Z.

As proposed in [13]| , we accomplished the conversions to (17) and get the
second-kind Fredholm integral equation:

h —t
Wt (y) — /ln 2. sin 2 'W*(t)d#r
T
) L (27)
+— / Q(y, t)WT(t)dt = —2h - exp(irysinp), y € L;
T

L

where

Q(y,t) = exp(iksinp(y — t)) 270 + Z exp in(y—1t)) | —

”;;630 (28)

—(exp(iksinp(y —t)) — 1) - In

Yy —t
2. ;
sin 5 ',

A;le—l:O(an),n—)oo. (29)
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This equation contains a logarithmic singularity in the kernel. Having applied
the method of parametric representations of integral transformations, we obtain

a singular integral equation:

f% / cte <t_2y) W ()t + % / Rly, )W~ (t)di+
L

L

Yy
+h- /W (t)dt = —2ikcos ¢ - exp(ikysing), y € L,
ai
with additional conditions:

By
/W‘(t)dt =0, (g=1,..., M),

where
[e.e] A_
R(y,t) = Y o exp(ipa(y — 1)+
Pn
n—=——oo
n#0
K COS > 1 1
+ 5 Z < - ) exp(—ippt)—
Pn n
n=-—00
n#0
T™—1

—1K COS (p - —5 exp(—iksinp - t)—

exp(irsinp(y —t)) — 1 t—y
5 ctg 5

)

1
A*:fyn—|n|—f£sin<,0-m O(),n%oo.
n

n n

(32)

(33)

Making the substitution of y by 0 in (18) and taking into account (25) - (26),

we obtain
o
af —ag=— Y (af —a,) =
n=—oo
n#0
1 = 1/1 1
== —iksing - t) - —(=-= —int) - W~ (t)dt
F/e:cp( iksing - t) nzzoo 5 <pn n) exp(—int) (t)dt+
n#0
1 —t I
- / L X e—msmcpt . W— (t)dt.
™ 2

L

(34)
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Define the functions:

Vi) =W (0 - 00)(Bg — v). v € L, (1., M); (35)

V() = W’(y)\/(y —ag)(Bg —Y)s y € Lg, (1...., M); (36)

It implies from the boundedness energy condition that V" (y) € Clag, 5] and

V;]_(y) € C[a% Bq], (q = 17 ceey M)
Define mappings:

9q : [_17 1] — [Oltbﬁq]u gq(t) = ¢q i+ @7
P (37)
¢q:%> (¢=1,...., M),

and notation:

2 -sin

K€1) = 64+ h {Q<gq<£>,gp<7>> i

M—flq(@‘

(38)
+6qp-1n|Ts|},<q=1,...,M>, (p=1,..., M)

Kppler) = o0 et (PO T8 ) < pigy (.m0} - 2,

f2,4(§) = 2ik¢y - cos @ - exp(ikgq(€)sing), (¢=1,...,M). (41)

In (38)-(39) symbol ), is the Kronecker delta. Taking into account (35), (38) from
equation (27) we obtain:

1
h Vo (r)d
V;_(f)_fqﬂ/ln‘T_g’ \;%
-1

(42)
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The system of singular integral equations:

1 1
1 1 Vo(ndr 1¢ _ Vy (T)dr
/ ‘172 + Z/vap(gﬂv)pz_
r)r—evi—e n&l Vi
: V, (r)dr _ (43)
_hqbq . : ﬁ — 2,6](6)7
1§l< 1, (¢g=1,..., M)
with additional conditions:
1
/Vq(T)dT —0,(q=1,...,M) (44)
m - ) q - VR

-1

is a consequence of the equations (30), (31) and notations (36), (39).

4. The mathematical model of the problem

We denote by {tlm,k}n . the Chebyshev nodes, which are zeros of Chebychev

n—1
polynomials T, (7) of degree n. Also we consider the collocation points {tz,nym} X
m=

which are the zeros of Chebychev polynomials of the second kind U,,—1(7).
As in [38] —[40] we took into consideration the basis (fundamental) polynomi-
als:

P, (T)
11— = — , k=1,...,n;
1n—1k (T) P i) (7 —fond) n
l2,n72,m(§) = Un-1(8) , m=1, ... , n—1.

U7/1—1 (t2,n,M) (§ - t2,n,m)

We introduce the Lagrange interpolation polynomials of functions and

K;p,n (57 T) = Z Z K;p (tl,n,ma tl,n,k) : ll,n,m (5) : ll,n,k (7—) , (45)
m=1 k=1

q:17aM7 pzlvaMa

Kq_,p,n (Sv T) = Z Z Kq_,p (tQ,n,ma tl,n,k) . l2,n,m (5) . ll,n,kz (7—> 5
m=1 k=1 (46)

q:17"'7M; pzlavMa
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Fram (€)=Y frg(trnm) - linm (€),
m=1

- (47)
f2,q,n (f) = Z f2,q (t2,n,m) : l2,n,m (f) ’
m=1
g=1,---, M.
Let us consider the following system of integral equations:
bg-h — / Vit (r)d
+ ¢y P _ 2, Yan \T) 9T
Vi (© = L 321 () o (O / I |7 = b~
i . (48)
1 ’n (1)dr
42> [ Kyt 2D = B (©).
p=1"4
€l <1, q=1,---,M;
L1 Vo a1 Vi (7)d
T T)dTr
/ . + — Z/K P R o
ﬂlT—é V1-712 T 172
£
byt [ P2 e "
q 1 m — J2,qn )
1
/ Yan DT _ o 1 (50)
1 m - q_ ) ’ .

Designate as L/2)7 _, the Hilbert spaces of measurable on segment [—1, 1] functi-
ons with the inner product

1
(U V) = / Ur) V() 2 (51)
21

and norm [|V| = +/(V, V).
From the results of the work [38] — [40] we obtain



Bicuuk XHY, Cep. «MaremaTuka, IpuKIaIHa MaTeMaTuKa i Mexadikay, Tom 90 (2019) 13

Proposition 1 Let N - sufficient integer number. If n > N the following
statement holds true.

1) The systems of equations (48) and (49)-(50) have a unique solution.

2) The functions V(1) and V(1) are the polynomials of degree n-1.

8) The sequence {V,,,}o N1 of solutions of IE system (48) converged to the
exact solution of the problem (42) in the norm of space LIQ,’ 1 -

4) The sequence of solutions of singular equation system (49)-(50) converged
to the exact solution of the problem (43)-(44) in the norm of space L%’ 1

It follows from Proposition 1 that, as a result of substituting the functions
V,h.(7) into the left-hand side of equations (48) we obtain a polynomial of degree
n-1. Also, the result of substituting the polynomial V() into the left-hand side
of equation (49) is a polynomial of degree n-2. On the right side of equations (48)
and (49) are polynomials of the same degrees. From the uniqueness of determining
a polynomial of degree n from its values at n+1 point, there follows a one-to-one
correspondence of problems (48) and (49)-(50) to the system of equations:

(€ (t 2 (¢ /1 it . Vi (1) dr
nr nm ,n,m n,r 0|7 —topm| ———
1 ()i € SN
1 & / Ve (r)dr
- + Zpn AT
+’]T Zl / qun (fl,nﬂ” 7-) m — fl,q,n (§I7n,7') s (52)
=11

1
1 1 Vo (ndr 1Y Voo (1) dr
/ La. +§j/K,m (€amss7) 20T
m) T—=8ns V1-—712 ™o & V1—12

52,77,,3

Vi (1)dr
_ (;5(1 -h L -
m

821,"',11—1,(]:1,"',M;

= f2,q,n (52,71,5) ) (53)

1
Voo, (T)dr

q7n

=0, =1,---,M; 54
e q (54)

To discretize equations (52) - (54), Hermite’s formulas and quadrature
formulas of interpolation type [13] are used:

1
1 / 1 Vou(ndr 1 Z”: Vo (t1,n,k)
) T—tonp 1-—712 ne—

-1

) p:17an_1; 55
tink —t2np (55)
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- (56)
n t n
ln2+2ZT (h ’“)], €| < 1

1
v o(r)dr
/ln]f—ﬂ-q’ = =
1

:%ZV (tlnk

k=1

-1 =1 (57)

-[arccos§—7r+\/1—§2 ZUml (tlnk)], 1€l < 1;

m

Note that all formulas (55) - (57) are exact for polynomials of degree n-1.
Also, as a result of discretization of the integral equations (52), (53) and (54),
we obtain a system of linear algebraic equations with ¢ - n unknowns

Vynm = Vgn t1nm), q¢=1,--- M, m=1,-- n. (58)
ﬁ;nm—vqfn(tlvn,m), g=1,--- M, m=1,---,n. (59)

The existence and uniqueness of the solution of linear systems is a consequence
of the existence and uniqueness of the solution of problems (52) - (54) and their
one-to-one correspondence with the systems of integral equations (48)-(50).

By solving these linear systems, we obtain approximate solutions to the
systems of integral equations (42) and (43)-(44) by the formulas:

= Z ﬁ;n,m ’ ll,n,m (T> ) (60)
m=1

Zﬁqnm llnm( )7 qzla""M' (61)

5. Numerical results.

We studied the interaction of the E-polarized wave and the grating. The case
of normal wave incidence was considered. The calculations were carried out by
two discrete mathematical models. The first model is described in paragraph 4
of this paper. The second model is based on the discretization of hypersingular
integral equations of the second kind. In paper [37] the justification algorithm for
finding a numerical solution of these equations is given.
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Table 1. Absolute values of the Fourier coefficients.

The results obtained using The results obtained using
singular equations hypersingular equations
ol 1@ | @] [®]||% ‘ﬂu ‘ “11 ‘ a, d;

01 0999| 0,014 0,030 0.0025| 0,999 | 0,013 | 0,028  0.0023
0.3 0,99| 0,042 0,087 0,0069 099 | 0,041 0,085 0,0066
059 0972| 0,073 0144 00096 | 0973| 0071 0142 0,0096
07 0946 0111 0,202 00095 0,946 | 0,109 0,2 | 0,0095
09] 0901| 0176| 0,264 | 0.0017 | 0904 | 0172 | 0,262 | 0,0006
1,1 0,795 0,261 0305 0057 0,797 0263 | 0304 | 0,056
1,3 0,733 0,227 | 0345 | 0,073 0,75 0228 | 0343| 0,073
1,5 0,700 0,209 0397 | 0088( O0703| 0,209 | 0,39 )| 0,087
1,7 0,623 0,194 | 0461 01 0,627 | 0,194 | 0458 0.1
1,9 0,430 0179 0541 | 0,088| 0,49 0,18 | 0,542 0,11
21| 0322 0124 | 0504 | 0,091 0318 | 0125 | 0,506 | 0,092
23| 0377 0099 0451 | 0088) 0374 0,099 | 0451| 0088
25| 0406 0083 0427 0091) 0403 0,083 | 0426 0.09
27| 0424 007| 0412| 0,096] 0422 0,07 0411) 0,095
29| 0436| 0056 0402| 0106 0434 | 0,056 | 0401| 0,105
31 0440 0037 039, 0M12| 0438 0037, 0383 01M
33| 0448 0,041 0380, 0113 | 0,446 004 0373 0109
35| 0455 0,045 0372, 0110 0454 | 0044 0372 0M
37| 0462 005 0365, 0118| 0461 0,05 0364 0117
3.9 047 0058 035 0129 0468 | 0,058 0355 0128
41| 0465 0076| 0326 | 0157 0464 0,076 | 0325| 0157
43| 0455| 0081] 0,318 0161 0454 | 0,081 | 0316| 0,161
45| 0448 | 0085 0313 0162] 0447 | 0,08 | 0311] 0163
47| 0444 | 0088 | 0310 0164 0442 | 0,088 | 0308 | 0,164
49| 0440 0093 | 0,308 | 0167| 0439 0,092 | 0306 0167
51 0458 | 0,094 0309 0143 0456| 0094 | 0308 0144
53| 0464 | 0091 0309 0127 0463| 0091 0308 | 0127
5,5 0466 | 0,083 0309, 017 0464 | 0089 0307 0117
5,7( 0,465| 0,087| 0,309 0,11] 0463 | 0,086 | 0,307 0,11
59 0460 | 0,084 0309, 0102| 0458 | 0,083 0307 0,102
61 0458 0074 0313 0083 0456 0074 0311/ 0,088

In calculations we take h' equals:

.
h’:—zKZ-\/E, (62)

where K = 0.0001.
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Fig.2 Map of the absolute value of the scattered field in the domain

above the two-elements periodic grating.
117 o
051:%7 /81:%7 Qg = 9’ ﬂQZ?

On figure 2 there are the maps of the absolute value of the scattered field |[ET|
in the domain above a two-element periodic structure. The table 1 shows some
parameter values in this case obtained using singular and hypersingular equations.
The number of interpolation nodes in this case is twenty on tape.

We considered next structure. In the middle of the tape, lying in half the
period, a slot 27 wide was made. The graths on figure 3 show the change in the
field characteristics depending on the slot width. In the figures you can see the
absolute values of the Fourier coefficients and values:

We also studied the similarities and differences in the fields created by periodic
lattices and lattices consisting of a large finite number of repeating elements. For
example, at the top of figure 4 you see a colored map of the field in the domain
above periodic structure. In this case one tape lies on half the period. Below there
is a map of the scattered field above the central part of the non-periodic structure.
This structure consists of fifteen equal tapes. The distance between the tapes and
their width are the same and equal to 7 .
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0 I T 37 29T
2 2

Fig.3 Tape with slot 276 wide on the period.
a) la*[l,g:1 ) fag |, ©) [ar]. d) |ag |, £) [ag], g) [af], b) [ag].
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Fig.4 Map of the absolute value of the scattered field
in periodic and non-periodic case, k = 1.1

On fig. 5-6 we consider a five-element periodic structure. On the period, four
tapes have the same length, and the fifth tape has a defect on the right. You can
see the field characteristics for some values of theta. Graphs on figure 4 show the
field characteristics for some values of theta. On fig. 5 there are colored maps of
the scattered field in the domain above this structure.

6. Conclusions and directions for further research.

The results of the performed numerical experiments showed are in a good
agreement of the obtained numerical results with the results obtained using
hypersingular integral equations. The performed experiment is a basis for the
numerical investigation of more complex impedance structures. These studies are
related to the work carried out at the Department of Applied Mathematics of
the School of Mathematics and Informatics of V. N. Karazin Kharkiv National
University for topic (017U004831) "Modeling the dynamics of complex systems in
order to identify problem situations". Publication contains some results based on
a research provided by grant support of the State Fund for Fundamental Research
(project F-83).
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Hymkin B.Jl, ZKyqgenko C.B., Kocrenko O.B. Iuckperna maremaTmdHa MOOeJIb
Hporecy PoO3CilOBaHHS XBWJIb IIEPIOAWYHOIO0 IMIIEJAHCHOK I'PATKOIO. Y CTATTI
POBILISAAETHCS CIOCIO IHCETHHOTO MOJETIOBAHHS MPOIECY PO3CIIOBAHHS XBUJIb TEPioau-
9HOIO IMIIEZ@HCHOIO IPATKO0. ¥ pa3i rapMoHiifHOI 3asie;kHOCT] mosd Bix 4dacy i omgHO-
PIAHOCTI CTPYKTYPH y3JI0B2K JIesdKOl OCi TPUBUMIpHA 3a/la4d 3BOJAUTHCA JI0 PO3IVISILY
JBOX ITBOBHUMIpHWX 33724 JJid KOMTOHEHT E-monspu3oanoi i H-momspu3oBaHol XBUIIi.
lykana ennHa HEHYIHOBA KOMIIOHEHTA €JIEKTPUYIHOTO IMOJIsI, CTBOPEHOTO Maaandon E-
TOJITPU30BAHOI XBUJIEIO, € PillleHHAM KpafoBol 3a/1a4i /11 piBHAHHSA [ebMrosbia 3 rpa-
HUYHEME yMoBamu Pobena. 3 (Hi3wvHOI MOCTAHOBKHU 3a/adi BUILIUBAE, 10 i1 pillleHHS
MIOBWHHI 33/I0BOJIbHATH yMOBi KBazimepiogu4anocti ®JioKe, yMOBOIO CKiHY€HOCTI eHeprii
B Oyab-skmii obMexkeHiii obacti mommHi. Takok pI3HUIST MOBHOTO i MAAAI0YOr0 OIS
TMOBUHHA 33J0BOJILHATH yMOBi BunipomiaioBantus 3ommepdensaa. Crigyroun igesm podiT
}O.B. l'anzgens, 3a 10MOMOT0I0 METOY MapaMETPUIHUX YHBJIEHb IHTErPAJIbHUX OMEPATO-
piB KpaiioBa 3a/ada 3BOAUTHCSA IO IBOX CHCTEM iHTErpaibHUX piBHAHB. llepima cucre-
Ma CKJIQIAETHCA 3 CHHIYIAPHUX PIBHAHD MEPIIOrO POAY 3 [IOJAATKOBUMH iHTEIDAIbHUME
ymoBamu. JIpyra cucrema CKIAIAETHCs 3 TPAHNIHUX iHTErpaabHuX piBasaab @penaroabpbma
JPYroro poay 3 JiorapudMivHOK 0COOIWBICTIO B mimiHTerpasbhiil dyHkiii. Bys mpose-
JeHWil 9UCeIbHUN €KCIIEPUMEHT [JIsi BUIMAJKIB PI3HOrO po3raimiyBaHHsd CTpidok. O0um-
CJIEHHsI TPOBOJIMJIUCS JIJISE MOJIE/Ii HAa OCHOBI CHUHTYJISIDHUX PiBHSAHB 1 MOJIeJi HA OCHOBL
TinepciHryaapHuX piBHAHb. BOHM mOKa3ann OMM3BKICTh OTPUMAHUX Pe3yabTaTiB y Jia-
[1a30Hi JIOC/I/PKYBAHUX IIapaMeTPiB.

Kaov06i cro6a: MaTEMATUYTHA, MOJIETH; IMITEIAHCH] CTPYKTYPH; YUCETHLHUN eKCTIEPUMEHT.

V.D. Dushkin, S.V. Zhuchenko, O.V. Kostenko. Discrete mathematical model of
the scattering process of E-polarized wave on a periodic impedance grating.
The method of numerical modeling of wave scattering by periodic impedance grating is
considered. In the case of a harmonic dependence of the field on time and the uniformity of
the structure along a certain axis, the three-dimensional problem reduces to considering of
two 2D problems for the components of the E-polarized and H-polarized waves. The signle
nonzero component of the electric field created by the incident E-polarized wave is the
solution of the boundary value problem for the Helmholtz equation with Robin boundary
conditions. It follows from the physical formulation of the problem that its solutions
satisfy the Floquet quasiperiodicity condition, the condition of finiteness of energy in
any bounded region of the plane. Also, the difference between the total and incident
fields satisfies the Sommerfeld radiation condition. Following the ideas of the works of
Yu.V. Gandel, using the method of parametric representations of integral operators, the
boundary-value problem reduces to two systems of integral equations. The first one is
the system of singular equations of the first kind with additional integral conditions. The
second system consists of the Fredholm boundary integral equations of the second kind
with a logarithmic singularity in the integrand. A discrete model for various values of the
discretization parameter is equivalent to systems of singular integral equations. By solving
these equations, approximate values of the main field characteristics are determined. The
method of parametric representations of integral operators makes it possible to obtain
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systems of integral equations of other types. In particular, the initial boundary-value
problem reduces to a system consisting of hypersingular integral equations of the second
kind and the Fredholm integral equation of the second kind. A numerical experiment
was conducted for cases of different location of tapes. Calculations were performed for
the proposed model and the model based on hypersingular equations. They showed the
closeness of the obtained results in a wide range of parameters studied.

Keywords: mathematical model; impedance structures; numerical experiment.
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Boundary value problems for systems of
non-degenerate difference-algebraic equations

S.M. Chuiko, Ya.V. Kalinichenko, N.V. Popov
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Slavyansk, st. General Batyuk, 19, 84 116, Ukraine
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The conditions of existence and the construction of solutions of Cauchy problem
for difference-algebraic system are determined. The conditions of existence
and the construction of solutions of a linear Noetherian difference-algebraic
boundary-value problem are determined. An original classification and a single
scheme of construction of the solutions of difference-algebraic equations are
proposed.

Keywords: boundary-value problems, difference-algebraic equations, pseudoi-
nverse matrices.

Yyitko C.M., Kaniniuenko 91.B., ITonos M.B. KpaiioBi 3agaui ajs cucrem
HEBUPOPKEHUX PI3HUIEBO-AJIreOpaiyHnux PpIiBHAHBb. J3HAWIEHO YMOBHU
PO3B’S3HOCTI, & TAKOXK KOHCTPYKINIO y3araJbHEHOro omeparopa ['pina 3ama-
qi Kol myist pisanneso-anredpaidnol cucremu. 3HaAHIEHO YMOBH PO3B’S3HOCTI,
a TaKOXK KOHCTPYKINIO y3arajabHEHOro omeparopa I'piHa misa JiHiiHOI Here-
POBOI pi3HmIeBO-aIrebpaidHol KpaifoBol 3asadi. 3anpONOHOBAHO OPUTIHAIBHY
KaaCUPIKALII0 KPUTUIHUX 1 HEKPUTUYHUX BUIALAKIB JJIs1 JIHIHUX PI3HULIEBO-
anreOpaldIHNX KPaWoOBUX 3a1a4.

Karouo6i crosa: KpaitoBi 33141, pi3HAIIEBO-AJITeOpaidHi piBHAHHSA, TICEBI000Ep-
HEHA MATPHUIIL.

Yyiiko C.M., Kaguunuernko 4.B., [Tomos H.B. Kpaessbie 3aaun qiist cucrem
HEBBIPOXK/IEHHBIX Pa3HOCTHO-ajredbpamdyecknx ypaBHeHwil. Haiinennt
YCJIOBHUS PA3pPENInMOCTH, & TAKXKE KOHCTPYKIns 00600IeHHoro oneparopa I'pu-
Ha 3aga4n Ko a1 pasnocTHo-anredpandeckoit cucrembl. HaiimeHbl ycaoBus
Pa3pEIInMOCTH, & TAKKe KOHCTPYKIsS 00001eHHOro oneparopa I'puHa 1ist jin-
HelHOil HeTepOBOIl Pa3HOCTHO-AJITeOpandeckoi Kpaeroi 3amaun. IIpeamoxena
OPUTHMHAJIbHAS KJIACCU(DUKAIINST KPUTUIECKUX W HEKPUTHIECKUX CJIYIAEB It
JINHEHHBIX PA3HOCTHO-AJreOPaNIeCKuX KPAEBbIX 3a/1a4.

Karouesvie caosa: Kpaesble 3a7a4u, Pa3HOCTHO-areOpanmdeckue ypaBHEHUs,
[1CEB/1I000PATHDBIE MATPHUIIBL.

2010 Mathematics Subject Classification: 15A24, 34B15, 34C25.

Introduction

The relevance of the study of solvability conditions, as well as finding solutions
of linear Noetherian difference-algebraic boundary-value problems is associated
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with the widespread use of difference-algebraic boundary-value problems obtained
by linearization of nonlinear Noetherian boundary-value problems for systems of
ordinary differential and difference equations. The relevance of studying Noetheri-
an boundary value problems in critical cases, in turn, is associated with numerous
applications in electronics, mechanics, the theory of motion stability, biology and
radio engineering, and the theory of nonlinear oscillations.

In part 1 the conditions of existence and the construction of solutions of
Cauchy problem for linear nondegenerate difference-algebraic system are determi-
ned. In part 2 the conditions of existence and the construction of solutions of a
linear Noetherian difference-algebraic boundary-value problem are determined. In
part 3 the conditions of reduction of a difference-algebraic boundary value problem
to a non-critical case are determined. The proposed conditions of solvability, as
well as the scheme of finding solutions of linear Noetherian difference-algebraic
boundary value problems are illustrated in detail in the examples.

1. Nondegenerate systems of linear difference-algebraic equations

Consider the problem of finding bounded solutions [1, 1]
z(k)eR", keQ:={0,1, 2, ..., w}
of the system of linear algebraic difference equations
A(k)z(k +1) = B(k)z(k) + f(k); (1)

here A(k), B(k) € R™*™ are assumed, generally speaking, rectangular: m # n
matrices and f(k) is real column vector. The matrix A(k) is assumed rectangular
or square but singular.

The problem of finding bounded solutions z(k) of boundary value problem for
a linear nondegenerate system of first-order difference equations

z2(k+1)=Ak)z(k) + f(k), Llz()=a€eR"

was solved by A.A.Boichuk. Thus, the problem of finding bounded solutions z(k)
of a difference-algebraic system (1) is a generalization of the problem solved by
A.A.Boichuk [1]. Denote Pa«(k) the matrix-orthoprojector [2]:

P« (k) : R™ — N(A*(k)).
Provided [3] that the matrices A*(k)B(k), A*(k)f(k) are bounded, and also

the system (1) can be reduced to the traditional system of linear difference equati-
ons

2(k+1) = AT(k)B(k)z(k) + So(k, o (k)); 3)

here
rank A(k) := 09 =m < n.
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Besides,
So(k,vo(k)) := AT (k) f(k) + Pa,, (k)ro(k),

AT (k) — is pseudoinverse (by Moore - Penrose), Pa, (k) — (n X po)— is a matrix
composed of pp linearly independent columns of (n x n)— orthoprojection matrix

Py(k) : R™ — N(A(k)),

vo(k) € R is an arbitrary real vector function. General solution of the Cauchy
problem
z2(0) =ceR"

for the homogeneous part of the system of difference equations (3)
z(k) = Xo(k)e, ceR™
is defined by the normal fundamental matrix:
Xo(k+1) = AT (kE)B(k)Xo(k), Xo(0) = 1I,.

The normal fundamental matrix can be represented as:
k—1
Xo(k) = [T AT()BG).
j=1

Under condition (2) the normal fundamental matrix Xo(k) of the homogeneous
part of the system of difference equations (3) is, generally speaking, singular:

det Xo(k) = 0,

therefore, to construct a general solution of the Cauchy problem z(0) = ¢ € R"
for the inhomogeneous degenerate system of difference equations (3) the scheme
[1, 5] is not applicable. However, the Green operator of the Cauchy problem for
the degenerate system of difference equations (3) can be found as follows:

K[So(7,10(i))](0) := 0, K[So(j, v0(5))](1) := Fo(L, vo(1)), -,

K300, o)k + 1) := AT (k) B(k) K [$o (4, v0(5))] (k) +
‘H?O(k,vo(k)), e

Thus, the following lemma is proved.

Lemma 1. The problem of finding bounded solutions of a system of linear
difference-algebraic equations (1) under the condition (2) has a solution

z2(k) = Xo(k) c+ K[f(§)](k), ceRY
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here Xo(k) — is a normal fundamental matriz,

K[f()I(k) = K[To(j, v0(4))](k)
— 148 the Green operator of the Cauchy problem for the system (1).

By analogy with the classification of differential-algebraic equations |3, 6], as
well as with the classification of impulse boundary problems for ordinary differenti-
al equations [2, 7, 8] under condition (2)), in the case of boundedness of matrices
AT (k)B(k), AT (k)f(k), we will say that the system of linear difference-algebraic
equations (1) is degenerated. Note that, in contrast to the traditional system
of linear difference equations [1], the solution of the system of linear difference-
algebraic equations (1) under condition (2) depends on an arbitrary bounded
vector function vy(k) € R0,

Example 1. Let’s find a solution to the system of first-order difference-
algebraic equations

Az(k+1)=Bz(k)+ f(k), k=0,1, 2, 3, (4)
where
0O 1 0 0 01 00 1
A= -1 0 0 1|, B:= 1 00 1], flky= 2
0 0 -1 0 0O 01 0 3

Since condition (2) is fulfilled and the system (4) has a solution of the form
2(k) = Xo(k) e+ K[f(7)](k), ceRY

here Xo(k) — is the normal fundamental matrix:

10 0 -1
1{ o 2 0o o
X0 =L XMW=35| ¢ o 2 o |
1 0 0 1
000 0 00 0 0
0100 01 0 0
Xo@=| 0010 XO=[g0 10
0000 00 0 O
Besides:
—1
1
K[f())0):=0, K[f(DIMW) =] _5 |.
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In this case, the matrix A(k) — is rectangular, while pg = 1 # 0, therefore the
solution found depends on an arbitrary continuous vector-function; in this case

1/0(]{,‘) = 0.

2. Boundary value problems for systems
of linear difference-algebraic equations

We investigate the problem of finding bounded solutions |1, 1]

z(k) eR", ke

linear Noetherian (n # v) for the linear Noetherian boundary value problem for
a system of linear difference-algebraic equations [1, 1]

A(k)z(k+1) = B(k)z(k) + f(k), (2()=a, a€R% (5)
here A(k), B(k) € R™*™ — are real matrices and f(k) are real column vectors,
lz(-) : R" - RY

is a linear bounded vector functional defined on a space of bounded functions.
The problem of finding bounded solutions z(k) of a boundary value problem for
a linear non-degenerate system of first-order difference equations

z(k+1) = A(k)z(k) + f(k), (lz()=a€RY

was solved by A.A.Boichuk [1]. Thus, the task (5) is a generalization of the
problem solved by A.A.Boichuk [1]. According to Lemma 1, the problem of fi-
nding bounded solutions of a non-degenerate system of linear algebraic difference
equations (5) subject to (2) has a solution

z(k) = Xo(k) ¢+ K[f(5), ()](k), ceRY (6)
here Xo(k) — is a normal fundamental matrix,

K[f(5), vo()I(k) == K[So(4, v0(3))](k)

is the Green operator of the Cauchy problem for the system of difference-
algebraic equations (5). Note that, unlike the traditional system of linear difference
equations [1], the solution of the system of linear difference-algebraic equations
(5) subject to condition (2) depends on an arbitrary bounded vector function
vo(k) € RPo; and we set this function to be fixed at the beginning.
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Denote the matrix Qo := ¢Xo(-) € RV*", and also
PQO :R™ — N(Qo), PQ(»; :RY — N(QS)

are orthoprojection matrices [1]. Substituting the general solution (6) of the
Cauchy problem z(0) = ¢ € R™ of the inhomogeneous linear difference-algebraic
equation (5) into the boundary condition (5), we get the equation

Qoc=a _gK[f(J)’VO(j)]()v

solvable if and only if

PQs{a—fK[f(j),l/o(j)K')} =0; (7)

in this case, the solution z(k) of the linear Noetherian boundary value problem
(5) is determined by the vector

c= QBL{Oz — LK[f(5), Vo(j)](')} + Pg.¢r, o €R

Here Qf € R™ — is the Moore — Penrose pseudo-inverse matrix [1]; matrix
Py, € R™7 is composed of r linearly independent columns of the orthoprojection
matrix Pg, € R"*". Thus, the following lemma is proved.

Lemma 2. The problem of finding bounded solutions of the system of linear
difference-algebraic equations (5) subject to (2) has a solution

2(k) = Xo(k) ¢+ K[f(4), vo()I(K), ceRY
here Xo(k) — is a normal fundamental matriz,

K[f()I(k) = K[To(j, vo(4), vo(5))] (k)

— is the Green operator of the Cauchy problem for the system of difference-
algebraic equations (5). The problem of finding bounded solutions of a linear
Noetherian (n # v) boundary value problem for the system of linear difference-
algebraic equations (5) under conditions (2) and (7) has a solution

2(k) = Xp(k) ¢ + G[f (), v0(5), A (K), ¢ € RT;

here
X, (k) = Xo(k)Pg,, keQ:={0,1,2, .., w}

is a fundamental matriz of solutions of the homogeneous part of the problem (5)
and

G[f(4),w0(5), al(k) := K[So(j,n0(5))1(k) + Xo(k‘)QSr{Oé — (K[f(5), Vo(j)](-)}
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1s the generalized Green operator of a linear Noetherian boundary value problem
for the system of linear difference-algebraic equations (5).

Example 2. Let’s find the solution of the linear boundary problem for the
system of first order difference-algebraic equations

Az(k+1)=Bzk)+ f(k), 2(00—2(3) =a, k=0, 1, 2, 3, (8)
where
0 1 0 O 0100 1
A= -10 0 1|, B=|1001], f)=1| 21,
0 0 -1 0 0010 3

a=(1 -3 3 —1)".

Since condition (2) is satisfied, the system (8) has a solution of the form
2(k) = Xo(k) e+ K[f(7), mo(7)](k), ceRY

here X((k) — is the normal fundamental matrix given in Example 1. In this case,
the matrix A(k) — is rectangular, and py = 1 # 0, therefore, the solution found
depends on an arbitrary bounded function; we set vy(k) := 0. Since the matrix

Qo = Xo(0) — Xo(3) =

o O O O
o N O O
_ o O O

o O o

is degenerate, for the boundary value problem (8) the critical case is true: Pgs # 0,
and the solvability condition (7) is fulfilled; here

Poy = Pg, =

cocoo
coro
cocoo
cocoo
e
o
I
coro

The solution of the boundary value problem (8)
2(k) = Xo(k) e + GIf (7). w0(7), al(k), e € R
determines the generalized Green operator of the boundary value problem (8)

Gf(4)v0(4), al(k) = K[f(5), no()](F),

and also
X, (k) = Xo(k)Pg, = Pg,, keQ:={0,1, 2, 3}
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is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem. (8).

Following the traditional classification of linear Noetherian boundary value
problems |1, 7|, the case of Pq: # 0 is called critical; in this case, the existence
conditions and the form of the general solution of the problem of finding bounded
solutions of the system of linear difference-algebraic equations (5) are determined
by the proved Lemma 2. The case Pg: = 0 is said to be noncritical; in this case,
the existence conditions and the form of the general solution of the problem of
finding bounded solutions of the system of linear difference-algebraic equations
(5) is determined by the following statement.

Corollary 1. The problem of finding bounded solutions of the system of linear
difference-algebraic equations (5) subject to (2) has a solution

z(k) = Xo(k) c+ K[f (), vo()](k), ceR™;
here Xo(k) — is a normal fundamental matriz,
K[f()](k) := K[Fo(4, v0(5), v0(5))] (k)

1s the Green operator of the Cauchy problem for the system of difference-algebraic
equations (5). The problem of finding bounded solutions of a linear Noetherian
(n # v) boundary value problem for a system of linear difference-algebraic equati-
ons (5) in the non-critical Pz = 0 case, under condition (2) has a solution

2(k) = Xp(k) ¢ + GIf (), v0(5), A (K), ¢ € RT;

here
X, (k) = Xo(k)Pg,, ke

1s the fundamental matriz of solutions of the homogeneous part of the boundary
value problem (5) and

GLf(4);v0(4), al(k) := K[So(4, 0(4))I(F) + Xo(’f)@*{@ — (K[f(5), Vo(j)](')}

is the generalized Green operator of a linear Noetherian boundary value problem
for a system of linear difference-algebraic equations (5).

Example 3. Let’s find the solution of a linear two-point problem for a system
of first-order difference-algebraic equations

Az(k+1) = B2(k) + f(k), () =0, k=0, 1, 2, 3, 9)

where the matrizes A, B and the function f(k) are defined above in example 2.
Besides

1 0 00
Lz(0) =M (2(0)+23)), M:=(01 10
0 0 01
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In this case, the matrix A(k) — is rectangular, with pg = 1 # 0, therefore the
solution found above in example 2 of the system of difference-algebraic equations

(9) depends on an arbitrary continuous function; we set vo(k) := k. Since the
matbrix
1 000
Qo =M (Xo(0)+Xo(3))=1 0 2 0 0
0 0 01

is of full rank, the noncritical case holds for the boundary value problem (9):
Pg: # 0. The Green operator of the Cauchy problem for a system of difference-
algebraic equations (9) has the form

—1
KGO =0, KF@Im=| ' |,
2
0 0
. 2 . 3
K@= o | Kroe =| >,
4 6

Since for the boundary value problem (9) there is a noncritical case, then, accor-
ding to the corollary, the boundary value problem (9) is solvable. The decision of
a boundary value problem (9)

2(k) = Xy (k) e + G[f(§), 0 (4), 2l (k), e €R

is defined by the Green operator for the boundary value problem (9)

1 1
GG @) = | o |, Glrewbam=| % |,
-3 1
0 0
GG ad@ = o | GG mina®) =] % |
4 6
And also
0
X0)= X0 =X =-X@=|

[an)

is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (9).
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3. Reduction of a difference-algebraic boundary value problem
to a non-critical case

In the general case, namely, for an arbitrary real vector function
Vo(k‘) € Rro

the solvability of the linear Noetherian boundary value problem for the system of
linear difference-algebraic equations (5) essentially depends on the choice of this
function. Set

vo(k) := Wo(k)y, v €R;

here
Wy(k) € RPox?

is an arbitrary real full rank matrix. The generalized Green operator of the Cauchy
problem for a system of linear difference-algebraic equations (5) can be represented

K| 1010 09 = K| 41| 06+ 1w )
- k[ wi)| 0 =0, & [0n] )= P, 0000)

K [\Ifom] (2) = AT B)K [%u)} (1) + Pa, (DT(1), .,

Kol (-4 1) 1= AT B | Wali) | 06+ P (090
Denote the matrix
Dy := { Qo ; (K [\Ilo(j)] () } € RVX(po+0)
Substituting the general solution
(k) = Xo(k) e+ KI7(),w0())(k), ce R

of the system of linear algebraic difference equations (5) into the boundary condi-
tion (5), we arrive at a linear algebraic equation

Doc—a— (K[ AT()G] () ¢mcollemen) R (10
Equation (10) is solvable if and only if

PDS{Q—M[N(j)f(J’)]C)} = 0. (11)
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Here Pp; is the ortoprojector: R” — N(D*). Under condition (11) and only with
it, the general solution of equation (10)

¢ = D+{a — (K [Aﬂj)f(j)} (-)} + Ppé, 6ecRrotl
determines the general solution of the boundary value problem (5)

<(0.0) = { Xalb: 1 [ 0() | (0 2 {0 = e 4 (1) | 0 f+

#1401 G)| 0+ {1 o) | ) b oy 5 e R,

Here Pp, is the orthoprojection matrix: R?+¢ — N(Djg). So the following theorem
has been proved.

Theorem. The problem of finding bounded solutions of the system of linear
difference-algebraic equations (5) subject to (2) has a solution

z(k) = Xo(k) ¢ + K[f (), 0(D)I(k), ceR™

Under condition (11) and only with it, the general solution of the difference-
algebraic boundary value problem (5)

2(kicr) = X, (K)er + G [fm; Wo()): a} k), o ek

defines a generalized Green operator for a difference-algebraic boundary wvalue

problem (5)
6|1 oty a| ) = K| 47() )] 0+

Xt w0 2 o - x| a1 0}

The matriz X, (k) is composed of r linearly independent columns of the matriz
{xa0: 00| 0} s,

Under condition Ppr 7# 0 we say that the difference-algebraic boundary value
problem (5) is a critical case, and vice versa: under condition Pgs # 0, Pps = 0
we say that the difference-algebraic boundary value problem (5) is reduced to
the non-critical case. The latter definition is a generalization of the critical case
(Pg+ = 0) for the Noetherian difference problem for the system obtained from
system (5) with A(k) = I,,, for the case in which the generalized Green operator
of the Cauchy problem for difference-algebraic system (5) is dependent on an
arbitrary vector function vy(k) € RPo.
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Corollary 2.  Under condition (2) the general solution of the difference-
algebraic boundary value problem (5) is the folowing

z(k,cr) = Xp(K)er + G[f(j); \Ilo(j);a} (k), ¢ €R".

Example 3. Let’s find the solution of the periodic boundary value problem
for the system of first order difference-algebraic equations

Az(k+1)= Bz(k) + f(k),2(0) — 2(4) =0, k=0, 1, .., 4, (12
where

1 000 1 -1 10 0
A=10100], B:=| 0 -2 5 1], flk):= sin%k

0010 -2 -1 4 0 0

Since condition (2) is fulfilled, the system (12) has a solution of the form

2(k) = Xo(k) e + K[f(j), vo()](K), ceRY

here
Tk in Tk _ ain Tk in Tk
cos %5* + sin 5 sin %5 sin %5 0
cos%k+381n%k—3k cos%k—Qsin’T—Qk 2sin%k—cos%k+3k 0
Xo(k) =
k in Tk _ ok _ ain Tk win Tk
cos % + sin 5 3 sin %5 sin %5 0
0 0 0 0

is a fundamental matrix. Since the matrix

00 0 0
80 0 —80 0
@o=Xo(0) = Xo) = | ¢ o _g0 o
00 0 0

is degenerate, for the boundary value problem (12) the critical case is true:

1

O O O N
| =
—_
p_nl

—_

N O OO
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In this case the matrix A(k) — is rectangular and

Py = , Pa, =

PO

#0,

o O O O
o O o O
o O O O
o O O
o O O

therefore, the desired solution depends on an arbitrary bounded function. We
assume that

U(t) := ( 1 sin%k COS%k ),

and also
O 0 0 o 1 1 0
Dy — 8 0 -8 0 2 2 2
8 0 -8 0 1 1 0
O 0 0 0 -1 0 -1

Since condition
Pgy #0, Pp; =0,

is satisfied, the algebraic boundary value problem (12) is reduced to the non-
critical case, therefore, according to corollary 2, the boundary value problem (12)
is solvable. The solution of the boundary value problem

z(kyer) = Xp(K)er + G[f(j); Uo(4); a] (k), ¢ € R?

is determined by

Tk i Tk 9w Tk
cos + 2sin 5 2sin 5
5 sin Z& 2cos & _ 92sin Tk
2 2 2
X, (k) = . . .
s Pa T 9N T
cos % + 2sin 5 2 sin 5
0 0

the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (12), as well as

G[f(5), Wo(4), a)(0) = GLf(5), Yo(4), (1) = G[f (), Yo(4), a](4) = O,

0 -1
GGl ol = | ¢ | el wiale = |
0 2

the Green operator of a boundary value problem (12).
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The results obtained, similarly [1, 2, 9, 10, 11, 12| can be used in the theory of
nonlinear Noetherian boundary value problems for systems of difference-algebraic
equations. In the case of insolvability, the difference-algebraic boundary value
problems can be regularized analogically to [13, 14, 15]. In addition, the results
obtained similarly to [16] can be used in the theory of stability for systems of
difference equations.
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S.M. Chuiko, Ya.V.Kalinichenko, N.V.Popov. Boundary-value problem for a
system of nonsingular difference-algebraic equations. The study of differential-
algebraic boundary value problems was initiated in the works of K. Weierstrass, N.N.
Luzin and F.R. Gantmacher. Systematic study of differential-algebraic boundary value
problems is devoted to the work of S. Campbell, Yu.E. Boyarintsev, V.F. Chistyakov,
A .M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A. Boichuk, A. Ilchmann and T.
Reis. The study of the differential-algebraic boundary value problems is associated wi-
th numerous applications of such problems in the theory of nonlinear oscillations, in
mechanics, biology, radio engineering, theory of control, theory of motion stability. At
the same time, the study of differential algebraic boundary value problems is closely
related to the study of boundary value problems for difference equations, initiated in A.A.
Markov, S.N. Bernstein, Ya.S. Besikovich, A.O. Gelfond, S.L. Sobolev, V.S. Ryaben’kii,
V.B. Demidovich, A. Halanay, G.I. Marchuk, A.A. Samarskii, Yu.A. Mitropolsky, D.I.
Martynyuk, G.M. Vayniko, A.M. Samoilenko, O.A. Boichuk and O.M. Stanzhitsky. Study
of nonlinear singularly perturbed boundary value problems for difference equations in
partial differences is devoted to the work of V.P. Anosov, L.S. Frank, P.E. Sobolevskii,
A L. Skubachevskii and A. Asheraliev. Consequently, the actual problem is the transfer
of the results obtained in the articles by S. Campbell, A.M. Samoilenko and O.A. Boi-
chuk on linear boundary value problems for difference-algebraic equations, in particular
finding the necessary and sufficient conditions for the existence of the desired soluti-
ons, and also the construction of the Green’s operator of the Cauchy problem and the
generalized Green operator of a linear boundary value problem for a difference-algebraic
equation. The solvability conditions are found in the paper, as well as the construction of
a generalized Green operator for the Cauchy problem for a difference-algebraic system.
The solvability conditions are found, as well as the construction of a generalized Green
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operator for a linear Noetherian difference-algebraic boundary value problem. An origi-
nal classification of critical and noncritical cases for linear difference-algebraic boundary
value problems is proposed.

Keywords: boundary-value problems; difference-algebraic equations; pseudoinverse matri-
ces.

Yyitko C. M., Kauninivenko 9. B., ITomos M.B. KpaiioBi 3agaui ajisi cucrem He-
BUPO/I>KEHUX Pi3HUIEBO-aJiredpaiuanx piBHAHBb. Jlociimxenus audepeHIiaabHO-
asrebpalvHUX KpaiioBux 3amad 3amodarkoBane y poborax K. Beiteprmrpacca, M.M. Jly-
zina ta @.P. l'anTmaxepa. CucremMarndHOMy BHUBYEHHIO AuepeHIiaaibHO-aare0paianmnx
kpaitopux 3amaa npuceaueni poboru C. Kemmnbemna, FO.€. Bospunuesa, B.®. Yucrs-
koBa, A.M. Cawmoirenka, M.O. Ilepectioka, B.I1. dkosug, O.A. Boituyka, A. Inumanna
ta T. Peiica. BuBuennsi qudepenniaibHo-ajireOpaldHuX KpaoBUX 331449 110B si3aHe 3 9u-
CJIEHHUMU 3aCTOCYBAHHSIMM TAKUX 33/1a49 ¥ Teopii HesiHIftHNX KOJWBaHb, Y MeXaHill, 6io-
JIOTil, pajJioTexHiIi, Teopii KepyBaHH, Teopii cTiiikocTi pyxy. B Toit ke 9ac mocimzkenHs
mudepeniiatbHo-aaredpaldHnx KpaifoBux 33439 TICHO MOB’s3aHe 3 JOCIIIKEHHSIM Kpa-
HOBHX 3a/1a4 [IJIs PI3HUIEBUX PiIBHAHD, 3amodaTrkoBanuM y poborax A.A. Mapkosa, C.H.
Bepureiina, 9.C. Besukosuua, O.0. Toasdonga, C.JI. Cobonesa, B.C. Psabenbkoro,
B.B. Hemimosuua, A. Xanauas, I.I. Mapuyka, O.A. Camapcekroro, F0.0. MuTpormosn-
cekoro, JI.I. Maprunioka, I"M. Baiiniko, A.M. Cawmoiinenka, O.A. Boiiuyka Ta O.M.
Cramxkuibkoro. J[ocmiKeHHI0 HETIHINHUX CUHTYIAPHO 30ypeHnX KpafoBuX 3a/ad s
piBHMIIEBUX DPIBHAHBL y YaCTUHHUX pizHungx npucssdeni poboru B.II. Anocosa, JI.C.
®panka, I1.€. Cobosescokoro, O.JI. Ckybauescbkoro ra A. Amepaniesa. OrTke, akTyasb-
HOIO TTPOOJIEMOIO € TIepeHeCceHHsT pe3yabTaTiB, orpuManux y crartsax C. Kemnbesaa, A. M.
Cawmoiinenka ta O.A. Boituyka ma jiniliHi Kpaiiosi 3a1a9i 118 pi3HUIEBO-aIreOpaiaHuX
PiBHSIHB, 30KpEMa, 3HAXOMKEHHS HEOOXITHUX Ta JOCTATHIX YMOB iCHYBAHHS IIYKAHUX
PO3B’sA3KiB, a TaKOXK, KOHCTPYKIIiil omeparopa ['pina 3ama«i Korri ta y3araabaeHoro ome-
paropa ['pina niniitaol kpaitoBoi 3aa4i aAjis pi3HuIEeBO-aaredpaiaHoOro piBHAHHA. Y CTaT-
Ti 3HAHIEHO YMOBHU PO3B’SI3HOCTI, & TAKOXK KOHCTPYKINIO y3araJbHEHOTO ormeparopa ['pi-
Ha 3ama4i Ko qy1a pisuuieBo-aaredpaivHol cucremMu. 3HAWIEHO YMOBU PO3B’S3HOCTI, a
TaKOK KOHCTPYKIIIO y3arajabHeHoro oneparopa ['pina a1 jiHiiiHOT HETEpOBOI Pi3HUTIEBO-
arebpalvHOl KPaoBol 3a1a9i. 3apONOHOBAHO OPUTIHAIBHY KIACHMDIKAIII0 KPUTHIHUX
1 HEKPpUTUIHAX BUIIQIKIB I JIHIAHUX Pi3HUAIEBO-AIreOpaidHux KPaioBUX 3a,1ad.
Kamowosi caosa: Kpaiiosi 3amaqi; pizHuiieBo-agredpaidni piBHAHHS; ICEBI000EpHEHA Ma-
TPUIIA.
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Mathematical modeling of particle aggregation and
sedimentation in the inclined tubes
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Sedimentation of the aggregating particles of different technical suspensions,
blood and nanofluids in the gravity is investigated. The dependence of the sedi-
mentation rate on the angle of inclination is considered. The two phase model
of the aggregating particles is generalized to the inclined tubes. In the suggesti-
on of small angles of inclination the equations are averaged over the transverse
coordinate and the obtained hyperbolic system of equations is solved by the
method of characteristics. Based on the results, a novel method of estimation
of the suspension stability is proposed.

Keywords: Boycott effect; suspension; aggregation; sedimentation; medical di-
agnostics.

Bapanens B. O., Kizinosa H.M. MaremaTudyHe MoaedioBaHHs arperarii
Ta OCiJaHHS YaCTHHOK B HOXMJauUX TPyOKax. Jlochimkyerbcs ocinanHs
arperyoydnx YaCTMHOK PI3HUX TEXHIYHWX CYCIMeH3iil, KpoBi 1 HAHOPIAWH B YMO-
BaX CUJIW TSXKiHHA. PO3TnsamaeTbes 3a1eKHICTh MBUIKOCTI OCITaHHS BifT KyTa
naxwmwy. JIBodasna MOmeNb arperyiounx 9acTUHOK y3arajbHEHA IS BUOAIKY
MOXUIUX TPYOOK. Y MPHUIYIIEeHHI MaIuX KYyTiB HAXWIy PIBHSHHS yCEepPEeIHIO0-
THCS TI0 TOMEPEYHif KOOPAUHATI, & OTPUMAHA TimepOOoiTHa CHCTEMa PiBHAHD
PO3B’SI3yETHCsT METOJOM XapakTepucTrkK. Ha 0CHOBI oTpuMaHnx pe3yabTariB 3a-
TIPOMTOHOBAHO HOBUI METOJ, OIIHKY CTiffKOCTi cycreHsii.

Karwuosi caosa: edext BoiikorTa; cycrensis; arperaiiis; CeIuMeHTAIis; MeIn-
YHa JiarHOCTHKA.

Bapanen B. A., Kusunosa H. H. Maremarndeckoe MoAe/iMpoBaHUE arpe-
ranyy M OCEeJaHWs YacTUIl B HAaKJIOHHBIX TPyb6Kax. lccienyercs ocemna-
HU€ arperupyonux YacTUll Pa3JnIHbIX TEXHUIECKUX CyCII€H3Uil, KDOBH U Ha-
HOXKHUJIKOCTEHN B yCJIOBUSX CUJIbI Ts2KeCTH. PaccmarpruBaercsi 3aBUCUMOCTD CKO-
POCTH OCelaHus OT yIjia HaKJIoHA. /IByxda3Has MOIEIb arPEruPYIONINX TaCTHUIL
0000ITIeHa, [T CIydasi HAKJIOHHBIX TpyOOK. [lpwm mpejiokennn Majblx yriioB
HAKJIOHA yPABHEHUs YCPETHSIOTCS IO MOMEPEeYHO KOOPANHATE, & MOJIy YeHHAs
runepboIMiecKasi CuCTeMa ypPaBHEeHHIl PelnaeTcss MeTo oM xapakrepuctuk. Ha
OCHOBAaHHHY II0JIyY€HHBIX PE3yJIbTATOB [IPE/JIOZKEH HOBBII METO/I, OLIEHKHU yCTOU-
YUBOCTHU CYCIEH3UU.

Karouesvie caosa: adbdexr BoiikorTa; cycren3us; arperamnns; ceIuMeHTaIs;
MEIUIUHCKAS TUATHOCTUKA.
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1. Introduction

Influence of inclination of the vessel in which a suspension of particles sedi-
ments in the gravity field was first discovered by Arthur Boycotte in 1920 on the
red blood cell (RBC) sedimentation in thin long vertical tubes [1], and now it
is known as the Boycotte effect. On that time the RBC sedimentation test was
recognized as the most powerful medical diagnostic means on general pathology,
and many researchers were seeking for more benefit test conditions, including the
usage of the inclined tubes. This sedimentation technique is also widely used for
the waste water cleaning, drinking water purification, treatment of mixtures in
industry and manufacture, and the high reservoirs or deep wells are needed for
the successful processing. The settling of particles in the high containers is limited
by its width, and tilting of the reservoir or well increases the efficient area of sedi-
mentation, decreases the distance that each particle must travel before impacting
a wall, and, therefore, enhances the sedimentation rate in orders of magnitude [2].

The Boycotte effect is used in the oil industry because at certain inclination
angles (40-50)° of the tube the clearest separation of the suspension for oil-well
cementation is observed [3]. The effect is also used for mixing of the granular
matters [4]. It may be responsible for specific sediment distribution along incli-
ned ocean bottom at the water stratification conditions [5], and for the pattern
formation at the inclined surfaces of the sand-dunes [2]. All suspensions settle
faster in the inclined vessels and exhibit clear separation of the layers of different
optical density, but the problem on determination of the optimal angels remains
still unsolved.

2. Review of theoretical and experimental data

Experimental studies of the Boycott effect on suspensions containing light and
heavy particles with concentrations C;, Cp, in inclined channels revealed a signifi-
cant influence of the inclination angle on the particle separation along the inclined
wall and the lateral fingering phenomena [6]. For each set of the concentrations
{Ci, Cp} there was an optimal inclination angle i* when the separation was the
clearest and at the bigger angles m)ir* it was blocked. The dependence *( C;, Cp,)
was found quite complex.

A complex dependence of the RBC sedimentation rate h on the tilt angle u has
been demonstrated in numerous experimental studies. The value h is measured
as the height of clear serum in the top part of the sedimentation tube (Fig.1la,b).
The experiments on the RBC suspensions with concentrations C' = (10 — 50)%
and the tilt angles u = (0 — 80)° revealed the approximation of the sedimentation
curves in the form h (t) = a (1 — exp (—bt)), where a (0) is an increasing function,
b(0) = ksin (0), k =~ const [7].

Based on the continuum mechanics approach, it was shown [8] that the sedi-
mentation rate in the rectangle tank is determined by the Reynolds number Re
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and the parameter A which is the ratio of the sedimentation Grashof number to
Re:

H — py) H?gC
Re = PrHU0 A Ps—py) 9%

py Uopy
where ps and py are densities of the solid and fluid materials, py is the fluid
viscosity, Cy is the concentration of the particles, g is the acceleration of gravity,

ug is the characteristic sedimentation rate of a single particle with diameter a in
the fluid, that can be estimated by the Stokes formula [9]

(1)

2 (ps — py) a29‘ @)

ug =
Iy

Using (2), (1) can be rewritten as

Re

_ 20p(ps—pp)Ha’g  9Cy (HY’ 3)
9/@ ’ 2 \a/)

At low Re numbers the values A are high, and in the limit A — oo the rate

Q of the clear solvent production (layer I in Fig.la,b) can be described by the

kinematic Ponder-Nakamura-Kuroda (PNK) formula [10, 11]

Q =wuof (C) B (cos(0) + tan (6) H/B), (4)

where the function f(C) depends on the particle size, shape, material, surface
charge and other properties.

Fig.1. A sketch of the particle sedimentation in the inclined tube
for the non-aggregating (a) and aggregating (b) particles.
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As one can see from (3), the approach (4) is acceptable when

2
H -
>>a\/900, (5)

that gives for the RBC with a = 5-107%m, Cy = (35 — 48)% the unrealistic esti-
mations H ~ (3.5 —4)-10°m. Besides, the good correspondence of the PNK
formula (4) to the experiments has been proven at low concentrations Cy < 0.1
only [2].

The continuum mechanics approach based on the two phase theory was appli-
ed to the sedimentation in the inclined vessels in the case of the inviscid [12]
and viscous fluid |13]- [15]|. Based on these studies, the division into three sedi-
mentation zones (clear fluid (I), suspension (II), and sediment (III), Fig.1a) has
been proposed. The boundary layer approach has been used to determine the
velocity profiles in the zonez I-IIT [8]. In the case of the non-aggregating hard
spheres the mixture theory gave the following formulae [8]:

§ = (MUtan(@y)) 1/37 V= 962Co ug cos (0) <x 22 >’ .

3COU0 N 2&2 g - W

where U is the sedimentation rate of the same suspension in the vertical tube.
The experimental studies on the non-aggregating RBC revealed that the layer
I begins to be formed after t=8 and 1.8 min at the tilt angles # = 10° and 6 = 40°
accordingly [16]. The width d4 and the velocity V4 measured at the level of the
point A (Fig.1a) demonstrated a good agreement with those computed on (6).

Recently the inclined channel technology has been used in the microfluidic
applications for blood separation using the centrifugal and Coriolis forces with
Zweifach-Fung effect [17, 18]. In this design the RBC are pushed to the bottom
of the curved channel due to the effect of centrifugal and Coriolis forces and then
are collected through the bottom channel due to ZP effect, and the blood plasma
is collected from the top of the channel.

Therefore, the RBC sedimentation in the inclines vessels is a promisi-
ng technology for biology, medicine, microfluidic and nanotechnologies, while
theoretical description of the system dynamics is confined by non-aggregating
suspensions with low concentrations Cy < 0.1, low Reynolds numbers Re(l and
unrealistic high vessels. The dynamics of the ensembles of aggregating particles
has been recently studied by Lattice Boltzmann simulations [19]. The results of
the study confirmed the existence of global convection motion of the particles and
their aggregates that tend to enhance the sedimentation process. It was found,
that smaller intermittent vortices, formed from the wakes of groups of settling
particles, play an important role in the sedimentation process and the resulting
distribution of the particles.

In this paper the continual mechanics approach is used for the sedimentation
of the concentrated suspensions of the aggregating particles. It will be shown, the
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settling dynamics in the incline tubes is more complex and the additional sublayers
of the sedimenting single particles (ITa), their aggregates (IIb) and the porous
viscoelastic layer (Ilc) (Fig.1b) will appear during the sedimentation similar to
the vertical tube case [20].

3. Problem formulation.

The steady sedimentation of particles in the narrow channel of the width R
and the length L (R/L < 1), inclined at the angle 6 is considered. The channel
corresponds to the gap between the walls of the rotation viscosimeter of the cone-
cone type or a rectangle vessel with the depth D > R. The two phase approach to
the suspension of the aggregating particles is used |20, 21]. Neglecting the inertia
forces as compared with the viscous forces, the equations of the quasi-steady
motion can be written in the form

ON 0 ., 0 ..
ot Taa et gy Nt = "
oH 0 ., 0 |
Bt Faatet gyt =0 o
O THu! + (1 - H)u2] + 2 [Hul + (1 — H)u2] =0 9
%[ up + (1 - )ux]"'aiy[ uy + (1= H)uy| =0, (9)
Op 12
H% —_F (Uy — Uy) + HpsG cos(0), (10)
Op 1 2
(1—H)87y:F(uy_uy)+(1_H)PfGCOS(9)7 (11)
Op 1 2 :
Ha—x = _F (ux — ux)HpsG sin(#), (12)
827 1 2 :
(L= H) 5 = F (ug — ) + (1= H)psGsin6), (13)

where (ul, u?lJ) and (u2, “3) are components of the velocity vectors for the parti-

cles (phase 1) and fluid (phase 2), (Ozy) is the Cartesian coordinate system
connected with the p,, p; are densities of the solid and fluid materials, p is the
hydrostatic pressure, H and N are the mass and numerical concentrations of the
particles, F' is the phenomenological coefficient for the viscous drag forces acting
on the particle from the viscous fluid, ¢ the aggregation rate, G is the mass force
that can be chosen as G = ng, n is the magnification factor when the sedimentati-
on is carried out in a centrifuge [21].

The equation (7) describes the kinetics of the particle aggregation due to
the collisions, decompositions or exchange interactions [20]. The mass continuity
conditions for the phases (8), (9) and the projections of the momentum equations



Bicuuk XHY, Cep. «MaremaTuka, IpuKIa/IHa MaTeMaTuKa i Mexamikas, rom 90 (2019) 47

for the phases on the axis coordinate (10)-(13) give the system of PDE for the
velocities, pressures and numerical concentration of the aggregates. The same
model in one-dimensional formulation has been used for the RBC sedimentation
modeling in the vertical tubes, in thin gaps between the walls of the rotational
viscosimeter of the cylinder-cylinder type [22] and in the centrifugal force field [23].
In the two-dimensional formulation it has been applied to the RBC sedimentation
in the circular tubes in the external magnetic field [24]. The system (7)-(13) can
be solved by numerical methods, but in order to derive more convenient half-
analytical estimations, in this paper a simplified one-dimensional model will be
obtained by averaging of the equations (7)-(13) over the transverse coordinate z.

4. One-dimensional approximation for small inclination angles.

Based on the dimension theory, the expressions for Fland ¢ have been found
in the form [20], [22] - [24]:

F=uH(1—H) w23 o=—kH>w? (14)

where w = H/N is the average volume of the aggregates, k is the empirical
constant that determines the aggregate formation.

By excluding pressure in (10)-(13) and using the impermeability condition at
the bottom of the tube x = L, one can obtain
ul = —O(H)sin(f), ul = O(H) cos(h),

T Y

,  HO(H)ngdpsin(f) o, HO(H)ngdpcos(h) (15)

@ A-HF = W= a-mF
where O(H) = H(1 — H)?6pG/F(H), 6p = ps — py.

When 0 = 0 (15) coincide with the corresponding expressions for the non-
uniform centrifugal force field ng(z) = ax + b acting on the blood cells in vertical
tubes |23]. When 6§ = 0 and n = 1 (15) coincides with the expressions for the
gravitational blood sedimentation computed in [21, 22].

Let us assume, the aggregation at the expense of the lateral motion of the
particles is essential if during the time 1" of the particle sedimentation along the
distance L their radial displacement § will be of the order of magnitude of R.
Since § ~ |ul. (15) can be written
as

u

d tan 0). (16)

Let us consider §/R as a non-dimensional parameter characterizing the
aggregation due to the lateral motion towards the inclined lower wall of the vessel.
Since it will result in the faster approaching and aggregation of the particles, this
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parameter must be accounted for in the expression for the aggregation rate (14)
in the form [24]

p = —kN*w™?(1+0(6/R)). (17)

For instance, in [23] the following estimation has been used:

N2 2\ —1
@z—k<1—25+5> . (18)

As it is follows from (16), the second order term in (18) can be neglected for
sufficiently small inclination angles. For instance, in for the laboratory viscosi-
meters for blood testing the values L/R ~ (1.7 — 2.5) so at the angles 6 < 10°
the simplifying approach /R < 1 is valid and ¢ = —kN?(1 + 28)/w~2 can be
accepted.

For the averaging purposes let us introduce the following designations:

x € [0; 4], where x5 is the coordinate of the interface between the layers I and
IIa (Fig.1b)

_ N(t7y)7 I’st
N<t7xay)_{0’ $5<l‘§8

H(t,y), =< axs
H(t,x,y):{o( v) ren

)

(19)

where s is the width or the area occupied by the particles and aggregates (Fig.1b).
According to (15) the interface x = x5 between the zones I and Ila moves with
the speed

Up =t} |pma, = H(1 — H)? gdp sina F71. (20)
The averaged values will be introduced in the form

Ts

(= [ i 21)

Ts
0

Then the system (7)-(13) can be written as

37 ) 3 00 ) N ) = 2 52 6 3 ) = ) +
+{;889; (N (1,24, 9) ) (1, 0, ) — (N) <u;>)} - )

1
—-—N (tv st,y) u;: (t,.fUS, y) )
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_ {13‘”8 (H (t, 5, y) ul (t,25,y) — (H) (ul )} - (23)

= L0 (0 ) ) 1) ()}
(24)

+ (1 — H (¢, acs,y))uz - (1-(H)) <uz2/> -

1
- [H (t, x5, y)ul (s, y) + (1 — H (8,35, y)) ul (825, y)]
S

(H) aay (p)+ F ((H) , (V) ((uy) = () + psg cos (0) (H) =

_ {;fgy (L (0,0 p (1 00r ) — (D) <p>>},

(1= (H)) o= (p) = F (H) . (N)) ((uy = uy)) + pygcos (0) (1~ (H)) =

- {18% (1= (M) (p) = (1= H (t,25,9)) p (4 fv&y))} !

where A (z4,y) = 1}5/ (1 +0 <;)> xdx.
0

The system could be significantly simplified when dxs/0y = 0. Since in the
general case Oxs/0y # 0, let us estimate the terms in the right hand sides of (22)-
(26). In the zones I and II we have the following expressions:

op _
or
0

%:pfg sin(0) (v, <2 <R).

[H (t,25,y) ps + (1 = H (t,xs,y) pp)l g sin () (0 <z < )
(27)
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[(p) —p (t,zs,y)| = (H (t, 25, y) ps + (1 = H (t,25,9)) ps) g sinaz. (28)

Then at the conditions R/L < 1, Hy < 1 we can obtain from (15), (26), (27)
the following estimations:

o) —p(hasp)l o [(y) = (2 y)]

psg lcosal (H) uf

< 1. (29)

In this case the terms in the curly brackets in (22)-(26) can be neglected
and the governing equations for the averaged variables N (t,xs,y) = (N),
H (t,z5,y) = (H) can be written in the form (the averaging signs are omitted):

ON 0 . | 9 NH (1— H)?6png sin (0)
E—i—ainUy——k’N A — F{L’s y
aj+gﬂul :_H2(17H)25png sin (0)

ot oy VY Faxg ’

O g1 2 (30)
oy [Hu, + (1—H)u,] =0,

p 1 2
Ha—y + F (u, — u) 4 psng H cos (6) = 0,

dp 1 2

(1—H)8—y —F(uy—uy) +prng (1 — H)cos () = 0.

When 6 = 0 the system (30) coincides with the corresponding systems in [20,
21]. The second term in the right hand side of the first equation in (30) is responsi-
ble for additional aggregation of the particles due to the transversal displacements.
In [24] the additional term responsible for the additional aggregation induced by
the applied magnetic field was computed as 2MéxNH (1 — H)2 F~lg,, where §y
is the difference of the magnetic susceptibilities of the particles and fluid, M is
the non-dimensional intensity of the ponderomotive force.

With the non-dimensional variables

2/3

1
S w=2 Ulzﬁ, 5o kL
T* UuQ wf wo

Y )
ug uow

T

_Y
L’

where T™ is the characteristic time, wg is the volume of a single particle, the
equations for the concentration and volume of the aggregates are the following
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oW L OW
o7 T Usgy = KHA,

4.5 2/3 .2
67H+EHU1:_H(1—H) w2/ sm(e)’ (31)
or oy Y Lz,

UY(H,W,Y)=—(1—-H)*>W?3cos (6).

The boundary conditions for the variables are

C(0,Y)=Co, W(0,Y)=1, UYT,L)=0. (32)
The system (31) is hyperbolic [20, 21] and can be written in the matrix form
w Yy 0 o (W
g0 < ) | e goul\ | 2 -
or \ H H YL Ull1+—=—% H
ow Y\'tuam)) "
KHA
= _HaUyl CHQOA-H)YWsin(0) |,
)4 Lxg

where & is the unit matrix
Its characteristic values are

H U}
77l _ 77l Y
M=Uy, A=U, (HU;a )

The characteristic equations are

dY
I = —
(0 dT
dY
where A = (1 — H)>> W?2/3,
The conditions at the characteristics are

— (1= H)"W?5cos (0), (33)

dw
() —7 = —KHA, (35)
aw (1 1 dH H(1— H)Asin(6)
) 57 = (2 tSpE= 1>Acosa> ar " Lo L. (36)

The characteristics of the family (I) have a positive slope, while the family (IT)
in the physiological range have negative slope. Solution of the one-dimensional
problem (31)-(32) can be obtained on (33)-(36) by the method of characteristics.
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5. Two-dimensional formulation for arbitrary inclination angles.

In the case of arbitrary finite inclination angle the hyperbolic system of two-
dimensional equations for and can be obtained from (7)-(8). Supposing the conti-
nuity of dp/dz and dp/dy, the system can be written in the form

ow 0w 0w

v o Ukl

5 + uy, o + u,, ay kH, (37)
oH 0H . , L OH
5 + uy, 5 + (u, +2HO'sin(0)) 9y 0. (38)

This hyperbolic system can be solved by the two-dimensional analogy of the
method of characteristics. All the expressions for the bicharacteristics and condi-
tions on them can be obtained on the formulae in [24] by substitution of sin(é)
and cos(0) instead of the magnetic field components 1, and 1),. Then the pressure
can be determined from the expressions obtained from (10)-(13)

op

5y = (Hps + (1= H)pp)Gsin(0), (39)

with the boundary conditions

0

a—z = (Hps+ (1 — H)py)Gcos(0). (40)
where pgtm, 18 the atmospheric pressure. Solution of the two-dimensional aggregati-
ng particle sedimentation problem (7)-(13) can also be found by the particle
dynamics method [25].

6. Numerical results and discussion.

Like in the case of the vertical tube [20, 21], the families of characteristics (I)
and (II) have positive and negative slopes accordingly. The family (I) corresponds
to the interface between the zones II and III, while the family (IT) describes the
movement of the interface between the zones I and Il moving with the correspondi-
ng velocity (20). Numerical computations on (33)-(36) have been carried out using
the typical parameters for human blood [20, 21]

Hy=0.35=+0.5ur = (1.1+1.7)-103Pa-s, G=g, py = 1030 + 1080 kg/m?,
ps = 1050 = 1150 kg/m?, L =5cm, R=2mm, k=10"5 =102 m3s~ 1

The numerical procedure is described in details in [20, 21|. The example of the
interface of the software is given in Fig.2. The region confined by the characteri-
stics of different families started at the ends of the tube Y = 0 and ¥ = 1
corresponds to the zone IT (Fig.1a). Note the longitudinal coordinate axis in Fig.2
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Fig.2. An example of the interface of the software and the zone distribution
in the inclined tube: I is the clear fluid zone, II is the zone of sedimenting
aggregates, I1I is the compact zone.

is located in the inverse direction comparatively to the axis in Fig.1. The results
of numerical computations are presented in Fig.3-4.

When the applied force increases (n=1,2,3,...), the particles settles faster
(Fig.3a). Similar dependence is observed for the suspensions with increasing initial
concentration (Fig.3b), aggregation rate (Fig.3c) and small increase in the incli-
nation angle (Fig.3d). The increased external force uniformly accelerates particle
sedimentation along the tube and the locations of the interfaces between I and
I1, II and IIT changes in a similar way (Fig.3a). When the initial concentration
increases, the changes are more noticeable for the I-II interface (Fig.3b). It may
be caused by lower viscosities of the suspension at the upper part of the tube that
produces lower Stokes forces acting on the surface of the more freely sedimenting
aggregates. In the lower part of the zone II the aggregates of the same volume are
surrounded my more concentrated suspension with higher viscosity that produced
higher Stokes forces hampering the settling of the aggregates towards the m zone
of the sediment ITII. When particle aggregation rate increases, the changes are
more noticeable at the II-1II interface (Fig.3c) because in the region with higher
concentration the compact zone formation will be very fast. Small increase in the
inclination angle significantly accelerates the zone I formation (Fig.3d) because of
the decrease of the length the particles move before reaching the lower wall of the
inclined tube. When the inclination angle becomes bigger than some critical angle
0*, the sedimentation decelerates. In the case of material parameters used in the
computation results presented in Fig.3d 0" ~ 8°. The behavior of the particles
in the case is similar to those for the granular materials on the inclined surfaces.
The inclination shorten the distance each particle must move the reach the lower
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inclined wall that accelerates the sedimentation. When a particle approach the
interface II-III and can not longer sediment, it can slide over the interface due to
the force ~ ngcos(f) that decreases with increasing the angle. The ability of the
settled particle to slide is also confined by the interaction between the neighboring
particles that can lead to their aggregation and by higher shear drag for sliding in
the concentrated suspension that those in the clear fluid. The increase in the fluid
viscosity decelerates the sedimentation but the properties of the particle dynamics
remain similar to those presented in Fig.3a-d that confirms physical relevance of
the computed results. When n = 1, 8 = 0° the computed curves correspond to
those obtained in [21].
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where y(H)

Tmaa: =

5K Hp)

2.5H

“1i2m 1-m

i |(
KHy [ \3[1—~(Ho)|(1 - Ho

1—-3H

0.6
) 1),

(41)
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Since the drag coefficient F'(H, W) and aggregation rate K(H,W,A) in the
inclined tube could be more complex functions than in the expression (14) which
was validated for the vertical tubes [22|, (41) can be rewritten in the form

1 5K Ho f (H, 0-6
Tinaz = [<3[ o/ 1Ho) )35) + 1) — 1] , (42)

KH, 1 —~(Ho)|(1 — Ho

where f(Hj) is the unknown correcting function that is specific for the studied
suspension.

When 6 = 0° (42) must coincide with (41). Based on (42), a novel method for
testing the suspension stability of any technical suspension, blood or nanofluid can
be proposed. The measurements must be carried out at different inclination angles
6 = 0°—10°. In the case of # = 0° (42) allows computation of the basic aggregation
rate k by the measured value T},4,. Then a series of experiments with gradually
increasing slop, to say, § = 2°;4°;6°;8%; 10° will give the dependence f(Hj) that
can be used for corrections of the expressions in (14) for the inclined tube case.
Before decision making upon the nanofluid ageing or blood aggregatability the
test must be conducted for the same nanofluid in its basic state before being used
for a long time or for the healthy native blood samples. The proposed approach
will be tested experimentally in future works.

7. Conclusions.

The Boycotte effect which is used in testing of some industrial suspensions
is very attractive for usage in the medical diagnostics instead of conventional
blood sedimentation test, for investigation of ageing of micro and nanofluids. The
developed theory allows easy determination of the sedimentation curves as the
moving interfaces I-1I and II-1II by the method of characteristics. When the incli-
nation angle § = 0° the obtained numerical results and analytical expressions are
transformed to the corresponding expressions obtained before for the gravitati-
onal sedimentation in the vertical tubes with and without external magnetic field
and in the non-uniform centrifugal force field. It was shown, the sedimentation
rate increased with increasing the particle concentration, their aggregation rate
and external force, but with distinct regularities for the I-1T and II-IIT interfaces.
The corresponding dependence on the angle is more complex. Sedimentation is
accelerated by small angles but at the angles exceeded some critical value the
settling is decelerated and hampered. That can be explained by the initial faster
settling followed by deceleration of sliding of the particles along the inclined wall
by the shear drag. Based on the obtained results, a novel method of determination
not only the aggregation ability of the particles but also the particle-specific and
angle-dependent shear stress factor is proposed. The experimental validation of
the proposed approach will be tested in our future experimental studies on blood
and different types of nanofluids used in the microfluidic flow systems.
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V. Baranets, N. Kizilova. Mathematical modeling of particle aggregation and
sedimentation in the inclined tubes. Sedimentation of the aggregating particles in
the gravity field is widely used as an easy and cheap test of the suspension stability of di-
fferent technical suspensions, blood and nanofluids. It was established the tube inclination
makes the test much faster that is known as the Boycott effect. It is especially important
for the very slow aggregating and sedimenting blood samples in medical diagnostics or
checking the ageing of the nanofluids. The dependence of the sedimentation rate on the
angle of inclination is complex and poorly understood yet. In this paper the two phase
model of the aggregating particles is generalized to the inclined tubes. The problem is
formulated in the two-dimensional case that corresponds to the narrow rectangle vessels
or gaps of the viscosimeters of the cone-cone type. In the suggestion of small angles of
inclination the equations are averaged over the transverse coordinate and the obtained
hyperbolic system of equations for is solved by the method of characteristics. During
the sedimentation the upper region (I) of the fluid free of particles, the bottom region
(III) of the compactly located aggregates without fluid, and the intermediate region of
the sedimenting aggregates (II) appear. The interface between I and II can be registered
by any optic sensor and its trajectory is the sedimentation curve. Numerical computati-
ons revealed the increase in the initial concentration of the particles, their aggregation
rate, external uniform force and inclination angle accelerate the sedimentation while
any increase in the fluid viscosity decelerates it that is physically relevant. Anyway, the
behaviors of the acceleration are different. For the elevated force the interfaces I-IT and II-
IIT shifts uniformly, while for the elevated concentration or aggregation rate the interface
I-IT or II-III moves faster. Small increase of the inclination angle accelerates the sedi-
mentation while at some critical angles is starts to decelerate due to higher shear drag in
the very viscous mass of the compactly located aggregates. Based on the results, a novel
method of estimation of the suspension stability is proposed.

Keywords: Boycott effect; suspension; aggregation; sedimentation; medical diagnostics.

Bapamens B. O., Kizizosa H. M. MaTemaTndHe Mo/ieJIfOBaHHs arperariii Ta ociJgaH-
HS YaCTUHOK B moxmimXx Tpyokax. OcifaHHsa arperyiodnx 9acTUHOK y TPaBiTAIliTHO-
MY TIOJTi MIIHPOKO BUKOPUCTOBYETHCSA SIK TIPOCTHIL 1 IeITeBHit TeCT Ha CTaOLIBHICTH CyCIeH3il
PI3HEX TEeXHIYHUX CyMimrei, KpoBi Ta HaHopiauu. Becranosmeno, 1mo Haxuma TpyOKu po-
OuTh TecT HAbAraTo MBUAIIKAM, IO Bigomo sk edekt Boiikorra. e ocobamBo BaXkjmBO
JJI JTy2Ke TOBLILHOTO arperyiounX Ta OCLIAI0unX 3pa3KiB KPOBi B MeTUYHIN JIarHOCTHTIL
abo mepeBipKu CTapiHHS HAHOPiAWH. 3aJIeXKHICTh MIBUIKOCTI OCITAHHS BiJ KyTa HAXUITY
€ CKJIQHOI0 i MaJj0 BHBUYEHOIO 33jadero. ¥y Iiif poboTi y3arambHeHO ABO(Aa3Hy MOIETb
arperyiodnx 4aCTHHOK y MOXWIMX TpyOkax. 3ajada cOpMyabOBaHA B JIBOBHUMIDHOMY
BUIIQJKY, 110 BiMOBiTa€ BY3bKUM IPSAMOKYTHHM €MHOCTAM ab0 3a30paM BiCKO3HUMETDIB
KOHYCOIMOIIOHOTO THTy. Y MPHUIYIIEHHI MAJIUX KyTiB HAXUIY PIBHAHHS yCEPETHIOIOTHCS
1O TIOTIEPEYHiNl KOOPAWHATI, a OTPUMAHA, TimepOOIiYHa CHCTeMa PIBHSHb PO3B’sI3y€THCs
MEeTOIOM XapakTepucTuk. I1im qac ocimamis 3 aBas€ThCA BEpXHA 00IACTh PiAuHN, BLILHOT
Big wactunok (I), HuxkHs obsacTh KOMIIAKTHO po3TamoBanux arperaris 6e3 pimumu(IIT)
i mpomixkua obnacrb ocigarouux arperaris (II). I'panung noupiny mix I ta I obnacrs-
MH MOX€ OyTH 3apeecTpOBaHa OyIb-fKUM ONTHYHUM JATYNKOM, & HOTO TPAEKTOPIsS €
KpUBOIO ocimantsi. YucesbHi pO3paxyHKH BUSABUIIHN, [0 301IbITEHHS MTOYATKOBOI KOHIIEH-
Tparii YacTUHOK, iX MBUIKOCTI arperarii, 30BHINTHBOI PIBHOMIDHOI CHJIX 1 KyTa HAXUILY
MPUCKOPIOIOTH OCIIAHHS, a Oy/Ib-siKe 3POCTAHHS B’I3KOCTI PiMHU CIIOBLILHIOE HOTO, IO €
dizmano gopeanum. Tax uu iHakine, moBeAiHKA MPUCKOPEHHs pi3Ha. [Ipu 3pocTanni cuan
rpanuni nogaity mixk 3onamu I-11 1 TI-I1T nmepecyBatoTbest piBHOMIpHO, TOI SIK pu 30i/1b-
MIEeHH] KOHIIEHTPAaIlii ad0 IIBUIKOCTI arperaiiii — pyxarmoTbcs mBugme. [Ipu HeBemukoMy
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30L/IbIIIeHH] KyTa HAXUITY OCIJAHHS MPUCKOPIOETHCH, & IPHU JeAKUX KPUTUIHUX KyTax II0-
YMHAE CTIOBITHHIOBATHCS BHACIIOK OiTHIT BUCOKOTO 3CYBHOTO OTIOPY B JTyIKe B’a3Kiit Maci
KOMTIAKTHO PO3TAINOBAaHWX arperariB. Ha ocHOBI oTpuMaHuX pe3yabTaTiB 3apOITOHOBAHO
HOBWII METO/I, OI[IHK! CTiMKOCTI CyCITeHs3ii.

Kamouosi crosa: edpext BoitkoTTa; cycnensis; arperariis; ceIMMeHTAIliA; MEIUIHA, TiarHO-
CTHKA.
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1. Jliniiini kpaiioBi 3aga4i A9 HEBUPOIXKEHUX
andepeHIiaJabHO-aAredpalyHnxX CUCTEM

Hocrimxyemo 3amady mpo mobynoBy poss’sskis z(t) € Clla,b] mimifimol
nudepeniianbHo-anrebpaiunoi kpaiiosoi 3agadi 1, 2, 3|

A (t) = B(t)=(t) + f(1), Lz()=a, aeRY (1)
(© C.M.Yyiiko, O.B. Hecvemona, 2019
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TYT
A(t), B(t) € Cpxnla,b] :== Cla, b] @ R™*"

— nenepeperi Marpuii, f(t) € Cla,b] — nenepepsuuii BekTop-cropnens; £z(-) —

nimifinii o6MerKkenmii MaTpuanmit ynkmionan: £z(-) : Cla,b] — R¥. Marpumio

A(t) mpunyckaemo, B3araji KaKydu, OPSIMOKYTHOIO: m # n, abo KBapaTHOIO,

ajie BUPOJKEHOI0. 3a yMOBH [3]

Py =0, AT(t)B(t) € Coxnla;d], AT(t)f(t) € Cla; 0] (2)
cucrema (1) po3B’s3Ha BIIHOCHO MOXiAHOT

2 = AT(t)B(t)z + Jo(t,1o(t)), rank A(t) :=o09=m <mn; (3)
TYT

So(t,wo(t)) == AT (t) f(t) + Pa,, (t)o(t),

AT (t) — nceBmoobeprena (3a Mypom—Ilenpoysom) marpuns, Pa«(t) — maTpuns-
oprompoexTop: Pas(t) : R™ — N(A*(t)), Pa,, (t) — (nx po)— maTpung, cknajiena
3 po JIHIHHO HE3AJEKHUX CTOBMINB (N X N)— MATPHII-OPTOIPOEKTODA

Pa(t) : R" — N(A(t)).

Takum wmrOM, 38 ymoBu pg # 0, cucrema (3), po3s’s3HA BIIHOCHO TOXIHOL, 3a-
JIEZKUTH BT TOBLIBHOT HemepepBHOT BeKTOp-byHKIIT vy (t). [losraanmo Xo(t) HOp-
MaJIbHY (byH,Z[aMeHTaﬂbHy MaTPHUITIO

X)) = AT(t)B(t)Xo(t), Xo(a) =1,

OTPUMAHOI TPATUITIIHOT CHCTeMY 3BHUAiHUX AudepeHIiagbHuX piBHsIHb (3). Bij-
MITHUMO, 110 HOpMaJbHa dyHIamMenTanbHa Marpui Xo(t) HeBupoKeHa. 3a yMo-
Bu (2) cucrema (3), a oTxe 1 cucrema (1), Mae pO3B’SI3KM BUTVISLY

z(t,c) = Xo(t)e + K[f(s), Vo(s)] (t), ceR",

e

K [ﬂs), uo<s>} (1) = Xalt) [ X3"(5) ol ofs)) ds

— y3aragbHeHuil omeparop I'pina 3amaui Komd z(a) = 0 mag mudepenmiaabHo-
anrebpaianol cucremu (1). Ockinbku 3a ymosu (2) cucrema (1) poss’sasna s
noBLIRHOI HeomHOpimHOCTL f(t), TO BHUmamOK (2) OymeMO HA3UBATH HEBUPOJIZKE-
mum (3, 4, 5|. Higcrasasioun 3aransuuii po3s’a3ok 3azadi Komi z(a) = ¢ gia
miudepentiantbHo-aredpaitHoro pisHsHHs (1) B KpaiioBy ymoBy (1), mpuxoammo
710 JiiHIHOrO asnrebpaiaHOro PiBHSHHS, PO3B’sI3HOrO ToAl 1 TiabKu Tosl, Kouu |4, 5]

PQz{a (K [f(s), I/o(s)] (.)} = 0. (4)
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Tyr Pg+ — oprompoextop: R¥ — N(Q*); marpurs Pqs ckrmanena 3 d ninifino
HE3ATeXKHUX PAJIKIB OpTompoekTopa Po«, kpim Toro @ := £Xo(-) € R¥*". Orxe,
TLTBKY 32 yMOBHU (4) 3arajbHuii po3s’sa30K audepeHtiaabHo-arebpaiTHol Kpaito-
Boi 3azaqi (1)

2(t,er) = Xp(t)er + G [f(s)7 vo(s); a} (t), ¢ €R"

BU3HAYAE y3arajpHeHuil oneparop I'pina qudepenrianpro-aarebpalyHol KpaitoBol
sazaqi (1)

6| 1|0 = Xo0@+{a— it 1(6)(5)| )} + K | 1.0 0

Tyr Py — marpung-opronpoekrop: R” — N(Q); marpung Py, € R™™" cxiranena
3 1 MiHIHO He3a/IexKHUX CTOBIIB opTonpoekTopa Pg. 3a ymosn Pg+ = 0, xpaiio-
Ba 3a71a9a (1) po3s’si3Ha /71 MOBLILHUX HeoaHopigHOCTed f(t) 1 av. 3a amasoriero
3 TEOpi€ HeTEePOBUX KPANOBUX 3334 /s CUCTEM 3BUYANHUX MU(EpPeHITaTbHIX
piBusinb 2| 3a ymoBu Pg+ # 0 Gyzemo kazaru, mo audepenriaabao-aaredpa-
Tuna Kpaiiosa 3agaua (1) npeacrapiisie KpUTUIHUI BUIIAJIOK, | HABIAKKU: 33 yMOBH
Py« = 0 6ynemo kazarn, mo gudepentiaabno-aarebpaiana Kpaitosa 3azaga (1)
MIPEJICTAB/ISIE HEKPUTHUHUN BUIIAIOK.

2. Ilpo npuBeaeHHs JIHINHOT HeTEepPOBOI AndepeHIiaTIbHO-anredpaiaHol
KpaiioBol 3a4a4i 10 HEKPUTUIHOIO BUIIAAKY

Jns nosinsroi menepepsroi BekTop-dbyHkuil v(t) € Cp,la,b] poss’asmicTs
nudepeHIiatbHO-aIredpaiaHol Kpaiiosol 3a1a4i (1) icTOTHO 3a/eKUTh BT BUOOPY
niei dynknii. Hokmamemo vy(t) := V(t)y, V(t) € Cpxwla,b], v € RY; Tyr ¥(t)
— JIOBLIbHA HeMepepBHA MATPUIIS TOBHOTO pAaHTy. ¥3arajdbHeHuit onepartop ['pina
sagaqi Komi gng qudepennianbro-anrebpaianol cucremu (1) npencrasumo y Bui

K| )09 0) = 5 [ 4701 10)] ()4 5| P (5(5) | 0
TTO3HATIMO MATPHITO
D:= [Q; EK[PAPO (S)W(s)} (.)} e RF*(potw),
[T [CTABISIONN 3arabHER POSE’SR0K
2(t, cpy) = Xo(t)ep, + K [A+(s)f(s)] (t)+ K [PA% (s)@(s)y} (t), cp, € R

sagaui Ko miis mudbepenrianbao-anarebpaianoro pisusaus (1) B KpailoBy yMOBY
(1), mpuxoaumo 10 JiHIHHOrO aareGpaldaHOro PIBHAHHS

Dé=a— UK [A*'(s)f(s)} (-), &:=col(cpy,7) € RFOTY, (5)
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PiBuanns (5) po3s’asue Toxl i TIIBKK TOML, KOIH
Po{a - x| 47 @) 1(9)| ) | = Q

Tyr Pp- — opronpoextop: R*¥ — N(D*); marpuus Pp+ ckranena 3 d ninifino
He3aJIeXKHUX PAIKIB opronpoekTopa Pps, kpim Toro @Q := £Xo(-) € RF*P0, Orixe,
3a ymoBu (6) 3arasbHuii po3s’s30K piBHsHHSA (5)

¢= D*{a — UK [A*(s)f(s)] ()} + Ppd, &€ RrTY
BU3HAYAE 3arajibHUIl PO3B’s130K andepentiaapHo-aarebpaianol 3amaui (1)

£(0.0) = K [ 4710 + { X0 K[ Pa, W) (0} {0

~e[ar@)19] 0} + { X0k [P, 0] 0} o5, 5 € more

Tyr Pp — marpung-opronpoekrop: RPPTY — N(D). Takum uunOM, jloBejeHa
HACTYTIHA, JIeMa.

JIema. 3a ymosu (2) i (6) 3azarvrudi pose’asox dudepenyianvro-aizebpaivhoi
kpatiosoi zadaui (1)

z2(t,er) = X (t)er + G[f(s);w(s); a] (t), ¢ €R"

suaHauae Yyaazarvrenuti onepamop I'pina dudepenyiasvro-anzebpaivroi xpatiosoi
3adani (1)

G003 0| 0= K[ 4401105 | 01+
H{ X003 | P, 16) (0} {a - o 2401100 | 0

Mampuusa X, (t) cxaadena 3 T AIHIGHO HE3AAEHCHUT CTNOANYIE MATMPULI

{ X055 | P, (599 | 0 bo

Hpukman 1. Bumozam seml 3600804bHAE IGOMOUK08G JUPEPERUIANDHO-
anzebpaivna Kpatiosa 3ada4a

A(t)2'(t) = B(t)z(t) + f(t), f(t)==(0 ¢ )*, lz(+) = a (7)

cost sint cost —sint cost —sint
A(t> = ( > 5 B(t) = ( ) s

—sint cost —sint —cost —sint —cost
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KPIM MO020
6 — 627r
1
lz(-) == 2(0) — 2(27), a«:= £ 1—e?m
—4— 6271'

Baranbuuii po3s’s30k 0gHOPIAHOT 3amadi (7) BU3HAYAE BUPOJZKEHA MATPUIIA
Q = 0. Ioxmanemo ¥(t) := (1 sint ), npu mpomy

00010 1 1 01
D=-2x| 0 0 0 0 0 |, PD*:§ 0 20
00010 1 01

Ockinbku Pp+ # 0, To 3amada (7) mpeacTaBise KPUTHUHUNA BUMAIOK, TTPHU THO-
My BUKOHAHO yMmOBY (6) Ti po3s’sznocti. Takum 9uHOM, 3HAXOIUMO 3arasIbHUI
PO3B’s130K HeoHOpiAHOT 3amaul (7):

2(tier) = X, (Hey + G [f(S); b(s): a} O, o B
ryr X, (t) = Xo(t), a Takox

) —5t—2mcost + 2elmcost — wsint — elmsint
G{f(s);w(s);a} (t) = Tor 21 (—cost + e’ cost + 2sint + 2 e’ sint)

5t —2mcost + 2elmcost — wsint — elmsint

— yzaraabHenuit oneparop ['pina kpaiiosoi samaui (7).

3a ymoBu Pg+ # 0, Pp« = 0 Oyzemo KazaT, o JudepeHiaJbHo-aaredpa-
iuna kpafioBa 3amaqa (1) mpusemena mo0 HeKpUTHYHOTO Bunajaky. OCTaHHE O3HA-
YeHHsI € y3araJbHeHHAM KPUTHYHOrO BHIAAKY (Pg+ # 0) st HeTepoBoi Kpa-
ftoBoi 3amaul ayst audepeHIiagibHOl cucTeMu, orpuMmanoi 3 cucremu (1) npwm
A(t) = I, Ha BUIAI0K 3aJIeXKHOCTI y3araJbHEHOro omeparopa ['pina 3amaqi Ko-
i i gudpepenuianbro-aarebpaiunol cucremu (1) Bin A0BiIBHOI HenepepBHOT
BekTop-ynkii vy(t) € Cla, b].

Hacainok. Ipunycmumo, wo dupepenyianvro-anzebpaiune piensanms (1)
3adosoavhae ymosam semu. 3a ymosu Pp- = 0, dudepenuiarvrno-anzebpaiuna
kpatiosa sadawa (1) posze’asna das dosiavrur weodnopionocmed f(t) i «, a ma-
Koot nowamrosoi dynkuii o(t). 3aeasvnutl poss’asox dubepenyianvno arzebpa-
iunoi kpatiosoi sadaui (1)

2(t,er) = Xp(t)er + G [f(s), P(s); a} (t), ¢ €eR"
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8U3HAYUGE Y3a2arvbHerull onepamop I'pina

G (003 0| 0= K[ 4401105 | 01+

x| o, w0 0 fo+ o - x|t 00| 0

dugpepenyianvro-aszebpainnoi xpatiosot sadaui (1).

Hpukman 2. Bumozam Hacaidky 3adogosvhac 060mMouko6a dudepenyianbHo-
anzebpaivna Kpatiosa 3adaya

A(t) 2 (t) = B(t)z(t) + f(t), Lz()==(1 0 0)(2(0)—=z(2m) =0, (8)

de mampuui A(t) 1 B(t), a maxoorc pynruin f(t) nasedena 6 npuraadi 1.

VY Bumasky oxHOpimHOI 3a7a4i (8) marpurg @ = 0, oTiKe, BIIMOBLIHO 10 Tpa-
ol knacudikaiii HeTepoBux KpaiioBux 3amad, s 3agaqi (8) mae wmicre
kpurTnaHuii unaaok. [okmamemo W(t) := ( 1 sint ) , IPU TIBOMY

D=-2r(0 0 0 1 0), Pp-=0.

Ockinmbku Pp« = 0, T0 3a7aua (8) nmpencrapisic HEKPUTHIHAN BUNAJIOK, 1, Bizmmo-
BiTHO, MudbepeHIianbpHO-arebpaiuHa Kpaiiosas 3a1a4a (8) po3s’d3Ha 15T TOBLTH-
HuX HeogHopigHocTelr f(t) i a. TakuMm YMHOM, 3HAXOAUMO 3arajbHUN PO3B’I30K
HeOTHOPITHOT 3a1ad4i (8):

z(t,er) = Xy (t)er + G[f(s);w(s); a] ), ¢ €R3
ryr X, (t) = Xo(t), a Takox

) t —e?™t — 2w cost + 2etmcost — wsint — etwsint

6| 190)] 0 = 13-

o (— cost + el cost + 2sint + 2t Sint)
2™t —t — 2w cost + 2etmcost — wsint — etwsint
— yzarajabHenuii oneparop I'pina kpaitosol 3amadi (8).

3. Heuniuiitni kpatioBi 3aga4i ajisi HEBUPOI2KEHUX
andepeHIiaJabHO-aAredpalyHuX CUCTEM

Hocaigumo 3agady npo moOyIoBy pO3B’s3KiB
Z(t,{:‘) : Z('76) € Cl[a7 b]v Z(tu ) € (C[O)EO]
HemiHiitHoT grudepentiialpHo-aaredpalaHol KpaioBoi 3aaadi

A(t)2 (t,e) = B(t)z(t,e) + f(t) + e Z(2,t,e), Lz(-,e) = a. (9)
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Posp’sa3ku merepoBol (n # k) KpaitoBoi 3amaqi (9) mIyKaemMo B MaJjoMy OKOJI
poss’sasky zo(t) € Cla, b] nopomxyrouoi 3auauqi

A(t)z(t) = B(t)zo(t) + f(t), Lz0() = o (10)

Tyr A(t), B(t) € Cpxnla,b] — nenepepsni marpuni, f(t) € Cla,b] — Henepeps-
Huii BeKTOp; Z(2,t,€) — HeminiiiHa QyHKIIA, HemepepBHO IudEpeHIiioBHa mo
HesanexHil z(t) y MagoMy OKOJ PO3B’si3Ky MOPOKYIOUOI 3a/a4i, HermepepBHa
no t € [a,b] 1 HemepepsHa mo ManoMy mapamerpy € € [0,eo], z(-, &) — mimiii-
uuit Bexropuuit dyukuionan: £z(-,¢) : Cla,b] — RF. Heniniiina judepentiaib-
Ho-asrebpaiana kpaiiosa 3aga4a (9) yzaraabHIOe 6araTounCcIeHH] TOCTAHOBKY HE-
MHIRHUX HeTepoBUX KpaiioBux 3azad [2|. ¥V kpurmunomy sunaiky (Pgo- # 0)
HEBMPOJZKEeHA TOPOKytoUua 3ama4da (10) poss’s:3na Togl i TiAbKM TOJI, KON BU-
KOHaHO yMOBY (4) i st bikcoBanol HenmepepsHOI BekTOp-dyHKIil 1y(t) € Cla, b]
Mag T JIHITHO He3aIeKHUX PO3B’A3KiB

20(t,cr) = Xp(t)er + G’[f(s); vo(s); a] (t), ¢ €R".

YV KpUTHYHOMY BHUIIAJIKY B MaJIOMY OKOJIi PO3B’s3KY HOPOKYIOU0l 331841 KpaitoBa
sazgaga (9) poss’asna Toxi i TiibKY TOL, Kom [4]

Py (K [Z(z(s, £),8,€), uo(s)} () =0. (11)

st moBibHOT HemepepBHOI BeKTOP-DYHKINT vo(t) po3B's3HICTH HETIHIAHOT
nudepenianbao-aaredpaianol Kpaiosoi 3aga4ai (9) icrorHO 3a1eKUTH Bij Bu-
bopy miel dynxuil. Hokmagemo vy(t) = ¥(t)y, V() € Cyhxwla,b], v € RY;
Tyt W({) — mOBiIBHA HeMepepBHA MATPHUIlSA MOBHOrO panry. Ilpumycrumo, 1o
mudepentianbao-anredpaiuna Kpaitosa 3amaqa (1) mpusesena 10 HEKPUTHIHOTO
Bumaaky: Po- # 0, Pp« = 0.

Y crarTi [4] 3HAliIEHO YMOBH iCHYBAHHSI, & TAKOXK iTepalliiiHa cxeMa JJist 3HaX0-
JI7KEHHsT PO3B’A3KiB HEBUPOZKEHOI CaOKOHEMHITHOT HeTepoBol audepeHIiaj brHO-
anrebpalunol KpaitoBoi 3agadi (9) B KpUTHYHOMY BUIAJKY, & CaMe: 3a yMO-
Bu Pg+ # 0. YMoBu icHyBaHHS, & TaKOXK irepaliiiHa cxema [ 3HAXOKe-
HHsI PO3B’g3KIiB HEBUPOKEHOI CjabKOHeMiHifiHOI HeTepoBoi mgudepeHIliaj bHO-
anarebpaluHol KpaiioBol 3amadi (9) B HEKPUTUYIHOMY BHUIIAJKY, & CaMe: 338 YMOBU
Pg+ = 0, 3naiizgeni B crarti [5]. Meroio gamoi crarTi € 3HAXOIKEHHS YMOB 3BiIHO-
cTi HeiHIHOT HEBUPOIKEHOT HETEPOBOI A epeHIliaJIbHo-aarebpaldHol KpaitoBol
sajadi (9) B KpUTUUHOMY BHIIAJIKY JI0 HEKDUTHIHOIO BUIAJKY aHAJIOriaHO |5, 6].
[Ipunycrumo, 1o kpaiioBa 3amada (9) HEBHPOIKEHA; B IIbOMY BUIAIKY CHCTEMA
(9) poss’szmra BimHOCHO MOXiAHOI. P0O3B’'s13kM HEBUPOMKEHOT KpaiioBol 3amadi (9)
B TAKOMY Pa3i BU3HAYAE CUCTEMA

2 = AT(t)B(t)z + Fo(t,vo(t)) +e AT (1) Z(z,t,e), Lz(-,e) = a. (12)



Bicuuk XHY, Cep. «MaremaTuka, IpuKIa/IHa MaTeMaTuKa i Mexamikas, rom 90 (2019) 67

Posp’s3ku kpaitosol 3amadi (12) mykaemo B MaJoOMy OKOJIL PO3B’SI3KY MOPOJIZKY-
1040l 3amadi: z(t, &) = 2zo(t, ¢, ) + x(t, £). Pikcyrwouu ogny 3 KoHCTAHT ¢ € R, 11st
3HAXO/IKEHHST BEKTOPA

x(t,e) . z(-,e) € Cla,b], =(t,-) € C0,e0], 2(t,0)=0
aHaJsIoriuHo |2|, mpuxomumo 1o 3aziadi
v =AT()B(t)x +ec AT (1) Z(20 + x,t,€), Lx(-,e) =0. (13)
Y Bunagky Pp+ = 0 3amaua (13) po3s’si3Ha i J0BLIBHOI HeTiHIHOCTI. 3arab-

HWiT po3B’a30K gudepentiaabHo-anaredpaianol kpaiiosoi samaui (13) mas dikco-
BaHol HernepepsHOI BeKTOp-byHKIil vy(t) € Cla, b] mae Burasy

x(t,e) = Xy (t)e(e) +eG |:A+(S)Z(Zo +x,5,¢);9(s); 0} (t).

Po3p’sa3ku kpaiioBol 3aga4i (9) mpu mpoMy BH3HAUAE OIEpaTOpHA CHCTeMa |2]

2(te) = 2(t,¢p) + 2(t,e), x(t,e) = Xp(t)e(e) + V(¢ e),

eW(t,e) =@ [A+(S)Z(zg + x,5,2);90(s); 0] (t).

g moby0Bu po3B’A3KiB €l OMepaTOPHOI CUCTEMU BUKOPUCTOBYEMO |2, 7| MeTos
MIPOCTUX iTeparliif; TAKUM YUHOM OTPUMYEMO ITepalliitHy cXeMy

zp+1(t ) = zo(t, ¢r) + ey (t,e), k=0, 1, 2, ...,
i1 (t,e) = Xo(ee) + 2 (1), (14)
w\) (te) = € G| AT (8)Z (20 + xp, 5,€); 9(5); 0 (8)-
OtKe, JI0BEJIEHO HACTYIIHY TEOPEMY.

Teopema. Ipunycmumo, wo Jdupepernuyiarvro-anzebpaiune pisnuanna (10)
nesupodocene. Y eunadky Pp~ = 0 nopodocyroua 3adaua (10) poss’asna npu
006IALHUL HeOOHOPIdHOCTNAT Jupeperyiasdvho-anzebpaivnoi cucmemy i kpatiosoi
ymosu (10) i mae T ATHITHO HE3ANENCHUT PO36 A3KIG

20(t,er) = Xp(t)er + G [f(s), P(s); a} (t), ¢ €R".
Ipu dodamrositi ymosi
AT ()Z(2,-¢) € Cla;b], AT(t)Z(-,t,¢) € C[||z — 20]| < q] (15)

oas nobydosu po3e’askie Heainitinoi dudepenyiasvro-aneebpaivioi kpatiosoi 3a-
dawi (9) europucmosyemo 36iocrny npu e € [0, e,] imepayiting cremy (14).
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g Bu3HAUEHHS BEJIUYUHU €, MOXKe OyTH BUKOPUCTAHO METO]| MaXKOPYIOUNX
piBusiib JIsnynosa [2, 8, 9]; Kpim TOr0, KOHCTPYKTUBHA OL[IHKA BEJMUMHU £, 3HA-
finena y crarTi |7].

Hpukmaan 3. Buwmozam meopemu 3a0080AvHAE HEATHITNG JUPEPERUIGADHO-
aneebpaivta Kpatiosas 3a0a4a

A(t) 2 (t,e) = B(t)z(t,e) + f(t) + € Z(z,e), Lz(-,e) =0, (16)

de
cost sint cost —sint cost —sint
o ). o )

—sint cost —sint —cost —sint —cost
KPIM MO020
za(t, €)
Ate) = | wite) |, f(t):z(si?lt), T:=(10 0),
ze(t, €)

0
Z(z,€) = < 2(1,9) ) , Lz(-e) =T (2(0,¢) — 2(2m,€)).

JLaa omHOPIAHOT YacTUHY TOPOAXKYI0UO0T 3aiadi MaTpurist () = 0, oTKe, Bij-
MIOBIIHO 10 TPaIUIiiHOl Kaacuikalll HeTepoBUX KpaioBux 3a0a9 /1 TudepeH-
nianapHuX cucreM it 3anadi (16) mMae micie KpuTwdHWT BUIAAOK. Y BUIAIKY
piBasiHES (16) TOPOMKYOUMil PO3B’SI30K 3aJI€KUTH Bil JOBLIBHOI HemepepBHOI

dyukuii. Iokraemo
U(t):=(1 sint),

IIpHU OIBOMY
D=-2r(1 0), Pp-=0.

Ockinbku Pp+ = 0, To y Bumajaky piBusgaHg (16) mopomKyoda 3agada IpecTaB-
JIsT€ YMOBHO HEKPUTUYHUI BUTTAI0K, 1, BIATIOBIAHO, TOPOIXK YU JU(EPEHIT aTHHO-
anrebpaiuna Kpaiosa 3aga4a s pisasabg (16) pos3s’s3Ha 119 JOBIIBHUX HEO-
naaopiaHocTeit f(t) i . PiKCy0OUM KOHCTAHTY

1 0
=15 1],
0

3HAXOIUMO
Hsin2t — 7sint

—2(Tcost + 5cos 2t — 15)
5sin2t — 7sint

ZO(ta C?") - %
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g nobymoBu po3p’s3kiB HesiHifiHOT mudepentiaibHo-aarebpalanoi KpaitoBol
sazaui (16) BukopucroByemo irepamniiiny cxemy (14), npu 1npomy, HOKIQIAK04MH
c(e) := 0, maemo:

Z14(t, €)
.’L'l(t, 8) - .’L'lb(t,ff) ) xlc(t76) == xla(t75>7
Z1.(t, €)
e
5
t,e) = — —42 12 —224 2t—
Z14(t, €) 86400( 00+ 7 125cost 0 cos 2t

—903 cos 3t + 168 cos 4t + 50 cos 5t — 3 012 ¢ sin t),

z1p(t,e) = ( —3012tcost+ 5 451 sint—

43 200

—560sin 2¢ — 603 sin 3¢ 4 168 sin 4¢ 4 50 sin 5t) .

Jltst OTiHKY TOYHOCTI 3HaiaeHnx HAOJIMKEHb 710 PO3B A3Ky Hejiniitnol audepen-
iaspHO-aarebpaitnol Kpaitosoi 3a1a4i (16) BusaatmMo HeB a3ku Ay (€) HyIbOBOTO
i mepmoro HabmzkeHb 10 po3B’a3Ky kpaiiosol 3agaui (16). [okrasmm € := 0,1
Ta k=0, 1, maemo

Ao(0,1) &~ 0,0500 556, A;(0,1) ~ 0,00 281 729.

Binmitumo Takox, 1o mepine HabJuKeHHs 10 PO3B 3Ky KpaiioBol 3amaqi (16) B
TOYHOCTI 33J0BOIBHSE Kpaifosiit yMOBi.

3amIpomoHOBaHA B CTATTI CXeMa JOCTLIKEHHsT HeJIHINHUX mudepeHniaIbHo-
anrebpaiunux Kpaifosux 3ajgad amasoriuno [2, 10| moxe OyTu nepenecena Ha
HeJiiHifHl MaTpuyHi nudepenniaibHo-aarebpaiuni Kpaitosi 3aja4i. 3 iHIIOI cTO-
POHM, 3aIPOIIOHOBAHA B CTATTI CXEMa JOC/IIKEHHsT CJAaOKOHEMHITHOT HeTepoBOl
mudepentianbao-aredpaivtHol Kpaiiosol 3a1a4i (9) B KPUTHIHOMY BUIMAJKY MO-
ke OyTH TepeHeceHa Ha aBTOHOMHI CJIaOKOHETIHIfHI AudepeHIiaabHo-aaredbpalaHi
Kpaitosi 3azadi [2, 11, 12].

Hoxska. locaimkenns BukoHaHO 3a (binancoBol miarpuMin MinicTepcTBa
oceitu i maykm Yxpaimu, p.u. 0118U003390.
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Yyitko C.M., Hecmenosa O.B. IIpo nmeperBopeHHs HeJIiHiTHOT HeTepoBol audepeH-
miaJbHO-aJIreopaiyHol KpaioBol 3aa4i 10 HEKPUTUYIHOTO BAAaKYy. Jlociaxen-
Ha mudepenmiitno-aaredbpalynnx Kpaitosi 3agaqi 3acHoBani B podorax K. Beitepmrpacca,
M.M. Jlyzia i @.P. l'aarmaxep. Cucremarnyne BuB4YeHHS AudepeHIitHO-aaredpaianmii
kpaiioBi 3agaui npucesaeni podoru C.Kemnbenn, FO.€. Bospunnes, B.®. Yucrsakona,
AM. Cawmoitnenko, H.A. Tlepecriok, B.II. dxosus, A.A. Boitayka, A. Lrumanna i T.
peiicy. ¥V To#t xKe 9ac AOCTiIKenHsT 1udepeHIiitHo-aaredpaiaHuX KpaoBux 3aa49 TiICHO
OB’ sI3aHe 3 JIOCITIIPKEeHHSAM HeJIHIHHUX Kpallli 33039l JJIs 3BUYaiiHo pi3Hux audepeHIi-
aJIbHUX 3aBJaHb, moyaTkoBux B poboti A. Ilya mkape, A.M. Jlanyuosa, H.M. Kpujosa,
H.H. Boromto6osa, I.I. Mankuna, A./l. Mermkuca, €.A. I'pebenuros, FO.FO MiTponoss-
cekoro, I.T. Kirypazaze, A.M. Camoitnenko, H.A. Tlepecrioka i A.A. Boitayxka.

Busuenns neniniiinol audepentiiino-aniredpaidyna KpaiioBa 3aBIaHH TOB’ sI3aHE 3 Y-
CJIEHHUMHU JI0JIATKAMU BiJITIOBI/IHA MaTeMAaTHYHUMU MOJEJell B Teopil HEeJTiHIMHUX KOJIH-
BaHb, MEXaHiKa, 010J10Tis, paaioTexHiKa, Teopis cTiKocTi pyx. TakoMy IuHOM, aKTyaabHA
npobJjiemMa € nepeHeceHHs pedyJibraru, orpuMani B crarrsx i monorpadii C. Kemnbesuia,
AT . Camoitnenko i A.A. Boituyka ma meiniiitai kpaitosi 3amaqi mst amdepeniaibao-
aredpalvHUX PiBHSAHDB, 30KPEMA, 3HAXOMKEHHsT HEOOXiTHUX 1 TOCTATHIX YMOB iCHYBaHHS
MIO30BOM X pillleHb HeMHIAHUX AudepeHtiiiHo-aaredbpaldHnx KpaoBuX 3a,0a¢.

Y crarti 3HaiimeHi yMOBHM icHyBaHHS i MOOYIOBAHO WTEPAIMOHHYIO CXEMY IS
3HAXOMKEHHSI PillleHb CIabOHeIiHeHON HeTepoBUX AudepeHIiiHo-aaredOpaiTHux Kpa-
#oBol 3ajadi. 3ampomoHOBaHA B CTATTI cXeMa JIOCHIXKeHHs HemiHiiHux midpdepen-
mianbHO-aIredpaiTHux KpaftoBuX 3a7ad Moxke OyTH mepeHeceHa Ha HETiHIHHI MaTpUdHi
gudepeniiiiHo-aaredpaiuHux Kpaiosi 3aja4di. 3 iHIIOro OOKY, 3alPOIIOHOBAHA B CTAT-
Ti cxXema MOCTiIKeHHsT HEJHINHUX HeTepoBUX Iu(epeHIiiHo-aIredpaidHuX KpaoBux
3a/[a9 y KPUTUIHOMY BUIAIKY MOXKe OyTH TIepeHeceHa Ha aBT OHOMHI cjrabonesiHeiHi
muddepenmianbHO-aIreOpaiaHi Kpaesi 3a0ati.

Kamowosi crosa: kpaitosi 3amadi; audepeHitiaabHO-aIredpaiaia CHCTeMa; HeKPUTHIHTIT
BUIIA/IOK; IICEBI00OEPHEHA MATPUIIH.

S.M. Chuiko, O.V. Nesmelova. About the reduction of the nonlinear Noetheri-
an differential-algebraic boundary value problem to the noncritical case. The
study of the differential-algebraic boundary value problems was established in the papers
of K. Weierstrass, M.M. Lusin and F.R. Gantmacher. Works of S. Campbell, Yu.E.
Boyarintsev, V.F. Chistyakov, A.M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A.
Boichuk, A. Ilchmann and T. Reis are devoted to the systematic study of differential-
algebraic boundary value problems. At the same time, the study of differential-algebraic
boundary-value problems is closely related to the study of nonlinear boundary-value
problems for ordinary differential equations, initiated in the works of A. Poincare, A.M.
Lyapunov, M.M. Krylov, N.N. Bogolyubov, I.G. Malkin, A.D. Myshkis, E.A. Grebenikov,
Yu.A. Ryabov, Yu.A. Mitropolsky, I.T. Kiguradze, A.M. Samoilenko, M.O. Perestyuk and
O.A. Boichuk.

The study of the nonlinear differential-algebraic boundary value problems is
connected with numerous applications of corresponding mathematical models in the
theory of nonlinear oscillations, mechanics, biology, radio engineering, the theory of the
motion stability. Thus, the actual problem is the transfer of the results obtained in the
articles and monographs of S. Campbell, A.M. Samoilenko and O.A. Boichuk on the
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nonlinear boundary value problems for the differential algebraic equations, in particular,
finding the necessary and sufficient conditions of the existence of the desired solutions of
the nonlinear differential algebraic boundary value problems.

In this article we found the conditions of the existence and constructed the iterati-
ve scheme for finding the solutions of the weakly nonlinear Noetherian differential-
algebraic boundary value problem. The proposed scheme of the research of the nonli-
near differential-algebraic boundary value problems in the article can be transferred to
the nonlinear matrix differential-algebraic boundary value problems. On the other hand,
the proposed scheme of the research of the nonlinear Noetherian differential-algebraic
boundary value problems in the critical case in this article can be transferred to the
autonomous seminonlinear differential-algebraic boundary value problems.

Keywords: the nonlinear differential-algebraic equations; the nonlinear boundary value
problems; the generalized Green’s operator; Moore-Penrose pseudo-inverse matrix.

Article history: Received: 30 August 2019; Final form: 21 November 2019;
Accepted: 21 November 2019.
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