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Convergence of random walks on double transitive

group generated by its permutational character

A.L. Vyshnevetskiy
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25 Yaroslava Mudrogo st., Kharkiv, 61002, Ukraine

alexwish50@gmail.com

Let P be a probability on a �nite group G, U(g) = 1
|G| the uniform probabili-

ty on G, P (n) an n-fold convolution of P . Under well-known mild conditions,
P (n) → U if n → ∞. A lot of estimates of the rate of the convergence are
found in di�erent norms. We consider the groups that have a double transitive
presentation, and the probability P that naturally arises in this presentati-
on. An exact formula for rate of convergency for these groups for the norm
‖F‖ =

∑
g∈G

|F (g)|, where F (g) is a function on group G, is given.

Keywords: probability; �nite group; convergency; convolution.

Âèøíåâåöüêèé Î.Ë., Çáiæíiñòü âèïàäêîâèõ áëóêàíü íà äâi÷i òðàí-

çèòèâíié ãðóïi, ïîðîäæåíèõ ¨¨ ïiäñòàíîâëþâàëüíèì õàðàêòåðîì.

Íåõàé P � éìîâiðíiñòü íà ñêií÷åííié ãðóïi G, U(g) = 1
|G| � ðiâíîìiðíà

éìîâiðíiñòü íà G, P (n) � n-êðàòíà çãîðòêà ôóíêöi¨ P . Äîáðå âiäîìi óìîâè,
ïðè ÿêèõ P (n) → U ïðè n→∞. Îöiíöi øâèäêîñòi öi¹¨ çáiæíîñòi äëÿ ðiçíèõ
íîðì ïðèñâÿ÷åíî áàãàòî ðîáiò. Ìè ðîçãëÿäà¹ìî ñêií÷åííi ãðóïè, ÿêi ìàþòü
äâi÷i òðàíçèòèâíå çîáðàæåííÿ ïiäñòàíîâêàìè, i éìîâiðíiñòü P , ùî ïðèðî-
äíî âèíèêà¹ â öüîìó çîáðàæåííi. Â ðîáîòi äàíà òî÷íà ôîðìóëà øâèäêîñòi
çáiæíîñòi äëÿ òàêèõ ãðóï âiäíîñíî íîðìè ‖F‖ =

∑
g∈G

|F (g)|, äå F (g) � ôóí-

êöiÿ íà ãðóïi G.
Êëþ÷îâi ñëîâà: éìîâiðíiñòü; ñêií÷åííà ãðóïà; çáiæíiñòü; çãîðòêà.

Âèøíåâåöêèé À.Ë., Ñõîäèìîñòü ñëó÷àéíûõ áëóæäàíèé íà äâà-

æäû òðàíçèòèâíîé ãðóïïå, ïîðîæäåííûõ åå ïîäñòàíîâî÷íûì

õàðàêòåðîì. Ïóñòü P � âåðîÿòíîñòü íà êîíå÷íîé ãðóïïå G, U(g) = 1
|G|

� ðàâíîìåðíàÿ âåðîÿòíîñòü íà G, P (n) � n-êðàòíàÿ ñâåðòêà ôóíêöèè P .
Õîðîøî èçâåñòíû óñëîâèÿ, ïðè êîòîðûõ P (n) → U ïðè n → ∞. Îöåíêå
ñêîðîñòè ýòîé ñõîäèìîñòè äëÿ ðàçíûõ íîðì ïîñâÿùåíî ìíîãî ðàáîò.
Ìû ðàññìàòðèâàåì êîíå÷íûå ãðóïïû, èìåþùèå äâàæäû òðàíçèòèâíîå
ïðåäñòàâëåíèå ïîäñòàíîâêàìè, è âåðîÿòíîñòü P , êîòîðàÿ åñòåñòâåííî
âîçíèêàåò â ýòîì èçîáðàæåíèè. Â ðàáîòå äàíà òî÷íàÿ ôîðìóëà ñêîðîñòè
ñõîäèìîñòè äëÿ òàêèõ ãðóïï îòíîñèòåëüíî íîðìû ‖F‖ =

∑
g∈G

|F (g)|, ãäå

F (g) � ôóíêöèÿ íà ãðóïïå G.
Êëþ÷åâûå ñëîâà: âåðîÿòíîñòü; êîíå÷íàÿ ãðóïïà; ñõîäèìîñòü; ñâåðòêà.

2010 Mathematics Subject Classi�cation: 20D99; 60B15; 60B10.
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Let P be a probability on a �nite group G, U(g) =
1

|G|
the uniform probability

on G, P (n) �� an n-fold convolution of P . Under well-known mild conditions,
P (n) → U if n → ∞ (see [1]). A lot of estimates of the rate of the convergence
are found in di�erent norms ([2]). We consider the groups that have a double
transitive presentation (by permutations), and the probability P that naturally
arises in this presentation.

A group G of permutations has its natural character which values equal to the
number of points �xed by permutation . If G is transitive, then (see [1] � [3])

1

|G|
∑
g∈G

χ(g) = 1,

so the function P (g) =
1

|G|
χ(g) is a probability on group G. The probability P (g)

naturally arises for any transitive permutation group G.

The function P (g) is a class (or central) one, i.e. it has the same value on
each class of conjugate elements of group G. There is a scalar product in a linear
space L(G) of class functions: for F1, F2 ∈ L(G)

(F1, F2) =
1

|G|
∑
g∈G

F1(g)F 2(g), (1)

where F is complex conjugate to a complex number F . Let Irr(G) =
{1G, χ1, . . . , χk} be the set of irreducible characters of group G, where 1G is
a principal (or trivial) character. The set Irr(G) form an orthonormal basis of
L(G) with respect to the scalar product (1). So any class probability P has
decomposition in this basis

P =
1

|G|
1G +m1χ1 + . . .+mkχk, (2)

for some complex numbers m1, . . . ,mk. Let dj = degχj be the degree of the
character χj and

bj =
|G|mj

dj
(j = 1, . . . , k). (3)

Lemma 1 For any natural number n

P (n) − U =

k∑
j=1

djb
n
j

|G|
χj . (4)

It was established in ([4], proof of theorem 3).
LetG be a double transitive �nite group, χ the abovementioned character ofG,

d = degχ its degree. As a character, χ is a class function. A permutation without
�xed points is called regular. By de�nition, χ(g) = 0 if and only if permutation
g ∈ G is regular.
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Theorem 1 ‖P (n)−U‖ =
2|A|

(d− 1)n−1|G|
, where A is the set of regular permutati-

ons in G.

Proof. By Birnside theorem ([3] � [5]) χ = 1G + ϕ, ϕ an irreducible character
of G, degϕ = d− 1. Then (2) actually is

P =
1

|G|
1G +

1

|G|
ϕ,

i.e. in (2) m1 =
1

|G|
, m2 = . . . = mk = 0, so in (3) b1 = (d − 1)−1, b2 = . . . =

bk = 0. By the lemma above P (n) − U = M−1ϕ, where M = (d − 1)n−1|G|. As
ϕ = χ−1G and χ(g) is a non-negative integer, then ϕ(g) ≥ 0 for g ∈ G\A, where
A = {g ∈ G|ϕ(g) = −1}. As character ϕ is irreducible, then

∑
g∈G

ϕ(g) = 0. For

the considered norm

‖P (n) − U‖ =
1

M

∑
g∈G
|ϕ(g)| = 1

M

∑
g∈A

1 +
∑

g∈G\A

ϕ(g)

 =

=
1

M

2
∑
g∈A

1 +
∑
g∈G

ϕ(g)

 =
2|A|
M

=
2|A|

(d− 1)n−1|G|
.

Since ϕ(g) = −1 if and only if χ(g) = 0, then A is the set of regular permutations
in G.

Let us �nd the number of regular permutations of the following double transi-
tive �nite groups: the symmetric group Sd of degree d, the alternating group Ad,
the Zassenhaus groups and the Frobenius group of order p(p− 1) with Frobenius
kernel of prime order p.

De�nition ([3] p. 255). A group is said to be sharply k-transitive if it is k-
transitive and the stabilizer of any k points is trivial. In case k = 2 the group is
called a Zassenhaus group ([5], p. 85). All sharply 2- and 3-transitive groups are
known [3]. Let

Ed =
d∑
r=0

(−1)r

r!
.

Lemma 2 Let G be a permutation group of degree d. The number N0 of regular

permutations in G equals to:

a) d!Ed, if G = Sd;

b)
d!

2
Ed−2 + (−1)d−1(d− 1), if G = Ad;

c)
1

2
(|G| − (d− 1)(d− 2)) , if G is a Zassenhaus group;

d) p− 1, if G is a Frobenius group of order p(p− 1).
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Proof.
a) It is well-known problem about the number of derangements [7].
b) Since the group Ad is sharply (d − 2)-transitive, the number N(i1, . . . , ir) of
its elements leaving de�nite r points i1, . . . , ir �xed equals to

N(i1, . . . , ir) =

 |Ad|(d− r)!
d!

=
(d− r)!

2
, 1 ≤ r ≤ d− 2

1, d− 1 ≤ r ≤ d

Therefore, the number of elements that leave arbitrary r points �xed equals to

CrdN(i1, . . . , ir) =


(d− r)!

2
· d!

r!(d− r!)
=

d!

2r!
, 1 ≤ r ≤ d− 2

d r = d− 1
1, r = d

If r = 0, then
d!

2r!
=
d!

2
= |Ad|. By the principle of inclusion�exclusion

N0 =
d!

2

d−2∑
r=0

(−1)r

r!
+ (−1)d−1d+ (−1)d =

d!

2
Ed−2 + (−1)d−1(d− 1).

c) For Zassenhaus group

N(i1, . . . , ir) =

 |G|(d− r)!
d!

, r = 1, 2

1, r ≥ 3

As above, multiplying by Crd and applying the principle of inclusion�exclusion,
we get

N0 = |G| − |G|+ |G|
2
− C8

d + C4
d − . . .+ (−1)dCrd =

=
|G|
2
− 1 + C1

d − C2
d + (−1)d + (1− 1)d =

1

2
(|G| − (d− 1)(d− 2)) .

d) As well known, a Frobenius group of order p(p− 1), with Frobenius kernel
of prime order p, is a double transitive group. A stabilizer of any two points is
trivial, so the group is sharply 2-transitive. All the regular permutations in G are
(p− 1) non-identity elements of its kernel. So N0 = p− 1.

Corollary 1 The norm ‖P (n) − U‖ equals to:

1)
2Ed

(d− 1)n−1
, if G = Sd;

2)

2

(
Ed−2 +

2

d!
(−1)d−1(d− 1)

)
(d− 1)n−1

, if G = Ad;
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3)
|G| − (d− 1)(d− 2)

(d− 1)n−1|G|
, if G is a Zassenhaus group;

4)
2

(p− 1)n−1p
, if G is a Frobenius group of order p(p − 1), with Frobenius

kernel of prime order p.

ORCID ID
A. L. Vyshnevetskiy https://orcid.org/0000-0003-1757-0416

REFERENCES

1. P. Diaconis, Group Representations in Probability and Statistics. Institute of
Mathematical Statistics, 1988. � 198 p.

2. L. Salo�-Coste, Random walks on �nite groups. In Probability on Discrete
Structures. H. Kesten (editor), Springer. � 2004. � P. 263�340.

3. D. S. Passman, Permutation groups, Benjamin, 1968. � 310 p.

4. M. Isaacs, Character theory of �nite groups, AMS Chelsea. � 1976. � 303 p.

5. Ya.G. Berkovich, E. M. Zhmud, Characters of Finite Groups, part 2, Fields
Institute Communications (v. 181), 1999. � 332 p.

6. A. L. Vyshnevetskiy. Random walks on �nite groups with conjugate class
probability: algebraic approach, Visnyk of V.N.Karazin Kharkiv National Uni-
versity, Ser. �Mathematics, Applied Mathematics and Mechanics�, Vol. 86,
2017. � P. 4�9. (in Russian)

7. H. Ryser, Combinatorial mathematics, N. Y. � 1963. � 154 p.

Âèøíåâåöüêèé Î.Ë., Çáiæíiñòü âèïàäêîâèõ áëóêàíü íà äâi÷i òðàíçèòèâíié

ãðóïi, ïîðîäæåíèõ ¨¨ ïiäñòàíîâëþâàëüíèì õàðàêòåðîì. Íåõàé P � éìîâið-
íiñòü íà ñêií÷åííié ãðóïi G, U(g) = 1

|G| � ðiâíîìiðíà (àáî òðèâiàëüíà) éìîâiðíiñòü

íà ãðóïi G, P (n) = P ∗. . .∗P � n- êðàòíà çãîðòêà ôóíêöi¨ P . Äîáðå âiäîìi óìîâè, ïðè
ÿêèõ P (n) → U ïðè n → ∞. Îöiíöi øâèäêîñòi öi¹¨ çáiæíîñòi äëÿ ðiçíèõ íîðì ïðè-
ñâÿ÷åíî áàãàòî ðîáiò. Ìè ðîçãëÿäà¹ìî ñêií÷åííi ãðóïè, ÿêi ìàþòü äâi÷i òðàíçèòèâíå
çîáðàæåííÿ ïiäñòàíîâêàìè, i éìîâiðíiñòü, ÿêà ïðèðîäíî âèíèêà¹ â öüîìó çîáðàæåí-
íi. Öÿ éìîâiðíiñòü íà êîæíîìó åëåìåíòi ãðóïè G ïðîïîðöiéíà ÷èñëó íåðóõîìèõ (àáî
ñòàöiîíàðíèõ) òî÷îê öüîãî åëåìåíòà, ÿêèé ðîçãëÿäà¹òüñÿ ÿê ïiäñòàíîâêà. Iíàêøå
êàæó÷è, öÿ éìîâiðíiñòü ¹ õàðàêòåðîì çîáðàæåííÿ ãðóïè G ïiäñòàíîâêàìè. Éìîâið-
íiñòü íàçèâàþòü êëàñîâîþ, ÿêùî âîíà ïðèéìà¹ îäíàêîâi çíà÷åííÿ íà êîæíîìó êëàñi
ñïðÿæåíèõ åëåìåíòiâ ãðóïè, òîáòî ¹ ôóíêöi¹þ êëàñó. Ðîçãëÿäóâàíà éìîâiðíiñòü ¹
êëàñîâîþ, áî áóäü-ÿêèé õàðàêòåð ãðóïè ïðèéìà¹ îäíàêîâi çíà÷åííÿ íà ñïðÿæåíèõ
åëåìåíòàõ. Áóäü-ÿêié éìîâiðíîñòi (i, âçàãàëi, ôóíêöi¨ iç çíà÷åííÿìè ó äîâiëüíîìó
êiëüöi K) íà ãðóïi G ìîæíà çiñòàâèòè åëåìåíò ãðóïîâî¨ àëãåáðè KG öi¹¨ ãðóïè íàä
öèì êiëüöåì K. Êëàñîâié éìîâiðíîñòi âiäïîâiäà¹ åëåìåíò öåíòðà öi¹¨ ãðóïîâî¨ àë-
ãåáðè, òîìó êëàñîâó éìîâiðíiñòü òàêîæ íàçèâàþòü öåíòðàëüíîþ. Íà àáåëåâié ãðóïi
áóäü-ÿêà éìîâiðíiñòü ¹ êëàñîâîþ (öåíòðàëüíîþ).
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Â ðîáîòi ðîçãëÿíóòà çáiæíiñòü âiäíîñíî íîðìè ‖F‖ =
∑
g∈G

|F (g)|, äå F (g) �

ôóíêöiÿ íà ãðóïi G. Äëÿ öi¹¨ íîðìè äàíà òî÷íà ôîðìóëà (à íå ïðîñòî îöiíêà, ÿê
ó ïåðåâàæíié áiëüøîñòi ðîáiò) øâèäêîñòi çáiæíîñòi çãîðòêè P (n) äî òðèâiàëüíî¨
éìîâiðíîñòi U(g) íà ãðóïi G. Âèÿâëÿ¹òüñÿ, ùî íîðìà ðiçíèöi ‖P (n) − U‖ âèçíà÷à¹-
òüñÿ ïîðÿäêîì ãðóïè G, ¨¨ ñòåïåíåì, ÿê ãðóïè ïiäñòàíîâîê, òà ÷èñëîì ðåãóëÿðíèõ
ïiäñòàíîâîê ó ãðóïi G. Ðåãóëÿðíîþ íàçèâà¹òüñÿ ïiäñòàíîâêà, ÿêà íå ìà¹ íåðóõîìèõ
òî÷îê. Ðîçãëÿíóòî çàñòîñóâàííÿ âêàçàíî¨ ôîðìóëè ó âèïàäêàõ, êîëè ãðóïà G ¹ ñèìå-
òðè÷íîþ, çíàêîçìiííîþ ãðóïîþ, ãðóïîþ Öàññåíõàóçà i ãðóïîþ Ôðîáåíióñà ïîðÿäêó
p(p − 1) ç ÿäðîì Ôðîáåíióñà ïîðÿäêó p i äîïîâíåííÿì ïîðÿäêó p − 1 ( p � ïðîñòå
÷èñëî). Ãðóïîþ Öàññåíõàóçà íàçèâà¹òüñÿ äâi÷i òðàíçèòèâíà ãðóïà ïiäñòàíîâîê ñêií-
÷åííî¨ ìíîæèíè, â ÿêié ëèøå îäèíè÷íà ïiäñòàíîâêà çàëèøà¹ íà ìiñöi áiëüøå äâîõ
åëåìåíòiâ öi¹¨ ìíîæèíè.
Êëþ÷îâi ñëîâà: éìîâiðíiñòü; ñêií÷åííà ãðóïà; çáiæíiñòü; çãîðòêà.

A. L. Vyshnevetskiy, Convergence of random walks on double transitive group

generated by its permutational character. Let P be a probability on a �nite group
G, U(g) = 1

|G| the uniform (trivial) probability on the group G, P (n) = P ∗ . . . ∗ P an

n-fold convolution of P . A lot of estimates of the rate of the convergence P (n) → U are
found in di�erent norms. It is well known conditions under which P (n) → U if n → ∞.
Many papers are devoted to estimating the rate of this convergence for di�erent norms.
We consider �nite groups that have a double transitive representation by substitutions
and the probability that naturally arises in this image. This probability on each element
of the group is proportional to the number of �xed (or stationary) points of this element,
which is considered as a substitution. In other words, this probability is a character of
the substitution representation of the group. A probability is called class if it takes the
same values on each class of conjugate elements of a group, that is, it is a function of
the class. The considered probability is class because any character of a group takes on
the same values on conjugate elements. Any probability (and, in general, functions with
values in an arbitrary ring) on a group can be associated with an element of the group
algebra of this group over this ring. The class probability corresponds to an element of
the center of this group algebra; that is why the class probability is also called central.
On an abelian group, any probability is class (central).

In the paper convergence with respect to the norm ‖F‖ =
∑
g∈G

|F (g)|, where F (g) is

a function on group G, is considered. For the norm an exact formula not estimate only,
as usual for rate of convergence of convolution P (n) → U is given. It turns out that the
norm of the di�erence ‖P (n) − U‖ is determined by the order of the group, degree the
group as a substitution group, and the number of regular substitutions in the group. A
substitution is called regular if it has no �xed points. Special cases are considered the
symmetric group, the alternating group, the Zassenhaus group, and the Frobenius group
of order p(p− 1) with the Frobenius core of order p (p is a prime number). A Zassenhaus
group is a double transitive substitution group of a �nite set in which only a trivial
substitution leaves more than two elements of this set �xed.
Keywords: probability; �nite group; convergency; convolution.
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Ñëàáîíåëèíåéíûå êðàåâûå çàäà÷è

äëÿ íåâûðîæäåííûõ

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì

Î.Â. Íåñìåëîâà

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðàèíû

Ñëàâÿíñê, Äîíåöêàÿ îáëàñòü, óë. Ã. Áàòþêà, 19, 84116 Óêðàèíà

star-o@ukr.net

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ íåëèíåé-
íîé íåòåðîâîé êðàåâîé çàäà÷è äëÿ ñèñòåìû äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèõ óðàâíåíèé. Èññëåäîâàí ñëó÷àé íåâûðîæäåííîé
ñèñòåìû äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé, à èìåííî:
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû, ïðèâîäèìîé ê ñèñòåìå
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîëüíîé íåïðåðûâ-
íîé ôóíêöèåé.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå íåòåðîâû êðàåâûå çàäà÷è; äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèå óðàâíåíèÿ; ïñåâäîîáðàòíûå ìàòðèöû.

Í¹ñì¹ëîâà Î.Â. Ñëàáêîíåëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæå-

íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì. Îòðèìàíî äîñòàòíi óìî-
âè iñíóâàííÿ ðîçâ'ÿçêó íåëiíiéíî¨ íåòåðîâî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü. Äîñëiäæåíî âèïàäîê íåâèðîäæåíî¨
ñèñòåìè äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü, à ñàìå: äèôåðåíöiàëüíî-
àëãåáðà÷íî¨ ñèñòåìè, ùî ïðèâîäèòüñÿ äî ñèñòåìè çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç äîâiëüíîþ íåïåðåðâíîþ ôóíêöi¹þ.
Êëþ÷îâi ñëîâà: íåëiíiéíi íåòåðîâi êðàéîâi çàäà÷i; äèôåðåíöiàëüíî-
àëãåáðà¨÷íi ðiâíÿííÿ; ïñåâäîîáåðíåíà ìàòðèöÿ.

O.V. Nesmelova. Seminonlinear boundary value problems for

nondegenerate di�erential-algebraic system. We obtained su�cient
conditions of the existence of the nonlinear Noetherian boundary value problem
solution for the system of di�erential-algebraic equations. We studied the case
of the nondegenerate system of di�erential-algebraic equations, namely: the
di�erential-algebraic system reduced to the system of ordinary di�erential
equations with the arbitrary continuous function.
Keywords: nonlinear Noetherian boundary value problems; di�erential-
algebraic equations; pseudoinverse matrices.

2010 Mathematics Subject Classi�cation 34B15.

1. Ëèíåéíûå êðàåâûå çàäà÷è äëÿ íåâûðîæäåííûõ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé z(t) ∈ C1[a, b] ëèíåéíîé äèôôå-
ðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

A(t)z′(t) = B(t)z(t) + f(t), `z(·) = α, α ∈ Rk; (1)
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çäåñü
A(t), B(t) ∈ Cm×n[a, b] := C[a, b]⊗ Rm×n

� íåïðåðûâíûå ìàòðèöû, f(t) ∈ C[a, b] � íåïðåðûâíûé âåêòîð-ñòîëáåö; `z(·)
� ëèíåéíûé îãðàíè÷åííûé ôóíêöèîíàë: `z(·) : C[a, b] → Rk. Ìàòðèöó A(t)
ïðåäïîëàãàåì, âîîáùå ãîâîðÿ, ïðÿìîóãîëüíîé: m 6= n, ëèáî êâàäðàòíîé, íî
âûðîæäåííîé.

Èññëåäîâàíèþ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé ïðè ïîìîùè
öåíòðàëüíîé êàíîíè÷åñêîé ôîðìû è ñîâåðøåííûõ ïàð è òðîåê ìàòðèö ïî-
ñâÿùåíû ìîíîãðàôèè [1, 2, 3, 4]. Â ñòàòüÿõ [5, 6] ïðåäëîæåíà ñåðèÿ äîñòàòî-
÷íûõ óñëîâèé ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðàòîðà
Ãðèíà çàäà÷è Êîøè äëÿ ëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòå-
ìû (1) áåç èñïîëüçîâàíèÿ öåíòðàëüíîé êàíîíè÷åñêîé ôîðìû è ñîâåðøåííûõ
ïàð è òðîåê ìàòðèö. Â ñòàòüå [7] ïðåäëîæåíû óñëîâèÿ ðàçðåøèìîñòè, à òà-
êæå êîíñòðóêöèè îáîáùåííîãî îïåðàòîðà Ãðèíà êðàåâîé çàäà÷è ëèíåéíîé
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (1). Ïðè óñëîâèè [5, 6, 7]

PA∗(t) = 0, A+(t)B(t) ∈ Cn×n[a; b], A+(t)f(t) ∈ C[a; b] (2)

ñèñòåìà (1) ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé

z′ = A+(t)B(t)z + F0(t, ν0(t)); (3)

çäåñü rank A(t) := σ0 = m ≤ n. Êðîìå òîãî,

F0(t, ν0(t)) := A+(t)f(t) + PAρ0 (t)ν0(t),

A+(t) � ïñåâäîîáðàòíàÿ (ïî Ìóðó � Ïåíðîóçó), PA∗(t) � ìàòðèöà-îðòîïðîåêòîð
[12]: PA∗(t) : Rm → N(A∗(t)), PAρ0 (t) � (n × ρ0)− ìàòðèöà, ñîñòàâëåííàÿ èç
ρ0 ëèíåéíî-íåçàâèñèìûõ ñòîëáöîâ (n× n)− ìàòðèöû-îðòîïðîåêòîðà

PA(t) : Rn → N(A(t)).

Òàêèì îáðàçîì, ïðè óñëîâèè ρ0 6= 0 ñèñòåìà (3), ðàçðåøåííàÿ îòíîñèòåëüíî
ïðîèçâîäíîé, çàâèñèò îò ïðîèçâîëüíîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t).
Îáîçíà÷èì X0(t) íîðìàëüíóþ ôóíäàìåíòàëüíóþ ìàòðèöó

X ′0(t) = A+(t)B(t)X0(t), X0(a) = In

ïîëó÷åííîé òðàäèöèîííîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé (3). Çàìåòèì, ÷òî íîðìàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöàX0(t) íåâûðî-
æäåíà. Ïðè óñëîâèè (2) ñèñòåìà (3), à ñëåäîâàòåëüíî è ñèñòåìà (1), èìååò
ðåøåíèå âèäà

z(t, c) = X0(t)c+X0(t)

t∫
a

X−10 (s)F0(s, ν0(s)) ds, c ∈ Rn.

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ ëåììà [7].
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Ëåììà 1 Ïðè óñëîâèè (2) ñèñòåìà (1) èìååò ðåøåíèå âèäà

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ Rn,

ãäå

K

[
f(s), ν0(s)

]
(t) := X0(t)

t∫
a

X−10 (s)F0(s, ν0(s)) ds

� îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è Êîøè z(a) = 0 äëÿ äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêîé ñèñòåìû (1).

Ïîñêîëüêó ïðè óñëîâèè (2) ñèñòåìà (1) ðàçðåøèìà äëÿ ëþáîé íåîäíîðî-
äíîñòè f(t), ïîñòîëüêó, ïî àíàëîãèè ñ êëàññèôèêàöèåé èìïóëüñíûõ êðàåâûõ
çàäà÷ [9, 10] ñëó÷àé (2) áóäåì íàçûâàòü íåâûðîæäåííûì. Ñ äðóãîé ñòîðîíû, â
îòëè÷èå îò êëàññèôèêàöèè èìïóëüñíûõ êðàåâûõ çàäà÷ ðå÷ü èäåò î ðàçðåøè-
ìîñòè äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (1), à íå ñîîòâåòñòâóþùåé
êðàåâîé çàäà÷è. Ïðåäïîëîæèì, ÷òî óðàâíåíèå (1) óäîâëåòâîðÿåò òðåáîâàíèÿì
ëåììû 1. Ïîäñòàâëÿÿ îáùåå ðåøåíèå

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ Rn

çàäà÷è Êîøè z(a) = c äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ (1)
â êðàåâîå óñëîâèå (1), ïðèõîäèì ê ëèíåéíîìó àëãåáðàè÷åñêîìó óðàâíåíèþ

Qc = α− `K
[
f(s), ν0(s)

]
(·). (4)

Óðàâíåíèå (4) ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà

PQ∗
d

{
α− `K

[
f(s), ν0(s)

]
(·)
}

= 0. (5)

Çäåñü PQ∗ � îðòîïðîåêòîð: Rk → N(Q∗); ìàòðèöà PQ∗
d
ñîñòàâëåíà èç d ëèíåéíî

íåçàâèñèìûõ ñòðîê îðòîïðîåêòîðà PQ∗ , êðîìå òîãî Q := `X0(·) ∈ Rk×n. Ïðè
óñëîâèè (5) è òîëüêî ïðè íåì îáùåå ðåøåíèå óðàâíåíèÿ (4)

c = Q+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+ PQr cr, cr ∈ Rr

îïðåäåëÿåò îáùåå ðåøåíèå êðàåâîé çàäà÷è (1)

z(t, cr) = Xr(t)cr +X0(t)Q
+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+K

[
f(s), ν0(s)

]
(t).

Çäåñü PQ � ìàòðèöà-îðòîïðîåêòîð: Rn → N(Q); ìàòðèöà PQr ∈ Rn×r ñîñòàâ-
ëåíà èç r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ îðòîïðîåêòîðà PQ. Òàêèì îáðàçîì,
äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 1 Ïðåäïîëîæèì, ÷òî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîå óðàâíåíèå

(1) óäîâëåòâîðÿåò òðåáîâàíèÿì ëåììû 1. Ïðè óñëîâèè (5) è òîëüêî ïðè

íåì äëÿ ôèêñèðîâàííîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t) ∈ C[a, b] îáùåå

ðåøåíèå äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (1)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé

êðàåâîé çàäà÷è (1)

G

[
f(s); ν0(s);α

]
(t) := X0(t)Q

+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+K

[
f(s), ν0(s)

]
(t).

Ñëåäñòâèå 1 Ïðåäïîëîæèì, ÷òî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîå óðàâíå-

íèå (1) óäîâëåòâîðÿåò òðåáîâàíèÿì ëåììû 1. Ïðè óñëîâèè PQ∗ = 0, êðàåâàÿ
çàäà÷à (1) ðàçðåøèìà äëÿ ëþáûõ íåîäíîðîäíîñòåé f(t) è α. Îáùåå ðåøåíèå

êðàåâîé çàäà÷è (1)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà G[f(s); ν0(s);α](t) äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (1).

Ïðèìåð 1. Òðåáîâàíèÿì ñëåäñòâèÿ 1 óäîâëåòâîðÿåò äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà÷à

A(t) z′(t) = B(t)z(t) + f(t), `z(·) := Υ (z(0) + z(π)) = 0, (6)

ãäå

A(t) :=

(
1 0 0
0 1 0

)
, B(t) :=

(
0 1 0
−1 0 1

)
,

êðîìå òîãî

f(t) :=

(
0

cos 3t

)
, Υ :=

(
1 0 0
0 1 0

)
.

Ïîñêîëüêó óñëîâèå (2) âûïîëíåíî, ïîñòîëüêó ñèñòåìà (6) íåâûðîæäåíà è
èìååò ðåøåíèå âèäà

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ R3,

ãäå

X0(t) =

 cos t sin t 1− cos t
− sin t cos t sin t

0 0 1

 ,K

[
f(s), ν0(s)

]
(t) =

1

8

 cos t− cos 3t
sin 3t− sin t

0

 .
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Â äàííîì ñëó÷àå ìàòðèöà A(t) ïðÿìîóãîëüíàÿ, ïðè ýòîì

ρ0 = 1 6= 0, PA(t) =

 0 0 0
0 0 0
0 0 1

 , PAρ0 (t) =

 0
0
1

 ,

ïîýòîìó íàéäåííîå ðåøåíèå çàâèñèò îò ïðîèçâîëüíîé íåïðåðûâíîé ñêàëÿðíîé
ôóíêöèè; â äàííîì ñëó÷àå ν0(t) := 0. Îáùåå ðåøåíèå îäíîðîäíîé çàäà÷è (6)
îïðåäåëÿåò ìàòðèöà ïîëíîãî ðàíãà

Q =

(
2 0 0
0 2 0

)
, PQ∗ = 0.

Òàêèì îáðàçîì, íàõîäèì îáùåå ðåøåíèå íåîäíîðîäíîé çàäà÷è (6)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ R1;

çäåñü

Xr(t) =
(

1− cos t sin t 1
)∗
, G

[
f(s); ν0(s);α

]
(t) = K

[
f(s), ν0(s)

]
(t)

� îáîáùåííûé îïåðàòîð Ãðèíà äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé
çàäà÷è (6).

2. Íåëèíåéíûå êðàåâûå çàäà÷è äëÿ íåâûðîæäåííûõ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé

z(t, ε) : z(·, ε) ∈ C1[a, b], z(t, ·) ∈ C1[0, ε0]

íåëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

A(t)z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, t, ε), (7)

`z(·, ε) = α. (8)

Ðåøåíèÿ íåòåðîâîé (n 6= k) êðàåâîé çàäà÷è (7), (8) èùåì â ìàëîé îêðåñòíîñòè
ðåøåíèÿ z0(t) ∈ C1[a, b] ïîðîæäàþùåé çàäà÷è

A(t)z′0(t) = B(t)z0(t) + f(t), `z0(·) = α. (9)

Çäåñü Z(z, t, ε) � íåëèíåéíàÿ ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî
íåèçâåñòíîé z(t) â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è, íåïðå-
ðûâíàÿ ïî t ∈ [a, b] è íåïðåðûâíàÿ ïî ìàëîìó ïàðàìåòðó. Íåëèíåéíàÿ äèô-
ôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà÷à (7) îáîáùàåò ìíîãî÷èñëåííûå
ïîñòàíîâêè íåëèíåéíûõ íåòåðîâûõ êðàåâûõ çàäà÷ [11, 12]. Ïðåäïîëîæèì, ÷òî
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ïîðîæäàþùàÿ êðàåâàÿ çàäà÷à (9) óäîâëåòâîðÿåò òðåáîâàíèÿì ñëåäñòâèÿ 1;
ïðè ýòîì ñèñòåìà (7) ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé

z′ = A+(t)B(t)z + F0(t, ν0(t)) + εA+(t)Z(z, t, ε). (10)

Ïðåäïîëîæèì, ÷òî ïîðîæäàþùàÿ êðàåâàÿ çàäà÷à (9) íåâûðîæäåíà è íåêðè-
òè÷íà (PQ∗ = 0), òî åñòü, óäîâëåòâîðÿåò òðåáîâàíèÿì ñëåäñòâèÿ 1, ïðè ýòîì
ïîðîæäàþùàÿ çàäà÷à (9) ðàçðåøèìà äëÿ ëþáûõ íåîäíîðîäíîñòåé f(t) è α.
Îáùåå ðåøåíèå ïîðîæäàþùåé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çà-
äà÷è (9) äëÿ ôèêñèðîâàííîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t) ∈ C[a, b] èìå-
åò âèä

z0(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr.

Ðåøåíèÿ êðàåâîé çàäà÷è (8), (10) èùåì â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïî-
ðîæäàþùåé çàäà÷è: z(t, ε) = z0(t, cr) + x(t, ε). Ôèêñèðóÿ îäíó èç êîíñòàíò
cr ∈ Rr, äëÿ íàõîæäåíèÿ âåêòîðà

x(t, ε) : x(·, ε) ∈ C1[a, b], x(t, ·) ∈ C1[0, ε0], x(t, 0) ≡ 0

àíàëîãè÷íî [12], ïðèõîäèì ê çàäà÷å

x′ = A+(t)B(t)x+ εA+(t)Z(z0 + x, t, ε), `x(·, ε) = 0. (11)

Â íåêðèòè÷åñêîì ñëó÷àå çàäà÷à (11) ðàçðåøèìà äëÿ ëþáîé íåëèíåéíîñòè.
Îáùåå ðåøåíèå äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (11) äëÿ
ôèêñèðîâàííîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t) ∈ C[a, b] èìååò âèä

x(t, ε) = Xr(t)c(ε) +G

[
A+(s)Z(z0 + x, s, ε); ν0(s); 0

]
(t).

Ðåøåíèÿ êðàåâîé çàäà÷è (7), (8) ïðè ýòîì îïðåäåëÿåò îïåðàòîðíàÿ ñèñòåìà
[12, 13]

z(t, ε) = z0(t, cr) + x(t, ε), x(t, ε) = Xr(t)c(ε) + x(1)(t, ε),

x(1)(t, ε) = G

[
A+(s)Z(z0 + x, s, ε); ν0(s); 0

]
(t).

Äëÿ ïîñòðîåíèÿ ðåøåíèé ýòîé îïåðàòîðíîé ñèñòåìû ïðèìåíèì ìåòîä ïðîñòûõ
èòåðàöèé; òàêèì îáðàçîì ïîëó÷àåì èòåðàöèîííóþ ñõåìó [12, 13]

zk+1(t, ε) = z0(t, cr) + xk+1(t, ε), k = 0, 1, 2, ... ,

xk+1(t, ε) = Xr(t)c(ε) + x
(1)
k+1(t, ε), (12)

x
(1)
k+1(t, ε) = G

[
A+(s)Z(z0 + xk, s, ε); ν0(s)

]
(t).

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 2 Ïðåäïîëîæèì, ÷òî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîå óðàâíå-

íèå (9) óäîâëåòâîðÿåò òðåáîâàíèÿì ñëåäñòâèÿ 1. Â íåêðèòè÷åñêîì ñëó÷àå

(PQ∗ = 0) ïîðîæäàþùàÿ çàäà÷à (9) ðàçðåøèìà ïðè ëþáûõ íåîäíîðîäíîñòÿõ

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû è êðàåâîãî óñëîâèÿ (9) è èìååò

r− ëèíåéíî-íåçàâèñèìûõ ðåøåíèé

z0(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr.

Ïðè äîïîëíèòåëüíîì óñëîâèè

A+(·)Z(z, ·, ε) ∈ C[a; b], A+(t)Z(·, t, ε) ∈ C
[
||z − z0|| < q

]
(13)

äëÿ ïîñòðîåíèÿ ðåøåíèé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

(7), (8) ïðèìåíèìà ñõîäÿùàÿñÿ ïðè ε ∈ [0, ε∗] èòåðàöèîííàÿ ñõåìà (12).

Äëÿ îïðåäåëåíèÿ âåëè÷èíû ε∗ ìîæåò áûòü èñïîëüçîâàí ìåòîä ìàæîðèðó-
þùèõ óðàâíåíèé Ëÿïóíîâà [11, 12]; êðîìå òîãî, àíàëîãè÷íàÿ îöåíêà âåëè÷èíû
ε∗ íàéäåíà â ñòàòüå [13].

Ïðèìåð 2. Òðåáîâàíèÿì òåîðåìû 2 óäîâëåòâîðÿåò íåëèíåéíàÿ äèôôåðåí-
öèàëüíî-àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà÷à

A(t) z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, ε), `z(·, ε) = 0, (14)

ãäå

A(t) :=

(
1 0 0
0 1 0

)
, B(t) :=

(
0 1 0
−1 0 1

)
,

êðîìå òîãî

z(t, ε) :=

(
za(t, ε)
zb(t, ε)

)
, f(t) :=

(
0

cos 3t

)
, Υ :=

(
1 0 0
0 1 0

)
,

Z(z, ε) :=

(
0

z3a(t, ε)

)
, `z(·, ε) := Υ (z(0, ε) + z(π, ε)).

Â ïðèìåðå 2 áûëî ïîêàçàíî, ÷òî ïîðîæäàþùàÿ ñèñòåìà äëÿ óðàâíåíèÿ (14)
íåâûðîæäåíà, à òàêæå íàéäåíû ìàòðèöà X0(t) è îïåðàòîð K[f(s), ν0(s)](t). Â
ñëó÷àå óðàâíåíèÿ (14) ïîðîæäàþùåå ðåøåíèå çàâèñèò îò ïðîèçâîëüíîé íåïðå-
ðûâíîé ôóíêöèè; ïîëîæèì, êàê è â ïðèìåðå 2: ν0(t) := 0.Ôèêñèðóÿ êîíñòàíòó
cr := 10−1, íàõîäèì

z0(t, cr) =
1

40

 4 + cos t− 5 cos 3t
15 sin 3t− sin t

4

 .
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Äëÿ ïîñòðîåíèÿ ðåøåíèé íåëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðà-
åâîé çàäà÷è (14) ïðèìåíèìà èòåðàöèîííàÿ ñõåìà (12), ïðè ýòîì, ïîëàãàÿ
c(ε) := 0, èìååì:

x1(t, ε) =

 x1a(t, ε)
x1b(t, ε)

0

 ,

ãäå

x1a(t, ε) = − ε

28 672 000

(
− 98 560 + 125 312 cos t− 8 064 cos 2t−

−19 096 cos 3t− 1 792 cos 4t+ 280 cos 5t+ 1 920 cos 6t+ 175 cos 7t−

−175 cos 9t+ 18 480π sin t− 18 480 t sin t

)
,

x1b(t, ε) = − ε

28 672 000

(
18 480 (π − t) cos t− 143 792 sin t+

+16 128 sin 2t+ 57 288 sin 3t+ 7 168 sin 4t− 1 400 sin 5t−

−11 520 sin 6t− 1 225 sin 7t+ 1 575 sin 9t

)
.

Äëÿ îöåíêè òî÷íîñòè íàéäåííûõ ïðèáëèæåíèé ê ðåøåíèþ íåëèíåéíîé
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (14) îïðåäåëèì íåâÿçêè

∆k(ε) :=

∣∣∣∣∣
∣∣∣∣∣A(t) z′k(t, ε)−B(t)zk(t, ε)− f(t)− εZ(z, ε)

∣∣∣∣∣
∣∣∣∣∣
C[0;2π]

íóëåâîãî è ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ êðàåâîé çàäà÷è (14). Ïîëîæèâ
ε = 0, 1 , k = 0, 1, èìååì

∆0(0, 1) ≈ 0, 00 134 314, ∆1(0, 1) ≈ 8, 94 744 · 10−6.

Îòìåòèì òàêæå, ÷òî ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ êðàåâîé çàäà÷è (14) â
òî÷íîñòè óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ.

Äîêàçàííàÿ òåîðåìà 2 îáîáùàåò ñîîòâåòñòâóþùèå óòâåðæäåíèÿ [12] íà
ñëó÷àé íåëèíåéíîé íåâûðîæäåííîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðà-
åâîé çàäà÷è (7), (8) â íåêðèòè÷åñêîì ñëó÷àå. Ðåçóëüòàòû òåîðåìû 2 ëåãêî
ìîãóò áûòü ïåðåíåñåíû íà ìàòðè÷íûå êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëü-
íî-àëãåáðàè÷åñêèõ ñèñòåì [14]. Äëÿ ïîñòðîåíèÿ ðåøåíèé íåëèíåéíîé íåâûðî-
æäåííîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (7), (8) ïðèìåíèì
ìåòîä íàèìåíüøèõ êâàäðàòîâ [15].
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Í¹ñì¹ëîâàÎ.Â. Ñëàáêîíåëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæåíèõ äèôå-

ðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì. Ó ñòàòòi îòðèìàíî äîñòàòíi óìîâè iñíóâàí-
íÿ ðîçâ'ÿçêó íåëiíiéíî¨ íåòåðîâî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü, øèðîêî âèêîðèñòîâóâàíèõ â ìåõàíiöi, åêîíîìiöi, åëåêòðîòåõíi-
öi òà òåîði¨ óïðàâëiííÿ. Äîñëiäæåíî âèïàäîê íåâèðîäæåíî¨ ñèñòåìè äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü, à ñàìå: äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè, ðîçâ'ÿçíî¨ âiä-
íîñíî ïîõiäíî¨. Â öüîìó âèïàäêó íåëiíiéíà ñèñòåìà äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
ðiâíÿíü çâîäèòüñÿ äî ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç äîâiëüíîþ íå-
ïåðåðâíîþ ôóíêöi¹þ. Äîñëiäæåíà â ñòàòòi íåëiíiéíà äèôåðåíöiàëüíî-àëãåáðà¨÷íà
êðàéîâà çàäà÷à óçàãàëüíþ¹ ÷èñëåííi ïîñòàíîâêè íåëiíiéíèõ íåòåðîâèõ êðàéîâèõ çà-
äà÷, ùî ðîçãëÿäàëèñÿ â ìîíîãðàôiÿõ À.Ì. Ñàìîéëåíêà, Å.Î. Ãðåáåíiêîâà, Þ.Î. Ðÿ-
áîâà, Î.À. Áîé÷óêà i Ñ.Ì ×óéêà, à îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè ïåðåíåñåíi íà
ìàòðè÷íi êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì.

Îòðèìàíi â ñòàòòi ðåçóëüòàòè äîñëiäæåííÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéî-
âèõ çàäà÷, íà âiäìiíó âiä ðîáiò Ñ. Êåìïáåëëà, Â.Ô. Áîÿðèíöåâà, Â.Ô. ×èñòÿêîâà,
À.Ì. Ñàìîéëåíêà i Î.À. Áîé÷óêà, íå ïåðåäáà÷àþòü âèêîðèñòàííÿ öåíòðàëüíî¨ êàíî-
íi÷íî¨ ôîðìè, à òàêîæ äîñêîíàëèõ ïàð i òðiéîê ìàòðèöü. Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ
äàíî¨ êðàéîâî¨ çàäà÷i çàïðîïîíîâàíà iòåðàöiéíà ñõåìà ç âèêîðèñòàííÿì ìåòîäó ïðî-
ñòèõ iòåðàöié.

Çàïðîïîíîâàíi óìîâè ðîçâ'ÿçíîñòi, à òàêîæ ñõåìà çíàõîäæåííÿ ðîçâ'ÿçêiâ íå-
ëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i ïðîiëþñòðîâàíi
íà ïðèêëàäi. Äëÿ îöiíêè òî÷íîñòi çíàéäåíèõ íàáëèæåíü äî ðîçâ'ÿçêó íåëiíié-
íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i çíàéäåíi íåâ'ÿçêè îòðèìàíèõ íà-
áëèæåíü ó ïî÷àòêîâîìó ðiâíÿííi. Âiäçíà÷èìî òàêîæ, òî çíàéäåíi íàáëèæåííÿ äî
ðîçâ'ÿçêó íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i â òî÷íîñòi âiäïî-
âiäàþòü êðàéîâié óìîâi.
Êëþ÷îâi ñëîâà: íåëiíiéíi íåòåðîâi êðàéîâi çàäà÷i; äèôåðåíöiàëüíî-àëãåáðà¨÷íi ðiâ-
íÿííÿ; ïñåâäîîáåðíåíà ìàòðèöÿ.

Î.V.Nesmelova. Seminonlinear boundary value problems for nondegenerate

di�erential-algebraic system. In the article we obtained su�cient conditions of the
existence of the nonlinear Noetherian boundary value problem solution for the system of
di�erential-algebraic equations which are widely used in mechanics, economics, electrical
engineering, and control theory. We studied the case of the nondegenerate system of
di�erential algebraic equations, namely: the di�erential algebraic system that is solvable
relatively to the derivative. In this case, the nonlinear system of di�erential algebraic
equations is reduced to the system of ordinary di�erential equations with an arbitrary
continuous function. The studied nonlinear di�erential-algebraic boundary-value problem
in the article generalizes the numerous statements of the non-linear non-Gath boundary
value problems considered in the monographs of À.Ì. Samoilenko, E.A. Grebenikov,
Yu.A. Ryabov, A.A. Boichuk and S.M. Chuiko, and the obtained results can be carried
over matrix boundary value problems for di�erential-algebraic systems.

The obtained results in the article of the study of di�erential-algebraic boundary value
problems, in contrast to the works of S. Kempbell, V.F. Boyarintsev, V.F. Chistyakov,
A.M. Samoilenko and A.A. Boychuk, do not involve the use of the central canonical form,
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as well as perfect pairs and triples of matrices. To construct solutions of the considered
boundary value problem, we proposed the iterative scheme using the method of simple
iterations.

The proposed solvability conditions and the scheme for �nding solutions of the nonli-
near Noetherian di�erential-algebraic boundary value problem, were illustrated with an
example. To assess the accuracy of the found approximations to the solution of the nonli-
near di�erential-algebraic boundary value problem, we found the residuals of the obtained
approximations in the original equation. We also note that obtained approximations to
the solution of the nonlinear di�erential-algebraic boundary value problem exactly satisfy
the boundary condition.
Keywords: nonlinear Noetherian boundary value problems; di�erential-algebraic equati-
ons; pseudoinverse matrices.

Article history: Received: 1 October 2018; Final form: 20 February 2019;
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×àñòè÷íàÿ ïàðàáîëè÷íîñòü êðàåâîé çàäà÷è äëÿ

ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé â ñëîå
Ìàêàðîâ À.À., Íèêîëåíêî È. Ã.

Õàðüêîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Â.Í.Êàðàçèíà,
ïë. Ñâîáîäû, 4, 61022, Õàðüêîâ, Óêðàèíà

natvasmak@ukr.net, nig@ukr.net

Â ðàáîòå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ ýâîëþöèîííûõ
ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé â áåñêîíå÷íîì ñëîå. Ââîäèòñÿ ïîíÿ-
òèå ÷àñòè÷íî ïàðàáîëè÷åñêîé êðàåâîé çàäà÷è, êîãäà ðàçðåøàþùàÿ ôóí-
êöèÿ ýêñïîíåíöèàëüíî óáûâàåò ëèøü ïî ÷àñòè ïðîñòðàíñòâåííûõ ïåðåìåí-
íûõ. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà ñèìâîë ïñåâäîäèô-
ôåðåíöèàëüíîãî îïåðàòîðà, ïðè êîòîðûõ ñóùåñòâóþò ÷àñòè÷íî ïàðàáîëè-
÷åñêèå êðàåâûå çàäà÷è. Èññëåäîâàíî òàêæå âîçìóùåííîå ïñåâäîäèôôåðåí-
öèàëüíîå óðàâíåíèå ñ ñèìâîëîì, çàâèñÿùèì îò ïðîñòðàíñòâåííûõ è âðå-
ìåííûõ ïåðåìåííûõ.
Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à; ïñåâäîäèôôåðåíöèàëüíûå óðàâíåíèÿ;
ïðåîáðàçîâàíèå Ôóðüå; ïàðàáîëè÷íîñòü; ãèïîýëëèïòè÷íîñòü.

Ìàêàðîâ Î.À., Íiêîëåíêî I. Ã. ×àñòêîâà ïàðàáîëi÷íiñòü êðàéîâî¨ çà-

äà÷i äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó øàði. Ó ðîáîòi ðîçãëÿäà-
¹òüñÿ íåëîêàëüíà êðàéîâà çàäà÷à äëÿ åâîëþöiéíèõ ïñåâäîäèôåðåíöiàëüíèõ
ðiâíÿíü ó íåñêií÷åííîìó øàði. Ââîäèòüñÿ ïîíÿòòÿ ÷àñòêîâî ïàðàáîëi÷íî¨
êðàéîâî¨ çàäà÷i, êîëè ðîçâ'ÿçóâàëüíà ôóíêöiÿ åêñïîíåíöiàëüíî óáóâà¹ ëè-
øå ïî ÷àñòèíi ïðîñòîðîâèõ çìiííèõ. Îòðèìàíi íåîáõiäíi òà äîñòàòíi óìîâè
íà ñèìâîë ïñåâäîäèôåðåíöiàëüíîãî îïåðàòîðà, ïðè ÿêèõ iñíóþòü ÷àñòêîâî
ïàðàáîëi÷íi êðàéîâi çàäà÷i. Äîñëiäæåíî òàêîæ çáóðåíå ïñåâäîäèôåðåíöi-
àëüíå ðiâíÿííÿ ç ñèìâîëîì, ùî çàëåæèòü âiä ïðîñòîðîâèõ i ÷àñîâèõ çìií-
íèõ.
Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à; ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ; ïåðåòâî-
ðåííÿ Ôóð'¹; ïàðàáîëi÷íiñòü; ãiïîåëiïòè÷íiñòü.

A.A.Makarov, I.G.Nikolenko. Partial parabolicity of the boundary-

value problem for pseudodi�erential equations in a layer. A nonlocal
boundary-value problem for evolutional pseudodi�erential equations in an in�-
nite layer is considered in this paper. The notion of the partially parabolic
boundary-value problem is introduced when a solving function decreases
exponentially only by the part of space variables. Necessary and su�cient condi-
tions for the pseudodi�erential operator symbol are obtained in which partially
parabolic boundary-value problems exist. The disturbed (excitated) pseudodi-
�erential equation with a symbol which depends on space and temporal vari-
ables is also investigated.
Key words: boundary-value problem; pseudodi�erential equations; Fourier
transform; parabolicity; hypoellipticity.
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1. Ââåäåíèå

Ðàíåå â ðàáîòå [1] àâòîðîì áûëà èññëåäîâàíà ïàðàáîëè÷åñêàÿ êðàåâàÿ çà-
äà÷à äëÿ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

∂u(x, t)

∂t
= A

(
∂

i∂x

)
u(x, t) x ∈ Rn, t ∈ [0, T ], (1)

B

(
∂

i∂x

)
u(x, 0) + C

(
∂

i∂x

)
u(x, T ) = ϕ(x). (2)

Çäåñü A
(

∂
i∂x

)
,B
(

∂
i∂x

)
,C
(

∂
i∂x

)
�ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû ñ ñèì-

âîëàìè A(σ), B(σ) è C(σ), ïðèíàäëåæàùèìè ïðîñòðàíñòâó C∞−∞ =
⋂
s

⋃
p
Csp .

Óñëîâèå ïàðàáîëè÷íîñòè îçíà÷àåò, ÷òî ðàçðåøàþùàÿ ôóíêöèÿ

Q(σ, t) = exp{t ·A(σ)}(B(σ) + C(σ) exp{T ·A(σ)})−1

óäîâëåòâîðÿåò îöåíêå |Q(σ, t)| ≤ c(1 + |σ|)p exp{−ρ(t) b|σ|h} ñ íåêîòîðûìè ïî-
ëîæèòåëüíûìè b è h, ãäå ρ(t) = min{t, T − t}.

Áûëî âûÿñíåíî, ÷òî ïàðàáîëè÷åñêàÿ êðàåâàÿ çàäà÷à óêàçàííîãî âèäà âñå-
ãäà ñóùåñòâóåò äëÿ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé, ñèìâîë êîòîðûõ
óäîâëåòâîðÿåò îöåíêå |ReA(σ)| ≥ b|σ|h − b0 ñ b, h > 0, à ðåøåíèÿ ïàðàáîëè-
÷åñêîé êðàåâîé çàäà÷è áóäóò áåñêîíå÷íî äèôôåðåíöèðóåìûìè ïðè ϕ(x) ∈ L2,
ïðè÷åì ñâîéñòâî ïîâûøåíèÿ ãëàäêîñòè õàðàêòåðèçóåò ïàðàáîëè÷åñêèå êðàå-
âûå çàäà÷è.

Îêàçàëîñü òàêæå, ÷òî ïàðàáîëè÷åñêóþ êðàåâóþ çàäà÷ó ìîæíî âîçìó-
ùàòü ïîä÷èíåííûìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè ñ äîñòàòî÷íî
ìàëûìè êîýôôèöèåíòàìè, è ïîëó÷åííàÿ êðàåâàÿ çàäà÷à áóäåò êîððåêòíîé,
ïðè÷åì ýòî ñâîéñòâî òàêæå õàðàêòåðíî äëÿ ïàðàáîëè÷åñêèõ çàäà÷.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå àíàëîãè÷íûõ âîïðîñîâ äëÿ
÷àñòè÷íî ïàðàáîëè÷åñêèõ çàäà÷, òî åñòü êîãäà ðàçðåøàþùàÿ ôóíêöèÿ óáûâà-
åò ëèøü ïî íåêîòîðûì ïåðåìåííûì. Îêàçàëîñü, ÷òî ðåøåíèÿ áóäóò ãëàäêèìè
ïî ñîîòâåòñòâóþùèì ïåðåìåííûì, à ñàìè óðàâíåíèÿ ìîæíî âîçìóùàòü ïîä-
÷èíåííûìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè, ñîäåðæàùèìè äèôôå-
ðåíöèðîâàíèå ëèøü ïî ñîîòâåòñòâóþùèì ïåðåìåííûì.

Ïðèâåäåíû òàêæå ïðèìåðû, èëëþñòðèðóþùèå ïîëó÷åííûå ðåçóëüòàòû.

2. ×àñòè÷íî ïàðàáîëè÷åñêèå êðàåâûå çàäà÷è

Ïðèâåäåì íåêîòîðûå ôàêòû, îòíîñÿùèåñÿ ê ñâåðòêàì îñíîâíûõ è îáîá-
ùåííûõ ôóíêöèé. Ïóñòü Φ � ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé, èíâàðèàí-
òíîå îòíîñèòåëüíî ñäâèãà è îïåðàòîðà îòðàæåíèÿ, ÿâëÿþùååñÿ ïðîñòðàíñ-
òâîì Ôðåøå, à Φ′ � ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé.

Ñâåðòêîé îñíîâíîé è îáîáùåííîé ôóíêöèé íàçûâàåòñÿ ôóíêöèÿ

(f ∗ ϕ)(x)
def
= (f, ϕ(x− y)) ∀ f ∈ Φ′, ∀ϕ ∈ Φ.
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Åñëè ∀ϕ ∈ Φ ñâåðòêà f ∗ ϕ ∈ Φ, òî f íàçûâàåòñÿ ñâåðòûâàòåëåì â ïðî-
ñòðàíñòâå Φ. Ñîîòâåòñòâóþùèé îïåðàòîð ñâåðòêè ìîæíî ïðåäñòàâèòü êàê
ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì f̃(σ), ÿâëÿþùèìñÿ ïðåîáðà-
çîâàíèåì Ôóðüå îáîáùåííîé ôóíêöèè f . Åñëè â êà÷åñòâå Φ âçÿòü ïðîñòðàíñ-
òâî Ë. Øâàðöà S áûñòðî óáûâàþùèõ ôóíêöèé, òî ïðåîáðàçîâàíèå Ôóðüå
ñâåðòêè áóäóò ïðèíàäëåæàòü (ñì. [2]) ïðîñòðàíñòâó áåñêîíå÷íî äèôôåðåíöè-
ðóåìûõ ôóíêöèé C∞−∞, óäîâëåòâîðÿþùèõ îöåíêàì

|Dkψ(σ)| ≤ ck(1 + |σ|)pk ∀k = (k1, . . . , kn).

Åñëè â êà÷åñòâå Φ âçÿòü ïðîñòðàíñòâî H∞ =
⋂
s
Hs, ãäå Hs � ïðîñòðàíñòâà

Ñîáîëåâà, òî ñèìâîëû îïåðàòîðîâ ñâåðòêè ïðèíàäëåæàò ïðîñòðàíñòâó H0
−∞,

ñîñòîÿùåìó èç ëîêàëüíî èíòåãðèðóåìûõ ôóíêöèé, ðàñòóùèõ íå áûñòðåå íå-
êîòîðîé ñòåïåíè (ñì. [2]).

Îáîçíà÷èì A(σ) = FA1 � ïðåîáðàçîâàíèå Ôóðüå îò îáîáùåííîé ôóí-

êöèè A1 , à A
(

∂
i∂x

)
ϕ = A1 ∗ ϕ.

Îïðåäåëåíèå 1 Çàäà÷à (1) � (2) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé èç ïðî-
ñòðàíñòâà Φ â ïðîñòðàíñòâî C1([0, T ],Φ), åñëè ∀ϕ ∈ Φ ∃! u ∈ C1([0, T ],Φ)
è åñëè ïîñëåäîâàòåëüíîñòü ϕν → 0 â ïðîñòðàíñòâå Φ, òî è ïîñëåäîâàòåëü-
íîñòü uν → 0 â òîïîëîãèè ñîîòâåòñòâóþùåãî ïðîñòðàíñòâà.

Êðèòåðèé êîððåêòíîé ðàçðåøèìîñòè â óêàçàííûõ âûøå ïðîñòðàíñòâàõ,
ïîëó÷åííûé â [3], ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.
Òåîðåìà À. Ïóñòü A(σ), B(σ) è C(σ) ïðèíàäëåæàò ïðîñòðàíñòâó C∞−∞.
Çàäà÷à (1)�(2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà S (èëè ïðîñòðàíñòâà
H∞) â ïðîñòðàíñòâî C1([0, T ], S) (èëè â ïðîñòðàíñòâî C1([0, T ], H∞)) òî-
ãäà è òîëüêî òîãäà, êîãäà Q(·, t) ∈ C∞−∞

(
Q(·, t) ∈ H0

−∞
)
äëÿ âñåõ t ∈ [0, T ].

Çàìå÷àíèå. Óñëîâèÿ äàííîé òåîðåìû îáåñïå÷èâàþò òàêæå êîððåêòíóþ
ðàçðåøèìîñòü â ïðîñòðàíñòâàõ êîíå÷íî-ãëàäêèõ ôóíêöèé Hs

l , C
s
l èëè H

s.

Îïðåäåëåíèå 2 Çàäà÷à (1)�(2) íàçûâàåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé ïî ïå-
ðåìåííûì x1, . . . , xj (1 ≤ j ≤ n), åñëè ðàçðåøàþùàÿ ôóíêöèÿ Q(σ, t) óäîâëå-
òâîðÿåò îöåíêå

|Q(σ, t)| ≤ c(1 + |σ|)p exp{−ρ(t)

j∑
i=1

bi|σi|hi} ∀σ ∈ Rn, t ∈ [0, T ]

ñ íåêîòîðûìè ïîëîæèòåëüíûìè c, bi, hi è äåéñòâèòåëüíûì p.
Çäåñü ρ(t) = min(t, T − t).

Òåîðåìà 1 Åñëè êðàåâàÿ çàäà÷à (1)�(2) ÷àñòè÷íî ïàðàáîëè÷íà ïî ïåðåìåí-
íûì x1, . . . , xj (1 ≤ j ≤ n), òî äàííàÿ çàäà÷à êîððåêòíî ðàçðåøèìà èç
ïðîñòðàíñòâà ôóíêöèé, ïðèíàäëåæàùèõ ïðîñòðàíñòâó L2

(
Rj
)
ïî ïåðåìåí-

íûì x1, . . . , xj è ïðèíàäëåæàùèõ ïðîñòðàíñòâó H∞(Rn−j) ïî ïåðåìåííûì
xj+1, . . . , xn, â ïðîñòðàíñòâî C1 ([0, T ], H∞(Rn)).
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Äîêàçàòåëüñòâî. Ðàññìîòðèì äâîéñòâåííóþ ïî Ôóðüå çàäà÷ó
∂ũ(σ, t)

∂t
= A(σ)ũ(σ, t),

B(σ)ũ(σ, 0) + C(σ)ũ(σ, T ) = ϕ̃(σ).

Òîãäà ðåøåíèå èìååò âèä ũ(σ, t) = exp{t A(σ)} · K(σ) ñ íåêîòîðûì K(σ).
Èñïîëüçóÿ êðàåâûå óñëîâèÿ, ïîëó÷èì

K(σ) =
ϕ̃(σ)

B(σ) + C(σ) exp{TA(σ)}
.

Îòêóäà ũ(σ, t) = Q(σ, t)·ϕ̃(σ). Òåïåðü íóæíî ïðîâåðèòü, ÷òî ïîëó÷åííîå ðåøå-
íèå ïðèíàäëåæèò ïðîñòðàíñòâó FH∞ =

⋂
s
Hs. Íî ïîñëåäíåå ñëåäóåò èç òîãî,

÷òî äëÿ ëþáûõ ïîëîæèòåëüíûõ si∣∣∣∣∣
j∏
i=1

(
1 + |σi|2

) si
2 Q(σ, t) · ϕ̃(σ)

∣∣∣∣∣ ≤ cν(1 + |σ|)−ν , ∀ ν ≥ 0 ∃cν > 0, ∀σi ∈ R

â ñèëó îöåíêè íà Q(σ, t).
Òåîðåìà äîêàçàíà.

Âûÿñíèì äëÿ êàêèõ óðàâíåíèé ñóùåñòâóþò ÷àñòè÷íî ïàðàáîëè÷åñêèå êðà-
åâûå çàäà÷è.

Òåîðåìà 2 Åñëè A(σ) ∈ C∞−∞ è |ReA(σ)| ≥
j∑
i=1

bi|σi|hi − b0 ñ ïîëîæè-

òåëüíûìè bi è hi, òî ñóùåñòâóåò ÷àñòè÷íî ïàðàáîëè÷åñêàÿ êðàåâàÿ çàäà÷à
ñ óñëîâèÿìè (2).

Äîêàçàòåëüñòâî. Âîçüìåì B(σ) = 1, à C(σ) = exp{−iT ImA(σ)} ∈ C∞−∞.

Òîãäà Q(σ, t) =
exp{tA(σ)}

1 + exp{T ReA(σ)}
è óäîâëåòâîðÿåò îöåíêå

|Q(σ, t)| ≤ exp{−ρ(t)|ReA(σ)|} ≤ exp

{
−ρ(t)

j∑
i=1

bi|σi|hi
}
,

òî åñòü êðàåâàÿ çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé.
Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Ïðèâåäåííàÿ ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû êðàåâàÿ çà-
äà÷à íàçûâàåòñÿ ìîäåëüíîé è áóäåò èñïîëüçîâàíà â äàëüíåéøåì.

Ïðèâåäåì ïðèìåðû ÷àñòè÷íî ïàðàáîëè÷åñêèõ êðàåâûõ çàäà÷.
Ïðèìåð 1. 

∂u(x, t)

∂t
= −∂

2u(x, t)

∂x21
+
∂u(x, t)

∂x2
,

u(x, 0) + u(x1, x2 − T, T ) = ϕ(x).
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Çäåñü A(σ) = σ21 + iσ2; B(σ) = 1; C(σ) = exp{−i Tσ2}.

Ðàçðåøàþùàÿ ôóíêöèÿ Q(σ, t) =
exp{t(σ21 + iσ2)}
1 + exp{Tσ21}

óäîâëåòâîðÿåò îöåíêå

|Q(σ, t)| ≤ exp{−ρ(t)σ21}, òî åñòü çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé
ïî x1.
Ïðèìåð 2.

∂u(x, t)

∂t
=
∂2u(x, t)

∂x21
− ∂2u(x, t)

∂x1 ∂x2
+
∂2u(x, t)

∂x22
− ∂u(x, t)

∂x3
,

u(x, 0) + u(x1, x2, x3 + T, T ) = ϕ(x).

Çäåñü A(σ) = −σ21 + σ1σ2 − σ22 − iσ3; B(σ) = 1; C(σ) = exp{−i Tσ3}.

Ðàçðåøàþùàÿ ôóíêöèÿ Q(σ, t) =
exp{t(−σ21 + σ1σ2 − σ22 − iσ3)}
1 + exp{T (−σ21 + σ1σ2 − σ22)}

äîïóñêàåò

îöåíêó |Q(σ, t)| ≤ exp

{
−1

2
ρ(t)(σ21 + σ22)

}
, òî åñòü çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî

ïàðàáîëè÷åñêîé ïî x1, x2.
Ïîêàæåì, ÷òî ëþáàÿ êîððåêòíàÿ êðàåâàÿ çàäà÷à ñ óñëîâèåì (2) äëÿ óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùåãî òåîðåìå 2, ÿâëÿåòñÿ ïàðàáîëè÷åñêîé.

Òåîðåìà 3 Åñëè çàäà÷à (1)�(2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà
S(Rn) â ïðîñòðàíñòâî C1([0, T ], S(Rn)), à A(σ) óäîâëåòâîðÿåò óñëîâèÿì òå-
îðåìû 2, òî òàêàÿ çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé.

Äîêàçàòåëüñòâî. Ðàçðåøàþùàÿ ôóíêöèÿ çàäà÷è (1)�(2) èìååò âèä

Q(σ, t) =
exp{tA(σ)}

B(σ) + C(σ) exp{TA(σ)}
.

Åå ìîæíî ïðåäñòàâèòü ÷åðåç ðàçðåøàþùóþ ôóíêöèþ

Q0(σ, t) =
exp{tA(σ)}

1 + exp{T ReA(σ)}

ìîäåëüíîé êðàåâîé çàäà÷è èç òåîðåìû 2 ñëåäóþùèì îáðàçîì

Q(σ, t) = Q0(σ, t)
1 + exp{T ReA(σ)}

B(σ) + C(σ) exp{TA(σ)}
=

= Q0(σ, t)(Q(σ, 0) +Q(σ, T )).

Òàê êàê Q(σ, 0) è Q(σ, T ) â ñèëó òåîðåìû A óäîâëåòâîðÿþò ñòåïåííîé îöåíêå,

òî Q(σ, t) óäîâëåòâîðÿåò îöåíêå |Q(σ, t)| ≤ c(1 + |σ|)p exp{−ρ(t)
j∑
i=1

bi|σi|hi}, òî

åñòü êðàåâàÿ çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé.
Òåîðåìà äîêàçàíà.

Ïîêàæåì, ÷òî óñëîâèå íà A(σ) ÿâëÿåòñÿ íå òîëüêî äîñòàòî÷íûì, íî è
íåîáõîäèìûì äëÿ ÷àñòè÷íîé ïàðàáîëè÷íîñòè.
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Òåîðåìà 4 Åñëè êðàåâàÿ çàäà÷à (1)�(2) ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé
ïî xi (i ≤ j), òî A(σ) óäîâëåòâîðÿåò îöåíêå

|ReA(σ)| ≥
j∑
i=1

bi|σi|hi − b0

ñ íåêîòîðûìè ïîëîæèòåëüíûìè bi è hi.

Äîêàçàòåëüñòâî. Ïî ïðåäûäóùåé òåîðåìå

Q0(σ, t) = Q(σ, t) · B(σ) + C(σ) exp(TA(σ))

1 + exp(T ReA(σ))
=

= Q(σ, t)(B(σ) + C(σ)Q0(σ, T )).

Îòêóäà ñëåäóåò
exp{tReA(σ)}

1 + exp{T ReA(σ)}
≤ c(1 + |σ|)p exp

{
−ρ(t)

j∑
i=1

bi|σi|hi
}
.

Íî åñëè ReA(σ) ≥ 0, òî Q0(σ, t) ýêâèâàëåíòíà exp{(t − T ) ReA(σ)}, à åñëè
ReA(σ) < 0, òî Q0(σ, t) ýêâèâàëåíòíà exp{tReA(σ)}.

Òàêèì îáðàçîì

−ρ(t)|ReA(σ)| ≤ −ρ(t)

(
j∑
i=1

bi|σi|hi − b0

)
èëè |ReA(σ)| ≥

j∑
i=1

bi|σi|hi − b0.

Òåîðåìà äîêàçàíà.

3. Âîçìóùåíèÿ ÷àñòè÷íî ïàðàáîëè÷åñêèõ êðàåâûõ çàäà÷

Â äàííîì ðàçäåëå ìû áóäåì ðàññìàòðèâàòü íåîäíîðîäíîå óðàâíåíèå

∂u(x, t)

∂t
= A

(
∂

i∂x

)
u(x, t) + f(x, t), (3)

à òàêæå âîçìóùåííîå óðàâíåíèå

∂u(x, t)

∂t
= A

(
∂

i∂x

)
u(x, t) + εR

(
t, x,

∂

i∂x

)
u(x, t) + f(x, t), (4)

ãäå ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð R

(
t, x,

∂

i∂x

)
ñ ñèìâîëîì

R (t, x, σ) ∈ C∞−∞ äåéñòâóåò ïî ôîðìóëå

R

(
t, x,

∂

i∂x

)
u(x, t) = F−1R(t, x, σ)ũ(σ, t) ∀u(x, t) ∈ S (∀ t ∈ [0, T ]).

Áóäåì ðàññìàòðèâàòü íóëåâîå êðàåâîå óñëîâèå

B

(
∂

i∂x

)
u(x, 0) + C

(
∂

i∂x

)
u(x, T ) = 0. (5)
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Îïðåäåëåíèå 3 Êðàåâàÿ çàäà÷à (3)�(5) íàçûâàåòñÿ êîððåêòíî ðàçðåøè-
ìîé èç ïðîñòðàíñòâà C0([0, T ], Hs1) â ïðîñòðàíñòâî C1([0, T ], Hs2), åñëè
∀f ∈ C0([0, T ], Hs1) ∃! u ∈ C1([0, T ], Hs2) è ‖u‖ ≤ c‖f‖ ñ íåêîòîðîé ïîëîæè-
òåëüíîé c.

Â ðàáîòå [4] áûëî ïîêàçàíî, ÷òî èç êîððåêòíîñòè çàäà÷è (1)�(2) ñëåäóåò
êîððåêòíîñòü çàäà÷è (3)�(5) è íàîáîðîò ïðè óñëîâèè, ÷òî

c1(1 + |σ|)p1 ≤ |B(σ)|+ |C(σ)| ≤ c2(1 + |σ|)p2 .

Åñëè îïðåäåëèòü ÷àñòè÷íóþ ïàðàáîëè÷íîñòü çàäà÷è (3)�(5) ïî ïåðåìåííûì
xi i ≤ j âûïîëíåíèåì ñëåäóþùåãî óñëîâèÿ íà ôóíêöèþ Ãðèíà äâîéñòâåííîé
ïî Ôóðüå çàäà÷è

|G(σ, t, τ)| ≤ c(1 + |σ|)p exp

{
−ρ(|t− τ |)

j∑
i=1

bi|σi|hi
}

ñ íåêîòîðûìè ïîëîæèòåëüíûìè c, bi, hi è äåéñòâèòåëüíûì p, òî â ñèëó ðàâåí-
ñòâà

G(σ, t, τ) =

{
−Q(σ, t)C(σ) exp{(T − τ)A(σ)}, t ≤ τ
Q(σ, t)B(σ) exp{(−τ)A(σ)}, t > τ

èç ÷àñòè÷íîé ïàðàáîëè÷íîñòè çàäà÷è (1)�(2) ñëåäóåò ÷àñòè÷íàÿ ïàðàáîëè-
÷íîñòü çàäà÷è (3)�(5) è íàîáîðîò.

Âîñïîëüçóåìñÿ ñëåäóþùèì ðåçóëüòàòîì [5].
Òåîðåìà B. Ïóñòü ôóíêöèÿ Ãðèíà çàäà÷è (3)�(5) óäîâëåòâîðÿåò óñëîâèþ

T∫
0

sup
σ
{ |R(t, x, σ) | · |G(σ, t, τ)| }dτ ≤ c.

Òîãäà çàäà÷à (3)�(2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà C0([0, T ], Hs)
â ïðîñòðàíñòâî C1([0, T ]Hs−q) ïðè íåêîòîðîì q ≥ 0, ïðè ëþáîì s è äîñòà-
òî÷íî ìàëûõ ε.

Òåîðåìà 5 Åñëè çàäà÷à (3)�(5) ÷àñòè÷íî ïàðàáîëè÷íà, ïðè÷åì

|G(σ, t, τ)| ≤ c
j∏
i=1

(1 + |σi|)pi · exp

{
−ρ(|t− τ |)

j∑
i=1

bi|σi|hi
}

ñ íåêîòîðûìè ïîëîæèòåëüíûìè c, bi, hi è äåéñòâèòåëüíûìè pi, òî ïðè äî-
ñòàòî÷íî ìàëûõ ïî àáñîëþòíîé âåëè÷èíå ε è ïðè

|R(t, x, σ)| ≤ c1
j∏
i=1

(1 + |σi|)mi , ãäå
j∑
i=1

mi + pi
hi

< 1, c1 > 0,

âîçìóùåííàÿ çàäà÷à (4)�(5) áóäåò êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà
C0([0, T ], Hs) â ïðîñòðàíñòâî C1([0, T ], Hs−q) ïðè íåêîòîðîì q ≥ 0.
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Äîêàçàòåëüñòâî. Ïðèìåíèì òåîðåìó B.

sup
σ
{|R(t, x, σ)|·|G(σ, t, τ)|}≤ sup

σ
c1·
∏
i≤j

(1+|σi|)pi+mi ·exp

−ρ(|t−τ |)
∑
i≤j

bi|σi|hi


Âû÷èñëèì sup

σ
|σ|β exp{−α|σ|h}. Äëÿ ýòîãî íàéäåì ñòàöèîíàðíûå òî÷êè ôóí-

êöèè

f(|σ|) = |σ|β exp{−α|σ|h},
f ′(|σ|) = β|σ|β−1 exp{−α|σ|h}+ |σ|β exp{−α|σ|h}(−αh)|σ|h−1 = 0,

îòêóäà

|σ| =
(
β

αh

)1/h

,

sup
σ
|σ|β exp

{
−α|σ|h

}
=

(
β

αh

)β
h

· e
β
h =

c

α
β
h

.

Òîãäà

sup
σ
{|R(t, x, σ)| · |G(σ, t, τ)|} ≤ K

∏
i≤j

ρ(|t− τ |)−
mi+pi
hi =Kρ(|t− τ |)

−
∑
i≤j

mi+pi
hi

.

Â ñèëó óñëîâèÿ òåîðåìû
j∑
i=1

mi + pi
hi

< 1, òîãäà ïîëó÷èì

T∫
0

sup
σ
{ |R(t, x, σ) | · |G(σ, t, τ)| }dτ <∞,

è, ñëåäîâàòåëüíî, âîçìóùåííàÿ çàäà÷à êîððåêòíà.
Òåîðåìà äîêàçàíà.
Ïðèìåð 3.

P (σ) = σ21 + σ42 + σ33.

Åñëè ðàññìîòðåòü ìîäåëüíóþ êðàåâóþ çàäà÷ó ñ êðàåâûìè óñëîâèÿìè êàê â
òåîðåìå 2, òî G(σ, t, τ) âåäåò ñåáÿ êàê exp

{
−ρ(|t− τ |)

(
σ21 + σ42

)}
.

Âçÿâ R(t, x, σ) = σm1
1 ·σ

m2
2 , ïîëó÷èì óñëîâèå

m1

2
+
m2

4
< 1, òî åñòü âîçìîæíû

öåëî÷èñëåííûå çíà÷åíèÿm1 = 1, m2 = 1 èëèm1 = 0, m2 = 3. Ïî ïåðåìåííîé
x3 âîçìóùàòü íåëüçÿ, òàê êàê äàííàÿ çàäà÷à ÷àñòè÷íî ïàðàáîëè÷íà òîëüêî
ïî ïåðåìåííûì x1 è x2.

4. ×àñòè÷íàÿ ïàðàáîëè÷íîñòü è ÷àñòè÷íàÿ ãèïîýëëèïòè÷íîñòü

Ïîñêîëüêó ðåøåíèÿ ïàðàáîëè÷åñêîé êðàåâîé çàäà÷è áóäóò áåñêîíå÷íî
äèôôåðåíöèðóåìûìè ïðè ϕ(x) ∈ L2, ïîïûòàåìñÿ ñðàâíèòü ïîíÿòèå ïàðà-
áîëè÷íîñòè ñ ïîíÿòèåì ãèïîýëëèïòè÷íîñòè.
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Îïðåäåëåíèå 4 (ñì. [6], ñ.75) Îïåðàòîð P

(
∂

idx

)
íàçûâàåòñÿ ãèïîýëëèïòè-

÷åñêèì, åñëè âñå ðåøåíèÿ óðàâíåíèÿ P

(
∂

idx

)
u(x, t) = 0 ÿâëÿþòñÿ áåñêîíå-

÷íî äèôôåðåíöèðóåìûìè. Ïîëèíîì P (σ) â ýòîì ñëó÷àå òàêæå íàçûâàåòñÿ
ãèïîýëëèïòè÷åñêèì.

Êðèòåðèè ãèïîýëëèïòè÷íîñòè, ïðèâåäåííûå â ([6], ñ.75), ôîðìóëèðóþòñÿ
ñëåäóþùèì îáðàçîì.

Òåîðåìà C. Óðàâíåíèå P

(
∂

idx

)
u(x, t) = 0 ÿâëÿåòñÿ ãèïîýëëèïòè÷åñêèì

òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé
(1) èç P (σ+ iτ) = 0, |σ| → ∞ ñëåäóåò |τ | → ∞ (êðèòåðèé ãèïîýëëèïòè÷íî-
ñòè ïî êîðíÿì ìíîãî÷ëåíà),
(2) åñëè d(ξ) � ðàññòîÿíèå îò òî÷êè ξ ∈ Rn äî ïîâåðõíîñòè {ζ, ζ ∈ Cn :
P (ζ) = 0}, òî d(ξ)→∞ ïðè ξ →∞,

(3) åñëè α 6= 0, òî
P (α)(ξ)

P (ξ)
→ 0 ïðè ξ →∞ â Rn.

Ðàññìîòðèì âîïðîñ î ñâÿçè ÷àñòè÷íîé ïàðàáîëè÷íîñòè ñ ÷àñòè÷íîé ãèïî-
ýëëèïòè÷íîñòüþ.

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ. Êîîðäèíàòû x = (x1, . . . , xn) ðàçîáüåì íà
ãðóïïû x′ = (x1, . . . , xj) è x

′′ = (xj+1, . . . , xn). Àíàëîãè÷íî ðàçîáüåì íà ÷àñòè
ìóëüòèèíäåêñ α = (α′, α′′).

Îïðåäåëåíèå 5 Äèôôåðåíöèàëüíûé îïåðàòîð P (D) íàçûâàåòñÿ ÷àñòè÷íî
ãèïîýëëèïòè÷åñêèì îòíîñèòåëüíî ïîäïðîñòðàíñòâà x′′ = 0 , åñëè âûïîëíå-
íî îäíî èç ñëåäóþùèõ (ðàâíîñèëüíûõ) óñëîâèé:
(1∗). åñëè d(ξ) � ðàññòîÿíèå îò òî÷êè ξ ∈ Rn äî ïîâåðõíîñòè
{ζ, ζ ∈ Cn : P (ζ) = 0}, òî d(ξ) → ∞ ïðè ξ′′ → ∞, à ξ′ îñòàåòñÿ îãðà-
íè÷åííûì;

(2∗). åñëè α 6= 0, òî
P (α)(ξ)

P (ξ)
→ 0 ïðè ξ′′ →∞, à ξ′ � îãðàíè÷åíà;

(3∗). P (ξ) =
∑
α′′=0

Pα(ξ′′) ξ′α, ãäå P0(ξ
′′) � ãèïîýëëèïòè÷åñêèé, à

Pα(ξ′′)

P0(ξ′′)
→ 0

ïðè ξ′′ →∞.

Â ðàáîòå ([6], ñ. 87) ïðèâåäåí êðèòåðèé ãèïîýëëèïòè÷íîñòè îòíîñèòåëüíî
îäíîé ïåðåìåííîé.
Òåîðåìà D. Äèôôåðåíöèàëüíûé îïåðàòîð P (D) ÷àñòè÷íî ãèïîýëëèïòè÷åí
îòíîñèòåëüíî ãèïåðïëîñêîñòè xn = 0 òîãäà è òîëüêî òîãäà, êîãäà ÷àñòü
ïîëèíîìà P (ξ), èìåþùàÿ íàèâûñøèé ïîðÿäîê ïî ξn, íå çàâèñèò îò äðóãèõ
ïåðåìåííûõ.

Äëÿ âûÿñíåíèÿ ñâÿçè ìåæäó ïîíÿòèÿìè ÷àñòè÷íîé ïàðàáîëè÷íîñòè è ÷à-
ñòè÷íîé ãèïîýëëèïòè÷íîñòè ðàññìîòðèì ðÿä ïðèìåðîâ.
Ïðèìåð 4.

P

(
∂

idx

)
u(x, t) = 0, ãäå P (σ1, σ2) = σ21 + iσ2.
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Òîãäà P1(λ, σ1, σ2) = iλ− σ21 − iσ2.
Äëÿ P (σ1, σ2) ñóùåñòâóåò çàäà÷à, ÷àñòè÷íî ïàðàáîëè÷åñêàÿ ïî x1 (ñì.

Ïðèìåð 1), ïðè ýòîì ïîëèíîì P1(λ, σ1, σ2) ÿâëÿåòñÿ ÷àñòè÷íî ãèïîýëëèïòè-
÷åñêèì ïî σ1, òàê êàê âûïîëíåíû óñëîâèÿ òåîðåìû D.
Ïðèìåð 5.

∂u(x, t)

∂t
= i

∂2u(x, t)

∂x21
+ i

∂2u(x, t)

∂x22
.

Çäåñü P1(λ, σ1, σ2) = iλ − iσ21 − iσ22. Ìíîãî÷ëåí, î÷åâèäíî, ÷àñòè÷íî ãèïî-
ýëëèïòè÷åí ïî êàæäîé ïðîñòðàíñòâåííîé ïåðåìåííîé, íî ReP (σ1, σ2) = 0,
ñëåäîâàòåëüíî, äëÿ äàííîãî óðàâíåíèÿ íåëüçÿ ïîñòàâèòü ÷àñòè÷íî ïàðàáîëè-
÷åñêóþ êðàåâóþ çàäà÷ó.
Ïðèìåð 6.

∂u(x, t)

∂t
=
∂2u(x, t)

∂x21
− ∂4u(x, t)

∂x21∂x
2
2

+
∂2u(x, t)

∂x22
.

Â äàííîì ñëó÷àå P1(λ, σ1, σ2) = iλ− σ21 − σ21σ22 − σ22.
Äëÿ äàííîãî ïîëèíîìà ïî ïåðåìåííûì σ1 è σ2 óñëîâèÿ òåîðåìû D íå âûïîë-
íåíû, ñëåäîâàòåëüíî, îí íå ÿâëÿåòñÿ ÷àñòè÷íî ãèïîýëëèïòè÷åñêèì. Íî

|ReP (σ1, σ2)| = σ21 + σ21σ
2
2 + σ22 ≥ σ21 + σ22,

à çíà÷èò, ïî òåîðåìå 2, ñóùåñòâóåò çàäà÷à, ÷àñòè÷íî ïàðàáîëè÷åñêàÿ ïî σ1 è
σ2, áîëåå òîãî, äàæå ïàðàáîëè÷åñêàÿ.

Ïðèâåäåííûå âûøå ïðèìåðû ïîêàçûâàþò, ÷òî èç ÷àñòè÷íîé ãèïåðáîëè-
÷íîñòè óðàâíåíèÿ íå ñëåäóåò ñóùåñòâîâàíèå ÷àñòè÷íî ïàðàáîëè÷åñêîé êðàå-
âîé çàäà÷è. È íàîáîðîò � ïðèâåäåí ïðèìåð ÷àñòè÷íî ïàðàáîëè÷åñêîé êðàåâîé
çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ, íå ÿâëÿþùåãîñÿ ÷àñòè÷íî ãèïî-
ýëëèïòè÷åñêèì.

5. Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíû ÷àñòè÷íî ïàðàáîëè÷åñêèå êðàåâûå çàäà÷è äëÿ
îäíîãî óðàâíåíèÿ, â êîòîðûõ óëó÷øàåòñÿ ãëàäêîñòü ðåøåíèÿ ïî ÷àñòè ïå-
ðåìåííûõ. Îïèñàíû êëàññû ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ êîòî-
ðûõ ñóùåñòâóþò ÷àñòè÷íî ïàðàáîëè÷åñêèå êðàåâûå çàäà÷è, âûÿñíåíî êàêè-
ìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè ìîæíî âîçìóùàòü òàêèå çàäà÷è,
÷òîáû ñîõðàíèëàñü êîððåêòíîñòü.

Âûÿñíåíî òàêæå, ÷òî îïåðàòîðû, äîïóñêàþùèå ïîñòàíîâêó ÷àñòè÷íî ïàðà-
áîëè÷åñêèõ êðàåâûõ çàäà÷, íå îáÿçàíû áûòü ÷àñòè÷íî ãèïîýëëèïòè÷åñêèìè.
È íàîáîðîò � íå äëÿ âñÿêîãî ÷àñòè÷íî ãèïîýëëèïòè÷åñêîãî óðàâíåíèÿ ìîæíî
ïîñòàâèòü ÷àñòè÷íî ïàðàáîëè÷åñêóþ êðàåâóþ çàäà÷ó.
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Ìàêàðîâ Î.À., Íiêîëåíêî I. Ã. ×àñòêîâà ïàðàáîëi÷íiñòü êðàéîâî¨ çàäà÷i

äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó øàði. Ó ðîáîòi ðîçãëÿäà¹òüñÿ íåëîêàëü-
íà êðàéîâà çàäà÷à äëÿ åâîëþöiéíèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó íåñêií÷åííî-
ìó øàði. Ââîäèòüñÿ ïîíÿòòÿ ÷àñòêîâî ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i, êîëè ðîçâ'ÿçó-
âàëüíà ôóíêöiÿ åêñïîíåíöiàëüíî óáóâà¹ ëèøå ïî ÷àñòèíi ïðîñòîðîâèõ çìiííèõ. Öå
ïîíÿòòÿ óçàãàëüíþ¹ ïîíÿòòÿ ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i, ÿêå áóëî ðàíiøå äîñëi-
äæåíî îäíèì ç àâòîðiâ äàíî¨ ðîáîòè (Ìàêàðîâèì Î.À.) Îòðèìàíi íåîáõiäíi òà äîñòà-
òíi óìîâè íà ñèìâîë ïñåâäîäèôåðåíöiàëüíîãî îïåðàòîðà, ïðè ÿêèõ iñíóþòü ÷àñòêîâî
ïàðàáîëi÷íi êðàéîâi çàäà÷i. Âèÿâèëîñÿ, ùî ðåàëüíà ÷àñòèíà ñèìâîëó ïñåâäîäèôåðåí-
öiàëüíèõ îïåðàòîðiâ ïîâèííà íåîáìåæåíî çðîñòàòè ñòåïåíåâèì ÷èíîì çà ÷àñòèíîþ
ïðîñòîðîâèõ çìiííèõ. Ïðè öüîìó âêàçó¹òüñÿ êîíêðåòíèé âèä êðàéîâèõ óìîâ, ÿêi çà-
ëåæàòü âiä ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ i òàêîæ ¹ ïñåâäîäèôôåðåíöiàëüíèìè
îïåðàòîðàìè. Ïîêàçàíî, ùî ó ðîçâ'ÿçêiâ ÷àñòêîâî ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ïiä-
âèùó¹òüñÿ ãëàäêiñòü ðîçâ'ÿçêó çà ÷àñòèíîþ ïðîñòîðîâèõ çìiííèõ. Äîñëiäæåíî òàêîæ
çáóðåíå ïñåâäîäèôåðåíöiàëüíå ðiâíÿííÿ ç ñèìâîëîì, ùî çàëåæèòü âiä ïðîñòîðîâèõ i
÷àñîâèõ çìiííèõ. Äëÿ ÷àñòêîâî ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ç'ÿñîâàíî ÿêèìè ïñåâ-
äîäèôåðåíöiàëüíèìè îïåðàòîðàìè ìîæíà îáóðþâàòè âèõiäíå ðiâíÿííÿ, ùîá äàíà
êðàéîâà çàäà÷à çàëèøàëàñÿ êîðåêòíî¨ â ïðîñòîðàõ Ñîáîë¹âà�Ñëîáîäåöüêîãî. Ïîêà-
çàíî òàêîæ, ùî õî÷à âëàñòèâiñòü ïiäâèùåííÿ ãëàäêîñòi ðîçâ'ÿçêiâ ïî ÷àñòèíi çìiííèõ
äëÿ ÷àñòêîâî ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ àíàëîãi÷íà âëàñòèâîñòi ðîçâ'ÿçêiâ ÷àñ-
òêîâî ãiïîåëiïòè÷íèõ ðiâíÿíü, ââåäåíèõ Ë.Õåðìàíäåðîì, àëå íàâåäåíi ïðèêëàäè
ïîêàçóþòü, ùî ç ÷àñòêîâî¨ ãiïîåëëiïòi÷íîñòi ðiâíÿííÿ íå ñëiäó¹ iñíóâàííÿ ÷àñòêîâî
ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i; i íàâïàêè � íàâåäåíî ïðèêëàä ÷àñòêîâî ïàðàáîëi÷íî¨
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êðàéîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ, ùî íå ¹ ÷àñòêîâî ãiïîåëèïòi÷íèì.
Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à; ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ; ïåðåòâîðåííÿ
Ôóð'¹; ïàðàáîëi÷íiñòü; ãiïîåëiïòè÷íiñòü.

A.A.Makarov, I. G.Nikolenko.Partial parabolicity of the boundary-value problem
for pseudodi�erential equations in a layer. A nonlocal boundary-value problem for
evolutional pseudodi�erential equations in an in�nite layer is considered in this paper.
The notion of the partially parabolic boundary-value problem is introduced when a solvi-
ng function decreases exponentially only by the part of space variables. This concept
generalizes the concept of a parabolic boundary value problem, which was previously
studied by one of the authors of this paper (A. A. Makarov). Necessary and su�cient
conditions for the pseudodi�erential operator symbol are obtained in which partially
parabolic boundary-value problems exist. It turned out that the real part of the symbol
of a pseudodi�erential operator should increase unboundedly powerfully in some of the
spatial variables. In this case, a speci�c type of boundary conditions is indicated, which
depend on a pseudodi�erential equation and are also pseudodi�erential operators. It is
shown that for solutions of partially parabolic boundary-value problems, smoothness
in some of the spatial variables increases. The disturbed (excitated) pseudodi�erential
equation with a symbol which depends on space and temporal variables is also investi-
gated. It has been found for partially parabolic boundary-value problems what pseudodi-
�erential operators are possible to be disturbed in the way that the input equation of
this boundary-value problem would remain correct in Sobolev-Slobodetsky spaces.
It is also shown that although the properties of increasing the smoothness of solutions in
part of the variables for partially parabolic boundary value problems are similar to the
property of solutions of partially hypoelliptic equations introduced by L. H�ormander,
these examples show that the partial parabolic boundary value problem does not follow
from partial hipoellipticity; and vice versa � an example of a partially parabolic boundary
value problem for a di�erential equation that is not partially hypoelliptic is given.
Key words: boundary-value problem; pseudodi�erential equations; Fourier transform;
parabolicity; hypoellipticity.
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è ìåòîä åå ïîëó÷åíèÿ

Ì.Ñ. Ôèëèïêîâñêàÿ

Õàðüêîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Â.Í. Êàðàçèíà,
Õàðüêîâ, ïë. Ñâîáîäû 4, 61022, Óêðàèíà

Ôèçèêî-òåõíè÷åñêèé èíñòèòóò íèçêèõ òåìïåðàòóð èì. Á.È. Âåðêèíà
ÍÀÍ Óêðàèíû, Õàðüêîâ, ïð. Íàóêè 47,61103, Óêðàèíà

�lipkovskaya@ilt.kharkov.ua

Îïèñàíà áëî÷íàÿ ôîðìà ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ, ñîñòîÿùàÿ èç
ñèíãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ, ãäå âûäåëåíû íóëåâûå è îáðàòèìûå
áëîêè. Ïîêàçàíû ìåòîä ïîëó÷åíèÿ áëî÷íîé ôîðìû ñèíãóëÿðíîãî ïó÷êà è
ñîîòâåòñòâóþùèõ ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ, à òàêæå ñïîñîáû ïî-
ñòðîåíèÿ ïðîåêòîðîâ íà ïîäïðîñòðàíñòâà èç ïðÿìûõ ðàçëîæåíèé. Ïðîåêòî-
ðû ïîçâîëÿþò íàéòè âèä áëîêîâ. Äàíû ïðèìåðû áëî÷íûõ ïðåäñòàâëåíèé
ñèíãóëÿðíûõ ïó÷êîâ äëÿ ðàçëè÷íûõ ñëó÷àåâ.
Êëþ÷åâûå ñëîâà: ïó÷îê îïåðàòîðîâ; ïó÷îê ìàòðèö; ñèíãóëÿðíûé; ðåãóëÿð-
íûé áëîê; áëî÷íàÿ ôîðìà; ñòðóêòóðà.

Ôiëiïêîâñüêà Ì.Ñ. Áëîêîâà ôîðìà ñèíãóëÿðíîãî æìóòêà îïåðàòî-

ðiâ i ìåòîä ¨¨ îòðèìàííÿ. Îïèñàíî áëîêîâó ôîðìó ñèíãóëÿðíîãî æìóòêà
îïåðàòîðiâ, ùî ñêëàäà¹òüñÿ ç ñèíãóëÿðíîãî i ðåãóëÿðíîãî áëîêiâ, äå âèäiëå-
íî îáîðîòíi òà íóëüîâi áëîêè. Ïîêàçàíî ìåòîä îòðèìàííÿ áëîêîâî¨ ôîðìè
ñèíãóëÿðíîãî æìóòêà òà âiäïîâiäíèõ ïðÿìèõ ðîçêëàäàíü ïðîñòîðiâ, à òà-
êîæ ñïîñîáè ïîáóäîâè ïðîåêòîðiâ íà ïiäïðîñòîðè ç ïðÿìèõ ðîçêëàäàíü.
Ïðîåêòîðè äîçâîëÿþòü çíàéòè âèãëÿä áëîêiâ. Íàäàíî ïðèêëàäè áëîêîâèõ
çîáðàæåíü ñèíãóëÿðíèõ æìóòêiâ äëÿ ðiçíèõ âèïàäêiâ.
Êëþ÷îâi ñëîâà: æìóòîê îïåðàòîðiâ; æìóòîê ìàòðèöü; ñèíãóëÿðíèé; ðåãó-
ëÿðíèé áëîê; áëîêîâà ôîðìà; ñòðóêòóðà.

M.S. Filipkovska. A block form of a singular pencil of operators and a

method of obtaining it. A block form of a singular operator pencil, which
consists of singular and regular blocks, where invertible blocks and zero blocks
are separated out, is described. A method of obtaining the block form of a
singular pencil and the corresponding direct decompositions of spaces, and
also methods for the construction of projectors onto subspaces from the direct
decompositions, are shown. The projectors enable one to obtain the form of
the blocks. Examples of the block representations of singular pencils are given
for various cases.
Keywords: operator pencil; matrix pencil; singular; regular block; block form;
structure.
2010 Mathematics Subject Classi�cation 47A05, 15A22, 47N20.
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1. Ââåäåíèå

Ðàññìîòðèì ïàðó ëèíåéíûõ îïåðàòîðîâ A, B, îáðàçóþùèõ ïó÷îê λA+B.
Ïó÷îê îïåðàòîðîâ ìîæåò áûòü ðåãóëÿðíûì èëè ñèíãóëÿðíûì (ñì. îïðåäåëå-
íèÿ íèæå). Ñèíãóëÿðíûé ïó÷îê ìîæåò ñîäåðæàòü áëîê (êîìïîíåíòó), ÿâëÿþ-
ùèéñÿ ðåãóëÿðíûì ïó÷êîì. Ïðè ðåøåíèè ðàçëè÷íûõ çàäà÷ âîçíèêàåò íåîáõî-
äèìîñòü ïðèâåñòè ïó÷îê îïåðàòîðîâ, ò.å. îäíîâðåìåííî ïðèâåñòè äâà îïåðàòî-
ðà, ê íåêîòîðîé ñïåöèàëüíîé ôîðìå. Â [1] îïèñàíî ïðèâåäåíèå ñèíãóëÿðíîãî
ïó÷êà âåùåñòâåííûõ ìàòðèö ê êàíîíè÷åñêîìó êâàçèäèàãîíàëüíîìó âèäó, êî-
òîðûé îáû÷íî íàçûâàþò êàíîíè÷åñêîé ôîðìîé Âåéåðøòðàññà-Êðîíåêåðà. Â
ðàçäåëå 3 ñòàòüè îïèñàíî ïðèâåäåíèå ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ ê áëî-
÷íîé ôîðìå, ñîñòîÿùåé èç ñèíãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ, ãäå âûäåëåíû
íóëåâûå áëîêè, à òàêæå áëîêè, êîòîðûå ÿâëÿþòñÿ îáðàòèìûìè îïåðàòîðàìè.
Â ðàçäåëå 4 äàíû ïðèìåðû áëî÷íûõ ïðåäñòàâëåíèé äëÿ ñèíãóëÿðíûõ ïó÷êîâ
ðàçëè÷íûõ òèïîâ.

Îñíîâíàÿ òðóäíîñòü ïðè ïîëó÷åíèå áëî÷íîé ôîðìû çàêëþ÷àåòñÿ â òîì,
÷òîáû íàéòè ïðÿìûå ðàçëîæåíèÿ ïðîñòðàíñòâ, îòíîñèòåëüíî êîòîðûõ ñèíãó-
ëÿðíûé ïó÷îê áóäåò èìåòü òðåáóåìûé âèä, è ïîñòðîèòü ïðîåêòîðû, êîòîðûå
ïîçâîëÿò íàéòè âèä áëîêîâ ýòîé ôîðìû. Çàìåòèì, ÷òî ïðÿìûå ðàçëîæåíèÿ
ïðîñòðàíñòâ, ïðèâîäÿùèå ïó÷îê ê òðåáóåìîé áëî÷íîé ôîðìå, ïîðîæäàþò ñî-
îòâåòñòâóþùèå ïðîåêòîðû, è îáðàòíîå óòâåðæäåíèå òàêæå âåðíî. Â ðàçäå-
ëå 3 ïîäðîáíî îïèñàíû ìåòîäû ïîñòðîåíèÿ ýòèõ ðàçëîæåíèé ïðîñòðàíñòâ è
ïðîåêòîðîâ. Ïðåäñòàâëåííàÿ â ñòàòüå áëî÷íàÿ ôîðìà (áëî÷íàÿ ñòðóêòóðà)
ñèíãóëÿðíîãî ïó÷êà áûëà êðàòêî îïèñàíà â [2] (äëÿ âåùåñòâåííûõ îïåðàòî-
ðîâ) è èñïîëüçîâàëàñü â êà÷åñòâå âñïîìîãàòåëüíîãî ðåçóëüòàòà. Â îòëè÷èå îò
ðàáîòû [2], â íàñòîÿùåé ðàáîòå îñîáîå âíèìàíèå óäåëåíî ìåòîäó íàõîæäåíèÿ
áëî÷íîé ñòðóêòóðû, à òàêæå ñïîñîáàì ïîñòðîåíèÿ ïðîåêòîðîâ. Ïîäðîáíî ðàñ-
ñìîòðåíû ñëó÷àé rk(λA+B) = n < m è îáùèé ñëó÷àé rk(λA+B) < n,m (ñì.
ðàçäåë 3), ïðèâåäåíû íåîáõîäèìûå ïîÿñíåíèÿ è îáîñíîâàíèÿ. Äîêàçàíà òåî-
ðåìà 1 è ïðèâåäåíû ïðèìåðû íàõîæäåíèÿ áëî÷íûõ ñòðóêòóð îïåðàòîðîâ äëÿ
ñèíãóëÿðíûõ ïó÷êîâ ðàçëè÷íûõ òèïîâ. Áëî÷íàÿ ñòðóêòóðà ïó÷êà è ïðîåêòî-
ðû, ïîçâîëÿþùèå âûäåëèòü òðåáóåìûé áëîê, ïðèìåíÿþòñÿ â [2] äëÿ ñâåäåíèÿ
ñèíãóëÿðíîãî ïîëóëèíåéíîãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ
(äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ) ê ýêâèâàëåíòíîé ñèñòåìå èç ÷è-
ñòî äèôôåðåíöèàëüíûõ è ÷èñòî àëãåáðàè÷åñêèõ óðàâíåíèé (ñì. ðàçäåë 5).
Ýòî íóæíî, ÷òîáû äîêàçàòü òåîðåìû îá óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ïî
Ëàãðàíæó ñèíãóëÿðíîãî ïîëóëèíåéíîãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî
óðàâíåíèÿ [2].

Â [9] ïðèâîäèëîñü ðàçëîæåíèå ñèíãóëÿðíîãî ïó÷êà íà ðåãóëÿðíóþ è
÷èñòî ñèíãóëÿðíóþ êîìïîíåíòû, àíàëîãè÷íîå (2), â êîìïëåêñíûõ áàíàõî-
âûõ ïðîñòðàíñòâàõ. Îäíàêî áûëî çàìå÷åíî, ÷òî ýòî ðàçëîæåíèå, íàçâàííîå
RS-ðàñùåïëåíèåì ïó÷êà, ìîæåò íå èìåòü ìåñòà â áåñêîíå÷íîìåðíûõ ïðî-
ñòðàíñòâàõ. Òàêæå â [9] áûëè ðàññìîòðåíû áëî÷íûå ïðåäñòàâëåíèÿ ñèíãó-
ëÿðíîé êîìïîíåíòû ïó÷êà äëÿ äâóõ ÷àñòíûõ ñëó÷àåâ, êîòîðûå â òåðìèíàõ
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íàñòîÿùåé ðàáîòû ñîîòâåòñòâóþò ñëó÷àÿì, êîãäà rk(λA + B) = m < n è
rk(λA + B) = n < m, è áëî÷íûì ïðåäñòàâëåíèÿì (9) è (15) äëÿ íèõ. Ñóùå-
ñòâîâàíèå ýòèõ áëî÷íûõ ïðåäñòàâëåíèé â áåñêîíå÷íîìåðíûõ ïðîñòðàíñòâàõ
òàêæå ÿâëÿëîñü ïðåäïîëîæåíèåì. Ïîñêîëüêó áëî÷íûå ïðåäñòàâëåíèÿ (ñîî-
òâåòñòâóþùèå ðàçëîæåíèþ ïó÷êà íà ðåãóëÿðíóþ è ñèíãóëÿðíóþ êîìïîíåíòû
è ðàçëîæåíèÿì ñèíãóëÿðíîé êîìïîíåíòû â äâóõ óêàçàííûõ ñëó÷àÿõ) àíà-
ëîãè÷íû, â íàñòîÿùåé ñòàòüå èñïîëüçóþòñÿ îáîçíà÷åíèÿ, ââåäåííûå â [9] äëÿ
ïîäïðîñòðàíñòâ èç ïðÿìûõ ðàçëîæåíèé è ïðîåêòîðîâ, ñîîòâåòñòâóþùèõ ýòèì
áëî÷íûì ïðåäñòàâëåíèÿì.

Â ñòàòüå áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå îáîçíà÷åíèÿ: EX � åäèíè÷íûé
(òîæäåñòâåííûé) îïåðàòîð â ïðîñòðàíñòâå X; A−1 � îáðàòíûé îïåðàòîð ê
A (ñì. îïðåäåëåíèå, íàïðèìåð, â [3, c. 20]); A(−1) � ïîëóîáðàòíûé îïåðàòîð
ê A (ñì. îïðåäåëåíèå â [6, c. 331]); rk(A) � ðàíã îïåðàòîðà (ìàòðèöû) A;
Ker(A) � ÿäðî (íóëü-ïðîñòðàíñòâî) îïåðàòîðà A; R(A) � îáëàñòü çíà÷åíèé
(îáðàç) îïåðàòîðà A; L(X,Y ) � ïðîñòðàíñòâî íåïðåðûâíûõ ëèíåéíûõ îïå-
ðàòîðîâ, äåéñòâóþùèõ èç X â Y ; L(X,X) = L(X); δij � ñèìâîë Êðîíåêåðà;
X ′ � ïðîñòðàíñòâî, ñîïðÿæåííîå ê X; AT � òðàíñïîíèðîâàííûé îïåðàòîð
(ìàòðèöà), ò.å. ñîïðÿæåííûé îïåðàòîð, êîòîðîìó ñîîòâåòñòâóåò òðàíñïîíèðî-
âàííàÿ ìàòðèöà; A∗ � ýðìèòîâî-ñîïðÿæåííûé îïåðàòîð (ìàòðèöà), ò.å. ñîïðÿ-
æåííûé îïåðàòîð, êîòîðîìó ñîîòâåòñòâóåò ýðìèòîâî-ñîïðÿæåííàÿ ìàòðèöà.

Â ñòàòüå áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå êëàññè÷åñêèå îïðåäåëåíèÿ.
Ïðîñòðàíñòâî X ðàñïàäàåòñÿ â ïðÿìóþ ñóììó X = X1+̇X2 ïîäïðîñòðàíñòâ
X1 ⊆ X, X2 ⊆ X, åñëè X1 ∩ X2 = {0} è X1 + X2 = {x1 + x2 | x1 ∈ X1,
x2 ∈ X2} = X. Ýòî îïðåäåëåíèå ýêâèâàëåíòíî ñëåäóþùåìó:X = X1+̇X2, åñëè
êàæäûé âåêòîð x ∈ X åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå x = x1 + x2,
ãäå x1 ∈ X1, x2 ∈ X2.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü A, B � ëèíåéíûå îïåðàòîðû, îòîáðàæàþùèå Rn â Rm èëè Cn â Cm.
Ðàññìîòðèì ïó÷îê îïåðàòîðîâ λA+B, ãäå λ � êîìïëåêñíûé ïàðàìåòð.

Ðàíãîì ïó÷êà ìàòðèö λA + B íàçûâàåòñÿ íàèáîëüøèé èç ïîðÿäêîâ ìè-
íîðîâ ïó÷êà, íå ðàâíûõ òîæäåñòâåííî íóëþ (ñì. [1, ñ. 321] èëè [1, ñ. 137]),
ò.å. åñëè ðàíã ïó÷êà ðàâåí r, òî ìàòðèöà λA+B èìååò ìèíîð ïîðÿäêà r, êî-
òîðûé ïðè íåêîòîðîì λ0 íå ðàâåí íóëþ, à ìèíîðû ïîðÿäêà áîëüøåãî, ÷åì r,
ëèáî òîæäåñòâåííî ðàâíû íóëþ, ëèáî íå ñóùåñòâóþò. Î÷åâèäíî, ðàíã ïó÷êà
ìàòðèö λA+B ðàâåí ìàêñèìàëüíîìó êîëè÷åñòâó ëèíåéíî íåçàâèñèìûõ ñòîëá-
öîâ (èëè ñòðîê) ïó÷êà, ò.å. ìàêñèìàëüíîìó êîëè÷åñòâó ñòîëáöîâ (èëè ñòðîê)
ïó÷êà, êîòîðûå ïðè íåêîòîðîì λ0 ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûì íàáîðîì
âåêòîðîâ. ßñíî, ÷òî ðàíã ïó÷êà îïåðàòîðîâ λA+B è ðàíã ñîîòâåòñòâóþùåãî
ïó÷êà ìàòðèö ñîâïàäàþò.

Îïðåäåëåíèå 1 Ïó÷îê λA + B íàçûâàåòñÿ ðåãóëÿðíûì, åñëè n = m =
rk(λA + B) (èëè n = m è det(λA + B) 6≡ 0 [1, ñ. 319]), â îñòàëüíûõ ñëó-
÷àÿõ, ò.å. ïðè n 6= m èëè n = m è rk(λA + B) < n, ïó÷îê íàçûâàåòñÿ
ñèíãóëÿðíûì èëè íåðåãóëÿðíûì.
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Ýòî îïðåäåëåíèå ýêâèâàëåíòíî ñëåäóþùåìó. Ïó÷îê îïåðàòîðîâ λA + B :
Cn → Cm ÿâëÿåòñÿ ðåãóëÿðíûì, åñëè ìíîæåñòâî åãî ðåãóëÿðíûõ òî÷åê
ρ(A,B) = {λ ∈ C | (λA + B)−1 ∈ L(Cm,Cn)} íå ïóñòî, è ñèíãóëÿðíûì, åñëè
ρ(A,B) = ∅.

Åñëè λA + B � ïó÷îê îïåðàòîðîâ, äåéñòâóþùèõ èç Rn â Rm, òî â ñëó-
÷àå íåîáõîäèìîñòè âåùåñòâåííûå îïåðàòîðû A, B çàìåíÿþòñÿ íà èõ êîìïëå-
êñíûå ðàñøèðåíèÿ Â, B̂, äåéñòâóþùèå èç Cn â Cm. Çäåñü êîìïëåêñíîå ïðî-
ñòðàíñòâî Ck, ñîñòîÿùåå èç âñåõ ïàð (x, y), x, y ∈ Rk, çàïèñûâàåìûõ â âèäå
(x, y) = x+ iy, ÿâëÿåòñÿ êîìïëåêñèôèêàöèåé âåùåñòâåííîãî ïðîñòðàíñòâà Rk
(k = n,m). Ìàòðèöû îïåðàòîðîâ A, B îòíîñèòåëüíî íåêîòîðûõ áàçèñîâ â Rn,
Rm ñîâïàäàþò ñ ìàòðèöàìè èõ êîìïëåêñíûõ ðàñøèðåíèé Â, B̂ îòíîñèòåëüíî
òåõ æå áàçèñîâ â Cn, Cm è Â(x + iy) = A(x + iy), B̂(x + iy) = B(x + iy).
Î÷åâèäíî, ðàíãè ïó÷êà λA+B è åãî êîìïëåêñíîãî ðàñøèðåíèÿ λÂ+B̂ òàêæå
ñîâïàäàþò.

Äëÿ âåùåñòâåííûõ îïåðàòîðîâ îïðåäåëåíèå 1 ýêâèâàëåíòíî ñëåäóþùå-
ìó. Ïó÷îê λA + B îïåðàòîðîâ A, B : Rn → Rm ÿâëÿåòñÿ ðåãóëÿðíûì, åñëè
ìíîæåñòâî ðåãóëÿðíûõ òî÷åê ρ(Â, B̂) åãî êîìïëåêñíîãî ðàñøèðåíèÿ
λÂ + B̂ ∈ L(Cn,Cm) íå ïóñòî, è ñèíãóëÿðíûì, åñëè ρ(Â, B̂) = ∅. ßñíî, ÷òî
äëÿ ðåãóëÿðíûõ òî÷åê λ ñóùåñòâóåò ðåçîëüâåíòà (λA + B)−1. Ýòè òî÷êè íà-
çûâàþòñÿ ðåãóëÿðíûìè òî÷êàìè ïó÷êà λA+B.

3. Íàõîæäåíèå áëî÷íîé ñòðóêòóðû ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ

è ïîñòðîåíèå ñîîòâåòñòâóþùèõ ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ è

ïðîåêòîðîâ

Â ýòîì ðàçäåëå ðàññìàòðèâàþòñÿ ëèíåéíûå îïåðàòîðû A, B : Rn → Rm.
Îäíàêî âìåñòî âåùåñòâåííûõ îïåðàòîðîâ ìîæíî ðàññìàòðèâàòü êîìïëå-
êñíûå, ò.å. A, B : Cn → Cm. Òîãäà ïðè ïîëó÷åíèè áëî÷íîé ñòðóêòóðû ïó÷êà
îïåðàòîðîâ íóæíî ó÷åñòü çàìå÷àíèå 1.

Âñåãäà ìîæíî âûáðàòü áàçèñû â Rn è Rm òàê, ÷òîáû ñèíãóëÿðíûé ïó÷îê
îïåðàòîðîâ (m× n-ìàòðèö) èìåë êâàçèäèàãîíàëüíûé âèä, ñîñòîÿùèé èç ñèí-
ãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ [1]. Ñëåäîâàòåëüíî, ñóùåñòâóþò ðàçëîæåíèÿ
ïðîñòðàíñòâ Rn, Rm â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ

Rn = Xs+̇Xr, Rm = Ys+̇Yr, (1)

îòíîñèòåëüíî êîòîðûõ ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A, B : Rn → Rm
ïðèíèìàåò áëî÷íûé âèä

λA+B =

(
λAs +Bs 0

0 λAr +Br

)
, As, Bs : Xs → Ys, Ar, Br : Xr → Yr,

(2)
ãäå ñèíãóëÿðíûé áëîê λAs + Bs ÿâëÿåòñÿ ÷èñòî ñèíãóëÿðíûì ïó÷êîì (ò.å. â
íåì íåëüçÿ âûäåëèòü ðåãóëÿðíûé áëîê), ðåãóëÿðíûé áëîê λAr +Br ÿâëÿåòñÿ
ðåãóëÿðíûì ïó÷êîì, A, B : Xs → Ys è A, B : Xr → Yr. Ïðÿìûå ðàçëîæåíèÿ
ïðîñòðàíñòâ (ò.å. ðàçëîæåíèÿ ïðîñòðàíñòâ â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ)
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(1) ïîðîæäàþò äâå ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ (ñì. îïðåäåëå-
íèå â [3, c. 22])

S : Rn → Xs, P : Rn → Xr, F : Rm → Ys, Q : Rm → Yr, (3)

ò.å. S2 = S, P 2 = P , F 2 = F ,Q2 = Q, ERn = S+P , ERm = F+Q, SP = PS = 0,
FQ = QF = 0, ïðè÷åì ïðîåêòîðû òàêîâû, ÷òî

FA = AS, FB = BS, QA = AP, QB = BP, (4)

ò.å. ïàðà ñèíãóëÿðíûõ ïîäïðîñòðàíñòâ Xs, Ys è ïàðà ðåãóëÿðíûõ ïîäïðî-
ñòðàíñòâ Xr, Yr èíâàðèàíòíû îòíîñèòåëüíî îïåðàòîðîâ A, B (A, B : Xs → Ys
è A, B : Xr → Yr). Òàêèì îáðàçîì, îïåðàòîðû A è B ïðèâîäÿòñÿ (ðàçëà-
ãàþòñÿ) ïàðàìè (Xs, Xr), (Ys, Yr) (ïî àíàëîãèè ñ ïîíÿòèåì ïðèâîäèìîñòè èç
[4, ï. 40]) èëè ïðÿìûìè ðàçëîæåíèÿìè (1) (ïî àíàëîãèè ñ [5, ï. 3]) è ÿâëÿþòñÿ
ïðÿìûìè ñóììàìè îïåðàòîðîâ As, Ar è Bs, Br:

A =

(
As 0
0 Ar

)
: Xs+̇Xr → Ys+̇Yr, B =

(
Bs 0
0 Br

)
: Xs+̇Xr → Ys+̇Yr. (5)

Çàìåòèì, ÷òî âåðíî è îáðàòíîå óòâåðæäåíèå: äâå ïàðû âçàèìíî äîïîëíèòåëü-
íûõ ïðîåêòîðîâ (3) (óäîâëåòâîðÿþùèõ (4)) ïîðîæäàþò ïðÿìûå ðàçëîæåíèÿ
ïðîñòðàíñòâ (1) (òàêèå, ÷òî îïåðàòîðû A, B ïðèâîäÿòñÿ ïàðàìè (Xs, Xr),
(Ys, Yr)). Îïåðàòîðû èç áëî÷íûõ ïðåäñòàâëåíèé (5) èìåþò âèä As = A|Xs ,
Ar = A|Xr , Bs = B|Xs , Br = B|Xr . Ââåäåì èõ ðàñøèðåíèÿ (ïðîäîëæåíèÿ) íà
Rn ñëåäóþùèì îáðàçîì:

As = FA, Ar = QA, Bs = FB, Br = QB. (6)

Òîãäà
As = As|Xs , Ar = Ar|Xr , Bs = Bs|Xs , Br = Br|Xr (7)

è îïåðàòîðû (6)As,Bs,Ar,Br∈L(Rn,Rm) äåéñòâóþò òàê, ÷òîAs,Bs :Xs → Ys,
Ar,Br : Xr → Yr è Xr ⊂ Ker(As), Xr ⊂ Ker(Bs), Xs ⊂ Ker(Ar),
Xs ⊂ Ker(Br). Ñïîñîáû ïîñòðîåíèÿ ïîäïðîñòðàíñòâ èç ðàçëîæåíèé (1) è ñî-
îòâåòñòâóþùèõ ïðîåêòîðîâ îïèñàíû íèæå.

Ðàññìîòðèì ÿäðî (íóëü-ïðîñòðàíñòâî) Ker(λA + B) = {x(λ) | (λA +
B)x(λ) ≡ 0} è îáëàñòü çíà÷åíèé (îáðàç)R(λA+B) = {y(λ) | ∃x : (λA+B)x =
y(λ)} ïó÷êà λA + B. Ðàçìåðíîñòè ÿäðà è îáëàñòè çíà÷åíèé ïó÷êà λA + B
ðàâíû ñîîòâåòñòâåííî ðàçìåðíîñòÿì ÿäðà è îáëàñòè çíà÷åíèé êîìïëåêñíîãî
ðàñøèðåíèÿ λÂ + B̂. Ïóñòü λ ∈ C � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî. Ïî-
ñêîëüêó dimKer(λÂ + B̂) = dimCn − dimR(λÂ + B̂) = n − rk(λÂ + B̂), òî
dimKer(λA + B) = n − rk(λA + B). Ðàíã rk(λA + B) ïî îïðåäåëåíèþ åñòü
ïîñòîÿííîå ÷èñëî, ñëåäîâàòåëüíî, dimKer(λA+B) = n−rk(λA+B) � òàêæå
ïîñòîÿííîå ÷èñëî.

Â ñëó÷àå, êîãäà rk(λA+B) = m < n, ñóùåñòâóåò ðàçëîæåíèå ñèíãóëÿðíîãî
ïðîñòðàíñòâà

Xs = Xs1+̇Xs2 (8)
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â ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ òàêèõ, ÷òî

As =
(
Agen 0

)
: Xs1+̇Xs2 → Ys, Bs =

(
Bgen Bund

)
: Xs1+̇Xs2 → Ys, (9)

ãäå îïåðàòîð Agen : Xs1 → Ys èìååò îáðàòíûé A−1gen ∈ L(Ys, Xs1) (åñëè
Xs1 6= 0), è Bgen : Xs1 → Ys, Bund : Xs2 → Ys. Ïðÿìîå ðàçëîæåíèå (8) ïðî-
ñòðàíñòâà Xs = S Rn ïîðîæäàåò ïàðó âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ
(ìû ðàñøèðÿåì ýòè ïðîåêòîðû íà Rn) Si : Rn → Xsi , i = 1, 2, S1 + S2 = S,
SiSj = δijSi, òàêèõ, ÷òî AS2 = 0. Ââåäåì îïåðàòîðû

Agen = AS1, Bgen = BS1, Bund = BS2, (10)

Agen, Bgen, Bund ∈ L(Rn,Rm) (çàìåòèì, ÷òî AS1 = FA). Òîãäà

Agen = Agen|Xs1 , Bgen = Bgen|Xs1 , Bund = Bund|Xs2 (11)

è îïåðàòîðû (10) äåéñòâóþò òàê, ÷òî Agen : Xs1 → Ys è Xs2+̇Xr = Ker(Agen)

(ò.å. AgenRn = AgenXs1 = Ys), Bgen : Xs1 → Ys è Xs2+̇Xr ⊂ Ker(Bgen),

Bund : Xs2 → Ys è Xs1+̇Xr ⊂ Ker(Bund). Äëÿ ïîñòðîåíèÿ ñèíãóëÿðíûõ ïîä-
ïðîñòðàíñòâ Xs, Ys, Xs1 , Xs2 íàéäåì ìàêñèìàëüíîå êîëè÷åñòâî ëèíåéíî íå-
çàâèñèìûõ ðåøåíèé x1(λ), x2(λ), . . . , xN (λ) óðàâíåíèÿ

(λA+B)x = 0. (12)

Äîñòàòî÷íî ðàññìîòðåòü ðåøåíèÿ, ÿâëÿþùèåñÿ ìíîãî÷ëåíàìè îò λ:

xj(λ) =

kj∑
i=0

(−1)iλixji, j = 1, N, xji 6= 0, i = 0, kj , (13)

ãäå kj ≥ 0 � ñòåïåíü xj(λ). ßñíî, ÷òî ñòîëáöû x1(λ), . . . , xN (λ) ÿâëÿþòñÿ
ëèíåéíî íåçàâèñèìûìè, åñëè ðàíã ìàòðèöû, ñîñòàâëåííîé èç ýòèõ ñòîëá-
öîâ, ðàâåí N . Ïîñêîëüêó íàáîð ñòîëáöîâ {x1(λ), . . . , xN (λ)} îáðàçóåò áàçèñ
Ker(λA+B), òî N = dimKer(λA+B) = n− rk(λA+B). Ïîäñòàâëÿÿ xj(λ)
â (12) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè λ ê íóëþ, ïîëó÷àåì íàáîð ðàâåíñòâ
[1, ñ. 322]

Bxj0 = 0, Bxj1 = Axj0, . . . , Bxjkj = Axjkj−1, Axjkj = 0.

Î÷åâèäíî, åñëè kj = 0, ò.å. xj(λ) ≡ xj0 � ïîñòîÿííîå ðåøåíèå, òî Bxj0 = 0
è Axj0 = Axjkj = 0. Ñðåäè âñåõ ðåøåíèé óðàâíåíèÿ (12) ìîæíî âûáðàòü íà-

áîð ëèíåéíî íåçàâèñèìûõ ðåøåíèé {x̂j(λ)}Nj=1 ñ íàèìåíüøèìè âîçìîæíûìè
ñòåïåíÿìè k1, k2, . . . , kN (ýòîò íàáîð íå îïðåäåëÿåòñÿ îäíîçíà÷íî, íî ëþáûå
äâà òàêèõ íàáîðà ðåøåíèé èìåþò îäèíàêîâûå íàáîðû ñòåïåíåé ñ òî÷íîñòüþ

äî ïåðåñòàíîâîê; î÷åâèäíî, ÷òî
N∑
j=1

kj ≤ m,
N∑
j=1

kj +N ≤ n, è ìîæíî âûáðàòü

íàáîð òàê, ÷òîáû k1 ≤ k2 ≤ . . . ≤ kN ). Òîãäà ñèñòåìû âåêòîðîâ {x̂ji}
N,kj
j=1,i=0,
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{Bx̂ji}
N,kj
j=1,i=1 = {Ax̂ji}

N,kj−1
j=1,i=0 ëèíåéíî íåçàâèñèìû è ÿâëÿþòñÿ áàçèñàìè ïðî-

ñòðàíñòâ Xs = Lin{x̂ji}
N,kj
j=1,i=0, Ys = Lin{Bx̂ji}

N,kj
j=1,i=1 = Lin{Ax̂ji}

N,kj−1
j=1,i=0.

Åñëè âñå kj = 0 (j = 1, N), òî Ys = {0}, Xs2 = Xs, Xs1 = {0} è As = 0, Bs = 0,
à áëî÷íàÿ ñòðóêòóðà ïó÷êà èìååò âèä λA + B =

(
0 λAr +Br

)
(ñòîëáöû

ñèíãóëÿðíîãî ïó÷êà ìàòðèö, ïðèâåäåííîãî ê êàíîíè÷åñêîìó êâàçèäèàãîíàëü-
íîìó âèäó [1, ñ. 327�328], òàêæå ñîñòîÿò èç íóëåé, åñëè ñîîòâåòñòâóþùèå íî-
âûå áàçèñíûå âåêòîðû ñîâïàäàþò ñ ïîñòîÿííûìè ðåøåíèÿìè óðàâíåíèÿ (12)).
Çàìåòèì, ÷òî åñëè âçÿòü ïðîèçâîëüíûé ìàêñèìàëüíûé íàáîð ëèíåéíî íåçà-
âèñèìûõ ðåøåíèé {xj(λ)}Nj=1 óðàâíåíèÿ (12), òî ëèíåéíûå îáîëî÷êè ñèñòåì

{xji}
N,kj
j=1,i=0, {Bxji}

N,kj
j=1,i=1 òàêæå îáðàçóþò ïðîñòðàíñòâà Xs, Ys ñîîòâåòñòâåí-

íî, îäíàêî ýòè ñèñòåìû ìîãóò ñîäåðæàòü ëèíåéíî çàâèñèìûå âåêòîðû (ò.å. èç

ñèñòåì {xji}
N,kj
j=1,i=0, {Bxji}

N,kj
j=1,i=1 âñåãäà ìîæíî âûáðàòü ïîäñèñòåìû, êîòîðûå

ÿâëÿþòñÿ áàçèñàìèXs, Ys ñîîòâåòñòâåííî). Äàëåå, ìîæíî âûáðàòü áàçèñû äëÿ
ïîäïðîñòðàíñòâ Xs1 , Xs2 è, ñîîòâåòñòâåííî, äëÿ Xs, Ys (âîçìîæíî, íóæíî áó-
äåò èçìåíèòü áàçèñû â Xs, Ys) òàê, ÷òîáû îòíîñèòåëüíî ïðÿìîãî ðàçëîæåíèå
(8) îïåðàòîðû As, Bs èìåëè áëî÷íóþ ñòðóêòóðó (9). ßñíî, ÷òî Xs2 = Ker(As)
è Xs1 ÿâëÿåòñÿ ïðÿìûì äîïîëíåíèåì ê Xs2 (dimXs1 = rk(As) = rk(As)).
Äëÿ íàáîðà ëèíåéíî íåçàâèñèìûõ ðåøåíèé {x̂j(λ)}Nj=1 (ñ íàèìåíüøèìè âî-

çìîæíûìè ñòåïåíÿìè) ýòè ïîäïðîñòðàíñòâà èìåþò âèä Xs2 = Lin{x̂jkj}Nj=1,

Xs1 = Lin{x̂ji}
N,kj−1
j=1,i=0 (ñëåäîâàòåëüíî, dimXs2 = N , dimXs1 =

N∑
j=1

kj). Òàêæå,

èñïîëüçóÿ âèä ïîëó÷åííûõ ïðîñòðàíñòâ Xs, Ys, ìîæíî ïîñòðîèòü ðåãóëÿðíûå
ïðîñòðàíñòâàXr, Yr èç ïðÿìûõ ðàçëîæåíèé (1). Âèä ïîëó÷åííûõ ïðîñòðàíñòâ
Xs, Ys, Xr, Yr, Xs1 , Xs2 èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ ïðî-
åêòîðîâ ñ óêàçàííûìè âûøå ñâîéñòâàìè.

Â ñëó÷àå, åñëè rk(λA+B) = n < m, ñóùåñòâóåò ðàçëîæåíèå ñèíãóëÿðíîãî
ïðîñòðàíñòâà

Ys = Ys1+̇Ys2 (14)

â ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ òàêèõ, ÷òî

As =

(
Agen

0

)
: Xs → Ys1+̇Ys2 , Bs =

(
Bgen
Bov

)
: Xs → Ys1+̇Ys2 , (15)

ãäå îïåðàòîð Agen : Xs → Ys1 èìååò îáðàòíûé A−1gen ∈ L(Ys1 , Xs) (åñëè
Xs 6= {0}), Bgen : Xs → Ys1 , Bov : Xs → Ys2 . Ïðÿìîå ðàçëîæåíèå (14) ïðî-
ñòðàíñòâà Ys = F Rm ïîðîæäàåò ïàðó âçàèìíî äîïîëíèòåëüíûõ ïðîåêòî-
ðîâ (êîòîðûå ìû ðàñøèðÿåì íà Rm) Fi : Rm → Ysi , i = 1, 2, F1 + F2 = F ,
FiFj = δijFi, òàêèõ, ÷òî F2A = 0. Ââåäåì îïåðàòîðû

Agen = F1A, Bgen = F1B, Bov = F2B, (16)

Agen, Bgen, Bov ∈ L(Rn,Rm) (çàìåòèì, ÷òî F1A = FA). Òîãäà

Agen = Agen|Xs , Bgen = Bgen|Xs , Bov = Bov|Xs (17)



40 Ôèëèïêîâñêàÿ Ì.Ñ.

è îïåðàòîðû (16) äåéñòâóþò òàê, ÷òî Agen : Xs → Ys1 è Xr = Ker(Agen) (ò.å.
AgenRn = AgenXs = Ys1), Bgen : Xs → Ys1 è Xr ⊂ Ker(Bgen), Bov : Xs → Ys2
è Xr ⊂ Ker(Bov). Äëÿ ïîñòðîåíèÿ ñèíãóëÿðíûõ ïîäïðîñòðàíñòâ Xs, Ys, Ys1 ,
Ys2 íàéäåì ëèíåéíî íåçàâèñèìûå ðåøåíèÿ y1(λ), . . . , yM (λ) óðàâíåíèÿ

(λAT +BT )y = 0, (18)

ãäå λAT + BT � òðàíñïîíèðîâàííûé ïó÷îê è M = dimKer(λAT + BT ) =
m − rk(λA + B) (ïîñêîëüêó rk(λA + B) = rk(λAT + BT )). Êàê è âûøå, äî-

ñòàòî÷íî ðàññìîòðåòü ðåøåíèÿ âèäà yj(λ) =
mj∑
l=0

(−1)lλlyjl, j = 1,M , yjl 6= 0,

l = 0,mj , ãäå mj ≥ 0 � ñòåïåíü yj(λ). Ïîäñòàâëÿÿ yj(λ) â (18) è ïðèðàâ-

íèâàÿ êîýôôèöèåíòû ïðè λ ê íóëþ, ïîëó÷àåì íàáîð ðàâåíñòâ BT yj0 = 0,

BT yj1 = AT yj0,. . ., B
T yjmj = AT yjmj−1, AT yjmj = 0. Åñëè mj = 0, òî

BT yj0 = AT yj0 = AT yjmj = 0. Äàëåå, ñòðîèì ñèíãóëÿðíûå ïîäïðîñòðàíñ-

òâà X̂s = X̂s1+̇X̂s2 , Ŷs, X̂s2 = Ker(ATs ), X̂s1 äëÿ ïó÷êà λAT + BT òàê, êàê
ýòî äåëàëîñü â ïðåäûäóùåì ñëó÷àå äëÿ ïó÷êà λA + B. Åñëè âñå mj = 0, òî
Ŷs = {0}, X̂s2 = X̂s è ñèíãóëÿðíûå áëîêè As, Bs (15) òàêîâû, ÷òî A

T
s = 0,

BT
s = 0. Ïîñêîëüêó AT , BT : (Rm)′ → (Rn)′, òî ñèíãóëÿðíûå ïîäïðîñòðàíñòâà,

ïîñòðîåííûå äëÿ λAT + BT , ñîâïàäàþò ñ ñîïðÿæåííûìè ïîäïðîñòðàíñòâà-
ìè Y ′si = X̂si , i = 1, 2, Y ′s = X̂s, X

′
s = Ŷs, ãäå Xs, Ys, Ysi èç ðàçëîæåíèé

(1), (14). ßñíî, ÷òî ñîïðÿæåííîå ïðîñòðàíñòâî (Rk)′ ìîæíî çàìåíèòü íà Rk,
îäíàêî èõ áàçèñû ìîãóò íå ñîâïàäàòü, è ïîýòîìó ìû îñòàâëÿåì îáîçíà÷åíèå
(Rk)′ â ýòîì ðàçäåëå. Åñëè Ŷs = {0}, X̂s2 = X̂s, òî áëî÷íàÿ ñòðóêòóðà ïó-

÷êà ïðèíèìàåò âèä λA + B =

(
0

λAr +Br

)
è Xs = {0}, Ys2 = Ys, Ys1 = {0}.

Èñïîëüçóÿ âèä ñèíãóëÿðíûõ ïîäïðîñòðàíñòâ, ìîæíî ïîñòðîèòü ðåãóëÿðíûå

ïîäïðîñòðàíñòâà Ŷr, X̂r äëÿ ïðÿìûõ ðàçëîæåíèé (Rm)′ = X̂s+̇X̂r = Y ′s +̇Y ′r ,

(Rn)′ = Ŷs+̇Ŷr = X ′s+̇X
′
r (X ′r = Ŷr, Y

′
r = X̂r) è òðè ïàðû âçàèìíî äîïîëíè-

òåëüíûõ ïðîåêòîðîâ Ŝi : (Rm)′ → X̂si , i = 1, 2, Ŝ = Ŝ1 + Ŝ2 : (Rm)′ → X̂s,

P̂ : (Rm)′ → X̂r, F̂ : (Rn)′ → Ŷs, Q̂ : (Rn)′ → Ŷr òàêèõ, ÷òî AT Ŝ2 = 0,

ŜTA = AF̂ T , ŜTB = BF̂ T , P̂ TA = AQ̂T , P̂ TB = BQ̂T . Èç ñâîéñòâ Ŝi ñëå-

äóåò, ÷òî òðàíñïîíèðîâàííûå (ñîïðÿæåííûå) ïðîåêòîðû Fi = ŜTi : Rm → Ysi ,
i = 1, 2, (Ys2 = (Ker(ATs ))′, F1+F2 = F ) ÿâëÿþòñÿ âçàèìíî äîïîëíèòåëüíûìè
ïðîåêòîðàìè òàêèìè, ÷òî F2A = 0, è ïîðîæäàþò ïðÿìîå ðàçëîæåíèå (14),
îòíîñèòåëüíî êîòîðîãî As, Bs èìåþò áëî÷íóþ ñòðóêòóðó (15). Èç ñâîéñòâ Ŝ,

P̂ è F̂ , Q̂ ñëåäóåò, ÷òî òðàíñïîíèðîâàííûå (ñîïðÿæåííûå) ïðîåêòîðû S = F̂ T ,

P = Q̂T è F = ŜT , Q = P̂ T ÿâëÿþòñÿ äâóìÿ ïàðàìè âçàèìíî äîïîëíèòåëü-
íûõ ïðîåêòîðîâ (3) òàêèõ, ÷òî (4), è ïîðîæäàþò ðàçëîæåíèÿ ïðîñòðàíñòâ (1)
â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ òàêèõ, ÷òî îïåðàòîðû A è B ïðèâîäÿòñÿ ïà-
ðàìè (Xs, Xr), (Ys, Yr) (ïó÷îê λA+B èìååò áëî÷íûé âèä (2)). Èñïîëüçóÿ âèä
ïðîåêòîðîâ (èëè ñîïðÿæåííûõ ïîäïðîñòðàíñòâ), ìîæíî âîññòàíîâèòü ïîäïðî-
ñòðàíñòâà èç ðàçëîæåíèé (1), (14).
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Â îáùåì ñëó÷àå, åñëè rk(λA + B) < n è rk(λA + B) < m, ñóùåñòâóþò
ðàçëîæåíèÿ ñèíãóëÿðíûõ ïðîñòðàíñòâ

Xs = Xs1+̇Xs2 , Ys = Ys1+̇Ys2 (19)

â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ òàêèõ, ÷òî

As =

(
Agen 0

0 0

)
: Xs1+̇Xs2 → Ys1+̇Ys2 ,

Bs =

(
Bgen Bund
Bov 0

)
: Xs1+̇Xs2 → Ys1+̇Ys2 ,

(20)

ãäå îïåðàòîð Agen : Xs1 → Ys1 èìååò îáðàòíûé A−1gen ∈ L(Ys1 , Xs1) (åñëè
Xs1 6= {0}), Bgen : Xs1 → Ys1 , Bund : Xs2 → Ys1 , Bov : Xs1 → Ys2 . Ïðÿìûå
ðàçëîæåíèÿ ñèíãóëÿðíûõ ïðîñòðàíñòâ ïîðîæäàþò äâå ïàðû âçàèìíî äîïîë-
íèòåëüíûõ ïðîåêòîðîâ

Si : Rn → Xsi , Fi : Rm → Ysi , i = 1, 2, (21)

S1 + S2 = S, F1 + F2 = F , SiSj = δijSi, FiFj = δijFi, òàêèõ, ÷òî

AS2 = 0, F2A = 0, F2BS2 = 0. (22)

Ââåäåì îïåðàòîðû

Agen = F1A, Bgen = F1BS1, Bund = F1BS2, Bov = F2BS1, (23)

Agen, Bgen, Bund, Bov ∈ L(Rn,Rm) (çàìåòèì, ÷òî F1A = AS1 = FA). Òîãäà

Agen = Agen|Xs1 , Bgen = Bgen|Xs1 , Bund = Bund|Xs2 , Bov = Bov|Xs1 (24)

è îïåðàòîðû (23) äåéñòâóþò òàê, ÷òî Agen : Xs1 → Ys1 è Xs2+̇Xr = Ker(Agen)

(ò.å. AgenRn = AgenXs1 = Ys1), Bgen : Xs1 → Ys1 è Xs2+̇Xr ⊂ Ker(Bgen),

Bund : Xs2 → Ys1 è Xs1+̇Xr ⊂ Ker(Bund), Bov : Xs1 → Ys2 è Xs2+̇Xr ⊂
Ker(Bov). Çàìåòèì, ÷òî ïîñêîëüêó ïðîåêòîðû S1 è F1 ÿâëÿþòñÿ åäèíè÷íûìè
îïåðàòîðàìè â Xs1 è Ys1 ñîîòâåòñòâåííî, òî îïåðàòîð A−1gen : Ys1 → Xs1 áó-

äåò îáðàòíûì ïî îòíîøåíèþ ê Agen : Xs1 → Ys1 , åñëè A−1genAgen = S1|Xs1 è

AgenA
−1
gen = F1|Ys1 . Òîãäà ðàñøèðåíèå (ïðîäîëæåíèå) A

(−1)
gen ∈ L(Rm,Rn) îïå-

ðàòîðà A−1gen íà Rm, óäîâëåòâîðÿþùåå ñâîéñòâàì

A(−1)
gen Agen = S1, AgenA

(−1)
gen = F1, A(−1)

gen = S1A
(−1)
gen , (25)

ÿâëÿåòñÿ ïîëóîáðàòíûì îïåðàòîðîì äëÿ Agen, ò.å. A
(−1)
gen : Ys1 → Xs1 , Ys2+̇Yr =

Ker(A
(−1)
gen ) (A

(−1)
gen Rm = A

(−1)
gen Ys1 = Xs1) è A−1gen = A

(−1)
gen

∣∣∣
Ys1

(ñì. îïðåäå-

ëåíèå â [6, c. 331]). ßñíî, ÷òî S1A
(−1)
gen = A

(−1)
gen F1. Îïåðàòîð Agen ÿâëÿåòñÿ
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ïîëóîáðàòíûì äëÿ A
(−1)
gen . Çàìåòèì, ÷òî As = Agen, ò.ê. As = FA = F1A,

è Agen = As|Xs1 , ïîýòîìó ìîæíî àíàëîãè÷íûì îáðàçîì îïðåäåëèòü ïîëóî-

áðàòíûé îïåðàòîð A
(−1)
s = A

(−1)
gen äëÿ As. Â îáùåì ñëó÷àå, äëÿ ïîñòðîåíèÿ

ñèíãóëÿðíûõ ïðîñòðàíñòâ è ñîîòâåòñòâóþùèõ ïðîåêòîðîâ íåîáõîäèìî íàé-
òè N = n − rk(λA + B) ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (12) è
M = m− rk(λA + B) ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (18). Äàëåå,
èñïîëüçóÿ âèä ñèíãóëÿðíûõ ïðîñòðàíñòâ, ïîëó÷åííûõ ïðè àíàëèçå ðåøåíèé
óðàâíåíèé (12), (18), ñòðîèì ñèíãóëÿðíûå ïðîñòðàíñòâà Xs, Ys, Xs1 , Xs2 , Ys1 ,
Ys2 è ñîîòâåòñòâóþùèå ïðîåêòîðû ñ ó÷åòîì èõ ñâîéñòâ, ïîçâîëÿþùèõ ïîëó-
÷èòü áëî÷íóþ ñòðóêòóðó (20). Î÷åâèäíî, áàçèñ Xs2 = Ker(As) ñîñòîèò èç
âåêòîðîâ, ïîëó÷åííûõ ïðè àíàëèçå ðåøåíèé (12), è ñòðîèòñÿ òàê æå, êàê áà-
çèñ Xs2 â ñëó÷àå rk(λA + B) = m < n, à áàçèñ Ys2 = (Ker(ATs ))′ ñîñòîèò èç
âåêòîðîâ, ïîëó÷åííûõ ïðè àíàëèçå ðåøåíèé (18), è ñòðîèòñÿ òàê æå, êàê áà-
çèñ Ys2 â ñëó÷àå rk(λA+B) = n < m. Áàçèñ Xs1 ñîñòîèò èç âåêòîðîâ, êîòîðûå
íàõîäÿòñÿ òàê æå, êàê áàçèñíûå âåêòîðû Xs1 â ñëó÷àå rk(λA + B) = m < n,
è âåêòîðîâ, êîòîðûå íàõîäÿòñÿ òàê æå, êàê áàçèñíûå âåêòîðû Xs â ñëó÷àå
rk(λA + B) = n < m. Áàçèñ Ys1 ñîñòîèò èç âåêòîðîâ, êîòîðûå íàõîäÿòñÿ
òàê æå, êàê áàçèñ Ys1 ïðè rk(λA + B) = n < m, è âåêòîðîâ, êîòîðûå íàõî-
äÿòñÿ òàê æå, êàê áàçèñ Ys ïðè rk(λA + B) = m < n. Áàçèñû ïðîñòðàíñòâ
Xs, Ys, ÿâëÿþùèõñÿ ïðÿìûìè ñóììàìè (19), ñîñòîÿò èç îáúåäèíåíèÿ áàçè-
ñîâ èõ ñëàãàåìûõ. Èñõîäÿ èç âèäà ñèíãóëÿðíûõ ïðîñòðàíñòâ Xs, Ys ñòðîÿòñÿ
ðåãóëÿðíûå ïðîñòðàíñòâà Xr, Yr èç ïðÿìûõ ðàçëîæåíèé (1).

Îáùåå ìàêñèìàëüíîå êîëè÷åñòâî d(λA + B) = n + m − 2 rk(λA + B) =
dimKer(λA+B) + dimKer(λAT +BT ) ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâ-
íåíèÿ (12) è ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (18) íàçîâåì îáùèì
äåôåêòîì ïó÷êà λA + B (â [2] îíî áûëî íàçâàíî ïðîñòî äåôåêòîì). Ìàêñè-
ìàëüíîå êîëè÷åñòâî ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (12), ò.å. ðà-
çìåðíîñòü ÿäðà ïó÷êà dimKer(λA + B), íàçîâåì äåôåêòîì ïó÷êà λA + B.
Äëÿ ïó÷êà ðàíãà rk(λA + B) = m < n îáùèé äåôåêò ðàâåí d(λA + B) =
dimKer(λA+B) = n−rk(λA+B). Åñëè ïó÷îê èìååò ðàíã rk(λA+B) = n < m,
åãî îáùèé äåôåêò ðàâåí d(λA+B) = dimKer(λAT +BT ) = m− rk(λA+B).
Îáùèå äåôåêòû èñõîäíîãî è òðàíñïîíèðîâàííîãî ïó÷êîâ ñîâïàäàþò, à åñëè
n = m, òî èõ äåôåêòû òàêæå ñîâïàäàþò. Äåôåêò è îáùèé äåôåêò ðåãóëÿðíîãî
ïó÷êà ðàâíû íóëþ.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1 Äëÿ îïåðàòîðîâ A, B : Rn → Rm, îáðàçóþùèõ ñèíãóëÿðíûé ïó-
÷îê λA+B, ñóùåñòâóþò (è âñåãäà ìîãóò áûòü ïîñòðîåíû) ïðÿìûå ðàçëî-
æåíèÿ ïðîñòðàíñòâ

Rn = Xs+̇Xr = Xs1+̇Xs2+̇Xr, Rm = Ys+̇Yr = Ys1+̇Ys2+̇Yr, (26)

îòíîñèòåëüíî êîòîðûõ A, B èìåþò áëî÷íóþ ñòðóêòóðó (5) è èõ ñèíãóëÿð-
íûå áëîêè As, Bs èìåþò ñòðóêòóðó (20), ãäå îïåðàòîð Agen îáðàòèì (åñëè
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Xs1 6= {0}), ïðè ýòîì åñëè rk(λA+B) = m < n, òî ñòðóêòóðà ñèíãóëÿðíûõ
áëîêîâ ïðèíèìàåò âèä (9) è â ðàçëîæåíèÿõ (26) Ys1 = Ys, Ys2 = {0}, à åñëè
rk(λA + B) = n < m, òî ñòðóêòóðà ñèíãóëÿðíûõ áëîêîâ ïðèíèìàåò âèä
(15) è â ðàçëîæåíèÿõ (26) Xs1 = Xs, Xs2 = {0}. Ïðÿìûå ðàçëîæåíèÿ ïðî-
ñòðàíñòâ (26) ïîðîæäàþò ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ (3),
(21) (ñî ñâîéñòâàìè (4), (22)), ãäå F1 = F , F2 = 0, åñëè rk(λA+B) = m < n,
è S1 = S, S2 = 0, åñëè rk(λA+B) = n < m. Îïåðàòîðû èç áëî÷íûõ ïðåäñòàâ-
ëåíèé (5), (20), (9) è (15) èìåþò âèä (7), (24), (11) è (17) ñîîòâåòñòâåííî.
Ðàñøèðåíèå Agen îïåðàòîðà Agen, ââåäåííîå â (23), (10) è (16), èìååò ïî-

ëóîáðàòíûé îïåðàòîð A
(−1)
gen , óäîâëåòâîðÿþùèé ñâîéñòâàì (25), ãäå F1 = F ,

åñëè rk(λA+B) = m < n, è S1 = S, åñëè rk(λA+B) = n < m.

Ìåòîä ïîñòðîåíèÿ ïîäïðîñòðàíñòâ èç ðàçëîæåíèé (26) è ñîîòâåòñòâóþùèõ
ïðîåêòîðîâ (3), (21) îïèñàí âûøå.

Çàìå÷àíèå 1 Äëÿ îïåðàòîðîâ A,B : Cn → Cm òåîðåìà 1 îñòàíåòñÿ âåð-
íà, à ïðè ïîñòðîåíèè ïðÿìûõ ðàçëîæåíèé âèäà (26) äëÿ êîìïëåêñíûõ ïðî-
ñòðàíñòâ Cn, Cm è ñîîòâåòñòâóþùèõ ïðîåêòîðîâ íóæíî âåçäå çàìåíèòü
òðàíñïîíèðîâàíèå íà ýðìèòîâî ñîïðÿæåíèå.

Çàìå÷àíèå 2 Â òåîðåìå 1 îáðàòíîå óòâåðæäåíèå îòíîñèòåëüíî ïðîåêòî-
ðîâ òàêæå âåðíî, à èìåííî: ñóùåñòâóþò ïàðû âçàèìíî äîïîëíèòåëüíûõ
ïðîåêòîðîâ (3), (21) (ñî ñâîéñòâàìè (4), (22)), êîòîðûå ïîðîæäàþò ïðÿ-
ìûå ðàçëîæåíèÿ ïðîñòðàíñòâ (26).

Çàìåòèì, ÷òî åñëè Xr = {0}, Yr = {0}, òî λA + B = λAs + Bs ÿâëÿåòñÿ
÷èñòî ñèíãóëÿðíûì ïó÷êîì è ðåãóëÿðíûé áëîê λAr +Br îòñóòñòâóåò.

Ðàññìîòðèì ðåãóëÿðíûé ïó÷îê λAr + Br îïåðàòîðîâ Ar, Br : Xr → Yr
(dimXr = dimYr), äåéñòâóþùèõ â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ. Ïðåäïîëî-
æèì, ÷òî ñóùåñòâóþò êîíñòàíòû C1, C2 > 0 òàêèå, ÷òî∥∥(λAr +Br)

−1∥∥ ≤ C1, |λ| ≥ C2. (27)

Óñëîâèå (27) [7] îçíà÷àåò, ÷òî ëèáî òî÷êà µ = 0 ÿâëÿåòñÿ ïðîñòûì ïîëþ-
ñîì ðåçîëüâåíòû (Ar + µBr)

−1 (ýòî ýêâèâàëåíòíî òîìó, ÷òî λ = ∞ ÿâëÿåòñÿ
óñòðàíèìîé îñîáîé òî÷êîé ðåçîëüâåíòû (λAr + Br)

−1), ëèáî µ = 0 ÿâëÿåòñÿ
ðåãóëÿðíîé òî÷êîé ïó÷êà Ar +µBr (ò. å. â òî÷êå µ = 0 ñóùåñòâóåò ðåçîëüâåí-
òà (Ar + µBr)

−1 è, ñëåäîâàòåëüíî, îïåðàòîð Ar îáðàòèì). Åñëè Ar âûðîæäåí
è òî÷êà µ = 0 ÿâëÿåòñÿ ïðîñòûì ïîëþñîì ðåçîëüâåíòû (Ar + µBr)

−1, ò. å.
âûïîëíåíî (27), òî áóäåì ãîâîðèòü, ÷òî λAr+Br ÿâëÿåòñÿ ðåãóëÿðíûì ïó÷êîì
èíäåêñà 1. Çàìåòèì, ÷òî åñëè Ar = 0 è ñóùåñòâóåò B−1r , òî λAr +Br ≡ Br ìî-
æíî ñ÷èòàòü ðåãóëÿðíûì ïó÷êîì èíäåêñà 1. Åñëè Ar íåâûðîæäåí, ò. å. µ = 0
ÿâëÿåòñÿ ðåãóëÿðíîé òî÷êîé ïó÷êà Ar+µBr, òî áóäåì ãîâîðèòü, ÷òî λAr+Br
ÿâëÿåòñÿ ðåãóëÿðíûì ïó÷êîì èíäåêñà 0. Òàêèì îáðàçîì, åñëè λAr +Br � ðå-
ãóëÿðíûé ïó÷îê è âûïîëíåíî (27), òî λAr + Br èìååò èíäåêñ 0 èëè 1 è ìû
áóäåì ãîâîðèòü, ÷òî λAr +Br � ðåãóëÿðíûé ïó÷îê èíäåêñà íå âûøå 1.
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Â îáùåì ñëó÷àå, èíäåêñîì ðåãóëÿðíîãî ïó÷êà λAr + Br íàçûâàåòñÿ íàè-
áîëüøàÿ äëèíà öåïî÷êè èç ñîáñòâåííîãî è ïðèñîåäèíåííûõ âåêòîðîâ ïó÷êà
Ar + µBr â òî÷êå µ = 0 [8, Ïóíêò 6.2] èëè ïîðÿäîê ïîëþñà ðåçîëüâåíòû
(Ar +µBr)

−1 â òî÷êå µ = 0 (ýêâèâàëåíòíîñòü ýòèõ îïðåäåëåíèé ñëåäóåò èç [8,
Ïóíêò 2.3]).

Äëÿ ðåãóëÿðíîãî ïó÷êà λAr + Br, óäîâëåòâîðÿþùåãî (27), ñóùåñòâóþò

äâå ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ P̃j : Xr → Xj è Q̃j : Yr → Yj ,

j = 1, 2 (ñì. [5], [9]), P̃1 + P̃2 = EXr , Q̃1 + Q̃2 = EYr , P̃iP̃j = δijP̃i, Q̃iQ̃j = δijQ̃i,
êîòîðûå ìîãóò áûòü êîíñòðóêòèâíî îïðåäåëåíû ïî ôîðìóëàì àíàëîãè÷íûì
(5), (6) èç [7] èëè

P̃1 = Res
µ=0

(
(Ar + µBr)

−1Ar
µ

)
, P̃2 = EXr − P̃1,

Q̃1 = Res
µ=0

(
Ar(Ar + µBr)

−1

µ

)
, Q̃2 = EYr − Q̃1.

(28)

Ýòè ïðîåêòîðû ïîðîæäàþò ïðÿìûå ðàçëîæåíèÿ

Xr = X1+̇X2, Yr = Y1+̇Y2 (29)

òàêèå, ÷òî Ar, Br : Xj → Yj , j = 1, 2 (ïàðû ïîäïðîñòðàíñòâ X1, Y1 è X2, Y2
èíâàðèàíòíû îòíîñèòåëüíî Ar, Br), ò.å.

Q̃jAr = ArP̃j , Q̃jBr = BrP̃j , (30)

è îïåðàòîðû Aj = Ar|Xj : Xj → Yj , Bj = Br|Xj : Xj → Yj , j = 1, 2, òàêîâû,

÷òîA2 = 0 (Q̃2Ar = 0) è ñóùåñòâóþòA−11 ∈ L(Y1, X1) (åñëèX1 6= {0}) èB−12 ∈
L(Y2, X2) (åñëè X2 6= {0}) [7, Ðàçäåëû 2, 6]. Ñëåäîâàòåëüíî, îòíîñèòåëüíî
ïðÿìûõ ðàçëîæåíèé (29) îïåðàòîðû Ar, Br èìåþò áëî÷íóþ ñòðóêòóðó

Ar =

(
A1 0
0 0

)
: X1+̇X2 → Y1+̇Y2, Br =

(
B1 0
0 B2

)
: X1+̇X2 → Y1+̇Y2,

(31)
ãäå A1 è B2 îáðàòèìû (åñëè X1 6= {0} è X2 6= {0} ñîîòâåòñòâåííî).

Çàìå÷àíèå 3 Äëÿ ðåãóëÿðíîãî ïó÷êà λAr +Br îïåðàòîðîâ Ar, Br : Xr → Yr,
äåéñòâóþùèõ â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ, âñåãäà ìîæíî ïîëó÷èòü äâå
ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ âèäà [7, (5), (6)], êîòîðûå ïîðî-
æäàþò ïðÿìûå ðàçëîæåíèÿ (29) òàêèå, ÷òî ñóæåííûå îïåðàòîðû A1 =
Ar|X1

: X1 → Y1 è B2 = Br|X2
: X2 → Y2 èìåþò îáðàòíûå A−11 ∈ L(Y1, X1)

(åñëè X1 6= {0}) è B−12 ∈ L(Y2, X2) (åñëè X2 6= {0}) (ñì. [8], [5]). Îäíàêî, åñëè
èíäåêñ ïó÷êà âûøå 1, òî Ker(Ar) $ X2 è, ñîîòâåòñòâåííî, A2 = Ar|X2

6= 0.
Â ñëó÷àå åñëè ðåãóëÿðíûé ïó÷îê λAr + Br èìååò èíäåêñ 1, ÿäðî è îáëàñòü
çíà÷åíèé îïåðàòîðà Ar ñîâïàäàþò ñ ïðîñòðàíñòâàìè X2 = Ker(Ar) è
Y1 = R(Ar). Â ýòîì ñëó÷àå ìîæíî ïîëó÷èòü ïðîåêòîðû íà ïîäïðîñòðàíñ-
òâà èç ðàçëîæåíèé (29) áåç èñïîëüçîâàíèÿ ôîðìóë [7, (5), (6)] èëè (28).
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Ïîñòðîèì ïðÿìûå äîïîëíåíèÿ X1 è Y2 ïðîñòðàíñòâ ñîîòâåòñòâåííî X2 è
Y1 òàê, ÷òîáû ïàðû X1, Y1 è X2, Y2 áûëè èíâàðèàíòíû îòíîñèòåëüíî îïåðà-
òîðà Br (î÷åâèäíî, ÷òî ýòè ïàðû ÿâëÿþòñÿ èíâàðèàíòíûìè îòíîñèòåëüíî
Ar), òîãäà îïåðàòîðû Ar, Br èìåþò áëî÷íóþ ñòðóêòóðó (31) è èõ áëîêè
A1, B2 èìåþò îáðàòíûå A−11 ∈ L(Y1, X1), B

−1
2 ∈ L(Y2, X2). Ïðÿìûå ñóì-

ìû (29) ïðîñòðàíñòâ Xj, Yj ïîðîæäàþò äâå ïàðû âçàèìíî äîïîëíèòåëüíûõ
ïðîåêòîðîâ P̃j : Xr → Xj, Q̃j : Yr → Yj ñî ñâîéñòâàìè (30) è Q̃2Ar = 0. Ìî-
æíî òàêæå ïîëó÷èòü ýòè ïðîåêòîðû, ïîñòðîèâ îïåðàòîðû P̃j, Q̃j, j = 1, 2,
óäîâëåòâîðÿþùèå ñëåäóþùèì ñâîéñòâàì: P̃ 2

2 = P̃2, P̃1 = EXr−P̃2 (çàìåòèì,
÷òî åñëè íåêîòîðûé îïåðàòîð P̃2 ÿâëÿåòñÿ ïðîåêòîðîì, òî P̃1 = EXr − P̃2

� òàêæå ïðîåêòîð è ïðîåêòîðû P̃1, P̃2 âçàèìíî äîïîëíèòåëüíûå), Q̃
2
1 = Q̃1

(èëè Q̃2
2 = Q̃2), Q̃2 + Q̃1 = EYr , ArP̃2 = 0 è âûïîëíåíû ðàâåíñòâà (30).

Òàêèì îáðàçîì, åñëè ðåãóëÿðíûé áëîê λAr + Br èç (2) ÿâëÿåòñÿ ðåãó-
ëÿðíûì ïó÷êîì èíäåêñà íå âûøå 1, òî ñóùåñòâóþò ïðÿìûå ðàçëîæåíèÿ ðå-
ãóëÿðíûõ ïðîñòðàíñòâ (29), îòíîñèòåëüíî êîòîðûõ Ar, Br èìåþò áëî÷íóþ
ñòðóêòóðó (31). Ïðîåêòîðû P̃j , Q̃j íà ïîäïðîñòðàíñòâà èç ðàçëîæåíèé (29)
ìîãóò áûòü ïîëó÷åíû ìåòîäîì, îïèñàííûì â çàìå÷àíèè 3, èëè ïî ôîðìóëàì
(28) (ëèáî [7, (5), (6)]).

Ââåäåì ðàñøèðåíèÿ Pj , Qj ïðîåêòîðîâ P̃j , Q̃j ñîîòâåòñòâåííî íà Rn, Rm
òàê, ÷òî Xj = PjRn, Yj = QjRm, j = 1, 2 (Xj , Yj � ïîäïðîñòðàíñòâà èç
ðàçëîæåíèé (29)). Òîãäà ðàñøèðåííûå ïðîåêòîðû

Pj : Rn → Xj , Qj : Rm → Yj , j = 1, 2, (32)

îáëàäàþò ñâîéñòâàìè èñõîäíûõ: PiPj = δijPi, QiQj = δijQi, P1 + P2 = P ,
Q1 +Q2 = Q,

QjA = APj , QjB = BPj , Q2A = 0 (Q1A = QA).

Ñâîéñòâà îïåðàòîðîâ Aj = A|Xj : Xj → Yj , Bj = B|Xj : Xj → Yj , j = 1, 2,
òàêæå ñîõðàíÿþòñÿ. Ââåäåì èõ ðàñøèðåíèÿ íà Rn ñëåäóþùèì îáðàçîì:

Aj = QjA, Bj = QjB, j = 1, 2. (33)

Òîãäà
Aj = Aj |Xj , Bj = Bj |Xj , j = 1, 2, (34)

è îïåðàòîðû (33) Aj , Bj ∈ L(Rn,Rm) äåéñòâóþò òàê, ÷òî Aj : Xj → Yj ,
Bj : Xj → Yj è A2 = 0, X2+̇Xs = Ker(A1) (A1Rn = A1X1 = Y1),
X2+̇Xs ⊂ Ker(B1), X1+̇Xs = Ker(B2) (B2Rn = B2X2 = Y2). Ïîñêîëüêó P1,
Q1 ÿâëÿþòñÿ åäèíè÷íûìè îïåðàòîðàìè â X1, Y1 ñîîòâåòñòâåííî, òî îïåðà-
òîð A−11 : Y1 → X1 áóäåò îáðàòíûì ïî îòíîøåíèþ ê A1 : X1 → Y1, åñëè

A−11 A1 = P1|X1
, A1A

−1
1 = Q1|Y1 . Òîãäà ðàñøèðåíèå A

(−1)
1 ∈ L(Rm,Rn) îïåðà-

òîðà A−11 íà Rm, óäîâëåòâîðÿþùåå ñâîéñòâàì

A
(−1)
1 A1 = P1, A1A

(−1)
1 = Q1, A

(−1)
1 = P1A

(−1)
1 , (35)
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ÿâëÿåòñÿ ïîëóîáðàòíûì îïåðàòîðîì äëÿ A1, ò.å. A
(−1)
1 : Y1 → X1, Y2+̇Ys =

Ker(A
(−1)
1 ) (A

(−1)
1 Rm = A

(−1)
1 Y1 = X1) è A−11 = A

(−1)
1

∣∣∣
Y1
. ßñíî, ÷òî

P1A
(−1)
1 = A

(−1)
1 Q1. Óêàçàííûå ñâîéñòâà ïîçâîëÿþò íàéòè âèä A

(−1)
1 (èëè

A−11 ), èñïîëüçóÿ âèä ïðîåêòîðîâ. Ïîëóîáðàòíûé îïåðàòîð B
(−1)
2 ∈ L(Rm,Rn)

äëÿ B2, ò.å. B
(−1)
2 : Y2 → X2, Y1+̇Ys = Ker(B

(−1)
2 ) (B

(−1)
2 Rm = B

(−1)
2 Y2 = X2)

è B−12 = B
(−1)
2

∣∣∣
Y2
, ìîæíî âû÷èñëèòü àíàëîãè÷íûì ñïîñîáîì:

B
(−1)
2 B2 = P2, B2B

(−1)
2 = Q2, B

(−1)
2 = P2B

(−1)
2 (P2B

(−1)
2 = B

(−1)
2 Q2).

4. Ïðèìåðû áëî÷íûõ ïðåäñòàâëåíèé äëÿ ñèíãóëÿðíûõ ïó÷êîâ,

ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ è ïðîåêòîðîâ

4.1. Ïðèìåð äëÿ ñëó÷àÿ rk(λA+B) = m < n

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A,B : R4 → R3, êîòî-
ðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ ïðîñòðàíñòâ R4, R3 (i-é êîîðäèíàòîé
áàçèñíîãî âåêòîðà ej ÿâëÿåòñÿ ñèìâîë Êðîíåêåðà δij) ñîîòâåòñòâóþò ìàòðèöû
[2]

A =

L 0 0 0
0 C 0 0
0 0 0 0

 , B =

r2 −1 −r1 0
0 0 −1 −1
1 0 1 0

 , (36)

ãäå L, C, r1, r2 � âåùåñòâåííûå ïàðàìåòðû, íå ðàâíûå íóëþ. Ëåãêî ïðîâåðèòü,
÷òî ðàíã ïó÷êà ðàâåí rk(λA+B) = 3. Îáùèé äåôåêò ïó÷êà (òàêæå êàê è
äåôåêò ïó÷êà) ðàâåí d(λA+B) = 1.

Ïîñêîëüêó N = d(λA + B) = 1, òî óðàâíåíèå (12) èìååò îäíî íåíóëåâîå

ðåøåíèå x1(λ) =
(
1, λL + r1 + r2, −1, λ2CL + λC(r1 + r2) + 1

)T
, êîòîðîå

îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ñêàëÿðíîãî ìíîæèòåëÿ. Çàïèñàâ ðåøåíèå x1(λ)
â âèäå (13), ïîëó÷èì ñèñòåìû âåêòîðîâ {x1i}2i=0, {Bx1i}2i=1, ãäå

x10 =


1

r1 + r2
−1
1

 , x11 =


0
−L
0

−C(r1 + r2)

 , x12 =


0
0
0
CL

 ,

Bx11 =

 L
C(r1 + r2)

0

 , Bx12 =

 0
CL
0

 .

Ïîäïðîñòðàíñòâà Xs = Lin{x1i}2i=0, Ys = Lin{Bx1i}2i=1 èç ðàçëîæåíèé (1)

ìîæíî ïðåäñòàâèòü â âèäå Xs = Lin{si}3i=1, Ys = Lin{gi}2i=1, ãäå

s1 =


1
0
−1
1

 , s2 =


0
1
0
0

 , s3 =


0
0
0
1

 , g1 =

1
0
0

 , g2 =

0
1
0

 ,
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òîãäà Xr = Lin{p}, Yr = Lin{q} (q = Bp, B : Xr → Yr), ãäå

p =


0
0
1
−1

 , q =

−r10
1

 .

Âûáåðåì Xs1 = Lin{si}2i=1, Xs2 = Lin{s3} (As3 = 0), òîãäà îòíîñèòåëü-
íî ïðÿìîãî ðàçëîæåíèå (8) îïåðàòîðû As, Bs èìåþò áëî÷íóþ ñòðóêòóðó
(9). Ïîëó÷åííûå ïðÿìûå ðàçëîæåíèÿ ïðîñòðàíñòâ (1) è (8) ïîðîæäàþò ïðî-
åêòîðû S : R4 → Xs, P : R4 → Xr (S + P = ER4), F : R3 → Ys, Q : R3 → Yr
(F +Q = ER3) è S1 : R4 → Xs1 , S2 : R4 → Xs2 (S1 +S2 = S), êîòîðûì îòíîñè-
òåëüíî ñòàíäàðòíûõ áàçèñîâ â R4 è R3 ñîîòâåòñòâóþò ïðîåêöèîííûå ìàòðèöû

S =


1 0 0 0
0 1 0 0
−1 0 0 0
1 0 1 1

 , P =


0 0 0 0
0 0 0 0
1 0 1 0
−1 0 −1 0

 ,

F =

1 0 r1
0 1 0
0 0 0

 , Q =

0 0 −r1
0 0 0
0 0 1

 ,

S1 =


1 0 0 0
0 1 0 0
−1 0 0 0
1 0 0 0

 , S2 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 1

 .

Ïîñêîëüêó QA = 0, òî Ar = QA|Xr = 0. Ëåãêî ïðîâåðèòü, ÷òî åñëè
xr ∈ Xr, òî QBxr = yr ∈ Yr, ïðè÷åì QBxr = 0 òîëüêî ïðè xr = 0. Çíà÷èò
îïåðàòîð Br = QB|Xr ∈ L(Xr, Yr) îáðàòèì. Ñëåäîâàòåëüíî, ðåãóëÿðíûé áëîê
λAr +Br èç (2) ÿâëÿåòñÿ ðåãóëÿðíûì ïó÷êîì èíäåêñà 1. Ïîäïðîñòðàíñòâà èç
ïðÿìûõ ðàçëîæåíèé (29) è ñîîòâåòñòâóþùèå ïðîåêòîðû èìåþò âèä X1 = {0},
X2 = Xr, Y1 = {0}, Y2 = Yr è P1 = 0, P2 = P , Q1 = 0, Q2 = Q, è, î÷åâèäíî,
Ar = A2, Br = B2.

Îïåðàòîðó Agen = FA : R4 → Ys (Xs2+̇Xr = Ker(Agen), Agen = Agen|Xs1 ∈
L(Xs1 , Ys)), ââåäåííîìó â (10), îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R4, R3

(äîïîëíÿåì áàçèñ Ys äî ñòàíäàðòíîãî â R3) ñîîòâåòñòâóåò ìàòðèöà Agen = A

(ò.ê. FA = A). Ïîëóîáðàòíîìó îïåðàòîðó A
(−1)
gen : R3 → Xs1 (Yr = Ker(A

(−1)
gen ),

A−1gen = A
(−1)
gen

∣∣∣
Ys
∈ L(Ys, Xs1)) îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñî-

îòâåòñòâóåò ìàòðèöà (óäîâëåòâîðÿþùàÿ ñâîéñòâàì (25), ãäå F1 = F )

A(−1)
gen =


L−1 0 r1L

−1

0 C−1 0
−L−1 0 −r1L−1
L−1 0 r1L

−1

 .
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Îïåðàòîðàì Bgen, Bund : R4 → Ys (Xs2+̇Xr ⊂ Ker(Bgen), Xs1+̇Xr ⊂
Ker(Bund), Bgen = Bgen|Xs1 ∈ L(Xs1 , Ys), Bund = Bund|Xs2 ∈ L(Xs2 , Ys)),

ââåäåííûì â (10), îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R4, R3 ñîîòâåòñòâóþò
ìàòðèöû

Bgen =

r2 + r1 −1 0 0
0 0 0 0
0 0 0 0

 , Bund =

0 0 0 0
0 0 −1 −1
0 0 0 0

 .

4.2. Ïðèìåð 2 äëÿ ñëó÷àÿ rk(λA+B) = m < n

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A,B : R5 → R3, êîòî-
ðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R5, R3 ñîîòâåòñòâóþò ìàòðèöû

A =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0

 , B =

a −1 b 0 0
0 0 −1 −1 0
1 0 1 0 1

 , (37)

ãäå a, b 6= a � âåùåñòâåííûå ïàðàìåòðû, íå ðàâíûå íóëþ. Ýòîò ïó÷îê èìååò
òîò æå òèï, ÷òî è ïðåäûäóùèé, ïîñêîëüêó rk(λA+B) = dimR3 < dimR5, íî
åãî îáùèé äåôåêò d(λA+B) = 2 è, ñëåäîâàòåëüíî, óðàâíåíèå (12) èìååò äâà
ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ (ìàêñèìàëüíûé íàáîð).

Íàéäåì äâà ïðîèçâîëüíûõ ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ x1(λ) =
(
1, λ+

a − b, −1, λ2 + λ(a − b) + 1, 0
)T
, x2(λ) =

(
0, −b, −1, −λb + 1, 1

)T
. Òîãäà ìû

ïîëó÷èì ñèñòåìû âåêòîðîâ {x1i}2i=0 è {x2i}1i=0, ãäå

x10 =


1

a− b
−1
1
0

 , x11 =


0
−1
0

b− a
0

 , x12 =


0
0
0
1
0

 , x20 =


0
−b
−1
1
1

 , x21 =


0
0
0
b
0

 .

Ñèñòåìà, ñîñòîÿùàÿ èç ýòèõ âåêòîðîâ, ëèíåéíî çàâèñèìà, íî åå ïîäñèñòåìà
{x10, x11, x20, x21} (èëè {x10, x11, x12, x20}) ÿâëÿåòñÿ ëèíåéíî íåçàâèñèìîé è
îáðàçóåò áàçèñ Xs. Ìîæíî íàéòè ðåøåíèå ìåíüøåé ñòåïåíè, ÷åì x1(λ), íà-

ïðèìåð, x̃1(λ) =
(
b, 0, −λ− a, λ+ a, λ+ a− b

)T
. Òîãäà ìû ïîëó÷èì âåêòîðû

x̃10 =


b
0
−a
a

a− b

 , x̃11 =


0
0
1
−1
−1

 .

Î÷åâèäíî, ÷òî {x̃1(λ), x2(λ)} � íàáîð ëèíåéíî íåçàâèñèìûõ ðåøåíèé ñ íàè-
ìåíüøèìè âîçìîæíûìè ñòåïåíÿìè (îáà ðåøåíèÿ èìåþò ñòåïåíü 1). Ñëåäîâà-
òåëüíî, Xs2 = Lin{x̃11, x21}, Xs1 = Lin{x̃10, x20}, Xs = Lin{x̃10, x20, x̃11, x21}
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è Ys = Lin{Ax̃10, Ax20}, ãäå Ax̃10 = (b, 0, 0)T , Ax20 = (0,−b, 0)T . Ñ äðóãîé
ñòîðîíû, ìîæíî ïðåîáðàçîâàòü ñèñòåìó {x10, x11, x20, x21} òàê, ÷òîáû ìîæíî
áûëî âûáðàòü áàçèñû äëÿ Xs1 , Xs2 , à èìåííî, Xs = Lin{x10, x11, x20, x21} =
Lin{si}4i=1, ãäå

s1 =


1
0
−1
0
0

 , s2 =


0
1
0
0
0

 , s3 =


0
0
0
1
0

 , s4 =


0
0
−1
0
1

 .

Òîãäà Ys = Lin{Ax10, Ax11} = Lin{Ax10, Ax20} = Lin{As1, As2}, ãäå
As1 = (1, 0, 0)T , As2 = (0, 1, 0)T (Ax10 = (1, a − b, 0)T , Ax11 = (0,−1, 0)T ),
è Xs1 = Lin{s1, s2}, Xs2 = Lin{s3, s4}. Äàëåå íàõîäèì Xr = Lin{p},
Yr = Lin{q}, ãäå p = (0, 0, 1, 0, 0)T , q = Bp = (b,−1, 1)T . Ïîëó÷åííûå ïðÿìûå
ðàçëîæåíèÿ ïðîñòðàíñòâ (1), (8) ïîðîæäàþò ïðîåêòîðû, êîòîðûì îòíîñè-
òåëüíî ñòàíäàðòíûõ áàçèñîâ â R5 è R3 ñîîòâåòñòâóþò ïðîåêöèîííûå ìàòðèöû
S = S1 + S2,

S1 =


1 0 0 0 0
0 1 0 0 0
−1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , S2 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 −1
0 0 0 1 0
0 0 0 0 1

 , P =


0 0 0 0 0
0 0 0 0 0
1 0 1 0 1
0 0 0 0 0
0 0 0 0 0

 ,

F =

1 0 −b
0 1 1
0 0 0

 , Q =

0 0 b
0 0 −1
0 0 1

 .

Ïîñêîëüêó QA = 0 è Br îáðàòèì, òî ðåãóëÿðíûé áëîê λAr +Br ÿâëÿåòñÿ ðå-
ãóëÿðíûì ïó÷êîì èíäåêñà 1 è P1 = 0, P2 = P , Q1 = 0, Q2 = Q, X1 = {0},
X2 = Xr, Y1 = {0}, Y2 = Yr, A2 = Ar, B2 = Br. Èñïîëüçóÿ âèä ïîëó÷åííûõ
ïðîåêöèîííûõ ìàòðèö, ëåãêî íàéòè âèä ìàòðèö, ñîîòâåòñòâóþùèõ îïåðàòî-
ðàì (10):

Agen = A, Bgen =

a− b −1 0 0 0
1 0 0 0 0
0 0 0 0 0

 , Bund =

0 0 0 0 −b
0 0 0 −1 1
0 0 0 0 0

 ,

è âèä ìàòðèöû, ñîîòâåòñòâóþùåé îïåðàòîðó Br èç (6):

Br =

 b 0 b 0 b
−1 0 −1 0 −1
1 0 1 0 1

 .

Ëåãêî óáåäèòüñÿ, ÷òî Bgen + Bund + Br = B (ýòî âûïîëíåíî, ïîñêîëüêó S1 +
S2 + P = ER5 è QB = BP ).
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4.3. Ïðèìåð äëÿ ñëó÷àÿ rk(λA+B) = n < m

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA + B îïåðàòîðîâ A,B : R3 → R4, êî-
òîðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñîîòâåòñòâóþò ìàòðèöû
[2]

A =


L 0 0
0 C 0
0 0 0
0 0 0

 , B =


r2 + r3 0 0

0 g 0
−r2 1 0

1 0 1

 , (38)

ãäå L, C, g, r2, r3 � âåùåñòâåííûå ïàðàìåòðû, íå ðàâíûå íóëþ. Î÷åâèäíî,
ðàíã ïó÷êà ðàâåí rk(λA+B) = 3 è îáùèé äåôåêò ïó÷êà ðàâåí d(λA+B) = 1
(äåôåêò ïó÷êà λA+B ðàâåí 0, à äåôåêò òðàíñïîíèðîâàííîãî ïó÷êà λAT +BT

ðàâåí 1).

Ïîñêîëüêó M = d(λA + B) = d(λAT + BT ) = 1, òî óðàâíåíèå (18) èìååò
îäíî íåíóëåâîå ðåøåíèå y1(λ), êîòîðîå îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ñêàëÿð-
íîãî ìíîæèòåëÿ:

1. y1(λ) =
(
− r2(λC + g), λL + r2 + r3,−(λC + g)(λL + r2 + r3), 0

)T
ïðè

L 6= C(r2 + r3)/g;

2. y1(λ) =
(
− r2g/(r2 + r3), 1, −(λC + g), 0

)T
ïðè L = C(r2 + r3)/g.

Ñíà÷àëà ðàññìîòðèì ñëó÷àé 1, êîãäà L 6= C(r2 + r3)/g.

Òàê æå, êàê ýòî äåëàëîñü â ïðåäûäóùåì ïðèìåðå äëÿ ïó÷êà λA+B, ñòðîèì
ïðîñòðàíñòâà X̂s = X̂s1+̇X̂s2 = Lin{ŝi}3i=1, X̂s1 = Lin{ŝi}2i=1, X̂s2 = Lin{ŝ3},
Ŷs = Lin{l̂i}2i=1, X̂r = Lin{p̂}, Ŷr = Lin{q̂}, ãäå

ŝ1 =


1
0
0
0

, ŝ2 =


0
1
0
0

, ŝ3 =


0
0
1
0

, l̂1 =

1
0
0

, l̂2 =

0
1
0

, p̂ =


0
0
0
1

, q̂ =

1
0
1

,
äëÿ òðàíñïîíèðîâàííîãî ïó÷êà λAT + BT è ïðîåêòîðû Ŝ : R4 → X̂s,
Ŝi : R4 → X̂si , i = 1, 2, P̂ : R4 → X̂r, F̂ : R3 → Ŷs, Q̂ : R3 → Ŷr, êîòîðûì
îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R4 è R3 ñîîòâåòñòâóþò ïðîåêöèîííûå
ìàòðèöû

Ŝ1 =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , Ŝ2 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , Ŝ = Ŝ1 + Ŝ2 , P̂ =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 ,

F̂ =

1 0 −1
0 1 0
0 0 0

 , Q̂ =

0 0 1
0 0 0
0 0 1

 .
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Òîãäà ïðîåêòîðû S : R3 → Xs, P : R3 → Xr, F : R4 → Ys, Q : R4 → Yr,
Fi : R4 → Ysi , i = 1, 2 (F = F1 + F2), êîòîðûì ñîîòâåòñòâóþò ïðîåêöèîííûå

ìàòðèöû S = F̂ T , P = Q̂T , F = ŜT , Q = P̂ T , Fi = ŜTi , i = 1, 2, ïîðîæäàþò

ïðÿìûå ðàçëîæåíèÿ ïðîñòðàíñòâ (1), (14), ãäå Xs = Lin{si}2i=1, Xr = Lin{p},
Ys = Ys1+̇Ys2 = Lin{ŝi}3i=1, Yr = Lin{p̂}, Ys1 = Lin{ŝi}2i=1, Ys2 = Lin{ŝ3},
s1 = (1, 0,−1)T , s2 = l̂2, p = (0, 0, 1)T .

Êàê è â ïðåäûäóùåì ïðèìåðå, ëåãêî ïðîâåðèòü, ÷òî òî Ar = QA|Xr = 0 è
Br = QB|Xr îáðàòèì. Ñëåäîâàòåëüíî, λAr +Br � ðåãóëÿðíûé ïó÷îê èíäåêñà
1, è X1 = {0}, X2 = Xr, Y1 = {0}, Y2 = Yr, P1 = 0, P2 = P , Q2 = Q, Q1 = 0
(Pk : R3 → Xk, Qk : R4 → Yk, k = 1, 2).

Îïåðàòîðó Agen = FA : R3 → Ys1 (Xr = Ker(Agen), Agen = Agen|Xs ∈
L(Xs, Ys1)), ââåäåííîìó â (16), îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4

ñîîòâåòñòâóåò ìàòðèöà Agen = A. Ïîëóîáðàòíîìó îïåðàòîðó A
(−1)
gen : R4 → Xs1

(Ys2+̇Yr = Ker(A
(−1)
gen ), A−1gen = A

(−1)
gen

∣∣∣
Ys1

∈ L(Ys1 , Xs)) îòíîñèòåëüíî ñòàíäàð-

òíûõ áàçèñîâ â R4, R3 ñîîòâåòñòâóåò ìàòðèöà (óäîâëåòâîðÿþùàÿ ñâîéñòâàì
(25), ãäå S1 = S)

A(−1)
gen =

 L−1 0 0 0
0 C−1 0 0
−L−1 0 0 0

 .

Îïåðàòîðàì Bgen : R3 → Ys1 , Bov : R3 → Ys2 (Xr ⊂ Ker(Bgen), Ker(Bov),
Bgen = Bgen|Xs ∈ L(Xs, Ys1), Bov = Bov|Xs ∈ L(Xs, Ys2)), ââåäåííûì â (16),

îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñîîòâåòñòâóþò ìàòðèöû

Bgen =


r2 + r3 0 0

0 g 0
0 0 0
0 0 0

 , Bov =


0 0 0
0 0 0
−r2 1 0

0 0 0

 .

Òåïåðü ðàññìîòðèì ñëó÷àé 2, êîãäà L = C(r2 + r3)/g.

Â ýòîì ñëó÷àå ïîëó÷àåì ïðîñòðàíñòâà Xs = Lin{s}, Xr = Lin{pi}2i=1,

Ys = Ys1+̇Ys2 = Lin{li}2i=1, Ys1 = Lin{l1}, Ys2 = Lin{l2}, Yr = Lin{wi}2i=1, ãäå

s =

0
1
0

 , p1 =

 1
r2
−1

 , p2 =

0
0
1

 , l1 =


0
1
0
0

 , l2 =


0
0
1
0

 ,

w1 =


1
r2g
r2+r3

0
0

 , w2 =


0
0
0
1

 .
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Ïðîåêòîðàì S : R3 → Xs, P : R3 → Xr, F : R4 → Ys, F = F1+F2, Fi : R4 → Ysi ,
i = 1, 2, Q : R4 → Yr îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3 è R4 ñîîòâåò-
ñòâóþò ïðîåêöèîííûå ìàòðèöû

S =

 0 0 0
−r2 1 0

0 0 0

 , P =

 1 0 0
r2 0 0
0 0 1

 ,

F1 =


0 0 0 0

− r2g
r2+r3

1 0 0

0 0 0 0
0 0 0 0

 , F2 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , Q =


1 0 0 0
r2g
r2+r3

0 0 0

0 0 0 0
0 0 0 1

 .

Ëåãêî ïðîâåðèòü, ÷òî λAr + Br � ðåãóëÿðíûé ïó÷îê, îïåðàòîð Ar âûðî-
æäåí è âûïîëíåíî (27). Ñëåäîâàòåëüíî, λAr +Br � ðåãóëÿðíûé ïó÷îê èíäå-
êñà 1. Ïîäïðîñòðàíñòâà èç ïðÿìûõ ðàçëîæåíèé (29) è ñîîòâåòñòâóþùèå ïðî-
åêòîðû èìåþò âèä X1 = Lin{p1}, X2 = Lin{p2}, Y1 = Lin{w1}, Y2 = Lin{w2},
Pk : R3 → Xk, Qk : R4 → Yk, k = 1, 2, (P = P1 + P2, Q = Q1 +Q2), ãäå

P1 =

 1 0 0
r2 0 0
−1 0 0

 , P2 =

0 0 0
0 0 0
1 0 1

 ,

Q1 =


1 0 0 0
r2g
r2+r3

0 0 0

0 0 0 0
0 0 0 0

 , Q2 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 .

Ìàòðèöû, ñîîòâåòñòâóþùèå îïåðàòîðàì Agen, A1 (Agen = Agen|Xs ,
A1 = A1|X1

), ââåäåííûì â (16), (33), è ïîëóîáðàòíûì îïåðàòîðàì A
(−1)
gen , A

(−1)
1

(A−1gen = A
(−1)
gen

∣∣∣
Ys1

, A−11 = A
(−1)
1

∣∣∣
Y1
, A

(−1)
gen óäîâëåòâîðÿåò (25), ãäå S1 = S, è

A
(−1)
1 óäîâëåòâîðÿåò (35)) îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 èìåþò

âèä

Agen =


0 0 0
−r2C C 0

0 0 0
0 0 0

 , A(−1)
gen =

 0 0 0 0
−r2L−1 C−1 0 0

0 0 0 0

 ,

A1 =


L 0 0
r2C 0 0

0 0 0
0 0 0

 , A
(−1)
1 =

 L−1 0 0 0
r2L

−1 0 0 0
−L−1 0 0 0

 .

Îïåðàòîðàì Bgen, Bov (Bgen = Bgen|Xs , Bov = Bov|Xs), ââåäåííûì â (16),
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îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñîîòâåòñòâóþò ìàòðèöû

Bgen =


0 0 0
−r2g g 0

0 0 0
0 0 0

 , Bov =


0 0 0
0 0 0
−r2 1 0

0 0 0

 .

4.4. Ïðèìåð äëÿ ñëó÷àÿ rk(λA+B) < n, rk(λA+B) < m

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A,B : R3 → R3, êîòî-
ðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3 ñîîòâåòñòâóþò ìàòðèöû

A =

1 0 −1
0 0 0
0 0 0

 , B =

1 −1 −1
1 1 −1
0 2 0

 . (39)

Ðàíã ïó÷êà ðàâåí rk(λA+B) = 2 è îáùèé äåôåêò ïó÷êà ðàâåí d(λA+B) = 2,
ïðè ýòîì N = 1 è M = 1 (äåôåêòû λA+B è λAT +BT ðàâíû 1).

Ðåøåíèå óðàâíåíèÿ (12) èìååò âèä (ñ òî÷íîñòüþ äî ñêàëÿðíîãî ìíîæèòå-

ëÿ) x1(λ) ≡ x10 =
(
1, 0, 1

)T
. Çíà÷èò x10 ÿâëÿåòñÿ áàçèñíûì âåêòîðîì ïîäïðî-

ñòðàíñòâà Xs èç (1), è â òîì ÷èñëå Xs2 èç (19).

Ðåøåíèå óðàâíåíèÿ (18) èìååò âèä (ñ òî÷íîñòüþ äî ñêàëÿðíîãî ìíîæèòå-

ëÿ) y1(λ) =
(
1, −(λ+1), (λ+2)/2

)T
. Êàê è â ïðèìåðå èç ïóíêòà 4.3, äëÿ òðàíñ-

ïîíèðîâàííîãî ïó÷êà λAT + BT ñòðîèì ïîäïðîñòðàíñòâà X̂s = X̂s1+̇X̂s2 =
Lin{ŝi}2i=1, X̂s1 = Lin{ŝ1}, X̂s2 = Lin{ŝ2}, Ŷs = Lin{l̂}, ãäå

ŝ1 =

 1
0

1/2

 , ŝ2 =

 0
1
−1/2

 , l̂ =

 1
0
−1

 ,

è ïðîåêöèîííûå ìàòðèöû

Ŝ1 =

 1 0 0
0 0 0

1/2 0 0

 , Ŝ2 =

0 0 0
0 1 0
0 −1/2 0

 , Ŝ = Ŝ1 + Ŝ2 , F̂ =

 1 0 0
0 0 0
−1 0 0

 .

Èñïîëüçóÿ ïðîåêöèîííûå ìàòðèöû ŜT , ŜT1 , Ŝ
T
2 , F̂

T è âåêòîð x10, ïîëó÷à-
åì ïîäïðîñòðàíñòâà èç ðàçëîæåíèé (1), (19): Xs = Xs1+̇Xs2 = Lin{si}2i=1,

Xs1 = Lin{s1}, Xs2 = Lin{s2}, Xr = Lin{p}, Ys = Ys1+̇Ys2 = Lin{li}2i=1,

Ys1 = Lin{l1}, Ys2 = Lin{l2}, Yr = Lin{q}, ãäå

s1 =

1
0
0

 , s2 =

1
0
1

 , p =

0
1
0

 , l1 =

1
0
0

 , l2 =

0
1
0

 , q =

−1/2
1/2
1

 .
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Òîãäà ïðîåêöèîííûå ìàòðèöû, ñîîòâåòñòâóþùèå ïðîåêòîðàì S : R3 → Xs,
F : R3 → Ys, Si : R3 → Xsi , Fi : R3 → Ysi , i = 1, 2, S = S1 + S2, F = F1 + F2,
P : R3 → Xr, Q : R3 → Yr, èìåþò âèä

S1 = F̂ T , S2 =

0 0 1
0 0 0
0 0 1

 , P =

0 0 0
0 1 0
0 0 0

 ,

F1 = ŜT1 , F2 = ŜT2 , Q =

0 0 −1/2
0 0 1/2
0 0 1

 .

Ëåãêî ïðîâåðèòü, ÷òî Ar = QA|Xr = 0 è Br = QB|Xr îáðàòèì. Ñëåäî-
âàòåëüíî, λAr + Br � ðåãóëÿðíûé ïó÷îê èíäåêñà 1 è ïîäïðîñòðàíñòâà èç
ðàçëîæåíèé (29) èìåþò âèä: X1 = {0}, X2 = Xr, Y1 = {0}, Y2 = Yr, à ïðîå-
êòîðû Pk : R3 → Xk, Qk : R3 → Yk, k = 1, 2, òàêîâû: P1 = 0, P2 = P , Q1 = 0,
Q2 = Q.

Îïåðàòîðàì Agen, Bgen, Bund, Bov (Agen = Agen|Xs1 ∈ L(Xs1 , Ys1),

Bgen = Bgen|Xs1 ∈ L(Xs1 , Ys1), Bund = Bund|Xs2 ∈ L(Xs2 , Ys1), Bov =

Bov|Xs1 ∈ L(Xs1 , Ys2)), ââåäåííûì â (23), è ïîëóîáðàòíîìó îïåðàòîðó A
(−1)
gen

(A−1gen = A
(−1)
gen

∣∣∣
Ys1

∈ L(Ys1 , Xs1), A
(−1)
gen óäîâëåòâîðÿåò (25)) îòíîñèòåëüíî ñòàí-

äàðòíûõ áàçèñîâ â R3 ñîîòâåòñòâóþò ìàòðèöû Agen = A, Bund = 0,

Bgen =

1 0 −1
0 0 0
0 0 0

 , Bov =

0 0 0
1 0 −1
0 0 0

 , A(−1)
gen =

1 0 1/2
0 0 0
0 0 0

 .

5. Ïðèâåäåíèå äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ ñ

ñèíãóëÿðíûì ïó÷êîì îïåðàòîðîâ

Ðàññìîòðèì äèôôåðåíöèàëüíî-îïåðàòîðíîå óðàâíåíèå âèäà

d

dt
[Ax] +Bx = f(t, x), (40)

ãäå A, B : Rn → Rm è f(t, x) ∈ C([0,∞)× Rn,Rm).

Âëèÿíèå ëèíåéíîé ÷àñòè
d

dt
[Ax] + Bx óðàâíåíèÿ (40) îïðåäåëÿåòñÿ ñâîé-

ñòâàìè õàðàêòåðèñòè÷åñêîãî ïó÷êà λA+B. Â îáùåì, ïó÷îê λA+B ÿâëÿåòñÿ
ñèíãóëÿðíûì.

Óðàâíåíèÿ òèïà (40) òàêæå íàçûâàþò ïîëóëèíåéíûìè äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèìè óðàâíåíèÿìè (ÄÀÓ). Ïîëóëèíåéíîå ÄÀÓ ñ ñèíãóëÿðíûì ïó-
÷êîì íàçûâàåòñÿ ñèíãóëÿðíûì èëè íåðåãóëÿðíûì.

Ïðåäïîëîæèì, ÷òî ñèíãóëÿðíûé ïó÷îê èìååò ðåãóëÿðíûé áëîê λAr + Br
(ñì. (2)) èíäåêñà íå âûøå 1.
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Ïðèìåíÿÿ ê óðàâíåíèþ (40) ïðîåêòîðû Fi, Qi, i = 1, 2, (ñì. (21), (32)) è
èñïîëüçóÿ èõ ñâîéñòâà, ïîëó÷àåì ýêâèâàëåíòíóþ ñèñòåìó

d

dt
(F1AS1x) + F1BSx = F1f(t, x),

d

dt
(Q1AP1x) +Q1BP1x = Q1f(t, x),

Q2BP2x = Q2f(t, x),

F2BS1x = F2f(t, x).

(41)

Îòíîñèòåëüíî ðàçëîæåíèé (26), (29) ëþáîé âåêòîð x ∈ Rn åäèíñòâåííûì
îáðàçîì ïðåäñòàâèì â âèäå

x = xs + xr = xs1 + xs2 + xp1 + xp2 , (42)

ãäå xs = Sx ∈ Xs, xr = Px ∈ Xr, xsi = Six ∈ Xsi , xpi = Pix ∈ Xi, i = 1, 2.
Èñïîëüçóÿ ïðåäñòàâëåíèå (42) è ó÷èòûâàÿ áëî÷íóþ ñòðóêòóðó ñèíãóëÿð-

íîãî ïó÷êà, à èìåííî âèä îïåðàòîðîâ (23) è (33), ïîëó÷àåì ñèñòåìó, ýêâèâà-
ëåíòíóþ (41):

d

dt
(Agenxs1) + Bgenxs1 + Bundxs2 = F1f(t, x),

d

dt
(A1xp1) + B1xp1 = Q1f(t, x),

B2xp2 = Q2f(t, x),

Bovxs1 = F2f(t, x).

(43)

Çàìåòèì, ÷òî ìîæíî ñóçèòü îïåðàòîðû â óðàâíåíèÿõ ñèñòåìû (41) è èñïîëü-
çîâàòü â (43) âìåñòî (23), (33) ñóæåííûå îïåðàòîðû (24), (34).

Óìíîæàÿ óðàâíåíèÿ ñèñòåìû (43) ñîîòâåòñòâåííî íà A
(−1)
gen , A

(−1)
1 , B

(−1)
2 ,

ïîëó÷àåì ýêâèâàëåíòíóþ ñèñòåìó

d

dt
xs1 = A(−1)

gen [F1f(t, x)−Bgenxs1 −Bundxs2 ],

d

dt
xp1 = A

(−1)
1 [Q1f(t, x)−B1xp1 ],

xp2 = B
(−1)
2 Q2f(t, x),

Bovxs1 = F2f(t, x).

(44)

Åñëè â (43) èñïîëüçóþòñÿ ñóæåííûå îïåðàòîðû (24), (34), òî óðàâíåíèÿ ñè-

ñòåìû (43) óìíîæàþòñÿ íà ñóæåííûå îïåðàòîðû A−1gen = A
(−1)
gen

∣∣∣
Ys1

, A−11 =

A
(−1)
1

∣∣∣
Y1
, B−12 = B

(−1)
2

∣∣∣
Y2
.

Òàêèì îáðàçîì, ìû ñâåëè ñèíãóëÿðíîå ïîëóëèíåéíîå ÄÀÓ (40) ê ýêâèâà-
ëåíòíîé ñèñòåìå (44) èç ÷èñòî äèôôåðåíöèàëüíûõ è ÷èñòî àëãåáðàè÷åñêèõ
óðàâíåíèé.
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Ýòè ðåçóëüòàòû èñïîëüçóþòñÿ ïðè äîêàçàòåëüñòâå òåîðåì îá óñòîé÷èâîñòè
è íåóñòîé÷èâîñòè ïî Ëàãðàíæó ñèíãóëÿðíîãî ïîëóëèíåéíîãî ÄÀÓ (40) [2,
Òåîðåìû 1, 2].

6. Âûâîäû

Îïèñàíà áëî÷íàÿ ñòðóêòóðà ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ, ñîñòîÿùàÿ
èç ñèíãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ, â êîòîðûõ âûäåëåíû íóëåâûå è îáðà-
òèìûå áëîêè. Ïîäðîáíî îïèñàí ìåòîä íàõîæäåíèÿ áëî÷íîé ñòðóêòóðû ïó÷êà
è ñîîòâåòñòâóþùèõ ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ. Ïîêàçàíû ñïîñîáû ïî-
ñòðîåíèÿ ïðîåêòîðîâ, ïîçâîëÿþùèõ âûäåëèòü òðåáóåìûå áëîêè.

Áëàãîäàðíîñòü. Èññëåäîâàíèå âûïîëíåíî ïðè ÷àñòè÷íîé ãðàíòîâîé
ïîääåðæêå Ãîñóäàðñòâåííîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé
(ïðîåêò Ô83/82-2018).
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ÔiëiïêîâñüêàÌ.Ñ. Áëîêîâà ôîðìà ñèíãóëÿðíîãî æìóòêà îïåðàòîðiâ i ìå-

òîä ¨¨ îòðèìàííÿ. Îïèñàíî áëîêîâó ôîðìó ñèíãóëÿðíîãî æìóòêà îïåðàòîðiâ
λA + B, äå λ � êîìïëåêñíèé ïàðàìåòð, à ëiíiéíi îïåðàòîðè A, B äiþòü ó ñêií÷åí-
íîâèìiðíèõ ïðîñòîðàõ. Æìóòîê îïåðàòîðiâ λA + B íàçèâà¹òüñÿ ðåãóëÿðíèì, ÿêùî
n = m = rk(λA+B), äå rk(λA+B) � ðàíã æìóòêà òà m, n � ðîçìiðíîñòi ïðîñòîðiâ
(îïåðàòîðè âiäîáðàæàþòü n-ìiðíèé ïðîñòið ó m-ìiðíèé). Â iíøèõ âèïàäêàõ, òîáòî
ÿêùî n 6= m àáî n = m òà rk(λA + B) < n, æìóòîê íàçèâà¹òüñÿ ñèíãóëÿðíèì (íå-
ðåãóëÿðíèì). Áëîêîâà ôîðìà (ñòðóêòóðà) ñêëàäà¹òüñÿ ç ñèíãóëÿðíîãî áëîêó, ÿêèé
¹ ñóòî ñèíãóëÿðíèì æìóòêîì (òîáòî âiä íüîãî íåìîæëèâî âiäîêðåìèòè ðåãóëÿðíèé
áëîê) i ðåãóëÿðíîãî áëîêó. Ó öèõ áëîêàõ âèäiëåíî íóëüîâi áëîêè òà áëîêè, ÿêi ¹ îáî-
ðîòíèìè îïåðàòîðàìè. Äåòàëüíî îïèñàíî ìåòîä îòðèìàííÿ áëîêîâî¨ ôîðìè ñèíãó-
ëÿðíîãî æìóòêà îïåðàòîðiâ ó äâîõ ñïåöiàëüíèõ âèïàäêàõ, êîëè rk(λA+B) = m < n
òà rk(λA + B) = n < m, i â çàãàëüíîìó âèïàäêó, êîëè rk(λA + B) < n,m. Íà-
äàíî ñïîñîáè ïîáóäîâè ïðîåêòîðiâ íà ïiäïðîñòîðè ç ïðÿìèõ ðîçêëàäàíü, âiäíîñíî
ÿêèõ æìóòîê ìà¹ ïîòðiáíèé áëîêîâèé âèãëÿä. Çà äîïîìîãîþ öèõ ïðîåêòîðiâ ìîæíà
çíàéòè âèãëÿä áëîêiâ i, âiäïîâiäíî, áëîêîâó ôîðìó æìóòêà. Íàâåäåíî ïðèêëàäè çíà-
õîäæåííÿ áëîêîâî¨ ôîðìè äëÿ ðiçíèõ òèïiâ ñèíãóëÿðíèõ æìóòêiâ. Äëÿ îòðèìàííÿ
áëîêîâî¨ ôîðìè, çîêðåìà, âèêîðèñòîâóâàëèñÿ ðåçóëüòàòè, ùî ñòîñóþòüñÿ çâåäåííÿ
ñèíãóëÿðíîãî æìóòêà ìàòðèöü äî êàíîíi÷íîãî êâàçiäiàãîíàëüíîãî âèãëÿäó, ÿêèé íà-
çèâàþòü êàíîíi÷íîþ ôîðìîþ Âåé¹ðøòðàññà-Êðîíåêåðà. Òàêîæ âèêîðèñòîâóþòüñÿ
ìåòîäè ëiíiéíî¨ àëãåáðè.

Îòðèìàíà áëîêîâà ôîðìà æìóòêà òà âiäïîâiäíi ïðîåêòîðè ìîæóòü áóòè âèêîðè-
ñòàíi ïðè ðîçâ'ÿçàííi ðiçíîìàíiòíèõ çàäà÷. Çîêðåìà, âîíè ìîæóòü áóòè çàñòîñîâàíi
äëÿ çâåäåííÿ ñèíãóëÿðíîãî íàïiâëiíiéíîãî äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ
äî åêâiâàëåíòíî¨ ñèñòåìè iç ñóòî äèôåðåíöiàëüíèõ i ñóòî àëãåáðà¨÷íèõ ðiâíÿíü. Öå
çíà÷íî ïîëåãøó¹ àíàëiç òà ðîçâ'ÿçàííÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü.
Êëþ÷îâi ñëîâà: æìóòîê îïåðàòîðiâ; æìóòîê ìàòðèöü; ñèíãóëÿðíèé; ðåãóëÿðíèé
áëîê; áëîêîâà ôîðìà; ñòðóêòóðà.

M. S. Filipkovska (Filipkovskaya). A block form of a singular pencil of operators

and a method of obtaining it. A block form of a singular operator pencil λA + B,
where λ is a complex parameter, and the linear operators A, B act in �nite-dimensional
spaces, is described. An operator pencil λA+B is called regular if n = m = rk(λA+B),
where rk(λA + B) is the rank of the pencil and m, n are the dimensions of spaces
(the operators map an n-dimensional space into an m-dimensional one); otherwise, if
n 6= m or n = m and rk(λA + B) < n, the pencil is called singular (irregular). The
block form (structure) consists of a singular block, which is a purely singular pencil,
i.e., it is impossible to separate out a regular block in this pencil, and a regular block.
In these blocks, zero blocks and blocks, which are invertible operators, are separated
out. A method of obtaining the block form of a singular operator pencil is described in
detail for two special cases, when rk(λA + B) = m < n and rk(λA + B) = n < m,
and for the general case, when rk(λA + B) < n,m. Methods for the construction of
projectors onto subspaces from the direct decompositions, relative to which the pencil
has the required block form, are given. Using these projectors, we can �nd the form of
the blocks and, accordingly, the block form of the pencil. Examples of �nding the block
form for the various types of singular pencils are presented. To obtain the block form,
in particular, the results regarding the reduction of a singular pencil of matrices to the
canonical quasidiagonal form, which is called the Weierstrass-Kronecker canonical form,
are used. Also, methods of linear algebra are used.

The obtained block form of the pencil and the corresponding projectors can be used
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to solve various problems. In particular, it can be used to reduce a singular semili-
near di�erential-operator equation to the equivalent system of purely di�erential and
purely algebraic equations. This greatly simpli�es the analysis and solution of di�erential-
operator equations.
Keywords: operator pencil; matrix pencil; singular; regular block; block form; structure.
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×èñëåííîå ìîäåëèðîâàíèå BVI-øóìà

äâóõëîïàñòíîãî ðîòîðà âåðòîë¼òà

ñèíóñîèäàëüíîé ôîðìû

Ëóêüÿíîâ Ï. Â.1

1Èíñòèòóò ãèäðîìåõàíèêè ÍÀÍÓêðàèíû,Êèåâ,Æåëÿáîâà 8/4,
03680,Óêðàèíà

petr−lukianov@bigmir.net

Â ðàáîòå ïîñòàâëåíà è ðåøåíà çàäà÷à ãåíåðàöèè BVI-øóìà äâóõëîïà-
ñòíûì ðîòîðîì âåðòîë¼òà ñèíóñîèäàëüíîé ôîðìû âäîëü ïî ðàçìàõó ëîïà-
ñòè. Âûïîëíåí ðàñ÷¼ò õàðàêòåðèñòèê áëèæíåãî è äàëüíåãî çâóêîâûõ ïîëåé.
Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ïîëó÷åííûõ äàííûõ ñ äàííûìè äëÿ äâó-
õëîïàñòíîãî ðîòîðà ñ ëîïàñòÿìè ïðÿìîóãîëüíîé ôîðìû. Äëÿ ðîòîðà ñèíó-
ñîèäàëüíîé ôîðìû â áîëüøèíñòâå ðàñ÷¼òíûõ ñëó÷àåâ øóì íà 3-5Äá íèæå,
÷åì ó ðîòîðà ñ ëîïàñòÿìè ïðÿìîóãîëüíîé ôîðìû. Ïðè ýòîì íàáëþäàåòñÿ
ñóùåñòâåííîå ïåðåðàñïðåäåëåíèå ýíåðãèè çâóêîîáðàçîâàíèÿ èç ïðîäîëüíûõ
â ïîïåðå÷íûå âîëíû. Èíòåðôåðåíöèîííàÿ êàðòèíà ãîâîðèò î ñëîæíîì íå-
ëèíåéíîì õàðàêòåðå ãåíåðèðóåìîãî øóìà. Â ñïåêòðå åãî àêòèâèçèðóþòñÿ
áîëåå âûñîêèå ÷àñòîòû. Âàðèàöèÿ ôîðìû ëîïàñòè âäîëü ïî ðàçìàõó ïîçâî-
ëÿåò âëèÿòü íà õàðàêòåð è óðîâåíü BVI-øóìà.
Êëþ÷åâûå ñëîâà: ãåíåðàöèÿ çâóêà; âåðòîë¼ò; BVI-øóì.

Ëóê'ÿíîâ Ï.Â. ×èñåëüíå ìîäåëþâàííÿ BVI-øóìó äâîëîïàòåâîãî

ðîòîðà ãåëiêîïòåðà ñiíóñîiäàëüíî¨ ôîðìè Â ðîáîòi ïîñòàâëåíî òà ÷è-
ñåëüíî ðîçâ'ÿçàíî çàäà÷ó ãåíåðàöi¨ BVI-øóìó äâîëîïàòòåâèì ðîòîðîì ãåëi-
êîïòåðà ñiíóñîiäàëüíî¨ ôîðìè âçäîâæ çà ðîçìàõîì ëîïàòi. Âèêîíàíî ðîçðà-
õóíîê õàðàêòåðèñòèê áëèæíüîãî òà äàëüíüîãî çâóêîâèõ ïîëiâ. Ïðîâåäåíî
ïîðiâíÿëüíèé àíàëiç îòðèìàíèõ äàíèõ ç äàíèìè äëÿ äâîëîïàòåâîãî ðîòî-
ðà ç ëîïàòÿìè ïðÿìîêóòíî¨ ôîðìè. Äëÿ ðîòîðà ñiíóñîiäàëüíî¨ ôîðìè ó
áiëüøîñòi ðîçðàõóíêîâèõ âèïàäêiâ øóì íà 3-5Äá íèæ÷å, à íiæ ó ðîòî-
ðà ç ëîïàòÿìè ïðÿìîêóòíî¨ ôîðìè. Ïðè öüîìó ñïîñòåðiãà¹òüñÿ iñòîòíèé
ïåðåðîçïîäië åíåðãi¨ çâóêîóòâîðåííÿ ç ïîâçäîâæíèõ ó ïîïåðå÷íi õâèëi. Ií-
òåðôåðåíöiéíà êàðòèíà ãîâîðèòü ïðî ñêëàäíèé íåëiíiéíèé õàðàêòåð øóìó,
ùî ãåíåðó¹òüñÿ. Ó ñïåêòði éîãî àêòèâóþòüñÿ áiëüø âèñîêi ÷àñòîòè. Âàðià-
öiÿ ôîðìè ëîïàòi âçäîâæ çà ðîçìàõîì äîçâîëÿ¹ âïëèíóòè íà õàðàêòåð òà
ðiâåíü BVI-øóìó.
Êëþ÷îâi ñëîâà: ãåíåðàöiÿ çâóêó; ãåëiêîïòåð; BVI-øóì.

P.V. Lukianov. BVI-noise simulation of two-blade helicopter's rotor

sin-shape In this paper a problem of BVI-noise generation by two-blade rotor
sin-shape is set and solved. A sound density and a pressure level for far and
near-�eld have been calculated. A comparative analysis of the data with ones
fortwo-blade rotor with rectangular blades has been carried out. Sin-shape rotor
noise for most case of calculations has 3-5Db less then the noise of rotor with
rectangular blade. Here essential reapportionment of energy of longitudinal
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sound waves to s-waves is observed. Interference �gure says about complex non-
liner character of generated sound. Its specter activates more high frequencies.
Blade shape variation along the blade sweep allows controlling character and
level of BVI-noise.
Keywords:sound generation; helicopter; BVI-noise.

2010 Mathematics Subject Classi�cation 76Q05, 76G25.

1.Ââåäåíèå

Óðîâåíü ãåíåðèðóåìîãî øóìà âçàèìîäåéñòâèÿ ëîïàñòè è âèõðåé (BVI-
øóì) ñóùåñòâåííûì îáðàçîì çàâèñèò îò ïðîäîëüíîé ãåîìåòðèè ëîïàñòè. Âíà-
÷àëå ðàçâèòèÿ âåðòîëåòîñòðîåíèÿ ëîïàñòè ðîòîðà âåðòîë¼òà êîíñòðóêòèâíî
èìåëè ïðÿìîóãîëüíóþ ôîðìó. Â ïîñëåäñòâèè èì ñòàëè ïðèäàâàòü ðàçëè÷íóþ
ôîðìó íà êîíöàõ, ÷òîáû ñíèçèòü âëèÿíèå êîíöåâûõ âèõðåé íà ãåíåðàöèþ øó-
ìà àýðîäèíàìè÷åñêîãî ïðîèñõîæäåíèÿ. È òîëüêî íà ïðîòÿæåíèè ïîñëåäíèõ
ïîëóòîðà äåñÿòêà ëåò âåä¼òñÿ èíòåíñèâíûé ïîèñê íîâûõ ïðîäîëüíûõ ôîðì
ëîïàñòåé âäîëü ïî ðàçìàõó.

Êàê èçâåñòíî â æèâîé ïðèðîäå âñå ôîðìû ñîâåðøåíñòâîâàëèñü íà ïðîòÿ-
æåíèè òûñÿ÷åëåòèé. Ïîýòîìó ðàçíîîáðàçíûì ìàøèíàì, ëåòàòåëüíûì àïïà-
ðàòàì, ñîçäàííûì ÷åëîâåêîì, ñòàðàþòñÿ ïðèäàòü ôîðìó òåõ èëè èíûõ æè-
âûõ îðãàíèçìîâ. Òàê â ïîñëåäíåå âðåìÿ ïðè ïðîåêòèðîâàíèè ëîïàñòü ðîòîðà
âåðòîë¼òà íàñòîëüêî âèäîèçìåíèëàñü, ÷òî ïðèáëèçèëàñü ïî ñâîåé ôîðìå ê
ïòè÷üåìó êðûëó (wing-blade).

Â íàñòîÿùåå âðåìÿ íàáëþäàåòñÿ òåíäåíöèÿ ê ïîèñêó íîâûõ ìàòåìàòè÷å-
ñêèõ ìîäåëåé, ïîçâîëÿþùèõ èçó÷èòü òå÷åíèå âîêðóã ëîïàñòè âèäîèçìåí¼ííîé
ôîðìû ñ öåëüþ ñíèæåíèÿ BVI-øóìà. Òàê â ðàáîòå [1] èçó÷àåòñÿ BVI-øóì
ëîïàñòè âåðòîë¼òà ïîä äåéñòâèåì íåñòàöèîíàðíîé íàãðóçêè. Ìîäåëèðîâàíèå
ñêîðîñòè âîêðóã ëîïàñòè âûïîëíÿåòñÿ íà îñíîâå çàêîíà Áèî-Ñàâàðà, â òî âðå-
ìÿ êàê òå÷åíèå â öåëîì ñ÷èòàåòñÿ ïîòåíöèàëüíûì, óäîâëåòâîðÿþùèì óðàâ-
íåíèþ Ëàïëàñà. Ýòî, êîíå÷íî æå, äîâîëüíî òàêè ïðîòèâîðå÷èâûé ïîäõîä, ïî-
ñêîëüêó çàêîí Áèî-Ñàâàðà ïîäðàçóìåâàåò ñóùåñòâîâàíèå çàâèõðåííîñòè âî-
êðóã ëîïàñòè, à óðàâíåíèå Ëàïëàñà ñïðàâåäëèâî ëèøü äëÿ èäåàëüíîé íåñæè-
ìàåìîé æèäêîñòè, ïîòåíöèàëüíîãî òå÷åíèÿ. Àêóñòè÷åñêàÿ ôîðìóëèðîâêà çà-
äà÷è èñïîëüçóåòñÿ â âèäå èçâåñòíîãî ïðåäñòàâëåíèÿ Ôîðñàéòà (ôîðìà À1) [2],
ïîëó÷åííîãî ñ èñïîëüçîâàíèåì ôîðìóëû Ôîóêñ - Óèëüÿìñÿ - Õîóêèíãñà. Â êà-
÷åñòâå ðàñ÷åòíûõ äàííûõ â ðàáîòå, â òîì ÷èñëå, ïðåäñòàâëåíû àçèìóòàëüíûå
ðàñïðåäåëåíèÿ ïóëüñàöèé àêóñòè÷åñêîãî äàâëåíèÿ, êîòîðûå áëèçêè ê êðèâûì,
ïîëó÷åííûì â ðàáîòå [3]. Â ðàáîòå [4] äëÿ àêóñòè÷åñêîãî ïîëÿ òàêæå èñïîëüçó-
åòñÿ ïðåäñòàâëåíèå Ôîðñàéòà, â òî âðåìÿ êàê êîìïîíåíòû ñêîðîñòè è óñêîðå-
íèÿ, äåéñòâóþùèõ íà ëîïàñòü, ìîäåëèðóþòñÿ íà îñíîâå óïðîù¼ííûõ ìîäåëåé
òåîðåòè÷åñêîé ìåõàíèêè, íå ðåøàÿ óðàâíåíèé àýðîäèíàìèêè. Àâòîðàìè äàí-
íîé ðàáîòû ïðåäñòàâëåíû äèàãðàììû ðàñïðåäåëåíèÿ çâóêîâîãî äàâëåíèÿ è
óðîâíÿ øóìà äëÿ òð¼õ ðåæèìîâ ïîë¼òà: ëåâûé ïîâîðîò, ïîë¼ò íà çàäàííîì
óðîâíå, ïðàâûé ïîâîðîò. Ðåçóëüòàòû ðàñ÷¼òîâ ïîêàçàëè, ÷òî øóì ïðè ïîâî-
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ðîòàõ (ìàíåâðàõ) âûøå øóìà ïðè ïðÿìîì ïîë¼òå íà 6Äá (110Äá-116Äá). È
ýòîò àñïåêò åù¼ ðàç íàì äà¼ò ïîíÿòü, ïî÷åìó ñòîèò îáðàòèòü âíèìàíèå íà
ïðèðîäíûå ôîðìû êðûëüåâ ïòèö - ÷òîáû ñíèçèòü øóì ïðè ìàí¼âðàõ.

Â ðàáîòå [5] äëÿ ìîäåëèðîâàíèÿ ïîëÿ ñêîðîñòè èñïîëüçóåòñÿ ìåòîä âèõðåé
â ÿ÷åéêå (vortex lattice method - VLM), à ðàñ÷¼ò àêóñòè÷åñêîãî ïîëÿ òàêæå
âûïîëíåí íà îñíîâå ôîðìóëû Ôîðñàéòà. Ïîëó÷åííûå äàííûå àêóñòè÷åñêî-
ãî óðîâíÿ äàâëåíèÿ êîëåáëþòñÿ â ïðåäåëàõ äî 119Äá. Êðîìå òîãî, íåêîòî-
ðûå àâòîðû [6] äëÿ ìîäåëèðîâàíèÿ ïîëÿ ñêîðîñòåé èñïîëüçóþò Ëàãðàíæåâû
êîîðäèíàòû, à äëÿ îöåíêè øóìà àýðîäèíàìè÷åñêîãî ïðîèñõîæäåíèÿ òàêæå
èñïîëüçóþò ôîðìóëó Ôîðñàéòà. Â ðàáîòå [8] èñïîëüçóåòñÿ ìîäåëü èçîòðî-
ïíîé òóðáóëåíòíîñòè Êàðìàíà, à äëÿ àêóñòè÷åñêîãî ïîëÿ - àñèìïòîòè÷åñêèå
ôîðìóëû Àìèåòà.

Îäíàêî ðàñ÷¼ò ïîëÿ ñêîðîñòè ïî óïðîù¼ííûì [1], [4]-[8] ìîäåëÿì ïîçâî-
ëÿåò ëèøü ïðèáëèæ¼ííî îöåíèòü ãåíåðèðóåìûé BVI-øóì. Åñëè æå ðå÷ü èä¼ò
î ïðîåêòèðîâàíèè ìàëîøóìíûõ ëîïàñòåé, òî çäåñü íåîáõîäèìû áîëåå òî÷íûå
äàííûå î ïîëå ñêîðîñòè, äàâëåíèÿ âîêðóã ëîïàñòè. Äëÿ ýòîé öåëè íåîáõî-
äèìî ðåøàòü óðàâíåíèå Ýéëåðà (èëè Íàâüå-Ñòîêñà) ñîâìåñòíî ñ óðàâíåíèåì
íåðàçðûâíîñòè. Òàêîé ïîäõîä ïðåäëîæåí â ðàáîòå [9], àêóñòè÷åñêàÿ ÷àñòü
çàäà÷è òàêæå ðåøàåòñÿ íà îñíîâå ìîäåëè Ôîðñàéòà. Â ðàáîòå [10] [8] ýêñïå-
ðèìåíòàëüíî ïðîâåðåíû ìîäåëè, îïèñûâàþùèå BVI-øóì. Òàê îêàçàëîñü, ÷òî
äâóìåðíûå íåñòàöèîíàðíûå ìîäåëè äîñòàòî÷íî õîðîøî ïîäõîäÿò äëÿ èçó÷å-
íèÿ øóìà ïðè ïðÿìîëèíåéíîì îáòåêàíèè ëîïàñòè ïîòîêîì. Ïðè ïîñòàíîâêå
ëîïàñòè ïîä óãëîì ê ïîòîêó (êîñàÿ îáäóâêà), îíè óæå íå óäîâëåòâîðèòåëü-
íû: íåîáõîäèìà òð¼õìåðíàÿ ìîäåëü òå÷åíèÿ. Â ñâÿçè ñ òåì, ÷òî â ïîñëåäíåå
âðåìÿ îñíîâíîé àêöåíò ïðè ìîäåëèðîâàíèè ìàëîøóìíûõ ëîïàñòåé äåëàåòñÿ
íà âàðüèðîâàíèå ôîðìû ëîïàñòè âäîëü ïî å¼ ðàçìàõó, î÷åâèäíûì ñòàíîâè-
òñÿ èñïîëüçîâàíèå òð¼õìåðíûõ ìîäåëåé òå÷åíèÿ âîêðóã ëîïàñòè. Íåêîòîðûå
ó÷¼íûå ïûòàþòñÿ, íå èñïîëüçóÿ ýòîãî, ïðåäïðèíÿòü âñÿêîãî ðîäà óõèùðåíèÿ
[11], íàïðèìåð, ñäåëàòü ïåðåäíþþ êðîìêó ëîïàñòè çóá÷àòîé. Ýòî ïîçâîëÿåò
ïðè îïðåäåë¼ííûõ ñîîòíîøåíèÿõ ïàðàìåòðîâ òå÷åíèÿ ñíèçèòü øóì íà 3Äá.
Îäíàêî âïîëíå î÷åâèäíî, ÷òî çóá÷àòîñòü ñàìà ïî ñåáå ïðèâíîñèò äîïîëíè-
òåëüíûå âîçìóùåíèÿ â ïîòîê: îäíè ÷àñòîòû îíà ìîæåò ãàñèòü, â òî âðåìÿ êàê
äðóãèå ëèøü âîçáóæäàòü ïðè îïðåäåë¼ííîì ñíèæåíèè óðîâíÿ øóìà â öåëîì.
Â ðàáîòàõ [12], [2] òàêæå ïðèâîäèòñÿ êàê ÷èñëåííîå, òàê è ýêñïåðèìåíòàëüíîå
ïîäòâåðæäåíèå íåîáõîäèìîñòè ðåøåíèå ïîëíîé òð¼õìåðíîé çàäà÷è ïî íàõî-
æäåíèþ êîìïîíåíò ïîëÿ ñêîðîñòè, äàâëåíèÿ.

Ñëåäóåò îòìåòèòü, ÷òî ïîäõîä Ôîðñàéòà [2], êàê óæå àêöåíòèðîâàëîñü
â ðàáîòå [13], äîñòàòî÷íî íåîäíîçíà÷åí: èñïîëüçîâàíèå òåîðèè îáîáù¼ííûõ
ôóíêöèé ïðèâîäèò ê êàðäèíàëüíîìó ïðåîáðàçîâàíèþ âñåõ ðåøàåìûõ óðàâíå-
íèé, ïîÿâëåíèþ "íîâûõ èñòî÷íèêîâ"çâóêà, êîòîðûõ òî íà ñàìîì äåëå íåò. Äëÿ
èçáåæàíèÿ òàêîé íåîäíîçíà÷íîñòè àâòîðîì äàííîé ðàáîòû ðàíåå áûëà ïðå-
äëîæåíà çàìêíóòàÿ ñèñòåìà óðàâíåíèé àýðîàêóñòèêè, à äëÿ äàëüíåãî ïîëÿ ïî-
ëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå íà îñíîâàíèè âòîðîé ôîðìóëû Ãðèíà. Ñ
èñïîëüçîâàíèåì ýòîé ìîäåëè áûëè ðåøåíû ðÿä çàäà÷ ïî èçó÷åíèþ BVI-øóìà
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äëÿ ëîïàñòåé âèäîèçìåíåííîé ôîðìû âäîëü ïî ðàçìàõó [14], [15]. Â ïðåä-
ñòàâëÿåìîé íèæå ðàáîòå ðåøàåòñÿ çàäà÷à ãåíåðàöèè øóìà äâóõëîïàñòíîãî
ðîòîðà ñèíóñîèäàëüíîé ôîðìû. Âûïîëíåí ñðàâíèòåëüíûé àíàëèç ïîëó÷åí-
íûõ ðàñ÷¼òíûõ äàííûõ ñ ðàñ÷¼òíûìè äàííûìè äëÿ äâóõëîïàñòíîãî ðîòîðà
ïðÿìîóãîëüíîé ôîðìû [16]. Â ÷àñòíîñòè çàìå÷åíî, ÷òî ìîäèôèêàöèÿ ôîðìû
ëîïàñòè ñïîñîáñòâóåò ñíèæåíèþ BVI-øóìà.

2. Ïîñòàíîâêà çàäà÷è. Ìåòîä ðåøåíèÿ çàäà÷è

Ïóñòü åñòü ëîïàñòü (ðèñ.1), ôîðìà êîòîðîé â ïëîñêîñòè å¼ ðàçìàõà èìååò
ôîðìó ñèíóñîèäû, òî åñòü ôóíêöèè f = sinz. Ïðè ýòîì ìàêñèìàëüíàÿ àìïëè-
òóäà èçãèáà, ìíîæèòåëü ïðè sinz, ñîñòàâëÿåò 0.1, ; 0.15. Òàêèì îáðàçîì, èçãèá
ëîïàñòè âûáèðàåòñÿ íå áîëåå 15%. Ëîïàñòü â ïðîèçâîëüíûé ìîìåíò âðåìåíè
ïîâ¼ðíóòà â ïëîñêîñòè âðàùåíèÿ íà íåêîòîðûé óãîë α è ðàñïîëîæåíà ïîä
óãëîì àòàêè γ ê íàáåãàþùåìó íà íå¼ ñ áåñêîíå÷íîñòè (U∞, ρ∞) ïîòîêó. Íà
êîíöå ëîïàñòè èíäóöèðóþòñÿ âèõðè Ñêóëëè:

Vθ = 1.2 · U∞
r̄c

1 + r̄2c
, r̄ =

r

rc
, (1)

à âäîëü å¼ ðàçìàõà - çàäàíî ðàñïðåäåëåíèå âèõðåé Òåéëîðà:

Vθ = Vθmax
r

rc
exp1−(r/rc)

2
. (2)

Â óðàâíåíèÿõ (1)-(2) r, θ, rc - ðàäèàëüíàÿ êîîðäèíàòà, àçèìóòàëüíàÿ êî-
îðäèíàòà è ðàäèóñ âèõðåâîãî ÿäðà ñîîòâåòñòåííî.

Ðèñ. 1: Äâóõëîïàñòíûé ñèíóñîîáðàçíûé ðîòîð.

Ñ÷èòàåì, ÷òî òå÷åíèå âîêðóã ëîïàñòè èäåàëüíîå ñæèìàåìîå, à òåïëîâûå
èçìåíåíèÿ íå âëèÿþò íà ôîðìèðîâàíèå òå÷åíèÿ è ãåíåðèðóåìîãî èì çâóêà.
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Íåîáõîäèìî íàéòè õàðàêòåðèñòèêè ãåíåðèðóåìîãî çâóêîâîãî ïîëÿ, âûïîëíèòü
ñðàâíåíèå èõ ñ äàííûìè ðàñ÷¼òà äëÿ äâóõëîïàñòíîãî ðîòîðà ñ ëîïàñòÿìè ïðÿ-
ìîóãîëüíîé ôîðìû [16]. Ìàòåìàòè÷åñêè çàäà÷à ñîñòîèò èç àýðîäèíàìè÷åñêîé
è àêóñòè÷åñêîé ÷àñòåé. Òå÷åíèå âîêðóã ëîïàñòè, àýðîäèíàìè÷åñêàÿ çàäà÷à,
îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé

ρ
dv̄

dt
= ∇p, div(ρv̄) +

∂ρ

∂t
= 0 (3)

Ïåðâîå èç óðàâíåíèé (3) - óðàâíåíèå äâèæåíèÿ â ôîðìå Ýéëåðà. Âòîðîå
óðàâíåíèå - óðàâíåíèå íåðàçðûâíîñòè. Íà ïîâåðõíîñòè Ã æ¼ñòêîé ëîïàñòè
çàäà¼òñÿ óñëîâèå íåïðîòåêàíèÿ òå÷åíèÿ:

v̄n|Ã = 0. (4)

Óðàâíåíèÿ (1)-(4) ïðåäñòàâëÿþò ñîáîé àýðîäèíàìè÷åñêóþ çàäà÷ó.
Àêóñòè÷åñêàÿ çàäà÷à ñîñòîèò èç ñëåäóþùåé ñèñòåìû óðàâíåíèé:

∂2ρ
′

∂t2
− a2∇2ρ

′
= div[ρ(∇v · ∇ϕ+ (∇× v)×

×∇ϕ+ v · ∇ϕ) + ρ
′
(∇v2

2
+ (∇× v)× v)]

+div(v · div(ρ∇ϕ+ ρ
′
v))− div(ρ

′
F) +

+div(∇ϕ · divρv) +∇a2 · ∇ρ′ (5)

∂ρ
′

∂t
+ ρ∇2ϕ+∇ϕ · ∇ρ+ ρ

′
divv + v · ∇ρ′ = 0, (6)

Â óðàâíåíèÿõ (5)-(6) ρ
′
, ϕ - ìàëûå âîçìóùåíèÿ ïëîòíîñòè è çâóêîâîé ïî-

òåíöèàë. Â íà÷àëüíûé ìîìåíò âðåìåíè ρ
′
t=0, ϕt=0 = 0 . Ãðàíè÷íîå óñëîâèå (ïî

ñêîðîñòÿì) äëÿ çâóêîâîé âîëíû âêëþ÷åíî â (2).
Êàê çàäà÷à (1)-(4), òàê è çàäà÷à (5)-(6) ðåøàëàñü ñ ïîìîùüþ ÷èñëåííî-

àíàëèòè÷åñêîãî ïîäõîäà [16]. Ïðè ýòîì â îáîèõ ñëó÷àÿõ ðàñ÷¼òíàÿ ñèñòåìà
ñîñòîÿëà èç 15 óðàâíåíèé äëÿ îïðåäåëåíèÿ ñîîòâåòñòâóþùèõ íåèçâåñòíûõ
ôóíêöèè, å¼ ïðîèçâîäíûõ. Ñåòêà âûáèðàëàñü òàêîé æå, êàê è äëÿ ðàíåå ðå-
ø¼ííûõ çàäà÷, åäèíñòâåííîå îòëè÷èå ñîñòàâëÿëî áîëüøåå êîëè÷åñòâî óçëîâ
ïî ïîïåðå÷íîìó ñå÷åíèþ ëîïàñòè: âìåñòî 80 òî÷åê çäåñü çàäàâàëèñü 82-85
òî÷åê äëÿ óñòîé÷èâîãî ñ÷¼òà.

3. Áëèæíåå çâóêîâîå ïîëå

Ïðè ðàñ÷¼òå çàäà÷è èñïîëüçîâàëñÿ ïðîôèëü NASA-0012 ïàðàáîëè÷åñêîé
ôîðìû. BVI- øóì èãðàåò âàæíóþ ðîëü èãðàåò ïðè ìàí¼âðàõ âåðòîë¼òà. Ïî-
ýòîìó ÷èñëà Ìàõà íàáåãàþùåãî íà ëîïàñòü ïîòîêà âûáèðàëèñü ñðàâíèòåëüíî
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íåáîëüøèå: M = 0.3, 0.4. Óãîë ïîñòàíîâêè ëîïàñòè ê ïîòîêó áûëè ðàâíûìè
α = 30◦ − 45◦ , à óãîë àòàêè γ = 5◦, 10◦ . Åù¼ îäèí èç ïàðàìåòðîâ, êîòî-
ðûé âàðüèðîâàëñÿ â äàííîé çàäà÷å, ýòî ñòåïåíü èçãèáà ëîïàñòè: δ = 0.1, 0.15
îòíîøåíèå ìàêñèìàëüíîé àìïëèòóäû îòêëîíåíèÿ ñèíóñîèäû îò öåíòðàëüíîé
ëèíèè ëîïàñòè ê äëèíå ñàìîé ëîïàñòè.

Ðèñ. 2: Áåðàçìåðíàÿ àêóñòè÷åñêàÿ ïëîòíîñòü, M= 0.4, γ = 10◦, δ = 0.1,
α = 45◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Ðèñ. 3: Áåðàçìåðíàÿ àêóñòè÷åñêàÿ ïëîòíîñòü, M= 0.4, γ = 10◦, δ = 0.1,
α = 30◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

×èñëåííûé ñ÷¼ò áûë âûïîëíåí äëÿ ðàçëè÷íûõ çíà÷åíèé óêàçàííûõ âûøå
ïàðàìåòðîâ. Îäíàêî êà÷åñòâåííî íå âñå èç ðàñ÷¼òíûõ ñèòóàöèé îòëè÷àþòñÿ
äðóã îò äðóãà: íàáëþäàþòñÿ ëèøü êîëè÷åñòâåííûå îòëè÷èÿ. Ïîýòîìó íèæå
ïðåäñòàâèì àíàëèç ïîëó÷åííûõ äàííûõ äëÿ õàðàêòåðíûõ ðàñ÷¼òíûõ ñèòóà-
öèé.

Òàê â ñëó÷àå M = 0, 4, δ = 0.1, γ = 10◦, α = 45◦ (ðèñ. 2à) ó íàñòóïàþ-
ùåé ëîïàñòè ÷¼òêî âûðàæåí èñêðèâë¼ííûé âîëíîâîé ôðîíò, îáóñëîâëåííûå
ôîðìîé ëîïàñòè âäîëü ïî ðàçìàõó. Âñëåä çà íèì íàáëþäàåòñÿ âòîðè÷íàÿ âîë-
íîâàÿ ñåðèÿ. Àìïëèòóäà å¼ â íåñêîëüêî ðàç ìåíüøå àìïëèòóäû ïåðâîé ñåðèè.
Äàëåå, äâèãàÿñü ïîïåð¼ê ëîïàñòè, çâóêîâàÿ âîëíà ðàñïàäàåòñÿ íà ñëàáî âûðà-
æåííûå, ïî ñðàâíåíèþ ñ ïåðâîé ñåðèåé, âîëíîâûå ôðîíòû. Ó îòñòóïàþùåé
ëîïàñòè (ðèñ. 2á) ïåðåäíèé âîëíîâîé ôðîíò áîëåå ðàâíîìåðíî ðàñïðåäåë¼í íà
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ïðîòÿæåíèè âñåé äëèíû ëîïàñòè. Îäíàêî ó îòñòóïàþùåé ëîïàñòè íàáëþäàå-
òñÿ ñóùåñòâåííàÿ àêòèâèçàöèÿ ïèêîâ ïî öåíòðó ëîïàñòè ïî âñåìó å¼ ðàçìàõó.
Ýòî ãîâîðèò î òîì, ÷òî ïðîèñõîäèò ïåðåðàñïðåäåëåíèå ýíåðãèè ãåíåðèðóåìîãî
çâóêà ó îòñòóïàþùåé ëîïàñòè ïî ïîâåðõíîñòè ëîïàñòè. Åñëè ó íàñòóïàþùåé
ëîïàñòè ìàêñèìàëüíûå óðîâíè ïëîòíîñòè ρ̄

′
íàáëþäàþòñÿ â îáëàñòè ïåðåäíåé

êðîìêè, òî ó îòñòóïàþùåé ëîïàñòè îíè ðàñïîëàãàþòñÿ â öåíòðå ëîïàñòè.

Ðèñ. 4: Áåðàçìåðíàÿ àêóñòè÷åñêàÿ ïëîòíîñòü, M= 0.4, γ = 10◦, δ = 0.15,
α = 30◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Âàðèàöèÿ óãëà ïîñòàíîâêè ëîïàñòè ê íàáåãàþùåìó ïîòîêó α = 30◦ (ðèñ. 3)
ïðèâîäèò ê ñíèæåíèþ àìïëèòóä ïåðâîé ñåðèé âîëíîâûõ ôðîíòîâ (ðèñ. 3à), â
òî æå âðåìÿ íàáëþäàåòñÿ ðåçêîå ïîâûøåíèå àìïëèòóä ïîñëåäóþùèõ ñåðèé,
áëèæå ê öåíòðó ëîïàñòè. Ýòî óêàçûâàåò íà ñóùåñòâåííîå âëèÿíèå ðàñïîëîæå-
íèÿ ëîïàñòè â íàáåãàþùåì ïîòîêå íà õàðàêòåð çâóêîîáðàçîâàíèÿ. Ó îòñòóïà-
þùåé ëîïàñòè (ðèñ. 3á) íàáëþäàåòñÿ àêòèâíîå çâóêîîáðàçîâàíèå íå òîëüêî ïî
öåíòðó ëîïàñòè, íî çäåñü òàêæå ôîðìèðóþòñÿ äâà ðåçêî âûðàæåííûõ ïîïå-
ðå÷íûõ âîëíîâûõ ôðîíòà. Äàííàÿ êàðòèíà ãîâîðèò î òîì, ÷òî îòñòóïàþùàÿ
ëîïàñòü èíòåíñèâíî ãåíåðèðóåò çâóê ïî âñåé ïîâåðõíîñòè ëîïàñòè.

Åñëè óâåëè÷èòü ñòåïåíü èçîãíóòîñòè ëîïàñòè δ = 0.15 (ðèñ. 4), òî ñòàíî-
âèòñÿ áîëåå çàìåòíîé çàâèñèìîñòü ôîðìû ëîïàñòè â ïåðâè÷íîé ñåðèè ïèêîâ
(ðèñ. 4à), êîòîðûå èìåþò áîëüøóþ àìïëèòóäó, ÷åì â ñëó÷àå ïðÿìîóãîëüíîé
ëîïàñòè, ïðè ñóùåñòâåííîì ñíèæåíèè óðîâíåé âòîðè÷íûõ âîëíîâûõ ôðîí-
òîâ. Ó îòñòóïàþùåé ëîïàñòè òàêæå àêòèâèçèðóåòñÿ çâóêîîáðàçîâàíèå âáëèçè
ïåðåäíåé êðîìêè ëîïàñòè è çàìåòíà áîëüøàÿ àêòèâèçàöèÿ, ïî ñðàâíåíèþ ñî
ñëó÷àåì δ = 0.1, ïîïåðå÷íîãî ôðîíòà â öåíòðàëüíîé ÷àñòè ëîïàñòè.

Óìåíüøåíèå óãëà àòàêè ëîïàñòè γ = 5◦ (ðèñ. 5, 6), à òàêæå óìåíüøåíèå
÷èñëà Ìàõà íàáåãàþùåãî ïîòîêà M = 0.3 (ðèñ. 7, 8) äåëàåò ÷¼òêî âûðàæåí-
íûìè, ïðàêòè÷åñêè ñèíóñîèäàëüíîé ôîðìû, ïåðåäíèå ïèêè ó íàñòóïàþùåé
ëîïàñòè, ïðè çàìåòíîì ñíèæåíèè àêòèâíîñòè (óðîâíÿ) çâóêîîáðàçîâàíèÿ ïî-
ñëåäóþùèõ âîëíîâûõ ôðîíòîâ. Ïðè ýòîì ó îòñòóïàþùåé ëîïàñòè îò÷¼òëèâî
âèäíî ôîðìèðîâàíèå ðÿäà ñåðèé ïîïåðå÷íûõ âîëíîâûõ ôðîíòîâ. Ýòî ãîâîðèò
íàì î òîì, ÷òî íå çàâèñèìî îò âàðèàöèè ïàðàìåòðîâ çàäà÷è, îòñòóïàþùàÿ ëî-
ïàñòü òðàíñôîðìèðóåò ïðîäîëüíûå âîçìóùåíèÿ íàáåãàþùåãî ïîòîêà â ñåðèþ
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ïîïåðå÷íûõ çâóêîâûõ âîëí.

Ðèñ. 5: Áåðàçìåðíàÿ àêóñòè÷åñêàÿ ïëîòíîñòü, M= 0.4, γ = 5◦, δ = 0.15,
α = 45◦: a)íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Ðèñ. 6: Áåðàçìåðíàÿ àêóñòè÷åñêàÿ ïëîòíîñòü, M= 0.4, γ = 5◦, δ = 0.15,
α = 30◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Ñðàâíåíèå äàííûõ ðàñ÷¼òà áëèæíåãî ïîëÿ ñ ïîäîáíîé çàäà÷åé, ãäå ëî-
ïàñòü ðîòîðà èìåëà ïðÿìîóãîëüíóþ ôîðìó [16], ïîêàçàëî ñëåäóþùèå ðàçëè-
÷èÿ. Ó íàñòóïàþùåé ëîïàñòè âñå ïðîäîëüíûå âîëíîâûå ôðîíòû, íà÷èíàÿ îò
ïåðåäíåé êðîìêè, èìåþò çàêðóãë¼ííóþ îãèáàþùóþ. Îíà îïðåäåëÿåòñÿ ñèíó-
ñîèäàëüíîé ôîðìîé ëîïàñòè âäîëü ïî ðàçìàõó. Äëÿ ïðÿìîóãîëüíîé ëîïàñòè
ïðîäîëüíûå âîëíîâûå ôðîíòû èìåþò ðÿä ìàêñèìóìîâ, íî îñòàëüíàÿ ÷àñòü
èõ îòðàæàåò ïðÿìîëèíåéíîñòü ëîïàñòè - óðîâåíü ρ

′
âäîëü âîëíîâîãî ôðîíòà

íà ðÿäå îòäåëüíûõ ó÷àñòêîâ ïîñòîÿíåí, òî åñòü ðàñïðåäåë¼í â âèäå ïðÿìîé
ëèíèè. ×òî æå êàñàåòñÿ îòñòóïàþùåé ëîïàñòè, òî çäåñü, êàê óêàçûâàëîñü
âûøå, ïîïåðå÷íûå âîëíîâûå ôðîíòû èãðàþò îñíîâíóþ ðîëü â îáîèõ ñëó÷àÿõ.
Íî äëÿ ëîïàñòè ñèíóñîèäàëüíîé ôîðìû, â îòëè÷èå îò ëîïàñòè ïðÿìîóãîëü-
íîé ôîðìû, êîëè÷åñòâî âñïëåñêîâ ρ̄

′
â ïîïåðå÷íîé ñåðèè çíà÷èòåëüíî áîëüøå.

Òàêèì îáðàçîì, âàðèàöèÿ ôîðìû ëîïàñòè ïîçâîëÿåò ðàñïðåäåëèòü ýíåðãèþ
çâóêîîáðàçîâàíèÿ áîëåå ðàâíîìåðíî ïî ëîïàñòè.
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Ðèñ. 7: Áåðàçìåðíàÿ àêóñòè÷åñêàÿ ïëîòíîñòü, M= 0.3, γ = 10◦, δ = 0.1,
α = 30◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Ðèñ. 8: Áåðàçìåðíàÿ àêóñòè÷åñêàÿ ïëîòíîñòü, M= 0.3, γ = 10◦, δ = 0.15,
α = 30◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

4. Äàëüíåå çâóêîâîå ïîëå

Äàííûå ÷èñëåííûõ ðàñ÷¼òîâ áëèæíåãî ïîëÿ ïîçâîëÿþò âûïîëíèòü ðàñ÷¼ò
óðîâíÿ çâóêîâîãî äàâëåíèÿ â äàëüíåì ïîëå. Ïðåäñòàâëåíèå äàëüíåãî ïîëÿ
èìååò ñëåäóþùèé âèä [15]:

∫
S

[ 1

R

∂φ
′

∂n
+

1

Ra∞

∂R

∂n

∂φ
′

∂t
− φ′ ∂(1/R)

∂n

]
t∗
dS −M2

1

∫
S

[F
R

]
t∗
dS = 4πφ

′
(x, t1),

(7)

ãäå

F = ρ[(∇φ · ∇)v̄ + (v̄ · ∇) · ∇φ] + ρ
′
(v̄ · ∇)v̄ + v̄ · div(ρ∇φ+ ρ

′
v̄) +

+∇φdiv(ρv̄). (8)

Ôîðìóëû (7)-(8) áûëè ïîëó÷åíû íà îñíîâå èçâåñòíîãî ïîäõîäà Êèðõãîôà.
Ýòî ïðåäñòàâëåíèå óäîáíî òåì, ÷òî, èìåÿ ðàñ÷¼òíûå äàííûå áëèæíåãî ïîëÿ,
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Ðèñ. 9: Óðîâåíü íîðìèðîâàííîãî äàâëåíèÿ äëÿ çàêðóãë¼ííîé ëîïàñòè (Äá),
M= 0.4, γ = 10◦, δ = 0.1 : a) α = 45◦, b) α = 30◦

Ðèñ. 10: Óðîâåíü íîðìèðîâàííîãî äàâëåíèÿ (Äá),M= 0.4, γ = 10◦, δ = 0.15 :
a) α = 45◦, b) α = 30◦
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Ðèñ. 11: Óðîâåíü íîðìèðîâàííîãî äàâëåíèÿ (Äá), M= 0.4, γ = 5◦, δ = 0.1 :
a) α = 60◦, b) α = 30◦

Ðèñ. 12: Óðîâåíü íîðìèðîâàííîãî äàâëåíèÿ (â Äá), M= 0.3, γ = 10◦, α = 30◦:
a) δ = 0.1, b) δ = 0.15

ìîæíî ñðàçó æå ïîëó÷èòü çíà÷åíèå ïîòåíöèàëà (è äàâëåíèÿ) â çâóêîâîé âîëíå
â íóæíîé òî÷êå ðàñ÷¼òíîé îáëàñòè.

Àíàëèçèðóÿ ïîëó÷åííûå ðàñ÷¼òíûå äàííûå óðîâíÿ çâóêîâîãî äàâëåíèÿ,
ñëåäóåò îòìåòèòü êàê êà÷åñòâåííîå, òàê è êîëè÷åñòâåííîå èõ ðàçëè÷èå â çà-
âèñèìîñòè îò êîíêðåòíûõ ðàñ÷¼òíûõ ïàðàìåòðîâ. Òàê ðèñ. 9 ïîêàçûâàåò, ÷òî
èçìåíåíèå óãëà ðàñïîëîæåíèÿ ëîïàñòè â ïëîñêîñòè âðàùåíèÿ ñóùåñòâåííûì
îáðàçîì âëèÿåò íà êàðòèíó çâóêîîáðàçîâàíèÿ. Äëÿ óãëà α = 45◦ (ðèñ. 9à) âîë-
íîâîé ôðîíò ïëàâíûé ñ îòäåëüíûìè ëîêàëüíûìè âñïëåñêàìè, õàðàêòåðèçó-
þùèìè íåëèíåéíûé õàðàêòåð ãåíåðèðóåìîé çâóêîâîé âîëíû. Ìàêñèìàëüíîå
çíà÷åíèå óðîâíÿ äàâëåíèÿ íàáëþäàåòñÿ íà êðàÿõ ëîïàñòè. Íî, èçìåíÿÿ óãîë
α = 30◦ (ðèñ. 9á), êàðòèíà çàìåòíî ìåíÿåòñÿ: íàáëþäàåòñÿ öåëàÿ ãðÿäà âîë-
íîâûõ ôðîíòîâ ìåíÿþùèõñÿ àìïëèòóä, ÷òî ñâèäåòåëüñòâóåò î âûðàæåííîé
íåñòàöèîíàðíîñòè è íåëèíåéíîñòè ïðîöåññà çâóêîîáðàçîâàíèÿ.

Óâåëè÷åíèå ñòåïåíè èçãèáà ëîïàñòè íå òîëüêî âûçâàëî ðåçêî âûðàæåííóþ
êîíöåíòðàöèþ ýíåðãèè â ïåðâîé âîëíîâîé ñåðèè â áëèæíåì ïîëå, íî è ñïîñîá-
ñòâîâàëî êàðäèíàëüíîìó èçìåíåíèþ ïðîöåññà çâóêîîáðàçîâàíèÿ: îñíîâíîé
ìàêñèìóì â çâóêîâîé âîëíå íàáëþäàåòñÿ íà âíåøíåì êîíöå íàñòóïàþùåé
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Ðèñ. 13: Óðîâåíü íîðìèðîâàííîãî äàâëåíèÿ (â Äá), M= 0.3, γ = 5◦, α = 30◦:
a) δ = 0.1, b) δ = 0.15

ëîïàñòè (ðèñ. 10), â òî âðåìÿ êàê ãåíåðèðóåìûé øóì îòñòóïàþùåé ëîïàñòè
çíà÷èòåëüíî íèæå ïî óðîâíþ. Óìåíüøåíèå óãëà àòàêè äî γ = 5◦ (ðèñ. 11)
ïðèâåëî ê ðåçêîìó óâåëè÷åíèþ óðîâíÿ çâóêîâîãî äàâëåíèÿ îòñòóïàþùåé ëî-
ïàñòè, ïðåâûøàÿ äàæå óðîâåíü çâóêà íàñòóïàþùåé ëîïàñòè.

Åñëè óìåíüøèòü ÷èñëî Ìàõà íàáåãàþùåãî ïîòîêà M = 0.3 (ðèñ. 12, 13),
òî îòíîñèòåëüíàÿ ñêîðîñòü âðàùåíèÿ îòñòóïàþùåé ëîïàñòè óìåíüøèòñÿ è,
ïîýòîìó, âèõðåâàÿ ñîñòàâëÿþùàÿ òå÷åíèÿ óæå èãðàåò ñóùåñòâåííóþ ðîëü â
õàðàêòåðå çâóêîîáðàçîâàíèÿ. Ìàêñèìóì âîëíîâîãî ôðîíòà ðàñïîëîæåí íà
äàëüíåì êîíöå ýòîé ëîïàñòè è äàæå ïðåâûøàåò ïî óðîâíþ øóì íàñòóïàþ-
ùåé ëîïàñòè. Êîíöåâîé øóì, îáðàçóþùèéñÿ ïðè ñðûâå ïîòîêà ñ îáòåêàåìîãî
òåëà, ñâÿçàí ñ âèõðåâîé ñîñòàâëÿþùåé òå÷åíèÿ. Â äàííîì ñëó÷àå ìû âèäèì,
íàñêîëüêî ñëîæíûì ÿâëÿåòñÿ èíòåðôåðåíöèîííàÿ êàðòèíà â çâóêîâîé âîëíå:
÷åðåäóþùèåñÿ íåëèíåéíûå âîëíîâûå ôðîíòû ðàçëè÷íûõ àìïëèòóä îáðàçó-
þò âîëíîâîé êàñêàä, óêàçûâàþùèé íà çîíó èíòåíñèâíîé ãåíåðàöèè çâóêà. Îí
ðåàëèçóåòñÿ ïî òîé ïðè÷èíå, ÷òî â áëèæíåì ïîëå ïðèñóòñòâóþò íåñêîëüêèõ
ñåðèé ïîïåðå÷íûõ ôðîíòîâ.

Åñëè ñðàâíèòü ðåçóëüòàòû ðàñ÷¼òà óðîâíÿ äàâëåíèÿ ñ ðåçóëüòàòàìè äëÿ
ðîòîðà ñ ïðÿìîóãîëüíûìè ëîïàñòÿìè, òî ñðàçó ìîæíî çàìåòèòü ñëåäóþùèå
ðàçëè÷èÿ. Â ðÿäå ñëó÷àåâ øóì ðîòîðà ñ ëîïàñòÿìè ñèíóñîèäàëüíîé ôîðìû
íà 3-5Äá íèæå øóìà ëîïàñòåé ïðÿìîóãîëüíîé ôîðìû. Îäíàêî, â îòäåëüíûõ
ðàñ÷¼òíûõ ñèòóàöèÿõ ðàçëè÷èÿ ïî ìàêñèìàëüíîìó óðîâíþ øóìà ïðàêòè÷åñêè
íåò. Òåì íå ìåíåå, ó îòñòóïàþùåé ëîïàñòè ñèíóñîèäàëüíîé ôîðìû âîëíîâàÿ
êàðòèíà áîëåå ñëîæíàÿ, ÷åì ó ëîïàñòè ïðÿìîóãîëüíîé ôîðìû.

×àñòîòíûé ñïåêòð øóìà (ðèñ. 14-17) îòîáðàæàåò âêëàä â óðîâåíü øóìà îò-
äåëüíûõ ãàðìîíèê, êîòîðûå ïðèñóòñòâóþò â í¼ì. Íàèáîëüøèå àìïëèòóäû â
ñïåêòðå ãåíåðèðóåìîãî øóìà íàáëþäàþòñÿ â íèçêî÷àñòîòíîé îáëàñòè: ïåðâûå
5 ãàðìîíèê âíîñÿò îñíîâíîé êîëè÷åñòâåííûé âêëàä â ñïåêòð. Îòëè÷èå äëÿ ðî-
òîðà ñ ëîïàñòÿìè ñèíóñîèäàëüíîé ôîðìû, ïî ñðàâíåíèþ ñ ðîòîðîì ñ ïðÿìî-
óãîëüíûìè ëîïàñòÿìè, ñëåäóþùåå. Îãèáàþùàÿ â ñïåêòðå áîëåå èçðåçàííàÿ è
â ðÿäå ðàñ÷¼òíûõ ñèòóàöèé çàìåòíà àêòèâèçàöèÿ â ñïåêòðå â ðàéîíå ÷àñòîòû
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Ðèñ. 14: Ñïåêòðàëüíûå óðîâíè äàâëåíèÿ (â Äá), M= 0.4, γ = 10◦, δ = 0.1,
α = 45◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Ðèñ. 15: Ñïåêòðàëüíûå óðîâíè äàâëåíèÿ (â Äá), M= 0.4, γ = 10◦, δ = 0.1,
α = 30◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

âäîëü âñåé ëîïàñòè. Äëÿ ëîïàñòè ïðÿìîóãîëüíîé ôîðìû íàáëþäàëèñü ëèøü
îòäåëüíûå ëîêàëüíûå âñïëåñêè â ýòîì ÷àñòîòíîì äèàïàçîíå. Òàêèì îáðàçîì,
ìîæíî ñäåëàòü âûâîä î òîì, ÷òî âàðèàöèÿ ôîðìû ëîïàñòè âäîëü ïî å¼ ðàçìà-
õó ïîçâîëÿåò ÷àñòü ýíåðãèè èç íèçêî÷àñòîòíîãî äèàïàçîíà ïåðåðàñïðåäåëèòü
â áîëåå âûñîêî÷àñòîòíóþ îáëàñòü.

5. Âûâîäû

Ïîñòàâëåíà è ÷èñëåííî ðåøåíà çàäà÷à ãåíåðàöèè BVI-øóìà äâóõëîïà-
ñòíûì ðîòîðîì âåðòîë¼òà ñèíóñîèäàëüíîé ôîðìû. Ïîëó÷åíû êîëè÷åñòâåííûå
õàðàêòåðèñòèêè êàê áëèæíåãî, òàê è äàëüíåãî çâóêîâûõ ïîëåé.

Ðàñ÷¼òíûå äàííûå äëÿ ðàçëè÷íûõ ïàðàìåòðîâ çàäà÷è ïîêàçàëè, ÷òî ðî-
òîð ñ ëîïàñòÿìè ñèíóñîèäàëüíîé ôîðìû â áîëüøèíñòâå ðàñ÷¼òíûõ ñèòóàöèé
ìåíåå øóìíûé, ÷åì ðîòîð ñ ëîïàñòÿìè ïðÿìîóãîëüíîé ôîðìû. Ýòî ïðîèñõî-
äèò ïî òîé ïðè÷èíå, ÷òî èçîãíóòîñòü ïåðåäíåé êðîìêè ëîïàñòè ñïîñîáñòâóåò
ïåðåðàñïðåäåëåíèþ ýíåðãèè çâóêîîáðàçîâàíèÿ íàáåãàþùåãî ïîòîêà áîëåå ðàâ-
íîìåðíî ïî âñåé ëîïàñòè: ïîÿâëÿþòñÿ íîâûå ïîïåðå÷íûå âîëíîâûå ôðîíòû.
Çà ñ÷¼ò ýòîãî àêòèâèçèðóþòñÿ áîëåå âûñîêèå ÷àñòîòû â ñïåêòðå øóìà, à ãåíå-
ðèðóåìûé øóì â áîëüøèíñòâå ðàñ÷¼òíûõ ñëó÷àåâ óäà¼òñÿ ñíèçèòü íà 3-5Äá.
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Ðèñ. 16: Ñïåêòðàëüíûå óðîâíè äàâëåíèÿ (â Äá), ,M= 0.4, γ = 5◦, δ = 0.1,
α = 60◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Ðèñ. 17: Ñïåêòðàëüíûå óðîâíè äàâëåíèÿ (â Äá), M= 0.4, γ = 5◦, δ = 0.15,
α = 30◦: a) íàñòóïàþùàÿ ëîïàñòü, b) îòñòóïàþùàÿ ëîïàñòü

Ðàñ÷¼òíûå äàííûå ãîâîðÿò î òîì, ÷òî îñíîâíûìè ôàêòîðàìè, âëèÿþùèìè íà
õàðàêòåð ïðîöåññà çâóêîîáðàçîâàíèÿ, ÿâëÿþòñÿ ôîðìà ëîïàñòè âäîëü ïî å¼
ðàçìàõó è ñòåïåíü å¼ èçîãíóòîñòè.

Àíàëèç ïðåäñòàâëåííîé âûøå çàäà÷è ïîêàçàë, ÷òî âàðèàöèåé ôîðìû ëî-
ïàñòè âäîëü ïî ðàçìàõó ìîæíî ñíèçèòü óðîâåíü ãåíåðèðóåìîãî øóìà. Ýòî
îçíà÷àåò, ÷òî ïðîäîëüíàÿ ìîäèôèêàöèÿ ëîïàñòè ïîçâîëÿåò ñäåëàòü ëîïàñòü
ìàëîøóìíîé.
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Ëóê'ÿíîâ Ï.Â. ×èñåëüíå ìîäåëþâàííÿ BVI-øóìó äâîëîïàòåâîãî ðîòîðà ãå-
ëiêîïòåðà ñèíóñî¨äàëüíî¨ ôîðìè. ßê âiäîìî, ó ïðèðîäíîìó ñåðåäîâèùi óñi ôîð-
ìè æèâèõ iñòîò âäîñêîíàëþâàëèñü íà ïðîòÿçi òèñÿ÷îëiòü. Òîìó ìàøèíàì, ïîâiòðÿ-
íèì ñóäíàì íàìàãàþòüñÿ íàäàòè òàêó ôîðìó, ùî íàáëèæó¹ ¨õ äî æèâèõ iñòîò. Çà
îñòàííié ÷àñ ëîïàòi ãåëiêîïòåðà ìîäåëþþòü íàáëèæåíî äî ôîðìè ïòàøèíîãî êðèëà.
Â äàíié ðîáîòi ïîñòàâëåíî òà ÷èñåëüíî ðîçâ'ÿçàíî ìîäåëüíó çàäà÷ó ãåíåðàöi¨ BVI-
øóìó äâîëîïàòåâèì ðîòîðîì ãåëiêîïòåðà ñèíóñî¨äàëüíî¨ ôîðìè âçäîâæ çà ðîçìàõîì
ëîïàòi. Çàãàëüíà çàäà÷à ñêàëàäà¹òüñÿ ç àåðîäèíàìi÷íî¨ òà àêóñòè÷íî¨ ÷àñòèí. Ñïî-
÷àòêó ðîçâ'ÿçó¹òüñÿ çàäà÷à àåðîäèíàìiêè: âçà¹ìîäiÿ ëîïàòi ç çàâèõðåíèì ïîòîêîì,
ùî íàáiãà¹ íà íå¨ ç íåñêií÷åíîñòi. Öåé ïîòiê êðiì ïåðåðîçïîäiëó àåðîäèíàìi÷íèõ
çìiííèõ (òèñêó òà øâèäêîñòi) ñïðè÷èíÿ¹ ãåíåðàöiþ çâóêó (àêóñòè÷íà çàäà÷à) à¹ðî-
äèíàìi÷íîãî ïîõîäæåííÿ. Ó ðîáîòi âèêîðèñòàíî ðàíiøå çàïðîïîíîâàíó àâòîðîì, òà
ïåðåâiðåíó ìîäåëü âèäiëåííÿ çâóêó iç íåñòàöiîíàðíîãî íåîäíîðiäíîãî ïîòîêó. Âèêî-
íàíî ðîçðàõóíîê õàðàêòåðèñòèê áëèæíüîãî òà äàëüíüîãî çâóêîâèõ ïîëiâ. Ïðîâåäåíî
ïîðiâíÿëüíèé àíàëiç îòðèìàíèõ äàíèõ äëÿ äâîëîïàòåâîãî ðîòîðà ç ëîïàòÿìè ïðÿìî-
êóòíî¨ ôîðìè, òà ðîòîðà ñèíóñî¨äàëüíî¨ ôîðìè. Äëÿ ðîòîðà ñèíóñî¨äàëüíî¨ ôîðìè
ó áiëüøîñòi ðîçðàõóíêîâèõ âèïàäêiâ øóì íà 3-5Äá íèæ÷å, íiæ ó ðîòîðà ç ëîïàòÿ-
ìè ïðÿìîêóòíî¨ ôîðìè. Ðîçðàõóíêîâi äàíi âêàçóþòü íà òå, ùî ðîòîð ç ëîïàòÿìè
ñiíóñî¨äàëüíî¨ ôîðìè ó áiëüøîñòi ðîçðàõóíêîâèõ ñèòóàöié ìåíø øóìíèé, íiæ ðîòîð
ç ëîïàòÿìè ïðÿìîêóòíî¨ ôîðìè. Öå âiäáóâà¹òüñÿ òîìó, ùî çiãíóòiñòü ëîïàòi ñïðè-
ÿ¹ áiëüø ðiâíîìiðíîìó ïåðåðîçïîäiëó åíåðãi¨ çâóêîóòâîðåííÿ ïîòîêó, ùî íàáiãà¹,
âçäîâæ óñi¹¨ ëîïàòi. Ç'ÿâëÿþòüñÿ íîâi ïîïåðå÷íi õâèëüîâi ôðîíòè. Äàíi ðîçðàõóíêó
òàêîæ êàæóþòü ïðî òå, ùî îñíîâíèìè ÷èííèêàìè, ÿêi âïëèâàþòü íà ïðîöåñ çâóêî-
óòâîðåííÿ, ¹ ôîðìà ëîïàòi âçäîâæ ðîçìàõó òà ñòóïåíü ¨¨ çiãíóòîñòi. Iíòåðôåðåíöiéíà
êàðòèíà âêàçó¹ íà ñêëàäíèé íåëiíiéíèé õàðàêòåð øóìó, ùî ãåíåðó¹òüñÿ. Ó ñïåêòði
éîãî àêòèâóþòüñÿ áiëüø âèñîêi ÷àñòîòè. Âàðiàöiÿ ôîðìè ëîïàòi âçäîâæ çà ðîçìàõîì
äîçâîëÿ¹ âïëèíóòè íà õàðàêòåð òà ðiâåíü BVI-øóìó.

Êëþ÷îâi ñëîâà: ãåíåðàöiÿ çâóêó ïîòîêîì; ãåëiêîïòåð; BVI-øóì.

Lukianov P.V. BVI-noise simulation of two-blade helicopter's rotor sin-shape.
It is known that in alive nature every kind of animals improved their appearance for ages.
That is why cars and air vehicles try to get a shape, which approximately like animals.
For a last time helicopters blades are modeled like bird wing. In this paper a problem of
BVI-noise generation by two-blade rotor sin-shape has been set and numerically solved.
First aerodynamical problem is solved: blade is interacts with incoming from in�nity �ow.
This �ow, in addition to redistribution of velocity and pressure, causes sound generation
of aerodynamical by nature. In the paper it was used earlier o�ered model of author.
This model allows extract sound out of unsteady anisotropic �ow. A sound density and
a pressure level for far and near-�eld have been calculated. A comparative analysis of
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the data with ones for two-blade rotor with rectangular blades has been carried out. Sin-
shape rotor noise for most case of calculations has 3-5Db less then the noise of rotor with
rectangular blade. The numerical data show that rotor with blades of sinusoidal shape
is less noisy then rotor with rectangular blades. This takes place because sinusoidal
shape of the blade favors more homogeneous redistribute of sound energy of the incomi-
ng �ow along the blade. New s-waves fronts appear. Here essential reapportionment of
energy of longitudinal sound waves to s-waves is observed. Main factors which in�uence
at sound generation process are not only blade shape but value of blade bending as well.
Interference that is seen at the presented �gures says about complex non-liner character
of generated sound. Its specter activates more high frequencies. Blade shape variation
along the blade sweep allows controlling character and level of BVI-noise.

Keywords: sound generation by �ux; helicopter; BVI-noise.
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Time-optimal control problem with two �nal

points for a kinematic model of an UAV
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Ukraine
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We study the time-optimal control problem for an unmanned aerial vehicle
(drone) moving in the plane of a constant altitude; a kinematic model is consi-
dered where the angular velocity is a control. The drone must reach a given unit
circle in the minimal possible time and stay on this circle rotating clockwise or
counterclockwise. We obtain a complete solution of this time-optimal control
problem and give a solution of the optimal synthesis problem.
Keywords: a kinematic model; time-optimal control problem; optimal synthesis

Iãíàòîâè÷ Ñ.Þ., Ñóõiíiíà Þ.Â. Çàäà÷à øâèäêîäi¨ ç äâîìà êiíöåâèìè
òî÷êàìè äëÿ êiíåìàòè÷íî¨ ìîäåëi ÁÏËÀ. Ìè äîñëiäæó¹ìî çàäà÷ó
øâèäêîäi¨ äëÿ áåçïiëîòíîãî ëiòàëüíîãî àïàðàòó (äðîíó), ùî ðóõà¹òüñÿ ó
ïëîùèíi íà ñòàëié âèñîòi; ðîçãëÿäà¹òüñÿ êiíåìàòè÷íà ìîäåëü, â ÿêié êåðó-
âàííÿì ¹ êóòîâà øâèäêiñòü. Äðîí ìà¹ äîñÿãòè çàäàíîãî îäèíè÷íîãî êîëà
çà íàéìåíøèé ìîæëèâèé ÷àñ i çàëèøèòèñü íà öüîìó êîëi, îáåðòàþ÷èñü çà
àáî ïðîòè ãîäèííèêîâî¨ ñòðiëêè. Ìè îòðèìó¹ìî ïîâíèé ðîçâ'ÿçîê öi¹¨ çà-
äà÷i øâèäêîäi¨ i äà¹ìî ðîçâ'ÿçîê çàäà÷i îïòèìàëüíîãî ñèíòåçó.
Êëþ÷îâi ñëîâà: êiíåìàòè÷íà ìîäåëü; çàäà÷à øâèäêîäi¨; îïòèìàëüíèé ñèíòåç

Èãíàòîâè÷ Ñ.Þ., Ñóõèíèíà Þ.Â. Çàäà÷à áûñòðîäåéñòâèÿ ñ äâóìÿ êî-
íå÷íûìè òî÷êàìè äëÿ êèíåìàòè÷åñêîé ìîäåëè ÁÏËÀ.Ìû èññëåäó-
åì çàäà÷ó áûñòðîäåéñòâèÿ äëÿ áåñïèëîòíîãî ëåòàòåëüíîãî àïïàðàòà (äðî-
íà), êîòîðûé äâèæåòñÿ â ïëîñêîñòè íà ïîñòîÿííîé âûñîòå; ðàññìàòðèâàå-
òñÿ êèíåìàòè÷åñêàÿ ìîäåëü, â êîòîðîé óïðàâëåíèåì ÿâëÿåòñÿ óãëîâàÿ ñêî-
ðîñòü. Äðîí äîëæåí äîñòè÷ü çàäàííîé åäèíè÷íîé îêðóæíîñòè çà íàèìåíü-
øåå âîçìîæíîå âðåìÿ è îñòàòüñÿ íà íåé, âðàùàÿñü ïî èëè ïðîòèâ ÷àñîâîé
ñòðåëêè. Ìû ïîëó÷àåì ïîëíîå ðåøåíèå ýòîé çàäà÷è áûñòðîäåéñòâèÿ è äàåì
ðåøåíèå çàäà÷è îïòèìàëüíîãî ñèíòåçà.
Êëþ÷åâûå ñëîâà: êèíåìàòè÷åñêàÿ ìîäåëü; çàäà÷à áûñòðîäåéñòâèÿ; îïòè-
ìàëüíûé ñèíòåç
2010 Mathematics Subject Classi�cation 49N35; 93C10.

Introduction

In the papers [1], [2], a kinematic model of an unmanned aerial vehicle (drone)
moving at a constant altitude was considered. In particular, for this model, the
time-optimal control problem was studied, where the angular velocity is a control
parameter.
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Though the drone moves in the space, under the condition of a constant alti-
tude its motion can be considered in a plane. Let (x, y) ∈ R2 be its coordinates
in the plane and let θ be the angle between the direction of the drone motion
and the x-axis. We assume that the drone speed is equal to 1 and that the drone
can rotate right and left with the angular velocity |u(t)| ≤ 1. From the kinematic
point of view, such a �ying is determined by the Markov-Dubins equations [3],
[4]. Taking into account the speed constraints and accepting the time optimality
requirements, we obtain the following optimal control problem:

ẋ = cos θ,

ẏ = sin θ,

θ̇ = u,

(x, y) ∈ R2, θ ∈ S1, u = u(t) ∈ [−1, 1], 0 ≤ t ≤ T,
x(0) = x0, y(0) = y0, θ(0) = θ0, x(T ) = xT , y(T ) = yT , θ(T ) = θT ,

T → min .

(1)

In the papers [1], [2], instead of �xing the �nal point (x(T ), y(T ), θ(T )), similar
problems were considered under the following �nal conditions: a drone steers to
the circle of radius 1 centered at the origin and then moves along this circle
counterclockwise (the �nal time T is the moment of hitting the circle). As shown
in [1], these �nal conditions allow reducing the problem (1); below we recall this
simpli�cation.

Let us choose new variables (x̃, ỹ) of the form(
x̃
ỹ

)
=

(
cos θ sin θ
− sin θ cos θ

)(
x
y

)
, (2)

Then
˙̃x = cos2 θ − x · u · sin θ + sin2 θ + y · u · cos θ = 1 + u · ỹ,

˙̃y = − cos θ · sin θ − x · u · cos θ + cos θ · sin θ − y · u · sin θ = −u · x̃,

hence, the initial system becomes bilinear:
˙̃x = +u · ỹ + 1,
˙̃y = −u · x̃,
θ̇ = u.

(3)

Now, let us analyze the �nal conditions. For t = T , the drone is on the unit circle,
hence, {

x(T ) = cos τ,

y(T ) = sin τ
(4)

for some τ ∈ [0, 2π). At this moment its velocity (ẋ(T ), ẏ(T )) = (cos θ(T ), sin θ(T ))
is tangent to the unit circle and it moves counterclockwise, hence, θ(T ) = τ + π

2 .
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Substituting this expression to (4) we get{
x(T ) = cos(θ(T )− π

2 ) = sin θ(T ),

y(T ) = sin(θ(T )− π
2 ) = − cos θ(T ).

(5)

Now, taking into account (2) we obtain{
x̃(T ) = sin θ(T ) · cos θ(T )− cos θ(T ) · sin θ(T ) = 0,

ỹ(T ) = − sin θ(T ) · sin θ(T )− cos θ(T ) · cos θ(T ) = −1.
(6)

Hence, the �nal condition (x̃(T ), ỹ(T )) = (0,−1) does not include θ(T ).
Thus, one simpli�es the problem and obtains the two-dimensional time-

optimal control problem in the variables (x̃(t), ỹ(t)). Below we omit the tilde
symbol; then the obtained problem is{

ẋ = u · y + 1,

ẏ = −u · x,
u = u(t) ∈ [−1, 1], 0 ≤ t ≤ T, x(0) = x0, y(0) = y0, T → min,

(7)

with the �nal conditions

x(T ) = 0, y(T ) = −1. (8)

The existence of a solution follows from the Filippov Theorem [5].
The symmetric time-optimal control problem can be considered, when a drone

moves along the unit circle clockwise; in this case the �nal conditions are

x(T ) = 0, y(T ) = 1. (9)

Such problems were thoroughly studied in [1], [2].
In the present paper we consider a natural variation of the problem. We

suppose that both directions of motion along the �nal circle are allowed. This
corresponds to the time-optimal control problem (7) with two endpoints (0,−1)
or (0, 1):

x(T ) = 0, y(T ) = ±1; (10)

the �nal point is chosen for reasons of minimizing the time of movement.

1. Optimal trajectories

Below we distinguish trajectories that are optimal in the sense of the problem
with two �nal points (7), (10) (we call them �optimal�) and trajectories that are
optimal in the sense of the problem with one �nal point (7), (8) or (7), (9) (we
call them �(0,−1)-optimal� or �(0, 1)-optimal� respectively).

Obviously, any optimal trajectory ending at (0, 1) is (0, 1)-optimal and any
optimal trajectory ending at (0,−1) is (0,−1)-optimal, however, in general, the
converse is not true.
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First, we study properties of (0, 1)-optimal and (0,−1)-optimal trajectories.
In essence, these results are obtained in [1], [2]; we discuss them for the sake of
completeness.

Let us make use of the Pontryagin Maximum Principle [6]. In our case the
Hamilton-Pontryagin function has the form

H = ψ1 · (u · y + 1) + ψ2 · (−u · x) = u · (ψ1 · y − ψ2 · x) + ψ1. (11)

Let us consider a (0, 1)-optimal or a (0,−1)-optimal control û(t); let T be the
optimal time. Denote by (x̂(t), ŷ(t)) the corresponding optimal trajectory. Due to
the Pontryagin Maximum Principle, there exists a number λ ≥ 0 and a nontrivial
solution of the dual system {

ψ̇1 = û(t) · ψ2

ψ̇2 = −û(t) · ψ1

(12)

such that

û(t) = sign(φ(t)) for t ∈ [0, T ] such that φ(t) 6= 0, (13)

|φ(t)|+ ψ1(t)− λ = 0, t ∈ [0, T ], (14)

where φ(t) is a switching function,

φ(t) = ψ1(t) · ŷ(t)− ψ2(t) · x̂(t). (15)

In particular, (14) implies

ψ1(t) ≤ λ, t ∈ [0, T ]. (16)

Let us note that

φ̇ = ψ̇1 · ŷ + ψ1 · ˙̂y − ψ̇2 · x̂− ψ2 · ˙̂x =

= u · ψ2 · ŷ − ψ1 · u · x̂+ u · ψ1 · x̂− ψ2 · u · ŷ − ψ2 = −ψ2,

that is,

φ̇(t) = −ψ2(t). (17)

Concerning the dual system (12), we notice that it includes the optimal control
û(t), so, it cannot be solved without knowing û(t). However, let us consider, how

the variables ψ1 and ψ2 depend on each other. We easily get
d

dt
(ψ2

1 + ψ2
2) = 0,

hence, ψ2
1(t)+ψ2

2(t) is a (nonzero) constant. Without loss of generality we assume

ψ2
1(t) + ψ2

2(t) ≡ 1, (18)

that is, a point (ψ1(t), ψ2(t)) moves along the unit circle.
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2. Singular and nonsingular optimal trajectories

First, we assume that λ > 0.

If φ(t) 6= 0, then the optimal control û(t) takes the values 1 or −1. If û(t) = 1,
then the trajectory (x̂(t), ŷ(t)) goes clockwise along a circle centered at (0,−1),
while if û(t) = −1, then the trajectory (x̂(t), ŷ(t)) goes counterclockwise along
a circle centered at (0, 1) (Fig. 1). In particular, if the �nal point is (0, 1), then
û(t) = 1 on the last piece of the trajectory and if the �nal point is (0,−1), then
û(t) = −1 on the last piece of the trajectory.

Fig. 1. Nonsingular trajectories

Let us consider the time moment t0 when the control switches from u = 1 to
u = −1 or vice versa (�switching point�). Then φ(t0) = 0, therefore, (14) gives
ψ1(t0) = λ ≥ 0. If the optimal trajectory contains several switching points, ψ1

takes the same value at any of them. On the other hand, if |û(t)| = 1, then the
point (ψ1(t), ψ2(t)) goes along the unit circle with the unit speed in the positive
direction if û(t) = −1 and in the negative direction if û(t) = 1. Hence, the time
intervals between switchings are of the same duration. Moreover, it follows from
(16) that the point (ψ1(t), ψ2(t)) moves within the longer arc between the switchi-
ng points (λ,

√
1− λ2) and (λ,−

√
1− λ2), hence, the duration between switching

moments is greater than π (Fig. 2). Hence, any optimal trajectory contains a �nite
number of switchings.

Fig. 2. Dual variable
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If λ = 1, then the duration between two switchings should equal 2π. This
means that the optimal trajectory (x̂(t), ŷ(t)) contains a whole circle, what
contradicts the time optimality of this trajectory. Hence, if a trajectory has at
least two switching points, then λ < 1.

It follows from (15) that, at the end time moment, |φ(T )| = |ψ1(T )|; hence,
(14) implies |ψ1(T )| + ψ1(T ) = λ. Since λ > 0, we get ψ1(T ) > 0 and then
ψ1(T ) = 1

2λ. This implies that the duration of the last piece of the optimal
trajectory is less than the duration between two switchings.

Now let us suppose that the optimal trajectory has a singular piece, that is,
there exists an interval (t1, t2) where φ(t) ≡ 0, t ∈ (t1, t2). Then (17) implies that
ψ2(t) ≡ 0, t ∈ (t1, t2). Therefore, (14) and (18) give ψ1(t) ≡ λ on (t1, t2) and
therefore λ = 1. Then from (15) it follows that ŷ(t) ≡ 0. Finally, from (7) we get
˙̂x(t) ≡ 1, i.e., the trajectory goes along the line y = 0 in the positive direction
with the unit speed (Fig. 3).

Fig. 3. Singular trajectories

Thus, λ = 1. Taking into account the previous arguments we see that if the
trajectory has a singular piece, then it has neither other singular pieces nor swi-
tchings from u = 1 to u = −1 or vice versa. Therefore, such a trajectory has one
or two switchings: one from u = ±1 to u = 0 (possibly) and one from u = 0 to
u = ±1 (necessarily).

Finally, consider the case λ = 0.
Suppose that such a trajectory has a singular piece, i.e., φ(t) ≡ 0, t ∈ (t1, t2),

then (14) and (17) imply ψ1(t) ≡ 0 and ψ2(t) ≡ 0, t ∈ (t1, t2), what is impossible.
Hence, a trajectory has no singular pieces. Suppose it has at least one switching

point. For example, let the �nal point be (0, 1) (the case (0,−1) can be treated
analogously). If t0 is the moment of the last switching, then φ(t0) = 0. Then (14),
(15), (18) imply x̂(t0) = 0. This means that the last switching (from u = −1 to
u = 1) is at the point (0,−3). Let us consider a piece of this trajectory preceding
this switching; this is an arc of the circle of radius 4 centered at (0, 1). Let us
consider a point (x1, y1) on this arc (which di�ers from (0,−3)); then

x1 = −4 sin ξ, y1 = 1− 4 cos ξ,

for some ξ > 0. The time of motion from the point (x1, y1) to the �nal point (0, 1)
equals T (ξ) = ξ + π.

Now let us consider a trajectory from (x1, y1) having a singular piece. Namely,
u(t) = 1 until the trajectory reaches the line y = 0; then u(t) = 0 until x(t)



82 S.Yu. Ignatovich, Yu.V. Sukhinina

becomes −
√

3; �nally u(t) = 1. The �rst piece of such a trajectory is an arc of
the circle centered at (0,−1) of radius

r =
√
x21 + (y1 + 1)2 =

√
20− 16 cos ξ.

Then
x1 = −r sin τ, y1 = −1− r cos τ,

where τ = arcsin(−x1
r ) = arcsin(4 sin ξr ) > 0. Suppose this trajectory reaches the

line y = 0 at the point (x2, y2) = (x2, 0), then

x2 = −r sinϕ, y2 = 0 = −1− r cosϕ

for some ϕ > 0. Hence, ϕ = arccos(−1
r ) and x2 = −r sinϕ = −

√
r2 − 1, and

the time of motion from (x1, y1) to (x2, 0) equals ϕ − τ . Obviously, the times of
motion from (x2, 0) to (−

√
3, 0) (with u = 0) and from (−

√
3, 0) to (0, 1) (with

u = 1) equal −
√

3 − x2 and π
3 respectively. Therefore, the time of motion from

the point (x1, y1) to the �nal point (0, 1) along this trajectory equals

T1(ξ) = (ϕ− τ) + (−
√

3− x2) + π
3 =

= arccos

(
− 1√

20− 16 cos ξ

)
−arcsin

(
4 sin ξ√

20− 16 cos ξ

)
−
√

3+
√

19− 16 cos ξ+π
3 .

Obviously, for ξ = 0 we get T (0) = T1(0) = π.
If ξ increases, T (ξ) also increases. For T1(ξ), evaluating its derivative at ξ = 0

we get
d

dξ
T1(ξ)|ξ=0 = −2. Hence, T1(ξ) decreases as ξ increases. This means that

for (small) ξ > 0
T1(ξ) < T (ξ),

therefore, the trajectory from (x1, y1) through the point (0,−3) is not optimal.
Hence, λ = 0 can correspond to the (0, 1)-optimal or (0,−1)-optimal

trajectories without switchings entirely contained in the left semi-circles of radi-
us 2 centered at (0,−1) or at (0, 1). For all other (0, 1)-optimal and (0,−1)-optimal
trajectories we have λ > 0.

Summarizing, we obtain that there can exist two types of (0, 1)-optimal or
(0,−1)-optimal trajectories:

• Singular trajectories, which contain one singular piece û(t) ≡ 0 and have no
more than two switchings (from u = 0 to u = ±1 and, maybe, from u = ±1
to u = 0). In particular, the point of the last switching is (−

√
3, 0) and the

duration of the last piece equals π
3 .

• Nonsingular trajectories, where the control takes the values ±1. If such a
trajectory has more than one switching, then the time intervals between
switchings are of the same duration (greater than π), the �rst piece can be
the same or shorter, and the last piece is shorter.
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3. Duration of the last piece of an optimal trajectory

Now we return to the time-optimal control problem with two �nal points
(7), (10) and study properties of optimal trajectories. Recall that each optimal
trajectory is a (0, 1)-optimal or a (0,−1)-optimal trajectory, i.e., it is of the form
described above.

Let us consider a nonsingular optimal trajectory (x̂(t), ŷ(t)) ending at
(x̂(T ), ŷ(T )) = (0, 1) and suppose it has at least one switching (then λ > 0).
Denote by (x1, y1) = (x̂(t1), ŷ(t1)) the point of the last switching; it belongs to
the circle of radius 2 centered at (0,−1). Now we show that T − t1 ≤ π

3 .

Suppose the contrary, i.e., T −t1 > π
3 , then the point (x̂(t0), ŷ(t0)) = (−

√
3, 0)

lies on the trajectory, where t0 = T − π
3 , and moreover t0 > t1. Let us consider the

curve (x̂(t), |ŷ(t)|). Obviously, it is also a trajectory of the system (7). Moreover,
it ends at the point (0, 1) at the same time T and has at least one switching more
than the initial trajectory; in particular, (x1, |y1|) and (−

√
3, 0) are its switching

points.

Suppose (x̂(t), |ŷ(t)|) is (0, 1)-optimal. Since its last switching point is
(x̂(t0), |ŷ(t0)|) = (−

√
3, 0), the duration of the last piece equals π

3 . As was shown

in the previous section, ψ1(t0) = λ and ψ1(T ) = λ
2 . Therefore, T − t0 = π

3 =

arccos(λ2 ) − arccos(λ), what implies λ = 1. Hence, this trajectory has no other
switchings, what contradicts our construction.

Therefore, (x̂(t), |ŷ(t)|) is not (0, 1)-optimal. Hence, there exists a (0, 1)-
optimal trajectory (x0(t), y0(t)) starting at the point (x̂(0), |ŷ(0)|) and ending
at (0, 1) in the time T 0 < T .

If ŷ(0) ≥ 0, the obtained fact contradicts the optimality of the initial trajectory
(x̂(t), ŷ(t)).

If ŷ(0) < 0, let us consider the symmetric trajectory (x0(t),−y0(t)). It starts
at the point (x̂(0), ŷ(0)) and ends at (0,−1) in the time T 0 < T , what contradicts
the optimality of (x̂(t), ŷ(t)).

Hence, T−t1 ≤ π
3 . For an optimal trajectory ending at (x̂(T ), ŷ(T )) = (0,−1),

the arguments are the same.

Thus, in any case the duration of the last piece of the optimal trajectory is no
greater than π

3 .

4. Switching curve

Let us consider a nonsingular optimal trajectory ending at (x̂(T ), ŷ(T ) = (0, 1)
and suppose it has at least two switchings. Denote by (x1, y1) the point of the last
switching. Arguments given above yield that the duration of the last piece of the
trajectory is no greater than π

3 , hence, (x1, y1) belongs to the circle of radius 2
centered at (0,−1) and 0 ≤ y1 < 1, x1 < 0. We suppose that y1 > 0 (the case
y1 = 0 is noted below).

We are interested in the point of the preceding switching; denote it by (x, y).
Obviously, the points (x1, y1) and (x, y) are located at the same circle centered
at (0, 1).
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If y1 = y, then the point (x, y) belongs to the circle of radius 2 centered at
(0,−1); hence, the preceding piece of this trajectory goes along this circle. Let
us consider any point (x2, y2) on this piece which is located on the upper arc
of the mentioned circle between the points (x1, y1) and (x, y); without loss of
generality assume x2 > 0. Obviously, there exists a control which steers (x2, y2)
to (0, 1) faster than through the points (x, y) and (x1, y1): namely, u = −1 until
the trajectory again crosses the mentioned circle, and then u = 1. This contradicts
the optimality of the initial trajectory.

Hence, y1 6= y. The switching function φ equals zero and ψ1 equals λ at both
time moments of switching, while ψ2 equals

√
1− λ2 at one of them and −

√
1− λ2

at the other. Hence, (15) implies

x1
y1

= −x
y
.

Then we have the following relations between (x1, y1) and (x, y):
x21 + (y1 + 1)2 = 4,

x21 + (y1 − 1)2 = x2 + (y − 1)2,
x1
y1

= −x
y .

(19)

Our goal is to express x via y. Denote x
y = c > 0. Substituting x = cy and

x1 = −cy1 to the second equation of (19) gives

(c2 + 1)y21 − 2y1 = (c2 + 1)y2 − 2y.

Denoting a = c2 + 1 and taking into account that y1 6= y we obtain

a(y1 + y) = 2, (20)

hence, y1 = 2
a − y. Substituting x1 = −cy1 and y1 = 2

a − y to the �rst equation of
(19) we get

a
(
2
a − y

)2
+ 2

(
2
a − y

)
= 3,

what gives
a2y2 − (6y + 3)a+ 8 = 0.

Solving this equation w.r.t. a, we get

a =
6y + 3−

√
4y2 + 36y + 9

2y2
=

1

y2

(
3y + 3

2 −
√
y2 + 9y + 9

4

)
(21)

(the sign �−� is chosen since ay < 2 due to (20)). However, x = cy =
√
a− 1 y.

Substituting the expression for a from (21), we obtain the description of the
switching curve:

x =

√
−y2 + 3y + 3

2 −
√
y2 + 9y + 9

4 , y ∈ (0, 1). (22)
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As a limit case, the values y = 0 and y = 1 correspond to x = 0.
Notice that for all points (x1, y1) such that x21 + (y1 − 1)2 > 1 there is no

preceding switching point in the upper semi-plane; this concerns also the point
(−
√

3, 0). In the next section we show that such optimal trajectories have only
one switching.

For all points (x1, y1) such that x21 + (y1 − 1)2 ≤ 1 there exists a unique
point (x, y) satisfying (22); if the optimal trajectory contains this point and also
contains some preceding piece, it necessarily has a switching at (x, y).

Considering analogously the case of optimal trajectories ending at (0,−1) we
obtain the complete description of the switching curve

x =

√
−y2 + 3|y|+ 3

2 −
√
y2 + 9|y|+ 9

4 , y ∈ [−1, 1]. (23)

Since a duration of any interval between two switchings is no less than π, we get
that any nonsingular optimal trajectory has no more than two switchings in the
semi-plane where the �nal point lies.

5. Optimal trajectories (may) lie entirely in one semi-plane

We now apply arguments close to those used in Section 3. Let us consider an
optimal trajectory (x̂(t), ŷ(t)); suppose it ends at (x̂(T ), ŷ(T )) = (0, 1). Suppose
(x̂(t), ŷ(t)) passes through the point (x̂(t0), ŷ(t0)) with ŷ(t0) = 0 so that ŷ(t)
changes its sign. Suppose also that this trajectory has at least one switching.

Let us consider the curve (x̂(t), |ŷ(t)|). It is a trajectory of the system (7) and
ends at the point (0, 1) in the same time T . Suppose (x̂(t), |ŷ(t)|) is (0, 1)-optimal.

First suppose x̂(t0) 6= 0, then (x̂(t0), ŷ(t0)) = (x̂(t0), 0) is a switching point
of (x̂(t), |ŷ(t)|). Since φ(t0) = 0 and ŷ(t0) = 0, (15) gives ψ2(t0)x̂(t0) = 0. Since
x̂(t0) 6= 0, we obtain ψ2(t0) = 0. Then ψ1(t0) = 1, therefore, λ = 1 and the optimal
trajectory (x̂(t), |ŷ(t)|) cannot have other switchings, what gives a contradiction.

Now suppose x̂(t0) = ŷ(t0) = 0, then the curve (x̂(t), |ŷ(t)|) for t ∈ [t0, T ]
consists of the arc of the circle of radius 1 centered at (0, 1) and the arc of the circle
of radius 2 centered at (0,−1). However, as was shown above, if this trajectory
is (0, 1)-optimal, it should have a switching at the point (0, 0) whereas the curve
(x̂(t), |ŷ(t)|) for t ∈ [t0 − ε, t0] for small ε > 0 belongs to the circle of radius 1
centered at (0, 1) and, therefore, has no switching at (0, 0).

Thus, (x̂(t), |ŷ(t)|) is not (0, 1)-optimal. Hence, there exists a (0, 1)-optimal
trajectory (x0(t), y0(t)) starting at the point (x̂(0), |ŷ(0)|) and ending at (0, 1) in
the time T 0 < T .

If ŷ(0) ≥ 0, the obtained fact contradicts the optimality of (x̂(t), ŷ(t)).
If ŷ(0) < 0, let us consider the symmetric trajectory (x0(t),−y0(t)). It starts

at the point (x̂(0), ŷ(0)) and ends at (0,−1) in the time T 0 < T , what contradicts
the optimality of (x̂(t), ŷ(t)).

For an optimal trajectory which ends at (0,−1), the arguments are the same.
Therefore, we get that any nonsingular optimal trajectory having at least one

switching lies completely in one semi-plane y ≥ 0 or y ≤ 0 and, moreover, has no
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more than two switchings.
Now let us consider an optimal trajectory without switchings; suppose it ends

at (0, 1). Then it belongs to the circle of radius 2 centered at (0,−1). If it �lls
more than a half of this circle and y(0) > 0, the arguments given above (with
the trajectory (x̂(t), |ŷ(t)|)) yield a contradiction. Hence, this trajectory crosses
over the line y = 0 no more than once. Analogous result holds for an optimal
trajectory without switchings ending at (0,−1).

Finally, notice that if an optimal trajectory (x̂(t), ŷ(t)) without switchi-
ngs passes through the line y = 0, it can be substituted by the optimal
trajectory (x̂(t), |ŷ(t)|) or (x̂(t),−|ŷ(t)|) (depending on the sign of ŷ(0)), which
lies completely in one semi-plane. The same is true for singular trajectories.

Thus, in any case one can choose an optimal trajectory which lies completely
in one semi-plane y ≥ 0 or y ≤ 0.

6. Optimal synthesis

Now we describe the optimal control as a function of (x, y) 6= (0,±1) (Fig. 4).
(i) Let y 6= 0. Then u(x, y) = −sign(y) if

−
√
−y2 − 2|y|+ 3 ≤ x <

√
−y2 + 3|y|+ 3

2 −
√
y2 + 9|y|+ 9

4

and u(x, y) = sign(y) otherwise. (This condition implies that u(x, y) = −sign(y)
if |y| ≥ 1.)

(ii) Let y = 0. Then u(x, y) = 0 i� x < −
√

3; otherwise u(x, y) can equal 1
or −1.

Fig. 4. Optimal synthesis: u = 0 (black), u = −1 (white), u = 1 (grey)

Finally, let us summarize the solution of the optimal control problem with two
�nal points (7), (10).

First, suppose y0 6= 0. For all starting points satisfying the condition

x20 + (y0 + sign(y0))
2 > 4 (24)
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the optimal control is singular. Namely, u(t) = −sign(y0) until the trajectory
reaches the line y = 0; then u(t) = 0 until x(t) becomes −

√
3; �nally u(t) = 1 or

u(t) = −1. If
x20 + (y0 + sign(y0))

2 = 4, (25)

the optimal control has one switching: u(t) = −sign(y0) until the trajectory
reaches the line y = 0; then u(t) = 1 or u(t) = −1.

Hence, for each such starting point there exist two optimal controls which
di�ers by the sign on the last piece of the trajectory.

For all other points the control is nonsingular and has no more than two
switchings; moreover, it is unique. Namely, if (24), (25) do not hold and

−
√
−y20 − 2|y0|+ 3 < x0 <

√
−y20 + 3|y0|+ 3

2 −
√
y20 + 9|y0|+ 9

4 , (26)

then u(t) = sign(y0) until the trajectory reaches the switching curve (23); then
u(t) = −sign(y0) until the trajectory reaches the circle of radius 2 centered at
(0,−sign(y0)); �nally u(t) = sign(y0). If

x0 = −
√
−y20 − 2|y0|+ 3, (27)

then u(t) = sign(y0) has no switchings. If (24)�(27) do not hold, then
u(t) = −sign(y0) until the trajectory reaches the circle of radius 2 centered
at (0,−sign(y0)); then u(t) = sign(y0).

Now suppose y0 = 0.
If x0 < −

√
3, then u(t) = 0 until x(t) becomes −

√
3; then u(t) = 1 or

u(t) = −1. If x0 = −
√

3, then the trajectory has no switchings, u(t) = 1 or
u(t) = −1.

If −
√

3 < x0 < 0, then u(t) = u0 = ±1 until the trajectory reaches the
switching curve (23); then u(t) = −sign(u0) until the trajectory reaches the circle
of radius 2 centered at (0,−sign(u0)); �nally u(t) = sign(u0) (the �nal point is
(0, u0)).

If 0 ≤ x0 <
√

3, then u(t) = u0 = ±1 until the trajectory reaches the circle
of radius 2 centered at (0, sign(u0)); �nally u(t) = −sign(u0) (the �nal point is
(0,−u0)). If x0 =

√
3, then u(t) = u0 = ±1 until the trajectory reaches the line

y = 0; then u(t) = 1 or u(t) = −1.
If x0 >

√
3, then u(t) = ±1 until the trajectory reaches the line y = 0; then

u(t) = 0 until x(t) becomes −
√

3; then u(t) = 1 or u(t) = −1.
Hence, for all starting points satisfying y0 = 0 there exist two or four (if

x0 ≥
√

3) optimal controls.

7. Examples

Example 1. Consider the time-optimal control problem{
ẋ = u · y + 1,

ẏ = −u · x,
u ∈ [−1, 1], 0 ≤ t ≤ T, x(0) = 4, x(T ) = 0, y(0) = 4, y(T ) = ±1.
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Checking the condition (24) we get that the optimal control is singular; since
y(0) > 0 we get

u(t) =


−1, t ∈ [0, τ1),

0, t ∈ [τ1, τ2),

±1, t ∈ [τ2, T ],

(28)

where y(τ1) = 0 and T − τ2 = π
3 . Hence, for t ∈ [0, τ1] we get{

x(t) = a1 · cos t+ a2 · sin t,
y(t) = a1 · sin t− a2 · cos t+ 1.

Substituting x(0) = 4, y(0) = 4, y(τ1) = 0 we obtain a1 = 4, a2 = −3,
τ1 = π + arcsin(15) − arcsin(35) ≈ 2.6994, x(τ1) = −

√
24 ≈ −4.8990 (here and

below we keep four digits after comma). For t ∈ [τ1, τ2] we get{
x(t) = t+ x(τ1)− τ1,
y(t) = 0.

Since x(τ2) = τ2 + x(τ1) − τ1 = −
√

3, we get τ2 = −
√

3 +
√

24 + τ1 ≈ 5.8664.
Finally, for t ∈ [τ2, T ] where T = τ2 + π

3 ≈ 6.9136 we get{
x(t) = b1 · cos t+ b2 · sin t,
y(t) = ±(−b1 · sin t+ b2 · cos t− 1),

where the sign ± corresponds to the choice u = 1 or u = −1 for the last pi-
ece of the trajectory. Substituting x(τ2) = −

√
3, y(τ2) = 0 we �nally obtain

b1 = −2 sin(τ2 + π
3 ) ≈ −1.1789, b2 = 2 cos(τ2 + π

3 ) ≈ 1.6156.
We conclude that the optimal controls (28) with u = 1 and u = −1 on the last

piece steer the system from the initial point (4, 4) to the end-point (0, 1) or (0,−1)
respectively in the same time T = −

√
3 +
√

24 + π+ arcsin(15)− arcsin(35) + π
3 ≈

6.9136. The obtained trajectories are drawn in Fig. 5.

Fig. 5. Two optimal trajectories, (x(0), y(0)) = (4, 4)

Example 2. Consider the time optimal control problem{
ẋ = u · y + 1,

ẏ = −u · x,
u ∈ [−1, 1], 0 ≤ t ≤ T, x(0) = −0.53, x(T ) = 0, y(0) = 0.31, y(T ) = ±1.
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Checking the condition (24) we get that the optimal control is nonsingular, i.e.,
it takes the values ±1 only. Since y(0) > 0, the �nal point is (0, 1).

First, let us try to �nd an admissible control with one switching,

u(t) =

{
−1, t ∈ [0, τ),

1, t ∈ [τ, T ].
(29)

Substituting such a control to the system and using the initial and �nal conditions,
we obtain the admissible trajectory ending at (0, 1) (up to four digits after comma){

x(t) = −0.53 · cos t+ 0.69 · sin t,
y(t) = −0.53 · sin t− 0.69 · cos t+ 1,

t ∈ [0, 5.5867),

{
x = 0.5103 · cos t+ 1.9338 · sin t,
y = −0.5103 · sin t+ 1.9338 · cos t− 1,

t ∈ [5.5867, 6.0252];

i.e., the time of steering to the origin equals T ≈ 6.0252 (Fig. 6).
However, the given initial point satis�es the condition (26). Hence, the control

(29) is not optimal; the optimal control has two switchings, i.e., has the form

u(t) =


1, t ∈ [0, τ1),

−1, t ∈ [τ1, τ2),

1, t ∈ [τ2, T ].

In order to �nd τ1 we use the fact that the point (x(τ1), y(τ1)) satis�es the condi-
tion (23). For t ∈ [0, τ1] we have the trajectory{

x(t) = −0.53 cos t+ 1.31 sin t,

y(t) = 0.53 sin t+ 1.31 cos t− 1.

Then the condition (23) implies τ1 ≈ 0.5921. Hence, for t ∈ [0, τ1] we have{
x(t) = b1 · cos t+ b2 · sin t,
y(t) = b1 · sin t− b2 · cos t+ 1,

where b1 ≈ −0.1027, b2 ≈ 0.6748. Taking into account that the point (x(τ2), y(τ2))
belongs to the circle of radius 2 centered at (0,−1), we get τ2 ≈ 5.0349. Finally,
for t ∈ [τ2, T ] we obtain{

x(t) = c1 cos t+ c2 sin t,

y(t) = −c1 sin t+ c2 cos t− 1,

where c1 ≈ 1.5732, c2 ≈ 1.2349 and, therefore, the trajectory steers to the end
point (0, 1) at the time T ≈ 5.3779. The optimal trajectory is drawn in Fig. 7.
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Fig. 6. Admissible trajectory, T ≈ 6.0252 Fig. 7.Optimal trajectory, T ≈ 5.3779
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Iãíàòîâè÷Ñ.Þ., ÑóõiíiíàÞ.Â. Çàäà÷à øâèäêîäi¨ ç äâîìà êiíöåâèìè òî÷êà-

ìè äëÿ êiíåìàòè÷íî¨ ìîäåëi ÁÏËÀ. Ìè äîñëiäæó¹ìî çàäà÷ó øâèäêîäi¨ äëÿ
áåçïiëîòíîãî ëiòàëüíîãî àïàðàòó (äðîíó), ùî ðóõà¹òüñÿ ó ïëîùèíi íà ñòàëié âèñî-
òi. Ðîçãëÿäà¹òüñÿ êiíåìàòè÷íà ìîäåëü, â ÿêié êåðóâàííÿì ¹ êóòîâà øâèäêiñòü. Òàêà
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ñèñòåìà îïèñó¹òüñÿ ðiâíÿííÿìè Ìàðêîâà-Äóáiíñà; ðîçâ'ÿçàííþ ðiçíèõ çàäà÷ îïòè-
ìàëüíîãî i äîïóñòèìîãî êåðóâàííÿ i ñòàáiëiçàöi¨ äëÿ ïîäiáíèõ ìîäåëåé ïðèñâÿ÷åíà
âåëèêà êiëüêiñòü ðîáiò. Ó ñòàòòÿõ [T. Maillot, U. Boscain, J.-P. Gauthier, U. Serres,
Lyapunov and minimum-time path planning for drones, J. Dyn. Control Syst., V. 21
(2015)] òà [M.A. Lagache, U. Serres, V. Andrieu, Minimal time synthesis for a kinematic
drone model, Mathematical Control and Related Fields, V. 7 (2017)] ðîçâ'ÿçó¹òüñÿ çà-
äà÷à øâèäêîäi¨, â ÿêié äðîí ìà¹ äîñÿãòè çàäàíîãî îäèíè÷íîãî êîëà çà íàéìåíøèé
ìîæëèâèé ÷àñ i çàëèøèòèñü íà öüîìó êîëi, îáåðòàþ÷èñü ïðîòè ãîäèííèêîâî¨ ñòðiëêè.
Ó âêàçàíèõ ðîáîòàõ, çîêðåìà, ïîêàçàíî, ùî â öüîìó âèïàäêó çàäà÷à ñïðîùó¹òüñÿ,
à ñàìå, ñòà¹ äâîâèìiðíîþ. Ó äàíié ðîáîòi ìè ðîçãëÿäà¹ìî ïðèðîäíå óçàãàëüíåííÿ
âêàçàíî¨ ïîñòàíîâêè: â íàøié çàäà÷i äðîí ìà¹ äîñÿãòè çàäàíîãî îäèíè÷íîãî êîëà çà
íàéìåíøèé ìîæëèâèé ÷àñ i çàëèøèòèñü íà íüîìó, àëå ïðè öüîìó îáèäâà íàïðÿìêè
îáåðòàííÿ ¹ äîïóñòèìèìè. Òîáòî äðîí ìîæå îáåðòàòèñÿ çà ãîäèííèêîâîþ ñòðiëêîþ
àáî ïðîòè ãîäèííèêîâî¨ ñòðiëêè, à íàïðÿìîê îáåðòàííÿ îáèðà¹òüñÿ ç ìiðêóâàíü ìiíi-
ìiçàöi¨ ÷àñó ðóõó. Òàêå ïåðåôîðìóëþâàííÿ ïðèâîäèòü äî çàäà÷i îïòèìàëüíî¨ øâèä-
êîäi¨ ç äâîìà êiíöåâèìè òî÷êàìè. Ó ñòàòòi ìè îòðèìó¹ìî ïîâíèé ðîçâ'ÿçîê öi¹¨ çàäà÷i
øâèäêîäi¨. Çîêðåìà, ìè ïîêàçó¹ìî, ùî îïòèìàëüíå êåðóâàííÿ íàáóâà¹ çíà÷åíü ±1
àáî 0 i ìà¹ íå áiëüøå äâîõ ïåðåìèêàíü. ßêùî îïòèìàëüíå êåðóâàííÿ ¹ ñèíãóëÿðíèì,
òîáòî ìiñòèòü äiëÿíêó u = 0, òî òàêà äiëÿíêà ¹ ¹äèíîþ, à òðèâàëiñòü îñòàííüî¨ äi-
ëÿíêè äîðiâíþ¹ π/3; áiëüø òîãî, â öüîìó âèïàäêó îïòèìàëüíå êåðóâàííÿ íå¹äèíå,
à êiíöåâà òî÷êà ìîæå áóòè ÿê (0, 1), òàê i (0,−1). ßêùî æ îïòèìàëüíå êåðóâàííÿ
¹ íåñèíãóëÿðíèì, òîáòî íàáóâà¹ çíà÷åíü ±1, òî âîíî ¹äèíå (çà âèíÿòêîì âèïàäêó,
êîëè òðèâàëiñòü îñòàííüî¨ äiëÿíêè äîðiâíþ¹ π/3), à îïòèìàëüíà òðà¹êòîðiÿ öiëêîì
ìiñòèòüñÿ ó âåðõíié àáî â íèæíié ïîëóïëîùèíi. Òàêîæ ìè äà¹ìî ðîçâ'ÿçîê çàäà÷i
îïòèìàëüíîãî ñèíòåçó.
Êëþ÷îâi ñëîâà: êiíåìàòè÷íà ìîäåëü; çàäà÷à øâèäêîäi¨; îïòèìàëüíèé ñèíòåç.

S.Yu. Ignatovich, Yu.V Sukhinina. Time-optimal control problem with two �-

nal points for a kinematic model of an UAV. We study the time-optimal control
problem for an unmanned aerial vehicle (drone) moving in the plane of a constant alti-
tude. A kinematic model is considered where the angular velocity is a control. Such a
system is described by Markov-Dubins equations; a large number of works are devoted
to solving di�erent optimal and admissible control and stabilization problems for such
models. In the papers [T. Maillot, U. Boscain, J.-P. Gauthier, U. Serres, Lyapunov
and minimum-time path planning for drones, J. Dyn. Control Syst., V. 21 (2015)] and
[M.A. Lagache, U. Serres, V. Andrieu, Minimal time synthesis for a kinematic drone
model, Mathematical Control and Related Fields, V. 7 (2017)] the time optimal control
problem is solved where the drone must reach a given unit circle in the minimal possi-
ble time and stay on this circle rotating counterclockwise. In particular, in the menti-
oned works it is shown that is this case the problem is simpli�ed; namely, the problem
becomes two-dimensional. In the present paper we consider a natural generalization of
the formulation mentioned above: in our problem, the drone must reach a given unit circle
in the minimal possible time and stay on this circle, however, both rotating directions are
admissible. That is, the drone can rotate clockwise or counterclockwise; the direction is
chosen for reasons of minimizing the time of movement. Such a reformulation leads to the
time-optimal control problem with two �nal points. In the paper, we obtain a complete
solution of this time-optimal control problem. In particular, we show that the optimal
control takes the values ±1 or 0 and has no more than two switchings. If the optimal
control is singular, i.e., contains a piece u = 0, then this piece is unique and the duration
of the last piece equals π/3; moreover, in this case the optimal control ins non-unique and
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the �nal point can be (0, 1) as well as (0,−1). If the optimal control is non-singular, i.e.,
takes the values ±1, then it is unique (except the case when the duration of the last piece
equals π/3) and the optimal trajectory entirely lies in the upper or lower semi-plane.
Also, we give a solution of the optimal synthesis problem.
Keywords: a kinematic model; time-optimal control problem; optimal synthesis.
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In this paper, the controllability of a special type of linear switched systems is
studied. Switch is carried out between two 2×2 matrices with purely imaginary
eigenvalues. Such a system describes oscillations of a spring pendulum with a
switchable sti�ness coe�cient. The main result of the work is an algorithm that
allows �nding a set of switching signals for switching from point to point, and
a theorem for switching systems with a block-diagonal matrix.
Keywords: linear switched systems; controllability; switching way; getting to
the given point; spring pendulum.

Êîðîáîâ Â.I., Äåðåâ'ÿíêî À.I. Êåðîâàíiñòü ëiíiéíèìè äèíàìi÷íèìè

ñèñòåìàìè ïåðåìèêàííÿ ñïåöiàëüíîãî òèïó. Ó äàíié ðîáîòi âèâ÷à¹-
òüñÿ êåðîâàíiñòü ëiíiéíèõ ñèñòåì ïåðåìèêàííÿ ñïåöiàëüíîãî òèïó. Ïåðåìè-
êàííÿ âiäáóâà¹òüñÿ ìiæ äâîìà 2× 2 ìàòðèöÿìè ç ÷èñòî óÿâíèìè âëàñíèìè
çíà÷åííÿìè. Òàêà ñèñòåìà îïèñó¹ êîëèâàííÿ ïðóæèííîãî ìàÿòíèêà ç êîå-
ôiöi¹íòîì æîðñòêîñòi, ÿêèé ïåðåìèêà¹òüñÿ. Îñíîâíèì ðåçóëüòàòîì ðîáîòè
¹ àëãîðèòì, ùî äîçâîëÿ¹ âèçíà÷èòè íàáið ñèãíàëiâ ïåðåìèêàííÿ äëÿ ïåðå-
õîäó ç òî÷êè â òî÷êó, i òåîðåìà ïðî êåðîâàíiñòü äëÿ ñèñòåì ïåðåìèêàííÿ ç
áëî÷íî-äiàãîíàëüíîþ ìàòðèöåþ.
Êëþ÷îâi ñëîâà: ëiíiéíi ñèñòåìè ïåðåìèêàííÿ; êåðîâàíiñòü; ñïîñiá ïåðåìè-
êàííÿ; ïîòðàïëÿííÿ â çàäàíó òî÷êó; ïðóæèííèé ìàÿòíèê.

Êîðîáîâ Â.È., Äåðåâÿíêî À.È. Óïðàâëÿåìîñòü ëèíåéíûìè äèíàìè-

÷åñêèìè ñèñòåìàìè ïåðåêëþ÷åíèÿ ñïåöèàëüíîãî òèïà. Â äàííîé
ðàáîòå èçó÷àåòñÿ óïðàâëÿåìîñòü ëèíåéíûõ ñèñòåì ïåðåêëþ÷åíèÿ ñïåöè-
àëüíîãî òèïà. Ïåðåêëþ÷åíèå ïðîèñõîäèò ìåæäó äâóìÿ 2 × 2 ìàòðèöàìè ñ
÷èñòî ìíèìûìè ñîáñòâåííûìè çíà÷åíèÿìè. Òàêàÿ ñèñòåìà îïèñûâàåò êî-
ëåáàíèÿ ïðóæèííîãî ìàÿòíèêà ñ ïåðåêëþ÷àþùèìñÿ êîýôôèöèåíòîì æåñ-
òêîñòè. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ àëãîðèòì, ïîçâîëÿþùèé
íàéòè íàáîð ñèãíàëîâ ïåðåêëþ÷åíèÿ äëÿ ïåðåõîäà èç òî÷êè â òî÷êó, è òå-
îðåìà îá óïðàâëÿåìîñòè äëÿ ñèñòåì ïåðåêëþ÷åíèÿ ñ áëî÷íî-äèàãîíàëüíîé
ìàòðèöåé.
Êëþ÷åâûå ñëîâà: ëèíåéíûå ñèñòåìû ïåðåêëþ÷åíèÿ; óïðàâëÿåìîñòü; ñïîñîá
ïåðåêëþ÷åíèÿ; ïîïàäàíèå â çàäàííóþ òî÷êó; ïðóæèííûé ìàÿòíèê.
2010 Mathematics Subject Classi�cations: 93C15; 93B05.
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Introduction and Statement of the Problem

Switched systems is a special case of hybrid dynamical systems with discrete
and continuous dynamics. They are widely applied when a real system cannot
be described by one single model. Numerous examples are given by engineering
systems of electronics, power systems, tra�c control and others. Since the 1990s,
the issue of switched systems stability has become very popular (see [1], [3]). The
particular case of linear switched systems was considered in [2]. More modern
literature about switched systems is presented by works of Patrizio Colaneri [2],
Yuan Lin, Yuan Sun-Ge Wang, and Jiang-Wang [4], Zhong-Ping, Yuan Wang [5];
the question of stability remains popular nowadays.

In the present paper we consider one particular class of switched system from
the point of view of controllability property.

Let us recall the basic terminology. By a switched system we mean the followi-
ng system

ẋ(t) = fσ(t)(x(t)), x(0) = x0

where x ∈ Rm is called a continuous state, σ stands for a discrete state with values
from an index set M := {1, . . . , n}, and fk, for k ∈M , are given vector �elds.

The behavior of the dynamical system is regulated by the switching signal.
Namely, at some moments τ1 . . . τn the signal changes its value from σ(τi) to
σ(τi+1), hence the trajectory of the system, starting from t = τi, is given by
the vector �eld fσ(τi+1) instead of fσ(τi). In works on switched systems, switching
times can be random or given by some law. It is clear that stability depends both
on vector �elds and on the switching law.

In our work, we consider a slightly di�erent formulation of the problem,
namely, the switching signal is under our control.

We introduce the following de�nition.

De�nition 1 We say that the switched system

ẋ(t) = fσ(t)(x(t)), x(0) = x0

is controllable if for any two points there exists a switching signal that allows to
get from the �rst point to the second one.

This de�nition corresponds to the concept of controllability for control systems
of the form

ẋ = f(x, u), x(0) = x0,

where the control u(t) plays the role of a switching signal.
In this paper we consider linear switched systems (see [2]) of the form

ẋ(t) = Aσ(t)x(t), x(0) = x0 6= 0,

where A1 . . . An are given matrices. Our main goal is studying the case m = 2,
n = 2 with both systems having pure imaginary eigenvalues, which are introduced
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in Section 1. We show that such systems are controllable and propose an algori-
thm for constructing a controlling switching signal; the algorithm is presented in
Section 2. Section 3 contains one generalization.

1. Controllability of 2× 2 linear switched dynamical systems

Consider the problem of oscillation of a spring pendulum

ẍ = −kx,

with a switchable sti�ness coe�cient k > 0. Assume that we have a spring with
a sti�ness coe�cient k1, and we can change the sti�ness coe�cient of the system
by joining and removing an additional spring with a sti�ness coe�cient k2.

Two cases can be considered. If the springs are connected in parallel, the
parameter k of the system switches between k = k1 and k = k1 + k2. If the
connection is series, the parameter k of the system switches between k = k1 and
k = k1k2

k1+k2
.

Let us rewrite the di�erential equation of the pendulum occilations as a swi-
tched system:

ẋ(t) = Aix(t),

where

A1 =

[
0 1
−α 0

]
, A2 =

[
0 1
−β 0

]
.

For de�niteness, let us assume that we start and end with the �rst system.
Suppose that two nonzero points (initial (x1, y1) and ending (x2, y2)) are given.

So we have two cases: β > α and β < α. Notice that under the parallel
connection condition we can get only β > α.

1.1. Case α > β.

Rewrite coordinates of x as (x, y). Solutions of the system

ẋ(t) = A1(x(t)),

are of the form

x(t) = γ1 sin(
√
αt) + γ2 cos(

√
αt),

y(t) =
√
αγ1 sin(

√
αt)−

√
αγ2 cos(

√
αt),

(1)

while solutions of the system

ẋ(t) = A2(x(t)).

are of the form

x(t) = δ1 sin(
√
βt) + δ2 cos(

√
βt),

y(t) =
√
βδ1 sin(

√
βt)−

√
βδ2 cos(

√
βt).

(2)
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So the trajectories are given by ellipses of the following types:

x2 +
y2

α
= c2 (3)

(we call them horizontal ellipses) and

x2 +
y2

β
= c2 (4)

(we call them vertical ellipses). Phase portraits are presented in Fig. 1.

Fig. 1. Phase portraits for the �rst (left)
and the second (right) systems with α = 2, β = 1

2

Let the trajectory (1) go through the initial point (x1, y1) and the trajectory
(2) go through the end point (x2, y2). Denote

c1 = min(γ21 + γ22 ; δ21 + δ22)

and
c2 = max(γ21 + γ22 ; δ21 + δ22).

Let us �x the vertical ellipses x2+ y2

β = c21, x
2+ y2

β = c22 and �nd the conditions

under which they have a common horizontal ellipse x2 + y2

α = d2, i.e., intersecting
both.

Consider the smaller vertical ellipse x2 + y2

β = c21. The horizontal ellipse ci-

rcumscribing it looks like x2 + y2

α = α
β c

2
1 . Now we consider the bigger vertical

ellipse x2 + y2

β = c22. The horizontal ellipse inscribed in it is x2 + y2

α = c22. So
we get that intermediate horizontal ellipses (see Fig. 2) exist under the condition

c2 <
√

α
β c1. They have the form x2 + y2

α = d2, where d ∈ (c2;
√

α
β c1).

If this is not the case, that is, two ellipses of the �rst family do not have
a common ellipse of the second family, then we build the intermediate vertical
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Fig. 2. A(c1, 0), B(
√
α/βc1, 0), C(α/βc1, 0)

ellipse x2 + y2

β = α
β c

2
1, and repeat the described procedure. Now the condition of

existence of a common horizontal ellipse takes the form c2 <
α
β c1.

After N = [2 logα/β c2/c1] such steps we get the set of vertical and horizontal
ellipses. Thus, it is possible to organize getting from the initial point to the end
point. Therefore we have shown that the switched system is controllable.

1.2. Case α < β.

Now it is natural to refer to (3) as vertical ellipses and (4) as horizontal ellipses.

Unlike the previous case, the initial and end ellipses are horizontal (see Fig. 3).
Then the number of intermediate ellipses is also estimated as N = [2 logα/β c2/c1]
and the system is controllable.

Fig. 3. G(c1, 0), K(c2, 0), I(0,
√
αc1), H(

√
α
β c1), J(0, αβ c2)
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2. Algorithm of �nding the controlling switching signals

The obtained results allow us to propose an algorithm of getting from an initial
point to an end point for the system under consideration.

1. Get initial and �nal points (x1, y1), (x2, y2).

2. Calculate

c1,2 =

√
x21,2 +

y21,2
α
.

Build initial and �nal ellipses x21,2 +
y21,2
α = c21,2.

3. De�ne intervals [c1,
√

α
β c1], [c2,

√
α
β c2].

4. If there exists d ∈ [c1,
α
β c1] ∩ [c2,

α
β c2] then build ellipse x2 + y2

β = d2.

Otherwise de�ne c1 :=
√

α
β c1, build ellipses x

2
1,2 +

y21,2
α = c21, x

2 + y2

β = α
β d

2,

return to item 3.

5. Build N auxiliary ellipses till the intersection with x2 + y2

α = c22. Find
intersection points, get the way from point to point by choosing the closest
point in needed direction.

Consider the following example, which generalizes the system from [6, p. 6].

Suppose the matrices to be of the form

A1 =

[
0 1
−α 0

]
, A2 =

[
0 1

−1/α 0

]
α = 4, the initial point is (−50,−11), and we need to �nd the way to the point
(6, 1). Using the MATLAB program we get a collection of ellipses and a switching
path.

In our case the set of switching points is:

{(45.4832, 44.3520), (0.0000, 48.3322), (24.1661, 0.0000), (0.0000, 12.0830)}

and one possible trajectory is drawn in Fig. 4.

3. Generalization

Let us suggest a generalization to linear switched systems of higher dimension.

Theorem 1 Let us consider a switched system of the form

ẋ(t) = Ai(x(t)), x(0) = x0 6= 0,
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Fig. 4. Possible trajectory

where Ai are block-diagonal matrices of dimension 2n× 2n

Ai =


A1
i1

0

A2
i

. . .

0 Ani

 , ij = 1, 2, i = (i1 . . . in), (5)

where Aji are given 2× 2 matrices. The switched system

ẋ(t) = Ai(x(t)), x(0) = x0 6= 0

is controllable if and only if the systems

ẋ(t) = Aji (x(t)), x(0) = x0 6= 0, i = 1, 2, j = 1 . . . n

are controllable.

Conclusion on the results and directions for further research

In this work, the controllability of switched linear systems of the special type
was studied.

Namely, linear switched system with purely imaginary eigenvalues of both
matrices are considered.

The main result of the work is an algorithm, that allows to �nd a set of
switching signals for getting from point to point.

We also formulated the theorem that states the controllability of the switched
system of one special type with a block-diagonal matrix.

In the future, we plan to study the behavior and controllability of switched
systems with di�erent types of eigenvalues (real and complex) and switched
systems of higher dimension.
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V. I. Korobov, A. I. Derevianko. Controllability of the linear switched dynamical

systems of the special type. Switched systems is a special case of hybrid dynamical
systems with discrete and continuous dynamics. They are widely applied when a real
system cannot be described by one single model. In theoretical works on switched systems,
switching signals and times can be random or given by some law. Stability depends both
on vector �elds and on the switching law. In the present paper, a di�erent formulation of
the problem is considered, that is the case, when switching signal is under our control.
Namely, a switched system is called controllable if for any two points there exists a
switching signal that allows to get from the �rst point to the second one. In the paper the
controllability of linear switched systems of a special type is studied. More speci�cally, we
consider a switch, that is carried out between two 2× 2 matrices with purely imaginary
eigenvalues of both matrices. In the �rst section we discuss the physical meaning of
switched systems of this type. Namely, the problem of oscillation of a spring pendulum
with a switchable sti�ness coe�cient is considered with the series and parallel connection
of an additional spring to the system with one given spring. We prove that such a system
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is controllable, and propose the method of �nding the controlling switching signal. In the
second section we present the main result of the work. We formulate an algorithm that
allows �nding a set of switching signals for getting from any given initial point to any
given end point. We present an example of such controlling switching signals, simulated
in MATLAB. In the last section we propose a generalization of the obtained result and
formulate the theorem that states the controllability of the special type switched system
with a block-diagonal matrix of high dimension. The method presented in the paper
can be generalized to study of controllability of linear switched systems of more general
form.
Keywords: linear switched systems, controllability, switching way, getting to the given
point, spring pendulum.
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