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Ñëó÷àéíûå áëóæäàíèÿ íà êîíå÷íûõ ãðóïïàõ

ñ êëàññîâîé âåðîÿòíîñòüþ: àëãåáðàè÷åñêèé ïîäõîä

À. Ë. Âèøíåâåöêèé

Õàðüêîâñêèé íàöèîíàëüíûé àâòîìîáèëüíî-äîðîæíûé óíèâåðñèòåò,

óë. ß. Ìóäðîãî, 25, 61002, Õàðüêîâ, Óêðàèíà

alexwish@mail.ru

Õîðîøî èçâåñòíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè n-
êðàòíîé ñâåðòêè âåðîÿòíîñòè íà êîíå÷íîé ãðóïïå G ê ðàâíîìåðíîé (òðè-
âèàëüíîé) âåðîÿòíîñòè íà G ïðè n→∞. Îöåíêå ñêîðîñòè ýòîé ñõîäèìîñòè
ïîñâÿùåíî ìíîãî ðàáîò.
Öåëü ñòàòüè � ïîëó÷åíèå îöåíîê ñêîðîñòè ýòîé ñõîäèìîñòè äëÿ âåðîÿòíî-
ñòåé, ïîñòîÿííûõ íà êëàññàõ ñîïðÿæåííûõ ýëåìåíòîâ êîíå÷íûõ ãðóïï.
Êëþ÷åâûå ñëîâà: âåðîÿòíîñòü, êîíå÷íàÿ ãðóïïà, ñõîäèìîñòü.

Âèøíåâåöüêèé Î.Ë., Âèïàäêîâi áëóêàííÿ íà ñêií÷åííèõ ãðóïàõ iç

êëàñîâîþ éìîâiðíiñòþ: àëãåáðà¨÷íèé ïiäõiä. Äîáðå âiäîìi íåîáõiä-
íi i äîñòàòíi óìîâè çáiæíîñòi n-êðàòíî¨ çãîðòêè iìîâiðíîñòi íà ñêií÷åííié
ãðóïi G äî ðiâíîìiðíî¨ (òðèâiàëüíî¨) iìîâiðíîñòi íà G ïðè n → ∞. Îöiíöi
øâèäêîñòi öi¹¨ çáiæíîñòi ïðèñâÿ÷åíî áàãàòî ðîáiò.
Öiëü ñòàòòi � îäåðæàííÿ îöiíîê øâèäêîñòi öi¹¨ çáiæíîñòi äëÿ éìîâiðíî-
ñòåé, ïîñòiéíèõ íà êëàñàõ ñïðÿæåíèõ åëåìåíòiâ ñêií÷åííèõ ãðóï.
Êëþ÷îâi ñëîâà: iìîâiðíiñòü, ñêií÷åííà ãðóïà, çáiæíiñòü.

A. L. Vyshnevetskiy, Random walks on �nite groups with conjugate

class probability: algebraic approach. Under well known conditions an
n-fold convolution of probability on �nite group G converges to the uniform
probability on G (n→∞). A lot of works estimate a rate of that convergence.
The aim of the article is to obtain estimates of the rate for the probabilities
that are constant on classes of conjugate elements of �nite groups.
Keywords: probability, �nite group, convergency.

2010 Mathematics Subject Classi�cation: 20D99, 60B15, 60B10.
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Ïóñòü P � âåðîÿòíîñòü íà êîíå÷íîé ãðóïïå G ïîðÿäêà |G|, U(g) =
1

|G|
� ðàâíîìåðíàÿ (òðèâèàëüíàÿ) âåðîÿòíîñòü íà G, P (n) � n-êðàòíàÿ ñâåðòêà
ôóíêöèè P . Õîðîøî èçâåñòíû [1] íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè
êîòîðûõ P (n) → U (n → ∞). Îöåíêå ñêîðîñòè ýòîé ñõîäèìîñòè ïîñâÿùåíî
ìíîãî ðàáîò (ñì., íàïðèìåð, îáçîð [2]).

Öåëü ñòàòüè � ïîëó÷åíèå îöåíîê ñêîðîñòè ñõîäèìîñòè äëÿ êîíå÷íûõ ãðóïï
è âåðîÿòíîñòåé, ïîñòîÿííûõ íà êëàññàõ ñîïðÿæåííûõ ýëåìåíòîâ. Ñõîäèìîñòü
â ïðîñòðàíñòâå ôóíêöèé F (g) íà ãðóïïå G ïîíèìàåòñÿ îòíîñèòåëüíî íîðì

‖F‖1 =
∑
g
|F (g)| è ‖F‖ =

(
|G|
∑
g
|F (g)|2

)1/2

(ìû ïèøåì
∑
g

âìåñòî
∑
g∈G

).

Â [1, 2] íîðìà ‖‖1 èìååò êîýôôèöèåíò
1

2
.

Ïóñòü CG � ãðóïïîâàÿ àëãåáðà ãðóïïû G íàä ïîëåì C êîìïëåêñíûõ ÷è-
ñåë. Ñîïîñòàâèì âåðîÿòíîñòè P (g) ýëåìåíò p =

∑
g
P (g)g àëãåáðû CG; ýòîò

ýëåìåíò ìû îáîçíà÷àåì òîé æå (íî ìàëîé) áóêâîé, ÷òî è ïîðîäèâøàÿ åãî
ôóíêöèÿ, è íàçûâàåì âåðîÿòíîñòüþ íà CG. Ñâåðòêå

(P ∗Q)(h) =
∑
g

P (g)Q(g−1h), h ∈ G

ôóíêöèé P è Q ñîîòâåòñòâóåò ïðîèçâåäåíèå pq âåðîÿòíîñòåé íà CG.
Ïóñòü L(G) � ïðîñòðàíñòâî ôóíêöèé íàä ïîëåì C íà ãðóïïå G, ïîñòî-

ÿííûõ íà åå êëàññàõ ñîïðÿæåííûõ ýëåìåíòîâ (êëàññîâûå èëè öåíòðàëüíûå
ôóíêöèè). Â äàëüíåéøåì, åñëè íå îãîâîðåíî ïðîòèâíîå, âñå âåðîÿòíîñòè ÿâëÿ-
þòñÿ êëàññîâûìè. Íà àáåëåâîé ãðóïïå âñå âåðîÿòíîñòè ÿâëÿþòñÿ êëàññîâûìè.
Â ïðîñòðàíñòâå L(G) îïðåäåëåíî ñêàëÿðíîå ïðîèçâåäåíèå: åñëè F1, F2 ∈ L(G),
òî

(F1, F2) =
1

|G|
∑
g

F1(g)F 2(g), (1)

ãäå ÷åðòà îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå. Ìíîæåñòâî Irr(G) íåïðèâîäè-
ìûõ êîìïëåêñíûõ õàðàêòåðîâ ãðóïïû G îáðàçóåò îðòîíîðìèðîâàííûé áà-
çèñ â L(G) îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (1). Ïîýòîìó âåðîÿòíîñòü
P ∈ L(G) ðàçëàãàåòñÿ ïî áàçèñó Irr(G) = {1G , χ1 , . . . , χk}, ïðè÷åì ââèäó∑

g

P (g) = 1 (2)

êîýôôèöèåíò ïðè ãëàâíîì õàðàêòåðå 1G ðàâåí 1
|G| :

p =
1

|G|
1G +m1χ1 + . . .+mkχk (3)

Ïîëîæèì dj = degχj , b = max
j
|bj |, ãäå

bj =
|G|mj

dj
(j = 1, . . . , k). (4)
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Ëåììà 1 b ≤ 1

Äîêàçàòåëüñòâî. Òàê êàê |χj(g)| ≤ dj , òî èç (3)

|mj | = |(P, χj)| ≤
1

|G|
∑
g

|P (g)χj(g)| =

=
1

|G|
∑
g

P (g)|χj(g)| ≤
1

|G|
∑
g

P (g)|χj(g)| ≤
1

|G|
∑
g

P (g)dj =
dj
|G|

.

Ïîýòîìó èç (4) |bj | ≤ 1 è, ñëåäîâàòåëüíî, b ≤ 1.
Ïóñòü supp(P ) = {g ∈ G, P (g) 6= 0} � íîñèòåëü âåðîÿòíîñòè P . Îöåíêó

ëåììû 1 ìîæíî óñèëèòü äëÿ âåðîÿòíîñòåé, ó êîòîðûõ íîñèòåëü supp(P ) = G.

Òåîðåìà 1 b ≤ 1−min
g
P (g).

Äîêàçàòåëüñòâî. Ïîëîæèì l = min
g
P (g), l0 = (1− l)−1.

Ôóíêöèÿ P1 = l0(P−lU) ÿâëÿåòñÿ âåðîÿòíîñòüþ íà G. Äëÿ ëþáîãî íåãëàâíîãî
õàðàêòåðà χj ∈ Irr(G) èìååì

mj(P1) = (P1, χj) = l0(P − lU, χj) = l0(P, χj) = l0mj ,

ãäå mj(P1) � êîýôôèöèåíòû ðàçëîæåíèÿ (3) äëÿ P1 (j = 1, . . . , k). Ïîýòîìó
bj(P1) = l0bj(P ) è

b(P1) = l0b(P ). (5)

Òàê êàê b(P1) ≤ 1 (ëåììà 1), òî b(P ) ≤ l−10 = 1− l.
Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî ÷èñëà bj çàíóìåðîâàíû òàê, ÷òî

b = |b1| = . . . = |bt| è |bj | < b ïðè j > t. Ïóñòü D =

(
t∑

j=1
d2j

)1/2

.

Òåîðåìà 2 Dbn ≤ ‖P (n) − U‖ ≤ Dbn + an
(
|G| − 1−D2

)1/2
, ãäå 0 ≤ a < b,

a è b íå çàâèñÿò îò n.

Äîêàçàòåëüñòâî. Ïóñòü p, u � âåðîÿòíîñòè íà àëãåáðå CG, ñîîòâåòñòâóþùèå

âåðîÿòíîñòÿì P,U. Åñëè ej =
dj
|G|

∑
g

χj(g)g (j = 1, . . . , k), òî èç (3) è (4)

ñëåäóåò

p = 1
|G|
∑
g
1G g +m1

∑
g
χ1(g)g + . . .+mk

∑
g
χk(g)g = u+

k∑
j=1

|G|mj

dj
ej =

= u+
k∑

j=1
bjej .
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Òàê êàê u, e1, . . . , ek � îðòîãîíàëüíûå èäåìïîòåíòû öåíòðà àëãåáðû CG,

òî pn = u+
k∑

j=1
bnj ej ,

pn − u =
k∑

j=1

bnj ej =
k∑

j=1

bnj
∑
g

dj
|G|

χj(g) g =
∑
g

 k∑
j=1

djb
n
j

|G|
χj(g)

 g,

èëè, âîçâðàùàÿñü ê ôóíêöèÿì íà ãðóïïå G,

pn − U =
k∑

j=1

djb
n
j

|G|
χj .

Òàê êàê ‖χj‖2 = |G|
∑
g
|χj(g)|2 = |G|2, òî ôóíêöèè χj

|G|
(j = 1, . . . , k) îáðàçó-

þò îðòîíîðìèðîâàííîå ìíîæåñòâî îòíîñèòåëüíî íîðìû ‖ · ‖. Ïîýòîìó

‖P (n) − U‖2 =
k∑

j=1

|b2nj |d2j = b2nD2 +
∑
j>t

|b2nj |d2j ≤ b2nD2 + a2n
∑
j>t

d2j ,

ãäå a = max
j>t
|bj |, 0 ≤ a < b.

Òàê êàê 0 ≤
∑
j>t

d2j =

(
k∑

j=1
d2j −D2

)
=
(
|G| − 1−D2

)
, òî

D2b2n ≤ ‖P (n) − U‖2 ≤ D2b2n + a2n
(
|G| − 1−D2

)
,

îòêóäà ñëåäóåò óòâåðæäåíèå òåîðåìû.
Ñëåäñòâèå 1.

1) P (n)−−→n→∞U ïî ëþáîé íîðìå òîãäà è òîëüêî òîãäà, êîãäà b < 1.
2) Äëÿ äîñòàòî÷íî áîëüøèõ n ñóùåñòâóåò ÷èñëî a0 ∈ [0; 1), íå çàâèñÿùåå îò
n, òàêîå ÷òî

Dbn ≤ ‖P (n) − U‖ ≤ (D + an0 ) b
n (6)

è

|G|−
1
2Dbn ≤ ‖P (n) − U‖1 ≤ (D + an0 ) b

n (7)

Äîêàçàòåëüñòâî.
1) Â êîíå÷íîìåðíîì ïðîñòðàíñòâå ëþáàÿ íîðìà ýêâèâàëåíòíà íîðìå ‖ · ‖.
2) Â äîêàçàòåëüñòâå íóæäàåòñÿ òîëüêî (7). Åñëè èçm ≥ 2 âåùåñòâåííûõ ÷èñåë
a1 . . . am õîòÿ áû äâà íå ðàâíû íóëþ, òî â ñèëó íåðàâåíñòâ ìåæäó ñðåäíèìè

m∑
i=1

a2i <

(
m∑
i=1

|ai|

)2

≤ m
m∑
i=1

a2i . (8)
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Ââèäó (2) çíà÷åíèÿ äâóõ âåðîÿòíîñòåé íà G íå ìîãóò îòëè÷àòüñÿ ðîâíî íà
îäíîì ýëåìåíòå. Ïîýòîìó ïðè m = |G| â êà÷åñòâå a1, . . . , am ìîæíî âçÿòü
çíà÷åíèÿ ôóíêöèè

(
P (n) − U

)
g, g ∈ G. Èçâëåêàÿ â (8) êâàäðàòíûé êîðåíü,

ïîëó÷èì

|G|−
1
2 ‖P (n) − U‖ < ‖P (n) − U‖1 ≤ ‖P (n) − U‖.

Ïîýòîìó (7) ñëåäóåò èç (6).

Ââèäó íåðàâåíñòâ (6) è (7) ÷èñëî b èãðàåò âàæíóþ ðîëü â îöåíêå ñêîðîñòè
ñõîäèìîñòè P (n) ê U . Ïðèâåäåì îöåíêè äëÿ âåëè÷èíû b.

Òåîðåìà 3

(
‖P‖2 − 1

|G| − 1

)1
2
≤ b ≤

(
‖P‖2 − 1

)1
2

D
.

Äîêàçàòåëüñòâî. Âîçüìåì ñêàëÿðíûé êâàäðàò ðàâåíñòâà (3) îòíîñèòåëüíî ñêà-
ëÿðíîãî ïðîèçâåäåíèÿ (1):

1

|G|
∑
g

P 2(g) =
1

|G|2
+

k∑
j=1

m2
j .

Óìíîæàÿ íà |G|2 è èñïîëüçóÿ (4), ïîëó÷àåì ‖P‖2 − 1 =
k∑

j=1
b2jd

2
j . Òàê êàê

b2
t∑

j=1

d2j ≤
k∑

j=1

b2jd
2
j ≤ b2

k∑
j=1

d2j = b2(|G| − 1),

è D2 =
k∑

j=1
d2j , òî b

2D2 ≤ ‖P‖2 − 1 ≤ b2(|G| − 1). Ïîýòîìó ‖P‖2 − 1 > 0 è

‖P‖2 − 1

|G| − 1
≤ b2 ≤ ‖P‖

2 − 1

D2
, ÷òî çàâåðøàåò äîêàçàòåëüñòâî.

Ìîæíî îöåíèòü b ñíèçó ñ ïîìîùüþ ÷èñëà s = |supp(P)|.

Ñëåäñòâèå 2.

b ≥
(
1

s
− 1

|G|

)1
2

(9)

. Äîêàçàòåëüñòâî. Òàê êàê s−1 ≥ |G|−1, òî èç (2) è (8) ïîëó÷àåì, ÷òî
‖P‖2|G|−1 ≥ s−1. Ïîýòîìó

‖P‖2 − 1

|G| − 1
≥ ‖P‖

2 − 1

|G|
≥ 1

s
− 1

|G|
.
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Çàìå÷àíèÿ.

1. Â ñèëó (9) âåðîÿòíîñòè ñ ìàëûì íîñèòåëåì íå ìîãóò áûñòðî ñõîäèòüñÿ ê U .
2. Ñ ïîìîùüþ (9) ìîæíî ïîëó÷èòü íåòðèâèàëüíóþ îöåíêó äëÿ b äàæå ïðè
s = |G|. Äëÿ ýòîãî íóæíî ïðèìåíèòü (9) ê âåðîÿòíîñòè P1 (ñì. äîêàçàòåëü-
ñòâî òåîðåìû 1), ó êîòîðîé supp(P) 6= G .

Ñëåäñòâèå 3. Åñëè âåðîÿòíîñòü P ðàâíîìåðíî ðàñïðåäåëåíà íà íîð-

ìàëüíîì s-ýëåìåíòíîì ìíîæåñòâå, òî
|G|s−1 − 1

|G| − 1
≤ b2 ≤ |G|s

−1 − 1

D2
.

Äîêàçàòåëüñòâî. Äëÿ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ P (g) = s−1 (g ∈ suppP),
ïîýòîìó

‖P‖2 = |G|
∑
g

P 2(g) = |G|s · s−2 = |G|s−1.
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1. Постановка задачи

Исследуем задачу о построении решений [1]

Z(t) ∈ C1
α×β[a, b] := C1[a, b]⊗ Rα×β

задачи Коши для матричного дифференциально-алгебраического уравнения

AZ ′(t) = BZ(t) + F(t), Z(a) = A, A ∈ Rα×β. (1)

Здесь [2, 3]

AZ ′(t) :=

p∑
i=1

Si(t)Z
′(t)Ri(t), BZ(t) :=

q∑
j=1

Φj(t)Z(t)Ψj(t)

— линейные матричные операторы,

Si(t),Φi(t) ∈ Cγ×α[a, b], Ri(t),Ψj(t) ∈ Cβ×δ[a, b], F (t) ∈ Cγ×δ[a, b]

— непрерывные матрицы; кроме того α, β, γ, δ ∈ N — произвольные нату-
ральные числа. Матричное дифференциально-алгебраическое уравнение (1)
обобщает традиционные постановки, как для матричных дифференциальных
уравнений [4, 5], так и для дифференциально-алгебраических уравнений [6,
7, 8]. Изучение краевых задач, как матричных, так и для дифференциально-
алгебраических уравнений основано на исследовании алгебраических мат-
ричных уравнений, в частности, результаты, полученные для матрично-
го дифференциального уравнения Риккати [4], опираются на исследования
матричного алгебраического уравнения типа Ляпунова [9]; результаты ста-
тей [2, 3, 5] опираются на исследования матричных уравнений типа Сильве-
стра и, в частности, уравнения типа Ляпунова [9, 10, 11, 12].

Особенностью задачи Коши (1) для дифференциально-алгебраических
уравнений [6, 7, 8] является некорректность ее постановки в классе C1

α×β[a, b]
при произвольных α, β, γ, δ ∈ N и F (t) ∈ Cγ×δ[a, b] [13, 14]. Поставим следую-
щую задачу: для каких классов задача Коши (1) имеет единственное решение
при произвольных α, β, γ, δ ∈ N и F (t) ∈ Cγ×δ[a, b]. Обозначим{

Θj

}β·γ
j=1

∈ Rβ×γ

естественный базис [15] пространства Rβ×γ . Задача о нахождении решений
матричного дифференциально-алгебраического уравнения (1) приводит к за-
даче о нахождении вектора z(t) ∈ C1

α·β[a; b], компоненты которого zj(t) опре-
деляют разложение матрицы

Z(t) =

α·β∑
j=1

Ξ(j)zj(t), zj(t) ∈ C1[a; b], j = 1, 2, ... , α · β.



12 Д. В.Сысоев

Определим оператор M[A] : Rm×n → Rm·n как оператор, который ставит
в соответствие матрице A ∈ Rm×n вектор-столбец B :=M[A] ∈ Rm·n, состав-
ленный из n столбцов матрицы A, а также обратный оператор [12]

M−1

[
B
]

: Rm·n → Rm×n,

который ставит в соответствие вектору B ∈ Rm·n матрицу A ∈ Rm×n. Линей-
ный дифференциально-алгебраический матричный оператор AZ ′(t) по опре-
делению представим в виде

AZ ′(t) =

αβ∑
j=1

A Ξ(j)(t)z′j(t),

при этом

M
[
AZ ′(t)

]
= Ω(t) · z′(t), Ω(t) :=

[
Ωj(t)

]α·β
j=1

∈ Rγ·δ×α·β,

где
Ωj(t) =M

[
A Ξ(j)(t)

]
, j = 1, 2, ... , α · β.

Аналогично

M
[
BZ(t)

]
=Θ(t) ·z(t), Θ(t) : =

[
Θj(t)

]α·β
j=1

∈ Rγ·δ×α·β, Θj(t)=M
[
B Ξ(j)(t)

]
.

Таким образом, задача о построении решений дифференциально-алгебраи-
ческого уравнения (1) приведена к задаче о нахождении решений

z(t) ∈ C1
α·β×1[a; b]

традиционного дифференциально-алгебраического уравнения [6, 7]

Ω(t) · z′(t) = Θ(t) · z(t) + F(t), F(t) :=M
[
F (t)

]
. (2)

2. Основной результат

При условии [2, 3, 5]

PΩ∗(t)Θ(t) = 0, PΩ∗(t)F(t) = 0 (3)

система (2) разрешима относительно производной

dz

dt
= Ω+(t)Θ(t)z + F(t, ϕ(t)), F(t, ϕ(t)) := Ω+(t)F(t) + PΩr(t)ϕ(t).
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Здесь PΩr(t) — (α · β × r)-матрица, составленная из r линейно-независимых
столбцов (α·β×α·β)-матрицы-ортопроектора PΩ(t) : Rα·β → N(Ω(t)). В случае

A := Ω+(t)Θ(t), f := Ω+(t)F(t), PΩr(t) = const (4)

система (2) приводится к виду

z′ = Az + PΩrcr + f, cr ∈ Rr. (5)

Таким образом, при условиях (3) и (4) система (2) имеет положения равно-
весия z = const, для нахождения которых приходим к уравнению

Qc+ f = 0, Q := ( A PΩr ), c := col (z, cr) ∈ Rαβ+r. (6)

При условии PQ∗f = 0 (и только при нем) уравнение (6) разрешимо:

z = ( Iαβ O )( PQρcρ −Q+f), cr = ( O Ir )( PQρcρ −Q+f).

Здесь PQρ — ((αβ+ r)× ρ)-матрица, составленная из ρ линейно-независимых
столбцов ((αβ + r) × (αβ + r))-матрицы-ортопроектора PQ : Rα·β+r → N(Q).
Таким образом, при условиях (3) и (4) система (2) имеет положения равно-
весия

z = D cρ +K[f ], D := ( Iαβ O )PQρ ∈ R(α·β+r)×ρ, K[f ] := − ( Iαβ O )Q+f,

определяющие решение задачи Коши (1) в случае

D cρ +K[f ] =M(A).

Последнее уравнение разрешимо тогда и только тогда, когда

PD∗

{
M(A)−K[f ]

}
= 0. (7)

Здесь PD∗ — (αβ × αβ)-матрица-ортопроектор PD∗ : Rαβ → N(D). Итак,
при условиях (3), (4) и (7) задача Коши (1) имеет единственное положение
равновесия

Z(cr) =M−1

[
DD+M(A)

]
+M−1

{
PD∗K[f ]

}
.

Таким образом, доказано следующее утверждение.

Теорема 0.1 При условиях (3), (4) и (7) задача Коши (1) имеет единствен-
ное положение равновесия

Z(cr) = W (A) +K[F(t)],
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представленное суммой решения однородного F (t) = 0 уравнения (1)

Z(cr) = W (A) :=M−1

[
DD+M(A)

]
и частного решения неоднородной задачи Коши (1)

Z(cr) = K[F(t)] :=M−1

{
PD∗K[f ]

}
.

Пример 0.1 Условиям доказанной теоремы 0.1 удовлетворяет матричная
задачи Коши

AZ ′(t) = BZ(t) + F(t), Z(0) = A, A ∈ Rα×β; (8)

здесь

AZ ′(t) =
2∑
i=1

Si Z ′(t)Ri, S1 :=


0 0 0
0 0 0
0 0 1
0 1 0

 , S2 :=


0 0 0
0 1 0
0 0 1
0 0 0

 ,

R1 :=

(
1 0 0
0 0 0

)
, R2 :=

(
0 0 0
0 1 0

)
, Ψ1 :=

(
0 0 0
0 1 0

)
,

BZ(t) :=
2∑
i=1

Φi Z
′(t) Ψi, Φ1 :=


0 0 0
0 0 1
0 0 0
0 0 0

 , Φ2 :=


0 0 0
0 0 1
0 0 0
0 0 0

 ,

Ψ2 :=

(
0 1 0
0 1 0

)
, A :=

1

5

(
5 5 −1
5 5 −2

)∗
, F(t) :=


0 0 0
0 1 0
0 0 0
0 0 0

 .

Естественный базис пространства R3×2 составляют матрицы

Ξ1 :=

(
1 0 0
0 0 0

)∗
, Ξ2 :=

(
0 1 0
0 0 0

)∗
, ... , Ξ6 :=

(
0 0 0
0 0 1

)∗
.

Ключевые при исследовании уравнения (8) матрицы имеют вид

Ω :=



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0



∗
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и

Θ :=



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 0 0 0 0 0



∗

;

при этом условие (3) выполнено: PΩ∗(t)Θ(t) = 0, PΩ∗(t)F(t) = 0, кроме того

A =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 2
0 0 0 0 0 0

 , f(t) =



0
0
0
0
1
0

 , PΩr(t) =



5 0 0 0 0
0 5 0 0 0
0 0 2 0 0
0 0 0 5 0
0 0 0 0 5
0 0 −1 0 0
0 0 0 0 0
0 0 0 0 0


— константы, следовательно, условие (4) также выполнено. Матрицы

D =



5 0 0 0 0
0 5 0 0 0
0 0 2 0 0
0 0 0 5 0
0 0 0 0 5
0 0 −1 0 0

 , PD∗ =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 2
0 0 0 0 0 0
0 0 0 0 0 0
0 0 2 0 0 4

 ,

а также оператор Грина задачи Коши для системы (5)

K[f ] =
1

5

(
0 0 −1 0 0 −2

)
позволяют проверить условие (7). Поскольку все требования доказанной тео-
ремы 0.1 выполнены, задача Коши (8) имеет единственное положение равно-
весия

Z(cr) = W (A) +K[F(t)],

где

W (A) =

 1 1
1 1
0 0

 , K[F(t)] = −1

5

 0 0
0 0
1 1

 .

Доказанная теорема может быть использована при решении дифференци-
альных уравнений Риккати и Бернулли [4], при решении линейных краевых
задач для матричных дифференциальных уравнений [3, 5, 16], а также в тео-
рии устойчивости движения [17, 18]. Полученные результаты аналогично [19]
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могут быть перенесены на обобщенные уравнения, содержащие неизвестные
матрицы различных размерностей.

Acknowledgement. Работа выполнена при финансовой поддержке Госу-
дарственного фонда фундаментальных исследований. Номер государствен-
ной регистрации 0115U003182.
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The functional equation of the form f(qz) = p(z)f(z), q ∈ C\{0}, |q| < 1,
z ∈ C\{0} is considered. For certain fixed elementary functions p(z),
meromorphic solutions of this equation are found. These solutions are some
generalizations of p-loxodromic functions and can be represented via the
Schottky-Klein prime function as well as classic p-loxodromic functions.
Keywords: loxodromic function; p-loxodromic function; the Schottky-Klein
prime function.

Христiянин А.Я., Лукiвська Дз.В. Деякi узагальнення
p-локсодромних функцiй. Розглянуто функцiональне рiвняння
f(qz) = p(z)f(z), z ∈ C\{0}, q ∈ C\{0}, |q| < 1. При певних фiксованих
елементарних функцiях p(z) знайдено його мероморфнi розв’язки. Цi
розв’язки є деякими узагальненнями p-локсодромних функцiй i можуть
зображатися за допомогою первинної функцiї Шотткi-Кляйна, як i
класичнi p-локсодромнi функцiї.
Ключовi слова: локсодромна функцiя; p-локсодромна функцiя; первинна
функцiя Шотткi-Кляйна.
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1. Introduction

Denote C∗ = C\{0}. For z ∈ C∗ consider the equation of the form

f(qz) = p(z)f(z), (1)

where p(z) is some function, q ∈ C∗, |q| < 1. If p(z) ≡ const, then meromorphic
solution of this equation is called p-loxodromic function [5]. In particular, if
p(z) ≡ 1, we have classic loxodromic function. The class of loxodromic functions is
denoted by Lq. It was studied in the works of O. Rausenberger [12], G. Valiron [14]
and Y. Hellegouarch [3]. In recent years, A. Kondratyuk and his colleagues also
investigated these functions and their various generalizations in other domains
(see, for example [4], [6]-[8]).

Loxodromic functions have been used to construct explicit solutions to the
rotating Hele-Shaw problem, the viscous sintering problem, the problem of finding
vortical equilibria of the Euler equation and the problem of free surface Euler flows
of the surface tension [2]. These functions also have a fairly wide range of practical
applications, for example see [10], [11].

So, it will be quite interesting to generalize the class of p-loxodromic
functions for the case of more general functions p(z) other then the constant
ones. The purpose of this article is to obtain meromorphic solutions of the
equation (1), where p(z) are some elementary functions. These solutions will be
some generalizations of p-loxodromic functions. This task can be viewed as the
first step towards more general case where p(z) is an arbitrary rational function,
which in turn may lead to further generalizations.

2. The case p(z) =
1

z

Let us consider functional equation

f(qz) =
1

z
f(z), z ∈ C∗. (2)

Our task is to find its meromorphic in C∗ solutions. At first consider the
Schottky-Klein prime function [5]

P (z) = (1− z)
∞∏
n=1

(1− qnz)
(
1− qn

z

)
. (3)

It was introduced by Schottky [13] and Klein [9] for the study of conformal
mappings of double-connected domains, see also [1]. This function is holomorphic
in C∗ and has zero sequence {qn}, n ∈ Z. The following property of P (z) is well
known [3, p. 94]

P (qz) = −z−1P (z). (4)

Theorem 1 Let g ∈ Lq. The meromorphic in C∗ function f(z) = P (−z)g(z)
satisfies (2).
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Proof. The proof is by direct calculation. Since g is loxodromic, we have

f(qz) = P (−qz)g(qz) = 1

z
P (−z)g(z) = 1

z
f(z).

We also use here equality (4).

Theorem 2 Every meromorphic in C∗ solution of (2) can be represented in the
form f(z) = P (−z)g(z), where g ∈ Lq.

Proof. Let f(z) be a solution of (2). Consider the function g(z) =
f(z)

P (−z)
. Since

f(z) is meromorphic and P (−z) is holomorphic, it follows that g is meromorphic.
Applying equalities (2) and (4), we get

g(qz) =
f(qz)

P (−qz)
=

1

z
f(z)

1

z
P (−z)

= g(z).

Therefore, for all z 6= −qn, n ∈ Z we have g(qz) = g(z). It means that g is
loxodromic, which concludes the proof.

We also can reformulate Theorems 1 and 2 in the following forms.

Theorem 3 The meromorphic in C∗ function

f(z) = C

P

(
z

a1

)
P

(
z

a2

)
. . . P

(
z

am

)
P

(
z

am+1

)
P

(
z

b1

)
P

(
z

b2

)
. . . P

(
z

bm

) ,

where C is a constant, a1, a2, . . . , am+1 and b1, b2, . . . , bm are complex numbers,

not necessarily distinct, such that
m+1∏
j=1

aj = −
m∏
j=1

bj , satisfies equation (2).

Proof. Indeed, taking into account equality (4),

f(qz) = C

P

(
qz

a1

)
P

(
qz

a2

)
. . . P

(
qz

am

)
P

(
qz

am+1

)
P

(
qz

b1

)
P

(
qz

b2

)
. . . P

(
qz

bm

)

=C

−a1
z
P

(
z

a1

)(
−a2
z

)
P

(
z

a2

)
. . .
(
−am
z

)
P

(
z

am

)(
−am+1

z

)
P

(
z

am+1

)
−b1
z
P

(
z

b1

)(
−b2
z

)
P

(
z

b2

)
. . .

(
−bm
z

)
P

(
z

bm

)

=C
(−1)m+1a1a2 . . . am+1

(−1)mb1b2 . . . bm

P

(
z

a1

)
P

(
z

a2

)
. . . P

(
z

am

)
P

(
z

am+1

)(
1

z

)
P

(
z

b1

)
P

(
z

b2

)
. . . P

(
z

bm

) =
1

z
f(z)
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Theorem 4 Every meromorphic in C∗ solution of equation (2) can be written in
the form

f(z) = C

P

(
z

a1

)
P

(
z

a2

)
. . . P

(
z

am

)
P

(
z

am+1

)
P

(
z

b1

)
P

(
z

b2

)
. . . P

(
z

bm

) ,

where C is a constant, a1, a2, . . . , am+1 and b1, b2, . . . , bm are complex numbers,

not necessarily distinct, such that
m+1∏
j=1

aj = −
m∏
j=1

bj .

Proof. By Theorem 2 we know that

f(z) = P (−z)g(z), (5)

where g ∈ Lq. We use the loxodromic function representation via Schottky-
Klein prime functions (see [3], [14] for more details). Namely, let c1, c2, ..., cm
and b1, b2..., bm be the zeros and the poles of function g in the annulus Aq(R) =
{z ∈ C : |q|R < |z| ≤ R}, R > 0, respectively, ∂Aq(R) contains neither zeros nor
poles of g ∈ Lq. Note that each loxodromic function g has equal numbers of zeros
and poles (counted according to their multiplicities) in every such annulus Aq(R)
[3, p. 93]. Then [14, p. 478]

g(z) = Kzp
P

(
z

c1

)
P

(
z

c2

)
· ... · P

(
z

cm

)
P

(
z

b1

)
P

(
z

b2

)
· ... · P

(
z

bm

) , (6)

where
c1c2 . . . cm
b1b2 . . . bm

= q−p, p ∈ Z, (7)

and K is a constant. Applying equality (4) to (6), we have

g(z) = C

P

(
z

qpc1

)
P

(
z

c2

)
· ... · P

(
z

cm

)
P

(
z

b1

)
P

(
z

b2

)
· ... · P

(
z

bm

) . (8)

where C = (−a1)pq
p(p+1)

2 K. Combining (5) and (8), we obtain

f(z) = C

P

(
z

qpc1

)
P

(
z

c2

)
. . . P

(
z

cm

)
P

(
z

−1

)
P

(
z

b1

)
P

(
z

b2

)
. . . P

(
z

bm

) ,
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Let us denote a1 = qpc1, a2 = c2, . . . , am = cm, am+1 = −1. Now we can rewrite
f as follows

f(z) = C

P

(
z

a1

)
P

(
z

a2

)
. . . P

(
z

am

)
P

(
z

am+1

)
P

(
z

b1

)
P

(
z

b2

)
. . . P

(
z

bm

) ,

where
m+1∏
j=1

aj = −
m∏
j=1

bj , which is clear in view of (7). The theorem is proved.

3. The case p(z) =
1

1− z
Now, consider functional equation of the form

f(qz) =
1

1− z
f(z), z ∈ C∗. (9)

We also are interested in finding meromorphic in C∗ solutions of (9).
Define the entire function with the zero sequence {q−n}, n ∈ N ∪ {0}, 0 <

|q| < 1,

H(z) =
∞∏
n=0

(1− qnz).

Theorem 5 Let g ∈ Lq. The meromorphic in C∗ function f(z) = H(z)g(z)
satisfies (9).

Proof. The proof is straightforward. Since g is loxodromic, we have

(1− z)f(qz) = (1− z)g(qz)H(qz) = (1− z)g(z)
∞∏
n=0

(1− qn+1z)

= (1− z)g(z)
∞∏
k=1

(1− qkz) = g(z)
∞∏
n=0

(1− qnz) = f(z).

Theorem 6 Every meromorphic in C∗ solution of (9) can be represented in the
form f(z) = H(z)g(z), where g ∈ Lq.

Proof. The proof is analogous to the proof of Theorem 2. Let f be a solution of

equation (9). Consider the function g =
f

H
. Since f is meromorphic and H is

holomorphic, it follows that g is meromorphic. Taking into account equality (9),
we get

g(qz) =
f(qz)

H(qz)
=

1

1− z
f(z)

1

1− z
H(z)

= g(z).
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Therefore, for all z 6= q−n, n ∈ N ∪ {0} we can conclude that g(qz) = g(z). We
obtain that g is loxodromic. The proof is completed.

Using the loxodromic function representation via Schottky-Klein prime
functions, namely formulas (6) and (7), we also can rewrite Theorems 5 and
6 in the following forms.

Theorem 7 The meromorphic in C∗ function

f(z) = CzpH(z)

P

(
z

c1

)
P

(
z

c2

)
· ... · P

(
z

cm

)
P

(
z

b1

)
P

(
z

b2

)
· ... · P

(
z

bm

) ,
where c1, c2 . . . , cm and b1, b2 . . . , bm are complex numbers, not necessarily distinct,

such that qp
m∏
j=1

cj =
m∏
j=1

bj , p ∈ Z and C is a constant, satisfies (9).

Theorem 8 Every meromorphic in C∗ solution of (9) can be written in the form

f(z) = CzpH(z)

P

(
z

c1

)
P

(
z

c2

)
· ... · P

(
z

cm

)
P

(
z

b1

)
P

(
z

b2

)
· ... · P

(
z

bm

) ,
where c1, c2 . . . , cm and b1, b2 . . . , bm are complex numbers, not necessarily distinct,

such that qp
m∏
j=1

cj =
m∏
j=1

bj , p ∈ Z and C is a constant.

Applying the Schottky-Klein prime function’s property (4) to the representa-
tion of function f in Theorems 7 and 8 we can reformulate these theorems in the
next forms.

Theorem 9 The meromorphic in C∗ function

f(z) = CH(z)

P

(
z

qpc1

)
P

(
z

c2

)
· ... · P

(
z

cm

)
P

(
z

b1

)
P

(
z

b2

)
· ... · P

(
z

bm

) ,

where c1, c2 . . . , cm and b1, b2 . . . , bm are complex numbers, not necessarily distinct,

such that qp
m∏
j=1

cj =
m∏
j=1

bj , p ∈ Z and C is a constant, satisfies (9).

Theorem 10 Every meromorphic in C∗ solution of (9) can be represented in the
form

f(z) = CH(z)

P

(
z

qpc1

)
P

(
z

c2

)
· ... · P

(
z

cm

)
P

(
z

b1

)
P

(
z

b2

)
· ... · P

(
z

bm

) ,
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where c1, c2 . . . , cm and b1, b2 . . . , bm are complex numbers, not necessarily distinct,

such that qp
m∏
j=1

cj =
m∏
j=1

bj , p ∈ Z and C is a constant.
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in extremal lattices
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Extremal lattices are lattices maximal in size with respect to the number n of
their join-irreducible elements with bounded Vapnik-Chervonekis dimension
k. It is natural, however, to estimate the size of a lattice also with respect
to the number of its meet-irreducible elements. Although this number may
differ for nonequivalent (n, k + 1)-extremal lattices, we show that each
(n, k + 1)-extremal lattice has k disjoint chains of meet-irreducible elements,
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Keywords: Extremal lattices, Vapnik-Chervonekis dimension, meet-irreducible
elements.
Чорномаз Б.О. Нижня границя на кiлькiсть конерозкладних
елементiв в екстремальних решiтках. Екстремальними називаються
решiтки, максимальнi за розмiром вiдносно кiлькостi n своїх нерозкладних
елементiв, при обмеженнi на розмiрнiсть Вапнiка-Червонекiса k. Цiлком
природньо, з iншого боку, оцiнювати розмiр решiтки також вiдносно
кiлькостi її конерозкладних елементiв. Ми покажемо, що в кожнiй
(n, k + 1)-екстремальнiй решiтцi iснує k неперетинаючихся ланцюгiв
конерозкладних елементiв, кожний довжини n− k + 2.
Ключовi слова: Екстремальнi решiтки, розмiрнiсть Вапника-Червонекiса,
конерозкладнi елементи.
Черномаз Б.А. Нижняя граница на количество конеразложимых
элементов в экстремальных решётках. Экстремальными называются
решётки, имеющие максимальный размер относительно количества
n своих неразложимых элементов, при ограничении на размерность
Вапника-Червонекиса k. Естественно, с друой стороны, оценивать размер
решетки также относительно количества её конеразложимых элементов.
Мы покажем, что в каждой (n, k + 1)-экстремальной решетке есть k
непересекающихся цепей конеразложимых элементов, каждый длины
n− k + 2.
Ключевые слова: Экстремальные решетки, размерность Вапника-
Червонекиса, конеразложимые элементы.

2000 Mathematics Subject Classification: 06B05, 05D99.

c© Chornomaz B.O., 2017

26



Вiсник ХНУ, Сер.«Математика, прикладна математика i механка», том 86 (2017) 27

1. Introduction

This paper deals with extremal problems for lattices with bounded Vapnik-
Chervonekis (VC) dimension. For a finite lattice L, the VC dimension of L,
denoted vc(L), is the maximal k such that that L admit an order embedding
of boolean lattice on k generators B(k). A lattice L is called (n, k)-free if it has
at most n join-irreducible elements and its VC-dimension is at most k − 1, that
is, if it does not admit order embedding of B(k). Let us define f(n, k) as

f(n, k) =
k−1∑
i=0

(
n

i

)
.

It is known [2] that f(n, k) is an upper bound on the size of (n, k)-free lattices,
which is sharp for all n and k. Thus, we define (n, k)-extremal lattices to be (n, k)-
free lattices that reach this bound. As a matter of convenience, we will mostly
work with (n, k+1)-extremal lattices, as they can be considered maximal lattices
of VC dimension k.

The idea of constraining VC dimension arises from the fact that, as it was
shown in [2], the growth of VC dimension is the only reason for exponential growth
of the lattice with respect to |J(L)| or to |M(L)|, where J(L) and M(L) are the
sets of join-irreducible and of meet-irreducible elements of L correspondingly. The
bound f(n, k), restricting the size of L, however, obviously depends only on |J(L)|,
while it is rather natural to consider either |J(L)| + |M(L)| or |J(L)||M(L)|,
or other bounds symmetric in |J(L)| and |M(L)|, as some natural measure of
“complexity” of the lattice. For example, |J(L)||M(L)| is the size of the reduced
formal context describing L, see [6] for examples.

The first step towards building such symmetric bounds could be an estimation
of the size of M(L) for (n, k + 1)-extremal lattices. As extremal lattices are not
unique for k ≥ 2, this number may vary. Here we are interested in producing
a simple lower bound for this case, as we generally seek to maximize |L| and
minimize |J(L)| and |M(L)|. Namely, we will prove that in L there are at
least k(n − k + 2) meet-irreducible elements arranged in k disjoint chains,
descending from the top of the lattice almost to its bottom. We will also show
that this bound is sharp for k = 2, that is, for (n, 3)-extremal lattices. It seems
that for larger k, however, this is not so, and even the rate of growth of |M(L)| is
not clear. As for the upper bound on the size of |M(L)|, it can be rather big. We
refer to [1] for the example of the family of (n, k + 1)-extremal lattices, k ≤ n/2,
for which every k-th element is meet-irreducible.

The structure of the paper is as follows. In Section 2, for the sake of self-
sufficiency, we recall some basic facts about extremal lattices, as well as about
lattices and partial orders in general. In Section 3 we explore how extremal
lattices can be decomposed, and how these decompositions can be stacked. Then,
in Section 4, we introduce extremal decompositions of lattices, and prove, in
Theorem 2, that there is a one-to-one correspondence between extremal lattices
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and extremal decompositions via root decompositions. In Section 5 we use this
technique in order to provide, in Theorem 3, the desired lower bound on the
number of meet-irreducible elements. Finally, in Section 6 we outline the possible
directions for application or extension of obtained results.

2. Preliminary definitions

In this section we recall basic definitions from lattice theory, as well as some
facts about extremal lattices. We refer to [6] for further details and for general
background.

For a function f and a subset X of the domain of f , we write f [X] to denote
the image of X under f . From time to time we deal with unions of disjoint sets,
in this case, in order to stress their disjointness, we write A

⊔
B instead of A

⋃
B.

We write k to denote the standard set of k elements {1, . . . , k}.
All lattices and other objects considered in this paper are finite. Throughout

the text we will be dealing with three types of embeddings of lattices, which we
will explicitly differentiate: proper lattice embeddings, that is, (∨,∧)-embeddings;
(1,∧)-embeddings, which will be the most common case; and order embeddings,
that is, embeddings of lattices as posets. Sometimes we will refer to (1,∧)-
embeddings as simply embeddings, two other cases will always be indicated
explicitly.

For a lattice L, an element x ∈ L is called join-irreducible if it does not
have proper join-decomposition, that is, if x = u ∨ v implies x = u or x =
v. Meet-irreducible elements are defined dually; the sets of the join-irreducible
elements and of the meet-irreducible elements of L are denoted J(L) and M(L)
correspondingly. It is a well-known fact that for a finite lattice each element can
be represented via join-irreducibles, namely

x =
∨
{j ∈ J(L) | j ≤ x}.

We denote semi-intervals in L as

(x] := {y | y ≤ x},
[x) := {y | y ≥ x}.

For each x ∈ L we introduce notation J(x) = (x]∩J(L) and M(x) = [x)∩M(L).
We say that a set X ⊆ J(L) is a representation of an element x if

∨
X = x; X

is a minimal representation if no proper subset of X joins to x. Notice that,
in general, minimal representation is not unique, the simplest counterexample
provided by the lattice M3, also called diamond. Atoms are elements of L that
cover 0, the set of all atoms is denoted A(L). Every atom is, obviously, join-
irreducible, thus A(L) ⊆ J(L). Lattice is called atomistic if each element in it can
be represented as a join of atoms. For atomistic lattices it holds that A(L) = J(L).
The notion of coatoms is defined dually, and the set of coatoms is denoted Co(L).

The notion of maximal chain of a poset is quite common in order theory. Here
we find useful to introduce a slightly different notion of a covering chain in a
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poset. We say that C is a covering chain in P if C, with induced order, is a chain,
and if from x ≺C y it follows that x ≺P y. It is easy to see that for a finite P any
covering chain is a subinterval of some maximal chain.

A lattice is called graded, if for each element x the lengths of all maximal
chains in (x] are equal, in which case this length is called rank of x, denoted r(x).
In graded lattice, the zero is the only element with rank 0. Note that graded
lattice is a particular case of graded poset, which, however, would require a little
more elaborated definition.

We refer to [2] (or to its extended version [3]) for detailed discussion on
extremal lattices and lattices with bounded VC dimension. In particular, we refer
to these papers for the proofs of all statements in this section. Note also that there
authors would call an (n, k)-free lattice by a more correct, but more cumbersome
name a B(k)-free lattice on n join-irreducible elements.

A convenient characterization of B(k)-freeness can be given in terms of
minimal generators. The following Proposition is an easy consequence of [3,
Lemma 6].

Proposition 1 Lattice L is B(k+1)-free if the size of each minimal representation
is at most k.

The general bound which connects the lattice size with its VC dimension is
as follows:

Theorem 1 (Vapnik-Chervonekis bound) For a finite lattice L with vc(L) ≤
k and |J(L)| ≤ n it holds

|L| ≤ f(n, k + 1). (1)

This bound is sharp for all n, k ≥ 1.

As was mentioned before, lattices reaching the bound (1) are called (n, k+1)-
extremal. The following proposition states basic properties of extremal lattices,
and describes their construction for several simple cases.

Proposition 2 1. An (n, 1)-extremal lattice is a one-element lattice, for all
n ≥ 1;

2. an (n, 2)-extremal lattice is a chain of length n;

3. for n ≤ k, an (n, k + 1)-extremal lattice is B(n);

4. for n, k ≥ 1, an (n, k+1)-extremal lattice is a graded lattice of height n with
r(x) = |J(x)|;

5. for n ≥ 1 and k ≥ 2, every (n, k + 1)-extremal lattice is atomistic.

Note. In Theorem 1, which establishes the upper bound on |L|, we demand
that vc(L) ≤ k and |J(L)| ≤ n, not vc(L) = k and |J(L)| = n. This formulation
is rather a technicality, as for extremal lattices these inequalities will always turn
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out to be equalities, for one exception: as stated, an (n, 1)-extremal lattice is a
one-element lattice, its VC dimension is 0, but it has no join-irreducible elements,
that is, |J(L)| = 0 < n.

In contrast to the general case, in an extremal lattice each element x
has a unique minimal representation, which we denote by G(x). Note that
the uniqueness of minimal representations can be considered as an alternative
definition of the meet-distributivity of a lattice. Thus, stating the uniqueness
of minimal representations in extremal lattices is equivalent to stating that all
extremal lattices are meet-distributive.

As it turns out, all extremal lattices can be iteratively constructed through
procedure called doubling. For a poset L and its subposet K, doubling of K in L,

denoted L[K], is a poset with elements L ∪
•
K, and order

≤′ = ≤ ∪
{
(x,
•
y) ∈ L×

•
K | x ≤ y

}
∪
{
(
•
x,
•
y) ∈

•
K ×

•
K | x ≤ y

}
,

where
•
K is a disjoint copy of K. Although doublings are defined for arbitrary

posets, mostly we will be interested in doublings of lattices.

Proposition 3 If L and K are lattices and K (1,∧)-embeds into L then L[K] is
a lattice.

The procedure for construction of arbitrary extremal lattices by doublings is
provided by the following lemma:

Lemma 1 For an (n, k + 1)-extremal lattice L, n ≥ 1, k ≥ 2, and an (n, k)-
extremal lattice K, order-embedded into L, L[K] is an (n + 1, k + 1)-extremal
lattice.

In the following two sections, which constitute the core of the paper, we will
widely generalize the doubling procedure from Lemma 1 above, arriving at root
decompositions of extremal lattices.

3. Decompositions of extremal lattices

In this section we show that doubling can be used to deconstruct extremal
lattices, as well as to construct them. This and the following sections follow in
general Section 3 and Section 4 in [4]. The methods that we develop here are,
however, far more refined and close connections can only be made at the beginning.

Lemma 2 Let L be an (n, k + 1)-extremal lattice, n ≥ 1, k ≥ 2. Then there is a
one-to-one correspondence between the coatoms of L and the elements of G(1L),
established by:

c ∈ Co(L) 6≥ a ∈ G(1L). (2)

Moreover, given such c and a, K ′ = [a) is an (n − 1, k)-extremal lattice, L′ =
(c] = L− [a) is (n− 1, k + 1)-extremal, and the mapping δ : K ′ → L′,

δ(x) =
∨(

J(x)− {a}
)
, (3)
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defines a (1,∧)-embedding of K ′ into L′. Thus, L ∼= L′[K ′].

Note. Sometimes, when referring to δ, we write δa in order to explicitly identify
the element a used in (3).
Proof. We will only establish the correspondence between coatoms and elements
of G(1L), the rest follows verbally [2, Theorem 4].

Let us take a ∈ G(1L), X =
(
J(L)−{a}

)
, and c =

∨
X. As G(1L) is the only

minimal decomposition of 1L, and as X 6⊇ G(1L) (because a /∈ X), we get x < 1G.
It is also clear that x is covered by 1L, because there is exactly one element (a)
in J(1L) − J(x). Thus, c is a coatom, and it is, trivially, the only coatom not
above a. Thus, (2) establishes an injection of G(1L) into Co(L).

For the bijection, let us note that for any coatom d there is a ∈ G(1L)−J(d).
Now, if we construct c = c(a) using the procedure above, then c is a coatom,
and d ≤ c, implying d = c. �

We write ca, or, in a functional form, c(a), to denote the unique coatom of L
satisfying (2), for a ∈ G(1L). An easy corollary from [4, Proposition 2.3] is the
following representation for ca.

Proposition 4 In the notation of Lemma 2, ca =
∨(
J(L)− {a}

)
.

For an (n, k + 1)-extremal lattice L and an element a ∈ G(1L), let us denote
by La a lattice L− [a) = (ca], and by La a (1,∧)-embedding of semi-interval [a)

into La by δ from (3). We also use notation
•
La and

•
La to denote semi-intervals

(ca] and [a) correspondingly, the notation paralleled with that in the doubling

construction. Notice that L ∼= La[L
a] and L = La t

•
La =

•
La t

•
La. As La =

•
La,

introducing the latter may seem excessive. We, however, will find it useful further

on, when we will be constructing families LBA and
•
LBA , for which the mentioned

lattices would serve as building blocks. In general, different elements of G(1L)
yield nonequivalent decompositions of L in a sense that La 6∼= Lb for different
a, b ∈ G(1L).

Now we are going to prepare a method for stacking decompositions. First of
all, we examine how join-irreducible elements behave under decomposition.

Proposition 5 For an (n, k + 1)-extremal lattice L and an element a ∈ G(1L),
holds:

1. if k ≥ 3 then J(La) = J(La) = J(L)− {a};

2. if k = 2 then J(La) = J(L)−{a} and J(La) is an n-element chain, J(La) =
La−{0La}, and there is a natural correspondence between J(La) and J(La),
established as follows:

• for x ∈ J(La) we define x′ ∈ J(La) as δ(x ∨ a),
• for y ∈ J(La) we define y′ ∈ J(La) as a unique y′ for which δ(y′∨a) =
y;
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ab c, c′ d

c∗

d∗

b∗

d′

b′

Fig. 1: Correspondence between join-irreducible elements of an (n, 2)-extremal
lattice embedded into an (n, 3)-extremal lattice.

3. if k = 1 then L and La are n + 1 and n-element chains correspondingly,
a = 1L, J(La) = J(L) − {a}, and La is a one-element lattice, La = 1La ,
J(La) = ∅.

Proof. All statements, except for the explicit correspondence in (2), follow from
the fact that La and La are (n−1, k) and (n−1, k−1)-extremal correspondingly,
and from structural properties of extremal lattices given in Proposition 2. In
particular, atomicity implies that La and La not only have the same number of
join-irreducible elements, but that these elements are exactly atoms, and thus
coincide.

So we only need to prove the explicit correspondence between join-irreducible
elements in an (n−1, 3)-extremal lattice La and an (n−1, 2)-extremal lattice La.
First of all, as La is a chain, J(La) = La − {0La}. Now, as L is (n, 3)-extremal,
each subset of J(L) of size at most 2 is a unique minimal representation for some
x ∈ L. Thus, the set A = {x∨a | x ∈ J(L)} contains exactly n elements, all lying

above a. But, as [a) =
•
La, we get |[a)| = |A| = n. Thus, the mapping x 7→ x∗ =

x∨a establishes a one-to-one correspondence between J(L) and
•
La. Moreover, as

a∗ = a ∨ a = a = 0•
La
, this is also a correspondence between J(La) = J(L)− {a}

and J(
•
La). The application of δ to the right-hand side establishes the desired

correspondence.
See Figure 1 for the illustration of the argument. �
From Proposition 5 also easily follows the correspondence between J(La) and

J(
•
La):

Corollary 1 In terms of Proposition 5,

J(
•
La) = J(La);

J(
•
La) = a ∨ J(La) = a ∨ J(La),

where a ∨ J = {a ∨ j | j ∈ J}.

Proposition 6 For an (n, k + 1)-extremal lattice L and an element a ∈ G(1L),
holds:
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1. G(1La) =


G(1L)− {a}, k ≥ 3,(
G(1L)− {a}

)′
, k = 2,

∅, k = 1;

2. G(1La) =

{
G(1L)− {a}, n ≤ k,
G(1L)− {a}+ {b} for some b ∈ J(L)−G(1L), n > k.

Proof.
Item (2) is exactly [4, Lemma 3.4], and cases k = 1, 2 in (1) are trivial, so

we need only to prove (1) for k ≥ 3. Let us observe that the lattice La is an
(n− 1, k)-extremal with J(L) = J(La) and |G(1La)| = k− 1 = |G(1L)−{a}|. On
the other hand, notice that∨

L

G(1L) = a ∨
∨
L

(
G(1L)− {a}

)
=
∨
L

{
x ∨ a | x ∈ G(1L)− {a}

}
=
∨
La

(
G(1L)− {a}

)
.

Thus, G(1L)− {a} is a minimal representation of 1La in La. �
With Proposition 6 we now can take two (or more) elements a, b ∈ G(1L) and

construct lattices Lab =
(
La
)
b
and Lba =

(
Lb
)
a
. Fortunately, these lattices are

equal, as we will soon prove. First of all, however, we need to introduce some
intermediary terminology, which is a technical, but necessary step.

Note. The terminology developed below, until Lemma 3, will only be used in
formulation and the proof of the lemma, which then would enable us to drop it
and introduce a more concise formulations.

For an (n, k + 1)-extremal lattice L, let A and B be disjoint, and possibly
empty, subsets of G(1L), |A|+|B| = p ≤ k. Let X = x1, . . . , xp be an enumeration
of A

⊔
B. We denote by LA,BX the lattice, embedded into L and obtained as the

result of the following process: L0 = L, Li+1 =
(
Li
)
xi

if xi ∈ A and Li+1 =
(
Li
)xi

if xi ∈ B, LA,BX = Ln. We write simply LX , if A and B are clear from the
context. When X is an enumeration of a set {a, b} with only two elements, we use
instead a simplified notation Lab, L b

a , Lba and Lab to denote four possible ways
of decomposition.

Similarly, we define
•
LX by putting Li+1 =

•
(Li)

xi instead of
(
Li
)xi , and

Li+1 =
•

(Li)xi instead of
(
Li
)
xi
, in the iterative definition above. Note that

•
LA,BX

is embedded into L itself, for all A, B and X.

Proposition 7 For an (n, k + 1)-extremal lattice L and a, b ∈ G(1L), holds:

cLa(b) = cLa(b) = ca ∧ cb,
c•
La

(b) = ca ∧ cb,

c•
La
(b∗) = cb,
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where b∗ = b ∨ a ∈ J(
•
La).

Proof. By Proposition 4, ca =
∨(
J(L)− {a}

)
, thus

cLa(b) = c(ca](b) =
∨(

J(ca)− {b}
)
=
∨(

J(L)− {a, b}
)

=
∨(

J(ca) ∩ J(cb)
)
= ca ∧ cb = cLb

(a).

As La =
•
La, the second equation is obvious, for the third one we use the

representation J(
•
La) = a ∨ J(La) from Corollary 1, to get:

c•
La

(b∗) =
∨(

J(
•
La)− {b∗}

)
=
∨(

a ∨ J(La)− {a ∨ b}
)

= a ∨
∨(

J(La)− {b}
)
= a ∨

∨(
J(L)− {a, b}

)
=
∨(

J(L)− {b}
)
= cb.

�

Lemma 3 LA,BX is independent of enumeration X, for an (n, k + 1)-extremal
lattice L and disjoint A,B ⊆ G(1L). That is, LX = LY , for all enumerations X, Y
of A tB.

Thus, LX depends only on A and B, and we denote it by LBA. Moreover, LBA
is an (n− |A| − |B|, k + 1− |B|)-extremal lattice.

Proof. Trivially, all we have to do is to prove three cases, namely that Lab = Lba,
L b
a = Lba and Lab = Lba, for an (n, k + 1)-extremal L with n ≥ 2 and k ≥ 1, 2

and 3 correspondingly. Figure 2 below depicts this equivalence.
The proof itself, however, is a straightforward application of Proposition 7:

1. Lab = (cLab] = (ca ∧ cb] = Lba;

2.

L b
a = δb[b)La = δb[b, ca] = {δb(x) | b ≤ x, x ≤ ca}
= {δb(x) | b ≤ x, δb(x) ≤ δb(ca)}
= δb[b) ∩ (δb(ca)] = δb[b) ∩ (ca ∧ cb] = Lba;

3.

Lab = δb[b)La = δb
(
[b) ∩ δa[a)

)
= δb ◦ δa

(
[a ∨ b)

)
= δa ◦ δb

(
[a ∨ b)

)
= Lba.

�

Lemma 3 then easily extends to
•
LBA .
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a b
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La
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Lab

a b

L
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La
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Lba
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b c

La Lb

a c

Lab

c′

Fig. 2: Equivalence of enumerations.
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Proposition 8 In terms of Lemma 3,
•
LA,BX is independent of enumeration, thus

justifying the notation
•
LBA. Moreover,

•
LBA =

[∨
B,
∧
c[A]

]
.

Mapping δB :
[∨

B
)
→
(∧

c[B]
]
, defined as

δB(x) =
∨(

J(x)−B
)
,

establishes an isomorphism between
•
LBA and LBA, and

δ−1B (x) =
∨(

J(x) +B
)
.

Proof. The independence proof follows the one from Lemma 3, and is only

simplified by the fact we do not use δ. Namely, we get
•
Lab = (ca ∧ cb] =

•
Lba,

•
L b
a = [b, ca] =

•
Lba and

•
Lab = [a ∨ b) =

•
Lba. Same argument also yields two other

statements of the proposition. �

Corollary 2 In terms of Lemma 3, LBA (1,∧)-embeds into LAtB. Moreover, for
any disjoint A′ and B′, such that A′tB′ = AtB, a lattice LBA (1,∧)-embeds into
LB
′

A′ , whenever A ⊆ A′.

Note. At this point, as mentioned above, we no longer need any notation
involving enumerations, like LA,BX . Further on we will write simply LBA .

4. Root decompositions

Notions of root and root decomposition were introduced in [4] in order to
count isomorphism classes of (n, 3)-extremal lattices. There it was shown that for
k ≤ 3, but not for larger ones, isomorphism of decompositions is equivalent to
isomorphism of lattices. Here we generalize root decompositions in order to obtain
similar equivalence for larger k, thus, our definition of root decomposition will be
different. The definition of root, however, stays the same.

Definition 1 (Extremal decomposition) An (n, k+1)-extremal decomposition
is a family {L∗X} of extremal lattices, parametrized by a set X ⊆ k, together with
a family {φX,Y : L∗X → L∗Y }Y⊆X⊆k of embeddings, such that:

1. L∗X is (n, k − |X|+ 1)-extremal, for all X;

2. φX,Y is a (1,∧)-embedding of L∗X into L∗Y , for all Y ⊆ X;

3. φX,X = id and φY,Z ◦ φX,Y = φX,Z , for all Z ⊆ Y ⊆ Z ⊆ k; that is, all
embeddings are compatible.
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We typically denote an (n, k+1)-extremal decomposition by L = (L∗X , φX,Y ) and
often omit the word extremal, whenever the context is clear. The lattice L∗∅, or
simply L∗, is called a root of the decomposition, all other lattices L∗X are embedded
into it. With abuse of notation we denote embedding of L∗X into L∗ as φX . We
will write simply φ if the image and the domain are clear from the context. At
times, instead of k we use custom fixed set of size k, which we call a base set of
L.

Note. For most embeddings in an (n, k + 1)-decomposition, the unit
preservation is automatically satisfied, as, by Proposition 2, for k ≥ 1 all (n, k+1)-
extremal lattices are graded of height n. The only place where it matters is when
we considering embeddings of L∗k, as it is a one-element (n, 1)-extremal lattice,
and the condition ensures that this element is always mapped to the unit element.

Our goal is to show that every (n+k, k+1)-extremal lattice can be in a unique
way put to correspondence with an (n, k + 1)-decomposition. The road for such
correspondence is already paved by Lemma 3.

Definition 2 (Root decomposition) For an (n + k, k + 1)-extremal lattice L
we define its root decomposition L(L) as an (n, k + 1)-extremal decomposition
L(L) = (L∗X , φX,Y ), where G = G(1L), L∗X = LXG−X , and φX,Y : L∗Y → L∗X is a
natural embedding of L∗Y = LYG−Y into L∗X = LXG−X , for X ⊆ Y .

It follows from Corollary 2 that all φ are (1,∧)-embeddings and the
compatibility is straightforward. We also define a root element of an extremal
lattice L as x∗ =

∧
G(1L) and a root L∗ of L as L∗ = [0, x∗]L . Note, that L

∗ will
also be the root of L(L), and further we will not distinguish these definitions.

For further justification of putting L(L) to correspondence with L, we make
the following digression.

Proposition 9 For an extremal lattice L it holds

L =
⊔
X⊆G

•
LXG−X ,

where G = G(1).

Proof. We recall from Proposition 8 that
•
LXG−X =

[∨
X,
∧
c[G−X]

]
. For x ∈ L,

let us introduce H(x) = G ∩ J(x) (we recall that the suggestive notation G(x)
is already used to denote the minimal representation of x). Then H(x) ⊆ G and
x ≥

∨
H(x). Moreover, Lemma 2 implies that j ≤ x ⇔ x 6≤ cj , for h ∈ J(L).

Thus, x ≤ ch for all h ∈ G−H(x), and consequently x ≤
∧
c[G−H(x)], that is,

x ∈
•
L
H(x)
G−H(x).

On the other hand, if x ∈
•
LHG−H , for some H ⊆ G, then x ≥ h for all h ∈ H,

and x ≤ cj ⇔ j 6≤ x for all j ∈ G−H, from which it follows that H = H(x).

All in all, the family
•
LXG−X is nonintersecting and covers entire L, so the
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statement of the proposition follows. �
While root decomposition gives us a transition from extremal lattices to

extremal decompositions, the following definition enables us to pass from
decompositions back to lattices.

Definition 3 (Canonical lattice) Canonical lattice L(L) of an (n, k + 1)-
decomposition L is a poset

{(X,x) | X ⊆ k, x ∈ LX} ,

with an order defined by

(X,x) ≤ (Y, y)⇔ X ⊆ Y and x ≤ φy.

The fact that L(L) is a lattice, let alone an extremal one, is not that trivial and
we pose it as a separate lemma.

Lemma 4 The canonical lattice of an (n, k + 1)-extremal decomposition is (n +
k, k + 1)-extremal.

Proof. For k = 1 the statement is trivial, so we consider k > 1, fix an (n, k+ 1)-
extremal decomposition L = (L∗X , φX,Y ), and denote its canonical lattice by L.
The lattice L∗k is (n, 1)-extremal and thus, by Proposition 2, is a one-element
lattice. We denote this element by u and note that φk,X always maps u to 1L∗X .
Thus, (k, u) is the largest element, that is, a unit, of L.

Now, for x ∈ L∗X and y ∈ L∗Y , let us consider the element z = (X ∩ Y, φ(x) ∧
φ(y)), which is trivially a lower bound of (X,x) and (Y, y). On the other hand,
if some (W,w) is another lower bound, then W ⊆ X,Y and thus W ⊆ X ∩ Y .
Finally, w ≤ φX,W (x) and w ≤ φY,W (y). Thus

w ≤ φX,Wx ∧ φY,W (y) = φX∩Y,W ◦ φX,X∩Y (x) ∧ φX∩Y,W ◦ φY,X∩Y (y)
= φX∩Y,W ◦ (φX,X∩Y (x) ∧ φY,X∩Y (y)) ,

and (W,w) ≤ z, that is, z is a meet of (X,x) and (Y, y). All in all, L is a (1,∧)-
semilattice and, consequently, a lattice. Still, let us describe join in L explicitly.
We claim that ∨

i

(Ai, ai) = (A, a) ,

where A =
⋃
iAi, a =

∨
i ψAi,A(ai) and ψX,Y (x) =

∧
{y ∈ Y | x ≤ φY,X(y)} for

X ⊆ Y . As it is with φ, we write simply ψ when the image and the domain are
clear. Trivially, ψX,Y ◦ φY,X(x) = x, for all X ⊆ Y .

The proof of explicit construction of joins is almost immediate. Indeed,
(Ai, ai) ≤ (A, a) for all i. Now, if we take (W,w) such that (Ai, ai) ≤ (W,w)
for all i, then A =

⋃
iAi ⊆W and ai ≤ φW,Ai(w), for all i. But then

ψAi,A(ai) ≤ ψAi,A ◦ φW,Ai(w) = ψAi,A ◦ φA,Ai ◦ φW,A(w)
= φW,A(w),
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and a =
∨
i ψai ≤ φw, implying (A, a) ≤ (W,w).

Now we consider join-irreducible elements of L. We claim that there are exactly
two kinds of them: n elements (∅, j) for j ∈ J(L∗), and k elements ({i}, 0) for
i ∈ k. Indeed, all these n + k elements cover (∅, 0), that is, the zero of L, and
so they are trivially join irreducible. Let us show that no other join irreducible
element exists.

First of all, for X ⊆ k, if |X| ≥ 2 then (X,x) = (X−a, φx)∨(X−b, φx), where
a and b are any two distinct elements of X, and thus (X,x) is not join irreducible.
If |X| = 1 and x > 0 then (X,x) = (X, 0) ∨ (∅, φx), and (X,x) is again not join
irreducible. Finally, if x ∈ L∗ and x = y ∨ z is a proper join decomposition of x
then (∅, x) = (∅, y)∨ (∅, z) is a proper join decomposition of (∅, x), which finishes
our claim about the structure of J(L).

Simple manipulation with binomial coefficients show that L has∑
X⊆k,i≤k−|X|

(
n

i

)
=
∑
l≤k

(
k − l
l

) ∑
i≤k−l

(
n

i

)
=
∑
l≤k

(
k

l

)∑
i≤l

(
n

i

)

=
∑
l≤k

∑
i≤l

(
k

l

)(
n

i

)
=
∑
j≤n+k

(
n+ k

j

)

elements, so in order to finish the proof we only need to show that L is B(k+1)-
free.

To show this, we employ Proposition 1 and argue that each minimal join
representation has at most k elements. Let us fix an element (X,x) of L, and let
H ⊆ J(L) be a minimal representation of (X,x). Again, we may take X ( k,
for otherwise the statement holds trivially, and denote l = |X|. Recalling the
structure of J(L), we split H into H ′ = H ∩ {(∅, j) | J ∈ J(L∗)} and H ′′ =
H ∩ {({i}, 0) | i ∈ k}. Then

(X,x) =
∨
H ′ ∨

∨
H ′′

=
∨
{(∅, j) | (∅, j) ∈ H ′} ∨

∨
{({i}, 0) | ({i}, 0) ∈ H ′′}

=
(
∅,
∨
{j, | (∅, j) ∈ H ′}

)
∨
(
{i | ({i}, 0) ∈ H ′′}, 0

)
= (Y, y) ,

where Y = {i | ({i}, 0) ∈ H ′′} and y =
∨
{ψ∅,Y (j) | (∅, j) ∈ H ′}. We may conclude

thatX = Y and x = y. From the first equation we getX = {i | ({i}, 0) ∈ H ′′} and
thusH ′′ = {({i}, 0) | i ∈ X}. In particular, |H ′′| = |X| = l. Now, let us notice that
for j ∈ J(L∗), ψ∅,X(j) lies in J(L∗X): if |X| ≤ k − 2 then J(L∗X) = ψ [J(L∗)], and
if |X| = k−1 then L∗X is a chain and all its nonzero elements are join irreducible.
As H is minimal, then the representation y =

∨
{ψ∅,X(j) | (∅, j) ∈ H ′} is also

minimal, for otherwise we could exclude some elements from H ′′ without changing
the join ofH. However, this representation is in L∗X , which is (n, k−l+1)-extremal.
Thus, |H ′′| ≤ k − l, and |H| = |H ′|+ |H ′′| ≤ l + k − l = k. �
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Corollary 3 For an (n, k+1)-extremal decomposition L there are n+k elements
in J = J(L(L)), which have form J = J ′ t J ′′, where

J ′ = {(∅, j) | J ∈ J(L∗)},
J ′′ = {({i}, 0) | i ∈ k},

|J ′| = n and |J ′′| = k.

Corollary 4 For an (n, k+1)-extremal decomposition L, joins and meets in L(L)
are defined as ∨

i

(Ai, ai) = (A, a) ,

where A =
⋃
iAi, a =

∨
i ψAi,A(ai), ψX,Y (x) =

∧
{y ∈ Y | x ≤ φY,X(y)}, for

X ⊆ Y . And ∧
i

(Bi, bi) = (B, b) ,

where B =
⋂
iBi and b =

∧
i φBi,B(bi).

To establish a correspondence between extremal lattices and decompositions
we now clarify which decompositions we consider isomorphic.

Definition 4 Isomorphism of (n, k + 1) decompositions L = (L∗X , φX,Y ) and
K = (K∗X , ϕX,Y ) is a pair (σ, ε) where σ is a permutation of k, and ε : K∗ → L∗

is an isomorphism from K to L, such that φ−1σ(X) ◦ ε ◦ ϕX is an isomorphism of
K∗X into L∗X , for all X ⊆ k. Decomposition K is isomorphic to L if there is an
isomorphism between them.

It is trivial to check that, thus defined, isomorphism is an equivalence relation, and
that canonical lattices and root decompositions are preserved under isomorphisms.

Proposition 10 For (n + k, k + 1)-extremal lattices L and L′, and (n, k + 1)-
extremal decompositions L and L′ holds:

• L(L) ∼= L(L′), whenever L ∼= L′;

• L(L) ∼= L(L′), whenever L ∼= L′.

Finally, the following Lemma shows that the operations of constructing
canonical lattice and root decomposition are inverse up to isomorphism,
which establishes the correspondence between extremal lattices and extremal
decompositions.
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Lemma 5 For an (n + k, k + 1)-extremal lattice L and an (n, k + 1)-extremal
decomposition L holds:

L(L(L)) ∼= L,

L(L(L)) ∼= L.

Proof. L(L(L)) ∼= L. Let us denote G = G(1L) and

L′ = L(L(L)) =
{
(X,x) | X ⊆ G, x ∈ LXG−X

}
,

and let us recall that by Proposition 9

L =
⊔
X⊆G

•
LXG−X ,

and that by Proposition 8, the mapping δX :
•
LXG−X → LXG−X ,

δX(x) =
∨
L∗
(
JL(x)−X

)
,

δ−1X (x) =
∨
L

(
JL∗(x) tX

)
,

is an isomorphism between
•
LXG−X and LXG−X .

Thus, the mapping α : L′ → L, defined by α(X,x) = δ−1X (x), provides a
bijection between L′ and L with α−1(x) = (H(x), δH(x)(x)), where H(x) = J(x)∩
G. Now we recall, that φX,Y for L(L) is provided by the natural embedding of
LYG−Y into LXG−X , which means that (X,x) ≤ (Y, y) if and only if X ⊆ Y and
x ≤L∗ y.

Note that for x ∈
•
LXG−X holds J(δX(x)) = J(x)−X, and thus for x ∈ LXG−X

holds JL(δ−1X (x)) = JL∗(x) tX . Thus

(X,x) ≤ (Y, y)⇔ X ⊆ Y, x ≤L∗ y
⇔ X ⊆ Y, JL∗(x) ⊆ JL∗(y)
⇔ X t JL∗(x) ⊆ Y t JL∗(y)
⇔ J

(
δ−1X (x)

)
⊆ J

(
δ−1Y (y)

)
⇔ α(X,x) ≤L α(Y, y),

and the isomorphism of L and L′ follows.
L(L(L)) ∼= L. Let L = (LX , φX,Y ), L = L(L) and L′ = L(L) = (L′X , φ

′
X,Y ).

By Corollary 3, L is (n+ k, k + 1)-extremal and J(L) = J ′ t J ′′, where

J ′ = {(∅, j) | J ∈ J(L∗)},
J ′′ = {({i}, 0) | i ∈ k}.
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Trivially,
∨
J ′′ = (X, 1) = 1L. Thus, G = G(1L) = J ′′, and

L′∗ = L′G =
[
0L,
∨
J(L)−G(L)

]
L

=
[
0L,
∨
J ′
]
L
=
[
(∅, 0L∗),

(
∅,
∨
J(L∗)

)]
L

= [(∅, 0L∗), (∅, 1L∗)]L ∼= L∗.

We define σ : k → J ′′ and ε : L∗ → L′∗ as σ(i) = ({i}, 0) and ε(x) = (∅, x).
We claim that (σ, ε) is an isomorphism of L and L′. Indeed, let X ′ ⊆ J ′′ ={
({i}, 0) | i ∈ X

}
= σ[X] for X ⊆ k. Then

L′∗X′ = L′X
′

G−X′ =
[∨

X ′,
∧
c[G−X ′]

]
L

=
[∨

X ′,
∨
J − (G−X ′)

]
L
=
[∨

X ′,
∨
J ′ ∨

∨
X ′
]
L

= [(X, 0L∗), (∅, 1L∗) ∨ (X, 0L∗)]L
= [(X, 0L∗), (X, 1L∗)]L

∼= L∗X ,

and the isomorphism between L∗X and L′∗X′ is established by the mapping α : L∗X →
L′∗X′ , α(x) = (X ′, x) = φ−1X′

(
0, φX(x)

)
= φ−1σ[X] ◦ ε ◦ φ(x). �

As an easy consequence, we now obtain the most important structural result
of the paper, which establishes a correspondence between extremal lattices and
decompositions.

Theorem 2 For an (n + k, k + 1)-extremal lattice L and an (n, k + 1)-extremal
decomposition L, L ∼= L(L) if and only if L ∼= L(L).

Although technical details in this section were rather involved, the basic fact
of the correspondence between extremal lattices and decompositions is quite
transparent. Apart from providing structural information about extremal lattices,
decompositions can be quite handy in depicting them, as illustrated by Figures 3
and 4.

5. Meet-irreducible elements in extremal decompositions

One possible application of structural insight we gain from extremal
decompositions is the estimation of the number of meet-irreducible elements. We
start by characterizing meet-irreducible elements of canonical lattices of extremal
decompositions. We then apply this characterization to get a simple lower bound
on the number of meet-irreducible elements of extremal lattices.

Proposition 11 For an (n, k+1)-extremal decomposition L, its canonical lattice
L = L(L), and elements (X,x) and (Y, y) ∈ L, (X,x) is covered by (Y, y) if and
only if either x = y and X ≺ Y , or if X = Y and x ≺L∗X y.

Proof. It is trivial that under given conditions, (X,x) ≺ (Y, y), so we show that
these conditions are also necessary. Indeed, if (X,x) ≺ (Y, y) then (X,x) < (Y, y),
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Fig. 3: (6, 4)-extremal lattice.

Fig. 4: (3, 4)-extremal decomposition of lattice on Figure 3.
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meaning that X ⊆ Y and x ⊆ y, and that at least one inequality is strict.
If X 64 Y then there is Z such that X ( Z ( Y and thus (X,x) < (Z, x) <
(Y, y), contradicting the covering. Thus, X 4 Y , and similarly x 4 y. Finally,
if in both cases there is a proper covering, that is, if X ≺ Y and x ≺ y, then
(X,x) < (X, y) < (Y, y), again contradicting the covering. �

Lemma 6 For an (n, k + 1)-extremal decomposition L and its canonical lattice
L = L(L), an element (X,x) ∈ L is meet-irreducible if and only if one of two
mutually exclusive conditions hold:

• either x is meet-irreducible in L∗X and x /∈ φY,X [L∗Y ], for all Y ) X;

• or x is a unit in L∗X and X = k− a, for some a ∈ k.

Note. By this lemma, all elements of the form (k− a, x) are meet-irreducible.
Proof. We use the property that an element is meet-irreducible if and only if
it is covered by exactly one element. The statement follows from step by step
classification of the elements of L:

• x = (k, 1). x is a unit in L and thus is not meet-irreducible. Neither it
satisfies any of two given conditions;

• x = (k − a, 1), for some a ∈ k. The only element covering x is (k, 1), thus
it is meet-irreducible, while it also satisfies the second condition, and does
not satisfy the first, because the unit element is not meet-irreducible;

• x = (k − a, x), for some a ∈ k and x < 1. As L∗k−a is a chain, x is meet-
irreducible in L∗k−a, and thus x satisfies the first condition. The element
x = (k− a, x) is covered by (k− a, x′), for a unique x′ ∈ L∗k−a, covering x.
In the same time L∗k contains only unit, and (k, x) is not a cover of x. Thus,
x has a unique cover and thus it is meet-irreducible;

• x = (X, 1), for X ⊆ k , |X| ≤ k − 2. x does not satisfy neither of two
conditions. In the same time for a, b ∈ k − X, a 6= b, elements (X t a, 1)
and (X t b, 1) cover x, thus x is not meet-irreducible;

• x = (X,x), for X ⊆ k , |X| ≤ k − 2, x < 1. If x is meet-irreducible in
L∗X and x /∈ φY,X [L∗Y ] for all Y ) X, then x satisfies the first condition,
does not satisfy the second, and (X,x′) for a unique cover x′ ∈ L∗X of x is
a unique cover of x in L. Otherwise both conditions are not satisfied and
there is a proper meet-decomposition of x. If x is not meet-irreducible in
L∗X then this decomposition is given by (X,x) = (X,x′)∧(X,x′′) for proper
meet decomposition x = x′ ∧ x′′. Or, if x ∈ L∗Y for some X ) Y then the
decomposition is given by (X,x) = (X, 1) ∧ (Y, x).

�
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Theorem 3 Any (n + k, k + 1)-extremal lattice L has at least k(n + 1) meet-
irreducible elements, arranged in k disjoint covering chains of length n each. Each
of these chains contains exactly one element of rank i, for i ∈ k− 1, . . . n+ k− 1.

Any covering chain of meet-irreducible elements in L of length n is one of
those chains.

Proof. Trivially, if we denote the initial lattice by L and denote G = G(1L) and
L = L(L), then L ∼= L(L) and by Lemma 6 set {(G − a, x) | x ∈ L∗G−a} ∼=
[
∨
G− a, 1) gives such chain.
For the second statement, let us take a covering chain C of meet-irreducible

elements in L of length n. Again, from Lemma 6 it easily follows that all these
elements should lie in L∗X for some fixed X. Otherwise there are elements x =
(X,x) and y = (Y, y) in C such that x ≺ y and X ( Y , which is impossible. Now,
let us note that height of L∗X is n, and thus in order to fit in such chain, the unit
of L∗X should also be meet-irreducible, which is only the case for X = G− a. �

We call meet-irreducible elements from Theorem 3 canonical meet-irreducible
elements, and corresponding chains canonical chains. Note also that in an (n +
k, k + 1)-extremal lattice there are at least k meet-irreducible elements of rank
k− 1. However, all elements of rank lower than k− 1 are situated trivially, as was
shown in Lemma 3.2 in [4], which we repeat below as a Proposition 12. Its easy
corollary is that there are no meet-irreducible elements of smaller rank.

Proposition 12 For an element x of an (n, k+1)-extremal lattice, G(x) = J(x),
whenever G(x) ≤ k − 1.

Corollary 5 The smallest rank of a meet-irreducible element in an (n+k, k+1)-
extremal lattice is k − 1.

Proof. Theorem 3 states that there are k meet-irreducible elements of rank k−1.
On the other hand, let us take x such that r(x) = |J(x)| ≤ k − 2, and let us
take two distinct join-irreducible elements a, b ∈ J(L) − J(X). Then there are
two elements xa and xb such that G(xa) = J(x) + a and G(xb) = J(x) + b. By
Proposition 12, J(xa) = G(xa) = J(x) + a and J(xb) = J(x) + b. Consequently,
J(xa ∧ xb) = J(xa) ∩ J(xb) = J(x), and thus xa ∧ xb = x, which gives a proper
meet-decomposition of x. �

The easiest example of canonical chains in extremal lattice can be given by
an interval lattice on n + 2 elements, which is (n + 2, 3)-extremal. This lattice
is the lattice of all intervals of [1, . . . , n + 2], including the empty one, ordered
by set inclusion. The meet-irreducible elements are {[1, i] | i = 1, . . . n + 1} and
{[i, n+ 2] | i = 2, . . . n+ 2} and there are 2(n+ 1) of them. Figure 5 provides an
illustration of these lattices.

As it turns out, interval lattice has no meet-irreducible elements, other than
those, provided by Theorem 3. Moreover, it is, in essence, the only extremal lattice
with that property. All other (n, 3)-extremal lattices will have some additional
elements, and for k > 2, construction of an (n + k, k + 1)-extremal lattice with
k(n+ 1) elements is impossible for large n.
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Fig. 5: Interval lattices. Black dots indicate meet-irreducible elements.

Lemma 7 An interval lattice on n+2 atoms is (n+2, 3)-extremal with 2(n+1)
meet-irreducible elements, that is, it reaches the lower bound on the number of
meet-irreducible elements from Theorem 3.

Moreover, if an (n + 2, 3)-extremal lattice has 2(n + 1) meet-irreducible
elements, then it is isomorphic to the interval lattice on n+ 2 elements.

Proof. The fact that the interval lattice is extremal an reaches the lower bound
is trivial, so we only need to prove the second statement. Let L be an (n+ 2, 3)-
extremal lattice with J(L) = n+ 2. By Theorem 3, in L there are two disjoint
chains {m1, . . . ,mn+1} and {l1, . . . , ln+1} of meet-irreducible elements, such that
r(mi) = r(li) = i, for i = 1, . . . , n+1. By proposition of the lemma, those are the
only meet-irreducible elements of L. Let us additionally put mn+2 = ln+2 = 1L.
This way, chains {mi} and {li} are still covering, but we can now state that each
x ∈ L can be represented, not necessarily in a unique way, as x = mi ∧ lj , for
some i and j.

Without losing generality, we suppose that J(mi) = i, for all i: this can always
be achieved by reordering of J = J(L). Note that for each x = mi ∧ lj we have
J(x) = J(mi) ∩ J(lj).

We claim that J(lj) = [n + 3 − j, n + 2]. In this case the elements of L will
be x such that J(x) = ∅, or such that J(x) = [a, b] for 1 ≤ a ≤ b ≤ n + 2. This
structure will correspond exactly to the interval lattice and that would finish the
proof of the lemma.

Let us suppose the contrary, and fix the largest j such that J(lj) 6= [n+3−j, n+
2], notice that j < n+2 as J(ln+2) = J(1) = [1, n+2]. As J(lj+1) = [n+2−j, n+2],
we get J(lj) = J(lj+1)− a = [n+2− j, n+2]− a, for some a ∈ [n+3− j, n+2].

Let us recall that a = mi0 ∧ lj0 , where i0 and j0 are smallest such that a ≤ mi0

and a ≤ lj0 . Thus, a = ma ∧ lj+1 and

1 = |J(a)| =
∣∣[1, a] ∩ [n+ 2− j, n+ 2]

∣∣
=
∣∣[n+ 2− j, a]

∣∣ ≥ ∣∣[n+ 2− j, n+ 3− j]
∣∣ = 2,

a contradiction. �
6. Discussion and open problems

As was mentioned in Introduction, the ultimate goal of our exploration is to
arrive at bounds on the size of lattices with bounded VC dimension, symmetric
with respect to |J(L)| and M(L). However far we may be from this goal, several
improvements certainly can be made.
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First, it seems that for k ≥ 3 our lower bound may be significantly improved,
although this would require a certain elaboration. As a first step, we are interested
in the possibility of constructing extremal lattices with only canonical meet-
irreducible elements:

Question 1 Is there an (n+ k, k + 1)-extremal lattice with only canonical meet-
irreducible elements, for k ≥ 3 and for sufficiently large n

The tentative answer to Question 1 is: no. What we can realistically expect is
some limit on the rate of growth on the number of meet-irreducible elements,
which we anticipate to be linear.

Question 2 For given k, is there a constant C = C(k) such that for all n there
exists an (n+ k, k + 1)-extremal lattice L with |M(L)| ≤ C · n?

An obvious way of providing an upper bound on the minimal number of meet-
irreducible elements is to try and construct a family of lattices obtaining such
bound. Obviously, root decompositions can be a handy tool for this. As a step in
this direction, one can ask for an algorithm that, starting from given (n, k + 1)-
extremal lattice L, would go through all its (n + k, k + 1)-extensions, possibly
with repetitions. Here we use term extensions to denote extremal lattices, which
share a given root, at least up to isomorphism.

Devising such algorithm may, on the other hand, be nontrivial, as it involves
generating (n, l)-extremal lattices, embedded into intersection of several (n, l+1)-
extremal lattices. This, apart from problems of practical realization, may require
further theoretical elaboration.

Problem 1 Device an effective algorithm for enumerating, possibly with repetitions,
all extensions of an (n, k + 1)-extremal lattice.

As a curiosity, which, on the other hand, can help in shaping the theory, let
us recall that the root decomposition in this paper appear as a generalization
of a more simple construction from [4], which was used to count all possible
non-isomorphic (n, 3)-extremal lattices. Now, we may ask the similar question
about the number of non-isomorphic lattices for lager k, and see if our advanced
decomposition can help in finding them.

Question 3 How many non-isomorphic (n+ k, k + 1)-extremal lattices exist?
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1 Introduction

Throughout this paper, let n and m be positive integers. We will use C and
R to denote the set of all complex numbers and the set of all real numbers,
respectively.

The aim of this work is to rewrite Kharitonov’s well-known theorem [26] on
the Hurwitness of interval polynomials through orthogonal polynomials [0,∞) and
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their second kind polynomials; see Proposition 2 and Theorem 2. We will also
construct positional robust controls u = un(x) for the Brunovsky system of degree
n via two sets of Markov parameter sequences or equivalently by using two families
of Hurwitz polynomials; see Definition 8 and Theorem 3.

The motivation for present work comes from two sources. One comes from
the interrelations between the Markov parameters, orthogonal polynomials and
Hurwitz polynomials and their practical application on control theory. The second
comes from the generalization of the indicated results for the matrix case.

The present work is based on the Markov parameter approach which is
thoroughly studied in [20, Chapter XV]. We decisively use the explicit interrelation
between the coefficients of given polynomials and their Markov parameters; see
remark 1 or [10, Lemma 3.1]. This interrelation together with the Hurwitness
criteria in terms of the positive definiteness of two Hankel matrices; see lemma 1
or [10, Theorem 3.4]. The explicit representation of a Hurwitz polynomial through
orthogonal polynomials, allows us to rewrite the Kharitonov theorem on interval
polynomials with the help of orthogonal polynomials; see Proposition 1 or [9,
Theorem 7.10].

In this sense, the following notions play a relevant role for the present paper:

• The truncated Stieltjes moment problem,

• Orthogonal polynomials,

• Hurwitz polynomials.

In contrast to Kharitonov’s theorem, instead of verifying the Hurwitzness of
four polynomials of degree n = 2m (resp. n = 2m+ 1), we propose checking four
polynomials of the degree [n2 ] (resp. [

n+1
2 ]). To this end, the notion of Kharitonov

quadruples is introduced. Roughly speaking, this notion highlights the fact that
every stable interval polynomial can be constructed by two ordered sequences
of Markov parameters. The latter means that the corresponding orthogonal
polynomials and their second kind polynomials satisfy a certain order; see
Definition 8.

The paper contains three conjectures. The first one states that every stable
interval polynomial generates four sequences of ordered Markov parameters. The
second conjecture says that the ordering of the quadruple
(h

(max)
n , g

(max)
n , h

(min)
n , g

(min)
n ) can be written in terms of the degree of the

corresponding interval polynomial pn. Finally, the third conjecture states the
necessary and sufficient conditions for an interval polynomial to be a stable
interval polynomial in terms of the Kharitonov quadruples.

The construction of robust controls of control systems in terms of the
coefficient of certain interval polynomials was considered in [1], [25], [19], and
references therein. In contrast to these works, we apply the Markov parameter
approach. The advantages of using Markov parameters are explained in [22].
These consist mainly of the fact that the stable region in the coefficient space of
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a given polynomial is not convex, while the stable region in terms of the Markov
parameters sj with positive definite Hankel matrices (2) is convex set [24].

Future work can be devoted to the comparison of the descending degree
procedure of the interval polynomial proposed in the present work (as in example
1) with the Routh procedure considered in [3]. Furthermore, future research on the
characterization of two Markov sequences to be ordered sequences which generate
Kharitonov quadruples is relevant. Such characterization could notably improve
Algorithm 3.1.

This work is organized as follows. A brief summary of the truncated Stieltjes
moment problem, orthogonal polynomials and the Hurwitz polynomial are given
in the Introduction. In section 2, the Kharitonov theorem is represented via
orthogonal polynomials on [0,+∞) and their second kind polynomials. An
example of constructing a stable interval polynomial of degree n = 7 starting
from two sequences of Markov parameters is given. Additionally, in remark 4 an
example of a family of interval polynomials is proposed. In section 3, a result
on the construction of stable interval polynomials via orthogonal polynomials is
given; see Theorem 3. In subsection 3.1, an algorithm for the construction of a
robust control is suggested. Following this algorithm, a family of robust controls
is written; see examples 2 and 3. Finally, in section 4, the conclusion and three
conjectures what develop or complete some results of section 2 are presented.

In the subsequent three subsections, we recall the definitions and relevant
results concerning the Stieltjes moment problem, orthogonal polynomials on
[0,+∞) and Hurwitz polynomials.

Note that in [12] the stabilization of the canonical system through orthogonal
polynomials on [0,+∞) is treated.

1.1 The truncated Stieltjes moment problem and extremal solutions

The truncated Stieltjes moment problem is stated as follows: Let n be greater
than or equal to 2. Given a sequence (sj)

n−1
j=0 of real numbers, find the setM of

nondecreasing functions σ of bounded variation on [0,∞) such that

sj =

∫ ∞
0

tjdσ(t), 0 ≤ j ≤ n− 1. (1)

This problem was considered in [29, Page 176 and Page 192].
In case of an infinite sequence (sk)

∞
k=0 with (1) for j ≥ 0, the stated problem

is called the classical Stieltjes moment problem.
Let

H1,j :=


s0 s1 . . . sj
s1 s2 . . . sj+1
...

...
...

...
sj sj+1 . . . s2j

 , H2,j :=


s1 s2 . . . sj+1

s2 s3 . . . sj+2
...

...
...

...
sj+1 sj+2 . . . s2j−1

 . (2)

It is known [16], [17] that the truncated Stieltjes moment problem with given
moments (sj)

2m+1
j=0 (resp. (sj)2mj=0) as a solution if and only if H1,m and H2,m−1
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(resp. H1,m−1 and H2,m−1) are positive semidefinite. In [16], [17], the complete set
of solutions of the truncated Stieltjes moment problem when H1,m and H2,m−1
(resp. H1,m−1 and H2,m−1) are positive definite was given.

With the help of the analytic function in C \ [0,∞)

s(z) :=

∫ ∞
0

dσ(t)

t− z
,

called associated solution with σ ∈ M, the truncated Stieltjes moment problem
is reduced to finding a set of associated analytic functions s ∈ Z such that

s(z) = −s0
z
− s1
z2
− . . .− sn−1

zn
− . . . .

Assume that σ is normalized as σ(t) = σ(t+0)+σ(t−0)
2 , and σ(0) = 0. From the

Stieltjes inverse formula [2, Page 631], one gets a corresponding measure by

σ(t) =
1

π
lim
ε→0

∫ t

0
Im s(x+ iε)dx.

1.2 Orthogonal polynomials on [0,+∞)

Orthogonal polynomials [6], [39] play an important role in a number mathematical
areas. On one hand, orthogonal polynomials have been extensively used in
applications for solving practical problems, such as in signal processing [32] and
in filter design [38], [30]. On the other hand, the zeros of a certain family of
orthogonal polynomials can be interpreted as the electrostatic energy for a system
of a finite number of charges; see [43].

In the present subsection, we focus on truncated families of orthogonal
polynomials on [0,+∞).

Definition 1 The sequence (sj)
2m
j=0 (resp. (sj)2m−1j=0 ) is called a Stieltjes positive

definite sequence if H1,m and H2,m−1 (resp. H1,m−1 and H2,m−1) are positive
definite matrices.

In the sequel, we consider only Stieltjes positive definite sequences.

Definition 2 Let (sj)2m−1j=0 and (sj)
2m
j=0 be Stieltjes positive definite sequences. For

k = 1, 2, let

Dk,j(z) :=


sk−1 sk . . . sj+k−1
sk sk+1 . . . sj+k
. . . . . . . . . . . .

sj+k−2 sj+k−1 . . . s2j+k−2
1 z . . . zj

 ,

Ek,j(z) :=


sk−1 sk . . . sj+k−1
sk sk+1 . . . sj+k
. . . . . . . . . . . .

sj+k−2 sj+k−1 . . . s2j+k−2
ek,0(z) ek,1(z) . . . ek,j(z)

 ,
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where (e1,0(z), e1,1(z), . . . , e1,j(z)) := (0,−s0,−zs0 − s1, . . . ,−
∑j−1

l=0 z
j−l−1sl)

and
(e2,0(z), e2,1(z), . . . , e2,j(z)) := (−s0,−zs0 − s1, . . . ,−

∑j
l=0 z

j−lsl).
Denote by p1,0(z) := 1, q1,0(z) := 0, p2,0(z) := 1, and q2,0(z) := s0. For j ≥ 1 and
k = 1, 2, let

pk,j(z) :=
detDk,j(z)

detHk,j−1
, qk,j(z) :=

detEk,j(z)

detHk,j−1
. (3)

The polynomials qk,j are called second kind polynomials.

Note that in [9] a matrix version of pk,j and qk,j is considered. In the proof of [8,
Remark 2.6], the transformation from the matrix form to the determinant form
(3) is performed.

Definition 3 Let n = 2m (resp. n = 2m+ 1). Let σ(t) be a positive distribution
on [0,∞) such that all moments sj :=

∫∞
0 tjdσ(t) are finite for 0 ≤ j ≤ n − 1.

The sequence of monic polynomials (p1,j)
m
j=0∫ ∞

0
p1,j(t)p1,k(t)dσ(t) =

{
0, j 6= k,
cj , j = k,

cj > 0

and respectively∫ ∞
0

p2,j(t)p2,k(t)tdσ(t) =

{
0, j 6= k,
dj , j = k,

dj > 0

are called the sequences of monic orthogonal polynomials on [0,∞) with respect to
dσ(t) (resp tdσ(t)).

For completeness, we recall two special, associated solutions of the truncated
Stieltjes moment problem for n = 2m+1 (resp. n = 2m) called extremal solutions:

s
(2m)
M (z) =:− q1,m(z)

p1,m(z)
, s(2m)

µ (z) =: − q2,m(z)

z p2,m(z)
, (4)

s
(2m−1)
M (z) =:− q1,m(z)

p1,m(z)
, s(2m−1)µ (z) =: − q2,m−1(z)

z p2,m−1(z)
. (5)

These solutions, introduced by Yu. Dyukarev in [18], play a relevant role as proving
Proposition 1.

1.3 Hurwitz polynomials and Markov parameters

The real polynomial of degree n

fn(z) := a0z
n + a1z

n−1 + . . .+ an−1z + an

can be written as with the help of two polynomials hn and gn such that

fn(z) = hn(z
2) + zgn(z

2),
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where

hn(z) :=

{
a0z

m + a2z
m−1 + . . .+ an−2z + an, n = 2m,

a1z
m + a3z

m−1 + . . .+ an−2z + an, n = 2m+ 1,
(6)

gn(z) :=

{
a1z

m−1 + a3z
m−2 + . . .+ an−3z + an−1, n = 2m,

a0z
m + a2z

m−1 + . . .+ an−3z + an−1, n = 2m+ 1.
(7)

A polynomial fn is called a Hurwitz polynomial if all its roots have negative
real parts.

Definition 4 The numbers (sj)
2m−1
j=0 (resp. (sj)2mj=0) appearing in the asymptotic

expansions

g2m(−z)
h2m(−z)

=− s0
z
− s1
z2
− s2
z3
− . . .− s2m−2

z2m−1
− s2m−1

z2m
− . . . , (8)

h2m+1(−z)
(−z) g2m+1(−z)

=− s0
z
− s1
z2
− s2
z3
− . . .− s2m−1

z2m
− s2m
z2m+1

+ . . . . (9)

are called Markov parameters of the polynomials fn

Note that the expansion (8) appears in [20, Chapter XV], meanwhile expansion
(9) was first introduced in [9] in the matrix case.

Here we highlight two of the Hurwitzness criteria.

• The algebraic Routh-Hurwitz criterion [23], [34], [4], which is given in terms
of the coefficients ak, of the polynomial fn. More precisely, one should verify
whether the so-called Hurwitz matrix, constructed by the coefficients ak has
positive principal minors; see [23], [34], [4].

• The Markov parameter criterion [20, Chapter XV] given in terms of the
Markov parameters sk. This criteria consists of finding out whether two
Hankel matrices of the form (2) are positive definite; see lemma 1.

Lemma 1 [10, Theorem 3.4] Let n be greater than or equal to 2. The polynomial
f2m+1 (resp. f2m) is a Hurwitz polynomial if and only if the associated Hankel
matrices H1,m and H2,m−1 (resp. H1,m−1 and H2,m−1) associated with fn are
positive definite matrices.

The following remark proved in [10] allows the calculation of the Markov
parameters sk from the coefficients aj of the polynomial fn.

Remark 1 [10, Lemma 3.1] Let fn be a real polynomial of degree n, and let hn,
gn be as in (6) and (7). The Markov parameter sequence (sj)

2m
j=0 (resp. (sj)2m−1j=0 )

from the relations (8) and (9) is determined by the following equalities:

(s0, s1, . . . , s2m−1)
ᵀ =A−12m(a1, a3, . . . , a2m−1, 0, . . . , 0)

ᵀ, n = 2m, (10)

(s0, s1, . . . , s2m)
ᵀ =A−12m+1(a1, a3, . . . , a2m+1, 0, . . . , 0)

ᵀ, n = 2m+ 1, (11)
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where

An :=


a0 0 . . . 0 0
a2 −a0 . . . 0 0
...

. . . . . . . . . 0
a2(n−1) −a2(n−2) . . . (−1)na2 (−1)n+1a0

 ,

for n ≥ 2 is the n× n matrix with ak = 0 for k > n.

In [9, Theorem 6.1], it was proven that every Hurwitz polynomial can be
written in terms of orthogonal polynomials pk,j , k = 1, 2, on [0,∞) and their
second kind polynomials qk,j ; see [7, Equality E.2]. We reformulate the latter as
a proposition.

Proposition 1 Every real Hurwitz polynomial fn with a0 = 1 admits the
following representation

fn(z) =

{
(−1)m(p1,m(−z2)− z q1,m(−z2)), n = 2m,
(−1)m(q2,m(−z2) + z p2,m(−z2)), n = 2m+ 1.

(12)

Here pk,j, k = 1, 2 are orthogonal polynomials on [0,∞), and qk,j are their second
kind polynomials defined as in Definition 2.

To prove Proposition 1, the subsequent, explicit relation between polynomials hn,
gn as in (6), (7) and orthogonal polynomials (3) was introduced in [9, Pages 78
and 79]:

h2m(z) = (−1)mp1,m(−z), g2m(z) = (−1)m+1q1,m(−z), (13)
g2m+1(z) = (−1)mp2,m(−z), h2m+1(z) = (−1)mq2,m(−z). (14)

2 Kharitonov’s theorem via orthogonal polynomials

In this section, we propose a new form of the Kharitonov theorem which first
appeared in [26] in 1978. This representation consists of writing the h(r)n (resp.
g
(r)
n ) part of each of the four Kharitonov polynomials via a member of a family
of orthogonal polynomials on [0,∞) and their second kind polynomials. Such
a procedure is based on the Markov parameters generated by the Kharitonov
polynomials K(r)

n .
Let δ ∈ Rn+1, and let Pn be a family of monic interval polynomials:

pn(z, δ) :=

n∑
j=0

δn−jz
j , (15)

with
xj ≤ δn−j ≤ yj , j = {0, 1, . . . , n}. (16)
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Denote

h(1)n (z) :=x0 + y2z + x4z
2 + . . . , (17)

g(1)n (z) :=x1 + y3z + x5z
2 + . . . , (18)

h(2)n (z) :=y0 + x2z + y4z
2 + . . . , (19)

and

g(2)n (z) := y1 + x3z + y5z
2 + . . . . (20)

Definition 5 Let pn be an interval polynomial as in (15), and let h(k)n , g(k)n be
polynomials as in (17)-(20). The following four polynomials

K(1)
n (z) =h(1)n (z2) + zg(1)n (z2), (21)

K(2)
n (z) =h(1)n (z2) + zg(2)n (z2), (22)

K(3)
n (z) =h(2)n (z2) + zg(1)n (z2), (23)

and

K(4)
n (z) = h(2)n (z2) + zg(2)n (z2) (24)

are called Kharitonov polynomials of the interval polynomial pn.

Note that the Kharitonov polynomials are usually defined in the following form:

K(1)
n (z) =x0 + x1z + y2z

2 + y3z
3 + x4z

4 + x5z
5 + . . . , (25)

K(2)
n (z) =x0 + y1z + y2z

2 + x3z
3 + x4z

4 + y5z
5 + . . . , (26)

K(3)
n (z) =y0 + x1z + x2z

2 + y3z
3 + y4z

4 + x5z
5 + . . . , (27)

K(4)
n (z) =y0 + y1z + x2z

2 + x3z
3 + y4z

4 + y5z
5 + . . . , (28)

The equivalence between (21)-(23) and (25)-(28) is obvious.

Definition 6 Let α := (α0, α1, . . . , αn) where αj are real numbers. An interval
polynomial pn(z, δ) as in (15) is said to be a stable interval polynomial if for each
αj ∈ [xj , yj ] all the zeros of pn(z, α) are strictly in the left-hand complex plane.

Let us recall the celebrated Kharitonov theorem [26].

Theorem 1 Let pn be an interval polynomial as in (15). Furthermore, let K(r)
n for

r = 1, 2, 3, 4 be Kharitonov polynomials as in Definition 5. The interval polynomial
pn (15) is stable if and only if the four Kharitonov polynomials K(r)

n for r =
1, 2, 3, 4 are stable.
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In the present work, we restrict ourselves to the case where the leading interval
coefficient δ0 is equal to [1, 1].

Definition 7 Let the polynomials h(k)n , g(k)n for k = 1, 2 be defined as in (17)-(20).
For n = 2m, define

s(1)(z) :=
g
(1)
n (−z)
h
(1)
n (−z)

, s(2)(z) :=
g
(2)
n (−z)
h
(1)
n (−z)

, (29)

s(3)(z) :=
g
(1)
n (−z)
h
(2)
n (−z)

, s(4)(z) :=
g
(2)
n (−z)
h
(2)
n (−z)

. (30)

Similarly for n = 2m+ 1, define

s(1)(z) :=
h
(1)
n (−z)

(−z)g(1)n (−z)
, s(2)(z) :=

h
(2)
n (−z)

(−z)g(1)n (−z)
, (31)

s(3)(z) :=
h
(1)
n (−z)

(−z)g(2)n (−z)
, s(4)(z) :=

h
(2)
n (−z)

(−z)g(2)n (−z)
. (32)

Each of these rational functions s(r) can be expanded as in (8) and (9),
respectively. Every sequence (s

(r)
j )n−1j=0 corresponding to such expansions is called

the Markov parameter sequence, which is associated with the polynomial K(r)
n .

Under the assumption that K(r)
n (z) are monic Hurwitz polynomials, we will

prove that the functions s(r)(z) are in fact extremal solutions of truncated Stieltjes
moment problems.

Lemma 2 Let the polynomials K
(r)
n (z) for r = 1, 2, 3, 4 be monic Hurwitz

polynomial, then the following is valid.
a) The Markov parameter sequence (s

(r)
j )n−1j=0 associated with the polynomial K(r)

n

is a truncated Stieltjes positive definite sequence for r = 1, 2, 3, 4.
b) The functions s(r)(z) defined by (29)-(32) are extremal solutions of the
truncated Stieltjes moment problem with (s

(r)
j )n−1j=0 for r = 1, 2, 3, 4.

P r o o f 1 Part a) is a direct consequence of lemma 1. Part b) is verified by
employing (4), (5) and equalities in lines 12, 22 on [9, Page 80].

The following Proposition can be readily verified by applying Proposition 1 for
every r = 1, 2, 3, 4.

Proposition 2 The interval polynomial (15) with δ0 = [1, 1] is stable if and only
if the four Kharitonov polynomials K(r)

n for r = 1, 2, 3, 4 as in (21)-(24) admit
the following representation

K(r)
n (z) =

{
(−1)m(p(r)1,m(−z2)− zq

(r)
1,m(−z2)), n = 2m,

(−1)m(q(r)2,m(−z2) + zp
(r)
2,m(−z2)), n = 2m+ 1

r = 1, 2, 3, 4, (33)
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where p(r)1,m and q(r)1,m (resp. p(r)2,m and q(r)2,m) are orthogonal polynomials on [0,+∞)
and second kind polynomials.

To write Kharitonov’s theorem of two sequences of Markov moments, we
introduce the following notion.

Definition 8 Let n = 2m (resp. n = 2m + 1). Let ((s(min)
j )n−1j=0 , (s

(max)
j )n−1j=0 ) be

Stieltjes positive definite sequences such that s(min)
j ≤ s

(max)
j , 0 ≤ j ≤ n − 1 with

at least one strict inequality. Furthermore, let (p(max)
k,m , q(min)

k,m ), for k = 1, 2, the
polynomials as in Definition 2. The quadruple

P2m := (p
(min)
1,m , q

(min)
1,m , p

(max)
1,m , q

(max)
1,m ) (34)

and
P2m+1 := (p

(min)
2,m , q

(min)
2,m , p

(max)
2,m , q

(max)
2,m ) (35)

are called Kharitonov quadruple if the Markov parameter sequences

((s
(i1)
j )2m−1j=0 , (s

(i2)
j )2m−1j=0 ) (resp. ((s

(i1)
j )2mj=0), (s

(i2)
j )2mj=0)) (36)

generated by(
−
p
(min)
1,m (z)

q
(max)
1,m (z)

,−
p
(max)
1,m (z)

q
(1min)
1,m (z)

)
(resp.

(
−
p
(min)
2,m (z)

zq
(max)
2,m (z)

,−
p
(max)
2,m (z)

zq
(min)
2,m (z)

)
) (37)

are Stieltjes positive definite sequences.

Remark 2 The Markov parameters (36) can be calculated by Laurent series
expansion of the rational functions appearing in (37), respectively.

Alternatively, to determine the Markov parameters (36) one can use remark 1
with

(hn(z), gn(z)) = ((−1)mp(min)
1,m (−z), (−1)m+1q

(min)
1,m (−z)), n = 2m (38)

and

(hn(z), gn(z)) = ((−1)mq(min)
2,m (−z), (−1)mp(min)

2,m (−z)), n = 2m+ 1. (39)

Definition 9 Let n = 2m (resp. n = 2m + 1), and let K(r)
n for r = 1, 2, 3, 4

be the monic Kharitonov polynomials as in Definition 5, which correspond to the
interval polynomial (15) with the leading coefficient δ0 = [1, 1]. Furthermore, let
h
(k)
n , g(k)n for k = 1, 2 be as in (17)-(20). We say that the Kharitonov polynomials
K

(r)
n form a Kharitonov quadruple if between the polynomials h(k)n , g(k)n , k = 1, 2

there are quadruples(
(−1)mh(i1)2m (−z), (−1)m+1g

(i2)
2m (−z), (−1)mh(i3)2m (−z), (−1)m+1g

(i4)
2m (−z)

)



Вiсник ХНУ, Сер.«Математика, прикладна математика i механiка», том 86 (2017) 59

and(
(−1)mg(i2)2m+1(−z), (−1)

mh
(i1)
2m+1(−z), (−1)

mg
(i4)
2m+1(−z), (−1)

mh
(i3)
2m+1(−z)

)
,

that are Kharitonov quadruples. Here (ij) is one of the superscripts (1) or (2).

Now we state the main result of the present work.

Theorem 2 Let n = 2m (resp. n = 2m + 1) and K
(r)
n for r = 1, 2, 3, 4 be

monic Kharitonov polynomials as in Definition 5. If the polynomials K(r)
n form a

Kharitonov quadruple, then the corresponding interval polynomial pn is a stable
interval polynomial.

P r o o f 2 The proof follows by using Propositon 2 and Equalities (13)-(14).

Note that the converse statement to Theorem 2 appears in Conjecture 3.

The following remark verifies, for 2 ≤ j ≤ 7, some ordering of the pairs
(h

(ik)
j , g

(ik)
j ) appearing in (17)-(20). This ordering allows the identification of the

pairs (h(max)
j , g

(max)
j ) and (h

(min)
j , g

(min)
j ). For j ≥ 7, the corresponding equalities

are stated in Conjecture 2.

Remark 3 Let h(1)n , g(1)n , h(2)n , g(2)n be as in (17)-(20). Furthermore, let the pairs
(h

(i1)
n , g

(i2)
n ) for ik = 1 or ik = 2 with k = 1, 2. be Kharitonov quadruples as in

definition 9. Thus, the following equalities hold.

(h
(max)
2 , g

(max)
2 ) =(h

(2)
2 , g

(2)
2 ), (h

(min)
2 , g

(min)
2 ) = (h

(1)
2 , g

(1)
2 ), (40)

(h
(max)
3 , g

(max)
3 ) =(h

(1)
3 , g

(2)
3 ), (h

(min)
3 , g

(min)
3 ) = (h

(2)
3 , g

(1)
3 ), (41)

(h
(max)
4 , g

(max)
4 ) =(h

(1)
4 , g

(1)
4 ), (h

(min)
4 , g

(min)
4 ) = (h

(2)
4 , g

(2)
4 ), (42)

(h
(max)
5 , g

(max)
5 ) =(h

(2)
5 , g

(1)
5 ), (h

(min)
5 , g

(min)
5 ) = (h

(1)
5 , g

(2)
5 ), (43)

(h
(max)
6 , g

(max)
6 ) =(h

(2)
6 , g

(2)
6 ), (h

(min)
6 , g

(min)
6 ) = (h

(1)
6 , g

(1)
6 ), (44)

(h
(max)
7 , g

(max)
7 ) =(h

(1)
7 , g

(2)
7 ), (h

(min)
7 , g

(min)
7 ) = (h

(2)
7 , g

(1)
7 ). (45)

P r o o f 3 Equalities (40)-(45) can be verified by using lemma 1: see also [10,
Remark 3.1].

Example 1 Let the following Stieltjes positive definite sequences be given

{s(max)
k }6k=0={

19

2
,
913

4
,
49959

8
,
2753481

16
,
151846263

32
,
8374343913

64
,
461849056119

128
}

{s(min)
k }6k=0 ={9,

415

2
, 5538,

596853

4
,
16095575

4
,
868194535

8
, 2926929877}.
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Clearly, s(min)
k < s

(max)
k for 0 ≤ k ≤ 6. The corresponding orthogonal polynomials

and second kind polynomials (see Definition 2) are given by

p
(max)
2,3 (z) =z3 − 63z2

2
+ 111z − 153

2
, q

(max)
2,3 (z) =

19z3

2
− 71z2 +

219z

2
− 12,

p
(min)
2,3 (z) =z3 − 31z2 +

223z

2
− 76, q

(min)
2,3 (z) = 9z3 − 143z2

2
+ 109z − 25

2
.

Let

K
(min)
7 (z) :=− (q

(min)
2,3 (−z2) + z p

(min)
2,3 (−z2)), (46)

K
(max)
7 (z) :=− (q

(max)
2,3 (−z2) + z p

(max)
2,3 (−z2)), (47)

K
(3)
7 (z) :=− (q

(max)
2,3 (−z2) + z p

(min)
2,3 (−z2)), (48)

and

K
(4)
7 (z) :=− (q

(min)
2,3 (−z2) + z p

(max)
2,3 (−z2)). (49)

By applying remark 2, we calculate the Markov parameters

{s(3)k }
6
k=0 ={

19

2
,
447

2
,
23910

4
, 161131,

34763331

8
,
937569489

8
,
50573020801

16
} (50)

{s(4)k }
6
k=0 ={9, 212, 5788, 159466, 4396929,

242490639

2
,
13373470377

4
}. (51)

Next, we verify that (50) and (51) are Stieltjes positive definite sequences; see
Definition 1. Furthermore, we construct the corresponding orthogonal polynomials
p
(3)
2,3, p

(4)
2,3 and their second kind polynomials q(3)2,3, q

(4)
2,3. These are the following:

p
(1)
2,3(z) =z

3 − 31z2 +
223z

2
− 76, q

(1)
2,3(z) =

19z3

2
− 71z2 +

219z

2
− 12,

p
(4)
2,3(z) =z

3 − 63z2

2
+ 111z − 153

2
, q

(4)
2,3(z) = 9z3 − 143z2

2
+ 109z − 25

2
.

By Proposition 1, the corresponding Kharitonov polynomials K(min)
7 , K(max)

7 , K(3)
7

and K(4)
7 are Hurwitz polynomials. Finally, by Theorem 2 the interval polynomial

f7(z, δ) :=δ0z
7 + δ1z

6 + δ2z
5 + δ3z

4 + δ4z
3 + δ5z

2 + δ6z + δ7 (52)

is a stable interval polynomial. Here δ0 ∈ [1, 1], δ1 ∈ [9, 9.5], δ2 ∈ [31, 31.5], δ3 ∈
[71, 71.5], δ4 ∈ [111, 111.5], δ5 ∈ [109, 109.5], δ6 ∈ [76, 76.5] and δ7 ∈ [12, 12.5].

The interval coefficients δj are attained from the coefficients of K(min)
7 , K(max)

7 ,
K

(3)
7 and K(4)

7 , which in fact are the Kharitonov polynomials of f7.
Note that the interval polynomial (52) was considered in [4, Example 5.4,

Chapter 5].
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Remark 4 By using the moments of example 1 and Definition 2, we construct the
polynomials ((p(r)1,m)

3
m=0, (q

(r)
1,m)

3
m=0, (p

(r)
2,m)

3
m=0, (q

(r)
2,m)

3
m=0). With the help of these

polynomials and (12), we establish four finite sequences of Hurwitz polynomials:

f
(r)
k (z) := zk + a

(r)
k,1z

k−1 + . . .+ a
(r)
k,k, r = 1, . . . , 4,

and k ∈ Z6
1. Here Zp1 := {1, 2, . . . , p}. For every k, each interval coefficient of the

interval polynomial is defined by

[min
r∈Z4

1

a
(r)
k,j ,max

r∈Z4
1

a
(r)
k,j ].

The family of stable interval polynomials in descending order with an initial
interval polynomial (52) is then given by

f6(z) =z
6 + [9, 9.5]z5 + [30.57, 30.05]z4 + [66.61, 67.74]z3 + [97.24, 99.18]z2

+ [83.30, 85.84]z + [47.27, 48.74],

f5(z) =z
5 + [9, 9.5]z4 + [29.33, 29.94]z3 + [54.87, 57.75]z2

+ [61.43, 67.49]z + [26.00, 29.92],

f4(z) =z
4 + [9, 9.5]z3 + [28.41, 29.11]z2

+ [46.39, 50.06]z + [38.96, 43.07],

f3(z) =z
3 + [9, 9.5]z2 + [26.69, 27.35]z + [30.63, 33.71],

f2(z) =z
2 + [9, 9.5]z + [23.05, 24.02], f1(z) = z + [9, 9.5].

3 Robust stabilization of the canonical system

Let x := column(x1, x2, . . . , xn). Consider the linear system

ẋ = Anx, (53)

where

An :=


0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 0 1
−αn −αn−1 . . . −α2 −α1


with αj ∈ [αj , αj ] for 1 ≤ j ≤ n. System (53) represents a linear system subject to
some uncertainties, which may be caused by unknown perturbations with entries
within a given interval; see [25].

Definition 10 Let An be a matrix as in (53).
a) The interval polynomial

pAn(t) := (−1)n(tn + α1t
n−1 + α1t

n−2 + . . .+ αn−1t+ αn) (54)

is called the characteristic interval polynomial of the matrix An.
b) System (53) is called stable if (−1)npAn is a stable interval polynomial.
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Now consider the linear control system

ẋ = Anx+ bnun, (55)

with
bn := column (0, . . . , 0, 1). (56)

Definition 11 The system (55) is robustly stabilizable if there exists a 1 × n
interval matrix γ := −(γ1, γ2, . . . , γn) where γj ∈ [γj , γj ] for 1 ≤ j ≤ n such that
the linear system ẋ = (An + bγ)x is stable. Here

An + bγ =


0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 0 1
−δn −δn−1 . . . −δ2 −δ1

 ,

with δj = [xj , yj ] and
[xj , yj ] = [αj + γj , αj + γj ]. (57)

The linear interval function

un(x, γ) := −γnx1 − γn−1x2 − . . .− γ1xn (58)

is called the robust stabilizing control of the system (55).

In (57), we used interval arithmetic. For completeness, let us recall endpoint
formulas for the arithmetic operations of intervals; see [31].

Remark 5 Let [a, b] and [c, d] be closed intervals. The addition, subtraction,
multiplication and division of intervals are defined respectively as follows:

[a, b] + [c, d] :=[a+ c, b+ d],

[a, b]− [c, d] :=[a− d, b− c],
[a, b] · [c, d] :=[min{ac, ad, bc, bd},max{ac, ad, bc, bd}],

[a, b]

[c, d]
:=

[
min{a

c
,
a

d
,
b

c
,
b

d
},max{a

c
,
a

d
,
b

c
,
b

d
}
]
, 0 6∈ [c, d].

Remark 6 System (55) with An = An(α) and un = un(x, γ) a is parametric
differential equation

ẋ = An(α)x+ bnun(x, γ). (59)

In turn, differential equation (59) is a special case of the differential equation

ẋ = f(x, α, γ),

where α and γ are parameters taking certain given values within certain closed
intervals. See for example [33, Equality (1)], [21] and [35].
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Now we turn to the problem of the robust stabilization of the Brunovsky system.
Let

A(0)
n :=

(
0n−1×1 In−1

0 01×n−1

)
,

where In and 0p×q denotes the identity matrix and p× q zero matrix. The system

ẋ = A(0)
n x+ bnun (60)

is called the Brunovsky system or canonical system. System (60) is a widely used
control system for the study of the controllability and feedback stabilizability of
linear and nonlinear systems, with the latter after a certain transformation; see
[37], [36]. The Brunovsky system as the basic control model is used for testing
results or approximating more general systems for controllability, time optimal
control and stability problems; see [5], [37], [40], [41], [42], [44], [15], [13], and [11].
In particular, we emphasize the relevance of the controllability function method
created by B.I. Korobov in 1979 [27]. This method allows stabilization at a finite
time of the Brunovksy system and more general control systems under bounded
controls [28]. See also [14].

The following result allows the construction of a robust control that stabilizes
system (60) by employing the Kharitonov quadruples as in Definition 8.

Theorem 3 Let n = 2m (resp. n = 2m + 1). Let pn be the interval polynomial
of the form (15) with interval coefficients δj constructed via the Kharitonov
quadruples (p

(min)
1,m , q

(min)
1,m , p

(max)
1,m , q

(max)
1,m ), respectively (p

(min)
2,m , q

(min)
2,m , p

(max)
2,m , qmax

2,m ).
Thus, the linear interval function

un(x) = −δnx1 − δn−1x2 − . . .− δ1xn (61)

is a robustly stabilizing control for system (60).

P r o o f 4 Let δ(n) := −(δ1, δ2, . . . , δn). Write the positional control un (61) as
un(x) = δ(n)x. Substitute un for un(x) = δ(n)x in (60). The right-hand side of
(60) can be written in the form ẋ = Ãnx, where

Ãn := A(0)
n + bnδ

(n).

The characteristic polynomial of Ãn has the form

p
Ãn

(t) := det(tI − Ãn) = (−1)n(tn + δ1t
n−1 + δ1t

n−2 + . . .+ δn−1t+ δn)

Clearly (−1)np
Ãn

coincides with the stable interval polynomial pn of the form
(15) with coefficients (1, δ1, δ2, . . . , δn). Consequently, the control (61) robustly
stabilizes system (60).
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3.1 An algorithm for constructing a robust control

Let n = 2m (resp. n = 2m+ 1).

1) Find two Stieltjes positive sequences (s
(min)
j )n−1j=0 , (s

(max)
j )n−1j=0 such that

s
(min)
j ≤ s(max)

j with at least one strict inequality.

2) Construct polynomials (p
(min)
1,m , q

(min)
1,m , p

(max)
1,m , q

(max)
1,m ), and (p

(min)
2,m , q(min)

2,m ,

p
(max)
2,m , q(max)

2,m ) as in Definition 2.

3) In the case that the polynomials constructed in 2) form a Kharitonov
quadruple, using lemma 1 and remark 2 calculate the interval coefficients.
In the opposite case, return to Step 1).

4) With the help of (61), write the stabilizing robust control un.

Example 2 Consider the system (60) with n = 7. We use example 1, which in
fact follows the suggested algorithm. Thus, we attain the positional control

u7(x)=−[12.12.5]x1−[76, 76.5]x2−[109, 109.5]x3−[111, 111.5]x4−[71, 71.5]x5
− [31, 31.5]x6 − [9, 9.5]x7,

which robustly stabilizes system (60).

Example 3 As in a similar manner for 2 ≤ n ≤ 6, system (60) can be robustly
stabilized by

u6(x) =− [47.27, 48.47]x1 − [83.3, 85.84]x2 − [97.24, 99.18]x3

− [66.61, 67.74]x4 − [30.57, 30.05]x5 − [9, 9.5]x6,

u5(x) =− [26, 29.92]x1 − [61.43, 67.49]x2 − [54.87, 57.75]x3

− [29.33, 29.94]x4 − [9, 9.5]x5,

u4(x) =− [38.96, 43.07]x1 − [46.39, 50.06]x2 − [28.41, 29.11]x3 − [9, 9.5]x4,

u3(x) =− [30.63, 33.71]x1 − [26.69, 27.35]x2 − [9, 9.5]x3

and

u2(x) =− [23.05, 24.02]x1 − [9, 9.5]x2.

4 Conclusion and conjectures

In the present work, a reformulation of the Kharitonov theorem via quadruple
polynomials is given. A family of decreasing degrees stable interval polynomials
is proposed. With the help of constructed stable interval polynomials, a family of
robust controls is formulated.

Next we present three conjectures concerning the results of section 1.
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Conjecture 1 Let n = 2m (resp. n = 2m + 1) and let pn be a stable interval

polynomial of the form (15). Furthermore, for r = 1, 2, 3, 4 let
(
s
(r)
j

)n−1
j=0

be

Markov parameters
corresponding to Kharitonov polynomials K(r)

n of pn. Thus, the following order
yields

s
(min)
j ≤ s(i2)j ≤ s(i3)j ≤ s(max)

j , 0 ≤ j ≤ n− 1 (62)

where (min), (i2), (i3), and (max) take one of the values 1, 2, 3 or 4. Furthermore,
at least one of the inequalities in (62) is a strict inequality.

Conjecture 2 Let h(1)n , g(1)n , h(2)n , g(2)n be as in (17)-(20). The following equalities
hold.

(h
(max)
4`−2 , g

(max)
4`−2 ) =(h

(2)
4`−2, g

(2)
4`−2), (h

(min)
4`−2 , g

(min)
4`−2 ) = (h

(1)
4`−2, g

(1)
4`−2), (63)

(h
(max)
4`−1 , g

(max)
4`−1 ) =(h

(1)
4`−1, g

(2)
4`−1), (h

(min)
4`−1 , g

(min)
4`−1 ) = (h

(2)
4`−1, g

(1)
4`−1), (64)

(h
(max)
4` , g

(max)
4` ) =(h

(1)
4` , g

(1)
4` ), (h

(min)
4` , g

(min)
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This conjecture is a generalization of remark 3. It says that the superindex (min)
and (max) can be related to the degree of the interval polynomial pn (15).

Conjecture 3 Let n = 2m (resp. n = 2m + 1). The interval polynomial pn is
a stable if and only if the Kharitonov polynomials K(r)

n for r = 1, 2, 3, 4 form
Kharitonov quadruples.

Note that the sufficient condition of Conjecture 3 is proven in Theorem 2.
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