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The convergence of sequences of canonical potentials in the
space L1 joc(C)
Nguyen Van Quynh
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Potential theory is important in the theory of subharmonic and §-subharmonic
functions. In the article we sharpen Azarin’s variant on the convergence of the
sequence of canonical potentials in the space Lj joc(C).

Keywords: canonical potential, Radon measure, widely convergence.

Hryen Ban Kyunp. CxoguMocCTh MOCI€0BATEIBHOCTA KAHOHUYIECKUX
MOTEHINATOB B IpocrpaHcTBe Li;,.(C). B reopun cybrapMoHmuecKux
u §-cyOrapMOHHYIECKUX (DYHKIUN CYIECTBEHHYIO POJb WUIPAET TEOPHs II0-
TeHIMaa. B crarbe mpejiaraeTcsa yCHIeHHe BapuaHTa A3apuHa TEOPEMBI O
CXOJIUMOCTH TOCJIEIOBATEIbHOCTH KAHOHNIECKUX IIOTEHIINAIOB B IIPOCTPAHCTBE
Ll,loc<(c)-

Karouesvie caosa: KaHOHMYECKHIT NOTeHINAJ, Mepa Pajiona, mmpokas cxonu-
MOCTb.

Hryen Ban Kyinb. 36i>KHicTbh HMOCJIiJOBHOCTI KAHOHIYHUX MOTEHIiaJIiB
B 1pocTopi L1 jo.(C). YV Teopil cybrapmonivnux i §-cyGrapMonitaux GyHKIiil
CYTTEBY POJIb BiJIirpae Teopis MOTEHITATY. ¥ CTATTi MPOIOHYETHCS MTOCUICHHST
BapianTy Aszapina Teopemu po 30iKHICTH MOCJIOBHOCTI KAHOHIYHUX MTOTEH-
miaais B mpocTopi L1 joc(C).

Kmowosi caosa: kanoHiaamil morenIiang, mipa Pamony, mmpoka 30iKHICTE.

2000 Mathematics Subject Classification: 31A05, 31B05.

The study of the potential theory and related problems in mathematical
physics has been in the focus of mathematicians since the nineteenth century. In
particular, in the study of subharmonic and ¢ - subharmonic functions, methods of
the potential theory play an important role. The results in the present paper can
be viewed as the versions of some theorems from monographs of N.S.Landkof |2]
and V.S. Azarin [1]. See also the paper of A. F. Grishin, N. Quynh, and
I. Podiedtseva [3|, where the representation theorem for § -subharmonic functions

(© Nguyen Van Quynh, 2017
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of finite order in the form of canonical potentials was proved, and the paper of
A. F. Grishin and A. Shuigi [4], in which various types of convergence of sequences
of d-subharmonic functions were studied. The results of our article allow us to
simplify to some extent the constructions from these articles.

In Section 1 we give the necessary definitions and known results in convenient
formulations, where we follow [2] and [1]. In the main section 2 we give new
theorems on the convergence of the sequence of canonical potentials. Note that
when studying canonical potentials, it is necessary to evaluate separately the
corresponding integrals for (| < |z| and || > |#|, since the kernels in these cases
are different. Therefore, these cases are considered separately.

1. Preliminary results

We will use the following notation:

B(0,R)={z€C: |z| < R};

C(0,R) ={z€C: |z| <R}

S(0,R) ={z€C: |z| =R}
R([R1, Ry]) = B(0; R2)/C(0, Ry).

A proximate order is an important tool for investigating the functions of finite
order.

An absolutely continuous function p(r) on the semiaxis (0,00) is called a
proximate order ( in the sense of Valiron [5]), if two conditions hold: 1) there
exists the limit p = lim p(r),

T—00
2) ILm rp'(r)Inr = 0 (under p/(r) we mean the maximum modulus of the number
T—00

of derivative).

In the case when p = 0, the proximate order p(r) is called the zero proximate
order. We denote V(r) = 7°("). The proximate order p(r) is called a prozimate
order of the function f if

o — T 1)
r—o0 V(1)

€ (0,00). (1)

By the equality (1), the value of o is defined for an arbitrary positive function
f and an arbitrary proximate order p(r). It is called the type of the function f
with respect to the proximate order p(r). In general, o € [0, oc]. If the inequality
o < oo holds, then f(r) is called a function of no higher than normal type with
respect to the proximate order p(r).

In the case of an arbitrary refined order, an additional condition on the
proximate order looks as follows. An arbitrary proximate order p(r) is represented
in the form p(r) = p+ p1(r), where p1(r) is the zero proximate order.

The properties of proximate orders can be found in [7], [6], [8]. Let us formulate
several of them we need in what follows.
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Theorem 1 (See [6], Chapter 1, § 12, Lemma 5). Let p(r) be an arbitrary
prozimate order. Then for any t > 0

I — 1P
rhoo V()

and there is a uniform convergence on any segment [a,b] C (0,00).

Theorem 2 (See for example [8], Theorem 2.5). Let p(r) be a zero proximate
order. Let

V(rt)
v(t) = sup .
( ) r>0 V(T)
Then ~(t) — y(t) is a continuous function on the semiazis (0,00), moreover the
functions y(t) and v(}) have zero order, that is

1 1
i 20 _ gy @)
t—soco Int t—oco Int

Remark. There is a global inequality
V(rt) <~)V(r), r,t >0, (2)

where p(r) is the zero proximate order. If p(r) is an arbitrary proximate order,
then
V(rt) = (rt)?") = tPrp (rt) D <y ()PP VA (r) = 4 (P V (1), (3)

where p = p(c0), and the function ~(t) is constructed using the zero proximate
order pi(r).

We define a Radon measure as the difference of two locally finite Borel
measures g = p1 — po. If = pp — po is such a representation, then the measure
1 is called a positive part of the Radon measure p and is denoted by p*. The
measure uo is called a negative part of u and is denoted by p~. The measure
|u| = u™ + p~ is the modulus of the measure .

For Radon measures p the domain of definition consists of all Borel sets £ C
G C C except for those E for which p(E) = po(E) = 4o0.

If there exists a Radon measure g such that for any continuous compactly
supported function ¢ the relation

n—oo

lim | p(@)dpn(z) = / o(2)dpin(2)

holds, we say that the sequence u,, widely converges to .
Let p be the Radon measure in C, p(r) the proximate order. The value

L lB.)
r—00 Vi(r)

is called a type of p with respect to the proximate order p(r).
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If 0 < oo, then the measure p is called a measure of no higher than normal
type with respect to the proximate order p(r).

If the measure p is such a measure, then there exists a constant C' such that
for r > 1 we have the inequality

[l (B(0,7)) < CV(r). (4)

If the measure p does not load the disk B(0, 1), then the inequality (4) holds
for all » > 0.
Given p and p(r) as above, we denote by p; (¢t > 0) the following measure

_ ptE)
pe(E) = OB

The set of measures v = litm e, , where t, — 00, is called the Azarin limit
n toco

set of the measure p ( with respect to the proximate order p(r)) and is denoted
by Fr{u] or if Fr[u, p(r)], should the need arise.
The results below follow in essence from previous definitions and statements.

Theorem 3 Let u be the Radon measure in C of no higher than normal type with
respect to the proximate order p(r), which does not load the disk B(0,1). Then
there exists a constant C such that for t > 0 and r > 0 the inequality

(1| (B(0,7)) < Cy(r)r?, p= p(c0)
holds.

Proof. Taking into account the inequality (4), we have

The inequality (3) completes the proof.

Theorem 4 (See [9], Theorem 1). Let p be the Radon measure in C of the type
o with respect to the proximate order p(r), p = p(co) > 0. Let the measure p; be
constructed by using the prozimate order p(r). Then for any measure v € Fr{ul]
and any r > 0 the inequality

lv|(B(0,1)) < orf

holds.

In the theory of subharmonic and d-subharmonic functions in the plane C, an
important role is played by the kernel

1 2P
)
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where p € N. For all z, ( € C we have the inequality (see [6], Lemma 2)

Ky(2,0)] < M<p>}§:zmin{1, ’C‘} (5)

where M (p) depends only on p. Let p be the Radon measure in C. We consider
the following potential

[ oz 0anto)
C

which we call the canonical potential of the measure .
The convergence of the sequence vy, (2) to v(2) in the space L jo.(C) means

/ [un(2) — v(2)ldy(z) =0 (n - o),

where the measure -y is the restriction of the Lebesgue measure on the compact
set K C C.

2. Main results

In this section we prove a series of results on the convergence of a sequence of
canonical potentials.

Theorem 5 Let p(r) be a proximate order, p = p(oco) > 1 be an integer. Let
the measure p be a measure of no higher than normal type with respect to the
prozimate order p(r), which does not load the disk B(0,1). Let the sequence of
measures i, (t, — 00) widely converge to the measure v. Then the sequence of
functions

vp(2) = / Kp-1(2,¢)dp, (C)
B(0,]z])

converges to a function

U(Z) = / Kp—l(Z’C)dV(C)

B(0,]z])

in the spaces Ly 1o.(C).

Proof. Since mu is a measure of no higher than normal type with respect to
the proximate order p(r), which does not load the disk B(0,1), it follows that
there exists a constant M; such that for all » > 0 we have the inequality

V(tnr)
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Applying the inequality (3), we obtain |u, |(B(0,7) < Mi~vy(r)rf. Since v € Fr{u],
it follows from the theorem 4 that there exists a constant Ms such that for all

r > 0 the inequality |v|(B(0,r)) < Mar? holds.

We denote by o, = p¢,, — v. Then there exists a constant M such that we

have
[ (B(0,7)) < M3y (r)r?, r > 0.

Let d be an arbitrary number with d > 2. We have

A, = / lon(2) — v(2)|dma(2)

B(0,d)

/ [ Eomite:Qdan(0)| dma)

(0]2])

/ / X0 (O Ep1 (2, C)darn (C)dma (=),

where

5(2) = sign (=),

p—1
o(2) = / Kpo1(2, Odan(Q) = 3 ful2),
B(0,]2]) k=0
fo(z) = / In 1—2 da,(€)
B(0,]2)
fr(z) = %Re 2k / Clkdan(g) yk=1,p—1
B(0,]2)

(6)

The function [ X da,(¢) is a linear combination with complex coefficients

B(0,]2])

of increasing functions of the variable |z|. Therefore, this function is a Borel
function in C. From this it follows that the functions fi(z), & = 1,p — 1, are

Borel functions in the plane C as well.
Consider the function

folz) = / In |2 — ¢[ don(C) = / X0 () 1|2 — ¢ dan(©).

B(0,]2]) B(0,]2])

The function xp(o,»)(¢) In |z — ¢ is a Borel function of the variables z, (.
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We have
I= [ [ xsesmn© s = dldan
B(0,d) B(0,d)
d 27
< / (/lnrei‘pgdgo rdr | d|a,|(Q).
B(0,d) \0 \0O
Next, we find

27 27
/ In|re’” — (|| dp = / (2In" |re’® — ¢ — 21n|re’? — () dy
0 0 (8)

1 1
< 47 In2d + 47 min (111, ln|<|> .
r

d 2
/ /‘ln|rew—<‘d<p rdr
0 \0

| J (9)
< 27wd*In2d—2m 21n\q/rdr+2/r1nrdr < My(d).
0 <l

From these inequalities it follows that [ is finite. This and the Tonelli
theorem [10] imply that the function xp(,.)In|z — ¢| belongs to the space
L1(B(0,d) x B(0,d),dmg x day,). Next, the Fubini theorem [10] implies that the
function fg(z) is integrable with respect to msy and, in particular, is a Borel
function. We successively obtain that the functions fy(z),g(z),s(z) are Borel
functions and so the function h(z,() = s(2)Xp(o,2|)(¢)Kp-1(z,¢) of the variables
2z, is also the Borel finction on every set B(0,d) x B(0,d).

The finiteness of the integral

[ [ weodme | dade).

B(0,d) (0,d)

can be proved in the same way as the finiteness of I above.
Now Tonelli’s theorem [10] implies

h(z,¢) € Li(B(0,d) x B(0,d), dms x daw,). (10)

Note that this means the finiteness of the four integrals

/ / (h(z, O)*) dma(2)da (©).
B(0,d) B(0,d)
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From the equality ( ref q8) and the Fubini theorem cite K it follows that

A, = / Q) dan (), (11)
B(0,d)
where
p@>::l/ (X802 (O Kyt (2, Odma(2) = /" () K pr (2 O)dma(2).
B(0,d) R([[¢],d])

Let us prove that the function p(¢) is continuous on the set C\ {0}. It is easy
to see that the continuity of p(¢) follows from the continuity of the function

90 = / In |z — Cls(z)dma (2).
R([[¢],d])

We assume for definiteness that the inequality |(o| < |¢] holds. We have

() — a(o)| < / ‘ln j__é dma(2) + / In |z — zo|| dma(z)
R([I¢ol.d]) R([I<ol5I<1D)
I<| 2m
‘C - 40‘ ip
< In {1+ 2= Gol dma(z) + |In|re'” — (ol|de | rdr
Z =60
R([I¢ol.d]) IGo| \O
=Ji+ Jo.

The inequality (8) implies the inequality

hS%M<MM+MQOUQ—MU

Also, the inequality

Ji < / 1n<1+’<_co’>dm2(z)

|2 = Co
B(¢o,2d)

holds.
The integral Js can be estimated from above by using the polar coordinates

with the vertex at (g
2d
Jo < 271'/7“111 (1 + |C_<O|> dr.
r
0

Now the continuity of the function ¢(¢) on the set C\ {0} is obvious. Thus,
we have proved the continuity of the function p(¢) on the set C\ {0}.
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Note that the equality p(¢) = 0 holds for |¢| = d. If we assume that p(¢) =0
for | | > d, then the equality (11) can be rewritten as

Anzzj}xodan@% (12)

where p( zeta) is a continuous function compactly supported on the set C\ {0}.
If the function p(¢) were continuous in the whole plane, then the equality 12
would already imply the relation A,, — 0 (n — o0). However, this is not the case.
Therefore, additional reasoning is required. We evaluate the function p(¢). The
following estimate stems from the inequalities (5), (9)

My (d)
PO < Jpr Il <1

Now let € be an arbitrary number in the interval (0, %), 1 =1(¢) +12(C) -
continuous partition of unity such that supp 91 C B(0,2¢), supp ¥2NB(0,¢) = (.
Then it follows that

m&smmw/dm”+mvwmwmo

n—00 n—o00 |C|P 1 n—o00
B(0,2¢)
(13)
2 n—+00 |C’P_1 ’
B(0,2¢)

If p =1, it is easily seen from the resulting inequality that A,, — 0 (n — 00).
In what follows we assume that p > 1. We have

2e 2¢e
dlon|(t) _ |an|(B(0,2¢) 1 [ |an|(B(0,1))
/ =1 (2e)p1 N p— 1/ tr
0

0

The latter equality along with the inequalities (6), (13) completes the proof
of the theorem.

Theorem 6 Let p(r) be a prozimate order, p = p(co) > 1 be an integer. Let
the measure p be a measure of no higher than normal type with respect to the
proximate order p(r), which does not load the disk B(0,1). Let the sequence of
measures i, (t, — 00) widely converge to the measure v. Then the sequence of
functions

/K O, (O)
CB(0,|z])

converges to a function
/ K, (2, Q)dv(Q)
CB(0,]2)

in the spaces L1 joc(C).
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Proof. We denote o, = iy, —v. Let d be an arbitrary number satisfying d > 2.
We have

Bu= [ lon(e) = vo(a)ldma2)

B(0,d)
= / / K,(z,¢)dan(Q)| dma(z) (14)
B(0,d) CB(0,]z])

/ / 2)xen(042) (O Fp (2 O dan(O)dma(2),

where
= sign / K,(z,()doy(Q).
CB(0,|z])

Let N > d be an arbitrary number, 1 = 11 ({)+12(¢) be a continuous partition
of unity such that supp 1 C B(0,2N), supp 2N B(0, N) = (). Then the equality
(14) can be rewritten in the form

B, — / / (@)1 K2, C)daun (C)dma(2)

B(0,d) R((|z],2N1])
+ / / S22 O K (2, ) darn(O)dma(2)
B(0,d) CB(0,N)
:Jl,n+J2,n-

(15)

We investigate each of these integrals. We have

ho= [ [ heOdan@dma(e),

B(0,d) B(0,2N)

where h(z, () = s(2)¥1(¢)xcB0,2)) Kp(2, (). Next, repeating the reasoning in the
theorem 5, we obtain h(z, () € L1(B(0,d) x B(0,2N), dmgy x day,). From this and
the Fubini theorem [10] it follows that

Jip = / p(O)dan(©), (16)

B(0,2N)
p(¢) = / S(@)91(OXeB0,2)) (O Koz, Odma(z)
B(0,2N)

- / S(2)01 () K (2, C)dma(2).
B(0,[¢)
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Note that p(¢) = 0 for ( = 0. Applying the reasoning in theorem 5 after the
equality (11), we obtain that the function p({) is continuous on the set B(0,2N).

Note that the equality p(¢) = 0 holds for |(| = 2N. If we assume that p(¢) = 0
for |(| = 2N, then the equality (16) can be rewritten as

T = [ DO (©) am)

where p(() is a continuous function compactly supported in C.
From the condition of the lemma it follows that lim J;, = 0. From this and
n—oo

the inequality (15) we have

lim B, < hm Jin + hrn Jon = hm Jon

o 18
<MM@¢M/“5JV "

N

where M (p,d) is a constant depending only on p, d. Integrating by parts in the
last integral, we obtain

oo
dlan|(B(0,t)) _ |an|(B [ lonl(B
trt+1 - Np+1 tp+2

N

The latter equality along with |ay,|(B(0,t)) < MtPv(t) and the inequality (18)
imply that B, — 0 (N — o0). The proof is complete.

Theorem 7 Let p(r) be a prozimate order with non-integer p = p(c0) > 0,
p = [p]. Let the measure p be a measure of no higher than normal type with
respect to the proximate order p(r), which does not load the disk B(0,1). Let the
sequence of measures p, (t, — 00) widely converge to the measure v. Then the
sequence of functions

2 = [ Kyle. O, (0

@=/M@ow@

converges to a function

in the spaces L1 joc(C).

— [ Kl @+ [ Kol Odin, ©).

B(0,]z[) CB(0,]2])

Proof. We have

The result follows from theorems 5, 6.
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A Multiplicative Representation of the Resolvent Matrix of
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A new multiplicative decomposition of the resolvent matrix of the truncated
Hausdorff matrix moment (THMM) problem in the case of an odd and even
number of moments via new Dyukarev-Stieltjes matrix (DSM) parameters
is attained. Additionally, we derive Blaschke-Potapov factors of auxiliary
resolvent matrices; each factor is decomposed with the help of the DSM
parameters.

Keywords: Orthogonal matrix polynomial; Dyukarev-Stieltjes parameter;
Resolvent matrix; Continued fractions.

A6non Yoxke-Pisepo. MyabTUILIIKATUBHE 300parkeHHsSI Pe30JIbBEHTHOL
MAaTPUIIi ycideHOol MaTpuvHOI ITpobjieMu MOMEHTIB Xaycaopda B Tep-
MmiHax HoBux nmapamMmerpiB drokapesa-Crinbrbeca. OTpuMaHO MyJIBTUILII-
KATUBHUN PO3KJIJ PE30TBBEHTHOI MATPUI YCIUEHOT MaTPUIHOI IIPOOJIEMU MO-
MeHTiB Xaycopda y BUIaJIKy HEapHOro Ta MAPHOIO YUCIa MOMEHTIB B T€PMi-
HaX HOBUX MarpuwdHux mapamerpiB Hoxapesa-Crinbreeca. Kpim Toro, mu me-
perBoproeMo MHOXKHUKH bisrike-IloTamoBa qomoMi>kHuX PE30JbBEHTHAX MAT-
PUIIb; KOXKHUI MHOXKHUK ysIBJIeHO depe3d mapamerpu Jlokapesa-Crimbrheca.
Kaovo6i crosa: OpTOroOHANBHI MATPUYIHI MHOTOUIEHN; mapameTpu Jlokapesa-
CriibThECA; PE30JIbBEHTHA MATPHUIS; HEIIEPEPBHI APOOH.

A6on Yoke-Pusepo. MysIbTUMJIMKATUBHOE MPEJICTABJIIEHUE PE30Jib-
BEHTHOM MaTPHUIIbI YCEYEHHO MaTpUYHO mpobjeMbl MOMEHTOB Xa-
ycaopda B TepMHHAX HOBBIX mapaMeTrpoB liokapeBa-Crtuiarheca. Ilo-
JIy4€HO MYJIbTUILIMKATUBHOE PA3JIOKEHNE PE30JIbBEHTHON MATPHIIBI YCEIEHHON
MaTpUYHON pobJIeMbl MOMEHTOB Xayciopda B ciiydae HEYeTHOIO M YETHO-
ro Yncja MOMEHTOB B TepMHUHAX HOBBIX MaTPUYHBIX mapamerpos Jlrokapesa-
Cruirbeca. Kpome Toro, mbr mpeobpadyem muoxkutesn bismike-Iloramosa
BCIIOMOTATEJIbHBIX PE30JIbBEHTHBIX MATPHUIL; KAXKIbIH MHOYKUTEJIb BBIPAYKAET-
cs gepe3 mapamerpsl Jiokapesa-Cruirheca.

Karwuesvie cno6a: OpTOrOHAJIbHBIE MAaTPUYHBIE MHOIOYJIEHBI; I1apaMeTpPhI
IokapeBa-Cruirbeca; pe30JibBEHTHASI MaTPUIA; HEIIPEPBIBHBIE JIPOOH.
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1. Introduction

Throughout this paper, let ¢ and p be positive integers. We will use C, R, Ng
and N to denote the set of all complex numbers, the set of all real numbers, the
set of all nonnegative integers, and the set of all positive integers, respectively.
The notation C?*? stands for the set of all complex ¢ x ¢ matrices. For the null
matrix that belongs to CP*¢ we will write 0,x4. We denote by 0, and I, the null
and the identity matrices in C2%?, respectively. In cases where the sizes of the null
and the identity matrix are clear, we will omit the indices.

In the present work we introduce new matrix Stieltjes parameters, called
Dyukarev-Stieltjes matrix (DSM) parameters of the truncated Hausdorff matrix
moment (THMM) problem. With the help of the DSM parameters, we obtain a
new multiplicative representation of the resolvent matrix (RM):

A (z) oM (s
Um(z) = < 7<m>ézi §<m>((z)) )

of the THMM problem in the case of an odd and even number of moments. The
RM U™ is a 2¢ x 2¢ matrix polynomial, which we factorize as follows:

(2n+1) :D?,]l(_Q?H)m[()QnH) . ]1n2ff_1)11'n7(12"+1)352n+1)]31, (2)
where Dy, are anti-diagonal block matrices, Dy is a diagonal matrix, 852”), B§2n+1)a
11(.2"+1), 1m§.2n) are constant anti-triangular block matrices and 1m§-2n+1)> ]1;2”) are

affine on z and anti-triangular block matrices.

See Theorem 3 and Corollary 1.

The importance of the RM is explained by the fact that linear fractional
transformation

s(2) = (" (2)p(2) + B (2)a(2) (7" (2)p(2) + 6 (2)a(2)) !

describes the set of all associated solutions in the nondegenerate case of the
THMM problem. Here the column pair (p, q) satisfies certain properties in every
case; see Definitions [10, Definition 5.2] and [9, Definition 5.2].

Let us now summarize the notions appearing in the last two paragraphs.

Statement of the THMM problem. The THMM problem is stated as follows:
given an interval [a,b] on the real axis and a finite sequence of g x ¢ matrices,
(5510, describe the set M%[[a, b], BN[a, b]; (s;)7-] of all nonnegative Hermitian
g X q measures o defined on the o-algebra of all Borel subsets of the interval [a, 0]

such that
sj = / tIdo(t)

[a,b]
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holds true for each integer jf with 0 < j < m.

Solution set of the THMM problem. For describing the solution set of the
THMM problem with the help of the finite sequence (sj)?zo (resp. (sj)?fgl), we
construct the following Hankel matrices

Hoj = {5l+k}f,k:ov Hyj:= {Sl+k+1}ik:ov and  Hyj := {Sl+k+2}ik:o- (3)
Furthermore, denote
Hyj:= ﬁo,j, J=>0, Hyj 1:= —abﬁo,j—1 + (a+ b)ﬁl,j—l - ﬁQ,j—la j=1 (4)

and
Kl,j = le,j - Hl,j7 Kg’j = —(IHLJ' + Hl,j, j Z 0. (5)

In |9, Theorem 1.3| (resp. [10, Theorem 1.3|), it was demonstrated that there
is a solution to the THMM problem, that is, the set M [[a,b], B N [a, b]; (55)77]
(resp. M%[[a,b], BN]a,b]; (sj)iggl] is not empty if and only if the block matrices
Hi, and Hy,_1 (resp. K, and K3 ,) are both nonnegative Hermitian.

The problem of finding the set M%[[a,b],B N [a,b]; (s7)72,] for m = 2n and
m = 2n + 1 is usually reduced to searching for the set of holomorphic functions

&L [[a. b],%B N [a, b]; (57)7]

— {s@:/[ d““),aeMgua,b],osm[a,m;(sjw}-

’b]t—Z

Definition 1 Let [a,b] be a finite interval on real axis R. The sequence (Sk)ij:[)

(resp. (sk)i]:_zl) is called a Hausdorff positive definite sequence if the block Hankel
matrices Hy j and Hy j_1 (resp. K1j and Ky j) are both positive definite matrices.

In the sequel, we will consider only Hausdorff positive definite sequences. In this
case the THMM problem is called a nondegenerate THMM problem.

Resolvent matrix of the THMM problem. In the present work we use the
following form of RM of the nondegenerate THMM problem, introduced in [5,
Formula (3.24)]:

" 03, (2,0)05  (a,a o1 (2,071, (a,b
UM (z,a,b) = 2, (* ), 2, 371 ) b=a 2L, (z,0)I'7,, (a,b) (6)
(Z - a)r2,n(zva)®2,n (CL,CL) 7]-11

and [5, Formula (3.27)]
U(2n+1) (Z, a, b)

_ Q3.u(2,0,0)Q3, (a, b, ) —Qiun@P @ ) g
*(z - a)(b - Z)PZ*,n(z’ a, b)QE,n ((L, b7 CL) Pl*,n—t—l(Z)Pl*,n+1(a)
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The ¢ x ¢ matrix polynomials Py ;, Q. j, I'r j and Oy ; for k = {1,2} are ¢ x g are
constructed via the given data: the sequence of moments (sj)?io (resp. (sj)iggl).
See Definition 6 and 7.

It should be mentioned that the THMM problem in the nondegenerate case
was first solved in [30].
Factorization strategy of the RM of the THMM problem. Our main
purpose is to factorize the RM U@ and Ut as their simplest factors. To
this end we pursue the following strategy consisting of three steps.

Step 1. We use the equality

AT, 0 I, sopz
7en) (4 :< ==t Yq > < g 50 >
( ) Oq Iq Oq Iq

~ (on— n b—a)(z—a)l 0
G Dapy (OTOET D
q b—a'q

and

1
U+ (5) — 7—=1q Oq ﬁ2(2n+1)(z)Ag2n+l) (b—2)I; 04 )
0, Iy 0g 1y

where ﬁém)(z), Agm)(z) for m = 2n — 2 (m = 2n + 1) are introduced in (27),
(A1), (28) and (31). Equalities (8) and (9) are the consequence of |9, Equality
(6.26)] and [10, Equalities (6.26),(6.27)].

Step 2. The auxiliary matrix ﬁé%ﬂ)
Corollary 1):

is written in the following form (as in

O =aWal) . d@r-glntD), (10)
~(2n—2) - .. 13(2n-2) . .
Instead of U, , the auxiliary matrix U, (as in (29)) is used. The
factorization
03" = d0a® .. =2 qem (11)

is employed to prove a new factorization of the RM U(?"~2) The 2¢ x 2¢ matrices
d@+D and d?) are affine on z. See Definition 8.
Step 3. We factorize every matrix d?*1) (resp. d(®+2)) as in the Theorem 2:

; I, r; 1 0 I, —r;
(25+1) () — g T q q q J
I =) ( 0 14 ) ( —(z—a)m; I > < 0, I )7 12)
; I, 0 I, (z—a)l I, 0
d(23+2)z_< q q)(t] J)(q q> 13
( ) —t; Iy Og I t; I, (13)

for 0 < j < n (resp. 0 < j < n—1) where the ¢ x ¢ matrices rj, t;, m; and 1; are
as in Definition 9.
Based on Steps 1 through 3, which involves algebraic identities and auxiliary
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results described in Sections 2-4, the multiplicative representations (106)
and (107) are found.

In [8], a similar strategy was employed to attain another factorization of the
RM U@ and U@t Namely, the following relations were used:

U@ = g 4@n)

and

(2n+1) _ z—a" 4 q (2n+1) 4(2n+1) Z—a)lg q
v ( Oq Iq ) Ul A ( Oq Iq > ‘

The auxiliary matrices [71(2n+1) and (71(2") are defined by [8, Formula (1.14) and
(1.32)]. The symbol A®™ (resp. AZ"+1D) denotes a 2¢ x 2¢ matrix depending on
a and b.

Observe that the auxiliary matrices (71(2n) and U'l(%’ﬂ) (resp. (72(%72) and

(72(2n+1)) are related to Hy p and Ky, (resp. Hap—1 and K ,), correspondingly.

The importance of the auxiliary matrices (72(2n+1) and [72(271_2) resides in the

fact that they belong to the Potapov class of matrix functions [42], [10, Lemma
6.3], |9, Proposition 6.3]:

0, il
—il, 0,
(00,0)}. A matriz-valued entire function W : C — CP*P is said to belong to the
Potapov class B, (1) if

Definition 2 Let J, := ( > . Furthermore, letI1; :={w € C:Imw €

Jg—W*(2)J,W(z) >0

is satisfied for all z € 1. A matriz-valued function W that belongs to B 5, (IL;)
is called a J-inner function of B, (ILy) if

Jg—W*(x)J,W(x) =0
holds for all x € R.

Matrix-valued functions belonging to the Potapov class can be factorized into
elementary factors, as seen in Corollary 2.

The determinateness of the TSMM problem was obtained in [25] with the help
of the Dyukarev-Stieltjes matrix parameters of the TSMM. The results obtained
in [25] were generalized in [26], [27], [28], [29] and [33]. In these papers, the Yu.M.
Dyukarev’s factorization of the matrix valued functions in the Stieltjes class [24]
and [23| were employed.

In [31], by using a decomposition of the RM of the TSMM problem, the
following were demonstrated: necessary and sufficient conditions for the TSMM
problem to have a unique solution and infinitely many solutions for the Hamburger
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moment problem with the same moments. Note that in [47] and [14] the operator
approach was employed to solve the THMM problem.

In comparison to the DSM parameters My and Lj (8], the new DSM
parameters m; and 1; depend on both terminal points of the interval [a, b]. Other
DSM parameters which also depend on a and b were introduced in [4]. In turn
the aforementioned parameters are different from the ones studied in [8] (also in
[3]), where the parameters depend only on a. In Remark 8 by setting b — +oo
and a = 0 in the DSM parameters m; and 1;, we obtain the Dyukarev-Stieltjes
parameters of the TSMM problem [25].

Throughout the paper we decisively use the forms (6) and (7) of the RM
of the THMM problem obtained in [5] where the elements of the RM are given
with the help of four orthogonal polynomials and their second kind polynomials.
Orthogonal matrix polynomials (OMP) were first considered by M.G. Krein
in 1949 [39], [40]. Further investigations of OMP were made by J.S. Geronimo
[36], I.V. Kovalishina [37], [38], H. Dym [22], B. Simon [44], Damanik /Pushnitski/-
Simon [15] and the references therein. See also [17], [18], [19], [20], [21], [34], [16],
[41], [45], [31], [12], [13], [11], [6] and [7].

2. Notations and preliminaries

In this section we introduce some matrix notation which appear throughout
the work. In particular, we propose the auxiliary RM (72(2j ) which will be factorized
by elementary matrices. See Corollary 2.

The orthogonal matrix polynomials Py j, I'y ; on [a, b] as well as their second
kind polynomials @)y ;, ©j ; are recalled. The mentioned matrix polynomials

together with the connection between the auxiliary RM ﬁ2(2j+1), ﬁz(Zj) and the
RM U (™) play an important role in this work.

Auxiliary matrices

Let R : C — CUTDexG+14 be given by

Rj(2) = (Ij41) — 215)7", j >0, (14)
with
Ogxi 0
TO—O,T:<‘1XJ‘1 q >,]>1
! ! Ij quxq
Let

Vo = Iq, V5 1= Iq - =t ) VJ > 0. (15)
quxq Oq
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Furthermore, let

Sj
Sj+1 .
v =\ . |, 0=jisk<2n (16)
Sk
Let
UL =80, U0 := —S0,
0 - 0
Uy ;= 1 —b a , U= — '—|—a< a > 17
Lj = Y0,4) ( Yio,j1] ) 2,j Y[0,4] Y[0,j-1] (17)
for every 1 < j <n — 1. In addition, for 1 < j <n let
Yij:=byjjoi-1 — Yj+1,2j, Y25 = —ayj2i—1 + Yj+1.2) (18)

Let I?l,j (resp. I?QJ‘) denote the Schur complement of the block bsa; — s2;41
(resp. —asaj + s2j4+1) of the matrix K ; (resp. K ;). In addition, denote

K10 =bso — s1, K1 j :=bsaj — spj41 — V{5 K Y14, 1<j<n, (19)
KQ,O = —asp + S1, KQJ' = —asgj + 82541 — Y2*,jK27731—1YV2J’ 1<7<n. (20)

The quantities (19) and (20) have been defined in [16] for a = 0 and b = 1.
Let

uy,0 = Oq, U’Lj = < Oq > s 1 S j S n (21)
and
Pp— /U/Q’O y
ug0 = —(a+b)sg + 51, uzj:= ( - ) , 1 <j<2n. (22)
Moreover, let
:9\]' = —abs; + (a + b)8j+1 —Sjy2, 0<7<2n-2 (23)
and
55
N Sj+1 )
Yljk) = : ,0< 7 <k<2n—2.
Sk
Note that by (16) and (23)
Yk = —abypip + (@ 4 )Y ke1) — Yjjt2,k+2)-

We also denote

Yij=yyoj, 1<i<n, Yo;:=7yg-11<j<n—1 (24)



Bicuuk XHY, Cep. «Maremaruka, IpUKJIa(Ha MaTeMaTHKa I MexaHikay, Tom 85 (2017) 23

Let H; j (resp. ng) denote the Schur complement of the block sa; (resp. 52;_2)
of the matrix Hy ; (resp. Ha ;): denote H1 0 = S0, HQ,[) = 350 and

Hy ji=s9; — Yi;Hy | Y1, 1<j <n, (25)
ﬁQJ‘ ::§2] YQJH;] 1Y27j, 1 S ] S n — 1. (26)

The quantities (25) and (26) have been defined in [16] for a =0 and b = 1.

In the following Definition, we recall the auxiliary RM (72(2j ) introduced
in |10, Formula (6.2)]. An additive expansion of the aforementioned matrix is
attained in Proposition 3. In Corollary 2, a multiplicative representation of the
auxiliary RM [72(2j 1 is achieved.

Definition 3 Let Ky ; be as in (5), and assume that K j is a positive definite
matric. Furthermore, let wy ;, Rj and vj be as in (17), (14) and (15). The 2q X 2q
matriz polynomial

GO () G

l~7 (2.7 1) . 2 2 . 7
zZ,a, b = . ~To , 2 S C, 1< < n, 2

with
ay” M (z,0,0) =1 — (2 — )it} ;B (2) Ky [ Ry (a)y;,
B (2, 0,0) i=(2 — )it ;B (2) K| Ry ()i,
7 (za,b) = (z — )i B} (D) K [ Ry(a)u
and

S§2j+1)(z, a,b) :=I, + (2 — a)”;R;(E)Ki}Rj(a)al’j

1s called the second auxiliary matrix of the THMM problem in the case of an even
number of moments.

In [10], Equality (9) was proved by using Bs; := (b — a)u; ;R (a )Ki}Rj(a)ﬂgyj
and

2j+1) . ( 1g Ba;
(B B -

In the subsequent Definition, we introduce the auxiliary RM [72(2]'). In
Proposition 2, an additive expansion of the indicated matrix is attained. A

multiplicative representation of the auxiliary RM ﬁ2(2j ) is given by equality (105).
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Definition 4 Let Hyj be as in (4), and assume that Hoj is a positive definite
matriz. Furthermore, let us j, R; and vj be as in (22), (14) and (15). The 2q x 2q
matriz polynomial

e ~(25) (24)
O o) = ( Ty @) Byt ) see 0<jn-1 (9
g b) 9y’ b)

with

s (z,a,b) =1, — (= — a)(uh ; + 2s00}) R}(2)Hy Ry (a)vy,
BP) (2, a,b) :=(z — a)(so + (u5 ; + zs0v}) R} (2) Hy ) Rj(a) (ug j + avjso)),
35 (2,a,b) = — (2 — a)vIR}(2) Hy  Ri(a)v;
and
557 (2, a,0) =1, + (= — )0} R} (2) Hy | Ry @) (uz, + avjso)
1s called the second transformed auxiliary matriz of the THMM problem in the

case of an odd number of moments. The adjective transformed in the sequel will
be omitted.

Let
Ny j:=—(b— a)_lv;R;(a)Hi}Rj(a)vj (30)

i I, —as I 0
A(QJ)::< q 0)( q q>‘ 31
2 Oq Iq NZ]’ Iq ( )

Remark 1 Let (s])ijo be a Hausdorff positive definite sequence and let U9,
U( D and U( 7 be as in (6), (A.1) and (29). The following equalities are valid:

a)
U(QJ)( ) Iq 250 ﬁ(zj)(z) Iq —aso (32)
Oq Iq 2 Oq Iq

and

and b)

Proof. Equalities (32) and (33) readily follow by direct calculations.
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Orthogonal matrix polynomials on [a, 0]

Let us reproduce some notions on OMP which were introduced in [12]. Let P be
a complex p X g matrix polynomial. For all n € Ng, let

ZIPL = [Ag, A1, ..., Ay,

where (Aj)]?’ozo is the unique sequence of complex px ¢ matrices such that for all z €
C the polynomial P admits the representation P(z) = Z;io zJ A;. Furthermore,
we denote by deg P :=sup{j € Ny : A; # Opxq} the degree of P. Observe that in
the case P(z) = Opxq for all z € C we thus have deg P = —oo. If k := deg P > 0,
we refer to Ay, as the leading coefficient of P. For all k € Ny and all K € Ng with

k <k, let Zy, :={n €Ny, k <n <k}

Definition 5 Let k € Ng U {oc}, and let (Sj)320 be a sequence of complex g X q
matrices. A sequence (Py)i_, of complex q x q matriz polynomials is called a
monic left orthogonal system of matrix polynomials with respect to (Sj)]zio if the

following three conditions are fulfilled:
(I) deg P, =k for all k € Zo ;

(II) Py has the leading coefficient I, for all k € Z ;

(111) ZT[LPj}Hn(Z,LPk])* = Ogxq for all j, k € Zy,, with j # k, where n := max{j, k}.

Remark 2 [12, Remark 3.6] Let n € No U {oo}, and let (sj)?;‘o be a Hausdorff
positive definite sequence: the corresponding Hankel block matrix H, is positive
definite. Denote by (Py)}_, the monic left orthogonal system of matriz polynomials
with respect to (sj)?io. Let o be a nonnegative Hermitian q x q measure on R
satisfying s; = f[a 0 t'do(t) for 0 < j < 2n. Thus,

. H. if i=k
P,doP; = Jr S ’
/[a,m ok {Oq, if j#k

for all 0 < 5,k < n where ﬁj denotes the Schur complement of H;_1 in Hj; see

(25).

In the following two Definitions, we recall matrix-valued polynomials Py j, Q. ;,
T, and O ;. With their help the RM U®™ and U™V (as in (6), (7)) as well
as the solution set of the THMM were described (as in [5, Propositions 4.4 and
4.5]).

Definition 6 Let (sk)zjzo be a Hausdorff positive definite sequence. Furthermore,
let Hy j, ugj, Yrj, for k=1,2, Rj andv; be as in (4), (21), (22), (24), (14) and
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(15), respectively. Let

Pio(z) =1y, Pap(z):=1; Qio(2):=04 Q20(2,a,b):=—(u20+ 2830),
Pyj(z) = (= Yl]Hljl L1 Rj(2)v;, 1<) <n, (34)

P (z,a,b) := (— YQJng LI R(2)v;, 1<j<n—1, (35)
Quj(2) == —(=Y{H [ 1, ) Rj(2)ury, 1<j<n

and
Qa,(2,a,b) := —(=Y5';Hy |, 1) Rj(2)(ugj + 2v550), 1<j<n—1. (36)

Definition 7 Let (sk) L bea Hausdorff positive definite sequence. Furthermore,
let Ky j, U j, ij, fork =1,2, Rj and vj be as in (5), (17), (18), (14) and (15),
respectively. Let

[10(2) == Iy, T2o(2) == Iy, ©O10(2) == 50, O20(2) := =50

forall z € C. For k € {1,2} and 1 < j <n, define

T1j(2,0) = (V15K 1, IRy (2)vy, (37)

Ty j(z,a) = (=Y5; Ky} 1, 1) Ry(2)v;, (38)

O15(2,b) == (=YK 1y, Iy Rj(2)in (39)
and

O2,(2,a) = (=Y5; Ky )y, 1) R;(2)Tia, (40)
for all z € C.

For k = 1,2, we usually omit the dependence of the polynomials P ;, Q. ;, I'x ;
and Oy, ; on the parameters a and b.

In [2], (resp. [46]) it was proved that polynomials Py ; (resp. I'y ;) for k = 1,2
are in fact OMP on [a,b]. In [12]| explicit interrelations between Py ;, I'y ; and
their second kind polynomials were studied.

For the sake of completeness in the following Remark, we reproduce explicit
interrelations between the matrices ﬁ[k,j, kk,j and the polynomials P ;, Q2 ;,
I'1 j, ©2; considered in [5, Corollary 3.4| and [5, Corollary 3.10].

Remark 3 Let I/‘.;de', I?k,jy fOT k= 1,2, Pl,jf QQJ‘, F17j and @27]' be as in (25),
(26), (19), (20) and Definitions 6 and 7, respectively. The following equalities then
hold:

ﬁl,j =— P1,(a)05 ;(a), ﬁ2,j = —Q2,j(a)T] j11(a), (41)
Ky; =T1;(a)Q3 (a), Kzj=0s;(a)P;(a) (42)
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3. Algebraic identities

In this section we will single out essential identities concerning the block
matrices introduced in Section . Let

Ll,n = ((SJ k-i—lI ) 0,..., n and Lg}n = ((5] kI ) 77777 n y (43)

where ;. is the Kronecker symbol with 0; :=11if j =k and §;; := 0 if j # k.
Furthermore, let

- K+ Y1,
B = ( l}ql M) (44)
and .
- —Hy; 1Y
B3 = < Z,JIql J ) : (45)

In the following two remarks important identities are attained which will we
mainly use in the proof of Preposition 1. In turn Preposition 1 is employed in
Theorem 1 which is the main result of Section .

Remark 4 Let v;, Lo j, uij;, Rj, Tj, Hij, w1y, Kij, H{(J and = HQ be defined
as in (15), (43), (1’7) (14), (4), (,21) (5), (44) and (45), respectwely Then the

following identities are valid:
_1— L} =0, (46)
Uy -1 — L5 juy; =0, (47)
Loj— RS (2)LayR;_4(2) =0, (48)
LyjLy; —T5 =0, (49)
H, ij" — T-HL]- — ul,jv; + vjug; =0, (50)
T, Ky ;2 ]Hl J =0, (51)
T;Hs ;=2 ]_2 i =0. (52)
Proof. Equalities (46), (47), (48), (49) are proved by direct calculations. Identity
(50) was considered in [10, Proposition 2.1]. We prove equality (51). Let \; :=

Tj=1 0ja x4 ) By using the

(0g,0qs, - -.,0q4,1;) be a g x jq matrix. Thus T; = (
)‘j Og

last equality and equality

Kii_ Y1
g (S, ) e
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Equality (52) can be proved in a similar manner to (51) with the aid of Hy; =

Hy,;i 1 Yo,
< 2j-1 T2 ), (44) in place of (53), (45), respectively.
Y2,j 525

Remark 5 Let uyj, v;, Hy;, T, Laj, L1, Rj, IA{/QJ', ﬁl,j and ﬁ&j be defined
as in (21), (15), (4), (43), (14) and (3), respectively. The following identities are
valid:

uy j +viHy T =0, (54)
viHyj — v Hijy1laj11 =0, (55)
TiaLlyjor + (T Ty — I Lo ji1 — LojiaLla jL7 ; =0, (56)
T Ly T) — Tj Loy Ly L7 = 0, (57)
Tji1Loj+1 — Lojy1Lo LT ; =0, (58)
Tjy Loy T) — Tj 1 Lo jyr Lo LT ; =0, (59)
(I = 275 1) Lo jr (T;T — 1) — (TjaTjyq — I)Laj1 = 0, (60)
(I — 2T} 1) Lojy1 (I + (z— a)Tf R} (2)) — (I — aT}y ) Lojy1 =0, (61)
vivia sl gre — I Higen + Ly Ty Hajen = 0, (62)
jvieoHjraLo e + L oy Ty Hyjon — L o Hyja =0, (63)
TiL7 j Hijvr — L;,j+1T1,j+1ﬁ1,j+l =0, (64)
- Lz,j+1Tj+1fI0,j+1 +T5L5 i1 Hijrn =0, (65)
—Tipi(Lager —bLaji1) — (T Tjq — I)Laj41R;(a)

+ (I —aTf 1) Loja(Ly — bLoj) L} R:(a) = 0. (66)

Proof. Identities (54)-(65) follow from a straightforward calculation. Equality
(66) follows from (56)-(59).

Now we derive coupling identities between the block Hankel matrices K ;
and Ko j (resp. Hy; and Haj ). These identities are crucially used in the proof of
Theorem 1. Note that other coupling identities were attained in [10, Proposition
2.2, 9, Proposition 2.5| and |5, Proposition 6.2].

Proposition 1 Let T}, Ly, Lo, R;, vj, H1;, and Ho; be defined as in (43),
(14), (15), (4) and (45), respectively. The following identities are valid:
— * * * * * w1
R4 (a)Ky g1 LYy — Ly K TS + Ly jTE0 — Ly jTiKo jR; (a) =0, (67)
— Rj(a)vjvjioHyjro(Ljra —bLlojyo) + (LY jy1 — 0L 50 Hy
+ L3 1 Rj+1(a)Tj11Ha j1 = 0. (68)

Equality (67) follows by a straightforward calculation. Identity (68) follows from
(62)-(65).
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4. The Blaschke-Potapov factors

In this section we obtain a multiplicative representation (10), (11) of the
second auxiliary matrices (72(2n+1) and [72(271_2) via the Blaschke-Potapov factors
d+1) and d®) defined in (73)-(75).

Since the matrices Hj ; and K7 ; are positive definite matrices for 0 < j <n—1
and 0 < j < n, respectively, their inverses can be written as

H;Y oo0; —H7Y Y5\ A

—1 — —1¥2, —

H, ; =< 02”,1 ngq > +< 2’} 175 >H (= YQJHQJ Ll (69)
qxJq q q

and

_ K} 0 ~K;l 7 S 1, o
® 1_< O;xjqu quq:qq>+< Q%ql v >K1’ 1, Kl] vlo)- (70)

Remark 6 Due to Lemma 2 of the appendiz, ﬁQJ‘ (resp. I?Lj) 1S a positive
definite matriz if and only if Haj (resp. K1 ;) is a positive definite matriz.

In the following two propositions, we prove an additive property of the block
elements of the auxiliary RM UQ(QJ )(z) and U2(2] Jrl)(z). These properties give an
indication in the form of the Blaschke-Potapov factors d(?)) and d(2/+1).

Proposition 2 Let Hy ; be as in (4), and assume that Hs j is a positive definite
matriz. Furthermore, let the polynomials P ; and Q2 j be as in Definition 6 and

ﬁ—Q’j be defined as in (26). The block elements of the matrix [72(2j)(z) defined by

(29) can be written in the form

as?(2) = al ™ (2) + (2 — @)@ ;(2)Hy L P (a),
B (2) = BT (2) + (2 — a)@3,(2) Hy 1 Qa i(a),

357 (2) = aff*% — (2 - a)PQ,j@HQ,j Py j(a)
and

597 (2) = 8972 (2) — (= — ) P5(2) Hy | Q2 a).

Proof. Use (15), (69) and
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Proposition 3 Let Ky ; be as in (5), and assume that K1 ; is a positive definite
matriz. Let the polynomials ©1; and I'1 j be as in Definition 7. The block elements

of the matriz ﬁ(QjH)(z) defined by (27) can then be written in the form
ay ™ (2) = @ V(2) — (2 — )05 ;(2) K 1T14(a),
23“ (2) = (2] V() + (2 — )0} ;(2) K1 101(a),
2”1 (2) = ~<23 V(2) = (2 — )T ;(2) Ky 1T 5(a)

z

z

and

(2541 =(2j-1 . NP
57 (@) =577V + (2 - )T (K01 4(a).
Proof. Use (15), (70), the first equality of (71) and equality

~ ﬂLj_l
a < —bsj1+3; > ()
for j > 2.

Definition 8 Let ﬁQJ, [?l,j; Pg’j, QQJ, @1’]' and Fl,j be as in (26), (19), and
Definitions 6, 7, respectively. Define

dO(z) := < éz (2 —Iqa)So ) , (73)

d@12) ()
_ ( I+ (2= Q3 (A Poyla) (2= 0)@3,(0) ) Qay@) ) )
. —(z — )P2,g( )H23P2J( a) Iq_(z_a)PQ*,]( ) Q2J( )
for0<j<n-—1, and
A1) (2)
_ ( ly= (2= 0O (@) (2= 0)8i (@)K 01,00 ) 75)
@RI Tt (- (0K 0, (a)

for0<j<n.
The matriz function d 2j (resp. d (25+1) ) is called the Blaschke-Potapov factor
of the auxiliary matrix U2 (resp. U2(2k+1) ).

Now we prove the main result of this section.

Theorem 1 Let the matriz U2 (resp Uy (2j+1) ) be as in (29) (resp. (27)). Let
d®) | d@tY) be defined as in (73)-(75), then

00 () =d9(2)d®(z), T(z) = dV(2), (76)
U (2) =U 72 (2)d%42(z), z€C, 1<j<n-—1 (77)

and

0370 () =037 D (2)d* 0 (z), z €€, 1<j<n (78)
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Proof. Equality (76) readily follows from direct calculation. Now we demonstrate
(77). Denote

Gil(a) = Q5 ;(a) Hy | Py j(a), (79)

GJ*(a) == Q5 ;(a) Hy | Q2 i(a), (80)

G3'(a) = Pﬁ‘,j(a)Hz,jPQ,j( a) (81)
and

G7*(a) := P5;(a)Hy ) Q2 (a) (82)

for1<j<n-—1.
Now we prove equality (77). By using (73), (74), (79), (80), (81) and (82), Eq.
(77) can be written in the equivalent form

( af{')(z) 352?‘)(2) ) - ( a2 () 552{—2)(2) )
30 (2) 859(2) A (2) 6P ()
I, + (z — a)GY(a) (z —a)G'2(a) B
| ( (- a)G(a) Iy — (2 — A)G2(a) ) =0 (83

The left-hand side of (83) is equivalent to the following four equalities:

Ti1; =as (2) — a5 (2)
+ (2= a) (- V()61 a) + 47 ()63 (@)
Tio; =057 (2) — B P(2)

and

By taking into account (79) and (81), we have

Y11 =(2 — a)Y1;Hy } Paja), Tioj=(z—a)T1,;Hy Qo (a),

~ ~

To1; =(z — a) Yo, Hy } Paj(a), Tazj=(z—a)To,H; Qs ;(a)
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where

Y11 =Q5111(2) — Q5 111 (a) + (2 — a)(ub; + 2800} R} (2) Hy | Ry (a)v;
- Q31(a) + (2 — a)(so + (ub; + zs0v)) R} (2) Hy ; R;(a)
~(ug,; + a“jso))Pﬁk,jH(a)a

Tojp1 == P31 (2) + P (a) + (2 — a)vj R} (2) Hy | Ry(a)v;Q5 414 (a)
+ (2 — a)v;R;(Z)HQj;Rj(a)(uQJ + avjso) Py ;11 (a).

Now we verify that

To;=0, Lke{l,2}, 1<j<n-—L. (84)
By using (36), (35) and (45), we have

Y141 = (—(ug 1+ 28005 41) R4 1(2) + (u2j11 + asoviy ) Ry (a)+

—(z—a)(uz; + zsov;)R;(Z)Hi}Rj (a)(u3 j+1 + asoviyg) Ry (a)
(2= a) (0 + (w3, + 25007 5 (2) H3 ) Ry (a) (15 + avyso)
v Ry (a) 22
=(z — a)vj 1o H1 j42 R 15(2) (=T} 2(Ly a2 — bLo j42)
— ((I = 2T 9) Lo jra(Lujo — bLojur) + (2 — a)(I — 2Ty 1) Lo jro
- R} (2)T5 1 (L1 — bLa jy1)) Hy § Ri(a)vjvl o Hyjyo
“(Lajyr —bLojin) — (I = 2151 ) Lo jyo(Tin T — I Rj 4 (a)
+ ((I = 2T, 9) Lo jyo(Lyjs1 — bLoji1) 4+ (2 — a)(I — 2T 9) Lo j 1o
R 1 ()T} (Lje1 — bLajtn))
: <L17j+1R;+1(@) + Hy (L} 1 — bL;,jH)HLJ‘H)) =5
=(2 — a)vj o H1 js2 R 19(2) (=T oLy g1 — bLoji) — (Tj42T) o — 1)
Ly jraRji(a) + (I — aTjyy) Lo ja(Ly i — bLji1) Ly ji Rjpq(a)
— (I = aT}y9)Lajya(L1jy1 — bLojp1)Hy | Ri(a)vjvf o Hi jio
“(Lyjyr = bLoj1) + (I — aTy o) Lo jra(Lujy1 — bLoji1)Hy
: ( T,j+1 - bL;,j+1)H1,j+1) Ei’j
= — (2= a)vj o H1 12 R} 5(2)(I — a7} o) Loja(L i1 — bLoj1)Hy,
: Lz,j—&—lTj+1H2,j+1Egj
=0.

1
7]

In the second equality we used (54) and (55), in the third equality we employed
(60) and (61). The penultimate equality follows from (66) and (68). The last
equality follows from identity (52). Equality (84) for £ = 2 is proved by using
(35), (36), (46), (49), (68) and (52).
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To prove (78), we used the following equalities:

01,(2) ~ O1,(0) + (= — )i,y Ry (KT L Ry1(@); 107 5(a)
= (2 = )it} jy R}y ()R Ry (@) 1 T (@) = 0 (85)

and

1;(2) =T (@) + (z — a)vj_, R 1(Z)Ki;_le_l(a)vj_l@ij(a)
(2= )T (KT Ry (@)1 T (0) = 0. (36)

In turn (85) and (86) are demonstrated by using (37), (39), (47), (44), (49), (46),
(50), (67) and (51). The Theorem is proved.

Corollary 1 Let the auxiliary matrices ﬁ2(2n+1) and (72(%72) defined as in (27)
and (29). Furthermore, let d?, d®+Y be as in (73)-(75). Then equalities (10)
and (11) hold.

The proof follows immediately from Theorem 1.

5. Representation of the RM via DSM parameters

In this section we introduce new DSM parameters; see Definition 9. In contrast
to the DSM parameters introduced in [3| (see Definition 10) which depend on the
left terminal point of the interval [a, b], the new DSM parameters depend both on
a and b.

With the help of the new DSM parameters and the OMP on [a, b] we obtain
a multiplicative representation of the RM U™ U(2"+1) of the THMM problem.
This representation is a generalization of a similar one attained by Yu. Dyukarev
in [25, Theorem 7].

Definition 9 Let a and b be real numbers such that a < b. Let Hy ;, K1 ;, R, vj,
ug; be defined by (4), (5), (14), (15), (17) and (22), respectively. Furthermore,
let so, Ha j, K1 be positive definite matrices. For 1 < j <n —1, denote by

ro :=s0, rj(a,b):=so+ (u3;+ asov;f)R;(a)HQ_’;Rj(a)(ugd + av;sp)

(87)
to(D) ::véRé(a)KiéRo(a)vo, tj(a,b) := ’U;R;( a)K; 1R (a)vyj, (88)
1y :=s0, lo(a,b):= (760 + aSOUS)Hz_,(% (u2,0 + CWOsO)v (89)

L (a,b) :=(u5 ; + asov}) Rj(a)Hy | Rj(a)(uz,; + avjso)
- (U27j—1 + aSOUj—l) j—l( )HQ_,}ARJ'—I(G)(UZJ—I +avj_1s0) (90)
and
mo(b) IZto(b),
m;(a,b) :=v; R} (a) K| j Rj(a)v; — vj_ Rj_;(a) K7} 1 Rj-1(a)vj1 (91)
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for 1 < j < n. The matrices 1j(a,b) and m;(a,b) are called the second type
Dyukarev-Stieltjes matriz parameters of the THMM problem.

Below we shall usually omit the dependence on a and b of the matrices (87)-(91).
Observe that from (69), (70), (71), (72), (36), (37), (39) and (35) the following
identities are valid:

1 =Q§,j(a)ff{,}Q2,j(G)a m; = FT,j(a)f(f,;FLj(a)’ (92)
r; :Fi}(a)@l,j(a), tj = Qijl (CL)PQJ(CL). (93)

Remark 7 Letr;, t;, l; and m; be as in (87)-(91). Thus, the following equalities
hold:

lj =rj1—r;, j=0, (94)
rnj :tj - tj—17 j Z 1. (95)

Moreover, the matrices 1; and m; are positive definite matrices.

Proof Equalities (94)-(95) follow by direct calculation from (87)-(91).
By the second equality of (41) and the fact that K ; and H 2,j are positive definite
matrices, we obtain that 1; and m; are too.

Let us recall DSM parameters M; and L; first introduced in [3].

Definition 10 Let a be a real number. Let Hyj, Ko, Rj, v;, ua; be defined by

5), (14), (15) and (17), respectively. Furthermore, let Hq ;, K1 ; be positive
(4), (5), ; , Tesp y ; g» K15 bep
definite matrices. For 1 < j < n, denote by

Mo(a) :=s5 ", Lo(a) := 5 o K5 tiay, (96)
M (a) :=v} R} (a)Hy j Rj(a)v; — vj_ R (a)Hi | Rj-1(a)vj1, (97)
Lj(a) :=u3 ;R;(a) Ky Rj(a)ta; — U5 ;_ Rj_1(a)Ky, Rj1(a)iaj 1. (98)

The matrices Mj(a) and Lj;(a) are called Dyukarev-Stieltjes matriz parameters of
the THMM problem.

In the sequel we usually omit the dependence of the DSM parameters M; and L;
on the parameter a.

It should be mentioned that the notion Dyukarev-Stieltjes parameters was
first introduced by B. Fritzsche, B. Kirstein and C. Médler in [35] for the TSMM
problem, that is, for M;(0) and L;(0).

In |25, Theorem 7| Dyukarev introduced the Stieltjes parameters for the
Stieltjes matrix moment problem which in our notations are given by Mjg(0),
Lo(0), M;(0) and L;(0). The following Remark gives the interrelation between
the aforementioned Stieltjes parameters [25, Theorem 7| and the DSM parameters
studied in the present work.
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Remark 8 Let M and L; be the DSM parameters as in (96)-(97). Furthermore,
let the DSM parameters be as in (89), (90) and (91). Thus, the following relations
are valid:

M,(0) = lim bm;(0,b), L;(0) = lim b '1(0,b). (99)

b—+o00 b—+o00
This Remark can be verified by direct calculations.
We continue considering Hausdorff positive definite sequences (sj)?io and

(sj)iggl. The following Theorem shows an explicit representation between the

Blaschke-Potapov factors d®), d(27+1) and the matrices rj, t;, 1; and m;.

Theorem 2 Let d29), dZtD) pe as in (73)-(7}) and rj, t;, 1;, m; be defined by
(87)-(91), respectively. The identities (12) and (13) then hold for 0 < j < n.

Proof. We prove (12). For j = 0 the proof can be checked by a direct calculation.
Let 1 < j < n. Denote
. dil qi?
A = ( 21 b )
i 4

The relation (12) is equivalent to the following four equalities:

100
101

102
103

djl1 —I,+ (z —a)rjm; =0,
djl2 — (Z - a)rjmjrj = 0,

(100)
(101)
d?-l + (2 —a)m; =0, (102)
(103)

d?Q —I;— (z —a)m;r; = 0.
Let us now prove (100). By the (1,1) element of d2*1 | (92) and (93), we have

djl-1 —I;+ (2 —a)rjm;

* >— * 1 * >—
=—(z— a)(al,j(a)Kl,}FLj(a) + (2 — a)@l,j(a) 1,5 (a) 1,j(a)K1,}FLj(a)
= 0.

The equalities (101) and (103) are proved in a similar way. Observe that (102)
is verified by definition. To prove (13) one uses (74), the first equality of (92)
and the second equality of (93). Thus Theorem 2 is proved. Let n € N, and let

Ag, ..., Ay be complex g X ¢ matrices. Let
' s
[14) = 4041+ An 14, and []A4) = Andp 1 A4
j=0 j=0

then denote the right and left product of the matrices Ag, A1, ..., A,, respectively.

The following Corollary readily yields by employing (94), (95), Theorem 2 and
Corollary 1.
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Corollary 2 Let (72(%_2) and [72(2n+1) be as in (29) and (27), respectively.
Furthermore, let my, 1i, tp and rp be as in Definition 9. Thus, the equalities

[72(271—2)
=
_ H I, (z—a)lx I, 0, I, (z—a)l,— I, 04
o0 Oq Iq —my Iq Oq Iq tn—l Iq
(104)
and
K
~ I, 1,_ 1 0 I, -r
U(?n—i—l) _ |:< q k-1 > ( q q ):| < q n ) 105
2 kI;IO 0q I —(z—a)my I, 0 I (105)
are valid.

Now we derive a new representation of the RM of the THMM problem via DSM
parameters in both cases for odd and even number of moments. We also reproduce
an analogue representation given in [8, Corollary 3|.

Theorem 3 Let Py ;, Qrj, I'vj and Oy ; be as in Definitions 6 and 7. Let the
RM U™ U@+ of the THMM problem be as in (6), (7), respectively.

a) Let 1, my, be as in Definition (89)-(91). Thus, the following representations
of the RM in the case of odd and even number of moments hold

U™ (2, a,b)

b) Moreover, let My, Ly be as in (96)-(98). Thus the following representations
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hold:

Ll

o= TL{( o, ) (5] (e, )

[e=]

k
<Iq Qi (@)Pr,) (a) + 525 in<a>Fi;<a>> (108)
0Oq 1y

and

Proof. We prove part a). Equality (106) is proved by using (8), (33), (30) and
(104). In a similar manner one proves equality (107) by using (9), (105) and (28).
Part b) is proved in [8, Corollary 3|. Observe that Q2,—1(a), O2,(a), I'1 »(a),
P ,(a) are invertible matrices due to Remark 3 and the fact that ﬁl,n, ﬁzyn,h
K 1ms I?Zn are positive definite matrices.

Let us introduce some additional notation:

(S )= () oo
e () = (S ) 0
(8 (N L) o
() () o
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and
o= (G T ) D= (g, ) 0
Ds '=<3j bicff)’ P ‘:<(z—0qa>fq é) )
(W ) m (), o
8= (1 QP @+ L@@ ) o
B = (3 @050 - (- P @ ) e
5= (1 Q@0+ 05 @) ) e
5 = (0 e - 0 0 @ ) O

Lemma 1 Let the RM U®" and UC™Y be defined as in (6) and (7).
Furthermore, let ]1,(6271), n’n,(fn), ]1’(€2n+1); m}(€2n+1)7 ]Ll(fn), M,(fn), ]L,(fnﬂ), IMl(an),
Dj, forj =1,2,3,4, B§2n), Bj@n“) forj=1,2 and Dj forj =1,2 be as in (110)-

(113), (114)-(115), (119), (120) and (116), respectively. The identities (1), (2),

U = ML | pnen g (121)

and
[r(ent) _ DQM(()Q”H)]L(()Q”H) o M7(12n+1)IL7(12n+1)B§2n+1)D4 (122)

hold.

Proof. We prove (1). By using (114), (110) and (119) clearly the following
equalities are valid:

n — L 1 0 I —a)l_
73111(,21) _ < (bfz)E)zfa) q I‘Z > < Oq (Z Ia) 1 >
q q q q
@n)p2n) _ [ I Og Iy (z—a)lg
T _<_mk Iq><0q I 7

BS™MD _< .
2 QQ,Ll(a)Pzn 1() %

O
()

The latter equalities along with (106) imply
(2), (121) and (122).

*

a)l'sn(a) (}Z )

‘ 0‘

CL
1). In a similar manner ones proves

AO“
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Appendix
In this appendix we reproduce some results from [9] and [8], which are used

in the present work.

Definition 11 /9, Formula (6.2)] Let Hy j be as in (4), and assume that Hs ; is
a positive definite matriz. Furthermore, let us j, Rj and vj be as in (22), (14) and
(15). The 2q x 2q matriz polynomial

U (2,a,b) := ( %é:;g Z Z; %z))((jzz)) > e
with
0452])(2,&, b) :=I, — (2 — a)us ;R (2)Hy | Rj(a)v;,
52 (z, a,b) :=(z — a)uj jR*»(Z)Hg;R(a)uzJ,
%Zj)(z,a,b) = — (2 — a)v; R;(2) Q;R (a)v;
and

05 (2,a,0) :==I; + (2 — a)vR}(2) Hy } Rj(a)uz,

1s called the second auxiliary matriz of the THMM problem in the case of an odd
number of moments.

Remark 9 /8, Equalities (1.30) and (1.31)] The following identities are valid:
* /= w1 * ok [ = —
F2,j<zv a)927j (a,a) = — U'R'(Z)HL}RJ(G)”J‘,
* —\ p* 1 * — ~
Q1,j+1(Z)P1,j+1( a) = usz (z )Kz,;Rj(a)uZ%

Finally, let us recall the following well-known result below.

A A
Aly A

m) X (n + m) matriz. Therefore, the following statements are equivalent:
i) A>0.
i) A1 >0 and AT, AT Ajp < Ags.

Lemma 2 [1, Proposition 8.2.4] Let A = < > be a Hermitian (n +

iii) Agg > 0 and A12A2721A12 < A1r.
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1. Beryn

OHuM 13 acekTiB Teopil Kijlellb € BUBYEHHSI BJIACTHBOCTEN KiJIEIb 38 JI0IIOMO-
roro Teopil rpadin. Koxunit yepenmaHmil TOPsIIOK MOBHICTIO BUSHATAETHCS CBOEIO
MaTPHIEIO TIOKA3HUKIB 1 JUCKPEeTHO HOpMOBaHUM KijbiieM [1]. Bararo sinacruso-
creil TaKUX Kijlelb MOBHICTIO BU3HAYAIOTHCs 1X MATPHUISIMU IIOKa3HUKIB [2],[3],
30KpeMa, caraiijaku takux Kijenp [1]. TlopiBHsiHO HeJaBHO MaTPUI MOKA3HUKIB
cTaI OKpeMHUM 06’€KTOM BuBYeHHs. B [4] 10BOUTHCS HEXKOPCTKICTD JIOIYCTUMO-
ro caraiijlaka, sIKiii Mae xo4a 6 OJHY IETJIIO.

(© Semencwkuit O.B.,; Tapmociok B.M., 2017
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B [5] posrisimatorbest Barosi (pyHKINI, $IKi BU3HAYAIOTH JOIYCTHMI caraiijia-
Ki. 3 IX MOSIBOIO 3’sIBUJIOCST OLIIBINE MOXKJIMBOCTEM JIJIsl JOCJIIIXKEHHSI JOIIYCTUMUX
caraiijiakis. Ounc JesiKux KJaciB JKOPCTKUX caraiijiakis 3anouarkoBato B [6]. B
|7] 3HalieHO BJIACTHBOCTI OJMHUYHUX [UKJIB Ta OJAUHUIHUX CaraiijlakiB, 30KpeMa
3HaAEHO OOMeXKeHHs JJIsl eJIEMEHTIB MaTPUIll MOKA3HUKIB OJMHUYTHOIO caraiimia-
ka. B [8] mocmimKyrorbes nmukm romycTuMux caraiiakis. B po6ori 3Haiineni jo-
MyCTUMI caraiijlaku, JUIsI 9KUX He icHye 3BuYaiiHux BaroBux yHKIIi. [Tokazamo,
IO ICHYIOTH JIOMYCTUMI caraiijlaku, y SKUX JijIs JIOBIJIBHOI JIOIYCTUMOI BaroBol
dyHKIIT Bara xo4ya 06 oJiHi€l cTpiKK OiJIbIe HIXK OJMHUIIA. TaKOXK y CTATTI BUJIi-
JIEHO KJTACH CaraiifakiB 31 3BUdaffHnMu BaroBuMu (OyHKITISIMHA Ta JI0BEIEHO, IO BCi
JIOIYCTUMI caraiilaku 3 Y0TUpPMa BepIIMHAMU MAIOTh 3BUYAiTHI Barosi QyHKIII.

2. IlonepeaHni BimomocTi

Posrisinemo marpuiio E=(a;j) € My (Z)(Mp(Z2) — ne Kinblie MaTpUIL 1 X 1
3 I[IINMU eJIEMEHTAMH ).

Osznadenns 1.[1, ri.14, c. 353] Mampuuysa €=(cyj;), 0ra axoi 6uKoryOMbCA
HACTMYNHT YMOGU!

1) ayj + o = oy, dnascix i, §, k=1,...,n,

2) ;i =0 dan scizi=1,...,n,

HA3UCAECTNOCA MAMPUUEIO NOKA3HUKIG.

Mampuusa nokasnuxis, 0at AK0T BUKOHYEMBCA YMOGE

3) ajj+aj; =1 dna ecizi,j € {1,...,n} (i#j)

HA3UBAEMBCA 36€0€H010 MAMPULEIO NOKASHUKIE.

Hexait £ = (ay;) — 3Bejiena MaTpuug nokasHukis. Beesemo marpuri £ =
(Bij) =E+E, € My(Z), ne E, — onunudaa MATPHI, TA £ = (i) € My (Z):
7ij = min{ Bk + Py }-

Osnauvenns 2. |1, .14, c. 357] Cazatidaxom 3eedenoi mampuui nokasHu-
kie Q = Q(E) nasusacmves ca2alioak, MAMPUUA CYMINCHOCTNE AKO20 300AEMBCA
Bopmyaoo [Q] = E?) — W),

Osnauenns 3. 1] 3sedeni mampuyi noxasnuxie E1 i E2 nasusaroms ex6isa-
AEHMHUMU, AKULO OOHY MOHCHA 00EPHCAMAU 3 THWOT 30 JONOMO20N EAEMEHMAPHUL
nepemeopers 080T MUNIG:

1. Bidnamu yiae wucao t 610 easemenmis i-20 padka i dodamu o020 do esemen-
mi6 1-20 CMOBNUA.

2. Hominamu micusamu 06a padku i 06a cmosnyi 3 MaKuUMU HC HOMEPAMU.

Osnauenns 4.[1, ri1.14, c. 357] Cazatidax Q) nasusaemvesa donycmumum, AK-
wo icnye 36edena mampuys nokasrukis £, maxa wo Q(€) = Q.

Osnadenns 5. |5 Caeatidarx Q = (VQ, AQ) nasusaromv 36asiceHum, AKU0
susHavera pynryiaw: AQ — R . Qynkuyiio w HA3UBANOMb 684208010, G i 3HAYEHHA
HA CMPIAYL — 8Q2010 CMPILAKU.
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Bara 1nukity J0piBHIOE CyMi Bar #ioro CTpiIok Ta MO3HAYAETbCA W (i1, 12, ..., in ),
e 11,12, ..., I, BEPIITUHA ITUKJTY.

Teopema 1.[3]. fkio & - 3BeIeHa MaTpuIs NOKa3HUKIB, ) = Q(&)-caraiigak
MaTpHIll MOKa3HWKiB, To Marpuiis [Q] € (0, 1) - MaTpure cyMi>KHOCTI CHIIBHO
3B’SIBHOIO caraiigaka.

Teopema 2. [5| Cusbro 38 si3nwmil caraiinak @ = (VQ, AQ) nomycrumMuii o/
i TIIBKK TOI, KoM icHye Barosa ¢yukmig w : AQ — N U@ |, gka 3a00BOIbHSE
TaKi yMOBHU:

1. Bara cTpisiku 3 TOUKM ¢ Y TOUKY j MEHIIa 3a Bary IIISXY 3 TOUKHU ¢ Y TOUKY
J mosxkunu | > 2.

2. Bara mersii B Toumi ¢ MeHIIAa 3a Bary OyIb-siKOTO IHKJIY, IO ITPOXOIUTH
Jepe3 TOYKY %, JOBXKHUHOIO | > 2.

3. Bara 6ynpb-sikoro nukity Oinbimna abo jiopiBaioe 1.

4. Bara nerii npopisaioe 1.

5. Yepes KoxkHY TOYKYy 6€3 IMeT/Ii MPOXOAWTH IUKJI JIOBXKUHOIO [ > 2, Bara
SAKOro jJopiBHIOE 1.

BayBaxkennst 1. 3rigno 3 ymosamu (4) ta (5) depes KOXKHY TOUYKY JIOIYCTH-
MOro caraiiaka IpOXOANTh UKJI Baru 1.

Osnauenns 6.[5|Bazosy dynkyito, axa 3ado6orvrae 6ci ymosu meopemu 1,
HA3UBAMUMEMO JONYCMUMON 64206010 PYHKUIE!.

3a caraiijakoMm () i JIOIMyCTUMOIO BaroBoio (DYHKINEIO w MOXKHA IIOOYIyBaTH
MaTpuIo HoKasHukiB € = (a;j) € My (Z) TakuM Y4HHOM: SIKINO carafifax () mi-
CTUTH CTPIIKY 0, TO (jj = w(0jj), Y IPOTUIEKHOMY BUIIAJKY (v JOPiBHIOE Basi
HAMJIETIOro NUIAXY i3 BEPHIMHU v; y BEPIIMHY V.

Osnavenns 7.|6]Jonycmumut cazaiidax QQ ma3usaomsd HCOPCMKUM, AKULO
ICHYE 3 MOYHICMIO 00 EKBIBANEHMHOCTNE €0UHA 36€0eHE MAMPULA NOKAZHUKIE E
maxa, wo Q&) = Q.

Osnauenns 8. [6]|/Ipocmuti yuxa 6 cazatidaxy Q = (VQ, AQ), saza sxoeo
dopisnioe 1, bydemo nazusamu 0OUHUMHUM.

TBepaxxkenns 1. [7| B monycrumomy caraiinaky @ = (VQ, AQ) mix Bepiu-
HaMI OJIMHIYIHOTO ITUKJIY He iCHy€ IHINX CTPIIIOK OKPIM CTPIIOK IBOT'O ITHUKILY.

TBepmxkenns 2. [7] Jounycrumuii caraiiak ) He Moxke MICTHTH JIBOX CTPIJIOK
Oiq TA 0jg, /i€ BEPIINHN i, j HAJIEXKATh OJHOMY OJMHUIHOMY IHKITY.

TBepxkenns 3. [7] Jouycrumuii caraiigak Q = (VQ, AQ), He moxke MicTuTn
CTPIJIKI 0g;, Ogj, Jle BEPLINHH {, j HAJIEXKATh JIESKOMY OJMHUYHOMY IIHKILY.

Oszuavenns 9. Jlonycmuma 6a206a GYHKYLA HA3UBAEMBCA 36UNATHON0, AKULO
6020 6CIT CMPINOK HE MEPEBUULYE 0OUHUUIO.

Teopema 3. [8] Hexaii () jonycrumuii caraiijiak, oy, - CTplika caraiiiaka @,
Q" - caraiimak, IKWil yTBOPIOETHCs 3 () BUIAJEHHSIM CTPLIKH 0y,. Caraiimak (Q*
€ JIOIIYCTUMUM, SKINO BUKOHYIOTHCSA YMOBH:

1. B @ icHye muisx i3 BepIIuHU U B BEPIIUHY v, BIAMIHHWIA BiJl CTPLIKA Oy ;
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2. Icaye BaroBa (byHKIlS w, st KO () JOMyCTUMEI caraiffjak i CTPUIKA Oy,
He HaJIeXKUTh OIMHIIHOMY ITHKJTY.

3. OcHoBHIi pe3yabTaTn

B macTymHUX TBepIKEHHSIX BUILIMMO KJIACH caraii/lakiB, JJIS SKAX 3aBXKIN
icHYIOTb 3BUYAitHI Barosi OyHKIII.

Teepaxkenusa 4. fxmo caraitiak () Mae meri y BCIX BepIIMHAX, TO JIJIsI
caraiimaka () icHye 3Bm4aifHa BaroBa (DyHKILis.

Josedenns. BaroBa QyHKIIisI w 3 BArOIO BCiX CTPLIOK PIBHOIO OJUHUII 3310~
BOJIBHSIE BC1 YMOBH TeopeMu 1, OCKiJIbKU Bara BCiX IUKJIB He MeHIe aBiiiku. Bara
CTPIIKKM MEHIIIe HiXK Bara IJISXy, TOMY Barona (byHKINS € 3BUYaHOIO BaroBOIO
bYHKITIEO.

TBepmxkenns 5. fkuo caraiiak Q = Q(€), Q = (VQ, AQ) mae enunnii
ONMHUYHUN IIMKJI, TO JJId caraiiiaka () icoye 3Buvaiina Barona (pyHKIIid.

Josederns. 3a TBep KeHHAM 1 OMUHUYIHUN UK/ HE MICTUTH 1HIAX CTPILIOK,
OKPIM CTPIJIOK caMoro IukJy. Yci crpiiku carafigaka () mogiimMo Ha JBi IpyIu:
CTPUIKM ONMHUYHOIO IUKJY Ta CTPLIKU, siKi He HAJeKaTb OJMHUIHOMY ITUKJIY.
He 3menmyoun 3arajbHOCTI MOXKHA BBAXKATH, 10 OJIMHUIHUAN ITUKJI CKJIATAETHCS
3 BeprmmH (12...k). s caraiizaka mobyyeMo BaroBy (GyHKIHIO W HACTYITHIM
YUHOM:

Dw(o12) =1, w(o23) =0, ...,w(ok-1x) = 0,w(0%1) = 0;

2) Bara IHIIUX CTPLIOK caraiijiaka () piBHA OJMHMUII.

s Barosol ¢yHkuil w Bara mukiy (12...%) pieea 1, a Bara iHmUX IUKIIIB
6inbina oxuHuIl, ToMy ymMoBH 2), 3), 5) Teopemu 1 BuKOHYyIOTHCs. [loBeaemo, 1o
BHKOHY€TbCsI yMOBa 1) Teopemu 1: fIkimo crpinka o;; € AQ HaJIeXKHUTh OJUHITHO-
My Ky (12... k), TO B OYb-sIKOMY TIIAXY Oy ,Tiyin s Ty, (AKUI HOIMHAETHCA
B BepimmHi "i”  Ta 3aBepriyeThes B Bepumni 7 j7 ) € MimiMym aBi cTpinku oy ,07, 4,
sIKi He HaJIeXKATh OJMHUIHOMY IIUKJIY, TOMY Bara Takoro IISXy He MEHIIe JIBiiiKu.

fAxmo Bepmmua 47 Ta BepmuHa ”j”, He HaAJEXKATH OJUHUIHOMY ITUKJIY, TO
OYEBUJIHO, IO JIOBIMIBHUM IIAX, SIKAM HOYUHAETHCST B BepinuHi 74”7  Ta 3aBep-
IIYEThCsT B BepIuHi 7 j” MICTUTH MiHIMYM JIBI CTPLIKH 07, 03,5, AKi He HAJIEZKATD
OJIMHUYIHOMY ITUKJIy, TOMY Bara Takoro ILIsAXy He MeHIIe NBIHKH.

Axmo Bepmwmua "7 HaNEXKUTb OMNWMHUYHOMY IUKJIy Ta BepiiuHa ~j~ He
HAJIEXKUTD OJMHUYHOMY IMKJILY, TO 3 TBEP/RKEHHsI 2 BUILUIMBAE, IO B ILIAXY
TiiyTiyigye-»0i,; BEPIIMHA i) He HAJICXKHUTH OJMHIYHOMY UKL, TOMY W(04, i) =
1, w(aipj) = 1 Bara MUIAXY Oiy ,04yiy5--+,0i,; HE MEHIIE JBOX. fIKmIo Bepmmua 74’
HE HAJIEXKUTH Ta BepIinHa ~j” HaJeKUTb OJUHUIHOMY IUKJIY, TO 3 TBEPI2KEHHS
3 BUILIMBAE, IO B ILIAXY Oiiy,0iyiy,-++,04,j BEPIIUHA 1] HE HAJECKUTH OJUHUITHOMY
nuKy, Tomy w(oy;) = 1, w(0iyi,) = 1 Bara mMaaxy 0, ,0ijiy;.--,0i,; HE MEHIIE
JIBOX.

OTxe, 1711 TOBIIBHOI CTPINKN 05 € AQ) Bara nuisxy, aKnil IOYNHAETHCS B Bep-
mnHi 747 Ta 3aBepIIyeThbcsd B BepiuHi ” j”, He MeHIIe JBOX, TOMY BaroBa (pyHKIIiS
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w 3aJ0BOJIbHsIE BCiM ymMoBaM Teopemu 1. OTKe, w € JIOIMYCTUMOIO BaroBOiO (DyHK-
miero. OCKIIBKH Bara BCIX CTPLIOK He IEPEBUIIYE OIUHUIN, TO W € 3BUYANHOIO
BaroBoio QyHKINE. TBepIzKeHHs JIOBEIEHO.

JIema 1. B nonycrumomy caraiinaky Q = (VQ,AQ), VQ = {1,2,3,4} 6e3
MeTeNb, V AKOI0 JIOBXKUHA BCiX OJMHUYHUX IWKJIIB JIOPIBHIOE JIBa i He iCHy€ Bep-
IIUHY, 9epe3 Ky MPOXOJAATE YCi OJMHUYHI IIUKJIN, MOYXKHA BUOPATH JIBA OJUHUIHI
MUKJIN, 9Ki CKJIJaI0ThCs 3 PI3HUX BEPIINH.

Zosedenns. Bepmmaa 71”7  6e3 metTiti, TOMy BOHA HAJIEXKUTH OJAUHIIHOMY ITUK-
ay. Hexait nie 6yme nuki (1 2). Bepumna ”3”  6e3 meryii, ToMy BOHA HAJIEXKHUTh
ofHUIHOMY THKJTY. fKimo 1e muka (3 4), To caraiimak Q micturs mukan (1 2),
(3 4), gxi cKIAIAIOTHCS 3 pi3HUX BepuwH. Jlemy joBegeno. Posrisiremo Bunaiox
kosm QQ me MicTuTh nuka (3 4). fAkmmo depes seprmuy ”3”  mpoxoants wk (1 3),
(BapiaHT KOJIM IPOXOAUTD MUKJI (2 3) PO3IISIAETHCS AaHAJIONIYHO), TO caraiijak
He micturh (1 4) (iHaxIime BCI OMMHUYHI UK IPOXOASITH Yepe3 BepuiuHy 17 ),
He MictuTh (3 4), Tomy micturs (2 4). Omeprkany, 1o caraiijak (Q MICTUTH IIMKJIN
(13), (2 4), axi cknagaoTbest 3 pisuux BepiuH. Jlemy JoBejeHo.

Jlema 2. J/Ing pomycrumoro caraiijlaka 3 4oTHpMa BepIIMHAME 0e3 IeTelb
icHye 3BUUaiiHa BAroBa (pyHKILis.

Jlosedenna. Hexait Q = (VQ,AQ), VQ = {1,2,3,4} nouycrumuii caraii-
JIaK 3 YOTUPMAa BepHimHaMu 0e3 meTesib. JKIno caraiijiak () MiCTUTh OJUHUYHUAN
IIUKJI 3 YOTUPMa BEPIIMHAMHU, TO BIH HE MICTUTBH IHINUX CTPLIOK, KPIM CTPiIOK
CaMoro IUKJIy, TOMY HOI0 JIOBiJIbHA JIONYCTHMa Barosa (QPyHKIlS € 3BUYANHOIO.
dArmo caraiiiak () MICTUTH OJUHUYHUN [UKJI 3 TPbOMA BEPINUHAMHU, TO UEPE3
YETBEPTY BEPIINHY MOXKE€ IPOXOJUTU OJMHUYHUI IUKJ 3 JIBOMa abo 3 TphoMa
BepIUHAMHU, TOMY 3 TOYHICTIO 0 i30MOpdi3My TakKux carailJlakiB € TiJIbKHU JIBa:

0 010 0101

10 00 0010 : : .
Q1] = 010 1 Q2] = 1000 | Vci crpinku 1ux caraiija-

0010 0010

KiB HaJIE2KATh OJIMHUYHUM [UKJIAM, TOMY JIOIYCTUMi BAroBi OYHKINI € 3BUYAHNI-
Mu. Po3riissHeMo BATIAI0K, KOJIA JIOBXKUHA BCIX OJIMHUYHUX IUKJIB JIOPIBHIOE JIBA.
Mok uBi Ba BUIIAIKU:

Bunamox 1. ¥Yci oquaudHi 1MUKIM IPOXOAATH Yepe3 OJHY BEPIITUHY, HATIPUKJIA]T,
1epes Bepruny 17, Tozi caraitgak ¢ micturs mukian (1 2), (1 3), (1 4) i 3 TBep-
JKEHb 2, 3 BUIJIUBAE, IO BiH HE MICTUTH IHINUX CTPLIOK, AKi He HaJeXKaTh UM
[UKJIAM, TOMY JIJIs caraiijilaka () icnye 3Buyaiina Barosa (OyHKITiS.

Bunasok 2. Y caraiiaky () He icHye BepIIMHEA Yepe3 Ky MPOXOJATb yCi 0Ju-
HUYHI TUKJIN.

JloBesiemo, 1110 B caraiiiaky () MOXKHa BUOpATH JIBA OJUHUIHI IUKJIU, STKi CKJIa-
JAIOTHCS 3 PI3HUX BEPITINH.

He 3menImnyroun 3arajibHOCTI MOXKHA, BBaXKaTH, IO caraiijiak () MiCTUTH OJu-
angai mwkan (1 2), (3 4). Ockinbku () CHIBHO3B SI3HMUIL, TO BIH MICTHTH CTPLIKY
10 sAKiit MoxkHA moTpanuTi 3 UKy (1 2) 1o nukiy (3 4). 3 rounicTio /10 i30MOp-
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disMy MoxKHaA BBaXKaTH, 10 () MICTUTH CTPIJIKY 013. 3 TBEPKEHb 2,3 BUILINBAE,
mo caraifiak () He MICTUTBH CTPLIOK 093, 014. OCKLIbKE () CHJIBHO3B I3HUI, TO
BiH MICTUTBL CTPLIKY 1O siKiii MOyKHA nmorpanutu 3 1ukiay (3 4) no mukay (1 2).
Posristremo npa Bumagkm.

Bunamgok 1. Q) MicTuTh CTPiKy 031, 00 049, a60 00UIBI CTPiIKK. 3 TBEPIKEHD
2,3 BUILIABAE, 110 caraigak () He MICTUTb CTPLIIOK 093, 014, 032, 041. AKIIO () Mi-
CTUTH OOUJIBI CTPLIKH 031, 042 TA MICTUTD CTPLIKY 094, TO MU OJePXKaJjin caraiiiak

0110

) . 1 001

(@1 3 MaTpuIeo cymikaocTi [Q1] = 100 1
01 10

[To6ymyemo 3Budaiiny BaroBy GpyHKIIO Ay ()1 HACTYIIHUM YHHOM: Bara CTpi-
JIOK 091, 043 JIOPIBHIOE HYJIIO, & Bara IHINAX CTPLJIOK JOPIBHIOE OIWHUIL].

01 1 2
0 011
Tobro Q1 = Q(&1), &1 = 1 2 0 1
1 100

OdeBumHO, M0 BaroBa QpyHKIIS 3a/10BOJIbHSIE BCiM BuUMoraM Teopemu 1. fAKimo
B (1 BUJAJINTHU CTPLIKY 094 Ta OJIHY 3 CTPLIOK 031 ab0 042, TO CUILHO3B A3HICTD
carafimaka He MOpPYMUTHCI. KpiM TOTO BUAJIeH] CTPIIKYA OMMHUYIHAM ITHKJIAM HE
HaJIeXKaTh, TOMY 38 TEOPEMOIO 2 caraiifjak 3ajUIIATbCS JOIMYCTUMHUM 3 TIEI0 2K
Baror cTpuiok. OTxKe, JJIsI JJOBUIBHOTO caraiijiaka (), iKuii HAJIEXKUTh JI0 BUIIAJIKY
1, icaye 3BHYaiina BaroBa QyHKILS.

Bumna ok 2. () MicTuTb CTPLIIKY 032 , ab0 041, b0 006MIBI CTPiIKHU. 3 TBEPIKEHD
2,3 BUILIMBAE, MO caraiigak () He MICTUTb CTPINIOK 093, 014, 031, O42. AHaJIOTI4HO
JI0 TOIEPEIHBOI0 BUIAIKY PO3LJISIHEMO JIOINYCTUMHI caraiigak (Jo 3 MaTpPHUIIECIO

01 10 01 1 2

. . 1 0 01 0 01 1
CYMIZKHOCTI [Q2] = 010 1 ) QQ = Q(€2)7 82 = 110 1
1 010 01 00

OueBuHO, IO Bara BCIX CTPIIOK HE IMEPEBUIIYE OJIMHUIN, TOMY JOIYCTUMA
BaroBa (PYHKINs € 3BHYaiiHO0. K0 3 (o BUIAIUTH CTPIIKY 094 Ta OHY 3
CTPUIOK 032 abo 041, TO 3a TEOPEMOIO 2 caraiijlak 3aJUIIUTHCS JIOIMYCTUMUM 3
Ti€ro XK Baroio cTpijok. OTxke, [ JOBLILHOTO caraiijaka (Q, KUl HAJIEeKUTh 110
BUIIAJIKY 2, icHye 3Bu4aiiHa BaroBa (yHKIlsd. Jlemy 1oBeseHo.

Teopema 4. 151 HOBIIBHONO JOIYCTHUMOIO caraiigaxa () 3 4oTUpMa BepIIy-
HaMU iCHye 3BUYaiiHa BaroBa (PyHKITi.

Jlosedenna. Hexait Q = (VQ, AQ), VQ = {1,2,3,4}. fkmo caraiinak Q) mae
YOTHUPH IIE€TJIi, TO 38 TBEPIXKEHHAM 4 caraiizax () Mae 3BUYaiiHy BaroBy (DyHKIIIIO
3 Baroio BCIiX CTPIJIOK PiBHOIO OIMHUIII.

Caraiimak () He MOXKe MaTH TPH IETJi, OCKUIBKHA 3 TOrO IO B Caraifijaky €
BepInHa 0e3 MeTJi, BUIINBAE iCHYBaHHS B caraiijaky OIUHUYHOIO ITUKJIY, KU
MICTUTBH IpUHAAMHI JBI BepIInHE, TOMY B () He MEHIIE JTBOX BEPIINH 0e3 MmeTeb.

dAximo caraiimak () Mae IBi meTJii, TO B caraiilaky € OJuH OJUHUIHUN IIUKJI 3
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JBOX BEPIINH, TOMY 3a TBEPKEHHSIM D caraiigak () Mae 3BUYaiiHy BaroBy (pyHK-
ITi0.

Sximo caraiinmak () Mae ofHy IeTiio, To abo B caraiimaka () € OMMHUYHNAN ITUKJT
3 TPHOX BePHINH, a00 /IBa OJUHUYHI UKJIM, SIKi CKJIAJAIOTHCS 3 JBOX BEPIIMH KO-
2K€H Ta MalOTh CIUIBHY BEPIIUHY. ¥ MEPIIOMY BUIAJKY 3 TBEP/I2KEHHS D BUIIJTUBAE
icnyBanns 3Bu4aiinol Barosol dyskiil. Posriasmemo npyruit Bunasgok. Hexait (1
2) ta (2 3) oguHuuHI HUKIIK. 3ayBaXKUMO, 110 3 TBEP/KEHb 2 Ta 3 BUILIUBAE, 110
caraiiak () He MICTUTB CTPLJIKY 013 Ta CTPUIKY 031. PO3IJIsTHEMO BaroBy (pyHKIIIO
w: w(og) = w(oge) = 1, w(o21) = w(og3) = 0, Bara iHMUX CTPUIOK caraiijgaka
sopiBaIOe oiuHuIl. Jlopegemo, mo B () BUKOHYETbCsSI HEDIBHICTB: Bara IIJISIXY i3
BEPIUHA y Bepmmmy ”j” Gimbime nix w(o;) . JKmo cTpinka o;; HaTeXKuTH
OMUHUYHOMY IHKJIY, TO iHINNN NUIAX i3 BepIiiuHu ~1” y Bepiiuuy ”j” MpOXOoIuTh
qepe3 BepmnHy ~4”, TOMy HOro Bara He MeHIIe JBOX. HepiBHiCTH BUKOHYETHCS.
dAxmo caraiijak () MIiCTUTB CTPUIKY 094, TO IHIIOIO NUIAXY i3 BeprmmaEU ~27 y
Bepiuay ”4” He icHye, OCKLIBKH 3 TBEP/KEHHSI 2 BUILINBAE, IO caraiimak () me
MICTUTBH CTPUIKH 014 Ta 034. AHAJOLIYHO 3 TBEPKEHHsI 3 BHUILINBAE, IO SIKIIO
caraiijak () MIiCTUTB CTPUIKY 049, TO IHIIOIO ILIAXY i3 Bepimman ~4” y BepIIUHY
72" He icuye. fKino caraiilak MiCTUTB CTPIJIKY 014, TO 3 TBEDJKEHHS 3 BUILINBAE,
IO BiH HE MICTUTH CTPIJKY 094 TOMY, SIKINO iHINHUI X i3 Bepiuau 17 y Bep-
muny ”4” icHye, TO BiH IPOXOJIUTH Yepe3 CTPUIKY 034 1 HOro Bara He MEHIIE JIBOX.
OrKe, HEPIBHICTH BUKOHYETHCSI. 3 AHAJOTIYHUX MIPKYBaHb BUILIABAE, IO SKIIO
carafimax () MICTUTB CTPLIKY 034, aD0 CTPIIKY 041, 800 CTPUIKY 043, TO JJIsI TTAX
CTPLIOK HEPIBHICTH BUKOHYETHCs. OTKe, HEPIBHICTD, 3TiJIHO 3 KOO Bara ILISIXY
OinbIlle HiXK Bara CTPLIKHM, BUKOHYETHCS JjIsI Oy/ab-sIKOI CTPLaku caraiigaka () 3
onniero nersiero. B yremi 2 noBesieno, 1o A1t JOMYCTUMOTO carafiiaka 3 90THpMa
BeprmHamMu 6e3 meTesb iCHy€e 3BrdaiiHa Baropa (OyHKITSI.

9 29
1

Om:ke, [j1s1 TOBIILHOIO JOIYCTUMOI'O caraiijaka 3 YOTHPMa BEPIIHHAMU iICHY€
3BuUaitHa Barosa (yHKIlis. Teopemy T0BEIEHO.

Teopema 5. Icayrors momycTumi carafiiaku, Jjis SIKAX He ICHYE 3BUYIANHUX
BaroBux (QbyHKIIIA.

Josedennsa. PosrisiHeMo gomycTuMmii carafijlak 3 MaTPHUIEI0 CYMIXKHOCTI

001 00O0O0T1T1
10 00 0O0O0O0O
01 0001O0O0FO0
010000110
Q] = 001 1 00 0 0 O |, akuil oepKyeETbCS 3 MATPUILl TOKa3-
000010101
0001 011O0O0
100100010
100001001
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1 1111 2 2

B caraiinaky () depes3 Bepmnnay 1”7 mpOXOAUTh TIIBKA OAUH ITPOCTHUIM ITHKJI

(1 3 2) 3 BepmmHamu 6e3 neresb, Tomy UK (1 3 2) oxpmerYHME. AHasoriaHO

opmanaanMy € nukian (4 2 5) Ta (3 6 5). Beepennni mukiy (1 36542 1) ¢

CTPLIKK (HAIPUKJIAM 032 ), TOMY 3a TBepizKeHHsiM 1 muka (1 36 54 2 1) we €
OAMHUYHAM TOOTO Iforo Bara He MeHIIE JABOX. 100TO

w(1365421) > 2 (1).

w(1365421) = w(132) + w(425) 4+ w(365) — w(253);

w(1365421) = 3 — w(253) > 2. (2).

3 (1) Ta (2) BummuBae, mo w(1365421) mopismioe 2. Tomy w(136) + w(654) +
w(421) = 2. Jlia yacTrHA PIBHOCTI CKJIAIAETHCSI 3 TPHOX JOJAHKIB, OJIUH 3 SIKUX
pisumit Hy0. He 3menmnyoun 3araabHOCTI MOXKHA BBazkaTH, o w(654) = 0 (immd
BUIIAIKN PO3IVISIAIOTHCsT aHastoriano). OCKiIbKY Bara IIsXy Oliblle HiK Bara
CTPLIKU, MU OJIEP?KYEMO HEPIBHOCTI:

w(ore) + w(oes) +w(oss) > w(ora) <> w(org) > w(ora). (3).

Ockisibku BepinuHa 77”7 3 1metieto, To 3a TeopeMoio 1 MOBUILHUI UK, SKUil
IPOXOJIUTH Yepe3 BepIuuy ~ 77, He MEeHIe JBOX, TOOTO

w(org) + w(ogr) > 2 (4).

Axmo w(o74) = 0, To 3 (4) BumHBaE, Mo w(oyy) > 2 . Axmo w(o7g) > 2, TO
3 (3) BumuBae, mo w(o7g) > 2 .

Omxke, MU JTOBEJIH, IO HE iICHYE JIOIycTUMOI BaroBol dyHKI caraiiiaka () 3 Ba-
IO0 CTPIJIOK He OLIBIIe HiXK OJMHUIIS, TOOTO s caraiizaka () He iCHy€ 3BUUYATHOT
Barosol ¢dyHkIil. TeopeMy goBeeHO.
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Almost automorphic derivative of an almost automorphic
function
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In this article are obtained conditions when the derivative of a continuous
almost automorphic (an asymptotically almost automorphic, an almost
periodic, an asymptotically almost periodic) function remains a continuous
almost automorphic (an asymptotically almost automorphic, an almost
periodic, an asymptotically almost periodic) function, respectively.

Keywords: derivative, an almost automorphic, an asymptotically almost
automorphic function.

HimitpoBa-Bypnaeuko C. JI. Maii>ke aBromopdHa mnmoxigHa wmaiixke
aBTOMOpP(HOT (pyHKIil. VY 1miii crarri orpuMaHi yMOBHU, B SIKUX IIOXiJIHA
HErepepBHOI Maiizke aBTOMOPMHOT (ACUMITOTHYHO MaiizKe aBTOMOPMOHOT, Maii-
K€ IePIoJUYHOl, aCUMITOTHYHO MaiizKe IepioaudHol) (DyHKIHT 3aJUmaeTbes
HEIEePEPBHOI0 Maiizke aBroMOpdHOI (aCHMITOTUIHO MaiizKe aBTOMODPQHOIO,
MajiizKe MepiomIHO, aCUMITOTUYIHO Maiike TIepioanaHOI0) dYHKIIER, Biqmo-
BiJTHO.

Karwwosi caosa: moxigHa, Maiizke aBTOMOP(MHA, aCHMIITOTHUYHO MAaiizKe aBTO-
MopdHa DYHKITIA.
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1. Introduction

In papers published earlier (|4],[5]) in proofs of almost automorphy of the
derivative of almost automorphic function used its uniform continuity. In this
paper, we consider an alternative, weaker conditions in which almost automorphic
preserved under differentiation.

In this article some results are obtained for the almost automorphic (a.a),
almost periodic (a.p.), respectively asymptotically almost automorphic (a.a.a.)
asymptotically almost periodic (a.a.p) function. The results can be divided into
two groups: The first is based on the condition [f,(¢)]/ = [f/]4(t), and the second
on the uniform continuity of the derivative in a neighborhood, it generated an
almost periodic function. Just it shows that differentiation does not change the
structure of the asymptotic functions. Derivative asymptotically almost periodic
(almost automorphic) function, as well as the original function of the sum of the
derivative is almost periodic (almost automorphic) function and the derivative
term, converging to zero at infinity.

Questions about the differentiation of Levitan almost periodic functions are
described earlier in [9]. They are based on the proposition 4, below.

2. Basic definitions
All studied functions are defined on the real axis and take values in a separable
Freshet space Y. Topology of the space is given by increasing the counting system
of semi-norms ps(y), ps(y) < ps+1(y),s = 1,2,3, ...,y € Y. The metric is specified
using quasi-norm

[eS)
ps(y_z)
||y_ZH: 73/)'26}/'
D N T

We will give some definitions for better clarity of the presentation. Many of them
were introduced for numerical functions, generalized for abstract functions with
values in Banach spaces. In the article all definitions are given for the Freshet
spaces.

Let given a number sequence a = {ap}o> ;. We extract a subsequence
{an, }72, € {an}s2, for which the sequence {f(t + an,)}?2, converges pointwise
to a function, i.e. limg_ oo f(t + an,) = fa(t). In the future, we will assume

that from the equality f,(t) = g4(t), follows the equality limy_ o f(t + an,) =
limy 00 g(t+an, ), ¥t € R. That is, the equality achieved for the same subsequence
fan, 12 € {an}iey.

The function f(¢) is compact if the closure of the set of values of the function
f(t) is compact in Y.

Definition 1.([1],[2]) The sequence of functions {f,(t)}22,, fn(t) : R = Y
converges quasi uniformly to the function f(t) : R — Y, if it converges pointwise
to the function f(¢) and for each £ > 0 and for each index K exist an index M
(K < M), such that

min ) = £(2) < 2 Ve e R
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Definition 2.([3],|6]) The sequence of functions { f,,(t)}52; converges to f(¢)
almost uniformly, if it quasi uniformly converges to f(¢) on R with each of its
subsequences.

The term "almost uniformly"is proposed by G. Fichtenholz. For almost
periodic functions will use the criterion of Bochner.

Definition 3.[5] A continuous function f(¢) is called almost periodic if the
family of functions {f(t + h;)}3°, (—oo < h; < 00) is compact in the sense of
uniform convergence on the whole real axis.

Definition 4.([11],[12],[4],[7]) A continuous function f(¢) : R — Y is
called (continuous) almost automorphic if for any sequence {x]}°°, € R is an
subsequence {x,}5°; C {2},}5°, and exist a (continuous) function g(t), so that

lim f(t + a0) = g(t),Vt € R

liq%ng(t — ) = f(t),Vt € R.

Definition 5.[4] A continuous function f(t) : [0;4+00) — Y is called
asymptotically almost automorphic /asymptotically almost periodic/, if it can
be represented in the form f(t) = g(t) + w(t), where g(t) is a.a. /a.p./ function
on the line,w(t) : [0;+00) — Y - a continuous function, which has a limit
limy_, o0 w(t) = 0.

Definition 6.([8],[11],[12]) The set E is relatively dense on the group R, if
there are ¢ elements cy, o, ..., ¢4 such that

q
R=|J(c: + B).
=1

For a more clear understanding of the reasoning we formulate some results,
on which we base the presentation.

Proposition 1. ([8]) A continuous function f(¢) : R — Y is almost periodic,
if and only if for any € > 0 the set

Ue={reR:sup | f(t+7)— f(t) [I<e}
teR

is relatively dense.

Proposition 1 makes it possible to introduce a topology on the group by the
set U:(f). On the other hand, any continuous function in this topology is an a.p.
function.

Proposition 2. ([11]) Each a.a. function f(¢) : R — Y is continuous in the
topology 3¢, defined by the sets

Bye={r € R:max || f(t+7) - f(t) [<e}

where N,a compact set of numbers, € > 0.
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Proposition 3. ([11]) Let it is given an a.a. function f(t) : R — Y and with
its help is introduced the topology 3y on R. Any compact function g(t), defined
on the group R,which is continuous in the topology S, is an a.a. function.

Propositions 2 and 3 do the same work as a proposition 1, but only for the
a.a. functions.

Proposition 4. ([9],[10]) Let f(¢) : R — Y be differentiable function in the
natural topology S on the axis R and f(¢) is continuous in a weaker topology <&
(S < o). The derivative f’(t) is continuous in the weak topology S if and only
if for any € > 0 and = € (—o0; 00) there was a neigborhood U in the topology <&
and interval (—d;9) so that

sup || f/(t+h) — f'(t) < e, Vh € (—6;9).
tex+U

3. Main parts
Criterion for almost uniform convergence of numerical functions is given by
G. Sirvint ([6], lemma 1.2).For functions with values in a Banach space it can be
found in ([3], theorem 5.8).This criterion holds for abstract functions with values
in a Freshet space, namely:
Theorem 1. The sequence {f,(t)}5%,fn(t) : R — Y converges almost
uniformly to the function f(¢) : R — Y if and only if:

limlim || fo(zm) = f(2m) [|= 0

for any set of numbers {z, 20,z € R.
Theorem 2. Let the function f(¢t) : R — Y and its derivative f'(t) are
continuous a.a. functions. Then each of the functions f,(¢) is differentiable and

[fa@®)]" = [f")a(t).

Proof. The function f(¢) and its derivative f’(t) are almost automorphic. Then
the function f(¢) and its derivative f’(¢) are uniformly continuous in the natural
topology o from ([7], lemma 4.1.1).On the axis we introduce the topology &
using the neighborhoods of the form:

Bye=A{reR:sup |l f(t+7) = f(t) [<e},
teN

Bye ={r €R:sup || f'(t+7) - f'(t) < e},
teM

where N and M are compact sets, ¢ > 0.The function f(¢) and its derivative f’(t)
are continuous in the topology . This is possible because the two functions are
almost automorphic. We introduce the functions

(Pn(t) = n[f(t + %) - f(t>]7 Son,a(t) = n[fa(t + %) - fa(t)]7n =1,2,3,....
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The uniform continuity of the derivative f’(¢) implies that the sequence (1),
n = 1,2,3,... converges uniformly on the axis to the function f’(¢).This means
that the sequence {py, (t)— f/(¢)}72; converges to zero almost uniformly. Functions
©on(t) and f’(t) are continuous on the axis in the topology & and uniformly
continuous in the topology g and relatively compact. Applying theorem 1 to the
sequence {p,(t) — f'(t)}52, to an arbitrary numerical sequence a = {t + a, }°°
for which

tnlim | ot + am,) — £/(E-+ ) |

= limlim || @n(t + am) — f'(t + am) ||= 0.

Equality
i | n(t-+ ) = /(04 ) =0

follows from the pointwise convergence of the sequence ¢, (t) to the function f’(t).
Using the relative compactness of the set values of the derivative we can find a
sequence {ai}p2, € {an,}7>, for which the sequence f'(t + aj)}, converges
pointwise. Its limit is denoted by f/(¢), f.(t) = limy f'(t + ax), Vt € R. Then

() = liin [t +ag) = lillcrnlirrbn on(t+ay) = lizn ona(t) = (fa(t)).

The theorem is proved.
Theorem 3. Let the function f(¢) : R — Y be a. a., Va f,(¢) is differentiable
and the derivative is compact. If each function f,(t) satisfies

[fa(t)]/ = [f/]a(t)

then the derivative f’(t) is almost automorphic function.

Proof. For the sequence a = {an, }5°_;, using the relatively compact range of
the function f(¢) and the derivative f/(¢), we found a subsequence {aj}>; C
{am }2°_; for which there are all limits:lim,, ¢y, o(t), limy f'(¢ + d,). Then

limlim @, (¢ + @) = lim f'(t + ax) = [[']a(t) = [fa(®)]" =

= lim ¢y, o(t) = limlim ¢, (t + ax)
n n k

or

lim lim || n(t + dx) = f/(t + ag || < lmlim || @n(t + ar) = f'(t + @i || =
Tk

= li7ILn H Qpn,a(t) - (f/(t))a ”: lign H Spn,a(t) - (fa(t))/ H: 0.

According to theorem 1 the sequence of functions {¢, (¢)}5°; converges to f'(t)
almost uniformly. All functions {p,(£)}7°, are almost automorphic. Then the
limit function f’(¢) according to [12] is almost automorphic. (J

Remark. If the function f(¢) is continuous almost automorphic then functions
©n(t) are continuous almost automorphic function also. According to [12]
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(Corollary 2) it follows that the limit is a continuous almost automorphic function,
that is, the derivative f’(t) is a continuous almost automorphic function.

Theorem 4. Let the function f(¢) : R — Y is almost periodic and it has
a relatively compact derivative f’(t). The derivative f'(t) is almost periodic if
/and only if/any function f,(¢) satisfy the conditions of theorem 2 /respectively
theorem 3/.

Proof of necessity. If the derivative is almost periodic, it is relatively compact
and uniformly continuous. Any slight shift f/(¢) of the derivative f’(¢) is almost
periodic, and therefore it is almost automorphic. The function f,(t) satisfies the
conditions of theorem 2. From theorem 2 it follows [f,(¢)]" = [f']4(t). O

Proof of sufficiency. Applying theorem 3 we receive that f!(t) is an almost
automorphic function. Applying Veech theorem [7] to the numerical almost
automorphic functions < y*, fi(t) >, y* € Y*, we find that the function f'(t)
is weakly almost periodic. Using relatively compact range of the derivate f’(t),
we see that it was strongly almost periodic. [J

Theorem 5. Let f(t) : [0,00) = Y, f(t) = g(t) + w(t) is an asymptotically
almost automorphic function, where ¢(t) is a continuous almost automorphic
function on the line, w(t) - a function that has a limit lim;_,. w(¢) = 0. Let the
derivative w’(t) is uniformly continuous on [0, 00).The derivative function f’(¢) is
asymptotically almost automorphic function if and only if for any a = {a,}72, it
satisfies the conditions [fq(t)]" = [f']a(t), where all derivatives exist.

Proof of necessity. If the derivative f'(t) = ¢'(t) + w'(t) is asymptotically
almost automorphic function, the continuity w’(¢) and the limit 0 at infinity ensure
its uniform continuity. Therefore [wq(t)]" = [w']4(¢). Then, according to theorem 2
follows that the function g(t) = f(t)—w(t) satisfies the condition [g, ()] = [¢']4(t)-
Consequently

[fa@®)]' = [ga(®)] + [wa(®)]" = [g'a(t) + [w]a(t) = [f']a(t).

The conditions for the function f(t) are necessary. O
Proof of sufficiency. Let us consider the sequence pa:(t), At — 0

w —w t+At
pai(t) = G AAtl)f 0 _ Alt/t w'(T)dr.

It consists of uniformly continuous functions pa¢(t) with the limit of zero to
infinity, and it converges uniformly to w’(t). The limit w’(¢) is a uniformly
continuous function on [0, c0), and has a limit lim;_, w(t) = 0. Therefore

[wa(t)]" = [wa(t).
Then the almost automorphic function g(t) = f(t) — w(t) satisfies the condition
[9a())" = g']a(?)-

According to theorem 3 ¢'(t) is almost automorphic function. Thus, the derivative
() =4¢'(t) + w'(t) is asymptotically almost automorphic function. [J
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Theorem 6. Let the function f(t) : R — Y be almost periodic and has a
continuous derivative. Its derivative f’(t) is almost periodic if and only if for any
e > 0 and for any point z € (—o00; 00) there exists a neighborhood of zero U,

Uy={r:sup || f(t+7)— f(t) ||[<a},a>0
teR

interval (—d;+4) such that:

sup || f/(t+h)— f'(t) ||< e, Vh € (=§;+6).
tex+Uq
Proof of necessity. On the axis is entered topology Sy with the help of the
neighborhoods

Uo = {7 :max{sup || f(t+7) = f(t) [,sup [| f'(t+7) = f'(t) I} <a},
teR teR

where a > 0.

It is weaker than the natural topology So. The function f(¢) and its derivative
f'(t) are continuous in this topology 7, and even uniformly continuous. Let it is
given € > 0. From the uniform continuity of the derivative in the natural topology
Qo there exist § > 0 such that

sup || f/(t+h) — f'(t) |< e, Vh < 6.
teR

Then Vh € (—9;40), Vo € R

sup || f'(t +h) — f'(t) < sup || f'(t+h) = f'(t) [ <e.
tex+U, teR
O
Proof of sufficiency. On the axis is entered the topology Sy using the
neighborhoods for o > 0

Ua = {r ssup | f(t+7) = (t) < a}.

teR
In this topology, the function f(t) is continuous. Applying proposition 4, we
see that the derivative f’(t) is continuous in the topology Sy. For the almost
periodicity of the derivative according to proposition 1 is sufficient to prove that
the set

Vg={r: sup | ft+7) = f(t) < B}, Y8 >0

is relatively dense. Assume the contrary, that for some gy > 0 the set V., is
not relatively dense. Using that the set is not relatively dense, we construct a
numerical sequence {2z, }>2

21 €R, 2o 21+ Vo, 23 ¢ (21 + Vo) U (22 + Vo), oo
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or

Zn — Rk ¢ ‘/gO,Vk' <n.

Applying definition 3 (Bochner criterion) to almost periodic function f(t) we
select the subsequence , which is uniformly convergent { f(t + y,)}5°,i.e.

lim Slzp H f(t+yn)_f<t+ym) H:O

n>m,m—o0

or
lim sup | f(@+yn —ym) — f(x) [|=0.

n>m,m—oo

Hence the sequence {yy, —ym}zo>m7m:1 converges to zero in the topology Sy. Since
the function f’(t) is continuous in the topology Sy a number N can be found, so
that

?tlelng | £/t +yn —ym) — f(t) [|<eo,m <n,m>N
ie. yn — ym € Vz,. This contradicts the choice of the sequence {y,}>° ;. Hence
the set V. is relatively dense and according to the proposition 1 derivative f’(t)
is almost periodic.[]

Theorem 7. Let it is given an asymptotically almost periodic function f(t) :
[0;00) = Y, f(t) = g(t) + w(t) where g(t) is almost periodic function on the
line, w(t) - a function with a limit lim;_, w(t) = 0. Let there exist continuous
derivatives ¢'(t), w'(t) and the derivative w'(t) is uniformly continuous on [0; 00).
The derivative f’(t) is asymptotically almost periodic function if and only if for
any ¢ > 0 and for any point z € (—o0;+00) there exists a neighborhood of zero
U.:

Ua = {7 :sup || g(t +7) = g(t) [|< o}
teR
interval (—d;40) such that

sup || f/(t+R) = f(¢) II< &,¥h € (~6; +0).
tew“rUa

Proof of necessity. Since f'(t) = ¢'(t) + w'(t) is an asymptotically almost
periodic function, w’(t) has a limit of 0 to infinity, and is an uniformly continuous
function on [0;00). The function ¢'(¢) is an almost periodic function. It is easy
to see that the conditions of the theorem follow from theorem 5 and the uniform
continuity of the function w’'(¢). O

Proof of sufficiency. Given a point © € (—o0;+00) and a number ¢ > 0, as
in the proof of theorem 5 we can show that the derivative w’(t) is uniformly
continuous on the axis and has a limit of zero to infinity. Then there exists a
number d; > 0 corresponding to § such that

g
sup [| w'(t +h) —w'(t) < 5, h < 1.
teER
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Using the number § the point x € (—o0;400) and the condition of the theorem

we find a neighborhood U, and the interval (—d,d) so that

3
sup || f/(¢+R) = f1(@) 1< 55 h < b
t€I+Ua

Then for the number € > 0, the point x € (—o0; +00) there is a neighborhood U,
and the interval (—9;+40), 6 = min{d;, d2} so that

sup || g'(t+h) —g'(®) [I< sup || f(t+D) = () || +
tex+Uqy tex+Uq
<

5 = g,Vh € (—9;49).

€
+sup ||w'(t+h) —w'(t) ||< =+

teR 2
According to theorem 6 derivative ¢’(t) is an almost periodic function, i.e., f'(t) =
g'(t) + w'(t) is an asymptotically almost periodic function.[]

4. Conclusions

Earlier to prove almost periodicity (almost automorphy) of an almost periodic
(almost automorphic) function, an obligatory condition on uniform continuity
of the derivative was to be exploited. In this paper a variety of conditions
providing the preservation of type of a function for differentiating are presented.
In this regard the results of the theorems 6 and 7 are especially important.
The theorems show that the uniform continuity of derivative of an almost
periodic (asymptotically almost periodic) function in only the relatively dense
neighborhood of zero (each point has its own neighborhood) results in almost
periodicity (asymptotic almost periodicity) and, moreover, it results in the
uniform continuity of the derivative in the whole axis as well. For almost
automorphic (asymptotically almost automorphic) functions instead of the
uniform continuity of the derivative their compactness and fulfilling the equality
[fa(®)]) = [f']a(t) is required. In these conditions the derivative is an almost
automorphic (asymptotically almost automorphic) function. It should be noted
that the derived results are both sufficient and necessary.

The results obtained in the paper are new even in the case of Banach space.
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To the generalization of the Newton-Kantorovich theorem

S. M. Chuiko

Donbass State Pedagogical University,
Slavyansk, 84116, Generala-Batuka str., 19, Ukraine
E-mail: chujko-slav@inbox.ru

Constructive conditions for solvability are obtained, as well as an iterative
scheme for finding solutions of the nonlinear equation that generalize the
well-known Newton-Kantorovich theorem. The case of a nonlinear equation
whose dimension does not coincide with the dimension of the unknown has
been researched.

Keywords: Newton-Kantorovich method; iterative scheme; nonlinear equation;
pseudoinverse matrices.

YyitkoC. M. IIpo y3arampuenusi Tteopemu Hpiorona-KauropoBu4a.
OTrprMaHO KOHCTPYKTHBHI yMOBH PO3B’SI3HOCTI, & TAKOX ITepaliiiHy cxemy,
JUIST 3HAXOJ>KEHHSI PO3B’S3KIB HENIHIffHOrO pIiBHAHHS, $Ki y3arajbHIOIOTH
Biomy Teopemy Hpiorona-Kantoposuya. JlocmiizKeHO BUIIAJIOK HETIHIAHOTO
PIBHSIHHSI, PO3MIPHICTB SIKOTO, He 30ira€ThCs 3 PO3MIPHICTIO HEBiIOMOI.
Karuosi caosa: meron Heiorona-KanToposuaa; itepariiina cxema; HesiHiitHe
DIBHSIHHST; [ICEB/I000epHEHA MaTPUIIH.

Yyiiko C. M. K o0606miesnto teopembr Hbrorona-Kanroposuua. Ilo-
JIyI€Hbl KOHCTPYKTHUBHBIE YCJIOBHS Pa3PENIMMOCTH, & TaKXKe HTePAIMOHHAs
cxXeMa, TpUMEHWMAasl I HAXOXKICHWS PEeIIeHni HeJIUHEHHOro ypPaBHEHUS,
obobrrarormme m3BecTHyo Teopemy Hbioroma-Kantoposuwa. WcciemoBam
cllydait HEIUHEHHOrOo YpaBHEHUs, Pa3MEpPHOCTH KOTOPOTO, HE COBIAIAET C
Pa3MEPHOCTHIO HEU3BECTHOM.

Karouesvie caosa: wmeron Hbiorona-KanTopoBuda; wuTepalMoHHAsT —CXeMa;
HeJIMHEHOoe ypaBHEHNe; IICEBI000paTHAs MATPHUIIA.

2000 Mathematics Subject Classification: 15A24; 34B15; 34C25.

1. Formulation of the problem

We investigate the problem of finding the solution z € R”™ of the nonlinear
equation

p(z) = 0. (1)

© Chuiko S. M., 2017
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We assume that the function
o(z): R" - R™ m#n

is twice continuously differentiable with respect to z in some domain 2 C R™. To
construct an iteration scheme {zx}, that converges to the solution Z € R", we use
the Newton method [1, 2, 3].

Interest in the use of the Newton method is associated with its effective
application in solving nonlinear equations, as well as in the theory of nonlinear
oscillations [1, 2, 3, 4], including in the theory of non-linear Noetherian boundary
value problems [5, 6, 7, §|.

2. The main result

Suppose an approximation z; is found that is sufficiently close to an exact
solution Z of the equation (1). We expand the function ¢(z) in a neighborhood of
the exact solution

¢@w:ﬂn»+¢@b@(z—%)+R@m5_%x (2)

where )
R(&ky 2 — z1) := /0 (1—s)d®0(&k; 2 — 21) ds.

Here & is a point lying between the points Z and zx. In a small neighborhood of
the exact solution we have the approximate equality

o(2) + ¢ (2k) (5 - Zk) ~ 0,

therefore, in order to find the next approximation of z;y1 to the exact solution,
it is natural to put

o)+ ¢/() (01 ) =0, @)

whence under the condition
PJ]: = O, Jk = (p/(Zk> S Rmxn (4)

we find

Zip1 = 2k — I p(zk). (5)
Here Py : R™ — N(J;) is an orthogonal projector of the matrix J; € R™*™
and J,j is the pseudoinverse Moore-Penrose matrix |5, 9]. Note that condition

(4) is equivalent to the requirement of completeness of the rank matrix Jj and
is possible only in case m < n. We show that the iteration scheme (5) converges
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to the exact solution Z. Suppose that in the neighborhood of the exact solution 2
there are inequalities

and note that it follows from the equalities (2) and (3) that

i

< oi(k), Hd2<ﬂ(§k 2 — 21)

\stmww—%W

¢' (2, €) <5 - Zk) = —R(&, 2 — z1),

SO

. - o1(k)oa(k B
I = seaall < || ]| |Rtgss 2 - )| < 220 gz
Let there be a constant
k k
0 — sup {<><>}
keN 2

In this case, there is an estimate
s < 9 . ‘~ . |2
|Z — 211 zZ— 2|7,

which holds that if the iteration scheme (5) converges to the exact solution Z of
the equation (1), then this convergence is quadratic. Let us find the condition for
the convergence of the iteration scheme (5) to the exact solution Z of the equation
(1). To do this, we make estimates

|§—Zl‘ S 9 |§—ZQ|2,
17— 29| <015 — 22 <02 |5 — 5|7,
< 01+2+22 E

~ ~ 3
\z—zglgﬁ‘\z—zgp —zo\Q,

So there’s an inequality [3]

2k:
ke 1
w—msd%“w—m*Zw(”ﬁ—m>’

indicating the convergence of the iterative process (5) to an exact solution Z of
the equation (1) under condition

0|z — 2| <1 (6)
In practice, the last inequality can be replaced by the following one:

9~|Zk—2’0|<1.
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Theorem 0.1 Suppose that for the equation (1) the following conditions are
satisfied:

1. A non-linear vector-function f(z) : R™ — R™, twice continuously
differentiable with respect to z in some region Q& C R™, in a neighborhood of
the point zg has a root z*.

2. In the neighborhood of the zeroth approximation zg € Q C R™ there are
inequalities

8. The folowing constant exists

0 := sup {W}.

keEN 2

J,:' dzgo(fk 12— 2k)

Sal(’f)»'

’s oa(k) - 117 — ]l (7)

Then, under conditions (4) and (6), to find the solution z* of equation (1) the
iteration scheme (5) is applicable, and the rate of convergence of the sequence
{zk} to the solution z* of equation (1) is quadratic.

Example 0.1 The iterative scheme (5) is approzimate for finding the solution
of the non-linear equation (1), where the vector-function is as follows:

(u) = x + siny 4 cos z . v
P = y+sinz +cosx /)’ T z

This vector-function ¢(u) : R3 — R? is defined in any open domain D C R3
and is twice continuously differentiable with respect to z in the neighborhood
QO C D cC R3. We set

up == ( —0,45 —0,45 —0,45 ),

wherein
rank [go’(uo)] =2,

besides

up ~ (—0,455 961 —0,457 894 —0,455 547 )",

and
rank [¢'(u1)] =2,

Then

| [cp/(ul)]+ = 01(1) ~ 2,09 903, ||d®p(u1)|| :=o2(1)~ 0,897 838.




66 S. M. Chuiko

In this case, the weakened condition (6)

Doo(1
O1 - [Jur — oo ~ 0,00743 856 < 1, 6y := "1()2‘72() ~ 0,942 293

is satisfied. Since the condition (6) is satisfied for the first step of the iteration
scheme (5), we find

—0,455 968 239 769 595
ug ~ | —0,457 889 951 795 185
—0,455 537 594 550 856

Then
rank [cp’(ug)] =2,

besides

In this case, the weakened condition (6)

[ ()] || =01(2) = 2,099, ||dp(us)|| = 02(2) ~ 0,897 835.

o0

oo

05 - ||U2 — uOHoo ~ 0,00743 453 < 1,

is satisfied, where

2) o (2
0y = "1()2‘72() ~ 0,00743 453.

For the second step of the iteration scheme (5) the discrepancy of the obtained
approximation
llo(uz)|los ~ 3,69 679 x 10~

is sufficiently big, so we find

0,455 968 239 730 150
ug ~ | 0,457 889 951 789 936
0,455 537 594 568 580

Then
rank [¢(u3)] =2,

besides

In this case, the weakened condition (6)

[ ()] || = o01(3) = 2,099, ||d*p(uz)|| = 02(3) ~ 0,897 835.

o0

[e.9]

03 - HU3 — UOHoo ~ 0,00743 453 <« 1



Bicuuk Xapkiscbkoro namionasbuoro yuisepcurery im. B.H. Kapasina, 85 (2017) 67

is satisfied, where

%::Uﬂa;ﬂw;uQQQQm.
For the third step of the iteration scheme (5) the discrepancy of the obtained

approximation is
[lp(us)lloo ~ 0,

so it’s natural to confine with this approximation.

The theorem just proved generalizes the corresponding results |2, 3, 4, 6, 7, 8|
to the case of matrix Ji irreversibility and can be used in the theory of non-
linear Noetherian boundary-value problems [5, 6, 7, 8], in the theory of stability
of motion [10, 11|, in the theory of matrix boundary-value problems [12]|, and
also in the theory of matrix linear differential-algebraic boundary value problem
[13, 14, 15, 16].
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