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[e]
ty on G, P an n-fold convolution of P. Under well-known mild conditions,
PM™ — U if n — oo. A lot of estimates of the rate of the convergence are
found in different norms. We consider the groups that have a double transitive
presentation, and the probability P that naturally arises in this presentati-
on. An exact formula for rate of convergency for these groups for the norm
IE|l = > |F(g)|, where F(g) is a function on group G, is given.

geG

Let P be a probability on a finite group G, U(g) the uniform probabili-

Keywords: probability; finite group; convergency; convolution.

Bumnesenpkuit O.J1., 36ixkHicTh BUNAaAKOBUX OJIyKaHb Ha ABidi TpaH-
3UTUBHIN rpyIi, MOPOPKEHUX 11 IiCTAHOBJIIOBAJIBHAM XapaKTEpPOM.
Hexaii P — iimoBipuicts Ha ckinvenniii rpymi G, U(g) = ﬁ — piBHOMIpHA
itmosipricTs Ha, G, P(™) — n-kparna 3roprka dyukiii P. Jlo6pe Bizomi ymosm,
mpu aKux P ) 5 U npu n — 0o. OmiHI MBUIKOCTI €T 3012KHOCTI I pi3HUX
HOPM IPHCBAIEHO 6araTo pobiT. Mu po3rismaeMo CKiHdeHHI TPy, SKi MAlOTh
JBidl TpaH3UTHBHE 300paskKeHHs IMiICTAHOBKAMH, i iMOBipHiCTL P, 110 mpupo-
JTHO BHHHUKAE B IIbOMY 300pazkenni. B pobori mana rouna ¢opmysia mBUIKOCTI

361>KHOCTI Jyist TaKWX TPy BigHOCHO HOp™H || F|| = > |F(g)|, ne F(g) — byn-
geG

Kiis #Ha rpymi G.

Kaowosi carosa: fiMOBIpHICTD; CKiHYEeHHA TPYIa; 3012KHICTh; 3rOPTKA.

Bumnesenxuit A.JI., CxoamMocCTh cCJydYalHBIX OJIy>XKIaHWiiI Ha JBa-
Kbl TPAH3UTUBHOM TIpyIle, HOPOXIEHHBIX €€ II0ACTaHOBOYHBIM

xapakTepoMm. Ilycrs P — BepositHocrs na koneunoil rpyuue G, U(g) = ﬁ

— paBHOMepHas BeposTHOCTH Ha G, P(™) — n-kparnas cseprka dbyskimmn P.
Xopormo u3sectHb! yeaosust, npu kotopeix P — U mpu n — oo. Ouenke
CKOPOCTH 3TON CXOAUMOCTU JJIS PA3HBIX HOPM IMOCBSIILEHO MHOIO PadoT.
Mpbr paccMaTpuBaeM KOHEUHBIE TPYIIBI, MMEIONHe IBAXKIbl TPAH3UTHBHOE
IpescTaBjeHne IOJACTAaHOBKAMHU, M BEPOSITHOCTH P, KOTOpas eCTeCTBEHHO
BO3HHMKAET B 3TOM m3oOpaxkernu. B pabore mama Tounas (Hopmysia CKOPOCTH
CXOQMMOCTH JIJIl TAKUX IPYyIIl oTHOcuTesbHO HOpMbL ||F|| = Y |F(g)|, rae
geG

F(g) — dyukuus na rpyume G.
Kaouesvie c106a: BEPOATHOCTD; KOHEYHAA IPYIIA; CXOAUMOCTD; CBEPTKA.

2010 Mathematics Subject Classification: 20D99; 60B15; 60B10.
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Let P be a probability on a finite group G, U(g) = the uniform probability

1
1G]
on G, P — an n-fold convolution of P. Under well-known mild conditions,
P — U if n — oo (see [1]). A lot of estimates of the rate of the convergence
are found in different norms ([2]). We consider the groups that have a double
transitive presentation (by permutations), and the probability P that naturally
arises in this presentation.

A group G of permutations has its natural character which values equal to the
number of points fixed by permutation . If G is transitive, then (see [1] — [3])

rmzx )=1

geG

so the function P(g) = X(g) is a probability on group G. The probability P(g)

1
. G .
naturally arises for any transitive permutation group G.

The function P(g) is a class (or central) one, i.e. it has the same value on

each class of conjugate elements of group G. There is a scalar product in a linear
space L(G) of class functions: for Fy, Fy € L(G)

(1, F») = ZF1 (1)

geG

where F is complex conjugate to a complex number F. Let Irr(G) =
{1¢,x1,---,xx} be the set of irreducible characters of group G, where 1g is
a principal (or trivial) character. The set Irr(G) form an orthonormal basis of
L(G) with respect to the scalar product (1). So any class probability P has
decomposition in this basis

1
P = ﬁlg—i—mpﬁ—i—...—l—mkxk, (2)
for some complex numbers mq,...,my. Let d; = degx; be the degree of the
character x; and
G|m; .
) 3)
J

Lemma 1 For any natural number n

k
db”
4

It was established in ([4], proof of theorem 3).

Let G be a double transitive finite group, x the abovementioned character of G,
d = deg x its degree. As a character, y is a class function. A permutation without
fixed points is called regular. By definition, x(g) = 0 if and only if permutation
g € G is regular.



6 A. L. Vyshnevetskiy

2|4]

Theorem 1 [P -Vl = G —5yay

where A is the set of regular permutati-

ons in G.

Proof. By Birnside theorem ([3] - [5]) x = 1g + ¢, ¢ an irreducible character
of G, degp = d — 1. Then (2) actually is

1 1
P_i]-G_‘_ TP
G| G|

ie. in (2) m; = c=mp=0,50in 3) by =(d—1)"1 by = ... =

1

G|
by, = 0. By the lemma above P(") — U = M~'¢, where M = (d — 1)" 1G|. As
¢ = x— 1g and x(g) is a non-negative integer, then ¢(g) > 0 for g € G\ A, where

A = {g € Glp(g) = —1}. As character ¢ is irreducible, then > ¢(g) = 0. For
geG
the considered norm

HP<">—UH=§Z|90<9>\:% S+ Y o)) =

geG geA geG\A

2\A| 2|4
=7 1221
MRS D] I P -

geA geG

Since ¢(g) = —1 if and only if x(g) = 0, then A is the set of regular permutations
in G.

Let us find the number of regular permutations of the following double transi-
tive finite groups: the symmetric group Sy of degree d, the alternating group Ay,
the Zassenhaus groups and the Frobenius group of order p(p — 1) with Frobenius
kernel of prime order p.

Definition ([3| p. 255). A group is said to be sharply k-transitive if it is k-
transitive and the stabilizer of any k points is trivial. In case k = 2 the group is
called a Zassenhaus group ([5], p. 85). All sharply 2- and 3-transitive groups are
known [3]. Let

3

|
qu

r=0

Lemma 2 Let G be a permutation group of degree d. The number Ny of reqular
permutations in G equals to:

a) d\Ey, if G = Sy;
b) 5 Eaz+ (1) Nd - 1), if G = Ag

1
c) 5 (|G| = (d—=1)(d—2)), if G is a Zassenhaus group;

d) p—1, if G is a Frobenius group of order p(p — 1).
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Proof.
a) It is well-known problem about the number of derangements [7].
b) Since the group Ay is sharply (d — 2)-transitive, the number N (iy,...,4,) of

its elements leaving definite r points iy, ..., 4, fixed equals to
|Agl(d —7)! (d—7)!
. . = 1<r<d-2
N(Zlv"wz?’): d! 2 ’ _T_d
1, d—1<r<d

Therefore, the number of elements that leave arbitrary r points fixed equals to

d—r)! d! d!
. . ri(d —r! id
CUN (i1, .., i) = d e d—1
1, r=d
dd
If r = 0, then =9 = |Ag4|. By the principle of inclusion—exclusion
r!
d—2
d —~ (=1)" d-1 a_ d—1
No = — —1 d+(-1)*=—FE4 —1 d—1).
0= 5 X P U () = G ()
¢) For Zassenhaus group
|G|(d —r)! B
Ny, .. ip) = a2
1, r>3

As above, multiplying by C7 and applying the principle of inclusion-exclusion,
we get
G
Ny = G;-|G\+’2|—c§+cg—...+(—1)dcg:
G|

:7—1+C},—C’§+(—1)d+(1—1)d:%(]G\—(d—l)(d—Q)).

d) As well known, a Frobenius group of order p(p — 1), with Frobenius kernel
of prime order p, is a double transitive group. A stabilizer of any two points is
trivial, so the group is sharply 2-transitive. All the regular permutations in G are
(p — 1) non-identity elements of its kernel. So Ny =p — 1.

Corollary 1 The norm ||[P™ — U|| equals to:

2F,
1) ——M
AT

2 (Bas+ 0= )
& (d— 1)1

if G =5q;

cif G =Ag
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—(d-1)(d-2
3) |G‘(d(_ 1)”_)1(|G\ ), if G is a Zassenhaus group;
2
4) W, if G is a Frobenius group of order p(p — 1), with Frobenius
p— p

kernel of prime order p.
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Bumnesenpkuit O. /1., 36i>kHicCTh BUNagKOBUX OJIyKaHb HAa ABi4i TPaH3UTUBHIN
TpyIri, MOPOAXKeHuX i1 MiJCTaHOBJIIOBAJIbLHIUM XapakTepoM. Hexait P — #iMoBip-
Hictb Ha ckinvensiil rpyni G, U(g) = ﬁ — piBHoMmipna (abo TpuBiajibHa) KMOBIPHICTD
wa rpymi G, P = Px.. .« P — n- kparna 3roprka byskiii P. JJobpe Bigomi yMoBH, mpu
akux P™ — U npu n — 0o. OmmiHIi MBUAKOCTI i€l 3012KHOCTI I PI3HUX HOPM IMIPH-
cBsIeHO 6araro pobiT. Mu po3risamaeMo CKiHYeHHI IPYIH, siKi MAOTh JIBiUi TPAH3UTHBHE
300pazKeHHsI MiICTAaHOBKAMHE, 1 IMOBIPHICTD, KA MPUPOJSHO BUHUKAE B IHOMY 300parKeH-
ui. ITs fimoBipuicTb Ha KOKHOMY esiemenTi rpyuu G uponopuiiina duciy Hepyxomux (a6o
CTaliOHAPHUX) TOYOK LHOTO EJIeMEHTa, AKUil PO3TIANAETHLCSA dK IMIJICTAHOBKA. IHAKIIE
KA KydH, 15 HMOBIPHICTB € XapakTepoM 300parkents rpynu G migcranoBkami. VIMoBip-
HICTh HA3WBAIOTHh KJIACOBOIO, SIKINO BOHA MPUWiTMaE OTHAKOBIL 3HaYeHHs Ha KOXKHOMY KJIaci
CIPsI?KEHUX eJIeMEHTIB rpynu, ToOTO € (PyHKIiE€ Kaacy. Po3rasayBana WMOBIpHICTD €
KJIACOBOIO, 00 Oy/ib-siKuil XapakTep rpyIu MPUIMAE OIHAKOBI 3HAYEHHS HA CIIPSIKEHUX
eneMenTax. Bymab-sikiit fimosiprocTi (i, B3arasmi, GyHKINT i3 3HAUEHHSAMN Y JOBLIHLHOMY
kiybni K) Ha rpyni G MoxkHA 3icTaBUTH ejleMeHT rpynoBoi ajrebpu K G 1iel rpynu Ha
M Kimbrem K. KiacoBiit iMOBIpHOCTI BiMOBiZA€ eIeMEHT IEHTpa ITi€l TPYTOBOI aJ-
reOpH, TOMY KJIaCOBY HMOBIPHICTH TaKOXK HA3WMBAIOTH IEeHTpaabHo. Ha abemnesiit rpymi
Oy/ib-sKa FMOBIPHICTH € KJIACOBOIO (LEHTPAJIBHOIO).
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B poGori posrisayTa 36ixkHiCTH BimHOcHO HOpMu ||F|| = > |F(g)|, ne F(g) —
g€G
dbyukuia wa rpyni G. g uiel mopmu mana touna ¢dpopmyna (a He MpOCTO OIMiHKa, SK
y TepeBaxkHiii OLIbIocTi POBIT) MBUAKOCTI 301KHOCTI 3rOPTKH P") 50 rpusianeHOI
iimosiprocti U(g) na rpymi G. Bussiserncs, mo mopma pismumi ||[P — U|| susmagae-
ThCsl MOpAAKOM rpynu G, 11 creneneMm, sik IPYNH MiJICTAHOBOK, Ta YUCJIOM PEryJIsipHUX
nijicraHoBOK y rpyni G. PerysisipHoio HABMBAETHCS MiJCTAHOBKA, KA HE MAE HEPYXOMUX
TOYOK. PO3I/IsIHYTO 3aCTOCYBaHHS BKa3aHOT GOPMY/IN y BUMAIKAX, KoM rpyna G € cuMe-
TPUYHOIO, 3HAKO3MIHHOIO Ipymoio, rpymnoio Ilaccenxaysa i rpynoo ®@pobeniyca mopsaaky
p(p — 1) 3 aagpom ®Ppobeniyca nopsaky p i JonOBHeHHsM 1OpsAaKy p — 1 ( p — mpocte
qucso). I'pynoro [accenxaysa HazuBaeTbes ABIYl TPAH3UTUBHA IPYIA MiJCTAHOBOK CKiH-
9EeHHOI MHOXKHHH, B AKifl JIWIlle OJWHUIHA IiICTAHOBKA 3AJIMINAE HA MicIi OibIine aBOX
€JIEMEHTIB I1i€1 MHOXKWHHA.
Karwuoei caosa: IMOBIpHICTE; CKIHYEHHA, IPyTa; 30iKHICTH; 3rOpTKA.

A. L. Vyshnevetskiy, Convergence of random walks on double transitive group
generated by its permutational character. Let P be a probability on a finite group

G, U(g) = ﬁ the uniform (trivial) probability on the group G, P(") = Px...x P an

n-fold convolution of P. A lot of estimates of the rate of the convergence P(™) — U are
found in different norms. It is well known conditions under which P(™ — U if n — co.
Many papers are devoted to estimating the rate of this convergence for different norms.
We consider finite groups that have a double transitive representation by substitutions
and the probability that naturally arises in this image. This probability on each element
of the group is proportional to the number of fixed (or stationary) points of this element,
which is considered as a substitution. In other words, this probability is a character of
the substitution representation of the group. A probability is called class if it takes the
same values on each class of conjugate elements of a group, that is, it is a function of
the class. The considered probability is class because any character of a group takes on
the same values on conjugate elements. Any probability (and, in general, functions with
values in an arbitrary ring) on a group can be associated with an element of the group
algebra of this group over this ring. The class probability corresponds to an element of
the center of this group algebra; that is why the class probability is also called central.
On an abelian group, any probability is class (central).

In the paper convergence with respect to the norm ||F|| = > |F(g)|, where F(g) is

geG

a function on group G, is considered. For the norm an exact formula not estimate only,
as usual for rate of convergence of convolution P(™) — U is given. It turns out that the
norm of the difference ||P() — U|| is determined by the order of the group, degree the
group as a substitution group, and the number of regular substitutions in the group. A
substitution is called regular if it has no fixed points. Special cases are considered the
symmetric group, the alternating group, the Zassenhaus group, and the Frobenius group
of order p(p — 1) with the Frobenius core of order p (p is a prime number). A Zassenhaus
group is a double transitive substitution group of a finite set in which only a trivial
substitution leaves more than two elements of this set fixed.

Keywords: probability; finite group; convergency; convolution.
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[Tonydensr mOCTATOYHBIE YCJIOBUS CYIECTBOBAHWS PEIIEHUS HEJIUHEH-
HOIl HETepoBOW KpaeBoil 3amaum a9 cuUcTeMbl  audpepeHnuaibHo-
anreOpamvIecKux  ypaBHEHHIA. UccnenoBan  caydait  HEBBIPOXKIEHHOMN
cucrembl  auddepeHnuaIbHO-ANreOpandecKuX  yYpaBHEHHI, a  HMEHHO:
b depeHITnaNIbHO-AITeOPANIECKOl  CUCTEMbI, TMPUBOAUMOI K  CHCTEME
OOBIKHOBEHHBIX AudhEepEeHINaIbHBIX YPABHEHUN C MPOU3BOJIBLHON HEpPEPbIB-
HOI (pyHKIHEIA.

Kamouesnie crosa: HemuHeiinble HETEPOBBI KpaeBble 3a1a9n; fud GepeHnnaabHo-
anreOpamvyecKue ypaBHEHNUST; [ICEBI00OPATHBIE MATPHUIIDL.

Hecmenopa O.B. Ciabkomesniniiini kpaiioBi 3agadl st HeBUPOIXKe-
HuX audepeHiagbHo-aJreopaiuanx cucrem. OTpUMaHO TOCTATHI yMO-
BM iCHyBaHHs PO3B’sI3Ky HeJiHi#iHOI HeTepoBOi KpailoBOl 3ajad4i s cucTeMu
JudepeHIianbHO-anredpaidanX piBHAHD. JOCTiIzKEHO BUMTAI0K HEBUPOIKEHOL
cucreMu audepeHIiaIbHO-aIredpaidvanx piBHAHL, a came: auepeHIiaaTbHo-
aJIredpavHoOl CUCTEMHU, IO MPUBOAUTHCS 0 CUCTEMHU 3BUYANHUX TudhEpeHIi-
AJIbHUX PiBHSAHB 3 JOBIJILHOI HEMEPEPBHOIO (DYHKIIIEIO.

Karwuwoei caoea: wemiHiiini HeTepoBi KpaiioBi 3amgadi; mudepeHIiaabHO-
anreOpaildHi piBHSHHS; ICEBIO0OEPHEHA MATPHUIIA.

0.V. Nesmelova. Seminonlinear boundary value problems for
nondegenerate differential-algebraic system. We obtained sufficient
conditions of the existence of the nonlinear Noetherian boundary value problem
solution for the system of differential-algebraic equations. We studied the case
of the nondegenerate system of differential-algebraic equations, namely: the
differential-algebraic system reduced to the system of ordinary differential
equations with the arbitrary continuous function.
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1. JIuneiinbie KpaeBble 33/1a4M JIJI HEBBIPOXK 1E€HHBIX
anddepeHTnaTbLHO-AITE0pAnIeCKITX CUCTEM

UccremyeM 3amaay o mocrpoenun pemennit z(t) € Clla, b] mmameitnoit gudde-
peHInaIBHO-aITebpanIecKkoil KpaeBoit 3a,1a9m

A2 (t) = Bt)z(t) + f(t), (z()=a, ocRF (1)

© Hecmemora O.B., 2019
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31€eCh
A(t), B(¢) € Cpxnla, ] := Cla, b] @ R™<"

— nenpepbisible Marpuiibl, f(t) € Cla,b] — menpepbiBubiil BeKTOp-cTOs6EIT; £2(-)
— JmHeitHbIH orpanmuennpiit dynknuonan: £z(-) : Cla,b] — RF. Marpuuy A(t)
[IpeJino/araeM, BooOIe roBops, MpaMOYTOAbHON: m # n, ubO KBaIPATHOMN, HO
BbIPO2KJEHHOI.

WNccnenopanmio qudpdepennnaabHo-aaredpaniecknx ypaBHEHUN TPU TTOMOIITH
HEHTPAJBHON KaHOHMYIECKOH (DOPMBI M COBEPINEHHBIX TAp W TPOEK MATPHUIL 110~
cesitniennl Monorpadun [1, 2, 3, 4|. B crareax [5, 6] npensoxkena cepus mocraro-
YHBIX YCJIOBHI PasperrmMOCTH, a TakyKe KOHCTPYKIUs 0OOOIIEHHOTO OIepaTopa
I'puna zagaun Kot masa suwaeliroi anddeperimanbHo-aaredpandeckoil cucre-
MBI (1) 6e3 UCIoIB30BaHNUST TIEHTPATBHON KAHOHUIECKOH (DOPMBI U COBEPITIEHHBIX
nap u Tpoek marpuil. B crarbe 7] mpejiokeHbl yeaoBusl Pa3peIMMOCTH, & Ta-
KzK€ KOHCTpyKImu 06obieHHoro omeparopa l'puHa KpaepBoir 3aja4un JIMHEHHON
muddepentmansro-anrebpandeckoit cucremst (1). Ilpu yenosun [5, 6, 7]

Pay =0, AT(DB(t) € Coxnlshl, A (1)£(t) € Clas )
cucteMa (1) paspenmma OTHOCUTETHHO TTPOU3BOTHON
2= AT(t)B(t)z + Folt, vo(t)); (3)
sneck rank A(t) := op = m < n. Kpowme Toro,
Folt, (1) = A () + Pa,, (o(t),

AT (t) — nceBoobparnas (10 Mypy — Ilenpoyay), Pa« (t) — MaTpuIa-opTonpoeKTop
[12]: Pa«(t) : R™ — N(A*(t)), Pa,,(t) — (n X po)— marpuma, cocTaBIeHHas u3
po JMHEHHO-HE3aBUCUMBIX CTOJIONOB (N X N)— MaTPUIBI-OPTOIPOEKTOPA

Pa(t) : R™ — N(A(t)).

Takum obpaszom, npu ycmoeun pg # 0 cucrema (3), paspenieHHas OTHOCHTEIBLHO
MPOM3BOIHOMN, 3ABUCUT OT TIPOU3BOJILHON HENpEepPLIBHON BeKTOp-byHKINNI ().
O6o3naunm X(t) HOpMaTbHYO dYHIAMEHTAILHYIO MATPHUILY

X5(t) = AT (O BO)Xo(t),  Xo(a) = I

MTOJTy I€HHON TPAIUITUMOHHON CHCTEMBI OOBIKHOBEHHBIX M HepeHnaaIbHbIX ypaB-
Henuii (3). 3ameTM, uTo HOpMaTbHas dbyHIaMeHTaTbHAS MaTpuIa X (t) HEBBIPO-
Kjena. [Ipu ycaosun (2) cucrema (3), a ciaegoparensHo u cucrema (1), nmeer
pelnenne BrIa

2(t,c) = Xo(t)e + Xo(t) /Xo_l(s) So(s,vo(s))ds, ceR"™

Takum 06paszoM, JoKa3aHa Caeayiomas JemMma [7].
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JIemma 1 ITpu ycaosuu (2) cucmema (1) umeem pewenue 6uda

z(t,c) = Xo(t)c+ K [f(s), V()(S):| (t), ceR",
2de

K [f(s), 1/0(3)} (t) .= Xo(t) /Xol(s) So(s,vp(s)) ds

— obobwennul onepamop I'puna 3adawu Kowu z(a) = 0 daa dudpepernyuanvro-
anzebpauueckolt cucmemuvs (1).

[Mockospky mpu yeqaosuu (2) cucrema (1) paspernmma st 0601 HEOTHODO-
auoctu f(t), mOCTOMBKY, IO AHAIOTUY ¢ KaacCubuKammel MMy TbCHBIX KPAEBbIX
zagad |9, 10] cayqait (2) 6ymem Ha3bIBATH HEBBIPOK ACHHBIM. C IPYroii CTOPOHBI, B
oT/im4ue or K.Ha,CCI/ICbI/IKaLU/H/I UMITYJIbCHBIX KPA€BbIX 3a/1a4 P€Yb MACT O Pa3peiin-
Moctu auddepeHnuaabHo-aaredpandeckoil cucreMsl (1), a He cOOTBETCTBYTOMIEH
KpaeBoii 3amaun. [Ipeamomoxum, uro ypasaenue (1) yaoBaeTBopsier TpeGoBaHUIM
nemmbl 1. Tlomcrasisss obiee perernne

z(t,c) = Xo(t)e + K|:f(8),l/0(8):| (t), ceR"

sagaun Komm z(a) = ¢ pius nuddepennmanbHo-anredbpandeckoro ypasuenns (1)
B Kpaesoe ycsiopue (1), MpUXoanuM K JHHEHHOMY anrebpandecKoMy yPaBHEHUO

Qc=a— K| 15 m()] 0 @

VYpasrenne (4) pazpemmmo TOTa U TOJIBKO TOTA, KOT/IA
P {a = e | 1(6)(s) | (0} 0. )

Baech Pg+ — opronpoektop: RF — N(Q*); marpura P+ cocrasnena us d nmneiino
HE3ABUCUMBIX CTPOK opTonpoekTopa Pgo«, kpome Toro @ := £Xo(-) € RF*™ TIpu
ycaosun (5) U TOJBLKO Py HEM 00ITee pernenne ypasuenns (4)

c= Q*{a —IK [f(s), uo(s)] (-)} + Py, ¢ry, ¢ ER”

ompeJiesisier obIIee perrenne Kpaesoit 3amaun (1)

“(t.e0) = X0+ Xo(0Q {0 | 1),0(6)] 00} + K| 166)00(6) 0

Baecs Py — marpuia-opronpoexrop: R” — N(Q); marpuia Pg, € R™™" cocras-
JIEHA U3 1 JUHEWHO He3aBUCHUMBIX CTOI0I0B opronpoekTopa Pg. Takum obpazoM,
JTOKA3aHa CIAeIYIONAas TeOpeMa.
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Teopema 1 Ilpednososicum, wmo Juddeperuuansbro-ai2ebpauieckoe YpasHeHUue
(1) ydosaemsopaem mpebosanuam semmor 1. Ilpu yeaosuu (5) u moavko npu
nem 0aa durcuposannot nenpepuenoti sexmop-dynxuuu vo(t) € Cla,b] obuwee
pewenue Juddepernyuarvro-aszebpauneckoti xpaesoti 3adaqwy (1)

z2(t,er) = Xpo(t)er + G [f(s), vo(s); a} (t), ¢ €R"

onpedeasem obobwennvts onepamop I'puna Juddepenyuarvno-arzebpauieckot
kpaesot 3adawu (1)

6| 1m0 = Xa0@*{a— it 1) (5)| ()} + K | 169009 0

Caencrsue 1 [lpednososcum, wmo duddepenyuarvro-arzebpauneckoe ypasHe-
nue (1) ydosaemsopaem mpebosaruam semmo, 1. ITpu ycaosuu Po« = 0, kpaesas
3adaua (1) paspewuma daa mobuz neodnopoonocmetds f(t) u a. Obwee pewerue
kpaesoti sadawu (1)

z(t,er) = Xp(t)er + G [f(s); vo(s); a} (t), ¢ €R"

onpedeasem obobwernnut onepamop I'puna G[f(s); vo(s); a](t) duddepenyuarvro-
anzebpauneckoli kpaesoli sadavu (1).

IIpumep 1. Tpebosanusm craenctsug 1 ymosaerBopser audepeHITHATHHO-
anrebpamyeckasi KpaeBasl 3a1a9a,

A(t) 2 (8) = B()2(t) + f(1), £2(-) == T (2(0) + 2(r)) = 0, (6)
100 0 10
A(t)::<010>’ B<t>::<101>’

0= (5) T=(300).

IMockonbKy yeaoBue (2) BBIIOJIHEHO, TOCTOJBKY cucreMa (6) HEBBIPOXKIEHA 1

rae

KpoMe TOro

nMeeT permeHue Buia

z(t,c) = Xo(t) e+ K [f(s), V()(S):| (t), ceR3,
e

cost sint 1 —cost cost — cos 3t
Xo(t)=| —sint cost  sint K {f(s), l/o(s)] (t) = 3 sin 3t — sint
0 0 1 0



14 Hecmenosa O.B.

B mannom ciyuae marpuna A(t) npsaMoyrosbHas, npu 3TOM

000 0
:00:17507 PA(t): 000 ) PAPO(t): 0 )
0 01 1

IO3TOMY HaMJeHHOE PellleHre 3aBUCUT OT IIPOU3BOJILHON HEIPEPBIBHON CKAJJIAPHON
dbyukumn; B mantom caydae vo(t) := 0. Obiee perrerne oJHOPOHOM 3amaun (6)
orpejiesisieT MaTPUIA TTOJIHOTO PAHTA

2.0 0
Q‘(o 2 o)’ Fo- =0.

Taxum 06pazom, HAXOAUM O0IIEe perenre HeOTHOPOAHOM 3asaqun (6)

z(t,er) = Xp(t)er + G [f(s); vo(s); 04] (t), ¢ €RY

371eCh

X)) = (1=cost sint 1), Glf(shmlshal 0= K| 15| 0

— obobiennsbiit oneparop I'puna nuddepennuanbao-aarebpanieckoil KpaeBoit
sagaqn (6).

2. HesinHeilinbie KpaeBbie 3a/1a49U /19 HEBBIPOXKIEHHBIX
auddepennuaibHO-aIredpaniecKnx CUCTEM

Nccrnenyem 3asady o mOCTPOEHHH pereHuit
2(t,e) : z(-,e) € Clla,b], 2(t,-) € C'[0, 0]
HennHeHoM auddpepeHrmaabHo-aaredpandeckoil KpaeBoil 33 a9m
At)Z (t,e) = B(t)z(t,e) + f(t) + & Z(z,t,¢), (7)

lz(e) = a. (8)

Pemenus nereposoii (n # k) kpaesoit 3aga4u (7), (8) uieM B MaJIoit OKPECTHOCTH
pemenns zo(t) € Cla, b] nopoxparomeit 3a1a4m

A(t)zo(t) = B(t)zo(t) + f(t), Lz0(-) = o (9)

Baeck Z(z,t,e) — Henuuelinas QyHKIMsI, HempepbiBHO aud pepernupyemMast mo
HEN3BECTHOMN z(t) B MaJIOW OKPECTHOCTH PEIIEHUS MOPOXKAAIONIEH 330391, HEeTTpe-
pBIBHas 110 t € [a,b] u HempepbiBHAS 110 MajioMy napamerpy. Henmneiinas mnud-
dbepermmanpro-anrebpanueckas Kpaesasd 3amaqa (7) 0600IAET MHOTOUNC/IEHHBIE
MOCTAHOBKHU HEJIMHEHHBIX HETEPOBBIX KpaeBbix 3a1ad [11, 12]. [lpeanosoxum, aro
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nopoxkJaromasa Kpaesas 3anada (9) yaosaersopsier TpeboBaHuUAM CoeacTBus 1;
pu 9ToM cucrema (7) pasperiuMa OTHOCUTEIBHO IPOU3BOIHOM

2 =AT)B(t)z+ Fo(t,(t)) +e AT (1) Z(2,t,¢). (10)

[IpeanostoxkuM, 9T0 TOPOKIAONIAs KpaeBas 3a71a49a (9) HEBBIDOXK/ICHA M HEKPH-
tiana (Pg« = 0), TO ecTh, yA0BIeTBOPseT TPeOOBAHMAM CAEACTBAS 1, TP 9TOM
nopozkaaromias 3amada (9) paspemnma st J0OBIX HeogHOpogHOCTEH f(t) U .
Obiee periernre HopoxKaaoiei muddepernraabHo-aaredpandeckoii KpaeBoi 3a-
naan (9) nst bukcuposannoit HenpepbieHOit BekTop-pyukiuu vy(t) € Cla, b] ume-
eT BUJ,

20(tyer) = Xp(t)er + G [f(s); vo(s); a] t), ¢ eR".
Pemenns xpaesoit 3agaqau (8), (10) mmem B Masioif OKpECTHOCTH PeIIEHHS II0-

poxgatomei 3agauu: z(t,e) = zo(t,¢,) + x(t,€). Pukcupyst 0jlHy U3 KOHCTAHT
¢ € R”, nas Haxo>KIeHNsT BeKTOPa,

z(t,e) . z(-,e) € Cla,b], x=(t,-) € C0,e0], 2(t,0)=0
aHasI0ruvHO [12], mpuxoanM K 3a/1ade
o =ATY)Bt)x +e AT (1) Z(20 + 2,t,¢), Lx(-,€)=0. (11)

B mexkpurmueckoMm ciydae 3amada (11) paspemmma mjst Jii000if HeTHHEHHOCTH.
Ob6mee pemenne muddepernuanbro-anrebpandeckoit kpaesoit 3agaan (11) maa
bukcupoBaHHOl HenpepbiBHON BeKTOp-byukuuu vy(t) € Cla, b] umeer Bus

x(tye) = Xp(t)e(e) + G |:A+(S)Z(Zo +z,8,€);19(s); 0} (t).

Perterust kpaesoit 3amaqn (7), (8) mpu 9TOM OmpesesieT onepaTopHas CHCTEMa
[12, 13]

2(te) = 20(t, ¢p) + x(t,€), z(t,e) = Xr(t)c(e) + V(¢ e),
Mt e) =@ [A+(S)Z(zo +,5,€); 10(s); o] (t).

JIJ1 TOCTpOEHUS peIIeHii 3Toi OepaATOPHOIl CHCTEMBI IPUMEHAM METOJ, IPOCTHIX
urepanuii; TakuM 06paz’oM oJydaeM UTeparmoHHyto cxemy [12, 13]

zp1(t ) = zo(t, ¢r) + ey (t,e), k=0, 1, 2, ...,
zp11(t,e) = X, (t)e(e) + x,gl_gl(t,a), (12)
x,(ﬁlll(t,a) =G |AT(8)Z(20 + T, 8,€); v0(8) | (2).

Takum obpazom, JoKa3aHa CJIEIYIONIAsi TEOPEMA.
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Teopema 2 Ilpednosoocum, wmo Jduddepenyuarvro-arzebpauneckoe ypasHe-
nue (9) ydosaemeopaem mpebosanuam caedcmeua 1. B nexpumuseckom cayuae
(Pg+ = 0) noposicdarowan 3adavua (9) paspewsuma npu 41006 HeOOHOPOOHOCTNAL
oudppepenuuanbro-as2ebpauieckoti cucmemss U Kpaeeozo ycaosus (9) u umeem
r— AUHEUHO-HE3ABUCUMDBIT PEULEHUT

20(t,er) = Xp(t)er + G {f(s), vo(s); oz} (t), ¢ €R".

ITpu donoarumenbHom YcaosuL
AT ()Z(z,-¢) € Cla;b], AT()Z(-,t,e) € C[]|z — 20|| < q] (13)

oas nocmpoenuda peuenutl Juddepenuuasvoro-anzebpaueckoti kpaesolt 3adauu
(7), (8) npumenuma cxodawanca npu e € [0,e,] umepayuonnas crema (12).

s olipeiesieHnsi BEAUYUHBI £, MOYKET ObITH UCIOJIB30BAH METOM MaXKOPUPY-
ronwx ypassennii JlsmnyHosa [11, 12]; kpome TOro, aHaIOTHUHAS OIIEHKA BEJIMYUHbI
£« Haiinena B crarbe [13].

IIpumep 2. TpeboBamusiv TeOpeMbl 2 yIOBJETBOPSET HejuHeiHas muddepen-
nrabHO-aTedpanvdeckast Kpaepast 3a1ada

A(t) 2 (t,e) = B(t)z(t,e) + f(t) + € Z(z,¢), £2(-,e) =0, (14)

e

B mpumepe 2 6110 TOKA3aHO, YTO MOPOZKTAIOIIAs CHCTeMa 1Jist ypaBHenus (14)
HEBBIPOXK/IeHA, a TakKe Haiijenbl Marpuna Xo(t) u oueparop K|[f(s),vp(s)](t). B
ciydae ypasaenns (14) mopoxK 1aiomee permenne 3aBUCUT 0T TIPOU3BOIBHOMN Herpe-
DBIBHOI (DYHKITHN; TOJIOKAM, Kak U B ipuMepe 2: v(t) := 0. Pukcupyst KOHCTAaHTY
¢, = 107!, maxomum

4 + cost — Hcos 3t

zo(t,er) = 0 15sin 3t — sint
4
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Hutst mocTpoenns pertennit HesmmueHOM AuddepeHnnaIbHO-aaredpaniecKoil Kpa-
eBoit 3amaum (14) mpmmenmma wreparmonHas cxema (12), mpu sToM, mMoJAras
c(e) := 0, umeem:

z14(t, €)
{El(t,€) — xlb(tvg) )
rie
€
t =———| —98 560 + 125 312 t— 8 064 2t—
Z14(t, €) 58 67 OOO< + cos coS

—19 096 cos 3t — 1 792 cos 4t + 280 cos 5t + 1 920 cos 6t + 175 cos 7Tt—

—175c0s9t + 18 480 wsint — 18 480tsint>,

19
28 672 000

416 128sin 2t 4+ 57 288sin 3t + 7 168sin 4t — 1 400 sin 5t —

x1p(t,€) = (18 480 (m — t) cost — 143 792 sin t+

—11 520s8in6t — 1 2258in 7t + 1 575sin 9t>.

Jlaa oIeHKW TOYHOCTH HAWJACHHBIX TPUOJMKEHUN K PENeHn HeJIuHeHHON
mubdepertmanbHO-aTebpanvecKkoil Kpaesoit 3anadn (14) onpenesmm HeBsA3KN

Ap(e) == ||A(t) z(t,€) — B(t)zk(t,e) — f(t) — e Z(z,¢)

C[0;27]

HYJIEBOTO ¥ MEPBOTO MPUOJINKEHUsST K pelteHnto Kpaesoit 3amaun (14). I[losoxus
e=0,1, k=0, 1, umeem

Ag(0,1) = 0,00 134 314, A;(0,1) ~ 8,94 744 - 106,

Ormernm Takzke, 9TO TMEPBOE MPUOJMKEHNE K PeIeHuto Kpaesoit 3agaqn (14) B
TOYHOCTH YJIOBJIETBOPACT KPACBOMY YCJIOBHIO.

Hoxazannas Teopema 2 0606ImaeT COOTBETCTBYIOIINE yTBepKIeHus [12] Ha
caydail HEeJWHEHHONW HEeBBIPOXKIEHHON auddepentnabHo-aaredpandeckoii Kpa-
eBoit 3amaqan (7), (8) B HeKpUTHUIECKOM cJiydae. Pesyabrarsl TeOpeMbl 2 JIETKO
MOT'YT OBITh [IEPEHECEHbI HA MATPUYHBIE KPAeBble 3aa4u g suddepennmaib-
Ho-asrebpandeckux cucreM [14]. [Img mocTpoenus perenuii HeJTMHEHHOW HEeBBIPO-
KJeHHON nudepenimanbao-arebpanieckoii Kpaesoii 3agaqn (7), (8) npumennmM
MeTOJI HauMeHbBINX KBaapaTos [15].

ORCID 1D
O.V. Nesmelova https://orcid.org/0000-0003-2542-5980
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Hecmenora O. B. CoiabkoueniHiliHi kpaiioBi 3ajavi s HeBHPOAXKeHHX aude-
pPeHIliadbHO-aJIre0palyHuX CUCTEM. Y CTATTI OTPUMAHO JOCTATHI YMOBHU iCHYBaH-
Hf PO3B’A3Ky HEJIHIHHOI HeTepoBOl KpaiioBoi 3aadi s cucteMu TudEpeHIiaTbHO-
airebpaldyHuX PiBHAHD, ITUPOKO BUKOPUCTOBYBAHUX B MEXAHII, EKOHOMIII, €JIeKTPOTEXHi-
11i Ta Teopil ynpasiinas. /{0CTiIKEeHO BUMAI0K HEBUPOIKEHOI cucTeMu audepeHIiaTbHO-
anreOpalyHuX piBHSIHD, a caMe: IuepeHIiaabHO-aJIredpaiaHol cucTeMu, po3B’ I3HOI BiI-
HOCHO Toximuoi. B mboMy BHmamxky HemdiHiliHa cucreMa TudepeHIiaTbHO-aIreOpaiaHmx
PIBHSIHBb 3BOJUTHCA JI0 CHCTEMH 3BUYANHUX AnpepeHIiaaIbHIX PiBHAHD 3 JOBIIHHOIO He-
nepepsuoio ¢dyukiieo. docmimkena B crarTi Heminifina audepenmniaabHo-anaredpaiaHa
KpaifoBa 3aJa4a, y3araJbHIOE YNCIEHH] TOCTAHOBKY HETIHIHUX HETEPOBUX KPAHOBUX 3a-
Jad, mo posriasgaancs B monorpadiax A.M. Camoiinenka, E.O. I'pebenikosa, F0.0. Pa-
6oBa, O.A. Boituyka i C.M Yyiika, a orpuMani pe3yabTaTu MOXKYTh OyTH TIepEHECeH] Ha
MaTpudHi KpaiioBi 3amadi a1 audepeniaabHo-aaredpaldHuX CHCTEM.

Orpumani B CTATTi pe3yabTaTh ITOCTIIKeHHs TudepeHIiaIbHO-aIre0paidHnX Kpaio-
BUX 3a1a4, HA Biaminy Big pobit C. Kemmnbesma, B.®. Bospunnesa, B.®. Yucrskosa,
A .M. Cawmoiinenka i O.A. Boituyka, He nependadaioTh BAKOPUCTAHHS [EHTPAILHOI KAHO-
HITHOI GOpMH, & TAKOXK JOCKOHAIUX IMap i Tpifok marpunb. Jas mobymoBu po3B’sa3KiB
JAHOI KpafoBol 33/1a4i 3aIIpOIOHOBAHA iTepalliiiHa cxeMa 3 BUKOPUCTAHHAM METOJLy ITPO-
CTUX iTepariii.

3ampomnoHOBaHI yMOBU PO3B’SI3HOCTI, a TAKOXK CXE€Ma 3HAXOKEHHsI PO3B’A3KiB He-
minifinol HeTepoBoi mmdepeHmiaTbHO-aAredpaiIHol KPaioBoi 3aJadi IPOLTIOCTPOBaHI
Ha mpukaami. Jas omiHKM TOYHOCTI 3HAMIEHMX HAOIWKEHb [0 PO3B’sA3Ky HeJTiHif-
HOI mudepeHiarbHO-anredpaiaanol KpailoBol 3aatdi 3HalAeH] HeB’sI3KM OTPUMAHHUX Ha-
OGJIMKeHb Y MOYaTKOBOMY piBHsAHHI. Bigzmaummo Takoxk, To 3HaiiaeHi HaOIMKEHHS 110
PO3B 3Ky HEIIHINHOI qudepeHIiaIbHO-AITedpalIHOl KPAoBol 33189l B TOYHOCTI BiImo-
BiJIaIOTH KpaitoBiit yMOBI.

Kamowosi caosa: Heminiitai HeTepoBi Kpaiiosi 3amati; audepeHiiaabHo-aaredpaidai pis-
HeAHHS; IICeBA000EPHEHA MATPUIIS.

0O.V.Nesmelova. Seminonlinear boundary value problems for nondegenerate
differential-algebraic system. In the article we obtained sufficient conditions of the
existence of the nonlinear Noetherian boundary value problem solution for the system of
differential-algebraic equations which are widely used in mechanics, economics, electrical
engineering, and control theory. We studied the case of the nondegenerate system of
differential algebraic equations, namely: the differential algebraic system that is solvable
relatively to the derivative. In this case, the nonlinear system of differential algebraic
equations is reduced to the system of ordinary differential equations with an arbitrary
continuous function. The studied nonlinear differential-algebraic boundary-value problem
in the article generalizes the numerous statements of the non-linear non-Gath boundary
value problems considered in the monographs of A.M. Samoilenko, E.A. Grebenikov,
Yu.A. Ryabov, A.A. Boichuk and S.M. Chuiko, and the obtained results can be carried
over matrix boundary value problems for differential-algebraic systems.

The obtained results in the article of the study of differential-algebraic boundary value
problems, in contrast to the works of S. Kempbell, V.F. Boyarintsev, V.F. Chistyakov,
A.M. Samoilenko and A.A. Boychuk, do not involve the use of the central canonical form,
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as well as perfect pairs and triples of matrices. To construct solutions of the considered
boundary value problem, we proposed the iterative scheme using the method of simple
iterations.

The proposed solvability conditions and the scheme for finding solutions of the nonli-
near Noetherian differential-algebraic boundary value problem, were illustrated with an
example. To assess the accuracy of the found approximations to the solution of the nonli-
near differential-algebraic boundary value problem, we found the residuals of the obtained
approximations in the original equation. We also note that obtained approximations to
the solution of the nonlinear differential-algebraic boundary value problem exactly satisfy
the boundary condition.

Keywords: nonlinear Noetherian boundary value problems; differential-algebraic equati-
ons; pseudoinverse matrices.

Article history: Received: 1 October 2018; Final form: 20 February 2019;
Accepted: 22 February 2019.
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B pabore paccmaTpuBaeTcss HeJIOKAJIbHAS KPAEBas 33,/1a49a, [IJIsT SBOJIIOIIUOHHBIX
nceBnoauddepeHInaIbHbIX ypaBHeHit B OeCKOHETHOM cjtoe. BBomuTCs monsi-
THE YaCTUYHO MapabOMYecKOil KpaeBoil 3aja4u, KOorha paspeniaromas (yH-
KIMsl 9KCIIOHEHIIMAJIBHO yOBIBAET JIMILD 110 YaCTU IPOCTPAHCTBEHHLIX IIEPEMEH-
HbIX. [To/TydeHb HEOOXOIUMBbIE U TOCTATOYHBIE YCIOBHS HA CUMBOJI TICEBIOAND-
depeHnraIbHOr0 OMePaToOpa, MPYU KOTOPBIX CYMIECTBYIOT YACTUIHO MAPAOOJIU-
Jeckue Kpaesbie 331a4u. Vceme0Bano Takyke BO3MYIIeHHOe iceBaoand depen-
LAAIbHOE yPABHEHHE C CHMBOJIOM, 3aBUCAIIAM OT IIPOCTPAHCTBEHHBLIX M Bpe-
MEHHBIX [I€PEMEHHBIX.

Kmouesvie crosa: KpaeBas 3amada; mnceBnoaudepennuaibHble yPaBHEHHST;
npeobpaszosanre Pypbe; MapabOINIHOCTD; THIIOIIIUITHIHOCTD.

Makapos O. A., Hikosenko I.T. Hacrkosa napa6oJtiuHicTh KpaiioBol 3a-
Jadi ajd nceBaoandepeHmiaJIbHIX PIBHAHB y mapi. Y poboTi po3risiia-
€ThCs HeJIOKAJIbHA KpaifioBa 3a4a4a I eBOIIOMIHHIX ICeBI0An(pepeHITIaIbHIX
PIBHSIHD y HECKiHUYEeHHOMY Irapi. BBOAWTHCS MOHATTS YACTKOBO MapabOsIidHOl
KpaitoBol 3a1a4i, KO po3B’si3yBaibHa (DYHKITisT eKCIOHEHIIATIbHO YOYBa€E JIH-
e 1o 4acTui npocropoBux 3minaux. Orpumani Heobxijui Ta gocrarHi yMoBU
HA CHMBOJI TCEBIOANMDEPEHITIATIFHOTO OMEPATOPA, MPY SIKUX iICHYIOTh 9aCTKOBO
napabosiuai kpaitosi 3amagi. Jlocimkerno Takoxk 30ypene mnceBaoandepeHii-
aJibHe PIBHSHHSA 3 CUMBOJIOM, IO 3aJI€XKUTH BiJl TPOCTOPOBUX 1 9aCOBUX 3MiH-
HUX.

Kmowosi crosa: kpaitoBa 3agada; mceBaoandepeHItiaabal PiBHIHHS; IePeTBO-
peurs @yp’e; mapaboOIidHICTh; TIMOETINTHYIHICTD.

A. A.Makarov, I.G.Nikolenko. Partial parabolicity of the boundary-
value problem for pseudodifferential equations in a layer. A nonlocal
boundary-value problem for evolutional pseudodifferential equations in an infi-
nite layer is considered in this paper. The notion of the partially parabolic
boundary-value problem is introduced when a solving function decreases
exponentially only by the part of space variables. Necessary and sufficient condi-
tions for the pseudodifferential operator symbol are obtained in which partially
parabolic boundary-value problems exist. The disturbed (excitated) pseudodi-
flerential equation with a symbol which depends on space and temporal vari-
ables is also investigated.

Key words: boundary-value problem; pseudodifferential equations; Fourier
transform; parabolicity; hypoellipticity.
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1. BBenenue

Pamee B pabore [1] aBropom 6bl1a ncciegoBana mapabonieckas Kpacsas 3a-
Jada a4 ncesgoanddepernnaabHbIX ypaBHEHIN BUIA

W_A(ZSJJ u(z,t) x €R™ tel0,T], (1)

( ) u(z,0) +C<Z§ )u(x,T):go(x). 2)

31ecn A(%) (2 aw) ( ) — nceBoaud@epeHIuabHbIE OLEPATOPbL ¢ CUM-
Bonamu A(co), B(o) , ipuHaTesKamuvu mpocrpanctey C2% = (U Cy.
S

VeaoBue mapaboInaHOCTH 03HATALT, UTO pas3perrnaonas QyHKims

Q(o.t) = exp{t - A(0)}(B(0) + C(0) exp{T - A(0)}) "

ynosrersopser onenke |Q(o,t)| < ¢(1+ |o])P exp{—p(t) blo|"} ¢ HexoTOpHMH TO-
noxxuresbabiMu b u b, rie p(t) = min{t, T — t}.

BrLmo BRIACHEHO, 9TO TTApaboTmIecKas KpaeBas 3a/1a9a YKa3aHHOTO BUIA BCE-
IJa CyIIECTBYeT Ut TCeBAoanddEPeHInaJbHbBIX YPABHEHNH, CUMBOJI KOTOPBIX
yroerersopsier onerike | Re A(a)| > blo|" — b ¢ b, h > 0, a permenns mapa6om-
JecKoil Kpaesoil 3a1aun 6y1yT 6eckoredno auddepenrupyemeivu mpu ¢ (z) € L2,
TPUYIEM CBOMCTBO MOBBIMIEHNS TJIAJKOCTH XapaKTEPU3yeT mapaboTuaecKue Kpae-
BBIE 3a/Ia4H.

Oxkazamoch Takxke, 9T0 TapabOJUIeCKYI0 KPAEBYIO 337a9y MOXKHO BO3MY-
MATH TOTIAHEHHBIMHA TICEBI0TUMPEPEHITHATBHBIMYA OMEPATOPAMHA ¢ JTOCTATOUHO
MasbiMu KO puiimenTaMu, n mMoJaydeHHAS KPaeBad 3ajada 0yIeT KOPPEeKTHOIM,
TIPAYIEM 9TO CBOMCTBO TAKIKE XapaKTEPHO T MapabondecKuX 3a/1ad.

Henabio mamHOi PabOTHI ABISIETCA NCCAETOBAHNE AHATOTHIHBIX BOIIPOCOB JIIsT
YACMUYHO NAPABOAUNECKUT 3A]TaT, TO €CTh KOT/Ia paspernarorias QyHKII yobIBa-
€T JIMIIb 110 HEKOTOPbLIM II€PEMEHHBIM. OKaSaHOCb7 4TO peHieHumA 6yrﬂyT TJIa AKMMKU
IO COOTBETCTBYIOIIUM TMMEPEMEHHBIM, a CaMW YPaBHEHUA MOXKHO BOSMYIIATH IO~
YMHEHHBIMU TCeBIOUM@MEPEHITHATBLHBIMI OITEPATOPAMHU, CofepKamuMu audde-
peHnupoBanne JUIb MO0 COOTBETCTBYIOIIUM TTEPEMEHHBIM.

[TpuBeeHs! TakKe TPUMEPHI, WLTIOCTPUPYIONIHE Oy IeHHbIE Pe3YIbTATH.

2. HacTtnvuHo mapabosimieckne KpaeBble 3aa9u

[TpuBenem mexkoTOpBIe (PAKTHI, OTHOCAIINECT K CBEPTKAM OCHOBHBIX M 0000-
meHHbIX yaknmit. [Iycrs & — mpocTpaHcTBO OCHOBHBIX (DYHKIHIM, WHBApPUAH-
THOE OTHOCHUTEJHHO CJBUTA W OMEPATOPA OTPAKEHUSI, SIBJISTIONIEECS TTPOCTPAHC-
tBOM ®peme, a ¢’ — mpocTPaHCTBO 06OOIMIEHHBIX (PYHKIITIL.

Csepmikoti 0CHOBHON 1 0600IIeHHON (DYHKITHIT HA3BIBACTCS (DYHKITHS

(fxo)(@) Y (fp(x—y) VIed, Vped.
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Ecim Vo € @ cBeprka f x @ € ®, 10 f Ha3BIBAETCS CEEPMBIBAMEAEM B TIPO-
crpanctee ®. CooTBercTByOMMil ONEPATOP CBEPTKU MOXKHO IPEJICTABUTH Kak
ncesonnd GepeHImaabHbIil orepaTop ¢ cuMBoJOM f(0), SBISIONIUMCS TIpeobpa-
zosanneM Qypre 06001mmennoit pynxknun f. Ecan B kauectBe $ B3ITH TPOCTPAHC-
tBo JI. lBapra S 6bicTpo ybbIBatoux QyHKIWMA, TO mpeobpazosanue Pypre
cepTku Oy Iy T npuHagiexkars (cM. [2]) npocrpancTBy 6eckoneuno auddepeHim-
pyeMbIX dbyuKImiT C° ), yIOBIETBOPSIONIAX OTIEHKAM

|D*p(0)| < e (1 + |o|)Px Yk = (K1, ..., kn).
Ecau B kagectBe ® B3saTh npocrpancrso H>® = (| H?, rae H® — npocrpancrsa
S

Cobo/ieBa, TO CHMBOJIBI OIEPATOPOB CBEPTKH IIPUHA/IeKAT HpocTpanctey HC
COCTOAIIEMY W3 JIOKAJIBHO WHTEIPUPYEMBIX (DYHKITHIA, PACTYIMX He OBICTpee He-
KoTOpoi#t crernernn (cM. [2]).

Ob6osnaunm A(oc) = FA; — mnpeobpasosarne Pypbe or 0600meHHOH byH-

ximn Ap , a A(%)g@:Al*cp.

Oupenesienne 1 3adaua (1) — (2) nasweaemea Koppexmmno pazpewumots us npo-
emparcmea ® 6 npocmparcmeo CH([0,T), ®), ecau Vo € @ I u € CH([0,T], ®)
u ecau nocaedosamesvrocms o, — 0 6 npocmpancmee ®, mo u nocaedosamens-
nocms Uy, — 0 6 MON0A02UU COOMEEMCMEYIOULE20 NPOCTPAHCINGEE.

Kpurepuii KOPpeKTHOH PaspermmMOoCTd B YKA3AHHBIX BBIMIE MPOCTPAHCTBAX,
nostydenubiii B [3], popMyupyercs ciepyomum o6pa3om.
Teopema A. ITyecmv A(o), B(o) u C(0) npunadaescam npocmpancmey C.
3adaua (1)-(2) xoppexmmo paspewuma us npocmpancmea S (usu npocmpancmea
H>) ¢ npocmpancmeo C*([0,T],S) (uau 6 npocmpancmeo C1([0,T], H*®)) mo-
2da u moavko moeda, xozda Q(-,t) € C2% (Q(-,t) € HY ) mna seex t € [0, 7).

3amMmedaHue. YCI0BUSA TaHHON TeopeMbl 00eCIednBaIOT TAKKe KOPPEKTHYIO
Pa3permmMOCTh B IIPOCTPAHCTBAX KOHeUHO-TIaknxX dynkmuit HP, CF mmm H°.

Onpegnenenne 2 3adaua (1)-(2) nasweaemes wacmuuho napabosueckot no ne-
pemennvim 1, ...,z (1 < j < n), ecau paspewarouwan dynryus Q(o,t) ydosae-
meOpAEm OUeHKe

J
Q(o,1)] < (1 + |o|)P exp{—p(t) Y _bilos|"} Vo eR", t€[0,T]
=1
€ HEKOMOPBIMU NOAOHCUMEALHBMY C, b;, hy U deticmeumenbrvim p.
3decv p(t) = min(t, T —t).

Teopema 1 Ecau kpaesas 3adaua (1)-(2) wacmuuno napaboruuna no nepemen-

nom T1,...,2; (1 < j < n), mo dannaa 3adaua KOPPEKMHO PA3PEULUMO U3
npocmpancmea Gynryul, npuradiescauus npocmpancmey L2 (RJ ) no nepemer-
HOLM T1,. .., %5 U npunadaescawus npocmpancmsy H(R"7) no nepemertvim

Tjtly- .., Tn, 6 npocmpancmeo C*([0,T], H*(R")).
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Hokazarenbcrso. Paccmorpum siBoiicrsentyto 1o @ypbe 3a1a4y

Ou(o,t) -
5 = A(o)u(o,t),

B(o)u(a,0) + C(a)u(o, T) = $(0).

Torna pemenne nmeer sun u(o,t) = exp{t A(o)} - K(o) ¢ nexkoropbim K (o).
Vcnosb3yst KpaeBble YCIOBUS, MOJIYIIM

B ?(0)
M) = Bo)+ Clo) exp[TAW@Y

Orkyna u(o,t) = Q(o,t)-¢(0). Tenepb HyKHO TIPOBEPHUTH, YTO TIOJTYIEHHOE DETITe-
HUe MpuHAIeXRkuT npoctparctey FFH*> = (| Hs. Ho nocaennee caeayer u3 toro,
S

qHTOo JJ1d JFOOBIX HOJIOKUTEAbHBIX S

Si

J
H 1+ 03*) 2 Qo,t) - (o) < (L +|o])™, Yv>0 e, >0, Vo, €R

B cuity oneHku Ha Q(o,t).
Teopema dokazana.

BoIgCHUM 7151 KAKWX yPABHEHHI CyIIECTBYIOT YACTHIHO NapabOTmIeCKie Kpa-
eBbIE 3aJIa4H.

J
Teopema 2 Ecau A(c) € C%, u |ReA(o)] > Y biloi|™ — by ¢ nonoorcu-
i=1
meavhvmu by u hi, mo cyusecmeyem wacmuuno napabosuNECKan Kpaesas 3a0aua
¢ yeaosuamu (2).
HoxazarenscrBo. Bosemem B(o) = 1, a  C(o) = exp{—iT'ImA(0)} € C=

exp{tA(o)}

Torna Q(U t) 1+ exp{T Re A( )}

¥ YIAOBJIETBOPSET OIEHKE

|Q(o,t)] < exp{—p(t)|Re A(0)|} < exp{ p(t) Zbigi‘hz} 7

TO €CTh KpaeBad 3aJada sSBJISeTCsS IacTHIHO IapaboInIecKoil.
Teopema doxasana.

3ameuanmue. [IpuBeeHHas Ipu JOKA3ATEIBCTBE 9TOM TEOPEMBI KpaeBasl 3a-
Jlada, Ha3bIBAETCS MOJeabHol U OYJIeT UCTOIb30BaHa B JAJIbHEHTIIeM.
[IpuBeneM mpuMephl YACTUIHO TAPAOOJINIECKUX KPAEBBIX 33034,
IIpumep 1.
ou(z,t)  Ou(w,t)  Ou(z,t)
ot a2 Oy
u(z,0) +u(xy,ze =T, T) = p(x).
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Bnech A(o) = 0? +ioe; B(o)=1; C(0)=exp{—iTos}.
exp{t(o? +io2)}
1 +exp{To?}
1Q(0,t)| < exp{—p(t)o?}, T0 ecTh 3aMaua ABAACTCS TACTHIHO NAPAbOIMIECKOTH

II0 I1.
IIpumep 2.

Paspematomasa dyukius Q(o,t) = VIOBJETBOPSIET OTEHKE

ou(z,t)  O%u(w,t) 3 Ou(x,t)  O%u(z,t) _ Ou(z, 1)
ot N 8$% 8:31 6£U2 al‘% 6903 ’
u(z,0) +u(xy, ze, 23 + T, T) = p(x).

Bnech A(o) = —0? + 0109 — 0% —iog; B(o)=1; C(0) = exp{—iTos3}.
exp{t(—o? + o109 — 03 —io3)}
1+ exp{T(—0?} + o102 — 03)}

Paszpemaromasa dyuxmus Q(o,t) = JOIIYCKAET

1
onerky |Q(o,t)] < exp {—2p(t)(a% + 02) }, TO eCcTh 3a/a9a SBISETCS YACTHIHO

mapaboanIecKoit o X1, T3.
[TokazkeMm, aro Jr006ast KOPPEKTHAST KpaeBasi 3a7ada ¢ yCaoBueM (2) st ypasHe-
Hus (1), yIOBIETBOPAIOMEro TeopeMe 2, ABISeTCs mapaboJIuIecKoli.

Teopema 3 FEcau 3adaua (1)-(2) xoppexmho paspewsuma u3 npocmpancmed
S(R™) 6 npocmpancmeo C1([0,T], S(R™)), a A(c) ydosaemesopaem ycaocuam me-
opembi 2, Mo maKxas 360040 AGAAEMCA HACTNUNHO NAPabosuecKol.

Joxkazarenscrso. Paspematomas dynkms sagauan (1)—(2) mveer sug

exp{tA(0)}
(0) + C(0) exp{TA(0)}

Ee MoxHO mpescTaBuTh Yepe3 pa3pernarontyio QpyHKIIo

B exp{tA(o)}
QO(Ja t) - 14+ eXp{T Re A(U)}

Q(th) = B

MO/IEJIbHON KPAEBOil 33/1a4u U3 TEOPEMbBI 2 CJIEYIONUM 06pa3oM

_ 1+exp{TRed(0)} _
Q(o,t) = Qo(o,1t) B(o)+ C(o)exp{TA(o)} a

= QO(O-v t)(Q(U7 O) + Q(Ua T))

Tak xkak Q(0,0) n Q(o,T) B cury Teopembl A yIOBIETBOPAIOT CTENEHHOT OIEHKE,

j
10 Q(0,t) ynosaersopsier ouenxe |Q(o,t)| < c(1+ |o|)P exp{—p(t) > bilo;|"}, ro
i=1

eCTL Kpaepas 3aJaua sBJISIeTCs YaCTHYHO IIapaboInuecKo.
Teopema doxasana.

IMokaxkem, uto yciaosue Ha A(0) sBAsIETCA HE TOJIBKO JOCTATOYHBIM, HO W
HEOOXOIUMBIM /I YaCTHYIHON mapaboInIHOCTH.
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Teopema 4 Ecau xpaesas 3adana (1)-(2) asasemecs wacmuswno napaboiuieckod
no x; (i < j), mo A(o) ydosaemesopaem ouenke

J
|Re A(0)] =~ bilo|™ — by
=1

C HEKOTNOPHMU TVOAOHCUINEAOHDIMU bz u hl

HoxazarenbcTBo. [lo mpeabiayimeit Teopeme

B B(o)+ C(o)exp(TA(o))
Qolont) = Qlon ) = T Re A(0))
= Q(0,t)(B(0) + C(0)Qu(0, T)).

exp{tRe A(0)} » J o
T+ exp(TReA()} = U H 10" e {—p@);bzw } .

Ho ecsin Re A(0) > 0, to Qo(o,t) sxksusanenrna exp{(t — T)Re A(0)}, a ecan
Re A(0) < 0, To Qo(0,t) sxBuBanentaa exp{tRe A(o)}.
Taxum obpazom

J j
—p(D)| Re A(0)] < —p(t) (z byl — bo> wnn [Re A(o)] > 37 biforf — bo.
i=1 =1

Teopema doxasana.

Orkyna cremyer

3. Bo3myiienus 4acTu4HO mapabosinuecKux KpaeBbIX 3a/1a4

B mammom pasznesie MbI OYIeM PACCMATPUBATL HEOTHOPOIHOE YPaBHEHNE

Oou(z,t) 0
a Tak»Ke BO3MYIIEHHOE ypaBHeHne
ou(z,t) 0 0

rae  nceaomuddepeHInaNbHBIT  oTepaTop R(t,x, '8) C  CHUMBOJIOM
10x

R(t,z,0) € C*, neiictByer 1m0 hopmyJie
R (t, z, zgx> u(z,t) = FR(t, z,0)u(o,t) VYu(z,t) e S (Vte(0,T]).

Bynem paccmarpuBaTh HyJI€BOE KPaeBOe YCIOBHE

B(2 )0+ 0 (2 )ty 0 .
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Onpenenenne 3 Kpaesas 3adaua (3)-(5) maswsaemcs KoppekmHo paspewsi-
moti us npocmpancmea C°([0,T], H*') 6 npocmpancmso C1([0,T], H®?), ecau
Vi e 0%0,T), H*t) N u e CH[0,T], H%) u |lu| < c||f| ¢ nexomopoti norosicu-
meavnol c.

B pa6ore [4] 6p110 mOKa3aHO, uTO M3 KOppekTHOCTH 3azaqn (1)—(2) caemyer
KOPPEeKTHOCTH 3aa4n (3)—(5) u Hao6opOT pHU yCJIOBHUU, UTO

ci(l+ o))" <|B(o)| +[C(o)] < c2(1 + |o])™

Eciu onpejennrs vacruunyo napabosandHocts 3aga4u (3)—(5) 1o nepemeHHbIM
x; © < j BLINOJHEHNEM CJIEYIONero ycaosns Ha (GyHKIumo I'puHa 1BoiicTBEeHHOM
o Pypre 3a7a9n

J
|G(o,t,7)| < e(1 4 |o|)P exp {—p(yt — 7)) Zbﬂailhi}
=1
¢ HEKOTOPBIME [OJIOKUTEIbHBIMU ¢, b;, h; 1 1€HCTBUTE/IbHBIM P, TO B CHJIy DaBEH-

[ —@EenC@) ep((T - DA, t<7
G(”’”‘{ Qo.O)B(o)exp{(-T)AW@)},  t>7

M3 YacTHIHOH mapabosmaHocTn 3agaqu (1)-(2) crexyer wactmaaas mapabosm-
qroCTh 3agaun (3)—(5) u Ha0GOPOT.

Bocrob3yemcst cieiytormuM pesyasraTom [5].
Teopema B. ITycmv gynxyua puna 3adavwu (3)-(5) ydosaemeopaem ycarosuro

CTBa

T

/ sup{ |R(t,z,0) | - |G(o,t,7)| }dr < c.
0

Tozda 3adaua (3)-(2) woppexmuo paspewuma uz npocmpancmea CO([0,T], H®)
6 npocmpancmeo CL([0, T|H*~9) npu nexomopom q > 0, npu aobom s u docma-
MOYHO MAADIT €.

Teopema 5 Ecau sadaua (3)-(5) wacmuuno napabosununa, npuiem

j j
Glot,7)| < e [T+ loul)” - exp {—p(lt =) Zbilfnlhi}
=1 =1

C HEKOMOPBIMU TOAOHCUMEALHMU C, b;, h; U delicmeumenvromu p;, Mo npu do-
CMAMOYHO MAABIT TO GOCOMOMHOT, BCAUNUNE E U TPU

J J
) m; + p;
R(t,z,0)| < e [J(1 + [o:))™, T Z% <1, ¢1 >0,

i=1 i=1 ?

sosmywernan 3adaqa (4)-(5) 6ydem Koppexmmno paspewuma u3 NPoCMPaHcmen
CY([0,T], H®) 6 npocmpancmeo C*([0,T], H*~9) npu nexomopom q > 0.
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HoxkazarenbcTBo. [Ipumenum Teopemy B.

sup{|R(t, z,0)|-|G(0,t,7)|} < sup cr- [ [(A+]ou )Pt ™ exp § —p(|t=7]) D bilos|™
7 7 sy i<y
Beraucmam sup |o|® exp{—alo|"}. s storo maiizem cranmmonapHble TOUKE byH-
KIIUH 7
f(lol) = lo|? exp{—alo|"},
f(lo]) = Blol’~" exp{—alo]"} + |o]® exp{—alo|"}(—ah)|o]"! =0,

OTKy/Ia "
|0 = ﬁ / )
ah
B
Boe falalhl — (BN 8 _ ¢
sgp\o[ exp{ alo| } (ah> e a%.
Torna
_mitp; - Lzh—i_pl
sup{|R(t,z,0)| - |G(o,t, ")} S K [[p(lt = 7))" * =Kp(jt—r|) =
7 i<j
I, m; + p;

B cuny ycnosust Teopembr Y < 1, Torma mogydnM

=1 7
T

/sup{ |R(t,x,0) | |G(o,t,7)| }dT < 0,
0 g
W, CJIeOBATEIHHO, BO3MYIIEHHAA 33/1a49a KOPPEKTHA.
Teopema dokasana.
ITpumep 3.
P(0) = 0% + 05 + 05.

Eciin paccmorpers MOJe/IbHYI0 KPaeBylo 3a/ady ¢ KPaeBbIMU YCJIOBUAMU KaK B
Teopeme 2, To G(o,t,T) Bemer cebs xax exp {—p(|t — 7|) (o} + 03) }.
mip M2
Bsas R(t,x,0) = o™ - 05'%, nonyaum ycuosue —— + —— < 1, T0 eCTb BO3MOKHBI
2 4
MeJ0YnC/IeHHbIe 3HadeHnd m, = 1, mo = 1 wim m; = 0, meo = 3. [lo mepemenHoit
T3 BO3MYIIATH HEb3d, TaK KaK JaHHAS 3a/1a49a JaCTUIHO HapaboJndHa TOJBLKO

0 NEPEMEHHBIM L1 U X9.
4. YactuyHast mapaboIMYHOCTh U 9ACTUYHASA TMIIO3JLIANTUIHOCTD

[Tockonbky perenns mapaboJUYecKol Kpaepoit 3ajadun OyayT OecKOHEeYHO
muddepentmpyembivu ipu p(z) € L?, nomblTaeMcs CPaBHUTEL IIOHSTHE IIAPa-
BOJIMYIHOCTH C TOHSITUEM TUIOJIAIITHIHOCTH.
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0
Onpepenenne 4 (cwm. [6], c.75) Oneparop P ('d HA3LIBACTCH 2UNOSAAUNTIU-
idx
weckuMm, ecau Bee pemenns ypasaeruss P | — | u(x,t) = 0 apasrorca 6eckone-
idx
uno auddepennupyembivu. [loauaom P(0) B 3T0M Cilyuae Tak:Ke Ha3bIBAETCS
TUTIOSJLIATI THIECK M.

Kpurepun runossmnruasocru, npusegernsie B ([6], ¢.75), dbopmyaupyrorcs
caeayomuM 006pa3om.

0
Teopema C. Vpasnenue P <d> u(z,t) = 0 asaaemcesa 2uNOIANUNIMUNECKUM
idx

mo2da U MoAvKO Mo20a, K020a 6BINOAHEHO 00HO U3 CACOYIOWUT YCAOGUT

(1) us P(o+it) =0, |o| = oo credyem |T| — 0o (kpumeputdi 2unosarsunmusno-

CNU 1O KOPHAM MHO20YNAENA),

(2) ecau d(§) — paccmoanue om mouxu & € R™ do noseprrocmu {¢,( € C™ :

P(¢) = 0}, mo d(€) — 00 npu € — oc,

P
P(e)

PaccmoTpum Bompoc 0 ¢BS3M YaCTUYIHON TapabOIUIHOCTH C YaCTUIHON TUIIO-

(3) ecau a # 0, mo — 0 npu & — o0 6 R™.

/TN TUIHOCTHIO.

Beegien nekoTopeie obozuauenusa. Koopaunars: x = (21, ..., Ty,) pasodbem Ha
rpyumsl ' = (z1,...,xj) n 2’ = (z41,...,Ty). AHAIOIHYIHO Pa306bEM HA TACTH
mynbrunaaekc o = (o, ).

Onpegnenenne 5 Jugpdepenuuarvnod onepamop P(D) nasweaemes wacmuswho

2UNOIAAUNIMUNECKUM OMHOcumenbro noonpocmpancmea ' =0 , ecau eunoare-
1O 0010 U3 CACOYIOUWUT (PABHOCUADHBIT) YCAOBUL:
(1*). ecau d(€) — paccmoanue om mouwsu £ € R"™ do noseprrocmu

{¢,( € C™ : P(¢) = 0}, mo d(§) — oo npu & — oo, a & ocmaemes ozpa-
HUNEHHBLM;

(o)
(2%). ecau a # 0, mo ) — 0 npu & — o0, a £ — oepanuuena;

P(£)

(3%). P(&§) = > Pa(£") &', 2de Py(£") — eunosarunmuueckud, a Fa(€")
a’’=0 Po(gl/)

npu £ — oo.

— 0

B pabore ([6], c. 87) npusejeH Kpurepuii TUIOSIIMITHYHOCTH OTHOCUTEILHO
OJIHOM NEepEeMEHHO.
Teopema D. Jlugpepernyuaroroiti onepamop P(D) wacmuuno 2unosssunmusen
OMHOCUTNEADHO 2unepniockocmu T, = 0 mozda u moavko mozda, xoeda wacmo
noaunoma P(€), umerowan nausvicwut nopadok no &,, ne dasucum om Opyaus
nepemeHHvLL.

Z[.HH BBISACHEHUA CBA3U Me}K,Z[y MOHATUAMU YaCTUUYHON Hapa60ﬂI/IqHOCTI/I 1 4Ya-
CTUYHON THMOSIIAITHIHOCTH PACCMOTPHUM P IPUMEDPOB.
IIpumep 4.

3} .
P (wfx) u(z,t) =0, rtae P(o1,09) = 0? +ioy.
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Torpa Pi(\, 01,02) = i\ — 0% — i09.

Hna P(o1,09) cymecTByer 3amada, 4acTHIHO napabonmuaeckas mo oy (CM.
[Ipumep 1), mpu srom moauaoM Pj(\, 01, 09) SIBASETCS 9aCTHIHO THITOAJLIAITH-
YECKUM TI0 01, TAK KAK BBITOJTHEHBI YCJIOBUA TeOpeMbl D.

IIpumep 5.
ou(x,t)  *u(z,t) . 0%u(z,t)
=1 i .
ot 0x? 03
1 2
Bneck Pi(\,01,02) = i\ — i0? — io3. MHOTOWIEH, OYEBMIHO, TACTHYHO THITO-
SJUIMIITHYEH 110 KaXKI0f 1TPOCTPaHCTBEHHON nepemenHoii, Ho Re P(o1,092) = 0,

CJIeZI0BATEIBHO, JIjIs JAHHOTO YPABHEHUS HEJIb3sl MOCTABUTH YACTHIHO Mapabosin-
YeCKyI0 KPaeBylo 3a/auy.
IIpumep 6.

ou(x,t)  O*u(x,t) Ow(w,t) O*u(w,t)
- 5 T 59923 1 2 -
ot Oxy O0x10x5 Oxs

B nannom caydae Pi(\, 01,02) =i\ — 0% — 0303 — 03.

ZLHH JAHHOTO TTOJIMHOMA 110 TIEPEMEHHBIM 01 U 02 YCJIOBUA TCOPEMBI D e BBIION-
HEHDbI, CJI€J0BaTEJIbHO, OH HE ABJIACTCA JaCTHIHO I'MIIOJIIMIITHYICCKIIM. Ho

|Re P(01,02)| = 0} + 003 + 05 > 0} + 03,

a 3HAYUT, 110 TEOPEME 2, CYIIECTBYET 3a/a4ua, YaCTHIHO HapaboindecKas 110 01 u
09, bosee TOTO, JaxKe TapabOIUIECKAsT.

[TpuBenennbie BoIME TPUMEPHI TTOKA3BIBAIOT, YTO M3 YACTUIHON TUIEpOOJIM-
YHOCTU YPaBHEHUsI HE CJIEJIYET CYIIECTBOBAHUE YACTUYHO TapabOoJIMuecKoil Kpae-
Boit 3aaun. I Haobopor — npuBeieH TpuMep 9acTUIHO MaPaboIMIecKol KPaeBoi
zajgadn Ans guddepeHnnanbHOT0 ypaBHEHN, HE sIBJIAIONIEr0CS YaCTHYHO THIIO-
LI TAIECK M.

5. 3akJrioueHue

B pabore wmccienoBaHbl YacTHIHO mapabosnyecKyue KpaeBble 3aadu st
OJTHOTO YPaBHEHWd, B KOTOPBIX VIYUIIaeTCs TJIQJKOCTh PEIeHusd M0 YacTh Iie-
peMennbix. OnucaHbl KJAacchl rceaoauddepeHnnaabHbIX YPaBHEHUH, 11 KOTO-
PBIX CYMIECTBYIOT YACTHUYIHO MapaboMvIecKnue KPaeBble 3a/a4M, BHIICHEHO KaKH-
Mu ticeB1oand GepeHnaIbHBIMU OITEPATOPAMU MOYXKHO BO3MYIIATH TaKWe 33/ 1a4H,
9T00BI COXPAHUIACh KOPPEKTHOCTh.

Broisicreno takzke, 9TO OmMepaTophl, AOMYCKAIOMINE MTOCTAHOBKY YaCTHIHO Tapa-
HosImUecKX KpaeBbIX 334, He 00si3aHbl OBITh YACTHYHO HUIOJINITHYECKIMHE.
N maobopor — He Jjist BCAKOTO YACTUIHO CUMOIIIUNTHICCKOTO YPABHEHUST MOYKHO
[TOCTABUTH YACTUYHO NAapabOTHIECKYI0 KPAEBYIO 3a/1ady.
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Makapos O. A., Hikonenko I.T. HacTkoBa mapabGoJtidHicTh KpaiioBoi 3ajaadi
OJist iceBAo A epeHIiaJIbHUX PIBHAHD y mIapi. Y poboTi po3riisaIaeThCsl HEITOKATb-
Ha, KpaioBa 33/1a9a /1151 eBONIOMITHIX NceBI0an(epEHIIATBLHUX PIBHAHD ¥ HECKIHUEHHO-
My 1api. BBOAUTHCS MOHATTS YACTKOBO MapabO ivHOl KpaoBOil 3a/1a4i, KOIU PO3B’sa3y-
BasibHA (DYHKIIS €KCIIOHEHIIAJBHO yOyBa€ JIUIE O 9acTUHI mpOoCcTOpoBuX 3MminHmX. lle
TIOHSATTS y3arajJbHIOE MOHITTS MapaboIidHol KpaioBol 3amadi, ske Oy10 paHime J0CTi-
JIZKeHO OHUM 3 aBropiB ganoi poboru (Makaposum O.A.) Orpumani neobxinui Ta mocra-
THI YMOBH Ha CUMBOJI IICEBAOAU(EPEHIIAIHbHOIO OLEPATOPA, P AKHUX ICHYIOTh 9aCTKOBO
mapabostiuHi Kpaitosi 3aga4i. BusiBuiocs, 1mo peajgbHa 9acTUHA CUMBOJIY TTCEBIOANMEPEH-
[MiaJIbHAX OMEpPATOPiB MOBUHHA HEOOMEXKEHO 3POCTATH CTEIMEHEBUM YHHOM 33, YACTHHOIO
mpOCTOpOBUX 3MiHHUX. [IpU 1IbOMY BKA3yE€ThCS KOHKDPETHUI BUT KPAROBUX yMOB, siKi 3a-
JIezKaTh Bij MCeBIOAu(EPEHITATLHOIO PIBHIHHA 1 TAKOXK € mceBaoauddepeHmiaTbHIMA
oneparopamu. Ilokazano, 1m0 y po3B’sa3KiB 9aCTKOBO HapaOOIiIHIX KPAHOBUX 3a,a¢ ITiI-
BUIIYETHCS MIAIKICTH PO3B’sI3KY 32 YACTHHON MTPOCTOPOBUX 3MIHHUX. JIOCITiI3KEHO TAKOXK
30ypene nceBaoaudepenitiabHe PIBHAHHS 3 CHMBOJIOM, III0 3aJI€KUTH BiJl MPOCTOPOBUX i
JacoBux 3MinHUX. [ 9acTKOBO mapaboivHmX KpaitoBux 3a/1a4 3’'siCOBAHO IKUMU IICEB-
JoandepeHItiaaTbHIMA OllepaToOpaMu MOKHA OOYpIOBATH BHXiIHE PiBHAHHS, 100 JaHa
KpailioBa 3aja4a 3ajuinanacsd Kopekraol B npocropax CoboneBa—Crobomernpkoro. TToka-
3aHO TAKOK, IO XOYa, BJIACTUBICTH TABUINEHHS TJIAIKOCTI PO3B’A3KIB 1O YACTUHI 3MIHHIX
JJIsI 9aCTKOBO MapaboMivHNX KPaloOBUX 33024 aHAJIOTIYHA BJIACTHBOCTI PO3B’SA3KIB Wac-
TKOBO TiMOEJINTUIHAX pPiBHAHDL, BBeAeHuX JI. Xepmanaepom, ajge HaBeJeHI MPUKJIAINA
MMOKa3yI0Th, II0 3 YACTKOBOI TMOELTINTIYHOCTI PIBHAHHA HE CJIi/Iy€ iCHYBaHHS 4aCTKOBO
mapaboiuHol KpaioBol 3a/1a4i; i HABIAKK — HABEIEHO MPHUKJIAT YACTKOBO MapadoidHOl
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KpaioBol 331a4i 11 AudepeHIiaJIbHOTO PiBHAHHS, IO HE € TaCTKOBO TilIOETANTITHIM.
Kaowoei caosa: KpaitoBa 3a/ada; TICEBAONMMEPEHIANbHI PIBHIAHHSI; TePETBOPEHHS
Oyp’e; mapabOTiIHICTD; TIHOETINTHIHICTD.

A. A. Makarov, I. G. Nikolenko. Partial parabolicity of the boundary-value problem
for pseudodifferential equations in a layer. A nonlocal boundary-value problem for
evolutional pseudodifferential equations in an infinite layer is considered in this paper.
The notion of the partially parabolic boundary-value problem is introduced when a solvi-
ng function decreases exponentially only by the part of space variables. This concept
generalizes the concept of a parabolic boundary value problem, which was previously
studied by one of the authors of this paper (A. A. Makarov). Necessary and sufficient
conditions for the pseudodifferential operator symbol are obtained in which partially
parabolic boundary-value problems exist. It turned out that the real part of the symbol
of a pseudodifferential operator should increase unboundedly powerfully in some of the
spatial variables. In this case, a specific type of boundary conditions is indicated, which
depend on a pseudodifferential equation and are also pseudodifferential operators. It is
shown that for solutions of partially parabolic boundary-value problems, smoothness
in some of the spatial variables increases. The disturbed (excitated) pseudodifferential
equation with a symbol which depends on space and temporal variables is also investi-
gated. It has been found for partially parabolic boundary-value problems what pseudodi-
fferential operators are possible to be disturbed in the way that the input equation of
this boundary-value problem would remain correct in Sobolev-Slobodetsky spaces.

It is also shown that although the properties of increasing the smoothness of solutions in
part of the variables for partially parabolic boundary value problems are similar to the
property of solutions of partially hypoelliptic equations introduced by L. Hormander,
these examples show that the partial parabolic boundary value problem does not follow
from partial hipoellipticity; and vice versa — an example of a partially parabolic boundary
value problem for a differential equation that is not partially hypoelliptic is given.

Key words: boundary-value problem; pseudodifferential equations; Fourier transform;
parabolicity; hypoellipticity.
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Omnucana 61049Has (hopMa CHHLYISAPHONO MydYKa ONEPATOPOB, COCTOSIIAS U3
CHUHI'YJISIDHOIO M PEryJisipHOro OJIOKOB, IJI€ BbIJIEJEHbI HYJIEBbIE U OOPATHMbBIE
onoku. [TokazaHbl MeTOM, TIOMyYeHusT OJIOYHON (HOPMBI CHHTYISPHOTO MyYKa U
COOTBETCTBYIONINX TPSIMBIX DA3JIOXKEHUN MPOCTPAHCTB, & TAKXKE CIIOCOOBI TI0-
CTPOEHWUS TPOEKTOPOB HA TOAIIPOCTPAHCTBA U3 MPAMBIX pa3joxkenuii. [IpoekTo-
PBI TO3BONAIOT HaTH BuI OJOKOB. JIaHBI mpuMephl OJOYHBIX MPEICTABICHHUI
CUHTYJISIPHBIX IIYYKOB JIJIsl PA3JIMYHBIX CJIY4YaeB.

Karuesvie cr06a: ydoK OMEpaTOPOB; MyYOK MATPUIL; CHHTYJISIPHBIN; peryisip-
HbII OJ10K; O10uHAs HOPMA; CTPYKTYPA.

QininkoBcbka M.C. BiokoBa dopma CHHTYJISPHOro »XMYTKa OIepaTo-
piB i meTop 1T orpumannus. Omucano 6JI0KOBY (hOpMY CHHTYJISIPHOTO KMYTKA,
OIEepPaTOPiB, IO CKIAATAETHCSA 3 CHHTYASPHOTO i PeryIsapHoOro 6JI0KiB, 16 BHIiIe-
HO oboporHi Ta HyabOBI O/0KH. Ilokazano meron orpumantsa 6,;J0K0BOI hopmu
CUHI'YJIAPHOI'O KMYTKA Ta BIIIIOBLIHUX LIPAMUX PO3KJIAJAHb IIPOCTOPIB, a Ta-
KOXK Crocobu moOyI0BU MPOEKTOPIB HA MiAMPOCTOPY 3 TMPSMUX PO3KJIAIAHD.
IIpoekTopn M03BOMSAIOTH 3HAKTH BUT/IAA O0KiB. HamaHo mpukiagm OJOKOBHX
300parkeHb CHHTYIAPHUX KMYTKIB JJTsT PI3HAX BUIIAIKIB.

Karouoei caosa: dKMyTOK OMEPATOPIB; XKMYTOK MATPHUIlb; CHHIYJISAPHUI; Pery-
nsgpHuit 6,10K; 6710K0Ba, PopMa; CTPYKTYpa.

M.S. Filipkovska. A block form of a singular pencil of operators and a
method of obtaining it. A block form of a singular operator pencil, which
consists of singular and regular blocks, where invertible blocks and zero blocks
are separated out, is described. A method of obtaining the block form of a
singular pencil and the corresponding direct decompositions of spaces, and
also methods for the construction of projectors onto subspaces from the direct
decompositions, are shown. The projectors enable one to obtain the form of
the blocks. Examples of the block representations of singular pencils are given
for various cases.

Keywords: operator pencil; matrix pencil; singular; regular block; block form;
structure.
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1. BBenenue

Pacemorpum mapy nuneitapix omepatopos A, B, obpazyronux myuok AA + B.
[Tyuok oneparopoB MOKET ObITh PEry/IAPHBIM UJIM CUHTYJIAPHBIM (CM. OIpPeeie-
Husd Hizke). CHUHTYISPHBIA Iy 90K MOXKET COJIEPKATH 0JIOK (KOMIIOHEHTY ), sIBJISAIO-
muiics peryasipHbIM my9akoM. [Ipu pertennn pasanydHbIX 33/1aY BOSHHKAET He0DXO0-
JUMOCTD IPUBECTH Ty9IOK OMEPATOPOB, T.€. OJHOBPEMEHHO IPUBECTH JBa, OTIEPATO-
pa, K HEKOTOPOIi crenuaabaoii (hopme. B [1| onmcano npuseseHue CHHTYISIPHOTO
IyYKa BEIIECTBEHHDLIX MAaTPUI K KAHOHUYIECKOMY KBA3UINATOHAJIBHOMY BUAY, KO-
TOPBIA OOLIYHO HA3BIBAIOT KaHOHHYECKOH (opmoit Beitepmrpacca-Kponekepa. B
pa3jesie 3 cTaThy OIMCAHO [IPUBEEHNE CHHIYJISIPHOTO IIYyYKa OIepaTopos K 0Jo-
4qHOit bopMe, COCTOsIIEN 13 CUHTYJISIPHOTO U PEryJIsiDHOTO 6JI0KOB, T/I€ BhI/I€JIEHbI
HyseBbie O/I0KHU, a TaKKe HJIOKM, KOTOPBIE SIBJIAIOTCI OOPATUMBIMY OTIEPATOPAMHU.
B paznese 4 nanbl mpuMepbl OJI0YHBIX IPEJCTABICHUHN /1)1l CUHTYJISPHBIX [1YYIKOB
PaA3JIMYIHBIX TUIIOB.

OcHOBHasT TPYAHOCTH TPU MOJAyUeHre BI0UHON (POPMBI 3aKIOUAETCI B TOM,
4T00BI HAWTHU MPSIMbIE PA3J/I0KEHUs] TTPOCTPAHCTB, OTHOCUTEBHO KOTOPBIX CHHI'Y-
JIAPHBIA Ty90K Oymer mMeTh TpebyeMblil BUJI, U TOCTPOUTDH MPOEKTOPBI, KOTOPHIE
MO3BOJIAT HaWTH BUJ 6J0KOB dTOH (HOpMBI. 3aMETUM, UTO HPSIMBIE PA3JIOKEHUS
IPOCTPAHCTB, IPUBO/IAIINE IIyY0K K Tpedyemoii 6,10uH0#t hopme, TTOPOKIAIOT CO-
OTBETCTBYIOIIUE TIPOEKTOPHI, U 00paTHOE YTBEpXKJEHUE TaKykKe BepHO. B pasie-
Jie 3 1moApPOOHO ONMCAHBI METO/BI TOCTPOEHUS STUX PABJIOKEHUH ITPOCTPAHCTB U
npoekTopos. [Ipeacrasnennas B crarbe 6a0unast dpopma (6109HAs CTPYKTYPA)
CHUHTYJISIPHOTO TIy4YKa ObLIAa KPATKO OMHUCaHa B [2| (1715 BelecTBEHHBIX OMepaTo-
POB) U UCIOJIB30BATACH B KAYECTBE BCIOMOTATEIHHOTO PE3y/IbTara. B oTimame or
paborsl 2], B HacTosIIel pabore ocoboe BHUMaHUE YIEJIEHO METOLY HAXOXK ICHUST
0/I09HO CTPYKTYPBI, a TaKXkKe crocobam mocTpoenus mpoekTopos. [lonpobmro pac-
cMoTpeHB! caydait rk(AA+ B) = n < m u obmmit ciayuait rk(AA+ B) < n,m (cM.
paszen 3), npuBeseHbl HEOOXOMMbIE MOACHeHUs 1 0bocHOBaHudA. Jlokazana Teo-
peMa 1 u npuBesieHbl IPUMEPHI HAXO0XKJIEHUS DJIOYHBIX CTPYKTYP OIEPaTOPOB JIJist
CUHTYJ/IAPHBIX ITYYKOB PA3JIMYHBIX TUIIOB. B.HOLIHaH CTPYKTYypPa IIydKa U IIPOEKTO-
DBI, O3BOJIAIONTIE BBLIEIUTH TpeOyeMblit 6JI0K, IPUMEHSIOTCA B |2 /utst cBejeHus
CHUHTYJIIPHOrO MoJiysimHeiiHoro audpdepennnaibHo-aaredpanieckoro ypaBHeHsI
(mudbdepennmanbHO-0IEPATOPHOrO YPABHEHNS) K 3KBUBAJIEHTHON CUCTEME 3 Un-
cro nudepeHImaibHbIX U YUCTO aarebpandecKux ypasHeHui (cMm. pasmen 5).
DTO HYXKHO, ITOOBI JOKA3ATH TEOPEMBI 00 YCTOWIHUBOCTH W HEYCTONIHBOCTH TIO
JlarpanKy CHHTYJIAPHOrO TOJyJIuHENRHOTO nuddepeHInaibHo-aIrebpandeckoro
ypasrenus [2].

B [9] npuBosmioch passioKeHWe CHHTYJISPHOTO IMy9YKa HA PEryJsipHYIO H
YUCTO CHUHTYJISPHYI) KOMIIOHEHTBI, aHAJOrHYHOE (2), B KOMILIEKCHBIX OaHaXo-
BBIX mpocTpancTBax. OmaHako OBLTO 3aMEYEeHO, UTO ITO PABTOKEHHE, HAZBAHHOE
RS-pacrierniennem mydka, MOXKET HE UMETh MECTa B OECKOHEYHOMEDPHBIX ITPO-
crpancrBax. Takxke B [9] 6bl1n paccMorpenbl G/I0UHBIE [IPECTABIEHNs CHHIY-
JISPHO# KOMIIOHEHTBI MyYKa JJIs JIBYX YACTHBIX CJIYYaeB, KOTOPbIE B TEPMUHAX



Bicuuk XHY, Cep. «Maremaruka, NpukJjajiHa MaTeMaTuKa i MexaHikay, Tom 89 (2019) 35

HacTosiell paboThl COOTBETCTBYIOT CiaydaaMm, Korga rk(A + B) = m < n u
rk(A 4+ B) = n < m, u 6aounsM npegcraprenusaM (9) u (15) maa nux. Cyrme-
CTBOBAHME STUX OJOUHBIX TPEJICTABICHUI B GECKOHEUHOMEPHDBIX MPOCTPAHCTBAX
TaKKe ABJIAIOCH TPEANoaokenneM. [10CKoIbKy OGI0UHbBIE TIpeIcTaBaeHus (Coo-
TBETCTBYIOIINE PA3JIOKEHUIO My IKa HA PETYJISIPHYIO U CHHTY/ISIPHYI0 KOMIIOHEHTHI
1 PaA3JIOZKECHUAM CI/IHFyﬂHpHOﬁ KOMIIOHEHTHI B JABYX YKa3aHHBIX Cﬂy‘{aHX) aHa-
JIOTUYIHBI, B HACTOAIIEH CTaThe NCIOJIB3YIOTCs 0603HAYeHNsT, BBEIeHHBIE B [9] /st
TTOITPOCTPAHCTB W3 MPAMBIX PA3JIOYKEHUM U MTPOEKTOPOB, COOTBETCTBYIOINTHAX 3TUM
BJIOYHBIM TIPEJICTABICHUSIM.

B crarpe 6yayT ncnonb3oBarhea caeayiomme obo3uadenna: Fyxy — enuauaHbId
(ToxmecTBeHHEIH) omepaTop B mpoctpancTee X; A~! — obpaTHbIl omeparop K
A (cwm. onpegenenne, manpumep, B [3, ¢. 20]); ACY — monyobparserit omeparop
K A (cm. ompegenenne B |6, c. 331]); rk(A) — panr omeparopa (Marpuibl) A;
Ker(A) — anpo (nysnb-tipocrpatncrso) oneparopa A; R(A) — obiacrs 3HaueHui
(o6pas) omeparopa A; L(X,Y) — mpocTpaHCTBO HENPEPHIBHBIX JIMHEHHBIX Olle-
paropos, geiictBytomux u3 X B Y; L(X, X) = L(X); §;; — cumsoa Kpomekepa;
X' — mpocrpamcTso, compszkennoe kK X; AT — TpaHCIOHHPOBAHHBIH OMEPATOD
(MaTpmIa), T.€. COMPSIKEHHBIN 0MEepaToOp, KOTOPOMY COOTBETCTBYET TPAHCIIOHUPO-
BaHHAA MATPUIA; A* — 3PMUTOBO-CONPSIKEHHBIN OepaTop (MaTPHUIA), T.e. COmpsi-
JKEHHBIH OIepaTop, KOTOPOMY COOTBETCTBYET SPMUTOBO-CONPSIZKEHHAsT MATPUIIA.

B crarhe OyayT MCIONB30BATHCS CJAEAYIONME KIACCUYECKHE OIPEIETeHUSI.
IIpocrpancrBo X pacmagaercd B npamyio cymmy X = Xi-+Xo moAmpocTpaHcTB
X1 CX, Xo C X, ecm X1NXy = {0} uX;+ X9 = {$1+$2 ‘ r1 € Xy,
Ty € X2} = X. Do onpe/iesienne sSKBUBaIeHTHO caeyiomemy: X = X1+ Xo, ecin
Kak eIl BeKTOp & € X eJWHCTBEHHBIM 00pa30M MPEJACTaBUM B BUAE T = T + T2,
roe x1 € X1, 12 € Xo.

2. IlpenpapuresibHbIE CBEAEHUS

IIyets A, B — numeiinbie onepaTtopsl, oroGpaskatomue R 8 R™ win C* 8 C™.
Paccmorpum myuok omepatopoB AA 4+ B, riae A — KOMILIEKCHBIH TapaMeTp.

Paneom nyuxa mampuy AA + B HasbiBaeTcs HAUOOJBINNN U3 TOPSIKOB MU-
HODOB IIy4YKa, He PaBHBIX TOXjecrBeHHO Hyso (cm. |1, ¢. 321] wm [1, c. 137]),
T.e. €CJIM PAHT MydYKa paBeH T, TO MaTpuiia AA + B nMeeT MUHOpP MOPSIKa 1, KO-
TOPBIA IPU HEKOTOPOM A9 HE PABEH HYJIF), 4 MUHOPbBI MOPsijiKa OOJIBIIEro, 4eM 7,
Jn0O TOXKAECTBEHHO PaBHBI HYJII0, 10O He cyiecTByor. OUeBUIHO, paHr mydKa
MaTpuil AA+ B paBeH MaKCUMAJILHOMY KOJUIECTBY JUHERHO HEBABUCHMBIX CTOJIO-
OB (MM CTPOK) TTy9Ka, T.€. MAKCUMAJTbHOMY KOJUIECTBY CTOJIOIOB (MM CTPOK)
MIy4YKa, KOTOPhIE TTPU HEKOTOPOM Ao HABJSIOTCS JIMHEHHO HE3aBUCUMBIM HADOPOM
BEKTOpOB. ZlcHO, 9TO pane nyuka onepamopos AA + B u paHT COOTBETCTBYIOIIETO
IIyYKa MaTPUI[ COBIIAIA0T.

Onpenenenue 1 Ilywox A\A + B naswvieaemes pPeryaspHBIM, ecAt N = m =
rk(AA + B) (uau n = m u det(AA + B) # 0 [1, c. 319]), 6 ocmasvrwx cay-
waar, m.e. npu n £ m uau n = m u rk(AA + B) < n, nyuox nasweaemcs
CHHTYISIPHBIM UAU HEPErYISPHLIM.
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DT0 oIpejiesieHre IKBUBAJEHTHO cieaytomemy. llydok omeparopos AA + B:
C" — C™ gnsercsas pe2ysaphbim, €CIU MHOXKECTBO €r0 PEryasdpHBIX TOYEK
p(A,B) ={A e C| (M + B)~! € L(C™,C")} we mycTO, M CUHZYAAPHBLM, ECTTH
p(4,B) =0.

Ecnmu AMA + B — myuok onepatopos, Aeficreytomux u3 R™ 8 R™, To B ciy-
Jae HeOOXOIUMOCTH BEIECTBEHHBIE OepaTOPhl A, B 3aMeHsTI0TCST Ha, MX KOMILIe-
KCHBIE PACITUPEHNS /1, E}, npeticreytore n3 C" 8 C™. 31eck KOMILIEKCHOE TIPO-
crpancrso CF cocrosimee uz Beex nap (x,%), ¥,y € RF, zanuchiBaembix B Bujie
(z,y) = x + iy, aBagerca KomiekcubUKanueil BeIecTBeHHOro npocrpancrsa RF
(k = n,m). Marpune: onepatopos A, B oTHOCHTETHHO HEKOTOPBIX 6a3ucos B R™,
R™ COBIAJAIOT ¢ MATPUIIAMY HX KOMIUICKCHBIX pacimperuii A, B oTHOCHTENBHO
Tex ke Gasucos B C", C™ u Az + iy) = Az + iy), Bz + iy) = Bz + iy).
OuernaHo, panru mydka AA+ B # ero KOMILTEKCHOTO PACIITHPEHHsT AA+ B rakzxe
COBITQJIAIOT.

JLst BEIeCTBEHHBIX OMEPATOPOB Ompesenenne | SKBUBAJEHTHO CIEAYIOIIe-
Mmy. IIygox AA + B oneparopos A, B: R™ — R™ gBisieTcss pezysaproLm, eCan
MHOXKECTBO PETYJISPHBIX TOUYEK p(/l, B) er0  KOMILJIEKCHOTO  PACITUPEHUST
M + B € L(C",C™) me nycro, u cuneyraprom, eciu p(A, B) = 0. fcno, [ro
TS PETyNAPHBIX ToueK A cymecTsyer pesosbsenta (AA + B)~!. Dru Toukn na-
BLIBAIOTCS PETYISAPHBIMA TOIRAMU ydka AA + B.

3. Haxoxxienue 6/104HOI CTPYKTYPbI CUHIYJISIPHOI'O I1yYKa OIIEPATOPOB
¥ TIOCTPO€HNE COOTBETCTBYIOMINX NPAMBIX Pa3JIO2KEeHUl NPOCTPAHCTB U
IIPOEKTOPOB

B srom pasgene paccmarpuBarorcs auHelHble omeparopsl A, B: R™ — R™.
OniHaKO BMECTO BeINIECTBEHHBIX OTEPATOPOB MOXKHO PACCMATPUBATHL KOMILIE-
kcuble, T.e. A, B: C" — C™. Torga npu moaydeHun OJI0THON CTPYKTYPHI My4YKa
OIIepaTOPOB HYXKHO y4eCcThb 3aMeuanue 1.

Bcerga moxxno Beibpars 6a3uce: B R” u R tak, 4To0bl CHHIYISPHBIH MTY4YOK
OIepaTopoB (M X n-MaTPHIT) UMeJ KBA3HINATOHAIBHBIN BUJI, COCTOAIINN U3 CHH-
ryJsipHOTO U peryisproro 610kos [1]. CiegoBareabHo, CYIIECTBYIOT Pa3/I0KEHNsI
npocrpamncTs R™, R™ B mpsiMble CyMMBI ITOAIPOCTPAHCTE

R" = X, 1X,, R™=Y,}Y, (1)

OTHOCHUTEJILHO KOTOPBIX CUHTYJISIPHBIH 1ya0K AA+ B oneparopos A, B: R" — R™
NpUHUMAET OJIOYHBIA BUJ

Mg + By 0

AAJFB:( 0 A, +B,

)7 Ag, Bs: Xs = Ys, Ay, Br: Xy = Y,
(2)

rJIe CUHTYISAPHBIH 610K AAg + By SBASETCS YMCTO CUHTYJISPHBIM My9KOM (T.e. B
HEM HeJIb3sl BBIJICJIUTE PErYIsIPHBIHA OJI0K ), peryssipublii 6,10k A\A, + B, gBisiercs
peryaapubiM nyukoMm, A, B: Xy — Yy u A, B: X, — Y,.. [lpaubie pazsioxenus
MPOCTPAHCTB (T.€. PAa3JI0XKEHUsT MPOCTPAHCTB B TPSIMbIE CYMMBI TIOIIPOCTPAHCTB)
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(1) nopoxkar0T 1BE maphl B3AMMHO JIOTIOJHUTE/IHLHBIX TPOEKTOPOB (CM. ompesesie-
ure B |3, c. 22|)

S:R" - X,, P:R" = X,, F:R"=Y, Q:R"—Y,, (3)

re. 5?2 =8,P2=P,F?=F,Q°>=Q, Egn = S+P, Egn = F+Q, SP = PS =0,
FQ = QF =0, npuieM IpOeKTOPBI TAKOBBI, 9TO

FA=AS, FB=BS, QA=AP, QB = BP, (4)

T.e. Mapa CHHTYJISPHBIX TTOANPOCTPAHCTE Xg, Yy ¥ Iapa peryagpHbIX MOIpo-
crpancts X, Y, uneapuanmus, orHOCHTETEHO OttepaTopos A, B (A, B: Xs — Yj
u A, B: X, — Y,). Takum obpasom, oneparopsl A u B npusodamca (pa3na-
ratorcs) napamu (X, X;), (Y5, Y,) (0 amagorum ¢ moHATHEM NPUBOANMOCTH U3
|4, 1. 40]) uwau npamowmu pasaoscenuamu (1) (mo anamornu ¢ |5, w. 3|) u aprsroTcs
NpPSIMBIMU CyMMaMu orieparopoB Ag, A, u Bg, B,:

B; 0

Ac 0N o | . _
A—( )-X5+Xr—>Ys+Yr, B—<0 B,

0 A ) : X+ X, = Y+Y, ()

3aMeTM, 9TO BEPHO 1 06paTHOE YTBEPKIAEHNE: JIBE TAPhl B3AUMHO JIOTIOJTHUTE -
HBIX TPOEKTOPOB (3) (yaoBiaerBopsioormux (4)) MOPOXKIAIOT TPSIMbIE PA3TOKEHUST
npocrpancre (1) (rakwme, aro omeparopel A, B npusogsrca napamu (Xs, X, ),
(Y5, Y;)). Oneparoprr u3 6ounbix npejctapaennit (5) mvetor sun As = Aly
Ay = Alx,, Bs = Blx_, Br = Bl|y, . Beeaenm ux pacumpenus (mpojio/oKeHns ) Ha
R" caeaytommm obpazom:

A;=FA, A,=QA, B,=FB, B,=QB. (6)

Torna
As:-As|Xsa Ar:-Ar|XT> Bs = BS|X57 B, = BT|XT <7>

u oneparopsl (6) Ag, Bs, A, B, € L(R™,R™) neiictBytor Tak, uro Ag, Bs: Xg — Y,
ApyBr: X, — Y, n X, C Ker(As), X, C Ker(Bs), Xs C Ker(A,),
Xs C Ker(B,). Criocobbl TOCTPOEHNST TIOIIPOCTPAHCTB 13 pasdsoxkennii (1) u co-
OTBETCTBYIOIMUX TPOCKTOPOB OIMMCAHBI HUYKE.

Paccmorpum siipo  (mysb-tipocrpanctso) Ker(AA + B) = {z(\) | (M +
B) z(\) = 0} n obnacrs 3nauennii (06paz) R(AA+B) = {y(\) | 3z : (AA+B)z =
y(\)} nyuka AA + B. Pasmeproctu siipa u objactu 3HadeHuit nydka AA + B
PaBHBI COOTBETCTBEHHO PA3MEPHOCTIM #AAPa U 00JACTU 3HAYEHUH KOMILIEKCHOTO
PaCIIHpeHnst M + B. [Iycte A € C — mekoropoe durcupoBannoe uuco. 1lo-
cxonbky dim Ker(AA + B) = dimC" — dimR(AA + B) = n — rk(AM + B), 10
dim Ker(AA 4+ B) = n — rk(AA 4+ B). Paur rk(AA + B) no onpejesienuio ecthb
MOCTOSTHHOE 9nCJIo, caegoBaTeasHo, dim Ker(AA+ B) = n—rk(AA+ B) — Takxe
HOCTOSTHHOE YHCJIO.

B ciyuae, korma rk(AA+B) = m < n, CyIecTByeT Pa3ioKeHHe CUHIYIISIPHOTO
[POCTPAHCTBA

Xs = Xy —i_XSQ (8)
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B IIPAMYIO CYMMY HOAIIPOCTPAHCTB TaKWUX, 9TO
As = (Agen 0) : Xsl"i_ng —Ys, Bs= (Bgen Bund) t Xy "i_ng — Y5, (9)

rae oneparop Agen: Xg — Y, uMmeer obparubrif Ag_eln € L(Ys;, Xs,) (ecam
Xs, #0), 1 Bgen: Xg; = Ys, Buna: Xsy — Ys. Ipsvoe paznoxenne (8) mpo-
crpancTBa X = SR™ nmopoxkaaer mapy B3aUMHO JONOJHATEIBHLIX IPOEKTOPOB
(Mbl paciimpsiem tu npoekropsl Ha R™) S;: R" — X, i = 1,2, 51 4+ Sy = 5,

S;iS; = 0;;5;, Takux, uro ASe = 0. Begem onepaTopsl
Agen = AS1,  Byen = BS1,  Buna = BSa, (10)
Agens Bgen, Bund € L(R™,R™)  (3amernm, uro AS; = FA). Torga
Agen = Agen|xsl ; Bgen = Bgen|xs1 y  Bunda = 3und’X52 (11)

u oneparopsl (10) geiicTByor TaK, uTo Agen: X5, — Vs u X, + X, = Ker(Agen)
(r.e. AgenR™ = AgenXs, =Ys), Bgen: X5, — Yy u X+ X, C Ker(Byen),
Bund: Xsy = Ys 1 Xsl—i—Xr C Ker(Byng). Jyst 1OCTPOEHUST CHHTYJISIPHBIX 1101~
IpocTpaHcTB X, Yy, X, X, HalIeM MakCHMaIbHOE KOAWYIECTBO JUHEHHO He-

saBuCUMBbIX perennii z1(A), z2(A),..., zn(\) ypaBHeHust
(M + B)x = 0. (12)
JocTaTouHo paccMOTpeTh peliens, SBJSIONHecst MHOTOWIEHAME OT A:
kj
2i(A) =D (=1)'Naji, j=1,N, 2;; #£0, i =0kj, (13)
=0
rge kj >0 — crenenn x;(N). fAcno, aro cronbupr z1(A),. .., xn(N) aBsmoTCH
JINHEHHO HEe3aBUCUMBIMY, €CJU PAHT MaTPUIHI, COCTABJICHHON W3 9TUX CTOJ0-
1oB, paser N. [lockoasky HaGop cTosbmnos {x1(N),..., zx(N\)} obpasyer 6azuc

Ker(AM + B), o N = dim Ker(A + B) = n — rk(AA + B). Ioxacrasnsst z;(\)
B (12) u mpupaBHUBast KO3(DMOUITHEHTHI DU A K HYJTIO, TTOJyYaeM HabOp PABEHCTB
[1, c. 322]

Bzjo =0, Bxj1 = Azjo, ..., Bxjg; = Azjg;—1, Azj, = 0.

Ouesunno, ecmu kj = 0, te. 2;(\) = xjo — HocrosHHOe pemtenue, T0 Bxjo = 0
u Azrjo = Awzjp; = 0. Cpenn Beex pemennit ypasnenus (12) MOxHO BBIOpaTH Ha-
O0p JIMHENHO He3aBUCUMBIX DeIIeHUil {i"j()\)}é-\f:l C HAUMEHBIINMI BO3MOYKHBIMHI
crenensyu ki, kg, ..., kn (3TOT HAGODP HE OMpENEIAETCH OJHOZHAYHO, HO JIEOObLIE

JIBa TAKMX HaOOpa pelIeHuii MMEIOT OJMHAKOBbIE HAOOPHI CTEIeHel ¢ TOYHOCTHIO
N N

JI0 TIePeCTAaHOBOK; 049€BUAHO, 410 »_ kj <m, > kj + N < n, u M0xHO BEIOpaTh
=1 j=1

. Nkj
Habop Tak, urobnl k1 < ko < ... < ky). Torma cucrembl BEKTOPOB {xji}j:fi:m
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. Nkj—1 .

{Bi'ﬂ}] 1 =1 = {AZji} ;21— uHelino nesaBuCUMBL 1 ABIAIOTCA Oasncamn Hpo—
N

crpacre Xy = Lin{@j}, 000, Ys = Lm{Bwﬂ}] “_1 = Lm{Awﬂ}] 12_

Ecmusce kj =0 (j=1,N), 10 Yy = {0}, X5, = X, X5, = {0} w A, =0, B, =0,
a O0vHasT CTPYKTypa Tydka nmveeT Bua AA + B = (0 AA, + BT) (cTonbrB
CHHTYJISIPHOTO ITyYKa, MATPHIL, TIPUBEIEHHOTO K KAHOHUYECKOMY KBA3UINATOHAJb-
HOMy By [1, c. 327-328], Takke cocTosT M3 HyJleil, ecau COOTBETCTBYIOIINE HO-
Bble a3MCHBIE BEKTOPDI COBIAIAIOT € MOCTOSTHHBIME PellleHusiMu ypaBHernus (12)).
3aMeTuM, UTO €CAU B3ATh MPOM3BOJIBHBIN MaKCUMAJIbHBIN HAOOD JIMHEWHO He3a-
BHCHUMBIX pemeHHﬁ {z;(N) ;\/:1 ypasHenus (12), To jimHelHBIE 060JIOYKN CHCTEM

N,k;
{a:j,}J 1 i—05 {iji}jzl,izl TakzKe 00Pa3yIoT IPOCTPaHcTBa X, Yy COOTBETCTBEH-
HO, OJHAKO 3TN CUCTEMBbI MOT'YyT COAEPZKATHh JINHEITHO 3aBUCUMBIE BEKTOPBI (T.e. us3
{ .,}Nv’fa' (B .,}vaj 6
CHCTEM i | ;1 =05 1BTji} ;1) =1 BCETa MOXKHO BBIOPATD HOACHCTEMEI, KOTOPbIE
aBysaoTcs 6asucamu X, Yy cooTBeTCTBEHHO). [laee, MOKHO BRIOpATH 6a3uChl s
nojupoctpancTs Xg, , X, U, COOTBETCTBEHHO, i X, Yy (BO3MOXKHO, HYKHO Oy-
JerT m3MeHUTh 6a3uchl B Xy, Ys) Tak, 9T00bl OTHOCHTEIBHO MPSIMOTO PA3JI0ZKEeHUe
(8) oneparoper Ag, By umesu 610unyto crpykrypy (9). dcuo, uro X, = Ker(As)
u X, aBnisercd mpaMbiM jgomonHeHneM K X, (dim X, = rk(A4s) = rk(Ay)).
Jna mabopa JuMHEHHO HE3ABUCUMBIX permeHuit {Z;(A )};V , (c mamMensmEMEu BO-

3MOKHBIME CTEIeHsSIMHU) 9TH IOAIPOCTPAHCTBA HMEOT B X, = Lm{:c]k }] 1

o (Nj—1 : .
Xs, = Lm{xji}j:ﬁi:o (cnemoBaresbho, dim X, = N, dim X, = 2:1 k;). Takxe,
‘7:

WCIIOJIB3YSl BU IOy I€HHBIX TPOCTPAHCTB X, Yy, MOYKHO ITOCTPOUTE PErYIdpPHBIE
mpocTpaHcTBa X, Y, U3 IpsiMbIx passoxkenuii (1). Bu nosyyeHHBIX TPOCTPAHCTB
X, Y, X, Y, X, X, ucnonb3yercs Ajig IIOCTPOEHHUST COOTBETCTBYIOIINX IIPO-
E€KTOPOB € YKa3aHHBIMU BBIIIIE CBOWCTBAMU.

B cnyuae, eciu rk(AA+ B) = n < m, CymecTByeT pas/IoKeAne CUHTYITPHOTO
IPOCTPAHCTBA

Y, = YS1+Y82 (14)
B OPAMYIO CyMMY TOANPOCTPAHCTB TAKUX, ITO
Agen ; Bgen i
Ag = 0 : Xs = Y5, +Ys,, Bs= B, : Xs — Y5, +Ys,, (15)

rae oneparop Agen: Xy — Y, ummeer obparmeiit A € L(Ys, X,) (ecom
X #{0}), Bgen: Xs — Yy, Boy: Xs — Y,. llpamoe paznoxenne (14) mpo-
crpauctBa Ys; = F'R™ mopoxkgaer mapy B3auMHO IOIOJHUTENBHBIX TPOEKTO-
poB (Koropble MbI pacmupsiem Ha R™) Fj: R™ — Y, i=1,2, F} + F, = F,
FiF; = 6;;F;, rakux, aro oA = 0. Beegem oneparopst

-Agen = FlA, Bgen =B, Bow = B, (16>
Agens Bgen, Bov € L(R™,R™) (3amerum, uro F1A = FA). Toraa

Agen = Agen‘xs 3 Bgen = ‘Bgen|XS y Bov = BOU|XS (17)
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u oneparopsl (16) meifcrByror Tax, 910 Agen: X = Y, u X, = Ker(Agen) (€.
AgenR"™ = AgenXs = Ys,), Bgen: Xs = Yo, 1 X, C Ker(Byen), Bov: Xs = Y,
u X, C Ker(B,,). Jdna nocrpoennsi CHHIYISPHBIX TOATpocTpancTs X, Yy, Yy,
Ys, Hajigem suneliHO HesaBucuMmble perenns y1(A), ..., yar(A\) ypaBuenus

(AT + BTy =0, (18)

rme MAT + BT — rpancnomnposammeii nydok n M = dim Ker(AAT + BT) =
m — rk(AA + B) (nockonbky Th(AA + B) = rk(AAT + BT)). Kax u seime, go-
A

J -
CTATOYHO PACCMOTDPETH pelrenud Buaa y;(A) = Z(—l)l/\lyﬂ, J=1M, y; #O0,

I = 0,mj, tne m; >0 — crenens y;(X). Iloacrasnsas y;(A) B (18) u npupas-
HuBasi KOX(MMUIMEHTBI IIPU A K HYJH, 0JydaeM HabOP PaBEHCTB BTyjo = 0,
BTyjl = ATyj(),..., BTyjm]. = ATyjmj_l, ATyjm]. = 0. Ecau m; = 0, TO
BTij = ATyjo = ATyjmj = 0. /lamee, cTpOUM CHUHTYJISPHBIE MTOJTPOCTPAHC-
B X = Xsl—FXSQ, Ys, XSQ = Ker(AT), Xsl s nyaka AAT + BT tak, xak
9TO J1e/IaJI0Ch B HPEABLIyIeM ciydae i nyaxa AA + B. Ecim see m; = 0, To
Y, = {0}, X,, = X, u cunrynapusie 6ok A,, B, (15) takossr, uro A7 = 0,
BT = 0. Mockomsky AT, BT: (R™) — (R™)’, To CHATY/ISpHbIE TIOITPOCTPAHCTBA,
NOCTPOCHHBIE 715 MAT + BT, COBIAIAIOT C CONPAXKEHHBIME TOIPOCTPAHCTEA-
Mu Y] = X, i =12 Y =X, X, =Y, e X,, Y, Yy, u3 pasinozenuii
(1), (14). cuo, uro conpsizxennoe npocrparcrso (RF) moxmo 3amenurs na RF,
OJIHAKO MX 0a3MChl MOTYT He COBIAJATH, U [O3TOMY Mbl OCTaBJsieM O0O3HAUEHUE
(R*Y 5 srom pasgene. Bean Y, = {0}, X, = X,, 10 6nounas crpykrypa my-

uka npuanmaer sug AA + B = </\A (L—B ) nu X, = {0}, Y, =Y;, Y;, = {0}.
Ucnonbsyst Bu CHHIYJISAPHBIX HOANPOCTPAHCTE, MOAKHO HOCTPOUTH PEry/ispHbIe
nozgnpocTpancTea Yy, X, juis npaMbix pastoxenuit (R™) = X +X, = Y/4Y/,
(R"Y = Y,+Y, = X/4+X/ (X. =Y,, Y/ = X,) u Tpu napsl B3auMHO JOLOJIHI-
TepEBIX poekTopor Si: (R™) — X, i = 1,2, 8§ = §) + Sy: (R™) — X,
P: (R™) — X,, F: (R™) — Y,, O: (R") — Y, raxmx, aro ATS, = 0,
STA = AFT, 8B = BFT, PTA = AQT, PTB = BQT. Us ceoiicts S; cie-
JIYET, 4TO TPAHCIOHUPOBAHHBIE (COMPSIKEHHbBIE) TIPOEKTOPHI Fy = S’ZT :R™ = Y,
i=1,2,(Ys, = (Ker(AL)), Fi+F, = F) aBas10TCs B3aUMHO JTOTIOTHATETHHBIMI
npoekTopamu Takumu, 9yto Fr A = 0, m nopoxaaioT npsamoe pasaoxenne (14),
OTHOCHUTEBHO KOTOporo Ay, Bs mMetor 6odnyto crpykrypy (15). 13 cBoiicTs S ,
Pu F, Q cnesyer, 4ro TpaHCIORIpOBaHHBIE (conpsizkennbe) poekTophl S = F7)
P=QT uF =57 Q = PT asasnorcs aBymMst napamMy B3anMHO JOTOTHUTE b
HBIX TIPOEKTOPOB (3) Takux, UTo (4), U TMOPOKITAIOT PA3JIOKEHUsT TTIPOCTPAHCTB (1)
B IIPSIMBIE CyMMBI MOITPOCTPAHCTB TAKHUX, 9TO oneparopbl A u B npusogsaTcs ma-
pamu (X5, Xy), (Ys,Y,) (myqox AA+ B nmeer 6iouanstii Buz (2)). Ucnonb3ys Bua
POEKTOPOB (MM COMPAYKEHHBIX TOAMPOCTPAHCTE ), MOXKHO BOCCTAHOBUTD MOJITPO-
crpaHcTBa U3 pasioxkenunit (1), (14).
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B obmem cayuae, eciim rk(AA + B) < n un rk(AA + B) < m, cymecTByor
Pas3JIoKeH!sl CUHTYJISIPHBIX IPOCTPAHCTB

Xs = X81 "i’Xsy YS = }/sl'i_}/sg (19)

B IpsMble CYMMBbI IIO/ITPOCTPAHCTB TaKUX, YTO

A en 0 ; ;
A, = < % 0> s X+ X, = Yo, Y,

3 J (20)
= (i ) i i

e onepatop Agen: Xs; — Ys nmeer obparuwit Al € L(Ys,,Xs,) (ecom

gen

Xo, # {0}), Bgen: Xy = Yy, Buna: Xy — Y, Boy: X5, — Y, Ilpavoie
Pa3I0KEeHNsl CHHTYJISIPHBIX MTPOCTPAHCTE MOPOXKIAAIOT JABE MAPhl B3ANMHO JOTOJ-
HUTEJILHBIX IIPOEKTOPOB

S;:R" > X,., Fi:R™ Y, i=1,2 (21)
S1+S2=8, Fi + F,=F, S5;S; = 6;;S;, FiF; = 6;;F;, Takux, 4To
ASy =0, FA=0, F,BSs=0. (22)
Bsenem omepaTopnl
Agen = F1A,  Bgen = FiBS), Bung = FiBSs, By = F,BS, (23)
Agen, Bgen, Bund, Bov € L(R™,R™)  (3amernm, aro 1A = AS; = FA). Torga
Agen = Agenlx, » Bgen = Bgenlx, » Bund = Bundlx,,, Bov = Bovlx, —(24)

u oreparopsl (23) geficrBytor Tax, 4to Agen: Xg, — Yy, 1 X5, + X, = Ker(Agen)
(r.e. AgenR" = AgenXs, = Yy), Bgen: X5y = Vs, 1 X+ X, C Ker(Byen),
Bund: Xsy = Yy, 1 Xg+X, C Ker(Bund), Bov: Xs; = Vs, 1 Xs,+X,. C
Ker(By,). 3amernm, 4ro moCKOJIbKY NIPOEKTOPBI S1 u F| gBJISIIOTCS € JMHUYHBIMEI
oneparopamMu B Xz, M Ys, COOTBETCTBEHHO, TO OIEPATOD Ag_elnz Ys, — X, Oy-

. —1 _
JeT 0OpATHBIM IO OTHOMICHMIO K Agen: X — Y, ecim AgenAgen = Sl|XS1 u

Agen Ayt = F1]Y51. Torma pacmupenue (pogo/KeHne) Aégé) € L(R™,R"™) ome-

gen

paropa Agfeﬂl "a R™, yaoBeTBOpArOIee CBOMCTBAM

A(fl)‘Agen =81, Agen ACD Fy, ACD — g A1) (25)

gen gen gen gen >

ABJIAeTCS MOIyOOPATHBIM OIIepaToOpoM AJid Agen, T-€. Aégnl) 1Y, = X, Y, 1Y, =
Ker(fl_g;%)) (AE,;PR’" = Aégﬁ)Ysl = Xg) um A} = .Ag(,;%) ; (cm. ompene-

gen
51

qenne B [6, c. 331]). fcuo, a0 Slﬂégé) = Aé;pFl. Oneparop Age, daBIdeTCA
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-1
OJTyOOPATHBIM  JIJTsT .Aéen). Bamermm, uro Ay = Agen, TK. Ay = FA = 1A,
u Agen, = As X, s MOITOMY MOXKHO QHAJOTHIHBIM O0PA30M ONPENETUTH MOJIyO-
S1

OpaTHBIN omepaTop Agfl) = A(gé) i As. B obmiem ciydae, 17 MOCTPOEHUSA
CHHTY/ISIPHBIX MPOCTPAHCTE W COOTBETCTBYIOIMUX MPOEKTOPOB HEOOXOAMMO Hafi-
™ N = n — rk(AA + B) auHefiHO He3aBUCHMBIX pelleHuil ypaBHeHns (12) u
M = m — rk(MNA + B) nuneiino nesasucumbix perennii ypasaenus (18). Tasee,
UCIIOJIB3YST BUJ] CUHTYJISIPHBIX [IPOCTPAHCTB, HOJYYEHHBIX DU aHAJN3e PeIleHuii
ypasuenuii (12), (18), crpoum cunrysusipusie npocrpancrea X, Ys, X, Xs,, Vs,
Y5, U COOTBETCTBYIOIINE MPOEKTOPBI C YIETOM UX CBOJCTB, TO3BOJISIIONIAX TTOJIY-
qurh 6s109ny0 crpykrypy (20). OueBuuno, 6asuc Xg, = Ker(As) cocrour us
BEKTOPOB, MOJyYeHHBIX TIpU anam3e pemennii (12), u crpourcs Tak xe, Kak Oa-
suc X, B caydae rk(AA + B) = m < n, a 6asuc Yy, = (Ker(AL))" cocront u3
BEKTOPOB, MOJIyYeHHBIX TIpU anam3e pemennii (18), u crpourcs Tak ke, Kak Oa-
suc Ys, B caydae rk(AA+ B) = n < m. Bazuc X, cocTonT U3 BEKTOPOB, KOTOPHIE
HAXOJSATCS Tak ke, Kak 6asucHble BeKTOpbl X, B caydae rk(AA + B) = m < n,
U BEKTOPOB, KOTOpbIe HAXOJATCS TaK ¥Ke, KakK GasucHble BEKTOPBHl X B Clydae
rk(AM + B) = n < m. Basuc Ys, cocrout u3 BEKTOPOB, KOTOPBIE HAXOJSITCS
Tak ke, Kak 6asuc Yy, npu rk(AA + B) = n < m, u BEKTOPOB, KOTOPBIE HAXO-
aarca Tak ke, kak 6asuc Yy npu rk(AA + B) = m < n. Basuce npocrpancTs
Xs, Ys, apagiomuxcs npambiMu cymmamu (19), cocroar u3 obbeaunenus 6a3u-
COB ux cjaraeMbix. VIcxo/st u3 Buta CUHIY/ISIPHBIX TPOCTPAHCTB X, Ys CTPOLATCS
perysipabie pocTpancTBa X, Y, n3 npsambix pasaoxenunit (1).

Ob1iee MakcnmanpHoe KoandecTBO d(AA + B) = n+m — 2rk(M + B) =
dim Ker(AA + B) 4+ dim Ker(AAT + BT) nmneiino nezaBucumbix perenuii ypas-
Henws (12) w MMHENHO He3aBHCHMBIX pelneHuii ypasHenus (18) HazoBeM o6ujum
depexmom nyuxa NA + B (B 2] ono 6bu10 HazBaHO 1Hpocto gedekrom). Makcu-
MaJIbHOE KOJIMYECTBO JIMHEHHO HE3aBUCHUMBIX perennii ypasuenus (12), T.e. pa-
3MepHOCTD sipa nyduka dim Ker(AA + B), vazoBem dedpexmom nyura NA + B.
Has myuka panra rk(AA + B) = m < n obumit nedexr pasen d(AA + B) =
dim Ker(AA+B) = n—rk(AA+B). Ecu myaok nmeer panr rk(AA+B) =n < m,
ero obmmit gedext pasen d(AA + B) = dim Ker(AAT + BT) = m — rk(AA + B).
O6mue nedeKThl UCXOIHOTO U TPAHCIIOHUPOBAHHOTO MYyYKOB COBIIAJIAIOT, a €CJIH
n = m, TO ux aedeKThl Takxke coBnaaaioT. JledekT u obmmuit medekT peryaapHoro
[y4YKa PaBHBI HYJIO.

Jlokazana CJeyIolas TeopeMa.

Teopema 1 /as onepamopos A, B: R™ — R™  obpasyrouus cur2ysaprvil ny-

wor AA + B, cywecmsyrom (u 6cezda mozym Guimod NoCmpoens,) npamvie pasao-
JHCEHUA NPOCTNPAHCING

Rn — X3+XT - X81¥X52<|LXT> Rm = }/;+1/7‘ = }/51+Y;2+}/;‘7 (26)

omuocumenvro xomopux A, B umerom 6aounyro cmpyxkmypy (5) u ux cuneysap-
noe 6aoxu A, Bs umerom cmpyxmypy (20), ede onepamop Agen o6pamum (ecau
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Xs, # {0}), npu amom ecau rk(AA+ B) = m < n, mo cmpyxmypa CuHzyAAPHOLT
baoxos npunumaem eud (9) u 6 pasaoocenuaxr (26) Yy, =Y, Ys, = {0}, a ecau
rk(AM + B) = n < m, mo cmpykmypa CuH2yiaphus OA0K08 NPUHUMAEM, 6U0
(15) u 6 pasaoocenuaxr (26) Xg, = X, Xs, = {0}. IIpamvie pasaoorcerus npo-
cmpancms (26) nopooscdarom napv. 63aumMHO JONOAHUMEALHUT NPOoEKMOpos (3),
(21) (co csoticmsamu (4), (22)), 2de Fy = F, F, =0, ecau rk(AA+ B) =m < n,
uS1=5,85 =0, ecaurk(AA+B) = n < m. Onepamopv, u3 6a04HuT NPEICMas-
aernut (5), (20), (9) u (15) umerom sud (7), (24), (11) u (17) coomeemcmeenho.
Pacwupenue Age, onepamopa Ager, seedennoe s (23), (10) v (16), umeem no-
AYoOpamMHvLL onepamop Aé;}b), ydosaemsopsrowuti ceoticmeam (25), ede Fy = F,
ecau Tk(AMA +B) =m <n, uS; =5, ecau rk(AMA+ B) =n < m.

Mertoz mocTpoennst MOANPOCTPAHCTE U3 pasaoxkennii (26) 1 COOTBETCTBYIOIUX
mpoeKTopoB (3), (21) ommcaH BoIme.

Sameuanme 1 Jlaa onepamopos A, B: C" — C™ meopema 1 ocmanemca eep-
Ha, G NPU NOCTMPOEHUU NPAMBL Pa3sodcenut 6uds (26) 0aa KOMNAEKCHBIT NPO-
cmparcme C"*, C™ u coomeemcmsyouus npoexmopos HysicHo 6e30e 3aMeHUMb
MPAHCNOHUPOSAHUE HA IPMUMOBO CONPANCEHUE.

Bameuanue 2 B meopeme 1 obpammoe ymeepoicienue omuocumesvto npoexmo-
PO6 MAKICE GEPHO, G UMENHO: CYUWLLCTNEYIOM NAPYL 63AUMHO OONOAHUMENLHOLT
npoexmopos (3), (21) (co ceoticmeamu (4), (22)), xomopwe noposcdarom npsa-
Mble pasaoocenus npocmpanems (26).

Bamernm, yro ecim X, = {0}, Y, = {0}, ro AMA + B = M\A; + B; sapasercs
YUCTO CHHTY/ISIPHBIM MyYKOM U PeryaspHbiit 6710k AA, + B, oTcyTCTBYeT.

Paccmorpum perynspabiii my4dox AA, + B, oneparopos A, B.: X, — Y,
(dim X, = dimY}), neficTByrONMX B KOHETHOMEDPHBIX MTPOCTPAHCTBAX. IIpeanoo-
JKHM, 9TO cyiecTByor KoucranuTol C1, Cy > 0 Takme, 9TO

|(AM + B[ < C1, A > Co. (27)

Yenosue (27) [7] osnauaer, uro smbo Touka g = 0 ABAAETCH TPOCTHIM IOJHO-
com pesobBenThl (A, + puB,)~! (370 sKBEBATEHTHO TOMY, UTO A\ = 0O ABJIAETCS
ycTpaHuMoit 0coboit Touxoit pesonbeerThl (AA, + B,)71), mibo p = 0 asngerca
peryssipaoit Toukoii myuka A, + uB; (1. e. B Touke 1 = 0 CYIIECTBYET PE30JIbBEH-
ta (A, + pB,) "1 u, ciegosarensbho, oneparop A, obparum). Eciu A, BIpoxaen
1 TouKa 4 = ( gBJIgeTca IMPOCTBIM TOJIOCOM pe3oabsenTsl (A, + uB,) ™!, 1. e.
BbIIO/IHEHO (27), T0 Oy1eM roBoputh, 40 AA,+ B, sIBJIS€TCsl DEryISPHBIM 1Ly 1KOM
undexca 1. Bamermu, ato ecin A, = 0 u cymectsyer B, 1 10 AA, + B, = B, mo-
JKHO CUNTATH PEryagapHbIM My4ukoM uaaerca 1. Econ A, HeBbIpoxaeH, T. e. y =0
SIBJIAETCS PErYIIpHOil Toukoit myuka A, + uB;, To 6ymem ropoputs, uto A\A, + B,
SIBJISIETCST PETYISIPHBIM TYYIKOM undexca (). Takum obpazom, ecu AA, + B, — pe-
IYJSPHBIA myaok u Beinoaero (27), 1o AA, + B, wmeer nagekc 0 nm 1 u mbr
HymeM TOBOPUTH, 9TO AA, + B, — peryaspHbIil Ty9oK undekca He evie 1.
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B obmem ciiyuae, WHIEKCOM PEryJisipHOTO Tydka AA, + B, Ha3biBaeTcs Hau-
Gosblas JIMHA IENOYKH U3 COOCTBEHHOIO U MPHCOEIMHEHHBIX BEKTOPOB IIyUKa
A, + pB, B Touke p = 0 [8, IlyskT 6.2] wiM mOpsSIoK MOJIOCA PE30JTbLBEHTHI
(A, +uB,)~! B Touke p = 0 (3KBUBANEHTHOCTH ITHX OMPEETCHAT CaeyeT us3 [8,
[Tynkr 2.3]).

g perynapuoro myuka AA, + B;, yaosaersopsiomero (27), CymecTByoOT
JIBe Mapbl B3aUMHO JIONIOJIHUTEJIbHBIX IIPOEKTOPOB ]5] X, —X;n Qj: Y, =Y,
Jg=12(cm [5],[9]), A+ P = Ex,, Q1+ Q2 = Ey,, PiP; = i P;, Q:Q; = 6;;Q;,
KOTOPBIE MOTYT OBITH KOHCTPYKTHUBHO ONMPeeseHbl 1m0 (hOPMY/IaM aHAIOTHIHBIM

(5), (6) u3 |7] wm

~ A B) A ~ ~
PlZR_eg<( 7‘+/’L 7’) 7’>’ PQZEXT_P:l?
- - A (A +ﬂ B )_1 ~ ~ (28)
Q1=R€S< o TR )7QQZEYT_Q1-
p=0 1z
DTH NPOEKTOPHI HOPOXKIAI0T IPAMBIE PA3IOKEHUS
X, =X1+X2, Y, =YY, (29)

takue, 910 A, B,: X; = Yj, j = 1,2 (mapsr nogmpocrpancts X1, Y1 u Xo, Yo
HHBapUAHTHBI OTHOCHTENbHO A, B,), T.e.

Q;A, = A.P;, Q;B,= B,Pj, (30)

u oneparopsl A; = AT’X]- :X; =Y, B = Br|Xj : X5 =Y, j = 1,2, rakossl,
aro Ay = 0 (Q2A, = 0) u cymectryior A7! € L(Y1, X1) (ecrm X1 # {0}) u By ! €
L(Y2, X2) (ecrm Xo # {0}) [7, Pazaenst 2, 6]. CienoBaresibHO, OTHOCUTEIBHO
npsiMbix pazjoxenuii (29) oneparopsr A,, B, umenr 6I09HYI0 CTPYKTYDY

B 0

AT: Al 0 :X1+X2—>Y1+Y2, BT:
0 DBy

0 0 > C X1+ Xo = VY,
(31)

rae Ay u By obparumst (ecin X7 # {0} u Xo # {0} coorBercrBenno).

Sameuaume 3 Jlaa pezyaapnozo nyuka A, + B, onepamopos A,, B.: X, = Y,,
eTCmEYUWUT 6 KOHEUHOMEDHBLE NPOCMPAHCMEAT, 8CE200 MONHCHO NOAYHUMD J6e
napol 634UMHO 0ONOAHUMEALHBT npoekmopos euda [T, (5), (6)], xomopue nopo-
orcdarom npamvie pasaooicenus (29) maxue, wmo cyocernnvie onepamopvs Ap =
AT|X1 : X1 =Y, ubBy= B,ﬂ|X2 : Xo — Y5 umerom obpammbie Al_l € L(Y1,X1)
(ecau X1 # {0}) u Byt € L(Ya, X2) (ecau Xz # {0}) (em. [8], [5]). Odnaxo, ecau
underc nyuxa svawe 1, mo Ker(A,) G Xo u, coomeememeenno, Ay = Arlx, # 0.
B caynae ecau peeyaaproiti nywox AA, + B umeem undexc 1, adpo u obaacmo
anauenuti onepamopa A, coenadarom ¢ npocmpancmeamu Xo = Ker(A,) u
Y1 = R(A;). B amom cayuae modcHO NOAYHUMD NPOEKMOPL HA NOONPOCTPAHC-
mea u3 pasaosicenutt (29) 6es ucnoavzosanus gopmya [1, (5), (6)] uau (28).
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Hocmpoum npamvie donoanenus X1 u Yo npocmparcme coomeememeenno Xo u
Y1 max, umobo. napwv X1, Y1 u Xo, Yo 64U uHGGDUAHMMHDE OTMHOCUITNEABHO ONEPa-
mopa B, (04esudno, wmo amu napv. AGAAOMCA UHBADUAHIMHBMY OMHOCUMEALHO
A, ), mozda onepamopvi A, B, umerom Gaounyto cmpyxmypy (31) u ux 6aoxu
A1, By uwmerom obpammnwie Afl € L(Y1,X1), B;l € L(Y3, X2). Ipamwe cym-
Mo (29) npocmparcme Xj, Y; nopootcdarom deée napvi 63aUMHO JONOAHUMEALHDLT
NPOEKMOPOG P X, = Xj, Q] Y, = Y; co ceoticmeamu (30) u QQA,, = 0. Mo-
OHCHO MAKIHCE NOAYYUTIG IMU NPOEKOPI, NOCMPous onepamopsi P, Qj, 7=12,
YA0B8AEMBOPAIOULUE CACOYIOWUM CEOTLCMEAM.: P2 Pg, P = Ex, ]52 (samemum
YMO eCAl HEKOMOPHT onepamop Py aeanemcs npPoeKMOPoM, Mo P = Ex, — P
— MAKHCce NPOEKMOP U NPOEKMOPHL Pl, Py ssaumo donoanumenvuie), Q=0

(unu QQ =Q3), Q2+ Q1 = Ey., A, Py = 0 u etinoanens: pasencmea (30).

Takum obpazoM, ecau peryagpabiii 070K AA, + B, u3 (2) apigercs pery-
JISPHBIM TIYYKOM HHJIEKCA HE BBIIIE 1, TO CYyIIECTBYIOT NPSIMbIE PA3JIOKEHUSA Pe-
IYJSIPHBIX TIPOCTPAHCTB (29), OTHOCHTENBHO KOTOPBIX A, B, UMenT 6109Hy0
crpykTypy (31). IIpoekTopsr PJ, Qj HA TOANPOCTPAHCTBA U3 pasyioxKeHuit (29)
MOTYT OBITH TOJy9EeHbl METOAOM, OTTMCAHHBIM B 3aMedannu 3, uian 1mo GopMysiam
(28) (1o [7, (5), (6)]). o

Beenem pacmupenus Pj, @Q; npoextopos Pj, (); coorBercTBenno ma R™, R™
rak, aro X; = PjR", Y; = Q;R™, j = 1,2 (Xj, Y; — noxupocrpancrsa u3
pasyoxkennit (29)). Torma pacimmpenHble TPOEKTOPHI

Pi:R" = X;, Q:R" =Y, j=12, (32)
obazaloT cpoficTBaMnu UCXOMHLIX: PP = 0;;F;, Q;Q; = 0;;Qi, Pr + P, = P,
Ql + Q2 = Q7
QjA=AP;, Q;B=DBP;, QA=0 (Q1A=QA).
Caoiicra oneparopos A; = A|Xj : X; =Y, By = B|Xj X5 =Y, =12,
TaK)Ke COXpaHsoTcsd. Beenem ux pacimupenns Ha R™ cieyrommm obpazom:
A =Q;A, B;=Q;B, j=12. (33)
Torma
Aj=Ajly,» Bi=Bjlx,, i=12, (34)

u omeparopsl (33) Aj, B; € L(R™,R™) geiicryror Tak, 4ro Aj;: X; — Y,
Bji: X; = Y;u Ay = 0, Xo+X; = Ker(A)) (ALR" = 41X, = V),
XQ—FXS C KeT(Bl), Xl‘i‘Xs = Ke?“(BQ) (BQR” = By Xy = YQ) HOCKO.HLKy Py,
()1 ABJIAIOTCA €UHHYHLIMK OllepaTopaMu B X1, Y] COOTBETCTBEHHO, TO OIepa-
TOP Aflz Y1 — Xi Oyzmer obparabiM 1o ortHomenut K Aj: X7 — Yy, ecam
Al_lAl = Pilx,, A1A1_1 = Q1ly,. Torga pacmmpenne Ag_l) € L(R™, R"™) onepa-

TOpA Afl Ha R™ yaoBaeTBOPSIOIIee CBOMCTBAM

AT =p, AAlTY =@, AlTY = Al (35)
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ABJISIETCS TIOJIYODPATHBIM OmepaTopoM mid Ajp, T.e. Ag_l): Y — X1, YotY, =
Ker(ﬂgfl)) (Agfl)]Rm = Agfl)Yl = X)) u A]' = qu) . fcno, [ro

Y1
-1 -1 . . -1
Plflg ) — Ag )Ql. VYKazaHHble CBOMCTBA, IIO3BOJLAIOT HANTU BUI Ag ) (nnm

Afl), MCIOJIb3Ys BUJY, IPOEKTOPOB. ITosyobparHbiii oneparop Bg_l) € L(R™ R"™)
ms By, e BEY V) o Xo, Vi4Y, = Ker(B57Y) (BUVR™ = 807y, = X,)

- -1
n B, 1= Bg ) , MOKHO BBIUMCINTH aHAJTOTHIHBIM CITOCODOOM:
Ya

BBy = Py, BeBSV =@y, BUY = RISV = B07VQ,).

4. Ilpumepnbl 6JIOYHBIX TPEICTABIECHUH NJ CUHTYJISPHBIX ITyYKOB,
OPAMBIX Pa3J/IOXKEHUIl IIPOCTPAHCTB U ITIPOEKTOPOB

4.1. lIpumep ags cay4das rk(AM + B) =m <n

PaccMoTpuM cunrysspasiit myuox AA + B onepatopos A, B: R* — R3, xoro-
PBIM OTHOCHTEIHHO CTAHIAPTHBIX Ga3ucos npocrpancts RY, R3 (-t KOOpAMHATOM
6a3UCHOro BEKTOpa €; aBJisgeTcs: cuMBoI Kpomekepa d;;) COOTBETCTBYIOT MATDPHIIBI
[2]

L 0 0 0 T9 —1 —T1 0
A=[0o ¢ o 0], B=|l0 0 -1 -1}, (36)
0 0 0 O 1 0 1 0

rae L, C, r1, ro — BEMECTBEHHABIE TAPAMETPBI, HE PABHBIE HYJTIO. JIETKO TPOBEPUTH,
gTo paHr mydka paseH Tk(ANA + B) = 3. O6mmii gederr mydka (Takke Kak u
nedexr nyuka) pasen d(AA + B) = 1.

[lockompky N = d(AA + B) = 1, to ypasrenue (12) umeer o1HO HEHYIEBOE
permerve x1(\) = (1, AL + 11 + 19, =1, AX2CL + XC(r1 + 1) + 1)T, KOTOPOE
OIPEJIEIISIETCST ¢ TOYHOCTBIO JT0 CKAJISIPHOTO MHOXKHUTEJIsI. 3aIicaB perenne 1 ()
B Bujie (13), moayunm cucrembl BekTopos {217, {Br1i}7i 4, re

1 0 0
T+ 79 —L 0
0= _{ [ = 0 yTiz=| o |
1 —C(T’l —i—?“g) CL
L 0
Bﬂj‘ll = C(T’l -+ 7‘2) , BZL‘12 = | CL
0 0

IMommpocrpancrea X, = Lin{xli}?zo, Y, = Lin{Bmli}?zl u3 passioxkenuit (1)
MOYKHO TpesicTaBuTh B Buje Xy = Lin{s;}3_;, Vs = Lin{g;}?_,, rae

1

0
S1 = 0 So = 1 S§3 = 0 = (1) =11
1= 1 g 92 — 0 5 93 — ol’ g1 = 0 y g2 = )
0 1

1

0
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rorma X, = Lin{p}, Y, = Lin{q} (¢ = Bp, B: X; = Y;), rne

0 T
0 —71
p=1 4| ¢= 0
1
-1

Buibepem X5, = Lin{s;}?_,, X5, = Lin{ss} (As3 = 0), Torma oTHOCUTEb-
HO npsaAMOro passoxenue (8) oneparopel Ag, Bs umeror GJI0OYHYIO CTPYKTYPY
(9). TTosyuenuble npsimble pazJioxkenusi npocrparcTs (1) u (8) mopoxgaoor npo-
ektopsl S: R* = X, P:R* - X, (S+ P = Eps), F:R3 =Y, Q:R> =Y,
(F+Q=FEgs)uS1: R* » X, So: R* = X, (S1+ S, =8), kKoropbim oTHOCH-
TeJLHO CTaHAPTHBIX 6a31coB B R* 1 R? cooTBeTCTBYIOT IPOEKIINOHHBIE MATPUIIEI

1 000 0 0 0 O
0 1 0O 0 0 0 O
5= -1 0 0 0}’ P= 1 0 1 0o}’

1 011 -1 0 -1 0

1 0 m 0 0 —m
F=|01 0}],Q=10 0 0 |,

0 0 O 0 0 1
1 0 0 0 0 00O
0 1 0 O 0 000
=1 0000 o0 0 0
1 0 00 0 011

TTockombky QA =0, To A, = QA\XT = 0. Jlerko TpoBEpPUTH, UTO eCan

z, € X,, T0 QBx, =y, € Y,, npuuem (QBz, = 0 Ttoabko npu x, = 0. Haaur
onepatop B, = QB|y € L(X;,Y,) obparum. Crenosarebno, peryaspabrit 610K
A, + B, u3 (2) sBasiercst pery/asipabiM yakoM nHgekca 1. [logmpocrpanctsa us
HpsMbIX passoxkenuii (29) u coorsercrBytoiue npoekropsl umeror Bug X1 = {0},
Xo=X,, Y1 ={0}, Yo=Y, u P, =0, P, =P, Q1 =0, Q2 = @, u, 09eBUJIHO,
A, = Ay, B, = Bs.

Oneparopy Agen, = F'A: R* = Y, (Xs,+X, = Ker(Agen), Agen = Ag@ﬂ‘xsl €
L(Xs,,Ys)), sBesennomy B (10), OTHOCHTELHO CTaHAapTHHIX Gasucos B RY) R3
(nonostasiem Gasuc Yy 710 CTaHIAPTHOTO B R3) COOTBETCTBYET MATPHIA Agep, = A

(r.x. FA = A). TlonyobpaTaOMYy OmepaTopy A!(];%) ‘R — X, (Y, = Ker(fl(ggé)),

_ -1
A, = Aéen) € L(Ys, X5,)) oTHOCHTETLHO cTanaapTHEX Gasucos B R3, R* co-
Ys

OTBETCTByeT MaTpuna (yIoBaeTBopsitomasa cpoiicteam (25), rae Fy = F)

Lt 0 ?”1L71

.A(_l) . 0 c! 0
gen — | —=Y 0 —p L7t
L1 0 ri L7t
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Omneparopam Byen, Byna: R* — Y, (X, +X, C Ker(Bgen), Xs,+X, C
KeT(Bund)a Bgen = Bgen‘XSI € L(XSNY:S)a Bund = Bund‘xs2 € L(stay:s))u

BBesieHHLIM B (10), oTHOCHTENBHO cTanapTHEIX 6asucos B RY R3 cooTsercTByioT

MaTpHULIbL
ro+7r —1 0 0 0 0 O 0
Byen = 0 0 00|, Buu=[00 -1 -1
0 0 0 0 0 0 O 0

4.2. MIpumep 2 aas cayuas rk(AM+ B)=m <n

PaccMoTpuy cunryaapHsiii myuok AA + B omeparopos A, B: R% — R3, xoro-
PHIM OTHOCHTEIHLHO CTAHAAPTHHIX 6azucos B R, R3 coorBeTcTBYIOT MATPHIIEL

10000 a -1 b 0 0
A=|o 100 0|, B=|0o 0 -1 -1 0], (37)
00000 1 0 1 0 1

e a, b # a — BelecTBEHHBIE TTApAMETPhI, He PABHBIE HYJIH0. DTOT MyUYOK UMEET
TOT »Ke THUII, 9T0 ¥ HPeAbLIyImii, HocKoIbKy rk(AA + B) = dimR? < dim R, 1o
ero obmuii nedpexr d(AA + B) = 2 u, ciepoparesnbho, ypasHenue (12) nmeer isa
JUHEHHO HE3aBUCUMBIX DellleHns (MaKCHMaJbHBIH HAGOD).

Hatinem sBa mpon3BOIBHBIX JTUHEHHO HE3aBUCHMBIX perternst £1(\) = (1, A+
a—b,—1, X+ Aa—b)+1,0)", z2()) = (0, =b, =1, =Xb+1, 1)". Torza um
IIOJIYUIUM CHCTEMBI BEKTOPOB {xu}?:o " {xzi}ilzo, rae

1 0 0 0 0

a—> —1 0 —b 0

rio=| -1 |,z11= 0 yx12=|0], @p=|-1],221=1]0
1 b—a 1 1 b

0 0 0 1 0

Cucrema, cocTosmas U3 3TUX BEKTOPOB, JUHENHO 3aBACMMa, HO €€ MOJCHCTEMa
{10, 211, 20,221} (wnu {x19,211,x12,T20}) sABIsIETCA JUHEHHO HE3aBUCUMOI 1
obpasyer 6asuc X;. MoxXHO HAlTH pereHne MeHbIe cremnenn, yeM x1(\), Ha-

npumep, T1(A) = (b, 0, -A—a, A\ +a, A\ +a— b)T. Torma MBI TIOJIYIUM BEKTOPDI

b 0

0 0

i’lO = —a N fu = 1
a -1

a—2b -1

Ouesngno, uro {Z1(\), x2(A\)} — HabOp JMHEHHO HE3ABUCHMBIX DEIIeHH ¢ HAN-
MEHBIIMMI BO3MOXKHBIMU CTeneHsMu (00a perenust uMeror crenens 1). Cuegosa-
renbHo, X, = Lin{Z11, 221}, X5, = Lin{Z10, 220}, Xs = Lin{Z10, T20, T11, T21}
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— T = s T _ T "
u Yy = Lin{A%10, Az}, rae AZ19 = (b,0,0)", Awzg = (0,-b,0)". C apyroi
CTOPOHBI, MOXKHO peobpazoBaTh cucreMy {X1g, 11, L0, T21} TaK, YTOOLI MOKHO
6eLT0 BHIOpATH Gasuckl st X, Xs,, a umenno, Xy = Lin{xio, x11, T20, T21} =
. 4
Lin{si}i_y, vre

1 0 0 0
0 1 0 0
s1=|—-1|,50=|0|,s3=]0],s4=1]-1
0 0 1 0
0 0 0 1

Torma Ys = Lin{Ax,Ax11} = Lin{Ax, Axeg} = Lin{As1, Asy}, rue
Asy = (1,0,0)7, Asy = (0,1,0)7 (Az19 = (1,a — b,0)T, Axy; = (0,—1,0)7),
u Xs, = Lin{s1,s2}, Xs, = Lin{ss,sa}. Hamee maxommm X, = Lin{p},
Y, = Lin{q}, rae p = (0,0,1,0,0)", ¢ = Bp = (b,—1,1)T. Tlonyuennnie npsmbie
pazsiokernst mpoctpascTs (1), (8) mOpokKIAIT MTPOEKTOPBI, KOTOPBIM OTHOCH-
TeJIbHO CTAHIAPTHBIX 6a31ucos B R® 1 R3 COOTBETCTBYIOT TPOEKIIMOHHBIE MATPHUITHI

S =51+ 5o,

1 0000 0000 O 00000
0 100 0 0000 0 00000
Si=|-10000|,8%=[0000 -1|,P=|1010 1],

0 000 0 0001 0 00000
0 000 0 0000 1 00000

1 0 —b 00 b

r=(o1 1],9=(0 0 -1

00 0 00 1

[Mockoasky QA = 0 u B, obpatum, To perysipublit 6710k AA, + B, sBjsiercs pe-
DYJISIPDHBIM TydkoM wHIekca 1 uw P = 0, P, = P, Q1 = 0, Q2 = Q, X1 = {0},
Xo=X,, Y1 ={0}, Ya=Y,, Ay = A,, By = B,. Vcnonb3yst BuJ| HOIyY9eHHBIX
IMPOEKIIMOHHBIX MaTPHUI, JIENKO HANTH BHI MAaTPHIL, COOTBETCTBYIOIIAX ONEPATO-
pam (10):

0 0 0 0
Agen = A, Byen = 1 0 00 O0), Bua=1|(0 0
0 00O 0 0

Jlerko ybenurnes, 910 Byen, + Byng + B, = B (9T0 BBINOTHEHO, HOCKOIBKY S +
Sy + P = Eps u QB = BP).
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4.3. lIpumep s cay4dasi rk(AM + B) =n <m

Paccmorpuy cunryrapasiii mydok AA 4+ B oneparopos A, B: R? — R*, ko-
TOPBIM OTHOCHTEJILHO CTaHJAPTHBIX O0azucos B R?, R* coorsercTByroT Marpuib

2]

L 0 0 ro+rg3 0 0
o co |0 g0

A= 0 0 0]’ B = —T9 1 0]’ (38)
0 0 O 1 01

e L, C, g, ro, 13 — BeIeCTBEHHBIE TTapaMeTPhI, He paBHbie HYyJ0. OUeBUIHO,
panr nyuka pased rk(AA + B) = 3 u obuwmii qedext myuka pasen d(AA+ B) =1
(medbext myuxa NA+ B pasen 0, a nedekr rpancromuposantoro myuxa AAL + BT
paseH 1).

Hockomsky M = d(AA + B) = d(AAT + BT) = 1, 1o ypasuenne (18) mmeer
OZIHO HEHyJsieBoe perterne Y1 (), KOTOpoe ONpeeNsieTca ¢ TOYHOCTBIO 10 CKaJIsp-
HOI'O MHOYKHUTEJIS:

1. y1(N\) = ( —1r9(AC 4+ g), AL + 19 + 13, —(AC + g)(AL + 19 + 13), O)T opu
L#C(ra+1r3)/9;

2. y1(A) = ( —rog/(ra +713), 1, =(AC + g), ) mpu L = C(ry +13)/g.

Cuauana paccmorpum cay4aii 1, korna L # C(re +13)/g.

Tak ke, KaK 910 Jle1a/10Ch B IPEBILYIIEM HPUMEPE JIs 11y 4K )\A—I—B CTPOUM
npocrpanctsa Xy = X, + X5, = Lin{s;}3_,, X, = Lin{s;}2,, Xs, = Lin{s3},
Y, = Lin{l;}2,, X, = Lin{p}, Y, = Lin{G}, vae

1 0 0 1 0 0 1
R 01 . 1] . 0l » “ R 0] .
S1 = 0 y 82 = 0 , 83 = 1 allz 0 7l2: 1 y P = 0 , 4 = 0 )
0 0 0 0 0 1 !

JJIg  TPAHCIOHUPOBAHHOIO ITYYKA AT + BT TTPOEKTOPHI S:RY Xs,

A 2
SR—>X5,z—12PR4—>XT,FR3—>YS,Q]R3 YT,KOToprM
OTHOCHUTEJILHO CTaHIAPTHBIX 0Aa3MCOB B R* u R3 COOTBETCTBYIOT ITPOEKIIMOHHBIE
MaTPUILI

1000 000 0 0000
. 01 00| - 0000 -~ ~ -~ -~ loooo
S1=1o 00 02 |00 1 o=t L=y 40 0|
0000 000 0 000 1
/10 -1y (001
F=[o1 o].0=(00 0
00 0 00 1
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Torma mpoekroper S: R? — X, P:R3 — X, F: R* - VY, Q: R* - Y,
Fi:RY* - Y, i=1,2(F = Fi + F,), KOTOPBIM COOTBETCTBYIOT MPOEKITHOHHbIE
varpunst S = FU, P =QT, F =587, Q = PT, F, = ST

i, 1 = 1,2, nopoxgaior
npsimble passioxenus npocrpancts (1), (14), rne X = Lin{s;}?_,, X, = Lin{p},
Y, = Yt91—i_}/;2 = Lin{éi}?:l? Y, = Lin{ﬁ}v Ys, = Lin{gi}?:l? Y, = Lin{§3}7
s1=(1,0,-1)T, s5 =la, p=(0,0,1)T"

Kaxk u B npesbiayinem mpuMepe, JIETKO TPOBEPUTE, 910 T0 A, = QA|XT =0m
B, = QBly, obparmu. Crenosarensao, AA; + B, — peryiapHbIfi My9oK HHIEKCa
17I/IX1:{0}7X2:X7-7Y1:{0}7}6:Y;»,P1:07P2:P7Q2:Q,Q1:0
(Pk: Rg — Xk, Qk: R4 — Yk, k= 1,2).

Omneparopy Age, = FA: R} =Y, (X,= Ker(Agen), Agen = Ag@n’xs €
L(Xs,Ys,)), sBesennomy B (16), OTHOCHTEILHO CTaHAapTHRIX Gasmucos B RS, R
cooTBeTcTByeT MaTpuna Age, = A. Ilomyobparromy omepaTopy Ag;%) (R — X,
(Y, +Y, = Ker(flggﬁ)), Ag_eln = Aégé) v € L(Y;,, X)) oTHOCHTENBHO CTaHIap-
THBEIX 0a3UCOB B R4, R3 COOTBETCTBYET l\ianI/IHa (yaoBaerBopstiomas cBOACTBaM

(25), toe S; = 95)

L 0 00
A= 0 ¢t oo
L' 0 00

Omnepatopam Byep : R? Y, Bo: R =Y, (X,C Ker(Bgen), Ker(Boy),
Bgen = BQ@”’XS € L(Xs,Ys,), Bow = ‘BOU‘XS € L(X,,Ys,)), sBenennnv B (16),
OTHOCHTEJIbHO CTAHIAPTHBIX 0asucos B R3, R* cooTBeTcTBYIOT MAaTpHILI

ro+13 0 0 0O 0 0

_ 0 g 0 _ 0O 0 0

Byen = 0 0 0]’ Bov = —ro 1 0
0 0 0 0 0 0

Teneps pacemorpum caydaii 2, korma L = C(rg +13)/g.
B stom cayuae momyuaem mpoctpanctea Xs = Lin{s}, X, = Lin{p;}?_;,
Yy = Yy, +Ys, = Lin{l;}2_,, Ys, = Lin{l1}, Ys, = Lin{la}, Y; = Lin{w;}2_,, rae

0 1 0 0 0
1 0
s=|1),pr=|r2|,p2=(0]), 0= 0 , o= NE
0 -1 1 0 0
1 0
29 0
— ro+73 —
w1 0 w9 0
0 1
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Mpoextopam S: R3 — X, PR3 = X, F:R* - Y, F=F+F, F:R* = Y,
i=1,2, Q: R* = Y, ormocuresbno crapgaprTHbX 6asucos B R3 u R* coorser-
CTBYIOT TIPOEKITUOHHBIE MATPUITEI

0 00 1 00
S:—T’QIO,P:T’QOO,

0 00 0 0 1
0 00 0 0000 1 00 0
_™9_ 1 0 0 0000 g 0 0

F, = r2+T3 Fy = — | r2+r3

! 0 00 0] "2 001 0] ¢ 0 000
0 00 0 0000 0 00 1

Jlerko mpoBeputh, 9T0 AA, + B, — peryagpHsiii myvuoK, onepatop A, BbIPO-
K jeH u BeimoaaeHo (27). CregoBarensho, AA, + B, — perysisipHbIii Iy90K HHJIE-
kca 1. TlogmpocrpancTsa u3 IpaMbix paszstoxkenuit (29) u COOTBETCTBYIONME TPO-
extopsl umetor Bug X1 = Lin{p1}, Xo = Lin{pa}, Y1 = Lin{w; }, Yo = Lin{ws},
PR = Xp, Qu:R* 2 Vi, k=1,2, (P=P + P, Q = Q1 + Q2), rzie

1 00 000
P=|r 00|],R=(00 0],

100 101
1 00 0 0000
290 0 0 0000

— | rotrs3 —

@1 0" 00 o] @ 000 0
0 000 000 1

Marpurpi, cooTBeTcTByfOIe omepaTopaM Agen, Ai (Agen = Agenl X,
1 = Aily,), BBeIEHHBIM B , , ¥ TI0J1yoOpaTHBIM onepaTopaM Agen’, Ay
A= Ay, 16), (33 6 Al A
(Agfn = Aégé) oy A1_1 = Ag_l) ' Aé;p yaosnersopger (25), rme S1 = S, n
s1
.Ag_l) yaosersopger (35)) OTHOCHTeNBHO cTaHAapTHLIX 6asucos B R?, R* mveror
BIT

0 00 0 0 00
A OO e —rL71 C7t 0 0
" 0 0 0f7 e 0 0 0 0/
0 0 0
L 00 L 000
T e I L B B A I
0 0 0] L1 000
0 0 0

Oneparopam Bgen, Boy (Bgen = Bgenly,, Bov = Bowlx,), BBesenunM B (16),
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OTHOCHTEILHO CTAHAAPTHHIX Gasucos B R3, R* coorBeTcTByIOT MaTpHIH!

0 0 0 0O 00

_|—r29 g O 1 0 00
Byen = 0 0 0’ Bov = —ro 1 0
0 0 0 0O 0 O

4.4. IlIpumep pgs cay4dasa rk(AA + B) < n, rk(AMA+ B) <m

PaccMOTpEM CHHTYIApHBIL mydok AA + B oneparopos A, B: R3 — R3, koTo-
PBIM OTHOCHUTEJIBHO CTAHIAPTHBIX 6aSI/ICOB B R?) COOTBETCTBYIOT MATPUIIbI

10 —1 1 -1 -1
A=lo o0 o], B=(1 1 -1]. (39)
00 0 0 2 0

Panr myuxa pasen rk(AA + B) = 2 u o6mmuit nedekt myuka paser d(AA+ B) = 2,
upu srom N =1 u M =1 (nedexrsr AA + B u AAT + BT pasunbr 1).

Perenne ypasrenus (12) umeer Buj (C TOYHOCTHIO JI0 CKAJSPHOIO MHOMKUTE-
as1) x1(A) = x10 = (1, 0, 1)T. SHAUUT T10 ABIASTETCA DA3UCHBIM BEKTOPOM TOITPO-
crparctBa Xg u3 (1), u B Tom uncie X,, uz (19).

Pemmenne ypasuenus (18) nmeer Bu/I (€ TOYHOCTHIO /IO CKATAPHOIO MHOZKITE-
as) y1(A) = (1, —=(A+1), ()\+2)/2)T. Kak n B mpumepe n3 mynkTa 4.3, 119 TpamHc-
TTOHUPOBAHHOTO TTyYKa MAT + BT crpoum mopmpocrpamcTsa Xg =X Sl—i—X sy =
Lin{$;}?_,, X, = Lin{$}, X,, = Lin{sy}, Yy = Lin{l}, tae

1 0 1
si=10],8=1],i=]0],
1/2 ~1/2 ~1

1 IIPOCKITNMOHHBIE MaTPHUIEI

R 1 0 0 X 0 0 0 R R R X 1 00
S1 = 0 0 0],85=10 1 0],85=54+85, F= 0 0 0
1/2 0 0 0 —1/2 0 10 0
Hcnonb3yst IpOeKIHOHHbIEe MATpUIEL S | §1T, ,§2T , FT 1 Bexrop z10, momyda-
eM moxmpocTpancTa w3 paznokennit (1), (19): Xs = X, +X,, = Lin{s;}?_;,
X, = Lin{s1}, X5, = Lin{so}, X, = Lin{p}, Yy = Y, +Y,, = Lin{l;}?_,,

Yy, = Lin{l1 }, Ys, = Lin{lo}, Y, = Lin{q}, rne

1 1 0 1 0 ~1/2
S1 = 0 y 82 = 0 y D= 1 711: 0 7l2_ 1 y 4 = 1/2
0 1 0 0 0 1
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Torma IPOEKIMOHHBIE MATPHIILI, COOTBETCTBYOIMe mpoekrtopam S: R? — X,
F:R =Y, SiiR3 = X, Fi: R3 = Y, i=1,2,8=8+5y F=F + F,
P:R3 = X,, Q: R? - Y,, umeror Bus

A 001 000
Si=FT S,=10 0 0o)],P={0 1 0],
00 1 000
) ) 00
=5 =S Q=0 0 1/2
00

Jlerko mposeputh, uto A, = QA|y = 0 u B, = QB|x, obparnm. Cremo-
BaTesbHO, AA, + B, — peryasapHbIfi my4oK WHeKca | W MOAIpPOCTPAaHCTBA W3
pazyoxkennit (29) mveror Bum: X, = {0}, Xo = X, Y1 = {0}, Y2 = Y, a npoe-
kropst Pp: R3 — X, Qr: R? = Y, k= 1,2, takoser: P, =0, P, = P, Q1 = 0,
Q2= Q.

OmnepaTopam Ageny Bgen; Bund, Bov (Agen = -Agen’XSl € L(X517Y:91);
Bgen = fBgen‘XS1 S L(Xsl,}/;l), Bund = Bund|XS2 S L(Xsy}/:sl); Bov =

me,|XS1 € L(Xs,,Ys,)), BBesteHHBIM B (23), u 10oyoGpaTHOMY OIIEpaTopy .Aé;}b)

(Ao, = flg;%) , € L(Ys,, Xs,), Aé;&) yaoBaeTBopger (25)) OTHOCUTENHHO CTaH-
s1
JTapTHBEIX 6231CcoB B R3 COOTBETCTBYIOT MATPHUITBI Agen = A, Byna =0,

1 0 —1 0 0 O 1 0
Bgen =10 0 O , Bow=1|1 0 —-1], A(_l) =10 O
0 0 O 0 0 O 0 0

1/2
0
0

5. IlpuBegenue nudpepeHuaIbHO-OIIEPATOPHOIO YPAaBHEHUS C
CUHTYJISIPHBIM IIy9YKOM OIIEPATOPOB

Pacevorpum mudpeperiinanbHO-0NepaTOPHOE YpABHEHHE BUIA

d

dt
rie A, B: R" - R™ u f(t,z) € C([0,00) x R™ R™).

[Az] + Bx = f(t, x), (40)

Biuganue snneitHoi gactu %[A:c] + Bx ypasnuenus (40) onpe/ensieTcst CBO¥i-
CTBaMU XapaKTepucTuyaeckoro myuka AA + B. B obmiem, nydok AA + B saBisiercst
CUHTYJIAPHBIM.

Ypapuenust tuna (40) TakKe HA3BIBAIOT N0AYAUNEelNbMU Jupdepenyuanbio-
anzebpauueckumy ypastenuamu (JTAY). omynureiinoe JIAY ¢ cuHryasipHbIM mmy-
YKOM HA3BIBAETCS CUHRYAADHOIM W HEPELYAADHBIM.

[Mpeamomox)mM, 9T0 CUHTYISPHBIN TYyI0K UMeeT Peryasapubiit 610k AA, + B,
(cm. (2)) unmekca we Boie 1.
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IMpumensia x ypasuenuto (40) npoekroper F;, Q;, i = 1,2, (em. (21), (32)) u
UCIIOJIb3ysl UX CBOWCTBA, HOJIYIaeM SKBUBAJEHTHYIO CHCTEMY

%(FlASm) + FiBSz = F f(t,z),
%(QlAplx) + QlBP1$ = Qlf(t>x)a (41)

QQBPQI’ == QQf(t7x)7
FQBSll‘ = FQf(t,l').

Otrrocurenbuo pasnoxkenuii (26), (29) moboit BexkTop € R™ ennHCcTBEHHBIM
obpazoM MPeCTaBUM B BUIE

T =T+ Ty =T, + Tsy + Tp, + Tpy, (42)

rae vs = S € X, v, = Pr € X, x5, = Siz € X, xp, = Px € X;, 1 =1,2.

Ucnonesyst npeacrasiaenne (42) u yanTbiBasg OJ0UHYIO CTPYKTYDPY CHHTYIISIP-
HOr'O IMydKa, & MMEHHO BuJ onepatopos (23) u (33), moayuaem cucremy, SKBUBa-
nenTHYO (41):

d
ﬁ(ﬂgenxm) + (Bgenxa + Bund‘rsz = Flf(t? ‘T)’

d
7(‘A1xp1) + lepl = Qlf(t,l‘), (43)

dt
B2l‘p2 = QQf(tvx)a
B0111'51 = F2f(t,$).

BameTum, 4TO MOXKHO Cy3UTh ONEPATOPHI B ypaBHeHUsX cucrembl (41) n ucmonb-
30BaTh B (43) BMecTo (23), (33) cyxennble omeparops (24), (34).

YMHO)Kast ypaBHEHUs CUCTeMbl (43) COOTBETCTBEHHO HA Ag;} , Ag_l), 35—1)7
MOy 9aeM SKBUBAJEHTHYIO CHCTEMY
d (1)
axsl = ‘Agen [Flf(t, x) - Bgenxsl - Bund$82]>
@ gy = ALY B
aim = [Q1f(t, x) — Brap,], (44)

Ty = BS N Quf(t, @),
Bovxsl = Fgf(t,x).

Ecmu B (43) ucnonesytorcst cyzxenuble onepatopsl (24), (34), To ypaBHeHUs CH-

_ -1 _
creMbl (43) yMHOXKAIOTCS Ha CYyYKEHHBIE OMEPATOPDI Ageln = Aéen) oy All =
S1

ATV Byt =80
U 2y,
Takum 06pa3oM, MbI CBEJIH CHHTYJIsipHOE TostysuHelinoe JJAY (40) kK skBuBa-

nenTHOH cucteme (44) u3 uucro audpepernuanbHbIX ¥ 9UCTO anrebpandecKkux
YpaBHEHUI.
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DTH Pe3yIBTATHI UCIIOIB3YIOTCA IPH JOKA3aTEILCTBE TEOPeM 00 yeTOHInBoCcTH
u HeycroitunBocTu 1o Jlarpamxky cuHryiagpaoro mosmynuueiinoro JTAY (40) |2,
Teopewmsr 1, 2].

6. BoiBoabI

Omnucana 6709THAS CTPYKTYPa CHHTYISIPHOTO TYy9Ka OMEPATOPOB, COCTOSIIAL
W3 CHUHTYJIAPHOI'O U PErygpPHOro HJIO0KOB, B KOTOPBIX BBIJEJIEHBI HYJIEBbIE U 00pa-
TuMble 6J0Ku. [lopobHO omucan METOM HAXOXKIEHUS BJIOUHON CTPYKTYPHI My IKa
¥ COOTBETCTBYIOIUX TIPMBIX PA3JIOYKEHUN MTPOCTPAHCTB. [loKa3aHbl Crrocodb mo-
CTPOEHUST IPOEKTOPOB, TMO3BOJISIONIIX BBIIEIUTEH TpebyeMble OJIOKH.

Baarogapaocth. UccienoBanve BBITIONHEHO TIPU YaCTUIHON TPAHTOBOMN
mojepRKke  l'ocymapcTBeHHOTO  hoHAA — (PYHIAMEHTAJLHBIX — HCCIEIOBAHMIM
(mpoext P83/82-2018).

ORCID ID
M. S. Filipkovska (Filipkovskaya) https://orcid.org/0000-0002-2266-1243

REFERENCES
1. F.R. Gantmacher. The theory of matrices. 2010. FIZMATLIT, Moscow, 560 p.

2. M.S. Filipkovskaya, Lagrange stability and instability of irregular semili-
near differential-algebraic equations and applications, Ukrainian Math. J. —
2018. — 6. V.70 — P. 947-979.

3. Ju.L. Daleckii, M.G. Krein. Stability of solutions of differential equations in
a Banach space. 1970. Nauka, Moscow, 536 p.

4. P.R. Halmos. Finite-dimensional vector spaces. 1958. Van Nostrand, Pri-
nceton, 200 p.

5. A.G. Rutkas. Cauchy problem for the equation Ax’(t) + Bxz(t) = f(t), Differ.
Uravn. — 1975. — 11. V.11 — P. 1996-2010.

6. D.K. Faddeev, Lectures on algebra. 1984. Nauka, Moscow, 416 p.

7. A.G. Rutkas, L.A. Vlasenko. Existence, uniqueness and continuous
dependence for implicit semilinear functional differential equations, Nonlinear
Anal. — 2003. — 1-2. V.55. — P. 125-139.

8. L.A. Vlasenko. Evolution models with implicit and degenerate differential
equations. 2006. Sistemnye Tekhnologii, Dniepropetrovsk, 273 p.

9. A.G. Rutkas. Solvability of semilinear differential equations with singularity,
Ukrainian Math. J. — 2008. — 2. V.60. — P. 262-276.



Bicuuk XHY, Cep. «Maremaruka, Npuk/IaJHa MaTeMaTuKa i MexaHikas, rom 89 (2019) 57

@inginkoscbka M. C. BiiokoBa dopma CHUHrYJISPHOTO »XMYTKa OIepaTropiB i me-
Toxm i1 orpumaHHs. Omnucano 6J0KOBY (GOPMY CHHTYISPHONO YKMYTKA ONEpATOPiB
AA + B, n1e A\ — KOMILIEKCHHI I1apaMerp, a JjiHiiiai oneparopu A, B niioTh y CKiHYeH-
HOBUMIipHMX Ipocropax. 2ZKMyTok oneparopis AA + B Ha3uBa€TbCsd PeryJisipHUM, sIKIIO
n=m =rk(AA+ B), ne rk(AA + B) — paHr ®MyTKa Ta m, n — PO3MipHOCTI TIPOCTOPIB
(omeparopu BijoOpazkawTh n-Mipauil pocTip y m-Mipuuii). B iHmux sumaakax, To6To
KO n # m abo n = m ta rk(AA + B) < n, KMyTOK HA3UBAETHCs CUHIYJIAPHUM (He-
peryispuaum). BiiokoBa dhopma (CTpyKTypa) CKIAIAETHC 3 CUHIYIIAPHOIO OJIOKY, KUl
€ CYTO CUHI'YJIAPHUM KMYTKOM (TOOTO Bij HHOrO HEMOXKJIMBO BIJOKPEMUTH DerysisipHuUil
6JI0K) 1 peryasgpHoro 6JoKy. ¥ IuX GJI0KaX BUILIEHO HYJIHOBI OJIOKYM Ta GJIOKH, AKi € 000-
poTHHUME Omeparopamu. /lerajgpHO ONMMCAHO METO OTpUMaHHSA OJIOKOBOI (hOpMHU CHHTY-
JIAPHOTO YKMYTKa, OIIEPATOPIB y ABOX CHEIiaJbHUX BUNAIKAX, Koju rk(AA+ B) =m <n
ta Tk(AM 4+ B) = n < m, i B 3aranbHomy Bunazky, koau rk(AA + B) < n,m. Ha-
JAHO CIOCOOM MOOYIOBH IPOEKTOPIB HA MiAMPOCTOPH 3 MPAMUX PO3KJIA AHb, BiIHOCHO
SKUX YKMYTOK MA€ MOTPIOHUIT OJIOKOBUT BUTIISIA. 3a JOMOMOTOI0 IINX MPOEKTOPIB MOYKHA
3HAMWTH BUTIA OJIOKIB i, BiaAmoBiaHO, 010KOBY (bopMy kMyTKa. HaBemeHo mpukiaam 3Ha-
XOPKEeHHsT 0JI0KOBOI (bOpPMU 111 PI3HUX THINB CUHTYISPHUX KMYTKiB. JIjd oTrpuManHs
6710k0BO1 (hbOpMH, 30KPEMA, BUKOPUCTOBYBAJIUCS PE3YIHTATH, [0 CTOCYIOTHCsSI 3BEIEeHHS
CHUHI'YJIAPHOIO 2KMYTKA MaTPHUIb 10 KAHOHIYHOIO KBA3i/iaroHAJIbLHOIO BUIJIALY, SKUI Ha-
3UBalOTh KaHOHIIHOIO (opmoio Beitepmrpacca-Kponekepa. TakoxK BHKOPHUCTOBYIOTHCH
MeTOI¥ JIHIHHOT ajredpu.

Orpumana 6;10K0Ba popMa KMYTKA Ta BiMOBIIHI TPOEKTOPHU MOXKYTH OyTH BUKOPH-
cTaHi Mpu PO3B’g3aHHI PI3HOMAHITHUX 3a/1a49. 30KpeMa, BOHH MOXKYTh OyTH 3aCTOCOBaHi
JIs 3BEJIEHHS CHHTYJIAPHOINO HAIBJIHIMHOIO MudepeHiaibHO-0IepaTOPHOrO PiBHIHHS
JI0 eKBIBAJIEHTHOI CHCTEMH i3 CyTO nudepeHIiajbauX i cyTo aarebpaidrmx piBHsSHB. 1le
3HAYHO TOJIETTIIY€E aHAJII3 Ta PO3B’g3aHHs Ar(EPEeHITiaTbHO-OMEPATOPHUX PIBHIHD.
Karwuoei caosa: KMyTOK OMEPATOPIB; KMYTOK MATPHWIlh; CHHTYIAPHUN; PEryaspHUit
6710K; O;10K0Ba (popMa; CTPYKTYPa.

M. S. Filipkovska (Filipkovskaya). A block form of a singular pencil of operators
and a method of obtaining it. A block form of a singular operator pencil AA + B,
where )\ is a complex parameter, and the linear operators A, B act in finite-dimensional
spaces, is described. An operator pencil AA + B is called regular if n = m = rk(AA + B),
where rk(AA + B) is the rank of the pencil and m, n are the dimensions of spaces
(the operators map an n-dimensional space into an m-dimensional one); otherwise, if
n # morn =m and rk(AA + B) < n, the pencil is called singular (irregular). The
block form (structure) consists of a singular block, which is a purely singular pencil,
i.e., it is impossible to separate out a regular block in this pencil, and a regular block.
In these blocks, zero blocks and blocks, which are invertible operators, are separated
out. A method of obtaining the block form of a singular operator pencil is described in
detail for two special cases, when 7k(AA + B) = m < n and rk(AM + B) = n < m,
and for the general case, when rk(AA + B) < n,m. Methods for the construction of
projectors onto subspaces from the direct decompositions, relative to which the pencil
has the required block form, are given. Using these projectors, we can find the form of
the blocks and, accordingly, the block form of the pencil. Examples of finding the block
form for the various types of singular pencils are presented. To obtain the block form,
in particular, the results regarding the reduction of a singular pencil of matrices to the
canonical quasidiagonal form, which is called the Weierstrass-Kronecker canonical form,
are used. Also, methods of linear algebra are used.

The obtained block form of the pencil and the corresponding projectors can be used
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to solve various problems. In particular, it can be used to reduce a singular semili-
near differential-operator equation to the equivalent system of purely differential and
purely algebraic equations. This greatly simplifies the analysis and solution of differential-

operator equations.
Keywords: operator pencil; matrix pencil; singular; regular block; block form; structure.
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Hucaennoe moaeaupoBanue BVI-niiyma
JABYXJIOMACTHOT'O POTOPA BEPTOJIETA
CUHYCOMJAJIbHOU (POPMBI
Jykpsnos I1. B!
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03680, Yxpauna
petr_lukianov@bigmir.net

B pa6ore mocrasiena u pemnena 3amada remepammu BVI-mmyma mByxstoma-
CTHBIM POTOPOM BEPTOJIETA CHHYCOUAATBHON (DOPMBI BIIOJIb MO PA3Maxy JIOMa-
cru. Boinosaen pacdaér xapakTepucTuK OJIUKHEr0 U JTAJIbHErO 3By KOBbBIX MTOJIEH.
IIpoBemen CpaBHUTEIBHBIN AHAIN3 TOIYUYEHHBIX TAHHBIX C JAHHBIMUA I IBY-
XJIOTIACTHOTO POTOPA, € JIOMACTAMHU TPAMOYTOJIbHON (hopmbl. [jisi poTopa cuHy-
conaIbHOM (POPMBI B OOJIBITUHCTBE PACIETHBIX CiIydaes myMm Ha 3-5 /16 Huxe,
9eM y POTOpa C JIOMACTIMHU IPAMOYToabHOH (opmbl. [Ipu aTom mHabmomaercs
CYIIECTBEHHOE TIEPEPACIIPEICTICHIE SHEPTUH 3BY KOOOPA30OBAHUS U3 ITPOIOTHHBIX
B MOTIepeYHbIe BOMHBIL. VHTEphQEpEeHITMOHHAsS KAPTHHA TOBOPUT O CJIOKHOM HEe-
JINHEWHOM XapaKTepe TeHepUpyeMoro myma. B crmekTpe ero akTuBM3MpyTCs
0oJtee BbICOKHE 9aCTOTHI. Bapuarus hopmMbl JIOTACTH BAOJb MO PA3Maxy MO3BO-
JIsleT BJMATH HA Xapakrep u yposeub BVI-mrywma.

Karouesnvie carosa: renepanus 38yka; Bepronér; BVI-mym.

Jlyk’ssuos I1.B. Hucespne momentoBanus BVI-nrymy aBosiomaTeBoro
poropa reJqikonrepa ciHycoigaiabHol dpopmu B poboTi mocraBsieno ta qu-
CeJIbHO PO3B’s13aH0 3a7a4y remeparii BVI-mymy aBosonarreBuM poTopom redi-
KOTITEpa CiHyCcoimabHOI (popME B3I0BK 3a PO3MaXoM Jonari. Bukonamo po3pa-
XyHOK XapPaKTEPUCTUK OJMKHLOIO Ta JIAJbHBOIO 3ByKOBHX 10JiB. IIposeseno
TOPIBHAIBHUHN aHA3 OTPUMAHUX JAHUX 3 JAHWUMHU JIJIS JTBOJIOTIATEBOTO POTO-
pa 3 jomaramu TpaMOKyTHOI dopmu. st poropa cimycoimanbuoi dbopmu y
OLTBITIOCTI PO3PAXyHKOBUX BUMAIKIB mrym Ha 3-5 /10 HukYe, a HiXK y pOTO-
pa 3 gomaramu TpaMoKyTHOI ¢opmu. Ilpu mpomy crmocrepiraerbesa icToTHHMI
IepepPO3IIO/IiT eHepril 3ByKOYTBOPEHHS 3 MOB3IOBXKHUX y MOMEepedHi XBumi. IH-
repdepentiiiina KapTuHA FOBOPUTH PO CKJIAJHAN HEJTIHIHHUN XapaKTep IIyMy,
IT[0 TEHEPYETHCA. Y CIHEKTPi HOTO aKTHBYIOTHCS OibIT BHCOKI YacToTu. Bapia-
1ist (hopMmu JomaTi B370BK 33 PO3MAXOM JO3BOJISIE BIVIMHYTH HA XapaKTep Ta
piBeab BVI-trymy.

Karouosi caosa: reneparis 38yKy; rexikonrep; BVI-mmywm.

P.V. Lukianov. BVI-noise simulation of two-blade helicopter’s rotor
sin-shape In this paper a problem of BVI-noise generation by two-blade rotor
sin-shape is set and solved. A sound density and a pressure level for far and
near-field have been calculated. A comparative analysis of the data with ones
fortwo-blade rotor with rectangular blades has been carried out. Sin-shape rotor
noise for most case of calculations has 3-5 Db less then the noise of rotor with
rectangular blade. Here essential reapportionment of energy of longitudinal
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sound waves to s-waves is observed. Interference figure says about complex non-
liner character of generated sound. Its specter activates more high frequencies.
Blade shape variation along the blade sweep allows controlling character and
level of BVI-noise.

Keywords:sound generation; helicopter; BVI-noise.
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1.BBenenue

YpoBeHnb reHepupyeMoro Imyma B3ammogeiicteust jonactn u suxpeii (BVI-
Iy M) CYIIECTBEHHBIM 06Pa30M 3aBUCAT OT MPOIOJIBHON TeOMeTpUH JIOmacT. BHa-
4JaJjie Pa3sBUTHUs BEPTOJIETOCTPOEHHNS JIONACTH POTOPA BEPTOJIETA KOHCTPYKTHUBHO
UMeJI TTPSMOYTOIbHYI0 (bopMy. B mocsiencTBun uM cTajiu NpuaaBaTh Pa3IndHy 0
dopmy HA KOHIAX, 9TOOBI CHU3UTD BANSHIE KOHIIEBBIX BUXPEH Ha TEHEPAITHIO IITy-
Ma a3pOAMHAMUYECKOr0 MPOUCKOXKieHusi. M TOJIBKO Ha NPOTSKEHUH TOCETHUX
TOJTyTOPA JIECSITKA JIeT BEAETCA WHTEHCHUBHBIN MOWCK HOBBIX MPOMOJBHBIX (HOopM
Jonacreil BIOIL 110 pa3Maxy.

Kak u3BectHO B 2K1MBOII ipupojie Bce (hOPMBI COBEPIIEHCTBOBAJIUCH HA, IIPOTS-
JKeHUuU Thicsiaesietnii. [1oaToMy pasnoobpas3HbIM MaIllImHaM, JETATEJBHBIM aTla-
paraMm, CO3TAHHBIM YeIOBEKOM, CTAPAIOTCA NPUAATh (POPMY TeX WJIN UHBIX YKU-
BBIX Opranmn3MoB. Tak B mocjeHee BpeMs TPHU IPOEKTUPOBAHUY JIOTIACTH POTOPA
BEPTOJIETa HACTOJBKO BUJIOM3MEHWM/IACH, 4TO Npuban3usiach 1mo ceoeil gpopme K
nTuabeMy Kpblty (wing-blade).

B macrosiee BpeMsi HAOII0A€TCA TEHJIEHIUS K TTOUCKY HOBBIX MaTeMaTHe-
CKUX MOJIeiel, TO3BOJIAIONIUX U3y IUTh TeI€HNE BOKPYT JIONACTU BUIOU3MEHEHHOM
dopmsr ¢ neapio cankenns BVI-myma. Tak B pabore |1 msyaaerca BVI-mym
JIOIIACTU BEPTOJIETA 10| JeficTBUeM HecTaluoHapHoil Harpy3ku. Mojesmposanune
CKOPOCTHU BOKPYT JIOTIACTHU BBITIOJIHSAETCS Ha, 0cHOBe 3akoHa bro-Casapa, B TO Bpe-
MsI KaK TE€UEHUE B 1EJIOM CUUTACTCH MOTEHIIMATbHBIM, VIOBIETBOPHAIONIUM YpPaB-
wvernto Jlamraca. 9T0, KOHEUHO Ke, JOBOJBHO TaKU TPOTHBOPEUMBHII TTOIX0/, TIO-
CKOJIbKY 3ak0oH buo-Capapa mozpasyMeBaeT CyIIeCTBOBaHHE 3aBUXPEHHOCTU BO-
KpyT JioTlacT, a ypaBHeHue Jlamnaaca crpaBeyinBo b JJIs 1J1eaJbHOM HECKH-
MaeMol KUJIKOCTH, TTOTEHITNATBHOTO TedeHnst. AKycTrIecKas (hopMyTHPOBKa 3a-
Jlady UCIIOJIB3YETCs B BUJIE U3BECTHOrO npejicrasiennst Popcaiita (hopma Al) [2],
ITOJIYYEeHHOT'O C ucnoJib3oBanueM (opmysbsl Poyke - Yusibsmcs - Xoykunrea. B ka-
9eCTBE PACUETHBIX JAHHBIX B paboTe, B TOM YUC/Ie, TTPEACTABIEHBI a3UMYTa/IHbHBIE
pacipejiesieHusi yIbCAINi aKYCTUYECKOT'0 JaBJIeHts, KOTOpbIe OJIM3KHA K KPUBBIM,
nostydeHsbim B pabore [3]. B pabore [4] m/1s akyCTHUECKOTO 10/t TAKKE UCHOJIb3Y-
ercst npexacrasenne Gopcaiita, B TO BpeMsi KaK KOMIIOHEHTHI CKOPOCTH W yCKOPe-
HUsI, TeHCTBYIOMINUX HA JIOMACTb, MOJEIUPYIOTCS HA OCHOBE YIIPOIIEHHBIX MOIE/Iei
TEOPETUIECKON MEXaHWKY, HE Pellias ypaBHEHWH aspoJuHaMuKn. ABTopaMu JaH-
HOit paboThI TIPEJICTABJIEHbI JUArPAMMBI PACIIPe/IeJIEHNs] 3BYKOBOTO JTaBJIEHUS U
VPOBHSA ITyMa IJid TPEX PEKUMOB TIOJIETA: JIEBBIN MOBOPOT, TOJET HA 33 aHHOM
YPOBHE, TIpaBbIil OBOPOT. Pe3ysbraThl pacuéroB mokasaju, YTo IIyM IIPHU MOBO-
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porax (MaHeBpax) BhIe 1rymMa npu npaMom mosére na 6 J16 (110 16-116 J16). 1
9TOT ACIEKT eIé pa3 HaM JaéT IOHHATH, IOYEMY CTOMT OOpaTUTh BHUMAHUE HA
TpuUpoaHble (POPMBI KPBLIBEB MTHUI] - YTOOBI CHU3UTH IIYM MPH MaHEBPAX.

B paGore [5] a1t MOIeTMpOBAHUST TI0JIsT CKOPOCTH UCTIOJIB3YETCST METOJT BUXPeii
B siueiike (vortex lattice method - VLM), a pacuér akyCTHIECKOTO TIOJIST TAKIKe
BBITIOJIHEH Ha ocHOBe dopmyiibl Popcaiita. [losmyyennpie nanHbie aKyCTUIECKO-
0 ypOBH maBjeHud Kojaebmorcs B npemenax a0 119 J16. Kpowme Toro, mexoro-
pBIe aBTODHI [6] [1s1 MOIEIMpOBaHUs MO/ CKOPOCTE MCIOMb3YIOT JlarpaHKeBs
KOOPpAWHATHI, a [AJid OIECHKHW IyMa a3POAMHAMUYICCKOT'O MPOUCKOXKIACHUA TaKZKe
ucos3yioT dopmyny Popcaiita. B pabore [8] mcmonb3yercss MOIenb u30TPO-
1IHOTA Typ6yﬂeHTHOCTI/I I{&pMELHa7 a JJId aKyCTUYECKOI'O IoJId - aCUMIITOTUYCCKUE
dopmyssl Amuera.

Opmako pacdér nous ckopocru 1o ynpoménusiM (1], [4]-[8] momensim mo3so-
JISIET JIUIIB TPUbJIMKEHHO O1leHUTh rerepupyembiit BVI-mym. Ecin ke peub ugér
0 TPOEKTUPOBAHUHT MAJIOINTYMHBIX JIOTACTEH, TO 31eCh HEOOXOMUMBI DOJIEE TOUHBIE
JIaHHBbIE O ITI0JI€ CKOPOCTH, JaBjeHus BOKpyr Jjomactu. s roit mneaum Heobxo-
JuMo perrarh ypapaerne Jiiepa (mim Habe-Crokca) COBMECTHO ¢ ypaBHEHUEM
HepaspoiBHOCTH. Takoit momxo mpejioxkeH B pabore [9], akycTmdeckas 9acTb
3a/la4u Takzke pernaercd na ocuose mogenn Popcaiira. B pabore [10] [8] sxcie-
PUMEHTAIBLHO TPOBEPEHBI Moje u, onuckiBatorme BVI-mmym. Tak okazasock, 910
JIByMepHbIe HECTAIMOHAPHBIE MOMEN JTOCTATOYHO XOPOIIO TOIXOAAT I U3yUe-
HUA TIyMa IIpU HpHMOHI/IHQﬁHOM O6TeKaHI/H/I JIOIIACTU IIOTOKOM. HpI/I ITIOCTAaHOBKE
JIOTIACTH TI07] YIJIOM K MOTOKY (Kocast 06IyBKa), OHU y2Ke He YIOBJICTBOPHUTEb-
HBI: HEOOXOMMMa, TPEXMepPHas MOJIENh TeUeHNsI. B CBsA3M ¢ TeM, 9TO B TOCTEIHee
BpeMsI OCHOBHOW aKIIEHT [PU MOJIETUPOBAHUN MAJIONIYMHBIX JIONACTEH Jieaercs
Ha BapbupoBanune (POPMBI JOMACTHA BAOJbL 0 €€ pPa3Maxy, OUYEeBUIHBIM CTAHOBU-
TCsl UCIIOJIb30BAaHUE TPEXMEPHBIX MOJIEIENl TeueHus BOKpyT Jonactu. HexoTopbie
YUE€HBIE TIBITAIOTCS, HE UCIIOJIb3Ys ITOT0, IPEAIPUHATE BCIKOTO POJIa YXUIPEHNH
[11], mampumep, caesaTh MepeHIO KPOMKY JIOMacTh 3y69aToif. DTo mO3BOJIsIET
[Py OIPEAEAEHHBIX COOTHOIIEHUAX IAPAMETPOB TeYeHUsi CHU3uTh Irym Ha 3 J16.
OHako BIOJIHE OYEBUIHO, UTO 3y0UATOCTH cama Mo cebe TPUBHOCUT JOTTOJTHU-
TeJIbHBIE BO3MYINEHNUS B MTOTOK: OJHU YaCTOTHI OHA MOXKET TaCUTh, B TO BPEMs KakK
IPyTHe JUIb BO3OYKIATH TPU OMPEIEJIEHHOM CHUYKEHUN YPOBHS IIYMa B IIEI0M.
B paforax [12], [2]| Tak:ke TpUBOIUTCS KaK YUCJICHHOE, TAK U IKCIEPUMEHTATBHOE
TTOATBEPK ICHE HEOOXOMMMOCTH PEIeHre MOJHON TPEXMEPHON 3aa9u IO HAXO-
JKJIEHUI0 KOMITOHEHT TI0JIsi CKOPOCTH, JABJIEHUS.

Caenyer ormerurs, uro moxxon Popcaiita 2|, Kak yKe aKIEHTHPOBAJIOCH
B pabore [13], JoCTATOMHO HEOIHO3HAYEH: UCIIOJIb30BaHKE Teopur 060BLIEHHBIX
QYHKIMIT TPUBOINT K KaPAWHAJILHOMY TPEOOPA30BAHNIO BCEX PEIaeMbIX YpaBHe-
HU, TIOSIBJIEHNTO "HOBBIX UCTOYHUKOB'3ByKa, KOTOPBIX TO HAa caMoM jnejie HetT. s
n3beKaAHUA TAKOM HEOJHO3HAYHOCTH aBTOPOM JTaHHOW PaboThl paHee ObLIA Tpe-
JUTOKEHA 3aMKHYTast CHCTEMA, YPABHEHU N a9POaKyCTUKHU, & JJIs TAJBLHEr0 T0JIst 0~
JIYUEHO WHTETPAJBHOE TIPECTaB/IeHNe Ha OCHOBAHUHU BTOPOI (popmyssl ['puna. C
UCIIO/Th30BAHNEM ITON MO ObLIN PEIeHbl PsiJl 3a1a4 1o uzydenuto BVI-yma
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Jisi Jlonacreil BujonsMeHeHHo# Gopmbl Biosib 10 pasvaxy [14], [15]. B upen-
CTaBdeMONl HuXKe paboTe peliaercs 3aJiada I'eHepaluu IIyMa JBYXJIO0IMacTHOTO
poTopa cuHycoumaabHON GopMbl. BBITONHEH CPaBHUTENBHBIN aHAJIW3 MOJIYIeH-
HBIX PACYETHBIX JTAHHBIX C PACHETHBIMW JIAHHBIMU MJI5 JIBYXJIOTACTHOTO POTOPA
IpsIMOYTOJIbHOMN hbopMbI [16]. B wacTHOCTH 3aMeueno, aTo MomuduKaIms hopMbl
Jiontactu criocobcTryer caukennio BVI-riryma.

2. ITocTanoBKa 3amayun. MeTo 1 perieHnsa 3aaa49u

[Tycts ects monacts (puc.l), hbopma KOTOPOIl B TIOCKOCTH €6 Pa3Maxa NUMeeT
dopmy curyconipl, To ecTh byukiyun f = sinz. [Ipu 3r7oM MakcuMaIbHAS AMILIH-
Tyaa n3rubda, MHOXKATEIb pu sinz, cocrasiaget 0.1,;0.15. Takum obpazom, n3rud
JIonacTu Beibupaercs ue 6osee 15%. JlonmacTh B IpOM3BOJILHBIE MOMEHT BpeMeHU
MOBEPHYTA B IJIOCKOCTH BPAIEHUS HA HEKOTOPBIH YrOJl (¢ M PACIOJIOKEHA TIOJ1
YIJIOM aTaku y K Haberaroriemy Ha Heé ¢ OeckonedHOCTH (Us, poo) moTOKY. Ha
KOHIIE JIOTIACTH WHAYNUPYyoTca Buxpu CKysiam:

e p=Ll, (1)

/’?
1L+72 1.

Vo=12 Uy

a BJIOJIb €€ pasMaxa - 33JlaH0 pacupeaesnenne suxpeit Teitmopa:

T —(r/r
V9 = %maz?ewpl (r/ C)2~ (2)

c

B ypasuenuax (1)-(2) r, 0, r. - paguanbaasi KOOpAUHATA, a3UMYyTaIbHASA KO-
OP/IMHATA U PAJUYC BUXPEBOTO spa COOTBETCTEHHO.

Puc. 1: Ipyxonactubiit cuayco00pasHbiil pOTOP.

Cuauraem, 4TO TEeUeHWE BOKPYT JIOMACTH HAEATbHOE CXKUMAEMOE, a TEIIOBhIe
U3MEHEHUs] He BJIUST Ha (POPMUPOBAHUE TEUEHHUS U FEHEPUPYEMOTO UM 3BYKA.
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HeO6XO,ZLI/IMO HaUTH XAPAKTEPUCTUKU 'CHEPUPYEMOTI'O 3BYKOBOTI'O 110JI4, BBITIOJTHUTDH
CpaBHEHNE UX C JAHHBIMU PACIETA JJIA IBYXJIOMACTHOTO POTOPA C JIOMACTAMI IIP-
MOyTosIbHOMN (hbopmbl [16]. MaTemaTuuecku 3a1a9a COCTOUT U3 a9POIUHAMUAIECKON
W aKyCTUYIeCKOi dacreit. Tederne BOKPYT JIOMACTH, adPOSMHAMUIECKAT 33/a9a,
ONUCBHIBAECTCA CUCTEMON ypaBHEHUN

dv op

— =Vp, div(pt)+ = =0 3

Py = Vo, diw(pv) + (3)
IlepBoe w3 ypasHenuii (3) - ypaBHeHue apukenusi B hopme Ditrepa. Bropoe

ypaBHEHWE - ypaBHeHme HepaspbiBHocTH. Ha moBepxuoctu [ kécTro#l omacTu

SaﬂaéTCH yCJIOBHE HEIIPOTCKaHNA TeICHUA:

Ypasuenus (1)-(4) npeacrapasior coboii a3pOSMHAMUTECKYTO 33/1a9Ty.
Axycrudeckast 3aa9a COCTOUT U3 CJEAYIONIEH CHCTEMBI ypaBHEHMIL:

0%p C
Ttg —a*V?p =div[p(Vv-Vp + (V x V) x
2
><V<,0+V-Vgo)+p(V%+(V><v) X V)]

+div(v - div(pVe + p v)) — div(p F) +
+div(Ve - divpv) + Va? - Vo' (5)

/
687/; +pV20+ Ve -Vp+pdivw+v-Vp =0, (6)

B ypasrenusax (5)-(6) p, ¢ - MaJble BO3MYIICHUS IJIOTHOCTH M 3BYKOBOM 110-
rennuasl. B HayanibHbI MOMEHT BpEMEHHU ,0;10, p1=0 = 0 . I'parnunoe ycaosue (1o
CKOPOCT#M) /Il 3ByKOBOII BOJIHBI BKJIIOUEHO B (2).

Kaxk zamaga (1)-(4), tak n 3agaqda (5)-(6) permasachk ¢ MOMOIIBI0 YUCICHHO-
anasnTraeckoro nogaxona [16]. Ipu sTrom B 06onx ciyuasix pacdérHas cucTeMa
cocrosiia U3 15 ypaBHEHWIT JJIsi ONpeIeeHnst COOTBETCTBYIOMNX HEU3BECTHBIX
dyukimn, eé nponspoaabix. CeTka BHIOMPAIACH TAaKO e, KaK U JIisT paHee pe-
MEHHBIX 3a/a49, eUHCTBEHHOE OTIMYHE COCTABIAIO DOJIBINEE KOJHIECTBO Y3JI0B
MO TIOTIEPEYHOMY CEeYeHHU0 JIOMacTh: BMecTO 80 TOYeK 37eCh 3aJaBajnch 82-85
TOYEK IS YCTOHIUBOrO CYETA.

3. BauxkHee 3ByKOBOE TOJIE

IIpm pacuére 3amaun ucmoabzoBascs mpodpuab NASA-0012 mapabonudeckoi
dopmbr. BVI- miym urpaer Baxkuyo pojib Urpaer mpu MaHéespax Beprosaéra. [lo-
sromy uncia Maxa Haberarorero Ha JIONacTh MOTOKA, BRIOUPAJINCH CPABHUTETBHO
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nebosibime: M = 0.3, 0.4. YroJ 110CTAHOBKHK JIOHACTH K 1IOTOKY ObLIM PaBHbIMH
a = 30° — 45° | a yrou araku v = 5° 10° . Emé ojun u3 mapamerpoB, KOTO-
PBIit BAapBUPOBAJICS B JAHHOI 3a/1ade, 9TO cTeneHb uaruba Jjgonactu: 6 = 0.1, 0.15
OTHOIIIEHNE MAKCUMAJIBHOMI AMIIJIMTY bl OTKJIOHEHUA CUHYCOUABI OT HeHTpaJ[bHOfI
JINHUW JIOTIACTH K JIJINHE CAMOH JIOTIACTH.

0.008 0.01

0.006
0.005
0.004

0,002

-0.005

Puc. 2: Bepazmepnas axyctuueckas miotaocTs, M = 0.4, v = 10° § = 0.1,
a = 45° a) HACTYNAOIIAsT JONACTh, b) OTCTYIAIOIIAs JIOTACTh

0.015
0.01

0.005

-0.006

Puc. 3: Bepasmepnas akycrudeckast mioraocts, M = 0.4, v = 10° § = 0.1,
a = 30% a) HACTYHAKOIIAs JIONACTh, b) OTCTYHAONAS JOTACTH

YucjteHHbIi ¢I€T ObLIT BBINOJIHEH I PA3INYHbIX 3HAUEHU T YKA3AHHBIX BHIIIE
mapamerpoB. OIHAKO KAYECTBEHHO HE BCE U3 PACUYETHBIX CUTYAIUH OTIHIAFOTCS
JIpyr OT Apyra: HabJ/IOMATCS JIMIIb KOJUYecTBeHHble oTianyus. [losromy HuKe
MIPEeACTaBUM aHAJIN3 IIOJyUeHHBIX JIAHHBIX JIJIsT XaPaKTEPHBIX PACUETHBIX CHTYa-
I,
Tak B cayuae M = 0,4, 6 = 0.1, v = 10° « = 45° (puc.2a) y Hacryuar-
meli JI0macTh YETKO BBIPAYKEH MCKPUBIEHHBIN BOJHOBON (DPOHT, 00yCIOBICHHDBIE
dopmoii TonacTy BI0JB TI0 pa3Maxy. Bese 3a HuM HabII0aeTCsd BTOPUYHAS BOJI-
HOBas cepusi. AMILTUTY/ 18, €€ B HECKOJIBKO Pa3 MEHBIIIE aMILJIUTY bl TIEPBOI CePUH.
Hasee, mBurasich monepéx JIOMACTH, 3BYKOBast BOJIHA, PACIIAIAETCs Ha ¢1ab0 BBIpa-
JKEHHbIE, TI0 CPABHEHWIO C IEPBOI cepwmeii, BOJHOBBIE (DPOHTHI. Y OTCTYIAIOIIEH
gornactu (puc. 26) nepeaHuit BOJIHOBOM (DPOHT GoJice PABHOMEPHO PACIIPE/IEsIEH Ha
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NpOTsKEeHUN Beelt pyuabl jiomact. OMHAKO y OTCTYHAIIEH JIonacT Hab 0 1ae-
TCsl CYIIECTBEHHAsI aKTUBU3AIUs [IUKOB 110 IIEHTPY JIOMACTH 110 BCEMY €€ pa3Maxy.
DTO FOBOPUT O TOM, UTO IIPOUCXOIUT TEPEPACTIPEIETCHNE SHEPTUU TeHEPUPYEMOTO
3BYKa Y OTCTYMAOIIEH JOTACTH TI0 TTOBEPXHOCTH JIOTACTH. KC/IM y HACTyTAOIIe
JIOMACTH MaKCHMAJIbHbIE YPOBHI IVIOTHOCTH p HAGIIONAIOTCS B 0OIACTH eperHed
KPOMKM, TO Y OTCTYTAIONIEH JIOMACTH OHW PACTIOIATAIOTCS B TIEHTPE JIOTTACTH.

0.004

0.002

-0.002

-0.004

Puc. 4: Bepazmeprast akycrudeckas mioTHocTs, M = 0.4, v = 10°, § = 0.15,
a = 30% a) HACTYHAKOIAs JI0NACTh, b) OTCTYNAONAS JTOTACTh

Bapuarus yria nocranosku jonactu K Haberaromemy notoky o = 30° (puc. 3)
IMPUBO/IUT K CHUYKEHUIO aMIIUTY/] [IepBOii cepuil BOJHOBBIX (GPOHTOB (puc. 3a), B
TO K€ BpeMsi HabJII0/IAeTCs PE3KOE 1IOBBIIIEHNE AMILIUTY)L HOCIEJAYIOIINX CEPUil,
6IMKe K TIeHTPY JIOTACTH. DTO YKA3BIBALT Ha, CYIECTBEHHOE BINSTHUE PACITOIOKE-
HUS JIOTACTH B HAOETAIOIIEM TTOTOKE HA XapaKTep 3BYKOOOpa30BaHUdA. Y OTCTyMa-
omedt monactu (puc. 36) HABIIOIAETCS AKTUBHOE 3ByKOOOPA30BAHNE HE TOJLKO 10
IEHTPY JIOMACTH, HO 37IeCh TaKKe (hOPMUPYIOTCS JIBa PE3KO BBIPAXKEHHBIX MOITe-
pednbIX BOJHOBBIX (bpouTa. JlamHaa KapTuHa COBOPUT O TOM, UTO OTCTYIIAIONIAT
JIOTIACTh MHTEHCUBHO IeHEPUPYET 3BYK 10 BCEl TTOBEPXHOCTH JIOTTACTH.

Ecmm yBenmunth crenens msorayroctu jgonactu 0 = 0.15 (puc.4), To crano-
BUTCs GoJiee 3aMEeTHON 3aBUCUMOCTL (POPMBI JIOIACTH B TIEPBUYHON CEPUM ITUKOB
(puc. 4a), KOTOpbIE UMEIOT GOJBITYI) AMILTUTYLY, Y€M B CIydae MpsMOYTOTbHOM
JIOTIACTH, MPU CYIECTBEHHOM CHIUXKEHWH yPOBHEl BTOPHYHLIX BOJHOBBIX (DPOH-
TOB. Y OTCTyLAIIEH JIONacTH TaK»Ke aKTUBU3UPYETCs 3ByKoobpa3oBanue BO/n3u
nepenneil KpOMKY JIOIACTH U 3aMeTHA OOJIbIIasl aKTUBU3AIINs, 110 CPABHEHHIO €O
cayaaem 0 = 0.1, momepednoro (ppoHTa B HEHTPAJIBHON YaCTH JIOIACTH.

YMeHbIenue yryia ataku Jornacta vy = 5° (puc.5,6), a TakKe yMEHbIICHHe
quciaa Maxa naberatomero noroka M = 0.3 (puc.7,8) aenaer 46TKO BbIPDAZKEH-
HBIMU, TPAKTUYECKN CUHYCOMIAAILHON (DOPMBI, Tepeanne MUKW y HACTYIAIOIIeH
JIOTIACTH, [P 3aMETHOM CHUKEHUM aKTUBHOCTH (yDPOBHsI) 3BYKOOODA30BAHUS TI0-
CJIEYIONNX BOJHOBBIX (ppoHTOB. [Ipm 3TOM y OTCTymaiomeit JomacTn OTIETIUBO
BHUJIHO (hOPMUPOBAHME PsIJIa CEPUIT IOTIEPETHBIX BOTHOBBIX (DPOHTOB. DTO TOBOPUT
HaM O TOM, YTO HE 3aBUCHMO OT BAPUAIMH TAPAMETPOB 38/1a491, OTCTYIAIOIIA JI0-
ACTh TPAHCHOPMUPYET TPOJOTbHbIE BOBMYIIEHIS HAOETAIONET0 TIOTOKA B CEPUIO
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TIOIIEPEIHbIX 3BYKOBBIX BOJIH.

0.015

Puc. 5: Bepazmepnas akycruueckas miotaocts, M = 0.4, v = 5° § = 0.15,
a = 45° a)HacTymamoomas JOMacTh, b) OTCTYNAOIIAs JIOTACT

0.015
0.01

0.005

Puc. 6: Bepazmepnas akycruueckas miotaocTs, M= 0.4, v = 5° § = 0.15,
a = 30° a) HACTYMAOIIAS JOOACTh, b) OTCTYMAIONIAS JOTACTD

CpaBuenne JaHHBIX pacdéra OJMKHEro MoJid C IOJ00HON 3ajadeli, Tie Jo-
acTh POTOPaA UMeJIa HPsMOYroJbHyto dopmy [16], nokasano cuiepyromue pasiu-
qusi. Y HACTYIAIOIIei JIOIACTH BCE MPOJIOJIbHBIE BOJHOBBIE (PPOHTDI, HAUUHALA OT
mepesiHeil KpOMKHU, UMEOT 3aKpPyIJIEHHYI0 orubaroriyr. OHa ompeenseTcs CUHy-
conmaabHO hbopMoit JJomacTH BAOJL 10 paszMaxy. Jag npsaMoyroisHO| J0TacTH
MIPOJIOJILHBIE BOJTHOBBIE (PPOHTHI UMEIT Psifi MAKCUMYMOB, HO OCTaJIbHAsT YacTh
HX OTPAsKAeT IPSIMOJIMHEHOCTD JIOMACTH - YPOBEHb p BIOJb BOIHOBOTO (bpOHTA
Ha psJe OT/AEJBbHBIX YYaCTKOB MOCTOSHEH, TO €CTb DPACIPEIETEH B BHJE TPAMON
Jguann. YTo Ke Kacaercss OTCTYITAIOIIeH JOMACTH, TO 3/eCh, KaK YKa3bIBAJIOCH
BBIIIIE, [IOTIEPEYHBIE BOJHOBBIE (DPOHTHI UI'PAIOT OCHOBHYIO POJIb B 000UX CJIyUadX.
Ho mnaa smonactu cumyconmaabaoit GopMbl, B OTJIMIHE OT JIOMACTH TPSIMOYTO/Tb-
HOM (POPMBI, KOJTIUECTBO BCILIECKOB p B IONEPETHOl CepUH 3HAMUTEILHO GOJIbLIE.
Taxkum obpasom, Bapualiusi POPMbL JIOHIACTU TTO3BOJISET PACIPEIE/INTh SHEPIUTO
3ByK0OOpazoBaHusd 60/iee paBHOMEPHO II0 JIOIACTH.
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Puc. 7: Bepasmephas akycruueckas mioraoctb, M = 0.3, v = 10° § = 0.1,
a = 30° a) HacTynamomas JonacTh, b) OTCTYNAOIAs JOMACTh

Puc. 8: Bepazmeprnas akyctuueckas miaotaocts, M = 0.3, v = 10° § = 0.15,
a = 30° a) HACTYMAOIIAs JOOACTh, b) OTCTYHAIOMIAs JOMACTD

4. JlanbHee 3ByKOBOE TOJIe

JlanHbIe YUCIEHHBIX PACYETOB OIMKHErO [OJI HO3BOIAIOT BHIIOJIHATEL PACIET
YPOBHSI 3BYKOBOIO JaBJEHUS B JajbHeM moJe. lIpejcraBienue JajbHEro 1o
umeer cyeyommuii Bua [15]:

19¢° 1 0Rd¢  ,0(1/R) F /
/[R8n+ Rawon ot °  on L*ds—Mf/[RL*dSﬂw (z,t1),
S S

(7)

rie

F=p[(V¢-V)o+ (0-V) -Vl +p (0-V)o+7-div(pVo+p0) +
+Vodiv(pv). (8)

Dopmyabt (7)-(8) Gblu moTyYeHbl Ha OCHOBE U3BECTHOrO Hoxoa Kupxroda.
DTO mpejcTaBIeHne yao0HO TeM, UTO, IMesi DACIETHBIE JaHHBIE OJIHKHErO MOJI,
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Puc.9: YpoBeHb HOpMUPOBAHHOTO JAaBJIEHUs JIJId 3aKpyriéanoit gomactu (16),
M=04,v=10%0=0.1: a) a =45°% b) a=30°
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Puc. 10: ¥Yposens nopmuposannoro gasnenuns (J16), M= 0.4, v =10° § = 0.15:
a) a =45% b) a=30°
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Puc. 11: ¥posens mHopmuposannoro gaasnenuns (J16), M= 0.4, v =5°% 6 =0.1:
a) a =60% b) a=30°

Puc. 12: ¥Yposenb nopmuposannoro gasnenus (8 J16), M = 0.3, v = 10° o = 30°:
a) §=0.1, b) § =0.15

MOXKHO Cpa3y e MOJIyYUTh 3HAUEHUE TIOTeHIAaIa (1 JaBJIeHsI) B 3BYKOBOI BOJTHE
B HYKHOW TOYKe pacdeéTHOl 00JIacTH.

AHau3upys TMOJTyUYeHHBIe PACUYETHBIE JaHHBbIE YPOBHSA 3BYKOBOTO JIABJICHUS,
cJaeyeT OTMETHTb KaK Ka9eCTBEHHOE, TaAK U KOJUYECTBEHHOE MX pa3jIndue B 3a-
BUCUMOCTH OT KOHKPETHBIX PACUYCTHBIX mapaMerpon. Tak puc. 9 mokaspiBaer, 4To
MU3MEHEHHUE YIJIa PACIOJIOKEHUs JIOMACTU B NJIOCKOCTH BPAIEHUS CYIIECTBEHHBIM
06pa3oM BJIMSET HA KAPTUHY 3ByKooOpaszosauwus. st yriaa o = 45° (puc. 9a) BoJi-
HOBO# (DPOHT ILJIABHBIN C OTAETBHBIMA JIOKAJBHBIMU BCIJIECKAMHU, XaPAKTEPU3Y-
IOMWMHI HeJIMHENHBIN XapaKTep TeHepupyeMoil 3ByKOBOi BoHBI. MakcuMaabHoe
3HAYEHNE YPOBHS JaBIeHUs HAOIIOMAeTCd Ha Kpagx Jjonactu. Ho, ndaMends yrosa
a = 30° (puc.96), KapTUHA 3aMETHO MEHSIETCsl: HADJIIOMAETCs TeIast IPsiia BOJI-
HOBBIX (prHTOB MEHAOMINXCA aMIIJIUTY, 9TO CBUAECTCILCTBYET O Bblpa}KeHHOf/I
HECTAIIMOHAPHOCTH W HEJIMHEHHOCTH MPOIecca 3ByKooOpa3oBaHus.

YBenudenne CTeeHn M3rnba JIOTTACTH He TOJHKO BBIZBAIO PE3KO BHIPAKEHHYTO
KOHITEHTPAIIUIO SHEPTHH B IEPBOIl BOJTHOBOI cepun B OJIMKHEM TI0JI€, HO U CIIOCO0-
CTBOBAJIO KAPAWHATHLHOMY W3MEHEHWIO TPOTeCcCa 3BYKOOODPA3OBAHNA: OCHOBHOMN
MaKCUMYM B 3BYKOBO# BOJIHe HAaOJIO/AETCHd HA BHEIIHEM KOHIIE HACTYIIAIOIIE
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Puc. 13: ¥Yposens mHopmuposannoro gasnenus (8 J16), M = 0.3, v = 5° a = 30°:
) §=0.1, b) §=0.15

nonacru (puc. 10), B TO BpeMs KaK TeHEPUPYEMBIH ITyM OTCTYHAOIIEH JIOMACTH
3HAYUTE]HLHO HUZKE [0 YPOBHIO. YMEHBIIEHUE yriaa ataku g0 v = 5° (puc.1l)
MIPUBEIO K PE3KOMY YBEJTWIEHUI0 YPOBHS 3BYKOBOTO JIABJICHUS OTCTYIIAFOIIEH JI0-
[acTH, IPEBbIIIas /1ayKe yPOBEHb 3BYKAa HACTYIIAOIIEH JIOIACTH.

Ecan ymenbmuTs uncao Maxa maberaroriero moroka M = 0.3 (puc.12,13),
TO OTHOCHUTEJIBHAS CKOPOCTH BPAITEHUS OTCTYIAIOIIEH JIOTACTH YMEHBIUTCS H,
[IO3TOMY, BUXPEBas COCTABJISIONIAS TEUEHUS YKE UTPAET CYIIECTBEHHYIO POJIb B
xapakrepe 3Bykoobpazopanmsg. MakCuMyM BOJTHOBOTO (PPOHTA PACIOIOXKEH Ha
JlaJIbHEM KOHIE 3TOU JIOMACTU W JlayKe MPEBBINIAET 110 YPOBHIO IIIYyM HACTYIIA0-
meit jionactu. Kouresoit mym, 00pasyonmiics Tpu CpbiBe TOTOKA ¢ 00TEKAaeMOTO
TeJjia, CBSI3aH C BUXPEBOI COCTaBJIsAONIEN TeueHusd. B JaHHOM cjydae Mbl BUUM,
HACKOJIBKO CJIO2KHBIM ABJIACTCA HHTepCI)epeHHHOHHaH KapTuHa B 3ByKOBOﬁ BOJIHE:
qepeyoIecd HeJIMHEHHbIe BOJHOBBIE (DPOHTHI PABIUYHBIX AMILIUTY 00pas3y-
FOT BOJTHOBOM KACKa/JI, YKAa3bIBAOIINI HA 30HY WHTEHCUBHON reHeparun 3Byka. Ou
peaamn3dyeTcd 1mo TOM IpuYrHe, 9TO B 6.HI/I}KHGM noJie IPUuCyTCTBYIOT HECKOJIBKUX
cepuil monepeuHbIx (ppOHTOB.

Ecnu cpaBuuTh pe3ysibraThl pacuéra ypOBHS IABJICHUS C PE3YJIHTATAMU JIJIsi
poTopa € MpPAMOYTOJbHBIMU JIONACTSAMU, TO CPA3Y MOXKHO 3aMETUTh CJIE/IYIONINe
pazmuaus. B psie ciydaes miyM poTopa ¢ JOTACTSIMU CHHYCOUTATBHON (POPMBI
Ha, 3-5/16 Huxke ryma Jonacreit IpaMoyrokHOM (GopMbl. OAHAKO, B OTAEIBHBIX
PACUETHBIX CUTYAIUSIX PATUIHS [10 MAKCUMAIBHOMY YDOBHIO TIIYMa, TPAKTUIECKHT
mer. Tem He Menee, y OTCTYMAONIEH JTOTMACTH CHUHYCOUTAIBHON (DOPMBI BOTHOBAS
KapTuHa 6ojiee CI0KHALA, YeM Y JIOMACTU TPAMOYTOJBHON (DOPMBI.

Hacrorasiii ciektp myma (puc. 14-17) orobpazaer BKja 1 B ypOBEHb LIy Ma, OT-
JCJIBHBIX TAaPMOHUWK, KOTOPBIE TPUCYTCTBYIOT B HEM. Ha,I/I60.HI)H_H/I€ AMTIJIUTYIBI B
CIEKTPE TeHEPUPYEMOTO MTyMa HaOTI0AI0TCA B HU3KOYACTOTHOM 00/1aCTHU: TIepPBhIE
5 TapMOHUK BHOCAT OCHOBHOM KOJIMYeCTBEeHHbI BKJIaJ B CIIEKTP. OT.HI/ILII/IQ JJIA PO-
TOpa C JIOMACTIMU CHHYCOUIATBHON (DOPMBI, 110 CPABHEHUIO C POTOPOM C MPSIMO-
YTOJIBHBIME JIOTACTIME, cieaytomee. Orubaromas B crekTpe 6oJiee n3pe3anHas u
B psiZie PACYETHBIX CUTYAIN 3aMETHA aKTUBU3AINUS B CIIEKTPE B PAHOHE JaCTOTHI
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Puc. 14: Cuekrpanbabie yposau gasnenus (8 J16), M = 0.4, v = 10°, 6 = 0.1,
a = 45° a) HACTymarIIas JonacTh, b) OTCTYHAONMAs JOMACTh

Puc. 15: Cuekrpasbabie yposru gasnenus (8 J16), M = 0.4, v = 10°, 6 = 0.1,
a = 30° a) HACTYHAOIIAs JOOACTh, b) OTCTYHAIONAs JOMACTD

BJIOJIb BCeit yionacTu. g jomacTu npsiMoyroJibHO# (popMbl HAOJIIOIAIUCE JTUIITH
OTJEIbHBIE JIOKAJIbHBIE BCIJIECKU B 9TOM YaCTOTHOM jmarna3one. Takum obpazom,
MO2KHO CJIeJIaTh BBIBOJ O TOM, YTO Bapualug (GOpMbI JIONIACTH BJIOJb 10 €€ pa3Ma-
Xy MO3BOJISIET YACTh YHEPTUHU U3 HU3KOUACTOTHOTO NMATIA30HA TEPEPACTPEIETUTh
B 60JI€E BHICOKOYACTOTHYIO 00JIACTh.

5. BuiBoabI

TlocraBnena u umcaenno perrena 3amada remeparuun BVI-mmyma asyxsrona-
CTHBIM POTOPOM BEPTOJIETA CUHYCOUIATBHON opMbl. [losiyueHbl KoimuecTBEHHBIE
XAPAaKTEPUCTUKHN KaK 6J'[I/I}KH€I‘O, TaK U JaJIbHEI'O 3BYKOBbBIX noJiedi.

Pacuaérapie nanHble jUis Pa3IUYHBIX ITAPAMETPOB 3aJa4d [IOKA3aJIU, YTO PO-
TOP C JIONACTSIMU CHUHYCOUJIAJIBLHON POPMBbI B DOJIBITUHCTBE PACYETHBIX CUTYAIMI
MeHee MTyMHBIN, 9eM POTOP C JIOTACTIMHU MPSIMOYTOJIBHON (POPMBI. DTO MPOUCKO-
AT TIO TOW MPUYIUHE, YTO MBOTHYTOCTD MEpeHEl KPOMKHU JIOTTACTH CIIOCOOCTBYET
TTepepacIpe/Ie/IeHIIO SHEPTHH 3ByKooOpa3oBanms naberaiomiero moToka boJiee pas-
HOMEDPHO T10 BCEll JIOACTH: TTOABJSIOTCS HOBBIE TTOTIEPEYHBIE BOJHOBLIE (DPOHTHI.
3a CYET ITOTO AKTUBUBUPYIOTCS H0JIee BRICOKHE YACTOTHI B CIIEKTPE MTyMa, a TeHe-
pUpyeMblil [IyM B GOJIBINIMHCTBE PACYETHBIX CIyYaeB yaaéTcs cCHU3UTL Ha 3-5 [16.
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Puc. 16: Crnexrpanbubie yposun nasnenus (8 J16), ,M = 0.4, v = 5° § = 0.1,
a = 60° a) HACTYMAOIIAST JIONACTh, b) OTCTYMAIONIAS JOTACTD

Puc. 17: Cnexrpasbhbie yposuu nasiaenus (B 16), M = 0.4, v = 5° 6 = 0.15,
a = 30° a) HACTYNIAOIIASI JONACTh, b) OTCTYIAIOMIAs JOIACTh

Pacuaérapie faHHbBIE TOBOPST O TOM, YTO OCHOBHBIMY (PAKTOPAMHU, BAUSIONIMI HA
XapakTep IPOoIecca 3BYKOOOPa30BaHys, SIBIMIOTCI (POpMa JIOIACTH BIOJIL IO eé
pa3Maxy U cTelleHb €€ M30I'HYTOCTH.

AHa/iu3 npencTaBaeHHON BbllIe 33/1a4u [10Ka3aJ/, YT0 Bapualueir (popMbl J10-
MacTH BIOJB MO pa3Maxy MOYKHO CHU3WUTH YPOBEHBH TEHEPUPYEMOTO TTyMa. IJTO
O3HAYAET, YTO MPOJONBbHAS MOTUMPUKAIIS JTOMACTH TO3BOJISIET CEJATh JIOTACTD
MaJIOIILy MHOA.
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JIyk’sinos I1.B. Hucesbae mogesroBanasa BVI-mymy aBosiomareBoro poropa re-
JiKomnTepa cuHycoigaiabHol popMu. fK BimoMO, y HpUPOSHOMY cepemoBuini yci ¢gpop-
MH KHUBHUX iCTOT BIOCKOHAJIOBAIHUCH HA MPOTs3i THCAYOMITH. ToMy MammHaM, TOBITPS-
HUM CyJIHAM HAMAraloThCs HAJATU TaKy (popmy, MO HAOIMKYE IX J0 KHUBHX iCTOT. 3a
OCTaHHIN 9ac JomaTi reJlikonTepa MOJETIOTh HAOIMKEHO 10 (POPMHU MTANTHHOTO KPUJIA.
B naniit poboTi TIOCTABIEHO Ta YHUCEILHO PO3B’SI3aHO MOJEIbHY 3amady remeparii BVI-
MIyMy JBOJIONATEBUM POTOPOM TEJIIKONTEPA CHHYCOITAAbHOI (DOPMU B310BXK 3a PO3MAXOM
Jionari. 3arajbHa 3a/a4a CKaJIaJacThCsd 3 aepoAuHaMiYHOl Ta aKycTudHOol yacTtul. Cro-
9aTKy PO3B’SI3y€ThCs 3a/a4a aepOANHAMIKN: B3aEMOIid JIONATI 3 3aBUXPEHUM ITOTOKOM,
mo Habirae Ha Hel 3 HecKiHdyeHocTi. lleit mMOTIK KpiM mepepo3momily aepoIuHAMITHUX
3MIHHUX (THCKY Ta IIBUIKOCTI) COPUYHMHSE TEHEPAIiio 3BYKY (aKyCcTHYHA 3a/a9a) a€po-
JUHAMITHOTO TMOXOMKEHHsI. ¥ PO0OOTI BUKOPUCTAHO PAHIIIe 3alPOIOHOBAHY ABTOPOM, Ta,
TepeBipeHy MOMIes b BUILMTEHHS 3BYKY i3 HECTAIlIOHAPHOIO HEOTHOPITHOTO MOTOKY. Buko-
HaHO PO3PAXYHOK XapPaKTEPUCTHUK OJIMKHBOIO Ta JAJTBHBOIO 3BYKOBuUX mouiiB. [Iposeaeno
[OPiBHAJBHUI aHAJI3 OTPUMAHUX JAHUX [ ABOJIONATEBOIO POTOPA 3 JIOHATAMHU IIPAMO-
KyTHOI (GopMHU, Ta pOTOPA CHHYCOInaabHOI (hopmu. s poropa CHHYCOITAIBHOI hbopMu
y OLIBITIOCTI PO3PAXYHKOBUX BUMAAKIB IyMm Ha 3-5 JIO6 HuMK4e, HiXK y POTOpA 3 JIOMAT-
MH TPAMOKYTHOI ¢dopmu. Po3paxyHKOBI JaHi BKa3yiOTb Ha Te, IO POTOP 3 JIOMATIMHU
cinycoinanbHOl popMu y OLIBITOCTI pO3PAXyHKOBUX CHUTYAIifl MEHIII Iy MHUH, Hi?K POTOP
3 jonaraMu npaMoKyTHOI ¢popmu. Ile BinOyBaeTbcss TOMy, IO 3irHYTICTH JIOHATI CIIPH-
si€ ORI PIBHOMIDHOMY MEPEepO3TOIiIy €Heprii 3ByKOYTBOPEHHS TOTOKY, IO Habirae,
B3I0BXK yCi€l jomari. 3’saBAA0ThCS HOBI momepedHi xBuiboBi dbpouTu. Jani po3paxyHky
TaKOXK KazKyIOTh MPO Te, IO OCHOBHUMH YMHHUKAMU, SIKi BIJIMBAIOTH HA MPOIEC 3BYKO-
yTBOpeHHsI, € (GopMa JOmaTi B3IOBXK PO3Maxy Ta CTYIEHb 11 3irayTocTi. I[nTepdepentiiiina
KapTUHA BKA3y€ HA CKJIAAHUI HeJiHifiHMi XapakTep mIiymy, 0 F€HePYETbCd. ¥ CIeKTPi
OTr0 aKTUBYIOTHCS OLJIBIN BUCOKI wacToTu. Bapiaris (hopmu jomaTi B3mMOBK 38 pO3MAXOM
JIO3BOJISIE BIUTMHYTH Ha XapakTep Ta piBeHb BVI-mmywmy.
Kmowoei crosa: renepariist 3ByKy mOTOKOM; resikonTep; BVI-mrywm.

Lukianov P.V. BVI-noise simulation of two-blade helicopter’s rotor sin-shape.
It is known that in alive nature every kind of animals improved their appearance for ages.
That is why cars and air vehicles try to get a shape, which approximately like animals.
For a last time helicopters blades are modeled like bird wing. In this paper a problem of
BVI-noise generation by two-blade rotor sin-shape has been set and numerically solved.
First aerodynamical problem is solved: blade is interacts with incoming from infinity flow.
This flow, in addition to redistribution of velocity and pressure, causes sound generation
of aerodynamical by nature. In the paper it was used earlier offered model of author.
This model allows extract sound out of unsteady anisotropic flow. A sound density and
a pressure level for far and near-field have been calculated. A comparative analysis of
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the data with ones for two-blade rotor with rectangular blades has been carried out. Sin-
shape rotor noise for most case of calculations has 3-5 Db less then the noise of rotor with
rectangular blade. The numerical data show that rotor with blades of sinusoidal shape
is less noisy then rotor with rectangular blades. This takes place because sinusoidal
shape of the blade favors more homogeneous redistribute of sound energy of the incomi-
ng flow along the blade. New s-waves fronts appear. Here essential reapportionment of
energy of longitudinal sound waves to s-waves is observed. Main factors which influence
at sound generation process are not only blade shape but value of blade bending as well.
Interference that is seen at the presented figures says about complex non-liner character
of generated sound. Its specter activates more high frequencies. Blade shape variation
along the blade sweep allows controlling character and level of BVI-noise.
Keywords: sound generation by flux; helicopter; BVI-noise.
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We study the time-optimal control problem for an unmanned aerial vehicle
(drone) moving in the plane of a constant altitude; a kinematic model is consi-
dered where the angular velocity is a control. The drone must reach a given unit
circle in the minimal possible time and stay on this circle rotating clockwise or
counterclockwise. We obtain a complete solution of this time-optimal control
problem and give a solution of the optimal synthesis problem.
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Introduction

In the papers [1], [2], a kinematic model of an unmanned aerial vehicle (drone)
moving at a constant altitude was considered. In particular, for this model, the
time-optimal control problem was studied, where the angular velocity is a control
parameter.
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Though the drone moves in the space, under the condition of a constant alti-
tude its motion can be considered in a plane. Let (x,y) € R? be its coordinates
in the plane and let 6 be the angle between the direction of the drone motion
and the z-axis. We assume that the drone speed is equal to 1 and that the drone
can rotate right and left with the angular velocity |u(t)| < 1. From the kinematic
point of view, such a flying is determined by the Markov-Dubins equations [3],
[4]. Taking into account the speed constraints and accepting the time optimality
requirements, we obtain the following optimal control problem:

T = cos b,
7 = sin 6,
=u (1)

(r,y) €R%, 0eS', u=u(t)e[-1,1, 0<t<T,
'1:(0) = Zo, y(O) = Yo, 0(0) = 907 ':L'(T) = X, y(T) =
T — min.

In the papers [1], [2], instead of fixing the final point (z(7T),y(T"),0(T)), similar
problems were considered under the following final conditions: a drone steers to
the circle of radius 1 centered at the origin and then moves along this circle
counterclockwise (the final time T is the moment of hitting the circle). As shown
in [1], these final conditions allow reducing the problem (1); below we recall this
simplification.

Let us choose new variables (z,y) of the form

@) - (—C;Snee ::;) (f;) ! (2)

T=cos’—z-u-sinf+sin?0+y-u-cosf=1+u-7,

Then

yj:—cos@-sin&—a:-u-cos@+cos€~sin9—y-u-sin0:—u-a:,

hence, the initial system becomes bilinear:

T=+u-J+1,
@v:_u'ia (3)
= u.

Now, let us analyze the final conditions. For ¢t = T, the drone is on the unit circle,
hence,

{x(T) = COST, (4)

y(T) =sinT

for some 7 € [0, 27). At this moment its velocity (£(T),y(T)) = (cos6(T),sin0(T"))
is tangent to the unit circle and it moves counterclockwise, hence, §(T') = 7 4 7.
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Now, taking into account (2) we obtain
Z(T) =sin@(T) - cosO(T) — cosO(T) - sinf(T) = 0, (6)
y(T) = —sin@(T') - sinO(T) — cosO(T) - cos O(T') = —1.

Hence, the final condition (z(T),y(T")) = (0, —1) does not include 0(T).

Thus, one simplifies the problem and obtains the two-dimensional time-
optimal control problem in the variables (Z(t),y(t)). Below we omit the tilde
symbol; then the obtained problem is

T=u-y+1,
y:—u-q;7 (7)

u=u(t) €[-1,1), 0<t <T, x(0)=wo, y(0) =yo, T — min,
with the final conditions
2(T) =0, y(T) = 1. (8)

The existence of a solution follows from the Filippov Theorem [5].
The symmetric time-optimal control problem can be considered, when a drone
moves along the unit circle clockwise; in this case the final conditions are

x(T)=0, y(T)=1. (9)

Such problems were thoroughly studied in [1], [2].

In the present paper we consider a natural variation of the problem. We
suppose that both directions of motion along the final circle are allowed. This
corresponds to the time-optimal control problem (7) with two endpoints (0,—1)
or (0,1):

2(T) =0, y(T) = +1; (10)

the final point is chosen for reasons of minimizing the time of movement.
1. Optimal trajectories

Below we distinguish trajectories that are optimal in the sense of the problem
with two final points (7), (10) (we call them “optimal”) and trajectories that are
optimal in the sense of the problem with one final point (7), (8) or (7), (9) (we
call them “(0, —1)-optimal” or “(0, 1)-optimal” respectively).

Obviously, any optimal trajectory ending at (0,1) is (0,1)-optimal and any
optimal trajectory ending at (0,—1) is (0, —1)-optimal, however, in general, the
converse is not true.
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First, we study properties of (0,1)-optimal and (0, —1)-optimal trajectories.
In essence, these results are obtained in [1], [2]; we discuss them for the sake of
completeness.

Let us make use of the Pontryagin Maximum Principle [6]. In our case the
Hamilton-Pontryagin function has the form

H=v1- (u-y+1)+v2- (~u-z)=u-(Y1-y—12-x)+ 1. (11)

Let us consider a (0, 1)-optimal or a (0, —1)-optimal control u(t); let T' be the
optimal time. Denote by (Z(t),7(t)) the corresponding optimal trajectory. Due to
the Pontryagin Maximum Principle, there exists a number A > 0 and a nontrivial
solution of the dual system

{m = at) o 12)

gy = —(t) -
such that
u(t) = sign(¢(t)) for t € [0,7T] such that ¢(t) # 0, (13)
@)+ ¢1(t) = A =0, t€l0,T], (14)

where ¢(t) is a switching function,

o) = ¥u(t) - y(t) — ¥a(t) - Z(1). (15)
In particular, (14) implies
() < A, te€[0,T]. (16)
Let us note that ' ‘
o=t Gyt Tt T =
=u-thY—tru-THu-Pr-T—thau-y—1hr = —1ho,
that is,

o(t) = —tha()- (17)

Concerning the dual system (12), we notice that it includes the optimal control
u(t), so, it cannot be solved without knowing u(t). However, let us consider, how

d
the variables 11 and 12 depend on each other. We easily get %(@ZJ% + LZJ%) =0,

hence, 13 (t) +13(t) is a (nonzero) constant. Without loss of generality we assume

Uit +95(t) =1, (18)

that is, a point (¢1(t),12(t)) moves along the unit circle.
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2. Singular and nonsingular optimal trajectories

First, we assume that A > 0.

If ¢(t) # 0, then the optimal control u(¢) takes the values 1 or —1. If u(t) = 1,
then the trajectory (Z(t),y(t)) goes clockwise along a circle centered at (0, —1),
while if @(t) = —1, then the trajectory (Z(t),y(t)) goes counterclockwise along
a circle centered at (0,1) (Fig. 1). In particular, if the final point is (0,1), then
u(t) = 1 on the last piece of the trajectory and if the final point is (0, —1), then
u(t) = —1 on the last piece of the trajectory.

Fig. 1. Nonsingular trajectories

Let us consider the time moment ¢y when the control switches from v =1 to
u = —1 or vice versa (“switching point”). Then ¢(tg) = 0, therefore, (14) gives
¥1(tg) = A > 0. If the optimal trajectory contains several switching points, 1
takes the same value at any of them. On the other hand, if |u(t)| = 1, then the
point (¢1(t),12(t)) goes along the unit circle with the unit speed in the positive
direction if u(t) = —1 and in the negative direction if u(t) = 1. Hence, the time
intervals between switchings are of the same duration. Moreover, it follows from
(16) that the point (¢1(t),1¥2(t)) moves within the longer arc between the switchi-
ng points (A, V1 — A?) and (A, —v/1 — A2), hence, the duration between switching
moments is greater than 7 (Fig. 2). Hence, any optimal trajectory contains a finite
number of switchings.

P2

Y1

Fig. 2. Dual variable
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If A = 1, then the duration between two switchings should equal 27. This
means that the optimal trajectory (Z(t),y(t)) contains a whole circle, what
contradicts the time optimality of this trajectory. Hence, if a trajectory has at
least two switching points, then A < 1.

It follows from (15) that, at the end time moment, |¢(7")| = |¢1(T)|; hence,
(14) implies |1 (T)| + ¥1(T) = A. Since X > 0, we get ¥1(T) > 0 and then
i (T) = %A. This implies that the duration of the last piece of the optimal
trajectory is less than the duration between two switchings.

Now let us suppose that the optimal trajectory has a singular piece, that is,
there exists an interval (¢1,t2) where ¢(t) =0, ¢t € (t1,t2). Then (17) implies that
Pe(t) = 0, t € (t1,t2). Therefore, (14) and (18) give ¥1(t) = X on (t1,t2) and
therefore A = 1. Then from (15) it follows that y(¢) = 0. Finally, from (7) we get
f(t) = 1, i.e., the trajectory goes along the line y = 0 in the positive direction
with the unit speed (Fig. 3).

Fig. 3. Singular trajectories

Thus, A = 1. Taking into account the previous arguments we see that if the
trajectory has a singular piece, then it has neither other singular pieces nor swi-
tchings from v = 1 to u = —1 or vice versa. Therefore, such a trajectory has one
or two switchings: one from v = +1 to u = 0 (possibly) and one from v = 0 to
u = +1 (necessarily).

Finally, consider the case A = 0.

Suppose that such a trajectory has a singular piece, i.e., ¢(t) =0, t € (t1, t2),
then (14) and (17) imply ¢1(¢) = 0 and 12(t) =0, t € (¢1,t2), what is impossible.

Hence, a trajectory has no singular pieces. Suppose it has at least one switching
point. For example, let the final point be (0,1) (the case (0, —1) can be treated
analogously). If ¢y is the moment of the last switching, then ¢(tp) = 0. Then (14),
(15), (18) imply Z(to) = 0. This means that the last switching (from v = —1 to
u = 1) is at the point (0, —3). Let us consider a piece of this trajectory preceding
this switching; this is an arc of the circle of radius 4 centered at (0,1). Let us
consider a point (x1,y1) on this arc (which differs from (0, —3)); then

xr1 = —4sin&, y; =1—4cosé,

for some £ > 0. The time of motion from the point (x1,y;) to the final point (0, 1)
equals T'(§) = € + 7.

Now let us consider a trajectory from (x1,y;) having a singular piece. Namely,
u(t) = 1 until the trajectory reaches the line y = 0; then u(t) = 0 until z(¢)
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becomes —+/3; finally u(t) = 1. The first piece of such a trajectory is an arc of
the circle centered at (0,—1) of radius

r= /22 + (y1 +1)2 = /20 — 16 cos .

r1 = —rsinT, Yy =—1—7cCosT,

where 7 = arcsin(—=) = arcsin(‘lsi,—ng) > 0. Suppose this trajectory reaches the

line y = 0 at the point (x2,y2) = (22,0), then

Then

To = —rsing, Y2 =0=—-1—7rcosp

for some ¢ > 0. Hence, ¢ = arccos(—%) and zo = —rsinp = —v/72 — 1, and
the time of motion from (z1,y1) to (z2,0) equals ¢ — 7. Obviously, the times of
motion from (x2,0) to (—v/3,0) (with v = 0) and from (—+/3,0) to (0,1) (with
u = 1) equal —/3 — 25 and % respectively. Therefore, the time of motion from
the point (z1,y1) to the final point (0, 1) along this trajectory equals

T =(p—T)+(~V3—12) + L =

1 ) 4sin & -
= arccos (_20—16cos§> —arcsin (20—16008{) —V/34++/19 — 16 cos §+3-

Obviously, for £ = 0 we get T'(0) = 71(0) = 7.
If € increases, T'(§) also increases. For T} (), evaluating its derivative at £ = 0

d
we get d—Tl (&)]e=0 = —2. Hence, T (&) decreases as & increases. This means that

for (small) £ > 0
Ti(§) < T(8),

therefore, the trajectory from (z1,y1) through the point (0, —3) is not optimal.
Hence, A = 0 can correspond to the (0,1)-optimal or (0,—1)-optimal
trajectories without switchings entirely contained in the left semi-circles of radi-
us 2 centered at (0, —1) or at (0,1). For all other (0, 1)-optimal and (0, —1)-optimal
trajectories we have A > 0.
Summarizing, we obtain that there can exist two types of (0,1)-optimal or
(0, —1)-optimal trajectories:

e Singular trajectories, which contain one singular piece u(t) = 0 and have no
more than two switchings (from v = 0 to u = £1 and, maybe, from u = +1
to u = 0). In particular, the point of the last switching is (—+/3,0) and the
duration of the last piece equals %.

e Nonsingular trajectories, where the control takes the values £1. If such a
trajectory has more than one switching, then the time intervals between
switchings are of the same duration (greater than ), the first piece can be
the same or shorter, and the last piece is shorter.
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3. Duration of the last piece of an optimal trajectory

Now we return to the time-optimal control problem with two final points
(7), (10) and study properties of optimal trajectories. Recall that each optimal
trajectory is a (0, 1)-optimal or a (0, —1)-optimal trajectory, i.e., it is of the form
described above.

Let us consider a nonsingular optimal trajectory (Z(t),y(t)) ending at
(Z(T),y(T)) = (0,1) and suppose it has at least one switching (then A > 0).
Denote by (z1,y1) = (Z(t1),y(t1)) the point of the last switching; it belongs to
the circle of radius 2 centered at (0, —1). Now we show that 7" —#; < %.

Suppose the contrary, i.e., T'—t; > %, then the point (Z(to), y(t0)) = (—/3,0)
lies on the trajectory, where tg = T'— %, and moreover to > t1. Let us consider the
curve (Z(t), |y(t)]). Obviously, it is also a trajectory of the system (7). Moreover,
it ends at the point (0, 1) at the same time 7" and has at least one switching more
than the initial trajectory; in particular, (z1, |y1|) and (—+/3,0) are its switching
points.

Suppose (Z(t), |y(t)|) is (0,1)-optimal. Since its last switching point is
(@(to), [y(to)]) = (—v/3,0), the duration of the last piece equals Z. As was shown
in the previous section, 91(tg) = A and ¥ (T) = % Therefore, T' — tg = § =
arccos(%) — arccos(A), what implies A = 1. Hence, this trajectory has no other
switchings, what contradicts our construction.

Therefore, (Z(t),|y(t)]) is not (0,1)-optimal. Hence, there exists a (0,1)-
optimal trajectory (z°(t),y°(t)) starting at the point (Z(0),|7(0)|) and ending
at (0,1) in the time T° < T.

If y(0) > 0, the obtained fact contradicts the optimality of the initial trajectory
(@(t), y(t))-

If 7(0) < 0, let us consider the symmetric trajectory (z°(t), —y°(t)). It starts
at the point (2(0),%(0)) and ends at (0, —1) in the time 79 < T', what contradicts
the optimality of (Z(t),y(t)).

Hence, T'—t; < %. For an optimal trajectory ending at (z(7"),y(7)) = (0, —1),
the arguments are the same.

Thus, in any case the duration of the last piece of the optimal trajectory is no

s

greater than 3.

4. Switching curve

~

Let us consider a nonsingular optimal trajectory ending at (z(7),y(T) = (0,1)
and suppose it has at least two switchings. Denote by (x1,y1) the point of the last
switching. Arguments given above yield that the duration of the last piece of the
trajectory is no greater than %, hence, (v1,y1) belongs to the circle of radius 2
centered at (0,—1) and 0 < y; < 1, 1 < 0. We suppose that y; > 0 (the case
y1 = 0 is noted below).

We are interested in the point of the preceding switching; denote it by (x,y).
Obviously, the points (x1,y1) and (z,y) are located at the same circle centered
at (0,1).
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If y1 = y, then the point (z,y) belongs to the circle of radius 2 centered at
(0, —1); hence, the preceding piece of this trajectory goes along this circle. Let
us consider any point (x2,y2) on this piece which is located on the upper arc
of the mentioned circle between the points (x1,y1) and (x,y); without loss of
generality assume zo > 0. Obviously, there exists a control which steers (z2,y2)
to (0,1) faster than through the points (x,y) and (z1,y1): namely, u = —1 until
the trajectory again crosses the mentioned circle, and then v = 1. This contradicts
the optimality of the initial trajectory.

Hence, y1 # y. The switching function ¢ equals zero and 1 equals A at both
time moments of switching, while 19 equals v/1 — A2 at one of them and —v/1 — \2
at the other. Hence, (15) implies

I i

Y1 Y

Then we have the following relations between (z1,y1) and (x,y):

i+ (g +1)° =4,
oi+ (-1 =2+ (y - 1)%, (19)
T _ =z
vy
Our goal is to express x via y. Denote % = ¢ > 0. Substituting * = cy and
x1 = —cy1 to the second equation of (19) gives

(¢ + Dyf — 25 = (& + 1)y* — 2.
Denoting a = ¢? + 1 and taking into account that 3; # y we obtain

a(yr +y) =2, (20)
hence, y1 = % — y. Substituting 1 = —cy; and y; = % — 4 to the first equation of
(19) we get

2
«(G-0)'+2(3-0) =3
what gives
a*y® — (6y +3)a+8=0.

Solving this equation w.r.t. a, we get

6y+3—\/Ay2 +36y+9 1 ,
a=HT v :y2<3y+3—\/y2+9y+2> (21)

2y

(the sign “—" is chosen since ay < 2 due to (20)). However, z = cy = Vva — 1y.
Substituting the expression for a from (21), we obtain the description of the
switching curve:

x—\/—y2+3y+§’—\/y2+9y+i, y € (0,1). (22)
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As a limit case, the values y = 0 and y = 1 correspond to x = 0.

Notice that for all points (x1,y1) such that 22 + (y; — 1)2 > 1 there is no
preceding switching point in the upper semi-plane; this concerns also the point
(—v/3,0). In the next section we show that such optimal trajectories have only
one switching.

For all points (w1,y1) such that 23 4+ (y; — 1)? < 1 there exists a unique
point (x,y) satisfying (22); if the optimal trajectory contains this point and also
contains some preceding piece, it necessarily has a switching at (z,y).

Considering analogously the case of optimal trajectories ending at (0, —1) we
obtain the complete description of the switching curve

:L'—\/—y2+3\y!+§’—\/y2+9y|+2, ye[-11]. (23)

Since a duration of any interval between two switchings is no less than m, we get
that any nonsingular optimal trajectory has no more than two switchings in the
semi-plane where the final point lies.

5. Optimal trajectories (may) lie entirely in one semi-plane

We now apply arguments close to those used in Section 3. Let us consider an
optimal trajectory (Z(¢),y(t)); suppose it ends at (Z(7),y(T)) = (0,1). Suppose
(Z(t),y(t)) passes through the point (Z(to),y(to)) with y(top) = 0 so that y(t)
changes its sign. Suppose also that this trajectory has at least one switching.

Let us consider the curve (Z(t), [y(t)]). It is a trajectory of the system (7) and
ends at the point (0, 1) in the same time T'. Suppose (Z(t), |y(¢)|) is (0, 1)-optimal.

First suppose Z(tg) # 0, then (Z(to),y(to)) = (Z(to),0) is a switching point
of (z(t), |y(t)|). Since ¢(to) = 0 and y(to) = 0, (15) gives 2(to)x(to) = 0. Since
Z(tg) # 0, we obtain 19 (tg) = 0. Then 1 (¢g) = 1, therefore, A = 1 and the optimal
trajectory (Z(t),|y(t)|) cannot have other switchings, what gives a contradiction.

Now suppose Z(tg) = y(to) = 0, then the curve (Z(t),|y(t)|) for t € [to,T]
consists of the arc of the circle of radius 1 centered at (0, 1) and the arc of the circle
of radius 2 centered at (0,—1). However, as was shown above, if this trajectory
is (0, 1)-optimal, it should have a switching at the point (0,0) whereas the curve
(Z(t),|y(t)]) for t € [to — €,t0] for small € > 0 belongs to the circle of radius 1
centered at (0,1) and, therefore, has no switching at (0,0).

Thus, (Z(t),|y(t)]) is not (0, 1)-optimal. Hence, there exists a (0, 1)-optimal
trajectory (2°(t),y"(t)) starting at the point (z(0), |7(0)]) and ending at (0, 1) in
the time 70 < 7.

If y(0) > 0, the obtained fact contradicts the optimality of (Z(t), y(t)).

If 7(0) < 0, let us consider the symmetric trajectory (x°(t), —y°(¢)). It starts
at the point (Z(0),7(0)) and ends at (0, —1) in the time T° < T, what contradicts
the optimality of (Z(t),y(t)).

For an optimal trajectory which ends at (0, —1), the arguments are the same.

Therefore, we get that any nonsingular optimal trajectory having at least one
switching lies completely in one semi-plane y > 0 or y < 0 and, moreover, has no
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more than two switchings.

Now let us consider an optimal trajectory without switchings; suppose it ends
at (0,1). Then it belongs to the circle of radius 2 centered at (0, —1). If it fills
more than a half of this circle and y(0) > 0, the arguments given above (with
the trajectory (Z(t), |y(t)|)) yield a contradiction. Hence, this trajectory crosses
over the line ¥y = 0 no more than once. Analogous result holds for an optimal
trajectory without switchings ending at (0, —1).

Finally, notice that if an optimal trajectory (Z(t),y(t)) without switchi-
ngs passes through the line y = 0, it can be substituted by the optimal
trajectory (Z(t), |y(t)|) or (Z(t),—|y(t)|) (depending on the sign of 7(0)), which
lies completely in one semi-plane. The same is true for singular trajectories.

Thus, in any case one can choose an optimal trajectory which lies completely
in one semi-plane y > 0 or y < 0.

6. Optimal synthesis

Now we describe the optimal control as a function of (x,y) # (0,+£1) (Fig. 4).
(i) Let y # 0. Then u(x,y) = —sign(y) if

—V-y?—2y[+3<z< \/—y2+3|y+§—\/y2+9lyl+i

and u(z,y) = sign(y) otherwise. (This condition implies that u(x,y) = —sign(y)
i y| > 1.

(ii) Let y = 0. Then u(z,y) = 0 iff x < —/3; otherwise u(z,y) can equal 1
or —1.

Fig. 4. Optimal synthesis: v = 0 (black), u = —1 (white), u = 1 (grey)

Finally, let us summarize the solution of the optimal control problem with two
final points (7), (10).
First, suppose yg # 0. For all starting points satisfying the condition

x% + (yo + sign(yg))2 >4 (24)
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the optimal control is singular. Namely, u(t) = —sign(yp) until the trajectory
reaches the line y = 0; then u(t) = 0 until z(¢) becomes —+/3; finally u(¢) = 1 or
u(t) = —1. If
22+ (yo +sign(yo))? = 4, (25)

the optimal control has one switching: u(t) = —sign(yo) until the trajectory
reaches the line y = 0; then u(t) =1 or u(t) = —1.

Hence, for each such starting point there exist two optimal controls which
differs by the sign on the last piece of the trajectory.

For all other points the control is nonsingular and has no more than two
switchings; moreover, it is unique. Namely, if (24), (25) do not hold and

— \/—yg —2[yo| + 3 < mo < \/—yg +3yol + 3 — /2 + 90wl + 1, (26)

then u(t) = sign(yo) until the trajectory reaches the switching curve (23); then

u(t) = —sign(yo) until the trajectory reaches the circle of radius 2 centered at
(0, —sign(yo)); finally u(t) = sign(yo). If

x0=—\/~98 — 2ol +3, (27)
then wu(t) = sign(yo) has no switchings. If (24)-(27) do not hold, then
u(t) = —sign(yp) until the trajectory reaches the circle of radius 2 centered

at (0, —sign(yo)); then u(t) = sign(yo).

Now suppose yg = 0.

If 290 < —v/3, then u(t) = 0 until x(t) becomes —/3; then u(t) = 1 or
u(t) = —1. If zg = —+/3, then the trajectory has no switchings, u(t) = 1 or
u(t) = —1.

If —v/3 < 29 < 0, then u(t) = ug = %1 until the trajectory reaches the
switching curve (23); then u(t) = —sign(ug) until the trajectory reaches the circle
of radius 2 centered at (0, —sign(up)); finally u(t) = sign(ug) (the final point is
<07 UO))

If 0 < zg < /3, then u(t) = up = £1 until the trajectory reaches the circle
of radius 2 centered at (0,sign(ug)); finally u(t) = —sign(ug) (the final point is
(0, —up)). If zo = v/3, then u(t) = up = 1 until the trajectory reaches the line
y = 0; then u(t) =1 or u(t) = —1.

If 29 > /3, then u(t) = 1 until the trajectory reaches the line y = 0; then
u(t) = 0 until 2(t) becomes —/3; then u(t) = 1 or u(t) = —1.

Hence, for all starting points satisfying yo = 0 there exist two or four (if
T > \/3) optimal controls.

7. Examples
Example 1. Consider the time-optimal control problem
T=u-y+1,

y: —Uu-w,
e[-1,1, 0<t<T, z(0) =4, 2(T) =0, y(0) =4, y(T) = =£1.
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Checking the condition (24) we get that the optimal control is singular; since
y(0) > 0 we get

—1, t e [O,Tl),
U(t) = 07 le [TlaTQ)a (28)
+1, te [TQ,TL

where y(71) = 0 and T' — 75 = §. Hence, for ¢ € [0, 1] we get

{:c(t) =ay - cost+ ay -sint,
=a

y(t) 1-sint —ag - cost + 1.
Substituting x(0) = 4, y(0) = 4, y(m1) = 0 we obtain a; = 4, as = =3,
71 = 7+ arcsin(}) — arcsin(2) ~ 2.6994, z(m) = —v24 ~ —4.8990 (here and

below we keep four digits after comma). For ¢ € [y, 2] we get

{x(t) =t+2(n) -1,
y(t) = 0.

Since (1) = T + 2(11) — 71 = —V/3, we get o = —v/3 + V24 + 11 ~ 5.8664.
Finally, for ¢ € [r2,T] where T'= 75 + § ~ 6.9136 we get

x(t) = by - cost + by - sint,

y(t) = £(—by - sint + by - cost — 1),
where the sign + corresponds to the choice u = 1 or u = —1 for the last pi-
ece of the trajectory. Substituting z(m) = —v/3, y(r2) = 0 we finally obtain
by = —2sin(rs + T) ~ —1.1789, by = 2 cos(7s + ) ~ 1.6156.

We conclude that the optimal controls (28) with v = 1 and u = —1 on the last
piece steer the system from the initial point (4, 4) to the end-point (0, 1) or (0, —1)
respectively in the same time T = —/3 4 v/24 + 7 + arcsin(3) — arcsin(2) + 5 ~
6.9136. The obtained trajectories are drawn in Fig. 5.

N

Ve

Fig. 5. Two optimal trajectories, (z(0),y(0)) = (4,4)

Example 2. Consider the time optimal control problem

T=u-y+1,
y = —u-x,
€[-1,1], 0<t<T, z(0) =—0.53, z(T) =0, y(0) =0.31, y(T) = £1.
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Checking the condition (24) we get that the optimal control is nonsingular, i.e.,
it takes the values £1 only. Since y(0) > 0, the final point is (0, 1).
First, let us try to find an admissible control with one switching,

-1, te [0,7),
u(t)_{L te [rnT). 29)

Substituting such a control to the system and using the initial and final conditions,
we obtain the admissible trajectory ending at (0, 1) (up to four digits after comma)

t) = —0.53 - cost + 0.69 - sint,
{xU cost+ i t € [0,5.5867),

y(t) = —0.53 - sint — 0.69 - cost + 1,

=0.5103 - t+1.9338 -sint
{x cost + sint, t € [5.5867,6.0252];

y = —0.5103 - sint + 1.9338 - cost — 1,

i.e., the time of steering to the origin equals 7'~ 6.0252 (Fig. 6).
However, the given initial point satisfies the condition (26). Hence, the control
(29) is not optimal; the optimal control has two switchings, i.e., has the form

1, t e [0,7’1),
u(t) =< -1, te [r,m),
1, t e [TQ,T].

In order to find 71 we use the fact that the point (x(71),y(m1)) satisfies the condi-
tion (23). For t € [0, 71] we have the trajectory

x(t) = —0.53 cost + 1.31sint,
y(t) = 0.53sint 4+ 1.31 cost — 1.

Then the condition (23) implies 71 =~ 0.5921. Hence, for t € [0, 1] we have

x(t) = by - cost + by - sint,
y(t) = by -sint — by - cost + 1,
where by &~ —0.1027, by ~ 0.6748. Taking into account that the point (z(72), y(m2))

belongs to the circle of radius 2 centered at (0,—1), we get 72 =~ 5.0349. Finally,
for t € [19,T] we obtain

x(t) = cj cost + ¢y sint,
y(t) = —c1sint + cacost — 1,

where ¢; ~ 1.5732, co ~ 1.2349 and, therefore, the trajectory steers to the end
point (0,1) at the time T & 5.3779. The optimal trajectory is drawn in Fig. 7.
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e | o

Fig. 6. Admissible trajectory, T~ 6.0252 Fig. 7. Optimal trajectory, T'~ 5.3779
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IrnaroBuu C. FO., Cyxiunina FO. B. 3ajaya mBuakoail 3 gBoMa KIiHIIEBUMH TOYKa-
mu gus kKiHematwaHol mogesi BILJIA. Mu pocmimkyemo 3aady IIBHIKOII /It
6e3Mi710THOrO JiTaNbHOrO anapary (ApOHY), IO PYyXae€TbCd y ILIONIMHI HA CTAJii BUCO-
Ti. PosrmsmaeTbes KimeMaTwdHa MOIENb, B sKiil KepyBaHHAM € KyTOBA IBUAKICTh. Taka
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cucremMa OmucyeThes piBHgaHaAMu Mapkosa-/lybinca; po3B’a3aHHIO PI3HWX 33a4 ONTH-
MaJILHOTO i JOMyCTHMOrO KepyBaHHA i crabimizamii m1s momiOHuX MOoeseil IPHUCBATIeHA
Besuka Kijabkicrtb pobir. ¥ crarrax [T. Maillot, U. Boscain, J.-P. Gauthier, U. Serres,
Lyapunov and minimum-time path planning for drones, J. Dyn. Control Syst., V. 21
(2015)] Ta [M.A. Lagache, U. Serres, V. Andrieu, Minimal time synthesis for a kinematic
drone model, Mathematical Control and Related Fields, V. 7 (2017)] po3s’a3yerbcst 3a-
Jada IMIBUIKO/II, B SKill JIPOH Ma€ JOCATTH 33/JaHOTO OJMHUYHOTO KOJIa 33 HANMEHIni
MOXKJIUBHH 9aC i 3aIUIIUTHACH HA IOMY KOJIi, 00€PTAI0YNCh IPOTH TOAUHHAKOBOI CTPIiIKM.
Y Bkazanux pobOTax, 30KpeMa, IOKA3aHO, 1[0 B I[bOMY BHUIAJKY 33/a4a CIIPOILYETHCH,
a camMe, CTa€ JTBOBUMIDHOMIO. Y JaHiii pobOTI MM DPO3TISIAEMO MPUPOIHE y3arajbHEHHS
BKa3aHOI MOCTAHOBKU: B HAIMH 3a7a4i IPOH MA€ JIOCATTHU 33TaHOTO OJUHUIHOTO KOJIA 34
HaMEHIIN MOXKJIMBUN 9aC 1 3aJUMUTACH HA HHOMY, aJjie MPU [IbOMY OOMIBa HANPSIMKA
obepTaHHA € JonycTuMuMu. ToOTO APOH MOXKe 00EPTATHCS 33 TOAMHHHUKOBOIO CTPIIKOIO
abo mpOTH TOAMHHUKOBOI CTPLIKH, & HAIIPAMOK O00epTaHHS OOMPAETHC 3 MipKyBaHb MiHi-
Mmizamnii vacy pyxy. Take mepedopMya0BaHHS MPUBOIUTH 10 33439l ONTUMAIBLHOI MBU/I-
KOl 3 TBOMA KiHIIEBUMH TOYKAMHU. Y CTATTI MU OTPUMYEMO TIOBHUN PO3B’A30K Mi€l 3a1axi
MBUAKOMIT. 30KpeMa, MU MMOKA3y€eEMO, IO ONTHMAaJbHe KepyBaHHs HalOyBa€ 3Ha4YeHb +1
abo 0 i mae He Gisbiie TBOX TEepeMUKAaHb. KO ONTUMAIbHE KEPYBAHHS € CHHIYJISPHUM,
T00TO MicTUTh AingHKy u = 0, TO Taka MiISHKA € €IWHOI0, a TPUBAJIICTH OCTAHHBOI JIi-
JIHKM JIOPIBHIOE 7/3; GlIbLL TOrO, B LbOMY BHUIAJIKY OLUTHMAJIbHE KEDYBAHH: HEE/IUHE,
a KiHmera Touka Moxe Oytn sk (0,1), rak i (0,—1). SIKIIO K ONMTHMMabHE KEpyBaHHS
€ HeCUHTyJIapHuM, T06TO HabyBa€ 3HadYeHb +1, TO BOHO €auHe (32 BUHATKOM BHIAJKY,
KOJIU TPUBAJIICTb OCTAHHBOI JUISHKU JOPIBHIOE 7T/3), a ONTUMAJIbHA TPAEKTOPid HITKOM
MICTUTBCA y BEpXHi#t abo B HMKHIN mosymionuai. Takok Mu JaEMO PO3B’SI30K 3a1ati
OITUMAJIBHOIO CUHTE3Y.

Kaov06i cro6a: KiHEMATHYIHA MOJIENB; 33,/1a9a MBUIKOIIl; ONTUMAILHAN CUHTES.

S.Yu. Ignatovich, Yu.V Sukhinina. Time-optimal control problem with two fi-
nal points for a kinematic model of an UAV. We study the time-optimal control
problem for an unmanned aerial vehicle (drone) moving in the plane of a constant alti-
tude. A kinematic model is considered where the angular velocity is a control. Such a
system is described by Markov-Dubins equations; a large number of works are devoted
to solving different optimal and admissible control and stabilization problems for such
models. In the papers [T. Maillot, U. Boscain, J.-P. Gauthier, U. Serres, Lyapunov
and minimum-time path planning for drones, J. Dyn. Control Syst., V. 21 (2015)] and
[M.A. Lagache, U. Serres, V. Andrieu, Minimal time synthesis for a kinematic drone
model, Mathematical Control and Related Fields, V. 7 (2017)] the time optimal control
problem is solved where the drone must reach a given unit circle in the minimal possi-
ble time and stay on this circle rotating counterclockwise. In particular, in the menti-
oned works it is shown that is this case the problem is simplified; namely, the problem
becomes two-dimensional. In the present paper we consider a natural generalization of
the formulation mentioned above: in our problem, the drone must reach a given unit circle
in the minimal possible time and stay on this circle, however, both rotating directions are
admissible. That is, the drone can rotate clockwise or counterclockwise; the direction is
chosen for reasons of minimizing the time of movement. Such a reformulation leads to the
time-optimal control problem with two final points. In the paper, we obtain a complete
solution of this time-optimal control problem. In particular, we show that the optimal
control takes the values £1 or 0 and has no more than two switchings. If the optimal
control is singular, i.e., contains a piece u = 0, then this piece is unique and the duration
of the last piece equals 7 /3; moreover, in this case the optimal control ins non-unique and
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the final point can be (0,1) as well as (0, —1). If the optimal control is non-singular, i.e.,
takes the values +1, then it is unique (except the case when the duration of the last piece
equals 7/3) and the optimal trajectory entirely lies in the upper or lower semi-plane.
Also, we give a solution of the optimal synthesis problem.

Keywords: a kinematic model; time-optimal control problem; optimal synthesis.
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In this paper, the controllability of a special type of linear switched systems is
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eigenvalues. Such a system describes oscillations of a spring pendulum with a
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cuCTeMaMH IIEPEMUKAHHS CIEiaJIbHOTO THUILy. Y aHiii poOOTi BHUBUAE-
ThCA KEPOBAHICTH JIHIAHAX CHCTEM MepeMUKAHHs CIeNniaabHoro tumy. Ilepevmu-
KaHHS BiIOYBAETHCA MiK ABOMA 2 X 2 MATPHUIEAMA 3 YNCTO YIBHUMH BJIACHUMUI
3HaYeHHAMU. Taka cucreMa ONUCY€ KOJIMBAHHS IPY2KUHHOIO MAATHUKA 3 KOe-
GbimieHTOM KOPCTKOCTI, SKUil mepeMuKaeThcss. OCHOBHUM pe3yJ/IbTaToM poOOTH
€ aJITOPUTM, IO JO03BOJISIE€ BU3HAYNTH HAOIP CUTHAMIB EpEMUKAHHS [IJIs TIepe-
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Introduction and Statement of the Problem

Switched systems is a special case of hybrid dynamical systems with discrete
and continuous dynamics. They are widely applied when a real system cannot
be described by one single model. Numerous examples are given by engineering
systems of electronics, power systems, traffic control and others. Since the 1990s,
the issue of switched systems stability has become very popular (see [1], [3]). The
particular case of linear switched systems was considered in [2]. More modern
literature about switched systems is presented by works of Patrizio Colaneri [2],
Yuan Lin, Yuan Sun-Ge Wang, and Jiang-Wang [4]|, Zhong-Ping, Yuan Wang [5];
the question of stability remains popular nowadays.

In the present paper we consider one particular class of switched system from
the point of view of controllability property.

Let us recall the basic terminology. By a switched system we mean the followi-
ng system

&(t) = fou (2(t), 2(0) =z

where x € R™ is called a continuous state, o stands for a discrete state with values
from an index set M :={1,...,n}, and fi, for k € M, are given vector fields.

The behavior of the dynamical system is regulated by the switching signal.
Namely, at some moments 7 ...7, the signal changes its value from o(7;) to
o(Ti+1), hence the trajectory of the system, starting from ¢ = 7, is given by
the vector field f4(;,, ) instead of f5(;,). In works on switched systems, switching
times can be random or given by some law. It is clear that stability depends both
on vector fields and on the switching law.

In our work, we consider a slightly different formulation of the problem,
namely, the switching signal is under our control.

We introduce the following definition.

Definition 1 We say that the switched system

.’I)(t) = fa(t) (l’(t)), .’L'(O) = o

1s controllable if for any two points there exists a switching signal that allows to
get from the first point to the second one.

This definition corresponds to the concept of controllability for control systems
of the form

&= f(z,u), =(0)=wxo,

where the control u(t) plays the role of a switching signal.
In this paper we consider linear switched systems (see [2]) of the form

.T(t) = Aa’(t)w(t)v Q?(O) =g # 0,

where A; ... A, are given matrices. Our main goal is studying the case m = 2,
n = 2 with both systems having pure imaginary eigenvalues, which are introduced
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in Section 1. We show that such systems are controllable and propose an algori-
thm for constructing a controlling switching signal; the algorithm is presented in
Section 2. Section 3 contains one generalization.

1. Controllability of 2 x 2 linear switched dynamical systems

Consider the problem of oscillation of a spring pendulum
r = —kx,

with a switchable stiffness coefficient £ > 0. Assume that we have a spring with
a stiffness coefficient k1, and we can change the stiffness coefficient of the system
by joining and removing an additional spring with a stiffness coefficient ks.

Two cases can be considered. If the springs are connected in parallel, the
parameter k of the system switches between k = k1 and k = ki + ko. If the

connection is series, the parameter k of the system switches between k£ = k; and
— _kiko

k o k1+k2 ' . . . . . . .

Let us rewrite the differential equation of the pendulum occilations as a swi-

tched system:

0 1 0 1
=[ae] e[
For definiteness, let us assume that we start and end with the first system.
Suppose that two nonzero points (initial (x1,y1) and ending (x2,y2)) are given.

So we have two cases: § > « and 8 < «. Notice that under the parallel
connection condition we can get only 8 > a.

where

1.1. Case a > .

Rewrite coordinates of = as (z,y). Solutions of the system

() = Ai(x(t)),

are of the form

z(t) = ysin(y/at) + 2 cos(vat), ()
y(t) = Vaysin(Vat) — Vayz cos(Vat),

while solutions of the system
z(t) = Aa(z(t)).
are of the form

z(t) = &1 sin(v/Bt) + 2 cos(v/Bt), @)
y(t) = /Bo1 sin(v/Bt) — /B2 cos(v/Bt).
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So the trajectories are given by ellipses of the following types:

Fig. 1. Phase portraits for the first (left)
and the second (right) systems with a =2, 3 =1

Let the trajectory (1) go through the initial point (z1,y1) and the trajectory
(2) go through the end point (z2,y2). Denote

c1 = min(} + 13501 + 63)

and
¢y = max(y} 4135 67 + 63).

Let us fix the vertical ellipses 22+ % =ct 2’ + % = ¢2 and find the conditions

under which they have a common horizontal ellipse 2 + % = d?, i.e., intersecting
both.

Consider the smaller vertical ellipse 22 + % = 2. The horizontal ellipse ci-

rcumscribing it looks like 22 + % = %cf . Now we consider the bigger vertical

ellipse 22 + % = c3. The horizontal ellipse inscribed in it is 2% + %2 = c3. So
we get that intermediate horizontal ellipses (see Fig. 2) exist under the condition
o < \/%cl. They have the form z2 + % = d?, where d € (co; \/%cl).

If this is not the case, that is, two ellipses of the first family do not have
a common ellipse of the second family, then we build the intermediate vertical
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Fig. 2. A(c1,0), B(y/a/Bec1,0), C(a/Bey, 0)

ellipse 22 + yg = %C%, and repeat the described procedure. Now the condition of
existence of a common horizontal ellipse takes the form co < %cl.

After N = [2log, /3 c2/c1] such steps we get the set of vertical and horizontal
ellipses. Thus, it is possible to organize getting from the initial point to the end
point. Therefore we have shown that the switched system is controllable.

1.2. Case a < 3.

Now it is natural to refer to (3) as vertical ellipses and (4) as horizontal ellipses.

Unlike the previous case, the initial and end ellipses are horizontal (see Fig. 3).
Then the number of intermediate ellipses is also estimated as IV = [2log, /5 c2/c1]
and the system is controllable.

Fig. 3. G(c1,0), K(ca,0), 1(0, \/acy), H(\/gcl), J(0,%¢2)
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2. Algorithm of finding the controlling switching signals

The obtained results allow us to propose an algorithm of getting from an initial
point to an end point for the system under consideration.

1. Get initial and final points (x1,y1), (%2, y2).

2

Y12
2 5

a2 =\/x{9+—.
\/ 1,2 «

2
Build initial and final ellipses a:iQ + y% = 6%72'

3. Define intervals [cq, \/%01], [ca, \/%02].

4. If there exists d € [e1, Ge1] 1 [e2, Geo] then build ellipse 22 + % = d2.

2. Calculate

d2

|2

2
Otherwise define ¢ := \/%cl, build ellipses x%Q + y% =c2 22+ %2 =

return to item 3.

5. Build N auxiliary ellipses till the intersection with x? + % = c2. Find
intersection points, get the way from point to point by choosing the closest
point in needed direction.

Consider the following example, which generalizes the system from [6, p. 6].
Suppose the matrices to be of the form

e[ 23] welag ]

a = 4, the initial point is (=50, —11), and we need to find the way to the point
(6,1). Using the MATLAB program we get a collection of ellipses and a switching
path.

In our case the set of switching points is:

{(45.4832,44.3520), (0.0000, 48.3322), (24.1661, 0.0000), (0.0000, 12.0830) }

and one possible trajectory is drawn in Fig. 4.
3. Generalization

Let us suggest a generalization to linear switched systems of higher dimension.

Theorem 1 Let us consider a switched system of the form

() = Ai(z(t), x(0) = zo #0,
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Fig. 4. Possible trajectory

where A; are block-diagonal matrices of dimension 2n x 2n

Al 0

A; = _ Coij=1,2, Q= (i...i

0 A?
where Ag are given 2 X 2 matrices. The switched system
o(t) = Ai(z(t)), =(0) =z #0

1s controllable if and only if the systems

i(t) = Al(x(t), x(0)=z0#0, i=1,2, j=1..

are controllable.

Conclusion on the results and directions for further research

.n

In this work, the controllability of switched linear systems of the special type

was studied.

Namely, linear switched system with purely imaginary eigenvalues of both

matrices are considered.

The main result of the work is an algorithm, that allows to find a set of

switching signals for getting from point to point.

We also formulated the theorem that states the controllability of the switched

system of one special type with a block-diagonal matrix.

In the future, we plan to study the behavior and controllability of switched
systems with different types of eigenvalues (real and complex) and switched

systems of higher dimension.
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V.1. Korobov, A.I. Derevianko. Controllability of the linear switched dynamical
systems of the special type. Switched systems is a special case of hybrid dynamical
systems with discrete and continuous dynamics. They are widely applied when a real
system cannot be described by one single model. In theoretical works on switched systems,
switching signals and times can be random or given by some law. Stability depends both
on vector fields and on the switching law. In the present paper, a different formulation of
the problem is considered, that is the case, when switching signal is under our control.
Namely, a switched system is called controllable if for any two points there exists a
switching signal that allows to get from the first point to the second one. In the paper the
controllability of linear switched systems of a special type is studied. More specifically, we
consider a switch, that is carried out between two 2 x 2 matrices with purely imaginary
eigenvalues of both matrices. In the first section we discuss the physical meaning of
switched systems of this type. Namely, the problem of oscillation of a spring pendulum
with a switchable stiffness coefficient is considered with the series and parallel connection
of an additional spring to the system with one given spring. We prove that such a system
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is controllable, and propose the method of finding the controlling switching signal. In the
second section we present the main result of the work. We formulate an algorithm that
allows finding a set of switching signals for getting from any given initial point to any
given end point. We present an example of such controlling switching signals, simulated
in MATLAB. In the last section we propose a generalization of the obtained result and
formulate the theorem that states the controllability of the special type switched system
with a block-diagonal matrix of high dimension. The method presented in the paper
can be generalized to study of controllability of linear switched systems of more general
form.

Keywords: linear switched systems, controllability, switching way, getting to the given
point, spring pendulum.

Kopobos B.I., depes’suko A.l. KepoBaHicTh JIHIAHIMA JUHAMIYHIMEA CHCTEMaMA
mepeMUKaHHsS clieriajgbHoro tuity. CucreMu mepeMuKanHs — 1€ OKPeMUil BUIAI0K
riOpUAHUX IWHAMIYHAX CHCTEM 3 JMCKPETHOK i HEMEepEepPBHOI IWHAMIKOK. BoHu tmim-
POKO 3aCTOCOBYIOThCsI, KOJIM PEAJIbHA CHCTEMA He MOxKe OyTH OMUCAHA OJHIEI0 €IWHOIO
MOJIEJIITIIO. Y TEOPETUYHUX POOOTAX MO CHCTEMAM MMEPEMUKAHHS CUTHAJIN i 9aC MepEMUKa-
HHSI MOXKYTh OyTH BUMAIKOBUME ab0 KOHTPOIIOBATUCEH SKUM-HEOY b 3akoHOM. CriiikicTb
3aJIE2KUATH SK Bi/l BEKTOPHUX II0JIiB, TAaK i Bij 3aKOHY mepeMukanus. ¥ maHiit podori pos-
[JISAAAETHCH 1HIIA IIOCTAHOBKA 33/1ad4i, TOOTO BUIAOK, KOJIM CUI'HAJ IEPEMUKAHHSA 3HAXO0-
JUTHCS T HAIITAM KOHTPOJIeM. A caMe, cucTeMa TIepEMUKAHHS HA3UBAETHCSA KEPOBAHOIO,
SAKITO [JIst OyIb-AKUX TBOX TOYOK iCHY€ CHUTHAJ MEPEMUKAHHS, IO J03BOJISE MOTPAIUTH
3 MEePINol TOYKHU A0 APYroi. Y CTATTI BUBYAETHCS KEPOBAHICTDH JIHIWHUX CHCTEM Tepe-
MUKAHHS CIENiaJIbHOro Tuily. TovHile, Mu PO3IJITHEMO MEPEMUKAHHSA, K€ BUKOHYETbCS
MixK aBOMA MATPULHAMHA 2 X 2 3 YUCTO YABHAMHU BJIACHUMU 3HAYEHHAMHU 000X MaTPUIb. Y
MEPIIIOMY PO3Iijii MU 06TOBOPIOEMO (DI3WUHUI 3MICT CHCTEM TTEPEeMUKAHHS IIHOTO TUTTY. A
came, 33/71a19a KOJUBAHHS MPYKUHHOTO MASTHUKA 3 KOe(DIIIEHTOM YKOPCTKOCTI, IO TIepe-
MUKAETHCA, POIITIAIAETHCS MIPH TOCIITOBHOMY 1 MapajebHOMY TPUETHAHH] TOTATKOBOL
MPYKUHU 10 CHCTEMHU 3 OIHIEI0 JAHO0 MPYKUHOI. JIOBOIUTHCH, 110 TaKa CHCTEMAa € Ke-
POBAHOIO, 1 IPOIOHYETHCS CIIOCIO MOIIYKY CUTHAJIB HEePEeMUKAHHA. Y APYTrOMYy PO3Iijii Mu
MTPEICTABJISIEMO OCHOBHUI Pe3yabTaT poboTn. @OpMYITIOETHCS aJTOPUTM, SIKUi JT03BOJISIE
3HAWTH HADIP CHUTHAJIB MEPEMUKAHHS JJI MOTPAIISHHSA 3 OyIb-sIKOI MOYATKOBOI TOYKU
B Oymb-siKy 3ajaHy KiumeBy Toduky. HaBemeno mpukiiajz TakOro KEPyBAaHHS MEPEMUKAIIb-
HUMM curHajaMu, 3mozenbopanuii B MATLAB. B ocranuboMy po3giai ME IPOIOHYEMO
y3arajibHeHHsI OTPUMAaHOIO Pe3yJIbTaTy Ta (POPMYIIIOEMO TEOPEMY, B SKill CTBEPIKYETHCH
KEPOBAHICTh CHCTEMH MEPEMUKAHHS CIEIiaJbHOTO THILY 3 OJOYHO-IIarOHAIBHOIO MATPH-
1ero BUIOI po3MipHOocTi. MeTom, mpeacTaBiennit y cTaTTi, MOXKHA y3araJbHUTH /I BU-
BYEHHS KEPOBAHOCTI JIHIHHAX CHCTEM MEPEMUKAHHS OLIbIN 3arajJbHOTO BUTJISALY.
Karono6i crosa: miHiiiHi crucTeMu TepeMHUKAHHS; KEPOBAHICTD; CIOCIO MepeMUKAHHS; 0~
TPAIUISHHS B 33[@Hy TOYKY; IPYKUHHUI MAaATHUK.
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