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Potential theory is important in the theory of subharmonic and δ-subharmonic
functions. In the article we sharpen Azarin’s variant on the convergence of the
sequence of canonical potentials in the space L1,loc(C).
Keywords: canonical potential, Radon measure, widely convergence.

Нгуен Ван Куинь. Сходимость последовательности канонических
потенциалов в пространстве L1,loc(C). В теории субгармонических
и δ-субгармонических функций существенную роль играет теория по-
тенциала. В статье предлагается усиление варианта Азарина теоремы о
сходимости последовательности канонических потенциалов в пространстве
L1,loc(C).
Ключевые слова: канонический потенциал, мера Радона, широкая сходи-
мость.

Нгуєн Ван Куiнь. Збiжнiсть послiдовностi канонiчних потенцiалiв
в просторi L1,loc(C). У теорiї субгармонiчних i δ-субгармонiчних функцiй
суттєву роль вiдiграє теорiя потенцiалу. У статтi пропонується посилення
варiанту Азарiна теореми про збiжнiсть послiдовностi канонiчних потен-
цiалiв в просторi L1,loc(C).
Ключовi слова: канонiчний потенцiал, мiра Радону, широка збiжнiсть.

2000 Mathematics Subject Classification: 31A05, 31B05.

The study of the potential theory and related problems in mathematical
physics has been in the focus of mathematicians since the nineteenth century. In
particular, in the study of subharmonic and δ - subharmonic functions, methods of
the potential theory play an important role. The results in the present paper can
be viewed as the versions of some theorems from monographs of N.S.Landkof [2]
and V.S. Azarin [1]. See also the paper of A. F. Grishin, N. Quynh, and
I. Podiedtseva [3], where the representation theorem for δ -subharmonic functions
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of finite order in the form of canonical potentials was proved, and the paper of
A. F. Grishin and A. Shuigi [4], in which various types of convergence of sequences
of δ-subharmonic functions were studied. The results of our article allow us to
simplify to some extent the constructions from these articles.

In Section 1 we give the necessary definitions and known results in convenient
formulations, where we follow [2] and [1]. In the main section 2 we give new
theorems on the convergence of the sequence of canonical potentials. Note that
when studying canonical potentials, it is necessary to evaluate separately the
corresponding integrals for ζ| < |z| and |ζ| > |z|, since the kernels in these cases
are different. Therefore, these cases are considered separately.

1. Preliminary results
We will use the following notation:

B(0, R) = {z ∈ C : |z| ≤ R};
C(0, R) = {z ∈ C : |z| < R};
S(0, R) = {z ∈ C : |z| = R};

R([R1, R2]) = B(0;R2)/C(0, R1).

A proximate order is an important tool for investigating the functions of finite
order.

An absolutely continuous function ρ(r) on the semiaxis (0,∞) is called a
proximate order ( in the sense of Valiron [5]), if two conditions hold: 1) there
exists the limit ρ = lim

r→∞
ρ(r),

2) lim
r→∞

rρ′(r) ln r = 0 (under ρ′(r) we mean the maximum modulus of the number
of derivative).

In the case when ρ = 0, the proximate order ρ(r) is called the zero proximate
order. We denote V (r) = rρ(r). The proximate order ρ(r) is called a proximate
order of the function f if

σ = lim
r→∞

f(r)

V (r)
∈ (0,∞). (1)

By the equality (1), the value of σ is defined for an arbitrary positive function
f and an arbitrary proximate order ρ(r). It is called the type of the function f
with respect to the proximate order ρ(r). In general, σ ∈ [0,∞]. If the inequality
σ < ∞ holds, then f(r) is called a function of no higher than normal type with
respect to the proximate order ρ(r).

In the case of an arbitrary refined order, an additional condition on the
proximate order looks as follows. An arbitrary proximate order ρ(r) is represented
in the form ρ(r) = ρ+ ρ1(r), where ρ1(r) is the zero proximate order.

The properties of proximate orders can be found in [7], [6], [8]. Let us formulate
several of them we need in what follows.
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Theorem 1 (See [6], Chapter 1, § 12, Lemma 5). Let ρ(r) be an arbitrary
proximate order. Then for any t > 0

lim
r→∞

V (rt)

V (r)
= tρ,

and there is a uniform convergence on any segment [a, b] ⊂ (0,∞).

Theorem 2 (See for example [8], Theorem 2.5). Let ρ(r) be a zero proximate
order. Let

γ(t) = sup
r>0

V (rt)

V (r)
.

Then γ(t) – γ(t) is a continuous function on the semiaxis (0,∞), moreover the
functions γ(t) and γ(1t ) have zero order, that is

lim
t→∞

ln γ(t)

ln t
= lim

t→∞

ln γ(1t )

ln t
= 0.

Remark. There is a global inequality

V (rt) ≤ γ(t)V (r), r, t > 0, (2)

where ρ(r) is the zero proximate order. If ρ(r) is an arbitrary proximate order,
then

V (rt) = (rt)ρ(rt) = tρrρ(rt)ρ1(rt) ≤ γ(t)tρrρV1(r) = γ(t)tρV (r), (3)

where ρ = ρ(∞), and the function γ(t) is constructed using the zero proximate
order ρ1(r).

We define a Radon measure as the difference of two locally finite Borel
measures µ = µ1 − µ2. If µ = µ1 − µ2 is such a representation, then the measure
µ1 is called a positive part of the Radon measure µ and is denoted by µ+. The
measure µ2 is called a negative part of µ and is denoted by µ−. The measure
|µ| = µ+ + µ− is the modulus of the measure µ.

For Radon measures µ the domain of definition consists of all Borel sets E ⊂
G ⊂ C except for those E for which µ1(E) = µ2(E) = +∞.

If there exists a Radon measure µ such that for any continuous compactly
supported function ϕ the relation

lim
n→∞

∫
ϕ(x)dµn(x)→

∫
ϕ(z)dµn(x)

holds, we say that the sequence µn widely converges to µ.
Let µ be the Radon measure in C, ρ(r) the proximate order. The value

σ = lim
r→∞

|µ|(B(0, r))

V (r)

is called a type of µ with respect to the proximate order ρ(r).
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If σ < ∞, then the measure µ is called a measure of no higher than normal
type with respect to the proximate order ρ(r).

If the measure µ is such a measure, then there exists a constant C such that
for r ≥ 1 we have the inequality

|µ|(B(0, r)) ≤ CV (r). (4)

If the measure µ does not load the disk B(0, 1), then the inequality (4) holds
for all r > 0.

Given µ and ρ(r) as above, we denote by µt (t > 0) the following measure

µt(E) =
µ(tE)

V (t)
.

The set of measures ν = lim
n to∞

µtn , where tn → ∞, is called the Azarin limit
set of the measure µ ( with respect to the proximate order ρ(r)) and is denoted
by Fr[µ] or if Fr[µ, ρ(r)], should the need arise.

The results below follow in essence from previous definitions and statements.

Theorem 3 Let µ be the Radon measure in C of no higher than normal type with
respect to the proximate order ρ(r), which does not load the disk B(0, 1). Then
there exists a constant C such that for t > 0 and r > 0 the inequality

|µt|(B(0, r)) ≤ Cγ(r)rρ, ρ = ρ(∞)

holds.

Proof. Taking into account the inequality (4), we have

|µt|(B(0, r)) =
|µ|(B(0, rt))

V (t)
≤ CV (rt)

V (t)
.

The inequality (3) completes the proof.

Theorem 4 (See [9], Theorem 1). Let µ be the Radon measure in C of the type
σ with respect to the proximate order ρ(r), ρ = ρ(∞) > 0. Let the measure µt be
constructed by using the proximate order ρ(r). Then for any measure ν ∈ Fr[µ]
and any r > 0 the inequality

|ν|(B(0, r)) ≤ σrρ

holds.

In the theory of subharmonic and δ-subharmonic functions in the plane C, an
important role is played by the kernel

Kp(z, ζ) = Re

(
ln

(
1− z

ζ

)
+
z

ζ
+ · · ·+ 1

p

zp

ζp

)
,
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where p ∈ N. For all z, ζ ∈ C we have the inequality (see [6], Lemma 2)

|Kp(z, ζ)| ≤M(p)
|z|p

|ζ|p
min

{
1,
|z|
|ζ|

}
, (5)

where M(p) depends only on p. Let µ be the Radon measure in C. We consider
the following potential ∫

C

Kp(z; ζ)dµ(ζ),

which we call the canonical potential of the measure µ.
The convergence of the sequence υn(z) to υ(z) in the space L1,loc(C) means∫

|υn(z)− υ(z)|dγ(z)→ 0 (n→∞),

where the measure γ is the restriction of the Lebesgue measure on the compact
set K ⊂ C.

2. Main results
In this section we prove a series of results on the convergence of a sequence of

canonical potentials.

Theorem 5 Let ρ(r) be a proximate order, ρ = ρ(∞) ≥ 1 be an integer. Let
the measure µ be a measure of no higher than normal type with respect to the
proximate order ρ(r), which does not load the disk B(0, 1). Let the sequence of
measures µtn (tn → ∞) widely converge to the measure ν. Then the sequence of
functions

υn(z) =

∫
B(0,|z|)

Kρ−1(z, ζ)dµtn(ζ)

converges to a function

υ(z) =

∫
B(0,|z|)

Kρ−1(z, ζ)dν(ζ)

in the spaces L1,loc(C).

Proof. Since mu is a measure of no higher than normal type with respect to
the proximate order ρ(r), which does not load the disk B(0, 1), it follows that
there exists a constant M1 such that for all r > 0 we have the inequality

|µtn |(B(0, r)) ≤M1
V (tnr)

V (tn)
.
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Applying the inequality (3), we obtain |µtn |(B(0, r) ≤M1γ(r)r
ρ. Since ν ∈ Fr[µ],

it follows from the theorem 4 that there exists a constant M2 such that for all
r > 0 the inequality |ν|(B(0, r)) ≤M2r

ρ holds.
We denote by αn = µtn − ν. Then there exists a constant M such that we

have
|αn|(B(0, r)) ≤M3γ(r)r

ρ, r > 0. (6)

Let d be an arbitrary number with d ≥ 2. We have

An =

∫
B(0,d)

|υn(z)− υ(z)|dm2(z)

=

∫
B(0,d)

∣∣∣∣∣∣∣
∫

B(0,|z|)

Kρ−1(z, ζ)dαn(ζ)

∣∣∣∣∣∣∣ dm2(z)

=

∫
B(0,d)

∫
B(0,d)

s(z)χB(0,|z|)(ζ)Kρ−1(z, ζ)dαn(ζ)dm2(z),

(7)

where

s(z) = sign g(z),

g(z) =

∫
B(0,|z|)

Kρ−1(z, ζ)dαn(ζ) =

ρ−1∑
k=0

fk(z),

f0(z) =

∫
B(0,|z|)

ln

∣∣∣∣1− 1

ζ

∣∣∣∣ dαn(ζ),
fk(z) =

1

k
Re

zk ∫
B(0,|z|)

1

ζk
dαn(ζ)

 , k = 1, ρ− 1.

The function
∫

B(0,|z|)

1
ζk
dαn(ζ) is a linear combination with complex coefficients

of increasing functions of the variable |z|. Therefore, this function is a Borel
function in C. From this it follows that the functions fk(z), k = 1, ρ− 1, are
Borel functions in the plane C as well.

Consider the function

f̃0(z) =

∫
B(0,|z|)

ln |z − ζ| dαn(ζ) =
∫

B(0,|z|)

χB(0,|z|)(ζ) ln |z − ζ| dαn(ζ).

The function χB(0,|z|)(ζ) ln |z − ζ| is a Borel function of the variables z, ζ.
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We have

I =

∫
B(0,d)

∫
B(0,d)

χB(0,|z|)(ζ) |ln |z − ζ|| dαn(ζ)

≤
∫

B(0,d)

 d∫
0

 2π∫
0

∣∣ln ∣∣reiϕ − ζ∣∣∣∣ dϕ
 rdr

 d|αn|(ζ).

Next, we find

2π∫
0

∣∣ln |reiϕ − ζ|∣∣ dϕ =

2π∫
0

(
2 ln+ |reiϕ − ζ| − 2 ln |reiϕ − ζ|

)
dϕ

≤ 4π ln 2d+ 4πmin

(
ln

1

r
, ln

1

|ζ|

)
.

(8)

d∫
0

 2π∫
0

∣∣ln |reiϕ − ζ|∣∣ dϕ
 rdr

≤ 2πd2 ln 2d−2π

2 ln |ζ|
|ζ|∫
0

rdr + 2

d∫
|ζ|

r ln rdr

 ≤M4(d).

(9)

From these inequalities it follows that I is finite. This and the Tonelli
theorem [10] imply that the function χB(0,|z|) ln |z − ζ| belongs to the space
L1(B(0, d)×B(0, d), dm2 × dαn). Next, the Fubini theorem [10] implies that the
function f̃0(z) is integrable with respect to m2 and, in particular, is a Borel
function. We successively obtain that the functions f0(z), g(z), s(z) are Borel
functions and so the function h(z, ζ) = s(z)χB(0,|z|)(ζ)Kρ−1(z, ζ) of the variables
z, ζ is also the Borel finction on every set B(0, d)×B(0, d).

The finiteness of the integral

∫
B(0,d)

 ∫
B(0,d)

|h(z, ζ)|dm2(z)

 d|αn|(ζ).

can be proved in the same way as the finiteness of I above.
Now Tonelli’s theorem [10] implies

h(z, ζ) ∈ L1(B(0, d)×B(0, d), dm2 × dαn). (10)

Note that this means the finiteness of the four integrals∫
B(0,d)

∫
B(0,d)

(
h(z, ζ)±

)
dm2(z)dα

±
n (ζ).
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From the equality ( ref q8) and the Fubini theorem cite K it follows that

An =

∫
B(0,d)

p(ζ)dαn(ζ), (11)

where

p(ζ) =

∫
B(0,d)

s(z)χB(0,|z|)(ζ)Kρ−1(z, ζ)dm2(z) =

∫
R([|ζ|,d])

s(z)Kρ−1(z, ζ)dm2(z).

Let us prove that the function p(ζ) is continuous on the set C \ {0}. It is easy
to see that the continuity of p(ζ) follows from the continuity of the function

q(ζ) =

∫
R([|ζ|,d])

ln |z − ζ|s(z)dm2(z).

We assume for definiteness that the inequality |ζ0| ≤ |ζ| holds. We have

|q(ζ)− q(ζ0)| ≤
∫

R([|ζ0|,d])

∣∣∣∣ln ∣∣∣∣ z − ζz − ζ0

∣∣∣∣∣∣∣∣ dm2(z) +

∫
R([|ζ0|,|ζ|])

|ln |z − z0|| dm2(z)

≤
∫

R([|ζ0|,d])

ln

(
1 +
|ζ − ζ0|
|z − ζ0|

)
dm2(z) +

|ζ|∫
|ζ0|

 2π∫
0

| ln |reiϕ − ζ0||dϕ

 rdr

= J1 + J2.

The inequality (8) implies the inequality

J2 ≤ 2π|ζ|
(
ln 2d+ ln

1

|ζ0|

)
(|ζ| − |ζ0|).

Also, the inequality

J1 ≤
∫

B(ζ0,2d)

ln

(
1 +
|ζ − ζ0|
|z − ζ0|

)
dm2(z)

holds.
The integral J2 can be estimated from above by using the polar coordinates

with the vertex at ζ0

J2 ≤ 2π

2d∫
0

r ln

(
1 +
|ζ − ζ0|

r

)
dr.

Now the continuity of the function q(ζ) on the set C \ {0} is obvious. Thus,
we have proved the continuity of the function p(ζ) on the set C \ {0}.
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Note that the equality p(ζ) = 0 holds for |ζ| = d. If we assume that p(ζ) = 0
for | | ≥ d, then the equality (11) can be rewritten as

An =

∫
p(ζ)dαn(ζ), (12)

where p( zeta) is a continuous function compactly supported on the set C \ {0}.
If the function p(ζ) were continuous in the whole plane, then the equality 12
would already imply the relation An → 0 (n→∞). However, this is not the case.
Therefore, additional reasoning is required. We evaluate the function p(ζ). The
following estimate stems from the inequalities (5), (9)

|p(ζ)| ≤ M1(d)

|ζ|ρ−1
, |ζ| ≤ 1.

Now let ε be an arbitrary number in the interval (0, 12), 1 = ψ1(ζ)+ψ2(ζ) – a
continuous partition of unity such that supp ψ1 ⊂ B(0, 2ε), supp ψ2∩B(0, ε) = ∅.
Then it follows that

lim
n→∞

An ≤ lim
n→∞

M1(d)

∫
B(0,2ε)

d|αn|(ζ)
|ζ|ρ−1

+ lim
n→∞

∣∣∣∣∫ ψ2(ζ)p(ζ)dαn(ζ)

∣∣∣∣
=M2(d) lim

n→∞

∫
B(0,2ε)

d|αn|(ζ)
|ζ|ρ−1

.

(13)

If ρ = 1, it is easily seen from the resulting inequality that An → 0 (n→∞).
In what follows we assume that ρ > 1. We have

2ε∫
0

d|αn|(t)
tρ−1

=
|αn|(B(0, 2ε)

(2ε)ρ−1
+

1

ρ− 1

2ε∫
0

|αn|(B(0, t))

tρ
dt.

The latter equality along with the inequalities (6), (13) completes the proof
of the theorem.

Theorem 6 Let ρ(r) be a proximate order, ρ = ρ(∞) ≥ 1 be an integer. Let
the measure µ be a measure of no higher than normal type with respect to the
proximate order ρ(r), which does not load the disk B(0, 1). Let the sequence of
measures µtn (tn → ∞) widely converge to the measure ν. Then the sequence of
functions

υn(z) =

∫
CB(0,|z|)

Kρ(z, ζ)dµtn(ζ)

converges to a function

υ(z) =

∫
CB(0,|z|)

Kρ(z, ζ)dν(ζ)

in the spaces L1,loc(C).
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Proof. We denote αn = µtn−ν. Let d be an arbitrary number satisfying d ≥ 2.
We have

Bn =

∫
B(0,d)

|υn(z)− υ(z)|dm2(z)

=

∫
B(0,d)

∣∣∣∣∣∣∣
∫

CB(0,|z|)

Kρ(z, ζ)dαn(ζ)

∣∣∣∣∣∣∣ dm2(z)

=

∫
B(0,d)

∫
s(z)χCB(0,|z|)(ζ)Kρ(z, ζ)dαn(ζ)dm2(z),

(14)

where
s(z) = sign

∫
CB(0,|z|)

Kρ(z, ζ)dαn(ζ).

LetN > d be an arbitrary number, 1 = ψ1(ζ)+ψ2(ζ) be a continuous partition
of unity such that supp ψ1 ⊂ B(0, 2N), supp ψ2∩B(0, N) = ∅. Then the equality
(14) can be rewritten in the form

Bn =

∫
B(0,d)

∫
R((|z|,2N ])

s(z)ψ1(ζ)Kρ(z, ζ)dαn(ζ)dm2(z)

+

∫
B(0,d)

∫
CB(0,N)

s(z)ψ2(ζ)Kρ(z, ζ)dαn(ζ)dm2(z)

= J1,n + J2,n.

(15)

We investigate each of these integrals. We have

J1,n =

∫
B(0,d)

∫
B(0,2N)

h(z, ζ)dαn(ζ)dm2(z),

where h(z, ζ) = s(z)ψ1(ζ)χCB(0,|z|)Kρ(z, ζ). Next, repeating the reasoning in the
theorem 5, we obtain h(z, ζ) ∈ L1(B(0, d)×B(0, 2N), dm2×dαn). From this and
the Fubini theorem [10] it follows that

J1,n =

∫
B(0,2N)

p(ζ)dαn(ζ), (16)

p(ζ) =

∫
B(0,2N)

s(z)ψ1(ζ)χCB(0,|z|)(ζ)Kρ(z, ζ)dm2(z)

=

∫
B(0,|ζ|)

s(z)ψ1(ζ)Kρ(z, ζ)dm2(z).



14 Нгуен Ван Куинь

Note that p(ζ) = 0 for ζ = 0. Applying the reasoning in theorem 5 after the
equality (11), we obtain that the function p(ζ) is continuous on the set B(0, 2N).

Note that the equality p(ζ) = 0 holds for |ζ| = 2N . If we assume that p(ζ) = 0
for |ζ| = 2N , then the equality (16) can be rewritten as

J1,n =

∫
p(ζ)dαn(ζ), (17)

where p(ζ) is a continuous function compactly supported in C.
From the condition of the lemma it follows that lim

n→∞
J1,n = 0. From this and

the inequality (15) we have

lim
n→∞

Bn ≤ lim
n→∞

J1,n + lim
n→∞

J2,n = lim
n→∞

J2,n

≤M(ρ, d) lim
n→∞

∞∫
N

d|αn|(B(0, t))

tρ+1
,

(18)

where M(ρ, d) is a constant depending only on ρ, d. Integrating by parts in the
last integral, we obtain

∞∫
N

d|αn|(B(0, t))

tρ+1
=
|αn|(B(0, N))

Nρ+1
+

∞∫
N

|αn|(B(0, t))

tρ+2
dt.

The latter equality along with |αn|(B(0, t)) ≤Mtργ(t) and the inequality (18)
imply that Bn → 0 (N →∞). The proof is complete.

Theorem 7 Let ρ(r) be a proximate order with non-integer ρ = ρ(∞) > 0,
p = [ρ]. Let the measure µ be a measure of no higher than normal type with
respect to the proximate order ρ(r), which does not load the disk B(0, 1). Let the
sequence of measures µtn (tn → ∞) widely converge to the measure ν. Then the
sequence of functions

υn(z) =

∫
Kp(z, ζ)dµtn(ζ)

converges to a function

υ(z) =

∫
Kp(z, ζ)dν(ζ)

in the spaces L1,loc(C).

Proof. We have

υn(z) =

∫
B(0,|z|)

Kp(z, ζ)dµtn(ζ) +

∫
CB(0,|z|)

Kp(z, ζ)dµtn(ζ).

The result follows from theorems 5, 6.
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1. Introduction

Throughout this paper, let q and p be positive integers. We will use C, R, N0

and N to denote the set of all complex numbers, the set of all real numbers, the
set of all nonnegative integers, and the set of all positive integers, respectively.
The notation Cq×q stands for the set of all complex q × q matrices. For the null
matrix that belongs to Cp×q we will write 0p×q. We denote by 0q and Iq the null
and the identity matrices in Cq×q, respectively. In cases where the sizes of the null
and the identity matrix are clear, we will omit the indices.

In the present work we introduce new matrix Stieltjes parameters, called
Dyukarev-Stieltjes matrix (DSM) parameters of the truncated Hausdorff matrix
moment (THMM) problem. With the help of the DSM parameters, we obtain a
new multiplicative representation of the resolvent matrix (RM):

U (m)(z) =

(
α(m)(z) β(m)(z)

γ(m)(z) δ(m)(z)

)
of the THMM problem in the case of an odd and even number of moments. The
RM U (m) is a 2q × 2q matrix polynomial, which we factorize as follows:

U (2n) =D1l
(2n)
−1 m

(2n)
0 . . .m

(2n)
n−1l

(2n)
n−1B

(2n)
2 D2, (1)

U (2n+1) =D3l
(2n+1)
−1 m

(2n+1)
0 . . . l

(2n+1)
n−1 m

(2n+1)
n B(2n+1)

2 D1, (2)

where Dk are anti-diagonal block matrices,D1 is a diagonal matrix, B(2n)2 , B(2n+1)
2 ,

l
(2n+1)
j , m(2n)

j are constant anti-triangular block matrices and m(2n+1)
j , l(2n)j are

affine on z and anti-triangular block matrices.
See Theorem 3 and Corollary 1.
The importance of the RM is explained by the fact that linear fractional

transformation

s(z) = (α(m)(z)p(z) + β(m)(z)q(z))(γ(m)(z)p(z) + δ(m)(z)q(z))−1

describes the set of all associated solutions in the nondegenerate case of the
THMM problem. Here the column pair (p,q) satisfies certain properties in every
case; see Definitions [10, Definition 5.2] and [9, Definition 5.2].

Let us now summarize the notions appearing in the last two paragraphs.

Statement of the THMM problem. The THMM problem is stated as follows:
given an interval [a, b] on the real axis and a finite sequence of q × q matrices,
(sj)

m
j=0, describe the setM

q
≥[[a, b],B∩ [a, b]; (sj)

m
j=0] of all nonnegative Hermitian

q× q measures σ defined on the σ-algebra of all Borel subsets of the interval [a, b]
such that

sj =

∫
[a,b]

tjdσ(t)
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holds true for each integer jf with 0 ≤ j ≤ m.
Solution set of the THMM problem. For describing the solution set of the
THMM problem with the help of the finite sequence (sj)

2n
j=0 (resp. (sj)

2n+1
j=0 ), we

construct the following Hankel matrices

H̃0,j := {sl+k}jl,k=0, H̃1,j := {sl+k+1}jl,k=0, and H̃2,j := {sl+k+2}jl,k=0. (3)

Furthermore, denote

H1,j := H̃0,j , j ≥ 0, H2,j−1 := −abH̃0,j−1 + (a+ b)H̃1,j−1 − H̃2,j−1, j ≥ 1 (4)

and
K1,j := bH1,j − H̃1,j , K2,j := −aH1,j + H̃1,j , j ≥ 0. (5)

In [9, Theorem 1.3] (resp. [10, Theorem 1.3]), it was demonstrated that there
is a solution to the THMM problem, that is, the setMq

≥[[a, b],B ∩ [a, b]; (sj)
2n
j=0]

(resp.Mq
≥[[a, b],B∩ [a, b]; (sj)

2n+1
j=0 ] is not empty if and only if the block matrices

H1,n and H2,n−1 (resp. K1,n and K2,n) are both nonnegative Hermitian.
The problem of finding the set Mq

≥[[a, b],B ∩ [a, b]; (sj)
m
j=0] for m = 2n and

m = 2n+ 1 is usually reduced to searching for the set of holomorphic functions

Sq
≥[[a, b],B ∩ [a, b]; (sj)

m
j=0]

:=

{
s(z) =

∫
[a,b]

dσ(t)

t− z
, σ ∈Mq

≥[[a, b],B ∩ [a, b]; (sj)
m
j=0]

}
.

Definition 1 Let [a, b] be a finite interval on real axis R. The sequence (sk)
2j
k=0

(resp. (sk)
2j+1
k=0 ) is called a Hausdorff positive definite sequence if the block Hankel

matrices H1,j and H2,j−1 (resp. K1,j and K2,j) are both positive definite matrices.

In the sequel, we will consider only Hausdorff positive definite sequences. In this
case the THMM problem is called a nondegenerate THMM problem.
Resolvent matrix of the THMM problem. In the present work we use the
following form of RM of the nondegenerate THMM problem, introduced in [5,
Formula (3.24)]:

U (2n)(z, a, b) :=

(
Θ∗2,n(z̄, a)Θ∗

−1

2,n (a, a) 1
b−aΘ∗1,n(z̄, b)Γ∗

−1

1,n (a, b)

(z − a)Γ∗2,n(z̄, a)Θ∗
−1

2,n (a, a) b−z
b−aΓ∗1,n(z̄, b)Γ∗

−1

1,n (a, b)

)
(6)

and [5, Formula (3.27)]

U (2n+1)(z, a, b)

:=

(
Q∗2,n(z̄, a, b)Q∗

−1

2,n (a, b, a) −Q∗1,n+1(z̄)P
∗−1

1,n+1(a)

−(z − a)(b− z)P ∗2,n(z̄, a, b)Q∗
−1

2,n (a, b, a) P ∗1,n+1(z̄)P
∗−1

1,n+1(a)

)
. (7)
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The q× q matrix polynomials Pk,j , Qk,j , Γk,j and Θk,j for k = {1, 2} are q× q are
constructed via the given data: the sequence of moments (sj)

2n
j=0 (resp. (sj)

2n+1
j=0 ).

See Definition 6 and 7.
It should be mentioned that the THMM problem in the nondegenerate case

was first solved in [30].
Factorization strategy of the RM of the THMM problem. Our main
purpose is to factorize the RM U (2n) and U (2n+1) as their simplest factors. To
this end we pursue the following strategy consisting of three steps.
Step 1. We use the equality

U (2n)(z) =

( 1
(z−a)(b−z)Iq 0q

0q Iq

)(
Iq s0z
0q Iq

)
· Ũ (2n−2)

2 (z)A
(2n)
2

(
(b− a)(z − a)Iq 0q

0q
b−z
b−aIq

)
(8)

and

U (2n+1)(z) =

(
1
b−z Iq 0q

0q Iq

)
Ũ

(2n+1)
2 (z)A

(2n+1)
2

(
(b− z)Iq 0q

0q Iq

)
, (9)

where Ũ (m)
2 (z), A(m)

2 (z) for m = 2n − 2 (m = 2n + 1) are introduced in (27),
(A.1), (28) and (31). Equalities (8) and (9) are the consequence of [9, Equality
(6.26)] and [10, Equalities (6.26),(6.27)].
Step 2. The auxiliary matrix Ũ

(2n+1)
2 is written in the following form (as in

Corollary 1):

Ũ
(2n+1)
2 =d(1)d(3) . . . d(2n−1)d(2n+1). (10)

Instead of Ũ (2n−2)
2 , the auxiliary matrix Û

(2n−2)
2 (as in (29)) is used. The

factorization

Û
(2n−2)
2 = d(0)d(2) . . . d(2n−2)d(2n) (11)

is employed to prove a new factorization of the RM U (2n−2). The 2q×2q matrices
d(2j+1) and d(2j) are affine on z. See Definition 8.
Step 3. We factorize every matrix d(2j+1) (resp. d(2j+2)) as in the Theorem 2:

d(2j+1)(z) =

(
Iq rj
0q Iq

)(
Iq 0q

−(z − a)mj Iq

)(
Iq −rj
0q Iq

)
, (12)

d(2j+2)(z) =

(
Iq 0q
−tj Iq

)(
Iq (z − a)lj
0q Iq

)(
Iq 0q
tj Iq

)
(13)

for 0 ≤ j ≤ n (resp. 0 ≤ j ≤ n− 1) where the q× q matrices rj , tj , mj and lj are
as in Definition 9.
Based on Steps 1 through 3, which involves algebraic identities and auxiliary
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results described in Sections 2–4, the multiplicative representations (106)
and (107) are found.

In [8], a similar strategy was employed to attain another factorization of the
RM U (2n) and U (2n+1). Namely, the following relations were used:

U (2n) = Ũ
(2n)
1 A(2n)

and

U (2n+1) =

(
1

z−aIq 0q
0q Iq

)
Ũ

(2n+1)
1 A(2n+1)

(
(z − a)Iq 0q

0q Iq

)
.

The auxiliary matrices Ũ (2n+1)
1 and Ũ (2n)

1 are defined by [8, Formula (1.14) and
(1.32)]. The symbol A(2n) (resp. A(2n+1)) denotes a 2q × 2q matrix depending on
a and b.

Observe that the auxiliary matrices Ũ (2n)
1 and Ũ

(2n+1)
1 (resp. Ũ (2n−2)

2 and
Ũ

(2n+1)
2 ) are related to H1,n and K2,n (resp. H2,n−1 and K1,n), correspondingly.
The importance of the auxiliary matrices Ũ (2n+1)

2 and Û (2n−2)
2 resides in the

fact that they belong to the Potapov class of matrix functions [42], [10, Lemma
6.3], [9, Proposition 6.3]:

Definition 2 Let Jq :=

(
0q iIq
−iIq 0q

)
. Furthermore, let Π+ := {w ∈ C : Imw ∈

(∞, 0)}. A matrix-valued entire function W : C 7→ Cp×p is said to belong to the
Potapov class PJq(Π+) if

Jq −W ∗(z)JqW (z) ≥ 0

is satisfied for all z ∈ Π+. A matrix-valued function W that belongs to PJq(Π+)
is called a J-inner function of PJq(Π+) if

Jq −W ∗(x)JqW (x) = 0

holds for all x ∈ R.

Matrix-valued functions belonging to the Potapov class can be factorized into
elementary factors, as seen in Corollary 2.

The determinateness of the TSMM problem was obtained in [25] with the help
of the Dyukarev-Stieltjes matrix parameters of the TSMM. The results obtained
in [25] were generalized in [26], [27], [28], [29] and [33]. In these papers, the Yu.M.
Dyukarev’s factorization of the matrix valued functions in the Stieltjes class [24]
and [23] were employed.

In [31], by using a decomposition of the RM of the TSMM problem, the
following were demonstrated: necessary and sufficient conditions for the TSMM
problem to have a unique solution and infinitely many solutions for the Hamburger
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moment problem with the same moments. Note that in [47] and [14] the operator
approach was employed to solve the THMM problem.

In comparison to the DSM parameters Mk and Lk [8], the new DSM
parameters mj and lj depend on both terminal points of the interval [a, b]. Other
DSM parameters which also depend on a and b were introduced in [4]. In turn
the aforementioned parameters are different from the ones studied in [8] (also in
[3]), where the parameters depend only on a. In Remark 8 by setting b → +∞
and a = 0 in the DSM parameters mj and lj , we obtain the Dyukarev-Stieltjes
parameters of the TSMM problem [25].

Throughout the paper we decisively use the forms (6) and (7) of the RM
of the THMM problem obtained in [5] where the elements of the RM are given
with the help of four orthogonal polynomials and their second kind polynomials.
Orthogonal matrix polynomials (OMP) were first considered by M.G. Krein
in 1949 [39], [40]. Further investigations of OMP were made by J.S. Geronimo
[36], I.V. Kovalishina [37], [38], H. Dym [22], B. Simon [44], Damanik/Pushnitski/-
Simon [15] and the references therein. See also [17], [18], [19], [20], [21], [34], [16],
[41], [45], [31], [12], [13], [11], [6] and [7].

2. Notations and preliminaries
In this section we introduce some matrix notation which appear throughout

the work. In particular, we propose the auxiliary RM Û
(2j)
2 which will be factorized

by elementary matrices. See Corollary 2.
The orthogonal matrix polynomials Pk,j , Γk,j on [a, b] as well as their second

kind polynomials Qk,j , Θk,j are recalled. The mentioned matrix polynomials
together with the connection between the auxiliary RM Ũ

(2j+1)
2 , Û (2j)

2 and the
RM U (m) play an important role in this work.

Auxiliary matrices

Let Rj : C→ C(j+1)q×(j+1)q be given by

Rj(z) := (I(j+1)q − zTj)−1, j ≥ 0, (14)

with

T0 := 0q, Tj :=

(
0q×jq 0q
Ijq 0jq×q

)
, j ≥ 1.

Let

v0 := Iq, vj :=

(
Iq

0jq×q

)
=

(
vj−1
0q

)
, ∀j ≥ 0. (15)
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Furthermore, let

y[j,k] :=


sj
sj+1
...
sk

 , 0 ≤ j ≤ k ≤ 2n. (16)

Let

ũ1,0 := s0, ũ2,0 := −s0,

ũ1,j := y[0,j] − b
(

0q
y[0,j−1]

)
, ũ2,j := −y[0,j] + a

(
0q

y[0,j−1]

)
(17)

for every 1 ≤ j ≤ n− 1. In addition, for 1 ≤ j ≤ n let

Ỹ1,j := by[j,2j−1] − y[j+1,2j], Ỹ2,j := −a y[j,2j−1] + y[j+1,2j]. (18)

Let K̂1,j (resp. K̂2,j) denote the Schur complement of the block bs2j − s2j+1

(resp.−as2j + s2j+1) of the matrix K1,j (resp. K2,j). In addition, denote

K̂1,0 = bs0 − s1, K̂1,j :=bs2j − s2j+1 − Ỹ ∗1,jK−11,j−1Ỹ1,j , 1 ≤ j ≤ n, (19)

K̂2,0 = −as0 + s1, K̂2,j :=− as2j + s2j+1 − Ỹ ∗2,jK−12,j−1Ỹ2,j , 1 ≤ j ≤ n. (20)

The quantities (19) and (20) have been defined in [16] for a = 0 and b = 1.
Let

u1,0 := 0q, u1,j :=

(
0q

−y[0,j−1]

)
, 1 ≤ j ≤ n (21)

and

u2,0 := −(a+ b)s0 + s1, u2,j :=

(
u2,0

−ŷ[0,j−2]

)
, 1 ≤ j ≤ 2n. (22)

Moreover, let

ŝj := −absj + (a+ b)sj+1 − sj+2, 0 ≤ j ≤ 2n− 2 (23)

and

ŷ[j,k] :=


ŝj
ŝj+1
...
ŝk

 , 0 ≤ j ≤ k ≤ 2n− 2.

Note that by (16) and (23)

ŷ[j,k] = −aby[j,k] + (a+ b)y[j+1,k+1] − y[j+2,k+2].

We also denote

Y1,j := y[j,2j−1], 1 ≤ j ≤ n, Y2,j := ŷ[j,2j−1], 1 ≤ j ≤ n− 1. (24)
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Let Ĥ1,j (resp. Ĥ2,j) denote the Schur complement of the block s2j (resp. ŝ2j−2)
of the matrix H1,j (resp. H2,j): denote Ĥ1,0 = s0, Ĥ2,0 = ŝ0 and

Ĥ1,j :=s2j − Y ∗1,jH−11,j−1Y1,j , 1 ≤ j ≤ n, (25)

Ĥ2,j :=ŝ2j − Y ∗2,jH−12,j−1Y2,j , 1 ≤ j ≤ n− 1. (26)

The quantities (25) and (26) have been defined in [16] for a = 0 and b = 1.
In the following Definition, we recall the auxiliary RM Ũ

(2j+1)
2 introduced

in [10, Formula (6.2)]. An additive expansion of the aforementioned matrix is
attained in Proposition 3. In Corollary 2, a multiplicative representation of the
auxiliary RM Ũ

(2j+1)
2 is achieved.

Definition 3 Let K1,j be as in (5), and assume that K1,j is a positive definite
matrix. Furthermore, let ũ1,j, Rj and vj be as in (17), (14) and (15). The 2q×2q
matrix polynomial

Ũ
(2j+1)
2 (z, a, b) :=

(
α̃
(2j+1)
2 (z) β̃

(2j+1)
2 (z)

γ̃
(2j+1)
2 (z) δ̃

(2j+1)
2 (z)

)
, z ∈ C, 1 ≤ j ≤ n, (27)

with

α̃
(2j+1)
2 (z, a, b) :=Iq − (z − a)ũ∗1,jR

∗
j (z̄)K

−1
1,jRj(a)vj ,

β̃
(2j+1)
2 (z, a, b) :=(z − a)ũ∗1,jR

∗
j (z̄)K

−1
1,jRj(a)ũ1,j ,

γ̃
(2j+1)
2 (z, a, b) :=− (z − a)v∗jR

∗
j (z̄)K

−1
1,jRj(a)vj

and

δ̃
(2j+1)
2 (z, a, b) :=Iq + (z − a)v∗jR

∗
j (z̄)K

−1
1,jRj(a)ũ1,j

is called the second auxiliary matrix of the THMM problem in the case of an even
number of moments.

In [10], Equality (9) was proved by using B2,j := (b − a)ũ∗2,jR
∗
j (a)K−12,jRj(a)ũ2,j

and

A
(2j+1)
2 :=

(
Iq B2,j

0q Iq

)
. (28)

In the subsequent Definition, we introduce the auxiliary RM Û
(2j)
2 . In

Proposition 2, an additive expansion of the indicated matrix is attained. A
multiplicative representation of the auxiliary RM Û

(2j)
2 is given by equality (105).
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Definition 4 Let H2,j be as in (4), and assume that H2,j is a positive definite
matrix. Furthermore, let u2,j, Rj and vj be as in (22), (14) and (15). The 2q×2q
matrix polynomial

Û
(2j)
2 (z, a, b) :=

(
α̂
(2j)
2 (z, a, b) β̂

(2j)
2 (z, a, b)

γ̂
(2j)
2 (z, a, b) δ̂

(2j)
2 (z, a, b)

)
, z ∈ C, 0 ≤ j ≤ n− 1, (29)

with

α̂
(2j)
2 (z, a, b) :=Iq − (z − a)(u∗2,j + zs0v

∗
j )R

∗
j (z̄)H

−1
2,jRj(a)vj ,

β̂
(2j)
2 (z, a, b) :=(z − a)(s0 + (u∗2,j + zs0v

∗
j )R

∗
j (z̄)H

−1
2,jRj(a)(u2,j + avjs0)),

γ̂
(2j)
2 (z, a, b) :=− (z − a)v∗jR

∗
j (z̄)H

−1
2,jRj(a)vj

and

δ̂
(2j)
2 (z, a, b) :=Iq + (z − a)v∗jR

∗
j (z̄)H

−1
2,jRj(a)(u2,j + avjs0)

is called the second transformed auxiliary matrix of the THMM problem in the
case of an odd number of moments. The adjective transformed in the sequel will
be omitted.

Let
N2,j := −(b− a)−1v∗jR

∗
j (a)H−11,jRj(a)vj (30)

and

A
(2j)
2 :=

(
Iq −as0
0q Iq

)(
Iq 0q
N2,j Iq

)
. (31)

Remark 1 Let (sj)
2j
j=0 be a Hausdorff positive definite sequence and let U (2j),

Ũ
(2j)
2 and Û (2j)

2 be as in (6), (A.1) and (29). The following equalities are valid:
a)

Û
(2j)
2 (z) =

(
Iq zs0
0q Iq

)
Ũ

(2j)
2 (z)

(
Iq −as0
0q Iq

)
(32)

and b)

U (2j)(z) =

( 1
(z−a)(b−z)Iq 0q

0q Iq

)
Û

(2j−2)
2 (z)

(
Iq 0q
N2,j Iq

)
·
(

(z − a)(b− z)Iq 0q
0q

b−z
b−aIq

)
. (33)

P r o o f. Equalities (32) and (33) readily follow by direct calculations.
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Orthogonal matrix polynomials on [a, b]

Let us reproduce some notions on OMP which were introduced in [12]. Let P be
a complex p× q matrix polynomial. For all n ∈ N0, let

Z [P ]
n := [A0, A1, . . . , An],

where (Aj)
∞
j=0 is the unique sequence of complex p×q matrices such that for all z ∈

C the polynomial P admits the representation P (z) =
∑∞

j=0 z
jAj . Furthermore,

we denote by degP := sup{j ∈ N0 : Aj 6= 0p×q} the degree of P . Observe that in
the case P (z) = 0p×q for all z ∈ C we thus have degP = −∞. If k := degP ≥ 0,
we refer to Ak as the leading coefficient of P . For all k ∈ N0 and all κ ∈ N0 with
k ≤ κ, let Zk,κ := {n ∈ N0, k ≤ n ≤ κ}.

Definition 5 Let κ ∈ N0 ∪ {∞}, and let (sj)
2κ
j=0 be a sequence of complex q × q

matrices. A sequence (Pk)
κ
k=0 of complex q × q matrix polynomials is called a

monic left orthogonal system of matrix polynomials with respect to (sj)
2κ
j=0 if the

following three conditions are fulfilled:

(I) degPk = k for all k ∈ Z0,κ;

(II) Pk has the leading coefficient Iq for all k ∈ Z0,κ;

(III) Z [Pj ]
n Hn(Z

[Pk]
n )∗ = 0q×q for all j, k ∈ Z0,κ with j 6= k, where n := max{j, k}.

Remark 2 [12, Remark 3.6] Let n ∈ N0 ∪ {∞}, and let (sj)
2n
j=0 be a Hausdorff

positive definite sequence: the corresponding Hankel block matrix Hn is positive
definite. Denote by (Pk)

n
k=0 the monic left orthogonal system of matrix polynomials

with respect to (sj)
2n
j=0. Let σ be a nonnegative Hermitian q × q measure on R

satisfying sj =
∫
[a,b] t

jdσ(t) for 0 ≤ j ≤ 2n. Thus,

∫
[a,b]

PjdσP
∗
k =

{
Ĥj , if j = k,
0q, if j 6= k

for all 0 ≤ j, k ≤ n where Ĥj denotes the Schur complement of Hj−1 in Hj; see
(25).

In the following two Definitions, we recall matrix-valued polynomials Pk,j , Qk,j ,
Γk,j and Θk,j . With their help the RM U (2n) and U (2n+1) (as in (6), (7)) as well
as the solution set of the THMM were described (as in [5, Propositions 4.4 and
4.5]).

Definition 6 Let (sk)
2j
k=0 be a Hausdorff positive definite sequence. Furthermore,

let Hk,j, uk,j, Yk,j, for k = 1, 2, Rj and vj be as in (4), (21), (22), (24), (14) and
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(15), respectively. Let

P1,0(z) := Iq, P2,0(z) := Iq, Q1,0(z) := 0q, Q2,0(z, a, b) := −(u2,0 + z s0),

P1,j(z) := (−Y ∗1,jH−11,j−1, Iq)Rj(z)vj , 1 ≤ j ≤ n, (34)

P2,j(z, a, b) := (−Y ∗2,jH−12,j−1, Iq)Rj(z)vj , 1 ≤ j ≤ n− 1, (35)

Q1,j(z) := −(−Y ∗1,jH−11,j−1, Iq)R1,j(z)u1,j , 1 ≤ j ≤ n

and

Q2,j(z, a, b) := −(−Y ∗2,jH−12,j−1, Iq)Rj(z)(u2,j + zvjs0), 1 ≤ j ≤ n− 1. (36)

Definition 7 Let (sk)
2j+1
k=0 be a Hausdorff positive definite sequence. Furthermore,

let Kk,j, ũk,j, Ỹk,j, for k = 1, 2, Rj and vj be as in (5), (17), (18), (14) and (15),
respectively. Let

Γ1,0(z) := Iq, Γ2,0(z) := Iq, Θ1,0(z) := s0, Θ2,0(z) := −s0

for all z ∈ C. For k ∈ {1, 2} and 1 ≤ j ≤ n, define

Γ1,j(z, b) := (−Ỹ ∗1,jK−11,j−1, Iq)Rj(z)vj , (37)

Γ2,j(z, a) := (−Ỹ ∗2,jK−12,j−1, Iq)Rj(z)vj , (38)

Θ1,j(z, b) := (−Ỹ ∗1,jK−11,j−1, Iq)Rj(z)ũ1,j (39)

and

Θ2,j(z, a) := (−Ỹ ∗2,jK−12,j−1, Iq)Rj(z)ũ2,j , (40)

for all z ∈ C.

For k = 1, 2, we usually omit the dependence of the polynomials Pk,j , Qk,j , Γk,j
and Θk,j on the parameters a and b.

In [2], (resp. [46]) it was proved that polynomials Pk,j (resp. Γk,j) for k = 1, 2
are in fact OMP on [a, b]. In [12] explicit interrelations between Pk,j , Γk,j and
their second kind polynomials were studied.

For the sake of completeness in the following Remark, we reproduce explicit
interrelations between the matrices Ĥk,j , K̂k,j and the polynomials P1,j , Q2,j ,
Γ1,j , Θ2,j considered in [5, Corollary 3.4] and [5, Corollary 3.10].

Remark 3 Let Ĥk,j, K̂k,j, for k = 1, 2, P1,j, Q2,j, Γ1,j and Θ2,j be as in (25),
(26), (19), (20) and Definitions 6 and 7, respectively. The following equalities then
hold:

Ĥ1,j =− P1,j(a)Θ∗2,j(a), Ĥ2,j = −Q2,j(a)Γ∗1,j+1(a), (41)

K̂1,j =Γ1,j(a)Q∗2,j(a), K̂2,j = Θ2,j(a)P ∗1,j+1(a). (42)
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3. Algebraic identities
In this section we will single out essential identities concerning the block

matrices introduced in Section . Let

L1,n := (δj,k+1Iq) j = 0, . . . , n
k = 0, . . . , n − 1

and L2,n := (δj,kIq) j = 0, . . . , n
k = 0, . . . , n − 1

, (43)

where δj,k is the Kronecker symbol with δj,k := 1 if j = k and δj,k := 0 if j 6= k.
Furthermore, let

ΞK1,j :=

(
−K−11,j−1Ỹ1,j

Iq

)
(44)

and

ΞH2,j :=

(
−H−12,j−1Y2,j

Iq

)
. (45)

In the following two remarks important identities are attained which will we
mainly use in the proof of Preposition 1. In turn Preposition 1 is employed in
Theorem 1 which is the main result of Section .

Remark 4 Let vj, L2,j, ũ1,j, Rj, Tj, H1,j, u1,j, K1,j, ΞK1,j and ΞH2,j be defined
as in (15), (43), (17), (14), (4), (21), (5), (44) and (45), respectively. Then the
following identities are valid:

vj−1 − L∗2,jvj = 0, (46)

ũ1,j−1 − L∗2,j ũ1,j = 0, (47)

L2,j −R∗
−1

j (z̄)L2,jR
∗
j−1(z̄) = 0, (48)

L2,jL
∗
1,j − T ∗j = 0, (49)

H1,jT
∗
j − TjH1,j − u1,jv∗j + vju1,j = 0, (50)

TjK1,jΞ
K
1,j = 0, (51)

TjH2,jΞ
H
2,j = 0. (52)

P r o o f. Equalities (46), (47), (48), (49) are proved by direct calculations. Identity
(50) was considered in [10, Proposition 2.1]. We prove equality (51). Let λj :=

(0q, 0q, . . . , 0q, Iq) be a q×jq matrix. Thus Tj =

(
Tj−1 0jq × q
λj 0q

)
. By using the

last equality and equality

K1,j =

(
K1,j−1 Ỹ1,j
Ỹ ∗1,j bs2j − s2j+1

)
, (53)

we have

TjK1,jΞ
K
1,j =

(
Tj−1 0jq×q
λj 0q

)(
K1,j−1 Ỹ1,j
Ỹ ∗1,j bs2j − s2j+1

)(
−K−11,j−1Ỹ1,j

Iq

)
=

(
Tj−1 0jq×q
λj 0q

)(
0jq×q
K̂1,j

)
=

(
0jq×q

0q

)
.
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Equality (52) can be proved in a similar manner to (51) with the aid of H2,j =(
H2,j−1 Y2,j
Y ∗2,j ŝ2j

)
, (44) in place of (53), (45), respectively.

Remark 5 Let u1,j, vj, H1,j, Tj, L2,j, L1,j, Rj, H̃2,j, H̃1,j and H̃0,j be defined
as in (21), (15), (4), (43), (14) and (3), respectively. The following identities are
valid:

u∗1,j + v∗jH1,jT
∗
j = 0, (54)

v∗jH1,j − v∗j+1H1,j+1L2,j+1 = 0, (55)

T ∗j+1L1,j+1 + (Tj+1T
∗
j+1 − I)L2,j+1 − L2,j+1L1,jL

∗
1,j = 0, (56)

T ∗j+1L1,j+1T
∗
j − T ∗j+1L2,j+1L1,jL

∗
1,j = 0, (57)

T ∗j+1L2,j+1 − L2,j+1L2,jL
∗
1,j = 0, (58)

T ∗j+1L2,j+1T
∗
j − T ∗j+1L2,j+1L2,jL

∗
1,j = 0, (59)

(I − zT ∗j+1)L2,j+1(TjT
∗
j − I)− (Tj+1T

∗
j+1 − I)L2,j+1 = 0, (60)

(I − zT ∗j+1)L2,j+1

(
I + (z − a)T ∗j R

∗
j (z̄)

)
− (I − aT ∗j+1)L2,j+1 = 0, (61)

vjv
∗
j+2H1,j+2L1,j+2 − L∗1,j+1H1,j+1 + L∗2,j+1Tj+1H̃2,j+1 = 0, (62)

vjv
∗
j+2H1,j+2L2,j+2 + L∗2,j+1Tj+1H̃1,j+1 − L∗2,j+1H1,j+1 = 0, (63)

TjL
∗
1,j+1H1,j+1 − L∗2,j+1T1,j+1H̃1,j+1 = 0, (64)

− L∗2,j+1Tj+1H̃0,j+1 + TjL
∗
2,j+1H1,j+1 = 0, (65)

− T ∗j+1(L1,j+1 − bL2,j+1)− (Tj+1T
∗
j+1 − I)L2,j+1R

∗
j (a)

+ (I − aT ∗j+1)L2,j+1(L1,j − bL2,j)L
∗
1,jR

∗
j (a) = 0. (66)

P r o o f. Identities (54)-(65) follow from a straightforward calculation. Equality
(66) follows from (56)-(59).

Now we derive coupling identities between the block Hankel matrices K1,j

and K2,j (resp. H1,j and H2,j ). These identities are crucially used in the proof of
Theorem 1. Note that other coupling identities were attained in [10, Proposition
2.2], [9, Proposition 2.5] and [5, Proposition 6.2].

Proposition 1 Let Tj, L1,j, L2,j, Rj, vj, H1,j, and H2,j be defined as in (43),
(14), (15), (4) and (45), respectively. The following identities are valid:

R−1j−1(a)K1,j−1L
∗
1,j − L∗2,jK1,jT

∗
j + L∗2,jTjK1,j − L∗2,jTjK2,jR

∗−1

j (a) = 0, (67)

−Rj(a)vjv
∗
j+2H1,j+2(L1,j+2 − bL2,j+2) + (L∗1,j+1 − bL∗2,j+1)H1,j+1

+ L∗2,j+1Rj+1(a)Tj+1H2,j+1 = 0. (68)

Equality (67) follows by a straightforward calculation. Identity (68) follows from
(62)-(65).
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4. The Blaschke-Potapov factors
In this section we obtain a multiplicative representation (10), (11) of the

second auxiliary matrices Ũ (2n+1)
2 and Û (2n−2)

2 via the Blaschke-Potapov factors
d(2j+1) and d(2j) defined in (73)-(75).

Since the matricesH2,j andK1,j are positive definite matrices for 0 ≤ j ≤ n−1
and 0 ≤ j ≤ n, respectively, their inverses can be written as

H−12,j =

(
H−12,j−1 0jq×q
0q×jq 0q

)
+

(
−H−12,j−1Y2,j

Iq

)
Ĥ−12,j (−Y ∗2,jH−12,j−1, Iq) (69)

and

K−11,j =

(
K−11,j−1 0jq×q
0q×jq 0q×q

)
+

(
−K−12,j−1Ỹ1,j

Iq

)
K̂−11,j (−Ỹ ∗1,jK−11,j−1, Iq). (70)

Remark 6 Due to Lemma 2 of the appendix, Ĥ2,j (resp. K̂1,j) is a positive
definite matrix if and only if H2,j (resp. K1,j) is a positive definite matrix.

In the following two propositions, we prove an additive property of the block
elements of the auxiliary RM Û

(2j)
2 (z) and Ũ (2j+1)

2 (z). These properties give an
indication in the form of the Blaschke-Potapov factors d(2j) and d(2j+1).

Proposition 2 Let H2,j be as in (4), and assume that H2,j is a positive definite
matrix. Furthermore, let the polynomials P2,j and Q2,j be as in Definition 6 and
Ĥ2,j be defined as in (26). The block elements of the matrix Û (2j)

2 (z) defined by
(29) can be written in the form

α̂
(2j)
2 (z) = α̂

(2j−2)
2 (z) + (z − a)Q∗2,j(z̄)Ĥ

−1
2,j P2,j(a),

β̂
(2j)
2 (z) = β̂

(2j−2)
2 (z) + (z − a)Q∗2,j(z̄)Ĥ

−1
2,jQ2,j(a),

γ̂
(2j)
2 (z) = γ̂

(2j−2)
2 (z)− (z − a)P ∗2,j(z̄)Ĥ

−1
2,j P2,j(a)

and
δ̂
(2j)
2 (z) = δ̂

(2j−2)
2 (z)− (z − a)P ∗2,j(z̄)Ĥ

−1
2,jQ2,j(a).

P r o o f. Use (15), (69) and

Rj(z) =

(
Rj−1(z) 0jq×q

(zjIq, z
j−1Iq, . . . , zIq) Iq

)
, u2,j =

(
u2,j−1
−ŝj−1

)
(71)

for j ≥ 2.
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Proposition 3 Let K1,j be as in (5), and assume that K1,j is a positive definite
matrix. Let the polynomials Θ1,j and Γ1,j be as in Definition 7. The block elements
of the matrix Ũ (2j+1)

2 (z) defined by (27) can then be written in the form

α̃
(2j+1)
2 (z) = α̃

(2j−1)
2 (z)− (z − a)Θ∗1,j(z̄)K̂

−1
1,j Γ1,j(a),

β̃
(2j+1)
2 (z) = β̃

(2j−1)
2 (z) + (z − a)Θ∗1,j(z̄)K̂

−1
1,jΘ1,j(a),

γ̃
(2j+1)
2 (z) = γ̃

(2j−1)
2 (z)− (z − a)Γ∗1,j(z̄)K̂

−1
1,j Γ1,j(a)

and
δ̃
(2j+1)
2 (z) = δ̃

(2j−1)
2 (z) + (z − a)Γ∗1,j(z̄)K̂

−1
1,jΘ1,j(a).

P r o o f. Use (15), (70), the first equality of (71) and equality

ũ1,j =

(
ũ1,j−1

−bsj−1 + sj

)
(72)

for j ≥ 2.

Definition 8 Let Ĥ2,j, K̂1,j, P2,j, Q2,j, Θ1,j and Γ1,j be as in (26), (19), and
Definitions 6, 7, respectively. Define

d(0)(z) :=

(
Iq (z − a)s0
0q Iq

)
, (73)

d(2j+2)(z)

:=

(
Iq + (z − a)Q∗2,j(a)Ĥ−12,j P2,j(a) (z − a)Q∗2,j(a)Ĥ−12,jQ2,j(a)

−(z − a)P ∗2,j(a)Ĥ−12,j P2,j(a) Iq − (z − a)P ∗2,j(a)Ĥ−12,jQ2,j(a)

)
(74)

for 0 ≤ j ≤ n− 1, and

d(2j+1)(z)

:=

(
Iq − (z − a)Θ∗1,j(a)K̂−11,j Γ1,j(a) (z − a)Θ∗1,j(a)K̂−11,jΘ1,j(a)

−(z − a)Γ∗1,j(a)K̂−11,j Γ1,j(a) Iq + (z − a)Γ∗1,j(a)K̂−11,jΘ1,j(a)

)
(75)

for 0 ≤ j ≤ n.
The matrix function d(2j) (resp. d(2j+1)) is called the Blaschke-Potapov factor

of the auxiliary matrix Û (2k)
2 (resp. Ũ (2k+1)

2 ).

Now we prove the main result of this section.

Theorem 1 Let the matrix Û (2j)
2 (resp. Ũ (2j+1)

2 ) be as in (29) (resp. (27)). Let
d(2j), d(2j+1) be defined as in (73)-(75), then

Û
(0)
2 (z) =d(0)(z)d(2)(z), Ũ

(1)
2 (z) = d(1)(z), (76)

Û
(2j)
2 (z) =Û

(2j−2)
2 (z)d(2j+2)(z), z ∈ C, 1 ≤ j ≤ n− 1 (77)

and

Ũ
(2j+1)
2 (z) =Ũ

(2j−1)
2 (z)d(2j+1)(z), z ∈ C, 1 ≤ j ≤ n. (78)
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P r o o f. Equality (76) readily follows from direct calculation. Now we demonstrate
(77). Denote

G11
j (a) := Q∗2,j(a)Ĥ−12,j P2,j(a), (79)

G12
j (a) := Q∗2,j(a)Ĥ−12,jQ2,j(a), (80)

G21
j (a) := P ∗2,j(a)Ĥ−12,j P2,j(a) (81)

and
G22
j (a) := P ∗2,j(a)Ĥ−12,jQ2,j(a) (82)

for 1 ≤ j ≤ n− 1.
Now we prove equality (77). By using (73), (74), (79), (80), (81) and (82), Eq.

(77) can be written in the equivalent form(
α̂
(2j)
2 (z) β̂

(2j)
2 (z)

γ̂
(2j)
2 (z) δ̂

(2j)
2 (z)

)
−

(
α̂
(2j−2)
2 (z) β̂

(2j−2)
2 (z)

γ̂
(2j−2)
2 (z) δ̂

(2j−2)
2 (z)

)

·
(
Iq + (z − a)G11

j (a) (z − a)G12
j (a)

−(z − a)G21
j (a) Iq − (z − a)G22

j (a)

)
= 0. (83)

The left-hand side of (83) is equivalent to the following four equalities:

Υ11,j :=α̂
(2j)
2 (z)− α̂(2j−2)

2 (z)

+ (z − a)
(
−α̂(2j−2)

2 (z)G11
j (a) + β

(2j−2)
2 (z)G21

j (a)
)
,

Υ12,j :=β̂
(2j)
2 (z)− β̂(2j−2)2 (z)

− (z − a)
(
α̂
(2j−2)
2 (z)G12

j (a)− β(2j−2)2 (z)G22
j (a)

)
,

Υ21,j :=γ̂
(2j+1)
2 (z)− γ̂(2j−2)2 (z)

+ (z − a)
(
−γ̂(2j−2)2 (z)G11

j (a) + δ
(2j−2)
2 (z)G21

j (a)
)

and

Υ22,j :=δ̂
(2j+1)
2 (z)− δ̂(2j−2)2 (z)

− (z − a)
(
γ̂
(2j−2)
2 (z)G12

j (a)− δ(2j−2)2 (z)G22
j (a)

)
.

By taking into account (79) and (81), we have

Υ11,j =(z − a)Υ̃1,jĤ
−1
2,j P2,j(a), Υ12,j = (z − a)Υ̃1,jĤ

−1
2,jQ2,j(a),

Υ21,j =(z − a)Υ̃2,jĤ
−1
2,j P2,j(a), Υ22,j = (z − a)Υ̃2,jĤ

−1
2,jQ2,j(a)
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where

Υ̃1,j+1 :=Q∗2,j+1(z̄)−Q∗2,j+1(a) + (z − a)(u∗2,j + zs0v
∗
j )R

∗
j (z̄)H

−1
2,jRj(a)vj

·Q∗2,j+1(a) + (z − a)(s0 + (u∗2,j + zs0v
∗
j )R

∗
j (z̄)H

−1
2,jRj(a)

· (u2,j + avjs0))P
∗
2,j+1(a),

Υ̃2,j+1 :=− P ∗2,j+1(z̄) + P ∗2,j+1(a) + (z − a)v∗jR
∗
j (z̄)H

−1
2,jRj(a)vjQ

∗
2,j+1(a)

+ (z − a)v∗jR
∗
j (z̄)H

−1
2,jRj(a)(u2,j + avjs0)P

∗
2,j+1(a).

Now we verify that

Υ̃`,j = 0, `, k ∈ {1, 2}, 1 ≤ j ≤ n− 1. (84)

By using (36), (35) and (45), we have

Υ̃1,j+1 =
(
−(u2,j+1 + zs0v

∗
j+1)R

∗
j+1(z̄) + (u2,j+1 + as0v

∗
j+1)R

∗
j+1(a)+

− (z − a)(u2,j + zs0v
∗
j )R

∗
j (z̄)H

−1
2,jRj(a)(u∗2,j+1 + as0v

∗
j+1)R

∗
j+1(a)

+ (z − a)
(
s0 + (u∗2,j + zs0v

∗
j )R

∗
j (z̄)H

−1
2,jRj(a)(u2,j + avjs0)

)
· v∗j+1R

∗
j+1(a)

)
ΞH2,j

=(z − a)v∗j+2H1,j+2R
∗
j+2(z̄)

(
−T ∗j+2(L1,j+2 − bL2,j+2)

−
(
(I − zT ∗j+2)L2,j+2(L1,j+2 − bL2,j+1) + (z − a)(I − zT ∗j+1)L2,j+2

·R∗j+1(z̄)T
∗
j+1(L1,j+1 − bL2,j+1))H

−1
2,jRj(a)vjv

∗
j+2H1,j+2

· (L1,j+1 − bL2,j+1)− (I − zT ∗j+1)L2,j+2(Tj+1T
∗
j+1 − I)R∗j+1(a)

+
(
(I − zT ∗j+2)L2,j+2(L1,j+1 − bL2,j+1) + (z − a)(I − zT ∗j+2)L2,j+2

·R∗j+1(z̄)T
∗
j+1(L1,j+1 − bL2,j+1)

)
·
(
L1,j+1R

∗
j+1(a) +H−12,j (L∗1,j+1 − bL∗2,j+1)H1,j+1

))
ΞH2,j

=(z − a)v∗j+2H1,j+2R
∗
j+2(z̄)

(
−T ∗j+2(L1,j+1 − bL2,j+1)− (Tj+2T

∗
j+2 − I)

· L2,j+2R
∗
j+1(a) + (I − aT ∗j+1)L2,j+2(L1,j+1 − bL2,j+1)L

∗
1,j+1R

∗
j+1(a)

− (I − aT ∗j+2)L2,j+2(L1,j+1 − bL2,j+1)H
−1
2,jRj(a)vjv

∗
j+2H1,j+2

· (L1,j+1 − bL2,j+1) + (I − aT ∗j+2)L2,j+2(L1,j+1 − bL2,j+1)H
−1
2,j

· (L∗1,j+1 − bL∗2,j+1)H1,j+1

)
ΞH2,j

=− (z − a)v∗j+2H1,j+2R
∗
j+2(z̄)(I − aT ∗j+2)L2,j+2(L1,j+1 − bL2,j+1)H

−1
2,j

· L∗2,j+1Tj+1H2,j+1Ξ
H
2,j

=0.

In the second equality we used (54) and (55), in the third equality we employed
(60) and (61). The penultimate equality follows from (66) and (68). The last
equality follows from identity (52). Equality (84) for ` = 2 is proved by using
(35), (36), (46), (49), (68) and (52).
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To prove (78), we used the following equalities:

Θ∗1,j(z̄)−Θ∗1,j(a) + (z − a)ũ∗1,j−1R
∗
j−1(z̄)K

−1
1,j−1Rj−1(a)vj−1Θ

∗
1,j(a)

− (z − a)ũ∗1,j−1R
∗
j−1(z̄)K

−1
1,j−1Rj−1(a)ũ1,j−1Γ

∗
1,j(a) = 0 (85)

and

Γ∗1,j(z̄)− Γ∗1,j(a) + (z − a)ṽ∗j−1R
∗
j−1(z̄)K

−1
1,j−1Rj−1(a)vj−1Θ

∗
1,j(a)

− (z − a)ṽ∗j−1R
∗
j−1(z̄)K

−1
1,j−1Rj−1(a)ũ1,j−1Γ

∗
1,j(a) = 0. (86)

In turn (85) and (86) are demonstrated by using (37), (39), (47), (44), (49), (46),
(50), (67) and (51). The Theorem is proved.

Corollary 1 Let the auxiliary matrices Ũ (2n+1)
2 and Û (2n−2)

2 defined as in (27)
and (29). Furthermore, let d(2j), d(2j+1) be as in (73)-(75). Then equalities (10)
and (11) hold.

The proof follows immediately from Theorem 1.

5. Representation of the RM via DSM parameters
In this section we introduce new DSM parameters; see Definition 9. In contrast

to the DSM parameters introduced in [3] (see Definition 10) which depend on the
left terminal point of the interval [a, b], the new DSM parameters depend both on
a and b.

With the help of the new DSM parameters and the OMP on [a, b] we obtain
a multiplicative representation of the RM U (2n), U (2n+1) of the THMM problem.
This representation is a generalization of a similar one attained by Yu. Dyukarev
in [25, Theorem 7].

Definition 9 Let a and b be real numbers such that a < b. Let H2,j, K1,j, Rj, vj,
u2,j be defined by (4), (5), (14), (15), (17) and (22), respectively. Furthermore,
let s0, H2,j, K1,j be positive definite matrices. For 1 ≤ j ≤ n− 1, denote by

r0 :=s0, rj(a, b) := s0 + (u∗2,j + as0v
∗
j )R

∗
j (a)H−12,jRj(a)(u2,j + avjs0),

(87)

t0(b) :=v∗0R
∗
0(a)K−11,0R0(a)v0, tj(a, b) := v∗jR

∗
j (a)K−11,jRj(a)vj , (88)

l−1 :=s0, l0(a, b) := (u∗2,0 + as0v
∗
0)H−12,0 (u2,0 + av0s0), (89)

lj(a, b) :=(u∗2,j + as0v
∗
j )R

∗
j (a)H−12,jRj(a)(u2,j + avjs0)

− (u∗2,j−1 + as0v
∗
j−1)R

∗
j−1(a)H−12,j−1Rj−1(a)(u2,j−1 + avj−1s0) (90)

and

m0(b) :=t0(b),

mj(a, b) :=v∗jR
∗
j (a)K−11,jRj(a)vj − v∗j−1R∗j−1(a)K−11,j−1Rj−1(a)vj−1 (91)
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for 1 ≤ j ≤ n. The matrices lj(a, b) and mj(a, b) are called the second type
Dyukarev-Stieltjes matrix parameters of the THMM problem.

Below we shall usually omit the dependence on a and b of the matrices (87)-(91).
Observe that from (69), (70), (71), (72), (36), (37), (39) and (35) the following

identities are valid:

lj =Q∗2,j(a)Ĥ−12,jQ2,j(a), mj = Γ∗1,j(a)K̂−11,j Γ1,j(a), (92)

rj =Γ−11,j (a)Θ1,j(a), tj = Q−12,j (a)P2,j(a). (93)

Remark 7 Let rj, tj, lj and mj be as in (87)-(91). Thus, the following equalities
hold:

lj =rj+1 − rj , j ≥ 0, (94)
mj =tj − tj−1, j ≥ 1. (95)

Moreover, the matrices lj and mj are positive definite matrices.

P r o o f. Equalities (94)-(95) follow by direct calculation from (87)-(91).
By the second equality of (41) and the fact that K̂1,j and Ĥ2,j are positive definite
matrices, we obtain that lj and mj are too.

Let us recall DSM parameters Mj and Lj first introduced in [3].

Definition 10 Let a be a real number. Let H1,j, K2,j, Rj, vj, ũ2,j be defined by
(4), (5), (14), (15) and (17), respectively. Furthermore, let H1,j, K1,j be positive
definite matrices. For 1 ≤ j ≤ n, denote by

M0(a) :=s−10 , L0(a) := ũ∗2,0K
−1
2,0 ũ2,0, (96)

Mj(a) :=v∗jR
∗
j (a)H−11,jRj(a)vj − v∗j−1R∗j−1(a)H−11,j−1Rj−1(a)vj−1, (97)

Lj(a) :=ũ∗2,jR
∗
j (a)K−12,jRj(a)ũ2,j − ũ∗2,j−1R∗j−1(a)K−12,j−1Rj−1(a)ũ2,j−1. (98)

The matrices Mj(a) and Lj(a) are called Dyukarev-Stieltjes matrix parameters of
the THMM problem.

In the sequel we usually omit the dependence of the DSM parameters Mj and Lj
on the parameter a.

It should be mentioned that the notion Dyukarev-Stieltjes parameters was
first introduced by B. Fritzsche, B. Kirstein and C. Mädler in [35] for the TSMM
problem, that is, for Mj(0) and Lj(0).

In [25, Theorem 7] Dyukarev introduced the Stieltjes parameters for the
Stieltjes matrix moment problem which in our notations are given by M0(0),
L0(0), Mj(0) and Lj(0). The following Remark gives the interrelation between
the aforementioned Stieltjes parameters [25, Theorem 7] and the DSM parameters
studied in the present work.
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Remark 8 Let Mj and Lj be the DSM parameters as in (96)-(97). Furthermore,
let the DSM parameters be as in (89), (90) and (91). Thus, the following relations
are valid:

Mj(0) = lim
b→+∞

bmj(0, b), Lj(0) = lim
b→+∞

b−1lj(0, b). (99)

This Remark can be verified by direct calculations.

We continue considering Hausdorff positive definite sequences (sj)
2n
j=0 and

(sj)
2n+1
j=0 . The following Theorem shows an explicit representation between the

Blaschke-Potapov factors d(2j), d(2j+1) and the matrices rj , tj , lj and mj .

Theorem 2 Let d(2j), d(2j+1) be as in (73)-(74) and rj, tj, lj, mj be defined by
(87)-(91), respectively. The identities (12) and (13) then hold for 0 ≤ j ≤ n.

P r o o f. We prove (12). For j = 0 the proof can be checked by a direct calculation.
Let 1 ≤ j ≤ n. Denote

d(2j+1) :=

(
d11j d12j
d21j d22j

)
.

The relation (12) is equivalent to the following four equalities:

d11j − Iq + (z − a)rjmj = 0, (100)

d12j − (z − a)rjmjrj = 0, (101)

d21j + (z − a)mj = 0, (102)

d22j − Iq − (z − a)mjrj = 0. (103)

Let us now prove (100). By the (1, 1) element of d(2j+1) , (92) and (93), we have

d11j − Iq + (z − a)rjmj

= −(z − a)Θ∗1,j(a)K̂−11,j Γ1,j(a) + (z − a)Θ∗1,j(a)Γ∗
−1

1,j (a)Γ∗1,j(a)K̂−11,j Γ1,j(a)

= 0.

The equalities (101) and (103) are proved in a similar way. Observe that (102)
is verified by definition. To prove (13) one uses (74), the first equality of (92)
and the second equality of (93). Thus Theorem 2 is proved. Let n ∈ N0, and let
A0, . . . , An be complex q × q matrices. Let

−→
n∏
j=0

Aj = A0A1 · · ·An−1An and

←−
n∏
j=0

Aj = AnAn−1 · · ·A1A0

then denote the right and left product of the matrices A0, A1, . . . , An, respectively.

The following Corollary readily yields by employing (94), (95), Theorem 2 and
Corollary 1.
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Corollary 2 Let Û
(2n−2)
2 and Ũ

(2n+1)
2 be as in (29) and (27), respectively.

Furthermore, let mk, lk, tk and rk be as in Definition 9. Thus, the equalities

Û
(2n−2)
2

=

−→
n−1∏
k=0

[(
Iq (z − a)lk−1
0q Iq

)(
Iq 0q
−mk Iq

)](
Iq (z − a)ln−1
0q Iq

)(
Iq 0q

tn−1 Iq

)
(104)

and

Ũ
(2n+1)
2 =

−→
n∏
k=0

[(
Iq lk−1
0q Iq

)(
Iq 0q

−(z − a)mk Iq

)](
Iq −rn
0q Iq

)
(105)

are valid.

Now we derive a new representation of the RM of the THMM problem via DSM
parameters in both cases for odd and even number of moments. We also reproduce
an analogue representation given in [8, Corollary 3].

Theorem 3 Let Pk,j, Qk,j, Γk,j and Θk,j be as in Definitions 6 and 7. Let the
RM U (2n), U (2n+1) of the THMM problem be as in (6), (7), respectively.
a) Let lk, mk, be as in Definition (89)-(91). Thus, the following representations
of the RM in the case of odd and even number of moments hold

U (2n)(z, a, b)

=

( 1
(b−z)(z−a)Iq 0q

0q Iq

)−→n−1∏
k=0

[(
Iq (z − a)lk−1
0q Iq

)(
Iq 0q
−mk Iq

)]
·
(
Iq (z − a)ln−1
0q Iq

)(
Iq 0q

Q−12,n−1(a)P2,n−1(a) + 1
b−aΘ−12,n(a)Γ2,n(a) Iq

)
·
(

(b− a)(z − a)Iq 0q
0q

b−z
b−aIq

)
, (106)

U (2n+1)(z, a, b) =

(
1
b−z Iq 0q

0q Iq

)−→n∏
k=0

[(
Iq lk−1
0q Iq

)(
Iq 0q

−(z − a)mk Iq

)]
·
(
Iq −Γ−11,n(a)Θ1,n(a)− (b− a)P−11,n+1(a)Q1,n+1(a)

0q Iq

)(
(b− z)Iq 0q

0q Iq

)
.

(107)

b) Moreover, let Mk, Lk be as in (96)-(98). Thus the following representations
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hold:

U (2n)(z, a, b) =

−→
n−1∏
k=0

[(
Iq 0q

−(z − a)Mk Iq

)(
Iq Lk
0q Iq

)](
Iq 0q

−(z − a)Mn Iq

)

·
(
Iq Q∗1,n(a)P ∗

−1

1,n (a) + 1
b−aΘ∗1,n(a)Γ∗

−1

1,n (a)

0q Iq

)
(108)

and

U (2n+1)(z, a, b) =

(
1

z−aIq 0q
0q Iq

)−→n∏
k=0

[(
Iq 0q
−Mk Iq

)(
Iq (z − a)Lk
0q Iq

)]
·
(

Iq 0q
−Γ∗2,n(a)Θ∗

−1

2,n (a)− (b− a)P ∗2,n(a)Q∗
−1

2,n (a) Iq

)(
(z − a)Iq 0q

0q Iq

)
. (109)

P r o o f. We prove part a). Equality (106) is proved by using (8), (33), (30) and
(104). In a similar manner one proves equality (107) by using (9), (105) and (28).
Part b) is proved in [8, Corollary 3]. Observe that Q2,n−1(a), Θ2,n(a), Γ1,n(a),
P1,n(a) are invertible matrices due to Remark 3 and the fact that Ĥ1,n, Ĥ2,n−1,
K̂1,n, K̂2,n are positive definite matrices.

Let us introduce some additional notation:

l
(2n)
k :=

(
0q Iq
Iq (z − a)lk

)
, m

(2n)
k :=

(
0q Iq
Iq −mk

)
, (110)

l
(2n+1)
k :=

(
0q Iq
Iq lk

)
, m

(2n+1)
k :=

(
0q Iq
Iq −(z − a)mk

)
, (111)

L
(2n)
k :=

(
0q Iq
Iq Lk

)
, M

(2n)
k :=

(
0q Iq
Iq −(z − a)Mk

)
, (112)

L
(2n+1)
k :=

(
0q Iq
Iq (z − a)Lk

)
, M

(2n+1)
k :=

(
0q Iq
Iq −Mk

)
(113)
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and

D1 :=

(
0q

1
(b−z)(z−a)Iq

Iq 0q

)
, D2 :=

(
0q

b−z
b−aIq

(b− a)(z − a)Iq 0q

)
, (114)

D3 :=

(
0q

1
b−z Iq

Iq 0q

)
, D4 :=

(
0q Iq

(z − a)Iq 0q

)
, (115)

D1 :=

(
(b− z)Iq 0q

0q Iq

)
, D2 :=

(
1

z−aIq 0q
0q Iq

)
, (116)

B(2n)1 :=

(
0q Iq
Iq Q∗1,n(a)P ∗

−1

1,n (a) + 1
b−aΘ∗1,n(a)Γ∗

−1

1,n (a)

)
, (117)

B(2n+1)
1 :=

(
0q Iq
Iq −Γ∗2,n(a)Θ∗

−1

2,n (a)− (b− a)P ∗2,n(a)Q∗
−1

2,n (a)

)
, (118)

B(2n)2 :=

(
0q Iq
Iq Q−12,n−1(a)P2,n−1(a) + 1

b−aΘ−12,n(a)Γ2,n(a)

)
, (119)

B(2n+1)
2 :=

(
0q Iq
Iq −Γ−11,n(a)Θ1,n(a)− (b− a)P−11,n+1(a)Q1,n+1(a)

)
. (120)

Lemma 1 Let the RM U (2n) and U (2n+1) be defined as in (6) and (7).
Furthermore, let l(2n)k ,m(2n)

k , l(2n+1)
k ,m(2n+1)

k , L(2n)
k ,M(2n)

k , L(2n+1)
k ,M(2n+1)

k ,
Dj, for j = 1, 2, 3, 4, B(2n)j , B(2n+1)

j for j = 1, 2 and Dj for j = 1, 2 be as in (110)-
(113), (114)-(115), (119), (120) and (116), respectively. The identities (1), (2),

U (2n) =M
(2n)
0 L

(2n)
0 . . .L

(2n)
n−1M

(2n)
n B(2n)1 (121)

and
U (2n+1) = D2M

(2n+1)
0 L

(2n+1)
0 . . .M(2n+1)

n L
(2n+1)
n B(2n+1)

1 D4 (122)

hold.

P r o o f. We prove (1). By using (114), (110) and (119) clearly the following
equalities are valid:

D1l
(2n)
−1 =

( 1
(b−z)(z−a)Iq 0q

0q Iq

)(
Iq (z − a)l−1
0q Iq

)
m

(2n)
k l

(2n)
k =

(
Iq 0q
−mk Iq

)(
Iq (z − a)lk
0q Iq

)
,

B(2n)2 D2 =

(
Iq 0q

Q−12,n−1(a)P2,n−1(a) + 1
b−aΘ−12,n(a)Γ2,n(a) Iq

)
·
(

(b− a)(z − a)Iq 0q
0q

b−z
b−aIq

)
.

The latter equalities along with (106) imply (1). In a similar manner ones proves
(2), (121) and (122).

*
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Appendix
In this appendix we reproduce some results from [9] and [8], which are used

in the present work.

Definition 11 [9, Formula (6.2)] Let H2,j be as in (4), and assume that H2,j is
a positive definite matrix. Furthermore, let u2,j, Rj and vj be as in (22), (14) and
(15). The 2q × 2q matrix polynomial

Ũ
(2j)
2 (z, a, b) :=

(
α̃
(2j)
2 (z, a, b) β̃

(2j)
2 (z, a, b)

γ̃
(2j)
2 (z, a, b) δ̃

(2j)
2 (z, a, b)

)
, z ∈ C, 0 ≤ j ≤ n− 1, (A.1)

with

α̃
(2j)
2 (z, a, b) :=Iq − (z − a)u∗2,jR

∗
j (z̄)H

−1
2,jRj(a)vj ,

β̃
(2j)
2 (z, a, b) :=(z − a)u∗2,jR

∗
j (z̄)H

−1
2,jRj(a)u2,j ,

γ̃
(2j)
2 (z, a, b) :=− (z − a)v∗jR

∗
j (z̄)H

−1
2,jRj(a)vj

and

δ̃
(2j)
2 (z, a, b) :=Iq + (z − a)v∗jR

∗
j (z̄)H

−1
2,jRj(a)u2,j

is called the second auxiliary matrix of the THMM problem in the case of an odd
number of moments.

Remark 9 [8, Equalities (1.30) and (1.31)] The following identities are valid:

Γ∗2,j(z̄, a)Θ∗
−1

2,j (a, a) =− v∗jR∗j (z̄)H−11,jRj(a)vj ,

Q∗1,j+1(z̄)P
∗−1

1,j+1(a) =− ũ∗2,jR∗j (z̄)K−12,jRj(a)ũ2,j .

Finally, let us recall the following well-known result below.

Lemma 2 [1, Proposition 8.2.4] Let A :=

(
A11 A12

A∗12 A22

)
be a Hermitian (n +

m)× (n+m) matrix. Therefore, the following statements are equivalent:

i) A > 0.

ii) A11 > 0 and A∗12A
−1
11 A12 < A22.

iii) A22 > 0 and A12A
−1
22 A

∗
12 < A11.
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21. Durán A.J., López–Rodŕiguez P., Structural formulas for orthogonal matrix
polynomials satisfying second order differential equations, II, / Constr.
Approx., 2007. – 26(1). – P. 29–47.

22. Dym H., On Hermitian block Hankel matrices, matrix polynomials, the
Hamburger moment problem, interpolation and maximum entropy, / Integral
Equations and Operator Theory, 1989. – 12. – P. 757–812.

23. Dyukarev Yu.M., The multiplicative structure of resolvent matrices of
interpolation problems in the Stieltjes class, / Vestnik Kharkov Univ. Ser.
Mat. Prikl. Mat. i Mekh., 1999. – 458. – P. 143–153.

24. Dyukarev Yu.M., Factorization of operator functions of multiplicative Stieltjes
class (Russian), / Dopov. Nats. Akad. Nauk Ukr. Mat. Prirodozn. Tekh., 2000.
– 9. – P. 23–26.

25. Dyukarev Yu.M., Indeterminacy criteria for the Stieltjes matrix moment
problem, / Math. Notes, 2004. – 75(1-2). – P. 66–82.

26. Dyukarev Yu.M., Indeterminacy of interpolation problems in the Stieltjes
class, Math. Sb., 2005. – 196(3). – P. 61–88.

27. Dyukarev Yu.M., A Generalized Stieltjes Criterion for the Complete
Indeterminacy of Interpolation Problems, / Math. Notes, 2008. – 84(1). –
P. 23–39.

28. Dyukarev Yu.M., Criterion for complete indeterminacy of limiting
interpolation problem of Stieltjes type in terms of orthonormal matrix
functions, / Russian Mathematics (Iz. VUZ), 2015. – 59(4). – P. 61–88.

29. Dyukarev Yu.M., Geometric and operator measures of degeneracy for the set
of solutions to the Stieltjes matrix moment problem, Mat. Sb., 2016. – 207(4).
– P. 47–64.



42 REFERENCES

30. Dyukarev Yu.M. ,Choque Rivero A.E., Power moment problem on compact
intervals, / Mat. Sb., 2001. – 69(1-2). – P. 175–187.

31. Dyukarev Yu.M. ,Choque Rivero A.E., A matrix version of one Hamburger
theorem, / Mat. Sb., 2012. – 91(4). – P. 522–529.

32. Dyukarev Yu.M., Serikova I.Yu., Complete indeterminacy of the Nevanlinna-
Pick problem in the class S[a,b], / Russian Math. (Iz. VUZ), 2007. – 51(11).
– P. 17–29.

33. Dyukarev Yu.M., Serikova I.Yu., Step-by-step solving of ordered
interpolational problem for Stieltjes functions, / Russian Math. (Iz.
VUZ), 2017. – 6. – P. 18–32.
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35. Fritzsche B., Kirstein B., Mädler C., Transformations of matricial α-Stieltjes
non-negative definite sequences, / Lin. Alg. and Appl., 2013. – 439. – P. 3893–
3933.

36. Geronimo J.S., Scattering theory and matrix orthogonal polynomials on the
real line, / Circuits Systems Sigmal Process, 1982. – 1(3-4). – P. 471–495.

37. I.V. Kovalishina, New aspects of the classical moment problems. Second
doctoral thesis (in Russian), 1986. – Institute of Railway-Transport Engineers.

38. Kovalishina I.V., Analytic theory of a class of interpolation problems, / Izv.
Math., 1983. – 47(3). – P. 455–497.

39. Krein M.G., Fundamental aspects of the representation theory of hermitian
operators with deficiency (m,m), / Ukrain. Mat. Zh., 1949. – 1(2). – P. 3–66.

40. Krein M.G., Infinite J-matrices and a matrix moment problem, / Dokl. Akad.
Nauk, 1949. – 69(2). – P. 125–128.

41. Miranian L., Matrix-valued orthogonal polynomials on the real line: some
extensions of the classical theory, / J. Phys. A: Math. Gen., 2005. – 38. –
P. 5731–5749.

42. Potapov V.P., The multiplicative structure of J-nonexpansive matrix
functions, / Trudy Moskov. Mat. Ob., 1955. – 4. – P. 125–236.

43. Serikova I. Yu., Indeterminacy criteria for the Nevanlinna-Pick interpolation
problem in class R[a, b], / Zb. Pr. Inst. Mat. NAN Ukr., 2006. – 3(4). – P. 126–
142.

44. Simon B., The classical problem as a self-adjoint finite difference operator, /
Adv. Math., 1998. – 137. – P. 82–203.

45. Sinap A., Van Assche W., Orthogonal matrix polynomials and applications,
/ J. Comput. Appl. Math., 1996. – 66(1-2). – P. 27–52.
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1. Вступ

Одним iз аспектiв теорiї кiлець є вивчення властивостей кiлець за допомо-
гою теорiї графiв. Кожний черепичний порядок повнiстю визначається своєю
матрицею показникiв i дискретно нормованим кiльцем [1]. Багато властиво-
стей таких кiлець повнiстю визначаються їх матрицями показникiв [2],[3],
зокрема, сагайдаки таких кiлець [1]. Порiвняно недавно матрицi показникiв
стали окремим об’єктом вивчення. В [4] доводиться нежорсткiсть допустимо-
го сагайдака, який має хоча б одну петлю.

c© Зеленський О.В., Дармосюк В.М., 2017
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В [5] розглядаються ваговi функцiї, якi визначають допустимi сагайда-
ки. З їх появою з’явилося бiльше можливостей для дослiдження допустимих
сагайдакiв. Опис деяких класiв жорстких сагайдакiв започатковано в [6]. В
[7] знайдено властивостi одиничних циклiв та одиничних сагайдакiв, зокрема
знайдено обмеження для елементiв матрицi показникiв одиничного сагайда-
ка. В [8] дослiджуються цикли допустимих сагайдакiв. В роботi знайденi до-
пустимi сагайдаки, для яких не iснує звичайних вагових функцiй. Показано,
що iснують допустимi сагайдаки, у яких для довiльної допустимої вагової
функцiї вага хоча б однiєї стрiлки бiльше нiж одиниця. Також у статтi видi-
лено класи сагайдакiв зi звичайними ваговими функцiями та доведено, що всi
допустимi сагайдаки з чотирма вершинами мають звичайнi ваговi функцiї.

2. Попереднi вiдомостi

Розглянемо матрицю E=(αij) ∈Mn(Z)(Mn(Z) — це кiльце матриць n× n
з цiлими елементами).

Означення 1.[1, гл.14, с. 353] Матриця E=(αij), для якої виконуються
наступнi умови:

1) αij + αjk > αik для всiх i, j, k = 1, . . ., n,
2) αii = 0 для всiх i = 1, . . ., n,

називається матрицею показникiв.
Матриця показникiв, для якої виконується умова
3) αij + αji > 1 для всiх i, j ∈ {1, . . ., n} (i 6= j)
називається зведеною матрицею показникiв.
Нехай E = (αij) — зведена матриця показникiв. Введемо матрицi E(1) =

(βij) = E+En ∈Mn(Z), де En — одинична матриця, та E(2) = (γij) ∈Mn(Z):
γij = min

k
{βik + βkj}.

Означення 2. [1, гл.14, с. 357] Сагайдаком зведеної матрицi показни-
кiв Q = Q(E) називається сагайдак, матриця сумiжностi якого задається
формулою [Q] = E(2) − E(1).

Означення 3. [1] Зведенi матрицi показникiв E1 i E2 називають еквiва-
лентними, якщо одну можна одержати з iншої за допомогою елементарних
перетворень двох типiв:

1. Вiдняти цiле число t вiд елементiв i-го рядка i додати його до елемен-
тiв i-го стовпця.

2. Помiняти мiсцями два рядки i два стовпцi з такими ж номерами.

Означення 4.[1, гл.14, с. 357] Сагайдак Q називається допустимим, як-
що icнує зведена матриця показникiв E, така що Q(E) = Q.

Означення 5. [5] Сагайдак Q = (V Q,AQ) називають зваженим, якщо
визначена функцiя ω: AQ→ R . Функцiю ω називають ваговою, а її значення
на стрiлцi – вагою стрiлки.
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Вага циклу дорiвнює сумi ваг його стрiлок та позначається ω(i1, i2, ..., in),
де i1, i2, ..., in вершини циклу.

Теорема 1.[3]. Якщо E - зведена матриця показникiв, Q = Q(E)-сагайдак
матрицi показникiв, то матриця [Q] є (0, 1) - матрицею сумiжностi сильно
зв’язного сагайдака.

Теорема 2. [5] Сильно зв’язний сагайдак Q = (V Q,AQ) допустимий тодi
й тiльки тодi, коли iснує вагова функцiя ω : AQ → N ∪ Ø , яка задовольняє
такi умови:

1. Вага стрiлки з точки i у точку j менша за вагу шляху з точки i у точку
j довжини l ≥ 2.

2. Вага петлi в точцi i менша за вагу будь-якого циклу, що проходить
через точку i, довжиною l ≥ 2.

3. Вага будь-якого циклу бiльша або дорiвнює 1.
4. Вага петлi дорiвнює 1.
5. Через кожну точку без петлi проходить цикл довжиною l ≥ 2, вага

якого дорiвнює 1.
Зауваження 1. Згiдно з умовами (4) та (5) через кожну точку допусти-

мого сагайдака проходить цикл ваги 1.
Означення 6.[5]Вагову функцiю, яка задовольняє всi умови теореми 1,

називатимемо допустимою ваговою функцiєю.
За сагайдаком Q i допустимою ваговою функцiєю ω можна побудувати

матрицю показникiв E = (αij) ∈ Mn(Z) таким чином: якщо сагайдак Q мi-
стить стрiлку σij , то αij = ω(σij), у протилежному випадку αij дорiвнює вазi
найлегшого шляху iз вершини vi у вершину vj .

Означення 7.[6]Допустимий сагайдак Q називають жорстким, якщо
iснує з точнiстю до еквiвалентностi єдина зведена матриця показникiв E
така, що Q(E) = Q.

Означення 8. [6]Простий цикл в сагайдаку Q = (V Q,AQ), вага якого
дорiвнює 1, будемо називати одиничним.

Твердження 1. [7] В допустимому сагайдаку Q = (V Q,AQ) мiж верши-
нами одиничного циклу не iснує iнших стрiлок окрiм стрiлок цього циклу.

Твердження 2. [7] Допустимий сагайдак Q не може мiстити двох стрiлок
σia та σja, де вершини i, j належать одному одиничному циклу.

Твердження 3. [7] Допустимий сагайдак Q = (V Q,AQ), не може мiстити
стрiлки σai, σaj , де вершини i, j належать деякому одиничному циклу.

Означення 9. Допустима вагова функцiя називається звичайною, якщо
вага всiх стрiлок не перевищує одиницю.

Теорема 3. [8] Нехай Q допустимий сагайдак, σuv - стрiлка сагайдака Q,
Q∗ - сагайдак, який утворюється з Q видаленням стрiлки σuv. Сагайдак Q∗

є допустимим, якщо виконуються умови:

1. В Q iснує шлях iз вершини u в вершину v, вiдмiнний вiд стрiлки σuv ;
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2. Iснує вагова функцiя ω, для якої Q допустимий сагайдак i стрiлка σuv
не належить одиничному циклу.

3. Основнi результати

В наступних твердженнях видiлимо класи сагайдакiв, для яких завжди
iснують звичайнi ваговi функцiї.

Твердження 4. Якщо сагайдак Q має петлi у всiх вершинах, то для
сагайдака Q iснує звичайна вагова функцiя.

Доведення. Вагова функцiя ω з вагою всiх стрiлок рiвною одиницi задо-
вольняє всi умови теореми 1, оскiльки вага всiх циклiв не менше двiйки. Вага
стрiлки менше нiж вага шляху, тому вагова функцiя є звичайною ваговою
функцiєю.

Твердження 5. Якщо сагайдак Q = Q(E), Q = (V Q,AQ) має єдиний
одиничний цикл, то для сагайдака Q iснує звичайна вагова функцiя.

Доведення. За твердженням 1 одиничний цикл не мiстить iнших стрiлок,
окрiм стрiлок самого циклу. Усi стрiлки сагайдака Q подiлимо на двi групи:
стрiлки одиничного циклу та стрiлки, якi не належать одиничному циклу.
Не зменшуючи загальностi можна вважати, що одиничний цикл складається
з вершин (12 . . . k). Для сагайдака побудуємо вагову функцiю ω наступним
чином:

1)ω(σ12) = 1, ω(σ23) = 0, ...,ω(σk−1k) = 0,ω(σk1) = 0;
2) вага iнших стрiлок сагайдака Q рiвна одиницi.
Для вагової функцiї ω вага циклу (12 . . . k) рiвна 1, а вага iнших циклiв

бiльша одиницi, тому умови 2), 3), 5) теореми 1 виконуються. Доведемо, що
виконується умова 1) теореми 1: Якщо стрiлка σij ∈ AQ належить одинично-
му циклу (12 . . . k), то в будь-якому шляху σii1 ,σi1i2 ,...,σipj (який починається
в вершинi ”i” та завершується в вершинi ”j” ) є мiнiмум двi стрiлки σii1 ,σipj ,
якi не належать одиничному циклу, тому вага такого шляху не менше двiйки.

Якщо вершина ”i” та вершина ”j”, не належать одиничному циклу, то
очевидно, що довiльний шлях, який починається в вершинi ”i” та завер-
шується в вершинi ”j” мiстить мiнiмум двi стрiлки σii1 , σipj , якi не належать
одиничному циклу, тому вага такого шляху не менше двiйки.

Якщо вершина ”i” належить одиничному циклу та вершина ”j” не
належить одиничному циклу, то з твердження 2 випливає, що в шляху
σii1 ,σi1i2 ,...,σipj вершина ip не належить одиничному циклу, тому ω(σip−1ip) =
1, ω(σipj) = 1 вага шляху σii1 ,σi1i2 ,...,σipj не менше двох. Якщо вершина ”i”
не належить та вершина ”j” належить одиничному циклу, то з твердження
3 випливає, що в шляху σii1 ,σi1i2 ,...,σipj вершина i1 не належить одиничному
циклу, тому ω(σii1) = 1, ω(σi1i2) = 1 вага шляху σii1 ,σi1i2 ,...,σipj не менше
двох.

Отже, для довiльної стрiлки σij ∈ AQ вага шляху, який починається в вер-
шинi ”i” та завершується в вершинi ”j”, не менше двох, тому вагова функцiя
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ω задовольняє всiм умовам теореми 1. Отже, ω є допустимою ваговою функ-
цiєю. Оскiльки вага всiх стрiлок не перевищує одиницi, то ω є звичайною
ваговою функцiєю. Твердження доведено.

Лема 1. В допустимому сагайдаку Q = (V Q,AQ), V Q = {1, 2, 3, 4} без
петель, у якого довжина всiх одиничних циклiв дорiвнює два i не iснує вер-
шини, через яку проходять усi одиничнi цикли, можна вибрати два одиничнi
цикли, якi складаються з рiзних вершин.

Доведення. Вершина ”1” без петлi, тому вона належить одиничному цик-
лу. Нехай це буде цикл (1 2). Вершина ”3” без петлi, тому вона належить
одиничному циклу. Якщо це цикл (3 4), то сагайдак Q мiстить цикли (1 2),
(3 4), якi складаються з рiзних вершин. Лему доведено. Розглянемо випадок
коли Q не мiстить цикл (3 4). Якщо через вершину ”3” проходить цикл (1 3),
(варiант коли проходить цикл (2 3) розглядається аналогiчно), то сагайдак Q
не мiстить (1 4) (iнакше всi одиничнi цикли проходять через вершину ”1” ),
не мiстить (3 4), тому мiстить (2 4). Одержали, що сагайдак Q мiстить цикли
(1 3), (2 4), якi складаються з рiзних вершин. Лему доведено.

Лема 2. Для допустимого сагайдака з чотирма вершинами без петель
iснує звичайна вагова функцiя.

Доведення. Нехай Q = (V Q,AQ), V Q = {1, 2, 3, 4} допустимий сагай-
дак з чотирма вершинами без петель. Якщо сагайдак Q мiстить одиничний
цикл з чотирма вершинами, то вiн не мiстить iнших стрiлок, крiм стрiлок
самого циклу, тому його довiльна допустима вагова функцiя є звичайною.
Якщо сагайдак Q мiстить одиничний цикл з трьома вершинами, то через
четверту вершину може проходити одиничний цикл з двома або з трьома
вершинами, тому з точнiстю до iзоморфiзму таких сагайдакiв є тiльки два:

[Q1] =


0 0 1 0
1 0 0 0
0 1 0 1
0 0 1 0

, [Q2] =


0 1 0 1
0 0 1 0
1 0 0 0
0 0 1 0

. Усi стрiлки цих сагайда-

кiв належать одиничним циклам, тому допустимi ваговi функцiї є звичайни-
ми. Розглянемо випадок, коли довжина всiх одиничних циклiв дорiвнює два.
Можливi два випадки:

Випадок 1. Усi одиничнi цикли проходять через одну вершину, наприклад,
через вершину ”1”, тодi сагайдак Q мiстить цикли (1 2), (1 3), (1 4) i з твер-
джень 2, 3 випливає, що вiн не мiстить iнших стрiлок, якi не належать цим
циклам, тому для сагайдака Q iснує звичайна вагова функцiя.

Випадок 2. У сагайдаку Q не iснує вершини через яку проходять усi оди-
ничнi цикли.

Доведемо, що в сагайдаку Q можна вибрати два одиничнi цикли, якi скла-
даються з рiзних вершин.

Не зменшуючи загальностi можна вважати, що сагайдак Q мiстить оди-
ничнi цикли (1 2), (3 4). Оскiльки Q сильнозв’язний, то вiн мiстить стрiлку
по якiй можна потрапити з циклу (1 2) до циклу (3 4). З точнiстю до iзомор-
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фiзму можна вважати, що Q мiстить стрiлку σ13. З тверджень 2,3 випливає,
що сагайдак Q не мiстить стрiлок σ23, σ14. Оскiльки Q сильнозв’язний, то
вiн мiстить стрiлку по якiй можна потрапити з циклу (3 4) до циклу (1 2).
Розглянемо два випадки.

Випадок 1. Q мiстить стрiлку σ31, або σ42, або обидвi стрiлки. З тверджень
2,3 випливає, що сагайдак Q не мiстить стрiлок σ23, σ14, σ32, σ41. Якщо Q мi-
стить обидвi стрiлки σ31, σ42 та мiстить стрiлку σ24, то ми одержали сагайдак

Q1 з матрицею сумiжностi [Q1] =


0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

.

Побудуємо звичайну вагову функцiю для Q1 наступним чином: вага стрi-
лок σ21, σ43 дорiвнює нулю, а вага iнших стрiлок дорiвнює одиницi.

Тобто Q1 = Q(E1), E1 =


0 1 1 2
0 0 1 1
1 2 0 1
1 1 0 0

.

Очевидно, що вагова функцiя задовольняє всiм вимогам теореми 1. Якщо
в Q1 видалити стрiлку σ24 та одну з стрiлок σ31 або σ42, то сильнозв’язнiсть
сагайдака не порушиться. Крiм того видаленi стрiлки одиничним циклам не
належать, тому за теоремою 2 сагайдак залишиться допустимим з тiєю ж
вагою стрiлок. Отже, для довiльного сагайдака Q, який належить до випадку
1, iснує звичайна вагова функцiя.

Випадок 2.Q мiстить стрiлку σ32 , або σ41, або обидвi стрiлки. З тверджень
2,3 випливає, що сагайдак Q не мiстить стрiлок σ23, σ14, σ31, σ42. Аналогiчно
до попереднього випадку розглянемо допустимий сагайдак Q2 з матрицею

сумiжностi [Q2] =


0 1 1 0
1 0 0 1
0 1 0 1
1 0 1 0

, Q2 = Q(E2), E2 =


0 1 1 2
0 0 1 1
1 1 0 1
0 1 0 0

.

Очевидно, що вага всiх стрiлок не перевищує одиницi, тому допустима
вагова функцiя є звичайною. Якщо з Q2 видалити стрiлку σ24 та одну з
стрiлок σ32 або σ41, то за теоремою 2 сагайдак залишиться допустимим з
тiєю ж вагою стрiлок. Отже, для довiльного сагайдака Q, який належить до
випадку 2, iснує звичайна вагова функцiя. Лему доведено.

Теорема 4. Для довiльного допустимого сагайдака Q з чотирма верши-
нами iснує звичайна вагова функцiя.

Доведення. Нехай Q = (V Q,AQ), V Q = {1, 2, 3, 4}. Якщо сагайдак Q має
чотири петлi, то за твердженням 4 сагайдак Q має звичайну вагову функцiю
з вагою всiх стрiлок рiвною одиницi.

Сагайдак Q не може мати три петлi, оскiльки з того що в сагайдаку є
вершина без петлi, випливає iснування в сагайдаку одиничного циклу, який
мiстить принаймнi двi вершини, тому в Q не менше двох вершин без петель.

Якщо сагайдак Q має двi петлi, то в сагайдаку є один одиничний цикл з
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двох вершин, тому за твердженням 5 сагайдак Q має звичайну вагову функ-
цiю.

Якщо сагайдак Q має одну петлю, то або в сагайдака Q є одиничний цикл
з трьох вершин, або два одиничнi цикли, якi складаються з двох вершин ко-
жен та мають спiльну вершину. У першому випадку з твердження 5 випливає
iснування звичайної вагової функцiї. Розглянемо другий випадок. Нехай (1
2) та (2 3) одиничнi цикли. Зауважимо, що з тверджень 2 та 3 випливає, що
сагайдак Q не мiстить стрiлку σ13 та стрiлку σ31. Розглянемо вагову функцiю
ω: ω(σ12) = ω(σ32) = 1, ω(σ21) = ω(σ23) = 0, вага iнших стрiлок сагайдака Q
дорiвнює одиницi. Доведемо, що в Q виконується нерiвнiсть: вага шляху iз
вершини ”i” у вершину ”j” бiльше нiж ω(σij) . Якщо стрiлка σij належить
одиничному циклу, то iнший шлях iз вершини ”i” у вершину ”j” проходить
через вершину ”4”, тому його вага не менше двох. Нерiвнiсть виконується.
Якщо сагайдак Q мiстить стрiлку σ24, то iншого шляху iз вершини ”2” у
вершину ”4” не iснує, оскiльки з твердження 2 випливає, що сагайдак Q не
мiстить стрiлки σ14 та σ34. Аналогiчно з твердження 3 випливає, що якщо
сагайдак Q мiстить стрiлку σ42, то iншого шляху iз вершини ”4” у вершину
”2” не iснує. Якщо сагайдак мiстить стрiлку σ14, то з твердження 3 випливає,
що вiн не мiстить стрiлку σ24 тому, якщо iнший шлях iз вершини ”1” у вер-
шину ”4” iснує, то вiн проходить через стрiлку σ34 i його вага не менше двох.
Отже, нерiвнiсть виконується. З аналогiчних мiркувань випливає, що якщо
сагайдак Q мiстить стрiлку σ34, або стрiлку σ41, або стрiлку σ43, то для цих
стрiлок нерiвнiсть виконується. Отже, нерiвнiсть, згiдно з якою вага шляху
бiльше нiж вага стрiлки, виконується для будь-якої стрiлки сагайдака Q з
однiєю петлею. В лемi 2 доведено, що для допустимого сагайдака з чотирма
вершинами без петель iснує звичайна вагова функцiя.

Отже, для довiльного допустимого сагайдака з чотирма вершинами iснує
звичайна вагова функцiя. Теорему доведено.

Теорема 5. Iснують допустимi сагайдаки, для яких не iснує звичайних
вагових функцiй.

Доведення. Розглянемо допустимий сагайдак з матрицею сумiжностi

[Q] =



0 0 1 0 0 0 0 1 1
1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0
0 1 0 0 0 0 1 1 0
0 0 1 1 0 0 0 0 0
0 0 0 0 1 0 1 0 1
0 0 0 1 0 1 1 0 0
1 0 0 1 0 0 0 1 0
1 0 0 0 0 1 0 0 1


, який одержується з матрицi показ-
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никiв E =



0 0 0 1 1 1 2 1 1
1 0 1 1 1 1 3 2 2
1 0 0 1 1 1 2 2 1
1 0 1 0 1 2 2 1 2
1 0 0 0 0 1 2 1 2
1 0 0 0 0 0 1 1 1
2 1 2 1 2 2 0 2 3
1 1 1 1 2 2 3 0 2
1 1 1 1 1 1 2 2 0


.

В сагайдаку Q через вершину ”1” проходить тiльки один простий цикл
(1 3 2) з вершинами без петель, тому цикл (1 3 2) одиничний. Аналогiчно
одиничними є цикли (4 2 5) та (3 6 5). Всерединi циклу (1 3 6 5 4 2 1) є
стрiлки (наприклад σ32 ), тому за твердженням 1 цикл (1 3 6 5 4 2 1) не є
одиничним тобто його вага не менше двох. Тобто

ω(1365421) ≥ 2 (1).

ω(1365421) = ω(132) + ω(425) + ω(365)− ω(253);

ω(1365421) = 3 − ω(253) ≥ 2. (2).

З (1) та (2) випливає, що ω(1365421) дорiвнює 2. Тому ω(136) + ω(654) +
ω(421) = 2. Лiва частина рiвностi складається з трьох доданкiв, один з яких
рiвний нулю. Не зменшуючи загальностi можна вважати, що ω(654) = 0 (iншi
випадки розглядаються аналогiчно). Оскiльки вага шляху бiльше нiж вага
стрiлки, ми одержуємо нерiвностi:

ω(σ76) + ω(σ65) + ω(σ54) > ω(σ74)↔ ω(σ76) > ω(σ74). (3).

Оскiльки вершина ”7” з петлею, то за теоремою 1 довiльний цикл, який
проходить через вершину ”7”, не менше двох, тобто

ω(σ74) + ω(σ47) ≥ 2 (4).

Якщо ω(σ74) = 0, то з (4) випливає, що ω(σ47) ≥ 2 . Якщо ω(σ74) ≥ 2 , то
з (3) випливає, що ω(σ74) ≥ 2 .

Отже, ми довели, що не iснує допустимої вагової функцiї сагайдака Q з ва-
гою стрiлок не бiльше нiж одиниця, тобто для сагайдака Q не iснує звичайної
вагової функцiї. Теорему доведено.
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1. Introduction

In papers published earlier ([4],[5]) in proofs of almost automorphy of the
derivative of almost automorphic function used its uniform continuity. In this
paper, we consider an alternative, weaker conditions in which almost automorphic
preserved under differentiation.

In this article some results are obtained for the almost automorphic (a.a),
almost periodic (a.p.), respectively asymptotically almost automorphic (a.a.a.)
asymptotically almost periodic (a.a.p) function. The results can be divided into
two groups: The first is based on the condition [fa(t)]′ = [f ′]a(t), and the second
on the uniform continuity of the derivative in a neighborhood, it generated an
almost periodic function. Just it shows that differentiation does not change the
structure of the asymptotic functions. Derivative asymptotically almost periodic
(almost automorphic) function, as well as the original function of the sum of the
derivative is almost periodic (almost automorphic) function and the derivative
term, converging to zero at infinity.

Questions about the differentiation of Levitan almost periodic functions are
described earlier in [9]. They are based on the proposition 4, below.

2. Basic definitions
All studied functions are defined on the real axis and take values in a separable

Freshet space Y . Topology of the space is given by increasing the counting system
of semi-norms ps(y), ps(y) ≤ ps+1(y),s = 1, 2, 3, ...,y ∈ Y . The metric is specified
using quasi-norm

‖ y − z ‖=
∞∑
s=1

ps(y − z)
[1 + ps(y − z)]2s

, y, z ∈ Y.

We will give some definitions for better clarity of the presentation. Many of them
were introduced for numerical functions, generalized for abstract functions with
values in Banach spaces. In the article all definitions are given for the Freshet
spaces.

Let given a number sequence a = {an}∞n=1. We extract a subsequence
{ank}∞k=1 ∈ {an}∞n=1 for which the sequence {f(t+ ank)}∞k=1 converges pointwise
to a function, i.e. limk→∞ f(t + ank) = fa(t). In the future, we will assume
that from the equality fa(t) = ga(t), follows the equality limk→∞ f(t + ank) =
limk→∞ g(t+ank), ∀t ∈ R. That is, the equality achieved for the same subsequence
{ank}∞k=1 ∈ {an}∞n=1.

The function f(t) is compact if the closure of the set of values of the function
f(t) is compact in Y .

Definition 1.([1],[2]) The sequence of functions {fn(t)}∞n=1, fn(t) : R → Y
converges quasi uniformly to the function f(t) : R→ Y , if it converges pointwise
to the function f(t) and for each ε > 0 and for each index K exist an index M
(K ≤M), such that

min
K≤n≤M

‖ fn(t)− f(t) ‖< ε,∀t ∈ R.
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Definition 2.([3],[6]) The sequence of functions {fn(t)}∞n=1 converges to f(t)
almost uniformly, if it quasi uniformly converges to f(t) on R with each of its
subsequences.

The term "almost uniformly"is proposed by G. Fichtenholz. For almost
periodic functions will use the criterion of Bochner.

Definition 3.[5] A continuous function f(t) is called almost periodic if the
family of functions {f(t + hi)}∞i=1 (−∞ < hi < ∞) is compact in the sense of
uniform convergence on the whole real axis.

Definition 4.([11],[12],[4],[7]) A continuous function f(t) : R → Y is
called (continuous) almost automorphic if for any sequence {x′n}∞n=1 ∈ R is an
subsequence {xn}∞n=1 ⊂ {x′n}∞n=1 and exist a (continuous) function g(t), so that

lim
n
f(t+ xn) = g(t), ∀t ∈ R

lim
m
g(t− xm) = f(t), ∀t ∈ R.

Definition 5.[4] A continuous function f(t) : [0; +∞) → Y is called
asymptotically almost automorphic /asymptotically almost periodic/, if it can
be represented in the form f(t) = g(t) + w(t), where g(t) is a.a. /a.p./ function
on the line,w(t) : [0; +∞) → Y - a continuous function, which has a limit
limt→∞w(t) = 0.

Definition 6.([8],[11],[12]) The set E is relatively dense on the group R, if
there are q elements c1, c2, ..., cq such that

R =

q⋃
i=1

(ci + E).

For a more clear understanding of the reasoning we formulate some results,
on which we base the presentation.

Proposition 1. ([8]) A continuous function f(t) : R→ Y is almost periodic,
if and only if for any ε > 0 the set

Uε = {τ ∈ R : sup
t∈R
‖ f(t+ τ)− f(t) ‖< ε}

is relatively dense.
Proposition 1 makes it possible to introduce a topology on the group by the

set Uε(f). On the other hand, any continuous function in this topology is an a.p.
function.

Proposition 2. ([11]) Each a.a. function f(t) : R → Y is continuous in the
topology =f , defined by the sets

BN,ε = {τ ∈ R : max
t∈N
‖ f(t+ τ)− f(t) ‖< ε}

where N ,a compact set of numbers, ε > 0.
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Proposition 3. ([11]) Let it is given an a.a. function f(t) : R→ Y and with
its help is introduced the topology =f on R. Any compact function g(t), defined
on the group R,which is continuous in the topology =f , is an a.a. function.

Propositions 2 and 3 do the same work as a proposition 1, but only for the
a.a. functions.

Proposition 4. ([9],[10]) Let f(t) : R → Y be differentiable function in the
natural topology =0 on the axis R and f(t) is continuous in a weaker topology =
(= ≺ =0). The derivative f ′(t) is continuous in the weak topology = if and only
if for any ε > 0 and x ∈ (−∞;∞) there was a neigborhood U in the topology =
and interval (−δ; δ) so that

sup
t∈x+U

‖ f ′(t+ h)− f ′(t) ‖< ε,∀h ∈ (−δ; δ).

3. Main parts
Criterion for almost uniform convergence of numerical functions is given by

G. Sirvint ([6], lemma 1.2).For functions with values in a Banach space it can be
found in ([3], theorem 5.8).This criterion holds for abstract functions with values
in a Freshet space, namely:

Theorem 1. The sequence {fn(t)}∞n=1,fn(t) : R → Y converges almost
uniformly to the function f(t) : R→ Y if and only if:

lim
n

lim
m
‖ fn(xm)− f(xm) ‖= 0

for any set of numbers {xm}∞m=1, xm ∈ R.
Theorem 2. Let the function f(t) : R → Y and its derivative f ′(t) are

continuous a.a. functions. Then each of the functions fa(t) is differentiable and

[fa(t)]
′ = [f ′]a(t).

Proof. The function f(t) and its derivative f ′(t) are almost automorphic. Then
the function f(t) and its derivative f ′(t) are uniformly continuous in the natural
topology =0 from ([7], lemma 4.1.1).On the axis we introduce the topology =
using the neighborhoods of the form:

BN,ε = {τ ∈ R : sup
t∈N
‖ f(t+ τ)− f(t) ‖< ε},

B′M,ε = {τ ∈ R : sup
t∈M
‖ f ′(t+ τ)− f ′(t) ‖< ε},

where N andM are compact sets, ε > 0.The function f(t) and its derivative f ′(t)
are continuous in the topology =. This is possible because the two functions are
almost automorphic. We introduce the functions

ϕn(t) = n[f(t+
1

n
)− f(t)], ϕn,a(t) = n[fa(t+

1

n
)− fa(t)], n = 1, 2, 3, ....
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The uniform continuity of the derivative f ′(t) implies that the sequence ϕn(t),
n = 1, 2, 3, ... converges uniformly on the axis to the function f ′(t).This means
that the sequence {ϕn(t)−f ′(t)}∞n=1 converges to zero almost uniformly. Functions
ϕn(t) and f ′(t) are continuous on the axis in the topology = and uniformly
continuous in the topology =0 and relatively compact. Applying theorem 1 to the
sequence {ϕn(t)− f ′(t)}∞n=1 to an arbitrary numerical sequence a = {t+ an}∞n=1

for which
lim
n

lim
k
‖ ϕn(t+ amk)− f ′(t+ amk) ‖

= lim
n

lim
m
‖ ϕn(t+ am)− f ′(t+ am) ‖= 0.

Equality
lim
k

lim
n
‖ ϕn(t+ amk)− f ′(t+ amk) ‖= 0

follows from the pointwise convergence of the sequence ϕn(t) to the function f ′(t).
Using the relative compactness of the set values of the derivative we can find a
sequence {āk}∞k=1 ∈ {ank}∞k=1 for which the sequence f ′(t + āk)}∞k=1 converges
pointwise. Its limit is denoted by f ′a(t), f ′a(t) = limk f

′(t+ āk), ∀t ∈ R. Then

f ′a(t) = lim
k
f ′(t+ āk) = lim

k
lim
n
ϕn(t+ āk) = lim

n
ϕn,a(t) = (fa(t))

′.

The theorem is proved.
Theorem 3. Let the function f(t) : R→ Y be a. a., ∀a fa(t) is differentiable

and the derivative is compact. If each function fa(t) satisfies

[fa(t)]
′ = [f ′]a(t)

then the derivative f ′(t) is almost automorphic function.
Proof. For the sequence a = {am}∞m=1, using the relatively compact range of

the function f(t) and the derivative f ′(t), we found a subsequence {āk}∞k=1 ⊂
{am}∞m=1 for which there are all limits:limn ϕn,a(t), limk f

′(t+ ān). Then

lim
k

lim
n
ϕn(t+ āk) = lim

k
f ′(t+ āk) = [f ′]a(t) = [fa(t)]

′ =

= lim
n
ϕn,a(t) = lim

n
lim
k
ϕn(t+ āk)

or

lim
n

lim
k
‖ ϕn(t+ āk)− f ′(t+ āk ‖≤ lim

n
lim
k
‖ ϕn(t+ āk)− f ′(t+ āk ‖=

= lim
n
‖ ϕn,a(t)− (f ′(t))a ‖= lim

n
‖ ϕn,a(t)− (fa(t))

′ ‖= 0.

According to theorem 1 the sequence of functions {ϕn(t)}∞n=1 converges to f ′(t)
almost uniformly. All functions {ϕn(t)}∞n=1 are almost automorphic. Then the
limit function f ′(t) according to [12] is almost automorphic. �

Remark. If the function f(t) is continuous almost automorphic then functions
ϕn(t) are continuous almost automorphic function also. According to [12]
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(Corollary 2) it follows that the limit is a continuous almost automorphic function,
that is, the derivative f ′(t) is a continuous almost automorphic function.

Theorem 4. Let the function f(t) : R → Y is almost periodic and it has
a relatively compact derivative f ′(t). The derivative f ′(t) is almost periodic if
/and only if/any function fa(t) satisfy the conditions of theorem 2 /respectively
theorem 3/.

Proof of necessity. If the derivative is almost periodic, it is relatively compact
and uniformly continuous. Any slight shift f ′a(t) of the derivative f ′(t) is almost
periodic, and therefore it is almost automorphic. The function fa(t) satisfies the
conditions of theorem 2. From theorem 2 it follows [fa(t)]

′ = [f ′]a(t). �
Proof of sufficiency. Applying theorem 3 we receive that f ′a(t) is an almost

automorphic function. Applying Veech theorem [7] to the numerical almost
automorphic functions < y∗, f ′a(t) >, y∗ ∈ Y ∗, we find that the function f ′(t)
is weakly almost periodic. Using relatively compact range of the derivate f ′(t),
we see that it was strongly almost periodic. �

Theorem 5. Let f(t) : [0,∞) → Y , f(t) = g(t) + w(t) is an asymptotically
almost automorphic function, where g(t) is a continuous almost automorphic
function on the line, w(t) - a function that has a limit limt→∞w(t) = 0. Let the
derivative w′(t) is uniformly continuous on [0,∞).The derivative function f ′(t) is
asymptotically almost automorphic function if and only if for any a = {an}∞n=1 it
satisfies the conditions [fa(t)]

′ = [f ′]a(t), where all derivatives exist.
Proof of necessity. If the derivative f ′(t) = g′(t) + w′(t) is asymptotically

almost automorphic function, the continuity w′(t) and the limit 0 at infinity ensure
its uniform continuity. Therefore [wa(t)]

′ = [w′]a(t). Then, according to theorem 2
follows that the function g(t) = f(t)−w(t) satisfies the condition [ga(t)]

′ = [g′]a(t).
Consequently

[fa(t)]
′ = [ga(t)]

′ + [wa(t)]
′ = [g′]a(t) + [w′]a(t) = [f ′]a(t).

The conditions for the function f(t) are necessary. �
Proof of sufficiency. Let us consider the sequence ϕ∆t(t), ∆t→ 0

ϕ∆t(t) =
w(t+ ∆t)− w(t)

∆t
=

1

∆t

∫ t+∆t

t
w′(τ)dτ.

It consists of uniformly continuous functions ϕ∆t(t) with the limit of zero to
infinity, and it converges uniformly to w′(t). The limit w′(t) is a uniformly
continuous function on [0,∞), and has a limit limt→∞w(t) = 0. Therefore

[wa(t)]
′ = [w′]a(t).

Then the almost automorphic function g(t) = f(t)− w(t) satisfies the condition

[ga(t)]
′ = [g′]a(t).

According to theorem 3 g′(t) is almost automorphic function. Thus, the derivative
f ′(t) = g′(t) + w′(t) is asymptotically almost automorphic function. �
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Theorem 6. Let the function f(t) : R → Y be almost periodic and has a
continuous derivative. Its derivative f ′(t) is almost periodic if and only if for any
ε > 0 and for any point x ∈ (−∞;∞) there exists a neighborhood of zero Uα

Uα = {τ : sup
t∈R
‖ f(t+ τ)− f(t) ‖< α}, α > 0

interval (−δ; +δ) such that:

sup
t∈x+Uα

‖ f ′(t+ h)− f ′(t) ‖< ε,∀h ∈ (−δ; +δ).

Proof of necessity. On the axis is entered topology =U with the help of the
neighborhoods

Uα = {τ : max{sup
t∈R
‖ f(t+ τ)− f(t) ‖, sup

t∈R
‖ f ′(t+ τ)− f ′(t) ‖} < α},

where α > 0.
It is weaker than the natural topology =0. The function f(t) and its derivative

f ′(t) are continuous in this topology =U , and even uniformly continuous. Let it is
given ε > 0. From the uniform continuity of the derivative in the natural topology
=0 there exist δ > 0 such that

sup
t∈R
‖ f ′(t+ h)− f ′(t) ‖< ε,∀h < δ.

Then ∀h ∈ (−δ; +δ), ∀x ∈ R

sup
t∈x+Uα

‖ f ′(t+ h)− f ′(t) ‖< sup
t∈R
‖ f ′(t+ h)− f ′(t) ‖< ε.

�
Proof of sufficiency. On the axis is entered the topology =U using the

neighborhoods for α > 0

Uα = {τ : sup
t∈R
‖ f(t+ τ)− f(t) ‖< α}.

In this topology, the function f(t) is continuous. Applying proposition 4, we
see that the derivative f ′(t) is continuous in the topology =U . For the almost
periodicity of the derivative according to proposition 1 is sufficient to prove that
the set

Vβ = {τ : sup
t∈R
‖ f ′(t+ τ)− f ′(t) ‖< β},∀β > 0

is relatively dense. Assume the contrary, that for some ε0 > 0 the set Vε0 is
not relatively dense. Using that the set is not relatively dense, we construct a
numerical sequence {zn}∞n=1

z1 ∈ R, z2 /∈ z1 + Vε0 , z3 /∈ (z1 + Vε0) ∪ (z2 + Vε0), ...
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or
zn − zk /∈ Vε0 , ∀k < n.

Applying definition 3 (Bochner criterion) to almost periodic function f(t) we
select the subsequence , which is uniformly convergent {f(t+ yn)}∞n=1,i.e.

lim
n>m,m→∞

sup
t
‖ f(t+ yn)− f(t+ ym) ‖= 0

or
lim

n>m,m→∞
sup
x
‖ f(x+ yn − ym)− f(x) ‖= 0.

Hence the sequence {yn−ym}∞n>m,m=1 converges to zero in the topology =U . Since
the function f ′(t) is continuous in the topology =U a number N can be found, so
that

sup
t∈R
‖ f ′(t+ yn − ym)− f ′(t) ‖< ε0,m < n,m > N

i.e. yn − ym ∈ Vε0 . This contradicts the choice of the sequence {yn}∞n=1. Hence
the set Vε is relatively dense and according to the proposition 1 derivative f ′(t)
is almost periodic.�

Theorem 7. Let it is given an asymptotically almost periodic function f(t) :
[0;∞) → Y , f(t) = g(t) + w(t) where g(t) is almost periodic function on the
line, w(t) - a function with a limit limt→∞w(t) = 0. Let there exist continuous
derivatives g′(t), w′(t) and the derivative w′(t) is uniformly continuous on [0;∞).
The derivative f ′(t) is asymptotically almost periodic function if and only if for
any ε > 0 and for any point x ∈ (−∞; +∞) there exists a neighborhood of zero
Uα:

Uα = {τ : sup
t∈R
‖ g(t+ τ)− g(t) ‖< α}

interval (−δ; +δ) such that

sup
t∈x+Uα

‖ f ′(t+ h)− f ′(t) ‖< ε,∀h ∈ (−δ; +δ).

Proof of necessity. Since f ′(t) = g′(t) + w′(t) is an asymptotically almost
periodic function, w′(t) has a limit of 0 to infinity, and is an uniformly continuous
function on [0;∞). The function g′(t) is an almost periodic function. It is easy
to see that the conditions of the theorem follow from theorem 5 and the uniform
continuity of the function w′(t). �

Proof of sufficiency. Given a point x ∈ (−∞; +∞) and a number ε > 0, as
in the proof of theorem 5 we can show that the derivative w′(t) is uniformly
continuous on the axis and has a limit of zero to infinity. Then there exists a
number δ1 > 0 corresponding to ε

2 such that

sup
t∈R
‖ w′(t+ h)− w′(t) ‖< ε

2
, h < δ1.
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Using the number ε
2 the point x ∈ (−∞; +∞) and the condition of the theorem

we find a neighborhood Uα and the interval (−δ, δ) so that

sup
t∈x+Uα

‖ f ′(t+ h)− f ′(t) ‖< ε

2
, h < δ2.

Then for the number ε > 0, the point x ∈ (−∞; +∞) there is a neighborhood Uα
and the interval (−δ; +δ), δ = min{δ1, δ2} so that

sup
t∈x+Uα

‖ g′(t+ h)− g′(t) ‖≤ sup
t∈x+Uα

‖ f ′(t+ h)− f ′(t) ‖ +

+ sup
t∈R
‖ w′(t+ h)− w′(t) ‖< ε

2
+
ε

2
= ε,∀h ∈ (−δ; +δ).

According to theorem 6 derivative g′(t) is an almost periodic function, i.e., f ′(t) =
g′(t) + w′(t) is an asymptotically almost periodic function.�

4. Conclusions
Earlier to prove almost periodicity (almost automorphy) of an almost periodic

(almost automorphic) function, an obligatory condition on uniform continuity
of the derivative was to be exploited. In this paper a variety of conditions
providing the preservation of type of a function for differentiating are presented.
In this regard the results of the theorems 6 and 7 are especially important.
The theorems show that the uniform continuity of derivative of an almost
periodic (asymptotically almost periodic) function in only the relatively dense
neighborhood of zero (each point has its own neighborhood) results in almost
periodicity (asymptotic almost periodicity) and, moreover, it results in the
uniform continuity of the derivative in the whole axis as well. For almost
automorphic (asymptotically almost automorphic) functions instead of the
uniform continuity of the derivative their compactness and fulfilling the equality
[fa(t)]

′ = [f ′]a(t) is required. In these conditions the derivative is an almost
automorphic (asymptotically almost automorphic) function. It should be noted
that the derived results are both sufficient and necessary.

The results obtained in the paper are new even in the case of Banach space.
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1. Formulation of the problem

We investigate the problem of finding the solution z ∈ Rn of the nonlinear
equation

ϕ(z) = 0. (1)

c© Chuiko S. M., 2017
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We assume that the function

ϕ(z) : Rn → Rm, m 6= n

is twice continuously differentiable with respect to z in some domain Ω ⊆ Rn. To
construct an iteration scheme {zk}, that converges to the solution z̃ ∈ Rn, we use
the Newton method [1, 2, 3].

Interest in the use of the Newton method is associated with its effective
application in solving nonlinear equations, as well as in the theory of nonlinear
oscillations [1, 2, 3, 4], including in the theory of non-linear Noetherian boundary
value problems [5, 6, 7, 8].

2. The main result

Suppose an approximation zk is found that is sufficiently close to an exact
solution z̃ of the equation (1). We expand the function ϕ(z) in a neighborhood of
the exact solution

ϕ(z̃) = ϕ(zk) + ϕ′(zk, ε)

(
z̃ − zk

)
+R(ξk, z̃ − zk), (2)

where

R(ξk, z̃ − zk) :=

∫ 1

0
(1− s) d2ϕ(ξk ; z̃ − zk) ds.

Here ξk is a point lying between the points z̃ and zk. In a small neighborhood of
the exact solution we have the approximate equality

ϕ(zk) + ϕ′(zk)

(
z̃ − zk

)
≈ 0,

therefore, in order to find the next approximation of zk+1 to the exact solution,
it is natural to put

ϕ(zk) + ϕ′(zk)

(
zk+1 − zk

)
= 0, (3)

whence under the condition

PJ∗
k

= 0, Jk := ϕ′(zk) ∈ Rm×n (4)

we find
zk+1 = zk − J+

k ϕ(zk). (5)

Here PJ∗
k

: Rm → N(J∗k ) is an orthogonal projector of the matrix J∗k ∈ Rn×m

and J+
k is the pseudoinverse Moore-Penrose matrix [5, 9]. Note that condition

(4) is equivalent to the requirement of completeness of the rank matrix Jk and
is possible only in case m ≤ n. We show that the iteration scheme (5) converges
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to the exact solution z̃. Suppose that in the neighborhood of the exact solution z̃
there are inequalities∣∣∣∣∣∣∣∣J+

k

∣∣∣∣∣∣∣∣ ≤ σ1(k),

∣∣∣∣∣∣∣∣d2ϕ(ξk ; z̃ − zk)

∣∣∣∣∣∣∣∣ ≤ σ2(k) · ||z̃ − zk||2

and note that it follows from the equalities (2) and (3) that

ϕ′(zk, ε)

(
z̃ − zk

)
= −R(ξk, z̃ − zk),

so
||z̃ − zk+1|| ≤

∣∣∣∣∣∣∣∣J+
k

∣∣∣∣∣∣∣∣ · ∣∣∣∣∣∣∣∣R(ξk, z̃ − zk)

∣∣∣∣∣∣∣∣ ≤ σ1(k)σ2(k)

2
· ||z̃ − zk||2.

Let there be a constant

θ := sup
k∈N

{
σ1(k)σ2(k)

2

}
.

In this case, there is an estimate

|z̃ − zk+1| ≤ θ · |z̃ − zk|2,

which holds that if the iteration scheme (5) converges to the exact solution z̃ of
the equation (1), then this convergence is quadratic. Let us find the condition for
the convergence of the iteration scheme (5) to the exact solution z̃ of the equation
(1). To do this, we make estimates

|z̃ − z1| ≤ θ · |z̃ − z0|2,

|z̃ − z2| ≤ θ · |z̃ − z1|2 ≤ θ1+2 · |z̃ − z0|2
2
,

|z̃ − z3| ≤ θ · |z̃ − z2|2 ≤ θ1+2+22 · |z̃ − z0|2
3
,

..................................................................... ,

|z̃ − zk| ≤ θ · |z̃ − zk−1|2 ≤ θ1+2+22+ ... +2k−1 · |z̃ − z0|2
k
,

.................................................................................. .

So there’s an inequality [3]

|z̃ − zk| ≤ θ
2k−1
2−1 · |z̃ − z0|2

k
=

1

θ
·

(
θ · |z̃ − z0|

)2k

,

indicating the convergence of the iterative process (5) to an exact solution z̃ of
the equation (1) under condition

θ · |z̃ − z0| < 1. (6)

In practice, the last inequality can be replaced by the following one:

θ · |zk − z0| < 1.
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Theorem 0.1 Suppose that for the equation (1) the following conditions are
satisfied:

1. A non-linear vector-function f(z) : Rn → Rm, twice continuously
differentiable with respect to z in some region Ω ⊆ Rn, in a neighborhood of
the point z0 has a root z∗.

2. In the neighborhood of the zeroth approximation z0 ∈ Ω ⊆ Rn there are
inequalities∣∣∣∣∣∣∣∣J+

k

∣∣∣∣∣∣∣∣ ≤ σ1(k),

∣∣∣∣∣∣∣∣d2ϕ(ξk ; z̃ − zk)

∣∣∣∣∣∣∣∣ ≤ σ2(k) · ||z̃ − zk||. (7)

3. The folowing constant exists

θ := sup
k∈N

{
σ1(k)σ2(k)

2

}
.

Then, under conditions (4) and (6), to find the solution z∗ of equation (1) the
iteration scheme (5) is applicable, and the rate of convergence of the sequence
{zk} to the solution z∗ of equation (1) is quadratic.

Example 0.1 The iterative scheme (5) is approximate for finding the solution
of the non-linear equation (1), where the vector-function is as follows:

ϕ(u) :=

(
x+ sin y + cos z
y + sin z + cosx

)
, u :=

 x
y
z

 .

This vector-function ϕ(u) : R3 → R2 is defined in any open domain D ⊂ R3

and is twice continuously differentiable with respect to z in the neighborhood
Ω ⊆ D ⊂ R3. We set

u0 :=
(
−0, 45 −0, 45 −0, 45

)
,

wherein
rank

[
ϕ′(u0)

]
= 2,

besides
u1 ≈

(
−0, 455 961 −0, 457 894 −0, 455 547

)∗
,

and
rank

[
ϕ′(u1)

]
= 2,

Then∣∣∣∣∣
∣∣∣∣∣ [ϕ′(u1)]+

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(1) ≈ 2, 09 903,

∣∣∣∣∣
∣∣∣∣∣d2ϕ(u1)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(1) ≈ 0, 897 838.
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In this case, the weakened condition (6)

θ1 · ||u1 − u0||∞ ≈ 0, 00743 856� 1, θ1 :=
σ1(1)σ2(1)

2
≈ 0, 942 293

is satisfied. Since the condition (6) is satisfied for the first step of the iteration
scheme (5), we find

u2 ≈

 −0, 455 968 239 769 595
−0, 457 889 951 795 185
−0, 455 537 594 550 856

 .

Then
rank

[
ϕ′(u2)

]
= 2,

besides∣∣∣∣∣
∣∣∣∣∣ [ϕ′(u2)]+

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(2) ≈ 2, 099,

∣∣∣∣∣
∣∣∣∣∣d2ϕ(u2)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(2) ≈ 0, 897 835.

In this case, the weakened condition (6)

θ2 · ||u2 − u0||∞ ≈ 0, 00743 453� 1,

is satisfied, where

θ2 :=
σ1(2)σ2(2)

2
≈ 0, 00743 453.

For the second step of the iteration scheme (5) the discrepancy of the obtained
approximation

||ϕ(u2)||∞ ≈ 3, 69 679× 10−11

is sufficiently big, so we find

u3 ≈

 0, 455 968 239 730 150
0, 457 889 951 789 936
0, 455 537 594 568 580

 .

Then
rank

[
ϕ′(u3)

]
= 2,

besides∣∣∣∣∣
∣∣∣∣∣ [ϕ′(u3)]+

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(3) ≈ 2, 099,

∣∣∣∣∣
∣∣∣∣∣d2ϕ(u3)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(3) ≈ 0, 897 835.

In this case, the weakened condition (6)

θ3 · ||u3 − u0||∞ ≈ 0, 00743 453� 1
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is satisfied, where

θ3 :=
σ1(3)σ2(3)

2
≈ 0, 942 278.

For the third step of the iteration scheme (5) the discrepancy of the obtained
approximation is

||ϕ(u3)||∞ ≈ 0,

so it’s natural to confine with this approximation.

The theorem just proved generalizes the corresponding results [2, 3, 4, 6, 7, 8]
to the case of matrix Jk irreversibility and can be used in the theory of non-
linear Noetherian boundary-value problems [5, 6, 7, 8], in the theory of stability
of motion [10, 11], in the theory of matrix boundary-value problems [12], and
also in the theory of matrix linear differential-algebraic boundary value problem
[13, 14, 15, 16].
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íîê ïîâèíåí áóòè âñòàâëåíèé àâòîðîì. Ïiä ìàëþíêîì ïîâèíåí áóòè ïiäïèñ.

6. Âiäîìîñòi ïðî àâòîðiâ ïîâèííi ìiñòèòè: ïðiçâèùà, iì'ÿ, ïî áàòüêîâi,
ñëóæáîâà àäðåñà òà íîìåðà òåëåôîíiâ, àäðåñà åëåêòðîííî¨ ïîøòè. Ïðîõàí-
íÿ òàêîæ ïîâiäîìèòè ïðiçâèùå àâòîðà, ç ÿêèì òðåáà âåñòè ïåðåïèñêó.

7. Ðåêîìåíäó¹ìî âèêîðèñòîâóâàòè îñòàííi âèïóñêè æóðíàëó ( vestnik-
math.univer.kharkov.ua/currentv.htm ) â ÿêîñòi çðàçêà îôîðìëåííÿ.

8. Ó âèïàäêó ïîðóøåííÿ ïðàâèë îôîðìëåííÿ ðåäàêöiÿ íå áóäå ðîçãëÿäàòè
ñòàòòþ.

Åëåêòðîííà ñêðèíüêà: vestnik-khnu@ukr.net
Åëåêòðîííà àäðåñà â Iíòåðíåòi: http://vestnik-math.univer.kharkov.ua
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