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Riemann-Hilbert approach for the integrable
nonlocal nonlinear Schrédinger equation with
step-like initial data

Ya. Rybalko!, D. Shepelsky?

L B.Verkin Institute for Low Temperature Physics and Engineering, Ukraine
2 V.Karazin Kharkiv National University, 4, Svobody Sq., Kharkiv, 61022,
Ukraine
rybalkoyan@gmail.com, shepelsky@yahoo.com

We study the Cauchy problem for the integrable nonlocal nonlinear Schrodinger
(NNLS) equation

i (2, 1) + oo (@, 1) + 2¢° (2, 1)g(—2,t) = 0

with a step-like initial data: ¢(x,0) = o(1) as ¢ — —oco and ¢(z,0) = A+0o(1) as
x — 0o, where A > 0 is an arbitrary constant. We develop the inverse scatteri-
ng transform method for this problem in the form of the Riemann-Hilbert
approach and obtain the representation of the solution of the Cauchy problem
in terms of the solution of an associated Riemann-Hilbert-type analytic factori-
zation problem, which can be efficiently used for further studying the properties
of the solution, including the large time asymptotic behavior.

Keywords: nonlocal nonlinear Schrédinger equation, inverse scattering
transform method, Riemann-Hilbert problem.

Pubanko 4., lenenscokuii 1. Metox 3amadi Pimana-T'inb6epra ajid iH-
TErpoOBHOI'0 HEJOKAJIbHOro HeJiHiliHoro pisHauuga Illpeniarepa 3 1o-
YaTKOBUMHU JAHUMU TUMY cXOOUMHKU. Mu posriasgaemo 3amaay Komri mis
iHTErpOBHOrO HEJOKAIbLHOrO Hemiuiiinoro pisaanus [Ipeminrepa (HHII)

iqe(z,t) + qua (2, ) + 2¢° (2, 1)q(—2,t) = 0

3 10YaTKOBMMHU gaHumu tuny cxomuuku: ¢(x,0) = o(l), upu x — —oo,
q(z,0) = A+o(1), upu x — oo, ne A > 0 — byap-ska koncranra. Mu po3pobiisie-
MO MEeTOJ; 00EPHEHO]I 3a/1a91 PO3CIAHHS 1 THET 3a/1a91 Y BUIVISIII METOLY 331241
Pimana-TinbbepTa, Ta OTpuMyeMO 300parKeHHsT [JIsT PO3B 3Ky BUXIiTHOI 3374~
4gi y TepMmiHax pO3B’d3Ky BiAmoBimHOI 3a/madui anasgituanol dpaxkTopm3arii Tumy
Pimana-T'inpbepra, sike Moxke 6yTH e(peKTUBHO BUKOPHUCTAHO IS TOJATHIITIOTO
JIOCJI/PKeHHST BJIACTUBOCTEN PO3B’S3KY, 30KpeMa, HOro aCUMITOTUKHU 3a BEJIH-
KHAM 49acOM.

Karwuosi carosa: Henokanbue Heminiiine pisasuus [peniarepa, meron obepre-
HOI 331a4i poscisaug, 3aa4ua Pimana-T'innoepra.

© Ya.Rybalko, D. Shepelsky, 2018
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Puibanko 4., lenensckuit /1. Meron 3agmauyn Pumana-I'nnsbepra ajisa na-
TerpupyeMoro HeJIOKaJbHOTO HesimHeliHOTO ypaBHeHusa Illpegmarepa
C HaYaJIbHBIMU JAaHHBIMHU THUIIA CTYIEHBbKM. Mbl paccmarpuBaeMm 3a1ady
Komm i maTerpupyeMoro HesiokajabHOro nesimueiinoro ypasuenus Ilpenun-
repa

iQt($7 t) + Qwa:(x’ t) + 2q2(x, t)(j(—l‘, t) =0
¢ HavdaJbHBIMH JAHHBIME THIA cTynesbkm: ¢(z,0) = o(l) mpu z — —oo,
q(x,0) = A+ o(1) upu x — oo, rue A > 0 nekoropas Koucranra. Mol pazpaba-
THIBAEM MEeTO/ OOPATHOU 33/1a491 PACCEedHUs /I ITOH 1pOOJIEMbL B BU/I€ METO/IA
3amaun Pumana-I'unbbepra, m mojgydaeM MpeCcTaBIeHUe IS PEIeHns MUCXO-
JHOU 3aJa91 B TEPMHUHAX PElIeHUd COOTBETCTBYIOIIEH 3a/1a9M aHAJIUTUIECKON
daxkropu3zanuu tuna Pumana-I'mipbepra, KoTOpoe MoKeT ObITH 3P HEKTHBHO
HCIIOJIB30BAHO 151 TAJbHENINEero n3yYennsi CBONCTB PeIleHusi, B 9aCTHOCTH €ro
ACHMIITOTUKY IIPH OOJIBIINX BPEMEHAX
Karuesvie caosa: nemokanabuoe nenuueiinoe ypasuenne Illpenmnrepa, meror
obpaTHO# 3aJa4n paccesnns, 3agada Pumana-I'mianbepra.

2010 Mathematics Subject Classification 35Q55, 35Q15.

1. Introduction

In this letter we consider the following Cauchy problem for the focusing
nonlocal nonlinear Schrédinger (NNLS) equation with a step-like initial data:

iqe(z,t) + qua (2, 1) + 2¢% (2, t)G(—2, ) = 0, xR, t>0, (1a)
q(z,0) = qo(), (1b)

where ¢ denotes the complex conjugate of ¢ and
go(z) >0 asx — —oo and go(x) > Aasz — oo (1c)

sufficiently fast, with some A > 0.
The nonlocal nonlinear Schrédinger equation (la) was introduced by M.

Ablowitz and Z. Musslimani in [2|. This equation is a reduction of a member
of the AKNS hierarchy [1]

1qt + Quz + 2C]27’ =0, (2&)
=17 + Ty + 2T2q =0, (2b)

with r(z,t) = g(—=z,t), which introduces a remarkably simple nonlocality to the
above system and reduces it to equation (1la). The NNLS equation has been widely
considered recently due to its interesting physical and mathematical features.
First, this equation is invariant under the joint transformations x — —z, t — —t,
and complex conjugation. Therefore, it is parity-time (PT) symmetric and thus
is related to this state-of-art research area of modern physics [4]. Moreover, in
[9] it was shown, that NNLS is gauge-equivalent to the unconventional system of
coupled Landau-Lifshitz (CLL) equations and consequently can be used in the
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physics of nanomagnetic artificial materials. Finally, the focusing NNLS equation
(la), in contrast to the conventional (local) NLS equation, can simultaneously
support both bright and dark soliton solutions [11].

In [3] the authors presented the Inverse Scattering Transform (IST) method
to the study of the Cauchy problem for equation (la), based on a variant of the
Riemann-Hilbert approach, in the case of decaying initial data and obtained the
one- and two-soliton solutions. In the present paper we assume that the solution
q(x,t) of problem (1a-1b) satisfies the following boundary conditions for all ¢ > 0:

q(z,t) = o(1), T — —00, (3a)
q(z,t) = A+ o0(1), T — +00, (3b)

This choice of initial data and boundary values is inspired by the shock problems
for the classical (local) NLS equation, which has been considered since 1980s (see
e.g. [5], |6]). Particularly, in [6] the authors study the asymptotics of the Cauchy
problem for the NLS equation with the step-like initial data.

The present paper aims at the development of the Riemann-Hilbert approach
to the initial value problem (1) with boundary values (3). It is organized as follows.
In Section 2 we construct the dedicated solutions of the Lax pair equations fixing
their large x behavior (Jost solution). In Section 3 we discuss the properties of
the associated spectral functions. Finally, in Section 4, we gives the representation
of the solution of the Cauchy problem in terms of a Riemann-Hilbert problem.
Notice that this RH problem has a form suitable for further large time asymptotic
analysis by using an appropriate adaptation of the nonlinear steepest descent
method [8, 7].

2. Eigenfunctions of the Lax pair equations with
step-like boundary conditions

The focusing NNLS equation (1a) is a compatibility condition of the following
two linear equations (Lax pair)

®, + ikoz® = U(x,t)® 1)
®; + 2ik%03® =V (x,t, k)P

where o3 = ((1) 91), O(x,t, k) is a 2 x 2 matrix-valued function, k¥ € C is an

auxiliary (spectral) parameter, and the matrix coefficients U(z,t) and V(z,t, k)
are given in terms of ¢(x,t):

ven=(yley 57) V=G e @

where Vi1 = —Vas = iq(z,t)q(—=x,t), Vie = 2kq(z,t) + igy(z,t), and Vo =
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Introduce the notations

0 A 0 0 0 2kA 0 0
U+:<o O)’U_:<—A 0>’V+:<0 0>’V_:<—2kA 0>' (©)

Then, assuming that there exists ¢(z,t) satisfying (1) and (3), it follows that
U(z,t) > Uy and V(z,t,k) = Vi(k) as z — £oo. (7)

It is easy to see that that the system (4) is compatible with U,V replaced by
Uy, Vi or U_, V_. Particularly, these equations are satisfied by ® (z, ¢, k) defined
as follows:
@i(l‘, ¢, k‘) _ Ni(k,)e—(ik:v+2ik2t)03’ (8)
1 4 1 0 .
where Ny (k) = <0 21k>’ N_(k) = <A 1). Notice that det ®; = 1. On the
other hand, the singularities of Ny (k) athk],? = 0 will significantly affect the analysis
that follows. Namely, the solution of the basic RH problem has a singularity as
k — 0, i.e. at a point on the contour of the RH problem (see (38) and (39) below).
Now define the 2 x 2-valued functions ¥;(z,t, k), j = 1,2, —oo < x < oo,
0 <t < oo as the solutions of the Volterra integral equations:

Uy (z,t,k) = N_(k) + / G_(z,y,t, k) (U(y,t) — U_) W1 (y,t, k)e* =975 dy,(9a)

‘112(-7:7 t’ k) = N—l—(k) + / G+ (.%‘, Y, tv k) (U(y7 t) - U+) \1}2(y7 t’ k)eik(:r—y)ag dyv(gb)

where G4 (z,y,t, k) = @4 (z,t,k)[®L(y,t, k)], The functions ¥;(z,t, k), j = 1,2
are the main ingredients of the basic RH problem (see (31) below). The main
properties of the matrices ¥;(x,¢, k) are summarized in Proposition 1, where we

denote by W' (z,t, k) the i-th column of W;(z,t,k), C* = {k € C|+ Sk > 0},
and C* = {k € C| + 3k > 0}.
Proposition 1 The matrices Vi(z,t,k) and Vo(xz,t, k) have the following
properties
1. The columns \Ilgl)(a:,t, k) and \11;2) (x,t, k) are well-defined and analytic in
k € C* and continuous in Ct \ {0}; moreover,

1) _ (1 1 (2) _ (0 1
U (z,t, k) = <0> —G—O(%) and V57 (z,t, k) = (1> +O(E)’ k — oo
for ke Ct.

2. The columns \I/§2) (z,t,k) and \Ilgl)(a:,t, k) are well-defined and analytic in
k € C~ and continuous in C—; moreover,
(2) 0 1 (1) 1 1
Uiz, t, k) = (1) +O(%) and Vs (z,t,k) = (O) —1—0(%), k— oo

forkeC™.
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3. The functions ®;(x,t, k), j = 1,2 defined by
O;(z,t k) = U,(x,t, k)e Ret2K09s e R\ {0},  j=1,2, (10)

are the Jost solutions of the Lax pair equations (4) satisfying the boundary
conditions

Oy (x,t, k) — O_(z,t,k), T — —00, (11a)
Oy (z,t, k) = Oy (x,t, k), x — 00. (11b)
4. det V¥ (x,t, k) =1, reR,t>0, keR, ji=1,2.
5. The following symmetry relation holds:
AV (—z,t, —k)A™! = Uy (x,t,k), k € R\ {0}, (12)

where A = ((1)(1))

6. Ask 0,
W?R%tjﬁzzi<2€23>—%OGL (13a)
m@@um:§<2gg>+mm, (13b)
i) (2, ¢, k) = —% (Zg_ilg) +O(k), (13c)
U (2,8, k) = —% (zigiii» +0(1), (13d)

where v;(x,t), j=1,2 solve the following system of linear Volterra integral
equations:

{m(mnﬁ) = [ alw, sy, 1) dy, ”
U2(£> t) = _i% - fipoo q(—y, t)vl (yv t) dy.

Proof. Properties 1-5 follows directly from the construction (9) of ¥;. Parti-
cularly, property 5 follows from the corresponding symmetry of U and V. Now
let us prove property 6. From (9) and the structure of singularity of Ny at k =0
it follows that, as k& — 0,

w@@mm:i<2gﬁ>+om, ﬂ%%u@=(283>+0®,
(15a)
w?@mm:<%gﬁ>+mm, w?@mm:;<£gﬁ>+mu
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Then the symmetry relation (12) implies

() = () e (md)=(mg) oo

Substituting (15) into (9) we conclude that v;(z,t), j = 1,2 satisfy (14) whereas
0j(z,t), j = 1,2 solve the following system of equations

{f)l(x,t) = 7 aly. )02y, 1) dy, a7
oz, t) =1 = [T a(=y, )01 (y, 1) dy.
Comparing this with (14) implies that
() =5 () &
3. Scattering matrix and spectral functions
Since ®q(x,t, k) and ®o(x,t, k) satisfy both equations in the Lax pair (4), the
following dependence relation holds
D (z,t, k) = Po(x,t,k)S(k), ke R\ {0}, (19)
or, in terms of W,
Uy (2,8, k) = Ua(x, t, ke~ (hot2ik200s g () (o200 e R\ {0}, (20)

where S(k) is called the scattering matrix. The symmetry relation (12) implies
the same relation for the Jost solutions:

A®y(—z,t, —k)A™L = ®y(z,t, k),  keR\{0}. (21)

This implies that the scattering matrix S(k) can be written as follows (cf. |3, 10])
k) —b(—k)

S(k) = (@ ), keR\ {0}, 2

o= () \{0) (22)

with some b(k), a1(k), and ag(k); moreover, ay(k), and az(k) are well defined in
respectively Ct \ {0} and C~ \ {0}, where they satisfy the symmetry relations

ar(—k) = a1(k),  az(—k) = aa(k). (23)

The scattering matrix S(k) is uniquely determined by the initial data
go(z). Indeed, introducing the notations ¢(x,k) = (V1)11(x,0,k), ¥a(z, k) =
<\I/1)12(.’I}, O, k), wg(x, k‘) = (\111)21(33, 0, k) and ¢4($, k‘) = (\111)22(33, 0, k), equati—
ons (9a) reduce to the systems of Volterra integral equations for i, ¥3 and s,
1y respectively:

wl(x7k): 1+f >w3<y7 )dy,
(o, k) = M+f ) (A= qo(—y)) iy, Ky (24)
55 [T ao(y) (1 — 2 *@=9) sy, k) dy
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Yoz, k) = [T e 2R@Ygy(y)va(y, k) dy,
Ga(o k) = 1+ 7 (A= a0(=1)) taly k) dy (25)
5 [0 qo(y) (e7ZREY) — 1) 4y (y, k) dy.

Having these equations solved, the entries of S(k) are given by

al(k) = J:ligolo <¢1(5E, k) - %7?3(% k)) 5 (26&)
b(k) = lim e 2Ry (0, k), (26b)
az(k) = zh~>Holo Ya(x, k). (26¢)

Alternatively, the spectral functions (the entries of the scattering matrix) can
be written it terms of the determinant relations:

ar (k) = det (qu1><0, 0, k), $2(0,0, k)) , keCH (272)
as(k) = det (\Ifg”(o, 0, k), ¥12(0,0, k)) , keC, (27b)
b(k) = det (0$(0,0,k), w{V(0,0,k)), keR. (27¢)

The properties of the spectral functions, which follow from Proposition 1, are
summarized in

Proposition 2 The spectral functions a;(k), j=1,2, and b(k) have the following
properties
1. ay(k) is analytic in k € C* and continuous in C+\ {0}; az(k) is analytic
in k € C™ and continuous in C—.

2. aj(k) =1+0 (%), j=1,2and b(k) = O (%) as k — oo (the latter holds
for k e R).

3. al(—l;:) = al(k), k€ (Cj\ {0}, CLQ(—];) = ag(k), keC-.

4. ai(k)az(k) + b(k)b(—k) =1, k € R\ {0} (follows from det S(k) =1).

5. Ask—0, ar(k) = 2020 4 0 (1) and b(k) = 222 4 0 (1).

Remark 1. Concerning the last item of Proposition 2, we notice that substituting
(13) into (26) yields, as k — 0,

) = (o0, = 0,007+ 0 (1 ). (252)
(k) = 5 (12200, 0)F ~ [or (0,0)) + O(k), (28)

b(k) = —%(\w(o, 0)]* = [01(0,0)]*) + O(1), (28¢)



Bicuuk XHY, Cep. «Maremaruka, NpukJjajiHa MareMaTuka i Mexanikay, Tom 88 (2018) 11

from which item 5 follows. Since (27) holds for any (x,t), the “conservation law”
holds for the Jost solutions:

va(x, t)va(—x,t) — v (z, t)v1(—2, t) = const.

Remark 2. In the case of the pure-step initial data:

0, <0
= ’ 29
a0(z) {A, z>0 (29)

the scattering matrix S(k) is as follows:

S(k) = [®2(0,0,k)] *®1(0,0,k) = N ' (k)N_(k) = (1 lﬁ —%’?k> . (30)
2ik

4. The basic Riemann-Hilbert problem

The Riemann-Hilbert formalism of the IST is based on constructing (using
the Jost soultions) a piece-wise meromorphic, 2 x 2-valued function in the k-
complex plane, whose “lack of analyticity”, i.e., the jump across a contour and,
if appropriate, some conditions at singular points, can be fully characterized in
terms of the spectral data (spectral functions and a discrete set of data related to
the poles) uniquely determined by the initial data.

Define the 2 x 2-valued function M(x,t, k), piece-wise meromorphic relative
to R, as follows:

(1)
\Dlal((aclél)f7k) ’ \Ing) (:E’ 2 k) ’ keCt \ {O}a

M(‘Tv t7 k) = (1) ‘ll<2)(a: ¢ k’) (31>
\112 ($,t,k’),W 7k€C_\{O}

Then the scattering relation (20) implies that the boundary values M (z,t, k) =

lim  M(z,t, k"), k € R satisfy the multiplicative jump condition
K/ —sk k' €CE

Mo (k) = M_(a,t,k)J(@,t,k), k€ R\ {0}, (32)
where )
[ 1+ ri(k)ra(k) ro(k)e~2ike—4ik™t
‘](1:’ tv k) - (Tl(k)eQikm+4ik2t 1 (33)
with the reflection coefficients defined by
b(k) b(—k)
k)= k):= 34
Tl( ) al(k)v TQ( ) CLQ(I{?) ( )

Moreover, we have the normalization

M(z,t, k) — 1, k — oo, (35)
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where I is the 2 x 2 identity matrix.
Observe that the symmetry conditions 3 (see Proposition 2) imply that

7“1(*]6)7‘2(*]{2) = 7“1(]{3) ’I“Q(k‘), ke ]R\ {0} (36)
By the determinant property 4 in Proposition 2, we also have
1
1 k)ra(k) = ———= ke R\ {0}. 37
F)nE) = e kR () (37

Now notice that in view of (28), the behavior of M as kK — 0 depends quali-
tatively on whether a2(0) # 0 or az(0) = 0. The former case, which is generic,
contains the case of “pure-step initial data”, where a1(k) has (in C') a single,
simple zero located on the imaginary axis, and ag(k) has no zeros in C~. Since
small (in the L; sense) perturbations of the pure-step initial data preserve these
properties, this motivates us to concentrate, in the present paper, on the following
two cases:

Generic case: The spectral function a;(k) has one simple zero in CT, say k =
ik1, k1 > 0; az(k) has no zeros in C—.

Non-generic case: The spectral function a;(k) has one simple zero in CT, say
k = iki, k1 > 0; az(k) has one simple zero in C~ at & = 0 (and thus
a2(0) # 0). Moreover, we assume that llin%) kai(k) # 0.

—

Remark 3. From the symmetry relations (23) it follows that aqq := éin%) kai(k)
—
is purely imaginary. Moreover, if a1 (k) has one simple zero, then Jaj; < 0 in the

non-generic case.

Taking into account the singularities of ¥;(z,t,k), j = 1,2 and a;(k) at k =0
(see Proposition 1), the behavior of M (z,t, k) at k = 0 can be described as follows:
in the generic case,

) = (O T wowy (§ ).k

m%(%t) —v1 (-, 0
(38a)
[ —T5(—ax,t v1(z,t)
M_(z,t, k) = % ( Uj< ! t) 22O0 | +O(k), k — —i0, (38h)
—vi(—z,t) “a2(0)

and in the non-generic case,

v1(z,t)

M, (2.t k) = ((t) :ngim:g) (I +O(k)) (é ?),k—>+z’0, (39a)

an €T, k

2i (—va(—x,t) "z 10 .
M_(z,t k) = 1 (—Ul(—x ) v;’(ﬁz) (I + O(k)) <O 1) , k— —i0  (39b)
) a2(0) k
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(recall that a1 is determined by a1(k) = %2 + O(1) as k — 0).
Additionally, if a;(ik1) = 0 (simple zero) with k; > 0, then M(x,t, k) satisfies
the residue condition

s MWD (2,8, k) = — b o=2kaw—dikTt N r(2) (1 4 i —1 4
k:lizekbl (2,3, k) dl(iksl)e 1 @t 8k), | ’ 40
where
(1) . _ (2) .
w(0,0,ik1) = n 20,0, iky). (41)

Notice that the symmetry relation (12) yields @gl)(0,0,ik‘l) = 7{1652)(0, 0,ik1)

and thus |y1| =1 (cf. [3]).

Now we summarize the results of the analysis above in the representation
Theorem that gives the solution of the Cauchy problem (1), (3) in terms of the
solution of the associated Riemann-Hilbert problem.

Theorem 1 Let go(x), x € (—00,00) be given such that

0 0
/ |qo(z)|dz +/ lqo(z) — Aldz < oo.
—00 0

Let ay(k), az(k), and b(k) be constructed according to (24)-(26). Assume that
(i) ai1(k) has a single, simple, pure imaginary zero ki in C*; (ii) az(k) has no
zeros in Ct \ {0} and, if a2(0) = 0, then 0 is the simple zero of as(k); (iii)
(kai(k)) # 0. Determine v1 according to (41).

Consider the following Riemann-Hilbert problem: find the 2 X 2-valued function
M(x,t, k), piece-wise meromorphic in k relative to R and satisfying the following
conditions:

lim
k—0

(i) Jump conditions. The boundary values My (x,t,k) = M(x,t, k +i0), k €
R\ {0} satisfy the condition

M, (z,t,k) = M_(2,t,k)J(z,t,k),  keR\{0}, (42)

where the jump matriz J(x,t, k) is given by (33), with r1 and ro given by

(34)-

(ii) Normalization at k = oco:

Mz, t,k) =T+O0Kk™), k- oo

(iii) Residue condition (40).

(iv) Structural conditions at k = 0: M(x,t,k) satisfies (38) (generic case:
az(0) # 0) or (89) (non-generic case: az(0) = 0), where vj(x,t), j = 1,2
are some (not prescribed) functions.
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Assume that the RH problem (i)-(iv) has a solution M (x,t, k). Then the soluti-
on of the Cauchy problem (1), (3) is given in terms of the (12) and (21) entries
of M(z,t,k) as follows:

q(z,t) = 2¢ lim kMia(z,t, k), (43)
k—ro0
and
q(—x,t) = —2i klim kMo (x,t, k). (44)
—00

The solution of the RH problem is unique, if exists. Indeed, if M and M are two
solutions, then conditions (38) or (39) provide the boundedness of M (k)M (k)
at k = 0. Moreover, M (k)M ~'(k) has no jump across R and M (k)M (k) — I as
k — oo, which allows to deduce, using the Liouville theorem, that M (k)M (k) =
1.

Remark 4. From (43) and (44) it follows that in order to present the solution of
(1), (3) for all z € R, it is sufficient to have the solution of the RH problem for,
say, > 0 only.

Proposition 3 The solution M of the Riemann-Hilbert problem (t)-(1v) satisfi-
es the following symmetry condition (cf. (21)):

1

Vet At [a@m O
AM (=, t,—K)A 1( ! al(k)>, keCt\ {0},

ag(k‘) 0

1
0 az (k)

Mz, t,k) = (45)

AM (—z,t,—k)A™1 ( ) , keC\ {0}

Proof. Follows from the symmetry of the jump matrix (33) in (42)

ATt A~ = (aQék) ﬁ?k)) Tt k) <“1ék) %ﬂ) . keR\ {0}

(which, in turns, follows from (36) and (37)), and the fact that the structural
conditions (38) and (39) and the residue condition (40) are consistent with (45).
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Pubanko 4., Hlenenbcokuit 1. Meron 3amadi Pimana-I'iis6epTa aJig iIHTErpOBHO-
ro HeJIOKaJbHOro HeJiHifiHoro piBHsaHHS IIlpeinrepa 3 Ho9YaTKOBUMU JaHUMU
Tuny cxoamuku. Jlociipkyerhes 3amada Korri 118 iHTErpOBHOTNO HEJIOKAIBHOTO HEJTi-
uifinoro pisusunsa [pexinrepa (HHIII)

iq(x,t) + que(x,t) + 2¢% (2, 1)G(—x,t) = 0

3 II0YATKOBUMU JAHUME THUIY CXOIWHKU: IPUILYCKAIThCH, 110 0YaTkoBa (yukuig ¢(z,0)
5 rakoto, o ¢(z,0) = o(l), ko © — —oo, ta ¢(z,0) = A+ o(1), Ko = — 0, e
A > 0 — moBinbHHit (dikcoBanmit) mapamerp, 1o BiIMOBIIA€ HEHYTHOBOMY (DOHY CXOIHMH-
ku. [lounnaroun 3 2013 poky, kosu pisasauas HHIII Gyio 3ampomoHoBaHO SK iHTErpoOBHA
MOJIEJIb, BOHO IIPUBEPTAE 3HAYHY yBary HOCJIJHUKIB (dK MaTeMaTukiB, Tak i (Gi3ukis) y
3B’s13Ky 3 TuM, 1110 piBHsgaHA HHIII € cumeTpudnnM y CeHCl «TapHiCTh-9ac» : BOHO iHBapi-
aHTHE BiJHOCHO CIiJIbHOI'O TIEPETBOPEHHS & — —T, t — —t, T KOMILJIEKCHOTO CIIPS2KEHHSI.
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3okpewma, pisasaasg HHIII € kamibpyBaibHO-eKBiBaJIEHTHUM 10 CUCTEMH OB’ I3aHUX PiB-
uanb Jlangay-Jlidmmns Ta, BiamoBiqHo, MOXKe 3HANTH 3acTOCYBaHHS ¥ (DI3UI MITYIHUX
HAHOMArHITHUX MarepiaJiB.

s nocmimkennd 3aa4i Kol ga pisaauans HHII, aBropu po3pobisaiors Bapiant
Meromy obepHeHOI 3aaa4i po3cisguus y ¢dopmi merony 3amadi Pimama-T'insbepra. Meron
6as3yeThecs Ha BUKOPUCTaHHI po3B’sa3Kis Mocra (y Tomy wmcsti, Ha HemynbosoMmy bomi) s
piBHSHB BiamosigHol mapu Jlakca ta meTasbHOMY aHAJI31 IX AHATITUYHAX BIACTHBOCTEH.
VY pesynbrari orpuMano 300paXkeHHs I PO3B 43Ky BUXiIHOI 3a1a4i y TepMiHax pO3B’a3-
KiB BiamoBimHOl 3a1a4i anagiTuaaol pakropusarii Tuny Pimana-I'ins0epra. Ie 306pazke-
HHST MA€ IJIUi psia BiAMiHHOCTEH Bif BiAMOBITHOrO 300parkeHHsT y BUTMAIKY KJIACHIHOTO
(mokasibrOro) Heminiitnoro piBusauuga [Ipeninrepa. 3okpema, 1€ CTOCYETHCs CUHTYIISIPHOL
TOBE/IIHKU Y OKOJIL HyJIsi CIIEKTPAJIbHOIO MapaMerpa, OCOOIUBICTIO sIKOI € Te, IO I CHH-
IYJISPHICTH JIOKATI30BaHA HA KOHTYPI crpsizKeHHs i 3aga4i Pimana-Tins6epra. Orpu-
MaHe 300parkeHnHsi MOxKe OyTu e(eKTUBHO BHKOPUCTAHO JJIf HOJAJIBIIONO JIOCIII2KEHHS
BJIACTUBOCTEH PO3B’s13KiB 3ama4i Korri, 30kpemMa, JTOCTiIXKEHHs HOr0 aCUMIITOTHYHOI TTO-
BEIIHKW 34 BEJIMKUM YACOM.

Karwwosi caosa: HemokanbHe Heminiiiae piaaans [lpeniarepa, meron obepreHol 3a1adi
poscisias, po3s’ssku Vocra, 3agada Pivmana-Tinsbepra.
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ve sphere and a cone has been solved. By the method of regularization of the
matrix operator of the problem, an infinite system of linear algebraic equati-
ons of the second kind with a compact matrix operator in Hilbert space /5 is
obtained. Some limiting variants of the problem statement are considered.
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Pesynenko B.O. Iudpaknis nossi BEpTUKAIBHOTO €JIEKTPUYIHOIO JIUIIO-
JISl Ha cHipaJibHO IIpPoBigHIi cdepi B mpucyTHocTi KoHyca. Po3p’s3ana
3agada AuPaKIiil Mo BEPTUKATHHOTO €eKTPUIHOrO JIUIOJA Ha CIipaabHO
npoBigHiit cdepi y npucyrnocti kornyca. Meromom peryssipu3ariii MaTpuIHOTO
0TepaTopa 331a49i OTPUMAHO HECKIHUEHHY CUCTEMY JIHIHHUX ajreOpaidHux piB-
HSIHb JIPYTOrO POAY 3 KOMIAKTHUM MATPUIHUM OIEPATOPOM y Tian0epToBOMY
npoctopi fo. Po3ryisgayTo mesiki rpaHnYHi BapiaHTH MOCTAHOBKHU 33adi.
Kmowosi caosa: crnipanbHO mpoBiaHa cdepa; KOHYC; BEPTUKAIBHUAN €eKTPH-
YHUN JIMII0JIb; METO/I PEryJispU3aliil; cucTeMa PIBHAHDb JIPYIOro POLY.

Pesynenko B. A. Indpakiusd Hojsg BEPTHUKAJIHLHOIO 3JIEKTPUYECKOI'O
JWUTOJIA Ha CIHPAJbHO MpoBoAsineil cdepe B MPUCYTCTBUUA KOHYCA.
Permena 3ama4ua audpakiinu MoJsi BEPTUKATIHLHOTO 3JIEKTPUIECKOTO IO Ha,
CIIUPAJIFHO TIPOBOAIIEH cepe B mpucyTcTBuu KOHyca. MeTomoMm perysisipu3a-
MY MATPUIHOTO OTIEPATOPA 33JAYH IOy YeHa OECKOHETHAST CHCTEMA, JIMHEHHBIX
anreGpandecKux ypaBHEHUI BTOPOrO POJa ¢ KOMITAKTHBIM MATPUYHBIM OIE€pa-
TOPOM B THJIBOEPTOBOM HPOCTPaHCTBE f3. PaccMOTpeHbl HEKOTOPBIE MPEIesib-
HbIE BAPUAHTHI HOCTAHOBKY 33/1A4H.

Karouesvie caosa: cimpaiabHO MPoOBOAAIiast cdepa; KOHYC; BePTHUKAIBHBIN 3J1e-
KTPUYECKUH TUTOJb; METOJ PEryJIApU3AINN; CUCTEMA YPABHEHUT 2-10 pOIa.
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1. Introduction

There is an interest to the problems of diffraction, electrodynamics, antenna
techniques, optics, electrostatics, acoustics and other tasks on the sphere and
on the cone. Different cases are considered: one sphere and one cone; two-three
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spheres and two-three cones; chains of hundreds of spheres and several cones
nested into each other [1, 2, 3|. Increased attention to tasks on such surfaces
and other resonance structures [4| has at least two reasons: 1) increased practical
requirements for reducing the size of devices using parts of spheres and cones;
2) the emergence of new materials with new physical properties, for example,
spiral conductive surfaces, nanomaterials, impedance structures. Such requests of
practice lead to the need to reformulate standard problem statements, to create
mathematical models of the studied processes, to create new numerical-analytical
methods for solving new theoretical and applied problems. Among the numerical-
analytical methods for solving a wide range of problems, an important role is
played by the regularization method of the matrix or integral operator of the
problem [5, 6]. In this paper, based on a variant of the regularization method of the
matrix operator of the problem [2]-|6], |11, 12|, [14]-|18], we construct a numerical-
analytical algorithm for solving the problem of diffraction of a vertical electric
dipole field on a spiral conductive sphere in the presence of an ideally conductive
cone. An efficiently solvable infinite system of linear algebraic equations of the
second kind with a compact operator is obtained [3]. Some limiting variants of
the problem statement are considered.

2. Formulation of the problem

We place the origin of the Cartesian (x,y, z) and spherical (7,0, ¢) coordinate
systems in the centre of a spiral conductive hollow sphere of radius a [3]. The top
of an ideally conductive cone is in the center of the sphere, and the axis of the cone
coincides with the negative semi-axis of the axis 0z. The opening angle of the cone
is counted from the positive semi-axis of the axis 0z and is assumed to be equal ~,
v € (0,7). The cone is the ideally conductive. We isolate the cone and the sphere
by a non-conductive infinitely thin and infinitely narrow tape. We place a vertical
electric dipole at the point (0,0, b),a < b. The moment P of the dipole is oriented
along the axis 0z and | P| = 1. The dipole field creates, in particular, secondary
fields outside of the sphere and inside of the sphere, and also creates electric
currents on the surfaces of the sphere and the cone. The time dependence of the
dipole field and secondary fields is assumed to be harmonic with the frequency
w =27/, A is the wavelength of the dipole field. The electric currents, arising on
the surface of the sphere under the influence of its spiral conductivity, change the
standard direction along the meridians. Currents can pass on the surface of the
sphere only along lines directed at an angle 0 < 8 < 7/2 to the meridians. For
an observer located at the pole of the sphere, this direction corresponds to the
movement of the currents clockwise at an angle 5 to meridians. The sphere, the
cone, and the currents on the sphere are axisymmetric. In this paper, we consider
two independent variants of current movement along the surface of a sphere [3].
The first variant corresponds to the movement of currents at an angle (+8) to
the meridians on the sphere, and the second one corresponds to the movement of
currents at an angle (—f) to the meridians on the sphere [3]. Consider briefly the
formulation of the problem [3]. We will use the method of partial domains. Full
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fields inside of a sphere and secondary fields outside of a sphere should be solutions
to the Maxwell’s equations, satisfy material equations, satisfy radiation conditions
at infinity, have bounded energy in any restricted volume of space, including the
top of the cone, and have the required feature at the dipole placement point. The
boundary conditions on the surface of the sphere r = a,0 € [0,7),¢ € [0,27]
are as follows [3], [7]-[12]. The tangential components of the total magnetic fields
H,, Hy and the tangential components E,, Ey of the full electric fields are related,
in particular, by means of a multiplier like tg (+/)

(HP + HY - B te(+8) + (B - H) =0, (1)
By + EQw(+p) =0, B =B+ Y, EP=BP, ()

The boundary conditions on the surface of the cone are set as follows: the vector
products of the complete electromagnetic fields and the external normal 1 to
the surface of the cone are zero

E(l) ® ﬁl - 03 (S [O,CL), 0 =7, @ € [07271—}’ <3>

(E(2)+ E(O)>®71:0, re(a,00), 0=y ¢el0,2x], (4

where in formulas (1)-(4) the superscripts of the electromagnetic field vectors refer
to the source field, to the field inside the sphere, » < a, the field outside r > a,
the sphere, respectively. In this formulation, problem (1)-(4) has a unique solution
[13]. We note that in this work, on the basis of [3], [7]-[12] the boundary condi-
tions on a spiral conductive sphere are refined. The continuity of the tangential
components of the total electric field on a spiral conducting sphere is required.
We also clarify the difference in representations and transformations of the Debye
potentials for TM and TE waves and the differences in the corresponding Fourier
series. We note that the introduction of additional boundary conditions naturally
leads to the complication of the method for solving the problem and to obtaining
new systems of algebraic equations of the second kind.

3. Fourier series for Debye scalar potentials

Since the time of Debye (near 1903), scalar and vector potentials have been
used successfully to reduce the dimensionality of problems, in particular, problems
of diffraction of electromagnetic waves, acoustics, and electrostatics. To solve these
and other problems on the coordinate surfaces used, in particular, the method of
separation of variables in 11 coordinate systems. The type of representation of
potentials depends not only on the shape of the surface and the type of boundary
conditions on the surface. The main ones are, in particular, the methods of direct
and inverse integral transformations of differential equations for potentials, as
well as the method of Green functions. Both methods are in most cases used in
conjunction with the Fourier method of separation of variables. Thus, in [8]-[10],
the method of integral transformations and the method of separation of Fourier
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variables were among the first used to solve the problem of diffraction of a vertical
electric dipole field on an ideally conductive cone. On the basis of [3], [7]-|10], we
write in the spherical coordinate system the Fourier series for the Debye electric
potential of the dipole field in the presence of an ideally conductive cone

)/
/(

[e.e]

U(O) — Z Fn(ml)MmPI/m (COS 9) { [dJV"L (kr) é‘V'm(
m=1

Jeb ), r<b,
[0, (k) by, (KD)]

kr
kr), r>b, (5)

where

~1

M, = [(k:b)?’ sin 7y aal/P,,(cos Nyer, P, (cos 7)] . FV =20, +1, (6)
Wy, (kr), &, (kb) are spherical Bessel functions of the first kind and, accordingly,
Hankel of the third kind in the Debye notation, P, (cos 6) — Legendre functions of
the first kind of the v,,, degree of the zero order of the argument cos 0, P} (cos ~v)-
associated Legendre functions of the first kind of the v, degree of the first order
of the argument cos . The spectral parameters v, and new parameters u, satisfy
the transcendental equations P, (cos ) = 0 and Pﬁn (cos v) = 0. The roots of
these equations v, (and pu,) are simple and do not coincide for m,n > 1. The
magnetic potential V() of the dipole is zero by the definition.

We look for the secondary potentials in the form of Fourier series (5), (6)

U = i FWALP, (cos 0) v, (kr)/(kr), r<a, (7)
m=1

v = f:F,g?)BnPM (cos 0) ¢y, (kr)/(kr),  r<a, (8)
n=1

U® = i EVC, P, (cos )&, (kr)/(kr), > a, (9)
m=1

Ve = i EPD,P, (cos 0) &, (kr)/(kr), T >a, (10)
n=1

where
F® =924, +1, n>1. (11)

4. The system of four functional equations containing fractional
degree Legendre functions

To find the coefficients A,,, By, Crn, Dy, m,n > 1 of the Debye potentials (7) -
(11), we construct a system of four functional equations. Note that the sequences
of coefficients {4}, {Bn}, {Cm}, {Dn},m,n > 1 belong to Hilbert spaces with
different weights. We first use the boundary conditions (1)-(4), perform linear
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transformations to obtain a system of four functional equations which connect all
desired coefficients. For example, the first two equations are as follows

ZF [Dnéy,, (ka) = Buy, (ka)] By, (cos 0) + (ika)(tg(£5))

x 3 FWY [Cméy, (ka) — Mythy,, (ka)éy,, (kb) — Amiby,, (ka)] P}, (cos 8) =0,

(12)
where 6 € [0, 7],

Z FP4y, (ka)/ &), (ka)Py, (cos 0)

+ (ika)(tg (£8)) > F\) [Amés, (ka) — Mg, (k)] Py (cos 6) =0,  (13)
m=1
where 6 € [0,7]. For functions &, (ka), ), (ka),&) (ka),&, (kb) the superscript
1 denotes the differentiation by argument ka or kb, respectively.

5. The system of linear algebraic equations of the second kind

The resulting system of four functional equations is a system of the first kind
with respect to the coefficients being sought A,,, B,, Cp, Dn,m,n > 1 and it
is ineffective for directly solving the problem. Note that in solving problems of
electrodynamics, electrostatics, acoustics and other problems on a sphere with
aperture, the use of an integral representation of the Abel type for the Legendre
functions [11]-[12], [14]-[18] is recommended. In our case, for example, for equation
(13), the Abel representation is ineffective. The resulting functional equations
require, in particular, additional decomposition over new orthogonal classes of
functions.

Indeed, we use the generalized integral representations of Abel type

0
P, (cos 0) = W_I\/E/ (cos ¢ — cos )0 cos <1/m + ;) ¢ do,
0

n (13) for the Legendre functions. Then we change the order of summation
and integration in the functional equation using the uniform convergence of
the series. We get an integral equation of Abel type with the kernel (cos¢ —
cos0) 79, Solving an integral equation using the inverse Abel transformation,
we received a new functional equation in the form of series containing functions
cos (ym + %) ¢, cos (un + %) ¢,m,n > 1. These functions are not orthogonal in
the space Ly(0,7). The Fourier series of these functions must be redeveloped in
the corresponding functional space. Let us transform system (12), (13) and the
remaining two functional equations into a system of algebraic equations of the
second kind as follows. First, we apply the discrete Fourier transform to each
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functional equation, taking into account, in particular, the orthogonality of the
associated Legendre functions Pﬁn (cos @) with weight sin 6 [8]-|10]

v 1
N = /0 (P! (cos6))? singdf = % siny P, (cosy) aiPﬁ(cos Ny
(14)
N},?’)n:(), m#mn, mn>1. (15)

The resulting auxiliary system of four linear equations includes, for example,
the equation

NP FP [Dye) (ka) — By, (ka)] = —(ika) tg(£0)

x Y F\V [Cn, (ka) = Minby,, (ka)Sy,, (kD) = Amtby,, (ka)] Jom, — (16)

_ fin (i + 1)

(tn = Vm)(Vm + pn + 1)
Let us return to the system of four functional equations, including (12), (13)
and (14)-(17). Based on it, to find coefficients B,,n > 1, for potential (8),
we construct a system of linear equations of the second kind. For this, we fi-
rst exclude the coefficients A,,, Cy,, Dp, m,n > 1, from the auxiliary system. In
this case, we solve the auxiliary system, use the equality for Wronski determinants
W (¢, (ka), &y, (ka)) = W (¢, (ka), &, (ka)),m,n > 1 and perform some linear
transformations. So, in the auxiliary double sum, using uniform convergence of
the series, we change the order of summation and get

[o¢] o o (o]
> Tdnm > BrRiJkm =Y BeBe Y JomTmndnm
m=1 k=1 k=1 m=1

With these operations, we separate and inverse the main part of the matrix
operator of the problem. As a result, we obtained an infinite system of linear
algebraic equations of the second kind (ISLAE-II)

siny Py, (cosy) P, (cos7). (17)

)

By = —[(ka) tg(£8)]* Y  Bscan — [(ika) tg(£B)] > F¥Jpm,  (18)

s=1 m=1
where

w = [FOED] ), (ko) (ha) [1/N2]

s -1
xZ[ NDth, (k)& (k)| Toum T
m=1
F(3) F Mm gﬂn (kb)fﬂ7b ( ) ]' ’
Jaiss) &n(ka) NG

m,n > 1.
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N Vmm +1)

0
m,m 2Vm + 1 7PI} (COS 7)‘

sin fyPylm (cos ) 3
v

In the matrix elements e, and in the second series of the system (18), the
convergence is uniform on the set ka € (0,00), ka < kb, 8 € [0,7/2) and v € (0, 7).
As a result, ISLAE-II with a compact operator M () in space ¢5 and a right-hand
BW column in £y are obtained [19]

B=MYB+ BW), (19)

where B = (B1, By, Bs, ..., By, ...)T is the vector of magnetic potential coeffici-
ents sought (8), Where the superscript T denotes the transposition of the row
into a column, = { 2(tg2(£p)) x esn} _, is the system matrix,

B = (Bi,Bs, B3, ..., Bn,..)T = ({—(zka)(tg(iﬁ)) XZm B nm}:)T -

right column of the system.

6. Conclusions

1. System (19) is effectively solvable analytically and numerically in Hilbert
space f2. At small angles v, (0 < v << 1), (and large angles v, (0 << v < ), the
system is analytically solvable for any values 0 < ka < kb.

2. To find the coefficients A,,,m > 1 and potential UM (7), it is necessary
to build a new ISLAE-II. At the same time, to obtain an ISLAE-II, we use the
same regularization method for the matrix operator of the diffraction problem, as
in deducing the system (19). In this case to find the coefficients Cy,, Dy, m,n > 1
and potentials (9) and (10), we use linear transformation of variables.

3. Let us discuss the limiting case of the problem statement, when the sphere
loses its spiral conductivity and becomes ideally conducting (8 — 0). In this case
[2, 3], the problem of diffraction of a dipole field on such a sphere in the presence
of a cone, the desired coefficients of the Fourier series of Debye potentials (8)-(10)
can be found explicitly. So, when § = 0 we find the solution to the system (18)
and we get the explicit value of the coeflicients B, : B,, = 0,n > 1. Also we obtain
the explicit values of the limiting components of the diffracted field.

4. In another limiting case, when the sphere is absent (ka = 0), the components
of the desired fields of diffraction of a dipole field on a cone are known and are
calculated explicitly from a given dipole potential U©) (5), (6).

5. The parametric equations z = sin(+n) x cos(x14n), y = sin(xn) x
sin(+14n), z = 1 + cos(£n), n € [0,7/2) are refined for two variants of the
movement of currents along the surface of a spiral conductive sphere correspondi-
ng to fixed angles £8y to the meridians on the sphere.

6. The approach developed in this paper is applicable, for example, to the
problem of diffraction of a dipole field on a spiral conductive sphere, which has a
circular hole between a sphere and a cone, as well as for other applied problems.
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Pesynenko B.O. Judpakiid mojsi BEpTUKAJILHOTO €JIEeKTPUYHOTO AUIOJISA Ha
CIipaJIbHO IPOBiAHINA c(epl B mpucyTHOCTI KoHyca. Po3p’s3ana 3azada mudpa-
KIIii eJIeKTPOMATrHITHOTO TOJISI BEPTUKAJIBHOTO €JIEKTPUIHOTO U0 HA CIipaJIbHO MPO-
BigHi#t cdepi y mpucyrHOCTI imeapHO TPOBIAHOTO KpyroBoro kouyca. llenTtp cdepn i
BepIIMHA KOHYCa PO3MIINEHO y MOYaTKYy JeKapToBOI Ta chepuyuHOl CHCTeM KOOD/IMHAT.
Junonb po3wimenuit Ha Bici cumerpii cdepn i Koryca Ta mo3a cdepu i Komyca. Mo-
MEHT JIHIIOJsi OPiEHTOBHHUI B3/M0BXK Bici cumerpii cdepm Ta komyca. Enexrpuyni Toku
Ha TOBepxHi cdepu, B HACTIIOK CIipaabHOI MPOBiAHOCTI chepu, MOXKYTh TeKTH i ¢i-
KCOBAaHMM KYTOM JI0 KOKHOTO Mepuiiany. IIoBHi emekTpoMaruiTHi mojs mOBHMHHI 33710-
BOJIBHSTH, 30KpeMa, piBHAHHA MakcBena, MaTepiaJbHi PIBHSIHHS, YMOBHU CKiHYE€HHOCTI
eHeprii y mI0BLIbHOMY OOMexKeHOMY 00’eMy, rpanudHi ymoBu. Jms po3B’sa3Ky 3azadi Oy-
JIeMO BHUKOPHCTOBYBATH METOJ YacTKOBUX obiacreit. B cdepuuniit cucremi Koopmmaar
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BUKOPHUCTAHI YOTUPHU CKAJIAPHI €jeKTpudHi i maruiTai morenmianu [lebas. [Torentianu
Hebast mpeacrasieni pagamu Oyp’e mo ¢pynrkmism Beccens, ¢pynkmiam Xamkens, a Ta-
KOk 10 yukiiam Jlexkanapa 1poboBux CreKTpagsbHuX napamerpis. I'pannyni ymosu Ha
IIOBEPXHI CIIPaJIbHO IPOBiIHOI chepu HEMEePEePBHO OB’ A3yI0Th TAHNEHIIAJIbHI KOMIIOHEH-
TH eJIEKTPUYIHUX 1 MarHiTHuX moiB. [loTpibHO Ay woruphox morenmiaiis lebas 3uaiitu
koedirienTn gorupbox psagis Pyp’e. IocmimoBrOCTI KOEDIIEHTIB IUX PSIIIB ITYKAEMO ¥
linpbeproBux mpocropax 3i cBoe Baror. st momyky KoedimieHTiB BUKOPHCTOBYEMO
IPAHUYHI YMOBH Ta OIEPIKYEMO 40TUPH (DYHKIIOHATbH] PIBHAHHSA. X IPAMEil PO3B’I30K
neepexkTuBHu. TakoK He € e(peKTUBHUM 3aCTOCYBAHHS Y (DYHKITIOHATBHUX PIBHAHHIX
mist byukmif Jlesxkamapa y3araJbHEHOrO IHTErpaJbHOTO TMpEACTaBIeHHsa Tuna Adess. Y
JaHiit poOOTI s 3aCTOCYBAHHS METOA PEryJIspu3aliil MaTPUYHOIO OMEPATOpa 3a/adi
JI0 KOXKHOTO 3 YOTHPHOX PIBHSHB 3aCTOCOBYEMO JucKperHe meperBopenns @yp’e. Hami
BHUKOPHCTOBYEMO PiBHICTH BH3HAYHMKIB BpoHchkoro mis ¢dyukmiit Beccens 3 gpoboBumvu
ingekcamu. Ilicasa miHITHEX IEPETBOPEHD Ta 3aCTOCYBAHHS 3MiHU HOPSAIKIB IIiICYy My BAHHS
y JIOTIOMIXKHWX TIOABIITHUX YNCJIOBUX PAAX ONEP’KYEMO HECKIHYEHHY CHCTeMy JiHIHWX
anrebpaiunux piBusub apyroro poxy (HCJIAP-11). B miit cucremi marpudnumii oneparop €
KOMIIAKTHUM Y Ti/IbOEPTOBOMY MPOCTOPI 4MCIOBUX mOCimoBHOCTEH. CrcTema epekTuBHO
pO3B’sI3HA ¥ T1ABOEPTOBOMY IPOCTOPI AHAMITUYIHO I TPAHMIHUX 3HAYEHDb MapaMeTpiB
3a1a4i i 9nCesIbHO Ui IOBIIbHUX mapaMerpiB. Y pobOTi PO3IISHYTO /€Ki IPAHUYHI Ba-
PlaHTH IOCTAHOBKM 33/1a4.

Karwuosi caosa: ciipaabHO PpOBinHA cdepa; KOHYC; BEPTUKAJIBHUN €IEKTPUIHII TUTTOh;
MEeTO/T PETYJIAPHU3allii; CHCTeMa PIBHIHDL JAPYTOTO POY.
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cucTeMHU JHHINHMX pisHUIEeBux piBHAHL. OTPUMAHO OPUTIHAJIBHY CXEMY

perynspuzarii 3aja4i Korri i BUPOJZKEHOI cucTeMU JIHHIMHUX PI3HUIECBUAX
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Kommu nis cucreMbl JIMHENHBIX PA3HOCTHBIX ypaBHeHUit. [Ipemioxkena
OpUI'MHAJIbHASI CXeMa PEryJisipu3aliu 3a1a49u Komm 11 TuHeTHON BhIPOXK JIeH-
HOl CHCTEMBI PA3HOCTHBIX YPaBHEHUIA.
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problem for a system of linear difference equations. An original
regularization scheme for the Cauchy problem for a linear singular system of
difference equations is proposed.
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pseudoinverse matrices.
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1. HeBbIpO>K/J€HHbIE CUCTEMBI JIMHEMHBIX PA3HOCTHBIX YypPaBHEHUIA

Uccnemyem 3amady 0 HAXOXK/ICHUN OrpaHnYeHHbIX perennii z(k) € R™ cucre-
MBI JINHEHHBIX Pa3HOCTHBIX YPaBHEHUM

2k +1) = A(k)z(k) + f(k), k=0,1,2 ..; (1)

suech A(k) € R™™ — orpannuentbie maTpurpl u f(k) — meficTBuTeIbHBIE OIPa-
HUYEHHbIe BEKTOP-CTosI01bl. Kak ussecrno [1], obiee pemenue 3anaun Korm

2(0) =ceR"

JUIsl OJTHOpPOAHOI 1YacTu HeBbIpoXkKeHHOi (det A(k) # 0) cucrembl pasHOCTHBIX
ypaBuenuii (1) mpegcTaBuMo B BHE:

z(k) = X(k)e, ceR™;

(© C.M.Yyiiko, {.B. Kamunugaenko, 2018
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snech X (k) — HopmasibHasi byHIAMEHTAIbHAS MATPUIIA:
X(k+1)=Ak)X(k), X(0)=I,.

OpniHol U3 dyHIaAMEHTAIBHBIX MATPHUIL SBJISIETCSI, B YaCTHOCTH, MATPHUIA

O6ee pemenne 3agaan Komn z(0) = ¢ € R™ 11 HeOHOPOHON YaCTH HEBBIPO-
xkuenHoit (det A(k) # 0) cucrembl pasHOCTHBIX ypaBHeHwuii (1) mpejcraBuMo B
BUJIE:

z(k) = X(k)c+ K[f()](k), ceR™

371eCh

K[f()(k) == X (k) ) X'+ 1))

— omneparop ['puna 3amaun Komu jist cucrembl pasHOCTHBIX ypaBHeHuit (1).
2. CrangapTHOE pas3JioXKeHWe MaTPUIIbI.

[Ipemmosnoxkum, aro marpuna A(k) nMeer IOCTOSHHBINA PAHT, & NMEHHO:
1 <rank A(k) = o.

Kaxk ussecrno [6, 7, 8|, sobas (m x n)— marpuna A(k) B onpejenennom basuce
MOKeT OBbITh IIPEJICTABICHA B BUJIE CTAHJAPTHOIO PA3JIOXKEHUS

A(R) = R(E) - Jy - S(k),  Jo = < gf 8 );

sneck R(k) m S(k) — orpanudeHHble HeBBIPOXKIeHHBbIe Marpuibl. CrangaprHoe
paznoxkenne marpuribl A(k) € R™ ™ moxkeT ObITh MOJIyY€HO IIPU HOMOIIU CHHIY-
JISIPHOTO pa3JIozKeHHsi MaTpurisl (9]

A(k) = B(k)AT(R),

rae ®(k) € R™" u U(k) € R"™"™ — yuurapuble marpunpsl u A € R"*™ — nuaro-

HaJIbHAST MaTPHIA:
A O
A.—<O O)’ det A, # 0.

Ucnonb3yst cunryssipaoe pasinoxenue A(k) = ®(k) AV(k), HaxoauMm HEBBIPO-
JKJICHHBIE MaTPHI[BI
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HEOOXO/IMMBbIE JIJIsl HAXOXKJIEHUsI CTaHJIAPTHOrO passioxkenus mMarpuribl A(k).
IIpumep 1. Mampuua

0 3 3
1 00
2 00

NPUBOIUMCA K CMAHIAGDMHOMY PA3AOHCERUIO NOCPEICTNGOM MATMPUL,

A:

1 0 O o 3 3
r=lo = 2| s—(vi o o
2 1 1 1

0 7% ¥ O -5 »

HeitcTBuTenpio, rank A = 2, pu 9TOM CHHTYJISIPHOE Pa3JI0XKEHUE OTPEIeIs-
FOT MaTPHUITHI

1 1
1? 02 0 % & 32 0 0
=0 7 —Z [,¥v=(1 0 0 |,Jo= 0 V50
0o 2 L 0o —L L 0 0 0
Vi VB V2 V2

Takum obpazom, HaxoguM MaTpuilel R = ® u S, HeoOXomuMbBIe IJIsT HAXOXK IEHUST
CTaHJIAPTHOI'O Pa3JI0XKEHUsI MaTpUIlLl A.

3. Perynapuzanus 3agaun Kol 1y cuctemMsbl
JUHENHBbIX PA3HOCTHBLIX ypPaBHEHUMN

Bajiaua 0 HAXOXKJIEHNU OIPAHUYEHHBIX PEIIeHUil CUCTeMbl JTMHEHHBIX PasHO-
CTHBIX ypaBHeHHil (1) CyIeCTBEHHO YCJIOXKHSIETCS B CJydae ee BBIPOXKJICHUs, a
nmenno: npu yesaosun det A(k) = 0 xorst 661 st HekoTopeix k = 0, 1, 2, ... .
B sToM ciydae i HAXOXKJIEHUS OIPAHMYCHHBIX PENIeHHH CHCTeMbl JIMHeli-
HBIX PA3HOCTHBIX ypaBHeHHii (1) MOXKHO HCIIOJIB30BATH TEXHUKY DEryJIspPH3aIlii
[2, 3, 4, 5|. Bosmymenne kBajaparHOii, HO BBIPOKIeHHOH Marpunbl A(k) Gymzem
UCKATh B BUJIE

A(k,e) == A(k) +eQ(k), Qk) eR™", k=0, 1, 2, ...,

upesnonaras marpuity A(k,€) HeBBIDOXKIEHHOI 1 orpanndeHHoii. Takum obpa-
30M, MIPUXO/IUM K 3ajlavde O HAXOXKJIEHUU OIPAHUYEHHBIX PelIeHurit

s(ke) €R™, k=0, 1,2, ..
perJ’IHpHSOBaHHOﬁ CHUCTEMBI JINHEITHBIX Pa3HOCTHBIX ypaBHeHI/IfI
w(k+1,e) = Ak, e)z(k,e) + f(k), k=0,1,2, ... (2)

[MockonbKy sobast (n X n) — marpuna A(k) HOCTOSIHHOrO paHra o B OIIPEIEIEHHOM
6a3mce MOKeT OBITH MpEJCTaBICHA B BHUJE CTAHJIAPTHOTO pasnoxkenus A(k) =
R(k) - Jy - S(k), nocronbky Bo3myienue Marputibl A(k) npejacraBumo B BUje

Qk)=R(k) - J, - S(k), Jy:= ( 8 I,SU )
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O6ree pemenne 3aga4un Ko
2(0,e) =ceR"

JIUIsE OJIHOPOJIHON dacTu HeBbIpoxkAeHHoil (det A(k,e) # 0) cucreMbl pasHOCTHBIX
ypaBHeHUil (2) mpeJICTaBUMO B BUJIE:

z(k,e) = X(k,e)e, ceRY
siech X (k,e) — HopMasbHas QyHIaMeHTaIbHAST MATPUIIA:
X(k+1e) = A(k,e)X(k,e), X(0,e) = 1I,.

OpnHolt U3 dyHIaAMEHTATBHBIX MATPUIL SIBJISIETCSI, B YaCTHOCTH, MaTPUIA

k-1

X(k,e) = H A(j,¢).

=0

O6miee perenne 3aaun Komn z(0,e) = ¢ € R™ jy1s1 HEOJHOPOJIHOI PeryJisipu30-
BAHHOI CUCTEMbI PA3HOCTHBIX YpaBHEHUii (2) npecTaBuMoO B BUJIE:

e
—_

2(ke) = X(k,e)e+ X (k,e) Y X MG+ 1,8)f(§), ceR™

<
Il
o

Taknm o6pa30M, JIOKa3aHa CJjelyronjad TeopeMa.

Teopema 1 IIpednosootcum, wmo (nxn) — mampuya A(k) umeem nocmoarnvil
a2, a UMEHHO:
1 <rank A(k) =0 < n.

Tozda obwee pewenue 3adavu Kowu z(0,e) = ¢ € R™ daa neodnopodnoti peeyas-
PUBOBAHHOTL CUCTNEMDL PASHOCTHHIT Ypasherutl (2) npedcmasumo 6 sude:

z(k,e) = X(k,e)ce+ K[f(j)](k,e), ceR™

3decv
k_

K[f()(ke) == X (k&) D X' (G +1,e)f())

0

—_

e

— onepamop I'puna 3adavwu Kowu 0as pezysapusosannot cucmemvl pa3HoCcmmbis
ypasnenut (2).

Ilpumep 2. Hatidem pewenue cucmemos pasHoCmHuT Ypashenul nepeozo nopaod-
Ka
z(k+1)=Az(k)+ f(k), k=0,1, 2, 3, (3)
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2de

01 2 1
A= 10 0|, fk)=| 2
2 00 3

ILJ'IH HaXOXKJICeHMN I BOSMyH.IeHHOfI MaTPpHUIIbI

1 0 5 10

Alk,e) == 5 4e —2e¢ |, A(k0)=A,
10 —2¢ €

OITPEJIETSIIONIEN PETYASIPU30BAHHYIO CUCTEMY JUHEWHBIX PA3HOCTHBIX ypaBHEHUN
HCIIOJIb3YEM BO3MYIIEHHE MaTpuilbl A B Buie

§ 000
Q=R-J,-5 J,=| 0 0 0 |,
0 0 1
e
1 0 0 0 1 2
1 2

Ll I R I
0 % 0 - =

[Tpu stom X (k,e) — HopMasbHasi hyHaMEHTAIbHAST MATPUIIA:
X(0,e) =13, X(1,¢) = A(k,e),

KpoMe TOoro
L[ 25 0 0
X(2,e)==| 0 b5+4e* 2(5-¢?) |,
0 2(5-¢?) 20+¢&?

[0 2 50
X3,e)=—-| 25 4 —2¢°
50 —2¢3 el

Ob6miee perenne 3anaun Komu z(0,e) = ¢ € R™ jy1st HEOJHOPOJIHO# Pery/Isipu30-
BAHHO} CUCTEMbI PA3HOCTHBIX YPABHEHUI JIJIs CUCTEMBI (3) MpeJICTaBUMO B BUJIE:

z(k,e) = X(k,e)e+ K[f(j)](k,e), ce R3;

371eCh
45

K[f(D)(Le) = f(1), K[f(H)I(2,e)=| 15+2¢ [,
25 —¢
1 70
K[f()I(3,e) =z | 55+2¢e+2¢?
105 — e — &2
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— omeparop ['puna peryssipuzoBanioil 3amaqu Kommu st cucreMbl pasHOCTHBIX
ypasuenuit (3). IIpu srom HOpMasbhas dbynmamentanbhas mMarpuna X (k,e) u
orneparop I'puna samaum Komm mjs peryisipu3oBaHHOI CHUCTEMBI Pa3HOCTHBIX
ypasrenuit (3) K[f(j)](k,e) nenpepbiBHbI 1O € :

X(kv ')’ K[f(])](k’ ) € C[O,ﬁo],

nosromy obriee pemenne 3agaun Komm 2(0,e) = ¢ € R™ st HEOHOPOHOM
PeryJIsipu30BaHHOl CHCTEMbI DA3HOCTHBIX ypaBHEHHUI /1y1st cucteMsbl (3) z(k, ) npu
e = 0 obparmaercst B TouHoe perenue z(k) cucTeMbl pA3HOCTHBIX ypaBHeHUIt (3)

2(k) = X(k)e + K[f(j)](k), ceR

3JIeCh
50 0 0 5 10
X()=1I, X2)=(012], x@=[5 0 0
02 4 10 0 0
— HOpMaJibHasd d)yH,ILaMeHTaJIbHaH MaTpulia 1
9 14
K[f(DIA) =fQ), K[fWIR)=1{ 3 |, K[fNHIB)=1] 11
5 21

— 006061menHbIii onepaTop I'puna BeIpoXKeHHOI 3a1a4qm Kommn it cucreMsl pa-
3HOCTHBIX ypaBHeHUil (3).

Hokazannast reopema 06001aeT COOTBETCTBYOIIUE Pe3yabTaThl 1| Ha coyvaii
neobparumoctu Marpunbl A(k). Kpome Toro, mosyueHHble pe3yJsbTaThl aHAIO-
rugio [10] MOryT GbITH HCIIOJIB30BAHBI B TEOPUH YCTOWIMBOCTHU JIJIsi CHCTEM Da-
3HOCTHBIX ypaBHEHHii, a Takyke aHajpormuHo [11, 12| — B reopun HesmHEHHBIX
HETEPOBBIX KPAEBBIX 3aJat JJIsl CUCTEM PAa3HOCTHBIX YDaBHEHUN.

Acknowledgement. Pa6ora Boimosmnena npu dounancoBoi momaepxke ['ocy-
JapcrBeHHOro (hoHAa (pyHIaMeHTaJIbHBIX HcciaeqoBanuii. Homep rocymapcrsen-
Hoit peructparun 0115U003182.
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C.M. Yyiiko IIpo peryaspusaniro 3agaui Ko gis cucremu JtiHilinux pisuuie-
BUX PiBHSHB. Y CTATTi 3aIIPOIIOHOBAHO OPUTIHAIBHI YMOBH PEryJIAPU3AIlil, & TAKOXK CXe-
Ma, 3HAXO/?KEHHsT PO3B’sI3KiB JiiHiitHOT 3a a1 Kot 7151 cucteMn pisHnIeBUX PiBHAHD, TPU
IIHOMY iCTOTHO BUKOPHUCTAHO TEXHIKY TICeBI000epHeHHs MaTpuilh 3a Mypom-Ilenpoyzom.
ITocTaBnena B cTarTi 33/1a9a MPOJIOBIKYE JTOCTIIZKEHHST YMOB PEryJIApU3aliil JiHIHHIX He-
TepOBHUX KpaiioBux 3ajad, HasemeHux y monorpadisx M.B. Azbenesa, B.I1. Makcumo-
Ba, JI.®. Paxmarystinol, A.M. Camoiinenka ta O.A. Boitayka. locimkeHo 3arajibamii
BUIAI0K, KO JIHHIAHIN 0OMexKeHnit onepaTop, BiAmOBiAHUHN 10 OJHOPIAHOT YACTHHH JTi-
miitaoi 3ajax4i Korri, He mae obeprenoro. Y cTarTi MoOyI0BaHO y3araJbHEHUIT orlepaTop
I'pina Ta 3Halimenuit BUrIs JiHiiiHOrO 30ypeHHsl peryJisipizoBaHol JiHiitHol 3ama4di Korri
JIJISt CHCTEMU PI3HUIEBUX PIBHSHB. 3AIPOIOHOBAHI YMOBH PETYJISAPU3AIlil, & TAKOXK CXeMa
3HaXOIKEHHsT PO3B’sI3KiB JTiniitHol 3amadi Kot 11 cucremMu pisHUIEBUX PIBHIHD JI€TAIb-
HO TIPOITIOCTPOBAHO Ha MpuKJIa ax. Ha BigMiny Bij momepeanix crareit aBTOpiB, 3a1at4a
PO perymspusariiio Jixifinol 3ama4ai Korri st cucreMu pisHUIEBUX PiBHSHD PO3B’si3aHAa
KOHCTPYKTHUBHO, IIPUYOMY OTPHMAaHI JIOCTaTHI yMOBHU iCHYBaHHsI PO3B’sI3Ky 3aJadi Ipo
PEryIspU3AaILiio.

Karuosi caosa: perynsapusariis; 3amada Korri; siniliai pi3Huiesi piBHIHHS; ICEBI000ep-
HEHA MaTPHUII.
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S.M. Chuiko, Ya.V. Kalinichenko On the regularization of the Cauchy problem for
a system of linear difference equations. The article proposes unusual regularization
conditions as well as a scheme for finding solutions of the linear Cauchy problem for a
system of difference equations in the critical case, significantly using the Moore-Penrose
matrix pseudo-inversion technology. The problem posed in the article continues the study
of the regularization conditions for linear Noetherian boundary value problems in the cri-
tical case given in the monographs by S.G. Krein, N.V. Azbelev, V.P. Maksimov, L.F.
Rakhmatullina, A.M. Samoilenko and A.A. Boichuk. The general case is studied in whi-
ch a linear bounded operator corresponding to a homogeneous part of a linear Cauchy
problem has no inverse. In the article, a generalized Green operator is constructed and
the type of a linear perturbation of a regularized linear Cauchy problem for a system
of difference equations in the critical case is found. The proposed regularization conditi-
ons, as well as the scheme for finding solutions to linear Cauchy problems for a system
of difference equations in the critical case, are illustrated in details with examples. In
contrast to the earlier articles of the authors, the regularization problem for a linear
Cauchy problem for a system of difference equations in the critical case has been resolved
constructively, and sufficient conditions has been obtained for the existence of a solution
to the regularization problem. Keywords: regularization scheme; Cauchy problem, linear
difference equations; pseudoinverse matrices.

Article history: Received: 20 November 2018; Final form: 10 December 2018;
Accepted: 13 December 2018.
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On constructing single-input non-autonomous
systems of full rank

D.N. Andreieva, S. Yu. Ignatovich

V.N. Karazin Kharkiv National University
4, Svobody sqr., Kharkiv, 61022, Ukraine
andrejeva_darja@Qukr.net, ignatovich@ukr.net

For a nonlinear system of differential equations ©# = f(z), a method of
constructing a system of full rank & = f(x)+g(z)u is studied for vector fields of
the class C%, 1 < k < oo, in the case when f(z) # 0. A method for constructing
a non-autonomous system of full rank is proposed in the case when the vector
field f(x) can vanish.

Keywords: nonlinear control system; accessible system; system of full rank;
non-autonomous system; the straightening theorem for vector fields.

Awnnpeesa /1. M., Iraarosuy C. 1O. IIpo mobyqoBy HEABTOHOMHUX CHCTEM
HOBHOTO PAHTy 3 OOHUM KepyBaHHAM. [lng Hesiniiinol cucremu aude-
PeHIaJIbHUX PiBHAHD BUIIsiAy & = f(x) ZOCIIIZKEHO MeTOJ| KOHCTDYIOBAHHS
cucreMu moBHOTO pamry & = f(r) + g(z)u m1a BexTopHHMX moiB Kmacy CF
1 < k < o0, y Bunagky, koau f(x) # 0. 3apornoHOBaHO METOJ KOHCTPYIOBa-
HHsl HEABTOHOMHOI CHCTEMH IIOBHOI'O PaHIy y BHIAJKY, KOJA BEKTODHE IIOJIE
f(x) moxke obeprarucs Ha HyJb.

Knaowosi crosa: HeidiliHa KepoBaHa CUCTEMA; JOCSIKHA, CUCTEMA; CUCTEMA, TIOB-
HOT'O PAHIy; HEABTOHOMHA CHCTEMa; TeOPeMa IIPO BUIIPSIMJIEHHS BEKTOPHOI'O
IIOJISA.

Awnnpeesa /1. H., Uraarosua C. FO. O mocTpoeHnr HEABTOHOMHBIX CHCTEM
MOJIHOTO PAHTra C OJHUM yIpaBjeHueM. [[na HequHEHHON cucTembr aud-
depennnanbubIx ypaBHenuil Buga & = f(x) ucciesoBan MeTO KOHCTPYUPOBa-
HUSI CHCTEMBI HOJIHOrO paura & = f(z) + g(x)u 1 BeKTOPHBIX HOJIel Kjacca
Ck, 1 <k < oo, B cmyuae, xkora f(x) # 0. Ilpe/ioxen MeToi KOHCTPYUPOBa-
HUST HEABTOHOMHOM CHCTEMBI TIOJTHOTO PaHTa B CJIydae, KOTJa BEKTOPHOE MOJIe
f(x) moxer obpamarbes B HyJIb.

Kaouesvie crosa: HellMHeRHAST yIpaB/sieMasi CUCTEMA; JIOCTUKIMAs CHCTEMA,;
crCTeMa MOJHOTO PAHTa; HEABTOHOMHAsI CHCTEMA; TeOPeMa O BHIIPSIMJIEHUN Be-
KTOPHOT'O TIOJISL.

2010 Mathematics Subject Classification: 93B10; 93C10.

1. Introduction

In the paper [1] the following problem was considered. Let a system
i = f(z) (1)
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be given, where f : R™ — R” is a (real analytic) vector field, n > 1; the problem
is to find conditions under which there exists a vector field g(z) : R™ — R" such
that the system

&= f(x) + g(x)u (2)
has full rank. Systems of full rank are also called accessible. This property for
the system (2) means that the dimension of the span of all Lie brackets of vector
fields adl}g(:):), k > 0, equals n.

The important result was obtained in [1], which implies that an accessible
system (2) can be constructed if and only if f(x) # 0. Moreover, a method for
constructing a system of full rank was proposed, which was based on the strai-
ghtening theorem for vector fields [2].

Let us recall the main points of the construction [1]. Suppose f(x) # 0.
According to the straightening theorem, there exist local coordinates z1, ..., 2z,
in which the vector field f takes the form f = (0,...,0,1)7, ie., in the new
coordinates the system (1) has the form

7 =0, ..., 2p1=0, 3, =1. (3)

Without loss of generality assume f,(z) # 0; then a straightening diffeomorphism
z=mn(z) = (n(z),...,m.(x))" can be found from the system of partial differential
equations

(4)

on; o
{8;;: (82§f1+ "’ax —fn— 1), i=1,n-—1,
O __ 87771 87771

Oz fn( Ox1 fi—. - axn_lfnfl)-

Then, let us apply the polynomial transformation £ = ¢(z) of the form

n—2 n
R e ]
n— n—1
£ =g + Zsﬁn + Zg” ST e
(5)
__ An-—1 é
Enfl = 70! + 1
&n = Zﬁa
and obtain the system (1) in {-coordinates:
512527 &:22537 B énflzgna gnzl (6)

Now, we choose a vector field g(¢) : R® — R™ in the form ¢(¢) = (0,...,0,1)7;
then we obtain a linear system of full rank

E1=6, ba=63 ooy bno1 =6, En =1+ (7)

Finally, by the inverse coordinate transformation

z=n"" (), (8)
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the system (7) is transformed to the form (2). Since the full rank property is
invariant under the transformation (8), the obtained system (2) has full rank.

Due to using the straightening theorem, this construction is local, that is, a
vector field g(x) is built in a neighborhood of any point where f(z) # 0.

In the present paper we consider two generalizations. First, we consider the
case when the vector field f(z) belongs to the class C* and find out what class
of smoothness is guaranteed for a vector field g(z). In particular, this question
is related to the linearizability of control systems in the class C! [3]. Second, we
consider the case when the vector field f(x) can vanish and propose a method of
constructing a non-autonomous vector field g(¢, x).

2. The case of a vector field f(r) from the class C*

Let us consider a vector field f(x) which is finitely many times differentiable
in a certain domain,

f(z) e CMQ), (9)

where 1 < k < oo, and analyze the class of smoothness of transformations in the
method of [1] recalled above.

Theorem 1 Let a vector field f(x) € C*(Q) be given, @ C R™, n > 1, and
f(zo) # 0 where xg € Q. There exists a neighborhood U(xy) and a vector field
g(x) € C*=Y(U(z0)) such that the system (2) has full rank (in U(zo)).

Proof. This theorem is a consequence of the construction of [1] and the strai-
ghtening theorem. We give a formal proof.

Let us apply the method of [1] described above. By the straightening theorem,
a straightening diffeomorphism z = n(z) defined by the system (4) exists in some
neighborhood U(xg) and belongs to the class C*(U(z)) [2].

Now, let us observe that the system (7) is linear and the change of variables
& = 1(z) is polynomial, hence, the system (7) in z-coordinates takes the form

2= f(2) +9(2)u,

where f(z), g(z) are real analytic. Then for the system in the initial coordinates
we get

= (U_l(z))/f(z) |z=n(z) + (77_1(3))/57(2) |z=n(x)U =
= f(@) + (171 (2)9(2) jompey -
As we mentioned above, n(z) € C¥(U(xg)), hence, (n7'(z))" belongs to the

class C¥~1. Thus, the vector field g(z) 171(2)) 9(2) |22y(z) is from the class
C*=1(U(x0)). The theorem is proved.
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Example 1. We give an example of a control system in the case when the

right-hand side f(z) is from the class C*. Consider the system

i =0,
T9 =1 —1—331]:£1|,

where v € Q = {x € R? : 77 > —1}. We find a straightening diffeomorphism from

the following system of partial differential equations

on
oz = 05
O _ 1

Oxrs 1+x1|:c1|'

Solving this system we get a transformation z = n(z) of the form

{Zl = 71,
_ x2
2 = Tha o]

The initial system in z-coordinates has the form

21=0, 2 =1,
and in £-coordinates, where £ = 21 + ?, &g = 29, it is

L=6&, =1
Let us choose g(€) = (0,1)7, then the system

f1=6, &=1+u
has full rank. The system of full rank (12) in z-coordinates takes the form
Z1 = —2Zou, 29 =1+ u.

By the inverse coordinate transformation

€1 21,
T2 = 29(1 + 21]21])
we obtain the system of full rank in the initial coordinates:
i‘]_ = —71_"_;712'11'”LL7 ,
. 2
ty = 1+ x1|2| + (1 + z1]21| — %)
Thus, the vector field g(z) is chosen as

— T2
g(z) = T
1+ z1fz1| = ¢ o

Itz |z1])?

(10)

(11)

(12)

(13)

(14)
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This example illustrates Theorem 1. We can see that the vector field

fle) = (1 + 3(6)1|$1|>

is indeed from the class C' while the smoothness class of the constructed vector
field g(z) of the form (14) is one less, i.e., g(x) is only continuous (it is not
differentiable at the points where z; = 0, x5 # 0).

3. Constructing a system of full rank in the case f(z¢) =0

Now, let us consider a method of constructing a system of full rank in a
neighborhood of a point zg such that f(xzg) = 0. In this case we admit non-
autonomous vector fields, that is, we choose a vector field g in the form g = g(¢, x).
For a system

&= f(zx) +g(t, v)u,

the full rank property means that the dimension of the span of all Lie brackets of
vector fields adlj%g(t,a:), k > 0, equals n, where the vector field f corresponds to

the differential operator % + fla%l + fn%.

Theorem 2 Let a vector field f(z) € C*(Q) be given, @ C R®, n > 1, and
xg € Q. There exists a neighborhood U(&g), where 29 = (0,20)7 € R, and a
vector field g(t,z) € C*~1(U(2¢)) such that the system

&= f(z)+ gt z)u (15)
has full rank (in U(g)).

In some cases (for example, if f(xg) # 0) a vector field g can be chosen as
g = g(x). However, the case f(x) = 0 demonstrates that this is not true in the
general case (if n > 1).

Proof. Supplementing the system (1) by the equation t = 1 we obtain the
following system

1= fi(2), .., dn = falz), t=1, (16)

where the right-hand side is nonzero for any x and ¢. Now we find a straightening
diffeomorphism z = 7(t, z) from the system

(17)

n; on; on; .
azlz_ag;fl_-'-_agifn, Z:Ln?
M1 =t

As a result of straightening the vector field, the system (16) takes the form

2=0, ..., 2n=0, Zn41 = L. (18)
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Let us choose the vector field g in the form g = g(¢) = (1,¢,t2,...,t"1,0)7; then
we obtain the system of full rank of the form

H=u, Za=tu, ..., En=1""tu, 4 =1 (19)

Applying the inverse coordinate transformation (x,t) = n~!(z) (and dropping the
equation ¢ = 1) we obtain the system of full rank in the initial coordinates:

&= f(x) +g(t z)u.

Arguing analogously to the proof of Theorem 1 we get that g(t, z) € C*~1(U(iy)).
The theorem is proved.
Example 2. Consider the linear system

1 =0,
To = T1.

Since we cannot use the result of [1] at the point with x; = 0, we apply the
method described above. Namely, we add the equation £ = 1 to the given system
and obtain the equivalent system

71 =0,
To = T1, (20)
t=1.

Now we can straighten the vector field and find a straightening diffeomorphism
from the following system of partial differential equations

oni . On; -
= —gw, 1=1,2, (21)
n3 = t.

Solving this system we obtain a transformation of the form

z1 = 1,
zZ9 = tl’l — I, (22)
zZ3 = t.

We perform the straightening diffeomorphism, then the system (20) in z-
coordinates takes the form

21=0, =0, =1
Let us choose the vector field g(t) = (1,¢,0)7, then the resulting system

Hl=u, h=tu, t=1 (23)
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has full rank. Performing the inverse change of variables

Tl = 21,
To =tz — 29,

t:2:3,

and dropping the trivial equation { = 1 we get the system of full rank in the initial

coordinates
{xl = u, (24)

j?g =2.

Thus, the vector field g is chosen as g = (1,0)7, therefore, it is constant and in
particular does not depend on t.
Example 3. Consider the nonlinear system

d 2
.7}1 == xl,
25
{iz = Z9. ( )

Let us construct a system of full rank in a neighborhood of the point where
f(xz) = 0, ie., kg = 0. To this end, we supplement the system (25) with the
equation £ = 1 and get

afl = .’L’%,
.%"2 = T2, (26)
t=1.

A straightening diffeomorphism for the system (26) can be found from the followi-
ng system of partial differential equations

O _ _(Omi 2, On -
ot = (G 21+ ag,02): 1 =12, (27)
3 = t,
then as a transformation z = n(x,t) we can take
21 = a:ﬁif—l’
zg = rpe” ", (28)
Z3 = t,

which is defined in a neighborhood of the origin. The system (26) in z-coordinates
has the form

51=0, 3p=0, t=1.

We choose the vector field g(t) = (1,¢,0)7 and obtain the system of full rank in
z-coordinates

21=wu, s =tu, t=1.
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Performing the inverse change of variables

— Z1
1 = 1—z1t?

Ty = z€!, (29)

t = zs,

and removing the trivial equation £ = 1 we obtain the system in z-coordinates

71 = 22 + (21t + 1)%u,
To = a9 + telu,

which has full rank in a neighborhood of the point g = 0 where the vector field
f equals zero.
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€ HEeaBTOHOMHHUM, Takoro, mo cucrema & = f(x) 4+ g(¢, x)u € mosnoro paury. Mu 3acro-
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€ asronomunM, a came g(z) = (1,0)T. Takoxk Mu HaBOSMMO MpUKJIAJ HeMiHIfHOrO Be-
kroproro noys f(z) = (22, 22)T B oxosi mowaTKy Koop/MHAT; BiNNOBiNHE HeABTOHOMHE
BekTOpHe Tote Mae Burytsan g(t, ) = ((z1t + 1), te!)?.
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Biological tissues and their artificial substitutes are composed by different fibers
and possess complex viscoelastic properties. Here the most popular 3-element
and 5-element rheological models of human soft tissues as viscoelastic bodies
are considered accounting for the time delay between the load and mechani-
cal respond of the material. The obtained data compared to the experimental
curves got on the vessel wall and heart tissues.

Keywords: active biomaterials; visoelastic fluids; rheology; mathematical
modelling.

CoutositoBa O. M., Kizimoa H. M. MlaTremaTtuyne MmoaesitoBaHHs 6ioakTuB-
HOl aprepianbHOl crimku. Biojoriumi Tkanmam Ta X IMITYyYHI 3aMiHHUKA
CKJIJIAIOTHCS 3 PI3HUX BOJIOKOH i MaIOTh CKJIAHI B SI3KO-TIPY?KHI BJIACTHBOCTI.
B poboTi posrisuyTi HaftonynsapHinm 3-eJieMeHTHI Ta 5-eJleMeHTHi peosoTivuHi
MOJeNi M'SKMX TKaHUH JIOAUHU SK B’SI3KOIPY2KHI TijIa, [0 BPAXOBYIOTH 3a-
TPUMKY Yacy MiK HaBaHTaKEHHSIM Ta MeXaHI9HUM Binrykom marepiamy. OTpu-
MaHi JaHl TOPIBHIOBAJINCH 3 €KCIIEPUMEHTAJIPHUMA KPUBUME OTPUMAHHUMH HA,
CTIHKII Cy/IUH i TKAHUHAX CEPIIH.

Kmowosi crosa: akTuBHI biomaTepian; B’ I3KONPYKHI PiIMHT; peosioris; MaTe-
MATHUYIHE MOJICTIOBAHHSI.

Couosbea E. H., Kusunosa H. H. MaTremaTu4ieckoe MmozejanpoBanue ouo-
aKTUBHOII apTepuaibHOI cTeHKU. Buosiornieckne TKAHN U UX UCKYCCTBEH-
Hble 3aMEHUTEJN COCTOAT U3 PA3HBIX BOJOKOH U XaPAKTEPUIYIOTCSH CIJIOKHBIMU
BSA3KOYIIPYTUMHE CBoO¥cTBaMu. B pabore paccMaTpuBaroTcs HanboJsee Moy Isap-
Hble 3-3JIEMEHTHBIE U H-3JIEMEHTHBIE PEOJIOTMYECKHE MOJEIN MSIIKUX TKaHen
9eJI0BEKa KaK BI3KOYIPYTUX TeJI, YIUTHIBAIOIINE 3alla3bIBAHIE BO BPEMEHU
MEXK/JIy HATrPDY3KOHl M MEXaHHIECKMM OTBeTOM Marepuasia. llojydennbre nan-
Hbl€ CPABHUBAJIUCH C SKCIEPUMEHTAIHHBIMU KPUBBIMU, [TOJIY9€HHBIMA HA CTEH-
KaX KPOBEHOCHBIX COCY/JIOB U TKAHSAX CEP/IIA.

Karouesvie cao6a: ak THBHBIE OMOMATEPUAJIBI; BA3KOYIIPYTHE XKUJIKOCTU; PEOJIO-
I'Usl; MATEeMaTHIeCKOe MOJIEJIMPOBAHUE.
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1. Introduction

Bioactive materials are biological tissues or artificial materials that can
perform a mechanical work at the expense of chemical reactions, conformational

(© H.N.Solovyova, N. N. Kizilova, 2018
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changes, micro- and mesostructure formation and remodeling [1|. Such materi-
als are abound in biological organisms like skeletal, smooth and cardiac muscles,
flagella and cilia in bacteria, cytoskeleton and molecular motors in the cells [2].
Recently novel artificial solid and liquid materials with complex chemical and
physical properties, reinforced by the micro- and nanofibers or other inclusi-
ons, porous materials with active reaction on the mechanical, chemical, electrical
stimuli have appeared [3]. The external signals evoke contraction of the fibers,
remodeling of the internal micro/mesostructure, produce phase transitions, fluid
flows, mass and heat redistribution and related physical phenomena [4]. During the
last years a novel concept of biological active fluids (BAF) has been elaborated
and developed [3, 5|. Initially concentrated suspensions of biological cells were
considered as active biofluids, but nowadays the artificial suspensions and emulsi-
ons of colloidal particles, fibers and other inclusions that are able to change their
shape, size or/and physical properties depending on the nature and amplitude of
the external signal have been designed and studies. BAFs are used in the microbi-
ological reactors for the chemical, pharmaceutical, energetic applications. They
are also promising compounds of modern microfluidic units, labs-on-a-chip, fuel
cells and other micro/nano technologies [3, 4, 5. For instance, in the new version
of smart Apple watch ver.4 BAF is used for visualization of information taken
from the human body via the chemical/electrical skin signaling.

The first mathematical model of the active biological material was proposed
by A.Hill in the form of a hyperbolic relationship between the tension (or load)
F in the muscle and its active velocity of contraction v:

(F+a)(v+b)=(Fy+a)b,

where Fj is the maximum isomeric tension/load in the muscle, a and b are coeffi-
cients. It describes the 1D contraction in the term of the dissipation function
approach to the active muscular work [6].

The corresponding continual equation for 1D muscular tonus of blood vessels
has been postulated in the form [7].

do Oe
— = FEe — + A 1
T18t+a +7'28t+ ) (1)
where ¢ and ¢ are stress and strain, 7, 79 are the relaxation times, A is a control

parameter.

In the biological materials the control over the stress-strain relation is provided
by local concentrations of some chemicals (Ca, NO) released by special cells.
Therefore, the rheological equation (1) with the source term A = A (Ceq, Cno, --.)
must be completed by the corresponding balance equations for the concentrations
{Cj }?:1 (8]

A simple model for the active blood vessel with changing radius
R(< o >,<p>), where < ¢ > and < o > are the averaged shear stress and
pressure in the vessel postulated in the form

R(t)=[f(R,o(t—m),p(t—72),..) (2)
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accounting for the delay in response of the corresponding stress and pressure
receptors in the vessel wall, and completed by the Poiseuille flow based equations
for the shear stress and pressure has been proposed in [9]. The solution was
sought in the form of small excitations R = Ry + R, 0 = oo +0', p = po + 7/,
{R',0",p'} = {Rq,04,p4} e where the subscripts 0 and a relate to the steady
state and amplitudes. The stability condition Re (A) < 0 led to some conditions
on the function f (R,...) and its derivatives.

The model (1) has been generalized in [10, 11] for the nonlinear viscoelastic

Kelvin-Voigt body

de do
Tga+€—F(0)+ﬁE+A(0) (3)

where F(o) is the passive law function, A (C) is the control function via the
concentration(s) of active chemical components.

In this paper a comparative study of the existing discrete rheological models
and their continual analogies with the experimental data is carried out in order
to conduct the identification of material parameters of the models on a minimal
set of experimental measurements. The loading and relaxation curves for those
models at the isometric, isotonic and oscillatory experiments have been studied in
[12, 13]. Since in the experiments with soft biological tissues the dynamical loads at
different extension rates are usually used, the corresponding mathematical models
are needed for the adequate treatment and analysis of the experimental data.

2. Rheological model without regard for the tima delay.
2.1. Three element model with one active element.

The model is represented (Fig.1 a) by two elastic spring elements correspondent
to the passive elastic behavior of the outer £ and internal Es collagen structures,
one viscous component pu, and the active element that produces immediate
mechanical response f = kie + kog proportional to the local strain ¢ and strain
rate €, ¥ = d x /dt. The model is a modified viscoelastic Zener model with
one active element. Passive Zener model is widely used for interpretation of the
experimental data obtained on single cells by atomic force microscopy or optical
tweezers [14, 15]. The rheological equation for the model is [13] :

(ko + )6+ (k1 + E2)o = Ey (Ey + k1) e+
(4)
(B (kg + p) + (B2 + k1) p) € + phot.

In the experiments with muscles a linear extension
e(t) =kt (5)

with a constant extension rate ¢ = k is applied. Then the resulting rheologi-
cal curves o (t) can be obtained from (4) after substitution (5) with the initial
conditions

o (ty) = oo (6)
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and compared to the experimental curves oy, () measured by the stress sensors.
Solution of (4)-(6) is

(7)

E
o (t) =ku+ Eikt + (00 — k) exp (—Mt> .

ko + p
When the external strain (5) is applied until the stress
o1 =0 (t1) (8)

at some t = t; is reached and then the material got released, the relaxation curve
orel (t) can be obtained from (4) at € = 0 with initial condition (8) in the form

Orel (t) = 01€xp <—E2 + ];1 (t - t1)> . (9)

For the dynamical experiments with a linear growing stress o (t) = ko + kt applied
to the viscoelastic body, the corresponding solution of (4) with initial conditions

e(to) =0, £(to) =0 (10)
1 Ek k) nuk kk
e(t):( ! 0‘5 )1 2(1 = exp(—hot)) + 244
E7 FEq (11)
(exp (—A1t) — exp (—Aat))
C3 ((Eirko — pk) pkodo + pEikks) O — o) B2 ;
where ) 5 L L 5
Alng(i A2_4B_A)’ A:( 9+ k1) p+ (k2 + ) L
’ 2 ,u]{}g
B Ey (Ey + k)

The corresponding relaxation curve for the strain can be obtained from (4) in
the similar way and has the form

Ael + €1
A1 — A9

Aog1 + €1

Erel (1) = €1 + S

exp (—Aat) — exp (—Mit), (12)
where €1 = € (t1), €1 = € (t1), t1 is the time instant when the sample got released
from the load (o = 0).

The stress relaxation curve (3) exhibits simple exponential decay with time,
while the strain relaxation demonstrates two-step dynamic with initial faster and
final slower decays that is more proper to the biological materials. For the constant
loads ¢ = 0* = const and € = €* = const the expressions (7),(9),(11),(12) give
the corresponding curves obtained in [13].

Dynamical experiments on the model (4) with a periodical load o (t) = gge™?,
where w is the frequency of the load produce the oscillations of strain in the form

e = goe’WHtY), (13)
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where eg = Aoy, A and ¥ are the amplitude and phase shift which are complex
functions of all the material parameters of the model. The expressions are not
presented here for brevity. The corresponding simpler expressions for the case
k1 =0,k = 0 are given in [13].

Viscoelastic properties and active reaction of the material lead to the phase
shift between the applied load and produced strain oscillations. As it is known
from vast experimental literature, the shift is negligible in the healthy tissues and
noticeable in the case of pathologies connected with water accumulation in the
tissues (oedema) and the active respond of the material to the applied load and
its time dependent parameters [16].

a
Fig. 1: Three element (a) and five element (b) rheological models with one active
element.

2.2. Five element model with one active element.

The more detailed five element rheological model (Fig.1b) of an active biologi-
cal material like muscles is described by the corresponding rheological equation

[13]
pkaG + ((k2 + p) E3 + (B + ki) ) 6 + Es (k1 + E2) 0 =
EVE3 (B2 + ki) e+ (E1E3 (k2 + p) + (B2 + k1) (B1 + E3) p) €+ (14)
p (B + E3) koé,

where E1, Eo, p, ki, k2 have the same meaning as in (4), and FEj3 corresponds
to passive elastic tissues which are in a series connections with the contracting
muscle fibers. This model better explains the rheological behavior of the stresses,
over trained or diseased tissues. Normal circular muscles in mammals as well as
active contracting structures in insects and mollusks also have serial inclusions of
passive tissues [16].

The isotonic, isometric and oscillatory experiments with model (7) have been
studied in [12, 13|. Let us consider the linear extension in the form (5) applied to
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(14) with the same initial conditions (6); then to solution reads

00 + A2 (UQ—C) — Fk

t)=C+ Eikt
o(t) + Lkt + N — M\

exp (—Ait) +

Eik — 69— A1 (00— C)
Ao — A\

Cy exp (—Aat),

/\12=1<Ai\/m>, A:((k2+'u)E3+(E2+kl)M)’
c2 ko
_Es(+Ep) _ (B2+ k1) (Ey + E3) E3 — E1Esk)

) ko
For the linear growing stress o (t) = ko + kt the solution of (14) with initial

conditions (10) is

k k/E 4+ \C k/Ey + M\ C
H=C+ —t+ T2 eap(—Ait) — L2 eap (— Mot 16
e(t) C'+E1 * A1 — A2 ewp (=Ait) A1 — A2 ewp(=2t),  (16)
N (ExEs (ka + 1) + (Ba + ) (Bx + E) )
+u)+ (B2 + k1) (B + E3) p
Mo=-(+V/A2—4B—A), A=-13172
b2 2< >’ p(Er + E3) ko ’
_ B B3 (Ey+ k) _ (ke +p) B3 + (B + k1) ) k + E3 (ki + Ea) ko
o (E1 + E3) ko ’ EqE3 (EQ + kl) .

The corresponding relaxation curves for the five element model can be also
written in the forms (9) and (12) accordingly. Despite the tree element model, the
five element one exhibits the two time relaxation processes for both stress and
strain relaxations that is more common for the biological tissues especially in the
pathological state [14, 15, 16].

Dynamical experiments with the model also produce a phase shift between
the applied oscillating load and the resulting oscillations of the measured strain
in the form of (13) with different more complex expressions for the amplitude A
and phase shift .

3. Rheological models with time delay.

3.1. Three element model.

The active respond of the biological tissues is determined by reactions of the
corresponding receptors or mediated by chemical reactions [16]. This response
can come with some time delay or even two times in the case of different sensors;
therefore, the active delayed response (2) can be written in the form of the control
function

f(t):]{518(7&*7'1)+k2€'(t*7'2), (17)

where 7, 79 are the delays for the strain and strain rate receptors.
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Then instead of (4) one can obtain the following rheological equation

Uo (t) + Esro (t) = E1FEse (t) +
(18)
p(Er+ E2) € (t) + p (ki€ (8 — 1) + kol (t — 72)) .
For the dynamical experiments with a linear growing stress the solution of the
resulting equation

o (El + EQ) € (t) + E1Ese (t) + pkoé (t — TQ) + pki€ (t — 7'1) =

(19)
pk + Ea (ko + kt) .
can be found in the form
k Fiko — k
—\t 1R0 1% —\t
e (t) = epe +E1t+Ef(1_e ) (20)

where €9 = ¢ (t) and the constant A is a solution of the transcendental equation
similar to [9]:

E1Ey = M\u(Ey 4 E») + phihe™™! — pko\2e? (21)

For the dynamical experiments with oscillating external load
o (t) = oge™® (18) gives the following non-uniform ODE with delay

p(Ey + E2) € (t) + E1Ese (t) + p (ki (t — 1) + koé (t — 12)) =
(22)
ooe™t (Ey + iwp)

Solution of (22) can be found as a superposition of the oscillating and non-
oscillating terms

£ (t) = Aoy (ei<wt+¢> - e“Hf) : (23)
where
4= \/(E2f1 +wufa)? +w? (ufy + Eafo)?, ¥ = atan <
f1 = E1Es — pkow?cos (wr1) + wpky sin (wTs),

w(pf1 +E2f2))
Exfi +w?nfa )’

fo = wp(E1+ E) + wpkasin (wty) + pkicos (wte), A is the solution of the
transcendental equation F1FEo — A\ (E1 + E9) = p ()\kle*/\ﬂ — )\21626*)‘72).

3.2. Five element model.
For the five element model (Fig.1b) with delay instead of (13) one can obtain
the following rheological equation

n (ElEQ + E1FE3 + E2E3) e+ E1EoFE3e+

(24)
Esp (k1€ (t —71) + koé (t — 72)) = EoE3 (ko + kt) + (B2 + Es) k
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that has the solution in the form

_ k E1Esky — pk (Eo + k1)
t) = gge ™M 4+ —t
e(t) =eoe” " + E + F2E,

(25)

where g9 = € (t) and the constant A is a solution of the transcendental equation

E\EyFEs = j(E1Ey + E1FE3 + E3F3) A+ EspkiAe™ — FEyuko A2’ (26)

For the dynamical experiments with oscillating external load the correspondi-
ng solution of (24) is similar to (23).

4. Numerical results and discussions.

Numerical computations on (7), (9),(11),(12), (15), (16) have been carried
out with following model parameters: Fy 53 = 10° — 108Pa, p =1 —10% Pa - s,
T2 =10 =50 s, k1 = 10 — 10" Pa, k3 = 10 — 100 Pa - s. The results have been
plotted in the non-dimensional form using the characteristic values o* = 10*Pa,
t* = 5 min. The load was applied at 0 < t < 10 and then relaxed at ¢t > 10.

Typical time dependencies of the measured non-dimensional stress over the
non-dimensional time o (¢) are presented in Fig.1 for the three-element (Fig.2a)
and five-element (Fig.2b) rheological models with one active element without
delay. In comparison to the isometric experiments [13] both models exhibit faster
dynamics of the stress growth due to the linear terms in (7),(15). The three-
element model has the only relaxation time A~! that is a complex combinati-
on of the model parameters. Therefore, identification of the parameters Eik
and pk can be carried out on the growing part of the o (t) curve (Fig.2a) and
only the combinations of the parameters can be determined. Then the value
A~ = (ko + p) / (B2 + k1) can be identified on the relaxing part of the same curve.
Knowing the combinations E1k and uk, the values, the parameters FEs, k1, ko can
not be separately determined. As it was shown in [13] in the case of a passi-
ve model the oscillatory experiments give an opportunity to determine all the
material parameters separately. In the case of the active material with two more
unknown material parameters ki, k2 even the dynamical experiments will not
allow determination of all the parameters. In the case of biological materials some
additional chemical treatment changing elasticity of the fibers (i.e. E1, E3 or E3)
could be useful [14, 15] .

The five-element model demonstrates two-phase relaxation with different
relaxation times )\1_1, Ay ! that correspond to the bigger and smaller positive roots
of the related quadratic equation in (15). This is an essential feature of dynami-
cal behavior of complex viscoelastic materials even without any active response
[13]. Again, in the case of one active element the identification of the material
parameters is somehow complicated, because all the parameters are introduced in
the values Afl, Ay Lin certain combinations only. The dynamical experiments give
an opportunity for complete identification only for a passive five-element material
[13].
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Fig. 2: The non—dir%ensional stress curves for the dynamical experiments (linear
load and relaxation) for the three-element (a) and five-element (b) models for
E; = 10°Pa, u = 100 Pa - s, ki = 10Pa, ky = 100 Pa - s; the curves 1-3
correspond to Ey = 10%;5 - 10°; 10Pa; the values for E3 has been computed to
get similar dynamics of the stress increase during the load period.

The influence of the time delay is illustrated by Fig.3a,b. Here the results of
experiments with load and relaxation at different load rates k=0.1;1.10 have been
computed. As it is known from biomechanics of soft tissues, the larger stresses and
elongations can be achieved at lower loading rates, both stress and strain rates
[17] . Similar dynamics is visible on the five-element models without (Fig.3a)
and with time delay (Fig.3b). When the delay is absent (passive material), the
changes from the load to relaxation are resented by sharp changes in the tangents
to the loading and relaxation curves (Fig.3a). The delay prolongs the ‘respond’
of the material after the transition from load to relaxation and the correspondent
transition is presented as a smooth line for all the strain rates applied (Fig.3b).
This smoothness is almost insignificant at short delays, and for visibility purposes
it has been taken quite large comparative to those detected in experiments with
active muscles [17].

An alternative representation of the rheological representation of the cycli-
ng loading-discharge experiments is usually presented by the stress-strain o (£) or
stress-strain rate o (€) curves [17]. The discharge curve is always located below the
corresponding load curve because of some energy dissipated during the deformati-
ons. Some sets of experimental data with aortic wall and muscles [17] have been
chosen for testing the studied 3-element and 5-element models. Due to different
amounts of elastin and collagen in the vessel wall and muscles, the o (¢) curves
exhibit high elongation at lower loads when the actin fibers participate in the
deformation, followed by smaller elongation at higher loads when the more rigid
collagen fibers participate in the deformation (Fig.4a). The differences between
the corresponding load and discharge curves in each cycle of load are small because
of the high efficiency of the muscle work and negligible energy dissipation. Based
on the experimental data, the parameters of the 3-element and 5-element models
without delay have been identified by the least square method. As it is shown
by Fig.4a, the 3-element model when being well matched to the low loads does
not correspond to the dynamics at the high loads, for both models (without or



Bicuuk XHY, Cep. «Maremaruka, NIpuk/IaIHa MaTeMaTUKa 1 MexaHikas, rom 88 (2018) 53

with delay). The 5-element model better correspond to the experimental data.
The model without delay being well matched to the low loads, underestimate the
stress, while the model with delay is overestimate it.

o
1

0.5

a
Fig. 3: The non-dimensional stress curves for the dynamical experiments for the
five-element model without (a) and with (b) delay; the material parameters are
the same as in Fig.2; the curves 1-3 correspond to k = 0.1;1; 10.

In Fig.4b the load-relaxation curves computed on the rheological parameters
identified from the experimental curves (Fig.4a) on the 5-element models are
presented. The curves 1-3 correspond to the same strain rates k=0.1,1,10, while
the solid lines depict the model without delay while the thin lines shows the
relaxation curves for the 5-element model with delay. The last model shows again
the smoother dynamics, because at the beginning of the relaxation the delay in
the active respond influences the initial part of the relaxation curves. Moreover,
the models without /with delay again slightly over/underestimate the reaction of
the active material to both load and relaxation.

& (kPa) o (kPa)

4o} 40}

30f 30F

20 201

10 10

0 0.5 1 & 0 0.5 1 £

Fig. 4: The dir?lensional experimental o (g) curves for the aortic wall (a) heart
tissues (b); the curves 1-3 correspond to the strain rates 0.1,1,10 s ~!, the symbols
& and A correspond to 3-element models without and with delay, the symbols B
and e correspond to 5-element models without/with delay.
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Similar results have been obtained for the experimental data (Table 1)
measured on the heart tissues [18] . It was shown, a five-element rheological model
better corresponds to the experimental data than the standard three-element
model [18] . The model differs from one presented in (Fig.1b) by the second vi-
scous element () instead of the active element used in our model. It means,
the 5-element model in [18] corresponds to our 5-element model without delay
and k; = 0 . The experimental data have been obtained on 10 samples of human
heart tissues and exhibit significant scatter. The identified values of the model
[18] parameters correspondent to our model are given in Table 1. The numerical
data correspond to the mean experimental values. The comparative study reveals
very good agreement between the experimental data measured on heart tissues
and our modeling results (Fig.4b).

Table 1: Averaged measurement data for the material parameters of the 5-element
rheological model [18] and our model presented in (Fig.1b); the Young modules
and viscosity are measured in M Pa and Pa - s respectively.

Experimental data Computed data

£ Eq E, Es M1 M2 Ey | Ey | Es |p1 | p2
0.1 | 0.92+] 0.31%| 0.284+| 32.2+| 1844 0.88 | 0.26 | 0.22 | 30.8 | 18.1
0.80 0.25 0.22 23.8 16.0
0.2 | 1.69+| 0.49+| 0.38+| 55.8+| 25.3+| 1.67 | 0.46 | 0.31 | 54.6 | 24.9
1.40 |0.36 | 0.27 | 38.9 19.0
0.3 | 2.50+| 0.73+| 0.58+ | 83.4+| 37.54+| 2.44 | 0.69 | 0.52 | 81.8 | 36.9
1.86 | 0.51 0.37 | 58.6 | 24.6
0.4 | 3.29+| 0.97+| 0.8t | 109.94 49.14+| 3.25 | 0.93 | 0.74 | 108.4| 48.5
2.11 0.59 | 044 |68.6 | 26.1
0.5 | 4.07+| 1.234| 1.114+| 143.94 65.04| 4.02 | 1.19 | 1.06 | 142.1| 64.3
2.25 0.71 0.54 | 94.8 31.2
0.6 | 4.89+ | 1.44+| 1.254| 165.34 77.2+| 4.83 | 1.40 | 1.21 | 163.9| 76.3
2.40 | 0.58 | 0.53 |6.76 | 3.04

5. Conclusions.

Based on different experimental data, it was shown the 5-element rheological
models better correspond to the experimental curves measured on soft viscoelastic
biological tissues during their mechanical load and relaxation. Nowadays the most
popular rheological models are 3-elemtns and 5-element passive models with 2(3)
elastic and 1(2) viscous elements accordingly. The more complex model with one
active element reacting additively on both strain and strain rate changes with two
different time delay was found perfectly corresponding to the experimental studies
on different viscoelastic samples. In the presented study the differences between
dynamical behavior of the 3 and 5-element rheological models without /with time
delay in the load/discharge experiments have been studied. It was shown, the time
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delay is essential to distinguish the realistic behavior of biological active (live)
tissues. The constitutive relations for 3-element and 5-element models without
and with delay were obtained and studied for the linear strain load experiments.
The obtained data were compared to the experimental curves measured on the
vessel wall and heart tissues. The better correspondence is detected for the 5-
element curve that exhibit two-time relaxation, and for the model with delay.
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Coutositopa O. M., Kisisioa H. M. MaremarudyHe Mmoae/ifoBaHHsa 6i0aKTUBHOI apTe-
piasmbHOT crinku. Biosioriuso akTuHi Marepiaiu - 1e 6i0J0TIYHI TKAHUHE 800 IITYYHI
MaTepiajim, siKi MOXKyTh BUKOHYBATH MEXaHIYHY pOOOTY 3a PaXyHOK XIMIUHUX peakIliif,
KOHMIpMAIIfiHUX 3MiH, (hopMyBaHHs MIKpPO - Ta ME30CTPYKTYPH Ta PEKOHCTPYKINi. Ta-
KUX MaTepiajiB 6araro y OiosoridHmX opramizMax, TaKUX AK CKEJeTHi, TJIaJaKi Ta cep-
1eBi M’s13M, JLKTYTUKHU Ta Bil B 6aKTepidx, IMUTOCKETET i MOJEKY/IIPHI MOTOPHU B KJIITH-
nax.BioJsorivni TKAHUHT Ta X MITYYHI 3aMiHHUKT CKJI/IAI0THCS 3 PI3HUX BOJIOKOH i MalOTh
CKJIQJIHI B’sI3KO-TIPY2KHI BJIACTUBOCTI. BifmoBimHiCTh MaTepiajbHUX IIAapaMeTpPiB IIPUPO-
JTHUX Ta 1HKEHEPHUX MATePiaiB MpU PI3HUX peKMMaxX HABAHTAYKEHHS Ta PETAKCAIll Mae
BasKJIMBe 3HAYEHHS I X yCHinmHOl Ta TpuBasiol poboru. [lepma maremarnana mMozmersb
aKTUBHOIO GiosioriyHoro MarepiaJy OyJia 3ampornonoBada A. XijioM y BUJIsIl IinepboJi-
YHOrO 3B’s13Ky MiXK HANIPYTO (260 HABAHTAXKEHHSIM) B M 5131 Ta HOTO aKTUBHA MIBUIKICTH
cTuCHeHHs. B po6oTi po3ryisHyTi Halomy IApHiTT 3-eJIeMeHTHI Ta H-eJIeMEeHTHI peoJtori-
9HI MOJEl M'SIKUX TKAHWH JIFOJUHU sIK B’SI3KOIPYZKHI TijIa, M0 BPAXOBYIOTh 3aTPUMKY
qacy MiK HABAHTAa’KEHHSM Ta MEXaHIYHUM BiITYKOM MaTepiasy. 3aTpuMKa 9acy CTOCYE-
ThCsl JIUIIE aKTUBHUX (2KUBKX ) 6iosoriyaux marepiasis. B pofori MojieioeTbest ak TuBHAN
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BIAI'YK $IK JIOJATKOBA JIHIHA B’sI3KO-€JIACTUYHA PEaKIlisi Ha MIBUIKICTH JedopMaril Ta
nedopmariii marepiaay. ¥ O0loJOriYHHX TKAHMHAX TAKUN BIATYK 3a0e311€9yeThCs Pi3HU-
MU JIATYUKAME 1, TAKUM YHHOM, MOJIEJTIOETHCS PI3HUMU 3aTpuMKaMu dacy. Orpumani ta
JTIOCJTiT?KEeH] PIBHSHHS JIJIsT 3-€JIEMEHTHUX Ta H-eJIeMEeHTHHUX MoJieJieit 6e3 3aTpUMKH i 3 3a-
TPUMKOIO 9acy, Ta BUBYEHI Jijis JIHIAHUX j1edopMarliiil mpu eKcrepuMenTax. BigMiHHOCTI
Mi2K MOJIEJIIMU OIUCYIOThCS B TePMiHAX HaBaHTaXKeHHs-pejakcallisi Kpusux. Orpumani
JaHl OPIBHIOBAJINCH 3 €KCIEPUMEHTAJIHPHIMI KPUBUMHA OTPUMAaHHUME Ha CTIHKIN CYIUH
i Tkannnax cepig. Kparma Binmosinmicts Oyia oTpuMaHa Iyt H-eJIEMEHTHOI KPUBOI, KA,
JIEMOHCTPYE JIBOPA30BY PEJIAKCAIIiIO, 1 JIJIT MOJEN 3 3aTPUMKOIO.

Kmowosi croea: akTuBHI GiomMaTepian; B’ I3KONPYKHI PIUHN; MATEMATHIHE MOJIETIOBA-
HHSI.

H. N. Solovyova, N. N. Kizilova. Mathematical modeling of bioactive arterial wall.
Bioactive materials are biological tissues or artificial materials that can perform a
mechanical work at the expense of chemical reactions, conformational changes, micro- and
mesostructure formation and remodeling. Such materials are abound in biological organi-
sms like skeletal, smooth and cardiac muscles, flagella and cilia in bacteria, cytoskeleton
and molecular motors in the cells. Biological tissues and their artificial substitutes are
composed by different fibers and possess complex viscoelastic properties. Correspondence
of the material parameters of natural and engineered materials at different loading regi-
mes and relaxation is essential for their successful and long time performance. The first
mathematical model of the active biological material was proposed by A.Hill in the form
of a hyperbolic relationship between the tension (or load)in the muscle and its acti-
ve velocity of contraction. Here the most popular 3-element and 5-element rheological
models of human soft tissues as viscoelastic bodies are considered accounting for the time
delay between the load and mechanical respond of the material. The time delay is only
proper to active (live) biological materials only. Here the active respond is modeled and
the additive linear viscoelastic reaction to the strain and strain rate of the material. In
the biological tissues such respond is provided by different sensors and, thus, is modeled
by distinct time delays. The constitutive relations for 3-element and 5-element models
without and with delay are obtained and studied for the linear strain applied experi-
ments. The differences between the models are described in terms the load-relaxation
curves. The obtained data compared to the experimental curves got on the vessel wall
and heart tissues. The better correspondence is detected for the 5-element curve that
exhibit two-time relaxation, and for the model with delay.

Keywords: active biomaterials; visoelastic fluids; mathematical modelling.
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Yuciaennoe MoOJeJIMpoBaHe TepMOJAMHaAaMUKN
sSJIEPHOr0 peakTopa Ha OBICTPBLIX HeliTpoHaX
2Kydaenko C. B.

Xapvroscruti Hayuonasvrutl yrusepcumem umenu B. H. Kapasuna,
na. Ceobodw, 4, 61002, Xapvros, Ykpauna
stanislavzhuchenko @ukr.net

B crarbe mnpejjiaraercsi aJropuTM pelleHUsi JIBYMEPHON HadYaIbHO-KPAEBOMH
3aJ1a9¥, BOSHUKAIOIIEH [IPU YMCJIEHHOM MOJIEJIMPOBAHUN OBICTPO IIPOTEKAIOIIUX
MIPOIIECCOB TEPMOIMHAMUKH, KOTOPHIE MPOUCXOIAAT B KACCETe U3 HECKOJIbKUX
TEIIOBBLIEISIONIIX JJIEMEHTOB, & TAKYKe B IIPUMBIKAIONNX K Hell KOJJIEKTOPaX.
Tak>ke mpeCcTaB/IEHBI PE3YJILTATH HEKOTOPHIX BBIUUCIUTEIHHBIX SKCIIEPUMEH-
TOB, IIPOBEJEHHBIX C IIOMOIIBI0 ABTOPCKOii rporpaMMbl [I9BM.

Kaouesvie caosa: KacceTa TEIIOBBIIESIONIAX 3JIEMEHTOB; PACIPEICINTE b
HBIE W COODHBI KOJIJIEKTOPBI; TeJIMEBBIl TEIJIOHOCUTENb; TypPOyJIeHTHBIE
TeYeHUs; BO3BPATHBIE MIOTOKM; ABAPUIHAS CUTYaIlldsi; TDAEKTOPUU CBOOOIHBIX
BUXPEH.

Kyuenko C. B. HucesbHe MOOe/SIOBaHHSA TEPMOAWHAMIKHU sIJEPHOTO
peakTopa Ha OIBUAKUX HEUTPOHAX. Y CTATTI TPONOHYETHCA AJTOPUTM
pO3B’d3aHHs JIBOMIPDHOI OYATKOBO-KPANOBOI 3a/adi, IO BUHUKAE IIPU YH-
CEeJTbHOMY MOJIETIOBAHHI MIBUJIKO MPOTIKAIOYUX IPOIECIB TEPMOINHAMIKA, K1
BiIOyBAIOTHCA B KaceTi 3 JEKIIbKOX TEIIOBUILIAIONNX €IEMEHTIB, & TaKOXK B
KOJIEKTOpaX, M0 MPUMHUKAIOTHL J10 Hel. Takoyk TpeJcTaB/ieHI pe3ysIbTaTh Je-
AKUX OOYUCITIOBAILHAX €KCIIEPUMEHTIB, ITPOBEJIEHUX 3 JOTIOMOIOI0 ABTOPCHKOL
nporpamu [ITEBM.

Karowosi caosa: Kacera TEIIOBUIISIOYAX €IEMEHTIB; PO3IOMIIbHAN 1 30ipHwMi
KOJIEKTOPHW; TeJi€BUIl TEMJIOHOCIHt; TypOy/aeHTHI Tedil; MOBOPOTHI ITOTOKI;
aBapiifHa cUTyallisl; TPAEKTOPil BIIBHUX BUXOPIB.

S. V. Zhuchenko. Numerical simulation of the thermodynamics of
a fast neutron reactor. The article offers an algorithm of solving two
dimensional initial-boundary value problem with computational modelling of
fast proceeding thermodynamical processes, that appears in the cassette that
consist of several fuel elements, and adjacent collectors. What is more there
are some results of computing experiments that were conducted by using
author’s PC program.

Keywords: cassette of fuel elements; distributive and collapsible collector;
helium coolant-moderator; turbulent flows; recurrent streams; emergency
situation; trajectories of free whirlwinds.
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1. Beenenne

B crarbe mpejiaraeTcst aJropuTM COBMECTHOTO DEIIeHUs HAYATbHO-KPAEBOi
3a/1a9K TEPMOJIMHAMUKY B aKTHBHOI 30HE sIJIEPHOIO PEAKTOpa Ha OBICTPHIX Heii-
TPOHAX U B IPUMBIKAIOIINX K Hell KOJUIeKTopax. B kadecTse Tensionocureist B pe-
AKTOPE UCIIOJIb3yeTCs Ta3 reJinil. £l 1epHoe TOITMBO MPEeJICTABIeHO B BUJIE KPYTJIbIX
[IAPUKOB JIMAMETPOM 2—5 MM, KOTOPBIE 3aChIIAaOTCA B AKTUBHYIO 30HY PEaKTOpPA.
D1u mapuKu B JaJbHeiieM OyyT Ha3bIBATbCsS MUKPOTBIJIAME, 8 AKTUBHAs 30HA
BMeCTe C 3alOJIHSIONUMHI €6 IMapuKaMi OyIeT HA3BIBATHCS TEIJIOBBIIEIISIIONTIM
9JIEMEHTOM HJIU TBJIOM.

B crarpe paccmaTpuBaeTcss OAWH BapHaHT KOHCTPYKIIMH TAKOTO PEAKTOPA,
B KOTODOM OJIMH TB3JI MPEJICTaBJsieT COOON KOJIBIEBYIO MOJOCTh, 00pa30BaH-
HYIO JBYMSI COOCHBIME KPYTOBBIME nurHapamu. Oba OCHOBaHMUST 9TON KOJIBIEBOI
006J1aCTH CJIeJIaHbl IPOHUIIAEMBIME U YePe3 HUX C OJIHOM CTOPOHBI U3 PACIIPEIe/Iu-
TEJIbHOI'O KOJIJICKTOPa B TB3JI IIOCTYIIaeT XOJIOAHBIN ra3, a ¢ Apyroi — HarpeTbli
ra3 U3 TBIJIa HOCTyHaeT B COOPHBIH KOJLJIEKTOD.

Ha puc. 1 mokazaHbl 0CeBOe M IIONEPEYHOE CeYeHHe KACCEeThl U3 HECKOJIbKUX
TAKUX TBIJIOB C KOJUIEKTOPAMU. B CHJIy CJIOXKHOCTH TeYeHUsl ra3a B KOJJIEKTO-
pax W B 3achIlIKe B IpeJjlaraeMoii MaTeMaTHIeCcKOil MOJIE/N BCIOILY pacCMaTpH-
BAeTCsl OCPEIHEHHOE Tedenne Tertonocurens. [Ipeanonaraercs, 9To ocpeHEHHOE
TeYEeHUE BCIOJLY CUMMETPHYHO OTHOCUTEJIBHO O0IIEll OCH IUJIMH/IPOB, 00PA3yOIIIX
KOJIBIIEBYIO OBJIACTb, &, CJIEJ0BATEILHO, OCECUMMETPUIHO, TO €CTh JAByMepHoe. Bo
BTODOIi IVIaBe PACCMATPUBAETCS MOCTAHOBKA 33129 TePMOJIMHAMUKHI U METOJ[ €
PEIIeHNs OT/IEIbHO B KaXK/IOM U3 TBIJIOB U B KOJUIEKTOPaX. B IpeKHUe To/bl aB-
TOp y2K€ paccMaTpHUBaJl YHCJIEHHbIE MOJE/U MOJ00HBIX peakTopos [1] — [4], Ho
TOrJIa MOTOK TEIJIOHOCUTEJISI B KOJIJIEKTOPAX IPEIIOJIAracs OJTHOMEPHBIM, UTO
YPE3MEPHO YIPOILIATIO PEAJbHO MOJEIUPYEMbIil (hDU3MIECKH POIIECC.

B Tperbeii ritaBe npejiiaraercst aJrOPUTM COBMECTHOTO PEIIEHUs 3a/1a49u JIjisi BCeil
KacCeThl.

B derBeproii ryiaBe MPUBOJISITCSI PE3YJIBTATHI BBIYUCIUTETHHBIX SKCIEPUMEHTOB,
KOTOPBIE TIOJIyY€eHbI ¢ TOMOIIBIO iporpamMbl [IDBM, cocraBiiennoit n oriakeHHON
ABTOPOM JIJIsI PEIeHMs TOI 3a/adr. Y TOUHSIOTCS HEKOTOPbIe OCOOEHHOCTH IIPO-
PaMMBbI, 06CY K IAI0TCS BBIYUCIUTEIbHBIC TPYHOCTH, BOSHUKAIOIINE [IPH OTJIa/IKe
[IPOrPAMMBI, U TIPEJJIAralOTCs METOJIbI UX PEOJIOJICHNUS.

2. PazsiesipHOE peliieHne JIByMEPHBIX 3372 TePMOJNHAMUKHI B
TB3JIE u kojekTopax

B manmOM raBe Aj1sT OMMCAHMS TPUMEHSIEMON MATEMATHIECKON MOIEIN PacCMO-
TPUM pellleHne IoI00HOI 3a1a9i OTAE/IBHO JJI OJHOIO TBYJIA U OTIAEIbLHO B IIPU-
MBIKAIOIINX K HEMY PacIpeIe/MTeILHOM u cOOpHOM KoJiaekTopax. Ha puc. 2 mo-
Ka3aHO aKCHAJIbHOE CeYeHUEe TaKOW KOHCTPYKINH. TedeHrne B TBIJIE€ U KOJIJIEKTO-
pax IMpeJrojaraeTcsi HeCTallMOHAPHBIM. 3a/1ata COCTOUT B OIIPEJIEJIEHUN PAaCIIpe-
JeJIEHUST OCPETHEHHBIX 3HAYEHNIT CKOPOCTEH, IJIOTHOCTH, TEMIIEPATYPHI U SHEPTUN
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TT—ropauanii raz

chopHBIA
KOOI e K TOR

pacnpereTHTe LB
A ROITTeKTOpR

ti} - XOOXHBLNE raz

Puc. 1: Kaccera n3 TEIJIOBBIAC/JIAIOINX 9JIECMEHTOB

TEIIJIOHOCUTEJIA B TBIJIE€ U KOJIJIEKTOpPpaxX Ha BCEM 3Talle ero HarpeBsa OT MOMeEHTa,
KOT'Ta OH XOJIOZEH, JJO MOMEHTa IIOJIHOT'O HaIr'peBa. B CUJIy Typ6YJIeHTHOCTI/I IIOTOKa
ero redyeHue He 6yI[‘eT CTalluOHapPHBIM Jla>Ke II0CJIe ITIOJIHOT'O HarpeBa TeIlJIOHOCUTe-
JIgd B TB3JIaX, X OT 3TOI'0 TeMIIepaTypa HarpeToro ra3a Ha BbIXOIE U3 TaKOI'O TB3JIa
6ylLeT IIOCTOAHHO MEHATHCA BO3JI€ CBOET'O CpeJIHEro 3HaYCHUA.

2 a. ITocraHoBKa 3aJa4Yu TEPMOANHAMUKU B TEILJIOBBIEJISTIOIIEM
3JIeEMEHTe

Bajaty 1o oIpeeIeHIIo IapaMeTPOB TEIJIOHOCUTEIST B TBIJIAaX MPEJJIaraeTcst pe-
IMATh IO METOJIy peIlleHrs] HeCTAIlMOHAPHON HAaYaIbHO-KpaeBoil 3amaan. s mo-
JIy4eHUsT TAKOU 3aJladi aKCUAJbHOE CedeHre TBIJa, KaK 3TO MOKA3aHO Ha PUC. 2,
pasbuBaeTcs Ha 3djeMeHTapHble 00bEMBI. [lociie aTOro, 10 aHAJIOTHH C METOJIOM
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«II0TOKOB» [5], B TBaJIE JIsl KaXK/[OIO 9JIEMEHTAPHOIO 00'bEMA COCTABIISIOTCST MH-
TerpaJibHble COOTHOIIEHN, BBITEKAIONIUe U3 32KOHOB COXPaHEHNA MaCChl 1 IOJIHOM
BHYTpPEHHEH SHepruu:

/8'0dQ+/ p(V,m)dS =0, (1)

Si,j

rie
. . = * R —
Sij = Sf;€ij — IOBEPXHOCTb JIEMEHTAPHOIO 0ObeMa (¢ yueToM mpocBeTHO-
CTH);
. — * o e I .
Q;,j = € j&ij — d7eMeHTapHBI 06beM (c ydeToMm mopucTocTH);
€i;j — IIPOCBETHOCTDb 3aChIIKU B y3ie (i,j). B crarbe mpemmomaraercs, 9To
MOPUCTOCTH PaBHA MPOCBETHOCTH, XOTS JIETKO PEaM30BAThH U JPYIUEe BapUAHTHI;
* .
S} j — IOBEPXHOCTDb SJIEMEHTApHOro 00béMa ()]

T — BpeMms;
7 = (n,n,) — BEKTOP BHEIIHE}l HOPMaJN K IIOBEPXHOCTH Sj j;
p — IIOTHOCTH TEILIOHOCHTEJIS;
v

= (U, Vy) — BEKTOP CKOPOCTH.

'
L3
}  nmIEHEIpHYecKad ok TBYIA H KOLIEKTOPOR
t i
'Eal‘ cOopHBI KoLIeKTOp
:px KOHTPO.IbHBIE TOIKH
"i-* ]
§ ‘*‘h"""’h—. IcE000AHBIE JHCKPETHEIE BHXPH
X dmany . {} Hel 5 i
Ri X~ . _-37eMeHTapHLI 00BEM B TBI1e
- Ko ¥ Xq R | T I M

L} CYMMAapHbI€ THCKPETHEIE

- BHXPH
o e e e v o e g 2
R R Y pacIpele I T e TbHbIH
r R X Yt e Hn § .. :
nHl'o "*nﬂ-hg_ﬁx# z LO-I-.IER'TDP
L]
Hl
i
R2 1J‘
L)
x
i

Puc. 2: [Ipumep pasdbueHust akCUabHOTO CEUEHUS TBIJIA HA JIEMEHTAPHBIE
00BEMBI, & TaKzKe IOJIOXKEHHE JTUCKPETHBIX BUXPeil 1 KOHTPOJILHBIX TOYEK B
KOJIJIEKTOPAX.
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VYpaBHeHne COXpaHeHUs IMOJHON BHYTPEHHEH SHEPIUN:

dQ+/E n)dS = / (VT,7)dS — / V,n ds+/a(@§§—T)dS,
Q

. M
6J i

)
e
E — mosiHasi BHYTpPEHHsISI SHEPTUsT TEILIIOHOCUTEJIST;
P — napiieHme TEIOHOCHUTEIS;
A — adpdekTHBHAS TEIIONPOBOHOCTD TEILIOHOCHTEJIS;
« — KO3 DUIUEHT TEIJIoepeatin Ha IPAHUIE TEILIOHOCUTE/b -—— MUKPOTBIJ;
@% — TeMIlepaTypa Ha HOBEPXHOCTH MUKPOTBIJIA — IIPE/ICTABUTEIST 3aCHITKN
B 9J1eMeHTapHOM 00DbéMe (); i
T — remiiepaTypa TEIIOHOCHTEJIST;
S% — CyMMapHas II0BEPXHOCTb MUKPOTBIJIOB, PACIIOIOXKEHHLIX B {); ;.
Kpowme narerpanbubix coornorrennii (1) u (2), Ha COOTBETCTBYIONIX IPAHUIIAX
9JIEMEHTAPHOI0 00bEMa COCTABIISIIOTCs nddepeHnnaibHble YPaBHEHNsT COXPaHe-
HUsl BEKTOPa UMITyJIbca KOoJIuuecTBa qBuKenust pV = (pu,, puy):
— Ha [OBEPXHOCTSIX 9JIEMEHTAPHOIO 00BbEMA, MEPIEeHINKYIAPHBIX oc 02 IInH-
JIPOB, 00PA3YIOMUX TBJI (Jjisi KOMIIOHEHTBI PU )
opu,  OP .
Pz 08 RV Q
— Ha MUWIMHJIPUYECKUX MOBEPXHOCTAX, MEPIEHIUKYISPHBIX PaJINyCy IHAJIUHIPHU-
YECKOil IIOBEPXHOCTH (JIJIs1 KOMIIOHEHTBI pUy )

0pvy opP —
=2 _FTu.loV]. 4
8t 8T 1,) T’p ‘ < )
3necn F7;, F; — xoapdpuipenTsl 06GbEMHOTO CONPOTHBIICHNS] 3aCHIIKA B 5JIEMEH-

(2 j ’
TapHOM o61:eMe Q5.

B ypasuenusix (3) u (4) orcyTCTBYIOT KOHBEKTHBHBIE U JIUCIIEPCHOHHBIE HJIe-
HbI, IIOCKOJIbKY, KaK ITOKa3bIBalOT (bI/ISI/ILIeCKI/Ie 1 BBIYUCJ/JIUTEJIbHBIC IKCIIEpUMEH-
ThI, OHU IPEHEOPEXKUMO MAJIbl B CPABHEHUU C CUJIAME OOBEMHOIO CONPOTUBJIEHUS
3aCHhIIIKH.

Hapsiny ¢ ypasnenusivu (1)—(4) B Kakzoif sjeMeHTapHOIl stueiike (); ; pac-
CMATPUBAIOTCA U OJHOMEPHbBIE YPABHEHUS TEILJIOBOIO OaJIaHCa, COCTABICHHBIE IS
9JIEMEHTAPHBIX 00BEMOB B MUKDPOTB3JI€ — MPEJICTABUTENE MMAPOBOI 3aChINKH:

00, _
/ MO gy = / MM (S0, ;,7)dS + / Qdw, (5)
T
Wi Sk &
rie
©;,;(r) — dyHKIUSA TeMmepaTypsl B MEKPOTBEJIE;
CM — TenoéMKOCTb MaTepuaa MIKPOTBIJIOB;

MM perionpoBoHOCT MaTEpHAIA MEKPOTBIJIOB;
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() — y/Ie/bHOE TEIIOBBIJEICHIE MaTePUAJIa MUKPOTBEIA;

Wi — cdhepudeckne cjaon, Ha KOTOPbIe Pa30UBAETCI MUKPOTBIJI KOHIIEHTPU-
yeckumu chepamu pajguyca Ry = Arxk, (k=1,2,...,L);

S — IJIOMAJIb CPEJIMHHOTO CEUEHUsI 3JIEMEHTAPHOIO chpepruIecKoro cjost Wy.

Onnomeproe ypasHenue (5) BO3BHUKAET U3 HPEJIIOJIOKEHUsI O cepuaecKoit
CUMMETPHUH TEIJIOBBIX IIPOIECCOB B IApOBOM MHUKPOTBIJje. [lyist 3aMbIKaHUs CH-
creMmbl (1)—(5) ucrnosb3yI0TCst ypaBHEHNE COCTOSIHUS UJICAIbHOIO Ta3a U BbIpazKe-
HUe JIJIs1 TTOJTHON BHYTpPEHHE SHEPIUU, COOTBETCTBEHHO:

P = p(Cy - CIT, (6)
B = pC,T + (/)Uz)22'; (/)Ur)27 (7)

rae Cp, — yzesbHAs TENI0EMKOCTD TEITIOHOCUTEJIS IIPH HOCTOSTHHOM JIaBJICHHN;

Cy — yJenabHas TEIVIOEMKOCTD TEIJIOHOCUTEJIS IIPH IMTOCTOSTHHOM 0OBEME;

T — remiieparypa TeIIOHOCHTEJIS.

UuTrerpasnbhbie cOOTHONIEHUS B Bhipaxkenusx (1) u (2) mpubsmkarorcs mo Me-
TOJLy NPSIMOYTOJIBHUKOB. IIpn 9TOM, B COOTBETCTBUH C METOJIOM <«IIOTOKOB», 3Ha-
YeHNUsI [IePEMEHHBIX p U F Ha IOBEPXHOCTH 3JIeMEHTApHOro 00beéMa ; ;., TO eCTh
B ysnax (i + 3,7), (i,j+ 3) M T. 1., OIUPeJEsIOTCs ¢ IOMOIIBIO HECUMMeTPH-
YHBIX (POPMYJI JTUHEHHON SKCTPAIOJIAIIMN BTOPOrO MOPSIIKA TOUYHOCTUA U3 y3JI0B C

OeJIbIMU MH/IEKCaMMt, HallpUMeED:
B 1-5Ei,j — 0.5E'_17j npu (uz)i+%7j Z 0;
1430 1.5E7;+17j — 0~5Ei+2,j pu (Uz),iJr%’j < 0.

(®)

Suauenust nepeMeHHbIX P u T 1 UX IPOU3BOHBIX B TEX XKe y3/1aX OlPEeIEISTIOTCSI
€ TIOMOTIBIO CUMMETPUYHBIX (DOPMYJI JIMHEWHON MHTEPIOJISAIINNA BTOPOTO TIOPSIIKA
TOYHOCTH, HaIIPUMED:

Pyt = (P + Pign) /2, (9)
oT
(82 L (Ti; — Ti—1,5)/ Dz, (10)
1=35,]

B pesynbrare u3 ypasrennii (1) n (2) mosmydaercs cucreMa KOHEIHO-PA3HOCTHBIX
yPABHEHUI JJIsI TBIJIA:

P = o 6 [(puaS)is = (puaS7), 4 "
+ (pvrsr)i,j—% - (PUTST)Z‘,J‘JF%]nv

Bl = B+ 52 {(Equz)i_; ;= (Bu87), 1 5+ (BuST), ;1 —

— (EUTST)i7j+% + (Pu,S?) 157 (PuZSz)H%J + (PUTST)i7j_%

a (PU’"ST)LH% +A [(%%SZ)H%J - (%Sz)if%,j + (%ST)i,ﬁ% - (%%Sr)

+ « (@fj — T”) Slj‘ﬂ .

[

71—

L]+

1/7]75

(12)
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Annpokcumanust auddepennuanbabix ypasaenuii (3) u (4) npuBoauT K crcTEMe
KOHEYHO-Pa3HOCTHBIX yPaBHEHU:

—_ n
(pus)ih = ()i s+ O [(Py = Pian) /2 = (B0l Vlua) |0 (13)

n
n+1 n rr |7
v = (pv,)". AT (P — Py Ar — (F vp); . 14
(p T)Z"j_i_% (/0 r)l,]_,'_% + [( 1,] z,j+1)/ ( ,0|V’ T)Z,JJF% ( )
YpaBHEeHUs TEIJIOBOro bajiaHca, COCTaBJIEHHBIE JIJIST 3JIEMEHTAPHBIX 00bEMOB B MU-
KPOTBYJIaX B ypaBHEeHHUHU (5), IPUBOAAT K KOHEUHO-DA3HOCTHBIM yDABHEHUSIM:

Ar 1 M k+1 ok
(©F yn+l = (@k yn 4 AT {[)\ X (@A FH_ok g
P P 5 P 2, k+3
J b G | ArWy, U ktg Zi J T3 (15)
M k k-1
Crocob mocTpoeHnsl KOHEIHO-PA3HOCTHON CXeMbI 00CCIICUNBACT €6 KOHCCPBATHB-
HOCTB II0 MaCCOBOMY PACXO/Ly, IO HOJHONW BHYTPEHHEH SHEPIMH TEILJIOHOCUTEIS 1

TEIJIOBON SHEPIrUU B MUKPOTBIJIAX.

2 b. YucsieHHOE MOJZIEJIMPOBAHUE TAa30IMHAMUKYN KOJIJIEKTOPOB

OceBble ceveHUsT PACIPEIETUTEHHONO U COOPHOIO KOJIJIEKTOPOB IPEJICTABJIEHbBI
Ha puc. 2. B 3TuxX KoJIeKTOpax pacCMaTPUBAETCS OCECHMMETPUYHBIN TMOTOK He-
CXKIMaeMOI'0 HEBSA3KOI'O Ta3a OJIHON TeMiieparyphl. Pacripeesienre ckopocTeil B
KOJIJIEKTOPAX MpeJIaraeTcst ONpeessTh [0 MeTOLy JUCKpeTHBIX Buxpeii [6]. Co-
IJIACHO 3TOMY METO/Y BCE HEIIPOHUIIAEMbIEe CTCHKH B KOJIJICKTOPAaX U IIPOHUIIAEMAas
CETKa, COCJIMHAIONAA KOJIJIEKTOP C TB3JIOM, 3aMEHSAIOTCA HEIIPEPBIBHBIMU CJIOAMNA
KOJIbIIEBBIX Buxpeii. [Tosie ckopocTeii, BbI3BaHOE 3TUMU BUXPEBBIMU CJIOSIMU, YIOB-
JIETBOPSIET ypaBHEHUsSIM Jiljepa s HUIeaJbHON »KUJIKOCTH BO Beeil obyracT Te-
YeHus TerIoHocuTe s, HanpsizkEHHOCTb BUXPEBBIX CJIOEB Y(Z, 1) OLpeIe/IsieTcs 13
YCJIOBHS HEIIPOHUIIAEMOCTH CTEHOK KOJIEKTOPA, 10 33aJJaHHOMY HPOMUIIIO0 CKOPO-
cTell Ha ceTKe, a TaKxKe M3 OajlaHCa Pacxojia ra3a Ha BXOJE M BBIXOJE U3 KOJLIE-
kropa. [Ipu permennn HecrannmoHaApHONH KPAeBO 38/1a91 B KOJLIEKTOPAX MPUHUMa~
eTcd BO BHUMAaHHUE, YTO C TeUYCHUEM BPEMEHM BUXPEBOH CJIOI C CETKHU YBJIEKAETCs
[IOTOKOM TEILJIOHOCUTEJIsT BHYTPb O0JIACTH, U B PE3YJIbTATE TEUEHUE 3JeCh TOXKE
CTAHOBUTCs BUXPEeBbIM. OTPBIB MOrPAHUYIHOIO CJIOS HA OCTPOH KPOMKE KOJLIe-
KTOpPa MOJIEJINPYETCA HEIPEPBIBHO CXOJAIICH OTTY/Ia 110 KAcaTeJIbHON JIMHUN BU-
XPEBOil TeJIeHOM, TeM CaMbIM BBIIOJIHSAIOTCA TPEOOBAHUS IUIIOTE3bI JallIbIrnHA—
7KyKOBCKOTrO 0 KOHEYHBIX 3HAUEHUSX CKOPOCTEN W JlaBJIeHUsI BO Bcell obyacTu
TeYCHNA.

[IpakTuyeckast peajnnus3anus MeTOIA JUCKPETHBIX BUXPEl COCTOUT B IIEPEXOJIE
OT HENPEPBIBHOI'O Paclpe/ieIeHus NapaMeTPOB IIOTOKa B IIPOCTPAHCTBE U IIPOIeC-
COB M3MEHEHHsI BO BPEMEHHU K JIUCKPeTHBIM [6].

Buxpesoit cjoit Moie/iupyeTcsi CUCTEMOi TUCKPETHBIX KOJIbIIEBIX Buxpeit. He-
IIPEPBIBHBIM NPOIECC U3MEHEHNA BO BPEMEHHM I'DAHNYHBIX YCJIOBHII 3aMeHAETCHd
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crynendarsiM. [losraraercs, 4To rpaHUYHbIE YCIOBUS CKAIKOOOPA3HO M3MEHSIIOTCS
B HEKOTOPBIE pacueéTHble MOMeHTHI Bpemenu t = 0,%1,...,t,, & B TPOMEKYTKaAX
MEXKJIy 9TUMHU MOMEHTaMU OCTAIlOTCH HEU3MEHHBIMU U PaBHBLIMU 3HAYCHUAM ITUX
BEJIMYVH B HAYAJIBHONU TOYKE KarKJOI'0 IIPOMEXKYTKA.

Buxpu, pacnosio:keHHbIe Ha HEITPOHUIIAEMOI I'paHUIle, MOJEIUPYIOT KaK MpPU-
COCTMHEHHDIN, TAK U CBOOOJIHBIN BUXPEBOI CJION, U UX 00bEIMHEHUE HA3BIBACTCS
CYMMAPHBIM BUTPEGBIM CAOEM. JTUCKPETHBIE BUXPHU, MOJICJIMPYIONINE CBOOOIHBIN
BUXPEBO#l CJIOI Ha CeTKe W BUXPEBYIO IEJIEHY, CXOJMAIIYI0O C OCTPOro pebpa, Ha-
3BIBAIOTCS €80000HbiMU. BUXpU HA IpaHUIlE pA3MEIIAIOTC Ha KOJIBIEBbIX JIMHUAX,
PACIIOIOXKEHHBIX IPUMEPHO Ha PABHOM PACCTOAHUU APYT OT JIPyra BIOJL 00pa-
3yIoleil, a KOHTPOJIbHbIC TOYKHN — Ha JIMHUAX, PACIIOJIOXKEHHDBIX MEXKJ1y HUMHU II0
cepeaune. [Ipu 3TOM Ha BCeX M3JI0MaxX I'PAHUIBI PA3MEITAIOTCH BUXPU.

Ha puc. 3 nokazan rnpumep pa3Menienus JUCKPETHBIX BUXPEH 1 KOHTPOIbHBIX
TOUeK B cCOOPHOM KoJLIeKTope. binmkaiimmit K octpomy pedbpy DD cBOOOIHBII BUXPh
7 COOTBETCTBYIOIAs €My KOHTPOJIbHASA TOYKA PACIIOIATralOTCA Ha KOHYCe, KOTOPBIA
ABJIACTCS KacaTeJbHbIM K I'DAHUIIC B 3TOM MeCTe.

2 c. Ha npumepe cO0pHOro KOJIJIEKTOPA PAaCCMOTPUM aJITOPUTM
onpe/ieJIeHNs BEKTOPA IIOTOKA CKOPOCTENl II0 MeTOxy
JAUCKPETHBIX BUXPeil.

Beeném munmuaputeckue KoopauHaTel 021 (CM. puc. 3) u mepeiiaéM K bespasmMep-
HBIM BEJIMYMHAM IUPKYJIAINA, CKOPOCTH U KOOPJMHAT:
G _ 21V _ 21V
= w = = ——
g Uo Lov

—_, 5 Z:Z/LQ, T:R/LQ. (16)
Uo G

3necy G, Uy, Ly — BeIMINHBI MHTEHCUBHOCTU BUXPEfl, CKOPOCTH MOTOKA U JIMHEH -
Hble pa3Mephl 00JIaCTH, COOTBETCTBEHHO, IIPUHSTHIE 33 €IUHUILY.
Orciozia BUJIHO, YTO UCHOJL3YIOTCHA Oe3padMepHble CKOPOCTH JIBYX THUIIOB W H .
Me>k/ly HUMH BBIIIOJIHAETCS COOTHOINEHNE W = GU.

PaccMoTprM KOJIBIIEBOI BHXPBH pajiyca 71, PACIOJIOKEHHBIH B IIJIOCKOCTH
z = z1. OceBy10 U pajiajIbHYIO COCTABJISAIONINE Oe3pa3sMePHOl CKOPOCTH, BbI3BaH-
HOi1 9TUM BUXPEM B TOUYKE € KOODJMHATAMU 20, T, OUpee/seM no gpopmynam [6]:

27
- 0)de
v — _rl/ (r1 —rocosf) . (17)
2 J [(z0 — 21)2 + 12 + 1% — 2ryrg cos 4]2
2m
oy = — (20 — 21)71 / (cos 0)db _ (18)
2 [(20 — 21)2 +1r? + 12 — 2r17g cos 0] 2

Bespasmeprbie CKOPOCTH U, U ¥ MOTYT OBITH BBIPAYKEHBI U€PE3 TTOTHBIE DJITUIITH-
YeCcKre MHTErPaJibl IepBoro u Broporo poja K u E ¢ mojysiem

4?”17’0
(20 —21)2 + (rg —11)?’

E* = (19)
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] —

@ -cymMMapHBIii IHCKPETHBIH BUXPb
O -CBOOOAHBIN AHCKPETHBIN BUXPH

¥ - KOHTPOJILHAS TOYKA

N T SRR - b e S — S S - ]

Puc. 3: Pacnpenenenne Buxpeil 1 KOHTPOJIbHBIX TOYEK Ha IpaHuIle o0JacTh B
COOPHOM KOJIJIEKTOPE

IIpu sTom
3
K= / , E= / V1 — kZsinyda). (20)
/ 1— kQSmw /

B pesysbrare Boipazkenust (17) u (18) npuBogsTcst K CJIey0OMEMy BHLY:

1 2 — k2 r1 k2
3 ’ ’ , — E — 2K - 77E ’
v:(20,70, 21,71) \/)Zo — 212+ (ro — r1)? (1 — k2 ro 1 — k2 >
(21)
(20,70, 21.71) = — E-2K|. 22
T P T o 1= R ()

Cucrema u3 BUXpel HHTEHCUBHOCTH ¢;, PAJIUYCA T; U PACIIOJIOKEHHBIE B 0OJIaCTH
TedeHusl B IJIOCKOCTSX 2z = z; (i = 1,2,..., M) B npousBoJILHOII TOUKe 20, T
UH/IyIUPYIOT BEKTOP CKOPOCTH W (20, 70) = (W, Wy), ONpeaenseMslil 1o dhopmyie:

207T0 Zgz Zzyrz ZOaTO,ZlaTZ) (23)

C momormpio cooTHoIeHNs (23) BBINMUCHIBAEM BBIPDAYKEHUsI J[JIi HOPMAJIBHOM CO-
CTABJISIIOIIEH BEKTOPA CKOPOCTU BO BCEX KOHTPOJIBHBIX TOYKAX I'DAHUIBL (Z2j, Tk)
U OPUPABHUBAEM UX K U3BECTHBIM 3HAYCHUSAM STUX BEJUIUH Wy, = fp (2K, 7k). Ha
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HernpoHunaeMoit rpanune fy,(2x, ry) = 0. Ha cerke AB oHE 3a1aHbl 0 YCIOBUIM
321241 ¥ PaBHBI HOPMAJILHBIM COCTABJIAIONIAM BEKTOPA CKOPOCTH B KOHTPOJILHBIX
TOYKAX ITOIl IPAHHIBI KOLIEKTOpa fr, = f(r)), KOTOpble COBIAJAIOT C TEKYIIU-
MM 3HAQYEHUsIMU CKOPOCTH Ha BBIXOJIE U3 TBJja. B pesysbrare nosydaem (M — 1)
yPaBHEHHUil Jj1d onpeesaeHnsa M HeM3BeCTHBIX 3HAUEHHN MUPKYIAIMN g;:

M Gilvz (2, 7y 20, TPz (2 78) + V(2 Ty 20, TP (2 T8)] = Fr (2 78),
k=1,2,...,. M — 1.

(24)
Hemocraromee ypaBHeHUe 1moJrydaeM, BBIMUCHIBas ypaBHeHHE DasiaHca 06bEMHOIO
pacxoma jjist cedennit AB u EF, 1. e. Rpp = Rap. Pacxon remionocureitst yepes
ceyenne AB onpenessieTcs 0 U3BECTHOMY M3 YCJIOBHUS 3aJa4d PaCIpeleseHHIO
HOPMaJIbHOM COCTaBJIAIONIEH BEKTOPa CKOPOCTH Ha IPAHUIE COOPHOI'O KOJLIEKTOPA
¢ TBaoM. Pacxon depes cedenne EF onpejensercs: ¢ HOMOIBIO hopmMyst (24).
J1J1st 3TOr0 BBIXOJIHYIO YacTh COOPHOro KOJLIEKTOpa Ha cedennu FF paszdbuBaeMm Ha

L KOJBIEBBIX YacTel ¢ IO IsTMEI SfF , j=1,..., L. B pesynbrare umeem:
M L Py
EF AB
g Ji E v2(25,7, 21, m)S; = E flre)Si®. (25)
i=1 j=1 k=P
3aecy Py, P, — HOMepa IIepBO#l M IMOC/IeIHEH KOHTPOJBHOW TOYKU B CEYEHUU

AB (cM. puc.3). U3 cucrembl JmHeRHbIX ajrebpandeckux ypasHenuii (24)—(25)
orpe/iesisieM MHTEHCUBHOCTH BUXDEil g;, U mocyie 3Toro mo dopmye (23) Mmoxem
BBIYUC/IUTH CKOPOCTH [IOTOKA B JII060I TOUKe 00JIaCT! TeYeHHs], &, CJIeI0BATEJIBLHO,
U CKOPOCTH YBJIEKAEMbIX UM CBOGOIHBIX Buxpeil. HoBble KoOpauHATH CBOGOHO-
IO BUXD$I, PACIOJIOKEHHOTO B TOYKE (Zg,Ts), OIPEJE/IsieM, WHTEIPUPYST CUCTEMY
0ObIKHOBEHHBIX JinbepeHnnaibHbIX yPABHEHUH B IIPOMEXKYTKe BpeMeHu (7o, 71 ):

dzs drs

dr dr
ITpomezkyTOK BpeMeHH (Tp, T1) BEIOHPAEM C TEM PACIETOM, YTOOBI CMEIIECHHE CAMO-
ro 6LICTPOro BUXPsA B KOJIJIEKTOPE HE IMPEBLINIAI0 PACCTOSHUS MEXKJLy COCeTHUMU
CYMMapHBIMU BUXPsIMU Ha HEIIPOHUIAEMOli I'paHuIe.

B cumy mpeanosnozkenusa o6 OTCYTCTBUH JIUCIIEPCHM BUXPell MHTEHCHBHOCTH
COIIE/IMINX CBOOOJIHBIX BUXPeil OCTaETCH HEN3MEHHON BO BCE BPeMsl PeIIeHHs.

Ha mociieyromux marax perienusi B ypaBHeHusix (24) u (25) Z0HMOIHATEIBHO
IPUCYTCTBYIOT CJlaraeMble W OT CBOOOJHBIX BHXPEil, COMIEIINHUX B MOTOK IIepe]
sTuM (Ha IpeAbLLyuX marax). LIupKy/sanms STux BUXpeil H3BECTHA, IOITOMY 9TH
cJaraeMble IIEPEHOCST B IPABYIO YaCTh yPAaBHEHUI U B Pe3ysbTare ypaBHeHu: (24)
u (25) npeobpasyorcs K BHJLY, COOTBETCTBEHHO:

= w,(2s,7Ts), Wy (25, 7). (26)

SOM Gilvz (2 Ty 20 )T (20 TR) + V(20 T 26 T3P (20, T8)] =
= fa(2o k) — Son 1 V[02(2hs Ty 20 )02 (20 7)) V(28 Ty 20 )0 (20 7))
(k=1,2,.., M —1);

(27)
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M L
> 0> va(zry, ) SPF =
=1 j=1
Py N L
= Z f(re) — Z%sz(zj,rj,zn,rn)SfF. (28)
k=P n=1 j=1

Pemus cucremy (27)—(28) ornocuresbHO g; u MojepHU3Upys dhopmyay (23), mo-
2KHO OIPeJeNTh BEKTOPBI CKOPOCTH BCeX CBOOOMHBIX Buxpeit. Jmst aToro B hop-
Myisty (23) mobaBisiioTCsi cjlaraeMble, OTBEYAIONINe 3a CBOOOHbIE BUXDH, U B pe-
3yJIbTaTe JIIsl BUXPsI ¢ KOOPMHATAMU (Zs, T's) HOJIydaeM BEKTOP CKOPOCTH 110 (Hhop-
MyJI€e:

M
W(ze,75) = Y g2, 1)V (26, T, 20, 73)+
=1

N
+ Z r}/n (Zna TTL>@(287 7"5, va T’n). (29)
n=1,n#s

[Tocste sTOrO, MHTErpHUpYs cucTeMy (26), HAXOAMM CMEIEHIEe CBOOOIHOTO BUXPST C
KOOD/IMHATAMU (Zg, T's) BMECTE C TIOTOKOM.

[ToBTOpPSsIsSt 5TOT MPOITECC, OCYIIECTBISIEM TUCACHHOE MOAEINPOBAHNE HECTAIIM-
OHAPHOI'O T€YEHUS TEILIOHOCUTEIsI B COOPHOM KOJLIEKTOPE B 30HE KaXKIOI'0 TBIJIA.

2d. Onpenenenune gaBjieHuss B COOPHOM KOJIJIEKTOPE

[To u3BeCTHOMY pPACHPEIEIEHUIO CKOPOCTEH MOTOKA MOYKHO IOJIyYUTh PacIpe/ie-
JIEHHE JIaBJIeHrs] B COOPHOM KOJIJIEKTOPE U T€M CAMBIM OIPEJIEIUTh BEJTMIUHY €ro
I'UJIPOJMHAMUYIECKOIO COPOTUBJICHNS KAK B IEJIOM, TaK U Ha OTAEIbHBIX €r0 yJac-
TKax. JIjisi 9TOro BOCIIO/IB3yeMcsl ypaBHEHUsIME Diljiepa Jijisi 0CeCUMMETPUYHOIO
TeYeHUs B IUIMHIPUYECKUX KoopauHarax [7]:

ow, n ow, . ow, B 8j
ot " YUror T e T T o (30)
ow, n ow, n ow, _Bj
ot " YUor T e T T e

U3 ypasuenuit (30) u ypaBHeHHsI HEPA3PBIBHOCTH [OTOKA MOXKHO MOJIYYUTh YPaB-
menne [lyaccona aja maBieHus: B MIWIMHIAPUIECKNX KOOPIUHATAX:

827P+187P+a27p—_ 8wr 2+28wrawz+<wr>2+ awz i (31)
or2  ror 022 or 0z Or r 0z '

Coornomtenust (30) oupezesnsitor gradP n Ha rpaHuie ob1acTh, HOITOMY BMeCTe
¢ ypasuenueM (31) sBisiiorcst 3asmadeii Helimana it JaBiaeHUs B KOJIJIEKTODE.
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OjtHako B HateM cirydae Kpaesoe yciosue HelimaHna TPUMEHSTH BCIOJLy HE CTOUT.
Ha uponunaemoit rpanune EF, To ecTb Ha BBIXOJE U3 KOJJIEKTOPA JABJIEHUE C
OOJIBIIIOI TOYHOCTHIO MOXKHO CUUTATH MOCTOSTHHBIM H, MOITOMY CUYUTAETCS, UTO
OHO M3BECTHO TO ycyoBmio 3amaqdn. OTciona Ha orpeske rpannnsl FF 3amaéres
KpaeBoe ycjopue upuxie. 9To 06CTOATEIbCTBO CIY2KUT MOIIHBIM CTAOUIH3UPY-
oM 3pHEKTOM U PerieHne He «ILIBIBET», KAK 9TO OOBITHO CIyYIaeTCs B 3aa9axX
Heiimana. Yrobbl permmurs 9Ty cucremy, K JieBoii uactu ypasaenusi (31) dopmasib-
HO TpUOABJIIEM HECTAIMOHAPHBIN UJIeH %—I: ¥ B TOJIYYHUBIIIEMCS yPABHEHUM U B
ypaBrenusix (30) mepexo/iM K KOHEYHBIM pasHoOCTsiM. [losydumBrinytocst cucremy
HECTAIMOHAPHBIX yPABHEHUI pelliaeM 110 MeTO/y <«KJIacCHKu» |[8].

AmnayornaHbIM 06pa30M IByMeEpHAas 3a/1a9a THIPOINHAMUAKI PENTaeTCs U B Pa-
CIPEJIEIUTEILHOM KOJIJIEKTODE.

3. AJIropuT™M COBMECTHOTIO peIlleHrs ABYyMEPHON HavYaJIbHO-KpPaeBoi
3a1a4n OJIsl KacceThbl n3 Heckoyibkux TB3JIOB

[Tpu cocTaBieHnE aarOpUTMAa yIUTHIBAEM, UTO TBIJIBI HyMEPYIOTCS 3/I€CH 10 TOTO-
KY TEIIOHOCUTEJIS, TO €CTh IIEPBbIM CIMTAETCS TBIJI, KOTOPBIH PACIIOIOKEH OJInzKe
BCEX KO BXOJIy B PACIIPeJIeJUTEIbHBIN KOJLIIEKTOP (cM. puc. 1).

1. Ha nmayajabHOM 3Talie TEIJIOHOCUTE/b B TBIJaX W KOJJIEKTOPaX IIPEeIIo-
JIATAETCs XOJIOHBIM. B KaXK/I0M U3 TBIJIOB 3a/1a6TCs HAYAJIBHOE PACIpeie/ieHne
JIABJIEHUSI U CKOPOCTH IOTOKa, &, CJIEeJI0OBATEJIBHO, PACHpe/Ie/IeHIe MIJIOTHOCTH U
SHEPTUH.

2. HesaBucumo npyr or apyra B TBa1ax 1o dopmynam (11)-(15) Buimomnsie-
Tcst N SMIMPUYECKU TOJ00PAHHBIX MIAroB ureparuu no spemenu. Cpejn BHOBb
[IOJIyYEeHHBIX TEKYIIUX 3HAYEHUN HapaMeTpoB TEPMOJIMHAMUKHU B KAayKJIOM TBIJIe
BBIJICJISIIOTCS 3HAYEHUST CKOPOCTEH TEIIOHOCUTEN S Ha, €r0 BXOJE M BBIXOJIE.

3. Boraucsienune pacupesiesienust CKopocTeil TEILIOHOCUTES TIPOBOIUTCS He BO
BCEM KOJLJIEKTOPE Cpasy, & [0 OYepe/id OTIAEJbHO B 30HaX, HPUMBIKAIONMX K Ka-
JKJIOMY TB3Jy, Kak Ha puc. 2. JIjist 3T0ro, ucnosb3ysi mMoIyIeHHbIe BO 2-OM IIyH-
KTe HACTOSIIIErO aJIFOPUTMa PACIIPEIE/IEHHsI CKOPOCTEl OTOKa TEIIOHOCUTEIS Ha
BXOJI€ ¥ BBIXOJIE U3 TB3JIOB, 10 opmysiam (24)—(25) B HauaIbHBI MOMEHT BpeMe-
Hu u o Gopmysnam (27)—(28) Ha MoCIEAYIONUX IAarax UTEPAIUN, OMPEIeIsIeTC st
UHTEHCUBHOCTH BUXDeEii, a 1mocjie 31oro no dpopmysie (29) BLIUUC/ISIETCsT pACIIPEIe-
JIEHUE CKOPOCTEll MOTOKA TEIJIOHOCUTENIST B KOJIJIEKTOPAaX.

Ounnako, dopmysst (24)—(25) u (27)—(28) BepHBI 6€3 N3MEHEHUIT TOJIBKO JIst
KacceThl U3 OJIHOTO TBIJIa. B Kaccere M3 HECKOJBKUX TBIJIOB B 9TUX (DOPMYJIax
HOSIBJIAIOTCS JIONOJTHUTEIbHBIE CJIaraeMble. DTHU CaraeMble YUUTBIBAIOT, 9TO, Ha-
PUMED, B PACIPEIETUTETHHOM KOJIJIEKTOPE TEIJIOHOCUTE/Ib, OCTYHAIONIAN B 30-
HY KaKJIOTO TB3JIa, KPOME OCJIEHEr0, UCIOIb3YEeTCs HE TOIBKO JIJIs OXJIaXK JICHUSs
JIAHHOTO TB3JIa, HO TaKyKe MJIET W Ha OXJIAXKJIEHUEe BCeX MOCJELYIONHX MO MOTOKY
TB3JIOB.

Bbum 1OnbITKE ONpeesisiTh 10Jie CKOPOCTH Cpa3y BO BCEM PaCIPeIeIUTEIbHOM
uau cOOPHOM KOJLJIEKTOPaX, HO 3TO IPUBOIUIIO K IIJIOXON CXOJAUMOCTH, & UHOTIA 1
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PaCXOMMOCTH UTEPAIIMOHHOIO IIPOIIECCa IIPH OIPE/IEJIEHUN PaCIIPEJIe/IEHUs J1aB-
JIEHUSI B HUX.

4. Ilo nmomydeHHOMY B IIyHKTE 3 pacupeleeHHI0 CKOPOCTell B KOJIIEKTOpax
JJIsT ODJIACTU KaxKJIOT'O TBYJIA PENIAIOTCs CUCTEMbI OOBIKHOBEHHBLIX I depeHIiu-
AJIbHBIX ypaBHeHuii (26), 0 KOTOPBIM OMPEJIE/ISIOTC CMEIEHIsT BCeX CBODOHBIX
BUXDeil B KOJUIEKTOpE Ha MHTEPBaJe BPeMeHH [7;, Ti+1]. [Ipu 9ToM, Takoii mHTEp-
BaJI BpeMeHHU BbIOUpaeTcs u3 pacdéra, YToObI CMeNeHne caMoro ObICTPOro BUXPS
He IIPEBLIIIAIO0 PACCTOSHUS MKy COCEIHUMU BUXPAMU Ha rpanurie. Ha kaxkmom
STalle TAKUX IIAroB 10 BPEMEHHU B KOJIJIEKTOPAaX MOXKET OBITh HECKOJIbKO. KoJu-
YECTBO IIAr0B BBIOUPAETCS ¢ TAKUM PACIETOM, 9TOOBI MX CYMMapHAas JIjInHA ObLIa
paBHa CYMMAapHON JJINHE HHTEPBAJIOB 110 BPEMEHU JIJIsi HTEPAIMOHHOTO IIPOIECCa,
BBITIOJTHEHHOT'O B TBIJIaX HA BTOPOM 3Talle UTEPAImOHHOrO Iporecca. Obpazosa-
HUE HOBBIX CBOOO/IHBIX BUXPEH BHYTPH KOJJIEKTOPA 38 CIET CMEIeHUs CBOOOTHBIX
BUXpEl Ha T'DAHUIE IIPOUCXOJUT He 00s3aTesIbHO 3a OJUH Inar urepanuu. Kcium
paccTosgHme MEXKy 00pa3yeMbIM CBOOOJIHBIM BUXPEM U €r0 UCTOUYHUKOM Ha I'pa-
HUIIe MEHbIIEe, YeM PACCTOSTHIE MeXK /Ty COCETHIMI BUXPAMU Ha TPAHUIlE, TO HOBBIH
CBOOOJIHBIN BUXPb HE 00pa3yeTcs, a JIUIIb 3aIIOMIHAETCA €r0 MOTEHIINAJIHLHOE CMe-
IeHre. JTH MOTEHIUAIbHBIE CMEIIEHNs KaxK/I0I0 CBOOOIHOTO BUXPs Ha I'DAHUIIE
CYMMUPYIOTCsl Ha MOCJEAYIONUX Iarax JIo TeX MOp IOoKa X CyMMapHas JITHHA
HE TPEBLICUT PACCTOSHUE MEXKJIY COCEIIHUMY BUXDPsME Ha I'panuiie. JIumb mocse
9TOr0 BHYTPHU KOJLJIEKTOPa 00pa3yercsi HOBbI CBOOO/IHBIN BUXDb.

Takast mporie/iypa BbI3BaHa TEM, UTO €CJIM 00Pa30BaABIINICS HOBBIH CBOOOIHBII

BUXPb OKAXKETCH OYeHb OJIM3KO OT CBOEI0 UCTOYHWKA, TO CUHTYJISAPHOCTH B oOp-
mysax (21), (22) moryr nmpuBecTu K GOJIBIIMM YUCJIAM, & TO U K [HEPEeIIOJHEHUIM
B BBIUNCINTEIBHOM IIPOITECCE.
ITo sroii ke mpuvnHe, KOrJa IBa CBOOOTHBIX BUXPS B KOJIJIEKTOPE YPE3MEPHO
COTMKAIOTCSI, TO OHU OOBEIMHAIOTCS B OJWH C CYMMAPHONW MHTEHCUBHOCTHIO. B
KaK/JI0l 30HE MapaMeTpbl CBOOOIHBIX BUXPEH 3allOMUHAIOTCS OTIEJIBHO M, KOIJA
KaKOH-n00 BUXPh MEPEXOIUT B 30HY, IPUHAJIEXKAIILYIO 00JIACTH JPYTOro TBIJIA,
€ro IapaMeTphl MTepeIaloTca TYIA.

5. Ilo mosiyueHHOMY B IYHKTE 3 PACIIPEIEIEHUI0 CKOPOCTEH B KOJLUIEKTOPAX
OIIPEJIEJIsIeTC PACIIPE/Ie/ieHue JaBjieHus B HUX. s 9TOro ncroab3yercss MeToJ
yCTaHOBJIEHUsI B HecTaloHapHoM BapuanTe (opmysbl [Tyaccona (31). B kaue-
CTBe KpaeBbIX ycjoBuil Jlupuxse Ha BX0/e B PacHpeIeUTEeIbHBIN U Ha BBIXOIE
u3 COOPHOTO KOJUIEKTOPOB HCIIOJIB3YIOTCS 3a/[aHHBbIE M0 YCJIOBUIO 3aJadu 3HaYe-
HUS JABJICHUSI B 9TUX MECTaX, a Ha JAPYTUX yIaCTKAX I'PAHUIILI UCIIOJIb3YIOTCSI
TpaJuInoHHble yeaosust Heitmana, onpejersembre ¢ nomorbio dopmyit (30).

6. Ilomyvuennble 3HaUYEHUs JaBJIEHUS B KOJ/UIEKTOPAX B 30HE WX KOHTAKTa C
TBY/IAMU B JAJIbHEHIIIEM HUCIOIB3YIOTCA BO BTOPOM IIYHKTE HACTOSIIETO aJrOPHU-
TMAa, IJe, KaK U IpeXK/Jie, OHU MPUMEHSIOTCS B KAYeCTBe KPAEBLIX YCJIOBU JaBJie-
HUS 1718 TBIJIOB. [Ipuyaém HaI0 OTMETUTD, 9TO HOJIYIeHHBIE TOJIBKO UTO TaBJICHUS
He CPa3y UCHOJB3YIOTCS B KadeCcTBE T'PAHNYHBIX 3HAUYEHUI TaBJIeHUS IS TBIJIOB.
SHadeHNs JABIEHUI HA I'PAHUIE TBJIOB BO BTOPOM ITYHKTE HACTOSIIIErO AJIrOPH-
TMa JIMHEHHO M3MeHSIOTcT 3a N IaroB WUTEPAIMOHHOTO IPOIecca OT 3HAUEHMi
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JABJIEHUsT Ha, TIPEJIBIIYINEM dTalle K 3HAYEHUsIM, TOJBKO YTO MOJyIeHHBIM B IIyH-
KTe D JIAHHOI'O aJIrOPUTMA.

MHOroKpaTHO BBITIOJIHSIEMBIH UTEPAIMOHHBIN ITPOIECC, OIMMCAHHBIN B ITYHKTaX
2—6, MOJTHOCTBIO PEIaeT HAYAJIbHO-KPACBYIO 33124y TEILIOra30IMHAMUKN B Kac-
ceTe u3 HECKOJbKHUX TBIJIOB U MOJIEJIUPYET PEKUM HAIrPEBaHUS TEILIOHOCHTEJIS.

4. Pe3y.anaT1>1 BbIYUCJINTEJIbHBIX 3KCIIEpUMEHTOB

Buagase paccmaTpuBasiach UMCACHHAA MOJIEIb MAJIOTabapUTHOrO sJEPHOrO pe-
aKTOpa Ha OBICTPBIX HEHTPOHAX C OJHUM TBIJIOM, IOIIEPEYHOE CEUEHNE KOTOPOTO
BMECTe C CEUYEHUAMHU KOJLUIEKTOPOB IOKa3aHa Ha puc. 2. B skcrepuMeHTaJILHOM
obpasie UCIoIb30BaIOCh cedeHne ¢ pasmepamu: Ry = 18, Ry = 58, Ry = 70,
Hrg =10, Hry = 30, Heg = 40, Hep = 20, L=70 (mm). B BbIUnC/IUTEIBHBIX K-
CIIEpUMEHTAX CTABUJIACH 3a]1a9a CMOIEINPOBATH PEKUM TEPMOJUHAMUKN TBIJIA U
[PUIEraloMnX K HEMY KOJIJIEKTOPOB OT MOMEHTA, KOIJIa TEILIOHOCUTEJIb €I XO-
JIOZIEH BCIOJY, JI0 MOMEHTA, KOT/1a B COOPHOM KOJIJIEKTOPE OH HATPET IMOJTHOCTHIO.
B pacupenennrebHBIN KOJJIEKTOP OIaBAJICS XOJIOMHBII ra3 renii Ipu TeMirepa-
Type 573 K u masnerun 20.15 Mlla, Ha BbIXO7e 13 COOPHOTO KOJIJIEKTOPA ra3 ObLI
oy, faieaueM 19.75 Mlla. Ilepenaj naBiieHUil B T€YeHUE BCETO SKCIIEPUMEHTA
moJtaraJjicst mocTossHHbIM. OJIMH M3 TVIABHBIX BOIIPOCOB, Ha KOTOPBIE MTPUXOIUIOCH
OTBEYATH — 3TO SMIIMPUIECKUN TOA00p KojmdecTBa N IIIaroB MTEPAIMOHHOTO
IIpoIecca B TBYJIe, KOTOPbIe HEOOXOIMMO COBEPINAaTh Ha BTOPOM JTAIIE AJITOPUTMA.
[TonsiTHO, YTO YeM MEHBIIE TAKUX IArOB BLIMTOJHIETCS, TEM TOYHEE IPOrPaMMa
Oy/JIeT MOJIeJIMPOBATh PeaJbHBIN (PU3MIECKUN MPOIECC, MOCKOJbKY B PEeaJbHOCTU
CBSI3b MEXK/1y IIPOIECCAMU B TBIJIE U KOJJIEKTOpax mocTostHHa. OIHAKO IIPU MaJIOM
KOJIMYECTBE IIAroB CHUJIbHO BO3PaCTaeT BpeMs CYETa IPOrpaMMbl M, KPOME TOrOo,
ITOCKOJIBKY Pedb HJET 00 OCPEIHEHHOM TeYeHWM, OPaTh CJIUIIKOM MAaJIoe YHUCJIO
[IaroB TOXKEe He CTOWUT.

B kaudecrBe mpumepa ObLn mpoBeneH cuér npu uuciae maros N = 5000.
Ha puc. 4 nmokazanbl rpauku 3aBUCAMOCTH MaCCOBOI'O PACXOJIa TEIJIOHOCUTEJIS
(kI'/cek) or Bpemenu (cek) Ha BXOJIe B TBJI U BbIXOJe U3 Hero. [lyHKTUpHast Kpu-
Bas MPEJCTABISIET PACXOJ Ha BXOJE, a HEIPepbhIBHAsT — Ha BBIXOIE M3 TBYJIa. Ha
HavaJbHOM 3Tale pacuéra o BpeMmeru t = 0.002 cek., Korja cBOOOIHBIX BUXpeil
B KOJIIEKTOpaX €IIé HeT MM WX COBCEM HEMHOIO, IpadUWKH MACCOBOIO PACXOJIa
IIPEICTaBJIEHbI TOCTATOYHO ryiagxkuMu KpusbiMu. Ko Bpemenu ¢t = 0.00235 cex. B
cOOPHOM KOJIJIEKTOPE TOXKE BCEro 3 CBOOOIHBIX BUXPsI, HO BCE OHM COILIN ¢ yrya D
(cM. puc. 2) U PaCHOJIOKUINCH TAKUM 0OpPa30M, YTO TeYEHHE B 30HE COOPHOTO
KOJIJIEKTOpa OT yryia [ 710 BhIXO/a U3 HEro CUILHO 3aTPY/IHEHO U, 9TOOBI obecie-
9UTh TpeOyeMbIil pacxoll B cOOPHOM KOJLJIEKTOPE, HEOOXOANMO CO3AATh OOJIbIIMIA
CPaUEHT JTaBJICHHS Ha 3TOM yIacTKe KoJuteKTopa. [lockoIbKy Ha BeIXoIe u3 cOop-
HOT'O KOJIJIEKTOP& I10 YCJIOBHIO 3aJIa4u JaB/eHne MoCcTOdHHO n paBHO 19.75 Mlla,
TO 3a CUET TAKOT0 OOJIBIITOTO I'PAJIMEHTA Ha, TPAHUIE COOPHOIO KOJIJIEKTOPA U TBIJIA
MOXKET YCTAHOBUTBLCS JaBJIEHHE OOJIbIllee, YeM B TBIJI€, U B PEe3yJIbTare TeUeHHe
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Puc. 4: I'padukn nuzmenenust mo BpeMeHI MAaCCOBOI'O PACXOJIa Ha BXOJE U BBIXOIE
u3 TBJIA npu Ry = 18MM.

TEIJIOHOCUTEJIST Ha 9TOH rpaHuIle CTaHeT OOPATHBIM. DTO MbI 1 HAOJIIOAaeM Ha PUC.
4, rine ko Bpemenn t = 0.00235 cek. pacxon Ha rpaHuile cOOPHOr0 KOJIEKTOpa U
TB3/1a, KPATKOBPEMEHHO CTAHOBUTCS OTPUIATEIbHBIM. [3-338 BCTPEIHOIO TEUEHUST
JTaBJIEHUE B TBYJIE PE3KO BO3PACTAET, IOITOMY 33 KOPOTKUI MPOMEXKYTOK BPEMEHN
TedeHne BHOBbL BO3BpaIlaeTcd K HOpMaJibHoMy. Ha rpaduke BuHO, 9TO ITOHAYA-
JIy 3TO JIaBJIEHWE BO3PACTaeT JlayKe YPe3MEePHO U OT ITOI0 KPHUBasl pacxojia Ha
rpaduke mocjie OTPUIATEIbHBIX 3HAUYEHNH PACX0/Ia UMeeT PE3KUil BCILIECK BBEPX.
ITockombKy BpeMsi 0OpaTHOIO TeUeHUs HE MPOIOJIXKUTEHHO, 9TO HE IPUBEAET K
3aMETHOMY BJIMSHUIO Ha TEMIIEPATYPY TEIIOHOCUTENSI W MO3TOMY 3TO SIBJICHUE
HEJIb3sI ITOKA CINTATh aBApUIHBIM. Biingnue 3Tux BUxpeil Ha pacipe/ie/ienne IaB-
JieHUsi B COOPHOM KOJIJIEKTOPE XOPOIINO BHWIHO Ha puc. 5. Ha HEM m300pakeHO
JIBa TIOIIEPEYHBIX CEUEHUS TBIJIA U KOJIJIEKTOPOB, ITOKPBIThIE 00/JIACTAMHI TEMHOTO
u Gejioro npeta. ['paHuIbl 3Tux 00J1aCTeil SIBJISIOTCSA N300apaMHu.

[TepBoe ceuenne Ha puc. 5 orobpazkaer n306apbl B HaUaJIe MPOIECcca, KOIia, BU-
Xpeii emé HeT U TedeHue TeIJIOHOCUTE ST oHoHanpasiienno. Ha BTopoM cedennu
npejicTaBiaeHbl n3006apebl B MoMeHT BpeMenu t = 0.00235 cek., Korja TedeHue 3a-
BUXPEHO U n300aphbl B BBIXOIHON 30HE COOPHOTO KOJIJIEKTOPA PA3MEIIEHbI TOpa3/Io
IyIIe, 9TO TOBOPUT O OOJIBINIOM I'paJueHTe JaBjieHnda 37ech. Ha puc. 4 BugHO, 9TO
I0I00HBIE OOPATHBIE TEUCHUS BOZHUKAIOT HEOTHOKPATHO HE TOJILKO B COOPHOM, HO
U B PacIpeaenTeTbHOM KOJIJIEKTOPaX M BOZHUKAIOT OHU TOXKE 38 CIET CBOOOTHBIX
BUXPeil, cxoadmux ¢ octporo yriaa taM. Ha puc. 4 BugHO, 9T0 06paTHOE TEUeHUE
TaM BO3HUKaeT ropasjio nosxe jumb Ha t = 0.0067 cek. 1 BBI3BAHO 9TO TEM, UTO
B HAaIlleM IPUMEPE CKOPOCTb TEIJIOHOCUTEJIS B PACIPE/IEIUTETBHOM KOJIJIEKTOPE
MeHbIlle, ueM B cbopHOoM. [lomoOHbBIE 0OpaTHBIE TeUeHUsT BOSHUKAIOT HEOTHOKpPA-
THO, a HauymHas ¢ 0.0065 cek. Bcé wamie n 4daiie u B KoHIe KoHIoB K 0.0095 cek.
ITIOTOK TENJIOHOCUTESI CTAHOBUTCHA MPAKTUYECKH BO3BPATHO-IIOCTYTATETHHBIM W
BCKOPE UTEPAITUOHHBINA ITPOTECC CTAHOBUTCS PACXOJISIITAMCS.

DTOT 3KCIEPUMEHT U MHOXKECTBO JPYTUX IMOAOOHBIX IPUBEJ K MBICJIH, 9TO KOJIU-
qecTBO /N IIArOB UTEPAIMOHHOTO IIPOIECCa BO 2-M IYHKTE aJIrOPUTMa, HE JIOJI2KEH
OBITH ITOCTOSTHHBIM BO BCE BPEMs DEIIeHUs 3aatdd, & JI0JKEH MEHSIThCS B 3aBU-
CAMOCTH OT JWHAMHUKHA U3MEHEHUS PacxoJa TEIJIOHOCUTEJIsI B TBIJIaX KAacCCEThI.
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Puc. 5: N306apbl B KOJLUIEKTOPAX U TBIJIE IIPU HE3ABUXPEHHOM U 3aBUXPEHHOM
TEUYEHUSX.

JlJ1st 9TOTO M3HAYAIBHO 331a6TCS HEKOTOPOE TEKYIIEE, a OHO K€ U MaKCHMAJIbHOE
KommdecTBO mMaroB N = Niep = Npjpgpr UTEPAIMOHHOTO TPOIECCa BO 2-M IIYHKTE
agropurMma. Ilocie 3TOro B XOHe MTEPAIMOHHOTO IIPOIECCa Ha BXOIE U BBIXOJE
13 BCEX TBAJIOB KACCEThl KaXKIble HECKOJILKO IIAaroB BBIUMCIISIIOTCS OTHOCHTE b
HbIe BEeJIMIUHBI U3MEHEHUsT MaCcCOBOI'O PACX0/1a TEILIOHOCUTEJISI ¢ MOMEHTa, Hada I,
UTEPAIMOHHOrO IIporiecca. Kcn mocse Takux BBITUCICHUN, XOTS ObI B OJHOM U3
TB3JIOB KACCETHI Ha, BXOJI€ MJIM BBIXOJIe OTHOCUTEIbHOE U3MEHEHME Pacxojia Ipe-
BBICUT HEKOTOPOE, MOA00PAHHOE SKCIEPUMEHTAIBLHO, MAJIOE UUCJIO €, NTEPAIINOH-
HBII TIPOIlECC B TBIJIaX MPEKPAIIaeTCd U BBIUYHCIECHUS TepeatoTcs B 3-# MyHKT
ajropurMa. 3aadenue N, IpU KOTOPOM IIPEPBAJICA UTEPAIMOHHLIA IIPOIECC BO 2-M
[IyHKTE aJropuT™Ma, B jaJjibHeiineM mnoJjaraercs TekymuM (Niex). Brociaencrsum,
€CJIN B 9TOM IIYHKTE aJIrOPUTMa UTEPAIMOHHDIN MIPOIECC ITPOUIET, He IIPEPLIBAsICD,
10 Nyl U OTHOCUTEIBHBIE U3MEHEHUST MaCCOBOI'0 PACX0/la BO BCEX TBIJIaX OKaXKy-
TCSI MEHBIIIE HEKOTOPOTO Enin, TO B NAJLHEHINX BBIYUCTEHUAX Niep VIBAUBACTCS
[IPU YCJIOBUH, UTO ITOJIyYIUBIIEECs] 3HAYEHHE HEe CTaHeT O0JIbINe Nypqe, 38JaHHOTO
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B UCXO/HBIX yCJIOBUSIX.

[Ipu Takoit MojlepHUBAIIN AJITOPUTMA JIIOO0E 3aMETHOE U3MEHEHUE COIPOTHB-
JICHUSI TIOTOKY TEILJIOHOCHUTEJIsI B KAKOM-IU00 U3 KOJIJICKTOPOB IPUBOIUT K 3aMe-
THOMY U3MEHEHNIO PACX0Ja B COOTBETCTBYIONIEM TB3JIe. B pe3ynbrare nTeparnon-
HBIH IIPOIECC B TB3JaX IPEKPAIAeTCd U IMPOrpaMMa BBIUUC/SET paclpesesieHre
CKOPOCTell U JIaBJI€eHUs TEIUIOHOCUTENs B KOJUIEKTOpaX. Takasi IporpaMma To-
qHee MOJIEJIUPYET peasibHbI IPOIECce, IJie CBA3b MEXKJy TBIJIAMHU U KOJLJIEKTOPa-
MU IpoucxoauT HenpepbiBHo. [Tocse Takoit MojiepHU3aIy IPeXKHIe BLIYNCIEHUS
y/aJoch posectu ycrerHo. Ha puc. 6 rpadukn MaccoBOro pacxoma TOXe UMEOT
MOMEHTBI OOPATHBIX TEUYEHU, HO UX TOPa3]10 MEHbIIE

Rijge

(i

Puc. 6: I'paduk usmeHnenust mo BpeMeHI MACCOBOT'O PacXo/ia Ha BXOJE U BBIXOJIE
u3 TBaJIa npu Ry = 18 M.

[N I R N R N
T 1 T T T N /A T I I A (Y

Puc. 7: T'paduk u3menenus: reMiepaTypsl 10 BpeMeHH B COOPHOM KOJIJIEKTOPE.

U, XOTsI KPUBBIE PACXOJIa HETJIQIKNEe, ITO 00bICHUMO JJIsT TyPOYJIEHTHOTO IIPO-
11ecca, UTEPAIMOHHBIN POIECC IMPOXOINT YCTOMINBO, TeMIlepaTypa ra3a B cOop-
HOM KOJIJIEKTOpE Ha puc. 7 MOHOTOHHO pacTéT jo t = 0.06 cek. mpoiiecca, a mocje
3TOr0 HEIPEPHIBHO MEHSAETCST BO3JIE CBOETO cpemaHero 3unavenus 0 t = 0.16 cek.

Ha puc. 8 npe/icraBiieHb! 1Ba MOMIEPEUHBIX CEUeHUs TBIJIA U KoJtleKTopos. Ha
[IEPBOM CedeHnn nu300parkeHbl M300apbl, a Ha BTOPOM — TPAeKTOPUHM BUXPEH B
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KOHIIe perrenusi, To ecTb Ha (.15 cex urepanuonnoro mporecca. K atomy MmoMenTy
BPeMeHU B IIOCTpOeHnu perrenus y4acTByioT 406 cBOOOIHBIX BUXPEl B COOPHOM U
35 — B pacmpeseuTeTbHOM KOJLIEKTOPaX, HO Ha PUCYHKE TTOKa3aHbl TPAEKTOPUH
TOJILKO TIepBBIX H0-T CBOOOIHBIX BUXpeil B cOopHOM KoJutekTope m 20-Tu B pa-
cupejeuTeTIbHOM. TPaekTopun OCTAJIBHBIX BUXPEl HE TTOKA3aHbI, YTOObI OHU HE
CJINBAJINCH B OJIHO YEPHOE IISATHO.

A
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Puc. 8: Pacripenenienne n3obap B TB3JIE U KOJJIEKTOPAX U TPAEKTOPHU
CBOOOJIHBIX BUXPE B KOJIJIEKTOPAX.

B nmanbreiiemM mpoBOIMINCH BHIMUCIUTEIbHBIE SKCIIEPUMEHTHI /11 KAcCeT U3
2-x 10/100HBIX TBJIOB. Ilepernay /1aBjeHus B KacceTe OCTAETCS TAKUM Ke, KaK B
MIPOITLJIOM BBIYUCIUTEILHOM dKCIIepuMeHTe. B pe3ysbrare, eciu npex e Ha BLIXO-
Jie 13 cOOPHOrO KOJIJIEKTOPA HAIPETHIN ra3 uMeJl CKOpocTb H—6 M/ceK, TO Terepb
€ro CKOpOCTh BO3pociia BJBoe u 1pu 3ToM K (.15 cek B cOOPHOM KOJUIEKTODE B
OKPECTHOCTH IIePBOro TB3J1a chopmupoBaioch 300 cBOOOIHBIX BUXPEH, a B OKpe-
CTHOCTH BTOPOrO, TO €CTh Ha BBIXOJEe U3 COOpPHOro KosuiekTopa, yxke 500 cBo-
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6oubIX Buxpeii. CTojib BBICOKAsi TYPOYJIEHTHOCTh IIOTOKA (U 9TO TIPU JaBJIEHUN
20 MIla) siBsistercst HPUIMHO HEPErYJISIPHOCTH TeUeHUs B COOPHOM KOJLIEKTODE.
Boabimmoit rpagueHT JaBjaeHUs, KOTOPBIA MOXKET BOSHUKATb H3-3a 9TUX BUXPEHH,
IPUBOINUT K HAMOOJIBINEMY JIABJICHUIO MMEHHO HA BBIXOJI€ M3 IIEPBOTO TB3JIA, I10-
TOMY 9TO OH PACIIOJIOXKEH JIAJIbIIe BCETO OT BbIXO/a U3 cOOpHOTO KoJutekTopa. Ha
puc. 9 17 9TOI KacceThl IPEeJCTaBIeHbl I'PAMUKA MACCOBOIO PACXOA TEILJIOHO-
CHUTEsIsl HA BXOJIE€ W BBIXOJE U3 1epBoro (BepxHuil rpacduk) u BToporo (HUzKHUIA
rpaduk) TB3JI0B, cooTBeTcTBeHHO. C TeYeHreM BpEMEHH PAcX0o/l, 0COGEHHO Ha BXO-
Jle ¥ BBIXOJIE M3 IIEPBOI0 TBIJIa, MEHSIETCS KpaiiHe HeperyJsipHo, /1a U 00paTHbIe
TedeHNs BO3HHUKAIOT, B OCHOBHOM, TOJIbBKO B II€PBOM TB3JIE. I/INIGHHO n3-3a 3TOIrO0
[TO-Pa3HOMY MEHSIeTCsI TeMIIEpaTypa Ha BbIxoje n3 TBjoB. Ha puc. 10 BumHO, 9TO
no Bpemenu 0.04 cek TemrepaTypa TEIJIOHOCUTEJI Ha BBIXOIE U3 TBIJIOB PACTET
omHakoBO, HO K 0.05 cek pocT TeMIlepaTypbl Ha BBIXOJE U3 BTOPOI'O TBIJIA IIpe-
KPAaIlaeTcst, ¥ OHa, TIOCJIe TOTO CJ1ad0 MEHSIETCS BO3JIE CBOETO CPEJIHETO 3HAUEHMUS
( 1028 K), a Ha BBIXOJle U3 II€PBOIO TB3JIa TeMmIleparypa Tersionocuress 1o 0.16
CceK MOHOTOHHO pacTéT j1o TeMmeparypsl 1370 K.
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Puc. 9: I'pacduk nsameHeHns 1mo BpeMeHn MacCOBOIO PACX0/ia Ha BXOJIE U BBIXOJIE
W3 KacCeThl U3 JIBYX TBIJIOB Iipu Ry = 18MMm.

Ha puc. 11 uzo6paskennl cedenust KacceTbl ¢ n3obapaMy U TPAeKTOPUSIMU CBO-
6onubix Buxpeit. Ha nepsom cevennu (puc. 11a) n3o6apbl B caMoM Havajie IIpo-
necca, KOrja CBOOOJHBIX BHXPEH €INé Majo M TPaJMeHThl JAaBJICHHS B COOPHOM
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Puc. 10: I'paduk nsmenenus: reMiepaTypbl IO BpeMEHI B COOPHOM KOJLIIEKTOPE
KACCeThl U3 JIByX TBJIOB.

KoJteKTope HeBesmku. Ha puc. 11b u puc. 11d moxkasaHbl rpaJineHThl JaBJICHHS
Ha 0.04 um 0.1 cex ¢ HavaJa IPOIECCA, COOTBETCTBEHHO. T paeKTopun CBOOOIHBIX
BUXpeil, n3oOparkeHHble Ha puc. 11c m ocobernHo Ha puc. lle, 3aHUMAIOT MHOTO
MecTa B COOPHOM KOJIJIEKTOPE, UTO FOBOPUT O OOJIBINON TypOyJIEeHTHOCTU Tede-
HUSA B 9TOH obyracT. DTO MOATBEPXKIAET U HAJUUNE 371€Ch I'yCTOH ceTm m3o0ap.
CroJib paziuaHasi TeMIEpaTypa HarpeBa TEIJIOHOCUTEISI B TBIJIAX KACCETHI U He-
PEery/IsIpHBIT MACCOBBI PACXO TEILJIOHOCUTEsSI B IIEPBOM TBIJI€ BPsAJ, JIU MOYKHO
Ha3BaTh YJIOBJIETBOPUTEIbLHBIM M, XOTs HTEPAIMOHHBINA IPOIECC ObLIT BCE BpeMs
CXOJISITITIMCST, €0 TOUHEee Ha3BaTh MPEIaBAPUITHBIM. DTH OMACEHUs MOITBEP N
BBIYUC/IATEIbHBIE S9KCIIEPUMEHTDI JIJI KACCEThI, COCTaBJIEHHONI U3 TPEX TBIJIOB Ta-
KHUX ke pazMepoB. CKOPOCTh TEIJIOHOCUTEJIST Ha BBIXOJIE U3 COOPHOIO KOJLIEKTOPA
371ech jjocturaia 18 M/cek u, Korja remmeparypa remionocuress K 0.05 cex mpo-
mecca npesbicuiia 1000 K, B cOopHOM KOJIJIEKTOPE B OKPECTHOCTH IIEPBOTO TBIJIA
0bpazoBaIach 30Ha MOBBIIIEHHOTO JABJIEHNS, IIPEBBIIIAIONIAA BEJININHY TaBICHUST
Ha BXOJIE B PACIIPEJIC/INTE/ILHBIN KOJJIEKTOP, U B PE3YJIbTATE BO3BPATHOE TEUCHUE
B IIEPBOM TB3JIE U KOJIJIEKTOPaX IIPUBEJIO K PACXOISIIEMYCsT UTEPAIMOHHOMY IIPO-
Iieccy TP ONPeeICHUN PACIPEeCHUs JABIEHUA B COOPHOM KOJIJIEKTOPE.
Yr100bl yMEHBIIUTH CKOPOCTU TEIJIOHOCUTEJISI B KacceTe, IpU €€ CO3/IaHuu
OBLJIO PEIIeHO MCIOJB30BATh TBIJIBI APYIUX pas3MepoB. st 9Toro TosmuHa 3a-
CBITIKU ObLTa cokparrneHa ¢ 70 mm 10 50 MM, a paanycbl IPUHSITHI PA3MEPOB
Ry = 28, Ry = 68 u Re = 90 MM, coorBeTcTBeHHO. B pesymbrare 00bEM mra-
POBOIl 3aCBIIKU B TBIJIE, &, CJIEIOBATEIbHO, U MOITHOCTL PEAKTOPa MPAKTHIECKU
He YMEHBINWJINCh; & I MOJIy9IeHus MOJO0HBIX 3HAYEHUN TeMIlepaTypbl Harpe-
TOroO rasa B COOPHOM KOJJIEKTOPE IIeperaji JaBJIeHUA B KacCeTe yMEHBIIAeTCI U
npuauMaercs paBabiM 20.15 MITa — 20.0 MIla Bmecto mpexunx 20.15 MIla —
19.75 Mlla. Takum obpazom, JaBjeHHe Ha BXOJE B PACIPEIETUTEIbHBINA KOJIIe-
kTOp octasiock npexkuum: 20.15 MIla. Hpyrue pazmepsl KOIJIEKTOPOB, KPOME pa-
auycoB Rg, Ry, Ra, ocTaJIuCh IMPEKHUMH.
B pesynbrare Takux reoMeTpUUYECKUX U3MEHEHUH YIAJIOCh IMPOBECTU yCIIITHBIE
9KCIIEPUMEHTBI JaXKe IJIsi KacCeTbl M3 YeTBHIPEX IOMOOHBIX TBJ0B. Kak BUIHO
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Puc. 11: N3obapsr n TpaekTopun BUXpei B KacceTe 3 2 TBJIOB rpu Ry = 18MmmM.

Ha puc. 12 MaccOBBIfl pacxo IMPEeJICTABISIOT O0Jiee pPeryaspHble KPUBLIE, XOTS
obpaTHble TeYeHHs, OCOOEHHO Ha TEPBOM TBIJE (BepXHUil rpaduK), BOSHUKAIOT
u 37ech. Ha 3mux pucyHKax 0COOEHHO XOPOIIO 3aMETHO, U9TO ¢ Hadaja UTepalu-
onHoro nporecca u 10 0.04 cexk MaccoBbIil pacxos TEIIOHOCUTEJISI Ha, BBIXOJE U3
BCEX TBOJIOB B Kaccerax OoJibIle, 4eM Ha Bxoje B HuX. OObICHSIETCSI 9TO sIBJICHHE
TeM, 9TO UMEHHO Ha 93TOM HHTEpPBaJie BpeMEHHN B TB3JIaX IIPOUCXOJIUT aKTUBHBII
POCT TeMIlepaTyphbl TEIJIOHOCUTEJIs, U Ta3 B pe3yJbTaTe paciiupsieTcs. BupouewM,
9TO fABJIEHUE TAKXKE MOXKHO 3aMeTuTh u Ha puc. 4, 6 u 9. ['pacduku Temmnepary-
PBI B COOPHOM KOJLJIEKTOPE Ha €ro T'PAHUIAX C TBIJIAMH TOXKE IIPEJCTABJIEHBI Ha
puc. 12 (HmkHuit rpaduk) 1 U3 HUX BUIHO, YTO OHU UJYT GOJIEe TECHBIM IIyIKOM,
deMm Ha puc. 10 m 3HAYEHUS CpPETHUX TEMIIEPATyp, BO3J€ KOTOPBHIX U3MEHSIOTCS
X KpuBbIe, 110 ouepeau paBubl 1125, 1060, 1104 u 1114 K, coorBeTrcTBEHHO.
Ha puc. 13 u3o6pazkenbl n300apbl 1 TPAEKTOPUN CBOOOIHBIX BUXPEl B KACCETE U3
4 oo Ha 0.036, 0.1 1 0.18 cexk mrepalOHHOIO IIpoliecca, coorBercTBerHo. C
YBeJIUYIEHNEM YHCJIa TBYJIOB B KACCETE PACTET KOJIUIECTBO CBOOOIHBIX BUXPEH B
cooproM Kosmekrope. Co BpemeHeM OOJIBITHHCTBO 13 HU3 OKAXKETCS Ha BBIXOE U3
cbopHOTO KOJITEKTOpa. Ecan oTciiexkuBaTh, Kak paHee, Tpaekropun H0-tu cBobOO-
HBIX BHUXPEI, TO Ha PUCYHKE OHM 0OPa3yIoT CILIOIIHOE YepHoe IsITHO. [losTomy Ha
puc. 13 oTparkeHbl TPAEKTOPUH JIUIIb IEPBBIX 15-TU CBOOOIHBIX BUXPEH, KOTOPHIE
0bpa3zyiorcst B cOOPHOM KOJLIEKTOPE B OKPECTHOCTHU KasKJIOro TBIJIA.

B wucnosib3yeMoli BBIMUCIUTEILHON MO/ TOTOK TEILJIOHOCUTE ST B PACIIpe-
JIeTUTEJIBHOM KOJIJIEKTOPE BO3MYIIEH HE CUJILHO, ITOCKOJBbKY B OKPECTHOCTH Ka-
JKJIOrO TB3J1a, CBOOOIHBIE BUXPHU CXOSIT TOJBKO C OJIHOTO ocTporo yria. Ot sroro
n300apbl, OCOOEHHO B KOJIBIIEBOW YaCTH KOJIJIEKTOPA, Pa3MEIIeHbl OJHOPOIHO M
CO BpEMEHEM B OCHOBHOM MEHAETCI TOJIBKO UX I'yCTOTa. BOSBpaTHbIe TEYECHUd Ha
IpaHUIEe PACIPEIETUTETHHOTO KOJJIEKTOPAa U TB3J1a B OCHOBHOM BO3HHUKAIOT CHH-
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Puc. 12: 3aBucuMocTh OT BpEMEHN MaCcCOBOTO pacxXojia B TBIJIAX M TEMIIepaTypbl
B COOPHOM KOJLIEKTODE JIJIst KACCEThI U3 YeTHIPEX TBIJIOB pu Ry = 28 MM.

XPOHHO C MOJAOOHBIMU TEUYCHUSIMU HA T'PAHUIE COOPHOTO KOJLUIEKTOPA C TBIJIOM; U
[IPUYUHON WX TOsIBJIEHUS, OYEBUJIHO, SIBJIIAIOTCA TYypOyJIEHTHBIE ABJEHUS B cOOD-
HOM KOJIJIEKTODE.

I/I JINITb B OTJAE/JIbHbIE MOMEHTBI BPEMEHU O6paTHI)Ie TeYCHUs B pallpeje/in-
TeJIbHOM KOJIJIEKTOPE BO3HUKAIOT 3a CYeT TYpPOYJIEHTHBIX TeueHuil B Hux. B Taknx
CIy4asgx oOpaTHDLIE TEUEHUs B PACIPECIUTEIHLHOM KOJIJIEKTOPE MAJIO BJIMAIOT HA
TedeHus: B COOPHOM KOJIJIEKTOPE, TJ/i€ OHO B 9TO BPEMS IIPOUCKOJIUT B IIPABUIHLHOM
HaIpaBJICHUN.

B sToM cityvuae MOXKHO yBEPEHHO CUHTATH, YTO IMPUYIUHON BO3BPATHOTO Tede-
HUsI HA T'PAHUIIE PACIIPEJIETUTENHHOIO KOJJIEKTOPA U TBIJIa SABJILIOTCH TypOyJIeH-
THBIE TE€UEHUs] B PACIPEIeIUTEeTLHOM KojuteKTope. Hampumep, na puc. 12 MoxKHO
OTMETHUTHb HECKOJIbBKO TaKNX MOMEHTOB. OJ:LH&KO OCHOBHOM HpI/I‘II/IHOfI BO3BpPATHBIX
TEYEHUII B KACCETE, OUYEBUJIHO, SIBJIIETCS TYPOYJIEHTHOE TedeHrne B COOPHOM KOJI-
JIEKTOPE M OCODEHHO Ha BBIXOJIE M3 HET'O, IJie CBOOO/IHBIX BUXDeil OOJIbIlle BCETO U
0CODEHHO BeJIMKA CKOPOCTh HArpeToro rasa. Tak, B Kaccere u3 4-x TB3j10B Ha (.18
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Puc.13: Uzobaps! u Tpaekropun Buxpeil B Kaccere u3 4 TB3J0B ipu Ry = 28 M.

CEK MTEPAIMOHHOIO Iporecca B cOOPHOM KoJuleKTope B 30Hax 1, 2, 3 u 4 TB3JIOB
B IIOCTPOEHUM peltenus npuHuMaioT yaactue 436, 587, 872 u 931 cobomubIX BU-
Xpeii, a B IMUINHAPAIECKAX FaCTAX ITUX 30H CPEIHAA CKOPOCTH TEILJIOHOCHUTEJIS
COOTBETCTBEHHO paBHsIach 1.86, 3.85, 5.83, 7.79 m/cek. nepimonnbie cBoicTBA
noToka 1pu gassiennn raza 20 MIla u Takux ckopocTsix, 0COOEHHO Ha BBIXOJE UX
cOOPHOTO KOJJIEKTOPA, BECbMAa BEJIUKHU.

Terepb HECKOJIBLKO CJIOB O PACIPEIETCHUN JABICHNIS TEILIOHOCUTEJIST B TBIJIaX
JUIL BCEX PACCMOTPEHHBIX B CTaTbe KacceT. M300apbl 3TOro HaBjieHHUs ITOKA3a-
wel Ha puc. 8, 11 u 13. Ha Bcex 3TuMX pucyHKax BHIHO, YTO HAUJIyUIIUM OOpa-
30M JIABJIEHHE YCTAHABJIMBAETCS B IIEPBOM TBIJIE KaXKJON KacceTol. VIMeHHO Tam
n300apbl PA3MENIeHbl TePIeHINKYISPHO OCHOBHOMY HAIIPABJICHUIO TEUEHUS Te-
IJIOHOCHUTEJIST B TBIJIE, TO €CTh MEePIeHINKYISIPHO ITUIMHIPUIECKON OCH KaCCeTHI.
Orcrona MOHSATHO, YTO U OCPEIHEHHOE TE€UCHUE TEIJIOHOCUTEJIsI B 9TUX TBIJIAX C
6OJIBIIION TOYHOCTBHIO COBIIAJIAET C OCHOBHBIM. B Jpyrux TBaJjiax paciipejiejieHue
JIABJIEHUS] TEIJIOHOCUTE/IsI CUJIBHO OTJIMYIAETCsI OT MJIEAJbHOTO U OCOOEHHO B 30HE
X TPAHUIIBI CO COOPHBIM KOJIJIEKTOPOM. Brosk 9Toi#l rpaHuIlsl gaBjiaeHne B cOOp-
HOM KOJIJIEKTOPE CHJIBHO MEHSeTCs, a 9TO MCKayKaeT pacupejiesieHre TaBJIeHUs B
TBosIe. HO MOCKO/IBKY TedueHne B KOJLIEKTOpax TYypOyJIEHTHOE, TO PaCIIpeie/ieHne
JTaBJIEHNs B KOJIJIEKTOPAX IMOCTOSHHO MEHSIETCSI, OT STOTO JaBJIEHNE MEHIETCI U B
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TBYJIAX, YTO MOCTOMHHO U3MEHsIET HAIPABJIEHUE U BEJUUUHY IMONEPEIHOTO OCpe-
JHEHHOTO TeUEeHNs B TBIJIAX, X OT 9TOTO PACIpeeseHNe TeMIIEPATyPhl Ha BBIXOJE
13 TBIJIOB, BUJINMO, HEMHOTO BbipaBHuBaeTcst. OTHAKO HEPABHOMEPHOCTH HATDEBA
TEIIJIOHOCUTEJIA Ha BBIXO/IE U3 9TUX TB3JIOB IO PaJINYCy, TO €CTh 110 IIOIIEPETHOMY
ceuennio, nmeeT Mecto. Tak myst 0.018 cex mporiecca B KacceTe u3 4-X TBIJIOB €CJIH
Ha BBIXO/I€ U3 IIEPBOI'O TBYJIa 3Ta PA3HUIA HATPEBA TEILIOHOCUTE/IS 110 PAINYCy He
MPEBBIIIAET 5 I'PAYCOB, TO HA BBIXOJIE U3 4-I'0 TB3JIa B TYIUKOBOW 30HE COOPHOTO
KOJIIEKTOpa (Ha PHC. 3 9TO B OKPECTHOCTU TOYKU B) Temieparypa TerioHOCH-
resst paBasiercss 1078 K, a 3areM (¢ yMeHBIIIEHIEM MOMEPEYHOIO PAJIYCa TBIJIA)
TemiiepaTypa MOHOTOHHO pactér 10 1224 K upu pajauyce pasuom Ry (Ha puc. 3
9TO B OKPECTHOCTH TOYKH A).

5. BeiBoanbI

B crarbe npoBoiuTCs YMCIEHHOE MOJIEIUPOBAHNE OBICTPO ITPOTEKAIOIINX IIPO-
[IECCOB TEPMOJIMHAMUKHY, BO3HUKAIOIINX B AKTUBHOI 30HE U IIPUMBIKAIOIIUX K HEil
KOJIJIEKTOPAX sIIEPHOTO PeakTopa Ha OBICTPBIX HedTpoHax. B wacTHOCTH, TIpeia-
raeTcs aJITOPUTM DeIIeHUs] BO3ZHUKAIOIIEH HAYAIbLHO-KPACBOU 3aJadu, a TaKXKe
cocTaBjeHa W oTJaxkKeHa rnporpamma [I9BM u mpoBejieHbl BHIYUCIATEIbHBIE K-
CHEPUMEHTBI. BhIYUC/IUTETbHBIE SKCIIEPUMEHTHI TIOKA3a/ i OOJIBIIYIO 3aBUCUMOCTD
pacIpe/jiesieHust JaBJIeHUsI, 8 ¢ HUM U KOI(DDUIIMEHTOB COMPOTUBJIEHHST OT CTEIIEHN
3aBUXPEHHOCTU a30BOr0 MOTOKA B KoJieKTopax. OCODEHHO BeJINKa 9Ta 3aBUXPEH-
HOCTb, TO €CTb TyPOYJIEHTHOCTD IIOTOKA HA BBIXOJIE, U3 COOPHOTO KOJLJIEKTOPA, TJIe
obpaszyercst HaubOJIbINAs CKOPOCTh HAI'PETOrO TEIJIOHOCUTENIS U Ky/la YCTPEMJIs-
FOTCsT Bce CBODOJIHBIE BUXPU BO3HUKINNE B KOJIIeKTOpe. VIMeHHO u3-3a TypOyJieH-
THOCTH IIOTOKA, IIPEKJIe BCET'O B TOI 30HE, CJIyYalHBIM 00pa30M MEHSIETCS COIPO-
THUBJIEHUE ITOTOKY. B pe3ysibrare pacxo/i TEIJIOHOCUTE ST MEHSETCsI HE PEryJIspHO,
a MHOT/Ia BO3BHUKAIOT U OOpaTHBIE TEUYEHUS, KOTOPhIE B KPAWHUX CJIydasiX MOTYT
SIBJIATBCS TPUIUHAME aBapUiHbIX curyanuii. OTCIo/la TJIaBHON 3a/1adeii, BO3HUKA-
IOIIEH IPU NPOEKTUPOBAHNN TAKUX KOHCTPYKIINH, ABJISIETCA MUHUMUA3AINA CKOPO-
CTU MTOTOKA TEIJIOHOCUTEJISI B BBIXOIHON 30HE COOPHOIO KOJLUIEKTOpaA. DTO Tpebo-
BaHHE IIOATBEPZKIa€TCA pe3yJIbTaTaMH BBIYUCJIUTEIBbHBIX 3KCIICEPUMEHTOB. HpO—
BeJIEHHBIE BLIYUCIUTE/ILHbIE SKCIIEPUMEHTHI TaKKe [M0Ka3aJu OOJIbINoe BJIUsIHUE
PEOMETPUIECKUX PA3MEPOB TBIJIOB HA PETYJISPHOCTH MOJETUPYEMBIX IIPOIECCOB.
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2Kyuenko C. B. HucesibHe MOIeJOBAaHHS TEPMOAMHAMIKM SIT€PHOrO peakTopa
Ha NIBUAKWUX HEUTPOHAX. ¥ CTATTI TPOBOJIUTHCS YUCETbHE MOJICTIOBAHHS TEPMOIUHA-
MIKH SJEPHUAX PEAKTOPIB Ha IMIBUJIKUX HEUTPOHAX 3 T€IIEBUM TEIJIOHOCIEM 1 3aMKHYTUM
namusauM koM (GFR). ¥V pamkax Mixuapoasoro dhopymy peakTopu HoaibHOTo TUILY
Bimmocarses 1o 4-ro nokominaio GIF - IV (Generation IV International Forum). Buko-
PUCTaHHS TeJII0 K TEIJIOHOCIs B peaKTopax MHOAIOHOIO THILY JyzKe HEPCIIEKTHBHO, aJjie
3B’S13aHO 3 BEJIMKUMU TPY/HOIIAMU, sIKi BUHUKAIOTH [PU peaJli3allil Takoro MpOeKTy, i
TOMY HUHI Ha TPAKTUI[ CTBOPEHI JIMIe JOCHiHI 3pa3ku MOAI0HIX peakTopiB. ABTOpOM
PO3IVISAAIOTHCS PEAKTOPU OJIHIET KOHCTPYKIIiI, /st KAX BHUIAETHCs CIIOCIO 9MCeTbHOTO
MOJIEJTIOBAHHS MIBUJIKO TTPOTIKAIOYNUX ITPOIECIB TEPMOJIMHAMIKY, 0 BUHUKAIOTH B KaceTi
3 JIEKITBKOX TEIIOBU/IIIIOYNX €JIEMEHTIB, a TaK0XK B KOJIEKTOpax, IO IPUMHUKAITH JI0
Hel. Y cTaTTi IPOTIOHYETHCS AJTOPUTM PillIeHHSI BUHUKAIOYO] ITOYaTKOBO-KPAoBOl 3a/1axi,
a TaKOXK HABOJISTHCSI PE3yJIbTaTH OOUNC/TIOBAJIBHUX €KCIIEPUMEHTIB, STKi OTpUMAaHI 3a J10-
romoroto mporpamu [IEBM ckiasieHoro 1 BifjrarozkeHon aBTopoM J1jist BUPIIIIEHHS ITHOTO
3aBJIaHHA. Y TOYHIOIOTHCS JIESTKi OCODIMBOCTI IporpamMu, 06rOBOPIOIOTHCHA OOUNCIIOBAIbHI
TPY/HOIII ITPOrpaMu, IO BUHUKAIOTh IPU BiJIa I, i TPOIOHYIOTHCS METO/IU 1X TOI0/1a~
HHSI.

K061 cao6a: Kacera TEILIOBUILISIIOYAX €JIEMEHTIB; PO3NOIIIbHMIL 1 30ipHUil KOJIEKTO-
pa; TeJIie€Bmii TEIJIOHOCIH; TYpOY/IEHTHI Tedil; MOBOPOTHI IOTOKM; aBapiiiHa CUTYAIIisT; Tpa-
€KTOpil BITBHUX BUXOPIB.

S.V. Zhuchenko. Numerical simulation of the thermodynamics of a fast neutron
reactor. The article deals with one reactors design, which, under the International
Forum, are attributed to the 4th generation of the GIF-IV (Generation IV International
Forum) of fast neutron reactors with a helium coolant and a closed fuel cycle (GFR).
Although the use of helium as a coolant in reactors of this type and has great advantages
in comparison with other coolants, for example, CO2 gas, however, due to the great di-
fficulties encountered in the implementation of such a project, only prototypes of similar
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reactors are currently implemented. Due to the complexity of gas flow in the collectors
and backfill, the averaged flow of the coolant is considered throughout the proposed
mathematical model. It is assumed that the averaged flow is symmetric everywhere relati-
ve to the common axis of the cylinders forming the annular domain, and, consequently,
is axisymmetric, that is, two-dimensional. One such annular cylindrical cavity will be
called a fuel element. The mathematical model of a cassette of several such fuel elements
connected by common distributed and gathering collectors is considered in the article.
The algorithm for solving the arising non-stationary initial-boundary value problem is
proposed in the article, as well as the results of some computational experiments that
are obtained using the PC program, compiled and debugged by the author of the article.
The experiments were carried out both for one fuel element, and for cassettes of 2, 3 and
4 fuel elements. The algorithm for solving the arising non-stationary initial-boundary
value problem is proposed in the article, as well as the results of some computational
experiments that are obtained using the PC program, compiled and debugged by the
author of the article.

Keywords: cassette of fuel elements; distributive and collapsible collector; helium coolant-
moderator; turbulent ows; recurrent streams; emergency situation; trajectories of free
whirlwinds.
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