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For upper bounds of the deviations of Fejer sums taken over classes of periodic
functions that admit analytic extensions to a fixed strip of the complex plane,
we obtain asymptotic equalities. In certain cases, these equalities give a solution
of the corresponding Kolmogorov-Nikolsky problem.
Keywords: asymptotic equality; Poisson integrals; Fejer sums

Новiков О.О., Ровенська О.Г., КозаченкоЮ.А. Наближення класiв iнте-
гралiв Пуассона сумами Фейєра. Розширено промiжок параметра, що
визначає клас функцiй, для якого були справедливими знайденi до цього
асимптотичнi рiвностi для верхнiх граней вiдхилень сум Фейєра на класах
перiодичних функцiй, що дозволяють аналiтичне подовження у фiксовану
смугу комплексної площини. В деяких випадках цi рiвностi забезпечують
розв’язок вiдповiдної задачi Колмогорова–Нiкольського.
Ключовi слова: асимптотична рiвнiсть; iнтеграли Пуассона; суми Фейєра

Новиков О.А., Ровенская О.Г., Козаченко Ю.А. Приближение классов
интегралов Пуассона суммами Фейера. Расширен промежуток па-
раметра, определяющего класс функций, для которых были справедливы
найденные ранее асимптотические равенства для верхних граней уклоне-
ний сумм Фейера на классах периодических функций, допускающих анали-
тическое продолжение в фиксированную полосу комплексной плоскости. В
определенных случаях эти равенства обеспечивают решение соответству-
ющей задачи Колмогорова–Никольского.
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1. Introduction

Let Cqβ,∞ (see, e.g., [1]) be classes of continuous 2π-periodic functions given
by the convolutions

f(x) = A0 +
1

π

π∫
−π

f qβ(x+ t)P qβ (t)dt,

4
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where

P qβ (t) =
∞∑
k=1

qk cos(kt+
βπ

2
), q ∈ (0; 1), β ∈ R,

is the well-known Poisson kernel, the function f qβ(x) either satisfies the condition

ess sup
x∈[−π;π]

|f qβ(x)| ≤ 1.

In this case, the sets Cqβ,∞ consist of 2π-periodic functions that admit extension
to functions f(z) = f(x+ iy) analytic in the strip |y| < ln(1q ) (see, e.g., [1]); these
functions are called the Poisson integrals.

Further, let f(x) be a 2π-periodic summable function (f ∈ L), let

S[f ] =
a0
2

+
∞∑
k=1

(ak cos kx+ bk sin kx)

be its Fourier series, and let ak = ak(f) and bk = bk(f), k = 0, 1, . . ., be its Fourier
coefficients.

Denote by Λ = ||λ(n)k ||, k, n = 0, 1, . . . an arbitrary triangular matrix of
numbers by using which we associate every function f ∈ L with a sequence of
trigonometric polynomials Un(f ;x; Λ) of the form

Un(f ;x; Λ) =
a0
2

+
n−1∑
k=1

λ
(n)
k (ak cos kx+ bk sin kx).

Thus, any triangular matrix Λ gives a method for the construction of
polynomials Un(f ;x; Λ) or, in other words, specific sequence of polynomial
operators Un(f ; Λ) defined on the set L. In this case, one also says that the
matrix Λ defines a specific method (Λ-method) for summing Fourier series. It is
clear that the operators Un(f ; Λ) are linear. For this reason, Λ-methods are called
linear summation methods for Fourier series.

For arbitrary natural p < n the polynomials that are given by relationship

λ
(n)
k =

{
1 1 ≤ k ≤ n− p,
1− k−n+p

p n− p+ 1 ≤ k ≤ n− 1

are called de la Vallee Poussin sums. In this case, the polynomials Un(f ;x; Λ) are
denoted by Vn,p(f, x) and have the form

Vn,p(f ;x) =
1

p

n−1∑
k=n−p

Sk(f ;x),

where Sk(f ;x) , k = 0, 1, . . . are the partial Fourier sums of order k of the function
f(x). If p = 1, then Vn,p(f ;x) = Sn−1(f ;x). For p = n sums of this type are called
the Fejer sums:

σn(f ;x) = Vn,n(f ;x) =
1

n

n−1∑
k=0

Sk(f ;x).
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De la Vallee-Poussin sums and their special cases (Fourier sums and Fejer
sums) have been extensively studied for many decades by many prominent experts
in the theory of functions. In 1946, Nikolsky [2] considered the quantity

E
(
Cqβ,∞;Sn

)
= sup

f∈Cqβ,∞
||f(x)− Sn(f ;x)||C

where Sn(f ;x) is the n-th partial sum of the Fourier series of the function f(x),
and established the asymptotic equality (as n→∞)

E
(
Cqβ,∞;Sn

)
=

8qn

π2
K(q) +O(1)

qn

n
,

where

K(q) =

π
2∫

0

du√
1− q2 sin2 u

is the total elliptic integral of the first kind, O(1) is a quantity uniformly bounded
with respect to n. In 1980, Stechkin [3] proposed another proof of this result,
which allowed to refine the remainder equality

E
(
Cqβ,∞;Sn

)
=

8qn

π2
K(q) +O(1)

qn

n(1− q)
,

where O(1) is a quantity uniformly bounded with respect to n, q.
It follows from these equalities that, on the classes of analytic functions,

the Fourier sums provide an approximation which coincides in order with the
best approximation by the trigonometric polynomials of degree not greater than
n. However, it is still interesting to make clear how do other approximating
aggregates (e.g., de la Vallee-Poussin sums, Fejer sums) behave on the classes
mentioned above. These studies may be of interest for computational mathemati-
cs and methods of mathematical modeling.

Asymptotic (as n → ∞) equalities for upper bounds of the deviations of de
la Vallee Poussin sums for p satisfying n − p → ∞ on the classes Cqβ,∞ may be
found in [4, 5]:

E
(
Cqβ,∞;Vn,p

)
= sup

f∈Cqβ,∞
||f(x)− Vn,p(f ;x)||C

=
qn−p+1

p

(
4

π2
Kq,p +O(1)

(
q

(n− p+ 1)(1− q)s

))
,

where

Kq,p =

π∫
0

√
1− 2qp cos pt+ q2p

1− 2q cos pt+ q2
dt, s = s(p) =

{
1, p = 1,
3, p = 2, 3, ...,
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O(1) is a quantity uniformly bounded with respect to n, p, q.
In the case of arbitrary p = 1, 2, ..., n the behavior of the constant Kq,p could

be inferred by the next identity, proved in [6]:

Kq,p = 2
1− q2p

1− q2
K(qp),

where K(q) is the total elliptic integral of the first kind.
Some related problems were studied in [7, 8, 9, 10, 11, 12].
For q ∈

(
0; 2−

√
3
]
upper bounds of the deviations of Fejer sums on the classes

Cq0,∞ were investigated in [13]

E(Cq0,∞, σn) = sup
f∈Cq0,∞

||f(x)− σn(f ;x)||C =
4q

πn(1 + q2)
+O(1)

qn

n
, n→∞,

where O(1) is a quantity uniformly bounded with respect to n, q.
Here, we extend the result indicated above to the case where q ∈ (0; q0],

q0 =

√
2 +
√

5− 2
√

2 +
√

5 ≈ 0, 346.

2. Result

Our main result is in the following theorem.

Theorem 1 Suppose that q ∈ (0; q0]. Then the following relation holds as n→∞

E(Cq0,∞, σn) =
4q

πn(1 + q2)
+O(1)

qn

n
, (1)

where O(1) is a quantity uniformly bounded with respect to n, q.

Proof.
The statement of theorem is proved using the procedure proposed in [13]. Let

δn(f ;x) = f(x)− σn(f ;x) = f(x)− 1

n

n−1∑
k=0

Sk(f ;x) =
1

n

n−1∑
k=0

ρk(f ;x), (2)

where
ρk(f ;x) = f(x)− Sk(f ;x).

For f ∈ Cq0,∞ quantity ρm(f ;x) may be represented as follows

ρm(f ;x) =
1

π

π∫
−π

f qβ(x+ t)
∞∑

k=m+1

qk cos ktdt

=
1

π

π∫
−π

f qβ(x+ t)
∞∑
k=0

qk+m+1 cos(k +m+ 1)tdt =
qm+1

π

π∫
−π

f qβ(x+ t)
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×
(

cos(m+ 1)t
∞∑
k=0

qk cos kt− sin(m+ 1)t
∞∑
k=0

qk sin kt

)
dt.

According to formulas
∞∑
k=0

qk cos kt =
1− q cos t

1− 2q cos t+ q2
,

∞∑
k=0

qk sin kt =
q sin t

1− 2q cos t+ q2
,

we obtain

ρm(f ;x) =
qm+1

π

π∫
−π

f qβ(x+ t)

{
1− q cos t

1− 2q cos t+ q2
cos(m+ 1)t

− q sin t

1− 2q cos t+ q2
sin(m+ 1)t

}
dt. (3)

Comparing (2) and (3), we obtain

δn(f ;x) =
1

πn

π∫
−π

f qβ(x+ t)

1− 2q cos t+ q2

n∑
m=1

qm[cosmt− q cos(m− 1)t]dt. (4)

We have
n∑
k=1

qk(cos kt− q cos(k − 1)t) =

n∑
k=1

qk
(
eikt + e−ikt

2
− q e

i(k−1)t + e−i(k−1)t

2

)

=
1

2

n∑
k=1

{[(
qeit
)k

+
(
qe−it

)k]− q2[(qeit)k−1 +
(
qe−it

)k−1]}
=

1

1− 2q cos t+ q2
[(q+q3) cos t−2q2−qn+1(cos(n+1)t−2q cosnt+q2 cos(n−1)t)].

Taking into account the formula (4), the following integral representation holds
as n→∞

δn(f ;x) =
q

πn

π∫
−π

f qβ(x+ t)[(1 + q2) cos t− 2q]

(1− 2q cos t+ q2)2
dt+O(1)

qn

n
, (5)

where O(1) is a quantity uniformly bounded with respect to n, q.
The function

Γ(t) =
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2

for q ∈
(
0; 2−

√
3
]
monotonous on interval (0;π). Using the relation (5), we

conclude that for function f qβ(t) ∈ S0
M ,

S0
M = {f ∈ L

...
π∫
−π

f(t)dt = 0, ess sup|f(t)| ≤ 1, t ∈ [−π;π]},
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the following representation

δn(f ;x) =
q

πn

π∫
−π

f qβ(x+ t)

(
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

)
dt+O(1)

qn

n

is true.
For q ∈

(
0; 2−

√
3
]
we have ϕ(t) = sign [Γ(t) − Γ(π/2)] ∈ S0

M . Taking into
account that (f0(x))qβ = ϕ(x), we obtain

E(Cq0,∞, σn) =
q

πn

π∫
−π

ϕ(t)

(
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

)
dt+O(1)

qn

n

=
2q

πn

π∫
0

∣∣∣∣ (1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

∣∣∣∣ dt+O(1)
qn

n
. (6)

It is clear that, for q such that Γ(t) − Γ(π/2) > 0, t ∈ (0;π/2) and Γ(t) −
Γ(π/2) < 0, t ∈ (π/2;π) the formula (6) is true.

We investigate the function Γ(t). We have

Γ′(t) =
(6q2 − q4 − 1− 2q(1 + q2) cos t) sin t

(1− 2q cos t+ q2)3
.

Performing elementary transformations, for q ∈
(
0; 2−

√
3
]
we get

Γ′(t) 6= 0, t ∈ (0;π).

It was also shown in [13]. Further, Γ′(t) = 0 for q ∈
(
2−
√

3; 1
)
such that satisfy

the condition

cos t =
6q2 − q4 − 1

2q(1 + q2)
.

For t ∈ (π/2;π) this relation is true as

−1 ≤ 6q2 − q4 − 1

2q(1 + q2)
≤ 0.

Making calculations, we obtain q ∈ (2−
√

3;
√

3− 2
√

2).
Consider the condition Γ(q, π)− Γ(q, π/2) ≤ 0. The last inequality yields for

q4 − 2q3 − 2q2 − 2q + 1 ≥ 0.

Making calculations, we have q ∈ (0; q0].
In view of the properties of monotonicity of function Γ(t), for q ∈ (0; q0] we

have ϕ(t) = sign [Γ(t) − Γ(π/2)] ∈ S0
M . Therefore, for function (f0(x))qβ = ϕ(x)

the relation (6) is true.
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It is clear that
π∫

0

∣∣∣∣ (1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

∣∣∣∣ dt

=

π/2∫
0

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt−

π∫
π/2

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt. (7)

Making calculations, we obtain∫
cos t

(1− 2q cos t+ q2)2
dt =

(1 + q2) sin t

(1− q2)2(1− 2q cos t+ q2)

+
2q

(1− q2)2

∫
dt

1− 2q cos t+ q2
,∫

dt

(1− 2q cos t+ q2)2
=

2q sin t

(1− q2)2(1− 2q cos t+ q2)

+
1 + q2

(1− q2)2

∫
dt

1− 2q cos t+ q2
.

Making elementary transformations, we obtain∫
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt =

sin t

1− 2q cos t+ q2
,

π/2∫
0

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt−

π∫
π/2

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt =

2

1 + q2
.

Combining relations (6), (7), we arrive at the statement of the theorem. The
theorem is proved.

The formula (1) provides the solving of the Kolmogorov-Nikolsky problem (see,
e.g., [14, 15]) when performing the theorems conditions without any additional
conditions.
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Новiков О.О., Ровенська О.Г., Козаченко Ю.А. Наближення класiв iнтегралiв
Пуассона сумами Фейєра. У роботi вивчаються питання наближення перiоди-
чних диференцiйовних функцiй високої гладкостi лiнiйними середнiми рядiв Фур’є.
Одна з класифiкацiй перiодичних функцiй - класифiкацiя, що заснована на понят-
тi (ψ;β)-диференцiювання. Ця класифiкацiя дозволяє ранжувати великий спектр
перiодичних функцiй - вiд функцiй, ряди Фур’є яких можуть розбiгатися до цi-
лих i аналiтичних. За належного вибору параметрiв, що визначають клас, класи
(ψ ;β)-диференцiйовних функцiй можуть збiгатися з класами згорток з iнтегрова-
ними ядрами.

Мета роботи - представити новi факти, що стосуються апроксимацiйних вла-
стивостей сум Фейєра на класах функцiй, якi визначаються мультиплiкаторами, у
випадку, коли цi послiдовностi прямують до нуля зi швидкiстю геометричної прогре-
сiї. За цiєї умови, вищезгаданi класи складаються з функцiй, якi можна регулярно
подовжити у вiдповiдну смугу комплексної площини.

Питання, що стосуються наближення класiв iнтегралiв Пуассона рiзними лi-
нiйними методами вивчалися в роботах С. Нiкольського, С. Стєчкiна, В. Рукасова,
С. Чайченка, А. Сердюка та iнших авторiв. З результатiв цих робiт вiдомо, що на
класах iнтегралiв Пуассона суми Фур’є забезпечують порядок наближення, який
збiгається з порядком найкращого наближення цих класiв тригонометричними мно-
гочленами порядку не вищого за n. Проте дослiдження апроксимацiйних властиво-
стей iнших методiв наближення може бути корисним в обчислювальнiй математицi,
математичному моделюваннi тощо.

В роботi розширено промiжок параметру, що визначає клас функцiй, для яких
є справедливою знайдена нами до цього асимптотична формула для верхнiх граней
вiдхилень сум Фейєра на класах iнтегралiв Пуассона. Отримана формула є асим-
птотично точною за будь-якого значення параметрiв, що входять до неї.
Ключовi слова: асимптотична рiвнiсть; iнтеграли Пуассона; суми Фейєра

Article history: Received: 9 January 2018; Final form: 21 January 2018;
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This paper deals with the deformation and damageability of the fuel cladding of
nuclear reactors, taking into account the creep and the temperature fields across
the thickness. Mathematical models and quantitative estimates for durability
of the fuel cladding, obtaining using computer simulations, are presented.
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Ромашов Ю.В., Поволоцький Е.В. Вплив температурного стану на
пошкоджуванiсть внаслiдок повзучостi оболонок цилiндричних
тепловидiляючих елементiв. Наводяться отриманi за допомогою ком-
п’ютерного моделювання кiлькiснi оцiнки впливу температурних полiв на
довговiчнiсть оболонок тепловидiляючих елементiв ядерних реакторiв.
Ключовi слова: пошкоджуванiсть; повзучiсть; оболонка твелу; довговi-
чнiсть; комп’ютерне моделювання

Ромашов Ю.В., Поволоцкий Э.В. Влияние температурного состояния
на повреждаемость вследствие ползучести оболочек цилиндриче-
ских тепловыделяющих элементов. Приводятся полученные с помо-
щью компьютерного моделирования количественные оценки влияния тем-
пературных полей на долговечность оболочек тепловыделяющих элемен-
тов ядерных реакторов.
Ключевые слова: повреждаемость; ползучесть; оболочка твэла; долгове-
чность; компьютерное моделирование

2010 Mathematics Subject Classification: 74S99, 74R99.

1. Introduction

Inhomogeneous temperature fields and creep deformations exist during
operation, and it is necessary to estimate the influence of these temperature fields
on the damageability due to the creep of the fuel cladding of nuclear reactors.

Really, the temperature in centers of fuel pins is limited about 1973K, but
the temperature in the outer boundary of the cladding, contacting with the heat
carrier, is about 630K. At the same time, the outer diameter of the cladding is
about 10mm in modern nuclear reactors with the ceramic nuclear fuel and the
pressurized water as the heat carrier, which are the most widely-used at present

13
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[1]. Thus, the significantly temperature difference about 1343K exists between the
places separated by the small distance about 5mm (one half of the diameter), and
the width of the cladding occupies about 0,5mm of this distance. The temperature
in the inner boundary of the cladding is defined by the heat conduction from the
heated fuel pellet across the gaseous filled the gap and next thru the cladding to
the heat carrier cooling the reactor core [1].

It is well-known that the temperature in the inner boundary of the cladding
can be estimated for the given density of internal heat sources in fuel pellets, for
the given heat contact conditions between the pellet and the gas, between the
gas and the cladding, considering also given heat transfer conditions between the
cladding and the heat carrier [2]. The heat transfer conditions between the outer
boundary of the cladding and the moving heat carrier must provide the limited
difference of temperatures in the inner and outer boundaries of the cladding due
to the strength limiting conditions with the temperature stresses considering;
this difference can be about 20-30K for the structural materials, widely using
for manufacturing elements of the reactors core. The mode of the heat carrier
flow and the state of the outer of the fuel assemblies are can be controlled in the
corresponding limits to provide the necessary heat transfer conditions between the
outer boundary of the cladding and the heat carrier, although the condition of
heat transfer between the fuel cladding and the heat carrier can be different in the
each places of the reactor core due to the local properties of the flow and can have
significant changes during operation. From other side, it is practically impossible
to accurately control during operation the internal state of each one of the fuel
elements, especially the density of internal heat sources in the fuel pellets and
the width of the gaseous gap inside the fuel element, which can changed due to
deformations of the pellet and cladding and significantly defines the heat transfer
processes, when the core of modern nuclear reactors is formed by means about
50000 fuel elements [1], [2]. Due to these circumstances, the temperature fields
can significantly differ in the cladding of each fuel elements, and it is practically
impossible to predict the temperature field in each cladding absolutely accurately.
Thus, the temperature fields in the cladding can be significantly different in each
of the fuel elements even for the similar heat transfer conditions between the outer
boundary of the cladding and the moving heat carrier, i.e. the average temperature
in the wall thickness of some cladding can be noticeably greater or lesser relatively
the expected value, averaged for the all core of the reactor.

The damages due to the creep deformation growth are the one of the most
dangerous for the fuel cladding of nuclear reactors, because they can lead to the
leakage of the activated fission products form inner volume of the cladding into
the heat carrier, which is not isolated and can fall into the environment [1], [2],
[3]. The creep deformation growth is significantly depended on the temperature,
and it is necessary to have the estimations for influence of the temperature fields
on the damageability due to the creep of the cladding [2], [3], [4], especially when
the temperature fields can not be estimated accurately.
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2. Mathematical formulation of the problem

The possibilities of experimental approaches are significantly limited for
research the processes in the reactor core, because it is very difficult and sometime
practically impossible to create artificially the conditions similar existing in the
reactor core during operation. Thus, the mathematical modeling and computer
simulation are the most effective approaches to research the processes in the
reactor core in different operation modes, including the damageability of structural
elements and different disasters. Next, we will consider the mathematical models
of mechanical behavior under creep deformations and damageability for the fuel
cladding with cylindrical shape, which is widely used in modern nuclear reactors
[2] and, very possibly, will be used in reactors of next generations.

The characteristic length L is significantly greater than the outer diameter b of
the fuel element’s cladding in modern reactors (pic. 1-a). Due to this circumstance,
it is possible to consider the stress-strain state of the cladding only for its axial
segment (pic. 1-b), which can be imagined as the thick round cylinder under the
small deformations under the well-known conditions of the plane problem [5],
[6], taking into account the inner pressure produced by the gases between the
pellets and cladding, the outer pressure produced by the moving heat carrier, the
temperature field produced by heat conduction thru the wall thickness, as well as
creep deformations. Thus, it is necessary to consider the linear kinematic equations
for total deformations, and the equilibrium equations, and the linear equations of
elastic deforming, taking into account that the total deformations consist of the
elastic and creep deformations. It is well-known [5], [6], how to reduce the general
view of listed equations, to the particular equations for the plane quasi-static
problem for thick-walled round cylinder under the noticed above assumptions.
It is not necessary in this article to present the way from listed above general
equations to the particular equations, corresponding to the assumptions of the
plane problem, but it is necessary to present the differential equations and the
boundary conditions of the mathematical model of the stress-strain state of the
cladding in the final view used for computer simulations:

−
1

E
σr +

ν

E
σθ +

∂u

∂r
= α(T − T0) + cr −

ν

E
σz, a ≤ r ≤ b,

ν

E
σr −

1

E
σθ +

u

r
= α(T − T0) + cθ −

ν

E
σz, a ≤ r ≤ b,

σz = pa
a2

b2 − a2
− pb

b2

b2 − a2
, a ≤ r ≤ b,

∂σr

∂r
+
σθ − σr

r
= 0, a < r < b,

(1)

σr|r=a = −pa, σr|r=b = −pb, (2)

where a, b are the inner and outer radii of the cladding; r is the radial
coordinate across the cladding wall thickness; σr, σθ, σz and u are the radial,
circumferential, axial stresses and radial displacement; E, ν and α are Young’s



16 Yu.V. Romashov, E.V. Povolotskii

module, Poisson’s ratio and the thermal expansion coefficient of the material used
to make the cladding; cr, cθ are the radial and circumferential creep deformati-
ons; T is the temperature of the cladding; T0 = 293K is the temperature of the
naturally unloaded state of the cladding; pa and pb are the inner and the outer
pressures, acting on the cladding.

It is possible to find the stresses σr = σr(r), σθ = σθ(r) and displacement
u = u(r) fields at the some time t ≥ 0 by solving the linear boundary-value
problem (1), (2) for the given pressures pa, pb, for the given temperature field
T = T (r) and for the given creep deformations cr = cr(r, t), cθ = cθ(r, t) at this
time moment t. The average values of the pressures pa, pb are usually known for
the given type of nuclear reactors and for modern types of widely-used pressurized-
water reactors these values are pa ≈ 6MPa and pb ≈ 16MPa [1], [2], but it is
necessary to have the additional equations to find the temperature T and the
creep deformations cr, cθ.

Рiс. 1. Fuel element schematic design (a) and axial segment of it’s cladding (b)

The temperature field in the wall of the cladding must be found as the solution
of the heat conduction problem for the cylinder, representing the cladding. Next,
we will take into account the temperature field, corresponding to the well-known
axi-symmetrical stationary heat conduction, which can be represented in the form
of boundary-value problem [7]:

d2T

dr2
+

1

r

dT

dr
= 0, a ≤ r ≤ b, T |r=a = Ta, T |r=b = Tb, (3)

where Ta and Tb are the temperatures on the inner and outer radii of the cladding,
and it is evidently that Ta ≥ Tb, because the heat sources are inside the cladding.

The solution of the heat conduction problem (3) can be easily found by
analytical integration of differential equation and analytical finding the necessary
constants from the boundary conditions. It is not necessary to show the elementary
analytical transformations, leading to the solution of the heat conduction problem
(3), but it is necessary to present final well-known result for the temperature field
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in the cylindrical wall:

T (r) = Tb − (Tb − Ta)
ln(r/b)

ln(a/b)
, a ≤ r ≤ b. (4)

where Ta and Tb are the temperatures on the inner and outer radii of the cladding;
it is evidently that Ta ≥ Tb because the heat sources are inside the cladding.

The result (4) for the temperature field will be used next in the computer
simulations of the cladding.

To find the creep deformations and the damageabilities in the structural
material of the cladding, it is necessary to propose the corresponding mathemati-
cal model. This model can be represented in the form of differential equations
with initial conditions, which for wide classes of the creep deformations and
the damageabilities, which are existed in different structural materials, can be
represented by using the Cachanov-Rabotnov scalar damage parameter in the
next well-known [6], [8] view:

∂cr

∂t
=

3

2

fc(ceq, ω, σeq;T )

σeq
(
2

3
σr −

1

3
σθ −

1

3
σz),

∂cθ

∂t
=

3

2

fc(ceq, ω, σeq;T )

σeq
(
2

3
σθ −

1

3
σr −

1

3
σz),

∂ω

∂t
= fω(ceq, ω, σeq;T ),

(5)

cr(r, 0) = 0, cθ(r, 0) = 0, ω(r, 0) = 0, a ≤ r ≤ b, (6)

where ω = ω(r, t) is the Cachanov-Rabotnov scalar damage parameter;
fc(ceq, ω, σeq;T ) and fω(ceq, ω, σeq;T ) are the velocities of the creep equivalent
deformation and the damage parameter; ceq = ceq(cr, cθ) and σeq = σeq(σr, σθ)
are the equivalent creep deformation and the equivalent stress necessary to equi-
valence the uni-axial and multi-axial stress-strain states.

The effect of the temperature field influence on the damageability of cladding
can be estimated by using the mathematical model (1)-(6) due to the presence
of the temperature field (4) in the mathematical model (1), (2) of the stress-
strain state, and in the kinetic equations (5) for the creep deformations and the
damage parameter. The velocities fc(ceq, ω, σeq;T ) and fω(ceq, ω, σeq;T ), presenti-
ng in creep-damage kinetic equations (5) must be obtained using the experimental
data about the rupture of the specimens of materials under the uni-axial tensile
in the creep conditions [6], [8], and it is relatively easy to obtain the velocities
fc and fω for given temperatures only. Next, we will consider the cladding made
from the the zirconium-based alloys which are widely used to make the cladding
in modern widely-used reactors [1], [2]. For zirconium-based alloys we will use the
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creep-damage velocities in the form:

fc(ceq, ω, σeq;T ) = 0, 25fω(ceq, ω, σeq;T ),

fω(ceq, ω, σeq;T ) = B1(T )

(
σeq

1− ω

)k1(T ) (
1− 2− exp(100σeq−S(T ))

)
+

+B2(T )

(
σeq

1− ω

)k2(T )
2− exp(100σeq−S(T )),

(7)

where B1(T ), k1(T ), B2(T ), k2(T ) and S(T ) are the parameters defined for the
given temperature T ; 2− exp(100σeq−S(T )) is the approximation of the step function

[9]; σeq =
√

(σr − σθ)2 + (σθ − σz)2 + (σz − σr)2/
√

2.
First relation (7) form is in the consequence of zirconium-based alloys properti-

es that the rupture creep deformation is not depended on the stress and equals
approximately 0,25 [10]. Two items, introduced in the second relation (7), are
necessary to take into account the differences in the tilts angles of two characteri-
stic straight sections, typically existing when logarithmic coordinates are used
to represent the depending between the rupture time and stress under the creep
for the given temperature and existing also for the zirconium-based alloys [10].
For the available experimental data, consisting of the stresses and correspondi-
ng to them the times of the rupture times for the given temperature, as, for
example, in [10], it is possible to find the parameters B1(T ), k1(T ), B2(T ), k2(T )
and S(T ) values, corresponding to that given temperature, by using the least
squares. It is impossible to represent the parameters B1(T ), k1(T ), B2(T ), k2(T )
and S(T )values, corresponding to the given temperature, in the form of finite
formulas, but it is only possible to propose the algorithms, which allow to obtain
these parameters values; it is not suitable do discuss these algorithms in this
article, but it is necessary to note, that these algorithms are reduced to the least
squares applications for different combinations of points from the available experi-
mental data to find the optimal matching to these data. Thus, it is possible to
find the parameters B1(T ), k1(T ), B2(T ), k2(T ) and S(T ) values in equations (7)
for same given temperature, using the necessary available corresponding experi-
mental data, but are no possibilities to find these parameters values for some
required temperatures without corresponding experimental data. In this situation
it seems naturally to build the extrapolation of available experimental data such
that to have the data necessary to find the parameters B1(T ), k1(T ), B2(T ), k2(T )
and S(T ) values for some required temperature when are no experimental data
for this required temperature. This approach naturally requires the extrapolation
of the experimental data about dependencies between the rupture time and the
stress, available for the given temperatures, to the required temperatures, and it
is naturally to use the long-term strength extrapolation based on the well-known
[11] Larson-Miller parameter

σeq = A+BPLM , PLM = T (C + lg(t∗)) , (8)
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where A ∼= 827, 516, B ∼= −518, 932 and C ∼= 15, 895 are the parameters defi-
ned using the primary data about rupture of the Zr-Nb alloy under the creep
conditions [10] for the creep in MPa, time in hours and temperature in K; PLM
is Larson-Miller parameter; t∗ is the rapture time under the creep conditions.

In the case of absence of the finite formulas and clear denoted algorithms for
the evaluation the parametersB1(T ), k1(T ),B2(T ), k2(T ) and S(T ) from relations
(7) as well as of the material constants from the Larson-Miller parameter (8) it is
necessary to substantiate using the presented in the form (6)-(8) creep law. For
this substantiation it is possible to estimate the rupture times using the creep law
(6)-(8), the last equation (5) and the initial condition (6) for the given constant
stresses and temperatures:

t∗ =
∫ 1
0

dω

fω(ω, σeq;T )
, (9)

where is took in consideration that the fω(ceq, ω, σeq;T ) is not depended on ceq
in the particular case (7) and is reduced to fω(ω, σeq;T ).

Using the formula (9), it is possible to estimate the rupture times, correspondi-
ng for the given stresses and temperatures, including the available data used to
find the parameters in relations (7), (8), that gives the opportunities to estimate
the differences. The results, obtaining using the formula (9), last relation (7)
and relation (8), show us (pic. 2) that the relations (7), (8) allow us to predi-
ct fairly accurate the rupture time under the creep conditions for wide choice for
values of the stress and the temperature; the curves in pic. 2, corresponding to the
temperatures T = 675K and T = 750K, are obtained only due to the extrapolati-
ons using Larson-Miller parameter. It is obviously, that the errors in relations (7),
(8) are defined first of all by errors of the Larson-Miller extrapolations, which
are allowed for the engineering applications [11]. Thus, the results, presenting in
pic. 2, give some substantiation for the relations (7), (8), defining the velocities
of creep deformations and damage parameter.

Рiс. 2. Long-term strength data (markers) and computed results (curves)
obtained using proposed creep-damage law equations for different temperatures
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Solving the equations (1), (5) with the boundary conditions (2) and the ini-
tial conditions (6) taking into account the relations (7), (8) allows to find the
stress-strain state, the creep deformations and the Cachanov-Rabotnov damage
parameter and, as the result, the time t∗ before the rupture moment of the claddi-
ng, which can be defined by using the condition

t∗ : ω(r, t∗) = 1 ∀r, a ≤ r ≤ b. (10)

Thus, the mathematical model of the cladding deformation and damage
accumulation under the inner and outer pressures and the temperature field are
proposed in the form (1), (2), (4)-(8) of the system of boundary-value and initial
value problems.

3. Approaches for the numerical computer simulations

It is necessary to execute the computer simulations of the cladding damaging
for the different temperatures to research the influence of the temperature state
on the damageability due to the creep of the cladding. Such computer simulations
require to numerically solve the differential equations (1), (5) with the boundary
conditions (2) and initial conditions (6) taking into account the temperature field
(4) and the relations (7), (8). Next, the semi-discretization method also all-known
as the method of lines will be used to solve the differential equations (1), (5). To
realize this approach we will use the spatial grid with number n of the nodes with
coordinates

rk = a+ (k − 1)∆r, k = 1, 2, ..., n, (11)

where ∆r =
b− a
n− 1

is the step of the spatial grid.

We will exclude the spatial derivatives from equations (1) using the finite
differences formulas. Thus, the all-known [12] scheme of finite differences method
applied to the boundary-value problem (1), (2) lead us to the algebraic relation

A
(1)
n u

(1)
n = f

(1)
n + A

(2)
n u

(2)
n , (12)

where u
(1)
n is the vector consisting the nodal values of the σr, σθ and u in the

spatial grid nodes (11); u(2)
n is the vector consisting the nodal values of the cr, cθ

and ω in the spatial grid nodes (11); A(1)
n , A(2)

n and f
(1)
n are the matrices and the

vector obtained as the results of the excluding of the spatial derivatives using the
finite differences formulas.

We can consider the initial-value problem (5), (6) in the grid nodes (11):

∂u
(2)
n

∂t
= f

(2)
n

(
u
(2)
n ;u

(1)
n

)
, u

(2)
n (0) = 0, (13)

where f
(2)
n is the vector corresponding to the velocities of the creep deformations

and the damage parameter from the equations (5) obtained in the grid nodes (11).
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The relation (12) allows us to exclude the vector u(1)
n from the equation (13)

and as a result leads us to Cauchy problem in the canonical form

∂u
(2)
n

∂t
= f

(2)
n

(
u
(2)
n

)
, u

(2)
n (0) = 0, (14)

where f
(2)
n

(
u
(2)
n

)
= f

(2)
n

(
u
(2)
n

)
; u(1)

n =
(
A

(1)
n

)−1 (
f
(1)
n + A

(2)
n u

(2)
n

)
.

We will use Merson method [13] to solve the initial-value problem (12), because
this method gives us the effective way to define the integrating step on time
corresponding to increasing velocities of the creep deformations and the damage
accumulations on the third stage [14]. Thus, we have the effective scheme (11)-(14)
to numerical solve the equations (1), (5) necessary for the computer simulations
of the cladding.

4. Results of the numerical computer simulations

The aim of computer simulations is to obtain the quantity estimations about
the temperature influence on the damageability of the zirconium cladding wi-
th cylindrical shape widely used in modern reactors. To reach this aim we wi-
ll consider the computer simulations based on the mathematical model (1)-(8)
and numerical solution scheme (11)-(14) for the zirconium cladding with the
parameters typical for modern nuclear reactors used the pressurized light water
as the heat carrier:

a = 3, 855mm, b = 4, 55mm,
pa = 6MPa, pb = 16MPa, Tb = Ta − 25K.

We will consider the computer simulations for the several values of the inner
temperature Ta:

Ta = 625K, Ta = 650K, Ta = 675K,
Ta = 700K, Ta = 725K, Ta = 750K.

Results of computer simulations depends on the number n of nodes in the grid
(10) and it is necessary to substantiate the number n of nodes necessary to obtain
the solutions with required errors of the approximation. The simplest practical
way to substantiate number n of the nodes is to make the series of computer
simulations with different numbers of nodes to compare each other the results
of these simulations. It is naturally to use first of all the rupture time (10) of
the cladding as the integrated characteristic of the numerical solutions for the
differential equations (1), (5). The results of simulations with different numbers
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n for the temperature Ta = 750K lead to next results:

n = 12, t∗ = 1.91462321695327759 · 104hours,
n = 22, t∗ = 1.92791736355613031 · 104hours,
n = 32, t∗ = 1.97832680938720703 · 104hours,
n = 42, t∗ = 2.06514756988187117 · 104hours,
n = 52, t∗ = 2.07993760411059251 · 104hours,
n = 62, t∗ = 2.03998893927619300 · 104hours,
n = 72, t∗ = 2.09723706951267550 · 104hours,
n = 82, t∗ = 2.04467821414862175 · 104hours,
n = 92, t∗ = 2.09752126695804298 · 104hours,
n = 102, t∗ = 2.10205232226189223 · 104hours,
n = 112, t∗ = 2.06086735430503826 · 104hours.

The analysis of the results of the computer simulations obtained for the different
number n of the nodes shows that the proposed numerical scheme (11)-(14) with
the relatively low numbers n of nodes allows to obtain the numerical solution of
the problem (1)-(8) with errors of the approximations available for engineering
applications, and number n = 52 is sufficiently for computer simulations of the
cladding.

The damage parameter ω(r, t) can be used as the measure of the damageabi-
lity due to its properties that the value ω = 0 corresponds to the non-damaged
state and the value ω = 1 corresponds to the state of rupture. To estimate the
temperature influence on the damageability of the cladding it is necessary to
present the fields of the damage parameter obtained for different values of the
temperature Ta at the some given time moment t = t1; next we use the value t1
corresponding two years of operation:

t1 = 17520hours.

Obtained results showing in the pic.3 give us the quantities estimation of the
temperature significant influence on the damageability of the cladding made from
the zirconium based alloys. The damageability of the cladding not leads to the
rupture during two-years operation even for the temperature Ta = 750K. At the
same time, possibilities of the operation of the cladding are limited by the leakages
of the fission’s gaseous products also [1, 2] which can exist without the rupture
of the cladding and can be realized by the diffusion mechanisms for example. It
is naturally that the damageability of the cladding can accelerate the diffusion
mechanisms and increase the leakage of the fission’s gaseous products, such that
the cladding damaged even without the rupture can not be operated further.

The core of nuclear reactors includes more than 50000 fuel elements and the
normal operation admits the rupture not more than 10 fuel elements [2]. It is
generally recognized that the ruptures of the cladding are the result of the contact
interacting between the fuel pellets and the cladding [2]. This interaction is not
fully researched now, but it is obviously that the contact interaction between
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the pellet and the cladding leads to the increasing the temperature inside the
cladding and it is necessary to have the quantity estimations of the temperature
influence of the rupture time of the cladding. The computer simulations of the
cladding for the different values of the temperature Ta with the relation (10) give
us the opportunities to estimate the corresponding rupture times of the cladding
that it is leads us to the dependence between the rupture time t∗ and the inner
temperature Ta, which is presented in pic. 4. It is can be saw (pic. 4) that for
the cladding, making from the zirconium-based alloys, the rupture time has a
widely changing for the inner temperatures 625K ≤ Ta ≤ 750K, corresponding
to the parameters of the modern pressurized water reactors. Taking into account
that the values 625K ≤ Ta ≤ 750K of the temperature in the inner surface
of the cladding are possible for the some particular cladding, the result (pic. 4)
shows that the rupture of the some cladding are possible for modern and future
generations of the reactors, which use the pressurized light water as a heat carrier
and use the zirconium-based alloys as the structural materials of the cladding.
With accounting of this circumstances, it is necessary to design the core of reactors
with the some given probability of the rupture of the cladding, considering that
the ruptures of the cladding for not more than 10 from more than 50000 fuel
elements are allowed during required time of operating [1, 2].

Рiс. 3. Fields of the damage parameter in the thickness of the cladding
obtained in the time moment t = t1 for different values of the temperature Ta

It seems, that the significant rupture time of the cladding, corresponding to
the expected value Ta ≈ 650K of the temperature in the inner surface during
the normal operation, provides the absence of ruptures of the cladding during 4
years operation for modern reactors normally and the duration of the operation
of the modern nuclear fuel can be increased significantly. Concerning with this
circumstance, it is necessary to note, that the rupture times, presented in pic. 4,
are obtained by using the conditions (10), which corresponds to the full mechanical
fracture of the cladding with forming the visually observed ruptures. At the same
time, the failure of the fuel element is defined by increasing the radioactivity of
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the heat carrier, which it is possible more early than the mechanical fracture due
to the leakages thru the micro-defects in the cladding, forming during operating
due to damageabilities including.

Рiс. 4. Influence of the inner temperature on the rupture time of the cladding

5. Conclusions

It is evidently from the fundamental knowledge and qualitative assessments
in solids mechanics, that the temperature fields have certain influence on the
damageability and on the permissible life time of the cladding, but the importance
of that influence can be estimated using the only corresponding quantitative data
in each from the particular cases. These quantitative data can be obtained using
only the computer simulations, because it is difficult to realize the testing condi-
tions similar to the conditions into reactor core, and it is difficult to estimate
the damageability in the structural materials using instrumental measures. The
computer simulations of the cladding necessary to estimate the influence of the
temperature on the damageability must define the changing of the state of the
cladding during the operation, corresponding to their modes and conditions, and
it is necessary to have the numerical scheme allows to solve the mathematical
problem, which will be generated by that mathematical model. The quality of the
quantitative data, obtained using the computer simulations, will be defined by
the opportunities of the used mathematical models first of all.

The mathematical model of the cladding stress-strain state and damaging
due to the inner and outer pressures in the temperature field under the creep
conditions was proposed to obtain the quantitative estimation for the influence of
the temperature fields on the damageability of the cladding. That mathematical
model was presented as the system of the some boundary-value problem and the
some initial-value problem, what it allows to estimate changing of the stress-
strain states and its influence on changing of the creep deformations and damage
parameter. But, it is necessary to note, that the proposed mathematical model has
significant limitations in the considering deformations of the cladding and allows
to only estimate the axial-symmetric stress-strain state of the cladding, but, at
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the same time, other deformations, including bending of the cladding, are possible
during operation. It is necessary further to have the mathematical models with
taking into account the different deformations, especially including bending or 3-D
deformations, to more precisely estimate the state of the cladding. The rupture of
the cladding is the consequence the result of only the thermal creep deformations
and the damages due to the thermal creep in the proposed mathematical model
of the cladding, and it is requires the significantly caution to the obtained results,
because the different processes lead to rupture at the same time. It is necessary
to consider the corrosion, the radiation damaging and creep, and the another
damaging processes leading to the rupture to the more precisely estimate the
state of the cladding. But, it is sufficiently to consider the only axial-symmetric
deformations and the thermal creep to obtain the approximately quantitative
estimations of the influence of the temperature field on the damageability of the
cladding what it is corresponds to the purpose due to significant influence the
temperature on the creep.

The numerical scheme based on the semi-discretization method, also well-
known as the method of lines, was proposed to numerically solve the system of
the some boundary-value problem and the some initial-value problem, presenti-
ng the proposed mathematical model of the cladding. That approach leads to
the resolved initial-value problem, which can be solved using the well-known
numerical methods. The experience of the computer simulations shows, that the
proposed numerical scheme allows to obtain quickly the numerical solutions with
the necessary accuracy, and it is possible to recommend to use that numerical
scheme in further researches.

It is proposed to use the scalar damage parameter obtained for the some
interesting given time and the rupture time as the damageability measures of
the cladding. It is shown, that the fields of the damage parameter are noti-
ceably nonuniform in the wall of the cladding. The number values of the damage
parameter, testified the absence of the rupture of the cladding for the average
temperatures expected for the normal operation, but the computer simulations
allow to illustrate the constantly accumulation of the damageabilities in the
material. The significant decreasing of the rupture time of the cladding with
increasing before 750K of the temperature evidences that the rupture of the some
cladding in reactor’s core is possible due to the extremal operating conditions,
when the difference between the inner and the outer temperatures of the fuel
element is about 1350K, and this temperature’s difference is realized on 5 mm
of the fuel element’s transverse dimension due to the heat conductivity and the
heat transfer mechanisms. It is assumed, that at this significant temperature di-
fferences the temperature on the inner boundary of the cladding is about 650K,
and it is shown, using the computer simulations, that the time before rupture of
the cladding under the creep conditions at that temperature is practically unli-
mited. At the same time, the temperature on the inner boundary of the cladding
is the result of the heat conduction and the heat transfers in the spatial domain
inside the cladding with the size about 5 mm between the temperature about
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1400K and 340K and that result is significantly depended from the condition of
the heat conduction and the heat transfer. It is possible, that the heat transfer’s
and the heat conduction’s conditions inside of the some fuel element may be
significantly differ from the average conditions in the core, consisting of more
than 50000 fuel elements, such so in the some of fuel element the temperature on
the inner boundary is more than 650K, corresponding to the average conditions
and can be 700K or 750 K actually. Due to these circumstances, it is actually
necessary to design the cladding of fuel elements with the some given probability
of the rupture of the cladding, considering that the ruptures of the cladding for
not more than 10 from more than 50000 fuel elements are allowed during operati-
ng. Thus, the probability of the rupture is necessary to substantiate quality of
the fuel elements and their cladding’s design solutions, that must be developed in
further researches.

Obtained results for the time before rupture of the cladding, corresponding
to the expected value Ta ≈ 650K of the temperature in the inner surface during
the normal operation, show that the mechanical rupture of the cladding due to
the creep is impossible during 4 years operating. This is agreed with experience of
exploitation of the fuel elements in industrial nuclear reactors, that failures of the
fuel elements occur due to the leakages of the fission products outside the volume
of fuel elements, which is defined by increasing the radioactivity of the heat carrier
without the visually observed ruptures of the cladding. It is naturally to assume,
that the depressurization of the fuel elements is the result of damageabilities of
the cladding, including due to the creep. Thus, to estimate the the reliability
indexes of the fuel elements it is necessary to propose the mathematical models of
the leakages outside the fuel elements, considering with the damageabilities and
creep deformations of the cladding.
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Ромашов Ю.В., Поволоцький Е.В. Вплив температурного стану на пошко-
джуванiсть внаслiдок повзучостi оболонок цилiндричних тепловидiляю-
чих елементiв. Наводяться отриманi за допомогою комп’ютерного моделювання
кiлькiснi оцiнки впливу температурних полiв на довговiчнiсть оболонок тепловидi-
ляючих елементiв ядерних реакторiв. Комп’ютерне моделювання здiйснено за до-
помогою математичної моделi деформування та руйнування оболонки твелу вна-
слiдок повзучостi пiд дiєю тискiв осколкiв дiлення та теплоносiя в неоднорiдному
температурному полi, що встановлюється при експлуатацiї уздовж товщини обо-
лонки. Математична модель представлена у виглядi крайової задачi, яка визначає
напружено-деформований стан оболонки з урахуванням деформацiй повзучостi на
основi вiдомих концепцiй механiки деформiвного твердого тiла, та початкової за-
дачi, яка визначає розвиток у часi деформацiй повзучостi та скалярного параметру
пошкоджуваностi при заданих напруженнях та температурi. Числовi параметри, що
характеризують конструкцiйний матерiал у рiвняннях для деформацiй повзучостi та
параметру пошкоджуваностi, для заданої температури визначалися на основi даних,
що отриманi шляхом екстраполяцiї вiдомих даних, вiдповiдних обмеженiй кiлькостi
значень температури та напруження, iз використанням параметру Ларсона-Мiлера.
Для розв’язування диференцiальних рiвнянь, що представляють математичну мо-
дель деформування та руйнування оболонки твелу, використано метод напiвдис-
кретизацiї. Результати розрахункiв свiдчать, що оболонки твелiв мають достатньо
високу довговiчнiсть при температурах, якi вiдповiдають середнiм температурам,
що очiкуються в активнiй зонi реактору. В той же час, розрахунки свiдчать, що
довговiчнiсть оболонок твелiв суттєво зменшується до небезпечного рiвня при пiд-
вищених температурах, якi є цiлком можливими через локальнi вiдхилення процесiв
теплообмiну в активнiй зонi реактору. Це є дуже суттєвим, оскiльки у використа-
ної математичної моделi граничний стан оболонки твелу, що обмежує можливостi її
експлуатацiї, вiдповiдає повному механiчному руйнуванню оболонки, хоча насправ-
дi експлуатацiя твелiв обмежується бiльш жорсткими умовами щодо рiвня гермети-
чностi оболонки, який може не забезпечуватися навiть й для незруйнованої цiлком
оболонки.
Ключовi слова: пошкоджуванiсть; повзучiсть; оболонка твелу; довговiчнiсть;
комп’ютерне моделювання
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This paper deals with the rules and the mechanisms regulation of liver
regeneration. The generalized mathematical model was developed. This model
has an explicit dependence on the control parameters. To solve this problem
there were accepted such assumptions: homogeneous approximation; small toxic
factors.
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1. Introduction

The defining of principles and rules regulation of biological processes duri-
ng development and maintenance/restoration (regeneration) of dynamic organs’
and tissues’ homeostasis is one of the most important fundamental problems in
theoretical Biology and Medicine.

Liver diseases are an important medical problem. Knowledge about the rules
and mechanisms of liver regeneration is the basis for the development of new

29
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effective medicaments and the choice of rational strategies for the therapy of liver
diseases.

The regeneration processes in liver represents particular interest. The liver has
the greatest plasticity and the largest set of possible regeneration strategies. In
addition, there are a large experimental data that enable to elaborate and prove
mathematical models for study liver regeneration in silico and their verification
in vivo [1].

The processes of liver regeneration and their mathematical models have been
studied in the many interdisciplinary projects [2, 3, 4].

Despite of the achievements in the field of modeling of the liver regenerati-
on processes there are still enough "difficult"problems requiring the new ideas,
approaches and methods of justification and development of mathematical models.

The mathematical models of liver regeneration can be considered as dynamic
networks of intracellular processes and processes of cell-cell communication. Such
non-linear dynamic networks are extremely complex. They can represent processes
in hundreds of millions of cells of different types and much more interactions
between them.

Such mathematical models of liver regeneration processes can have an almost
unlimited set of potentially possible parametric phase organization.

However, in the experiment we observe only a limited number of strategies and
qualitative phenomena of maintenance and restoration (regeneration) of the liver’s
dynamic homeostasis. It can be supposed that the processes of liver regeneration
are the subject of some control which provides "regularization"of the dynamics
of the whole system.

According to one of the most general hypothesis of theoretical biology the
regulation processes of maintaining and restoring dynamic homeostasis is reali-
zed due to the phenomenon of appearing self-organization in a complex dynamic
network of interacting liver cells [5]. But the common rules and mechanisms of the
self-organization and regulation of liver regeneration observed in the experiment
are unknown.

The mathematical cell biology at the present time is an empirical discipline. It
is represented by a set of experimental data, knowledge and rules that are derived
from the experiment and determine the properties of the system and its possible
dynamics.

At the modern biological experimental technology we are not able to observe
many crucial molecular processes that occur in the cell during liver regenerati-
on. Consequently, the mathematical models of liver regeneration assume a
large number of hypotheses about the rules of regulation. Verification of these
hypotheses requires a large number of high-cost experiments.

One possible way to solve the problems associated with the complexity and
non-observability of the biological processes of liver regeneration is based on the
following assumption.

The main hypothesis.
The regulation of processes of maintaining/restoring the dynamic liver

homeostasis based on the appearing self-organization is provided according to
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some principles, the optimal criteria which are formed during the organism’s
evolution.

These principles and criteria are true for any level of detail description of the
processes of liver regeneration. The regulation of processes that we do not observe
in the experiment or cannot characterize because of their extreme complexity is
subjected to these principles and criteria.

One of the main approaches to the development of mathematical models of
biological systems of interacting cells is the agent model based on empirical rules
[6].

In this approach the agent represents some "input-state-output"model of the
cell (group of cells). The network of interactions between agents are defined as
maps that connect the outputs and inputs of agents. These maps determine the
collective dynamics of the network, depending on the state of agents.

Even at the generalized level of description of process, such networks contain
hundreds of thousands of parameters. It is not possible to solve the problems of
verification of various hypotheses about the principles and criteria of regulation
using such models.

Thus, in order to confirm hypotheses simple ("toy") models in explicit
dependence on the control parameters are required.

2. Phenomenological description of liver regeneration processes

The liver is the central metabolic organ of vertebrates. First, the liver keeps
the concentration of numerous plasma compounds such as amino acids, fatty aci-
ds, nucleosides, plasma proteins, and lipoproteins within a narrow concentration
range at varying physiological conditions (e.g., starvation or physical exercise), to
ensure an almost constant metabolic environment for non-hepatic tissues. This
homeostatic function includes the transient storage in the liver of carbohydrates
and lipids. Second, the liver provides secretion of bile. Hepatic production of bile
is needed for the efficient intestinal digestion of lipids and serves as the excreti-
on pathway for metabolic waste products, many xenobiotics and also cholesterol.
Finally, the most important function of the liver is to detoxify endogenous and
exogenous compounds and remove pathogens [7].

Most of the metabolic functions are undertaken by parenchymal cells
(hepatocytes and cholangiocytes), which make up about two-thirds of the organ’s
cell population, and possessing the most versatile metabolic function of all human
cell types. Removal of pathogens and antigens is predominantly accomplished by
hepatic endothelial cells and liver macrophages (hepatic Kupffer cells). Hepatic
stellate cells are involved in the formation of the connective tissue of the liver and
actively contribute to liver fibrosis after damage or injury of the organ. Resident
stem cells can be transformed into almost any type of liver cell. Stem/progenitor
cells are among the most resistant cells in relation to various damaging factors
and play a major role in the regeneration processes [8, 9] .

The smallest structural division of the liver is the liver lobule. It takes the
approximate shape of a hexagonal prism with a size of 1-2 µ m and consists of all
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types of liver cells. The number of lobules in the liver can range from hundreds
of thousands to a million, depending on the body.

Presently there are two main types of liver regeneration.
1. When the liver is severely damaged or toxic factors are strong, the liver

regeneration process occurs due to the replication of liver stem / progenitor cells
and stellate cells. Stem cells can differentiate into liver parenchymal and epithelial
cells. And stellate cells provide reparative fibrosis processes [10, 11, 12].

2. In the case of partial (two/thirds) surgical hepatectomy (PH) or small toxic
factors, the regeneration process does not require such stem / progenitor cells or
fibrosis [13, 19].

In the second type the liver regeneration occurs due to hyperplasia processes,
replication and division of binuclear hepatocytes into mononuclear.

All of the above processes are aimed at increasing the functional activity of the
liver. As the main functional cells we consider only hepatocytes of various types.
Each of the different types of hepatocytes in a lobule has its own index of functi-
onality. This coefficient determines how efficiently the cell performs its functions.
The hyperplasia process increases the functionality of the liver by increasing the
protein complexes. Polyploid and binuclear hepatocytes function more efficiently
due to the increased number of chromosomes. As a result of the replication process,
two fully functioning cells are formed.

Each of these processes has its characteristic time. Under ideal conditions,
replication lasts 24 hours, the transition to polyploidy - 12 hours, hyperplasia
- 6 hours, the division of binuclear hepatocytes - 1 hour. The main processes
of liver regeneration occur in heterogeneous conditions of external stress, which
leads to a significant increase in their characteristic times. Also different types of
hepatocytes have different indicators of resistance to toxic factors and the rate of
increase in their functionality due to hyperplasia. For example, due to the greater
number of chromosomes polyploid and binuclear hepatocytes are more resistant
to toxic factors.

3. General process model

A mathematical model of liver regeneration processes is considered for the
second type of liver regeneration (liver resection or small toxic factors).

In our model the hepatic lobule is represented in the form of its cellular
structure. Lobules are about a million in the liver.

The cellular structure of the lobules is the same in space - homogeneity. Toxic
factors are evenly distributed throughout the liver cells. The processes occurring
in different lobules are independent.

Under the assumptions of homogeneity and independence, an approximation
on average is valid. It gives the equations of population dynamics for various types
of liver cells.

In the idealized limited case the possible formulation of the optimization
problem can be considered as follows.
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1) An equation which describes the dynamics of populations of liver cells:

x(t+ 1) = f(x(t), τ(t), λ(t)), (1)

where x(t) - types of functional liver cells at moment t, τ(t) - given function of
external toxicity, λ(t) - control parameters.

Each type of cells has its own index of functionality and calculate the function
Φ(t) =

∑m
i=0 ci(xi(t), τ(t)) - generalized liver function index.

2) An equation which describes the change in the functional state of the organi-
sm depending on the function of external toxicity τ(t) and the functional state of
the liver Φ(t):

Φ̃(t+ 1) = Ψ(τ(t),Φ(t)). (2)

Consider an abstract organism as the result of a potentially feasible experiment
of synthetic evolution for a sufficiently large chain of generations of populations.
We believe that each generation is subject to a typical stress τ(t).

A necessary condition for successful evolutionary selection is not a break of the
evolutionary chain, but its result is a strategy for achieving suboptimal functional
activity of the organism λ(t).

An example of an optimal control problem criterion which satisfies these requi-
rements:

T∑
t=0

(K − Φ̃(t))2 +AΦ̃(T ′) ≤ E (3)

under the condition
T ′∑

t=T ′
0

I(Φ̃(t)) ≥ C, (4)

where

I(Φ̃(t)) =

{
1 if (K − Φ̃(t))2 ≤ E,
0 otherwise .

Where T – the end of the life cycle of the body, T ′
0(T

′)– moment of the beginning
(end) of the reproductive period,K– optimal functional activity of the body, E – a
constant defining the set of reachability of the functional activity of the organism,
C – a constant which is responsible for the survival of the organism.

The regulation of biological processes is determined by the processes of self-
organization of the cellular network, which appeared during stress disturbances.
Phase transitions define some virtual control system λ(t) = M(τ(t), x(0)), which
has the self-criticality property [14, 15].

4. Mathematical models of processes

In our model the cellular structure of the liver at each time moment is descri-
bed by the following parameters:

• Γ(t) - the number of normal hepatocytes at moment t;
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• Γ2(t) - the number of diploid hepatocytes at moment t;

• Γ4(t) - the number of tetraploid hepatocytes at moment t;

• Γ2(t) - the number of binuclear hepatocytes at moment tt;

• Γgip(t) - the number of hepatocytes in a state of hyperplasia at moment t;

• As(t) - the number of hepatocytes in a state of antistress at moment t;

• Ap(t) - the number of hepatocytes in a state of apoptosis at moment t;

• N(t) - the number of hepatocytes in a state of necrosis at moment t.

Toxic factors - Tox(t):

• τ(t) - the external toxicity (exotoxicity) at moment t;

• DP (t) - the internal toxicity due to decay products of necrosis (endotoxicity)
at moment t.

The system dynamics is defined by the following control parameters and transition
rules.

• a(t) - the relative number of hepatocytes which are initiated to enter the
cell-division cycle;

• b(t) - the relative number of hepatocytes which are initiated into polyploidy;

• b2j(t) - the relative number of hepatocytes which are initiated into binuclear
cells;

• a2j(t) - the relative number of hepatocytes which are initiated from binuclear
hepatocytes per division;

• g(t) - the relative number of hepatocytes which are initiated into hyperplasia;

• ω(t) - the relative number of hepatocytes which are initiated into controlled
apoptosis. This parameter is different for each type of cell.

Considering the fact that the characteristic times of the main processes are
significantly different and the processes depend on the external (non-stationary)
toxic factors, each such process must be modeled separately.

Assume that all simulated processes are cyclical. In general, the transition
to a new cycle, exit from a cycle or a new process is determined by the control
parameters.

The discrete state space of the process is a set of states (1, 2, ..., n), where the
number of states n is determined from the characteristic time of the process in
ideal conditions and the discrete interval.
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Fig. 1. The discrete state space of the process.

Also, there is competition parameter in our mathematical model:

k(t) = 1 − 1

K

(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t)

)
where k(t) - coefficient of competition for the resource, K - environment capacity.

4.1. Replication process and transition processes during replication

Under normal conditions the replication process takes place within 24-32 hours
during the cell-division cycle.

Our model assumes that the following events may occur during replication:
cell doubling (completed replication), cell transition to polyploidy, cell transition
to binuclear cell.

The replication process and the indicated transitions are inherent for normal
(diploid) hepatocytes, tetraploid hepatocytes and hepatocytes in a state of
hyperplasia.

The cell cycle consists of strictly deterministic series of sequential processes
[17]:

1) the preparatory phase for cell division - "interphase"consisting of phase G1,
phase S and phase G2,

2) the period of cell division - "mitosis"(phase M).
Usually the interphase takes at least 90 % of the time of the entire cell cycle

(the M phase lasts 1–2 hours).
The G1 phase and G2 phase are intermediate phases. DNA replication occurs

in the S phase. As a result of the doubling of DNA molecules, each chromosome
has twice as much DNA as it was before the S phase, i.e. the amount of DNA in
diploid cells corresponds to the tetraploid set. As a result of mitosis (phase M)
two daughter cells with the same set of chromosomes arise from one cell.
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During the cell-division cycle the cell passes the so-called "checkpoints".
Checkpoints prevent cell cycle progression at specific points, allowing verificati-
on of necessary phase processes and repair of DNA damage. In case of failure
to pass checkpoint the cell is sent for apoptosis. There are three most important
points: the G1 (restriction) checkpoint, the G2 (DNA damage) checkpoint and
the mitotic (spindle) checkpoint [18].

Under the control signal b(t) some cells exit the cell cycle and return to functi-
oning as polyploid cells. A such transition can occur in the S phase of the cell
cycle.

In the middle of mitosis some cells exit the cell cycle under the control signal
b2j(t) and turn into dual-core cells that perform the normal functions of the
hepatocyte. Binuclear hepatocytes under the control signal a2j(t) complete the
cell cycle and form two normal cells.

The replication cycle and possible controlled transitions are shown in next
figure:

Fig. 2. Replication process and transition processes during replication.

Population dynamics of normal hepatocytes, polyploid hepatocytes and bi-
nuclear hepatocytes:

Γ(t+ 1) = Γ(t) − a(t)k(t)Γ(t) + 2µ(Tox(t))Γ(t) + a2j(t)Γ
2(t) − g(t)Γ(t)−

−ω(t)Γ(t) − k(t)b(t)Γ(t) − r(Tox(t))Γ(t) +As(t)

Γ2(t+ 1) = Γ2(t) − a(t)k(t)Γ2(t) + 2µ(Tox(t))Γ2(t) + k(t)b(t)Γ(t) − g(t)Γ2(t)−

−k(t)b(t)Γ2(t) − ω(t)Γ2(t) − r(Tox(t))Γ2(t) +As(t)

Γ2(t+ 1) = Γ2(t) + b2j(t)Γ(t) − a2j(t)Γ
2(t) − g(t)Γ2(t) − ω(t)Γ2(t)−
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−r(Tox(t))Γ2(t) +As(t)

Where: µ(Tox(t)) - the cycle parameter; r(Tox(t)) - the parameter that sends
cells to necrosis under high toxicity.

4.2. Hyperplasia

The hyperplasia process is an additional expression of intracellular molecular
complexes and structures that provide an increase in its functional activity [19].

Hyperplasia consists of cycles. In each cycle protein expression occurs and the
number of protein complexes is increased in the cell. One cycle of hyperplasia lasts
about an hour. It should be noted that for polyploid and binuclear hepatocytes
the hyperplasia process occurs faster due to the greater number of DNA.

The process of hyperplasia can be performed for all types of cells.

Fig. 3. Hyperplasia process.

The initialization of the hyperplasia process is controlled by the parameter
g(t) which determines the relative number of hepatocytes for hyperplasia.

The equation of dynamics for hepatocytes in a state of hyperplasia:

Γgip(t+ 1) = Γgip(t) + g(t)
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t)

)
− ω(t)Γgip(t)−

−r(Tox(t))Γgip(t) +As(t)

4.3. The process of the cell antistress request

When toxic factors act on the cell, the so-called antistress program is launched
[20].

The antistress program involves several cycles of expression of antistress
protein complexes that can neutralize toxic factors. Each cycle lasts about 15
minutes. In our mathematical model it is assumed that the antistress program
has the highest priority and it cancels all other processes.

Note that hepatocytes in the S, M phase of the cell cycle cannot start the
antistress program because in these phases the DNA of the cell is not functional.

If after one cycle of the antistress program the effect of toxic factors on the cell
decreased, the cell completes the antistress process and returns to the interrupted
process. However, if the effect of toxic factors on the cell still the same, the cell
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goes on a new cycle of the antistress program. Due to the failure of the antistress
program, the cell goes into either apoptosis or necrosis depending on the level of
toxic factors [20].

The equation of dynamics for hepatocytes in a state of antistress:

As(t+ 1) = As(t) + µ(Tox(t))
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t)

)
−

−ω(t)As(t) − r(Tox(t))As(t) −As(t)

4.4. Apoptosis

Apoptosis is closely associated with programmed cell death [20]. The mechani-
sms of apoptosis are triggered when the toxic factors are not strong enough to
cause necrosis. The body responds to the danger of mass cell death with a kind
of protection - suicide of a relatively small number of cells so that the factors of
pathological effects are not so great.

As a result of apoptosis the decay products of a cell are almost immediately
destroyed by resident macrophages and do not have a toxic effect on neighboring
cells. The apoptosis is quite a long process, it takes more than 24 hours.

Note that the body is able to purposefully reduce cell populations. This ability
of the body is called controlled apoptosis.

In our model controlled apoptosis occurs under the control signal ω(t) - the
relative number of hepatocytes which are initiated into controlled apoptosis. This
parameter is different for each cell type.

The equation for cells in a state of apoptosis is:

Ap(t+1) = Ap(t)+ω(t)
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t)

)
−r(Tox(t))As(t)

4.5. Necrosis

Uncontrolled cell death as a result of effect of a strong toxic factors on the cell
is called necrosis [20].

During necrosis process the decay products of necrosis (DP) are appeared.
They form internal toxicity. Necrosis decay products are highly toxic factors for
surrounding cells. Their action can lead to stopping of the regeneration processes,
apoptosis and even necrosis of the surrounding cells.

The necrosis process proceeds fairly quickly (about one hour).
Due to the locality of necrosis its distribution should be described using space-

time mathematical models. However we make an assumption about the envi-
ronment uniformity. Consequently the spread of necrosis occurs regardless of the
location of the necrotic cell in space (suppose that one necrotic cell affects some
number of healthy cells per unit of time).

N(t+1)=N(t)+r(Tox(t))
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t) +As(t) +Ap(t)

)
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4.6. Toxicity

Common toxicity consists of two factors: external (given function) and internal
toxicity due to the toxicity of the decay products as a result of necrosis.

Tox(t) = DP (t) + τ(t)

The equation which describes change of external toxicity:

τ(t+ 1) = τ(t) − τ(t)x(t) − τ(t)e1

where x(t) =
∑

k ckΓ(t) - toxicity reduction coefficient due to functional activity
of hepatocytes, e1 - toxicity reduction coefficient due to blood flow.

The equation which describes change of internal toxicity:

DP (t+ 1) = DP (t) −DP (t)F −DP (t)e2

where F - toxicity reduction coefficient due to phagocytic activity, e2 – toxicity
reduction coefficient due to blood flow.

Remark. e2 < e1, the decay products of necrosis act locally and external
toxicity affects a large area.

5. Conclusion

The developed model is linear in control parameters. It is important for solving
optimal control problems.

This model will be the basis for the development of a more complex model for
considering the regeneration strategies of the first type.

It is supposed to justify the principles and criteria for optimal regulation of
liver regeneration processes and verify them in numerical experiments based on
the developed model.

The proposed model of population dynamics includes such models of populati-
on dynamics as the generalized Lotka-Volterra equations, the Lotka-Volterra
equations with transitions, the Lotka-Volterra delay equations, the Volterra
integro-differential equations[16].
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Карєва В. В., Львов С. В. Математична модель процесiв регенерацiї печiн-
ки: однорiдне наближення. У данiй статтi розглядаються принципи, правила й
механiзми регуляцiї бiологiчних процесiв пiд час розвитку i пiдтримки/вiдновлення
(регенерацiї) динамiчного гомеостазу органiв i тканин органiзму. Ця проблема є однi-
єю з найбiльш важливих фундаментальних проблем бiологiї i медицини. Знання про
правила i механiзмах регенерацiї печiнки органiзму є основою для розробки нових
ефективних лiкарських препаратiв i вибору рацiональних стратегiй терапiї захво-
рювань печiнки.

Згiдно з поточними уявленнями теоретичної бiологiї, розвиток, поведiнка i пiд-
тримка динамiчного гомеостазу визначається саморегуляцiєю, яка забезпечується за
рахунок виникаючої самоорганiзацiї бiологiчних процесiвпiдвпливом того чи iншого
збурення.

Автори запропонували гiпотезу, що регуляцiя процесiв пiдтримки/вiдновлення
динамiчного гомеостазу печiнки на основi виникаючоїсамоорганiзацiї вiдбувається
згiдно з деякими принципами, критерiями оптимальностi, що склалися в ходi ево-
люцiї органiзму.

Було розроблено узагальнену математичну модель, що явно залежить вiд керу-
ючих параметрiв. Запропонована математична модель процесiв регенерацiї печiн-
ки є узагальненням таких вiдомих моделей популяцiйної динамiки, як узагальненi
рiвняння Лотки-Вольтерра, рiвняння Лотки-Вольтерра з запiзнiлими аргументами,
iнтегродиференцiальнi рiвняння Вольтерра.

Пiд час розробки моделi були зробленi наступнi припущення: однорiдне набли-
ження, незалежнiсть бiологiчних процесiв, помiрний токсичний вплив.

Дана модель буде базою для розробки бiльш складної моделi, яка буде врахо-
вувати стратегiї регенерацiї за рахунок стовбурових клiтин печiнки i клiтин Iто.У
перспективi передбачається обґрунтувати принципи i критерiї оптимальностi регу-
ляцiї процесiв регенерацiї печiнки i верифiкувати їх у численних експериментах.
Ключовi слова: математична модель, регенерацiя печiнки, однорiдне наближення
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Ðàññìàòðèâàåòñÿ çàäà÷à, îïèñûâàþùàÿ ïðîöåññ ñòàöèîíàðíîé äèôôóçèè
â ëîêàëüíî-ïåðèîäè÷åñêîé ïîðèñòîé ñðåäå ñ íåëèíåéíûì ïîãëîùåíèåì íà
ãðàíèöå. Îïèðàÿñü íà ðàáîòó, â êîòîðîé ýòà çàäà÷à ðàññìàòðèâàëàñü â áîëåå
øèðîêîì êëàññå ïåðôîðèðîâàííûõ îáëàñòåé (ñèëüíî ñâÿçíûõ îáëàñòÿõ),
ìû ïîëó÷àåì ÿâíûå ôîðìóëû äëÿ ýôôåêòèâíûõ õàðàêòåðèñòèê ñðåäû: òåí-
çîðà ïðîâîäèìîñòè è ôóíêöèè ïîãëîùåíèÿ.
Êëþ÷åâûå ñëîâà: óñðåäíåíèå, ñòàöèîíàðíàÿ äèôôóçèÿ, íåëèíåéíàÿ òðåòüÿ
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Ãîí÷àðåíêî Ì.Â., Õiëüêîâà Ë.Î. Óñåðåäíåíi òåíçîð ïðîâiäíîñòi òà

ôóíêöiÿ ïîãëèíàííÿ ëîêàëüíî-ïåðiîäè÷íîãî ïîðèñòîãî ñåðåäî-

âèùà. Ðîçãëÿäà¹òüñÿ çàäà÷à, ÿêà îïèñó¹ ïðîöåñ ñòàöiîíàðíî¨ äèôóçi¨ â
ëîêàëüíî-ïåðiîäè÷íîìó ïîðèñòîìó ñåðåäîâèùi ç íåëiíiéíèì ïîãëèíàííÿì
íà ìåæi. Îïèðàþ÷èñü íà ðîáîòó, â ÿêié öÿ çàäà÷à ðîçãëÿäàëàñÿ â áiëüø
øèðîêîìó êëàñi ïåðôîðîâàíèõ îáëàñòåé (ñèëüíî çâ'ÿçíèõ îáëàñòÿõ), ìè
îòðèìó¹ìî ÿâíi ôîðìóëè äëÿ åôåêòèâíèõ õàðàêòåðèñòèê ñåðåäîâèùà: òåí-
çîðà ïðîâiäíîñòi òà ôóíêöi¨ ïîãëèíàííÿ.
Êëþ÷îâi ñëîâà: óñåðåäíåííÿ, ñòàöiîíàðíà äèôóçiÿ, íåëiíiéíà òðåòÿ êðàéî-
âà çàäà÷à, ëîêàëüíî-ïåðiîäè÷íå ïîðèñòå ñåðåäîâèùå, òåíçîð ïðîâiäíîñòi,
ôóíêöiÿ ïîãëèíàííÿ.

M.V. Goncharenko, L.O. Khilkova. Homogenized conductivity tensor

and absorption function of a locally periodic porous medium. We
consider a problem describing the process of stationary di�usion in a locally-
periodic porous medium with nonlinear absorption at the boundary. We base
on a work, in which this problem considered in a wider class of perforated
domains. We obtain explicit formulas for the e�ective characteristics of the
medium: a conductivity tensor and a function of absorption.
Keywords: homogenization; stationary di�usion; non-linear third boundary
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1. Ââåäåíèå

Â õèìè÷åñêèõ òåõíîëîãèÿõ, ýêîëîãèè è ìíîãèõ åñòåñòâåííûõ íàóêàõ âî-
çíèêàåò ïîòðåáíîñòü â èññëåäîâàíèè ïðîöåññîâ äèôôóçèè â ïîðèñòûõ ñðåäàõ
ñ ïîãëîùåíèåì íà ãðàíèöå ïîð. Ýòè ïðîöåññû îïèñûâàþòñÿ êðàåâîé çàäà÷åé
äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ, ðàññìàòðèâàåìîãî â ñëîæíîé ïåðôîðèðîâàí-
íîé îáëàñòè, ñ òðåòüèì êðàåâûì óñëîâèåì íà ãðàíèöå ïåðôîðàöèè (â òîì ÷è-
ñëå íåëèíåéíûì). Â âèäó ìàëîñòè ëîêàëüíîãî ìàñøòàáà ïîðèñòîñòè ñðåäû ε è
ñëîæíîñòè ðàññìàòðèâàåìîé ïåðôîðèðîâàííîé îáëàñòè, íåïîñðåäñòâåííîå ðå-
øåíèå òàêèõ êðàåâûõ çàäà÷ ïðàêòè÷åñêè íåâîçìîæíî íè àíàëèòè÷åñêèìè, íè
÷èñëåííûìè ìåòîäàìè. Ïîýòîìó åñòåñòâåííûé ïîäõîä â ýòîé ñèòóàöèè çàêëþ-
÷àåòñÿ â èññëåäîâàíèè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèÿ, êîãäà ε→ 0, è
ïåðåõîäå ê óñðåäí¼ííîé ìàêðîñêîïè÷åñêîé ìîäåëè ïðîöåññà, ðàññìàòðèâàå-
ìîé óæå âî âñåé îáëàñòè áåç ó÷¼òà ïåðôîðàöèè.

Òàêèå çàäà÷è â ïîñëåäíåå âðåìÿ èíòåíñèâíî èçó÷àëèñü, íî â îñíîâíîì äëÿ
ïåðèîäè÷åñêè ïåðôîðèðîâàííûõ îáëàñòåé (ñì. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]).
Çàäà÷è óñðåäíåíèÿ â ïåðôîðèðîâàííûõ íåïåðèîäè÷åñêèõ îáëàñòÿõ ðàññìà-
òðèâàþòñÿ çíà÷èòåëüíî ðåæå, ïåðâûå ðåçóëüòàòû äëÿ òàêèõ çàäà÷ áûëè ïîëó-
÷åíû â ðàáîòàõ Â.À. Ìàð÷åíêî, Å.ß. Õðóñëîâà ([12]), â êîòîðûõ áûëî ââåäåíî
ïîíÿòèå ñèëüíîé ñâÿçíîñòè, èãðàþùåå âàæíóþ ðîëü â âîïðîñàõ óñðåäíåíèÿ.
Óñðåäíåíèþ óðàâíåíèÿ äèôôóçèè â ñèëüíî-ñâÿçíûõ ïåðôîðèðîâàííûõ îáëà-
ñòÿõ ñ íåëèíåéíûì ïîãëîùåíèåì íà ãðàíèöå ïåðôîðàöèè ïîñâÿùåíû ðàáîòû
[13, 14]. Â ýòèõ ðàáîòàõ áûëî äîêàçàíî, ÷òî â ñèëüíî-ñâÿçíûõ îáëàñòÿõ óñðå-
äí¼ííîå óðàâíåíèå èìååò âèä

−
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+ c(x, u) = f(x), x ∈ Ω, (1)

ãäå Ω � îáëàñòü ïðîöåññà. Êîýôôèöèåíòû óðàâíåíèÿ (1) ÿâëÿþòñÿ ýôôåêòèâ-
íûìè õàðàêòåðèñòèêàìè ñðåäû: {aij(x)}i,j � óñðåäí¼ííûé òåíçîð ïðîâîäèìî-
ñòè ïîðèñòîé ñðåäû, c(x, u) � óñðåäí¼ííàÿ ôóíêöèÿ ïîãëîùåíèå íà å¼ ãðàíèöå;
îíè âûðàæàþòñÿ ÷åðåç ¾ìåçîñêîïè÷åñêèå¿ (ëîêàëüíûå ýíåðãåòè÷åñêèå) õàðà-
êòåðèñòèêè ñðåäû, îïðåäåëÿåìûå â ìàëûõ êóáàõ, ðàçìåðû êîòîðûõ, òåì íå
ìåíåå, ìíîãî áîëüøå ìàñøòàáà ìèêðîñòðóêòóðû ε.

Â ðàáîòàõ [13, 14] òåîðåìû ñõîäèìîñòè äîêàçûâàëèñü ïðè óñëîâèÿõ ñóùå-
ñòâîâàíèÿ ïðåäåëüíûõ ïëîòíîñòåé ¾ìåçîñêîïè÷åñêèõ¿ õàðàêòåðèñòèê, âûïîë-
íåíèå êîòîðûõ ïîêàçàòü â îáùåì ñëó÷àå î÷åíü òðóäíî, íî â ðÿäå êîíêðåòíûõ
ñèòóàöèé ýòî ìîæíî ñäåëàòü. Â íàñòîÿùåé ðàáîòå ìû ïîêàçûâàåì âûïîëíåíèå
ýòèõ óñëîâèé è, èññëåäóÿ èõ, ïîëó÷àåì ÿâíûå ôîðìóëû äëÿ ýôôåêòèâíûõ õà-
ðàêòåðèñòèê ëîêàëüíî-ïåðèîäè÷åñêîé ïîðèñòîé ñðåäû. Òî÷íàÿ ôîðìóëèðîâêà
ýòîãî ðåçóëüòàòà áûëà ïðèâåäåíà â ðàáîòå [15] áåç äîêàçàòåëüñòâà, â äàííîé
ðàáîòå ìû äà¼ì ïîëíîå åãî äîêàçàòåëüñòâî.
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2. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R3 ðàññìîòðèì ëîêàëüíî-ïåðèîäè÷åñêóþ ïåðôîðèðîâàí-
íóþ îáëàñòü Ωε. Äëÿ óòî÷íåíèÿ ñòðóêòóðû îáëàñòè Ωε ââåä¼ì ñëåäóþùèå
îáîçíà÷åíèÿ:

Π =

{
ξ ∈ R3 : |ξi| 6

θi
2
, i = 1, 3

}
, Π±δ =

{
ξ ∈ R3 : |ξ| 6 θi

2
(1± δ), i = 1, 3

}
−

ïàðàëëåëåïèïåäû â R3 ñ öåíòðàìè â 0, çäåñü δ � ïðîèçâîëüíîå ìàëîå ÷èñëî
(δ � 1),

Πε
xα =

{
x ∈ R3 : |xi − xαi | 6

θiε

2
, i = 1, 3

}
−

ïàðàëëåëåïèïåäû â R3 ñ öåíòðàìè â òî÷êàõ xα = ε
3∑
i=1

xαi e
i, ãäå xαi = mα

i θi

(mα
i ∈ Z), è ð¼áðàìè, îðèåíòèðîâàííûìè ïî êîîðäèíàòíûì îñÿì. Ïàðàëëå-

ëåïèïåäû Πε
xα îáðàçóþò ïåðèîäè÷åñêóþ ðåø¼òêó ñ ïåðèîäîì θiε (i = 1, 3).

Ïóñòü F � îáëàñòü â Π ñ ãëàäêîé ãðàíèöåé ∂F è öåíòðîì ìàññ â íà÷àëå êî-
îðäèíàò. Ïðåäïîëîæèì, ÷òî ïðîñòðàíñòâî R3 ðàçðåçàíî íà ïàðàëëåëåïèïåäû
Πε
xα . Â êàæäîì ïàðàëëåëåïèïåäå Πε

xα , ïðèíàäëåæàùåì îáëàñòè Ω, íàõîäèòñÿ
ìíîæåñòâî F εxα

F εxα = εFxα + xα,

êîòîðîå ÿâëÿåòñÿ òðàíñëÿöèåé è ãîìîòåòè÷åñêèì ñæàòèåì Fxα , ïîëó÷åííîãî
èç ìíîæåñòâà F ñëåäóþùèì îáðàçîì:

Fx = fx(F ), ∂Fx = fx(∂F ), (2)

ãäå fx(ξ) � äèôôåîìîðôèçì èç R3 â R3, çàâèñÿùèì îò òî÷êè x ∈ Ω
(êàê îò ïàðàìåòðà) òàê, ÷òî f0(ξ) = I (I � òîæäåñòâåííîå îòîáðàæåíèå),
∀x ∈ Ω : Fx ⊂ Π−2δ è

‖fx1 − fx2‖C1(Ω) 6 C |x1 − x2| . (3)

Îáëàñòü Ωε = Ω\F ε, ãäå F ε = ∪αF εxα áóäåì íàçûâàòü ëîêàëüíî-ïåðèîäè÷åñêîé.
Äðóãîå îïðåäåëåíèå ëîêàëüíî-ïåðèîäè÷åñêîé ñòðóêòóðû ïåðôîðèðîâàí-

íîé îáëàñòè áûëî äàíî â ðàáîòå [16].
Â ëîêàëüíî-ïåðèîäè÷åñêîé îáëàñòè Ωε ðàññìîòðèì êðàåâóþ çàäà÷ó

−∆uε = f ε(x), x ∈ Ωε,

∂uε

∂ν
+ σε(x, uε) = 0, x ∈ ∂F ε,

uε = 0 íà ∂Ω,

(4)

ãäå ôóíêöèè f ε(x) ∈ L2(Ωε) è σε(x, u) çàäàíû. Îòíîñèòåëüíî ôóíêöèè
σε(x, u) ïðåäïîëîæèì, ÷òî îíà óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
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a1: σ
ε(x, u) = εσ(x, u), ãäå σ(x, u) íåïðåðûâíà ïî x ∈ Ωε è ïî ïåðåìåííîé u

óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ Ëèïøèöà ∀u1, u2 ∈ R:

|σ(x, u1)− σ(x, u2)| 6 C(1 + |u1|Θ−1 + |u2|Θ−1)|u1 − u2|
(

Θ <
n

n− 2

)
;

a2: ∀u1, u2 ∈ R : (σε(x, u1)− σε(x, u2)) · (u1 − u2) > 0;

a3: σ(x, 0) = 0.

Îïðåäåëåíèå 1 Îáîáùåííûì ðåøåíèåì çàäà÷è (4) áóäåì íàçûâàòü ôóí-

êöèþ uε(x) èç ïðîñòðàíñòâà H1(Ωε, ∂Ω) = {u(x) ∈ H1(Ωε) : u|∂Ω = 0},
óäîâëåòâîðÿþùóþ òîæäåñòâó∫

Ωε

(∇uε,∇ϕ) dx+

∫
∂F ε

σε(x, uε)ϕdΓ =

∫
Ωε

f εϕdx, ∀ϕ(x) ∈ H1(Ωε, ∂Ω). (5)

Èçâåñòíî, ÷òî ïðè êàæäîì ôèêñèðîâàííîì ε ñóùåñòâóåò åäèíñòâåííîå
îáîáù¼ííîå ðåøåíèå uε(x) çàäà÷è (4). Àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè ε→ 0
ðåøåíèÿ çàäà÷è (4), ðàññìàòðèâàåìîé â áîëåå øèðîêîì êëàññå ïåðôîðèðîâàí-
íûõ îáëàñòåé � â ñèëüíî ñâÿçíûõ îáëàñòÿõ, áûëî èçó÷åíî â ðàáîòàõ [13, 14].
Â ýòèõ ðàáîòàõ áûëè îïðåäåëåíû óñëîâèÿ ñõîäèìîñòè (áîëåå ñèëüíûå â ðà-
áîòå [13] è áîëåå ñëàáûå â [14]) è ïîëó÷åíà óñðåäí¼ííàÿ ìîäåëü. Îñíîâíîé
öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïðîâåðêà âûïîëíåíèÿ óñëîâèé ñõîäèìîñòè
ðàáîòû [13] äëÿ ëîêàëüíî-ïåðèîäè÷åñêèõ ïåðôîðèðîâàííûõ îáëàñòåé è ïî-
ëó÷åíèå ÿâíûõ ôîðìóë äëÿ ýôôåêòèâíûõ õàðàêòåðèñòèê ïîðèñòîé ñðåäû,
êîòîðûå ÿâëÿþòñÿ êîýôôèöèåíòàìè óñðåäí¼ííîãî óðàâíåíèÿ. Ïðè ýòîì ñõî-
äèìîñòü ïîíèìàåòñÿ â ñëåäóþùåì ñìûñëå:

Îïðåäåëåíèå 2 Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé

{uε(x) ∈ Lp(Ωε) }ε ñõîäèòñÿ â Lp(Ωε,Ω), åñëè ñóùåñòâóåò ôóíêöèÿ

u(x) ∈ Lp(Ω) òàêàÿ ÷òî

lim
ε→0
‖uε − u‖Lp(Ωε) = 0.

Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â ñëåäóþùåé òåîðåìå:

Òåîðåìà 1 Ïóñòü îáëàñòè Ωε ÿâëÿþòñÿ ëîêàëüíî-ïåðèîäè÷åñêèìè è ôóí-

êöèÿ f ε(x), ïðîäîëæåííàÿ íóë¼ì íà ìíîæåñòâî F ε, ñõîäèòñÿ ñëàáî â L2(Ω)
ê ôóíêöèè f(x). Òîãäà ðåøåíèå uε(x) çàäà÷è (4) ñõîäèòñÿ ïðè ε → 0 â

Lp(Ωε,Ω)
(
p < 2n

n−2

)
ê ðåøåíèþ u(x) óñðåäíåííîé çàäà÷è:

−
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+

1

2
cu(x, u) = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,

(6)
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êîýôôèöèåíòû êîòîðîé âû÷èñëÿþòñÿ ïî ôîðìóëàì:

ôóíêöèÿ ïîãëîùåíèÿ

cu(x, u) =
2|∂Fx|
|Π|

σ(x, u); (7)

òåíçîð ïðîâîäèìîñòè {aij(x)}ni,j=1

aij(x) = δij

(
1− |Fx|

|Π|

)
− 1

|Π|

∫
Π\Fx

n∑
k=1

∂Vi(ξ, x)

∂ξk

∂Vj(ξ, x)

∂ξk
dξ, (8)

ãäå |∂Fx|, |Fx|, |Π| ïîâåðõíîñòíàÿ è îáú¼ìíûå ìåðû ñîîòâåòñòâóþùèõ ìíî-

æåñòâ, ôóíêöèÿ Vi(ξ) = Vi(ξ, x) (i = 1, n) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé

”
ÿ÷åå÷íîé“ çàäà÷è:

n∑
k=1

∂2Vi(ξ)

∂ξ2
k

= 0, ξ ∈ Π \ Fx,

∂Vi(ξ)

∂νξ
= cos(ν(ξ), ei), ξ ∈ ∂Fx,

Vi|Γ+
k

= Vi|Γ−
k
,

∂Vi
∂ξk
|Γ+
k

=
∂Vi
∂ξk
|Γ−
k
, k = 1, n,∫

Π\Fx

Vi(ξ) dξ = 0,

(9)

ãäå Γ±k � ïðîòèâîïîëîæíûå ãðàíè â Π, ν = ν(ξ) � åäèíè÷íûé âåêòîð âíåøíåé

íîðìàëè ê Fx â òî÷êå ξ ∈ Fx.

Äîêàçàòåëüñòâî äàííîé òåîðåìû ñòðîèòñÿ íà èçó÷åíèè ïðåäåëüíûõ ïåðå-
õîäîâ â óñëîâèÿõ 1), 2) òåîðåìû 1 ðàáîòû [13], îïðåäåëÿþùèõ ñóùåñòâîâà-
íèå ïðåäåëüíûõ ïëîòíîñòåé ìåçîñêîïè÷åñêèõ õàðàêòåðèñòèê ïîðèñòîé ñðå-
äû. Äëÿ óäîáñòâà ÷èòàòåëÿ îïðåäåëåíèÿ ìåçîñêîïè÷åñêèõ õàðàêòåðèñòèê è
ôîðìóëèðîâêó òåîðåìû 1 ðàáîòû [13] (òåîðåìà 2) ìû ïðèâîäèì â ñëåäóþùåì
ðàçäåëå.

3. Ìåçîñêîïè÷åñêèå õàðàêòåðèñòèêè ñðåäû è

îñíîâíîå óñðåäí¼ííîå óðàâíåíèå äèôôóçèè

Ìåçîñêîïè÷åñêèå õàðàêòåðèñòèêè ïåðôîðèðîâàííûõ îáëàñòåé Ωε � ýòî ëî-
êàëüíûå ñðåäíèå õàðàêòåðèñòèêè ìèêðîñòðóêòóðû, ðàññìàòðèâàåìûå â ¾ìå-
çîêóáå¿ Kz

h = K(z, h) ñ öåíòðîì â òî÷êå z è ð¼áðàìè äëèíîé h, îðèåíòèðîâàí-
íûìè ïî êîîðäèíàòíûì îñÿì. Ïðèñòàâêà ¾ìåçî¿ îçíà÷àåò, ÷òî ðàçìåð êóáà
ñóùåñòâåííî áîëüøå ðàçìåðà ìèêðîñòðóêòóðû ε, íî ñóùåñòâåííî ìåíüøå ðà-
çìåðà âñåé îáëàñòè Ωε (0 < ε� h� 1).
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Êîëè÷åñòâåííóþ õàðàêòåðèñòèêó ïðîâîäèìîñòè çàäàäèì ñ ïîìîùüþ ôóí-
êöèîíàëà îòíîñèòåëüíî ïðîèçâîëüíîãî âåêòîðà ` ∈ Rn:

T εh,z(`) = inf
vε

∫
Kz
h∩Ωε

{
|∇vε|2 + h−2−τ |vε − (x− z, `)|2

}
dx, (10)

ãäå èíôèíóì áåð¼òñÿ â êëàññå ôóíêöèé vε(x) ∈ H1(Kz
h ∩ Ωε), τ ∈ (0, 2) � ïà-

ðàìåòð øòðàôà. Ýòîò ôóíêöèîíàë ÿâëÿåòñÿ îäíîðîäíî êâàäðàòè÷íûì îòíî-
ñèòåëüíî ` [12] è ïðåäñòàâèì â âèäå

T εh,z(`) =
n∑

i,j=1

aij(z, ε, h)`i`j , (11)

ãäå

aij(z, ε, h) =

=

∫
Kz
h∩Ωε

{(
∇vεi ,∇vεj

)
+ h−2−τ [vεi − (xi − zi)][vεj − (xj − zj)]

}
dx (12)

è vεi � ìèíèìèçàíò ôóíêöèîíàëà T
ε
h,z(`) ïðè ` = ei � îðò îñè xi.

Êîëè÷åñòâåííóþ õàðàêòåðèñòèêó ïîãëîùåíèÿ íà ãðàíèöå ∂F ε çàäàäèì ñ
ïîìîùüþ ôóíêöèîíàëà îòíîñèòåëüíî ïðîèçâîëüíîãî s ∈ R:

c(z, s; ε, h) =

= inf
wε

 ∫
Kz
h∩Ωε

{
|∇wε|2 + h−2−τ |wε − s|2

}
dx+

∫
Kz
h∩∂F ε

gε(x,wε)dΓ

 , (13)

ãäå èíôèíóì áåð¼òñÿ â êëàññå ôóíêöèé wε ∈ H1(Kz
h∩Ωε), à ôóíêöèÿ gε(x, u)

îïðåäåëåíà ôîðìóëîé

gε(x, u) := 2

u∫
0

σε(x, s) ds. (14)

Îïðåäåëåíèå 3 Áóäåì ãîâîðèòü, ÷òî ñèñòåìà îáëàñòåé Ωε ⊂ Ω óäîâëå-

òâîðÿåò óñëîâèþ ñèëüíîé ñâÿçíîñòè (èëè ïðîñòî ÿâëÿþòñÿ ñèëüíî ñâÿ-

çíûìè), åñëè äëÿ ëþáîé ôóíêöèè vε(x) ∈ H1(Ωε) ñóùåñòâóåò ôóíêöèÿ

ṽε(x) ∈ H1(Ω) òàêàÿ, ÷òî vε(x) = ṽε(x) ïðè x ∈ Ωε è ñïðàâåäëèâî íåðà-

âåíñòâî

‖ṽε‖H1(Ω) ≤ C ‖v
ε‖H1(Ωε) . (15)

Îñíîâíîé ðåçóëüòàò ðàáîòû [13] çàêëþ÷àëñÿ â ñëåäóþùåé òåîðåìå:
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Òåîðåìà 2 Ïóñòü îáëàñòè Ωε ÿâëÿþòñÿ ñèëüíî ñâÿçíûìè è ∃ τ ∈ (0, 2) ïðè
êîòîðîì ðàâíîìåðíî ïî x ∈ Ω âûïîëíÿþòñÿ óñëîâèÿ:

1) lim
h→0

lim
ε→0

aij(x,ε,h)
hn = lim

h→0
lim
ε→0

aij(x,ε,h)
hn = aij(x),

ãäå aij(x) � êóñî÷íî-íåïðåðûâíûå ôóíêöèè îò x è {aij(x)}ni,j=1 � ïîëîæè-

òåëüíî îïðåäåë¼ííûé, ñèììåòðè÷íûé òåíçîð â Rn;
2) lim

h→0
lim
ε→0

c(x,s;ε,h)
hn = lim

h→0
lim
ε→0

c(x,s;ε,h)
hn = c(x, s), ∀s ∈ R,

ãäå ôóíêöèÿ c(x, s) îãðàíè÷åíà ïî x, äèôôåðåíöèðóåìà ïî s è å¼ ïðîèçâîäíàÿ

cs(x, s) = ∂
∂sc(x, s) ïî ïåðåìåííîé s óäîâëåòâîðÿåò óñëîâèÿì ìîíîòîííîãî

âîçðàñòàíèÿ è îãðàíè÷åííîñòè íà ðîñò

∀ s ∈ R : cs(x, s) 6 C(1 + |s|θ),
(
θ < n+2

n−2

)
;

3) ôóíêöèÿ f ε(x), ïðîäîëæåííàÿ íóë¼ì íà ìíîæåñòâî F ε, ïðè ε→ 0 ñõîäè-

òñÿ ñëàáî â L2(Ω) ê ôóíêöèè f(x).

Òîãäà îáîáù¼ííîå ðåøåíèå uε(x) çàäà÷è (4) ñõîäèòñÿ â Lp(Ωε,Ω)
(
p < 2n

n−2

)
ê ôóíêöèè u(x), ÿâëÿþùåéñÿ îáîáù¼ííûì ðåøåíèåì óñðåäí¼ííîé çàäà÷è (6).

4. Äîêàçàòåëüñòâî òåîðåìû 1

Ïðåæäå âñåãî, äîêàæåì ðÿä âñïîìîãàòåëüíûõ ëåìì, êîòîðûå áóäóò
èñïîëüçîâàíû ïðè äîêàçàòåëüñòâå òåîðåìû.

Ëåììà 1 Ïðè äîñòàòî÷íî ìàëûõ ε ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

vεα(ξ) çàäà÷è
∆ξv

ε
α(ξ) = 0, ξ ∈ R3 \ Fxα ,

∂vεα(ξ)

∂νξ
+ εσ(xα + εξ, s+ εvεα(ξ)) = 0, ξ ∈ ∂Fxα , s ∈ R,

vεα(ξ)→ 0 ïðè |ξ| → ∞,

(16)

ãäå νξ � åäèíè÷íàÿ íîðìàëü ê ãðàíèöå ∂Fxα, âíåøíÿÿ ïî îòíîøåíèþ ê îáëà-

ñòè R3 \ Fxα. Äëÿ ýòîãî ðåøåíèÿ ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

max
ξ∈Π\Fxα

|vεα(ξ)| < Cε, (17)

max
ξ∈Π+δ\Π−δ

|∇vεα(ξ)| < C

δ
ε. (18)

Äîêàçàòåëüñòâî. Ðåøåíèå çàäà÷è (16) áóäåì èñêàòü â âèäå ïîòåíöèàëà
ïðîñòîãî ñëîÿ

vεα(ξ) =

∫
∂Fxα

ρε(η)

|η − ξ|
dΓη, ξ ∈ R3 \ Fxα .

Äëÿ òîãî, ÷òîáû ôóíêöèÿ vεα(ξ) óäîâëåòâîðÿëà ãðàíè÷íîìó óñëîâèþ, ïëî-
òíîñòü ρε(ξ) äîëæíà áûòü ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ ([17, ãë. 15])

ρε(ξ) +Rρε(ξ) = − 1

2π
ψε(ξ), ξ ∈ ∂Fxα , (19)
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ãäå îïåðàòîð R, îïðåäåë¼ííûé ðàâåíñòâîì

Rρε :=
1

2π

∫
∂Fxα

(η − ξ, νη)
|η − ξ|3

ρε(η) dΓη,

äåéñòâóåò èç ïðîñòðàíñòâà C(∂Fxα) â C(∂Fxα), à ôóíêöèÿ ψε(ξ) ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ

ψε(ξ) = −εσ(xα + εξ, s+ εNψε(ξ)). (20)

Çäåñü ÷åðåç N îáîçíà÷åí îïåðàòîð ¾Neumann to Dirichlet¿, êîòîðûé íîðìàëü-
íîé ïðîèçâîäíîé ðåøåíèÿ çàäà÷è (16) íà ãðàíèöå ∂Fxα ñòàâèò â ñîîòâåòñòâèå
çíà÷åíèå ñàìîãî ðåøåíèÿ íà ýòîé ãðàíèöå.

Îáîçíà÷èì îïåðàòîð

Aψε := −εσ(xα + εξ, s+ εNψε)

è çàïèøåì óðàâíåíèå (20) â âèäå

ψε = Aψε. (21)

Ïîêàæåì, ÷òî ïðè ìàëûõ ε óðàâíåíèå (21) èìååò åäèíñòâåííîå ðåøåíèå â
ïðîñòðàíñòâå C(∂Fxα). Ïðåæäå âñåãî, åñëè ýòî óðàâíåíèå èìååò ðåøåíèå, òî
â ñèëó ñâîéñòâ ôóíêöèè σ(x, u) è îãðàíè÷åííîñòè îïåðàòîðà N îíî äîëæíî
óäîâëåòâîðÿòü íåðàâåíñòâó:

‖ψε‖C(∂Fxα ) 6 C1ε
(

1 + sΘ + εΘ‖ψε‖ΘC(∂Fxα

)
,

èç êîòîðîãî âûòåêàåò ñëåäóþùàÿ àïðèîðíàÿ îöåíêà

‖ψε‖C(∂Fxα ) 6 C2ε (22)

è òîãäà

‖Aψε1 −Aψε2‖C(∂Fxα ) = ε max
ξ∈∂Fxα

|σ(xα + εξ, s+ εNψε1)−σ(xα + εξ, s+ εNψε2)|6

6 ε2 max
ξ∈∂Fxα

(
1 + |s+ εNψε1|Θ−1 + |s+ εNψε2|Θ−1

)
|Nψε1 −Nψε2| 6

6 C3ε
2‖ψε1 − ψε2‖C(∂Fxα ),

îòêóäà ñëåäóåò, ÷òî ïðè ìàëûõ ε îïåðàòîð A ÿâëÿåòñÿ ñæèìàþùèì, è, ñëåäî-
âàòåëüíî, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (21) â ïðîñòðàíñòâå
C(∂Fxα), êîòîðîå óäîâëåòâîðÿåò îöåíêå (22).

Êðîìå òîãî, ôóíêöèÿ ψε(ξ) ÿâëÿåòñÿ íîðìàëüíîé ïðîèçâîäíîé ðåøåíèÿ
vεα(ξ) íà ãðàíèöå ∂Fxα , òîãäà äëÿ ôóíêöèè v

ε
α(ξ) â ñèëó ïðèíöèïà ìàêñèìóìà

ñïðàâåäëèâà îöåíêà

max
ξ∈R3\Fxα

|vεα(ξ)| 6 max
ξ∈∂Fxα

|vεα(ξ)| = ‖Nψε(ξ)‖C(∂Fxα ) 6 C4ε.
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Îöåíêà (17) äîêàçàíà.
Äîêàæåì îöåíêó (18). Â ñèëó ñâîéñòâ ïîòåíöèàëà ïðîñòîãî ñëîÿ ñóùå-

ñòâóåò îãðàíè÷åííûé îáðàòíûé îïåðàòîð (I + R)−1, òîãäà èç óðàâíåíèÿ (19)
ïëîòíîñòü ρε(ξ) ðàâíà

ρε(ξ) = − 1

2π
(I +R)−1ψε,

è äëÿ íå¼ â ñèëó (22) ñïðàâåäëèâà îöåíêà

‖ρε‖C(∂Fxα ) =
1

2π
‖(I +R)−1ψε‖C(∂Fxα ) 6 C5ε.

Òîãäà ïðè ξ ∈ Π+δ \Π−δ èìååì

∣∣∣∣∂vεα(ξ)

∂ξi

∣∣∣∣ =

∣∣∣∣∣∣∣
∫

∂Fxα

(ηi − ξi)ρε(η)

|η − ξ|3
dΓη

∣∣∣∣∣∣∣ 6
∫

∂Fxα

|ρε(η)|
|η − ξ|2

dΓη 6

6
C5ε

δ

∫
∂Fxα

1

|η − ξ|
dΓη 6

C6ε

δ
.

Îòêóäà è ñëåäóåò îöåíêà (18). Ëåììà 1 äîêàçàíà.
Äàëåå ïîñòðîèì ¾ðàçáèåíèå åäèíèöû¿ � íàáîð ãëàäêèõ ôóíêöèé, èñïîëü-

çóåìûõ ïðè ïîñòðîåíèè àïïðîêñèìèðóþùèõ ôóíêöèé. Ïîñòðîåíèå ¾ðàçáèå-
íèÿ åäèíèöû¿ íåîäíîêðàòíî ðàññìàòðèâàëîñü ðàíåå (ñì. íàïðèìåð [18, ãë.
2]), íî îáû÷íî íå äåëàþòñÿ îöåíêè ïðîèçâîäíûõ, êîòîðûå áóäóò íóæíû íàì
â äàëüíåéøåì. Ïîýòîìó ïðèâîäèì äîêàçàòåëüñòâî ïîëíîñòüþ.

Ïîêðîåì ïðîñòðàíñòâî Rn ïåðåñåêàþùèìèñÿ êóáàìè {Kα
h = K(xα, h)}α,

ñ öåíòðàìè â òî÷êàõ xα è ñòîðîíàìè h � 1, îðèåíòèðîâàííûìè ïî êîîð-
äèíàòíûì îñÿì, îáðàçóþùèìè ïåðèîäè÷åñêóþ ðåø¼òêó ïåðèîäîì h − r, ãäå
r � òîëùèíà ïåðåêðûòèÿ.

Ëåììà 2 Ïî ïîêðûòèþ {Kα
h = K(xα, h)}α ìîæíî ïîñòðîèòü ¾ðàçáèåíèå

åäèíèöû¿ {ϕα(x)}α � íàáîð ãëàäêèõ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì:

1) ϕα(x) ∈ C∞(Rn);
2) 0 6 ϕα(x) 6 1 ïðè x ∈ Rn;
3) ϕα(x) = 1 ïðè x ∈ Kα

h−2r;

4) ϕα(x) = 0 ïðè x /∈ Kα
h ;

5) |Dλϕα(x)| < C
rλ
, λ = 1, 2, ãäå êîíñòàíòà C íå çàâèñèò îò çíà÷åíèé h, r;

6)
∑
α
ϕα(x) = 1 ïðè x ∈ Rn.

Äîêàçàòåëüñòâî. Ðàññìîòðèì íà âåùåñòâåííîé îñè x ∈ R ôóíêöèþ

f(x) :=

 exp

(
1

x2 − 1

)
ïðè − 1 < x < 1,

0 ïðè îñòàëüíûõ x,
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ôóíêöèÿ f(x) ∈ C∞(R).

Ïóñòü 0 < r � h
2 �

1
2 � âåùåñòâåííûå ÷èñëà. Äàëåå ðàññìîòðèì ôóíêöèþ,

ïîëó÷åííóþ ñæàòèåì â r
2 ðàç ôóíêöèè f(x):

fr(x) := f

(
2x

r

)
,

êîòîðàÿ òàêæå fr(x) ∈ C∞(R). Ïî ôóíêöèè fr(x) ïîñòðîèì ôóíêöèþ F (x),
îïðåäåë¼ííóþ ðàâåíñòâîì

F (x) :=



∫ x+h−r
2

−∞ fr(t) dt∫ +∞
−∞ fr(t) dt

ïðè x 6 0,∫ +∞
x−h−r

2

fr(t) dt∫ +∞
−∞ fr(t) dt

ïðè x > 0.

Ëåãêî âèäåòü, ÷òî F (x) ∈ C∞(R) è F (x) = 1 ïðè −h
2 +r 6 x 6 h

2 −r, F (x) = 0

ïðè x 6 −h
2 èëè x > h

2 , F (x) âîçðàñòàåò îò 0 äî 1 ïðè −h
2 < x < −h

2 + r è

óáûâàåò îò 1 äî 0 ïðè h
2 − r < x < h

2 .

Îöåíèì ïåðâóþ è âòîðóþ ïðîèçâîäíûå ôóíêöèè F (x).

|F ′(x)| 6 max fr(x)
+∞∫
−∞

fr(t) dt

=
exp(−1)

r
2

+1∫
−1

f(t) dt

=
C1

r
,

|F ′′(x)| = max |f ′r(x)|
+∞∫
−∞

fr(t) dt

=
2
r max |f ′(x)|

r
2

+1∫
−1

f(t) dt

=
C2

r2
,

ãäå êîíñòàíòû C1, C2 íå çàâèñÿò îò h, r.

Ïîêðîåì âåùåñòâåííóþ îñü R òî÷êàìè xαi = i(h − r) (i = −∞, ...,+∞) è
îïðåäåëèì ôóíêöèè, ïîëó÷åííûå ñ ïîìîùüþ ñäâèãà ôóíêöèè F (x)

Fαi(x) = F (x− xαi).

Î÷åâèäíî, ÷òî â ñèëó ñâîéñòâ ôóíêöèè F (x) ôóíêöèè Fαi(x) îáëàäàþò ñâîé-
ñòâàìè: Fαi(x) ∈ C∞(R) è Fαi(x) = 1 ïðè xαi − h

2 + r 6 x 6 xαi + h
2 − r,

Fαi(x) = 0 ïðè x 6 xαi − h
2 èëè x > xαi + h

2 , Fαi(x) âîçðàñòàåò îò 0 äî 1 ïðè

xαi − h
2 < x < xαi − h

2 + r è óáûâàåò îò 1 äî 0 ïðè xαi + h
2 − r < x < xαi + h

2 ,
è èõ ïðîèçâîäíûå óäîâëåòâîðÿþò îöåíêàì

|F ′αi(x)| 6 C1

r
, |F ′′αi(x)| 6 C2

r2
,

ãäå êîíñòàíòû C1, C2 íå çàâèñÿò îò h, r.
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Äîêàæåì ñïðàâåäëèâîñòü ðàâåíñòâà

+∞∑
i=−∞

Fαi(x) = 1. (23)

Ïóñòü òî÷êà x ∈ [xαj − h/2 + r, xαj + h/2− r], òîãäà ýòî ðàâåíñòâî î÷åâèäíî
+∞∑
i=−∞

Fαi(x) = Fαj (x) = 1.

Ïóñòü òî÷êà x ∈ [xαj +h/2−r, xαj +h/2] = [xαj+1−h/2, xαj+1−h/2+r] ïðèíà-
äëåæèò äâóì ñìåæíûì îòðåçêàì ðàçáèåíèÿ, òî åñòü ëåæèò â èõ ïåðåñå÷åíèè,
òîãäà

+∞∑
i=−∞

Fαi(x)= Fαj (x)+Fαj+1(x) =

+∞∫
x−(xαj+h−r

2 )
fr(t)dt

+∞∫
−∞

fr(t) dt

+

x−(xαj+1−h−r
2 )∫

−∞
fr(t)dt

+∞∫
−∞

fr(t) dt

=

=

+∞∫
x−(xαj+h−r

2 )
fr(t)dt+

x−(xαj+h−r
2 )∫

−∞
fr(t)dt

+∞∫
−∞

fr(t) dt

= 1.

Ðàâåíñòâî (23) äîêàçàíî.
Ðàññìîòðèì òåïåðü ôóíêöèþ ϕα(x) (α = {α1, α2, ..., αn} � ìóëüòèèíäåêñ),

îïðåäåë¼ííóþ ïðè x = {x1, x2, ..., xn} ∈ Rn ôîðìóëîé

ϕα(x) :=
n∏
i=1

Fαi(xi).

Ëåãêî âèäåòü, ÷òî ϕα(x) ∈ C∞(Rn) è ϕα(x) = 1 ïðè x ∈ Kα
h−2r, ϕα(x) = 0 ïðè

x /∈ Kα
h , 0 6 ϕα(x) 6 1 ïðè x ∈ Kα

h \Kα
h−2r. È êðîìå òîãî,

|Dϕα(x)| 6 C̃1

r
, |D2ϕα(x)| 6 C̃2

r2
, ∀x ∈ Rn.

ãäå êîíñòàíòû C̃1, C̃2 íå çàâèñÿò îò h, r. Òàêèì îáðàçîì, ôóíêöèÿ ϕα(x) óäîâ-
ëåòâîðÿåò ñâîéñòâàì 1)-5). Äîêàæåì ñïðàâåäëèâîñòü ñâîéñòâà 6). Â ñèëó (23)
èìååì∑
α

ϕα(x) =
+∞∑

i1=−∞
...

+∞∑
in=−∞

n∏
j=1

F
αjij (xj) =

+∞∑
i1=−∞

F
α1
i1 (x1)

(
+∞∑

i2=−∞
F
α2
i2 (x2) ×

×

(
...

(
+∞∑

in=−∞
Fα

n
in (xn)

)))
= 1.
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Ñâîéñòâî 6) äîêàçàíî, èñêîìàÿ ñèñòåìà ôóíêöèé ïîñòðîåíà. Ëåììà 2 äîêàçà-
íà.

Äëÿ âûâîäà ôîðìóë (7) è (8) ïðîâåä¼ì ïðåäâàðèòåëüíîå ïîñòðîåíèå. Ïðåä-
ïîëîæèì, ÷òî ïðîñòðàíñòâî R3 ðàçðåçàíî íà íå ïåðåñåêàþùèåñÿ ïàðàëëåëå-
ïèïåäû Πε

xα . Ïîñòðîèì êîíöåíòðè÷åñêèå ñ íèìè ïàðàëëåëåïèïåäû

Π±δεxα =

{
x ∈ R3 : |xi − xαi | 6

θiε

2
(1± δ), i = 1, 3

}
(0 < δ � 1)

ñ êîòîðûìè ñâÿæåì ðàçáèåíèå åäèíèöû {ϕεα(x)}α � íàáîð ãëàäêèõ ôóíêöèé,
óäîâëåòâîðÿþùèõ óñëîâèÿì: ϕεα(x) = 1 ïðè x ∈ Π−δεxα , ϕεα(x) = 0 ïðè x /∈ Π+δε

xα ,∑
α
ϕεα(x) = 1, |Dλϕεα(x)| 6 C

ε|λ|δ|λ|
(|λ| = 0, 1, 2) ïðè x ∈ Ω.

4.1. Âûâîä ôîðìóëû (7). Îïðåäåëèì ôóíêöèþ

vε(x) = s+ ε
∑
α

vεα

(
x− xα

ε

)
ϕεα(x), x ∈ Ωε, s ∈ R. (24)

ãäå {ϕεα(x)}α � ðàçáèåíèå åäèíèöû, îïèñàííîå âûøå, à ôóíêöèÿ vεα(ξ) � ðå-
øåíèå çàäà÷è (16) äëÿ äàííîãî s. Ôóíêöèþ, ìèíèìèçèðóþùóþ ôóíêöèîíàë
(13) â îáëàñòè Kz

h ∩ Ωε, áóäåì èñêàòü â âèäå

wε(x) = vε(x) + v̂ε(x). (25)

Òîãäà ôóíêöèÿ v̂ε(x) äîëæíà ìèíèìèçèðîâàòü ôóíêöèîíàë

J [v̂ε] = I0(ε, h) + I1(ε, h) + I2(ε, h)

â êëàññå ôóíêöèé H1(Kz
h ∩ Ωε), ãäå

I0(ε, h) =

∫
Kz
h∩Ωε

[
|∇v̂ε(x)|2 + h−2−τ |v̂ε(x)|2

]
dx,

I1(ε, h) = −2

∫
Kz
h∩Ωε

[
∆vε(x)v̂ε(x)− h−2−τ (vε(x)− s)v̂ε(x)

]
dx,

I2(ε, h) =

∫
Kz
h∩∂F ε

[
gε(x, vε + v̂ε)− gε(x, vε) + 2

∂vε(x)

∂ν
v̂ε(x)

]
dΓ.

Òàê êàê J [v̂ε] 6 J [0] = 0, òî

I0(ε, h) 6 |I1(ε, h)|+ |I2(ε, h)|. (26)

Îöåíèì êàæäîå ñëàãàåìîå ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà.
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Èç (17), (18), (24) è íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî ïîëó÷àåì

|I1(ε, h)| 6 2

∣∣∣∣∣∣∣
∫

Kz
h∩Ωε

∆vεv̂ε dx

∣∣∣∣∣∣∣+ 2h−2−τ

∣∣∣∣∣∣∣
∫

Kz
h∩Ωε

(vε − s)v̂ε dx

∣∣∣∣∣∣∣ 6
6 2

√√√√ ∫
Kz
h∩Ωε

|∆vε|2 dx
√√√√ ∫
Kz
h∩Ωε

|v̂ε|2 dx+ 2h−2−τ
√√√√ ∫
Kz
h∩Ωε

|vε − s|2 dx×

×
√√√√ ∫
Kz
h∩Ωε

|v̂ε|2 dx 6 2h1+τ/2I
1/2
0 (ε, h)

√√√√√∑
α

∫
Πε
xα\Π

−δε
xα

|∆vε|2 dx+

+ 2h−1−τ/2I
1/2
0 (ε, h)

√√√√∑
α

∫
Πε
xα\F

ε
xα

|vε − s|2 dx 6 C1I
1/2
0 (ε, h)×

×

h1+τ/2

√
1

δ4

∑
α

mes(Πε
xα \Π−δεxα ) + h−1−τ/2

√
ε4
∑
α

mes(Πε
xα \ F εxα)

 6

6 C2I
1/2
0 (ε, h)

(
h3/2+1/2+τ/2

δ3/2
+ h3/2−1−τ/2ε2

)
.

Òàêèì îáðàçîì, ïðè δ = h1/3+τ/6 è 0 < ε 6 h1/2+3τ/8 èìååì

|I1(ε, h)| 6 Ch3/2+τ/4I
1/2
0 (ε, h). (27)

Ïîëó÷èì îöåíêó äëÿ I2(ε, h). Òàê êàê ([13, Ë.1])

∀x ∈ Kz
h ∩ Ωε : |wε(x)| 6 |s|,

òîãäà â ñèëó îïðåäåëåíèé ôóíêöèé wε(x) (25), gε(x, s) (14), ñâîéñòâ ôóíêöèè
σ(x, u) è èíòåãðàëüíîé òåîðåìû î ñðåäíåì, èìååì

|I2(ε, h)| =

∣∣∣∣∣∣∣
∫

Kz
h∩∂F ε

[
gε(x, vε + v̂ε)− gε(x, vε) + 2

∂vε(x)

∂ν
v̂ε(x)

]
dΓ

∣∣∣∣∣∣∣ =

= 2ε

∣∣∣∣∣∣∣
∫

Kz
h∩∂F ε

 vε+v̂ε∫
vε

σ(x, r) dr − σ(x, vε)v̂ε

 dΓ

∣∣∣∣∣∣∣ 6
6 2ε

∫
Kz
h∩∂F ε

|σ(x, vε + ṽε)− σ(x, vε)| |v̂ε| dΓ 6

6 C1

(
1 + 2|s|Θ−1

)
ε

∫
Kz
h∩∂F ε

|v̂ε|2 dΓ = C2ε

∫
Kz
h∩∂F ε

|v̂ε|2 dΓ.
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Çäåñü 0 6 ṽε(x) 6 v̂ε(x) ïðè v̂ε(x) > 0 è v̂ε(x) 6 ṽε(x) 6 0 ïðè v̂ε(x) < 0.
Äëÿ ëþáîé ôóíêöèè ϕ ∈ H1(Ωε) ñïðàâåäëèâî èíòåãðàëüíîå íåðàâåíñòâî

ε

∫
Kz
h∩∂F ε

ϕ2 dΓx 6 C

 ∫
Kz
h∩Ωε

ϕ2 dx+ ε2

∫
Kz
h∩Ωε

|∇xϕ|2 dx

 .

Èç êîòîðîãî ïðè 0 < ε 6 h1+τ/2 äëÿ I2(ε, h) ñëåäóåò

|I2(ε, h)| 6 Ch2+τI0(ε, h). (28)

Èç (26), (27), (28) ïðè 0 < ε 6 h1+τ/2, δ = h1/3+τ/6 ïîëó÷àåì îöåíêó

I0(ε, h) = O(h3+τ/2) = o(h3).

Òàêèì îáðàçîì, ôóíêöèÿ v̂ε äà¼ò ìàëûé âêëàä â ïðåäåëüíóþ ôóíêöèþ ïî-
ãëîùåíèÿ. Òîãäà ñîãëàñíî (25) ôóíêöèÿ vε(x) ïðè ìàëûõ h àïïðîêñèìèðóåò
ìèíèìèçàíò wε(x) ôóíêöèîíàëà (13) â îáëàñòè Kz

h ∩ Ωε.
Ïîäñòàâëÿåì wε(x) â (13), ó÷èòûâàÿ ñâîéñòâà ôóíêöèè σ(x, u), ïðè 0 <

ε 6 h1+τ/2 è δ = h1/3+τ/6 ïîëó÷àåì

c(z, s; ε, h) =

∫
Kz
h∩Ωε

[
|∇vε|2 + h−2−τ |vε − s|2

]
dx+

∫
Kz
h∩∂F ε

gε(x, vε)dΓ + o(h3) =

=

∫
Kz
h∩∂F ε

2ε

s∫
0

σ(x, r) drdΓ + o(h3) =
2|∂Fz|h3

|Π|

s∫
0

σ(z, r) dr + o(h3).

Îòêóäà äåëàåì âûâîä, ÷òî óñëîâèå 2) òåîðåìû 2 âûïîëíÿåòñÿ. Ðàçäåëèâ
c(z, s; ε, h) íà h3 è ïåðåéäÿ ê ïðåäåëó ïðè h → 0, ïîëó÷àåì âûðàæåíèå (7)
äëÿ ôóíêöèè ïîãëîùåíèÿ.

4.2. Âûâîä ôîðìóëû (8). Âûâîä äàííîé ôîðìóëû ïðîèçâîäèòñÿ â
îñíîâíîì òàê æå, êàê â êíèãå [12, ãë. 2], ãäå ðàññìîòðåíà çàäà÷à Íåéìàíà
äëÿ ÷àñòíîãî ñëó÷àÿ ëîêàëüíî-ïåðèîäè÷åñêîé ñðåäû, îïðåäåëåííîé â äàííîé
ðàáîòû. Ïîýòîìó íåêîòîðûå òåõíè÷åñêèå âûêëàäêè, èäåíòè÷íûå [12] ìû îïó-
ñòèì.

Ðàññìîòðèì â îáëàñòè Kz
h ∩ Ωε ôóíêöèè

U εi (x) = (xi − zi)− ε
∑
α

Ṽi

(
x− xα

ε
, xα
)
ϕεα(x), (i = 1, 3), (29)

ãäå Ṽi(ξ, η) � ïåðèîäè÷åñêîå ïðîäîëæåíèå ðåøåíèÿ Vi(ξ, η) çàäà÷è (9) íà âñ¼
ïðîñòðàíñòâî R3, {ϕεα} � ðàçáèåíèå åäèíèöû.

Áóäåì èñêàòü ôóíêöèþ wεi (x), ìèíèìèçèðóþùóþ ôóíêöèîíàë (10) ïðè
` = ei â âèäå

wεi (x) = U εi (x) + vεi (x), (30)
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ãäå ôóíêöèÿ U εi (x) îïðåäåëåíà ðàâåíñòâîì (29), òîãäà ôóíêöèÿ vεi (x) äîëæíà
ìèíèìèçèðîâàòü ôóíêöèîíàë

J [vεi ] = I0(ε, h) + I1(ε, h) + I2(ε, h),

â êëàññå ôóíêöèé H1(Kz
h ∩ Ωε), ãäå

I0(ε, h) =

∫
Kz
h∩Ωε

[
|∇vεi |2 + h−2−τ |vεi |2

]
dx,

I1(ε, h) = 2

∫
Kz
h∩Ωε

(∇U εi ,∇vεi ) dx,

I2(ε, h) = 2h−2−τ
∫

Kz
h∩Ωε

(U εi − (xi − zi))vεi (x) dx.

Òàê êàê J [vεi ] 6 Jε[0] = 0, òî ñïðàâåäëèâî íåðàâåíñòâî

I0(ε, h) 6 |I1(ε, h)|+ |I2(ε, h)|. (31)

Îöåíèì êàæäîå ñëàãàåìîå ïðàâîé ÷àñòè. Ïîëüçóÿñü íåðàâåíñòâîì Êîøè-
Áóíÿêîâñêîãî, ôîðìóëîé (29) è îïðåäåëåíèåì I0(ε, h) ïðè 0 < ε 6 h1+τ , ïî-
ëó÷àåì îöåíêó I2(ε, h)

|I2(ε, h)| 6 2h−2−τ‖U εi − (xi − zi)‖L2(Kz
h∩Ωε)‖vεi ‖L2(Kz

h∩Ωε) 6

6 Ch
3+τ
2 I

1/2
0 (ε, h).

(32)

Îöåíèì I1(ε, h). Ïðèìåíèâ èíòåãðèðîâàíèå ïî ÷àñòÿì, çàïèøåì

I1(ε, h) = −2

∫
Kz
h∩Ωε

∆U εi v
ε
i dx+ 2

∫
∂Kz

h∩Ωε

∂U εi
∂ν

vεi dΓ. (33)

Â ðàáîòå [19] áûëî äîêàçàíî, ÷òî ïðè âûïîëíåíèè óñëîâèé (2), (3) èìååò
ìåñòî ãëàäêàÿ çàâèñèìîñòü ðåøåíèÿ

”
ÿ÷åå÷íîé“ çàäà÷è Vi(ξ, η) îò ïàðàìåòðà

η: ∥∥∥Dλ
ξ Vk(ξ, η1)−Dλ

ξ Vk(ξ, η2)
∥∥∥
C(Π\Π−δ)

6 C|η1 − η2|, |λ| = 0, 1,

îòñþäà, â ñèëó ïåðèîäè÷íîñòè Ṽi(ξ, η) ïî ξ ïðè x ∈ Π+δε
xα ∩Π+δε

xβ
ñëåäóåò:∣∣∣∣Dλ

x Ṽi

(
x− xα

ε
, xα
)
−Dλ

x Ṽi

(
x− xβ

ε
, xβ
)∣∣∣∣ 6

6
C

ε|λ|
|xα − xβ| 6 Cε1−|λ|, |λ| = 0, 1.

(34)

Ñ ïîìîùüþ ýòîãî íåðàâåíñòâà, ó÷èòûâàÿ ñâîéñòâà ðàçáèåíèÿ åäèíèöû
{ϕεα(x)}α, ïîëó÷àåì

‖∆U εi ‖L2(Kz
h∩Ωε) 6 Chδ−3/2.
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Îòñþäà, ó÷èòûâàÿ îïðåäåëåíèå I0(ε, h), ïðè δ > h1/3 èìååì∣∣∣∣∣∣∣
∫

Kz
h∩Ωε

∆U εi v
ε
i dx

∣∣∣∣∣∣∣ 6 ‖∆U εi ‖L2(Kz
h∩Ωε)‖vεi ‖L2(Kz

h∩Ωε) 6

6 Cδ−3/2h2+τ/2I
1/2
0 (ε, h) 6 Ch

3+τ
2 I

1/2
0 (ε, h).

(35)

Â ñèëó ñèëüíîé ñâÿçíîñòè îáëàñòåé Ωε ôóíêöèÿ vεi ∈ H1(Kz
h ∩ Ωε) ìîæåò

áûòü ïðîäîëæåíà äî ôóíêöèè ṽεi ∈ H1(Kz
h) ñ âûïîëíåíèåì íåðàâåíñòâà (15).

Êðîìå òîãî, ñîãëàñíî ëåììå 2.1 [12, ãë.4] ṽεi (x) óäîâëåòâîðÿåò íåðàâåíñòâó

∫
∂Kz

h

|ṽεi |2 dΓ 6 6

κ ∫
Kz
h

|∇ṽεi |2 dx+

(
4

κ
+

1

h

) ∫
Kz
h

|ṽεi |2 dx

 ,
òîãäà ïðè κ = h1+ τ

2 , ñîãëàñíî îïðåäåëåíèÿ ôóíêöèè U εi (x) (29) è ñâîéñòâ
ðåøåíèÿ Vi(ξ, η)

”
ÿ÷åå÷íîé“ çàäà÷è (9), äëÿ ïîâåðõíîñòíîãî èíòåãðàëà â (33)

ñïðàâåäëèâà îöåíêà∣∣∣∣∣∣∣
∫

∂Kz
h∩Ωε

∂U εi
∂ν

vεi dΓ

∣∣∣∣∣∣∣ 6
 ∫
∂Kz

h

∣∣∣∣∂U εi∂ν

∣∣∣∣2 dΓ


1/2  ∫

∂Kz
h

|ṽεi |
2 dΓ


1/2

6

6 C1h

h1+τ/2

∫
Kz
h

|∇ṽεi |2 dx+
4 + hτ/2

h1+τ/2

∫
Kz
h

|ṽεi |2 dx


1/2

6

6 C2h
2+τ/2

 ∫
Kz
h∩Ωε

|∇vεi |2 dx+
4 + hτ/2

h2+τ

∫
Kz
h∩Ωε

|vεi |2 dx


1/2

6 C3h
2+τ/2I

1/2
0 (ε, h).

Îòñþäà è èç (33), (35) èìååì

|I1(ε, h)| 6 Ch1+τ/2I
1/2
0 (ε, h). (36)

Èç (31), (32), (36) ïðè 0 < ε� h1+τ ïîëó÷àåì îöåíêó äëÿ I0(ε, h)

I0(ε, h) =

∫
Kz
h∩Ωε

[
|∇vεi |2 + h−2−τ |vεi |2

]
dx 6 Ch3+τ = o(h3).

Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ vεi (x) äà¼ò ìàëûé âçíîñ â ïðåäåëüíûé òåíçîð
ïðîâîäèìîñòè. Òàêèì îáðàçîì, ñîãëàñíî (30) ôóíêöèÿ U εi ïðè ìàëûõ h àïïðî-
êñèìèðóåò ôóíêöèþ wεi (x), ìèíèìèçèðóþùóþ ôóíêöèîíàë (10) ïðè ` = ei.
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Ïîäñòàâèì wεi â âèäå (30) â ôîðìóëó (12) äëÿ aij(z, ε, h), ïîëó÷àåì

aij(z, ε, h) =
∑
α

ε2

∫
Πεxα\F

ε
xα

3∑
k=1

∂

∂xk

(
xi − zi
ε

− Ṽi
(
x− xα

ε
, xα
))
×

× ∂

∂xk

(
xj − zj
ε

− Ṽj
(
x− xα

ε
, xα
))

dx+ o(h3) =

= δijh
3

(
1− |Fz|
|Π|

)
− 1

|Π|

∫
Kz
h

∫
Π\Fz

3∑
k=1

∂Vi(ξ, η)

∂ξk

∂Vj(ξ, η)

∂ξk
dξdη + o(h3).

Èç ýòîãî ðàâåíñòâà äåëàåì âûâîä, ÷òî óñëîâèå 1) òåîðåìû 2 âûïîëíåíî. Ðà-
çäåëèâ aij(z, ε, h) íà h3 è ïåðåéäÿ ê ïðåäåëó ïðè h→ 0, ïîëó÷àåì âûðàæåíèå
äëÿ ïðåäåëüíîãî òåíçîðà ïðîâîäèìîñòè (8).

Òåîðåìà 1 äîêàçàíà.

Áëàãîäàðíîñòü. Àâòîðû âûðàæàþò ãëóáîêóþ áëàãîäàðíîñòü
Å.ß. Õðóñëîâó, ÷üè êðèòè÷åñêèå çàìå÷àíèÿ ïîçâîëèëè ñóùåñòâåííî óëó÷øèòü
ðàáîòó.
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Ãîí÷àðåíêî Ì.Â., Õiëüêîâà Ë.Î. Óñåðåäíåíi òåíçîð ïðîâiäíîñòi òà ôóíêöiÿ

ïîãëèíàííÿ ëîêàëüíî-ïåðiîäè÷íîãî ïîðèñòîãî ñåðåäîâèùà. Âèâ÷à¹òüñÿ ïðî-
öåñ ñòàöiîíàðíî¨ äèôóçi¨ â ëîêàëüíî-ïåðiîäè÷íîìó ïîðèñòîìó ñåðåäîâèùi ç íåëiíié-
íèì ïîãëèíàííÿì íà ìåæi ïið. Öåé ïðîöåñ îïèñó¹òüñÿ êðàéîâîþ çàäà÷åþ äëÿ åëi-
ïòè÷íîãî ðiâíÿííÿ, ÿêå ðîçãëÿäà¹òüñÿ â ñêëàäíié ïåðôîðîâàíié îáëàñòi, ç íåëiíié-
íîþ òðåòüîþ êðàéîâîþ óìîâîþ íà ìåæi ïåðôîðàöi¨. Ç ïðè÷èíè ìàëîñòi ëîêàëüíîãî
ìàñøòàáó ïîðèñòîñòi ñåðåäîâèùà i ñêëàäíîñòi ïåðôîðîâàíî¨ îáëàñòi, áåçïîñåðåäíié
ðîçâ'ÿçîê òàêèõ êðàéîâèõ çàäà÷ ïðàêòè÷íî íåìîæëèâèé. Òîìó ïðèðîäíèé ïiäõiä â
öié ñèòóàöi¨ ïîëÿãà¹ â äîñëiäæåííi àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêó, êîëè ìàñ-
øòàá ìiêðîñòðóêòóðè ïðÿìó¹ äî 0, i ïåðåõiä äî óñåðåäíåíî¨ ìàêðîñêîïi÷íî¨ ìîäåëi
ïðîöåñó, ùî ðîçãëÿäà¹òüñÿ âæå â óñié îáëàñòi áåç óðàõóâàííÿ ïåðôîðàöi¨. Óñåðå-
äíåííþ ðiâíÿííÿ äèôóçi¨ â øèðîêîìó êëàñi íå ïåðiîäè÷íî ïåðôîðîâàíèõ îáëàñòåé:
ñèëüíî-çâ'ÿçíèõ îáëàñòÿõ, ÿêèé âêëþ÷à¹ â ñåáå i ëîêàëüíî-ïåðiîäè÷íî ïåðôîðîâàíi
îáëàñòi, áóëè ïðèñâÿ÷åíi íàøi áiëüø ðàííi ðîáîòè. Ó öèõ ðîáîòàõ áóëà îòðèìàíà
óñåðåäíåíà ìîäåëü, êîåôiöi¹íòè ÿêî¨ âèðàæàþòüñÿ ÷åðåç ¾ìåçîñêîïi÷íi¿ (ëîêàëüíi
åíåðãåòè÷íi) õàðàêòåðèñòèêè ñåðåäîâèùà, ùî âèçíà÷àþòüñÿ â ìàëèõ êóáàõ, ðîçìiðè
ÿêèõ, òèì íå ìåíø, çíà÷íî áiëüøå ìàñøòàáó ìiêðîñòðóêòóðè. Ó öèõ ðîáîòàõ òåîðå-
ìè çáiæíîñòi äîâîäèëèñÿ çà óìîâ iñíóâàííÿ ãðàíè÷íèõ ùiëüíîñòåé ¾ìåçîñêîïi÷íèõ¿
õàðàêòåðèñòèê, âèêîíàííÿ ÿêèõ ïîêàçàòè â çàãàëüíîìó âèïàäêó äóæå âàæêî, àëå â
ðÿäi êîíêðåòíèõ ñèòóàöié öå ìîæíà çðîáèòè. Ó äàíié ðîáîòi ìè ïîêàçó¹ìî âèêîíàííÿ
öèõ óìîâ i, äîñëiäæóþ÷è ¨õ, îòðèìó¹ìî ÿâíi ôîðìóëè äëÿ åôåêòèâíèõ õàðàêòåðè-
ñòèê ëîêàëüíî-ïåðiîäè÷íîãî ïîðèñòîãî ñåðåäîâèùà: òåíçîðà ïðîâiäíîñòi i ôóíêöi¨
ïîãëèíàííÿ.
Êëþ÷îâi ñëîâà: óñåðåäíåííÿ, ñòàöiîíàðíà äèôóçiÿ, íåëiíiéíà òðåòÿ êðàéîâà çàäà÷à,
ëîêàëüíî-ïåðiîäè÷íå ïîðèñòå ñåðåäîâèùå, òåíçîð ïðîâiäíîñòi, ôóíêöiÿ ïîãëèíàííÿ.

M.V. Goncharenko, L.O. Khilkova. Homogenized conductivity tensor and absorp-

tion function of a locally periodic porous medium. We study a process of stati-
onary di�usion in locally-periodic porous media with nonlinear absorption at the pore
boundary. This process is described by a boundary-value problem for an elliptic equation
considered in a complex perforated domain, with a nonlinear third boundary conditi-
on on the perforation boundary. In view of the smallness of the local scale of porosity
of the media and the complexity of the perforated domain, the direct solution of such
boundary-value problems is almost impossible. Therefore, a natural approach in this si-
tuation is to study the asymptotic behavior of the solution when the microstructure scale
tends to 0, and the transition to the homogenized macroscopic model of the process. Our
earlier papers were devoted to homogenization the di�usion equation in a wide class of
non-periodically perforated domains: strongly-connected domains, which includes locally-
periodically perforated domains. In these works, an homogenized model was obtained, the
coe�cients of which are expressed in terms of �mesoscopic� (local energy) characteristics
of the media, which are determined in small cubes, the size of which, however, are much
larger than the microstructure scale. In these papers, convergence theorems were proved
under the conditions of the existence of limiting densities of "mesoscopic"characteristics,
the ful�llment of which is generally di�cult to show, but in a number of speci�c situati-
ons this can be done. In this paper, we show the ful�llment of these conditions and, by
studing them, we obtain explicit formulas for the e�ective characteristics of the locally-
periodic porous medium: a conductivity tensor and a function of absorption.
Keywords: homogenization; stationary di�usion; non-linear third boundary value
problem; locally periodic porous medium, conductivity tensor, function of absorption.
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Boundary-value problems for evolutionary pseudo-differential equations with
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posedness are obtained for these problems in the Schwartz spaces. Existence of
a well-posed boundary-value problem is proved for each evolutionary pseudo-
differential equation.
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Макаров О.А., Левкiн Д.А. Крайова задача в шарi для еволюцiйних
псевдодиференцiальних рiвнянь з iнтегральною умовою. Розгля-
дається крайова задача для еволюцiйних псевдодиференцiальних рiвнянь
з iнтегральною умовою. Одержано умов коректностi цiєї задачi у просто-
рах Л. Шварца, а також доведено iснування коректної крайової задачi для
будь-якого еволюцiйного псевдодиференцiального рiвняння.
Ключовi слова: псевдодиференцiальнi рiвняння; крайова задача; перетво-
рення Фурьє, простiр Шварца.

Макаров А.А., Левкин Д.А. Краевая задача в слое для эволюци-
онных псевдодифференциальных уравнений с интегральным
условием. Рассматривается краевая задача для эволюционных псев-
додифференциальных уравнений с интегральным условием. Получены
условия корректности этой задачи в пространствах Л. Шварца, а также
доказано существование корректной краевой задачи для любого еволюци-
онного псевдодифференциального уравнения.
Ключевые слова: псевдодифференциальные уравнения; краевая задача;
преобразование Фурье; пространство Шварца.
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1. Introduction

Numerous papers are dedicated to nonlocal boundary-value problems for di-
fferential and pseudo-differential equations. In monograph [1], existing results are

61
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reviewed in details. In papers [2, 3, 4], a two-point boundary-value problem for
differential and pseudo-differential equations was studied, and necessary and suffi-
cient conditions of well-posedness were obtained for this problem in various spaces
of functions. Moreover, therein, existence of well-posed boundary-value problem
was proved for a linear system of differential equations with constant coefficients.
In paper [5], these results were extended to multilayer under an additional conti-
nuity condition (transmission condition). In the present paper, boundary-value
problems for evolutionary pseudo-differential equations with integral conditions
are studied. Necessary and sufficient conditions of well-posedness are obtained for
this problem in the Schwartz spaces. Existence of a well-posed boundary-value
problem is proved for each evolutionary pseudo-differential equation.

2. Main part

Consider the following boundary-value problems

∂u(x, t)

∂t
= A

(
t,
∂

∂x

)
u(x, t), x ∈ Rn, t ∈ [0, T ], (1)∫ T

0
B

(
t,
∂

∂x

)
u(x, t) dµ(t) = ϕ(x), x ∈ Rn, (2)

and

∂u(x, t)

∂t
= A

(
t,
∂

∂x

)
u(x, t) + f(x, t), x ∈ Rn, t ∈ [0, T ], (3)∫ T

0
B

(
t,
∂

∂x

)
u(x, t) dµ(t) = 0, x ∈ Rn. (4)

Here A
(
t,
∂

∂x

)
and B

(
t,
∂

∂x

)
are pseudo-differential operators with symbols

belonging to the space of infinitely differentiable functions with power growth
C∞−∞ (see [6]), µ(t) is a function of bounded variation.

Definition 1 Problem (1), (2) is said to be well posed from S to C1([0, T ], S)
if for any function ϕ ∈ S there exists a unique solution u ∈ C1([0, T ], S) to this
problem, and this solution depends continuously on ϕ in appropriate topology.

Definition 2 Problem (3), (4) is said to be well posed from C([0, T ], S) to
C1([0, T ], S) if for any function f ∈ C([0, T ], S) there exists a unique soluti-
on u ∈ C1([0, T ], S) to this problem, and this solution depends continuously on f
in appropriate topology.

Applying the Fourier transform with respect to space variables, we get the
dual boundary-value problems

∂ũ(x, t)

∂t
= A(t, s)ũ(s, t), s ∈ Rn, t ∈ [0, T ], (5)
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∫ T

0
B(t, s)ũ(s, t) dµ(t) = ϕ̃(s), s ∈ Rn, (6)

and

∂ũ(s, t)

∂t
= A(t, s)ũ(s, t) + f̃(s, t), s ∈ Rn, t ∈ [0, T ], (7)∫ T

0
B(t, s)ũ(s, t) dµ(t) = 0, s ∈ Rn, (8)

where the Fourier transforms ũ, ϕ̃, and f̃ also belong to S for any t ∈ [0, T ]. The
function

ũ(s, t) = ψ(s) exp

(∫ t

0
A(τ, s) dτ

)
is the solution to equation (5), where ψ is an arbitrary function. By substituting
this formula into equation (6), we obtain

ψ(s)

∫ T

0
B(t, s) exp

(∫ t

0
A(τ, s) dτ

)
dµ(t) = ϕ̃(s), s ∈ Rn. (9)

The condition

∆(s) =

∫ T

0
B(t, s) exp

(∫ t

0
A(τ, s) dτ

)
dµ(t) 6= 0, s ∈ Rn, (10)

is necessary for solvability of equation (9). Solution ũ belongs to C1([0, T ], S) if
and only if, for the resolving function

Q(s, t) =
1

∆(s)
exp

(∫ t

0
A(τ, s) dτ

)
,

we have Q(·, t) ∈ C∞−∞, t ∈ [0, T ] (see [6]). Thus we have the following theorem.

Theorem 1 The problem (1), (2) is well-posed from S to C1([0, T ], S) if Q(·, t) ∈
C∞−∞, t ∈ [0, T ].

To solve problem (7), (8), we consider Green’s function.

Definition 3 The function G(s, t, τ) is called Green’s function of the problem
(7), (8) if it satisfies the following conditions:
1) G(s, t, τ) is continuously differentiable on [0, τ) ∪ (τ, T ], s ∈ Rn, τ ∈ [0, T ];

2) G(s, τ + 0, τ)−D(s, τ − 0, τ) = 1 on t ∈ [0, τ) ∪ (τ, T ], s ∈ Rn, τ ∈ [0, T ];

3)
∂

∂t
G(s, t, τ) = G(s, t, τ) on t ∈ [0, τ) ∪ (τ, T ], s ∈ Rn, τ ∈ [0, T ];

4)
∫ T

0
B(s, t)G(s, t, τ) dµ(t) = 0, s ∈ Rn, τ ∈ [0, T ].
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If Green’s function exists, then there exists a unique solution to the problem (7),
(8). Due to [7], this solution is defined by the formula

ũ(s, t) =

∫ T

0
G(s, t, τ)f̃(s, τ) dτ.

Lemma 1 If Q is the resolving function of problem (5), then

G(s, t, τ) =


∫ τ

0
B(ξ, s)Q(s, t− τ + ξ) dµ(ξ), τ ≤ t, s ∈ Rn,

−
∫ T

τ
B(ξ, s)Q(s, t− τ + ξ) dµ(ξ), τ > t, s ∈ Rn,

is Green’s function of problem (7), (8).

Proof. Evidently, 1) holds. Let us prove 2). We have

G(s, τ + 0, τ)−G(s, τ − 0, τ)

=

∫ τ

0
B(ξ, s)Q(s, ξ) dµ(ξ) +

∫ T

τ
B(ξ, s)Q(s, ξ) dµ(ξ)

=

∫ T

0
B(ξ, s)Q(s, ξ) dµ(ξ)

=
1

∆(s)

∫ T

0
B(ξ, s) exp

(∫ ξ

0
A(τ, s) dτ

)
dµ(ξ) = 1.

Condition 3) is true, because Q satisfies equation (5). Now let us prove 4)∫ T

0
B(s, t)G(s, t, τ)dµ(t) = −

∫ τ

0
B(s, t)

∫ T

τ
B(s, ξ)Q(s, t− τ + ξ) dµ(ξ) dµ(t)

+

∫ T

τ
B(s, t)

∫ τ

0
B(s, ξ)Q(s, t− τ + ξ) dµ(ξ)dµ(t)

= −
∫ T

τ

∫ τ

0
B(s, t)B(s, ξ)Q(s, t− τ + ξ) dµ(ξ) dµ(t)

+

∫ T

τ

∫ τ

0
B(s, t)B(s, ξ)Q(s, t− τ + ξ) dµ(ξ) dµ(t) = 0.

The lemma is proved. �

Corollary 1 If problem (5), (6) is well-posed, then problem (7), (8) is also well
posed.

Proof. If Q(·, t) ∈ C∞−∞, t ∈ [0, T ], then G(s, t, τ) ∈ C∞−∞, t, τ ∈ [0, T ]. Hence,
ũ(s, t) ∈ C1([0, T ], S). The corollary is proved. �

Theorem 2 For each symbol A(t, ·) ∈ C∞−∞, t ∈ [0, T ], there exists a function
B(t, ·) ∈ C∞−∞, t ∈ [0, T ], such that problem (1), (2) is well-posed from S to
C1([0, T ], S).
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Proof. Put

B(t, s) = exp

(
−i Im

∫ t

0
A(τ, s) dτ

)
.

Then

∆(s) =

∫ T

0
exp

(
Re

∫ t

0
A(τ, s) dτ

)
dt > 0.

Let us show that

Q(·, t) =
1

∆(·)
exp

∫ t

0
A(τ, ·) dτ ∈ C∞−∞, t ∈ [0, T ].

Since A ∈ C
(

[0, T ], C
(k)
(l)

)
for all k and l, we can approximate A by functions Aε,

ε > 0, that are stepwise with respect to t and obtain

‖A(t, ·)−A0(t, ·)‖(k)(l) < ε, t ∈ [0, T ],

∥∥∥∥∫ t

0
A(τ, s) dτ −

∫ t

0
A0(τ, s) dτ

∥∥∥∥(k)
(l)

< εT.

Thus we have reduced problem (1), (2) to the multi-point boundary-value problem
in a multilayer

∂u(x, t)

∂t
= A0

(
tk,

∂

∂x

)
u(x, t), tk ≤ t ≤ tk+1, k = 0, 1, . . . , N − 1,

B0

(
∂

∂x

)
u(x, 0) +B1

(
∂

∂x

)
u(x, t1) + . . .+BN

(
∂

∂x

)
u(x, T ) = ϕ(x),

whereBk(x) = exp
(
−i
∫ tk
0 ImA0(τ, s) dτ

)
. In [5], it was proved that the resolving

function Q∗ of this boundary-value problem satisfies the conditions

|Q∗(s, t)| ≤ 1 and
∣∣∣∣∂kQ∗(s, t)∂sk

∣∣∣∣ ≤ Ck(1 + |s|)pk , s ∈ Rn, τ ∈ [0, T ],

i.e., Q∗(·, t) ∈ C∞−∞, t ∈ [0, T ]. Therefore, ‖A(t, ·) − A0(t, ·)‖(k)(l) < Mε, s ∈ Rn,
τ ∈ [0, T ], i.e., Q(·, t) ∈ C∞−∞, t ∈ [0, T ]. Thus this problem is well posed from S
to C1([0, T ], S). The theorem is proved. �

Corollary 1 yields the following corollary.

Corollary 2 Problem (3), (4) is also well posed from C([0, T ], S) to C1([0, T ], S).

Example 1 Consider the equation

∂u(x, t)

∂t
= (2t− T )∆u(x, t) + c(t)u(x, t), x ∈ Rn, t ∈ [0, T ].

In [2], it was shown that there is no well-posed two-point boundary-value problem
in S. Consider this equation under the integral boundary condition∫ T

0
u(x, t) dt = ϕ(x), x ∈ Rn.
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Then the boundary value condition is well posed from S to C1([0, T ], S), and

Q(s, t) =

exp

((
Tt− t2

)
|s|2 +

∫ t

0
c(τ) dτ

)
∫ T

0
exp

((
Tt− t2

)
|s|2 +

∫ t

0
c(τ) dτ

)
dt

, s ∈ Rn, t ∈ [0, T ].

is its resolving function. We use Laplace’s method to estimate the denominator [8].
If f(t) and σ(t) are real-valued functions, σ′′(t0) < 0, and σ has a single maximum
at the point t0, then the asymptotic behavior of the function

F (λ) =

∫ b

a
f(t) exp (λσ(t)) dt

is following

F (λ) ∼ f(t0) exp (λσ(t0))

√
− 2π

λσ′′(t0)
as λ→ +∞.

Therefore,

∆(s) ∼
√
π

|s|
exp

(∫ T/2

0
c(t) dt

)
exp

(
T 2|s|2

4

)
as |s| → +∞.

Hence,

Q(s, t) ∼ |s|√
π

exp

(∫ t

T/2
c(τ) dτ

)
exp

(
−
(
t− T

2

)2

|s|2
)

as |s| → +∞.

Thus, Q(·, t) ∈ C∞−∞, t ∈ [0, T ], and the problem is well posed from S to
C1([0, T ], S).

Example 2 Consider the more general equation

∂u(x, t)

∂t
= a(t)∆u(x, t) +

n∑
k=1

bk(t)
∂u(x, t)

∂xk
+ c(t)u(x, t), x ∈ Rn, t ∈ [0, T ].

where a(t), bk(t), c(t) are real-valued functions continuous on [0, T ]. Then by
theorem 2 the boundary-value problem with the condition∫ T

0
u(x1 −B1(t), . . . , xn −Bn(t))dt = ϕ(x), x ∈ Rn,

where Bk(t) =
∫ t
0 bk(τ)d τ , 1 ≤ t ≤ n, is well posed from S to C1([0, T ], S).

3. Conclusion

It is proved that, for pseudo-differential time-dependent equations, well-posed
boundary-value problems exist if the boundary conditions have an integral form.
Some interesting examples of well-posed boundary-value problems are given.
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Макаров О.А., Левкiн Д.А. Крайова задача в шарi для еволюцiйних псев-
додиференцiальних рiвнянь з iнтегральною умовою. У данiй роботi розгля-
дається крайова задача для еволюцiйного псевдодiференцiального рiвняння з iнте-
гральною умовою в просторi Л. Шварца. Ця задача є узагальненням двоточкової i
багатоточкової крайових задач для диференцiальних рiвнянь в частинних похiдних,
якi розглядалися ранiше рядом авторiв i для яких були отриманi умови коректностi
в рiзних просторах функцiй. Макаровим О.А. в попереднiх роботах було доведено
iснування коректної двоточкової крайової задачi для будь-якого рiвняння в частин-
них похiдних зi сталими коефiцiєнтами. Пiзнiше автори даної роботи узагальнили
цей результат на багатоточкову крайову задачу в полiшарi при додатковiй умовi
трансмiсiї. Розглянута в цiй роботi крайова задача пiд дiєю перетворення Фур’є по
просторових змiнних переходить в крайову задачу для звичайних диференцiальних
рiвнянь, що залежать вiд параметрiв. Отримано умови коректностi вихiдної кра-
йової задачi в термiнах оцiнок на розв’язувальну функцiю двоїстої задачi. Потiм в
роботi доводиться, що для будь-якого псевдодiференцiального рiвняння зазначено-
го типу iснує коректна крайова задача з iнтегральною умовою, яка визначається
по символу псевдодiференцiального оператора. Для цього використовується апро-
ксимацiйна крайова задача в полiшарi, яка виходить при рiвномiрнiй апроксимацiї
неперервного символу псевдодiференцiального оператора кусково-постiйним симво-
лом з вiдповiдною йому багатоточковою крайовою умовою. Така апроксимацiйна
крайова задача є коректною в просторi Л. Шварца, а значить, i гранична крайова
задача з iнтегральною умовою також є коректною в цьому просторi. В роботi також
наведенi приклади таких коректних крайових задач.
Ключовi слова: псевдодиференцiальнi рiвняння; крайова задача; перетворення
Фур’є, простiр Шварца.
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Cåðiÿ ¾Ìàòåìàòèêà, ïðèêëàäíàÿ ìàòåìàòèêà i ìåõàíiêà¿

Ðåäàêöiÿ ïðîñèòü àâòîðiâ ïðè íàïðàâëåííi ñòàòåé êåðóâàòèñÿ íàñòóïíèìè
ïðàâèëàìè.

1. Â æóðíàëi ïóáëèêóþòüñÿ ñòàòòi, ùî ìàþòü ðåçóëüòàòè ìàòåìàòè÷íèõ
äîñëiäæåíü.

2. Ïîäàííÿì ñòàòòi ââàæà¹òüñÿ îòðèìàííÿ ðåäàêöi¹þ ôàéëiâ ñòàòòi, àíî-
òàöié, âiäîìîñòåé ïðî àâòîðiâ òà àðõiâà, ùî âêëþ÷à¹ LATEX ôàéëè ñòàòòi òà
ôàéëè ìàëþíêiâ.

3. Ðåäàêöiÿ ïðèéìà¹ ñòàòòi àíãëiéñüêîþ, óêðà¨íñüêîþ àáî ðîñiéñêîþ ìîâà-
ìè. Ñòàòòÿ ìà¹ áóòè îôîðìëåíà ó ðåäàêòîði LATEX (âåðñiÿ 2e). Ôàéë-çðàçîê
îôîðìëåííÿ ñòàòòi ìîæíî çíàéòè â ðåäàêöi¨ æóðíàëó òà íà âåá-ñòîðiíöi
(http://vestnik-math.univer.kharkov.ua). Ñòàòòÿ ïîâèííà ïî÷èíàòèñÿ ç àíîòà-
öié (îáñÿãîì íå ìåíø ÿê 1800 çíàêiâ êîæíà), â ÿêèõ ïîâèííi áóòè ÷iòêî ñôîð-
ìóëüîâàíi ìåòà òà ðåçóëüòàòè ðîáîòè. Àíîòàöi¨ ïîâèííi áóòè òðüîìà ìîâàìè
(àíãëiéñüêîþ, óêðà¨íñüêîþ òà ðîñiéñêîþ): ïåðøîþ ïîâèííà ñòîÿòè àíîòàöiÿ
òi¹þ ìîâîþ, ÿêîþ ¹ îñíîâíèé òåêñò ñòàòòi. Â àíîòàöi¨ ïîâèííi áóòè ïðèçâèùà,
iíiöiàëè àâòîðiâ, íàçâà ðîáîòè, êëþ÷îâi ñëîâà òà íîìåð çà ìiæíàðîäíîþ ìàòå-
ìàòè÷íîþ êëàñèôiêàöi¹þ (Mathematics Subject Classi�cation 2010). Àíîòàöiÿ
íå ïîâèííà ìàòè ïîñèëàííÿ íà ëiòåðàòóðó òà ìàëþíêè. Íà ïåðøié ñòîðiíöi
âêàçó¹òüñÿ íîìåð ÓÄÊ êëàñèôiêàöi¨.

4. Ñïèñîê ëiòåðàòóðè ïîâèíåí áóòè îôîðìëåíèé ëàòèíñüêèì øðèôòîì.
Ïðèêëàäè îôîðìëåííÿ ñïèñêà ëiòåðàòóðè:

1. A.M. Lyapunov. A new case of integrability of di�erential equations of
motion of a solid body in liquid, Rep. Kharkov Math. Soc., � 1893. �
2. V.4. � P. 81-85.

2. A.M. Lyapunov. The general problem of the stability of motion. 1892.
Kharkov Mathematical Society, Kharkov, 251 p.

5. Êîæíèé ìàëþíîê ïîâèíåí áóòè ïðîíóìåðîâàíèé òà ïðåäñòàâëåíèé
îêðåìèì ôàéëîì â îäíîìó ç ôîðìàòiâ: EPS, BMP, JPG. Â ôàéëi ñòàòòi ìàëþ-
íîê ïîâèíåí áóòè âñòàâëåíèé àâòîðîì. Ïiä ìàëþíêîì ïîâèíåí áóòè ïiäïèñ.
Íàçâè ôàéëiâ ìàëþíêiâ ïîâèííi ïî÷èíàòèñü ç ïðèçèùà ïåðøîãî àâòîðà.

6. Âiäîìîñòi ïðî àâòîðiâ ïîâèííi ìiñòèòè: ïðiçâèùà, iìåíà, ïî áàòüêî-
âi, ñëóæáîâi àäðåñè òà íîìåðè òåëåôîíiâ, àäðåñè åëåêòðîííèõ ïîøò òà ií-
ôîðìàöiþ ïðî íàóêîâi ïðîôàéëè àâòîðiâ (orcid.org, www.researcherid.com,
www.scopus.com) ç âiäïîâiäíèìè ïîñèëàíÿìè. Ïðîõàííÿ òàêîæ ïîâiäîìèòè
ïðiçâèùå àâòîðà, ç ÿêèì òðåáà âåñòè ëèñòóâàííÿ.

7. Ðåêîìåíäó¹ìî âèêîðèñòîâóâàòè îñòàííi âèïóñêè æóðíàëó (vestnik-
math.univer.kharkov.ua/currentv.htm) â ÿêîñòi çðàçêà îôîðìëåííÿ.

8. Ó âèïàäêó ïîðóøåííÿ ïðàâèë îôîðìëåííÿ ðåäàêöiÿ íå áóäå ðîçãëÿäàòè
ñòàòòþ.

Åëåêòðîííà ñêðèíüêà: vestnik-khnu@ukr.net
Åëåêòðîííà àäðåñà â Iíòåðíåòi: http://vestnik-math.univer.kharkov.ua

https://mathscinet.ams.org/msc/msc2010.html
http://www.udcsummary.info/php/index.php?lang=en
https://orcid.org/
http://www.researcherid.com/Home.action
https://www.scopus.com/search/form.uri?display=basic
http://vestnik-math.univer.kharkov.ua/currentv.htm
http://vestnik-math.univer.kharkov.ua/currentv.htm
http://vestnik-math.univer.kharkov.ua
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