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Plasticity of the unit ball of `1

V.Kadets, O. Zavarzina

V.N. Karazin Kharkiv National University, Ukraine

v.kateds@karazin.ua, lesya.nikolchenko@mail.ru

In the recent paper by Cascales, Kadets, Orihuela and Wingler it is shown
that for every strictly convex Banach space X every non-expansive bijection
F : BX → BX is an isometry. We extend this result to the space `1, which is
not strictly convex.
Keywords: non-expansive map; unit ball; plastic space.

Êàäåöü Â.Ì., Çàâàðçiíà Î.Î. Ïëàñòè÷íiñòü îäèíè÷íî¨ êóëi ïðîñòîðó

`1. Ó íåùîäàâíié ñòàòòi Êàñêàëåñà, Êàäåöÿ, Îðióåëè òà Âiíãëåðà ïîêà-
çàíî, ùî ó áóäü-ÿêîìó ñòðîãî îïóêëîìó áàíàõîâîìó ïðîñòîði X êîæíà
íåðîçòÿãóþ÷à ái¹êöiÿ F : BX → BX ¹ içîìåòði¹þ. Ìè ðîçïîâñþäæó¹ìî
îòðèìàíèé ðåçóëüòàò íà ïðîñòið `1, ÿêèé íå ¹ ñòðîãî îïóêëèì.
Êëþ÷îâi ñëîâà: íåðîçòÿãóþ÷å âiäîáðàæåííÿ; îäèíè÷íà êóëÿ; ïëàñòè÷íèé
ïðîñòið.

Êàäåö Â.Ì., Çàâàðçèíà À.Î. Ïëàñòè÷íîñòü åäèíè÷íîãî øàðà ïðî-

ñòðàíñòâà `1. Â íåäàâíåé ñòàòüå Êàñêàëåñà, Êàäåöà, Îðèóýëû è Âèíãëåðà
ïîêàçàíî, ÷òî â ëþáîì ñòðîãî âûïóêëîì áàíàõîâîì ïðîñòðàíñòâå X êàæ-
äàÿ íåðàñòÿãèâàþùàÿ áèåêöèÿ F : BX → BX ÿâëÿåòñÿ èçîìåòðèåé. Ìû
ðàñïðîñòðàíÿåì ïîëó÷åííûé ðåçóëüòàò íà ïðîñòðàíñòâî `1, íå ÿâëÿþùååñÿ
ñòðîãî âûïóêëûì.
Êëþ÷åâûå ñëîâà: íåðàñòÿãèâàþùåå îòîáðàæåíèå; åäèíè÷íûé øàð; ïëàñòè÷-
íîå ïðîñòðàíñòâî.
2010 Mathematics Subject Classi�cation: 46B20.

Introduction

Let E be a metric space. A map F : E → E is called non-expansive, if
ρ(F (x), F (y)) ≤ ρ(x, y) for all x, y ∈ E. The space E is called Expand-Contract

plastic (or simply, an EC-space) if every non-expansive bijection from E onto
itself is an isometry. A metric space is called totally bounded, if for every ε > 0
it possesses a �nite ε-net.

c© Kadets V., Zavarzina O., 2016

4



Âiñíèê ÕÍÓ, Ñåð."Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà�, òîì 83 (2016) 5

Satz IV of [3] or Theorem 1.1 of [6] imply that every totally bounded metric
space is an EC-space, but there are also examples of EC-spaces that are not
totally bounded. According to [2, Theorem 2.6], the unit ball of every strictly
convex Banach space is an EC-space, so in particular the closed unit ball of an
in�nite-dimensional Hilbert space is an example of not totally bounded EC-space.
On the other hand, there are bounded closed convex sets in an in�nite-dimensional
Hilbert space that are not EC-spaces [2, Example 2.7].

It is a challenging question whether unit balls of all Banach spaces are EC-
spaces. The question is not easy, and a possible approach to it consists in checking
what happens with Expand-Contract plasticity of unit balls in classical spaces that
are not strictly convex. The list of such spaces includes C(K), L1(Ω,Σ, µ), `1, c0
and many others. In this short note we do just one step in this direction. Namely,
we demonstrate the EC-plasticity of the unit ball of `1.

Below, the letters X, Y are used to denote Banach spaces, and we consider
only real Banach spaces. For a Banach space X we denote by SX and BX the
unit sphere and the closed unit ball of X respectively. For a convex set A ⊂ X
denote by ext(A) the set of extreme points of A; that is, x ∈ ext(A) if x ∈ A and
for every y ∈ X \ {0} either x+ y 6∈ A or x− y 6∈ A. A Banach space X is called
strictly convex if all elements of SX are extreme points of BX , or in other words,
SX does not contain non-trivial line segments.

Recall also, that `1 is the space of those sequences x = (x1, x2, ...) of reals
which satisfy the condition

∑∞
n=1 |xn| < ∞. This space is equipped with the

norm ‖x‖ =
∑∞

n=1 |xn|.
We conclude the introduction by listing four known results that we will use in

our proof. The �rst one is a part of [2, Theorem 2.3].

Proposition 1 Let F : BX → BX be a non-expansive bijection. Then, the

following holds true.

1. F (0) = 0.

2. F−1(SX) ⊂ SX .

3. If F (x) is an extreme point of the unit ball, then F (ax) = aF (x) for all

a ∈ (0, 1).

4. If F (x) is an extreme point of BX , then x is also an extreme point of BX .

5. If F (x) is an extreme point of the unit ball, then F (−x) = −F (x).

We will need also the following result by P. Mankiewicz [5].

Proposition 2 If A ⊂ X and B ⊂ Y are convex with non-empty interior, then

every bijective isometry F : A→ B can be extended to a bijective a�ne isometry

F̃ : X → Y .
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Taking into account that in the case of A, B being the unit balls every isometry
maps 0 to 0, this result implies that every bijective isometry F : BX → BY is the
restriction of a linear isometry from X onto Y .

Another ingredient of our proof will be the Brower invariance of domain
principle [1] (see also the excellent exposition written by Terry Tao in his blog
https://terrytao.wordpress.com/2011/06/13/brouwers-�xed-point-and-invariance-
of-domain-theorems-and-hilberts-�fth-problem/ of the less involved proof by
W. Kulpa [4]).

Proposition 3 Let U be an open subset of Rn and f : U → Rn be an injective

continuous map, then f(U) is open in Rn.

The next easy proposition is surely not new, but we were not able to �nd it
in the literature. That is why we present it here with a sketch of the proof.

Proposition 4 Let X be a �nite-dimensional normed space and V be a subset of

BX with the following two properties: V is homeomorphic to BX and V ⊃ SX .

Then V = BX .

Proof. Recall, that a topological space E has the �xed-point property (FPP for
short), if every continuous map f : E → E has a �xed point. According to
Brouwer's �xed point theorem, BX has the FPP, so V also has the FPP. Now let
us argue �ad absurdum�. Assume that V 6= BX . Then there is a point x0 ∈ BX \V .
For every point x ∈ V consider the semiaxis Lx = {x0 + tx : t ∈ [0,+∞)} and
denote P (x) the point where Lx intersects SX . Then P is a continuous retraction
from V onto SX , so SX is a retract of V . This leads to contradiction, because a
retract of a set with FPP must also have the FPP, but SX does not have the FPP
(just consider the map x 7→ −x).

The main result

Theorem 1 The unit ball of `1 is an EC-space.

Proof. Denote U the closed unit ball of `1, and let en = (δi,n)i∈N, n = 1, 2, . . .
be the elements of the canonic basis of `1 (here, as usual, δi,n = 0 for n 6= i and
δn,n = 1). It is well-known and easy to check that ext(U) = {±en, i = 1, 2, ...}.
Now consider a non-expansive bijection F : U → U . Our goal is to demonstrate
that F is an isometry.

Denote gn = F−1en. According to item (4) of Proposition 1 gn is an extreme
point of U , so it is of the form θnem(n), θn = ±1. Moreover, by item (5) of the
same Proposition 1, m(n1) 6= m(n2) for n1 6= n2. This means that the sequence
(gn) is equivalent to the canonic basis of `1 in the following usual sense: for every
(ak) ∈ `1 ∥∥∥∥∥∑

n∈N
angn

∥∥∥∥∥ =
∑
n∈N
|an|.

https://terrytao.wordpress.com/2011/06/13/brouwers-fixed-point-and-invariance-of-domain-theorems-and-hilberts-fifth-problem/
https://terrytao.wordpress.com/2011/06/13/brouwers-fixed-point-and-invariance-of-domain-theorems-and-hilberts-fifth-problem/
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One more notation: for every N ∈ N and XN = lin{gk}k≤N denote UN and ∂UN

the unit ball and the unit sphere of XN respectively, i.e.

UN =

∑
n≤N

angn :
∑
n≤N
|an| ≤ 1

 , ∂UN =

∑
n≤N

angn :
∑
n≤N
|an| = 1

 ,

and analogously for YN = lin{ek}k≤N denote VN and ∂VN the unit ball and the
unit sphere of YN respectively.

Claim. For every N ∈ N and every collection {ak}k≤N of reals with

‖
∑

n≤N angn‖ ≤ 1

F

∑
n≤N

angn

 =
∑
n≤N

anen.

Proof of the Claim. We will use the induction in N . If N = 1, the Claim
follows from items (3) and (5) of Proposition 1. Now assume the validity of the
Claim for N − 1, and let us prove it for N . At �rst, let us prove that

F (UN ) ⊂ VN . (1)

To this end, consider x ∈ UN . If x is of the form αgN the statement follows
from Proposition 1. So we must consider x =

∑N
i=1 αigi,

∑N
i=1 |αi| ≤ 1 with∑N−1

i=1 |αi| 6= 0. Denote the expansion of F (x) by F (x) =
∑∞

i=1 yiei. For the
element

x1 =

∑N−1
i=1 αigi∑N−1
i=1 |αi|

by the induction hypothesis

F (x1) =

∑N−1
i=1 αiei∑N−1
i=1 |αi|

,

so we may write the following inequalities:

2 =

∥∥∥∥F (x1)−
αN

|αN |
eN

∥∥∥∥ ≤
∥∥∥∥∥F (x1)−

N∑
i=1

yiei

∥∥∥∥∥+

∥∥∥∥∥
N∑
i=1

yiei −
αN

|αN |
eN

∥∥∥∥∥
= ‖F (x1)− F (x)‖+

∥∥∥∥F (x)− αN

|αN |
eN

∥∥∥∥− 2
∞∑

i=N+1

|yi|

≤ ‖F (x1)− F (x)‖+

∥∥∥∥F (x)− F
(
αN

|αN |
gN

)∥∥∥∥ ≤ ‖x1 − x‖+

∥∥∥∥x− αN

|αN |
gN

∥∥∥∥
=

N−1∑
j=1

∣∣∣∣∣αj −
αj∑N−1

i=1 |αi|

∣∣∣∣∣+ |αN |+
N−1∑
j=1

|αj |+
∣∣∣∣αN −

αN

|αN |

∣∣∣∣
=

N−1∑
j=1

|αj |

(
1 +

∣∣∣∣∣1− 1∑N−1
i=1 |αi|

∣∣∣∣∣
)

+ |αN |
(

1 +

∣∣∣∣1− 1

|αN |

∣∣∣∣) = 2.
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This means that all the inequalities in between are in fact equalities, so in
particular

∑∞
i=N+1 |yi| = 0, i.e. F (x) =

∑N
i=1 yiei ∈ VN and (1) is proved.

Now, let us demonstrate that

F (UN ) ⊃ ∂VN . (2)

Assume contrary, that there is a y ∈ ∂VN \F (UN ). Denote x = F−1(y). Then,
‖x‖ = 1 (by (2) of Proposition 1) and x /∈ UN . For every t ∈ [0, 1] consider F (tx).
Let F (tx) =

∑
n∈N bnen be the corresponding expansion. Then,

1 = ‖0− tx‖+ ‖tx− x‖ ≥ ‖0− F (tx)‖+ ‖F (tx)− y‖

= 2
∑
n>N

|bn|+

∥∥∥∥∥∥
∑
n≤N

bnen

∥∥∥∥∥∥+

∥∥∥∥∥∥y −
∑
n≤N

bnen

∥∥∥∥∥∥ ≥ 2
∑
n>N

|bn|+ 1,

so
∑

n>N |bn| = 0. This means that F (tx) ∈ VN for every t ∈ [0, 1]. On the
other hand, F (UN ) contains a relative neighborhood of 0 in VN (here we use that
F (0) = 0 and Proposition 3), so the continuous curve {F (tx) : t ∈ [0, 1]} in VN
which connects 0 and y has a non-trivial intersection with F (UN ). This implies
that there is a t ∈ (0, 1) such that F (tx) ∈ F (UN ). Since tx /∈ UN this contradicts
the injectivity of F . Inclusion (2) is proved.

Now, inclusions (1) and (2) together with Proposition 4 imply F (UN ) = VN .
Remark, that UN is isometric to VN and, by �nite dimensionality, UN and VN are
compacts. So, UN and VN can be considered as two copies of one the same compact
metric space, and Theorem 1.1 of [6] (which we mentioned in the beginning of
the Introduction) implies that every bijective non-expansive map from UN onto
VN is an isometry. In particular, F maps UN onto VN isometrically. Finally, the
application of Proposition 2 gives us that the restriction of F to UN extends to a
linear map from XN to YN , which completes the proof of the Claim.

The remaining part of the proof is easy. The continuity of F and the claim
imply that for every x = (xk)k∈N ∈ U

F

( ∞∑
n=1

xngn

)
=

∞∑
n=1

xnen = x.

Consequently, ‖x‖ =
∑∞

n=1 |xn| = ‖
∑∞

n=1 xngn‖ =
∥∥F−1(x)

∥∥.
Acknowledgement. We are indebted to Boris Kadets for pointing to us the

references to the Brower invariance of domain principle.
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Ëèíåéíûå ìàòðè÷íûå óðàâíåíèÿ øèðîêî èñïîëüçóþòñÿ â òåîðèè óñòîé÷è-
âîñòè äâèæåíèÿ, òåîðèè óïðàâëåíèÿ, à òàêæå â çàäà÷àõ âîññòàíîâëåíèÿ
èçîáðàæåíèé. Â ñòàòüå ïðåäëîæåíû îðèãèíàëüíûå óñëîâèÿ ðåãóëÿðèçàöèè,
à òàêæå ñõåìà íàõîæäåíèÿ ðåøåíèé âîçìóùåííîãî ìàòðè÷íîãî óðàâíåíèÿ,
â ÷àñòíîñòè, óðàâíåíèÿ Ñèëüâåñòðà, â îáùåì ñëó÷àå, êîãäà ëèíåéíûé
ìàòðè÷íûé îïåðàòîð L, ñîîòâåòñòâóþùèé îäíîðîäíîé ÷àñòè îáîáùåííîãî
ìàòðè÷íîãî óðàâíåíèÿ, íå èìååò îáðàòíîãî.
Êëþ÷åâûå ñëîâà: ìàòðè÷íîå óðàâíåíèå Ñèëüâåñòðà, ìàòðè÷íîå óðàâíåíèå
Ëÿïóíîâà, óñëîâèÿ ðåãóëÿðèçàöèè, ïñåâäîîáðàòíûå ìàòðèöû.

×óéêîÑ.Ì. Ïðî ðåãóëÿðèçàöiþ ëiíiéíèõ ìàòðè÷íèõ ðiâíÿíü.

Ëiíiéíi ìàòðè÷íi ðiâíÿííÿ øèðîêî âèêîðèñòîâóþòüñÿ â òåîði¨ ñòiéêîñòi
ðóõó, òåîði¨ êåðóâàííÿ, à òàêîæ ó çàäà÷àõ ïðî âiäíîâëåííÿ çîáðàæåíü.
Ó ñòàòòi çàïðîïîíîâàíi îðèãiíàëüíi óìîâè ðåãóëÿðèçàöi¨, à òàêîæ ñõå-
ìà çíàõîäæåííÿ ðîçâ'ÿçêiâ çáóðåíîãî ìàòðè÷íîãî ðiâíÿííÿ, çîêðåìà,
ðiâíÿííÿ Ñiëüâåñòðà, ó âèïàäêó, êîëè ëiíiéíèé ìàòðè÷íèé îïåðàòîð L,
âiäïîâiäíèé äî îäíîðiäíî¨ ÷àñòèíè óçàãàëüíåíîãî ìàòðè÷íîãî ðiâíÿííÿ,
íå ìà¹ îáåðíåíîãî.
Êëþ÷îâi ñëîâà: ìàòðè÷íå ðiâíÿííÿ Ñèëüâåñòðà, ìàòðè÷íå ðiâíÿííÿ Ëÿïó-
íîâà, óìîâè ðåãóëÿðèçàöi¨, ïñåâäîîáåðíåíà ìàòðèöÿ.

S.M.Chuiko. On the Regularization of a linear matrix equations.

Linear matrix equations widely used in the theory of stability of motion, control
theory and signal processing. We suggest an algorithm for regularization of the
inhomogeneous generalized matrix equation and, in particular, the Sylvester
equation in general case when the linear matrix operator L, corresponding to
the homogeneous part of the linear generalized matrix equation, has no inverse.
Keywords: Lyapunov matrix equation, Sylvester matrix equation, conditions of
regularization, pseudoinverse matrix.
2000 Mathematics Subject Classi�cation: 15A24, 34Â15, 34C25.
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Ëèíåéíûå ìàòðè÷íûå óðàâíåíèÿ, â ÷àñòíîñòè, ìàòðè÷íûå óðàâíåíèÿ Ëÿ-
ïóíîâà è Ñèëüâåñòðà [1, 2, 3, 4] øèðîêî èñïîëüçóþòñÿ â òåîðèè óñòîé÷èâîñòè
äâèæåíèÿ [3, 5], à òàêæå ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ ñèñòåì äèôôåðåí-
öèàëüíûõ óðàâíåíèé [6, 7, 8, 9]. Â ñòàòüÿõ [9, 10, 11] ïðåäëîæåíû óñëîâèÿ
ðàçðåøèìîñòè, à òàêæå ñõåìà ïîñòðîåíèÿ ÷àñòíîãî ðåøåíèÿ óðàâíåíèÿ Ëÿ-
ïóíîâà. Èñïîëüçóÿ òåõíèêó ïñåâäîîáðàòíûõ ìàòðèö è ïðîåêòîðîâ, íàìè ïðåä-
ëîæåíû îðèãèíàëüíûå óñëîâèÿ ðàçðåøèìîñòè, à òàêæå ñõåìà íàõîæäåíèÿ
ñåìåéñòâà ëèíåéíî íåçàâèñèìûõ ðåøåíèé íåîäíîðîäíîãî îáîáùåííîãî ìàò-
ðè÷íîãî óðàâíåíèÿ è, â ÷àñòíîñòè, óðàâíåíèÿ Ñèëüâåñòðà, â îáùåì ñëó÷àå,
êîãäà ëèíåéíûé ìàòðè÷íûé îïåðàòîð L, ñîîòâåòñòâóþùèé îäíîðîäíîé ÷àñòè
îáîáùåííîãî ìàòðè÷íîãî óðàâíåíèÿ íå èìååò îáðàòíîãî [10, 12].

Ïîñòàíîâêà çàäà÷è

Ïîñòàâèì ñëåäóþùóþ çàäà÷ó: ìîæíî ëè ìàëûìè âîçìóùåíèÿìè îáåñïå-
÷èòü ðàçðåøèìîñòü ëèíåéíîãî ìàòðè÷íîãî óðàâíåíèÿ

LX = A (1)

äëÿ ëþáîé ïðàâîé ÷àñòè A ∈ Rα×δ? Çäåñü L : Rβ×γ → Rα×δ � ëèíåéíûé
îãðàíè÷åííûé ìàòðè÷íûé ôóíêöèîíàë, X ∈ Rβ×γ � íåèçâåñòíàÿ ìàòðèöà.
Îáîçíà÷èì {

Θj

}β·γ
j=1

∈ Rβ×γ

åñòåñòâåííûé áàçèñ [13] ïðîñòðàíñòâà Rβ×γ . Îáùåå ðåøåíèå óðàâíåíèÿ (1)
èùåì â âèäå ñóììû

X =

β·γ∑
j=1

Θjcj , cj ∈ R1.

Ïîñëåäíåå âûðàæåíèå ïðèâîäèò óðàâíåíèå (1) ê âèäó

β·γ∑
j=1

[
LΘj

]
cj = A.

Îïðåäåëèì îïåðàòîð M[A] : Rm×n → Rm·n, êàê îïåðàòîð, êîòîðûé ñòàâèò
â ñîîòâåòñòâèå ìàòðèöå A ∈ Rm×n âåêòîð-ñòîëáåö B :=M[A] ∈ Rm·n, ñîñòàâ-
ëåííûé èç n ñòîëáöîâ ìàòðèöû A, à òàêæå îáðàòíûé îïåðàòîð [12]

M−1

[
B
]

: Rm·n → Rm×n,

êîòîðûé ñòàâèò â ñîîòâåòñòâèå âåêòîðó B ∈ Rm·n ìàòðèöó A ∈ Rm×n.
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Îïðåäåëèì ìàòðèöû

Υ1 := ( 1 ) ∈ R1×1, Υ2 := ( 1 0 0 1 )∗ ∈ R4×1,

Υ3 := ( 1 0 0 0 1 0 0 0 1 )∗ ∈ R9×1, ... .

Âåêòîð Υm ñîñòîèò èç m− 1 öåïî÷êè âèäà

( 1 0 0 ... 0 )∗ ∈ R(m−1)×1

è çàêàí÷èâàåòñÿ åäèíèöåé:

Υm :=

(
1 0 0 ... 0 1 0 0 ... 0 ... 1 0 0 ... 0 1

)∗
∈ Rm

2×1.

Îïðåäåëèì òàêæå ìàòðèöû [12][
Emn

]
j

:=

[
Em1

]
j

⊗ In ∈ Rn×m·n,
[
Em1

]
j

:=

{
δij

}m
i=1

∈ R1×m;

çäåñü δij � ñèìâîë Êðîíåêêåðà [13]. Ñèñòåìà (1) ðàâíîñèëüíà ñëåäóþùåìó
óðàâíåíèþ

Q c =M[A] (2)

îòíîñèòåëüíî âåêòîðà c ∈ Rα·β; çäåñü

Q :=

α·β∑
j=1

{[
Eαβ1

]
j

⊗M[LΘj ]

}
.

Óðàâíåíèå (2) ðàçðåøèìî ïðè óñëîâèè [10]

PQ∗M[A] = 0 (3)

è òîëüêî ïðè íåì. Çäåñü

PQ∗ : Rα·δ → N(Q∗)

� îðòîïðîåêòîð ìàòðèöû Q∗. Ïðè óñëîâèè PQ∗ 6= 0 áóäåì ãîâîðèòü, ÷òî äëÿ
ìàòðè÷íîãî óðàâíåíèÿ (1) èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé, ïðè ýòîì óðàâíå-
íèå (1) ðàçðåøèìî ëèøü äëÿ òåõ íåîäíîðîäíîñòåé A, äëÿ êîòîðûõ âûïîëíåíî
óñëîâèå (3).

Îñíîâíîé ðåçóëüòàò

Òàêèì îáðàçîì, ïîñòàâëåííàÿ çàäà÷à ðàâíîñèëüíà ñëåäóþùåé: ìîæíî ëè
â êðèòè÷åñêîì ñëó÷àå ìàëûìè âîçìóùåíèÿìè ïðèâåñòè ìàòðè÷íîå óðàâíå-
íèå (1) îáùåãî âèäà ê íåêðèòè÷åñêîìó ñëó÷àþ? Ïîñëåäíÿÿ çàäà÷à îòíîñèòñÿ
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ê çàäà÷àì î ðåãóëÿðèçàöèè [6, 14, 16, 17]. Êàê èçâåñòíî [18], ëþáàÿ (m× n)−
ìàòðèöà Q â îïðåäåëåííîì áàçèñå ìîæåò áûòü ïðåäñòàâëåíà â âèäå

Q = Φ · J ·Ψ, rank Q := ρ; (4)

çäåñü Φ ∈ Rm×m è Ψ ∈ Rn×n � íåâûðîæäåííûå ìàòðèöû,

J :=

(
Iρ O
O O

)
.

Ðàçëîæåíèåì (4) ìîæíî âîñïîëüçîâàòüñÿ ïðè ðåøåíèè çàäà÷è î ðåãóëÿðèçà-
öèè ìàòðè÷íîãî óðàâíåíèÿ (1). Âîçìóùåíèå ìàòðèöû Q áóäåì èñêàòü â âèäå

Q := Q+ εR ∈ Rγδ×αβ, 0 < ε� 1.

Ïî îïðåäåëåíèþ àëãåáðàè÷åñêàÿ ñèñòåìà (1) ïðåäñòàâëÿåò íåêðèòè÷åñêèé
ñëó÷àé ïðè óñëîâèè PQ∗ = 0. Î÷åâèäíî, ýòî óñëîâèå ðàâíîñèëüíî óðàâíåíèþ[

Q+ εR

]
·
[
Q+ εR

]+

= Iγδ (5)

îòíîñèòåëüíî (γδ×αβ)− ìàòðèöû R. Çàìåòèì, ÷òî óðàâíåíèå (5) ðàçðåøèìî
ëèøü äëÿ γδ = αβ, ëèáî γδ < αβ. Äåéñòâèòåëüíî, ïðåäïîëîæèì óðàâíåíèå (5)
ïåðåîïðåäåëåííûì: γδ > αβ, ïðè ýòîì

rank

(
Q+ εR

)(
Q+ εR

)+

≤ rank

(
Q+ εR

)
=

= rank

(
Q+ εR

)+

≤ αβ < γδ,

÷òî ïðîòèâîðå÷èò ðàâåíñòâó ðàíãîâ ëåâîé è ïðàâîé ÷àñòè óðàâíåíèÿ (5). Ïðè
óñëîâèè γδ ≤ αβ óðàâíåíèå (5) èìååò ïî ìåíüøåé ìåðå îäíî ñåìåéñòâî ðåøå-
íèé

R := Φ ·ΠJ ·Ψ ∈ Rγδ×αβ, ΠJ :=

(
O O
O C

)
, rank C := γδ − ρ.

Òàêèì îáðàçîì, ïîñòàâëåííàÿ çàäà÷à î ðåãóëÿðèçàöèè àëãåáðàè÷åñêîé ñèñòå-
ìû (2), ðàâíîñèëüíàÿ óðàâíåíèþ (2) ñ (γδ × αβ)− ìàòðèöåé Q, ðàçðåøèìà
ïðè óñëîâèè γδ ≤ αβ â âèäå

Q := Q+ εR, R := Φ ·ΠJ ·Ψ.

Äåéñòâèòåëüíî, â ñèëó íåâûðîæäåííîñòè ìàòðèö Φ ∈ Rγδ×γδ è Ψ ∈ Rαβ×αβ
èìååò ìåñòî ðàâåíñòâî [13, 4.48]

rank Q = rank (J + εΠJ) = m,
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ïðè ýòîì PQ∗ = 0, ñëåäîâàòåëüíî ñèñòåìà (2) ñ ìàòðèöåé Q ðàçðåøèìà äëÿ
ëþáûõ ïðàâûõ ÷àñòåé. Òàêèì îáðàçîì, íàéäåíî ðåøåíèå çàäà÷è î ðåãóëÿðè-
çàöèè àëãåáðàè÷åñêîé ñèñòåìû (2), ïðè ýòîì çàäà÷à î ðåãóëÿðèçàöèè àëãåá-
ðàè÷åñêîé ñèñòåìû (1) ìîæåò áûòü ïîñòàâëåíà äëÿ ëèíåéíîãî ìàòðè÷íîãî
óðàâíåíèÿ

LX = A. (6)

Çäåñü
LX := LX + εUXV;

çäåñü U ∈ Rγ×α � ôèêñèðîâàííàÿ ïîñòîÿííàÿ ìàòðèöà è V ∈ Rβ×δ � íåèç-
âåñòíàÿ ïîñòîÿííàÿ ìàòðèöà. Îáîçíà÷èì{

Ξj

}β·δ
j=1

∈ Rβ×δ

åñòåñòâåííûé áàçèñ [13] ïðîñòðàíñòâà Rβ×δ. Íåèçâåñòíóþ ìàòðèöó V èùåì
â âèäå ñóììû

V =

β·δ∑
j=1

Ξjξj , ξj ∈ R1.

Äëÿ íàõîæäåíèÿ êîíñòàíò ξj , j = 1, 2, ... , β · δ èñïîëüçóåì óðàâíåíèå{
M
[
UΘi

β·δ∑
j=1

Ξjξj

]}α·β
i=1

= R.

Îáîçíà÷èì ìàòðèöû Q(Ξi) ∈ Rγδ×αβ :

Q(Ξi) :=

{
M
[
UΘ1Ξi

]
, ... , M

[
UΘαβΞi

]}
, i = 1, 2, ... αβ.

Âåêòîð ξ ∈ Rβ·δ îïðåäåëÿåò óðàâíåíèå

Ω · ξ =M[R], (7)

ðàçðåøèìîå òîãäà è òîëüêî òîãäà, êîãäà

PΩ∗M[R] = 0; (8)

çäåñü

Ω :=

{
M[Q(Ξi)]

}β·γ
i=1

� ïîñòîÿííàÿ (αβγδ × βγ)− ìàòðèöà, PΩ∗ � îðòîïðîåêòîð:

PΩ∗ : Rαβγδ×αβγδ → N(Ω∗).
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Ïðè óñëîâèè (8) óðàâíåíèå (7) èìååò ïî ìåíüøåé ìåðå îäíî ðåøåíèå

ξ = Ω+ · M[R],

îïðåäåëÿþùåå íåèçâåñòíóþ ìàòðèöó

V =M−1

[
Ω+ · M[R]

]
.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 0.1 Ìàòðè÷íîå óðàâíåíèå (1) â êðèòè÷åñêîì ñëó÷àå (PQ∗ 6= 0) íå
ðàçðåøèìî äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè A ∈ Rα×δ. Ïðè óñëîâèè (8) è

γδ ≤ αβ äëÿ ôèêñèðîâàííîé ìàòðèöû U ∈ Rγ×α è ïðîèçâîëüíîãî ε ∈ (0, ε0],
ε� 1 âîçìóùåíèå ôóíêöèîíàëà L :

LX := LX + εUXV

ïðèâîäèò ê ìàòðè÷íîìó óðàâíåíèþ (6), ðàçðåøèìîìó äëÿ ëþáûõ ïðàâûõ ÷à-

ñòåé. Çäåñü

V =M−1

[
Ω+ · M[R]

]
.

Â ýòîì ñëó÷àå óðàâíåíèå (6) èìååò r := β−α � ïàðàìåòðè÷åñêîå ñåìåéñòâî

ðåøåíèé

X(ε) = Φ[A](ε) + Ψ[cr], (9)

ãäå

Φ[A](ε) :=M−1

{
Q+M[B]

}
, Ψ[cr] :=M−1

[
PQrcr

]
.

Çäåñü Q+ � ïñåâäîîáðàòíàÿ (ïî Ìóðó-Ïåíðîóçó) ìàòðèöà,

PQ : Rβ·γ×β·γ → N(Q), PQ∗ : Rα·δ×α·δ → N(Q∗)

� îðòîïðîåêòîðû ìàòðèö

Q := Q+ εR, R := Φ ·ΠJ ·Ψ

è Q∗. Ìàòðèöà PQr ñîñòàâëåíà èç r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ

ìàòðèöû-îðòîïðîåêòîðà PQ.

Òåîðåìà 0.1 ÿâëÿåòñÿ îáîáùåíèåì ñîîòâåòñòâóþùèõ ðåçóëüòàòîâ [19] íà
ñëó÷àé ìàòðè÷íûõ óðàâíåíèé.

Ïðèìåð 0.1 Ìàòðè÷íîå óðàâíåíèå îáùåãî âèäà

LX = A (10)
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íå ðàçðåøèìî äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè A ∈ R1×4; çäåñü

L :=

∫ 2π

0
U(t)XV (t)dt, U(t) :=

1

π

(
sin t cos t

)
,

V (t) :=

 sin t cos t sin t cos t
sin t cos t sin t cos t
sin t cos t sin t cos t

 .

Åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R2×3 ñîñòàâëÿþò ìàòðèöû

Θ1 :=

(
1 0 0
0 0 0

)
, Θ2 :=

(
0 0 0
1 0 0

)
, ... , Θ12 :=

(
0 0 0
0 0 1

)
.

Êëþ÷åâàÿ ïðè èññëåäîâàíèè óðàâíåíèÿ (10) ìàòðèöà

Q =


1 0 1 0 1 0
0 1 0 1 0 1
1 0 1 0 1 0
0 1 0 1 0 1


îïðåäåëÿåò îðòîïðîåêòîð PQ∗ 6= 0, ïðè ýòîì äëÿ óðàâíåíèÿ (10) èìååò ìåñòî
êðèòè÷åñêèé ñëó÷àé, ñëåäîâàòåëüíî óðàâíåíèå (10) íå ðàçðåøèìî äëÿ ïðî-
èçâîëüíîé íåîäíîðîäíîñòè A ∈ R1×4. Ìàòðèöà Q ìîæåò áûòü ïðåäñòàâëåíà
â âèäå

Q = Φ · J ·Ψ, rank Q = 2;

çäåñü

Φ =


1 0 0 0
0 1 1 0
1 0 0 1
0 1 0 0

 , Ψ =



1 0 1 0 1 0
0 1 0 1 0 1
0 1 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 0 0 0 1 0

 ,

J :=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 .
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Ïîëîæèì U := ( 1 0 ). Íåèçâåñòíûé ñîìíîæèòåëü V îïðåäåëÿåò ìàòðèöà

Ω :=



1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0



.

Ïîëîæèì

Q := Q+ εR, R := Φ ·ΠJ ·Ψ,

ãäå

ΠJ :=


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 .

Ïðè ýòîì óñëîâèå (8) âûïîëíåíî. Òàêèì îáðàçîì, íàõîäèì ìàòðèöó

V =

 0 1 0 0
0 0 0 0
0 0 1 0

 ,

êîòîðàÿ ïðèâîäèò ê ìàòðè÷íîìó óðàâíåíèþ (6), ðàçðåøèìîìó äëÿ ëþáûõ
ïðàâûõ ÷àñòåé; çäåñü

LX := LX + εUXV,
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äëÿ êîòîðîãî

Q :=


1 0 1 0 1 0
ε 1 0 1 0 1
1 0 1 0 1 + ε 0
0 1 0 1 0 1


� ìàòðèöà ïîëíîãî ðàíãà äëÿ ïðîèçâîëüíîãî ε ∈ (0, ε0], ε� 1. Ïîëîæèì

A :=
(

1 0 1 0
)
, c1, c2 ∈ R1;

ïðè ýòîì ðåøåíèå âîçìóùåííîãî ìàòðè÷íîãî óðàâíåíèÿ (6) èìååò âèä

X =

(
0 1 0

2c1 − c2 −+ 2c2 −c1 − c2

)
.

Äîêàçàííàÿ òåîðåìà ìîæåò áûòü èñïîëüçîâàíà ïðè ðåøåíèè äèôôåðåí-
öèàëüíûõ óðàâíåíèé Ðèêêàòè è Áåðíóëëè [9, 20], ïðè ðåøåíèè ëèíåéíûõ êðà-
åâûõ çàäà÷ äëÿ ìàòðè÷íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé [7, 8, 21], à òàêæå
â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ [3, 4, 5, 22]. Ïîëó÷åííûå ðåçóëüòàòû àíàëî-
ãè÷íî [23, 24] ìîãóò áûòü ïåðåíåñåíû íà îáîáùåííûå óðàâíåíèÿ, ñîäåðæàùèå
íåèçâåñòíûå ìàòðèöû ðàçëè÷íûõ ðàçìåðíîñòåé.

Acknowledgement. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñó-
äàðñòâåííîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé. Íîìåð ãîñóäàðñòâåí-
íîé ðåãèñòðàöèè 0115U003182.
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The time-optimal control problem for the system ẋ1 = u, ẋ2 = x1, ẋ3 = x31
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íåëiíiéíî¨ òðèâèìiðíî¨ ñèñòåìè. Ðîçãëÿäà¹òüñÿ çàäà÷à øâèäêîäi¨ äëÿ
ñèñòåìè ẋ1 = u, ẋ2 = x1, ẋ3 = x31. Äàþòüñÿ ÿâíi ôîðìóëè äëÿ çíàõîäæåííÿ
îïòèìàëüíèõ êåðóâàíü. Îòðèìàíî ÿâíèé ðîçâ'ÿçîê çàäà÷i îïòèìàëüíîãî
ñèíòåçó.
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Èãíàòîâè÷Ñ.Þ. ßâíîå ðåøåíèå çàäà÷è áûñòðîäåéñòâèÿ äëÿ îäíîé

íåëèíåéíîé òð¼õìåðíîé ñèñòåìû. Ðàññìàòðèâàåòñÿ çàäà÷à áûñòðîäåé-
ñòâèÿ äëÿ ñèñòåìû ẋ1 = u, ẋ2 = x1, ẋ3 = x31. Äàþòñÿ ÿâíûå ôîðìóëû äëÿ
íàõîæäåíèÿ îïòèìàëüíûõ óïðàâëåíèé. Ïîëó÷åíî ÿâíîå ðåøåíèå çàäà÷è
îïòèìàëüíîãî ñèíòåçà.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå óïðàâëÿåìûå ñèñòåìû, áûñòðîäåéñòâèå,
ÿâíîå ðåøåíèå.

2000 Mathematics Subject Classi�cation: 93C10, 49K30.

Introduction

The time-optimal problem is one of the most investigated optimal control
problems. Di�erent approaches were developed which give a description of optimal
controls. However, in the general case an answer hardly can be obtained in an
explicit form. So, for the simplest linear time-optimal control problem

c© Ignatovich S.Yu., 2016
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ẋ1 = u, ẋi = xi−1, i = 2, . . . , n, |u(t)| ≤ 1, x(0) = x0, x(θ) = 0, θ → min,

in the case n = 2 the well-known explicit solution directly follows from the
Pontryagin Maximum Principle [1]. However, for n ≥ 3 the answer is much
more complicated and entirely non-obvious. Speci�cally, the Pontryagin Maximum
Principle says that any optimal control equals ±1 and has no more than n − 1
switchings, however, it does not give a direct way for �nding the optimal time and
switching moments. The analytical solution of this problem was obtained in [2]. It
was shown that for an arbitrary initial point x0 the optimal time is a root of one
of two special polynomials of degree 1

4n(n+ 2) for even n and 1
4(n+ 1)2 for odd n

with coe�cients depending on x0. So, for n = 3 equations of degree 4 should be
solved. Moments of switching can be found also as roots of certain polynomials.

For nonlinear systems the solution can be much more complicated; in
particular, singular controls may occur. In [3], as an example, the time-optimal
control problem for the system ẋ1 = u, ẋ2 = x1, ẋ3 = x21 was considered and
the explicit solution was given. By arguments essentially using the concrete form
of the system, it was shown that the optimal control (if exists) takes the values
+1, −1, 0 and has no more than two switchings.

Generally, it is an interesting problem to �nd classes of systems for which
time-optimal controls can be described more or less explicitly. In the paper [4]
one of such classes was presented, namely, the class of dual to linear systems,

ẋ1 = u, ẋi = Pi(x1), i = 2, . . . , n,

where P2(x1), . . . , Pn(x1) are linearly independent real analytic functions of one

variable such that P2(0) = · · · = Pn(0) = 0. We emphasize that such systems
are non-controllable w.r.t. the �rst approximation for n ≥ 3. It was shown that a
time-optimal control is piecewise constant and takes the values +1, −1 and 0 only.
Moreover, for any initial point x0 6= 0 and any optimal control û(t), x ∈ [0, θ̂],
steering x0 to the origin (if exists) there exists a function

P (z) = −ψ0 − ψ2P2(z)− · · · − ψnPn(z), (1)

where ψ0 ≥ 0, ψ2, . . . , ψn are real parameters, ψ2
0+ψ2

2+· · ·+ψ2
n > 0, such that the

�rst component of the optimal trajectory x̂1(t) satis�es the following properties:
� P (x̂1(t)) ≥ 0 for t ∈ [0, θ̂]; hence, x̂1(t) belongs to the connected component

of the set {z : P (z) ≥ 0} containing the point z = 0;
� if t̄ is a switching moment for û(t), then x̂1(t̄) is a root of the function P (z);
� if t̄ is a switching moment for û(t) such that û(t̄ + 0) = 0 or û(t̄ − 0) = 0,

then x̂1(t̄) is a multiple root of the function P (z);
� any value can be taken by the function x̂1(t) no more than twice when

t ∈ [0, θ̂], except of the value 0 which can be taken for three times if x01 = 0.
These properties essentially reduce the set of possible optimal controls. In

particular, if Pi(x1) are polynomials, the number of switchings can be estimated.
As an example, in [4] the following time-optimal control problem was considered,

ẋ1 = u, ẋ2 = x1, ẋ3 = x31, |u(t)| ≤ 1, x(0) = x0, x(θ) = 0, θ → min, (2)
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and all controls satisfying the above-mentioned conditions were described.
Nevertheless, the questions remained whether all these controls are realized as
optimal ones and whether an optimal control can be non-unique for some points.

In the present paper we give the complete solution of the time-optimal control
problem (2). It turns out that all possible types of controls mentioned above are
realized as optimal ones. Unlike the linear case, optimal controls and the optimal
time can be found by explicit formulas. For each of such controls we describe the
domain where it is optimal. We give the solution of the optimal synthesis problem,
i.e., describe the domains where the optimal control equals +1 and −1, and the
surfaces where it equals 0. Also, we describe surfaces where the optimal control is
non-unique. In Sections 1�3 we consider all possible optimal controls in the case
x01 > 0 only; for x01 < 0 the solution can be obtained by symmetry arguments. In
Section 4 we sum up the results and brie�y consider the case x01 = 0.

1. Optimal controls

First, let us discuss the results of [4] in connection with the particular
problem (2). For a given x0, denote by θ̂, û(t), x̂(t) the optimal time, an
optimal control, and the corresponding optimal trajectory. Let us introduce the
Pontryagin-Hamilton function H = ψ1u + ψ2x1 + ψ3x

3
1 and consider the dual

system

ψ̇1 = −ψ2 − 3ψ3x
2
1, ψ̇2 = 0, ψ̇3 = 0, (3)

hence, ψ2 and ψ3 are constants. According to the Pontryagin Maximum Principle,
there exist numbers ψ0 ≤ 0, ψ2, ψ3 and a function ψ1(t) satisfying (3) such that
ψ2
0 + ψ2

2 + ψ2
3 + (ψ1(t))

2 6= 0 for t ∈ [0, θ̂] and

û(t) = sign(ψ1(t)) a.e. for all t ∈ [0, θ̂] such that ψ1(t) 6= 0,

ψ0 + |ψ1(t)|+ ψ2x̂1(t) + ψ3x̂
3
1(t) = 0 for all t ∈ [0, θ̂].

(4)

In particular, we get ψ2
0 + ψ2

2 + ψ2
3 6= 0. Now we introduce the function (1); for

this example it equals a (nontrivial) polynomial

P (z) = −ψ0 − ψ2z − ψ3z
3, (5)

then (3), (4) imply

|ψ1(t)| = P (x̂1(t)), ψ̇1(t) = P ′(x̂1(t)), t ∈ [0, θ̂]. (6)

In particular, it follows that x̂1(t) belongs to the connected component of the set
{z : P (z) ≥ 0} containing the point z = 0.

If ψ1(t) = 0 identically in some segment (τ1, τ2), then (6) implies that x̂1(t)
equals a root of P (z) for t ∈ (τ1, τ2). However, P (z) has no more that three real
roots, hence, x̂1(t) equals one of them, x̂1(t) = const, therefore, û(t) = ˙̂x1(t) = 0
for all t ∈ (τ1, τ2). (Moreover, due to (6), x̂1(t) should equal the multiple root
of P (z).) The question arises whether the set of roots of ψ1(t) may have more
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complicated structure (for example, include convergent sequences of isolated roots
or some nowhere dense subsets of positive measure).

It was proved in [4] that the answer is �no�. More speci�cally, for any t ∈ (0, θ̂)
there exists ε > 0 such that ψ1(t) keeps its sign on the intervals (t − ε, t) and
(t, t+ ε); for the points t = 0 and t = θ̂ the same is true with the intervals (0, ε)
and (θ̂−ε, θ̂). (Here we assume sign(0) = 0.) Clearly, this implies that the optimal
control û(t) is piecewise constant and can take the values ±1 and 0 only.

In our example, let us consider all possible functions P (z) of the form (5)
for all (nontrivial) sets of parameters ψ0 ≤ 0, ψ2, ψ3. Since the coe�cient of z2

vanishes, a relation between roots arises. Fig. 1�4 show all four possible types of
P (z) admitting optimal controls with at least two switchings (controls with no
more that one switching can be regarded as partial cases, so, we do not consider
them separately).

Fig. 1. Function P (z) of type 1,
z1 + z2 + z3 = 0

Fig. 2. Function P (z) of type 2,
2z1 + z2 = 0

Fig. 3. Function P (z) of type 3,
z1 + z2 + z3 = 0

Fig. 4. Function P (z) of type 4,
z1 + 2z2 = 0

It was shown in [4] that any nonzero value can be taken by x̂1(t) no more
than twice. Let us illustrate the reason for this by an example. It is convenient to
draw x1(t) instead of u(t). Suppose a control u(t) taking values ±1 steers some
point x0 to the origin in the time θ and assume that x1(t) has the form shown
in Fig. 5 (a). Then x1(t) takes the value µ1 for three times. Due to very special
form of the system (2), x2(0) and x3(0) equal the area under the curves −x1(t)
and −x31(t) respectively. Now, let us successively transform x1(t) as is shown in
Fig. 5 (b) and (c); obviously, the mentioned areas are the same as in case (a),
hence, the corresponding controls also steer x0 to the origin in the same time θ.
However, the control of case (c) cannot be optimal since four di�erent vales µ1,
µ2, µ3, µ4 cannot be roots of a function of the form (5).
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Fig. 5. Transformation of non-optimal trajectory; graphs of x1(t)

2. Domains of solvability

Below we describe all possible controls compatible with the requirements
mentioned above for the case x01 > 0. For the sake of briefness, we omit the
upper index of x0, i.e., we write xi instead of x0i . We use the notation

S11 = x2 − 1
2x

2
1, S21 = x3 − 1

4x
4
1,

S12 = x2 + 1
2x

2
1, S22 = x3 + 1

4x
4
1.

Case 1 corresponds to P (z) of type 1 (Fig. 1), the control is of the form

u(t) =


1 if t ∈ [0, t1),
−1 if t ∈ [t1, t2),

1 if t ∈ [t2, θ].
(7)

The graph of x1(t) is shown in Fig. 6.

Fig. 6. Graph of x1(t), case 1 Fig. 7. Intersection of the domain D1

and the plane x1 = 1; P1 = (72 ,
31
4 )

Denote x1(t1) = A, x1(t2) = −B, then

A = x1 + t1 ≥ x1, −B = x1 + t1 − (t2 − t1) = x1 + 2t1 − t2 ≤ 0.

Let z1 < 0 < z2 ≤ z3 be the roots of the function P (z) (Fig. 1), then A = z2,
B = −z1. Since z1 + z2 + z3 = 0, we get −z1 = z2 + z3 ≥ 2z2, therefore, B ≥ 2A.
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Integrating the equations ẋ2(t) = x1(t) and ẋ3(t) = x31(t) on the time interval
t ∈ [0, θ] and taking into account the conditions x2(θ) = x3(θ) = 0 we get

−x2 = −1
2x

2
1 +A2 −B2 and − x3 = −1

4x
4
1 + 1

2A
4 − 1

2B
4.

Thus, in this case
S11 = B2 −A2,
2S21 = B4 −A4,
A ≥ x1, B ≥ 2A,

⇔


A2 = S21

S11
− 1

2S11,

B2 = S21
S11

+ 1
2S11,

A ≥ x1, B ≥ 2A.

Let us study the solvability of this system. If S11 ≤ 0, then B2 ≤ A2, which
contradicts the requirement B ≥ 2A. Hence, S11 > 0, therefore, the solvability
conditions are

S11 > 0,
S21
S11
− 1

2S11 ≥ x
2
1,

S21
S11

+ 1
2S11 ≥ 4(S21

S11
− 1

2S11),

⇔


S11 > 0,
2S21 − S2

11 ≥ 2x21S11,
6S21 − 5S2

11 ≤ 0.
(8)

This system implies 1
2(2x21S11 + S2

11) ≤ S21 ≤ 5
6S

2
11, hence, x

2
1S11 ≤ 1

3S
2
11. This

gives x21 ≤ 1
3S11, which is equivalent to x2 ≥ 7

2x
2
1. Substituting the expressions

for S11 and S21 to (8), we get the solvability domain for case 1, i.e., the domain
in which the control of case 1 exists:

D1 =
{
x : x2 ≥ 7

2x
2
1,

1
2x

2
2 + 1

2x
2
1x2 − 1

8x
4
1 ≤ x3 ≤ 5

6x
2
2 − 5

6x
2
1x2 + 11

24x
4
1

}
.

For any point x ∈ D1 the switching moments and the time of motion can be found
explicitly by the formulas

t1 = A− x1, t2 = 2A+B − x1, θ = 2A+ 2B − x1, (9)

where

A =

√
S21
S11
− 1

2S11, B =

√
S21
S11

+ 1
2S11. (10)

Case 2 corresponds to P (z) of type 2 (Fig. 2), the control is of the form

u(t) =


−1 if t ∈ [0, t1),

0 if t ∈ [t1, t2),
1 if t ∈ [t2, θ].

Denote −A = x1 − t1 = z1 and B = t2 − t1, then x1 ≤ z2 = −2z1 = 2A. We have

−x2 = 1
2x

2
1 −A2 −AB and − x3 = 1

4x
4
1 − 1

2A
4 −A3B.

Then 
S12 = A2 +AB,
S22 = 1

2A
4 +A3B,

A ≥ 1
2x1, B ≥ 0,

⇔


A4 − 2S12A

2 + 2S22 = 0,

B = S12
A −A,

A ≥ 1
2x1, B ≥ 0.
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Fig. 8. Graph of x1(t), case 2 Fig. 9. Intersection of the domain D2

and the plane x1 = 1; P2 = (−1
4 ,−

7
32)

The equation A4 − 2S12A
2 + 2S22 = 0 has real roots i� d = S2

12 − 2S22 ≥ 0,
and then A2 = S12 ±

√
d. However, B ≥ 0 i� A2 ≤ S12. Hence, the minimal root

should be chosen, A2 = S12 −
√
d. The condition A ≥ 1

2x1 can be rewritten as

A2 = S12 −
√
d ≥ 1

4x
2
1, which is equivalent to a pair of inequalities S12 − 1

4x
2
1 ≥ 0

and (S12 − 1
4x

2
1)

2 ≥ d. Substituting the expressions for S12 and S22, we get the
solvability domain for case 2:

D2 =
{
x : x2 ≥ −1

4x
2
1,

1
4x

2
1x2 − 5

32x
4
1 ≤ x3 ≤ 1

2x
2
2 + 1

2x
2
1x2 − 1

8x
4
1

}
.

Then
t1 = A+ x1, t2 = A+B + x1, θ = 2A+B + x1, (11)

where

A =

√
S12 −

√
d, d = S2

12 − 2S22, B =
S12
A
−A. (12)

Case 3 also corresponds to P (z) of type 2 (Fig. 2), the control is of the form

u(t) =


1 if t ∈ [0, t1),
−1 if t ∈ [t1, t2),

0 if t ∈ [t2, t3),
1 if t ∈ [t3, θ].

Denote A = x1 + t1 = z2 and B = t3 − t2, then

−x2 = −1
2x

2
1 + 3

4A
2 − 1

2AB and − x3 = −1
4x

4
1 + 15

32A
4 − 1

8A
3B.

The solvability conditions are
S11 = 1

2AB −
3
4A

2,

S21 = 1
8A

3B − 15
32A

4,
A ≥ x1, B ≥ 0,

⇔


9A4 − 8S11A

2 + 32S21 = 0,

B = 2S11
A + 3

2A,
A ≥ x1, B ≥ 0.
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Fig. 10. Graph of x1(t), case 3 Fig. 11. Intersection of the domain D3

and the plane x1 = 1; P3 = (114 ,
17
32)

To analyze the biquadratic equation 9A4 − 8S11A
2 + 32S21 = 0, let us introduce

the function f(z) = 9z2 − 8S11z + 32S21; then A
2 is a (positive) root of f(z).

(a) If S21 ≤ 0, then the function f(z) has one non-negative root. Hence, the
biquadratic equation has one non-negative root (the maximal one). The condition
A ≥ x1, which can be expressed as A2 ≥ x21, is equivalent to

f(x21) ≤ 0 ⇔ 9x41 − 8S11x
2
1 + 32S21 ≤ 0. (13)

If S11 ≥ 0, then the condition B ≥ 0 is obviously satis�ed. If S11 ≤ 0, then
this condition can be expressed as A2 ≥ −4

3S11 and is equivalent to

f(−4
3S11) ≤ 0⇔ 9(−4

3S11)
2−8S11(−4

3S11)+32S21 ≤ 0 ⇔ 5S2
11+6S21 ≤ 0. (14)

We note that condition (13) implies (14) if x21 ≥ −4
3S11, and (14) implies (13)

otherwise; recall that if S11 ≥ 0, then only condition (13) should be required.
Hence, the solvability domain in case (a) is{

x : x3 ≤ 1
4x

4
1, x3 ≤ −5

6x
2
2 + 5

6x
2
1x2 + 1

24x
4
1 if x2 ≤ −1

4x
2
1,

x3 ≤ 1
4x

2
1x2 − 5

32x
4
1 if x2 ≥ −1

4x
2
1

}
and

t1 = A− x1, t2 = 5
2A− x1, t3 = 5

2A+B − x1, θ = 3A+B − x1, (15)

where

A = 2
3

√
S11 +

√
d, d = S2

11 − 18S21, B =
2S11
A

+ 3
2A. (16)

(b) Let S21 > 0. If S11 < 0, then the function f(z) has no nonnegative roots,
therefore, the biquadratic equation has no real roots. If S11 ≥ 0, then f(z) has
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nonnegative roots i� d = S2
11 − 18S21 ≥ 0. The condition B ≥ 0 is obviously

satis�ed. The condition A ≥ x1 will be considered later.
Now, suppose the equation 9A4−8S11A

2+32S21 = 0 has two di�erent positive
roots Amax > Amin ≥ x1. Let us compare the corresponding times of motion θmax
and θmin. For both values (15) holds, hence,

θmin = 9
2Amin +

2S11
Amin

− x1, θmax = 9
2Amax +

2S11
Amax

− x1.

Since A2
min and A2

max are di�erent roots of f(z), we have 8
9S11 = A2

max + A2
min.

Therefore, θmin ≥ θmax i�

9
2A

2
min + 2S11

Amin
≥

9
2A

2
max + 2S11

Amax
⇔ 3A2

min +A2
max

Amin
≥ 3A2

max +A2
min

Amax
,

which is equivalent to the obvious inequality (Amax − Amin)3 ≥ 0. Thus, θmin
cannot be the optimal time. This means that the maximal root of the biquadratic
equation should be taken, A = Amax, therefore, in this case (15), (16) hold as
well. The condition A2 = 4

9(S11 +
√
d) ≥ x21 implies S11 ≥ 0 and is equivalent to

9
4x

2
1 − S11 ≤ 0 or d ≥ (94x

2
1 − S11)2 ⇔ 9x41 − 8S11x

2
1 + 32S21 ≤ 0.

We note that d ≥ (94x
2
1−S11)2 implies d ≥ 0. Thus, the solvability domain in case

(b) is {
x : x3 ≥ 1

4x
4
1, x3 ≤ 1

4x
2
1x2 − 5

32x
4
1 if x2 ≤ 11

4 x
2
1,

x3 ≤ 1
18x

2
2 − 1

18x
2
1x2 + 19

72x
4
1 if x2 ≥ 11

4 x
2
1

}
.

Combining the obtained results, we get the solvability domain in case 3

D3 =
{
x : x3 ≤ −5

6x
2
2 + 5

6x
2
1x2 + 1

24x
4
1 if x2 ≤ −1

4x
2
1,

x3 ≤ 1
4x

2
1x2 − 5

32x
4
1 if − 1

4x
2
1 ≤ x2 ≤ 11

4 x
2
1,

x3 ≤ 1
18x

2
2 − 1

18x
2
1x2 + 19

72x
4
1 if x2 ≥ 11

4 x
2
1

}
.

The time of motion and switching moments are found by formulas (15), (16).
Case 4 corresponds to P (z) of type 3 (Fig. 3), the control is of the form (7).
Using the notation of case 1, we have

S11 = B2 −A2,
2S21 = B4 −A4,
A ≥ x1, A ≥ 2B ≥ 0,

⇔


A2 = S21

S11
− 1

2S11,

B2 = S21
S11

+ 1
2S11,

A ≥ x1, A ≥ 2B ≥ 0.

If S11 ≥ 0, then B2 ≥ A2, which contradicts the requirement A ≥ 2B. If
S11 < 0, then the solvability conditions are

S11 < 0, 2S21 + S2
11 ≤ 0,

S21
S11
− 1

2S11 ≥ x
2
1,

S21
S11
− 1

2S11 ≥ 4(S21
S11

+ 1
2S11),

⇔


S11 < 0, 2S21 ≤ −S2

11,
2S21 ≤ S2

11 + 2x21S11,
5S2

11 + 6S21 ≥ 0.
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Fig. 12. Graph of x1(t), case 4 Fig. 13. Intersection of the domain D4

and the plane x1 = 1; P4 = (−1
2 ,−

1
4)

Notice that these conditions imply S11 ≤ −3
4x

2
1. Notice also that in this case

−S2
11 ≤ S2

11 + 2x21S11 i� S11 ≤ −x21. Substituting the expressions for S11 and S21,
we get the solvability domain for case 4:

D4 =
{
x : x2 ≤ −1

4x
2
1, x3 ≥ −5

6x
2
2 + 5

6x
2
1x2 + 1

24x
4
1,

x3 ≤ −1
2x

2
2 + 1

2x
2
1x2 + 1

8x
4
1 if x2 ≤ −1

2x
2
1,

x3 ≤ 1
2x

2
2 + 1

2x
2
1x2 − 1

8x
4
1 if x2 ≥ −1

2x
2
1

}
and the time of motion and switching moments are found by (9), (10).

Case 5 corresponds to P (z) of type 4 (Fig. 4) with the control of the form

u(t) =


1 if t ∈ [0, t1),
0 if t ∈ [t1, t2),
−1 if t ∈ [t2, θ].

Denote A = x1 + t1 = z2 and B = t2 − t1, then

−x2 = −1
2x

2
1 +A2 +AB and − x3 = −1

4x
4
1 + 1

2A
4 +A3B.

Hence, 
S11 = −A2 −AB,
S21 = −1

2A
4 −A3B,

A ≥ x1, B ≥ 0,
⇔


A4 + 2S11A

2 − 2S21 = 0,

B = −S11
A −A,

A ≥ x1, B ≥ 0.

The biquadratic equation A4+2S11A
2−2S21=0 has real roots i� d=S2

11+2S21 ≥ 0,
and then A2 = −S11 ±

√
d. However, B ≥ 0 i� A2 ≤ −S11. Hence, the minimal

root should be chosen, A2 = −S11 −
√
d. The condition A ≥ x1 can be written

as A2 = −S11 −
√
d ≥ x21 and is equivalent to S11 + x21 ≤ 0 and d ≤ (S11 + x21)

2.
Therefore, the solvability domain is

D5 =
{
x : x2 ≤ −1

2x
2
1, −1

2x
2
2 + 1

2x
2
1x2 + 1

8x
4
1 ≤ x3 ≤ x21x2 + 1

4x
4
1

}
.
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Fig. 14. Graph of x1(t), case 5 Fig. 15. Intersection of the domain D5

and the plane x1 = 1

In this case

t1 = A− x1, t2 = A+B − x1, θ = 2A+B − x1, (17)

where

A =

√
−S11 −

√
d, d = S2

11 + 2S21, B = −S11
A
−A. (18)

Case 6 corresponds to P (z) of type 4 (Fig. 4) with the control of the form

u(t) =


−1 if t ∈ [0, t1),

0 if t ∈ [t1, t2),
−1 if t ∈ [t2, θ].

Denote A = x1 − t1 = z2 and B = t2 − t1, then

−x2 = 1
2x

2
1 +AB and − x3 = 1

4x
4
1 +A3B.

If A = 0 or B = 0, then x2 = −1
2x

2
1 and x3 = −1

4x
4
1; obviously, for this point the

optimal control has no switchings and equals −1. Below we assume A > 0 and
B > 0. Then

S12 = −AB,
S22 = −A3B,
0 < A ≤ x1, B > 0,

⇔


A2 = S22

S12
,

B = −S12
A ,

0 < A ≤ x1, B > 0.

The solvability domain equals

D6 =
{
x : x2 < −1

2x
2
1, x

2
1x2 + 1

4x
4
1 ≤ x3 < −1

4x
4
1

}
,

and in this case

t1 = x1 −A, t2 = x1 −A+B, θ = x1 +B, (19)
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Fig. 16. Graph of x1(t), case 6 Fig. 17. Intersection of the domain D6

and the plane x1 = 1

where

A =

√
S22
S12

, B = −S12
A
. (20)

Case 7 corresponds to P (z) of type 4 (Fig. 4) with the control of the form

u(t) =


1 if t ∈ [0, t1),
0 if t ∈ [t1, t2),
−1 if t ∈ [t2, t3),

1 if t ∈ [t3, θ].

Fig. 18. Graph of x1(t), case 7 Fig. 19. Intersection of the domain D7

and the plane x1 = 1; P5 = (−17
2 ,−

17
4 )

Denote A = x1 + t1 = z2 and B = t2 − t1, then

−x2 = −1
2x

2
1 − 3A2 +AB and − x3 = −1

4x
4
1 − 15

2 A
4 +A3B.
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Hence, 
S11 = 3A2 −AB,
S21 = 15

2 A
4 −A3B,

A ≥ x1, B ≥ 0,
⇔


9A4 + 2S11A

2 − 2S21 = 0,

B = −S11
A + 3A,

A ≥ x1, B ≥ 0.

Analogously to case 3, we introduce the function f(z) = 9z2 + 2S11z − 2S21.
(a) If S21 ≥ 0 then f(z) has one non-negative root. The condition A ≥ x1,

which can be expressed as A2 ≥ x21, is equivalent to

f(x21) ≤ 0 ⇔ 9x41 + 2S11x
2
1 − 2S21 ≤ 0. (21)

If S11 ≤ 0, then the condition B ≥ 0 is obviously satis�ed. If S11 ≥ 0, then the
condition B ≥ 0, which can be expressed as A2 ≥ 1

3S11, is equivalent to

f(13S11) ≤ 0 ⇔ 9(13S11)
2 + 2S11(

1
3S11)− 2S21 ≤ 0 ⇔ 5S2

11 − 6S21 ≤ 0. (22)

Condition (21) implies (22) if x21 ≥ 1
3S11, and (22) implies (21) otherwise; if

S11 ≤ 0 then only (21) should be required. Thus, the solvability domain in case (a)
is {

x : x3 ≥ 1
4x

4
1, x3 ≥ x21x2 + 17

4 x
4
1 if x2 ≤ 7

2x
2
1,

x3 ≥ 5
6x

2
2 − 5

6x
2
1x2 + 11

24x
4
1 if x2 ≥ 7

2x
2
1

}
,

and the formulas for switching moments and the optimal time are

t1 = A− x1, t2 = A+B − x1, t3 = 4A+B − x1, θ = 6A+B − x1, (23)

where

A = 1
3

√
−S11 +

√
d, d = S2

11 + 18S21, B = −S11
A

+ 3A. (24)

(b) Let S21 < 0. If S11 > 0, then the function f(z) has no nonnegative roots.
If S11 ≤ 0, then f(z) has nonnegative roots i� d = S2

11 +18S21 ≥ 0. The condition
B ≥ 0 is obviously satis�ed.

Suppose the equation 9A4+2S11A
2−2S21 = 0 has two di�erent positive roots

Amax > Amin ≥ x1. Let us compare the corresponding times of motion θmin and
θmax. For both values (23) holds, then

θmin =
9A2

min − S11
Amin

− x1, θmax =
9A2

max − S11
Amax

− x1.

Since A2
min and A2

max are di�erent roots of f(z), we have −2
9S11 = A2

min +A2
max.

Then θmin ≥ θmax i�

9A2
min − S11
Amin

≥ 9A2
max − S11
Amax

⇔ 3A2
min +A2

max

Amin
≥ 3A2

max +A2
min

Amax
,

which is equivalent to (Amax−Amin)3 ≥ 0. Hence, θmin cannot be the optimal time
and the maximal root of the biquadratic equation should be taken, A = Amax.
The condition A2 = 1

9(−S11 +
√
d) ≥ x21 implies S11 ≤ 0 and is equivalent to

9x21 + S11 ≤ 0 or d ≥ (9x21 + S11)
2 ⇔ 9x41 + 2S11x

2
1 − 2S21 ≤ 0.
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The condition d ≥ (9x21 + S11)
2 implies d ≥ 0. Therefore, the solvability domain

in case (b) is{
x : x3 ≤ 1

4x
4
1, x3 ≥ − 1

18x
2
2 + 1

18x
2
1x2 + 17

72x
4
1 if x2 ≤ −17

2 x
2
1,

x3 ≥ x21x2 + 17
4 x

4
1 if x2 ≥ −17

2 x
2
1

}
.

Combining the obtained results, we get the solvability domain in case 7

D7 =
{
x : x3 ≥ − 1

18x
2
2 + 1

18x
2
1x2 + 17

72x
4
1 if x2 ≤ −17

2 x
2
1,

x3 ≥ x21x2 + 17
4 x

4
1 if − 17

2 x
2
1 ≤ x2 ≤ 7

2x
2
1,

x3 ≥ 5
6x

2
2 − 5

6x
2
1x2 + 11

24x
4
1 if x2 ≥ 7

2x
2
1

}
.

(25)

The time of motion and switching moments are found by (23), (24).
Case 8 corresponds to P (z) of type 4 (Fig. 4) with the control of the form

u(t) =


−1 if t ∈ [0, t1),

0 if t ∈ [t1, t2),
−1 if t ∈ [t2, t3),

1 if t ∈ [t3, θ].

Fig. 20. Graph of x1(t), case 8 Fig. 21. Intersection of the domain of
solvability D8 and the plane x1 = 1

Denote A = x1 − t1 = z2 and B = t2 − t1, then

−x2 = 1
2x

2
1 − 4A2 +AB and − x3 = 1

4x
4
1 − 8A4 +A3B.

If A = 0, then B = 0 and, therefore, x2 = −1
2x

2
1 and x3 = −1

4x
4
1; for this point

the optimal control equals −1. Below we require A > 0. Then
S12 = 4A2 −AB,
S22 = 8A4 −A3B,
0 < A ≤ x1, B ≥ 0,

⇔


4A4 + S12A

2 − S22 = 0,

B = −S12
A + 4A,

0 < A ≤ x1, B ≥ 0.
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Analogously to the cases 3 and 7, we introduce f(z) = 4z2 + S12z − S22.
(a) If S22 ≥ 0, then f(z) has one non-negative root. The condition A ≤ x1 is

equivalent to
f(x21) ≥ 0 ⇔ 4x41 + S12x

2
1 − S22 ≥ 0. (26)

If S12 ≤ 0, then the condition B ≥ 0 is satis�ed. If S12 ≥ 0, then B ≥ 0 i�

f(14S12) ≤ 0 ⇔ 4(14S12)
2 + S12(

1
4S12)− S22 ≤ 0 ⇔ S2

12 − 2S22 ≤ 0. (27)

Conditions (26) and (27) imply S12 ≤ 4x21. Hence, the solvability domain in
case (a) is{
x : −1

4x
4
1 ≤ x3 ≤ x21x2 + 17

4 x
4
1, x3 ≥ 1

2x
2
2 + 1

2x
2
1x2 − 1

8x
4
1 if − 1

2x
2
1 ≤ x2 ≤ 7

2x
2
1

}
and

t1 = x1 −A, t2 = x1 −A+B, t3 = x1 + 2A+B, θ = x1 + 4A+B, (28)

where

A =

√
1
8(−S12 +

√
d), d = S2

12 + 16S22, B = −S12
A

+ 4A. (29)

(b) Let S22 < 0. If S12 > 0, then the function f(z) has no nonnegative roots.
If S12 ≤ 0, then f(z) has nonnegative roots i� d = S2

12 +16S22 ≥ 0. The condition
B ≥ 0 is satis�ed. Now we consider the condition A ≤ x1. Suppose the roots of
the equation 4A4 + S12A

2 − S22 = 0 are Amin ≤ Amax.
(b1) First, let us consider the case when A2

min ≤ x21 ≤ A2
max, which is

equivalent to f(x21) ≤ 0; this inequality implies S12 ≤ 0. Then we get the condition

S22 < 0 and 4x41 + S12x
2
1 − S22 ≤ 0 ⇔ x21x2 + 17

4 x
4
1 ≤ x3 < −1

4x
4
1,

which implies x2 < −9
2x

2
1. Analogously to (28), the time of motion θ8min

corresponding to Amin equals θ8min = 8Amin− S12
Amin

+x1. It is easy to see that in
this domain the control corresponding to case 6 exists; the time of motion θ6 can
be found by (19), (20). Let us show that θ8min > θ6. Since A

2
min+A2

max = −1
4S12,

A2
minA

2
max = −1

4S22, we get

θ8min =
8A2

min + 4(A2
min +A2

max)

Amin
+ x1 = 4

3A2
min +A2

max

Amin
+ x1,

θ6 =

√
16(A2

min +A2
max)3

A2
minA

2
max

+ x1 = 4

√
(A2

min +A2
max)3

AminAmax
+ x1.

Hence, θ8min > θ6 i�

3A2
min +A2

max

Amin
>

√
(A2

min +A2
max)3

AminAmax
⇔ (3A2

min+A2
max)2A2

max > (A2
min+A2

max)3.
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This is equivalent to the obvious inequality A2
min(6A2

minA
2
max+3A4

max−A4
min)>0.

Thus, the control in case (b1) cannot be optimal. In Fig. 21 and in formula (30)
we do not indicate points satisfying case (b1).

(b2) Now let us consider the case when A2
max = 1

8(−S12 +
√
d) ≤ x21, which is

equivalent to a pair of conditions 8x21 + S12 ≥ 0 and d ≤ (8x21 + S12)
2. Let θ8max

be the time of motion corresponding to Amax. As above, we have

θ8min = 4
3A2

min +A2
max

Amin
+ x1, θ8max = 4

3A2
max +A2

min

Amax
+ x1,

so, θ8min ≥ θ8max is equivalent to (Amax − Amin)3 ≥ 0. Thus, the maximal root
A = Amax should be chosen. The solvability domain in case (b2) is{

x : −17
2 x

2
1 ≤ x2 ≤ −1

2x
2
1, x3 < −1

4x
4
1, x3 ≤ x2x21 + 17

4 x
4
1,

x3 ≥ − 1
16x

2
2 − 1

16x
2
1x2 − 17

64x
4
1

}
.

Combining the obtained results, we get the solvability domain in case 8 (recall
that we do not include points corresponding to the case (b1))

D8 =
{
x : −17

2 x
2
1 ≤ x2 ≤ 7

2x
2
1, x3 ≤ x21x2 + 17

4 x
4
1,

x3 ≥ − 1
16x

2
2 − 1

16x
2
1x2 − 17

64x
4
1 if x2 ≤ −1

2x
2
1,

x3 ≥ 1
2x

2
2 + 1

2x
2
1x2 − 1

8x
4
1 if x2 ≥ −1

2x
2
1

}
.

(30)

The time of motion and switching moments are found by (28), (29).

3. Overlapping solvability domains

In this section we analyze the solvability domains which overlap.
Cases 2 and 3. The domain where both controls exist is

D2,3 =
{
x : x2 ≥ 11

4 x
2
1,

1
4x

2
1x2 − 5

32x
4
1 ≤ x3 ≤ 1

18x
2
2 − 1

18x
2
1x2 + 19

72x
4
1

}
(see Fig. 22). The times of motion θ2 and θ3 for cases 2 and 3 can be found by
(11), (12) and (15), (16). Let us introduce the function F = θ3 − θ2, i.e.,

F (x) =
6S11 + 3

√
S2
11 − 18S21√

S11 +
√
S2
11 − 18S21

− 2S12 −
√
S2
12 − 2S22√

S12 −
√
S2
12 − 2S22

− 2x1. (31)

Then θ2 = θ3 i� x belongs to the surface

M2,3 = {x : x2 ≥ 11
4 x

2
1,

1
4x

2
1x2 − 5

32x
4
1 ≤ x3 ≤ 1

18x
2
2 − 1

18x
2
1x2 + 19

72x
4
1, F (x) = 0}

and for any point x ∈ D2,3 one has θ2 < θ3 i� F (x) > 0.
Our nearest goal is to show that the surface M2,3 has a unique point of

intersection with any vertical line with �xed x1 > 0 and x2 ≥ 11
4 x

2
1. To this

end, let us �x any x1 > 0 and x2 > 11
4 x

2
1 and suppose x3 runs through the

segment [x3min, x3max] = [14x
2
1x2 − 5

32x
4
1,

1
18x

2
2 − 1

18x
2
1x2 + 19

72x
4
1]. Then

θ2 = θ2(x3) = A2 +
S12
A2

+ x1, θ3 = θ3(x3) = 9
2A3 +

2S11
A3
− x1,
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where

A2 = A2(x3) =

√
S12 −

√
S2
12 − 2S22, A3 = A3(x3) = 2

3

√
S11 +

√
S2
11 − 18S21.

By θ̂(x) we denote the optimal time for the point x; it is continuous as a
function of x, what follows from [5].

First, consider the lower bound, i.e., x3 = x3min. Let us notice that for points
xδ = (x1, x2, x3,δ), where x3,δ = x3min − δ with δ > 0, the control of case 2 does

not exist and the control of case 3 is optimal. Then θ̂(xδ) = θ3(x3,δ). We notice
that the function θ3(x3) is continuous. Hence,

θ3(x3min) = lim
δ→0

θ3(x3,δ) = lim
δ→0

θ̂(xδ) = θ̂(x0), where x0 = (x1, x2, x3min),

which implies θ3(x3min) ≤ θ2(x3min). Analogously, for the upper bound we get
θ2(x3max) ≤ θ3(x3max).

Notice that S11 and S12 are constants while S21 and S22 are increasing
functions of x3. Hence, A2 increases and A3 decreases (as functions of x3). Since
A2

2 ≤ S12, we see that θ2 decreases as function of A2. Analogously, A
2
3 ≥ 4

9S11
implies that θ3 increases as function of A3. As a result, both functions θ2 and θ3
decrease as functions of x3.

Let us introduce the functions

h2(x3) = θ2(x3) +
27x3

2
√
S3
11

, h3(x3) = θ3(x3) +
27x3

2
√
S3
11

,

and show that h2(x3) decreases and h3(x3) increases. To this end, we �nd their
derivatives. Since

√
S2
12 − 2S22 = −(A2

2 − S12), we get

∂θ2
∂x3

=
∂θ2
∂A2

· ∂A2

∂x3
=

(
1− S12

A2
2

)
−2

4A2(A2
2 − S12)

= − 1

2A3
2

and analogously

∂θ3
∂x3

=
∂θ3
∂A3

· ∂A3

∂x3
=

(
9

2
− 2S11

A2
3

) −2
3 · 18

6A3(
9
4A

2
3 − S11)

= − 4

A3
3

.

Hence,

∂h2(x3)

∂x3
= − 1

2A3
2(x3)

+
27

2
√
S3
11

,
∂h3(x3)

∂x3
= − 4

A3
3(x3)

+
27

2
√
S3
11

.

Then

∂h2(x3)

∂x3
≤ 0 ⇔ 9A2

2(x3) ≤ S11 ⇔ x3 ≤ 1
648(68x22 + 4x21x2 − 181x41).

However, x3 ≤ 1
18x

2
2 − 1

18x
2
1x2 + 19

72x
4
1 for x ∈ D2,3 and

1
18x

2
2− 1

18x
2
1x2 + 19

72x
4
1 ≤ 1

648(68x22 +4x21x2−181x41) ⇔ (x2 +4x21)(x2− 11
4 x

2
1) ≥ 0,
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which is true for x ∈ D2,3. Hence,
∂h2(x3)
∂x3

≤ 0, i.e., h2(x3) decreases. For h3 we
have

∂h3(x3)

∂x3
≥ 0 ⇔ 9A2

3(x3) ≥ 4S11 ⇔ 4
√
S2
11 − 18S21 ≥ 0,

which is obvious. Hence, ∂h3(x3)∂x3
≥ 0. i.e., h3(x3) increases. As was shown above,

θ2(x3min) ≥ θ3(x3min) and θ3(x3max) ≥ θ2(x3max), hence,

h2(x3min) ≥ h3(x3min) and h3(x3max) ≥ h2(x3max).

Thus, there exists a unique point x̃3 ∈ [x3min, x3max] such that h2(x̃3) = h3(x̃3)
or, equivalently, θ2(x̃3) = θ3(x̃3) for any �xed x1 > 0 and x2 ≥ 11

4 x
2
1.

Fig. 22. Intersection of the domain D2,3

and the surface M2,3

with the plane x1 = 1

Fig. 23. Intersection of the domain D5,7

and the surface M5,7

with the plane x1 = 1;
P6 = (c2, c2 + 1

4) ≈ (−36.175,−35.925)

Cases 5 and 7. The domain where both controls exist is

D5,7 =
{
x : x2 ≤ −17

2 x
2
1, − 1

18x
2
2 + 1

18x
2
1x2 + 17

72x
4
1 ≤ x3 ≤ x21x2 + 1

4x
4
1

}
.

These conditions imply x2 ≤ rx21, where r = (−17
2 − 6

√
2) ≈ −16.98528. Denote

the corresponding times of motion by θ5 and θ7. Formulas (17), (18) and (23),
(24) imply

θ5 =
−2S11 −

√
S2
11 + 2S21√

−S11 −
√
S2
11 + 2S21

− x1, θ7 =
−6S11 + 3

√
S2
11 + 18S21√

−S11 +
√
S2
11 + 18S21

− x1.

Hence, θ5 ≥ θ7 i�

(−2S11 −
√
S2
11 + 2S21)

2

−S11 −
√
S2
11 + 2S21

≥ (−6S11 + 3
√
S2
11 + 18S21)

2

−S11 +
√
S2
11 + 18S21

. (32)
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Let us write down this relation in an explicit form w.r.t. x3. Taking into
account that in D5,7 the inequalities S11 < 0 and S21 < 0 hold, we denote

v =
√

1 + 18S21

S2
11
< 1 and w =

√
1 + 2S21

S2
11

= 1
3

√
v2 + 8 < 1. Then (32) reads

2− w√
1− w

≥ 6 + 3v√
1 + v

⇔ (2− w)2(1 + v) ≥ (6 + 3v)2(1− w).

Substituting w2 = 1
9v

2 + 8
9 , we get the equivalent inequality

9w(9v2 + 32v + 32) ≥ −v3 + 80v2 + 280v + 280;

its both sides are positive for 0 ≤ v < 1. Hence, we get

9(v2 + 8)(9v2 + 32v + 32)2 ≥ (−v3 + 80v2 + 280v + 280)2,

which is equivalent to

(91v4 + 486v3 + 736v2 − 584)(1 + v)2 ≥ 0.

The function 91v4 + 486v3 + 736v2 − 584 increases as v ≥ 0 and its unique
positive root equals v1 ≈ 0.71826. Hence, (32) holds i� v ≥ v1. Substituting the
expression of v we get that (32) holds i� S21 ≥ c1S2

11, i.e., x3 ≥ 1
4x

4
1+c1(x2− 1

2x
2
1)

2,
where c1 = 1

18(v21 − 1) ≈ −0.026895. Due to the de�nition of the domain D5,7,
this condition implies c1(x2 − 1

2x
2
1)

2 ≤ x21x2 or, equivalently, x2 ≤ c2x
2
1, where

c2 = 1+c1+
√
1+2c1

2c1
≈ −36.17491.

Thus, θ5 = θ7 i� x belongs to the surface

M5,7 = {x : x2 ≤ c2x21, x3 = 1
4x

4
1 + c1(x2 − 1

2x
2
1)

2}

and for any point x ∈ D5,7 one has θ7 < θ5 i� x3 >
1
4x

4
1 + c1(x2 − 1

2x
2
1)

2.
Cases 6 and 8. The domain where both controls exist is

D6,8 =
{
x : −17

2 x
2
1 ≤ x2 ≤ −1

2x
2
1, x3 < −1

4x
4
1, x3 ≤ x21x2 + 17

4 x
4
1,

x3 ≥ − 1
16x

2
2 − 1

16x
2
1x2 − 17

64x
4
1

}
.

Let us compare θ8 = θ8max and θ6. We use the arguments and notation of
case 8 (b1). Namely, let 0 < A2

min ≤ A2
max be the roots of the equation

f(z) = 4z2 + S12z − S22 = 0. Then θ8 ≤ θ6 i�

3A2
max +A2

min

Amax
≤

√
(A2

min +A2
max)3

AminAmax
⇔ (3A2

max+A2
min)2A2

min ≤ (A2
min+A2

max)3,

which is equivalent to the inequality 6A2
minA

2
max+3A4

min−A4
max ≤ 0. Substituting

expressions for A2
min and A

2
max and taking into account that S12 ≤ 0 and S22 ≤ 0,

we get that θ8 ≤ θ6 i�

S2
12 − 16S22 ≤ −2S12

√
S2
12 + 16S22 ⇔ 256S2

22 − 96S2
12S22 − 3S4

12 ≤ 0.
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This condition is equivalent to the inequality S22 ≥ k1S
2
12 or, what is the same,

x3 ≥ −1
4x

4
1 + k1(x2 + 1

2x
2
1)

2, where k1 = 1
16(3 − 2

√
3) ≈ −0.0290064. Due to the

de�nition of the domain D6,8, this condition implies k1(x2 + 1
2x

2
1)

2 ≤ x2x21 + 9
2x

4
1

or, equivalently, x2 ≥ k2x21, where k2 = 1−k1+
√
1+16k1

2k1
= −1

2 −
8√
3
≈ −5.118802.

Thus, θ8 = θ6 i� x belongs to the surface

M6,8 = {x : k2x
2
1 ≤ x2 < −1

2x
2
1, x3 = −1

4x
4
1 + k1(x2 + 1

2x
2
1)

2}

and for any point x ∈ D6,8 one has θ8 < θ6 i� x3 > −1
4x

4
1 + k1(x2 + 1

2x
2
1)

2.

Fig. 24. Intersection of the domain D6,8

and the surface M6,8

with the plane x1 = 1;
P7 = (k2, k2 + 17

4 ) ≈ (−5.119,−0.869)

Fig. 25. Intersection of the domain D6,7

and the surface M6,7

with the plane x1 = 1

Cases 6 and 7. The domain where both controls exist is

D6,7 =
{
x : x3 < −1

4x
4
1, x3 ≥ x21x2 + 1

4x
4
1 if x2 ≤ rx21,

x3 ≥ − 1
18x

2
2 + 1

18x
2
1x2 + 17

72x
4
1 if rx21 ≤ x2 ≤ −17

2 x
2
1,

x3 ≥ x21x2 + 17
4 x

4
1 if − 17

2 x
2
1 ≤ x2 < −9

2x
2
1

}
,

where r = −17
2 − 6

√
2 ≈ −16.98528 was introduced above. The times of motion

θ6 and θ7 for cases 6 and 7 can be found by (19), (20) and (23), (24). Let us
introduce the function G = θ6 − θ7, i.e.,

G(x) =

√
S3
12

S22
− −6S11 + 3

√
S2
11 + 18S21√

−S11 +
√
S2
11 + 18S21

+ 2x1, (33)

then θ6 = θ7 i� x belongs to the surface

M6,7 =
{
x : x21x2 + 1

4x
4
1 ≤ x3 < −1

4x
4
1 if c2x

2
1 ≤ x2 ≤ rx21,

− 1
18x

2
2 + 1

18x
2
1x2 + 17

72x
4
1 ≤ x3 < −1

4x
4
1 if rx21 ≤ x2 ≤ −17

2 x
2
1,

x21x2 + 17
4 x

4
1 ≤ x3 < −1

4x
4
1 if − 17

2 x
2
1 ≤ x2 ≤ k2x21,

G(x) = 0
}
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and for any point x ∈ D6,7 one has θ7 < θ6 i� G(x) > 0.
Now we study this surface in detail. Let us �x any x1 > 0 and x2 < −9

2x
2
1 and

suppose x3 runs through the segment [x3min,−1
4x

4
1), where x3min is given by the

description of the domain D6,7. First let us consider the lower bound, x3 = x3min.
(a) If x2 < rx21, then x3min = x21x2+ 1

4x
4
1. For these points using (17), (18) one

easily �nds S2
11 +2S21 = (x2 + 1

2x
2
1)

2, hence, θ5(x3min) = −x2
x1

+ 1
2x1. On the other

hand, S22 = S12x
2
1, hence, by (19), (20) we get θ6(x3min) = −x2

x1
+ 1

2x1. Thus,
θ5(x3min) = θ6(x3min). Using the results obtained above for the domain D5,7, we
get

� if x2 < c2x
2
1, then θ6(x3min) = θ5(x3min) > θ7(x3min);

� if c2x
2
1 ≤ x2 ≤ rx21, then θ6(x3min) = θ5(x3min) ≤ θ7(x3min).

(b) If rx21 < x2 < −17
2 x

2
1, then x3min = − 1

18x
2
2 + 1

18x
2
1x2 + 17

72x
4
1. As above, we

consider points xδ = (x1, x2, x3,δ), where x3,δ = x3min − δ with small δ > 0. For
points xδ the control of case 7 does not exist and the control of case 6 is optimal,
i.e., θ̂(xδ) = θ6(x3,δ). Due to continuity of θ̂ and θ6, we have

θ6(x3min) = lim
δ→0

θ6(x3,δ) = lim
δ→0

θ̂(xδ) = θ̂(x0), where x0 = (x1, x2, x3min),

therefore, θ6(x3min) ≤ θ7(x3min).
(c) If −17

2 x
2
1 < x2 < −9

2x
2
1, then x3min = x21x2 + 17

4 x
4
1. For these points

S21 = S11x
2
1 + 9

2x
4
1, hence, S

2
11 + 18S21 = (S11 + 9x21)

2. Since S11 + 9x21 ≥ 0, using
(23), (24) we get θ7(x3min) = −x2

x1
+ 17

2 x1. On the other hand, S22 = S12x
2
1 + 4x41,

therefore, S2
12 +16S22 = (S12 +8x21)

2. Since S12 +8x21 ≥ 0, using (28), (29) we get
θ8(x3min) = −x2

x1
+ 17

2 x1. Thus, θ7(x3min) = θ8(x3min). Using the results obtained
for the domain D6,8, we get

� if k2x
2
1 < x2 < −9

2x
2
1, then θ7(x3min) = θ8(x3min) < θ6(x3min);

� if x2 ≤ k2x21, then θ7(x3min) = θ8(x3min) ≥ θ6(x3min).
Thus, we get the following relations.

� If c2x
2
1 ≤ x2 ≤ k2x21, then θ6(x3min) ≤ θ7(x3min).

� If x2 < c2x
2
1 or k2x

2
1 < x2 < −9

2x
2
1, then θ7(x3min) < θ6(x3min).

(34)

Now let us study θ6(x3) and θ7(x3) as functions of x3 ∈ [x3min,−1
4x

4
1). By

(19), (20) and (23), (24),

θ6 = θ6(x3) =

√
S3
12

S22
+ x1, θ7 = θ7(x3) = 9A7 −

S11
A7
− x1,

and

A7 = A7(x3) = 1
3

√
−S11 +

√
S2
11 + 18S21.

Since S11 < 0 and S12 < 0 are constants while S21 < 0 and S22 < 0 are increasing
functions of x3, we see that θ6(x3) and A7(x3) increase. However, 9A2

7 > −S11,
hence, θ7(x3) also increases.
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Let us introduce the functions

h6(x3) = θ6(x3)−
27x3

2
√
−S3

11

, h3(x3) = θ7(x3)−
27x3

2
√
−S3

11

,

and show that h6(x3) increases and h7(x3) decreases. We have

∂h6(x3)

∂x3
=

√
−S3

12

2
√
−S3

22

− 27

2
√
−S3

11

,
∂h7(x3)

∂x3
=

1

2A3
7(x3)

− 27

2
√
−S3

11

.

Hence, ∂h7(x3)∂x3
≤ 0 i� A7 ≥ 1

3

√
−S11 which is obvious. Thus, h7(x3) decreases.

For h6(x3) we have ∂h6(x3)
∂x3

≥ 0 i� 9S22 + S11S12 ≥ 0 or, what is the same,

x3 ≥ −1
9(x22 + 2x41). If x ∈ D6,7, then the inequality x3 ≥ − 1

18x
2
2 + 1

18x
2
1x2 + 17

72x
4
1

holds. Moreover, − 1
18x

2
2+ 1

18x
2
1x2+ 17

72x
4
1 ≥ −1

9(x22+2x41) for any x1, x2. Therefore,

x3 ≥ −1
9(x22 + 2x41) in D6,7, hence,

∂h6(x3)
∂x3

≥ 0.

Thus, h6(x3) increases and h7(x3) decreases and, besides, relations (34) imply
that

� if c2x
2
1 ≤ x2 ≤ k2x21, then h6(x3min) ≤ h7(x3min),

� if x2 < c2x
2
1 or k2x

2
1 < x2 < −9

2x
2
1, then h7(x3min) < h6(x3min).

Concerning the upper bound, we have h6(x3) → +∞ as x3 → −1
4x

4
1 while

h7(−1
4x

4
1) < +∞. Therefore, we obtain the following result.

� If x2 < c2x
2
1 or k2x

2
1 < x2 < −9

2x
2
1, then h7(x3) < h6(x3), and therefore,

θ7(x3) < θ6(x3) for all x3 ∈ [x3min,−1
4x

4
1).

� If c2x
2
1 ≤ x2 ≤ k2x

2
1, then there exists a unique point x̃3 ∈ [x3min,−1

4x
4
1)

such that h6(x̃3) = h7(x̃3) or, equivalently, θ6(x̃3) = θ7(x̃3).

In other words, if x ∈ M6,7, then c2x
2
1 ≤ x2 ≤ k2x

2
1. Moreover, the surface

M6,7 has a unique point of intersection with any vertical line with �xed x1 > 0
and c2x

2
1 ≤ x2 ≤ k2x21.

4. Time-optimal controls

Combining the results obtained above we formulate the explicit solution of
the time-optimal control problem (2). Suppose a point x with x1 > 0 is given. In
order to set the point to a certain case, one has to check all the conditions from
the list corresponding to this case; they are collected in Table 1. The optimal time
and the optimal control are found by explicit formulas depending on the case.

Recall that c1 = 1
18(v21 − 1) ≈ −0.026895, where v1 is the unique positive root

of the equation 91v4 + 486v3 + 736v2 − 584 = 0, c2 = 1+c1+
√
1+2c1

2c1
≈ −36.17491,

k1 = 1
16(3 − 2

√
3) ≈ −0.0290064, k2 = 1−k1+

√
1+16k1

2k1
= −1

2 −
8√
3
≈ −5.118802,

and r = (−17
2 − 6

√
2) ≈ −16.98528; the functions F (x) and G(x) are given by

formulas (31) and (33). Fig. 26 shows the intersection of the plane x1 = 1 with
domains where controls corresponding to cases 1�8 are optimal.
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Case 1: x2 ≥ 7
2x

2
1 and 1

2x
2
2 + 1

2x
2
1x2 − 1

8x
4
1 ≤ x3 ≤ 5

6x
2
2 − 5

6x
2
1x2 + 11

24x
4
1.

(1,−1, 1)

Case 2: x2 ≥ −1
4x

2
1 and 1

4x
2
1x2 − 5

32x
4
1 ≤ x3 ≤ 1

2x
2
2 + 1

2x
2
1x2 − 1

8x
4
1,

(−1, 0, 1) if x2 ≥ 11
4 x

2
1 then x3 ≥ 1

18x
2
2 − 1

18x
2
1x2 + 19

72x
4
1 or F (x) ≥ 0.

Case 3: if x2 ≤ −1
4x

2
1 then x3 ≤ −5

6x
2
2 + 5

6x
2
1x2 + 1

24x
4
1,

(1,−1, 0, 1) if −1
4x

2
1 ≤ x2 ≤ 11

4 x
2
1 then x3 ≤ 1

4x
2
1x2 − 5

32x
4
1,

if x2 ≥ 11
4 x

2
1 then x3 ≤ 1

18x
2
2 − 1

18x
2
1x2 + 19

72x
4
1 and F (x) ≤ 0.

Case 4: x2 ≤ −1
4x

2
1 and x3 ≥ −5

6x
2
2 + 5

6x
2
1x2 + 1

24x
4
1,

(1,−1, 1) if −1
2x

2
1 ≤ x2 ≤ −1

4x
2
1 then x3 ≤ 1

2x
2
2 + 1

2x
2
1x2 − 1

8x
4
1,

if x2 ≤ −1
2x

2
1 then x3 ≤ −1

2x
2
2 + 1

2x
2
1x2 + 1

8x
4
1.

Case 5: x2 ≤ −1
2x

2
1 and −1

2x
2
2 + 1

2x
2
1x2 + 1

8x
4
1 ≤ x3 ≤ x21x2 + 1

4x
4
1,

(1, 0,−1) if x2 ≤ c2x21 then x3 ≤ 1
4x

4
1 + c1(x2 − 1

2x
2
1)

2.

Case 6: c2x
2
1 ≤ x2 < −1

2x
2
1 and x3 ≥ x21x2 + 1

4x
4
1,

(−1, 0,−1) if c2x
2
1 ≤ x2 ≤ rx21 then G(x) ≤ 0,

if rx21 ≤ x2 ≤−17
2 x

2
1 then x3 ≤− 1

18x
2
2+

1
18x

2
1x2+

17
72x

4
1 or G(x)≤0,

if −17
2 x

2
1 ≤ x2 ≤ k2x21 then x3 ≤ x21x2 + 17

4 x
4
1 or G(x) ≤ 0,

if k2x
2
1 ≤ x2 < −1

2x
2
1 then x3 ≤ −1

4x
4
1 + k1(x2 + 1

2x
2
1)

2.

Case 7: if x2 ≤ c2x21 then x3 ≥ 1
4x

4
1 + c1(x2 − 1

2x
2
1)

2,

(1, 0,−1, 1) if c2x
2
1 ≤ x2 ≤ rx21 then x3 ≥ −1

4x
4
1

or x3 ≥ x2x21 + 1
4x

4
1 and G(x) ≥ 0,

if rx21 ≤ x2 ≤ −17
2 x

2
1 then x3 ≥ −1

4x
4
1

or x3 ≥ − 1
18x

2
2+

1
18x

2
1x2+

17
72x

4
1 and G(x)≥0,

if −17
2 x

2
1 ≤ x2 ≤ k2x21 then x3 ≥ −1

4x
4
1

or x3 ≥ x21x2 + 17
4 x

4
1 and G(x) ≥ 0,

if k2x
2
1 ≤ x2 ≤ 7

2x
2
1 then x3 ≥ x21x2 + 17

4 x
4
1,

if x2 ≥ 7
2x

2
1 then x3 ≥ 5

6x
2
2 − 5

6x
2
1x2 + 11

24x
4
1.

Case 8: k2x
2
1 ≤ x2 ≤ 7

2x
2
1 and x3 ≤ x21x2 + 17

4 x
4
1,

(−1, 0,−1, 1) if k2x
2
1 ≤ x2 ≤ −1

2x
2
1 then x3 ≥ −1

4x
4
1 + k1(x2 + 1

2x
2
1)

2,

if −1
2x

2
1 ≤ x2 ≤ 7

2x
2
1 then x3 ≥ 1

2x
2
2 + 1

2x
2
1x2 − 1

8x
4
1.

Table 1. Description of optimal controls for points with x1 > 0

Also, we obtain the solution of the optimal synthesis problem, i.e., describe
the optimal control as a function on x. To this end, we take into account that the
controls of cases 1, 3, 4, 5, 7 begin with +1 and the controls of cases 2, 6, 8 begin
with −1. The value 0 corresponds to limit cases (between cases 5 and 6, between
cases 7 and 8). There exist surfaces for which both values +1 and −1 are possible;
they are described by the equations F (x) = 0 and G(x) = 0 (between cases 2
and 3, between cases 6 and 7). Fig. 27 shows the solution of the optimal synthesis
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problem, namely, the intersection of the plane x1 = 1 with the domains in which
the optimal control as a function of x equals +1 or −1. The intersection with
surfaces corresponding to the value 0 are drawn by dotted lines; the intersection
with surfaces where both values +1 and −1 are possible are drawn by bold lines.

Let us show that the rest part of the border (drawn by thin lines) corresponds
to the value −1. In fact, the upper thin curve separates cases 1 and 2 and the
lower thin curve consists of two segments: one segment separates cases 8 and 4
and the second segment separates cases 2 and 3. At all these points A = x1 where
A corresponds to cases 1, 4, and 3 respectively, hence, at these points u = −1.

Fig. 26. Optimal controls
on the plane x1 = 1

Fig. 27. Optimal synthesis
on the plane x1 = 1

For the points with x1 < 0 we use the symmetry arguments. Namely, let us
solve the time-optimal control problem for the point −x; suppose û(t,−x) is the
optimal control and θ̂(−x) is the optimal time. Then the optimal control and the
optimal time for the initial point equal û(t, x) = −û(t,−x) and θ̂(x) = θ̂(−x).

Finally, let us �nd optimal controls for points with x1 = 0. In this case the
analysis of possible types of control is shorter since cases 6 and 8 are impossible.
Since x1 = 0, controls of cases 1, 3, 4 and 7 can be chosen in two forms; as an
example, two forms of the control of case 3 are shown in Fig. 28.

Fig. 28. Graph of x1(t) for two variants of the optimal control of case 3

Moreover, domains corresponding to cases 1 and 4 are symmetric to each
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other; the same holds for cases 2 and 5 and for cases 3 and 7. We notice that,
from the point of view of the synthesis problem, in these cases the both values
+1 and −1 are possible.

Arguing analogously to the previous sections, one can �nd the domains in
which controls corresponding to these cases exist, and analyze the overlapping
domains. We give the �nal answer only, see Table 2, Fig. 29 and Fig. 30.

Case 1: x2 ≥ 0 and 1
2x

2
2 ≤ x3 ≤ 5

6x
2
2.

Case 2: x2 ≥ 0 and −c1x22 ≤ x3 ≤ 1
2x

2
2,

Case 3: if x2 ≥ 0 then x3 ≤ −c1x22, if x2 ≤ 0 then x3 ≤ −5
6x

2
2.

Case 4: x2 ≤ 0 and −5
6x

2
2 ≤ x3 ≤ −1

2x
2
2.

Case 5: x2 ≤ 0 and −1
2x

2
2 ≤ x3 ≤ c1x22.

Case 7: if x2 ≤ 0 then x3 ≥ c1x22, if x2 ≥ 0 then x3 ≥ 5
6x

2
2.

Table 2. Description of optimal controls for points with x1 = 0

Fig. 29. Optimal controls
on the plane x1 = 0

Fig. 30. Optimal synthesis
on the plane x1 = 0

Example. As was shown above, for some points there exist two di�erent
optimal controls. As an example, let us consider the point x with x1 = 1 and
x2 = −8, then −17

2 x
2
1 ≤ x2 ≤ k2x

2
1 (recall that k2 ≈ −5.12). Let us �nd x3 so

that θ6 = θ7. To this end we solve the equation G(x) = G(1,−8, x3) = 0 on
the interval x3 ∈ [x21x2 + 17

4 x
4
1,−1

4x
4
1) = [−15

4 ,−
1
4) and get x3 ≈ −1.879. For

this point both controls of cases 6 and 7 are optimal. Fig. 31 and 32 show the
components of the optimal trajectories corresponding to these optimal controls;
the time of motion equals θ6 = θ7 ≈ 17.092.

Acknowledgement. The author is grateful to Sergey Shugaryov for
attracting her attention to system (2).
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Fig. 31. Components of the optimal
trajectory for the point

x = (1,−8,−1.879), case 6

Fig. 32. Components of the optimal
trajectory for the point

x = (1,−8,−1.879), case 7
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Äîêàçàíà 0-óïðàâëÿåìîñòü ëþáîãî ýâîëþöèîííîãî äèôôåðåíöèàëüíîãî
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ïðîñòðàíñòâå áåñêîíå÷íî äèôôåðåíöèðóåìûõ áûñòðî óáûâàþùèõ ôóíê-
öèé. Ïðèâåäåíû óñëîâèÿ, ïðè êîòîðûõ óïðàâëåíèå íå çàâèñèò îò âðåìåíè.
Ðàññìîòðåíû òàêæå ðåëåéíûå óïðàâëåíèÿ äëÿ êëàññè÷åñêèõ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè.
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Òåîðèè óïðàâëÿåìîñòè â ïîñëåäíåå âðåìÿ ïîñâÿùåíî ìíîãî ðàáîò, íî áîëü-
øàÿ ÷àñòü èç íèõ ïîñâÿùåíà îáûêíîâåííûì óðàâíåíèÿì; à èç óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè ðàññìàòðèâàþòñÿ, â îñíîâíîì, óðàâíåíèÿ ìàòåìà-
òè÷åñêîé ôèçèêè, íàïðèìåð, � âîëíîâîå [1, 2].

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ îáùåå ëèíåéíîå óðàâíåíèå â ÷àñòíûõ

ïðîèçâîäíûõ ýâîëþöèîííîãî òèïà, à òàêæå ëèíåéíûå ñèñòåìû è äîêàçûâà-
åòñÿ 0-óïðàâëÿåìîñòü â ïðîñòðàíñòâå áåñêîíå÷íî äèôôåðåíöèðóåìûõ áûñòðî
óáûâàþùèõ ôóíêöèé.

Ðàññìîòðèì ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå

∂w(x, t)

∂t
= P

(
∂

i∂x

)
w(x, t) + u(x, t) , (1)

ãäå x ∈ Rn, t ∈ [0;T ], à ôóíêöèè w(·, t) è u(·, t) � èç ïðîñòðàíñòâà Ë. Øâàðöà
S ïðè ëþáûõ t ∈ [0;T ].

Îïðåäåëåíèå 1. Óðàâíåíèå (1) íàçûâàåòñÿ 0-óïðàâëÿåìûì íà îòðåç-
êå [0;T ] â ïðîñòðàíñòâå S, åñëè äëÿ ëþáîé ôóíêöèè ϕ(x) ∈ S ñóùåñòâóåò
êóñî÷íî-íåïðåðûâíîå ïî t óïðàâëåíèå u(·, t) ∈ S, òàêîå, ÷òî ðåøåíèå óðàâ-
íåíèÿ w(·, t) ∈ S äëÿ âñåõ t ∈ [0;T ] óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ
w(x, 0) = ϕ(x) è w(x, T ) = 0.

Òåîðåìà 1. Ëþáîå óðàâíåíèå âèäà (1) ÿâëÿåòñÿ 0-óïðàâëÿåìûì â ïðî-

ñòðàíñòâå S íà ëþáîì îòðåçêå.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê çàäà÷à Êîøè äëÿ óðàâíåíèÿ (1) ìîæåò
îêàçàòüñÿ íåêîððåêòíîé â ïðîñòðàíñòâå S, òî çàìåíèì åå êðàåâîé äâóõòî÷å÷-
íîé çàäà÷åé, êîòîðàÿ áóäåò ýêâèâàëåíòíà èñõîäíîé çàäà÷å (ñ ó÷åòîì óñëîâèÿ
w(x, T ) = 0), íî êîððåêòíîé â ïðîñòðàíñòâå S.

Â ðàáîòå [3] áûëî äîêàçàíî, ÷òî äëÿ ëþáîãî óðàâíåíèÿ âèäà (1) ñóùåñòâóåò
êîððåêòíàÿ êðàåâàÿ çàäà÷à â ïðîñòðàíñòâå S ñ êðàåâûì óñëîâèåì

w(x, 0) + C(D)w(x, T ) = ϕ(x) , (2)

ãäå C(D) � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì C(s)=e−iT ImP (s).

Ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ôóðüå (ïî ïðîñòðàíñòâåííûì ïåðåìåí-
íûì) êðàåâàÿ çàäà÷à (1)� (2) ïåðåéäåò â çàäà÷ó

∂w̃(s, t)

∂t
= P (s)w̃(s, t) + ũ(s, t) , (3)

w̃(s, 0) + C(s)w̃(s, T ) = ϕ̃(s) , (4)

ðåøåíèå êîòîðîé èìååò ñëåäóþùèé âèä

w̃(s, t) =

T∫
0

G(s, t, τ)ũ(s, τ)dτ +Q(s, t)ϕ̃(s) , (5)
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ãäå
Q(s, t) = exp(tP (s))(1 + C(s) exp(TP (s)))−1,

à ôóíêöèÿ Ãðèíà

G(s, t, τ) =

{
Q(s, t)e−τP (s) ïðè t > τ

−Q(s, t)C(s)e(T−τ)P (s) ïðè t < τ .

Ïðè t = T ïîëó÷èì

w̃(s, T ) =

T∫
0

Q(s, T )e−τP (s)ũ(s, τ)dτ +Q(s, T )ϕ̃(s) = 0.

Ñîêðàòèâ ýòî ðàâåíñòâî íà íåíóëåâóþ ôóíêöèþ Q(s, T ), ïîëó÷èì óðàâíåíèå

T∫
0

exp(−τP (s))ũ(s, τ)dτ = −ϕ̃(s). (6)

Áóäåì èñêàòü ïðåîáðàçîâàíèå Ôóðüå îò óïðàâëåíèÿ u(x, t) â âèäå ũ(s, t) =
= eit ImP (s) · ψ(s).

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (6), ïîëó÷èì

T∫
0

exp(−τReP (s))ψ(s)dτ = −ϕ̃(s).

Òàê êàê
T∫
0

exp(−τReP (s))dτ =
1− e−TReP (s)

ReP (s)
6= 0, òî îïðåäåëåíà îáðàòíàÿ

áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ
ReP (s)

e−TReP (s) − 1
, ðàñòóùàÿ íå áûñò-

ðåå íåêîòîðîé ñòåïåíè |s|, ïðèíàäëåæàùàÿ ïðîñòðàíñòâó ìóëüòèïëèêàòîðîâ
C+∞
−∞ .
Ïîýòîìó ôóíêöèÿ ψ(s) ïðèíàäëåæèò ïðîñòðàíñòâó S è óïðàâëåíèå

u(x, t) = F−1s
(
ReP (s) · ϕ̃(s)

e−TReP (s) − 1
· eitImP (s)

)
òàêæå ïðèíàäëåæèò ïðîñòðàíñòâó S,

÷òî è òðåáîâàëîñü äîêàçàòü.
Òåîðåìà äîêàçàíà.

Ñëåäñòâèå. Åñëè ïîëèíîì P (s) � âåùåñòâåííûé, òî óïðàâëåíèå u(x) =

= F−1s
(
P (s) · ϕ̃(s)

e−TP (s) − 1

)
íå çàâèñèò îò t; ïðè ýòîì ïîëó÷èì ðåçóëüòàò ðàáîòû [4].

Òàê, óðàâíåíèå òåïëîïðîâîäíîñòè ÿâëÿåòñÿ 0-óïðàâëÿåìûì ñ óïðàâëåíè-
åì, íå çàâèñÿùèì îò t.

Ðàññìîòðèì áîëåå îáùèé ïðèìåð

∂w(x, t)

∂t
= a

∂2w(x, t)

∂x2
+ b

∂w(x, t)

∂x
+ u(x, t), a, b ∈ R.
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Çäåñü P (s) = −as2 + ibs, à óïðàâëåíèå

u(x, t) = F−1s
(
as2 · ϕ̃(s)

1− eTas2
eitbs

)
= G1(x) ∗ ϕ(x− tb),

ãäå îáîáùåííàÿ ôóíêöèÿ G1(x) = F−1s
(

as2

1− eTas2
)
ÿâëÿåòñÿ ñâåðòûâàòåëåì

â ïðîñòðàíñòâå S, òàê êàê ôóíêöèÿ
as2

1− eTas2
ïðèíàäëåæèò ïðîñòðàíñòâó

C∞−∞ � áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé ñòåïåííîãî ðîñòà [5].
Äëÿ ñëó÷àÿ, êîãäà P (s) ∈ iR, óïðàâëåíèå ìîæíî èñêàòü â âèäå

u(x, t) = u(x) · sign(t− t0),

ãäå t0 ∈ (0;T ), à u(x) ∈ S.
Òîãäà óðàâíåíèå (6) ïðèìåò ñëåäóþùèé âèä

T∫
0

exp(−τP (s)) sign(τ − t0)dτ · ũ(s) = −ϕ̃(s).

Ïðîèíòåãðèðîâàâ äàííîå âûðàæåíèå, ïîëó÷èì

1

P (s)
[2 exp(−t0P (s))− 1− exp(−TP (s))] ũ(s) = −ϕ̃(s),

à ñëåäîâàòåëüíî, ũ(s) =
P (s)ϕ̃(s)

1 + exp(−TP (s))− 2 exp(−t0P (s))
, åñëè çíàìåíàòåëü

íå ðàâåí íóëþ.
Ðàññìîòðèì óðàâíåíèå

eiTw − 2eit0w + 1 = 0, w ∈ R, (7)

ðàâíîñèëüíîå 2eit0w = 1 + eiTw.
Åñëè îòíîøåíèå t0/T íå ÿâëÿåòñÿ ðàöèîíàëüíûì ÷èñëîì, òî

∣∣2eit0w∣∣ = 2,
à
∣∣1 + eiTw

∣∣ ≤ 2 è ðàâåíñòâî âûïîëíÿåòñÿ ëèøü ïðè óñëîâèè Tw = 2kπ.
Íî òîãäà äëÿ âûïîëíåíèÿ óðàâíåíèÿ (7) íåîáõîäèìî, ÷òîáû t0w = 2mπ

è, çíà÷èò, t0/T = m/k ∈ Q, ÷òî ïðîòèâîðå÷èò íàøåìó ïðåäïîëîæåíèþ.

Îñòàëîñü ïîêàçàòü, ÷òî ôóíêöèÿ ũ(s) =
P (s)ϕ̃(s)

1 + exp(−TP (s))− 2 exp(−t0P (s))
ïðèíàäëåæèò ïðîñòðàíñòâó S. Äëÿ ýòîãî ðàññìîòðèì ôóíêöèþ

q(w) = (1 + exp(iTw)− 2 exp(it0w))−1

ïðè w ∈ R.
Òàê êàê ïðè íåðàöèîíàëüíîì îòíîøåíèè t0/T çíàìåíàòåëü ýòîé ôóíêöèè

ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêîé ôóíêöèåé, îòëè÷íîé îò íóëÿ, òî

inf |1 + exp(iTw)− 2 exp(it0w)| = d > 0
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è ïîýòîìó q(w) ÿâëÿåòñÿ îãðàíè÷åííîé ïî÷òè ïåðèîäè÷åñêîé ôóíêöèåé
(ñì. [6]). Çíà÷èò, íàøà ôóíêöèÿ ũ(s) ïðèíàäëåæèò ïðîñòðàíñòâó S.

Ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò:
Óòâåðæäåíèå. Åñëè ïîëèíîì P (s) ÿâëÿåòñÿ ÷èñòî ìíèìûì äëÿ âñåõ s,
ïðèíàäëåæàùèõ ïðîñòðàíñòâó R, òî óðàâíåíèå (1) ÿâëÿåòñÿ 0-óïðàâëÿåìûì
â ïðîñòðàíñòâå S íà ëþáîì îòðåçêå ñ óïðàâëåíèåì âèäà

u(x, t) = u(x) · sign(t− t0)

ïðè íåðàöèîíàëüíîì îòíîøåíèè t0/T .

Òàê, óðàâíåíèå Øðåäèíãåðà
∂w(x, t)

∂t
= ih

∂w2(x, t)

∂x2
+ u(x) · sign(t − t0)

ÿâëÿåòñÿ 0-óïðàâëÿåìûì ñ óïðàâëåíèåì u(x) = G1(x) ∗ ϕ(x), ãäå

G1(x) = F−1
(

−ihs2

1 + exp(iThs2)− 2 exp(it0hs2)

)
ÿâëÿåòñÿ ñâåðòûâàòåëåì â ïðîñòðàíñòâå S (ñì. [5]).

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ

∂w(x, t)

∂t
= P

(
∂

i∂x

)
w(x, t) + v(t) · u(x). (8)

Çäåñü w(x, t) è u(x) ÿâëÿþòñÿ âåêòîð-ôóíêöèÿìè, êîîðäèíàòû êîòîðûõ
ïðèíàäëåæàò ïðîñòðàíñòâó H =

⋂
s
Hs

0 , ò. å. âñå ïðîèçâîäíûå êîòîðûõ ïðè-

íàäëåæàò ïðîñòðàíñòâó L2 (ñì. [5]) èëè ïðîñòðàíñòâó S. Ñêàëÿðíàÿ ôóíêöèÿ
v(t) ÿâëÿåòñÿ êóñî÷íî-íåïðåðûâíîé è |v(t)| ≤ 1.

Îïðåäåëåíèå 2. Ñèñòåìà (8) íàçûâàåòñÿ 0-óïðàâëÿåìîé â ïðîñòðàí-
ñòâå H (èëè S), åñëè äëÿ ëþáîé ôóíêöèè ϕ(x) ∈ H (èëè S) ñóùåñòâóþò
u(x) ∈ H (èëè S) è êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ v(t) òàêèå, ÷òî ðåøå-
íèå äàííîé ñèñòåìû w(·, t) ∈ H (èëè S) óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ
w(x, 0) = ϕ(x) è óñëîâèþ w(x, T ) = 0.

Òåîðåìà 2. Ñèñòåìà (8) áóäåò 0-óïðàâëÿåìîé â ïðîñòðàíñòâå H òî-

ãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ v(t),
îãðàíè÷åííàÿ íà îòðåçêå [0, T ], è ñóùåñòâóåò îáðàòíàÿ ìàòðèöà T∫

o

v(t) exp(−tP (s))dt

−1 ∈ Hl = (1 + |s|)lL2

ñ íåêîòîðûì l.

Ä î ê à ç à ò å ë ü ñ ò â î.
Äîñòàòî÷íîñòü. Â ðàáîòå [3] äîêàçàíî, ÷òî ñóùåñòâóåò êîððåêòíàÿ êðàåâàÿ
çàäà÷à â ïðîñòðàíñòâå H ñ êðàåâûì óñëîâèåì

w(x, 0) + C(D)w(x, T ) = ϕ(x),



52 À.À.Ìàêàðîâ

ãäå C(D) � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì èç ïðîñòðàí-
ñòâà Hl.

Ðåøåíèå äâîéñòâåííîé ïî Ôóðüå êðàåâîé çàäà÷è èìååò âèä

w̃(s, t) =

T∫
0

G(s, t, τ)ũ(s)v(τ)dτ +Q(s, t)ϕ̃(s),

ãäå ìàòðèöû G(s, t, τ) è Q(s, t) îïðåäåëÿþòñÿ ïî òåì æå ôîðìóëàì, êàê è
â ñëó÷àå óðàâíåíèÿ (1).

Ïðè t = T ïîëó÷àåì óðàâíåíèå

w̃(s, T ) =

T∫
0

Q(s, T ) exp(−τP (s))ũ(s)v(τ)dτ +Q(s, T )ϕ̃(s) = 0.

Ñîêðàùàÿ íà íåâûðîæäåííóþ ìàòðèöó Q(s, T ), ïîëó÷èì

T∫
0

exp(−τP (s))v(τ)dτ · ũ(s) = −ϕ̃(s). (9)

Â ñèëó óñëîâèÿ òåîðåìû ñóùåñòâóåò ôóíêöèÿ

ũ(s) = −

 T∫
0

exp(−τP (s))v(τ)dτ

−1 · ϕ̃(s),

ïðèíàäëåæàùàÿ ïðîñòðàíñòâó
⋂
s
H0
s . Çíà÷èò, óïðàâëåíèå ũ(x) ïðèíàäëåæèò

ïðîñòðàíñòâó H, ÷òî è òðåáîâàëîñü äîêàçàòü.
Íåîáõîäèìîñòü. Ðåøåíèå çàäà÷è Êîøè äâîéñòâåííîé ïî Ôóðüå ñèñòåìû
èìååò âèä

w̃(s, t) = exp(tP (s))ϕ̃(s) +

t∫
0

exp((t− τ)P (s))v(τ)ũ(s)dτ.

Òîãäà w̃(s, T ) = exp(TP (s))ϕ̃(s) +
T∫
0

exp((T − τ)P (s))v(τ)ũ(s)dτ = 0.

Ñîêðàùàÿ íà exp(TP (s)), ïîëó÷àåì
T∫
0

exp(−τP (s))v(τ)dτ · ũ(s) = −ϕ̃(s).

Òàê êàê èñõîäíàÿ ñèñòåìà 0-óïðàâëÿåìà, òî ñóùåñòâóåò îáðàòíàÿ ìàòðèöà(
T∫
0

exp(−τP (s))v(τ)dτ

)−1
, ÿâëÿþùàÿñÿ ìóëüòèïëèêàòîðîì â ïðîñòðàíñòâå

FH =
⋂
s
H0
s , ò. å. ïðèíàäëåæàùàÿ ïðîñòðàíñòâó Hl ñ íåêîòîðûì l, ÷òî è òðå-

áîâàëîñü äîêàçàòü. Òåîðåìà äîêàçàíà.
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Ñëåäñòâèå. Åñëè îïðåäåëèòåëü ∆ = det
T∫
0

exp(−tP (s))dt 6= 0 ∀s ∈ Rn, òî ñè-

ñòåìà (8) áóäåò 0-óïðàâëÿåìîé â ïðîñòðàíñòâàõ H èëè S ñ v(t) ≡ 1 è u(x) ∈ H
èëè S.

Ýòî ñëåäóåò èç ðàáîòû [7], â êîòîðîé äîêàçàíî, ÷òî èç óñëîâèÿ Ñëåäñòâèÿ
âûòåêàåò ïðèíàäëåæíîñòü ìàòðèöû T∫

0

exp(−τP (s))v(τ)dτ

−1

ïðîñòðàíñòâó C∞−∞, à, çíà÷èò, óïðàâëåíèå u(x) ïðèíàäëåæèò ïðîñòðàíñòâàì
H èëè S.

Â ÷àñòíîñòè, åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s) ÿâëÿþòñÿ âåùå-
ñòâåííûìè, òî ∆ 6= 0 è, çíà÷èò, ñèñòåìà (8) ÿâëÿåòñÿ 0-óïðàâëÿåìîé ñ óïðàâ-
ëåíèåì, íå çàâèñÿùèì îò t.

Â òîé æå ðàáîòå [7] åñòü êðèòåðèé óñëîâèÿ ∆ 6= 0. À èìåííî - ýòî âûïîë-
íåíèå óñëîâèé:

e−Tλj(s) − 1

λj(s)
6= 0 ∀ j = 1,m , (10)

ãäå λj(s) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s).
Ïðîèëëþñòðèðóåì ýôôåêòèâíîñòü ýòîãî óñëîâèÿ íà ñëåäóþùåì ïðèìåðå.

Ïðèìåð. Ðàññìîòðèì ñèñòåìó
∂w1(x1, x2, t)

∂t
= −

(
∂2

∂x21
+

∂2

∂x22

)
w1 − w2 + u1(x1, x2)

∂w2(x1, x2, t)

∂t
= −

(
∂

∂x1
+

∂

∂x2

)2

w1 −
(
∂2

∂x21
+

∂2

∂x22

)
w2 + u2(x1, x2).

Òîãäà ìàòðèöà

P (s1, s2) =

(
s21 + s22 −1

(s1 + s2)
2 s21 + s22

)
è åå ñîáñòâåííûìè çíà÷åíèÿìè áóäóò λ1,2 = s21 + s22 ± i(s1 + s2). Ïðè ýòîì

óñëîâèå
exp

(
−T (s21 + s22 ± i(s1 + s2))− 1

)
s21 + s22 ± i(s1 + s2)

=0 ðàâíîñèëüíî óñëîâèþ s21 + s22=0,

ò. å. s1 = s2 = 0. Çíàìåíàòåëü â ýòîé òî÷êå òîæå ðàâåí íóëþ, à âñÿ äðîáü
ñòðåìèòñÿ ê −T . Çíà÷èò, óñëîâèå (10) âûïîëíåíî è ñèñòåìà 0-óïðàâëÿåìà.

Ðàññìîòðèì ñèñòåìó (8) ñ ìíèìûìè ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû P (s).
Áóäåì èñêàòü óïðàâëåíèå â âèäå u(x)sign(t− t0). Òîãäà óðàâíåíèå (9) ïðèìåò
âèä  t0∫

0

exp(−tP (s))dt−
T∫
t0

exp(−tP (s))dt

 ũ(s) = −ϕ̃(s).
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Åñëè óìíîæèòü ýòî óðàâíåíèå íà ìàòðèöó P (s) ñëåâà, òî ïîëó÷èì(
E + exp(−TP (s))− 2 exp(−t0P (s))

)
ũ(s) = P (s)ϕ̃(s).

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s) = E + exp(−TP (s)) − 2 exp(−t0P (s))
ðàâíû wj(s) = 1 + e−Tλj(s) − 2e−t0λj(s), j = 1,m.

Ïîêàæåì äëÿ ìíèìûõ λj(s) è èððàöèîíàëüíîì t0/T , ÷òî wj(s) 6= 0.
Íî ðàíåå ìû óæå ðàññìàòðèâàëè óðàâíåíèå (7) è ïîêàçàëè, ÷òî îíî íå
èìååò íåíóëåâûõ âåùåñòâåííûõ êîðíåé ïðè èððàöèîíàëüíîì t0/T . Çíà÷èò,
îïðåäåëèòåëü ìàòðèöû P (s) òîæå íå ðàâåí íóëþ. È òàê êàê îí ÿâëÿåòñÿ
ïî÷òè-ïåðèîäè÷åñêîé ôóíêöèåé, òî |∆(s)| ≥ d > 0. Ïîýòîìó ñóùåñòâóåò
R−1(s) ∈ C∞−∞.

Çíà÷èò, ũ(s) = R−1(s)P (s)ϕ̃(s) ∈ S è óïðàâëåíèå u(x) ∈ S. Òî åñòü ìû
äîêàçàëè ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Åñëè ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s) � ìíèìûå, òî

ñèñòåìà (8) ÿâëÿåòñÿ 0-óïðàâëÿåìîé â ïðîñòðàíñòâå S ñ óïðàâëåíèåì âèäà

u(x) · sign(t− t0), ãäå t0/T � èððàöèîíàëüíî.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì âîëíîâîå óðàâíåíèå

∂2w(x, t)

∂t2
= ∆w(x, t) + u(x)sign(t− t0).

Òàê êàê ñîáñòâåííûå çíà÷åíèÿ λ1,2 = ±i|s| = ±i
√

n∑
k=1

s2k, òî äàííîå óðàâíåíèå

ÿâëÿåòñÿ 0-óïðàâëÿåìûì ïðè èððàöèîíàëüíîì t0/T .

Â çàêëþ÷åíèå ðàññìîòðèì ïðèìåð óðàâíåíèÿ âòîðîãî ïîðÿäêà, ó êîòîðîãî
ñîáñòâåííûå çíà÷åíèÿ ïðèíèìàþò êàê âåùåñòâåííûå òàê è ìíèìûå çíà÷åíèÿ.

Ðàññìîòðèì óðàâíåíèå

∂2w(x, t)

∂t2
= ∆w(x, t) + kw(x, t) + u(x)v(t), x ∈ Rn, t ∈ [0, T ].

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ýòîãî óðàâíåíèÿ èìååò âèä λ2+|s|2−k=0.
Ïðè k < 0 ñîáñòâåííûå çíà÷åíèÿ � ÷èñòî ìíèìûå, è ïîýòîìó äàííîå óðàâíå-
íèå 0-óïðàâëÿåìî â ïðîñòðàíñòâå S c v(t) = sign(t− t0), ãäå t0/T � èððàöèî-
íàëüíî.

Ðàññìîòðèì k > 0. Òîãäà ñîáñòâåííûå çíà÷åíèÿ ïðèìóò âèä

λ1,2(s) =

{
±
√
k − |s|2 ïðè |s| ≤

√
k

±i
√
|s|2 − k ïðè |s| >

√
k.

Ïîêàæåì, ÷òî è â ýòîì ñëó÷àå óðàâíåíèå ÿâëÿåòñÿ 0-óïðàâëÿåìûì â ïðî-
ñòðàíñòâå S ñ óïðàâëåíèåì äàííîãî âèäà.
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Åñëè ñ ïîìîùüþ ñòàíäàðòíîé çàìåíû ïåðåìåííûõ ïåðåéòè îò óðàâíåíèÿ
ê ñèñòåìå, òî ìàòðèöà ýòîé ñèñòåìû áóäåò èìåòü âèä

P (s) =

(
0 1

k − |s|2 0

)
, ïðè |s|2 =

n∑
k=1

s2k .

Ñîáñòâåííûå çíà÷åíèÿ ýòîé ìàòðèöû ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè
íàøåãî óðàâíåíèÿ λ1,2.

Ôóíäàìåíòàëüíàÿ ìàòðèöà exp(tP (s)) äëÿ ñëó÷àÿ âåùåñòâåííûõ íåíó-

ëåâûõ ñîáñòâåííûõ çíà÷åíèé èìååò âèä

exp(tP (s)) =

 ch t
√
k − |s|2 − sh t

√
k−|s|2√

k−|s|2

−
√
k − |s|2 sh t

√
k − |s|2 ch t

√
k − |s|2

 .

Äëÿ ñëó÷àÿ ìíèìûõ ñîáñòâåííûõ çíà÷åíèé

exp(tP (s)) =

 cos t
√
|s|2 − k − sin t

√
|s|2−k√
|s|2−k

−
√
|s|2 − k sin t

√
|s|2 − k cos t

√
|s|2 − k

 .

Â ñëó÷àå íóëåâûõ ñîáñòâåííûõ çíà÷åíèé, ò. å. ïðè |s| =
√
k

exp(tP (s)) =

(
et tet

0 et

)
.

Ðàññìîòðèì òåïåðü ìàòðèöó

R(s) = E + exp(−TP (s))− 2 exp(−t0P (s)).

Ñîáñòâåííûå çíà÷åíèÿ ýòîé ìàòðèöû ðàâíû

w1,2(s) = 1 + exp(−Tλ1,2(s))− 2 exp(−t0λ1,2(s)).

Â ñëó÷àå ìíèìûõ ñîáñòâåííûõ çíà÷åíèé λ1,2(s) ïðè èððàöèîíàëüíîì t0/T
áûëî ïîêàçàíî, ÷òî w1,2(s) 6= 0 è ñóùåñòâóåò R−1(s) ∈ C∞−∞.

Ðàññìîòðèì âåùåñòâåííûå ñîáñòâåííûå çíà÷åíèÿ λ1,2(s), ïðè÷åì |λ1,2(s)|
≤
√
k. Ïîêàæåì, ÷òî óðàâíåíèå 1 + ey − 2eρy = 0 ïðè íåêîòîðûõ ρ ∈ (0; 1)

íå èìååò íà ñåãìåíòå [−a; a] íåíóëåâûõ âåùåñòâåííûõ êîðíåé.
Íàéäåì ìèíèìóì ôóíêöèè ϕ(y) = 1 + ey − 2eρy.

ϕ′(y) = ey − 2ρeρy = 0, çíà÷èò ñòàöèîíàðíàÿ òî÷êà y0 = ln 2ρ
1−ρ . Â íåé è áóäåò

äîñòèãàòüñÿ minϕ(y) < 0.
Ñëåäîâàòåëüíî, ïðè y < 0 ϕ(y) > ϕ(0) = 0, ïðè y ∈ (0, y0) ϕ(y) < 0,

à âòîðîé âåùåñòâåííûé êîðåíü ôóíêöèè ϕ(y) áóäåò áîëüøå y0. Ïîýòîìó åñëè
âçÿòü ρ áëèçêèì ê 1, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî ln 2ρ

1−ρ > a, òî íà ñåãìåíòå
[−a; a] íåíóëåâûõ êîðíåé ó íàøåãî óðàâíåíèÿ íå áóäåò.
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Çíà÷èò ñóùåñòâóåò îáðàòíàÿ ìàòðèöà R−1(s), ïðè÷åì îíà áóäåò áåñêîíå÷-
íî äèôôåðåíöèðóåìà è îãðàíè÷åíà ïðè |s| <

√
k.

Îñòàëîñü ðàçîáðàòü ñëó÷àé, êîãäà |s| =
√
k, ò. å. ìàòðèöà P (s) =

(
0 1
0 0

)
.

Òîãäà ìàòðèöà R(s) =

(
1 + e−T − 2e−t0 −Te−T + 2t0e

−t0

0 1 + e−T − 2e−t0

)
.

Îïðåäåëèòåëü ýòîé ìàòðèöû ∆ =
(
1 + e−T − 2e−t0

)2 6= 0 ïðè t0 6= T/2.
Èòàê, ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò: ïðè èððàöèîíàëüíîì t0/T è 2t0

T >

(T − t0)
√
k íàøå óðàâíåíèå áóäåò 0-óïðàâëÿåìûì â ïðîñòðàíñòâå S ñ óïðàâ-

ëåíèåì âèäà G(x) ∗ ϕ(x) · sign(t− t0), ãäå G(x) = F−1(R−1(s)P (s)).
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23 àïðåëÿ 2016 ãîäà óø¼ë èç æèçíè çàìå÷àòåëüíûé ÷åëîâåê, ó÷¼íûé, äîê-
òîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð Èãîðü Äìèòðèåâè÷ ×óåøîâ.

Èãîðü Äìèòðèåâè÷ ðîäèëñÿ 23 ñåíòÿáðÿ 1951 ãîäà â ã. Ëåíèíãðàäå. Â 1968ã.
çàêîí÷èë ñðåäíþþ øêîëó â ã. Êóïÿíñêå è ïîñòóïèë â Õàðüêîâñêèé óíèâåðñè-
òåò íà ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò. Â 1973 ã. çàêîí÷èë óíèâåðñèòåò

ïî ñïåöèàëüíîñòè ¾ìàòåìàòèêà¿ è ñ
òîãî âðåìåíè ðàáîòàë íà íàøåì ìåõ-
ìàòå. Â 1974-1977ã. - àñïèðàíò êàôåä-
ðû ìàòåìàòè÷åñêîé ôèçèêè ïîä ðó-
êîâîäñòâîì ïðîô. Â.À. Ùåðáèíû. Â
1977ã. - çàùèòèë êàíäèäàòñêóþ äèñ-
ñåðòàöèþ ¾Î äèíàìèêå íåêîòîðûõ ìî-
äåëüíûõ çàäà÷ êâàíòîâîé òåîðèè¿.
Çàùèòà ñîñòîÿëàñü â Èíñòèòóòå ìà-
òåìàòèêè ã.Êèåâ. Â 1977-1980ã. - àññè-
ñòåíò êàôåäðû ìàòåìàòè÷åñêîé ôèçè-
êè ÌÌÔ ÕÃÓ, 1980-1992ã. -äîöåíò. Â

1990ã. çàùèòèë äîêòîðñêóþ äèññåðòàöèþ ¾Ìàòåìàòè÷åñêîå îïèñàíèå íåðåãó-
ëÿðíîé äèíàìèêè óïðóãîé ïîëîãîé îáîëî÷êè¿. Çàùèòà ñîñòîÿëàñü â Ôèçèêî-
òåõíè÷åñêîì èíñòèòóòå íèçêèõ òåìïåðàòóð ÀÍ ÓÑÑÐ, ã.Õàðüêîâ. Â 1992ã.
åìó ïðèñâîåíî ó÷åíîå çâàíèå ïðîôåññîðà. Â 2000ã. È.Ä.×óåøîâ èçáðàí çàâå-
äóþùèì êàôåäðîé ìàòåìàòè÷åñêîé ôèçèêè è âû÷èñëèòåëüíîé ìàòåìàòèêè. Â
2009ã. ñòàë ÷ëåíîì-êîððåñïîíäåíòîì Íàöèîíàëüíîé àêàäåìèè íàóê Óêðàèíû.
Â 2010ã. çà öèêë íàó÷íûõ ðàáîò ¾Òåîðèÿ äèíàìè÷åñêèõ ñèñòåì: ñîâðåìåííûå
ìåòîäû è èõ ïðèìåíåíèå¿ áûë óäîñòîåí Ãîñóäàðñòâåííîé ïðåìèè Óêðàèíû â
îáëàñòè íàóêè è òåõíèêè.

È.Ä.×óåøîâ - àâòîð âàæíûõ îñíîâîïîëàãàþùèõ ðàáîò ïî ìàòåìàòèêå, øè-
ðîêî èçâåñòíûõ â ìàòåìàòè÷åñêîì ìèðå. Åãî íàó÷íûå ðîáîòû ñîñòàâëÿþò âå-
ñîìûé âêëàä â íåëèíåéíóþ ìàòåìàòè÷åñêóþ ôèçèêó è ñóùåñòâåííî ïîâëèÿëè
íà ðàçâèòèå ñîâðåìåííîé òåîðèè áåñêîíå÷íîìåðíûõ äèíàìè÷åñêèõ ñèñòåì. Îí
ðåøèë ðÿä âàæíûõ ïðîáëåì, ñâÿçàííûõ ñ íåëèíåéíûìè (ñòîõàñòè÷åñêèìè è
äåòåðìèíèðîâàííûìè) óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ, âîçíèêàþùèìè
â ìåõàíèêå è ôèçèêå, è èíèöèèðîâàë íåñêîëüêî íîâûõ íàïðàâëåíèé â êà÷å-
ñòâåííîé òåîðèè äèññèïàòèâíûõ ñèñòåì.

Â ïåðâóþ î÷åðåäü ñëåäóåò îòìåòèòü åãî èññëåäîâàíèÿ, ñâÿçàííûå ñ êîð-
ðåêòíîé ðàçðåøèìîñòüþ è àñèìïòîòè÷åñêèì ïîâåäåíèåì ýâîëþöèîííûõ óðàâ-
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íåíèé Êàðìàíà, êîòîðûå îïèñûâàþò íåëèíåéíûå êîëåáàíèÿ óïðóãîé ïîëîãîé
îáîëî÷êè. Äîêàçàííàÿ èì òåîðåìà äàåò îêîí÷àòåëüíîå ðåøåíèå ïðîáëåìû,
ïîñòàâëåííîé È.È.Âîðîâè÷åì â ïÿòèäåñÿòûõ ãîäàõ (è ïîâòîðíî îòìå÷åííîé
Æ.-Ë.Ëèîíñîì â êîíöå øåñòèäåñÿòûõ) î ñóùåñòâîâàíèè è åäèíñòâåííîñòè
ãëîáàëüíûõ ðåøåíèé ýòèõ óðàâíåíèé. Îí òàêæå ïðåäëîæèë íîâûå ýôôåê-
òèâíûå ëîêàëèçàöèîííûå ìåòîäû àíàëèçà àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðå-
øåíèé. Ïîëó÷åííûå È.Ä.×óåøîâûì ðåçóëüòàòû ÿâëÿþòñÿ ñóùåñòâåííûì øà-
ãîì â ïîíèìàíèè ñòðóêòóðû àòòðàêòîðîâ è äàþò îòâåò íà íåêîòîðûå âîïðîñû
Å.Äàóåëëà îòíîñèòåëüíî íåëèíåéíîãî ôëàòòåðà îáîëî÷åê.

Â ñîàâòîðñòâå ñ È.Ëàøåöêîé èì áûë ðàçðàáîòàí íîâûé ýôôåêòèâíûé ìå-
òîä àíàëèçà îáùèõ áåñêîíå÷íîìåðíûõ äèññèïàòèâíûõ ñèñòåì, ïîðîæäàåìûõ
íåëèíåéíûìè óðàâíåíèÿìè ìàòåìàòè÷åñêîé ôèçèêè. Ýòîò ìåòîä ââîäèò ïîíÿ-
òèå êâàçèóñòîé÷èâîé ñèñòåìû è îñíîâûâàåòñÿ íà òàê íàçûâàåìûõ ¾ñòàáèëèçà-
öèîííûõ íåðàâåíñòâàõ¿, èçâåñòíûõ â òåîðèè óïðàâëåíèÿ. Åãî èñïîëüçîâàíèå
ïîçâîëèëî ðåøèòü ðÿä âàæíûõ ïðîáëåì, âîçíèêàþùèõ â âîëíîâîé äèíàìèêå
ñ íåëèíåéíîé âíóòðåííåé è ãðàíè÷íîé äèññèïàöèåé. Ìåòîä êâàçèóñòîé÷èâî-
ñòè ïðèìåíèì ê î÷åíü øèðîêîìó êëàññó çàäà÷: ïàðàáîëè÷åñêèì, ãèïåðáîëè-
÷åñêèì, ñìåøàííûì, ê çàäà÷àì ñ èíòåðôåéñîì, ñ çàïàçäûâàíèåì, à òàêæå ê
çàäà÷àì ñèíõðîíèçàöèè.

Ñëåäóåò òàêæå îòìåòèòü åãî òîíêèå ðåçóëüòàòû î ñâÿçè ñòàòèñòè÷åñêèõ
ñâîéñòâ âîçìóùåíèé è ðåøåíèé äëÿ íåêîòîðîãî êëàññà íåëèíåéíûõ ñòîõàñòè-
÷åñêèõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà. Ýòè ðåçóëüòàòû êàñàþòñÿ ñëîæíîãî
è âàæíîãî âîïðîñà î ñòðóêòóðå è ñâîéñòâàõ ñòîõàñòè÷åñêèõ àòòðàêòîðîâ. Äëÿ
íåêîòîðîãî êëàññà ñèñòåì áûë ðàçðàáîòàë îáùèé ïîäõîä, êîòîðûé ïîçâîëÿåò
äàòü èñ÷åðïûâàþùåå îïèñàíèå ñöåíàðèåâ ñòîõàñòè÷åñêèõ áèôóðêàöèé â íåêî-
òîðûõ ìîäåëÿõ ìàòåìàòè÷åñêîé ãåíåòèêè è îõâàòûâàåò ñëó÷àè óðàâíåíèé ñ
ïî÷òè ïåðèîäè÷åñêèìè âîçìóùåíèÿìè. Ýòè ðåçóëüòàòû çàñëóæèëè âûñîêóþ
îöåíêó ñïåöèàëèñòîâ. Îíè ñòèìóëèðîâàëè èíòåíñèâíûå èññëåäîâàíèÿ, ñâÿçàí-
íûå ñ òåîðåìàìè ñðàâíåíèÿ äëÿ ñòîõàñòè÷åñêèõ ïàðàáîëè÷åñêèõ óðàâíåíèé.
È.Ä.×óåøîâ ÿâëÿåòñÿ îäíèì èç îñíîâàòåëåé òåîðèè ìîíîòîííûõ ñòîõàñòè÷å-
ñêèõ äèíàìè÷åñêèõ ñèñòåì. Ñîâìåñòíî ñ ïðîôåññîðîì Ë.Àðíîëüäîì îí ïî-
ëó÷èë îñíîâîïîëàãàþùèå ðåçóëüòàòû î ñòðóêòóðàõ ñëó÷àéíûõ àòòðàêòîðîâ
ìîíîòîííûõ ñèñòåì è ââåë âàæíîå ïîíÿòèå ïîëóðàâíîâåñíîãî ñîñòîÿíèÿ òà-
êèõ ñèñòåì.

È.Ä.×óåøîâ - àâòîð 5 ìîíîãðàôèé [1-5]. Êíèãè èçäàíû íà àíãëèéñêîì
ÿçûêå è íàøëè îäîáðåíèå âî ìíîãèõ øêîëàõ ìàòåìàòè÷åñêîé ôèçèêè äàëåêî
çà ïðåäåëàìè íàøåé ñòðàíû. Íåçàäîëãî äî íåîæèäàííîé ñìåðòè Èãîðü Äìèò-
ðèåâè÷ çàâåðøèë ðàáîòó íàä ñâîåé øåñòîé ìîíîãðàôèåé è âíîñèë ïîñëåäíèå
øòðèõè, øëèôîâàë òåêñò. Íàäååìñÿ, ÷òî ýòà êíèãà ñêîðî âûéäåò â ñâåò.

È.Ä.×óåøîâ - àâòîð áîëåå 150 íàó÷íûõ ðaáîò. Ïðàêòè÷åñêè âñå åãî ðàáîòû
îïóáëèêîâàíû â ïðåñòèæíûõ ìåæäóíàðîäíûõ æóðíàëàõ, êîòîðûå èíäåêñèðó-
þòñÿ â áèáëèîìåòðè÷åñêèõ áàçàõ äàííûõ (Web of Science, Scopus, MathSciNet
è äð.). Ðàáîòû Èãîðÿ Äìèòðèåâè÷à íàõîäÿò îòêëèê â èññëåäîâàíèÿõ ìíî-
ãèõ ìàòôèçèêîâ, î ÷åì ñâèäåòåëüñòâóåò âûñîêèé óðîâåíü öèòèðîâàíèÿ. Ìû
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ïëàíèðóåì ðàçìåñòèòü ïîëíûé ñïèñîê åãî ïóáëèêàöèé íà ñàéòå ãðóïïû ìà-
òåìàòè÷åñêîé ôèçèêè (êàôåäðà ôóíäàìåíòàëüíîé ìàòåìàòèêè). Íà ìîìåíò
íàïèñàíèÿ äàííîé çàìåòêè, ñïèñîê íå ìîæåò áûòü çàâåðøåí, ò.ê. ïðîäîëæà-
þò âûõîäèòü â ñâåò ñòàòüè, êîòîðûå Èãîðü Äìèòðèåâè÷ îòïðàâèë â ïå÷àòü â
íà÷àëå 2016 ã. Äî ïîñëåäíèõ ñâîèõ äíåé îí íå ïðåêðàùàë çàíèìàòüñÿ íàó÷íîé
äåÿòåëüíîñòüþ, ìàòåìàòè÷åñêèìè èññëåäîâàíèÿìè.

Îí áûë ÷ëåíîì ðåäêîëëåãèé ðÿäà ìåæäóíàðîäíûõ æóðíàëîâ òàêèõ
êàê ¾Æóðíàë ìàòåìàòè÷åñêîé ôèçèêè, àíàëèçà, ãåîìåòðèè¿, ¾Óêðà¨íñüêèé
ìàòåìàòè÷íèé æóðíàë¿, ¾Stochastics and Dynamics¿, ¾Nonlinear Analysis:
Real World Applications¿, ¾International Journal of Di�erential Equations¿,
¾International Journal of Biomathematics and Biostatistics¿, ¾Âiñíèê Õàðêiâñü-
êîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Â.Í.Êàðàçiíà, Ñåðiÿ ¾Ìàòåìàòèêà,
ïðèêëàäíà ìàòeìàòèêà i ìåõàíiêà¿.

Ïîä ðóêîâîäñòâîì Èãîðÿ Äìèòðèåâè÷à âûïîëíåíî ñåìü êàíäèäàòñêèõ
äèññåðòàöèé (À.Ðåçóíåíêî, À.Ðåêàëî, À.Ùåðáèíà, Ò.Ôàñòîâñêàÿ, È.Ðûæêîâà,
Å.Íàáîêà, Ì.Ïîò¼ìêèí). Îí ñâîèì ïðèìåðîì âîñïèòûâàë â ó÷åíèêàõ ñàìî-
ñòîÿòåëüíîñòü â èññëåäîâàíèÿõ è, â òîæå âðåìÿ, âñåãäà áûë ãîòîâ ïîìî÷ü
ñîâåòîì.

Èãîðü Äìèòðèåâè÷ áûë ïðèíöèïèàëüíûì, îòêðûòûì ÷åëîâåêîì, çàìå÷à-
òåëüíûì ó÷åíûì è ó÷èòåëåì. Òàêèì îí îñòàíåòñÿ â íàøåé ïàìÿòè è ñåðäöàõ.

Êîðîáîâ Â.È., Ðeçóíåíêî À.Â., Ðåêàëî À.Ì., Ðûæêîâà È.À.,

Ôàñòîâñêàÿ Ò.Á., Õðóñëîâ Å.ß., Ùåðáèíà Â.À.
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ÄÓÁÎÂÎÉ ÂËÀÄÈÌÈÐ ÊÈÐÈËËÎÂÈ×
Ê ñåìèäåñÿòèëåòèþ ñî äíÿ ðîæäåíèÿ

19 èþëÿ 2016 ãîäà èñïîëíèëîñü 70 ëåò ïðîôåñ-

ñîðó êàôåäðû ôóíäàìåíòàëüíîé ìàòåìàòèêè, èç-

âåñòíîìó ñïåöèàëèñòó â îáëàñòè òåîðèè ôóíêöèé è

òåîðèè îïåðàòîðîâ, Âëàäèìèðó Êèðèëëîâè÷ó Äó-

áîâîìó.

Âëàäèìèð Êèðèëëîâè÷ ðîäèëñÿ â ã. Ïîëòàâå â

ñåìüå âîåííîñëóæàùåãî, øòóðìàíà äàëüíåé áîì-

áàðäèðîâî÷íîé àâèàöèè. Â 1963ã. ïîñëå îêîí÷àíèÿ

øêîëû â ã. Õàðüêîâå îí ïîñòóïàåò íà ìåõàíèêî-

ìàòåìàòè÷åñêèé ôàêóëüòåò ÕÃÓ. Ñ 4-ãî êóðñà îáó-

÷åíèå è ñòàíîâëåíèå ìîëîäîãî ìàòåìàòèêà ïðîõî-

äèëî ïîä ðóêîâîäñòâîì Ì.Ñ.Ëèâøèöà, âûäàþùå-

ãîñÿ ñïåöèàëèñòà ïî òåîðèè íåñàìîñîïðÿæ¼ííûõ

è íåóíèòàðíûõ îïåðàòîðîâ, êîòîðûé è ñòàë åãî

íàó÷íûì ðóêîâîäèòåëåì â àñïèðàíòóðå. Â 1972ã.

Â.Ê.Äóáîâîé çàùèòèë êàíäèäàòñêóþ, à â 2004ã. � äîêòîðñêóþ äèññåðòàöèè.

Â ðàçíûå ãîäû îí òðóäèëñÿ íà êàôåäðàõ ìàòåìàòè÷åñêîé ôèçèêè, ìàòåìàòè-

÷åñêîãî àíàëèçà, âîçãëàâëÿë êàôåäðó âûñøåé ìàòåìàòèêè ôèçè÷åñêîãî ôà-

êóëüòåòà. ×èòàåìûå èì êóðñû ïðîäóìàíû äî ìåëü÷àéøèõ äåòàëåé, à åãî ëåê-

òîðñêîå ìàñòåðñòâî âûñîêî îöåíèëî óæå íå îäíî ïîêîëåíèå ñòóäåíòîâ.

Âëàäèìèð Êèðèëëîâè÷ � àâòîð ãëóáîêèõ èññëåäîâàíèé â òåîðèè ìàòðè÷-

íûõ èíòåðïîëÿöèîííûõ çàäà÷ àíàëèçà, ñîçäàòåëü ïðèíöèïèàëüíî íîâûõ ïîä-

õîäîâ ê ðåøåíèþ ìàòðè÷íîé ïðîáëåìûØóðà, ê èçó÷åíèþ ðàññåÿíèÿ ïî âíóò-

ðåííèì êàíàëàì îòêðûòîé ñèñòåìû è ê èññëåäîâàíèþ ÿâëåíèÿ ïñåâäîïðîäîë-

æèìîñòè øóðîâñêîé ôóíêöèè.

Â àñïèðàíòñêèé ïåðèîä Â.Ê.Äóáîâûì áûëè îïèñàíû ñâîéñòâà ðåëÿòè-

âèñòñêè èíâàðèàíòíûõ îòêðûòûõ ñèñòåì. Åù¼ äî îêîí÷àíèÿ àñïèðàíòóðû, â

1971ã., ýòè âàæíûå ðåçóëüòàòû â âèäå íàïèñàííûõ èì äâóõ îòäåëüíûõ ãëàâ

áûëè âêëþ÷åíû Ì.Ñ.Ëèâøèöåì è À.À.ßíöåâè÷åì â èõ ìîíîãðàôèþ "Òåî-

ðèÿ îïåðàòîðíûõ óçëîâ â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ".

Âî âòîðîé ïîëîâèíå 70-õ ãîäîâ, îòâå÷àÿ íà ïîñòàâëåííûå Â.Ï.Ïîòàïîâûì

âîïðîñû, Âëàäèìèð Êèðèëëîâè÷ íà÷èíàåò öèêë èññëåäîâàíèé ïî ìàòðè÷-

íîé èíòåðïîëÿöèîííîé çàäà÷å Øóðà è íåïîñðåäñòâåííî ñâÿçàííîé ñ íåé òåî-

ðèè âïîëíå íåóíèòàðíûõ ñæàòèé â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ. Ñèíòåçèðóÿ

èäåè J-òåîðèè Â.Ï.Ïîòàïîâà ñ àïïàðàòîì, ðàçðàáîòàííûì Ì.Ñ.Ëèâøèöåì,

60
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Á.Ñ¼êåôàëüâè-Íàäåì è ×.Ôîÿøåì, Â.Ê.Äóáîâîé ïðåäëîæèë íîâûå ýôôåê-

òèâíûå ìåòîäû ðåøåíèÿ ìàòðè÷íîé èíòåðïîëÿöèîííîé çàäà÷èØóðà. Èì ââå-

äåíî ïîíÿòèå ïîäïðîñòðàíñòâà òèïàK, ïîçâîëèâøåå åìó äàòü êîíñòðóêòèâíîå

îïèñàíèå ðåøåíèé âûðîæäåííîé çàäà÷è Øóðà íåïîñðåäñòâåííî ïî äàííûì

çàäà÷è. Èì áûëè òàêæå óñòàíîâëåíû ñâÿçè ìåæäó àñèìïòîòè÷åñêèì ïîâåäå-

íèåì ðàäèóñîâ êðóãîâ Âåéëÿ â çàäà÷å Øóðà è ìàêñèìàëüíûìè îäíîñòîðîííè-

ìè ñäâèãîì è êîñäâèãîì, ñîäåðæàùèìèñÿ â ñîîòâåòñòâóþùåì âïîëíå íåóíè-

òàðíîì ñæàòèè. Íà ýòîì ïóòè áûëè ïîëó÷åíû ôàêòîðèçàöèè ïðåäåëüíûõ ðà-

äèóñîâ Âåéëÿ. Ïðè ýòîì îêàçàëîñü, ÷òî âíåøíèå ôóíêöèè, ïîÿâëÿþùèåñÿ â

ýòèõ ôàêòîðèçàöèÿõ è íàçâàííûå Â.Ê.Äóáîâûì äåôåêòíûìè, èãðàþò êëþ-

÷åâóþ ðîëü â òåîðèè ðàññåÿíèÿ ñ ïîòåðÿìè, êîòîðàÿ ðàíåå áûëà ïîñòðîåíà â

ðàáîòàõ Ä. Ç.Àðîâà.

Â 90-å ãîäû, ðàçâèâàÿ èäåè Â.Ì.Àäàìÿíà è Ä. Ç.Àðîâà â òåîðèè óíè-

òàðíûõ ñöåïëåíèé, Â.Ê.Äóáîâîé è ÑÑ.Áîéêî ïðåäëàãàþò íîâûé ïîäõîä ê

èçó÷åíèþ ðàññåÿíèÿ â ñèñòåìàõ ñ ïîòåðÿìè, ÷òî ïîçâîëèëî èì äàòü â îáùåì

ñëó÷àå àíàëèòè÷åñêîå îïèñàíèå ñóáîïåðàòîðà ðàññåÿíèÿ ïî âíóòðåííèì êàíà-

ëàì îòêðûòîé ñèñòåìû, êîòîðûé áûë ðàíåå ââåäåí Ä. Ç.Àðîâûì è èçó÷àëñÿ

èì â ñïåöèàëüíûõ ñëó÷àÿõ. Ïîçæå, â ñîâìåñòíûõ ðàáîòàõ ñ À.ß.Õåéôåöåì,

èìè áûë ïîëó÷åí ÿâíûé âèä ýòîãî ñóáîïåðàòîðà ÷åðåç ìàòðèöó ðàññåÿíèÿ

ñèñòåìû è å¼ äåôåêòíûå ôóíêöèè.

Âî âòîðîé ïîëîâèíå 90-õ ãîäîâ Ä. Ç.Àðîâ îáðàòèë âíèìàíèå Âëàäèìèðà

Êèðèëëîâè÷à íà áëèçîñòü åãî èññëåäîâàíèé ïî çàäà÷å Øóðà ê ïðîáëåìàòèêå

ïñåâäîïðîäîëæåíèÿ øóðîâñêèõ ôóíêöèé. Ýòî ïîñëóæèëî òîë÷êîì ê ðàçðà-

áîòêå èì íîâûõ ìåòîäîâ â òåðìèíàõ ïàðàìåòðîâ Øóðà, ïîçâîëèâøèõ ïîëó-

÷èòü ãëóáîêèå êðèòåðèè ïñåâäîïðîäîëæèìîñòè øóðîâñêèõ ôóíêöèé. Â ýòèõ

æå òåðìèíàõ ïîëó÷åí êðèòåðèé òîãî, ÷òî íåâíóòðåííÿÿ ôóíêöèÿ êëàññà Øó-

ðà ÿâëÿåòñÿ ðàöèîíàëüíîé. Ðàíåå, åù¼ â 1917ã., îïèñàíèå ïàðàìåòðîâ Øóðà

ðàöèîíàëüíûõ âíóòðåííèõ ôóíêöèé äàë È. Øóð â ñâîåé èçâåñòíîé ðàáîòå.

Â.Ê.Äóáîâîé ñîâìåñòíî ñ íåìåöêèìè êîëëåãàìè Á.Êèðñòàéíîì è Á.Ôðèòöøå

ïîëó÷èë òàêæå îïèñàíèå âàæíîãî â àíàëèçå êëàññà ìåð Õåëüñîíà-Ñåã¼ â òåð-

ìèíàõ ïàðàìåòðîâ Øóðà àññîöèèðîâàííîé øóðîâñêîé ôóíêöèè.

Â.Ê.Äóáîâîé � àâòîð áîëåå 50 íàó÷íûõ ðàáîò, íàó÷íûé ðóêîâîäèòåëü

êàíäèäàòñêèõ äèññåðòàöèé Ë.À. Ãàëñòÿíà (ñîâìåñòíî ñ Â.Ï.Ïîòàïîâûì),

Ñ.Í. Çèíåíêî, Ðàìàäàíà Ê.Ìîõàììåäà, Ñ.Ñ.Áîéêî. Èòîãîì åãî ñîòðóäíè÷å-

ñòâà ñ Á.Êèðñòàéíîì è Á.Ôðèòöøå ñòàëà ñîâìåñòíàÿ ñ íèìè ìîíîãðàôèÿ

"Matricial version of the classical Schur problem".

Âëàäèìèð Êèðèëëîâè÷ àêòèâíî ïðîäîëæàåò ñâîþ íàó÷íóþ è ïåäàãîãè÷å-

ñêóþ äåÿòåëüíîñòü. Ìû îò âñåé äóøè ïîçäðàâëÿåì åãî ñ þáèëååì è æåëàåì

íîâûõ òâîð÷åñêèõ óñïåõîâ.

ÀðëèíñêèéÞ.Ì., ÀðîâÄ. Ç., ÁîéêîÑ.Ñ., ÃîëèíñêèéË.Á., Äåðêà÷Â.À.,

ÄþêàðåâÞ.Ì., ÇèíåíêîÑ.Í., Çîëîòàð¼âÂ.À., ÊàöíåëüñîíÂ.Ý.,

ÊèðñòàéíÁ., ÊîðîáîâÂ.È., ÐóòêàñÀ. Ã., Ñàõíîâè÷À.Ë., ÔàâîðîâÑ.Þ.,

ÔðèòöøåÁ., ÕåéôåöÀ.ß., ßíöåâè÷À.À.
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