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Plasticity of the unit ball of ¢,

V.Kadets, O. Zavarzina

V.N. Karazin Kharkiv National University, Ukraine
v.kateds@karazin.ua, lesya.nikolchenko@mail.ru

In the recent paper by Cascales, Kadets, Orihuela and Wingler it is shown
that for every strictly convex Banach space X every non-expansive bijection
F : Bx — Bx is an isometry. We extend this result to the space ¢1, which is
not strictly convex.

Keywords: non-expansive map; unit ball; plastic space.

Kagenps B. M., Baapsina O. O. IlmacTuuHicTh OAMHUYIHOL KYJIi IIPOCTOPY
£1. Y wmemogasuiii crarri Kackameca, Kaneng, Opiyesn ta Binrnepa moka-
3aHO, IO y Gyah-SIKOMY CTPOTO OMYKJIOMY OaHaXOBOMY mpocTopi X KOKHA
mepo3raryioua Oiekiis F : Bx — By € i3omerpieo. Mu pO3HOBCIOIKYEMO
OTPUMAHUI Pe3yabTaT Ha TPOCTIp {1, IKWA HE € CTPOTO OIIYKJIUM.

Karowo6i ca06a: Hepo3TATyIOUe BiIOOPaXKEHHS; OJAUHUYIHA KyJisd; [LIACTUIHUN
IIPOCTIP.

Kagerr B. M., Basapsuna A.O. IlnacTuuHOCTh €JUHUYHOrO Iapa MpPo-
crpancrBa (1. B menasmeii crarpe Kackaineca, Kagera, Opuysast u Bunriepa
MMOKA3aHO, YTO B JIIOOOM CTPOrO BBIMYKJIOM OAHAXOBOM HPOCTPAHCTBE X KaxK-
Jas Hepactarupaiomasa oweknus F' @ Bx — Bx sBagercda m3omerpueii. Mbr
PaCIpOCTPAHSEM Oy YEHHBIH PE3YJIHTAT HA MPOCTPAHCTRO {1, HE SIBJISIONIEECS
CTPOTO BBIMYKJIBIM.

Karwuesvie cao6a: HEPACTATHBAIOIIEE OTOOPAKEHNE; e UHUIHBIN MTap; TIACTUY-
HOE MPOCTPAHCTBO.

2010 Mathematics Subject Classification: 46B20.

Introduction

Let E be a metric space. A map F' : E — FE is called non-expansive, if
p(F(x),F(y)) < p(x,y) for all z,y € E. The space F is called Fzpand-Coniract
plastic (or simply, an EC-space) if every non-expansive bijection from E onto
itself is an isometry. A metric space is called totally bounded, if for every € > 0
it possesses a finite e-net.

© Kadets V., Zavarzina O., 2016
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Satz IV of [3] or Theorem 1.1 of [6] imply that every totally bounded metric
space is an EC-space, but there are also examples of EC-spaces that are not
totally bounded. According to [2, Theorem 2.6|, the unit ball of every strictly
convex Banach space is an EC-space, so in particular the closed unit ball of an
infinite-dimensional Hilbert space is an example of not totally bounded EC-space.
On the other hand, there are bounded closed convex sets in an infinite-dimensional
Hilbert space that are not EC-spaces [2, Example 2.7].

It is a challenging question whether unit balls of all Banach spaces are EC-
spaces. The question is not easy, and a possible approach to it consists in checking
what happens with Expand-Contract plasticity of unit balls in classical spaces that
are not strictly convex. The list of such spaces includes C'(K), L1(Q, %, u), ¢1, co
and many others. In this short note we do just one step in this direction. Namely,
we demonstrate the EC-plasticity of the unit ball of ¢;.

Below, the letters X, Y are used to denote Banach spaces, and we consider
only real Banach spaces. For a Banach space X we denote by Sx and Bx the
unit sphere and the closed unit ball of X respectively. For a convex set A C X
denote by ext(A) the set of extreme points of A; that is, x € ext(A) if x € A and
for every y € X \ {0} either x +y € A or x —y ¢ A. A Banach space X is called
strictly convex if all elements of Sx are extreme points of Bx, or in other words,
Sx does not contain non-trivial line segments.

Recall also, that ¢; is the space of those sequences z = (x1,x2,...) of reals
which satisfy the condition Y 7, |z,| < oo. This space is equipped with the
norm [z = 52, [znl.

We conclude the introduction by listing four known results that we will use in
our proof. The first one is a part of |2, Theorem 2.3|.

Proposition 1 Let F' : Bx — Bx be a non-expansive bijection. Then, the
following holds true.

1. F(0) =0,
2. Fﬁl(Sx) C Sx.

3. If F(x) is an extreme point of the unit ball, then F(ax) = aF(x) for all
ac(0,1).

4. If F(x) is an extreme point of Bx, then x is also an extreme point of Bx.
5. If F(x) is an extreme point of the unit ball, then F(—x) = —F(z).
We will need also the following result by P. Mankiewicz [5].

Proposition 2 If A C X and B C Y are conver with non-empty interior, then
every bijective isomelry F': A — B can be extended to a bijective affine isometry
F:X->Y.
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Taking into account that in the case of A, B being the unit balls every isometry
maps 0 to 0, this result implies that every bijective isometry F': Bx — By is the
restriction of a linear isometry from X onto Y.

Another ingredient of our proof will be the Brower invariance of domain
principle [1] (see also the excellent exposition written by Terry Tao in his blog
https://terrytao.wordpress.com/2011/06 /13 /brouwers-fixed-point-and-invariance-
of-domain-theorems-and-hilberts-fifth-problem/ of the less involved proof by
W. Kulpa [4]).

Proposition 3 Let U be an open subset of R"™ and f : U — R™ be an injective
continuous map, then f(U) is open in R™.

The next easy proposition is surely not new, but we were not able to find it
in the literature. That is why we present it here with a sketch of the proof.

Proposition 4 Let X be o finite-dimensional normed space and V be a subset of
Bx with the following two properties: V is homeomorphic to Bx and V O Sx.
Then V = Bx.

Proof. Recall, that a topological space E has the fixed-point property (FPP for
short), if every continuous map f : F — E has a fixed point. According to
Brouwer’s fixed point theorem, Bx has the FPP, so V also has the FPP. Now let
us argue “ad absurdum”. Assume that V' # Bx. Then there is a point 9 € Bx \ V.
For every point x € V counsider the semiaxis L, = {xg + tx : t € [0,400)} and
denote P(x) the point where L, intersects Sx. Then P is a continuous retraction
from V onto Sx, so Sx is a retract of V. This leads to contradiction, because a
retract of a set with FPP must also have the FPP, but Sx does not have the FPP
(just consider the map z — —x).

The main result
Theorem 1 The unit ball of €1 is an EC-space.

Proof. Denote U the closed unit ball of ¢, and let e, = (0;p)ien, n = 1,2,...
be the elements of the canonic basis of ¢; (here, as usual, d; , = 0 for n # ¢ and
Onn = 1). It is well-known and easy to check that ext(U) = {£e,,i = 1,2,...}.
Now consider a non-expansive bijection F': U — U. Our goal is to demonstrate
that F' is an isometry.

Denote g, = F~'e,. According to item (4) of Proposition 1 g, is an extreme
point of U, so it is of the form One.,(,), On = £1. Moreover, by item (5) of the
same Proposition 1, m(ny) # m(ng) for ny # ng. This means that the sequence
(gn) is equivalent to the canonic basis of /1 in the following usual sense: for every

(ak) € 51
Zangn = Z ’an’

neN neN



https://terrytao.wordpress.com/2011/06/13/brouwers-fixed-point-and-invariance-of-domain-theorems-and-hilberts-fifth-problem/
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One more notation: for every N € N and Xy = lin{gy }x<ny denote Uy and 0Uy
the unit ball and the unit sphere of X respectively, i.e.

Uy = Zangn:2|an|§1 ,O0UN = Zangnzzmn\:l ,

n<N n<N n<N n<N

and analogously for Yy = lin{ey}y<ny denote Viy and 0V the unit ball and the
unit sphere of Yy respectively.
Claim. For every N € N and every collection {ar}r<n of reals with

12 nen angnl <1

F Z angn | = Z Ap -

n<N n<N

Proof of the Claim. We will use the induction in N. If N = 1, the Claim
follows from items (3) and (5) of Proposition 1. Now assume the validity of the
Claim for N — 1, and let us prove it for N. At first, let us prove that

F(UN) C Vn. (1)

To this end, consider x € Up. If = is of the form agy the statement follows
from Proposition 1. So we must consider z = SN a;gi, S |ai| < 1 with
SV M au| # 0. Denote the expansion of F(z) by F(z) = Y.°, yie;. For the

element N1
i Qigi
1= "&SN-1
Zi:1 |cvi
by the induction hypothesis

N-1
F(xl) e Zi:l @iCi

N—1 )
Zi:l |cvi

so we may write the following inequalities:

2= [P ,

_oN ’ <
lan]

N
F(zy) — Z yie;
i—1

N
anN
Z%ei - 7|a ‘eN
i—1 N
oo

— [P - F@)l + |Fe) = x| =2 3 Jud

] i=N+1
aN an
< 1P@) ~ @+ [P - P (2w )| < o =+ [l = 22000
‘aN’ ‘OJN‘
N-1 o N-1 N
J N
= o — N-1 +|OzN|+Z!ozj—l—aN—‘
j=1 > izt ol j=1 lan]

1
T« N-1
Zi:l |

)i oo )2
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This means that all the inequalities in between are in fact equalities, so in
particular Y 7%\ |yl =0, ie. F(x) = SN yiei € Viy and (1) is proved.
Now, let us demonstrate that

F(UN) D OVy. (2)

Assume contrary, that there is a y € OV \ F(Uy). Denote z = F~!(y). Then,
llz|| = 1 (by (2) of Proposition 1) and = ¢ Uy. For every t € [0, 1] consider F(tx).
Let F(tx) = Y, cnbnen be the corresponding expansion. Then,

=10 —ta| + [tz — =[] = |0 = F(tx)|| + || F(tz) -y

=2 [bal + || D bnenl|[+ [y = D buen|[ =2 [bal +1,

n>N n<N n<N n>N

S0 Y ,sn |bn| = 0. This means that F(tx) € Vy for every ¢t € [0,1]. On the
other hand, F(Uy) contains a relative neighborhood of 0 in Vi (here we use that
F(0) = 0 and Proposition 3), so the continuous curve {F(tx) : t € [0,1]} in Vi
which connects 0 and y has a non-trivial intersection with F'(Uy). This implies
that there is a t € (0, 1) such that F(tz) € F(Uy). Since tz ¢ Uy this contradicts
the injectivity of F'. Inclusion (2) is proved.

Now, inclusions (1) and (2) together with Proposition 4 imply F(Uy) = V.
Remark, that Uy is isometric to Viy and, by finite dimensionality, Uy and Vjy are
compacts. So, Uy and Vv can be considered as two copies of one the same compact
metric space, and Theorem 1.1 of [6] (which we mentioned in the beginning of
the Introduction) implies that every bijective non-expansive map from Uy onto
Vi is an isometry. In particular, F' maps Uy onto Vi isometrically. Finally, the
application of Proposition 2 gives us that the restriction of F' to Uy extends to a
linear map from Xy to Yy, which completes the proof of the Claim.

The remaining part of the proof is easy. The continuity of F' and the claim
imply that for every © = (zx)keny € U

[o¢] o0
F (Z xngn> = Z Tp€n = .
n=1 n=1

Consequently, ||z| = ZTOLO:1 |zn| = ”220:1 Tngnll = HF_I(fE)H

Acknowledgement. We are indebted to Boris Kadets for pointing to us the
references to the Brower invariance of domain principle.
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O perynsipusamnuy JUHEHHBIX MATPUIHBIX YPaBHEHNH

C. M. Yyiiko

Jonbacekutl 20cydapemeennsii nedazozuneckudl yHusepcumen,
84 116 Jloneyrasn o6a., 2.Carasanck, ya. Ienepara Bamioka, 19, Yepauna
chujko-slav@inbozx.ru

JIwHeliHble MATPUYIHBIE YPABHEHUS MHUPOKO UCTIOIB3YIOTCS B TEOPUH YCTOWYIM-
BOCTH [IBUKEHWS, TEOPUU YIPABJIEHWS, 8 TaKKE B 33a9aX BOCCTAHOBJICHUSI
n3o0pakenuii. B crarbe mpe/t0KeHbl OPUTHHAJIBHBIE YCIIOBUS PETYIISPU3AINH,
a TaKKe CXeMa HAXOXKJIEHUsI PelleHnil BO3MYIIEHHOIO MATPUYIHOTO YPaBHEHNU I,
B yacTHocTH, ypasuenus CuibBecTpa, B 00IIEM Ciaydae, KOrJa JIMHEHHBIN
MaTPUYHBIN omeparop L, COOTBETCTBYIOMKHE OJHOPOIHON 9acTH 0OOOIIEHHOTO
MaTPUYHOTO YPABHEHUS, HE MMEET 0OPATHOTO.

Karouesve caosa: marpuanoe ypasnenne CuiabBecTpa, MATPUIHOE ypAaBHEHNE
JIamyHoBa, ycioBUs Peryispu3aluu, MCeBI000PATHBIE MATPHIIHI.

Yyitko C.M. IIpo perynasgpusaiiio JiHIHIHUX MaTPUIHUX PIBHAHD.
JIimifini MaTpuYHi PIBHAHHSA MHUPOKO BUKOPUCTOBYIOTHCS B TEOpii CTifiKOCTi
PyXy, Teopil KepyBaHHs, & TAKOXK y 33/[a49aX MpO BiTHOBJIEHHS 300paKEHb.
Y crTarTi 3ampOMOHOBAHI OPWTIHAJBHI YyMOBH DETYISApPHU3allii, & TAKOXK CXe-
Ma 3HAXO/KEHHS PO3B’s3KiB 30yPEHOr0 MATPUYHOIO PIiBHSAHHS, 30KpPeMa,
piBasinaga CinbBecTpa, y BUNAJKY, KOJIU JiiHifHUE Marpuanuii oneparop L,
BiAMOBIHWH MO OMHOPIMIHOI YACTWHM y3araJbHEHOTO MATPUYHOTO PiBHAHHSI,
HEe Ma€ 0DEpHEHOrOo.

Karwuosi caosa: marpuune pisasaag CuiibBecTpa, MaTpuiHe PiBHAHHS JIdmy-
HOBa, YMOBH PEry/Isipu3ariil, mceBIo00epHeHa MAaTPHIIA.

S.M. Chuiko. On the Regularization of a linear matrix equations.
Linear matrix equations widely used in the theory of stability of motion, control
theory and signal processing. We suggest an algorithm for regularization of the
inhomogeneous generalized matrix equation and, in particular, the Sylvester
equation in general case when the linear matrix operator L, corresponding to
the homogeneous part of the linear generalized matrix equation, has no inverse.
Keywords: Lyapunov matrix equation, Sylvester matrix equation, conditions of
regularization, pseudoinverse matrix.

2000 Mathematics Subject Classification: 15A24, 34B15, 34C25.

(© Yyiiko C. M., 2016
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Jluneiinbie MATPUIHBIC YPABHEHWS, B YaCTHOCTU, MATPUYIHbIE ypaBHenus JIg-
mynosa u CuibBectpa |1, 2, 3, 4] mMUPOKO UCIOMB3YIOTCA B TEOPUH YCTOHIUBOCTH
JBuzKeHust 3, 5|, a rakaKe HpU PEIIeHUH KPAaeBbIX 3ajad s cucrem juddepe-
IaabHeIX ypasaenuit [6, 7, 8, 9]. B crarpax [9, 10, 11| upemroxkensl ycaoBus
PAa3pEIMMOCTH, & TaK¥Ke CXeMa TOCTPOeHMs YaCTHOTO pereHus ypaHeHus Jlsa-
nyHoBa. Vcroap3yst TEXHUKY TTCEBI00OPATHRIX MATPHUIL U TTPOEKTOPOB, HAMU TP/
JIOYKeHBI OPUTHMHAJILHBIE VCIOBUS PA3PENINMOCTH, & TaKyKe CXeMa HaXOXKIeHWS
ceMeficTBa, JTWHENHO HE3aBUCHMBIX PeIeHni HeOo HOPOSHOTO 000OIMEeHHOr0 MaT-
PUYHOTO ypaBHEHUS W, B YaCTHOCTH, ypaBHenusi CuyibBecTpa, B 0OIIEM CIIydYae,
KOT[Ta, JIMHEHHBIN MATPUIHBIH omepaTop L, COOTBETCTBYIONIN OJHOPOIHON TaCTH
0600IIIEHHOT0 MATPUIHOTO ypaBHeHUs He nuMmeeT obparnoro [10, 12].

ITocTanoBka 3aga4um

TTocTaBum ciieyroIyto 3a/1a4y: MOXKHO JIM MaJIbIMU BO3MYIEHUsAME obecrie-
YUTh Pa3pPelIuMOCTh JUHEHHOTO MATPUYHOT'O YDaBHEHUS

LX =A (1)

ats moboit mpasoit wactn A € R*9? Brecs £ @ RAXY — R — jrpmeiinblii
OTpAHWYEHHBIN MaTpuaHbiil dyukmmonana, X € RA*Y — neussecrnas MaTpHILA.

Ob6o3HauUM
By
{@]} € RBX’Y

j=1

ecrectennpiii Gazuc [13] mpocrpamcrea RA*Y. Oburee pemenme ypasmernus (1)

WITEM B BUJIE CYMMBI
)
— e A 1
X =) 0Ojc;, cjeR.

=

[Mocrennee BuIpaxkeraune npuBouT ypasaenue (1) xk Bumy

By

> [ﬁ@j} cj = A

Jj=1

Onpepenum oneparop M[A] : R™*™ — R™" kak oneparop, KOTOPbIH CTaBUT
B cooTBercTBHe Marpune A € R™*™ gekrop-cronten B := M[A] € R™™, cocras-
JIEHHBIH U3 1 cTosIOLOB MaTpulpl A, a TakxKe obparHblil oneparop [12]

v fe] s o e,

KOTOpBI# CTaBUT B cooTBeTcTBHE BekTOopy B € R™™ marpuiyy A € R™*™,
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Oupegenum MaTpHUIbL
Ty:=(1)eR™  Yy:=(1001)* R
T3:=(100010001)*cR™ ...
BekTop Y,, cocrout u3 m — 1 mMemoYKn BUIA
(100...0)" e Rm=Dx1

¥ 3aKaHYNBACTCS €IUHUIIEH:
Tm::<100...0 100..0 ... 100..0 1) e R™ XL,

Onpejenum rakxke Marpuiibl [12]

1| = |or| @neren, (o]
J J

m
— {5”} ERIXm;
j i=1

3reck 0;; — cumBoa Kporexkepa [13]. Cucrema (1) paBHOCHIBHA CieyFOIIeMy
YPaBHEHUIO

Qc= M[A] (2)

OTHOCHTEIbHO BeKTOpa ¢ € R¥A: 311ech

a-fB

Q:=>" { [Efﬁ] ® M[cej]}.

j=1 J

VYpasnuenue (2) paspenimo npu yciaosun [10]
Po- M[A] =0 (3)

U TOJIBKO IIPU HeM. 3/1eCh

P+ : R*? — N(Q")

— opromnpoekTop mMarpuiibl Q. [Ipu yciaoun Pg« # 0 6ynem roBopuTth, 9TO s
MaTPUIHOrO ypaHernust (1) umeer MecTo Kpuruiyeckuii caydaii, npm 3TOM ypaBHe-
mue (1) paspemmmMo JUIh U1t TeX HEOTHOPOIHOCTEH A, 11 KOTOPBIX BBITIOJHEHO
ycaosue (3).

OcHoBHO#1 pe3yabTaT
Taxum o6pazoM, mocTaB/JIeHHAS 3312493 PABHOCUIbHA CJAEAYIONIEH: MOXKHO JIH

B KPUTUYECKOM CJIydae MAJIBLIMU BO3MYITIEHUSMHU TTPUBECTH MATPUYHOE YypaBHE-
uue (1) obmiero Buma K HeKputHaeckomy caydato? [locteansia 3amada 0THOCHTCS
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K 33jiauam o peryssipusanun |6, 14, 16, 17]. Kak ussecrno [18], mobas (m x n)—
MaTpuia () B onpemeseHHOM 6a3mce MOXKET OBbITH IIPEJICTABICHA B BH/IE

Q=®-J -V, rank @ :=p; (4)

aaech @ € R™*™ y U € R™*™ — HeBBIPOKEHHBIE MATPHIIHI,

J = L, O )
O O
Paznoxkenuem (4) MOKHO BOCIIOIB30BATLCS TPU PEIEHNH 3aa9l O Perysaphu3a-
i MaTpraroTo ypasuerus (1). Bosmymenne matpuis Q 6yaeM nckaTh B BUIE

Q:=0+4+cReR (<< 1.

[To ompenenenuto ajnrebpandeckas cucrema (1) mpeacraBiisier HEKPUTHIECKUI
ciaydait mpu ycaosun Pg« = 0. O49eBuaHO, 3T0 yCJI0BHE PABHOCUILHO yPABHEHHIO

[Q+8R] . |:Q+€R:|+ =1L (5)

oTHOCUTEIBHO (Y0 X aff)— marputbl R. 3amerum, 9To ypasHenue (5) paspermmo
itk s Y0 = af, mbo vd < af. Jdeiicreurennao, mpeanonoxum ypasaeane (5)
IEepeoTIpeIeIeHHBIM: Y0 > a3, TIpH 3TOM

+
rank <Q—|—5R> (Q+ER> < rank <Q+€R> =

+
= rank (Q—i—aR) < aff <74,

YTO IIPOTUBOPEUYUT PABCHCTBY PAHIOB JICBON U IPAaBOl YaCTU ypaBHEHUS (5) ITpn
yeaosun 6 < aff ypaBHEHUE (5) nMeeT 110 MeHbIIeid Mepe OJTHO CEMENCTBO pellle-
HUMI

R:=& I, - T e RVO¥F, HJ:(g g) rank C := ~8 — p.

Takum 06pazoM, moCTaBIeHHAs 3a/a4a O PEryIapu3aiun ajredbpandeckoi cucre-
Mbl (2), paBrOCHiIbHAs ypasHenuto (2) ¢ (yd X af)— marpuneit Q, paspenmma
mpu yeaosum Y9 < af B BUIE

Q=0+¢cR, R:=0-1, T.

JlefCTBATENBLHO, B CHIIYy HEBBIPOXKIeHHOCTH Marpur, ® € R19X7 i § ¢ Rofxap
uMeeT MecTo paseHcTBo |13, 4.48|

rank @ = rank (J +¢ll;) = m,
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npu srom P« = 0, ciaenoBarensHo cucrema (2) ¢ marpureii () paspenmma s
MOOLIX IPaBBIX JacTeil. Takum o6pasoM, HallIEHO pelIeHne 3aJa9i O PEryIdp-
sanuu aaredbpandeckoil cucrembl (2), Npyu 9TOM 3aJa4a O peryjagapusanuu aares-
pamueckoil cucreMbl (1) MOXKeT GBITH IOCTABJIEHA JJisl JIUHEHHOrO MaTPUIHOIO
ypaBHeHNUs

LX = A (6)

31ech
LX =LX +cUXV;

snech U € RY*® — dukenposannasi nocrosinuas marpura u V € RO — pens-
BeCcTHas MOCTOsIHHAd MaTpuita. Obo3nadnm

B0
{Ej} S R6X6
Jj=1

ecrecTBennplil 6asuc [13] mpocrpancrsa RP*°. Hemspectnyo marpuiy V uimem
B BUJE CyMMBI

B-6
= 1
V:Z:jfj, ijR.
j=1
Jng maxoxaenus Koncrant &, j =1, 2, ..., B0 ucnonbsyem ypaBHCHHE

o

B-6
{M {uei > Ejgj} } = R.
j=1

=1

O6ozmauny marpuis O(Z;) € R19xeS
Q(El) = {M |:u@157,:|, ceey M[L{@,JBEZ} }, 1= 1, 2, aﬁ.

Bekrop ¢ € RP9 onpenensier ypasnenmue
Q-& = M[R], (7)
pazpemmnmMoe TOTJa U TOJBKO TOT/A, KOT/Ia

Po-M[R] = 0; (8)

By
Q= {M[Q(Ei)]}

=1

371eCh

— nocrostunast (afy0 X v)— marpuna, Po« — 0pTOIPOEKTOD:

Po- : ROP1OxaB9 _ N(Q*).
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[Ipu ycnosuu (8) ypasaenue (7) umeer 110 MeHbIIEH Mepe 0JJHO DelleHue
§= or. M[R]a

OIIpeAesIollee HEM3BECTHYIO MATPHUITY

Yy=mM"1

ot M[R}] .

Takwum 06pa3om, TOKA3aHO CIEAYIONIEE YTBEPIKICHIE.

Teopema 0.1 Mampuunoe ypasrenue (1) 6 xpumuseckom caysae (Pox # 0) ne
PABPEWUMO 0AA NPOU3EOALHOT neodnopodnocmu A € R, ITpu yeaosuu (8) u
v9 < aff dan Purcuposarnnot mampuyn U € RY** u npoussoavrozo € € (0, &),
€ K 1 sosmywenue dynxyuonanra L :

LX :=LX +cUXV

npuBodum K MaAMpPuuHoMy ypasuenuto (6), paspewsumomy 0 A106uT NPasHLT “a-
cmeti. 3decw

V=mMm"

ot M[R}] .

B amom cayuae ypasnenue (6) umeem r := f—q — Napamempuueckoe cemeticmeo
pewerul
X(e) = @[Al(e) + Ve ], (9)

i DAJ(e) = Ml{Qwuﬂ} Vler] i= M [PQTCT]'

3decvy QT — ncesdoobpamman (no Mypy-Ilenpoysy) mampuua,
Po: RF7IT4N@), Por: R¥ = N(Q)
— OPMONPOEKMOPHL MAMPUY,
Q=0Q+cR, R:=0 -1I;-¥

u Q. Mampuua Pp, cocmassena u3 1T AUNEUHO HE3AEUCUMBT CMOAOUOE
mampuysi-opmonpoexmopa Pg.

Teopema 0.1 sBastercst 06001IEHTEM COOTBETCTBYIOMNX pe3y/asTaToB [19] Ha
cJIydail MaTpUYHbIX YpaBHEHUI.

IIpumep 0.1 Mampuunoe ypasrenue obuseeo suda

LX =A (10)
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He Pa3Peniumo OAA NPOU3BOMHOT Heodnopodrocmu A € RY™4: zdece

( sint cost ),

o= /27r U)XV ()dt, Ut) = ~
0 s

sint cost sint cost
V(t) ;== | sint cost sint cost
sint cost sint cost

EcrectBennbii 6azuc npocrpancTsa R2X3 cocTaBiIsioT MATPUIIEL

1 00 0 0 0 0 00
o (10 ) e (200 e (000,

Knrouesast nipu uccienosanun ypasaenus (10) marpuna

@)

Il
SO = O =
_ o = O
S = O =
—_ O = O
O = O =
_ o = O

ompeJieisier opronpoekTop Po+ # 0, mpu srom jyist ypaBaenust (10) uMeer mecto
KPUTHYeCKnil caydaii, ciemosarensno ypasuenne (10) me paspemmmo st mpo-
U3BOJILHOI HeogHoponuocTn A € R4, Marpuma Q MoxeT GBITH IIpeICTABICHA
B BHUJIE

Q=®-J -V, rank Q) =2;

3716Ch

101010
1000 010101
0110 010000
*=11001 ] Y“|looo100]|
0100 100000
000010

100000

;_|lortoooo

~“loo0oo0oo00o0

000000
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10000O0OO0OO0OOO®O0OOQ 0
00010O0O0O0O0O0OGO0OTGO
000O0OO0OO0O1O0O0OO0OTO0®O
000O0OOOOOTO0OT1TO0T® O
000O0OO0OOOOO0OTO0OO0®O
000O0OOOOOTO0OTO OO 0O
000O0OOOOOO0OO OGO 0O
000O0OOOOOTO0OTO0OT® 0O
01000O0O0OO0OO0O0OO0OO
000O0O1O0O0OO0OO0OTO0OTO OGO
000O0OO0OO0OO0O1O0O0OGO0OT®O
000O0OO0OOOOO0OOT1S®O

000O0OO0OO0OO0OO0OO0OO0OGO0OT®O

000O0OO0OOOOTO0OTO OO 0O

000O0OOOOOTO0OTOTO 0O

000O0OO0OOOOTO0OTO OO 0O

0010O0O0O0OO0OO0OTO0OT® OGO
000O0OO0OT1TO0OO0OO0OO0OO0®O

000O0OOOOOT1TTO0T® 0O

00 0O0O0OO0OO0OO0OOO0OTO0T1

000O0OOOOOTO0OTO OO O0®O

000O0OO0OO0OO0OOO0OO0OGO0OTO

000O0OOOOOTO0OTO OO 0®O

000O0OO0OO0OO0OO0OO0OO0OGO0OTO

(1 0). HeussecrHblii coMHOKHUTENb V) OLpeiessieT MaTpHia

Honoxum U :

Ionoxum

R: =0 -1I; -,

Q= Q+eR,

rae

000 O0O0O
000 O0O0O
000O0T1OQO0 |

000 O0O0T1

[Ipu srom ycmosue (8) BormosiHerno. Takum o6pa3oM, HAXOIUM MATPHILY

HJiZ

o O o
S O -
— O O

S o O

KOTOpas OPUBOJUT K MATPUIHOMY ypaBHeHHi0 (6), paspermmmomy Jisi JoObIX

IPaBbIX YaCTeu; 371eChb

LX =LX +cUXV,
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JLJI KOTOPOTO

1010 1 0
e1o01 0o 1
@=1101011e0

0101 0 1

— MaTPUIA MOJHOTrO paHra Jyisa npoussosabHoro € € (0,e0], € < 1. Tosoxum

A=(1010), ec,e0€R)

[IPU 3TOM DEIeHre BO3MYIIEHHOIO MATPUIHOTO ypaBHeHUs (6) mMeer BU

0 1 0
X_<201—02 —+2c0 —c1— ¢ )

Jlokazanmuast TeOpemMa, MOYXKeT OBIThH MCIOIb30BaHA TPH pemrennn auddepen-

UaIbHBIX ypasHenuii Pukkaru u Beprysmin [9, 20|, mpu perrennn TUHEHHBIX Kpa-
eBbIX 3314 JJIsk MaTpuYHbIX auddeperimanbHbix ypapraennii [7, 8, 21|, a rakxe
B T€OpHUH yCTOWUMBOCTH JBUKeHus |3, 4, 5, 22|. [losydentble pe3yabraTsl aHATO-
rugso [23, 24| MoryT 6bITH nepeHecenbl Ha 06OOIIEHHBIE YDABHEHWS, COJepIKaIIye
HEU3BECTHBIE MATPHUIILI PA3TUYHBIX PA3MEPHOCTEN.
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nmapcrBennoro ouAa QyHIAMEHTAILHBIX ucciaemoBanmii. Homep rocymapcrsen-
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Explicit solution of the time-optimal control problem for
one nonlinear three-dimensional system

S. Yu. Ignatovich

V. N. Karazin Kharkiv National University
Svobody sqr., 4, 61022, Kharkiv, Ukraine
ignatovich@ukr.net

The time-optimal control problem for the system @, = u, i = 11, i3 = 2}
is considered. Explicit formulas for finding optimal controls are given. The
explicit solution of the optimal synthesis problem is obtained.

Keywords: nonlinear control systems, time optimality, explicit solution.

Irnaropuu C.FO. SIBHMiIT po3B’d30K 3amadl MIBUAKOMII JJId OXHOL
HeJIHIAHOI TPUBUMIPHOI cucTemMu. Po3risgaerbes 3a/1a4a WBUAKOII J1Jisd
CUCTEMU 1 = U, To = X1, T3 = x:{’ Jlarorhest sBHI (hOpMYIN 1151 3HAXOIIKEHHS
ONTUMAJILHUX KepyBaHb. OTpUMAHO SBHUI PO3B’SI30K 3a7adl ONTUMAaJIHLHOrO
CUHTE3Y.
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Introduction

The time-optimal problem is one of the most investigated optimal control
problems. Different approaches were developed which give a description of optimal
controls. However, in the general case an answer hardly can be obtained in an
explicit form. So, for the simplest linear time-optimal control problem

© Ignatovich S. Yu., 2016
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Pr=wu, Fi=xi_1, 1=2,...,n u®) <1, z(0)=2° z(#) =0, 6 — min,
in the case n = 2 the well-known explicit solution directly follows from the
Pontryagin Maximum Principle [1]. However, for n > 3 the answer is much
more complicated and entirely non-obvious. Specifically, the Pontryagin Maximum
Principle says that any optimal control equals +1 and has no more than n — 1
switchings, however, it does not give a direct way for finding the optimal time and
switching moments. The analytical solution of this problem was obtained in [2]. It
was shown that for an arbitrary initial point 20 the optimal time is a root of one
of two special polynomials of degree $n(n+2) for even n and 1(n+1)2 for odd n
with coefficients depending on z°. So, for n = 3 equations of degree 4 should be
solved. Moments of switching can be found also as roots of certain polynomials.

For nonlinear systems the solution can be much more complicated; in
particular, singular controls may occur. In [3], as an example, the time-optimal
control problem for the system &y = u, &9 = z1, 23 = m% was considered and
the explicit solution was given. By arguments essentially using the concrete form
of the system, it was shown that the optimal control (if exists) takes the values
+1, —1, 0 and has no more than two switchings.

Generally, it is an interesting problem to find classes of systems for which
time-optimal controls can be described more or less explicitly. In the paper [4]
one of such classes was presented, namely, the class of dual to linear systems,

1 = u, z.‘i:Pi(:L‘l)>2.227"'7717
where Ps(x1),..., Py(x1) are linearly independent real analytic functions of one
variable such that P»(0) = --- = P,(0) = 0. We emphasize that such systems

are non-controllable w.r.t. the first approximation for n > 3. It was shown that a
time-optimal control is piecewise constant and takes the values +1, —1 and 0 only.
Moreover, for any initial point 2° # 0 and any optimal control u(t), z € [0,5],
steering 2¥ to the origin (if exists) there exists a function

P(z) = =0 — VY2 Pa(z) — -+ - — ¥ Pu(2), (1)

where g > 0,1, ..., 1, are real parameters, 1/134—@[1%%—- --+12 > 0, such that the
first component of the optimal trajectory (t) satisfies the following properties:

— P(Z1(t)) > 0 for t € [0, 0]; hence, 71 (t) belongs to the connected component
of the set {z : P(z) > 0} containing the point z = 0;

—if ¢ is a switching moment for u(t), then Z1(f) is a root of the function P(2);

— if t is a switching moment for u(t) such that u(t +0) = 0 or u(t — 0) = 0,
then 71 (%) is a multiple root of the function P(z);

— any value can be taken by the function Z1(¢) no more than twice when
t € [0, 0], except of the value 0 which can be taken for three times if 2§ = 0.

These properties essentially reduce the set of possible optimal controls. In
particular, if P;(z1) are polynomials, the number of switchings can be estimated.
As an example, in [4] the following time-optimal control problem was considered,

Ty =u, T3 =1, T3 = SC?, ‘U(t)| <1, QZ(O) = ‘Toa ‘T(Q) =0, 6 — min, (2)
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and all controls satisfying the above-mentioned conditions were described.
Nevertheless, the questions remained whether all these controls are realized as
optimal ones and whether an optimal control can be non-unique for some points.

In the present paper we give the complete solution of the time-optimal control
problem (2). It turns out that all possible types of controls mentioned above are
realized as optimal ones. Unlike the linear case, optimal controls and the optimal
time can be found by ezplicit formulas. For each of such controls we describe the
domain where it is optimal. We give the solution of the optimal synthesis problem,
i.e., describe the domains where the optimal control equals +1 and —1, and the
surfaces where it equals 0. Also, we describe surfaces where the optimal control is
non-unique. In Sections 1-3 we consider all possible optimal controls in the case
29 > 0 only; for 2§ < 0 the solution can be obtained by symmetry arguments. In
Section 4 we sum up the results and briefly consider the case z{ = 0.

1. Optimal controls

First, let us discuss the results of [4] in connection with the particular
problem (2). For a given z°, denote by 6, w(t), Z(t) the optimal time, an
optimal control, and the corresponding optimal trajectory. Let us introduce the
Pontryagin-Hamilton function H = tqu + 1x1 + 132} and consider the dual
system

Y1 = —thy — 3hsal, =0, h3=0, (3)

hence, 19 and 13 are constants. According to the Pontryagin Maximum Principle,
there exist numbers ¢y < 0, b2, 13 and a function ¢y (t) satisfying (3) such that
Ug + 93 + 93 + (Yi(t))* # 0 for t € [0,0] and

(4)

-~

u(t) = sign(¢1(t)) a.e. for all ¢t € [0, 5] such that ¢ (¢) # 0,
Yo+ [P1(t)] + 2T (t) + 33 (t) = 0 for all ¢ € [0,6].

In particular, we get 13 + %3 + 93 # 0. Now we introduce the function (1); for
this example it equals a (nontrivial) polynomial

P(2) = —tpg — thoz — 132°, (5)

then (3), (4) imply

i (t)] = P(@1(t), 4n(t) = P'(F1(t)), t € [0,6]. (6)

In particular, it follows that Z;(¢) belongs to the connected component of the set
{z: P(z) > 0} containing the point z = 0.

If 91 (t) = 0 identically in some segment (71,72), then (6) implies that z;(t)
equals a root of P(z) for t € (11, 72). However, P(z) has no more that three real
roots, hence, 71 (t) equals one of them, Z;(t) = const, therefore, U(t) = Z1(t) = 0
for all ¢t € (71, 72). (Moreover, due to (6), 1(¢) should equal the multiple root
of P(z).) The question arises whether the set of roots of ;(¢) may have more
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complicated structure (for example, include convergent sequences of isolated roots
or some nowhere dense subsets of positive measure). R

It was proved in [4] that the answer is “no”. More specifically, for any ¢ € (0, 0)
there exists € > 0 such that 11 (t) keeps its sign on the intervals (¢ — ¢,%) and
(t,t + ¢); for the points ¢ = 0 and ¢ = # the same is true with the intervals (0, ¢)
and (5—5, é\) (Here we assume sign(0) = 0.) Clearly, this implies that the optimal
control u(t) is piecewise constant and can take the values +1 and 0 only.

In our example, let us consider all possible functions P(z) of the form (5)
for all (nontrivial) sets of parameters ¢g < 0, ¥2, 3. Since the coefficient of 22
vanishes, a relation between roots arises. Fig. 1-4 show all four possible types of
P(z) admitting optimal controls with at least two switchings (controls with no
more that one switching can be regarded as partial cases, so, we do not consider
them separately).

P(2) / P(7)
AN/

[= Z | z,\
Fig. 1. Function P(z) of type 1, Fig. 2. Function P(z) of type 2,
21+29+23=0 221+ 29 =0
P(z) P(z)

NS 2\ [ 2

Fig. 3. Function P(z) of type 3, Fig. 4. Function P(z) of type 4,
z1+22+23=0 21 +220=0

It was shown in [4] that any nonzero value can be taken by Z;(¢) no more
than twice. Let us illustrate the reason for this by an example. It is convenient to
draw z1(t) instead of u(t). Suppose a control u(t) taking values +1 steers some
point 2° to the origin in the time 6 and assume that 21(¢) has the form shown
in Fig. 5 (a). Then z1(¢) takes the value p for three times. Due to very special
form of the system (2), x2(0) and 23(0) equal the area under the curves —x;(t)
and —x3(t) respectively. Now, let us successively transform z1(t) as is shown in
Fig. 5 (b) and (c); obviously, the mentioned areas are the same as in case (a),
hence, the corresponding controls also steer z° to the origin in the same time 6.
However, the control of case (¢) cannot be optimal since four different vales p;,
2, [3, pa cannot be roots of a function of the form (5).
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x, (z)

Fig. 5. Transformation of non-optimal trajectory; graphs of x;(t)

2. Domains of solvability

Below we describe all possible controls compatible with the requirements
mentioned above for the case 2§ > 0. For the sake of briefness, we omit the
upper index of 20, i.e., we write x; instead of x?. We use the notation

1.2 1.4
S11 =y — 571, S =x3— 777,

1.2 1,4
S = wo + 577, S = x3+ 777,

Case 1 corresponds to P(z) of type 1 (Fig. 1), the control is of the form

1 iftel0,t),
w(t) =4 —1 ittelh,b), (7)
1 ifte [t2,9].

The graph of z1(t) is shown in Fig. 6.

25
20
3 15]
104 P
1
3 4 5 6
%
2
Fig. 6. Graph of z(t), case 1 Fig. 7. Intersection of the domain Dy

and the plane z; = 1; P, = (%’ %)
Denote z1(t1) = A, x1(t2) = —B, then
A=m+h>m, —B=wz+t—(la—t)=21+20 -1 <0

Let z1 < 0 < 292 < z3 be the roots of the function P(z) (Fig. 1), then A = zy,
B = —z. Since z1 + 22 + 23 = 0, we get —z1 = 29 + z3 > 229, therefore, B > 2A.
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Integrating the equations d2(t) = x1(t) and i3(t) = x3(t) on the time interval
t € [0,0] and taking into account the conditions x2(6) = z3(f) = 0 we get

—:vgz—%:r%—i-AQ—BQ and —ax3= —le 1A4 1B4.

Thus, in this case

Sp = B2 — A2, A2—%—*S117
28y = B — A%, & B? = 2 4 15,
AthBZQAv AZ$17B22A

Let us study the solvability of this system. If S;; < 0, then B? < A2, which
contradicts the requirement B > 2A. Hence, S11 > 0, therefore, the solvability
conditions are

S1 >0, S1 >0,
% 1511 > 22, & 2891 — St > 27511, (8)
P4+ 181 > 4(8 - $5n), 6521 — 557 < 0.

This system implies 5(223511 + S3) < So1 < Sn, hence, #3511 < £5%. This
gives .CCl < S11, which is equivalent to zg > .CCl Substituting the expressions
for S11 and 521 to (8), we get the solvability domaln for case 1, i.e., the domain
in which the control of case 1 exists:

. 7.2 5 11,4
Dl: {xeZ DEE x2+ .%'1(132—71'1 <$3< x2_6$1$2+24331

For any point x € D; the switching moments and the time of motion can be found
explicitly by the formulas

tle—xl, t2:2A+B—CL‘1, 0:2A+2B—CL‘1, (9)

521 1 521 1
B=/—+45511. 1
=1\ S0 5511, 5, + 5511 (10)

Case 2 corresponds to P(z) of type 2 (Fig. 2), the control is of the form

where

-1 ifte0,t1),
u(t) — 0 ifte [tl,tg),
1 ifte [t2,9].

Denote —A = x1 —t1 = z1 and B =ty — t1, then 1 < 29 = —227 = 2A. We have

—T9 = — A2 - AB and —ua3= 1A4 A%B
Then
Sio = A2 + AB, A* — 2815 A% + 255 = 0,
Sap =AY+ A’B, & B=52_ A

A> 1z, B>0, A>1lz, B>0.
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204
x (1
|
x, 10
tl B t2 ]
\ [
\ |
\ [ P
K T " 3
0 2 4 6
%
2
Fig. 8. Graph of x1(t), case 2 Fig. 9. Intersection of the domain Dy
and the plane 1 =1; P, = (_%’ _312)

The equation A* — 251942 + 2855 = 0 has real roots iff d = S%Q — 2559 > 0,
and then A2 = S15 +Vd. However, B > 0 iff A2 < Si9. Hence, the minimal root
should be chosen, A2 = 512 — Vd. The condition A > %ml can be rewritten as
A2 =815 —d>1 :vl, which is equivalent to a pair of inequalities S0 — 4:U1 >0
and (S12 — 1351) > d. Substituting the expressions for S1o and Sag, we get the
solvability domain for case 2:

2 1,2 5 4 1,2 , 1,2 1.4
{w To > — 4:131, 1T1T2 — 32x1§x3§§x2+§m1x2—§x1}.

Then

th=A+x, to=A+B+x1, 0=2A+ B+ 21, (11)
where g

A=1/S1s—Vd, d=5%—25, B_%—A (12)

Case 3 also corresponds to P(z) of type 2 (Fig. 2), the control is of the form

1 ifte [0 tl)
. -1 ifte [tl,tz),
ut) =9 if t € [ta, t3),
1 ifte [t3,9]

Denote A = 21 +t1 = 29 and B = t3 — to, then

—Ty = —%:L‘% + %A2 — %AB and —x3= —%x% + %A4 - %A?’B

The solvability conditions are
Sii=31AB - 342 9A% — 8811 A2 + 3255 = 0,
So1=1A’B-1B4Y & B=21 434,
A>zq, B>0, A>z1, B>0.
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2.5

0_
X
3
r o -2.5]
|
_5_
2 0 2 4 6
i
2
Fig. 10. Graph of z(t), case 3 Fig. 11. Intersection of the domain D3

and the plane z1 =1; P3 = (%’ %)

To analyze the biquadratic equation 94% — 8517 A% + 32551 = 0, let us introduce
the function f(z) = 922 — 85112 + 32551; then A? is a (positive) root of f(z).

(a) If So; < 0, then the function f(z) has one non-negative root. Hence, the
biquadratic equation has one non-negative root (the maximal one). The condition
A > x1, which can be expressed as A2 > 22, is equivalent to

f(zH) <0 < 9z] — 851123 4 3255, < 0. (13)

If S11 > 0, then the condition B > 0 is obviously satisfied. If S1; < 0, then
this condition can be expressed as A% > —%SH and is equivalent to

F(—3511) €0 9(—3511)°—8511(—3511)+3251 <0 < 557,465 < 0. (14)

otherwise; recall that if S;; > 0, then only condition (13) should be required.
Hence, the solvability domain in case (a) is

We note that condition (13) implies (14) if 27 > —%5’11, and (14) implies (13)

. 1.4 5.2, 5.2 1.4 : 1.2
{o: 23 < qat, w3 < —2a3+ 2afwy + g7 if wg < —gai,
1.2 5.4 - 1.2
T3 < XTIy — 35T if 1o > —3x7 }

and

tle*l‘l, tQI%A*SL‘l, th%A+B*IL‘1, 0:3A+B*{L‘1, (15)

2 .
Azgm, d= S} — 185y, B= i%gA. (16)

(b) Let Sa1 > 0. If S1; < 0, then the function f(z) has no nonnegative roots,
therefore, the biquadratic equation has no real roots. If S;; > 0, then f(z) has

where
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nonnegative roots iff d = Sfl — 18551 > 0. The condition B > 0 is obviously
satisfied. The condition A > 1 will be considered later.

Now, suppose the equation 94* —881; 4243255, = 0 has two different positive
r00t8 Apmazr > Amin > x1. Let us compare the corresponding times of motion 6,42
and 0. For both values (15) holds, hence,

9
Omin = jAmin A — 21, Omaz = QAmaa: A I1.
min max

Since A2 . and A2

man max

Therefore, O > Omage iff

are different roots of f(z), we have %SH = A2+ A2

mazx min -

%A2 + 2511 gAgnax + 2511 3A2 . 4+ A2 342 + A2

min 2 min max max min

2 A 2
Amin Amaz Amin Amax ’

which is equivalent to the obvious inequality (Amaz — Amin)® > 0. Thus, Opmnin
cannot be the optimal time. This means that the maximal root of the biquadratic
equation should be taken, A = A4z, therefore, in this case (15), (16) hold as
well. The condition A% = %(Sn +Vd) > 22 implies S11 > 0 and is equivalent to

927 —S11 <0 or d> (327 —Si)? & 921 —8Sn17] + 3252 < 0.

We note that d > (%x% — 511)2 implies d > 0. Thus, the solvability domain in case
(b) is

1 . 11

< Zm%xg - %az‘f if 29 < zx%,

1 1 1 . 11

r3 < 1—856% — Eﬂ?%l‘g + Tgfll if a9 > Zaz%}.

Combining the obtained results, we get the solvability domain in case 3

— . 5.2 4 5.2 1.4 : 1,2
D3 = {:L’ tox3 < —3T5 + griTe + 5577 if 29 < — 377,
1.2 5.4 1.2 11,2
r3 < qrimy — gpay U — g <@ < Fag,

1.2 1.2 19 4 : 11,2
3 < 1573 — fgiTe + et if 22 > Fail.

The time of motion and switching moments are found by formulas (15), (16).
Case 4 corresponds to P(z) of type 3 (Fig. 3), the control is of the form (7).
Using the notation of case 1, we have

Snsz—Az, A2:%_%Sllv
2551 = B* — A%, & { B?=2 415,
A>x, A>2B >0, A>x, A>2B>0.

If S;1 > 0, then B? > A2, which contradicts the requirement A > 2B. If
S11 < 0, then the solvability conditions are

S11< 0, 2891 + 53 <0, S11 <0, 289 < 5%,
% - %Sll > x%a = 2591 < S%l + 2%%511,
21— 151 > 4( + Su), 551 + 6521 > 0.
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Fig. 12. Graph of z(t), case 4 Fig. 13. Intersection of the domain Dy

and the plane 1 =1; Py = (_%’ _%)

Notice that these conditions imply S1;1 < —%x%. Notice also that in this case

—S2 < 82, +2228y; iff S11 < —z?. Substituting the expressions for S1; and So1,
we get the solvability domain for case 4:

. 1,2 5.2 5
Dy={x: za < —zaf, a3>—ga3+ 67102 + 3171,
1.2 4 2
r3 < 5902 + Jadwy + ol if wo < —1a3,
1 1.4
vy < 573 + gaiwy — gay if xp > —gai}

and the time of motion and switching moments are found by (9), (10).
Case 5 corresponds to P(z) of type 4 (Fig. 4) with the control of the form

1 if t €10,t1),
u(t) =4 0 if t € [t1,t2),
-1 ifte [t2,9].

Denote A =21 +1t1 = 290 and B =ty — t1, then

—xy = —%x% + A2+ AB and —ua3= —%:c‘ll + %A‘l + A®B

Hence,
511 =A% AB, Al + 2511142 — 2521 = 0,
So1 = —3A*— A*B, & B=-31_4
AZ{ELBZO, AZI’l,BZO

The biquadratic equation A*+2517; A%2—285,=0 has real roots iff d:S%1+2Sgl >0,
and then A2 = —S;; + v/d. However, B > 0 iff A2 < —S;,. Hence, the minimal
root should be chosen, A2 = —S;; — v/d. The condition A > z; can be written
as A2 = —S1; — Vd > 22 and is equivalent to S11 + 2% < 0 and d < (S11 + 29)%
Therefore, the solvability domain is

2
:{x: xgg—%:pl, 2 2+ xla:2+ x1<x3<x1x2+4x1}
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2
Fig. 14. Graph of z(t), case 5 Fig. 15. Intersection of the domain Ds
and the plane x1 =1
In this case
tle—xl, thA—l-B—aZl, 9:2A+B—$1, (17)
where s
A=1\/-S —Vd, d=5%+25,, B:—%—A. (18)

Case 6 corresponds to P(z) of type 4 (Fig. 4) with the control of the form

1 ifteo,t),
u(t) = 0 ifte [tl,tg),
-1 ifte [tg,g].

Denote A = x1 — t1 = 29 and B = t9 — t1, then
—T9 = %m% +AB and —a3= ix‘f + A3B.

If A=0or B =0, then o = —%x% and x3 = —ix%; obviously, for this point the

optimal control has no switchings and equals —1. Below we assume A > 0 and
B > 0. Then

Slgz—AB, A2:%>
522:_A3Ba ~ B:_%7
0<A<uz, B>0, 0<A<uz, B>0.

The solvability domain equals
2 2 4 4
D¢ = {x T2 < _%551, T1T2 + ixl <z3 < —%ml},
and in this case

tlzl’l—A, tQZSUl—A'f-B, 0:$1+B, (19)
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Fig. 16. Graph of z(t), case 6 Fig. 17. Intersection of the domain Dg
and the plane x1 =1

S22 S12
A=/22 p=_22 2

Case 7 corresponds to P(z) of type 4 (Fig. 4) with the control of the form

where

1 ifte [O,tl),
0 ifte [tl,tg),
-1 ifte [tg,tg),
1 ifte [t3,0].
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Fig. 18. Graph of x1(t), case 7 Fig. 19. Intersection of the domain D7
and the plane 1 =1; P5 = (_7’ _T)

Denote A = x1 +t1 = 29 and B = t5 — t1, then
—Ty = —%x% — 3424+ AB and —a3= —ix‘ll - %Azl + A3B.
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Hence,
S11 = 342 — AB, 9A* + 2511A2 — 28551 = 0,
So1 =241 - A°B, = B =51 434,
AZ.%'l,BZO, Ale,BZO

Analogously to case 3, we introduce the function f(z) = 022 4+ 25112 — 259
(a) If Sa1 > 0 then f(z) has one non-negative root. The condition A > x,
which can be expressed as A2 > 22, is equivalent to

f?) <0 & 927 +2827 — 289 <0. (21)

If S11 < 0, then the condition B > 0 is obviously satisfied. If S1; > 0, then the
condition B > 0, which can be expressed as A% > %SH, is equivalent to

f(%Sn) <0 & 9(%511)2 + 2511(%511) — 2521 <0 & 55%1 — 6521 <0. (22)

Condition (21) implies (22) if 23 > 1511, and (22) implies (21) otherwise; if
S11 < 0 then only (21) should be required. Thus, the solvability domain in case (a)

is
{z: 23> %l‘%, T3 > Thwg + %xf‘ it 29 < %x%,
5.2 5.2 11,4 - 7.2
T3 > gr5 — gTiT2 + 5y if wo > §x1},
and the formulas for switching moments and the optimal time are

th=A—-x1, to=A+B—x1, t3=4A+B—x1, 0=6A+ B — x1, (23)

S
Azém, d=Sh +1850, B=-"1 +3A, (24)

(b) Let So1 < 0. If S1; > 0, then the function f(z) has no nonnegative roots.
If S11 < 0, then f(z) has nonnegative roots iff d = 5%, +18S; > 0. The condition
B > 0 is obviously satisfied.

Suppose the equation 9A4% +2571 4% —255; = 0 has two different positive roots
Amaz > Amin > 1. Let us compare the corresponding times of motion 6,,;, and
Omaz- For both values (23) holds, then

where

9A2 . — S1q 9A2 .. — Su1
0. . — min o 0 _ max B )
min A Ty, mazx Ao X1
Since A%, and A2, are different roots of f(z), we have —2S1; = A2, + A2 ..
Then 0,5 > Omaz iff
942 . — S11 9A2 — S11 3A2 . -+ A2 3A2 + A2 .
min > max @ min max > max min ,
Amin o Amax Am'm - Amax

which is equivalent to (Aae— Amin)® > 0. Hence, 0,4, cannot be the optimal time
and the maximal root of the biquadratic equation should be taken, A = A, 4z-
The condition A% = %(—Su + \/&) > 22 implies S1; < 0 and is equivalent to

91‘% +51 <0 or d> (Qx% + 511)2 = 956‘31 + 251156% — 259 <0.
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The condition d > (922 + S11)? implies d > 0. Therefore, the solvability domain
in case (b) is

: 2, 1 4 2
{z: 3 < g2, z3>— 181:2 —|— Tg¥iT + 72x1 it 29 < — 3:1,
T3 > rimy + x‘ll if x9 > — 12735%

Combining the obtained results, we get the solvability domain in case 7

— . 1,2, 1 4 _17.2
Dr={z: z3>-— 18x2 —|— kTiTo + 72£U1 if 1y < —5a7,
T3 > xlxg + Lot if — a2 <y < a2, (25)

5 11,4 7
r3 > 2 :cz—ga;la:g—i—mxl if xo > 52 1}.

The time of motion and switching moments are found by (23), (24).
Case 8 corresponds to P(z) of type 4 (Fig. 4) with the control of the form

-1 ifte [O t1>
B 0 ifte [tl, tg)
WO =N 1 it e [toty),
1 ifte [tg, 0]
P
1
x (1) 5
X
1
A= Y3
} | I o 0
tl B 1‘2 I P4
| P
5
24— "
-10 -5 0 5
%
2
Fig. 20. Graph of z;(t), case 8 Fig. 21. Intersection of the domain of

solvability Dg and the plane x; = 1

Denote A = x1 —t1 = 29 and B =ty — t1, then

—T9 = —4A? + AB  and —a3= —8A*+ A®B
If A =0, then B = 0 and, therefore, x5 = —%m% and 3 = —%x‘ll; for this point
the optimal control equals —1. Below we require A > 0. Then
S19 = 4A2% — AB, 4A* + SleQ — S99 =0,
Sy = 8A% — A3B, & B=-512 444,

0< A<z, B>0, 0< A<z, B>0.
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Analogously to the cases 3 and 7, we introduce f(z) = 422 + S92 — Sa9.
(a) If S9o > 0, then f(z) has one non-negative root. The condition A < z; is
equivalent to
fz3) >0 <& da]+ Sppx? — Sy >0. (26)

If S12 <0, then the condition B > 0 is satisfied. If S1o > 0, then B > 0 iff
f(%Slz) <0 & 4(%512)2 + Slg(%Sm) —599 <0 & S%Z — 2559 < 0. (27)

Conditions (26) and (27) imply S12 < 4z%. Hence, the solvability domain in
case (a) is

4

{z: —i2] <ay <afwy+ af, 23> Lol + Lafey — Lo if — Jaf <2y < Iaf}

and
tlle—A, t2=.%'1—A+B, t3=x1+2A+B, 0:x1—|—4A+B, (28)

where

S
A=\[§(=S+Vd), d=5hH+165n, B=-"F+44.  (29)

(b) Let S22 < 0. If S12 > 0, then the function f(z) has no nonnegative roots.
If S12 < 0, then f(z) has nonnegative roots iff d = S%, 4+ 16522 > 0. The condition
B > 0 is satisfied. Now we consider the condition A < z1. Suppose the roots of
the equation 44% + S12A4% — Sog = 0 are Apin < Amaz.

(b1) First, let us consider the case when A% . < 22 < A% . which is

equivalent to f(x?) < 0; this inequality implies S1o < 0. Then we get the condition

S99 < 0 and lei1 + 5121‘% — 59 <0 < 1‘1.7;2 + 7 17 4 <z3 < — %7

which implies o < —%azl Analogously to (28), the time of motion BOgmin

corresponding to Ay, equals Ogmin = 8 Amin — 12 + x1. It is easy to see that in
this domain the control corresponding to case 6 ex1sts the time of motion g can

be found by (19), (20). Let us show that 6g,,in > 0s. Since Afnm+A2max = 4512,
A% A2 — —%Sgg, we get

min‘-maxr

8A2 . +4(A2. + A2

min ma:c) + T 4 min

3A2 . 4+ A2

9 ' _ m’LTL max
8min = Amm L= Ami’n T
16(A2,, + A2,..)° \/(A%“n * Aaa)’
Og = 'n;zn 5 +x1=4 + 71
AmznAmaac AminAmaz
Hence, Ogmin > 0p iff
3AZ,, + A2 \/ (Aiin + A’
min max min e (3A?nzn + A%n,aaj) A?nax (A72nm + A’znam) °

Amin AminAma:c
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This is equivalent to the obvious inequality A2, (642, A2 ~+3A% —A%. )>0

Thus, the control in case (bl) cannot be optimal. In Fig. 21 and in formula (30)
we do not indicate points satisfying case (bl).

(b2) Now let us consider the case when A2, = $(—S12 4+ vd) < 2%, which is
equivalent to a pair of conditions 8z% + S12 > 0 and d < (822 + S12)?. Let Ogmax
be the time of motion corresponding to A;.q.. As above, we have

2 2 2 2
Osmin = 4M +x1,  O8maz = 43Amax = Amin + 1,

Amin Amax

50, O8min > Osmaz is equivalent to (Ayez — Amin)® > 0. Thus, the maximal root

A = A4 should be chosen. The solvability domain in case (b2) is

. 17 .2 12 4 17
{1:. Fr] S w2 < —5xf, w3 < — xl, :103<3:2:101—|-43:17

2 _ 1.2 17 4
T3 > — 16:1;2 162102 — g1 l1ys-
Combining the obtained results, we get the solvability domain in case 8 (recall
that we do not include points corresponding to the case (bl))

.o _17,2 4
DgZ{l'. - 22 <<t xl, 3<m1x2+ o,
12 1.2 17,4 1,2
x3 > _El‘? 16:r11:2 gir1 if @o < —5a7, (30)
xr3 > 5 1a3 + 1:1:62 - %x‘ll it x9 > —facl}

The time of motion and switching moments are found by (28), (29).
3. Overlapping solvability domains

In this section we analyze the solvability domains which overlap.
Cases 2 and 3. The domain where both controls exist is

_ ) 1,2 1.2 5 4 1.2 1 19,4
D273—{l’. To > GxY, [T1T2 — 3507 S w3 < 305 — 18x1$2+721‘1

(see Fig. 22). The times of motion # and 03 for cases 2 and 3 can be found by
(11), (12) and (15), (16). Let us introduce the function F' = 63 — 69, i.e.,

F( ) 6511+ 3 — 1859 2519 — \/S — 2599 9. (31)
\/511 + /5% — 185y \/512 — /8%, — 259

Then 69 = 05 iff x belongs to the surface

Myg = {x: zy > Lai, Jatws — o] < a3 < ka3 — fafey + Hai, F(z) =0}
and for any point z € Dy 3 one has 6y < 03 iff F'(z) > 0.
Our nearest goal is to show that the surface M>3 has a unique point of

intersection with any vertical line with fixed 1 > 0 and zo > %x% To this

end, let us fix any 1 > 0 and zo > 14137% and suppose xz runs through the
segment [Z3min, T3maz| = [%x%xz — %x‘f, 11893% 118:1:1m2 + 72301] Then
S12 2511
O = O2(x3) = A+ —— + 71, O3 = O3(x3) = §A3 + —— — 1,

A2 Ad
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where

Ay = Ay(x3) = \/512 —\/S%, — 280, Az = As(z3) = 3\/511 + /5% — 18551.

~

By O(x) we denote the optimal time for the point z; it is continuous as a
function of x, what follows from [5].

First, consider the lower bound, i.e., £3 = Z3min. Let us notice that for points
x5 = (21, T2,235), where 235 = T3min — 0 with § > 0, the control of case 2 does

~

not exist and the control of case 3 is optimal. Then 6(zs5) = 03(x35). We notice
that the function 03(x3) is continuous. Hence,

~ ~

03(3min) = %ig(l) 3(x3,5) = (%ig(l] O(xs5) = 0(xo), where xo = (1,22, Z3min),

which implies 03(x3min) < 02(23min). Analogously, for the upper bound we get
02 (x3max) < 93(x3m(zm)-

Notice that Sp; and Sis are constants while Sy and Sge are increasing
functions of x3. Hence, As increases and A3 decreases (as functions of x3). Since
A% < S19, we see that Ay decreases as function of As. Analogously, A% > %Sn
implies that f3 increases as function of A3. As a result, both functions 69 and 63
decrease as functions of 3.

Let us introduce the functions

. 271‘3 . 27%3
ha(z3) = Oa(x3) + 27\/5—%17 hs(x3) = 0s(x3) + 2\/5—%7
and show that ho(x3) decreases and hs(zs) increases. To this end, we find their

derivatives. Since /5%, — 2529 = — (A3 — S12), we get
00 00y 0As S12 —2 1
4As(

dxs  9Ay dry \& A% AZ—Sp) 243

and analogously

09280y i 4

vy 0A3 Oxz \2 A2 6A3(%A§ - Sn) A3
Hence,

Oha(x3) 1 27 Ohs(x3) 4 27

dus | 2A3ws) 258, Oz Alws) | 2v/sh

Then
algg?’) <0 & 945(z3) < S & 13 < 5h5(6823 + oz, — 181af).

However, x3 < %x% - 1—183:%1'2 + %x‘f for x € Do 3 and

2 2 4 2 2 4 2 11,2
Las— Lafwo+ Dal < 55 (6823 +4atzs —181]) & (w2 +4x7)(z2— LFat) >0,



38 S. Yu. Ignatovich

which is true for x € Dy 3. Hence, %827(?3) <0, i.e., ho(x3) decreases. For hs we
have
oh /
;(x3> >0 < 914%(1‘3) > 4511 s 4 S%l — 18521 > O,
T3

. . . h . .
which is obvious. Hence, 0 §£§3) > 0. i.e., hg(x3) increases. As was shown above,

O2(z3min) > 03(3min) and 03(3maz) > 02(3maz ), hence,

h2(x3min) > h3(m3min) and h3($3maz) > h2($3mar)'

Thus, there exists a unique point Ts € [Z3min, L3maz] Such that ho(Z3) = hs(Z3)

or, equivalently, 05(Z3) = 05(Z3) for any fixed 21 > 0 and zo > a2,

2,
_20_
M
1.5 2,3
i =301
X
3 3 Pﬁ
1,
-404
P
3 Ms, .
0.57
: : : : -50+ ; . :
3 4 5 6 -40 =30 -20
X X
2 2

Fig. 22. Intersection of the domain Dy 3 Fig. 23. Intersection of the domain Ds 7
and the surface M 3 and the surface Ms 7
with the plane z; =1 with the plane z; = 1;
Ps = (ca, o+ 1) = (—36.175, —35.925)
Cases 5 and 7. The domain where both controls exist is

. 17,2 1.2, 1.2 17,4 2 14
Dsy={z: 22 < —H a1, —{523 + 32122 + 321 < 23 < 2172 + 321}

These conditions imply zo < r2?, where r = (—177 — 6v/2) ~ —16.98528. Denote
the corresponding times of motion by 05 and #7. Formulas (17), (18) and (23),
(24) imply

0 2811 — /5%, + 259 R —6511 + 3/ S% + 185y
5= — &1, 7= -
\/_Sll IV 5121 + 2521 \/—511 + \/ 8121 + 18521

Hence, 05 > 07 iff

(=251 — /Sy +2521)° o (=651 +3 S7) +18521)° (32)

—S11 — /5% + 28 —S11 + /53, + 18591
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Let us write down this relation in an explicit form w.r.t. x3. Taking into
account that in Ds7 the inequalities S11 < 0 and S2;1 < 0 hold, we denote

1+18% < land w=,/1+2% = 142 +8 < 1. Then (32) reads

2 2
Sll Sll

2—w S 6+ 3v
VIi—w 1+

Substituting w? 911 +8 g, we get the equivalent inequality

& (2—w)*(1+v) > (6+3v)* (1 —w).

9w (902 + 320 + 32) > —v® + 80v? + 280v + 280;
its both sides are positive for 0 < v < 1. Hence, we get
9(v? + 8)(9v? + 320 + 32)? > (—v> + 80v? 4 280v + 280)2,
which is equivalent to
(910 + 4860° + 73602 — 584)(1 +v)% > 0.

The function 91v* + 4860 + 73602 — 584 increases as v > 0 and its unique
positive root equals v; ~ 0.71826. Hence, (32) holds iff v > vy. Substituting the
expression of v we get that (32) holds iff So1 > ¢15%, i.e., w3 > iﬁJrCl (:pg—%x%)Q,
where ¢1 = 1—18(11% — 1) &~ —0.026895. Due to the definition of the domain Ds 7,

this condition implies c¢j(xy — %1:%) < 22z or, equivalently, 75 < cox?, where

cy = HHAtVIT2a o 3617491,

Thus, 951 = 07 iff x belongs to the surface

Ms7={x: 22 < Cox?, T3 = iZL'le +c1(xg — %x%)2}

and for any point € Ds 7 one has 07 < 05 iff 3 > ix‘f + c1(xe — %x%)Q
Cases 6 and 8. The domain where both controls exist is

2 4 17,4
Dg g = {:c ——:J[:1 <a2 < —fznl, ry < — 4£U1, z3 < 23wo + 171
2 1.2 17 4
T3 > — 16x2 162122 — 5a%1s-
Let us compare 03 = 0Osmae, and 0g. We use the arguments and notation of

case 8 (bl). Namely, let 0 < A2, < A% be the roots of the equation

min

f(Z) = 422 + S122 — S22 = 0. Then 0 < g iff

2 2 (A% + Afa)?
3Amaz + Amm \/ 3A2 +A2

= ( max min
Ama:r Amzn Amaa:

)2A2 A%mn—’_Azna:p) ?

m'm—(

which is equivalent to the inequality 642, A2 +3A% Al < 0.Substituting

expressions for A2, and A2 . and taking into account that Sjo < 0 and Sz < 0,
we get that 0g < g iff

S2, — 1655y < —28121/ 52, + 165y < 25652, — 9657529 — 351, < 0.
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This condition is equivalent to the inequality Soo > k182, or, what is the same,
vy > — 1] + ky(z2 + 523)%, where ki = 1:(3 — 2V/3) &~ —0. 0290064 Due to the
definition of the domam De g, this condltlon implies k (z2 —|— 12)? < wo2? +

or, equivalently, zo > kox?, where ko = 1= k1+2vk3+16k % — % —5. 118802
Thus, g = 0g iff x belongs to the surface
Mgg = {x: koal <o < —1ai, 33 = — 1ot + ki (22 + $27)%}

and for any point x € Dg g one has 0g < g iff 23 > —ix‘f + k1(x2 + %x%f

0_
104
x3 201

_30,

- 404

Fig. 24. Intersection of the domain Dgg Fig. 25. Intersection of the domain Dg 7
and the surface Mg g and the surface Mg 7
with the plane x; = 1; with the plane ;1 =1

Pr = (kg, ko + 1) ~ (—5.119, —0.869)

Cases 6 and 7. The domain where both controls exist is

4 4
Dgr={z:a35<— 1:1, x3>x1x2+4m1 if :1;2<mc1,
2, 1 4 17,2
T3 > — 18a32 + 181’1562 + 729:1 if ra? <29 < — 5T
3>x1x2+ (L’ll —1—72<x2<—7 }

where r = —% — 6v/2 ~ —16.98528 was introduced above. The times of motion
0 and 607 for cases 6 and 7 can be found by (19), (20) and (23), (24). Let us
introduce the function G = g — 07, i.e.,

S3 —65 3/S%, + 188
P12 11 + 11 + 21 +2 1

522 \/—511 + /5% + 18S9

then 0g = 07 iff & belongs to the surface

G(z) = (33)

M7:{aj: ziTo + a:1<x3< :Cllf C2x1<$2<7”$1,
HERAT I 4 17,2
18362 + 1grize + 72x1 <z3< —fxl if ref < ap < —Hai,

xlxg + 7 Tpd <a3 < — x‘ll if — 12730% < xg < ko2,

_0}
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and for any point x € Dg 7 one has 67 < 6g iff G(z) > 0.

Now we study this surface in detail. Let us fix any 21 > 0 and x5 < —%x% and
suppose z3 runs through the segment [23,,in, —ifﬁ‘l‘), where 3y s given by the
description of the domain Dg 7. First let us consider the lower bound, x3 = Z3min.

(a) If 29 < 722, then asgmm = x1x2+ 1x1. For these points usmg (17) (18) one
easily finds S%; 42521 = (22 —|— 72)?, hence 05 (x3min) = gf + 2361. On the other
hand, Soo = Si22?, hence, by (19), (20) we get Og(T3min) = —% + %xl. Thus,
05(23min) = 06(T3min)- Using the results obtained above for the domain Ds 7, we
get

—if @9 < cox?, then 96(373mm) = 05(x3min) > 07(T3min);

—if cox? < w9 < ra:l, then Og(z3min) = 05(3min) < 97(x3mm)

(b) If ra? < 2o < — 2 a:l, then T3min = —11—830% + 118331372 + 72x1 As above, we
consider points x5 = (21,22, x35), where x35 = T3y, — 0 with small 6 > 0. For
points x5 the control of case 7 does not exist and the control of case 6 is optimal,
ie., g(a:(;) = 0g(x3,5). Due to continuity of 6 and 6, we have

o~

06 (23min) = %ig(l) O(23,5) = %ig(lj 0(xs) = 0(x0), where xg = (21,29, T3min),

therefore, O6(x3min) < 07(T3min)-

(c) If —1—7:1:% < x2 < —g:cl, then z3min = xlxg + Lzt For these points
So1 = Szt + :L'l, hence, S% + 18521 = (S11 +922)%. Slnce S11+ 922 > 0, using
(23), (24) we get O7(z3min) = m +1 xl On the other hand, Say = S1o2? + 427,
therefore, S%, + 16522 = (S12 +8:z:1) Slnce S12+8x2 > 0, using (28), (29) we get
Os(x3min) = “ +1 xl Thus, 07(z3min) = 08(T3min). Using the results obtained
for the domam D6 8, We get

—if k‘Q.%'l < x9 < — :El, then 97(:E3mm) = Hg(xgmm) < 96($3mm)

—if T9 < k2x17 then €7(x3mzn) = 08(3737717,77,) > HG(xSmm)-

Thus, we get the following relations.

- If 0275% <ap < ka%a then 06(x3min) < 97(x3min)- (34)
—If 13 < coz? o1 koa? < 12 < —%x%, then 07(x3min) < 06(T3min)-

Now let us study 6¢(x3) and 67(x3) as functions of z3 € [Z3min, —ix‘f). By
(19), (20) and (23), (24),

53 S
06 = O6(z3) = 1| S;z + 1, 07 =07(x3) =9A7 — z‘Tl?l — 11,

A7 = Aq(x3) \/ Si1 44/ SE + 18591.

Since S11 < 0 and S12 < 0 are constants while Se; < 0 and Sa2 < 0 are increasing
functions of x3, we see that 0g(x3) and Az(z3) increase. However, 942 > —Syq,
hence, 07(z3) also increases.

and
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Let us introduce the functions

27.7}3 27:63
2/-55 2/-55

and show that hg(z3) increases and hr(x3) decreases. We have

8h6(x3) . \/—5:132 _ 27 6h7(3c3) 1 27

h6($3) = 06($3) — h3($3) = 97(-T3> -

Hence, ah7(x3) < 0iff A7 > £/=S11 which is obvious. Thus, h7(z3) decreases.

3h6$(x3) > 0 iff 9592 + 511512 > 0 or, what is the same,
x5 > —§(23 +221). If € Dg 7, then the inequality x5 > — ka3 + Lafzs + ot
holds. Moreover, 118$%—|- 118x1x2+ %g:p% > —7(;1;24_2;31) for any z1, z2. Therefore,

. Oh,
T3 > —%(1‘% + 22%) in Dg 7, hence, %;’33) > 0.

Thus, hg(rs) increases and hr(x3) decreases and, besides, relations (34) imply
that

For h6(1’3) we have

—if 621,‘% < a9 < k’gl‘%, then hG(xdmin) < h7($3mm),
—if 29 < CQIL’l or k?gxl < Ty < — :IZ%, then h7($3mm) < hﬁ(xgmm).

Concerning the upper bound, we have hg(r3) — 400 as x3 — —%x‘f while
h7(—%21) < +oo. Therefore, we obtain the following result.
— If 29 < 222 or kox? < 29 < — 1:1, then h7(z3) < he(xs), and therefore,
97(.%’3) < 96(1‘3> for all z3 € [xgmm, }lxil)
~ If cor? < w9 < kox?, then there exists a unique point T3 € [Z3min, —%x‘f)
such that h6(§3/3) = h7(§3) or, equivalently, 96(%’3) = 07(53)
In other words, if x € Mg 7, then czx% <z < k:gx% Moreover, the surface
Mpg 7 has a unique point of intersection with any vertical line with fixed x; > 0

and 023:% <9 < kigﬂ?%.
4. Time-optimal controls

Combining the results obtained above we formulate the explicit solution of
the time-optimal control problem (2). Suppose a point x with z1 > 0 is given. In
order to set the point to a certain case, one has to check all the conditions from
the list corresponding to this case; they are collected in Table 1. The optimal time
and the optimal control are found by explicit formulas depending on the case.

Recall that ¢ = %8(1)% —1) ~ —0.026895, where v is the unique positive root

of the equation 91v* + 48613 + 73602 — 584 = 0, ¢y = FATVIF2 36 17491,

2c1
k1= 15(3 = 2v/3) & —0.0290064, kp = FFREEHON = 5 — S~ 5118802,
and r = (—1f — 6v/2) ~ —16.98528; the functions F(z) and G(z) are given by

formulas (31) and (33). Fig. 26 shows the intersection of the plane z; = 1 with
domains where controls corresponding to cases 1-8 are optimal.
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Case 1: Ty > % 2 and %x% + %x%xz — éx% <zx3 < %x — %Jrlxg + 2430‘11
(1,—-1,1)
Case 2: xy > —32% and 123 v} <ay < i3+ ladas — o
. 2 Z 734 142 — 321—3 2 142 7 g1
1 1 1
(—1,0,1) if 2o > 22 then 23 > 18:17% 18m1$2 + 72331 or F(z) > 0.
Case 3: if xg < —7951 then z3 < — ac2 + [Ell‘g + 2495‘11,
(1,-1,0,1) | if =123 <2y < L2 then 25 < ia:%:z:g — 2af
1
if x9 > a2 then vy < 1523 — Lalzy + Pat and F(z) < 0.
Case 4: g < —fml and 333 —*$2 + 5$1m2 + 4:£‘1L,
(1,-1,1) 1f — 12} < 29 < —1a? then a3 < 132 + 131172 — 1,
if 25 < —12% then z3 < —Ja3 + Laday +
Case 5: 9 < —fxl and —fx2 + *:EISCQ + *551 <z3 < x%xz + ix‘ll,
(1,0,—-1) if 5 < cp2? then x5 < 121+ c1 (22 — 223)%

Case 6: cort <y < —5951 and x5 > z3z9 + le,
(-1,0,—-1) |if CQ.Z’% < w9 < ra? then G(x) <0,
if ra? < 2o <—112? then 23 <— 181'2—1—183:11'2—1—723:1 or G(z)<0,
if —3l2? <y < k:gacl then x3 < xlxg + Lzt or G(z) <0,
if kox? S To < —ixl then z3 < fle + k1(xo + §$1)2-
Case T: if 29 < coz? then 3 > %x‘f + c1(xe — %:L‘%)Q,
(1,0,-1,1) | if co2? < @ < raf then z3 > —1af
or x3 > Towi + %xff and G(z) >0,
if ra? <y < —g;v% then x3 > —l rf
or xg > — 183:2—1-183:13:2—1— T2} and G(z)>0,
if — 12733% < 29 < kox? then x3 > —fx‘ll
or x3 > ZL'll'Q + Hm‘f and G(z) > 0,

if kopw? < w9 < I fa% then z3 > afzs + x‘ll,
if 29 > I 22? then x5 > 2 223 — %mlxg + %}Lx‘f
Case 8: kox? < x5 < %1:1 and z3 < 2319 + 1?7:701,
(=1,0,—1,1)] if kot <y < —lx% then zg > —lafll + kl(xg + 32%)2,

f—fxl <z <! Ta? then x5 > 23 + :clxg éx‘ll

Table 1. Description of optimal controls for points with 1 > 0

Also, we obtain the solution of the optimal synthesis problem, i.e., describe
the optimal control as a function on x. To this end, we take into account that the
controls of cases 1, 3, 4, 5, 7 begin with +1 and the controls of cases 2, 6, 8 begin
with —1. The value 0 corresponds to limit cases (between cases 5 and 6, between
cases 7 and 8). There exist surfaces for which both values +1 and —1 are possible;
they are described by the equations F(x) = 0 and G(z) = 0 (between cases 2
and 3, between cases 6 and 7). Fig. 27 shows the solution of the optimal synthesis
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problem, namely, the intersection of the plane 1 = 1 with the domains in which
the optimal control as a function of x equals +1 or —1. The intersection with
surfaces corresponding to the value 0 are drawn by dotted lines; the intersection
with surfaces where both values +1 and —1 are possible are drawn by bold lines.
Let us show that the rest part of the border (drawn by thin lines) corresponds
to the value —1. In fact, the upper thin curve separates cases 1 and 2 and the
lower thin curve consists of two segments: one segment separates cases 8 and 4
and the second segment separates cases 2 and 3. At all these points A = x1 where
A corresponds to cases 1, 4, and 3 respectively, hence, at these points u = —1.

X X
2 2
Fig. 26. Optimal controls Fig. 27. Optimal synthesis
on the plane 1 =1 on the plane z1 =1

For the points with z1 < 0 we use the symmetry arguments. Namely, let us
solve the time-optimal control problem for the point —x; suppose u(t, —x) is the
optimal control and #(—zx) is the optimal time. Then the optimal control and the
optimal time for the initial point equal u(¢,z) = —u(t, —x) and 0(z) = 0(—=x).

Finally, let us find optimal controls for points with z; = 0. In this case the
analysis of possible types of control is shorter since cases 6 and 8 are impossible.
Since x1 = 0, controls of cases 1, 3, 4 and 7 can be chosen in two forms; as an

example, two forms of the control of case 3 are shown in Fig. 28.

Fig. 28. Graph of z(t) for two variants of the optimal control of case 3

Moreover, domains corresponding to cases 1 and 4 are symmetric to each
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other; the same holds for cases 2 and 5 and for cases 3 and 7. We notice that,
from the point of view of the synthesis problem, in these cases the both values
+1 and —1 are possible.

Arguing analogously to the previous sections, one can find the domains in
which controls corresponding to these cases exist, and analyze the overlapping
domains. We give the final answer only, see Table 2, Fig. 29 and Fig. 30.

Case 1: | 22 > 0 and 23 < z3 < 223

Case 2: | z9 > 0 and —clmQ <axg<i :1:2,

Case 3: | if 29 > 0 then 23 < —01:132, if 29 <0 then z3 < —%:v%.

Case 4: | 2o <0 and — 223 < 23 < —1a3.

Case 5: | 290 <0 and —fx2 <z < clx%

Case 7: | if 9 <0 then x3 > cle, if zo > 0 then z3 > 5 %

Table 2. Description of optimal controls for points with 1 =0

2 2
Fig. 29. Optimal controls Fig. 30. Optimal synthesis
on the plane 1 =0 on the plane 1 =0

Example. As was shown above, for some points there exist two different
optimal controls. As an example, let us consider the point x with ;1 = 1 and

xo = —8, then — 2 xl < a9 < l{:gxl (recall that ko ~ —5.12). Let us find x3 so
that 65 = 67. To this end We solve the equation G(z) = G(1,-8,z3) = 0 on
the interval z3 € [vzs + Yaf, —1at) = [ 22, —1) and get 23 ~ —1.879. For

this point both controls of cases 6 and 7 are optimal. Fig. 31 and 32 show the
components of the optimal trajectories corresponding to these optimal controls;
the time of motion equals g = 07 =~ 17.092.

Acknowledgement. The author is grateful to Sergey Shugaryov for
attracting her attention to system (2).
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204

(1] [m=—x,(1) — x,(1) — 500

[—x () —x(1)

Fig. 31. Components of the optimal Fig. 32. Components of the optimal
trajectory for the point trajectory for the point
xr = (1,-8,—1.879), case 6 x = (1,—-8,—1.879), case 7
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Teopun ympaBageMOCTH B TOCTETHEE BPEMS TTOCBATIIEHO MHOTO paboT, HO 60Th-
Masi 9acTh W3 HUX MOCBAIMIEHA O0OBIKHOBEHHBIM YPABHEHUSIM; a W3 YPaBHEHHI C
YJaCTHbIMU IIPDOU3BOAHBIMU PACCMATPUBAIOTCA, B OCHOBHOM, YPDaBHCHUA MaTEMa-
TudecKoit bu3uKM, HAIIpuMep, — BoHOBOE |1, 2].

B mammoii craThe paccMaTpUBAETCST obujee AUHETHOE YPAGHEHUE 6 YACTHBLT
NPOUSBOIHVLT IGONOUYUOHHO20 MUNG, 8 TaKKe JIMHEHHBIE CUCTEMBI W JTOKA3bIBa-
ercst 0-yIIpaBiseMOCTb B TPOCTPAHCTBE OecKoHeUHO MudhepeHInpyeMbIX OBICTPO
yOBIBarOux OyHKIWi.

PaccvoTrpum cienyiotmiee nudepennnaibHoe ypaBHeHTE

%g;’t) —PpP (ng) w(z,t) + u(z,t), (1)

rae x € Rt € [0; T], a dyuxiuu w(-,t) u u(-, t) — u3 npocrpancrea JI. Hsapia
S mpu mobbx t € [0; 7).

Onpenenenne 1. Ypasuenwe (1) masesaercs 0-ynpapisieMbIM Ha OTPE3-
ke [0; 7] B mpoctpancTBe S, ecau s joboit dyukmum p(xr) € S cymecrByer
KyCOYHO-HeNpepbiBHOE 110 ¢ ynpasienue u(-,t) € S, Takoe, 4ro pelieHue ypas-
Henwst w(-,t) € S muast Becex t € [0;7] ynoBieTBOpsieT HATATIBHOMY YCJIOBUIO
w(z,0) = p(z) nw(z, T) = 0.

Teopema 1. Jhoboe ypasnenue suda (1) asasemca 0-ynpasaiemvim 6 npo-

cmpancemee S Ha A1060m ompesrke.
Hdokaszareascrtso. Tak kak 3amada Komm nisa ypasruenus (1) moxker
OKa3aThCHd HEKOPPEKTHON B TIPOCTPAHCTBE S, TO 3aMEHUM €€ KPAeBOil JByXTOUET-
HOIT 3a/1ateit, KoTopas OyIeT SKBUBAJICHTHA MCXOMHOM 3a1ate (C yIeToM yCI0BUs
w(z,T) = 0), HO KOPPEKTHOIl B mpocTpaHcTBe S.

B pabore [3] 6b110 qokazano, 4o jis aoboro ypasaenus suja (1) cymecrsyer
KOPPEKTHAsT KpaeBas 33/1ada B MIPOCTPAHCTBE S ¢ KPAEBBIM YCJIOBHEM

w(z,0) + C(D)w(z,T) = ¢(z), (2)

e C(D) — ncesnomuddepenmuansubii oneparop ¢ cumsoaom C(s)=e T ImP(s),

[Ton peiicreueM npeoGpasosanust Pypbe (0 NPOCTPAHCTBEHHBIM IIEDEMEH-
HbIM) Kpaesag 3aga4a (1)— (2) nepeiiger B 3amaqy

ow(s,t) ~ ~
5 = P(s)w(s,t) +u(s,t), (3)
w(s,0) + C(s)w(s, T) = p(s), (4)

pellenue KOTOPO uMeeT CJIeAyIomuil Buy

T
(s, 1) = / Gs,t,7)ii(s, 7)dr + Q(s, 1)3(s) (5)
0
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riue
Q(s,t) = exp(tP(s))(1+ C(s) exp(TP(s))) ",

a ¢pyukius ['pumna

B Q(s,t)e_TP(s) uput > T
G(s,t,7) = { _Q(sjt)C(s)e(TfT)P(s) nprt < 7.

IIpu t = T momyuanm

w(s,T) = [ Q(s,T)e P& u(s, 7)dr + Q(s, T)@(s) = 0.

St~

CokpaTHB 3T0 paBEeHCTBO Ha HeHysneByo dbyHKIHIO Q(s,T'), moaydnM ypaBHeHHE

/ exp(—P(s))ii(s, 7)dr = —3(s). (6)
0

Byaem nckars npeobpasosarme Oypne or ynpasnenust u(x,t) B Buge u(s,t) =
— eitImP(s) . 1/}(8)

TMopcrasngas sty dyukuuio B ypasaenue (6), momsyanm

T
/eXp(—TRQP(S))1/J(S)dT = —@(s).
0

T 1— e—TReP(s)
Tak kak Ofexp(—TReP(s))dT = TRePG) # 0, To onpejesnena obparHas

ReP(s)
e—TReP(s) _ 1
pee HEeKOTOPO#i crereHu |s|, npuHaIeKAIIAsT TPOCTPAHCTBY MYJ/IbTUILIMKATOPOB

+
Crx.
[Mostomy dyHuKIUs 1)(S) TPUHAIEKUT TPOCTPAHCTBY S W yIpaBJeHHe

ReP(s)-¢ ,
u(w,t) = F;! (m . e“”mp(s)> TaKKe MPUHAIIEKUT TPOCTPAHCTBY S,

beckoneuno auddepeHmpyemMas GyHKIIT , pacTyImasg He OBICT-

9TO U TPeOOBAJIOCH JOKA3ATh.
Teopema doxasana.
Caencrsue. Ecan mommuom P(s) — BelecTBeHHBIH, TO yrupaBieHne u(x) =
o (P2
e—TP(s) _ 1
Tak, ypaBHEHUE TerJIONPOBOTHOCTH SBJsIeTCsT 0-yIIpaBAIeMbIM ¢ YIIPABIEHN-
€M, He 3aBUCHIINM OT t.
Paccemorpum 6ogiee obrmuit mpumep

) He 3aBUCUT OT t; IPK 9TOM TIOJIY UMM Pe3ysbrar pabors [4].

ow(zx,t) a82w(x,t)

n baw(x,t)

T 92 o + u(z,t), a, beR.
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Bnech P(s) = —as? + ibs, a ympasienue

u(z,t) = F; ! <a52§5(3) eitbs) = G1(x) x p(z — tb),

s 1— €Tas2

as
rie obobmmennast byukiua Gi(z) = ]-“3—1 (1W> ABJIAETCA CBEPTBIBATEIEM
—e

2
as
W IIPpUHAIIEKUT IIPOCTPAHCTBY
O, — Beckoneuno auddepennupyembix dyHkuuii crenesnoro pocra [5].
Hua ciyqast, korga P(s) € iR, ynpaBieHre MOKHO MCKATh B BH/JIE

B mpocTpancTBe S, TaK Kak (DYHKIHST

u(x,t) = u(x) - sign(t — to),

rae to € (0;7), a u(x) € S.
Torma ypasuenue (6) npuMer Caeayomuii Bus

T
/exp(—TP(s)) sign(7 — to)dr - u(s) = —p(s).
0

[TpownaTErprpOBaB TAHHOE BLIPAYKEHWE, TTOTY IUM

By Rep(—0P() = 1 = exp(=TP(s))] ls) = ~3(5)
P(s)3(s)

a CJIes0BaTeNIbHO, U(S) = T+ oxp(CTP(s)) — 20xp(—toP(s))" eC/T 3HAMEHATE b

He PaBeH HYJIIO.
PaccMmotpumM ypaBHeHUE

et _gettow 4 1 =0, weR, (7)

paBHOCHIBHOE 2e0W = 1 4 /Tw,

Ecau orHomenne tg/T He sIBJIsSIeTCsI PAIMOHAIBHBIM YHCIOM, TO ‘26”0“” =2,
a ‘1 + eiT“” < 2 u pPaBEHCTBO BBIMOJHIETCS JIUITb TpU yeaosuu 1w = 2km.

Ho rorma anst BemosHenust ypasuenus: (7) meobxogumo, aTobbl tow = 2mm
u, 3uaunt, to/T = m/k € (), 9T0 TPOTHBOPEUUT HAIIEMY MPEINOIOKEHHIO.

P(s)o(s)

1+ exp(—TP(s)) — 2exp(—toP(s))
NpUHAJIERKUT TpocTpancTBy S. st 91010 paceMorpum QOyHKITHEO

Ocranock mokazarb, uro (ynknms u(s) =

q(w) = (1 + exp(iTw) — 2exp(itow)) "

mpu w € R.
Tak Kak Tpu HepaIMOHAJIBLHOM OTHOIIEHNUH to/T 3HAMEHATEb 9TON PYHKIUN
ABJISIETCS TIOYTH TIEPUOAUYIECKON QYHKINEH, OTIUIHON OT HYJs, TO

inf |1 + exp(iTw) — 2exp(itow)| =d >0
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u 1nosromy ¢(w) SBASETCS OTPAHMYEHHON TOYTH NEePUOJANYECKOil (yHKImed

(cm. |6]). Buaunt, Hama GyHKIMs U(S) TIPUHA/IEKUT TPOCTPAHCTBY S.
Tlony4unnn ciepytomuii pesysibrar:

YrBepxkaenue. Ecin mosunom P(s) dBagercs WucTO MHUMBIM I BCEX S,

MPUHAIEKAIUX MTPocTpancTBY R, To ypasuenue (1) saisercss 0-ynpaBiseMbiM

B mpocTpancTee S Ha JI0O0M OTpPe3Ke C YIpPaBICHUEM BUIA

u(z,t) = u(z) - sign(t — to)

npy HEPAIMOHATBHOM OTHOmEHuM to /T .

ow(x,t) _ . ow’(z,t :
Tak, ypapuenne IIIpegunrepa wéﬁ ) = ih ™Y (2 ) + u(z) - sign(t — to)
x
spiistercst O-ympasisieMelM ¢ ynpasierneM u(x) = Gi(z) * o(x), rae

. —ihs?
Gile) =F (1 + exp(iThs?) — 2€Xp(it0h52))

sIBJIsIeTCsl CBepThIBaTeseM B npocrpancTse S (em. [5]).

Pacemorpum cucremy maudpdepeHnina bHbIX YPABHEHUN B 9aCTHBIX [TPOU3BO/I-
HBIX

a“’gi’t) _p <ng) w(z, t) + v(t) - u(x). (8)

Baece w(x,t) u u(xr) ABAIIOTC BEKTOP-DYHKIUIMA, KOODIUHATHI KOTOPBIX
upuHaieskar upocrpancrsy H = (| H§, 1. e. Bce HpOU3BOAHBIE KOTOPBIX LIPU-
S

Haieskar npocrpancTsy Lo (eM. [5]) mnn npocrpancrey S. Cransipaast byHKImst
v(t) stBAsIeTCsT KycouHO-HEnpepbIBHOit u |v(t)] < 1.

Onpenenenne 2. Cucrema (8) maswiBaercs O-ynpasisieMoit B TIpOCTpaH-
crBe H (wm S), ecom s moboit dynknnn p(z) € H (mm S) cymecrByror
u(z) € H (mmm S) m KycouHo-HenpepbiBHasi dyHKIMs v(t) Takwe, 4TO perie-
HUe JdaHHON cucTeMbl w(-,t) € H (win S) yaoBIeTBOPsieT HAYAJILHOMY YCIOBHIO
w(z,0) = ¢(z) u ycnoputo w(x,T) = 0.

Teopema 2. Cucmema (8) 6ydem 0-ynpasasemotii 6 npocmpancmee H mo-
204 U MOABKO M02da, k0204 CYULECTNEYEM KYCOuHO-Henpepuenas dGynkyua v(t),
oeparuyennas na ompeske [0, T], u cywecmeyem obpamnas mampuua

T -1
/v(t) exp(—tP(s))dt € H = (1+|s))'Ly

¢ HeKomopvim [.

JJokazaTeabCTBO.
Hocrarounocts. B pabore [3] jokazano, 9ro cyuiecTByeT KOppeKTHas KpaeBast
3a7a4a B IPOCTPAHCTBE H ¢ KPaeBBbIM yCIOBHEM

w(z,0) + C(D)w(x,T) = p(z),
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rane C(D) — nceBnoanddepernuaabablii OmepaTop ¢ CUMBOJIOM M3 MPOCTPAH-
crBa Hj.
Permenue apoficreennoit no @ypbe KpaeBoit 3aa4u UMEET BU/I

w(s,t) /GstT Jo(T)dt + Q(s,t)@(s),

rae Marpuibl G(s,t,7) m Q(s,t) ompenensoTces mo TeM ke (hopMmysaM, Kak u
B ciayuae ypasHenwusi (1).
IIpu t = T momyvyaeMm ypaBHeHHE

) = / Q(s, T) exp(—7P(s))i(s)o(r)dr + Q(s, T)@(s) = 0.
0

Cokpainast Ha HEBBIPOXKIEHHY0 MaTpuity Q(s,T), mosryamm

T

/exp(TP(s))v(T)dT cu(s) = —p(s). (9)

0
B cuny ycnoBust Teopembr cyimecTByeT (hOyHKITA
T —1
i(s) = — / exp(—rP(s)o(r)dr| - 3(s),
0

npunaexamas npoctparctsy (| HY. 3maunt, ynpasenne () TPUHAITEKAT
S
MPOCTPAHCTBY H, UTO U TpeOOBAIOCH JOKA3ATh.

HeobxonumocTth. Permenne 3amagun Komm npoitctBenmoit mo @yprhe cucremsbr

UMeeT BHUJL
w(s,t) = exp(tP(s) +/exp ((t—71)P(s))v(T)u(s)dr.
0
T
Torna w(s,T) = exp(T'P(s))p(s) + fexp —7)P(s))v(r)u(s)dr = 0.
Cokpammast Ha exp(T'P(s)), noaydaem Ofexp(—TP(s))v(T)dT cul(s) = —@(s).

Tak kak ucxoxHas cucrema (-ynpasisiema, TO CyIIECTByeT OOpaTHas MATPUIA
T -1
[ exp(—7P(s))v(T)dr | , siBasmomiascs My/JIbTUILIMKATOPOM B IIPOCTPAHCTBE
0

FH = H?, r.e. npunagnexamas mpocTpancTBy H; ¢ HEKOTOPBIM [, 4TO I Tpe-
S

6oBaJIOCH TOKA3aTh. Teopema dokasana.
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T
Caencreue. Ecin onpenennrens A = det [ exp(—tP(s))dt # 0 Vs € R", To cu-
0

crema (8) byzner O-ynpasssiemoit 8 npocrpanctBax H umm S c v(t) = luu(z) € H
wi S.

Dro cuepyer uz paborsl [7], B KoTopoil jgokazaHo, uro us ycaosus Ciencrsus
BBITEKACT TIPUHAIJICZKHOCTH MaTPUIHI

T -1

/eXp(—TP(S))U(T)dT
0

o0

>, &, BHAUNT, yIpaBiaeHue u(x) NPUHAIEKUT HPOCTPAHCTBAM

npoctpaucrey C
H wim S.

B uactHOCTH, eciu Bce coOCTBEHHBIE 3HAUEHNST MATPHUTIBL P (s) ABJISIOTCA Bellle-
crBeHHbIME, TO A # 0 1, 3Ha9nT, cucrema (8) apisgercs 0-ympaBisieMoii ¢ yIpas-
JIEHWEeM, He 3aBUCIIIAM OT T.

B roit ke pabore [7] ects kpuTepnit yemopust A # 0. A UMEHHO - 9TO BBIIOJ-

HEeHUe yCJI0BUM:

e_TAJ' (s) _ 1
Aj(s)
rae Aj(s) — cobcrBennble 3Hadenust Marpuisl P(s).

IIponmtoctpupyem 3¢ ek TUBHOCTH 9TOI0 YCJAOBUS HA CJIEIYIOIMIEM IIPUMEDE.
ITpumep. Paccmorpum cucremy

£0 Vi=T1,m, (10)

own (1, x2,t) B 0?2 0?2
ot = aa:% + 833% w1 — Wy +U1($1,5L’2)

Qw(arent) (0 9N (0P O wy + ug(w1, 72)
ot N Or1  Oxzo ! (9:1:% 895% 2 S

Torna maTpuna

P(sy. 55) = ( (s%+s§ -1 >

51+ 82)2 8%+ 52
U ee COOCTBEHHBIMU 3HAUEHUSMU OygyT Ajo = s? + s 4+ i(s1 + s2). Ipu srom
exp (—T(S% + s% +i(s1+ s2)) — 1)

s2 + s +i(s1 + s2)
T. €. 1 = s9 = 0. 3HamMeHaTes b B 3TONW TOUKE TOXKE PaBEH HYJII0, a BCS APOOHL

YCJIOBUE =0 paBHOCHUJILHO YCJIOBHUIO 5% + 5%20,

crpemurcs K —1. 3uaqnt, ycaosue (10) BuimoaseHo u cucrema 0-ympasisieMa.

Pacemorpum cucremy (8) ¢ MEIMBIME COOCTBEHHBIMY 3HAMEHHAME MaTpUIbl P(s).
Byaem uckarb yupasaenue B suge u(x)sign(t — tg). Torna ypasuenue (9) npumer

BT
to

T
/ exp(—tP(s))dt — / exp(—tP(s))dt | Ti(s) = —3(s).

0 to
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Ecym ymHOX)NTH 910 ypaBHenue Ha marpuily P(s) cieBa, TO mosyaumM

(E + exp(—TP(s)) — 2exp(—top(s)))a<s) = P(s)3(s).

Cobcreennble 3nadenust marpuipl P(s) = E + exp(—=TP(s)) — 2exp(—toP(s))
pasabr w;(s) = 1+ e TA() —2et0A() 5 =T .

Iokazkem aj1st MEUMBIX Aj(s) u uppanuonansuoM to/T', aro w;(s) # 0.
Ho pamee mbl yxxe paccmarpusaam ypassenue (7) U LOKA3a/IM, 9TO OHO He
HMEeT HEHYJIEBbIX BEIeCTBEHHBIX KOpHEHl Ipy upparpoHanbaoM to/T. 3Hadur,
onpesennTeas Marpuibl P(s) Toxke He paBeH Hymo. VI Tak Kak OH sIBJISETCH
nouru-neprogndeckoit gyukrmeit, to [A(s)] > d > 0. Iosromy cymecrByer
R7(s) € C=,.

Buauur, u(s) = R™(s)P(s)@(s) € S u ynpasienne u(z) € S. To ecTb MbI
JOKa3aJ/Id CJACAYIOIIUNA PEe3yJIbTaT.

Teopema 3. FEcau cobemsennvie snaverus mampuyve P(s) — muumve, mo
cucmema (8) asasemca 0-ynpasasemoti 6 npocmparcmee S ¢ ynpasaenuem 6uda
u(z) - sign(t — tg), 2de to/T — uppayuonaivHo.

B kauecTBe mpuMepa paccMOTPUM BOJTHOBOE ypaBHEHME

O?w(w,t)

T Aw(z,t) + u(z)sign(t — tp).

n
Tak Kak cOGCTBEHHBIE 3HAYEHUS A1 ,9 = *+i|s| = %i, | Y. s7, TO JaHHOE ypaBHEHNME
k=1

sBsiercst O-ynpas/isieMbIM 1pU uppatmonaasaom to /7T

B zaksouenne paccMOTpUM TPUMEDP YPaBHEHHUsI BTOPOTO TOPSIIKA, ¥ KOTOPOTO
CODCTBEHHBIE 3HAYUEHUS TPUHUMAIOT KaK BEIECTBEHHBIE TAK W MHUMBIE 3HAUEHUSI.
Paccmorpum ypasuenme

0*w(z, 1)

T Aw(z,t) + kw(z,t) + u(z)v(t), =eR" tel0,T].

XapaKTepHCTHIECKOe ypaBHEeHHe I 3TOT0 ypaBHeHHus mmeeT Bu A2+ |s|2—k=0.
ITpu k < 0 cobcTBeHHbIC 3HAYEHUST — YUCTO MHUMBIE, W [TOTOMY JAHHOE YPaBHe-
uue O-ympasisiemo B mpocrpancTse S ¢ v(t) = sign(t — to), rae to/T — uppaimo-
HAJIBHO.

Paccmorpum k > 0. Torga cobcrBennbie 3HAYEHUS IPUMYT BU/T

AP
)\1’2():{:i: k—|s2 upu |s| <Vk

+iy/|s]2 -k mpu |s| > VE.

[Toxaxkem, 9T0 m B 9TOM Cjaydae ypapHeHue aBjsercs O-yIpaBasgeMbiM B IIPO-
crpaHcTBe S € yIPABAEHUEM JTAHHOTO BHUJIA.
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Ecan ¢ momomipio cramaapTHON 3aMEHbI TEPEMEHHBIX TIEPEHTH OT yPaBHEHUS
K CHCTEME, TO MaTPHUIA dTOil cucTeMbl OYIeT UMETh BU/I

n
0 1 2 2
P(s) = apu  |s|° = E s% .
( ) L — | S|2 0/’ p | | k
k=1
CobcrBeHHble 3HAYEHUS 3TOI MaTPUIIbl COBIIAIAI0T C COOCTBEHHBIMU 3HAYEHUSIMU

HAIIIETO YPAaBHEHUA A1 2.

OynnamentanbHag MaTpuna exp(tP(s)) st ciydas BEHIeCTBEHHBIX HEHY-
JIEBBIX COOCTBEHHBIX 3HAUEHMUIT MMEeT BT

7.2 _shiy/k—|s|?
cht\/k — |s| /=N

—/k —|s]2sht\/k — |s]> cht\/k —|s]2

Mg ciyuas MHUMBIX CODCTBEHHBIX 3HAUEHUN

exp(tP(s)) =

} R _sinty/[s]2—k
costy/|s]? — k T

—/|8|2 — ksinty/|s|? — k costy/|s|*> — k

B ciaydae HyJIEBbIX COOCTBEHHEIX 3HAUEHMI, T. e. mpn |s| = V&

exp(eP(e) = (%)

exp(tP(s)) =

e
Paccmorpum Temeps maTpuity
R(s) = E +exp(—TP(s)) — 2exp(—toP(s)).
CobcrBeHHble 3HAYEHUS TOW MATPHUIIBI PABHBI
w1 2(s) = 1+ exp(=T'A1,2(s)) — 2exp(—toAi 2(s)).

B ciayuae MHEUMBIX COOCTBEHHBIX 3HaUeHUil \q2(s) mpu uppaimoHaasHoM to/T
6b1T0 TIOKa3aHo, uTo Wy 2(s) # 0 u cymecteyer R (s) € C.

PaccmorpuM BemmecTBennble cOGCTBEHIbIE 3HaUeHHs A1 2(S), OpuaeM |A12(s)|
< Vk. Tlokaxewm, aro ypasuenue 1 4 e¥ — 2e?Y = 0 npu mexoropeix p € (0;1)
He UMeeT Ha CerMeHTe [—a;a] HeHyJIEBBIX BEIECTBEHHBIX KOPHE.

Haitnem muaumym dbyaknuu o(y) = 1+ ¥ — 2ePY.
O (y) = e¥ — 2pefY = 0, 3HaUUT CcTanUOHAPHASA TOYKA Yo =
nocrurarbes min ¢(y) < 0.

Crenosarensro, npu y < 0 ¢(y) > ¢(0) = 0, mpu y € (0,y0) »(y) < 0,
a BTOPOHi BEIECTBEHHBII KOpeHb (dbyHKInn ¢(y) Gymer 6osbie yo. [TosTomy ecin
B34Th p O/im3KuM K 1, 9T0OBI BHITIOIHIIOCH HEPABEHCTBO %25 > @, TO Ha CEerMeHTe
[—a; a] HeHyIEBBIX KOpHEll y HAIEr0 YpaBHEHUsT He OyIeT.

In2p .
=) B meit u 6ymer
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Bnaunt cymecrsyer obparnas marpuna R!(s), npmuem ona Gymser 6eckoney-
Ho muddepentupyema u orpanmdena mpa |s| < VE.

Ocranocsk pazobpars cay4aii, korma |s| = vk, 7. e. Marpuna P(s) = ( 8 (1) ) .
0 14+e T —2¢t

Onpenenurens 3Toi MaTpuisl A = (1 +e T - 26_t0)2 # 0 pu to # T/2.
Urak, mosyanau cjepyromuii pesyabrar: Ipu uppanuoHaabaom to/T u 2% >

T _ 90—t _TeT —to
Tora vatpuma R(s) = ( l+e 2e Te " + 2tge > ‘

(T — to)Vk mame ypasrenue Gyer O-yIpap/IseMbIM B IPOCTPAHCTBE S C yIpas-
nenneM Buma G(x) * p(x) - sign(t — tg), rae G(z) = FH(R™1(s)P(s)).
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nrorb IMUTPUEBUY YYEIIIOB
1951.09.28 — 2016.04.23

23 ampensa 2016 roga ymén u3 XKU3HN 3aMeTaTENLHBIN Ye0BeK, YIEHDIH, JOK-
Top duU3MKO-MaTeMaTHIeCKUX HAYK, mpodeccop Urops Amurpuesna Uyeros.

Wrops AMutpuesuy poguics 23 ceursopst 1951 roga B 1. Jlenunrpase. B 1968r.
3aKOHYMJI CPEJTHIONO ITKOIY B I KyISHCKE W MOCTYIHI B XapbKOBCKU YHUBEPCH-
TeT Ha MeXaHUKO-MareMmaTudeckuil hakynprer. B 1973 1. 3aK0OHYMI YHUBEPCUTET
IO CHEIUAJBHOCTH «MaTEeMaTHKa» H C
TOro BpeMeHu paboTasl Ha HallleM MeX-
mare. B 1974-1977r. - actupanT xade-
pbl MaTeMaTU4YecKoil u3uku moj py-
xopogcTeoM npod. B.A. Illepbunni. B
1977r. - BamuTUI KAHAWJATCKYIO JTHC-
cepraiuio «O TUHAMUKE HEKOTOPBIX MO-
JCJIbHBIX  3aJda4 KBAHTOBOM TEOPUM>».
Samura cocrosnack B MHcTUTyTE Ma-
rematuku . Kues. B 1977-1980r. - accu-
CTeHT Kadeaphbl MaTeMaTHIecKo# dhu3n-
1 xu MM® XTV, 1980-1992r. -nomnent. B
1990r. 3ammu T TOKTOPCKYIO ;Luccaumo «MaremaTndeckoe onmcaHue HEPery-

JISIPHOW JIMHAMUKHU YIPYTO MOJOT0H 000J09KWy. 3amuTa cocTostaiach B Pusuko-
TexHUYIeCKOM wmHcTATyTe Hu3kux Temmeparyp AH YCCP, r.Xaposkos. B 1992r.
eMy TPUCBOEHO yueHoe 3Banue mpodeccopa. B 2000r. U. 1. Yyerros uzbpan 3ase-
nyommM Kadeapoit MaTeMaTrnaecKoil (DU3UKY 1 BEIYUCIATEILHON MaTeMaTuku. B
2009r. cran wrenoM-KoppecnoraenToM HammonaabHoit akageMun HayK Y KPanHbI.
B 2010r. za mukn nayuaerx pabor «Teopusa muHAMUIECKHAX CHCTEM: COBPEMEHHBIE
METOJBI U UX MpUMeHeHues ObLa yaocToen ['ocynapcrBeHHO# npeMun Y KpawHbl B
00JIaCTH HAYKU M TEXHUKH.

W.J1.Yyerios - aBTOp BaXKHBIX OCHOBOIIOJIATAIONINX PADOT 110 MATEMATHKE, TITH-
POKO M3BECTHBIX B MATEMATHIECKOM Mupe. Ero Haydnbie pobOTHI COCTABILAIOT Be-
COMBII BKJIa/] B HEJIMHENHYIO MATEMATHIECKYIO (DPU3UKY U CYIIECTBEHHO TIOBIUSLIIN
Ha pa3BUTHE COBPEMEHHON Teopruy HECKOHEUTHOMEPHBIX JuHaMIIecKux cucrem. OH
DEIIJI Psifi BazKHBIX IPOOJIEM, CBSI3aHHBIX C HEJUHEHHBIMU (CTOXACTUICCKUMU U
JeTePMUHUPOBAHHBIMHI ) YPABHEHUSIMU B YACTHBIX TPOU3BOTHBIX, BOSHUKAKOIINMU
B MeXaHuWKe n (Pu3nKe, ¥ WHUIMUPOBAJ HECKOJHLKO HOBBIX HAIPABJ/EHUI B Kade-
CTBEHHON TEOPUU JTUCCUTIATHBHBIX CUCTEM.

B nepsyio odepens ciemgyer OTMETHUTDH €TI0 HCCAEIOBAHWS, CBA3aHHBIE C KOP-
PEKTHON Pa3peIrmMMOCThIO U aCHMITOTUYECKUM TIOBEIEHUEM SBOJTIOIMOHHBIX YPaB-
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neanii Kapmana, KOTOpbIe ONKUCHIBAIOT HEJINHEHHBIE KOTE0aHN yIIPYTOil OI0T0M
obosiouku. JlokazaHHas UM TeOpeMa JIAaeT OKOHYATEIhHOE peIleHue IIPo0JIeMbI,
nocrasnennoit VI.M1.Boposuuem B narmecaTbix rogax (M mOBTOPHO OTMEYEHHO
2K .-JI./InoHCOM B KOHIE IIECTHUECATHIX) O CYINECTBOBAHUHM U €JAUHCTBEHHOCTH
TI00AMBHBIX pelteHuit 3Tux ypasHennii. OH TakXKe TPEJIOKUI HOBbIE 3(dek-
TUBHBIE JIOKAJMU3AIIUOHHBIE METOAblI aHAJN3d aCHUMIITOTUYCCKOTO TIOBEICHUA pPEe-
menwuit. [lomyaennnie 1. /1. YyemoBbIM pe3yabTaTHl ABIIIOTCA CYIIIECTBEHHBIM ITTa-
TOM B IOHUMAHUN CTPYKTYPbI aTTPAKTOPOB U AAI0T OTBET Ha HEKOTOPBLIE BOIIPOCHI
E.dayesra oTHOCHTEIBHO HesnHeliHOTO htaTTepa 000JI09€eK.

B coasropcrse ¢ U.Jlamenkoit um 6611 pazpaboran HOBbIH 3 PEeKTUBHBIN Me-
TOJ aHaAJIN3a OOINX OECKOHEIHOMEPHBIX AUCCUTTATHBHBIX CUCTEM, TTOPOK TAEMBIX
HEJIMHEHHBIMU YPABHEHUSIMU MATEMATHIECKOH (DU3UKM. DTOT METOJ BBOIUT MOHS-
THUE KBaSHyCTOﬁLIHBOfI CUCTEMBI 1 OCHOBBIBAECTCA Ha TAaK HA3SBIBAEMbIX <<CT&6I/IJH/I3a-
IIMOHHBIX HEPABEHCTBAaX», U3BECTHBIX B TEOpPHUU yhpasienus. Ero ucrnosb3oBanme
ITO3BOJINJIO PEITUTH DA BaXKHBIX HpO6J’[eM7 BO3ZHUKAIOIINX B BOJIHOBOI1 JANHAMUKE
¢ HeJWHelHON BHYTpeHHEeH m IpaHuIHOM Iuccumnarreii. MeTon KBa3mycTORIHBO-
CTW TPUMEHWM K OY€Hb IMTUPOKOMY KJIACCY 3a1a4: mapadoudecKuM, runepbom-
YeCcKUM, CMEIIaHHBIM, K 3ajJadaM ¢ nHTepdeiicoM, ¢ 3ama3blBAHUeM, a TAKXKe K
3aJa9aM CUHXPOHU3AIINN.

Cﬂe/:[yeT TaKXXKe OTMETUTL €ro TOHKHUE DE3YJAbTAThl O CBA3U CTATUCTUYICCKUX
CBOMICTB BO3MYIIEHUN U pElIeHUN 1J1d HEKOTOPOro Kjacca HeJIMHeAHbIX CTOXaCTH-
YeCKUX YPABHEHWI MapabOMIecKOro THIIA. DTH PEIYABTATH KACATCS CIOXKHOTO
U BayKHOTO BOIPOCA O CTPYKTYPE U CBOMCTBAX CTOXACTUIECKUX aTTPAKTOPOB. st
HEKOTOPOTO KJIACCa CUCTeM OBLI paspaboTas ODIMMii MOaX0T, KOTOPBIA MO3BOISIET
JlaTh UCUEPIILIBAIOIIEE OITMCAHUE CIIEHAPUEB CTOXaCTUYeCKUX OudypKaluii B HEKO-
TOPBIX MOJECJIAX MaTeMaTUdIeCKON INeHeTUKN U OXBATbIBAET cjrydan ypaBHeHI/IfI C
[OYTU NEPUOJINYECKUMU BOBMYIIEHUAME. DTU PEIYIBTATHI 3aCYKUIH BBICOKYIO
OIIeHKY crienuaaucToB. OHU CTUMYINPOBAJIN HHTEHCHBHbBIE UCC/IETOBAHNS, CBI3aH-
HBIE C TEOPEeMaMU CPABHEHUS [JIsT CTOXACTHIECKUX MapabOTMIeCcKnX ypPaBHEHW.
N.J.Yyeros aBageTCS OIHUM W3 OCHOBATEEH TeOPUHU MOHOTOHHBIX CTOXACTHUYE-
ckux auHamMudeckux cucreM. CoBmecTHo ¢ mpodeccopoM JI.ApHOILAOM OH I10-
JIYYUJI OCHOBOITOJIArAOIINE PE3YIBTATHI O CTPYKTYPAX CJAYYalHBIX aTTPaKTOPOB
MOHOTOHHBIX CHUCTEM ¥ BBEJI BazKHO€ MOHATHE ITOJIY PABHOBECHOT'O COCTOAHUA Ta-
KX CHCTEM.

U.1.Yyemos - aBrop 5 monorpadmii [1-5]. Kuuru msmanel Ha aHTIHACKOM
A3BIKE U HAIIlLJIN 0;(06peHMe BO MHOTHUX IIKOJIAX MaTeMaTUudecKoi CbI/I3I/IKI/I JdAJICKO
3a TpeaesaMu Harelt crpanbl. Hezamonro 10 neoxkmnaanuoit cmeptu Urops JIMut-
pueBud 3aBepiu paboTy HaL CBOEH mecTol MOHOTPadmeit 1 BHOCKT TTOC/TeTHIE
mrpuxu, nutudgosast reket. Haneemcesi, 4To 9ma KHUTA CKOPO BBIAJIET B CBET.

N.J1.Yyemos - aBTop 6osee 150 nayuubix pabot. IlpakTutiecku Bce ero paboTsr
oy 0 IMKOBAHBI B TPECTUKHBIX MEXKTYHAPOIHBIX KYPHAIAX, KOTOPHIE WHIEKCUPY-
1oTcst B bubmomerpudeckux 6asax manubix (Web of Science, Scopus, MathSciNet
u ap.). Paborer Uropsa JIMuTpmesnda HAXOAAT OTK/IUK B UCCIEIOBAHUAX MHO-
rux MaT(hU3UKOB, O YEM CBUJETEILCTBYET BBICOKHI yPOBEHBb NUTHPOBAHUS. MbI
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IJIAHUPYEM PAa3MECTUTh IMOJHBIN COUCOK ero myOJmMKaimii Ha CaiiTe rPYNbl Ma-
remaTnaeckoit dhusukn (kadeapa dyHzameHTag bHON MaremaTuku). Ha MomenT
HalUCAHUS JaHHOW 3aMEeTKH, CIIMCOK HE MOXKET ObITh 3aBEPIINEH, T.K. IIPOJ0/I2Ka-
10T BBIXO/IUTH B CBET CTaThu, KoTopble Urops IMuTpueBud oTiipaBuil B Ie4aTh B
magaste 2016 1. Jlo mocsemHuX cBOMX JHEN OH He TPEKpPAIiall 3aHNMaThCT HAY THOH
IeATeILHOCTHIO, MATEMATHIECKUMU MCCJIEI0BAHNIMA.

On OB YJIEHOM PEIKOJUIETHI psifla MEXKIYHAPOIHBIX KYPHAJOB TaKUX
kak «2Kypuan maremarndeckoit (pm3ukm, aHAIM3A, TEOMETPUNY, « Y KPATHCHKUHI
MaTeMaTHIHu# KypHaT», «Stochastics and Dynamics», «Nonlinear Analysis:
Real World Applications», «International Journal of Differential Equationsy,
«International Journal of Biomathematics and Biostatisticsy, «Bicunk XapkiBch-
Koro HaiioHaabHOro yHiBepcurery imeni B.H.Kapagzina, Cepis «Maremaruka,
MTPUKJIaTHA MaTeMaTHKa 1 MeXaHIKay.

Ilon pyxosogcrBom Uropa ImMurpmeBwda BBINTOJHEHO CEMb KAHAMIATCKAX
muccepranuii (A.Pesynenko, A.Pexano, A.Illep6una, T.®acrosckas, 1. PoizkkoBa,
E.Ha6oka, M.ITorémkun). OH CBOUM TPUMEPOM BOCHHUTHIBAI B YUEHUKAX CAMO-
CTOATETHHOCTh B WCC/AEIOBAHUAX W, B TOXKE BPEMs, BCErja OBbLI TOTOB MOMOYD
COBETOM.

Wrops JMmuTpreBud ObLT TPUHITUIHAIBHEBIM, OTKPBITBIM YeJI0BEKOM, 3aMeda-
TEeJILHBIM YUEHBbIM U yanTesaeM. TakuMm oH oCTaHeTCs B HAIIel NaMATH U CEPIIAX.

Kopobos B.U., Pesynenxo A.B., Pexano A.M., Pworckosa H.A.,
@acmoscrasa T.B., Xpycaos E. 4., Hlepbuna B.A.

Momnorpadun W1.J1.Yyerosa:

1. U.J1.Yyemmon, Beenenne B Teopuio HeCKOHETHOMEPHBIX TUCCUTIATHBHBIX CH-
creM Akta, Xapbkos, 1999, 432 c. (anrmiickuit mepesos: Introduction to the
Theory of Infinite-Dimensional Dissipative Systems, Acta, Kharkov, 2002.
ISBN: 966-7021-23-8. http://www.emis.de/monographs/Chueshov ).

2. 1.D. Chueshov, Monotone Random Systems. Theory and Application,
(Lecture Notes in Mathematics, 1779). Springer, Berlin-Heidelberg-New
York, 2002, 234 p. ISBN: 3-540-43246-9. DOI: 10.1007/b83277

3. 1. Chueshov and I. Lasiecka, Long-time behaviour of second order evolution
equations with nonlinear damping, Memoirs of AMS no 912, Amer.Math.Soc.
Providence, RI, 2008, 183 p. ISBN: 978-0-8218-4187-7

4. I. Chueshov and I. Lasiecka, Von Karman Evolution Equations, Well-
Posedness and Long-Time Dynamics, 2010, Springer, 778 p. ISBN: 978-
0-387-87711-2. DOI: 10.1007/978-0-387-87712-9

5. 1. Chueshov, Dynamics of Quasi-Stable Dissipative Systems, 2015, Springer,
390p. ISBN: 978-3-310-22902-7; 978-3-319-22903-4. DOI: 10.1007/978-3-
319-22903-4
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JAYBOBOI BJIAAVMUP KNPUJIJIOBUY

K cemudecamunemuio co dna pooicdenus

19 utosra 2016 rona ucnosuusiock 70 ner npodec-
copy kadeapbl QYHIAMEHTATBHON MATEeMAaTUKNA, W3-
BECTHOMY CITEIIMAINCTY B 00/1acTH Teopun pyHKIINI u
Teopum omepaTopoB, Bragumupy Kupnanosuway y-
H6oBOMY.

Baagnmup Kupumrosua pomuics B r. [loarase B
CceMbe BOEHHOCJIYXKAIEro, IMTypMaHa JajabHel 00oM-
HbapaupoBouHoii apuamyuu. B 1963r. mocsie okoHUaHUS
IMKOJ/IbI B I. XapbKOBE OH IMOCTYITAeT HA MEXaHWKO-
maremarudeckuii pakyasrer XI'Y. C 4-ro kypca oby-
YeHWe W CTAHOB/IEHWE MOJIOAOTO0 MATEeMATHKA ITPOXO-
muio moa pykoBogacrsoMm M. C. JluBmmira, BbIgaromIe-
| TOCH CHENUATUCTa 110 TEOPHU HEeCaMOCOMPIKEHHBIX
\ U HEYHUTAPHBIX OIEPATOPOB, KOTOPBI M CTaJ ero
Riw BB Hay9YHBIM PYKOBOJMTEJEM B acnupantype. B 1972r.
B. K. y6osoit 3amuTus Kauauaarckyio, a B 2004r. — JOKTOPCKYIO JUCCEPTAIIIH.
B pazubie rognl on Tpyauiics Ha Kadeapax MaTeMaTudecKoil bu3ukm, MaTeMaTu-

YeCcKOro aHaJIn3a, BO3TJIARI Kadegapy BbICIIelH MareMaTnku dusnyeckoro da-
KyabTeTa. duTaeMble UM KyPCHI MPOIYMAaHBI 10 MeTLIANIINX JgeTatell, a ero jJek-
TOPCKOE MAaCTEPCTBO BBICOKO OIEHWJIO YK€ He OJ[HO ITOKOJIEHWE CTYIEHTOR.

Baagumup KupuioBua — aBrop riybokux mCC/ie0BaHuil B TEOPUU MATPUY-
HBIX THTEPIOJTATMOHHBIX 3aa49 aHaJIN3a, CO3JaTe/Ib TPUHIIUTTNAJIHHO HOBBIX TTOI-
XOJIOB K pelnteHnto MaTpuunoiil mpobsiems [lypa, K n3yueHuto paccessHus mo BHYT-
PEHHUM KaHAJIAM OTKPBITONH CHCTEMBI U K NCCAEIOBAHUIO ABIEHUA TICEBIOTPOI0I-
JKUMOCTH TIIYPOBCKOU (DYHKITUU.

B acnupanrckuit nepuon B. K. Jly6oBbiM ObLIK ONUCAHBI CBOWCTBA PEIATH-
BUCTCKM WHBAPUAHTHBIX OTKPBITLIX cucTeM. EIME 10 OKOHYIaHWS acTUpaHTYPHI, B
1971r., 5Tu BaxKHBIE PE3YJIHTATHI B BUIE HANUCAHHBIX WM ABYX OTIEILHBIX [JIAB
6oun BrUTOUeHsl M. C. Jlusmmmem n A. A, dunesudem B ux monorpadguo "Teo-
pUsT OIEPATOPHBIX Y3J0B B THABOEPTOBBIX TpocTpaHcTBax'.

Bo BTopoii monoBune 70-x To710B, 0TBedYad Ha moctasaenasie B. I1. [ToTanopbiv
Bompockl, Bragnvup KupnigoBwd HauWHAET NUKJI WCCAETOBAHWI IO MaTPUI-
HOM WHTepHoAaInoHHoM 3amade [lypa n HemocpeACTBEHHO CBA3aHHON ¢ HEll Teo-
pun BIIOJIHE HEYHUTAPHBIX CXKATHI B THIROEPTOBBIX MpocTpancTBax. CuHTE3UPYs
unen J-teopun B.II.Iloramosa ¢ annaparom, pazpaboranusim M. C. Jlusmuiem,
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B. Cékedanseu-Hagem u Y. Qosimem, B. K. Jlybopoit nipeiyioxkmit HOBbIE 3D dek-
TUBHBIE METO/IbI PEIEHNs] MATPUIHON HHTEpIOAANnOHHOM 3amaqn [lypa. M BBe-
JIEHO TIOHATHUE OANPOCTPAHCTBA Tula K | 103BOJIMBIIEE EMY JaTh KOHCTPYKTHBHOE
olucaHue perneHuii BuIpoxkaeHHol 3asa4du Lllypa HemocpeicTBEHHO 10 JIAHHBIM
zajadn. UM ObLIN TaKXKe YCTAHOBJIEHBI CBI3U MEXKIY ACUMITOTHUIECKUM TIOBEIE-
HueMm paamycoB kpyros Beitisa B 3agade [Ilypa n MakcuMa abHBIMU OTHOCTOPOHHH-
MU CABUATOM U KOCIBUTOM, COJEPXKAIMUMUCST B COOTBETCTBYIOIIEM BIIOJTHE HEYHU-
TapuoMm cxkatun. Ha sTtom myTtn 6bumm morydensl hakTOPUIANAN TPEIEJIBHBIX Pa-
quycos Beitns. [Ipu atom okazaiock, 4To BHelHWE (DYHKITUH, TOSBJISIONINECT B
stux akropusanmax u Haszsaunubie B. K. JlyboBeim nmedekTHBIME, UTPAIOT KO-
YEBYIO POJIb B TEOPUU PACCESTHUS C TOTEPSMU, KOTOpast paHee ObLIa [IOCTPOEHA B
paborax /1. 3. Aposa.

B 90-e ronpi, pazsuBag waen B. M. Agamsana un /1. 3. Aposa B Teopun yHU-
tapubix cremaeruii, B. K. Jlybopoit u C C. Boiiko npejjiaratoT HOBBIM MOIX0J] K
UBYUYEHUIO PACCEAHUsI B CUCTEMAX C MOTEPSIMU, YTO O3BOJIUJIO UM JIATh B 00IeM
cayvae aHAJTUTUYIECKOe OMUCaHIe CyOOIepaTopa PaccesHrs M0 BHYTPEHHNM KaHa-
JlaM OTKPBITOM CHCTEMBI, KOTOPHIH ObLT panee Beegen . 3. ApoBbIM 1 m3yvasics
UM B CIEMUATBHBIX caydaax. [losske, B coBMecTHBIX pabotax ¢ A. . Xettderem,
“MHU OBLI TIOJIYYEH SBHBIA BUZ 9TOr0 Ccyboreparopa uepe3 MaTPHUIly PacCedHus
cucTeMbl U eé gedeKTHBIe PYHKITHH.

Bo sropoit nomosure 90-x rogos 1. 3. Apos obparun BEnManue Baamgnvupa
Kupunnosuya na 6m30CcTh €ro uccienoBanuit no 3anade lypa k npobiemarnke
MICEBIOTPOIOJIXKEHUS TITYPOBCKUX (DYHKIUH. DTO MOCTYKWUIO TOJTIKOM K paspa-
H6oTKe MM HOBBIX MeTOJ[0B B TepMmuHax mnapamerpos lllypa, no3sosusimx mosy-
YUTH TJIyOOKHE KPUTEPUH TICEBIIONPOIAOIKUMOCTHU Iy POBCKUX (yHKINN. B srmx
JK€ TepMUHAX T0JIyYeH KPUTEPUil TOro, 4To HeBHYyTpeHHsis dyHKImda Kiaacca Hly-
pa aBadgerca parmonasbHOM. Pamee, emé B 1917r., omucanue mapamerpos lypa
parmmonabubix BHyTpenunx gyuakmuit gag . Hlyp B cBoeit u3BecTHO# pabdore.
B. K. Ily6oBoit coBmecTHO ¢ HeMenkuMu kosuteramu b. Kupcraitnom u B. @putirie
TTOJIYYMJT TaKXKe OTUCAHNE BAYKHOTO B aHam3e Kiaacca Mep Xeabcora-Ceré B Tep-
MuHax napamerpos lllypa acconuupoBanHOl ITyPOBCKON (DYHKITUH.

B.K. Iy6osoit — aBtop 6osiee 50 mayambix paboT, HAYUIHBIN PYKOBOAUTEH
kaaanmarckux guccepranuii JI. A. lagcrana (coBmecrro ¢ B.II. Iloramoseim),
C. H. Bunenko, Pamamana K. Moxammena, C. C. Boiiko. Utorom ero corpyaaude-
crea ¢ b. Kupcraitnom u b. @purinime crajga COBMECTHAsI ¢ HUMHA MOHOIpadusd
"Matricial version of the classical Schur problem".

Baaguvup KupunioBud ak THBHO MPOJIOJIZKAET CBOIO HAYYHYIO U I€Jaroruye-
CKYI0 JeaTeTbHOCTh. MBI OT BCell IYIITHU TO3IPABJISEM €ro ¢ I0UIeeM U ¥KeaaeM
HOBBIX TBOPYECKUX YCIIEXOB.

Apauncxut FO. M., Apos /. 3., Botixo C. C., Toaunckuii JI. B., Jlepxau B. A.,
Zhoxapes FO. M., Bunenxo C. H., 3oaomapés B. A., Kauyneavcon B. 5.,
Kupcmatn B., Kopobos B. U., Pymxac A. I, Caxnosuy A.JI., @asopos C. K.,
Opumuywe b., Xetgeu A. 4., Hnuesuw A. A.
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