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Attractor for a composite system of nonlinear wave and
thermoelastic plate equations

T. B. Fastovska
V.N. Karazin Kharkiv National University,
Svobody Sq. 4, 61022, Kharkiv, Ukraine

fastovskaya@karazin.ua

We prove the existence of a compact �nite dimensional global attractor
for a coupled PDE system comprising a nonlinearly damped semilinear
wave equation and a thermoelastic Mindlin-Timoshenko plate system with
nonlinear viscous damping. We show the upper semi-continuity of the
attractor with respect to the parameters related to the coupling terms and
the shear modulus of the plate.
Keywords: acoustic model, attractor, upper semi-continuity.

Ôàñòîâñêàÿ Ò. Á., Ãëîáàëüíûé àòòðàêòîð íåëèíåéíîé ñèñòåìû
äëÿ âîëíîâîãî óðàâíåíèÿ è òåðìîóïðóãîé ñèñòåìû êîëåáàíèÿ
ïëàñòèí. Äîêàçûâàåòñÿ ñóùåñòâîâàíèå êîíå÷íîìåðíîãî êîìïàêòíîãî
ãëîáàëüíîãî àòòðàêòîðà ñèñòåìû, ñîñòîÿùåé èç íåëèíåéíîãî âîëíîâîãî
óðàâíåíèÿ ñ íåëèíåéíûì äåìïèíãîì è ñèñòåìû Ìèíäëèíà-Òèìîøåíêî,
îïèñûâàþùåé àêóñòè÷åñêóþ êàìåðó ñ óïðóãîé ñòåíêîé. Äîêàçàíà
âåðõíÿÿ ïîëóíåïðåðûâíîñòü àòòðàêòîðà ïî ïàðàìåòðàì çàäà÷è.
Êëþ÷åâûå ñëîâà: ìîäåëü àêóñòèêè, àòòðàêòîð, âåðõíÿÿ ïîëóíåïðåðûâ-
íîñòü.

Ôàñòîâñüêà Ò. Á., Ãëîáàëüíèé àòðàêòîð íåëiíiéíî¨ ñèñòåìè äëÿ
õâèëüîâîãî ðiâíÿííÿ òà òåðìîïðóæíî¨ ñèñòåìè êîëèâàííÿ
ïëàñòèí. Äîâåäåíî iñíóâàííÿ ñêií÷åííîìiðíîãî êîìïàêòíîãî ãëîáàëü-
íîãî àòðàêòîðà ñèñòåìè, ùî ñêëàäà¹òüñÿ ç íåëiíiéíîãî õâèëüîâîãî
ðiâíÿííÿ ç íåëiíiéíèì äåìïiíãîì òà ñèñòåìè Ìiíäëiíà-Òèìîøåíêà,
ùî îïèñó¹ àêóñòè÷íó êàìåðó ç ïðóæíîþ ñòiíêîþ. Äîâåäåíî âåðõíþ
íàïiâíåïåðåðâíiñòü àòðàêòîðà çà ïàðàìåòðàìè çàäà÷i.
Êëþ÷îâi ñëîâà: ìîäåëü àêóñòèêè, àòðàêòîð, âåðõíÿ íàïiâíåïåðåðâíiñòü.

2000 Mathematics Subject Classi�cation 35B25, 35B40.

c© T. B. Fastovska, 2014

4



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1133 (2014) 5

Introduction
The mathematical model considered consists of a semilinear wave equation

de�ned on a bounded domain, which is strongly coupled with thermoelastic
Mindlin-Timoshenko plate equation on a part of the boundary. The model includes
a weak structural damping and a thermal damping. This kind of models referred
to as structural acoustic interactions, arise in the context of modelling gas pressure
in an acoustic chamber which is surrounded by a combination of rigid and �exible
walls (see, e.g. [13, 22]). The pressure in the chamber is described by the solution
to a wave equation, while vibrations of the �exible wall are described by the
solution to a plate equation. The Mindlin-Timoshenko model describes dynamics
of a plate in view of transverse shear e�ects (see, e.g., [15, 24] and references
therein).

More precisely, let Ω ∈ R3 be a smooth bounded open domain with the
boundary ∂Ω =: Γ = Γ0 ∪ Γ1 consisting of two open (in the induced topology)
connected disjoint parts Γ0 and Γ1 of positive measure. Γ0 is �at and is referred
to as the elastic wall. The dynamics of the acoustic medium in the chamber Ω is
described by a interactive system of a semilinear wave equation and a Mindlin-
Timoshenko system of thermoelasticity:

ztt + g(zt)−∆z + f(z) = 0, x ∈ Ω, t > 0, (1)
∂z

∂n
= 0, x ∈ Γ1,

∂z

∂n
= κwt, x ∈ Γ0 (2)

vtt −Av + µ(v +∇w) + β∇θ + b(vt) + v[h(|v|2) + γw] = 0 x ∈ Γ0, t > 0, (3)
wtt − µdiv(v +∇w) + b0(wt) + h0(w) + κzt = 0, (4)

θt −∆θ + βdivvt = 0 (5)
v = w = θ = 0 ∂Γ0 (6)

supplemented with initial conditions:

z(0, ·) = z0, zt(0, ·) = z1,
v(0, ·) = v0, vt(0, ·) = v1,

w(0, ·) = w0, wt(0, ·) = w1, θ(0, ·) = θ0.
(7)

The variable z describes the dynamics in the acoustic medium, while v denotes
the angles of de�ection of the �laments, w - the transverse displacement of the
middle surface, and θ - the temperature variation averaged with respect to the
thickness of the plate. The operator A is de�ned as follows

A =




∂2
x1

+ 1−ν
2 ∂2

x2

1+ν
2 ∂x1x2

1+ν
2 ∂x1x2

1−ν
2 ∂2

x1
+ ∂2

x2


 = ∇div− 1− ν

2
rotrot,

where 0 < ν < 1 is the Poisson ratio.
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The non-decreasing functions b(s), b0(s), and g(s) describe the dissipation
e�ects in the model, the terms f(z), h(v), h0(w), vw · v represent nonlinear forces
acting on the wave and on the plate components respectively. The boundary term
κzt|Γ0 represents the pressure exercised by the acoustic medium on the wall.

The parameter 0 ≤ κ ≤ 1 has been introduced to cover the case of non-
interacting wave and plate equations (κ = 0), while the parameter 0 ≤ β ≤ 1 -
the case of decoupled plate and heat conduction equations. The parameter µ > 0
describes the shear modulus of the plate.

Due to broad engineering applications in aerospace industry, structural
acoustic models have recently attracted an ample attention. A very large literature
devoted to this model in the context of the control theory, (see e.g. the monograph
[16] and references therein). The investigation of the uniform stability of structural
acoustic models with thermoelastic wall in the case of a single equilibrium can be
found in [17, 18, 19, 21]. The nonlinear structural acoustic model with thermal
e�ects and without mechanical dissipation in the plate component comprising
wave and thermoelastic Berger's equations has been studied in [2] in that the
existence of a compact global attractor and it's properties were investigated.
The same results were obtained for the wave/ Berger's system with mechanical
damping without thermal e�ects [3]. Long-time behavior of a nonlinear structural
acoustic model comprising wave and thermoelastic von Karman plate equations
has been studied in [9]. We also refer to the paper [23] devoted to the problem of
dynamics of a clamped von Karman plate in a gas �ow in the presence of thermal
e�ects. The existence and upper semicontinuity of attractors of the elastic and
thermoelastic Mindlin-Timoshenko plate system were studied in [5, 10].

We consider the nonlinear acoustic model comprising wave and Mindlin-
Timoshenko equations with thermal e�ects with and without non-conservative
nonlinearity in the plate part.
The paper is organized as follows. Section 1 is devoted to the conservative system
with monotone energy. We begin with the abstract formulation of the problem
and its well-posedness. Our �rst main result, Theorem 3 states the existence
of global attractors for problem (1)-(7) under rather general conditions on the
nonlinearities. Since the dynamical system generated by the system without
non-conservative nonlinearity is gradient, the main issue to be explored is the
asymptotic compactness of the semi-�ow. To show this property we use the idea
due to Khanmamedov [14] in the form suggested in [8]. In comparison to the
acoustic interaction with the Berger's and von Karman plate [3, 9] the existence
of the compact global attractor requires the additional condition on the nonlinear
damping referred to the elastic component (see Statement 3).

The next main results, Theorem 5 concerns the �nite dimensionality of the
attractors.

The main result of Section 2, Theorem 9, concerning problem (1)-(7) is the
upper semicontinuity of the attractors with respect to the shear modulus and the
coupling parameters. In contrast to the system considered in [2] the attractor is
upper-semicontinuous not only with respect to the parameter decoupling wave
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and plate components but also with respect to the parameter decoupling plate
and thermal components.

In Section 3 we establish the same results for the system with non-conservative
nonlinearity. Due to the lost of monotonicity of the energy the existence of an
absorbing ball is proved supplementary.

System with conservative forces (γ = 0).
In this section we consider the conservative model ( the case γ = 0), which

implies the monotonicity of the energy.
Basic assumptions. We impose the following basic assumptions on

the nonlinearities of the problem. Note that the listed assumptions on the
nonlinearities f , g and bi, i=0,1,2 were �rst formulated in [9, Section 6.3, 12.3].

Statement 1 • g ∈ C(R) is a non-decreasing function, g(0) = 0, and there
exists a constant C > 0 such that

|g(s)| ≤ C(1 + |s|p), s ∈ R, (8)

where 1 ≤ p ≤ 5.

• f ∈ Liploc(R) and there exists a positive constant M such that

|f(s1)− f(s2)| ≤ M(1 + |s1|q + |s2|q)|s1 − s2|, s1, s2 ∈ R, (9)

where q ≤ 2. Moreover,

λ =
1
2

lim
|s|→∞

inf
f(s)

s
> 0 (10)

.

• h ∈ Liploc(R+), h0 ∈ Liploc(R) and there exists a positive constant M1 such
that

|h(s1)− h(s2)| ≤ M1(1 + sq1
1 + sq1

2 )|s1 − s2|, s1, s2 ∈ R+, (11)

and

|h0(s1)− h0(s2)| ≤ M(1 + |s1|q2 + |s2|q2)|s1 − s2|, s1, s2 ∈ R, (12)

where q1, q2 ≥ 0. and

h∗ = lim
s→∞ inf

h(s)
s

> 0, h∗0 = lim
|s|→∞

inf
h0(s)

s
> 0. (13)

• b ∈ C(R2), b0 ∈ C(R) are non-decreasing functions such that b(0) = 0,
b0(0) = 0.
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Statement 2 For any ε > 0 there exists cε such that s ∈ R
•

s2 ≤ ε + cεsg(s), s ∈ R (14)

•
s2 ≤ ε + cεsb0(s), s ∈ R, |s|2 ≤ ε + cεsb(s), s ∈ R2 (15)

Statement 3 • There exist C > 0 and 1 ≤ p, p0 < ∞ such that

|b(s)| ≤ C(1 + |s|p), s ∈ R2, |b0(s)| ≤ C(1 + |s|p0), s ∈ R. (16)

Statement 4 • There exist positive constants m > 0, M > 0 such that

m ≤ g(s1)− g(s2)
s1 − s2

≤ M(1 + s1g(s1) + s2g(s2))2/3, s1, s2 ∈ R, s1 6= s2.

(17)

• There exist mi > 0, Mi > 0, i = 1, 2 such that

m1|s1 − s2|2 ≤ (b(s1)− b(s2))(s1 − s2), (18)
bj(s1)− bj(s2)

s1 − s2
≤ M1(1 + s1bj(s1) + s2bj(s2)), s1, s2 ∈ R, s1 6= s2, (19)

where j = 1, 2, b = (b1, b2).

m2 ≤ b0(s1)− b0(s2)
s1 − s2

≤ M2(1 + s1b0(s1) + s2b0(s2)), s1, s2 ∈ R, s1 6= s2.

(20)

• f ∈ C2(R),
|f ′′(s)| ≤ C(1 + |s|), s ∈ R. (21)

• h0 ∈ C2(R), h ∈ C2(R+) and there exists a constant c > 0 and 1 ≤ p2 < ∞,
1 ≤ p3 < ∞ such that

|h′′(s)| ≤ c(1 + sp2), s ∈ R+ (22)

and
|h′′0(s)| ≤ c(1 + |s|p3), s ∈ R. (23)

Abstract formulation. We represent the system (1)-(7) as an abstract
evolution equation in an appropriate Hilbert space. For this purpose we introduce
the following spaces and operators.Denote u = (v, w) = (v1, v2, w).

Let A : D(A) ⊂ [L2(Γ0)]3 → [L2(Γ0)]3 be the positive self-adjoint operator on
D(A) = [H2 ∩H1

0 (Γ0)]3 de�ned by

A =
( −A + µI µ∇

−µdiv −µ∆

)
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De�ne also a positive self-adjoint operator L : D(L) ∈ L2(Ω) → L2(Ω) by the
formula

L = −∆ + λI,

with
D(L) = {H2(Ω) :

∂

∂n
|Γ = 0}

and λ is given by (9). Next, let N0 be the Neumann map from L2(Γ0) to L2(Ω)
de�ned by

ψ = N0φ ⇔
{

(−∆ + λ)ψ = 0
∂ψ
∂n |Γ0 = φ, ∂ψ

∂n |Γ1 = 0

It is well-known [20] that N0 is continuous from L2(Γ0) to H3/2(Ω) ⊂ D(A3/4−ε),
for any ε > 0, and the following trace result takes place

N∗
0 Lh = h|Γ0 , h ∈ D(A1/2). (24)

We also introduce the operators R1 : H1
0 (Γ0) → [L2]3(Γ0) and R2 : [H1

0 ]2(Γ0) →
L2(Γ0) de�ned by the formulas

R1θ = β(∂1θ, ∂2θ, 0)

and
R2 = β∂1v1 + β∂2v2 = βdivv.

Now we are at the point to give the abstract formulation of problem (1)-(7). With
the above dynamic operators initial-value problem (1)-(7) can be rewritten as
follows

ztt + G(zt) + Lz + F1(z)− κLN0ut = 0, x ∈ Ω, t > 0, (25)
Dutt + Au + R1θ + B(ut) + F2(u) + κN∗

0 Lzt = 0 (26)
γ1θt −∆θ + R2ut = 0 (27)

z(0) = z0, zt(0) = z1, u(0) = u0, ut(0) = u1, θ(0) = θ0. (28)

where the nonlinear terms are given by the following operators

G(h) = g(h),

B(u) = (b(v), b0(w)),

here u = (v, w). Denote

Π(z) =
∫

Ω

∫ z

0
(f(ξ)− λξ)dξdx. (29)

Then
F1(z) = Π′(z). (30)
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The term F2(u) is represented as follows

F2(u) = (v1h(|v|2), v2h(|v|2), h0(w)). (31)

Denote

Π0(u) =
1
2

∫

Ω

|v|2∫

0

h(s)dsdx +
∫

Ω

w∫

0

h0(s)ds, (32)

It follows from (10) and (13) that

Π(z) ≥ −Mf (33)
Π0(u) ≥ −Mh (34)

for some nonnegative constants Mf and Mh. The natural energy functions
associated with the solutions to the uncoupled wave and plate models are given
respectively by

Ez(z(t), zt(t)) = E0
z (z, zt) + Π(z) (35)

and
Eu,θ(u(t), ut(t)) = E0

u(u, ut) + E0
θ (θ) + Π0(u). (36)

Here we have set
E0

z (z, zt) =
1
2
(‖L1/2z‖2

Ω + ‖zt‖2
Ω), (37)

E0
u(u, ut) =

1
2
(‖Au‖2

Γ0
+ ‖ut‖2

Γ0
), (38)

and
E0

θ (θ) =
1
2
‖θ‖2

Γ0
. (39)

Denote also
Ez(z, zt) = E0

z (z, zt) + Π(z) + Mf , (40)

Eu,θ(u, ut, θ) = E0
u(u, ut) + E0

θ (θ) + Π0(u) + Mh, (41)

Finally we introduce the total energy E(t) = E(z(t), zt(t), u(t), ut(t), θ(t)) of
the system

E(t) = Ez(z, zt) + Eu,θ(u, ut, θ), (42)

where Ez(z, zt) and Eu,θ(u, ut, θ) are given by (35) and (36) respectively. Denote
also

E0(t) = E(z, zt, u, ut, θ) = E0
z (z, zt) + E0

u(u, ut) + E0
θ (θ). (43)

The positive part of the total energy is given by

E(t) = E(z, zt, u, ut, θ) = Ez(z, zt) + Eu,θ(u, ut, θ), (44)

where Ez(z, zt) and Eu,θ(u, ut, θ) are given by (40) and (41) respectively.
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It follows from (33) and (34) that there exist positive constants c, C, M0 such
that

cE(t)−M0 ≤ E(t) ≤ CE(t) + M0 (45)
The phase spaces Y1 for the acoustic component [z, zt] and Y2 for the plate

component [u, ut, θ] of system are given by

Y1 = D(L1/2)× L2(Ω) = H1(Ω)× L2(Ω)

and

Y2 = D(A1/2)× [L2(Γ0)]3 × L2(Γ0) = [H1
0 (Γ0)]3 × [L2(Γ0)]3 × L2(Γ0)

with the norms
‖(z1, z2)‖2

Y1
= ‖L1/2z1‖2

Ω + ‖z2‖2
Ω

and
‖(u1, u2, θ)‖2

Y2
= ‖A1/2u1‖2

Γ0
+ ‖D1/2u2‖2

Γ0
+ ‖θ‖2

Γ0

respectively. The phase space for the problem (25)-(28) is de�ned as

H = Y1 × Y2 (46)

with the norm
‖y‖2

H = ‖(z1, z2)‖2
Y1

+ ‖(u1, u2, θ)‖2
Y2

for y = (z1, z2, u1, u2, θ) and the corresponding inner product.

Well-posedness.

De�nition 1 A triplet of functions (z(t), u(t), θ(t)) which satisfy initial condi-
tions (28) and such that

(z(t), u(t)) ∈ C([0, T ];D(L1/2)×D(A1/2)) ∩ C1([0, T ]; L2(Ω)× [L2(Γ0)]3)

and
θ(t) ∈ C([0, T ]; L2(Γ0))

is said to be
(S) a strong solution to problem (25)-(28) on the interval [0, T ], i�

• for any 0 < a < b < T

(zt, ut) ∈ L1([a, b], D(L1/2)×D(A1/2)), θt ∈ L1([a, b], L2(Γ0))

and
(ztt, utt) ∈ L1([a, b], L2(Ω)× [L2(Γ0)]3)

• L[z(t) − ακN0ut] + G(zt(t)) ∈ L2(Ω), u(t) ∈ D(A), θ ∈ H2 ∩ H1
0 (Γ0) for

almost all t ∈ [0, T ]
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• equations (25)-(27) are satis�ed in L2(Ω)× L2(Γ0)× L2(Γ0) for almost all
t ∈ [0, T ]

(G) a generalized solution to problem (25)-(28) on the interval [0, T ], i� there
exists a sequence {(zn(t), un(t), θn(t))} of strong solutions to (25)-(28) with initial
data (z0

n, z1
n, u0

n, u1
n, θ0

n) such that

lim
n→∞ max

t∈[0,T ]
{‖∂tz(t)− ∂tzn(t)‖Ω + ‖L1/2(z(t)− zn(t))‖Ω} = 0

lim
n→∞ max

t∈[0,T ]
{‖D1/2(∂tu(t)− ∂tun(t))‖Γ0 + ‖A1/2(u(t)− un(t))‖Γ0} = 0

and
lim

n→∞ max
t∈[0,T ]

{‖θ(t)− θn(t)‖Γ0} = 0

Theorem 1 Under Assumptions 1, 3 for any initial conditions

y0 = (z0, z1, u0, u1, θ0) ∈ H

there exists a unique generalized solution y(t) = (z(t), zt(t), u(t), ut(t), θ(t)) to the
PDE system (25)-(28), which depends continuously on initial data. This solution
satis�es the energy inequality

E(t) +

t∫

s

(G(zt), zt)Ωdτ +

t∫

s

(B(ut), ut)Γ0dτ

+

t∫

s

‖∇θ‖2
Γ0

dτ ≤ E(s), 0 ≤ s ≤ t, (47)

with the total energy E(t) given by (42). Moreover, the generalized solution to
problem (25)-(28) is also weak, i.e. it satis�es the following system of variational
equations:

d

dt
(zt, φ)Ω + (L1/2z, L1/2φ)Ω + (g(zt), φ)Ω − κ(ut, N

∗
0 φ)Γ0 + (f(z), φ)Ω = 0 (48)

d

dt
(ut + κz, ψ)Γ0 + (A1/2u,A1/2ψ)Γ0 + (B(ut), ψ)Γ0

+ (F2(u), ψ)Γ0 + (R1θ, ψ)Γ0 = 0 (49)

d

dt
(θ, χ)γ0 + (∇θ,∇χ)Γ0 + (R2ut, χ)Γ0 = 0 (50)

for any φ ∈ H1(Ω), ψ ∈ [H1
0 ]3(Γ0), and χ ∈ H1

0 (Γ0) in the sense of distributions.
If initial data are such that

z0, z1 ∈ D(L1/2), u0 ∈ D(A), u1 ∈ D(A1/2), θ0 ∈ (H2 ∩H1
0 )(Γ0),
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and
L[z0 − κN0u

1] + G(z1) ∈ L2(Ω)

then there exists a unique strong solution y(t) satisfying the energy identity:

E(t) +

t∫

s

(G(zt), zt)Ωdτ +

t∫

s

(B(ut), ut)Γ0dτ

+

t∫

s

‖∇θ‖2
Γ0

dτ = E(s), 0 ≤ s ≤ t,

Both strong and generalized solutions satisfy the inequalities

E(t) ≤ E(s), t ≥ s, (51)

and
E(z(t), zt(t), u(t), ut(t), θ(t)) ≤ C(1 + E(z0, z1, u0, u1, θ0)), (52)

where E is given by (44) and C does not depend on κ, µ, and β.

Proposition 1 Theorem 1 enables us to de�ne the dynamical system (H, St) with
the phase space H given by (46) and with the evolution operator St : H → H
de�ned by the formula

Sty0 = (z(t), zt(t), u(t), ut(t), θ(t)), y0 = (z0, z1, u0, u1, θ0)

where (z(t), u(t), θ(t)) is a generalized solutions to problem (25)-(28). Moreover,
the monotonicity of the damping operators G and B, the Lipschitz conditions on
F1 and F2 and the energy bound in (52) implies that the semigroup St is locally
Lipschitz on H. Namely, there exist a > 0 and b(ρ) > 0 such that

‖Sty1 − Sty2‖H ≤ aeb(ρ)t‖y1 − y2‖H , ‖yi‖H ≤ ρ, t ≥ 0. (53)

Stationary points. It follows from (45) that the energy E(z0, z1, u0, u1, θ0) is
bounded from below on H and E(z0, z1, u0, u1, θ0) → +∞ when
‖(z0, z1, u0, u1, θ0)‖H → +∞. This implies that there exists R∗ > 0 such that
the set

WR = {y = (z0, z1, u0, u1, θ0) ∈ H : E(z0, z1, u0, u1, θ0) ≤ R}

is a non-empty bounded set in H for all R ≥ R∗. Moreover, any bounded set
B ∈ H is contained in WR for some R and it follows from (51) that the set is
forward invariant with respect to the semi-�ow St , i.e. StWR ⊂ WR for all t > 0.
Thus, we can consider the restriction (WR, St) of the dynamical system (H, St)
on WR, R ≥ R∗.
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We introduce the set of stationary points of St denoted by N,

N = {V ∈ H : StV = V, t ≥ 0}
Every stationary point has the form V = (z, 0, u, 0, 0), where z ∈ H1(Ω) and
u ∈ H1

0 (Ω) are weak solutions to the problems

−∆z + f(z) = 0 in Ω,
∂z

∂n
= 0 on Γ,

and
−Av + µ(v +∇w) + h(|v|2)v = 0 x ∈ Γ0, t > 0,

−µdiv(v +∇w) + h0(w) = 0,
v = w = θ = 0 ∂Γ0.

It is clear that the set of stationary points does not depend on κ and µ. Therefore,
one can easily prove the following assertion.

Lemma 1 Under Assumption 1 the set N of stationary points for the semi-group
St generated by problem (25)-(28) is a closed bounded set in H, and hence there
exists R∗∗ ≥ R∗ (independent of κ, β, and µ) such that N ⊂ WR for every
R ≥ R∗∗.

Later we will also need the notion of unstable manifold Mu(N) emanating from
the set of stationary points.

De�nition 2 The unstable manifold Mu(N) emanating from the set of stationary
points N is a set of all V ∈ H such that there exists a full trajectory γ̄ = {V (t) :
t ∈ R} with the properties

V (0) = V and lim
t→−∞ distH(V (t),N) = 0.

Existence of attractors. The main aim of the paper is to show the existence
of a global attractor for the dynamical system generated by problem (25)-(28),
and to study its properties.

By de�nition (see, e.g. [1, 6, 26]) a global attractor is a bounded closed set
A ⊂ H such that StA = A for all t ≥ 0 and

lim
t→+∞ sup

y∈B
dist(Sty, A) = 0

for any bounded set B ∈ H.
The fractal dimension

dimf M = lim sup
ε→0

ln N(M, ε)
ln(1/ε)

,

where N(M, ε) is the minimal number of closed sets of diameter 2ε which cover
the set M .

To prove the existence of the compact global attractor of the dynamical system
(H,St) we need to show some preliminary results.
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Lemma 2 Let Assumptions 1 and 3 hold. Assume that y1, y2 ∈ H, such that
‖yi‖H ≤ R, i = 1, 2 and denote

Sty1 = (d(t), dt(t), ν(t), νt(t), ψ(t))

and
Sty2 = (ζ(t), ζt(t), ω(t), ωt(t), ξ(t)).

Let
z(t) = d(t)− ζ(t), u(t) = ν(t)− ω(t), θ(t) = ψ(t)− ξ(t) (54)

There exist T0 > 0 and positive constants Ci, i = 1, 4 and C5(R) independent of
T , κ, µ, and β such that for every T ≥ T0 the following inequality holds:

TE0(T ) +

T∫

0

E0(t)dt ≤ C1[(

T∫

0

‖zt‖2 + ‖∇θ‖2 + ‖ut‖2dt)

+ GT
0 (z) + RT

0 (u)] + C2H
T
0 (z) + C3Q

T
0 (u) + C4ΨT (z, u)

+ C5(R)

T∫

0

(‖z‖2 + ‖u‖2)dt, (55)

where E0(t) is given by (43). We also introduce the notations

Gt
s(z) =

t∫

s

(G(ζt + zt)−G(ζt), ζt)Ωdτ, (56)

Ht
s(z) =

t∫

s

|(G(ζt + zt)−G(ζt), ζ)Ωdτ, (57)

Rt
s(u) =

t∫

s

(B(νt + ut)−B(νt), νt)Γ0dτ, (58)

Qt
s(u) =

t∫

s

|(B(νt + ut)−B(νt), ν)Γ0dτ, (59)

and

ΨT (z, u) = |
T∫

0

(F1(z), zt)dt|+ |
T∫

0

T∫

t

(F1(u), ut)dτdt|+ |
T∫

0

(F2(z), zt)dt|

+ |
T∫

0

T∫

t

(F2(u), ut)dτdt| (60)
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with
F1(z) = F1(ζ + z)− F1(ζ), and F2(u) = F2(ω + u)− F2(ω), (61)

where F1 and F2 are the same as in (30), (31).
Proof. Step 1 (Energy identity)Without loss of generality, we can assume that
(d(t), ω(t), ψ(t)) and (ζ(t), ν(t), ξ(t)) are strong solutions. By (45) there exists a
constant CR > 0, independent of κ, µ, and β, such that

E0
d(d(t), dt(t)) + E0

ζ (ζ(t), ζt(t)) + E0
ν(ν(t), νt(t)) + E0

ω(ω(t), ωt(t))

+ E0
ψ(ψ(t)) + E0

ξ (ξ(t)) ≤ CR (62)

for all t ≥ 0. We establish �rst an energy type equality.

Lemma 3 For any T > 0 and all 0 ≤ t ≤ T E0(t) satis�es

E0(T ) + GT
t (z) + RT

t (u) +

T∫

t

‖∇θ‖2dτ

= E0(t)−
T∫

t

(F1(z), zt)dτ −
T∫

t

(F2(u), ut)dτ, (63)

where GT
t (z) and RT

t (u) are given by (56), (58) while F1(z) and F2(u) are de�ned
by (61).

Proof. It is easy to see that the di�erences (54) satisfy the following system of
coupled equations

ztt + G(zt + ζt)−G(ζt) + Lz + F1(z)− κLN0ut = 0, x ∈ Ω, t > 0, (64)
Dutt + Au + R1θ + B(ut + ωt)−B(ωt) + F2(u) + κN∗

0 Lzt = 0 (65)
θt −∆θ + R2ut = 0. (66)

By standard energy methods, taking the inner products in (64)-(66) with zt, ut

and θ respectively, we obtain

E0
z (T ) + GT

t (z) = E0
z (t)−

T∫

t

(F1(z), zt)Ωdτ + κ

T∫

t

(LN0ut, zt)Ωdτ, x ∈ Ω, t > 0,

(67)

E0
u(T ) + RT

t (z) = E0
u(t) +

T∫

t

(R1θ, ut)Γ0dτ

−
T∫

t

(F2(u), ut)Γ0dτ + κ

T∫

t

(N∗
0 Lzt, ut)Γ0dτ = 0 (68)
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E0
θ (T ) +

T∫

t

‖∇θ‖2
Γ0

dτ = E0
θ (t)−

T∫

t

(R2ut, θ)Γ0dτ = 0. (69)

Then, collecting (67)-(69) we readily obtain the statement of the lemma.
Step 2. Reconstruction of the energy integralMultiplying equation (25)

by z and integrating between 0 and T we obtain

T∫

0

‖L1/2z‖2 ≤ C(E0
z (T ) + E0

z (0))

+

T∫

0

‖zt‖2dt + HT
0 (z) + κ

T∫

0

|(ut, N
∗
0 Lz)|dt +

T∫

0

|(F1(z), z)|dt. (70)

It follows from (9) that

|(F1(z), z)| ≤ CR‖L1/2z‖Ω‖z‖Ω. (71)

Besides, using well-known interpolation results we get for 0 < δ < 1/4

|(ut, N
∗
0 Lz)| ≤ ‖ut‖Γ0‖N∗

0 L1/2+δ‖‖L1/2−δz‖Ω

≤ ε‖ut‖2
Γ0

+ ε1‖L1/2z‖2
Ω + Cε,ε1‖z‖2,

for any ε, ε1 > 0. Then, by appropriately choosing ε and ε1 we obtain from (70)
and (71) that

T∫

0

‖L1/2z‖2dt ≤ C(E0
z (T ) + E0

z (0)) + ε

T∫

0

‖ut‖2

+ 2

T∫

0

‖zt‖2dt + C1H
T
0 (z) + C2(R, ε)

T∫

0

‖z‖2dt (72)

for any ε > 0.
After multiplication (26) by u and integration between 0 and T

T∫

0

‖A1/2u‖2 ≤ C(E0
u(T ) + E0

u(0)) +

T∫

0

‖B1/2ut‖2dt + QT
0 (u)

+

T∫

0

(F2(u), u)d +

T∫

0

(R1θ, u)dt + κ

∫ T

0
(N∗

0 Lzt, u)dt. (73)
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Multiplying equation (27) by (−∆)−1θ and integrating between 0 and T we obtain

T∫

0

‖θ‖2 ≤ C(E0
θ (T ) + E0

θ (0)) + C3

T∫

0

‖ut‖2dt (74)

Combining (73) and (74) we arrive at

T∫

0

‖A1/2u‖2dt +

T∫

0

‖θ‖2dt ≤ C(E0
u(T ) + E0

u(0) + E0
θ (T ) + E0

θ (0))

+ C1(

T∫

0

‖∇θ‖2dt +

T∫

0

‖ut‖2dt) + QT
0 (u) + C(R)

T∫

0

‖z‖2dt

+ C(R)

T∫

0

‖u‖2dt. (75)

Collecting (72) and (75) we get

T∫

0

E0(t)dt ≤ C(E0(T ) + E0(0)) + C1

T∫

0

(‖zt‖2 + ‖ut‖2 + ‖∇θ‖2)dt + C2H
T
0 (z)

+ C3Q
T
0 (u) + C4(R)

T∫

0

(‖z‖2 + ‖v‖2)dt, (76)

where HT
0 (z) and QT

0 (u) are de�ned in (57) and (59). It follows from energy
relation (63) that

E0(0) = E0(T ) + GT
0 (z) + RT

0 (u) +

T∫

0

‖∇θ‖2dt

+

T∫

0

(F1(z), zt)dt +

T∫

0

(F2(u), ut)dt (77)

and

TE0(T ) ≤
T∫

0

E0(t)dt−
T∫

0

T∫

t

(F1(z), zt)dτ −
T∫

0

T∫

t

(F2(u), ut)dτ (78)

therefore, combining (77) and (78) with (76) we arrive at (55) .
To prove the existence of a compact global attractor of the dynamical system

(H,St) we need to show that it is asymptotically smooth. We recall [11] that a
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dynamical system (H, St) is called asymptotically smooth i� for any bounded set
B in H such that StB ⊂ B for t > 0 there exists a compact set K in the closure
B of B, such that

lim
t→+∞ sup

y∈B
distX{Sty, K} = 0

In order to establish this property we apply the compactness criterion due to [14].
This result is recorded below in the abstract formulation given and used in [8].

Proposition 2 Let (H, St) be a dynamical system on a complete metric space H
endowed with a metric d. Assume that for any bounded positively invariant set B

in H and for any ε > 0 there exists T = T (ε,B) such that

d(ST y1, ST y2) ≤ ε + Ψε,B,T (y1, y2), yi ∈ B,

where Ψε,B,T (y1, y2) is a nonnegative function de�ned on B×B such that

lim inf
m→∞ lim inf

n→∞ Ψε,B,T (yn, ym) = 0 (79)

for every sequence {yn} in B. Then the dynamical system (H, St) is asymptotically
smooth.

Lemma 4 Let Assumptions 1-3 hold. Then, for any ε > 0 and T > 1 there exist
constants Cε(R) and C(R, T ) such that

E(T ) ≤ ε +
1
T

[Cε(R) + ΨT (z, u)] + C(R, T )lot(z, u), (80)

where
lot(z, u) = sup

[0,T ]
[‖z(t)‖Ω + ‖u(t)‖Γ0 ]

Proof. To establish (80) we return to inequality (55) and proceed with the
estimate of its right hand side. Preliminary we recall inequalities which hold under
Assumptions 1 and 3 only (see, e.g. [3]). There exists a constant C0 > 0 and such
that

|(G(ζ + z)−G(ζ), h)| ≤ C0[(G(ζ), ζ)+ (G(ζ + z), ζ + z)]‖L1/2h‖+C0‖h‖ (81)

for any ζ, z, h ∈ D(L1/2) and

|(B(ω + u) − B(ω), l)| ≤ C0[(B(ω), ω) + (B(ω + u), ω + u)]‖A1/2l‖ + C0‖l‖
(82)

for any ω, u, l ∈ D(A1/2).
It follows readily from (81), (82) that

HT
0 (z) ≤ CR + CTlot(z, u) (83)
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and
QT

0 (z) ≤ CR + CTlot(z, u). (84)
Next, using Assumption 2 we get

T∫

0

(‖zt‖2
Ω + ‖ut‖2

Γ0
+ ‖∇θ‖2

Γ0
) ≤ εT + Cε(R) (85)

for every ε > 0. On the other hand, taking t = 0 in (63) and using the fact that
E(0) ≤ CR, we get

GT
0 (z) + RT

0 (u) +

T∫

0

‖∇θ‖2dt ≤

CR + |
T∫

0

(F1(z), zt)dτ |+ |
T∫

0

(F1(u), ut)dτ | (86)

therefore, (80) follows from Lemma 2 and estimates (83)-(86).

Theorem 2 Let Assumptions 1-3 hold. Then the dynamical system (H, St)
generated by problem (25)-(28) is asymptotically smooth.

Proof. It follows from Lemma 4 that given ε > 0 there exists T = T (ε) > 1 such
that for initial data y1, y2 ∈ B we have

‖ST y1 − ST y2‖H = ‖(z(T ), zt(T ), u(T ), ut(T ), θ(T ))‖H ≤
C|E(T )|1/2 ≤ ε + Ψε,B,T (y1, y2), (87)

where
Ψε,B,T (y1, y2) = Cε,B,T {ΨT (z, u) + lot(z, u)}1/2

where ΨT (z, u) is given by (60) and satis�es (79) (see e.g. [3]). Then, by
Proposition 1 (87) implies the statement of the theorem.

Our �rst main result provides the existence of a global attractor for problem.

Theorem 3 Under Assumptions 1-3 the dynamical system (H, St) generated by
problem (25)-(28) possesses a compact global attractor A which coincides with the
unstable manifold Mu(N) emanating from the set N of stationary points for St.

The proof is similar to that given in [3].

Stabilizability estimate. In this section we derive a stabilizability estimate
which will play a crucial role in the proofs of both �nite-dimensionality and
regularity of attractors.

The following lemma can be found in [3].
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Lemma 5 Under Assumption 4 the following estimate holds true for some δ > 0

|
T∫

t

(F1(z), zt)dτ | ≤ CR,T max
[0,T ]

‖z‖2
1−δ

+ ε

T∫

0

‖L1/2z‖2dτ + Cε(R)

T∫

0

(‖dt(t)‖2 + ‖ζt(t)‖2)‖L1/2z‖2dτ

for all t ∈ [0, T ], where ε > 0 can be taken arbitrarily small. Here, F1 is given by
(61).

Now we state the analogue of Lemma 4 for the plate component which follows
immediately from Assumption 1.

Lemma 6 Under Assumptions 1 and 4 the following estimate holds true for all
t ∈ [0, T ]

|
T∫

t

(F2(u), ut)dτ | ≤ CR max
[0,T ]

‖u‖2 + ε

T∫

0

(‖A1/2u‖2 + ‖ut‖2)dτ, (88)

where ε > 0 can be taken arbitrarily small. Here, F2 is given by (61).

Now we are in position to estimate ΨT (z, u) de�ned in (60).

Lemma 7 For any ε > 0 the following estimate holds true

ΨT (z, u) ≤ ε

T∫

0

E0(t)dt + C(T,R)ΣT (z, u)

with ΣT (z, u) given by

ΣT (z, u) = C max
[0,T ]

(‖u‖2
1−δ + ‖z‖2

1−δ) +

T∫

0

Gd,ζ(τ)‖L1/2z‖2dτ

+

T∫

0

Bω,ν(τ)‖A1/2u‖2dτ, (89)

here Gd,ζ is given by

Gd,ζ = m−1[(G(d(t)), d(t))Ω + (G(ζ(t)), ζ(t))Ω] (90)
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Proof. It follows by the lower bound in (17) that ms2 ≤ sg(s), where i = 1, 2 and
thus

‖dt(t)‖2
Ω + ‖ζt(t)‖2

Ω ≤ Gd,ζ , ‖ωt(t)‖2
Γ0

+ ‖νt(t)‖2
Γ0
≤ Bω,ν .

Therefore, using Lemma 5 and Lemma 6 and the elementary inequality ‖ξ‖ ≤
ε + (4ε)−1‖ξ‖2, valid for arbitrary small ε > 0, we obtain the statement of the
lemma.

To proceed we need the following assertion

Lemma 8 For any T ≥ T0 > 0 the following estimate holds true:

TE0(T ) +

T∫

0

E0(t)dt ≤ C[GT
0 (z) + RT

0 (u)

+

T∫

0

‖∇θ‖2dτ ] + C2(T, R)ΣT (z, u), (91)

where ΣT (z, u) is the same as in (89).

Proof. It follows from Assumption 4 [7] that for every ε > 0 there exists Cε > 0
such that

|G(ζ + z)−G(ζ), l| ≤ Cε(G(ζ + z)−G(ζ), z)

+ ε(1 + (G(ζ), ζ) + (G(ζ + z), ζ + z))‖L1/2l‖2 (92)

for any ζ, z, l ∈ D(L1/2) and

|B(ω + u)−B(ω), l| ≤ Cε(B(ω + u)−B(ω), u)

+ ε(1 + (B(ω), ω) + (B(ω + u), ω + u))‖A1/2l‖2 (93)

for any ζ, z, l ∈ D(A1/2).
Owing to estimates (92) and (93) it is immediately seen that

HT
0 (z) ≤ CεG

T
0 (z) + ε

T∫

0

E0(t)dt + εm

T∫

0

Gd,ζ(τ)‖L1/2z‖2dτ

and

QT
0 (z) ≤ CεR

T
0 (z) + ε

T∫

0

E0(t)dt + εm

T∫

0

Bω,ν(τ)‖A1/2u‖2dτ,

where

Bω,ν = min{m1, m2}−1[(B(ω(t)), ω(t))Γ0 + (B(ν(t)), ν(t))Γ0 ]. (94)
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Consequently,

HT
0 (z) + QT

0 (z) ≤ ε

T∫

0

E0(t)dt + Cε[RT
0 (z) + GT

0 (z) + ΣT (z, u)]. (95)

Notice that by the lower bounds in (17), (18), (20) we have

T∫

0

‖zt‖2dt ≤ 1
m

GT
0 (z),

T∫

0

‖ut‖2dt ≤ 1
min{m1,m2}RT

0 (u). (96)

Now we apply estimates (95), (96) and Lemma 7 to the basic inequality in Lemma
2. Choosing ε su�ciently small we obtain the statement of the lemma.

Now we are in position to prove the stabilizability inequality for the dynamical
system (H,St).

Theorem 4 Let Assumptions 1-4 hold. Then there exist positive constants C1, C2

and ω depending on R such that for any y1, y2 ∈ WR the following estimate holds
true for any δ < 1 and independent of κ, β, µ:

‖Sty1 − Sty2‖2
H ≤ C1e

−ωt‖y1 − y2‖2
H + C2 max

[0,t]
(‖z(τ)‖2

1−δ + ‖u(τ)‖2
1−δ) (97)

Above we have used the notation

Sty1 = (d(t), dt(t), ω(t), ωt(t), ψ(t)), Sty1 = (ζ(t), ζt(t), ν(t), νt(t), φ(t)).

Proof. Using inequality (63) and Lemma 8 we obtain that

GT
0 (z)+RT

0 (z)+

T∫

0

‖∇θ‖2dτ ≤ E0(0)−E0(T )+ε

T∫

0

E0(τ)dτ+C(T,R)ΣT (z, u)

for any ε > 0. Combining this estimate with (91) we get that there exists T > 1
such that

E0(T ) ≤ qE0(0) + CR,T ΣT (z, u), 0 < q ≡ q(T, R) < 1. (98)

Applying the procedure described in [4] we get from (98) that there exists ω > 0
such that

E0(t) ≤ C1e
−ωtE0(0)

+ C2[

t∫

0

e−ω(t−τ)[Dh,ζ(τ) + Bω,ν(τ) + ‖∇θ‖2]E0(τ)dτ + lott(z, u)]
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for all t ≥ 0. Therefore, by the Gronwall's lemma we get

E0(t) ≤ [C1e
−ωtE0(0) + C2lott(z, u)]e

tR
0

e−ω(t−τ)[Dh,ζ(τ)+Bω,ν(τ)+‖∇θ‖2]dτ

≤ C1e
−ωtE0(0) + C2lott(z, u).

The above estimate and (62) yield estimate (97).

Properties of attractor. In this Subsection we establish the properties of the
attractor to problem (25)-(28), namely, the �nite dimensionality, boundedness in
the higher-order spaces and upper-semicontinuity with respect to the parameters
µ, β, κ.

Theorem 5 Let Assumptions 1-4 hold. Then the attractor A has a �nite fractal
dimension.

The proof is similar to that given in [3].

Theorem 6 The attractor A is a bounded set in the space

H∗ = W 2
6/p(Ω)×D(L1/2)×D(A)×D(A1/2)×D(−∆)

for 3 < p ≤ 5 and in the space

H∗∗ = H2(Ω)×D(L1/2)×D(A)×D(A1/2)×D(−∆)

in the other cases. Moreover,

sup
t∈R

{‖z‖2
W 2

6/p
(Ω) + ‖zt‖2

H1(Ω) + ‖ztt‖2} ≤ C (99)

sup
t∈R

{‖vtt‖2 + ‖wtt‖2 + ‖vt‖2
[H1

0 (Ω)]2 + ‖θt‖2} ≤ C, (100)

sup
t∈R

‖wt‖2
H1

0 (Ω) ≤ C, (101)

sup
t∈R

‖θ‖H2∩H1
0 (Ω) ≤ C, (102)

sup
t∈R

‖w‖H2∩H1
0 (Ω) ≤ C, (103)

sup
t∈R

‖v +∇w‖ ≤ 1√
µ

C (104)

sup
t∈R

‖vt +∇wt‖ ≤ 1√
µ

C, (105)

where C does not depend on κ, µ, and β.

Proof. Estimate (104) follows readily from the uniform, with respect to κ and µ,
boundedness of the attractor in H. Let {y(t) = (z(t), zt(t), u(t), ut(t), θ(t))} ∈ H
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be a full trajectory from the attractor A. Let |σ| ≤ 1. Applying Theorem 4 with
y1 = y(s + σ), y2 = y(s) for the interval [s, t] in place of [0, t] we obtain

‖y(t + σ)− y(t)‖2
H ≤ C1e

−ω(t−s)‖y(s + σ)− y(s)‖2
H

+ C2 max
τ∈[s,t]

(‖z(τ + σ)− z(τ)‖2
1−δ + ‖u(τ + σ)− u(τ)‖2

1−δ)

for any t, s ∈ R such that s ≤ t and |σ| ≤ 1. Letting s → −∞ gives

‖y(t + σ)− y(t)‖2
H ≤ C2 max

τ∈[−∞,t]
(‖z(τ + σ)− z(τ)‖2

1−δ

+ ‖u(τ + σ)− u(τ)‖2
1−δ) (106)

By interpolation we get

‖z(τ + σ)− z(τ)‖2
1−δ + ‖u(τ + σ)− u(τ)‖2

1−δ ≤ ε‖y(t + σ)− y(t)‖2
H

+ Cε(‖z(τ + σ)− z(τ)‖2 + ‖u(τ + σ)− u(τ)‖2) (107)

for every ε > 0. Therefore we obtain from (106) and (107)

max
τ∈[−∞,t]

‖y(t + σ)− y(t)‖2
H ≤ C max

τ∈[−∞,t]
(‖z(τ + σ)− z(τ)‖2

+ ‖u(τ + σ)− u(τ)‖2) (108)

for any t ∈ R and |σ| < 1. On the attractor we have

1
σ
‖z(τ + σ)− z(t)‖ ≤ 1

σ

σ∫

0

‖zt(τ + t)‖dτ ≤ C, t ∈ R,

and
1
σ
‖u(τ + σ)− u(t)‖ ≤ 1

σ

σ∫

0

‖ut(τ + t)‖dτ ≤ C, t ∈ R,

which gives with (108)

max
τ∈R

∥∥∥∥
y(τ + σ)− y(τ)

σ

∥∥∥∥
2

H

≤ C for |σ| < 1.

This implies

‖ztt‖2 + ‖L1/2zt‖2 + ‖utt‖2 + ‖A1/2ut‖2 + ‖θt‖2 ≤ C (109)

and (105).
It follows readily from (5) that

‖∆θ(t)‖ ≤ C(‖ut‖H1(Γ0) + ‖θt‖) ≤ C
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and from (4) that
‖∆w‖ ≤ C(

1
µ

+ ‖v‖H1(Γ0)) ≤ C,

which implies (102) and (103). From (3) and (4) we conclude

‖Au‖ ≤ C(µ). (110)

In case 1 ≤ p ≤ 3 we have for the wave component

‖g(zt)‖ ≤ C(1 + ‖zt‖2
L2p(Ω)) ≤ C(1 + ‖zt‖2

1)

Therefore z(t) solves the problem

(−∆ + λ)z = h1(t) in Ω,
∂z

∂n
= h2(t) on Γ, (111)

where h1(t) ∈ L∞(R, L2(Ω)) and h2(t) ∈ L∞(R,Hs(Ω)) for any s < 3/2. By the
elliptic regularity theory we conclude that z(t) is a bounded function with values
in H2(Ω).

In case 3 < p ≤ 5 we have that g(zt) is bounded in L6/p(Ω) and therefore,
z solves (111) with h1(t) ∈ L∞(R, L6/p(Ω)). The elliptic regularity theory gives
that z(t) is a bounded function with values in W 2

6/p(Ω), which implies together
with (109) estimate (99).

Estimate (110) gives the boundedness of the component v in H1 ∩H1
0 (Γ0) on

the attractor for every µ > 1, but not uniformly.
The following result is a corollary of Theorems 3, 5, 6.

Theorem 7 Let f and g satisfy the conditions in Assumptions 1 and 2. Then the
dynamical system (H1, S

1
t ) generated by the problem

ztt + g(zt)−∆z + f(z) = 0 in Ω× (0, T )
∂z
∂n = 0 on Γ× (0, T )

(112)

possesses a compact global attractor A1 ≡ Mu(N1), where N1 is the set of equilibria
for (112). If f and g satisfy Assumption 4, then the attractor A1 has a �nite
fractal dimension and A1 is a bounded set in the space W 2

6/p(Ω)×D(L1/2) in case
3 < p ≤ 5, and in the space D(L)×D(L1/2) in other cases.
Arguing as in [10] one can obtain the following result on the existence of attractor.
Theorem 8 Let bi, i = 1, 2, h, and h0 satisfy the conditions in Assumptions 1 -
3 and H2 = H2

0 (Γ0)×H1
0 (Γ0). Then the dynamical system (H2, S

2
t ) generated by

the problem
(1−∆)wtt + divb(−∇wt) + b0(wt) + ∆2w − div[h(|∇w|2)∇w] + h0(w) = 0,

w(x, t) = 0, ∇w(x, t) = 0 x ∈ ∂Γ0, t > 0
(113)

possesses a compact global attractor A2 ≡ Mu(N2), where N2 is the set of equilibria
for (113). If f , h, h0, bi, i = 1, 2 satisfy additionally Assumption 4, then the
attractor A2 has a �nite fractal dimension.
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Our last main result consists in the upper-semicontinuity of the family of
attractors of problem (25)-(28) with respect to the parameters µ, κ, β.

Theorem 9 Let Assumptions 1-4 hold. Denote by Sµ,κ,β
t the evolution operator

of problem (25)-(28) in the space

Hµ = H = (L1/2)× L2(Ω)×D(A1/2)× L2(Γ0)×H1(Γ0).

Let Aµ,κ,β be a global attractor for the system (Sµ,κ,β
t ,Hµ). Then the family of the

attractors Aµ,κ,β is upper semi-continuous on Λ = [1,∞)× [0, 1]× [0, 1]. Namely,
we have that

lim
(µ,κ,β)→(∞,0,0)

sup
y∈Aµ,κ,β

{distHδ1,δ2 (y, A1 × A2 × 0)} = 0, (114)

where

Hδ1,δ2 = (L1/2−δ1)× L2(Ω)× [[H1−δ2(Γ0)]2 ×H1(Γ0)]× L2(Γ0)× L2(Γ0).

Here δ2 > 0, δ1 ≥ 0 in case p < 5 and δ1 > 0 in case p = 1.

Proof. We base the proof on the idea presented in [12]. Assume that the statement
of the theorem is not true. Then there exists a sequence {(µn, κn, βn} → (∞, 0)
such that µn ≥ µ∞, κn ≤ κ0, βn ≤ β0 and for any n ∈ N and a sequence
yn ∈ Aµn,κn,βn such that

distHδ1,δ2 (y, A1 × A2 × 0) ≥ ε, n = 1, 2, ... (115)

for some ε > 0. Let yn(t) = {zn(t), zn
t (t), un(t), un

t (t), θn(t)} be a full trajectory
in Aµn,κn,βn passing through yn (yn(0) = yn). The functions yn satisfy equations
(25)-(28). It follows from (100), (101), (103) that the sequence {zn(t), wn(t), θn(t)}
is uniformly with respect to n bounded in the space

C1 =
(
Cbnd(R; W 2

6/p(Ω)) ∩ C1
bnd(R; D(L1/2)) ∩ C2

bnd(R; L2(Ω))
)

× (
Cbnd(R; (H2 ∩H1

0 )(Γ0)) ∩ C1
bnd(R; H1

0 (Γ0)) ∩ C2
bnd(R;L2(Γ0))

)×(
Cbnd(R; H2 ∩H1

0 (Ω)) ∩ C1
bnd(R; L2(Ω))

)
.

Hence, by Aubin's compactness theorem [25] {zn(t), wn(t), θn(t)} is a compact
sequence in the space

W1 =
(
C([−T, T ]; (L1/2−δ1)) ∩ C1([−T, T ]; L2(Ω))

)

×
(
C([−T, T ];H1

0 (Γ0)) ∩ C1([−T, T ]; L2(Γ0))
)

× C([−T, T ];H1(Γ0))
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for every T > 0. Estimate (100) yields that the sequence {vn} is uniformly with
respect to n bounded in the space

C2 =
(
Cbnd(R; [H1

0 (Ω)]2) ∩ C1
bnd(R; [H1

0 (Ω)]2
) ∩ C2

bnd(R; [L2(Ω)]2
)
.

Thus, we deduce that there exists a function {z(t),w(t), Θ(t)} ∈ C1 such that

lim
k→∞

max
[−T,T ]

{‖znk(t)− z(t)‖2
D(L1/2−δ1 )

+ ‖znk
t (t)− zt(t)‖2

L2(Ω)

+ ‖wnk(t)−w(t)‖2
H1

0 (Γ0) + ‖wnk
t (t)−wt(t)‖2

L2(Γ0)

+ ‖θnk(t)−Θ(t)‖2
H1

0 (Γ0) = 0 (116)

for any δ1 > 0 in case p < 5 and δ1 ≥ 0. Analogously, the sequence {vn} is
compact in the space C([−T, T ]; [H1−δ2

0 (Ω)]2)∩C1([−T, T ]; [L2(Γ0)]2). Moreover,
by (104), (105) we get that

lim
k→∞

max
[−T,T ]

{‖vnk +∇w‖
[H

1−δ2
0 (Γ0)]2

+ ‖vnk
t +∇wt‖[L2(Γ0)]2} = 0 (117)

for every T > 0. By the trace theorem we infer from (117) that

lim
k→∞

‖vnk +∇w‖[L2(∂Γ0)]2 = 0,

therefore,
∇w|∂Γ0 = 0.

We can choose functions φ, ψ and χ in (48)-(50) of the following form: ψ(t) =
(−∂x1 l,−∂x2 l, l) ·p(t) and χ(t) = χ ·p(t), where φ ∈ (L1/2), l ∈ H2

0 (Ω), χ ∈ H1
0 (Ω)

and p(t) is a scalar continuously di�erentiable function such that p(T ) = 0. It is
easy to see that

(Aunk , ψ) = [−ν(divvnk ,∆l)− (1− ν)
∫
Ω

[∂x1v
nk
1 · ∂2

x1
l + ∂x2v

nk
2 · ∂2

x2
l

+(∂x1v
nk
2 + ∂x2v

nk
1 )∂x1x2 l]dx]p(t).

(118)

Therefore, passing to the limit k →∞ we get

lim
k→∞

T∫

0

(Aunk , ψ)dt =

T∫

0

(∆w, ∆l)p(t)dt.

By Assumptions 1, 2, 3 we pass to the limit in the nonlinear terms. Observing
(116) and (118) we get

−
T∫

0

(zt, φ
′(t))dt +

T∫

0

(L1/2z, L1/2φ)dt +

T∫

0

(g(zt), φ)dt +

T∫

0

(f(z), φ)dt

= (z1, φ (0)) (119)
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−
T∫

0

(wt, l)p ′(t)dt−
T∫

0

(∇wt,∇l)p ′(t)dt +

T∫

0

(Kw,Kh)p (t)dt

+

T∫

0

(divb(∇wt) + b0(wt), l)p (t)dt

+

T∫

0

(div[l(|∇w|2)∇w], l)p (t)dt = (w1, l)p (0) + (∇w1,∇l)p (0), (120)

−
T∫

0

(Θ, τ)p ′(t)dt +

T∫

0

(∇Θ,∇τ)p (t)dt = (θ0, τ)p (0), (121)

where K : H2
0 (Γ0) → L2(Γ0) such that K2 = ∆2 : H4 ∩H2

0 (Γ0) → L2(Γ0).
One can deduce from (119)-(121) that z(t), w(t) are weak solutions to

problems (112) and (113) possessing the properties

sup
t∈R

{‖z(t)‖2
D(L1/2)

+ ‖zt(t)‖2
L2(Ω)} ≤ C

sup
t∈R

{‖w(t)‖2
H2∩H1

0 (Γ0) + ‖wt(t)‖2
H1

0 (Γ0) + ‖Θ(t)‖2
L2(Γ0)} ≤ C

and
∇w|∂Γ0 = 0.

Consequently, {z(t), zt(t)} and {w(t),wt(t)} are full trajectories to (112) and
(113) which belong to the attractor A1 and A2. The function Θ(t) is a full
trajectory to the problem

Θt + ∆Θ = 0, x ∈ Γ0, t > 0
Θ = 0, x ∈ ∂Γ0,

which is exponentially stable. Consequently, Θ ≡ 0. Thus, it follows from (116)
and (117) that

lim
nk→0

{‖vnk(0) +∇w(0)‖2

[H
1−δ2
0 (Γ0)]2

+ ‖wnk(0)−w(0)‖2
H1

0 (Γ0)

+‖vnk
t (0) +∇wt(0)‖2

[L2(Γ0)]2 + ‖wnk
t (0)−wt(0)‖2

L2(Γ0)

+‖θnk(0)‖2
H1

0 (Γ0)
} = 0

and

lim
nk→0

{‖znk(0) + z(0)‖2
D(L1/2−δ1 )

+ ‖znk
t (0)− zt(0)‖2

L2(Ω)} = 0

and we obtain a contradiction to (115). Consequently, (114) holds true.
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System with non-conservative forces (γ 6= 0).
Consider now system (1)-(7) with γ 6= 0. This case corresponds to the non-

conservative nonlinearity and non-monotone energy.
Note that Assumption 1 with h∗h∗0 > 2γ2 guarantees that there exist a positive

constant C0 such that

H(r) = C0 +
1
2

r∫

0

h(ξ)dξ ≥ 0, r ∈ R+, H0(s) = C0 +
1
2

s∫

0

h0(ξ)dξ ≥ 0, s ∈ R.

Moreover, there exist positive constants C,C1 and C2 such that

γrs + H(r) + H0(s) + C ≥ 0, r ∈ R+, s ∈ R. (122)

and
γrs ≤ C1(σ2 + H(r)) + C2, r ∈ R+, s ∈ R. (123)

The additional assumption for the non-conservative case is the following:

Statement 5 • There exist positive constants c1 and c2 such that

−rh(r) ≤ −c1H(r) + c2, r ∈ R+ (124)

and
−rh0(r) ≤ −c1H0(r) + c2, s ∈ R (125)

• For any ε > 0 there exists a positive constant Cε such that

−γrs ≤ ε[H(r) + H0(s)] + Cε, r ∈ R+, s ∈ R (126)

and
γrσ ≤ ε[σ2 + H(r)] + Cε, r ∈ R+, σ ∈ R. (127)

• There exist positive constants c1 and c2 such that

−rf(r) ≤ −c1Π(r) + c2, r ∈ R (128)

The assumptions (124)-(127) were made to guarantee the existence of the global
attractor for the Mindlin plate system in [4]. Now we are in position to give the
abstract formulation of system (1)-(7). Denote

F ∗(u) = (0, 0,
γ

2
|v|2),

F2(u) = (v1[γw + h(|v|2)], v2[γw + h(|v|2)], h0(w)). (129)

and
Π1(u) =

γ

2

∫

Ω
w|v|2dx.
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Let
E0(t) = E0

z (z, zt) + E0
u(u, ut) + E0

θ (θ) + Π(z) + Π0(u), (130)

where E0
z , E0

z , E0
z , Π, Π0 are given by (37)-(39) and (29), (32) respectively. We

de�ne the total energy in the following way:

E(t) = E0(t) + Π1(u). (131)

It is easy to see from (122) and (123) that

−1
2
Π0(u)− C1 ≤ Π1(u) ≤ C2

∫

Ω

[|w|2 + H(|v|2)]dx + C3 (132)

Applying the same arguments as in case γ = 0 we obtain the following theorem.

Theorem 10 Under Assumptions 1 with h∗h∗0 > 2γ2, 3 for any initial conditions

y0 = (z0, z1, u0, u1, θ0) ∈ H

there exists a unique generalized solution y(t) = (z(t), zt(t), u(t), ut(t), θ(t)) to the
PDE system (25)-(28) with F2 de�ned by (129), which depends continuously on
initial data. This solution satis�es the energy inequality

E(t) +

t∫

s

(G(zt), zt)Ωdτ +

t∫

s

(B(ut), ut)Γ0dτ

+

t∫

s

‖∇θ‖2
Γ0

dτ ≤ E(s) +

t∫

s

(F ∗(u), ut)dτ, 0 ≤ s ≤ t,

with the total energy E(t) given by (131). Moreover, if initial data are such that

z0, z1 ∈ (L1/2), u0 ∈ D(A), u1 ∈ D(A1/2), θ0 ∈ D(−∆)

and
L[z0 − κN0u

1] + G(z1) ∈ L2(Ω)

then there exists a unique strong solution y(t) satisfying the energy identity:

E(t) +

t∫

s

(G(zt), zt)Ωdτ +

t∫

s

(B(ut), ut)Γ0dτ

+

t∫

s

‖∇θ‖2
Γ0

dτ = E(s) +

t∫

s

(F ∗(u), ut)dτ, 0 ≤ s ≤ t. (133)
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In contrast to the conservative case, the non-conservative system is not gradient
and the energy is not monotone, i.e. one cannot guarantee the existence of a
bounded absorbing set without additional arguments. To prove the dissipativity
of system (25)-(28) in case γ 6= 0 we resort to the Lapunov's method combined
with the barriers method.
Theorem 11 Let Assumptions 1-3, 5 hold. Then the dynamical system (H, St)
generated by problem (25)-(28) possesses an absorbing ball B(R) of the radius R
independent of β, κ, and µ.
Proof. Consider the functional

V (z, zt, u, ut, θ) = E(t) + δ[(zt, z) + (ut, u)],

where δ > 0 will be chosen later. It follows from (132) that there exist positive
constants Ci, i = 1, 4 such that

C1E
0(z, zt, u, ut, θ)− C2 ≤ V (z, zt, u, ut, θ) ≤ C3E

0(z, zt, u, ut, θ) + C4.

After di�erentiating the Lyapunov function by t we obtain
d

dt
V = (G(zt), zt) + (B(ut), ut)− (F ∗(u), ut) + δ[‖zt‖2 + ‖ut‖2

− (G(zt), z)− ‖L1/2z‖2 − κ(LN0ut, z)− (F1(z), z)− ‖A1/2u‖2 − (R1θ, z)
− (B(ut), u)− (F2(u), u)− κ(N∗

0 Lzt, u)].

Taking under consideration (24), (124)-(126), 128 we get
d

dt
V ≤ −(G(zt), zt)− (B(ut), ut)− (F ∗(u), ut)− ‖∇θ‖2 + δ[‖zt‖2 + ‖ut‖2

− (G(zt), z)− 1
2
‖L1/2z‖2 − 1

2
‖A1/2u‖2 + ‖∇θ‖2

− (B(ut), u) + C[‖zt‖2 + ‖ut‖2]− c1/2[Π0(u) + Π(z)] + C]. (134)
It follows from (127) that for any ε > 0

(F ∗(u), ut) =
γ

2

∫

Ω

|v|2wtdx ≤ ε

∫

Γ0

[|w|2 + H(|v|2)]dx + C2

≤ ε[‖wt‖2 + Π0(u)] + C. (135)
Consider now the term (B(ut), u). Let Γ1

0 = {x ∈ Γ0 : |ut(x)| ≥ 1} and Γ2
0 =

Γ0 \ Γ1
0. We obviously have that

|(B(ut), u)| ≤
∫

Γ0

|b(ut)||u|dx ≤
∫

Γ1
0

|b(ut)||u|dx + C

∫

Γ2
0

|u|dx

≤ ([
∫

Γ1
0

|b(ut)|
p1

1+p1 dx]‖A1/2u‖+ C‖u‖2)

≤ C(B(ut), ut)E0(z, u, θ) + C̄‖u‖2 ≤ C(B(ut), ut)[V + 1]1/2 + C̄‖u‖2. (136)
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Analogously,
|(G(zt), z)| ≤ C(G(zt), zt)[V + 1]1/2 + C̄‖z‖2. (137)

Consequently, collecting Assumption 2, (134)-(137) and choosing δ = 4ε(1/2 +
C̄ max{λz, λu}), where λz and λu are the �rst eigenvalues of L and A respectively,
we get

d

dt
V (t) + εV (t) ≤ d1(ε + C)

+ d2(ε[1 + V (t)]1/2 − d4)[(G(zt), zt) + (B(ut), ut)]. (138)

Applying to (138) the barriers method described in [7, Th. 3.15] we obtain the
statement of the theorem.

Applying the same arguments as in Section 2 we get the following theorem

Theorem 12 Let Assumptions 1-5 hold. Denote by Sµ,κ,β
t the evolution operator

of problem (25)-(28) in the space

Hµ = H = D(L1/2)× L2(Ω)×D(A1/2)× L2(Γ0)×H1(Γ0).

Let Aµ,κ,β be a global attractor for the system (Sµ,κ,β
t ,Hµ). Then the family of the

attractors Aµ,κ,β is upper semi-continuous on Λ = [1,∞)× [0, 1]× [0, 1]. Namely,
we have that

lim
(µ,κ,β)→(∞,0,0)

sup
y∈Aµ,κ,β

{distHδ1,δ2 (y, A1 × A3 × 0)} = 0,

where

Hδ1,δ2 = (L1/2−δ1)× L2(Ω)× [[H1−δ2(Γ0)]2 ×H1(Γ0)]× L2(Γ0)× L2(Γ0).

and A3 is the attractor of the system

(1−∆)wtt + divb(−∇wt) + b0(wt) + ∆2w − div[h(|∇w|2)∇w]
+h0(w)− γ/2∆[w2] = 0,

w(x, t) = 0, ∇w(x, t) = 0 x ∈ ∂Γ0, t > 0
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Ðîçãëÿäàþòüñÿ ìàëi ðóõè êàïiëÿðíî¨ ðiäèíè â ïîñóäèíi, ñåêöiîíîâàíié
ïåðôîðîâàíèìè ïåðåãîðîäêàìè. Íàâåäåíî ìàòåìàòè÷íå ôîðìóëþâàííÿ
çàäà÷i ç óñåðåäíåíèìè óìîâàìè íà ïåðôîðîâàíèõ äiëÿíêàõ ïåðåãîðîäîê.
Íàâåäåíî ðåçóëüòàòè äîñëiäæåíü åâîëþöiéíî¨ i ñïåêòðàëüíî¨ çàäà÷.
Êëþ÷îâi ñëîâà: êàïiëÿðíà ðiäèíà, ïåðôîðîâàíi ïåðåãîðîäêè, ìàëi
êîëèâàííÿ, âëàñíi ÷àñòîòè êîëèâàíü.

Áîðèñîâ Ä. È., Áîðèñîâ È. Ä., Ìàëûå êîëåáàíèÿ êàïèëëÿðíîé
æèäêîñòè â ñîñóäå ñ ïåðôîðèðîâàííûìè ïåðåãîðîäêàìè.
Ðàññìàòðèâàþòñÿ ìàëûå äâèæåíèÿ êàïèëëÿðíîé æèäêîñòè â ñîñóäå,
ñåêöèîíèðîâàííîì ïåðôîðèðîâàííûìè ïåðåãîðîäêàìè. Äàíà ìàòåìàòè-
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íà ïåðôîðèðîâàííûõ ó÷àñòêàõ ïåðåãîðîäîê. Ïðèâåäåíû ðåçóëüòàòû
èññëåäîâàíèÿ ýâîëþöèîííîé è ñïåêòðàëüíîé çàäà÷.
Êëþ÷åâûå ñëîâà: êàïèëëÿðíàÿ æèäêîñòü, ïåðôîðèðîâàííûå ïåðåãîðîä-
êè, ìàëûå êîëåáàíèÿ, ñîáñòâåííûå ÷àñòîòû êîëåáàíèé.

D. I. Borysov, I. D. Borysov, Small motions of a capillary �uid in
the tank with perforated ba�ers. Small motions of a capillary �uid in
the tank partitioned by perforated ba�ers are considered. A mathematical
formulation of the problem with the averaged boundary conditions on
perforated sections of the ba�ers is formulated. The results of the study of
evolutionary and spectral problems are presented.
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eigenfrequencies of oscillations.
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Âñòóï
Äîñëiäæåííÿ êîëèâàíü ðiäèíè â ÷àñòêîâî çàïîâíåíèõ áàêàõ ìàþòü âåëè-

êå ïðèêëàäíå çíà÷åííÿ. Îòðèìàíi äî öüîãî ÷àñó ðåçóëüòàòè âiäîáðàæåíi â
÷èñåëüíèõ ïóáëiêàöiÿõ (äèâ., íàïðèêëàä, ìîíîãðàôi¨ [1]�[11] i âêàçàíó â íèõ
áiáëiîãðàôiþ). Iç ñòàòåé, ÿêi âèéøëè ïîðiâíÿíî íåäàâíî, âiäçíà÷èìî [12]�[17].

Â áiëüøîñòi ðîáiò ðîçãëÿäàþòüñÿ áàêè äîñòàòíüî ïðîñòî¨ ãåîìåòði¨. Íàÿâ-
íiñòü ïåðåãîðîäîê òà iíøèõ ïðèñòðî¨â, ðîçòàøîâàíèõ âñåðåäèíi áàêà, çíà÷íî
óñêëàäíþ¹ òåîðåòè÷íèé i ÷èñåëüíèé àíàëiç ïðîöåñiâ êîëèâàíü. Ïðèêëàäè ðî-
çðàõóíêiâ ÷àñòîò i ôîðì âiëüíèõ êîëèâàíü ðiäèíè â áàêàõ ç ïåðåãîðîäêàìè
íàâåäåíî â [12]�[15].

Â [14]�[15] ïðèïóñêà¹òüñÿ, ùî ïåðåãîðîäêè ìàþòü ïåðôîðàöiéíi îòâîðè.
Öå äîäàòêîâî óñêëàäíþ¹ ðîçðàõóíêè ãiäðîäèíàìi÷íèõ õàðàêòåðèñòèê áàêiâ.
Äëÿ ïîäîëàííÿ öèõ òðóäíîùiâ âèêîðèñòîâóþòüñÿ óñåðåäíåíi óìîâè íà ïåðåãî-
ðîäêàõ. Ïðè öüîìó ââàæà¹òüñÿ, ùî êiëüêiñòü ïåðôîðàöiéíèõ îòâîðiâ âåëèêà,
à ¨õíi ðîçìiðè é âiäñòàíi ìiæ íèìè äîñòàòíüî ìàëi.

Â äàíié ðîáîòi, ÿê i â [14]�[15], ðîçãëÿäàþòüñÿ êîëèâàííÿ iäåàëüíî¨ ðiäè-
íè â íåðóõîìié ïîñóäèíi ç ïåðôîðîâàíèìè ïåðåãîðîäêàìè; äîäàòêîâî âðàõî-
âóþòüñÿ ñèëè ïîâåðõíåâîãî íàòÿãó (êàïiëÿðíi ñèëè), ÿêi âiäiãðàþòü ñóòò¹âó
ðîëü â óìîâàõ íåâàãîìîñòi. Âñòàíîâëåíi çàãàëüíi âëàñòèâîñòi ñïåêòðó ÷àñòîò
âëàñíèõ íîðìàëüíèõ êîëèâàíü ðiäèíè. Ðîçãëÿíóòi ïèòàííÿ ðîçâ'ÿçíîñòi åâî-
ëþöiéíî¨ çàäà÷i ïðî ìàëi ðóõè ðiäèíè â îêîëi ðiâíîâàæíîãî ñòàíó.

1. Ïîñòàíîâêà çàäà÷i
Íåõàé ðiäèíà ÷àñòêîâî çàïîâíþ¹ íåðóõîìié áàê, ñåêöiîíîâàíèé ïåðôîðî-

âàíèìè ïåðåãîðîäêàìè (äèâ. ðèñ.1). Áóäåìî ââàæàòè, ùî ðiäèíà çíàõîäèòüñÿ
ïiä äi¹þ ñèë ïîâåðõíåâîãî íàòÿãó è çîâíiøíüîãî îäíîðiäíîãî ïîëþ ìàñîâèõ
ñèë. Ôîðìà âiëüíî¨ ïîâåðõíi ðiäèíè â ñòàíi ðiâíîâàãè ââàæà¹òüñÿ âiäîìîþ.

Ðèñ. 1: Äî ïîñòàíîâêè çàäà÷i

Îêðåìi ñåêöi¨ (îáëàñòi) áàêà ïîçíà÷èìî ÿê Ωk, k ∈ 1, N0, äå N0 � çàãàëüíå
÷èñëî ñåêöié, ÿêi ìiñòÿòü ðiäèíó. Ïåðøi N (N ≤ N0) ñåêöié ââàæàþòüñÿ çà-



38 Áîðèñîâ Ä. I., Áîðèñîâ I. Ä.

ïîâíåíi ðiäèíîþ ëèøå ÷àñòêîâî. Íåõàé Γ ïîçíà÷à¹ âiëüíó ïîâåðõíþ ðiäèíè,
Γk � âiëüíó ïîâåðõíþ ðiäèíè â k-é (k ≤ N ) ÷àñòêîâî çàïîâíåíié ñåêöi¨, òàê
ùî Γ = ∪N

k=1Γk. Íàäàëi, äëÿ ïðîñòîòè, áóäåìî ââàæàòè, ùî ïîâåðõíÿ Γk ïðè
∀k ∈ 1, N ñêëàäà¹òüñÿ ç îäíîãî êîìïîíåíòà çâ'ÿçíîñòi.

Ââàæàþ÷è òîâùèíó ïåðåãîðîäîê çíà÷íî ìåíøîþ õàðàêòåðíîãî ëiíiéíîãî
ðîçìiðó áàêà, áóäåìî îòîòîæíþâàòè ïåðåãîðîäêó ìiæ äâîìà ñóìiæíèìè îá-
ëàñòÿìè Ωj , Ωk ç ¨¨ ñåðåäèííîþ ïîâåðõíåþ Sjk (j < k). Ïîçíà÷èìî ÷åðåç Sk

ïîâåðõíþ êîíòàêòó ðiäèíè, ÿêà ìiñòèòüñÿ â Ωk, k ≥ 1, iç çîâíiøíüîþ ñòií-
êîþ áàêà S; äî Sk áóäåìî âiäíîñèòè òàêîæ äiëÿíêó ïåðåãîðîäêè, ÿêà ðîçäiëÿ¹
ãàçîâó ïîðîæíèíó i îáëàñòü Ωk, k ≥ 1. Íîðìàëi ~n äî ïîâåðõîíü Sjk óìîâèìî-
ñÿ ñïðÿìîâóâàòè â áiê îáëàñòi ç áiëüøèì íîìåðîì; íîðìàëi äî ïîâåðõîíü Γ i
Sk áóäåìî ââàæàòè çîâíiøíiìè ñòîñîâíî îáëàñòi Ω := ∪N0

k=1Ωk, ÿêà çàïîâíåíà
ðiäèíîþ.

Ïîçíà÷èìî ÷åðåç IΩ ìíîæèíó ïàð öiëèõ ÷èñåë (jk), ÿêi âiäïîâiäàþòü ñó-
ìiæíèì îáëàñòÿì Ωj , Ωk. Âiäçíà÷èìî, ùî äëÿ äåÿêèõ íîìåðiâ j, k ∈ 1, N ïî-
âåðõíi Sjk, Sk ìîæóòü áóòè ïîðîæíiìè ìíîæèíàìè.

Ïîçíà÷èìî ÷åðåç ϕ(t, ~x) ïîòåíöiàë ïîëÿ øâèäêîñòåé ðiäèíè â îáëàñòi Ω,
÷åðåç ζ(t, ξ1, ξ2) � âiäõèëåííÿ âiëüíî¨ ïîâåðõíi ðiäèíè Γ(t), ÿêå âiäðàõîâó¹òüñÿ
ïî íîðìàëi âiä ðiâíîâàæíîãî ïîëîæåííÿ Γ (ξ1, ξ2 � êîîðäèíàòíi ïàðàìåòðè íà
Γ). Ïðèïóñòèìî, ùî êiëüêiñòü îòâîðiâ ó ïåðôîðîâàíié äiëÿíöi ïåðåãîðîäêè
äîñèòü âåëèêå, à ¨õíi ðîçìiðè é âiäñòàíi ìiæ íèìè ìàëi. Ïðè öèõ ïðèïóùåí-
íÿõ ìàëi ïîòåíöiàëüíi ðóõè ðiäèíè ïîáëèçó ðiâíîâàæíîãî ñòàíó â ëiíiéíîìó
íàáëèæåííi îïèñóþòüñÿ íàñòóïíèìè ðiâíÿííÿìè, ãðàíè÷íèìè é ïî÷àòêîâèìè
óìîâàìè [14]�[15]:

∆ϕ(k)(t, ~x) = 0 â Ωk, k ∈ 1, N0; (1)

∂ζ(k)

∂t
=

∂ϕ(k)

∂n
íà Γk, k ∈ 1, N ; (2)

ρ
∂ ϕ(k)

∂ t
+ σ(−∆(k)

Γ + a(k))ζ(k) = ρ f(t, ~x) + c(t) íà Γk, k ∈ 1, N ; (3)

∂ζ(k)

∂ν
+ æ(k)ζ(k) = 0 íà ∂Γk, k ∈ 1, N ; (4)

∂ϕ(j)

∂n
=

∂ϕ(k)

∂n
= qjk(ϕ(k) − ϕ(j)) íà Sjk, (jk) ∈ IΩ; (5)

∂ϕ(k)

∂n
= 0 íà Sk, k ∈ 1, N0; (6)

ζ(k)
∣∣∣
t=0

= ζ
(k)
0 (ξ1, ξ2),

∂ϕ(k)

∂n

∣∣∣∣∣
t=0

= ζ
(k)
1 (ξ1, ξ2) íà Γk, k ∈ 1, N ; (7)

a := −ρ

σ
~g · ~n− (k2

1 + k2
2), æ :=

kΓ cos α + kS

sin α
.
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Òóò ∆(k)
Γ � îïåðàòîð Ëàïëàñà�Áåëüòðàìi íà ïîâåðõíi Γk; σ � êîåôiöi¹íò

ïîâåðõíåâîãî íàòÿãó íà âiëüíié ïîâåðõíi Γ; ρ � ãóñòèíà ðiäèíè; qjk(~x) � ïðî-
íèêíiñòü ïåðåãîðîäêè Sjk; k1, k2 � ãîëîâíi êðèâèíè âiëüíî¨ ïîâåðõíi Γ; ∂Γk

� êîíòóð, ÿêèé îáìåæó¹ âiëüíó ïîâåðõíþ Γk; kΓ, kS � êðèâèíà ïåðåòèíiâ
ïîâåðõîíü Γ i S ïëîùèíîþ, ïåðïåíäèêóëÿðíîþ äî êîíòóðà ∂ Γ := ∪N

k=1∂Γk;
α � êóò çìî÷óâàííÿ � äâîãðàííèé êóò, ÿêié ñòâîðþ¹òüñÿ ðiäèíîþ â òî÷êàõ
êîíòóðà ∂Γ; ~ν � íîðìàëü äî êîíòóðà ∂Γ, ùî ðîçòàøîâàíà â äîòè÷íié äî Γ
ïëîùèíi; f(t, ~x) � ñèëîâà ôóíêöiÿ çáóðåííÿ çîâíiøíüîãî ïîëÿ ìàñîâèõ ñèë;
~g � iíòåíñèâíiñòü çîâíiøíüîãî ñèëîâîãî ïîëÿ; c(t) � äîâiëüíà ôóíêöiÿ ÷àñó t;
ζ
(k)
0 (ξ1, ξ2), ζ

(k)
1 (ξ1, ξ2) � çàäàíi ôóíêöi¨, ùî âèçíà÷àþòü ïî÷àòêîâi âiäõèëåííÿ

é øâèäêîñòi òî÷îê âiëüíî¨ ïîâåðõíi ðiäèíè.
Â (1) � (7) i íàäàëi âåðõíié iíäåêñ ó êðóãëèõ äóæêàõ îçíà÷à¹ íîìåð îáëàñòi

àáî ïîâåðõíi, äî ÿêî¨ âiäíîñèòüñÿ òà àáî iíøà ôóíêöiÿ.
Ïîëå øâèäêîñòåé ~v(k)(t, ~x) ðiäèíè â îáëàñòi Ωk âèçíà÷à¹òüñÿ ÷åðåç ïîòåí-

öiàë ϕ(k)(t, ~x) çãiäíî ñïiââiäíîøåííÿ: ~v(k) := ∇ϕ(k)(t, ~x), k ∈ 1, N0. Ðiâíÿí-
íÿ (1) ¹ íàñëiäêîì ðiâíÿííÿ íåïåðåðâíîñòi div~v(k) = 0 i ïîòåíöiàëüíîñòi ðóõó
ðiäèíè. Ðiâíÿííÿ (2), (3) ¹ ëiíåàðèçîâàíi êiíåìàòè÷íi i äèíàìi÷íi óìîâè íà
âiëüíié ïîâåðõíi ðiäèíè. Äèíàìi÷íi óìîâè (3) íà ïîâåðõíÿõ Γk, k ∈ 1, N çàïè-
ñàíi â ïðèïóùåííi, ùî âñi ãàçîâi ïîðîæíèíè ñïîëó÷åíi ìiæ ñîáîþ. Êîåôiöi¹íò
ïîâåðõíåâîãî íàòÿãó σ(= const) ïðèïóñêà¹òüñÿ îäíàêîâèì äëÿ âñiõ ïîâåðõîíü
Γk, k ∈ 1, N . Êóò çìî÷óâàííÿ α ââàæà¹òüñÿ çàäàíîþ ôóíêöi¹þ òî÷îê êîíòóðó
∂Γ. Ïðè öüîìó ââàæà¹òüñÿ, ùî êîæíèé êîíòóð ∂Γk ïåðåòèíà¹òüñÿ ç ïîâåðõ-
íåþ Sk ïî ¨¨ íåïðîíèêíåíié äiëÿíöi.

Óìîâè (5) îòðèìàíî óñåðåäíåííÿì òî÷íèõ (ó ðàìêàõ ìîäåëi iäåàëüíî¨
ðiäèíè) ãðàíè÷íèõ óìîâ íà ïåðåãîðîäêàõ Sjk, ùî ðîçäiëÿþòü ñóìiæíi îá-
ëàñòi Ωj , Ωk. Ôóíêöi¨ qjk(~x) â öèõ óìîâàõ ââàæàþòüñÿ çàäàíèìè, ïðè÷îìó
qjk(~x) ≡ 0 íà íåïåðôîðîâàíèõ äiëÿíêàõ ïåðåãîðîäîê. Ìàòåìàòè÷íå îá ðóíòó-
âàííÿ óìîâ (4) íàâåäåíî â [18]�[20].

Äëÿ âiäõèëåíü âiëüíî¨ ïîâåðõíi ðiäèíè âiä ðiâíîâàæíîãî ñòàíó ïîâèííà
âèêîíóâàòèñÿ óìîâà:

∑

k∈1,N

∫

Γk

ζ(k)(t, ξ1, ξ2)dΓ =0 ∀t ≥ 0. (8)

Ôóíêöi¨ ζ
(k)
0 , ζ

(k)
1 â (7) ïîâèííi çàäîâîëüíÿòè óìîâi (8).

2. Îïåðàòîðíî-äèôåðåíöiàëüíå ôîðìóëþâàííÿ
åâîëþöiéíî¨ çàäà÷i

Çâåäåìî åâîëþöiéíó çàäà÷ó (1) � (7) äî çàäà÷i Êîøi äëÿ îïåðàòîðíî-
äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó â ãiëüáåðòîâîìó ïðîñòîði. Ââå-
äåìî N -êîìïîíåíòíi ôóíêöi¨ ζ := (ζ(1), ζ(2), ..., ζ(N))τ , äå êîæíà ç ôóíêöié
ζ(k) âèçíà÷åíà íà ïîâåðõíi Γk i ¹ åëåìåíòîì ãiëüáåðòîâîãî ïðîñòîðó L2(Γk), à
âåðõíié èíäåêñ τ îçíà÷à¹ îïåðàöiþ òðàíñïîíóâàííÿ. Ôóíêöi¨ ζ, ÿêi âèçíà÷åíi
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íà âiëüíié ïîâåðõíi ðiäèíè Γ := ∪N
k=1Γk, áóäåìî ââàæàòè åëåìåíòàìè ãiëüáåð-

òîâîãî ïðîñòîðó L2(Γ) := L2(Γ1)⊕ L2(Γ2)⊕ ...⊕ L2(ΓN ). Ñêàëÿðíèé äîáóòîê
i íîðìà â L2(Γ) ìàþòü âèãëÿä:

(ζ, η)0 :=
∑

k∈1,N

∫

Γk

ζ(k)η̄(k)dΓ, ‖ζ‖0 := (ζ, ζ)1/2
0 .

Ïîçíà÷èìî ÿê H0(Γ) ïiäïðîñòið ôóíêöié ç L2(Γ), ùî çàäîâîëüíÿþòü óìî-
âi (8). Ïiäïðîñòið H0(Γ) ¹ îðòîãîíàëüíèì äîïîâíåííÿì ó L2(Γ) äî îäíîâèìið-
íîãî ïiäïðîñòiðó, íàòÿãíóòîìó íà ôóíêöiþ eΓ := (1, 1, ..., 1)τ , ÿêà äîðiâíþ¹
òîòîæíî 1 íà âiëüíié ïîâåðõíi Γ, òàê ùî H0(Γ) := L2(Γ) ª {eΓ}. Çãiäíî ç (8)
âiäõèëåííÿ âiëüíî¨ ïîâåðõíi ðiäèíè âiä ðiâíîâàæíîãî ñòàíó ¹ åëåìåíòîì ïðî-
ñòîðó H0(Γ), òîáòî ζ(t, ξ1, ξ2) ∈ H0(Γ)∀t ≥ 0.

Ðîçãëÿíåìî äîïîìiæíó êðàéîâó çàäà÷ó:

∆φ(k)(~x) = 0 â Ωk, k ∈ 1, N0; (9)

∂ϕ(k)

∂n
= χ(k) íà Γk, k ∈ 1, N ; (10)

∂φ(j)

∂n
=

∂φ(k)

∂n
= qjk

(
φ(k) − φ(j)

)
íà Sjk, (jk) ∈ IΩ; (11)

∂φ(k)

∂n
= 0 íà Sk, k ∈ 1, N0; (12)

äå ôóíêöi¨ χ(k) ââàæàþòüñÿ çàäàíèìè. Áóäåìî ââàæàòè, ùî ñåðåäèííi ïî-
âåðõíi ïåðåãîðîäîê Sjk, ïîâåðõíÿ ïîñóäèíè S i âiëüíà ïîâåðõíÿ ðiäèíè Γ ¹
äîñòàòíüî ãëàäêèìè é ïåðåòèíàþòüñÿ îäèí ç îäíèì ïiä êóòàìè, âiäìiííè-
ìè âiä íóëÿ. Ôóíêöi¨ qjk(~x) ïiäïîðÿäêó¹ìî óìîâi: 0 ≤ qjk ≤ q0 ∀(jk) ∈ IΩ,
äå q0 � äåÿêà äîäàòíà êîíñòàíòà.

Óâåäåìî ãiëüáåðòîâèé ïðîñòið H1(Ω) := H1(Ω1)⊕H1(Ω2)⊕...⊕H1(ΩN ), äå
H1(Ωk) îçíà÷à¹ ïðîñòið Ñîáîë¹âà ôóíêöié, ùî íàëåæàòü L2(Ωk) ðàçîì iç óçà-
ãàëüíåíèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó. Íàãàäà¹ìî, ùî Ω îçíà÷à¹ îá'¹äíàííÿ
îáëàñòåé, çàéíÿòèõ ðiäèíîþ: Ω := ∪N0

k=1Ωk.
Ïîçíà÷èìî ÷åðåç γ

(k)
Γ , k ∈ 1, N îïåðàòîð ñëiäó, ùî çiñòàâëÿ¹ äîâiëüíié

ôóíêöi¨ ϕ(k) ∈ H1(Ωk), k ∈ 1, N ¨¨ çíà÷åííÿ íà ïîâåðõíi Γk: γ
(k)
Γ ϕ(k) :=

= ϕ(k)
∣∣
Γk
. ßê âiäîìî [21], îïåðàòîðè γ

(k)
Γ îáìåæåíî äiþòü iç H1(Ωk) â

H1/2(Γk), äå H1/2(Γk) � ïðîñòið Ñîáîë¹âà�Ñëîáîäåöüêîãî. Âèçíà÷èìî îïå-
ðàòîð γΓ := diag(γ(1)

Γ , γ
(2)
Γ , ..., γ

(N)
Γ ), ùî çiñòàâëÿ¹ äîâiëüíié ôóíêöi¨ ϕ ∈ H1(Ω)

¨ ¨ çíà÷åííÿ íà ïîâåðõíi Γ : γΓϕ := ϕ|Γ. Îïåðàòîð γΓ, âíàñëiäîê îáìåæåíîñòi
γ

(k)
Γ ∀ k ∈ 1, N , òàêîæ ¹ ëiíiéíèì îáìåæåíèì îïåðàòîðîì, ùî äi¹ ç ãiëüáåðòî-

âîãî ïðîñòîðó H1(Ω) â ïðîñòið H1/2(Γ) := H1/2(Γ1)⊕H1/2(Γ2)⊕...⊕H1/2(ΓN ).
Óâåäåìî ãiëüáåðòîâèé ïðîñòið

H1
0 (Ω) :=

{
ϕ : ϕ ∈ H1(Ω), γΓϕ ∈ H

1/2
0 (Γ) := H1/2(Γ) ∩ H0(Γ)

}
.
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Ìîæíà ïîêàçàòè, ùî â ïðèéíÿòèõ ïðèïóùåííÿõ iñíó¹ ¹äèíèé óçàãàëüíå-
íèé ðîçâ'ÿçîê φ ∈ H1

0 (Ω) êðàéîâî¨ çàäà÷i (9)�(12) äëÿ äîâiëüíèõ ôóíêöié
χ := (χ(1), χ(2), ..., χ(N))τ ∈ H

−1/2
0 (Γ), äå H

−1/2
0 (Γ) � ïðîñòið ñïðÿæåíèé äî

H
1/2
0 (Γ) âiäíîñíî ñêàëÿðíîãî äîáóòêó â H0(Γ). Ïiä óçàãàëüíåíèì ðîçâ'ÿçêîì

öi¹¨ çàäà÷i ðîçóìi¹òüñÿ ôóíêöiÿ φ := (φ(1), φ(2), ..., φ(N0))τ ∈ H1
0 (Ω), ùî çàäî-

âîëüíÿ¹ iíòåãðàëüíié òîòîæíîñòi:

∑

k∈1,N0

∫

Ωk

∇φ(k) · ∇η̄(k)dΩ +
∑

(jk)∈IΩ

∫

Sjk

qjk(φ(k) − φ(j))(η̄(k) − η̄(j))dS =

= (χ, γΓη)0 ∀η := (η(1), η(2), ..., η(N))τ ∈ H1
0 (Ω). (13)

Òóò i äàëi (·, ·)0 îçíà÷à¹ ïðîäîâæåííÿ ñêàëÿðíîãî äîáóòêó â H0(Γ) íà ñïðÿ-
æåíi ïðîñòîðè H

1/2
0 (Γ) é H

−1/2
0 (Γ).

Ïîçíà÷èìî ÷åðåç A îïåðàòîð, ùî ðîçâ'ÿçó¹ êðàéîâó çàäà÷ó (9)�(12), òàê
ùî φ = Aχ. Îïåðàòîð A � ëiíiéíèé îáìåæåíèé îïåðàòîð, ùî äi¹ ç ïðîñòîðó
H
−1/2
0 (Γ) â ïðîñòið H1

0 (Ω). Óâåäåìî îïåðàòîð C := γΓA, ùî îáìåæåíî äi¹ ç
H
−1/2
0 (Γ) â H

1/2
0 (Γ). Â [14] äîâåäåíî, ùî çâóæåííÿ C íà H0(Γ) ¹ ñàìîñïðÿæå-

íèé äîäàòíèé òà êîìïàêòíèé îïåðàòîð ó H0(Γ).
Çiñòàâëÿþ÷è åâîëþöiéíó (1)�(8) i äîïîìiæíó (9)�(12) çàäà÷i, íåâàæêî

âñòàíîâèòè, ùî ïîòåíöiàë øâèäêîñòåé ϕ i âiäõèëåííÿ ζ âiëüíî¨ ïîâåðõíi ðiäè-
íè âiä ðiâíîâàæíîãî ïîëîæåííÿ çâ'ÿçàíi ñïiââiäíîøåííÿìè:

ϕ = A
∂ζ

∂t
, ϕ|Γ = γΓA

∂ζ

∂t
= C

∂ζ

∂t
. (14)

Ïîçíà÷èìî ÷åðåç L(k) åëiïòè÷íèé äèôåðåíöiàëüíèé îïåðàòîð 2-ãî ïîðÿä-
êó:

L(k)ζ(k) := (−∆(k)
Γ + a(k))ζ(k), k ∈ 1, N,

âèçíà÷åíèé íà ôóíêöiÿõ ζ(k) ∈ H2(Γk), ùî çàäîâîëüíÿþòü óìîâàì (4)
(H2(Γk) � ïðîñòið Ñîáîë¹âà ñêàëÿðíèõ ôóíêöié, ùî íàëåæàòü L2(Γk) ðàçîì
ç óçàãàëüíåíèìè ïîõiäíèìè äî äðóãîãî ïîðÿäêó âêëþ÷íî). Óâåäåìî îïåðàòîð
L := diag(L(1), L(2), ..., L(N)) i îïåðàòîð B,

Bζ := PH0Lζ = Lζ − eΓ

|Γ|(Lζ, eΓ)0, (15)

ç îáëàñòþ âèçíà÷åííÿ

D(B) :=



ζ : ζ ∈ H2(Γ) ∩H0(Γk),

(
∂ ζ

∂ ν
+ æ ζ

)∣∣∣∣
∂Γ

= 0 íà ∂Γ :=
⋃

k∈1,N

Γk



 ,

äå PH0 � îïåðàòîð îðòîãîíàëüíîãî ïðîåêòóâàííÿ â L2(Γ) íà ïiäïðîñòið H0(Γ).
Âiäçíà÷èìî, ùî |Γ| â (15) îçíà÷à¹ ïëîùó âñi¹¨ âiëüíî¨ ïîâåðõíi Γ, òàê ùî
|Γ| := ∑N

k=1 |Γk|.
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ßê âiäîìî, êîæíèé iç îïåðàòîðiâ L(k), k ∈ 1, N � äîïóñêà¹ ðîçøèðåííÿ çà
Ôðiäðiõñîì äî ñàìîñïðÿæåíîãî îáìåæåíîãî çíèçó îïåðàòîðà â L2(Γ) ç îáëà-
ñòüþ âèçíà÷åííÿ D(L(k)) ⊂ H1(Γk) [5, 11]. Çâiäñè âèïëèâà¹, ùî îïåðàòîð B
ìîæíà ðîçøèðèòè äî ñàìîñïðÿæåíîãî îáìåæåíîãî çíèçó îïåðàòîðà â H0(Γ) ç
îáëàñòþ âèçíà÷åííÿ D(B) ⊂ H1

0 (Γ). Íàäàëi öå ðîçøèðåííÿ áóäåìî ïîçíà÷àòè
ÿê i ðàíiøå ÷åðåç B.

Çâåðòàþ÷èñü äî äèíàìi÷íî¨ óìîâè (3), à òàêîæ äî ïî÷àòêîâèõ óìîâ (7),
ïðèéäåìî äî çàäà÷i Êîøi â ãiëüáåðòîâîìó ïðîñòîði H0(Γ), ùî îïèñó¹ ìàëi
ïîòåíöiàëüíi ðóõè êàïiëÿðíî¨ ðiäèíè ïîáëèçó ðiâíîâàæíîãî ñòàíó:

ρC
d2ζ

dt2
+ σBζ = ρf0(t) (t > 0), ζ(0) = ζ0,

dζ(0)
dt

= ζ1. (16)

ζ0 := (ζ(1)
0 , ζ

(2)
0 , . . . , ζ

(N)
0 )τ , ζ1 := (ζ(1)

1 , ζ
(2)
1 , . . . , ζ

(N)
1 )τ ,

f0(t) := f(t)− 1
|Γ|

∫

Γ

f(t)dΓ.

Ðiâíîâàæíèì ñòàíàì ðiäèíè âiäïîâiäàþòü ñòàöiîíàðíi çíà÷åííÿ ôóíêöiî-
íàëà ïîòåíöiàëüíî¨ åíåðãi¨

Π :=
∑

k∈1,N

σ|Γk|+
∑

k∈1,N0

(σg − σf )|Sk| −
∑

k∈1,N0

∫

Ωk

ρ(~g · ~x)dΩ, (17)

òàê ùî δΠ(Γ; ζ) = 0 ∀ζ ∈ H0(Γ), äå δ Π(Γ; ζ) � ïåðøà âàðiàöiÿ ôóíêöiîíàëà
Π (σf , σg = const � êîåôiöi¹íòè ïîâåðõíåâîãî íàòÿãó íà ïîâåðõíÿõ êîíòàê-
òó ðiäèíè òà ãàçó ç òâåðäîþ ñòiíêîþ). Íåâàæêî ïîêàçàòè, ùî äðóãà âàðiàöiÿ
ïîòåíöiàëüíî¨ åíåðãi¨ δ2Π(Γ; ζ) çáiãà¹òüñÿ (ç òî÷íiñòþ äî ìíîæíèêà) iç êâàä-
ðàòè÷íîþ ôîðìîþ îïåðàòîðà B, òàê ùî ó âèïàäêó ìàëèõ âiäõèëåíü âiëüíî¨
ïîâåðõíi ðiäèíè âiä ðiâíîâàæíîãî ïîëîæåííÿ ìîæíà ïðèéíÿòè

Π ' 1
2
δ2Π(Γ; ζ) =

σ

2
(Bζ, ζ)0 =

=
σ

2

∑

k∈1,N




∫

Γk

(∣∣∣∇(k)
Γ ζ(k)

∣∣∣
2
+ a(k)

∣∣∣ζ(k)
∣∣∣
2
)

dΓ +
∫

∂Γk

æ(k)
∣∣∣ζ(k)

∣∣∣
2
ds


, (18)

äå ∇(k)
Γ (·) � ïîâåðõíåâèé ãðàäi¹íò ôóíêöié, âèçíà÷åíèõ íà Γk, ds � åëåìåíò

äîâæèíè êîíòóðó ∂Γ.
Êiíåòè÷íà åíåðãiÿ ïîòåíöiàëüíèõ ðóõiâ ðiäèíè ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi

êâàäðàòè÷íî¨ ôîðìè, ÿêà ñïîëó÷åíà ç îïåðàòîðîì C:
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K =
ρ

2

∑

k∈1,N

(
C

∂ζ

∂ t

(k)

,
∂ζ

∂ t

(k)
)

0

=

=
ρ

2




∑

k∈1,N0

∫

Ωk

∣∣∣∇ϕ(k)
∣∣∣
2
dΩ +

∑

(jk)∈IΩ

∫

Sjk

qjk

∣∣∣ϕ(k) − ϕ(j)
∣∣∣
2
dS


 . (19)

Ïîðiâíÿíî çi çâè÷àéíèì âèðàçîì äëÿ êiíåòè÷íî¨ åíåðãi¨ ïîòåíöiàëüíèõ êîëè-
âàíü ðiäèíè ïðàâà ÷àñòèíà ðiâíîñòi (19) ìiñòèòü äîäàòêîâèé äîäàíîê; ïîÿâà
öüîãî äîäàíêà ïîÿñíþ¹òüñÿ òèì, ùî êiíåòè÷íà åíåðãiÿ âèçíà÷åíà ÷åðåç óñå-
ðåäíåíèé ïîòåíöiàë øâèäêîñòåé ðiäèíè.

Âíàñëiäîê ðiâíîñòåé (18), (19) îïåðàòîðè B, C áóäåìî íàçèâàòè îïåðàòî-
ðàìè ïîòåíöiàëüíî¨ i êiíåòè÷íî¨ åíåðãié, âiäïîâiäíî.

3. Âëàñíi êîëèâàííÿ ðiäèíè. Ðîçâ'ÿçíiñòü åâîëþöiéíî¨ çàäà÷i.
Åâîëþöiéíà çàäà÷à (16) â òî÷íîñòi çáiãà¹òüñÿ ç îïåðàòîðíî-äèôåðåíöiàëü-

íèì ôîðìóëþâàííÿì êëàñè÷íî¨ çàäà÷è ïðî ìàëi ðóõè êàïiëÿðíî¨ ðiäèíè â
÷àñòêîâî çàïîâíåíî¨ ïîñóäèíi [3, 5, 11]. Ïðè öüîìó çáåðiãàþòüñÿ îñíîâíi âëà-
ñòèâîñòi îïåðàòîðiâ ïîòåíöiàëüíî¨ i êiíåòè÷íî¨ ¹íåðãié. Öå äîçâîëÿ¹ ïåðåíåñòè
ðåçóëüòàòè, îòðèìàíi â [3, 5, 11], íà ðîçãëÿäà¹ìèé âèïàäîê êîëèâàíü ðiäèíè
â ïîñóäèíi ç ïåðôîðîâàíèìè ïåðåãîðîäêàìè.

Âëàñíi íîðìàëüíi êîëèâàííÿ ðiäèíè îïèñóþòüñÿ ðîçâ'ÿçêàìè îäíîðiäíîãî
ðiâíÿííÿ (16), ùî çàëåæàòü âiä ÷àñó t çà çàêîíîì

ζ = exp (i ω t)u(~x),

äå ω � êðóãîâà ÷àñòîòà êîëèâàíü, u(~x), ~x ∈ Γ � ìîäà êîëèâàíü âiëüíî¨ ïî-
âåðõíi ðiäèíè. Ðiâíÿííÿ (16) ïðè f0 ≡ 0 ïðèâîäèòü äî ñïåêòðàëüíî¨ çàäà÷i

Bu = λCu, λ := ω2ρ/σ. (20)

Îïåðàòîð ïîòåíöiàëüíî¨ åíåðãi¨ B � îáìåæåíèé çíèçó îïåðàòîð ç äèñêðåòíèì
äiéñíèì ñïåêòðîì. Ó çàãàëüíîìó âèïàäêó B ìà¹ n âiä'¹ìíèõ, n0 íóëüîâèõ
i ðàõóíêîâó ìíîæèíó äîäàòíèõ âëàñíèõ çíà÷åíü λk(B). Âñi âëàñíi çíà÷åííÿ
îïåðàòîðà B ïðîíóìåðó¹ìî, ÿê çâè÷àéíî, ó ïîðÿäêó çðîñòàííÿ ç óðàõóâàííÿì
¨õ êðàòíîñòåé,

λ1(B) ≤ λ2(B) ≤ . . . ≤ λn(B) < 0, λn+1(B) = ... = λn+n0(B) = 0,

0 < λn+n0+1(B) ≤ λn+n0+2(B) ≤ λn+n0+3(B) ≤ . . . . (21)

Ñêîðèñòàâøèñü ðåçóëüòàòàìè [5, 11], ñôîðìóëþ¹ìî çàãàëüíi âëàñòèâîñòi
âëàñíèõ çíà÷åíü i âëàñíèõ ôóíêöié çàäà÷i (20).
Òåîðåìà 1. Íåõàé âëàñíi çíà÷åííÿ îïåðàòîðà ïîòåíöiàëüíî¨ åíåðãi¨ B çàäî-
âîëüíÿþòü óìîâàì (21). Òîäi çàäà÷à (20) ìà¹ äèñêðåòíèé ñïåêòð {λk}∞k=1,
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ÿêèé ñêëàäà¹òüñÿ iç âëàñíèõ çíà÷åíü λk ñêií÷åííî¨ êðàòíîñòi; óñi âëàñíi
çíà÷åííÿ äiéñíi, ïðè÷îìó λk := λ−k < 0 ∀ k ∈ 1, n, λn+k := λ0

k = 0 ∀ k ∈
1, n0, λn+n0+k := λ+

k > 0 ∀ k ∈ 1,∞, λ+
k → +∞ ïðè k → +∞. Ñóêóïíiñòü

âëàñíèõ ôóíêöié {uk}∞k=1 :=
{
u−k

}n

k=1
∪ {

u0
k

}n0

k=1
∪ {

u+
k

}∞
k=1

(u0
k, u

±
k � âëàñíi

ôóíêöi¨, ÿêi âiäïîâiäàþòü âëàñíèì çíà÷åííÿì λ0
k, λ

±
k ) ïîâíà â H0(Γ), ñòâî-

ðþ¹ áàçèñ Ðèññà â öüîìó ïðîñòîði i ìîæå áóòè îáðàíà òàê, ùîá âèêîíóâà-
ëèñÿ ñïiââiäíîøåííÿ:

(B uj , uk)0 = δjkλk, (C uj , uk)0 = δjk.

Ñïåêòðàëüíà çàäà÷à (20) äîïóñêà¹ âàðiàöiéíå ôîðìóëþâàííÿ. Âëàñíi çíà-
÷åííÿ öi¹¨ çàäà÷i ìîæíà çíàéòè ÿê ïîñëiäîâíi ìiíiìóìè ñïiââiäíîøåííÿ

(Bu, u)0
(Cu, u)0

=

∑
k∈1,N

[
∫
Γk

(∣∣∣∇(k)
Γ u(k)

∣∣∣
2
+ a(k)

∣∣u(k)
∣∣2

)
dΓ +

∫
∂Γk

æ(k)
∣∣u(k)

∣∣2ds

]

∑
k∈1,N0

∫
Ωk

∣∣∇ϕ(k)
∣∣2dΩ +

∑
(jk)∈IΩ

∫
Sjk

qjk

∣∣ϕ(k) − ϕ(j)
∣∣2 dS

. (22)

Ââåäåìî ïîçíà÷åííÿ:

γk := |λ−k σ/ρ|1/2 > 0 ∀k ∈ 1, n, ω0
k := 0 ∀k ∈ 1, n0,

ω+
k := (λ+

k σ/ρ)1/2 > 0 ∀k ∈ 1,∞.

Ó çàãàëüíîìó âèïàäêó ñïåêòð {ωk} âëàñíèõ ÷àñòîò êîëèâàíü ðiäèíè ìiñòèòü n

ïàð óÿâíèõ "÷àñòîò"{± iγk}n
k=1, à òàêîæ n0 íóëüîâèõ

{
ω0

k = 0
}n0

k=1
i ðàõóíêîâó

ìíîæèíó âiä'¹ìíèõ i äîäàòíèõ ÷àñòîò ±{
ω+

k

}∞
k=1

. Òî÷íî êàæó÷è, ôiçè÷íèé
ñìèñë êðóãîâî¨ ÷àñòîòè êîëèâàíü ìàþòü òiëüêè âåëè÷èíè ω+

k . Çàáiãàþ÷è âïå-
ðåä, âiäçíà÷èìî òàêîæ, ùî âåëè÷èíè γk, ω

0
k âiäïîâiäàþòü íåñòiéêîìó ñòàíó

ðiâíîâàãè ðiäèíè, ïðè öüîìó γk ¹ iíêðåìåíòè ðîñòó çáóðåíü ïðè âòðàòi ñòié-
êîñòi ðiâíîâàãè.

Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i Êîøi (16) íà âiäðiçêó ÷àñó [0, T ]
áóäåìî íàçèâàòè ôóíêöiþ ζ(t), íåïåðåðâíó ïî t ∈ [0, T ] ó íîðìi ïðîñòî-
ðó H1

0 (Γ), ç íåïåðåðâíîþ ïåðøîþ ïîõiäíîþ ïî t ∈ [0, T ] ó íîðìi ïðîñòîðó
H
−1/2
0 (Γ),

ζ(t) ∈ C([0, T ];H1
0 (Γ)), ζ ′(t) ∈ C([0, T ]; H−1/2

0 (Γ)) (′ := d/dt),

ÿêà çàäîâîëüíÿ¹ iíòåãðàëüíié òîòîæíîñòi:
∫ T

0

(
ρ(Cζ ′(t), η′(t))0 − σ(Bζ(t), η(t))0 + ρ(f0(t), η(t))0

)
dt+ρ(Cζ1, η(0))0 = 0,

∀ η(t) ∈ L2([0, T ];H1
0 (Γ)), η′(t) ∈ L2([0, T ]; H−1/2

0 (Γ)), η(T ) = 0. (23)
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Òåîðåìà 2. Íåõàé âèêîíàíi óìîâè: ζ0 ∈ H1
0 (Γ), ζ1 ∈ H−1/2

0 (Γ), f0(t) ∈
L2([0, T ];H0(Γ)). Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i Êîøi (16).

Äîâåäåííÿ òåîðåìè íåâàæêî îäåðæàòè, ñëiäóþ÷è ñõåìi íàâåäåíié â [5, 11].
Óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (16) ìîæíà ïðåäñòàâèòè ó âèãëÿäi:

ζ(t) =
n∑

j=1

c−j (t)u−j +
n0∑

j=1

c0
j (t)u

0
j +

∞∑

j=1

c+
j (t)u+

j , (24)

c−j (t) := α−j ch (γjt) +
β−j
γj

sh (γjt) + 1
γj

t∫
0

sh(γj(t− τ))f−j (τ)dτ,

c0
j (t) := α0

j + β0
j t +

t∫
0

dτ
τ∫
0

f0
j (s)ds,

c+
j (t) := α+

j cos(ω+
j t) +

β+
j

ω+
j

sin(ω+
j t) + 1

ω+
j

t∫
0

sin(ω+
j (t− τ))f+

j (τ)dτ,

α±j := (Cζ0, u
±
j )0, β±j := (Cζ1, u

±
j )0, f±j (t) := (f0(t), u±j )0,

α0
j := (Cζ0, u

0
j )0, β0

j := (Cζ1, u
0
j )0, f0

j (t) := (f0(t), u0
j )0.

Íà çàêií÷åííÿ äàíîãî ðîçäiëó ðîçãëÿíåìî óìîâè ñòiéêîñòi ðiâíîâàæ-
íîãî ñòàíó êàïiëÿðíî¨ ðiäèíè. Áóäåìî íàçèâàòè ðiâíîâàæíèé ñòàí
ñòiéêèì , ÿêùî äëÿ êîæíîãî ε > 0 ìîæíà âêàçàòè δ > 0 òàêå,
ùî äëÿ áóäü-ÿêèõ ïî÷àòêîâèõ çáóðåíü ζ0, ζ1, ùî çàäîâîëüíÿþòü óìîâàì
‖ζ0‖H1

0 (Γ) < δ, ‖ζ1‖H
−1/2
0 (Γ)

< δ, âèêîíóþòüñÿ íåðiâíîñòi:

‖ζ(t)‖H1
0 (Γ) < ε,

∥∥ζ ′(t)
∥∥

H
−1/2
0 (Γ)

< ε ïðè∀t > 0.

Ó âiäñóòíîñòi çáóðåíü çîâíiøíüîãî ïîëÿ ìàñîâèõ ñèë (f ≡ 0) ðiâíîâàæíèé
ñòàí êàïiëÿðíî¨ ðiäèíè ¹ ñòiéêèé, ÿêùî íàéìåíøå âëàñíå çíà÷åííÿ îïåðà-
òîðà ïîòåíöiàëüíî¨ åíåðãi¨ B äîäàòíå, òîáòî λ1(B) > 0, i íåñòiéêèé, ÿêùî
λ1(B) < 0. Äiéñíî, ÿêùî λ1(B) > 0, òî, çâåðòàþ÷èñü äî (24), íåâàæêî ïåðå-
êîíàòèñÿ â òîìó, ùî ïðè f ≡ 0 ðiâíîâàæíèé ñòàí ñòiéêèé. ßêùî λ1(B) < 0,
òî ç (24) ëåãêî âèïëèâà¹, ùî â öüîìó âèïàäêó iñíóþòü ÿê çàâãîäíî ìàëi
(ïî íîðìi ïðîñòîðó H1

0 (Γ)) ïî÷àòêîâi çáóðåííÿ ðiâíîâàæíîãî ñòàíó òàêi, ùî
‖ζ(t)‖H1

0 (Γ) →∞ ïðè t →∞.
Ñïåêòðàëüíà îçíàêà ñòiéêîñòi: λ1(B) > 0 (àáî íåñòiéêîñòi: λ1(B) < 0) ó

äåÿêèõ âèïàäêàõ äîïóñêà¹ äîñòàòíüî åôåêòèâíó ïåðåâiðêó. Ïðèêëàäè ¨¨ âè-
êîðèñòàííÿ ìîæíà çíàéòè â [6], [17].

Çãiäíî (18) ó ðiâíîâàæíîìó ñòàíi ðiäèíè ôóíêöiîíàë ïîòåíöiàëüíî¨ åíåð-
ãi¨ áóäå ìàòè ëîêàëüíî ìiíiìàëüíå çíà÷åííÿ, ÿêùî îïåðàòîð ïîòåíöiàëüíî¨
åíåðãi¨ B ¹ äîäàòíî âèçíà÷åíèé i îòæå λ1(B) > 0. Ç (18) âèïëèâà¹ òàêîæ,
ùî ó âèïàäêó λ1(B) < 0 äðóãà âàðiàöiÿ ïîòåíöiàëüíî¨ åíåðãi¨ ìîæå ïðèéìàòè
âiä'¹ìíi çíà÷åííÿ. Òàêèì ÷èíîì, ìà¹ ìiñöå íàñòóïíà
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Òåîðåìà 3. Ó âiäñóòíîñòi çáóðåíü çîâíiøíüîãî ïîëÿ ìàñîâèõ ñèë (f ≡ 0)
ðiâíîâàæíèé ñòàí êàïiëÿðíî¨ ðiäèíè ¹ ñòiéêèì, ÿêùî éîìó âiäïîâiäà¹ içî-
ëüîâàíèé ëîêàëüíèé ìiíiìóì ïîòåíöiàëüíî¨ åíåðãi¨ Π (äèâ.(17)). ßêùî ðiâíî-
âàæíîìó ñòàíó âiäïîâiäà¹ ñòàöiîíàðíå çíà÷åííÿ ôóíêöiîíàëà ïîòåíöiàëüíî¨
åíåðãi¨, ùî íå ¹ ëîêàëüíèì ìiíiìóìîì, i ïðè öüîìó äðóãà âàðiàöiÿ ïîòåí-
öiàëüíî¨ åíåðãi¨ ìîæå ïðèéìàòè âiä'¹ìíi çíà÷åííÿ, òî ðiâíîâàæíèé ñòàí
ðiäèíè ¹ íåñòiéêèì.

Äàíà òåîðåìà ¹ àíàëîãîì âiäîìî¨ òåîðåìè Ëàãðàíæà (i ¨¨ îáåðíåííÿ) ïðî
ñòiéêiñòü ðiâíîâàãè êîíñåðâàòèâíèõ ñèñòåì çi ñêií÷åííèì ÷èñëîì ñòóïåíiâ
âiëüíîñòi.
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Ïðåäëîæåí ïðîñòîé ìåòîä ðàñ÷åòà ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè
íåêîòîðûõ êëàññîâ íåëèíåéíûõ ñèñòåì, ñîäåðæàùèõ ïåðåìåííûå è ðàñ-
ïðåäåëåííûå çàïàçäûâàíèÿ. Íàéäåíà âåðõíÿÿ îöåíêà ìàêñèìàëüíîãî
ïîêàçàòåëÿ Ëÿïóíîâà, õàðàêòåðèçóþùàÿ ñêîðîñòü óáûâàíèÿ ðåøåíèé
òàêèõ ñèñòåì. Ïðèâåäåíû ïðèìåðû, èëëþñòðèðóþùèå ïðèìåíåíèå
ðàçðàáîòàííîé ìåòîäèêè.
Êëþ÷åâûå ñëîâà: ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü, çàïàçäûâàíèå,
ïîêàçàòåëü Ëÿïóíîâà.

Ïîñëàâñüêèé Ñ. Þ., Ìåòîä ðîçðàõóíêó ñòiéêîñòi íåëiíiéíèõ
ñèñòåì ç çàïiçíþâàííÿìè. Çàïðîïîíîâàíî ïðîñòèé ìåòîä ðîçðà-
õóíêó åêñïîíåíöiéíî¨ ñòiéêiñòi äåÿêèõ êëàñiâ íåëiíiéíèõ ñèñòåì, ùî
ìiñòÿòü çìiííi òà ðîçïîäiëåíi çàïiçíþâàííÿ. Çíàéäåíà âåðõíÿ îöiíêà
ìàêñèìàëüíîãî ïîêàçíèêà Ëÿïóíîâà, ùî õàðàêòåðèçó¹ øâèäêiñòü
ñïàäàííÿ ðiøåíü òàêèõ ñèñòåì. Íàâåäåíi ïðèêëàäè, ùî iëþñòðóþòü
çàñòîñóâàííÿ ðîçðîáëåíî¨ ìåòîäèêè.
Êëþ÷îâi ñëîâà: åêñïîíåíöiéíà ñòiéêiñòü, çàïiçíþâàííÿ, ïîêàçíèê
Ëÿïóíîâà.

S. Yu. Poslavskii, Method for calculating the stability of nonlinear
systems with time-delays. A simple method for calculating the
exponential stability of some classes of nonlinear systems containing
varying and distributed delays is proposed. An upper bound for the largest
Lyapunov exponent is found. Examples, illustrating application of the
developed technique, are given.
Keywords: exponential stability, time-delay, Lyapunov exponent.
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1. Ââåäåíèå
Â ïðèêëàäíûõ çàäà÷àõ óñòîé÷èâîñòè ðàçëè÷íûõ ñèñòåì çà÷àñòóþ íåëè-

íåéíàÿ õàðàêòåðèñòèêà îáúåêòà òî÷íî íå èçâåñòíà èëè ìåíÿåòñÿ ñî âðåìåíåì
â îïðåäåëåííûõ ïðåäåëàõ. Òðåáóåòñÿ íàéòè óñëîâèÿ, ãàðàíòèðóþùèå óñòîé-
÷èâîñòü ñèñòåìû äëÿ ëþáûõ íåëèíåéíûõ õàðàêòåðèñòèê, ëåæàùèõ â äîïó-
ñòèìûõ ïðåäåëàõ. Òàêàÿ çàäà÷à áûëà âïåðâûå áûëà ïîñòàâëåíà À.È. Ëóðüå è
Â.Í. Ïîñòíèêîâûì â [1], ãäå áûëà ðàññìîòðåíà óñòîé÷èâîñòü ñèñòåìû àâòîìà-
òè÷åñêîãî ðåãóëèðîâàíèÿ ïðè ëþáûõ íà÷àëüíûõ âîçìóùåíèÿõ è ëþáîé íåëè-
íåéíîñòè ñåðâîìîòîðà, ëåæàùåé â çàäàííîì ñåêòîðå. Ýòà ñòàòüÿ ïðèâëåêëà
âíèìàíèå ìíîãèõ èññëåäîâàòåëåé è ïîëîæèëà íà÷àëî íîâîìó íàïðàâëåíèþ �
òåîðèè àáñîëþòíîé óñòîé÷èâîñòè, ãäå ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü íå îä-
íîé êîíêðåòíîé ñèñòåìû, à íåêîòîðîãî ìíîæåñòâà ñèñòåì, ïðèíàäëåæàùèõ
îïðåäåëåííîìó êëàññó. Áûëè ðàññìîòðåíû íîâûå âèäû äèíàìè÷åñêèõ ñèñòåì,
â ÷àñòíîñòè, ñèñòåìû ñ çàïàçäûâàíèåì. Â ðàáîòå Á.Ñ. Ðàçóìèõèíà [2] äîñòà-
òî÷íûå óñëîâèÿ óñòîé÷èâîñòè òàêèõ ñèñòåì áûëè ïîëó÷åíû ìåòîäîì ôóíêöèè
Ëÿïóíîâà. Ðàáîòà Â.Ì. Ïîïîâà è À. Õàëàíàÿ [3] ïîëîæèëà íà÷àëî ðàçâèòèþ
÷àñòîòíûõ ìåòîäîâ èññëåäîâàíèÿ óñòîé÷èâîñòè ñèñòåì ñ çàïàçäûâàíèåì.

Áîëüøèíñòâî èññëåäîâàíèé ñèñòåì ñ çàïàçäûâàþùèì àðãóìåíòîì íàïðàâ-
ëåíû íà ïîèñê óñëîâèé óñòîé÷èâîñòè òàêèõ ñèñòåì. Îöåíêàì ïîêàçàòåëÿ Ëÿ-
ïóíîâà, õàðàêòåðèçóþùåãî ñêîðîñòü óáûâàíèÿ ðåøåíèé, ïîñâÿùåíî çíà÷è-
òåëüíî ìåíüøåå ÷èñëî èññëåäîâàíèé; êëàññè÷åñêèå ðåçóëüòàòû òàêîãî ðîäà [4]
îòíîñÿòñÿ ê ñèñòåìàì ñ íåëèíåéíîñòüþ íå ñîäåðæàùåé çàïàçäûâàíèÿ. Â ðàáî-
òå [5] äëÿ ñèñòåì ñ çàïàçäûâàíèåì òàêèå îöåíêè ïîëó÷åíû ìåòîäîì ôóíêöèé
Ëÿïóíîâà. Â [6] áûëè íàéäåíû óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè è ïî-
ëó÷åíû äâóñòîðîííèå îöåíêè ìàêñèìàëüíîãî ïîêàçàòåëÿ Ëÿïóíîâà. Â äàííîé
ðàáîòå ïðåäëàãàåòñÿ íîâûé ìåòîä, ñóùåñòâåííî ñîêðàùàþùèé âû÷èñëèòåëü-
íóþ ñëîæíîñòü èññëåäîâàíèÿ.

2. Ïîñòàíîâêà çàäà÷è
Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ(t) = Ax(t) + Bx(t− τB(t)) + f(x(t− τ(t)), t) + C

∫ t

t−µ
x(u)du, (1)

ãäå A, B è C � çàäàííûå ìàòðèöû â Rn×n, x ∈ Rn. Ìàòðèöà A � ãóðâèöåâà,
ò. å. âñå åå ñîáñòâåííûå çíà÷åíèÿ βi óäîâëåòâîðÿþò íåðàâåíñòâó Reβi < 0,
i = 1, ..., n.

Ôóíêöèè τ(t), τB(t), f(x, t) è x0(t) êóñî÷íî-íåïðåðûâíû è óäîâëåòâîðÿþò
óñëîâèÿì

τ(t) ∈ [0, h], τB(t) ∈ [0, hB],
x(t) = x0(t) ïðè t ∈ [−H, 0], H = max(h, hB, µ),

‖f(x, t)‖ ≤ k ‖x‖ , f(0, t) = 0,
(2)

ãäå ‖·‖ � íîðìà (çäåñü è äàëåå èñïîëüçóåòñÿ åâêëèäîâà íîðìà), k � çàäàííàÿ
âåëè÷èíà.
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Â ñèëó f(0, t) = 0, ñèñòåìà (1) èìååò ïîëîæåíèå ðàâíîâåñèÿ x(t) ≡ 0.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü ýòîãî ïîëîæåíèÿ.

Ôóíêöèè x0(t), f(x, t), τB(t) è τ(t) íàçîâåì äîïóñòèìûìè, åñëè îíè óäî-
âëåòâîðÿþò ïðèâåäåííûì âûøå óñëîâèÿì. Ïóñòü λ′ � ïîêàçàòåëü Ëÿïóíîâà
ðåøåíèÿ x(t) óðàâíåíèÿ (1) ïðè íåêîòîðûõ äîïóñòèìûõ x0(t), f(x, t), τB(t) è
τ(t), ò. å.

λ′(x0, f, τB, τ) = lim
t→+∞

ln ‖x(t)‖
t

.

Ìàêñèìàëüíûé ïîêàçàòåëü Ëÿïóíîâà ðåøåíèé x(t) ñèñòåìû (1) ðàâåí

λ̄ = supλ′(x0, f, τB, τ),

ãäå ñóïðåìóì âû÷èñëÿåòñÿ ïî âñåì äîïóñòèìûì ôóíêöèÿì x0(t), f(x, t), τB(t)
è τ(t).

Îïðåäåëåíèå 1. Cèñòåìà (1) ýêñïîíåíöèàëüíî óñòîé÷èâà, åñëè λ̄ < 0.
Òîãäà ïðè ëþáûõ x0(t), f(x, t), τB(t) è τ(t), óäîâëåòâîðÿþùèõ óñëîâèÿì (2),
äëÿ ñîîòâåòñòâóþùèõ ðåøåíèé ñïðàâåäëèâî íåðàâåíñòâî

‖x(t)‖ ≤ N ‖x0(t)‖ exp(λ̄t), t ∈ (0, +∞),

ãäå N > 0 � íåêîòîðàÿ ïîñòîÿííàÿ.
Öåëü äàííîé ðàáîòû � ïîëó÷èòü ïðîñòûå óñëîâèÿ ýêñïîíåíöèàëüíîé

óñòîé÷èâîñòè ñèñòåìû (1), âûðàæåííûå íåïîñðåäñòâåííî ñ ïîìîùüþ ïàðà-
ìåòðîâ ñèñòåìû, à òàêæå íàéòè âåðõíþþ îöåíêó ìàêñèìàëüíîãî ïîêàçàòåëÿ
Ëÿïóíîâà, õàðàêòåðèçóþùóþ ñêîðîñòü óáûâàíèÿ ðåøåíèé.

3. Óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè
Áóäåì ñ÷èòàòü, ÷òî ìàòðèöà A èìååò ðàçëè÷íûå ñîáñòâåííûå çíà÷åíèÿ

β1, ..., βn (ýòîãî ìîæíî äîñòè÷ü ïðîèçâîëüíî ìàëûì âîçìóùåíèåì A [7]).
Ïóñòü v1, ..., vn � ñîîòâåòñòâóþùèå ñîáñòâåííûå âåêòîðû, íîðìèðîâàííûå
óñëîâèåì

(vi, vi) = 1, i = 1, ..., n.

Îáîçíà÷èì T ìàòðèöó, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ âåêòîðû vi:

T = (v1, ..., vn).

Êàê èçâåñòíî [7],

T−1AT = J = diag(β1, ..., βn).

Ïîëîæèâ â ñèñòåìå (1) x = Ty, ïîëó÷èì

ẏ(t) = Jy(t) + T−1BTy(t− τB(t))+
+T−1f(Ty(t− τ(t)), t) + T−1C

∫ t
t−µ Ty(u)du.

(3)

Ñëåäóþùàÿ òåîðåìà äàåò óñëîâèå ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ñèñòå-
ìû (1).
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Òåîðåìà 1 Ïðè óñëîâèè
1
β

(∥∥T−1BT
∥∥ +

∥∥T−1
∥∥ k ‖T‖+

∥∥T−1C
∥∥ µ ‖T‖

)
< 1 (4)

ñèñòåìà (1) ýêñïîíåíöèàëüíî óñòîé÷èâà, ïðè÷åì

λ̄ < λ,

ãäå β = min |Reβi|, λ � êîðåíü óðàâíåíèÿ

V (λ) =
1

β + λ

(
exp[−λhB]

∥∥T−1BT
∥∥ + exp[−λh]

∥∥T−1
∥∥ k ‖T‖+

+
1− exp[−λµ]

λ

∥∥T−1C
∥∥ ‖T‖

)
= 1.

(5)

Äîêàçàòåëüñòâî. Ïðåäñòàâèì ðåøåíèå (3) â âèäå

y(t) = W (t, 0)y(0) +
∫ t
0 W (t, s)

(
T−1BTy(s− τB(s))+

+ T−1f(Ty(s− τ(s)), s) + T−1C
∫ s
s−µ Ty(u)du

)
ds

(6)

ãäå W (t, s) � ìàòðèöàíò óðàâíåíèÿ ẏ(t) = Jy(t).
Ïîêàæåì ñíà÷àëà, ÷òî ïðè óñëîâèè (4) y(t) îãðàíè÷åíî íà (0,+∞). Â ïðî-

òèâíîì ñëó÷àå íàéäåòñÿ ïîñëåäîâàòåëüíîñòü tq (tq → +∞ ïðè q → +∞),
òàêàÿ, ÷òî

‖y(tq)‖ ≥ ‖y(t)‖ ïðè t ≤ tq. (7)

Èç (6), ñ ó÷åòîì (2) è (7), èìååì

‖y(tq)‖ ≤ ‖W (tq, 0)y(0)‖+
∫ tq
0 ‖W (tq, s)‖

( ∥∥T−1BT
∥∥ ‖y(tq)‖+

+
∥∥T−1

∥∥ k ‖T‖ ‖y(tq)‖+
∥∥T−1C

∥∥ ∫ s
s−µ ‖T‖ ‖y(tq)‖ du

)
ds.

(8)

Â ðàññìàòðèâàåìîì ñëó÷àå W (t, s) = exp[(t − s)J ], ïîýòîìó ñîáñòâåí-
íûå çíà÷åíèÿ ìàòðèöû W (t, s) ðàâíû exp[(t − s)βi], i = 1, ..., n. Ìàòðè-
öà J � äèàãîíàëüíàÿ, ñëåäîâàòåëüíî, W (t, s) òàêæå äèàãîíàëüíàÿ, ïîýòîìó
‖W (t, s)‖ = exp[−β(t− s)]. Òîãäà

lim
tq→+∞

∫ tq

0
‖W (tq, s)‖ ds = lim

tq→+∞
1
β

(1− exp[−βtq]) =
1
β

.

Ñ ó÷åòîì ýòîãî, íåðàâåíñòâî (8) çàïèøåì â âèäå

‖y(tq)‖ ≤ ‖W (tq, 0)y(0)‖+

+ ‖y(tq)‖
1
β

( ∥∥T−1BT
∥∥ +

∥∥T−1
∥∥ k ‖T‖+

∥∥T−1C
∥∥ µ ‖T‖

)
.

(9)
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Òàê êàê ñèñòåìà ẏ(t) = Jy(t) óñòîé÷èâà, òî ‖W (tq, 0)y(0)‖ → 0 ïðè
tq → +∞. Ñëåäîâàòåëüíî, ïðè óñëîâèè (4), íåðàâåíñòâî (9) íå âûïîëíÿåò-
ñÿ. Ïîëó÷åííîå ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî ðåøåíèÿ ñèñòåìû îãðàíè÷åíû.

Ìàêñèìàëüíûé ïîêàçàòåëü Ëÿïóíîâà ðåøåíèé ñèñòåìû ẏ(t) = Jy(t) ðàâåí
λ̄ = −β. Áóäåì èñêàòü âåðõíþþ îöåíêó âåëè÷èíû λ̄ ñèñòåìû (1) â èíòåðâàëå

λ > −β.

Äëÿ äîêàçàòåëüñòâà ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ïîëîæèì â (3)

y(t) = exp(λt)z(t), −β < λ < 0, (10)

â ðåçóëüòàòå ïîëó÷èì

ż(t) = (J − λI)z(t) + exp[−λτB(t)]T−1BTz(t− τB(t)) +
+ exp[−λt]T−1f(T exp[λ(t− τ(t))]z(t− τ(t)), t) +

+ exp[−λt]T−1C
∫ t
t−µ T exp[λu]z(u)du.

(11)

Àíàëîãè÷íî ïðèâåäåííîìó âûøå äîêàçàòåëüñòâó íàéäåì, ÷òî ðåøåíèÿ (11)
îãðàíè÷åíû, åñëè

1
β + λ

(
exp[−λhB]

∥∥T−1BT
∥∥ + exp[−λh]

∥∥T−1
∥∥ k ‖T‖+

+
1− exp[−λµ]

λ

∥∥T−1C
∥∥ ‖T‖

)
< 1.

Ôóíêöèÿ V (λ) óáûâàåò ïî λ; ïî óñëîâèþ (4) V (λ) < 1 ïðè λ = 0, ñëå-
äîâàòåëüíî ïðè V (λ) = 1 λ < 0. Ó÷èòûâàÿ (10), íàéäåì, ÷òî ñèñòåìà (1)
ýêñïîíåíöèàëüíî óñòîé÷èâà ñ ïîêàçàòåëåì λ. Òåîðåìà äîêàçàíà.

4. Ïðèìåðû
Ïðîèëëþñòðèðóåì ýôôåêòèâíîñòü ïîëó÷åííûõ óñëîâèé óñòîé÷èâîñòè íà

ìîäåëüíûõ ïðèìåðàõ.
Ïðèìåð 1. Äëÿ ïðîâåðêè ýôôåêòèâíîñòè ðàçðàáîòàííîé ìåòîäèêè, ðàñ-

ñìîòðèì óðàâíåíèå, äëÿ êîòîðîãî óñëîâèÿ óñòîé÷èâîñòè áûëè ïîëó÷åíû ðà-
íåå äðóãèìè ìåòîäàìè â [6] è [8]

ẋ(t) = Ax(t) + Bx(t− τB(t)) + C
∫ t
t−µ x(u)du,

A =
[ −a1 0

0 −a2

]
, B =

[
b1 b2

−b2 b1

]
, C =

[
c1 c2

−c2 c1

]
.

(12)

Ìàòðèöà A � äèàãîíàëüíàÿ, ñëåäîâàòåëüíî T =
[

1 0
0 1

]
. Ïóñòü a1 � ìè-

íèìàëüíîå ïî ìîäóëþ ñîáñòâåííîå çíà÷åíèå ìàòðèöû A, òîãäà óñëîâèå ýêñïî-
íåíöèàëüíîé óñòîé÷èâîñòè (4) äëÿ ñèñòåìû (12) ïðèíèìàåò âèä

a1 >
√

b2
1 + b2

2 + µ
√

c2
1 + c2

2 (13)
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Çàìåòèì, ÷òî òàêîå óñëîâèå áûëî ïîëó÷åíî ðàíåå â [6] äðóãèì ìåòîäîì.
Â [8] äëÿ óðàâíåíèÿ (12) ñ ïîñòîÿííûì çàïàçäûâàíèåì τB ìåòîäîì ôóíêöèé
Ëÿïóíîâà ïîëó÷åíî ñëåäóþùåå óñëîâèå óñòîé÷èâîñòè

a1 > (1 + µ)1/2[(b2
1 + b2

2) + µ(c2
1 + c2

2)]
1/2. (14)

Íåòðóäíî ïðîâåðèòü, ÷òî óñëîâèå (13) ìåíåå êîíñåðâàòèâíî, ÷åì (14)
(ëèøü ïðè b2

1+b2
2 = µ(c2

1+c2
2) îíè ñîâïàäàþò). Ïðè ýòîì óñëîâèå (13) ÿâëÿåòñÿ

áîëåå îáùèì, îõâàòûâàÿ ñèñòåìû ñ ïðîèçâîëüíûì ïåðåìåííûì çàïàçäûâàíè-
åì τB(t).

Ïðèìåð 2. Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó

ẋ(t) = Ax(t) + Bx(t− τB(t)) + f(x(t− τ(t)), t),

A =




−2 3 0 0
−1 0.1 0.4 0
0 0 −2 3

0.2 1 −2 0.1


 , B =




0.1 0 0.3 0
0.1 −0.2 0 0.2
0 0 −0.1 0

0.1 0 0 0.1


 ,

(15)

ãäå τ(t) ∈ [0, h], τB(t) ∈ [0, hB], ‖f(x, t)‖ ≤ k ‖x‖.
Óñëîâèå óñòîé÷èâîñòè (4) ïðèíèìàåò âèä

k <
β − ∥∥T−1BT

∥∥
‖T−1‖ ‖T‖ < 0.0829... (16)

Ðèñ. 1. Âåðõíèå îöåíêè λ(k) ìàêñèìàëüíîãî ïîêàçàòåëÿ Ëÿïóíîâà
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Íà ðèñóíêå ïðåäñòàâëåíû ãðàôèêè âåðõíåé îöåíêè ìàêñèìàëüíîãî ïîêà-
çàòåëÿ Ëÿïóíîâà λ(k) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ìàêñèìàëüíîé âåëè÷èíû çà-
ïàçäûâàíèÿ h è ôèêñèðîâàííîé hB = 0.5.

Ôóíêöèè λ(k, h) âîçðàñòàþò ïî k è h, îäíàêî lim k(λ, h) = 0.0829... ïðè
λ → 0 íå çàâèñèò îò h. Ïîýòîìó óñëîâèå k < 0.0829... ãàðàíòèðóåò ýêñïîíåí-
öèàëüíóþ óñòîé÷èâîñòü ñèñòåìû ïðè ëþáîì êîíå÷íîì h.

Èñïîëüçóÿ ìåòîä, ïðåäëîæåííûé â [6], äëÿ ñèñòåìû (15) áûëî ïîëó÷åíî
óñëîâèå óñòîé÷èâîñòè

k < 0.0483... (17)

Î÷åâèäíî, ÷òî óñëîâèå (16) ìåíåå êîíñåðâàòèâíî ÷åì (17). Îäíàêî, åñëè
ïîëîæèòü â (15) A =

[ −3 −2
1 0

]
, B = 0, òåîðåìà 1 äàåò óñëîâèå óñòîé÷èâî-

ñòè k < 0.1458..., â òî âðåìÿ êàê â [6] ïîëó÷åíî óñëîâèå k < 0.5184... Òàêèì
îáðàçîì, ýòè äâà ïîäõîäà äîïîëíÿþò äðóã äðóãà, îäíàêî, ìåòîä, ïðåäëàãàå-
ìûé â äàííîé ðàáîòå, ñóùåñòâåííî ïðîùå.

5. Âûâîäû
Â äàííîé ðàáîòå ïðåäëîæåí ïðîñòîé ìåòîä ðàñ÷åòà ýêñïîíåíöèàëüíîé

óñòîé÷èâîñòè íåêîòîðûõ êëàññîâ íåëèíåéíûõ ñèñòåì, ñîäåðæàùèõ ïåðåìåí-
íûå è ðàñïðåäåëåííûå çàïàçäûâàíèÿ. Âû÷èñëèòåëüíàÿ òðóäîåìêîñòü ïðåäëî-
æåííîãî ìåòîäà ïðàêòè÷åñêè íå çàâèñèò îò ïîðÿäêà ñèñòåìû. Íàéäåíà âåðõ-
íÿÿ îöåíêà ìàêñèìàëüíîãî ïîêàçàòåëÿ Ëÿïóíîâà, êîòîðàÿ ïîçâîëèëà îöåíèòü
ñêîðîñòü óáûâàíèÿ ðåøåíèé ðàññìîòðåííûõ ñèñòåì. Ýôôåêòèâíîñòü ðàçðà-
áîòàííîé ìåòîäèêè ïðîèëëþñòðèðîâàíà íà ïðèìåðàõ.
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Â òåîðèè ñóáãàðìîíè÷åñêèõ è δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé ñóùåñòâåí-
íóþ ðîëü èãðàþò òåîðåìû î ïðåäñòàâëåíèè. Â ñòàòüå ïðåäëàãàåòñÿ óñè-
ëåíèå âàðèàíòà Àçàðèíà òåîðåìû î ïðåäñòàâëåíèè δ-ñóáãàðìîíè÷åñêèõ
ôóíêöèé êîíå÷íîãî ïîðÿäêà.
Êëþ÷åâûå ñëîâà: δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ïîëèíîìû Ãåãåíáàóýðà,
íåâàíëèííîâñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ.
Ãðèøèí À. Ï., Íãó¹í Âàí Êóiíü, Ïî¹äèíöåâà I. Â., Òåîðåìè ïðî
ïðåäñòàâëåííÿ δ-ñóáãàðìîíi÷íèõ ôóíêöié. Ó òåîði¨ ñóáãàðìîíi÷-
íèõ i δ-ñóáãàðìîíi÷íèõ ôóíêöié ñóòò¹âó ðîëü âiäiãðàþòü òåîðåìè ïðî
ïðåäñòàâëåííÿ. Ó ñòàòòi ïðîïîíó¹òüñÿ ïîñèëåííÿ âàðiàíòó Àçàðiíà
òåîðåìè ïðî ïðåäñòàâëåííÿ δ-ñóáãàðìîíi÷íèõ ôóíêöié ñêií÷åííîãî
ïîðÿäêó.
Êëþ÷îâi ñëîâà: δ-ñóáãàðìîíi÷íà ôóíêöiÿ, ïîëiíîìè Ãåãåíáàóåðà, íåâàí-
ëiííiâñüêà õàðàêòåðèñòè÷íà ôóíêöiÿ.
A.F. Grishin, Nguyen Van Quynh, I. V. Poedintseva, Representation
theorems of δ-subharmonic functions. Representation theorems are
important in the theory of subharmonic and δ-subharmonic functions.
In the article we sharpen Azarin's variant of representation theorem of
δ-subharmonic functions of �nite order.
Keywords: δ-subharmonic function, Gegenbauer's polynomials, Nevanlinna's
characteristic function.
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1. Âñòóïëåíèå.
Êðîìå âñòóïëåíèÿ â ñòàòüå âûäåëåíû ðàçäåëû 2�5. Â ðàçäåëàõ 2�4 ïîìå-

ùåíû èçâåñòíûå èëè ïî ñóùåñòâó èçâåñòíûå ðåçóëüòàòû, ïðè÷¼ì ïðèâîäÿòñÿ
òàêèå ôîðìóëèðîâêè, êîòîðûå èñïîëüçóþòñÿ â äàëüíåéøåì.
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Â ðàçäåëå 2 îáñóæäàþòñÿ îïðåäåëåíèÿ ñóáãàðìîíè÷åñêîé è δ-ñóáãàðì-
îíè÷åñêîé ôóíêöèé è ïðèâîäÿòñÿ íåêîòîðûå èõ ñâîéñòâà.

Â ðàçäåëå 3 ïðèâîäèòñÿ îïðåäåëåíèå ìíîãî÷ëåíîâ Ãåãåíáàóýðà è èçó÷àåòñÿ
ðàçëîæåíèå â ðÿä Òåéëîðà ñ öåíòðîì â íóëå ôóíêöèè 1

‖x−y‖m−2 , x, y ∈ Rm,
ðàññìàòðèâàåìîé êàê ôóíêöèÿ ïåðåìåííîé x.

Â ðàçäåëå 4 äëÿ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé w èç ñïåöèàëüíîãî êëàññà
îïðåäåëÿåòñÿ íåâàëèííîâñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ T (r,w) è îáñóæ-
äàþòñÿ íåêîòîðûå å¼ ñâîéñòâà.

Â ðàçäåëå 5, îñíîâíîì ðàçäåëå ñòàòüè, ïðèâîäÿòñÿ ÷åòûðå òåîðåìû î ïðåä-
ñòàâëåíèè äëÿ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé âî âñ¼ì ïðîñòðàíñòâå Rm, m ≥ 2.
Òåîðèè ñóáãàðìîíè÷åñêèõ è δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé â ïëîñêîñòè è â
ïðîñòðàíñòâàõ Rm, m ≥ 3 ðàçëè÷àþòñÿ. Ïîýòîìó òåîðåìû î ïðåäñòàâëåíèè
äëÿ ñëó÷àåâ m = 2 è m ≥ 3 äîêàçûâàþòñÿ îòäåëüíî.

Â êíèãå Àçàðèíà ([1], òåîðåìà 2.9.3.1) äîêàçûâàåòñÿ òåîðåìà î ïðåä-
ñòàâëåíèè δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé êîíå÷íîãî ïîðÿäêà â ïðîñòðàíñòâå
Rm, m ≥ 2. Â êíèãå Õåéìàíà è Êåííåäè ([2], òåîðåìà 4.2) äîêàçûâàåòñÿ
àíàëîãè÷íàÿ òåîðåìà äëÿ ñóáãàðìîíè÷åñêèõ ôóíêöèé. Ïðåäëàãàåìûå äîêà-
çàòåëüñòâà ïîçâîëÿþò íåñêîëüêî óñèëèòü ðåçóëüòàòû èç [1] è [2]. Îá ýòîì
ïîäðîáíåå áóäåò ñêàçàíî â ðàçäåëå 5.

2. Ñóáãàðìîíè÷åñêèå è δ-ñóáãàðìîíè÷åñêèå ôóíêöèè.

Ïóñòü G � îáëàñòü â Rm, m ≥ 2. Îáîçíà÷èì ÷åðåç Φ(G) ëèíåéíîå ïðî-
ñòðàíñòâî íåïðåðûâíûõ ôèíèòíûõ â G ôóíêöèé ϕ, òî åñòü òàêèõ ôóíêöèé,
÷òî supp ϕ � ýòî êîìïàêò, ëåæàùèé â G. Â ïðîñòðàíñòâå Φ(G) ñõîäèìîñòü
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïîñëåäîâàòåëüíîñòü ôóíêöèé ϕn(x) ñõî-
äèòñÿ ê ôóíêöèè ϕ(x) â ïðîñòðàíñòâå Φ(G), åñëè ñóùåñòâóåò òàêîé êîìïàêò
K ⊂ G, ÷òî äëÿ ëþáîãî n âûïîëíÿåòñÿ ñîîòíîøåíèå supp ϕn ⊂ K è ïîñëåäî-
âàòåëüíîñòü ϕn(x) ðàâíîìåðíî ñõîäèòñÿ ê ϕ(x).

Îáû÷íî ([3], ãëàâà 3, §1, ïóíêò 3 èëè [4], ãëàâà 4) ïðîñòðàíñòâî M(G)
ðàäîíîâûõ ìåð â îáëàñòè G îïðåäåëÿåòñÿ êàê ïðîñòðàíñòâî ëèíåéíûõ íåïðå-
ðûâíûõ ôóíêöèîíàëîâ íà ïðîñòðàíñòâå Φ(G).

Ïóñòü µ1 è µ2 � ïîëîæèòåëüíûå ëîêàëüíî êîíå÷íûå áîðåëåâñêèå ìåðû â
îáëàñòè G. Òîãäà ëèíåéíûé ôóíêöèîíàë

(µ, ϕ) =
∫

G

ϕ(x)dµ1(x)−
∫

G

ϕ(x)dµ2(x)

íåïðåðûâåí â ïðîñòðàíñòâå Φ(G). Ìû áóäåì ãîâîðèòü, ÷òî ôóíêöèîíàë µ
ïðåäñòàâëÿåòñÿ â âèäå ðàçíîñòè ïîëîæèòåëüíûõ áîðåëåâñêèõ ìåð µ1 è µ2 è
ïèñàòü µ = µ1 − µ2. Èçâåñòíî, ÷òî ïðîèçâîëüíûé ëèíåéíûé íåïðåðûâíûé
ôóíêöèîíàë â ïðîñòðàíñòâå Φ(G) ïðåäñòàâëÿåòñÿ â òàêîì âèäå. Ïðåäñòàâëå-
íèå µ = µ1− µ2 íå åäèíñòâåííî. Íàïðèìåð, µ = (µ1 + µ3)− (µ2 + µ3). Îäíàêî
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([4], òåîðåìà 4.3.2), ñóùåñòâóåò åäèíñòâåííîå ïðåäñòàâëåíèå µ = µ1 − µ2, ãäå
µ1 è µ2 � ïîëîæèòåëüíûå ëîêàëüíî êîíå÷íûå âçàèìíî ñèíãóëÿðíûå áîðåëåâ-
ñêèå ìåðû. Åñëè µ = µ1 − µ2 � òàêîå ïðåäñòàâëåíèå, òî ìåðà µ1 íàçûâàåòñÿ
ïîëîæèòåëüíîé ÷àñòüþ ðàäîíîâîé ìåðû µ è îáîçíà÷àåòñÿ µ+, ìåðà µ2 íà-
çûâàåòñÿ îòðèöàòåëüíîé ÷àñòüþ ðàäîíîâîé ìåðû µ è îáîçíà÷àåòñÿ µ−. Ìåðà
|µ| = µ+ + µ− íàçûâàåòñÿ ìîäóëåì ìåðû µ.

Ïðè èñïîëüçîâàíèè ðàäîíîâûõ ìåð µ ÷àñòî óäîáíî ñ÷èòàòü µ ôóíêöèåé
ìíîæåñòâ : µ(E) = µ+(E)−µ−(E). Êîíå÷íî, ýòà ôóíêöèÿ ìíîæåñòâ íå îáÿçà-
íà áûòü áîðåëåâñêîé ìåðîé. Îíà íå îïðåäåëåíà íà áîðåëåâñêèõ ìíîæåñòâàõ E,
êîòîðûå óäîâëåòâîðÿþò óñëîâèþ µ+(E) = µ−(E) = ∞. Îäíàêî ôóíêöèÿ ìíî-
æåñòâ µ îáëàäàåò ñâîéñòâîì ñ÷¼òíîé àääèòèâíîñòè íà êëàññå áîðåëåâñêèõ
ìíîæåñòâ, êîìïàêòíî âëîæåííûõ â G. Ýòî ïîçâîëÿåò êîððåêòíî îïðåäåëèòü∫
G

ϕ(x)dµ(x) äëÿ ôóíêöèé ϕ èç êëàññà Φ(G) è òîãäà èìååì

(µ, ϕ) =
∫

G

ϕ(x)dµ(x).

Ìû áóäåì èñïîëüçîâàòü òàêèå îáîçíà÷åíèÿ

B(x0, R) = {x ∈ Rm : ‖x− x0‖ ≤ R}, m ≥ 2;
C(x0, R) = {x ∈ Rm : ‖x− x0‖ < R}, m ≥ 2;
S(x0, R) = {x ∈ Rm : ‖x− x0‖ = R}, m ≥ 2.

Â ñëó÷àå m = 2 òî÷êè x èç R2 ìû èíîãäà áóäåì îòîæäåñòâëÿòü ñ êîì-
ïëåêñíûìè ÷èñëàìè z, à ñàìî R2 áóäåò îòîæäåñòâëÿòüñÿ ñ êîìïëåêñíîé ïëîñ-
êîñòüþ C. Ïîýòîìó òàêæå áóäóò èñïîëüçîâàòüñÿ îáîçíà÷åíèÿ

B(z0, R) = {z ∈ C : |z − z0| ≤ R};
C(z0, R) = {z ∈ C : |z − z0| < R};
S(z0, R) = {z ∈ C : |z − z0| = R}.

Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ Rm, m ≥ 2. Èç-
âåñòíî, ÷òî ôóíêöèÿ υ(x) ëîêàëüíî èíòåãðèðóåìà â îáëàñòè G è ÷òî åñëè
ñôåðà S(x0, R) ëåæèò â îáëàñòè G, òî ôóíêöèÿ υ(x) èíòåãðèðóåìà ïî ýòîé
ñôåðå.

Òàê êàê ôóíêöèÿ υ(x) ëîêàëüíî èíòåãðèðóåìà ïî îáëàñòè G, òî å¼ ìîæíî
ðàññìàòðèâàòü êàê ýëåìåíò ïðîñòðàíñòâà D′(G). Ïîýòîìó ìû ìîæåì ðàññìîò-
ðåòü îáîáù¼ííóþ ôóíêöèþ

1
2π

M υ, m = 2,
1

(m− 2)σm−1
M υ, m ≥ 3,

ãäå M � îïåðàòîð Ëàïëàñà, σm−1 � ïëîùàäü ñôåðû S(0, 1).
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Èçâåñòíî, ÷òî ýòà îáîáù¼ííàÿ ôóíêöèÿ ïðåäñòàâëÿåòñÿ ïîëîæèòåëüíîé
ëîêàëüíî êîíå÷íîé áîðåëåâñêîé ìåðîé µ â îáëàñòè G. Ìåðà µ íàçûâàåòñÿ
ðèññîâñêîé ìåðîé ñóáãàðìîíè÷åñêîé ôóíêöèè υ.

Â êà÷åñòâå èñòî÷íèêà ïî òåîðèè ñóáãàðìîíè÷åñêèõ ôóíêöèé ìîæíî èñ-
ïîëüçîâàòü êíèãó [2]. Â êà÷åñòâå èñòî÷íèêà ïî òåîðèè îáîáù¼ííûõ ôóíêöèé
ìîæíî èñïîëüçîâàòü êíèãó [5]. Íàì áóäóò íóæíû ñëåäóþùèå òåîðåìû î ïðåä-
ñòàâëåíèè äëÿ ñóáãàðìîíè÷åñêèõ ôóíêöèé ([2], ðàçäåë 3.7).

Òåîðåìà 1. Ïóñòü υ(z) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ C, êî-
òîðàÿ ñîäåðæèò êðóã B(0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè υ. Òîãäà
ïðè |z| < R âûïîëíÿåòñÿ ðàâåíñòâî

υ(z) =
1
2π

2π∫

0

R2 − r2

R2 − 2Rrcos(ϕ− θ) + r2
υ(Reiϕ)dϕ

+
∫

B(0,R)

ln
∣∣∣∣
R(z − ζ)
R2 − zζ

∣∣∣∣ dµ(ζ).

(1)

Òåîðåìà 2. Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 3, êîòîðàÿ ñîäåðæèò øàð B(0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà
ôóíêöèè υ. Òîãäà ïðè ‖x‖ < R âûïîëíÿåòñÿ ðàâåíñòâî

υ(x) =
1

σm−1

∫

S(0,R)

R2 − ‖x‖2

R‖x− y‖m
υ(y)dσm−1(y)

−
∫

B(0,R)


 1
‖x− y‖m−2

− 1(‖y‖
R

∥∥∥x− y R2

‖y‖2
∥∥∥
)m−2


 dµ(y),

(2)

ãäå dσm−1(y) � (m− 1)-ìåðíàÿ ìåðà Õàóñäîðôà íà ñôåðå S(0, R).
Âàæíû òàêæå ÷àñòíûå ñëó÷àè ôîðìóë (1), (2), êîãäà â êà÷åñòâå òî÷êè

x (z) áåð¼òñÿ òî÷êà 0.

υ(0) =
1
2π

2π∫

0

υ(Reiϕ)dϕ−
R∫

0

µ(t)
t

dt, m = 2, (3)

υ(0) =
1

σm−1Rm−1

∫

S(0,R)

υ(y)dσm−1(y)− (m− 2)

R∫

0

µ(t)
tm−1

dt, m ≥ 3. (4)

Â ôîðìóëàõ (3) è (4) µ(t) = µ(B(0, t)).
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Óäîáíî èìåòü àíàëîãè ôîðìóë (1), (2), êîãäà öåíòð øàðà (êðóãà) ïðîèç-
âîëåí.

Òåîðåìà 3. Ïóñòü υ(z) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ C, ñî-
äåðæàùåé êðóã B(z0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè υ(z). Òîãäà
â êðóãå C(z0, R) ñïðàâåäëèâî ïðåäñòàâëåíèå

υ(z) =
1
2π

2π∫

0

R2 − r2

R2 − 2Rr cos(θ − ϕ) + r2
υ(z0 + Reiϕ)dϕ

+
∫

B(z0,R)

ln
∣∣∣∣

R(z − ζ)
R2 − (z − z0)(ζ − z0)

∣∣∣∣ dµ(ζ), z = z0 + reiθ.

(5)

Òåîðåìà 4. Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 3, ñîäåðæàùåé øàð B(x0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíê-
öèè υ(x). Òîãäà â øàðå C(x0, R) ñïðàâåäëèâî ïðåäñòàâëåíèå

υ(x) =
1

σm−1

∫

S(0,R)

R2 − ‖x− x0‖2

R‖x− x0 − y‖m
υ(x0 + y)dσm−1(y)

−
∫

B(x0,R)


 1
‖x− y‖m−2

− 1(‖y−x0‖
R

∥∥∥x− x0 − (y − x0) R2

‖y−x0‖2
∥∥∥
)m−2


 dµ(y).

(6)

Íàïèøåì åù¼ àíàëîãè ðàâåíñòâ (3) è (4):

υ(z0) =
1
2π

2π∫

0

υ(z0 + Reiϕ)dϕ−
R∫

0

µ(B(z0, t))
t

dt, m = 2; (7)

υ(x0) =
1

σm−1Rm−1

∫

S(0,R)

υ(x0 + y)dσm−1(y)

− (m− 2)

R∫

0

µ(B(x0, t))
tm−1

, m ≥ 3.

(8)

Ë¼ãêèì ñëåäñòâèåì ðàâåíñòâ (7) è (8) ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 5. Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 2 è ïóñòü µ � å¼ ðèññîâñêàÿ ìåðà. Òîãäà ìíîæåñòâî E−∞(υ) òåõ
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x ∈ G, ãäå ôóíêöèÿ υ îáðàùàåòñÿ â −∞, ñîâïàäàåò ñ ìíîæåñòâîì òåõ x,
äëÿ êîòîðûõ ïðè ëþáîì δ > 0 ðàñõîäèòñÿ èíòåãðàë

δ∫

0

µ(B(x, t))
tm−1

dt. (9)

Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ Rm, m ≥ 2. Èç-
âåñòíî (ýòî ñëåäóåò, íàïðèìåð, èç òåîðåìû 5.32 èç [2]), ÷òî ìíîæåñòâî E−∞(υ)
ÿâëÿåòñÿ ìíîæåñòâîì òèïà Gδ è èìååò ¼ìêîñòü íîëü.

Ôóíêöèÿ w â îáëàñòè G ⊂ Rm íàçûâàåòñÿ δ-ñóáãàðìîíè÷åñêîé, åñëè âû-
ïîëíÿþòñÿ ñëåäóþùèå òðè óñëîâèÿ.

1. Ñóùåñòâóåò ìíîæåñòâî F ¼ìêîñòè íîëü òàêîå, ÷òî íà ìíîæåñòâå G \ F
ñïðàâåäëèâî ïðåäñòàâëåíèå

w(x) = υ1(x)− υ2(x),

ãäå υ1(x) è υ2(x) � ñóáãàðìîíè÷åñêèå ôóíêöèè â îáëàñòè G.
Ñ ïîìîùüþ ýòîãî ïðåäñòàâëåíèÿ îïðåäåëÿåòñÿ ðèññîâñêàÿ ìåðà µ ôóíê-

öèè w ïî ôîðìóëå µ = µ1 − µ2, ãäå µ1 è µ2 � ðèññîâñêèå ìåðû ôóíêöèé
υ1 è υ2.

Îïðåäåëÿþùåå ìíîæåñòâî H ôóíêöèè w � ýòî ìíîæåñòâî òàêèõ òî÷åê
x ∈ G, äëÿ êîòîðûõ íàéä¼òñÿ δ > 0 òàêîå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

δ∫

0

|µ|(B(x, t))
tm−1

dt < ∞.

2. Äëÿ ëþáîé òî÷êè x ∈ H âûïîëíÿåòñÿ ðàâåíñòâî

w(x) = lim
δ→0

1
σm−1δm−1

∫

S(0,δ)

w(x + y)dσm−1(y), (10)

ãäå σm−1 � ïëîùàäü åäèíè÷íîé ñôåðû â ïðîñòðàíñòâå Rm, dσm−1 � ýòî ìåðà
Ëåáåãà íà ñôåðå.

3. w(x) = 0 äëÿ x ∈ G \H.
Òåîðåìà 6. Ïóñòü w(x)� δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 2. Òîãäà â îáëàñòè G ñóùåñòâóþò ñóáãàðìîíè÷åñêèå ôóíêöèè υ1(x)
è υ2(x) ñ âçàèìíî ñèíãóëÿðíûìè ðèññîâñêèìè ìåðàìè òàêèå, ÷òî ôóíêöèè
w(x) è υ1(x)− υ2(x) ñîâïàäàþò êâàçèâñþäó â G.

Äîêàçàòåëüñòâî. Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè w. Èìååì µ =
= µ+ − µ−. Â îáëàñòè G ñóùåñòâóåò ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ υ3 ñ ðèññîâ-
ñêîé ìåðîé µ+ è ñóùåñòâóåò ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ υ4 ñ ðèññîâñêîé ìå-
ðîé µ−. Îáîçíà÷èì w1(x) = υ3(x)− υ4(x). Äëÿ ëîêàëüíî èíòåãðèðóåìîé â G
ôóíêöèè w2(x) = w(x) − w1(x) âûïîëíÿåòñÿ ðàâåíñòâî M w2 = 0. Ïîýòîìó
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ôóíêöèÿ w2 ÿâëÿåòñÿ ãàðìîíè÷åñêîé. Èìååì w(x) = w1(x) + w2(x). Â êà÷å-
ñòâå υ1(x) ìîæíî âçÿòü ôóíêöèþ υ3(x)+w2(x), à â êà÷åñòâå υ2(x) � ôóíêöèþ
υ4(x). Òåîðåìà äîêàçàíà.

Â çàêëþ÷åíèå ðàçäåëà çàìåòèì, ÷òî òåîðåìû 4 � 7 ñïðàâåäëèâû äëÿ
δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé. Ðàâåíñòâà (3), (4), (7), (8) òàêæå ñïðàâåäëè-
âû äëÿ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé.

3. Ìíîãî÷ëåíû Ãåãåíáàóýðà.

Ôóíêöèÿ f(z) = (1 − 2zt + z2)−β ãîëîìîðôíà â íåêîòîðîé îêðåñòíîñòè
òî÷êè z = 0 è ïîýòîìó ðàçëàãàåòñÿ â ñòåïåííîé ðÿä ñ öåíòðîì â íóëå è ïîëî-
æèòåëüíûì ðàäèóñîì ñõîäèìîñòè:

f(z) =
∞∑

n=0

Cβ
n (t)zn. (11)

Èçâåñòíî, ÷òî ôóíêöèÿ Cβ
n (t) ÿâëÿåòñÿ ìíîãî÷ëåíîì ñòåïåíè n. Ìíîãî÷ëå-

íû Cβ
n (t) íàçûâàþòñÿ ìíîãî÷ëåíàìè Ãåãåíáàóýðà. Èçëîæåíèå ñâîéñòâ ìíîãî-

÷ëåíîâ Ãåãåíáàóýðà ìîæíî íàéòè â ñëåäóþùèõ èñòî÷íèêàõ: ([6], ðàçäåë 3.15.1,
[7], ðàçäåë 10.9, [8], ðàçäåë 4.7).

Îáîçíà÷èì hm(x, y) = 1
‖x−y‖m−2 , x, y ∈ Rm, m ≥ 3. Êàê ôóíêöèÿ ïåðåìåí-

íîé x îíà ÿâëÿåòñÿ ãàðìîíè÷åñêîé â îáëàñòè Rm \ {y}.
Òåîðåìà 7. Ôóíêöèÿ hm(x, y) êàê ôóíêöèÿ ïåðåìåííîé x ïðè y 6= 0 ðàçëà-
ãàåòñÿ â ñòåïåííîé ðÿä ñ öåíòðîì â òî÷êå x0 = 0. Åñëè ýòî ðàçëîæåíèå
çàïèñàòü â âèäå

hm(x, y) =
∞∑

n=0

an(x, y), (12)

ãäå an(x, y) � îäíîðîäíûé ïîëèíîì ñòåïåíè n ïåðåìåííîé x = (x1, ..., xm), òî
âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) an(x, y) � ãàðìîíè÷åñêèé ïîëèíîì,
2) âûïîëíÿåòñÿ ðàâåíñòâî

an(x, y) = C
m−2

2
n (cos γ)

‖x‖n

‖y‖m+n−2
, cos γ =

(x, y)
‖x‖‖y‖ ,

3) ðÿä (12) àáñîëþòíî ñõîäèòñÿ ïðè ‖x‖ < ‖y‖,
4) âûïîëíÿåòñÿ îöåíêà

|Kp(x, y)| ≤ 1
‖y‖m−2

∞∑

n=p+1

Γ(m + n− 2)
Γ(m− 2)n!

(‖x‖
‖y‖

)n

,

ãäå Kp(x, y) = − 1
‖x−y‖m−2 +

p∑
k=0

ap(x, y).
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Äîêàçàòåëüñòâî. Òàê êàê ôóíêöèÿ hm(x, y) ãàðìîíè÷íà ïî ïåðåìåííîé x
â íåêîòîðîé îêðåñòíîñòè íóëÿ ïðîñòðàíñòâà Rm, òî ðàçëîæåíèå 12 èìååò ìå-
ñòî â íåêîòîðîé îêðåñòíîñòè íóëÿ ïðîñòðàíñòâà Cm. Ïîýòîìó äëÿ âñåõ äîñòà-
òî÷íî ìàëûõ z ∈ C âûïîëíÿþòñÿ ðàâåíñòâà

hm(zx, y) =
∞∑

n=0

an(x, y)zn, (13)

dk

dzk
hm(zx, y) =

∞∑

n=k

n(n− 1)...(n− k + 1)an(x, y)zn−k. (14)

Ïóñòü M= ∂2

∂x2
1

+ ... + ∂2

∂x2
m
. Òàê êàê ôóíêöèÿ hm(zx, y) ãîëîìîðôíà ïî ïå-

ðåìåííûì z, x1, ..., xm è ãàðìîíè÷íà ïî x, òî âûïîëíÿþòñÿ ðàâåíñòâà

M dk

dzk
hm(zx, y) =

dk

dzk
M hm(zx, y) = 0.

Åñëè â ýòîì ðàâåíñòâå ïîëîæèòü z = 0, òî ïîëó÷èì ðàâåíñòâî
M ak(x, y) = 0. Ïåðâîå óòâåðæäåíèå òåîðåìû äîêàçàíî.

Ñ÷èòàÿ ÷èñëî z è âåêòîð x âåùåñòâåííûìè, ïîëó÷èì

hm(zx, y) =
1

(z2‖x‖2 − 2z(x, y) + ‖y‖2)
m−2

2

=
1

‖y‖m−2

(
1− 2z

‖x‖
‖y‖

(x, y)
‖x‖‖y‖ +

(
z
‖x‖
‖y‖

)2
)−m−2

2

.

Îáîçíà÷èì t = (x,y)
‖x‖‖y‖ . Òåïåðü èç ðàâåíñòâà (11) ñëåäóåò, ÷òî

hm(zx, y) =
∞∑

n=0

C
m−2

2
n (t)

‖x‖n

‖y‖m+n−2
zn. (15)

Òåïåðü, ñðàâíèâàÿ (13) è (15), ìû âèäèì, ÷òî ñóììû ñòåïåííûõ ðÿäîâ
∞∑

n=0

an(x, y)zn,
∞∑

n=0

C
m−2

2
n (t)

‖x‖n

‖y‖m+n−2
zn

ñîâïàäàþò ïðè ìàëûõ âåùåñòâåííûõ z. Èç ýòîãî ñëåäóåò óñëîâèå 2) òåîðåìû.
Èç ôîðìóëû (13), ïóíêò 3.15 èç [6] ñëåäóåò, ÷òî ìíîãî÷ëåí C

m−2
2

n (t) íà
ñåãìåíòå [−1, 1] ìàêñèìàëüíîå ïî ìîäóëþ çíà÷åíèå ïðèíèìàåò â òî÷êå 1. Ôîð-
ìóëà (3) ïóíêò 10.9 èç [7] äà¼ò

C
m−2

2
n (1) =

Γ(m + n− 2)
Γ(m− 2)n!
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Ïîýòîìó ñïðàâåäëèâî íåðàâåíñòâî

|an(x, y)| ≤ Γ(m + n− 2)
Γ(m− 2)n!

‖x‖n

‖y‖m+n−2
.

Èç íåãî ñëåäóþò óòâåðæäåíèÿ 3) è 4) òåîðåìû. Òåîðåìà äîêàçàíà.

4. Õàðàêòåðèñòè÷åñêèå ôóíêöèè Íåâàíëèííû.

Ïðè èçó÷åíèè ñóáãàðìîíè÷åñêèõ è δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé â ïðî-
ñòðàíñòâå Rm èñïîëüçóþòñÿ íåâàíëèííîâñêèå õàðàêòåðèñòè÷åñêèå ôóíê-
öèè. Òàêèå ôóíêöèè ìû îïðåäåëèì äëÿ ñïåöèàëüíîãî êëàññà δS(0)

δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé. Ýòîò êëàññ ñîñòîèò èç δ-ñóáãàðìîíè÷åñêèõ
ôóíêöèé w(x) â ïðîñòðàíñòâå Rm òàêèõ, ÷òî íîëü âõîäèò â îïðåäåëÿþùåå
ìíîæåñòâî ôóíêöèè w è âûïîëíÿåòñÿ ðàâåíñòâî w(0) = 0.

Ïóñòü âíà÷àëå m = 2. Íåâàíëèííîâñêèå ôóíêöèè ïðèáëèæåíèÿ îïðåäå-
ëÿþòñÿ òàê

m(r,∞,w) =
1
2π

2π∫

0

w+(reiϕ)dϕ,

m(r, 0,w) =
1
2π

2π∫

0

w−(reiϕ)dϕ.

Íåâàíëèííîâñêèå ñ÷èòàþùèå ôóíêöèè îïðåäåëÿþòñÿ òàê

N(r,∞,w) =

r∫

0

µ−(t)
t

dt,

N(r, 0,w) =

r∫

0

µ+(t)
t

dt.

Ôóíêöèÿ T (r,w) = m(r,∞,w) + N(r,∞,w) íàçûâàåòñÿ íåâàíëèííîâñêîé õà-
ðàêòåðèñòèêîé δ-ñóáãàðìîíè÷åñêîé ôóíêöèè w.

Ôîðìóëó (3) äëÿ ôóíêöèè ìîæíî ïåðåïèñàòü â âèäå

T (r,w) = m(r, 0,w) + N(r, 0,w) èëè T (r,w) = T (r,−w).

Âàæíî, ÷òî ìû ðàññìàòðèâàåì íå ïðîèçâîëüíûå δ-ñóáãàðìîíè÷åñêèå
ôóíêöèè â ïëîñêîñòè, à ôóíêöèè èç êëàññà δS(0).

Ðàññìîòðèì ñëó÷àé m ≥ 3. Íåâàíëèííîâñêèå ôóíêöèè ïðèáëèæåíèÿ îïðå-
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äåëÿþòñÿ òàê

m(r,∞,w) =
1

σm−1rm−1

∫

S(0,r)

w+(y)dσm−1(y),

m(r, 0,w) =
1

σm−1rm−1

∫

S(0,r)

w−(y)dσm−1(y).

Íâàíëèííîâñêèå ñ÷èòàþùèå ôóíêöèè îïðåäåëÿþòñÿ òàê

N(r,∞,w) = (m− 2)

r∫

0

µ−(t)
tm−1

dt,

N(r, 0,w) = (m− 2)

r∫

0

µ+(t)
tm−1

dt.

Ôóíêöèÿ T (r,w) = m(r,∞,w) + N(r,∞,w) íàçûâàåòñÿ íåâàíëèííîâñêîé õà-
ðàêòåðèñòèêîé δ-ñóáãàðìîíè÷åñêîé ôóíêöèè w.

Ôîðìóëó (4) äëÿ ôóíêöèè w ìîæíî ïåðåïèñàòü â âèäå

T (r,w) = m(r, 0,w) + N(r, 0,w) èëè T (r,w) = T (r,−w).

Ïóñòü w1 è w2 � δ-ñóáãàðìîíè÷åñêèå ôóíêöèè èç êëàññà δS(0) è µ1, µ2

� èõ ðèññîâñêèå ìåðû. Òîãäà ðèññîâñêîé ìåðîé ôóíêöèè w1 + w2 áóäåò
µ1 + µ2. Èìååì µ1 = (µ1)+ − (µ1)−, µ2 = (µ2)+ − (µ2)−, µ1 + µ2 =
= ((µ1)+ +(µ2)+)−((µ1)−+(µ2)−). Îòñþäà ñëåäóþò íåðàâåíñòâà (µ1 +µ2)− ≤
≤ (µ1)− + (µ2)−, N(r,∞,w1 + w2) ≤ N(r,∞,w1) + N(r,∞,w2). Êðîìå òîãî
âûïîëíÿåòñÿ íåðàâåíñòâî m(r,∞,w1 + w2) ≤ m(r,∞,w1) + m(r,∞,w2). Ìû
ïîëó÷àåì íåðàâåíñòâî

T (r,w1 + w2) ≤ T (r,w1) + T (r,w2).

Òåîðåìà 8. Ïóñòü w(x) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â ïðîñòðàíñòâå
Rm, m ≥ 2 èç êëàññà δS(0). Ïóñòü êâàçèâñþäó w(x) = υ1(x)−υ2(x), ãäå υ1(x)
è υ2(x) � ñóáãàðìîíè÷åñêèå ôóíêöèè â ïðîñòðàíñòâå Rm ñ âçàèìíî ñèíãó-
ëÿðíûìè ðèññîâñêèìè ìåðàìè, ïðè÷¼ì υ1(0) = υ2(0) = 0. Òîãäà âûïîëíÿåòñÿ
ðàâåíñòâî

T (r,w) =
1

σm−1rm−1

∫

S(0,r)

max(υ1(x), υ2(x))dσm−1(x).

Äîêàçàòåëüñòâî. Êâàçèâñþäó âûïîëíÿåòñÿ ðàâåíñòâî

w+(x) = max(υ1(x), υ2(x))− υ2(x).
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Èç íåãî ñëåäóåò ðàâåíñòâî

m(r,∞,w) =
1

σm−1rm−1

∫

S(0,r)

max(υ1(x), υ2(x))dσm−1(x)

− 1
σm−1rm−1

∫

S(0,r)

υ2(x)dσm−1(x).

Èç ðàâåíñòâà (4) äëÿ ôóíêöèè υ2(x) ñëåäóåò, ÷òî ïîñëåäíèé èíòåãðàë ðà-
âåí N(r,∞,w). Òåì ñàìûì òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Â ñëó÷àå m = 2 ôîðìóëó äëÿ T (r,w) ìîæíî çàïèñàòü â âèäå

T (r,w) =
1
2π

2π∫

0

max(υ1(reiϕ), υ2(reiϕ))dϕ.

Çàìåòèì, ÷òî èç òåîðåìû 8 è ðàâåíñòâ (3), (4) ñëåäóåò, ÷òî T (r,w) ÿâëÿåòñÿ
âîçðàñòàþùåé ôóíêöèåé.

Âåëè÷èíà
ρ = lim

r→∞
lnT (r,w)

ln r

íàçûâàåòñÿ ïîðÿäêîì ôóíêöèè T (r,w), à òàêæå ïîðÿäêîì δ-ñóáãàðìîíè÷åñêîé
ôóíêöèè èç êëàññà δS(0).

Åñëè w � ïðîèçâîëüíàÿ δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â Rm ñ ðèññîâñêîé
ìåðîé µ, òî îáðàçóåì ôóíêöèè

w1(z) =
∫

B(0,1)

ln |z − ζ|dµ(ζ) + c, w2(z) = w(z)− w1(z), m = 2,

w1(x) = −
∫

B(0,1)

dµ(y)
‖x− y‖m−2

+ c, w2(x) = w(x)− w1(x), m ≥ 3,

ãäå ÷èñëî c âûáèðàåòñÿ èç óñëîâèÿ w2(0) = 0. Ôóíêöèÿ w2 ïðèíàäëåæèò
êëàññó δS(0). Ïîðÿäêîì ôóíêöèè w íàçûâàåòñÿ ïîðÿäîê ôóíêöèè w2.

Óñëîâèåì ρ < ∞ âûäåëÿåòñÿ âàæíûé êëàññ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé
êîíå÷íîãî ïîðÿäêà.

5. Òåîðåìû î ïðåäñòàâëåíèè δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé.

Íàì áóäåò íóæíà ñëåäóþùàÿ ïðîñòàÿ ëåììà.

Ëåììà 1. Ïóñòü
b(r, x) =

∑

|α|≤n

cα(r)xα,
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ãäå α = (α1, ..., αm) � ìóëüòèèíäåêñ ïîðÿäêà m. Ïóñòü ñóùåñòâóåò ïîòî-
÷å÷íûé ïðåäåë lim

r→∞ b(r, x). Òîãäà äëÿ ëþáîãî ìóëüòèèíäåêñà α ñóùåñòâóåò
ïðåäåë

cα = lim
r→∞ cα(r)

è âûïîëíÿåòñÿ ðàâåíñòâî

lim
r→∞ b(r, x) =

∑

|α|≤n

cαxα.

Äîêàçàòåëüñòâî. Ìû áóäåì ïðèìåíÿòü îïåðàòîðû âçÿòèÿ ðàçíîñòè ñ øà-
ãîì 1: M f(t) = f(t+1)−f(t). ×åðåç M (α) =M (α1, ..., αm) ìû áóäåì îáîçíà÷àòü
òàêîé îïåðàòîð, ÷òî ïî ïåðåìåííîé xk îí ïðèìåíÿåòñÿ αk ðàç, k ∈ 1,m. Èìååì

M (α)xα = α!.

Âî ìíîæåñòâå ìóëüòèèíäåêñîâ α ââåä¼ì ëåêñèêîãðàôè÷åñêîå óïîðÿäî÷å-
íèå: (α1, ..., αm) ≥ (β1, ..., βm) åñëè (α1, ..., αm) = (β1, ..., βm) èëè, åñëè k íàè-
ìåíüøåå ÷èñëî òàêîå, ÷òî αk 6= βk, òî αk > βk. Åñëè β < α, òî M (α)xβ = 0.

Ïóñòü α(1) � íàèáîëüøèé ìóëüòèèíäåêñ òàêîé, ÷òî cα(1)(r) 6= 0. Òîãäà ñïðà-
âåäëèâî ðàâåíñòâî

α(1)!cα(1)(r) =M (α(1))b(x, r).

Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ñóùåñòâóåò ïðåäåë íà áåñêîíå÷íîñòè ó ôóíê-
öèè M (α(1))b(x, r), à çíà÷èò è ó ôóíêöèè cα(1)(r).

Äàëüøå íàøå ðàññóæäåíèå íóæíî ïîâòîðèòü äëÿ ôóíêöèè b(x, r) −
cα(1)(r)xα(1) . ×åðåç êîíå÷íîå ÷èñëî øàãîâ ìû ïîëó÷èì óòâåðæäåíèå ëåììû.

Òåîðåìà 9. Ïóñòü w(z) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ ïîðÿäêà ρ â ïëîñêî-
ñòè C èç êëàññà δS(0), p = [ρ]. Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè w, äëÿ
êîòîðîé ñõîäÿòñÿ èíòåãðàëû

∫
B(0, 1)

dµ(ζ)
ζk , k = 1, p. Òîãäà ñïðàâåäëèâî ïðåä-

ñòàâëåíèå

w(z) =
∫

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ) +

p∑

n=1

Re cnzn, (16)

ïðè÷¼ì èìåþò ìåñòî ôîðìóëû

cn = lim
R→∞

Re


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 . (17)
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Çàìå÷àíèå. Ñèìâîë [ρ] îáîçíà÷àåò öåëóþ ÷àñòü ρ. Åñëè ó èíòåãðàëà íå
óêàçàíà îáëàñòü èíòåãðèðîâàíèÿ, òî òàêîâîé ÿâëÿåòñÿ âñ¼ ïðîñòðàíñòâî. Ñó-
ùåñòâîâàíèå ïðåäåëà (17) íå ÿâëÿåòñÿ òðèâèàëüíûì ôàêòîì. Åãî ñóùåñòâî-
âàíèå � îäíî èç óòâåðæäåíèé òåîðåìû. Ìû äà¼ì íå òîëüêî íîâîå äîêàçàòåëü-
ñòâî èçâåñòíîé òåîðåìû î ïðåäñòàâëåíèè, íî è íåñêîëüêî óñèëèâàåì å¼, äàâàÿ
ôîðìóëû äëÿ êîýôôèöèåíòîâ cn.

Ôóíêöèÿ w(z), áóäó÷è ãàðìîíè÷åñêîé ôóíêöèåé â êðóãå C(0, 1), ïðåäñòàâ-
ëÿåòñÿ â ýòîì êðóãå ðÿäîì

w(z) = Re
∞∑

n=1

cnzn.

Ðàâåíñòâî (17) äà¼ò ôîðìóëû äëÿ êîýôôèöèåíòîâ cn äëÿ n ∈ 1, p. Äëÿ n > p
ñïðàâåäëèâà ôîðìóëà, êîòîðàÿ ñëåäóåò èç ôîðìóëû (16)

cn =
1
n

∫
dµ(ζ)

ζn
.

Äîêàçàòåëüñòâî. Ïåðåïèøåì ôîðìóëó (1) äëÿ ôóíêöèè w(z) â âèäå

w(z) =
1
2π

2π∫

0

ReReiϕ + z

Reiϕ − z
υ(Reiϕ)dϕ +

∫

B(0,R)

Re ln
(

1− z

ζ

)
dµ(ζ)

+
∫

B(0,R)

ln
|ζ|
R

dµ(ζ)−
∫

B(0,R)

Re ln
(

1− zζ

R2

)
dµ(ζ).

(18)

Èìååì

ReReiϕ + z

Reiϕ − z
= Re

1 + z
Reiϕ

1− z
Reiϕ

= 1 + 2Re z

Reiϕ

1
1− z

Reiϕ

= 1 + 2Re
p∑

n=1

zn

Rneinϕ
+ 2Re

∞∑

n=p+1

zn

Rneinϕ
,

−Re ln
(

1− zζ

R2

)
= Re

p∑

n=1

1
n

znζ
n

R2n
+ Re

∞∑

n=p+1

1
n

znζ
n

R2n

Äàëåå ôîðìóëó (18) ïåðåïèøåì â âèäå

w(z) =
∫

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ) + b(R, z) + a(R, z), (19)
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ãäå

b(R, z) =
1
2π

2π∫

0

w(Reiϕ)dϕ +
∫

B(0,R)

ln
|ζ|
R

dµ(ζ)

+Re
p∑

n=1

zn


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 ,

a(R, z) = −
∫

CB(0,R)

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ)

+
1
π

2π∫

0

Re
∞∑

n=p+1

zn

Rneinϕ
w(Reiϕ)dϕ + Re

∫

B(0,R)

∞∑

n=p+1

znζ
n

nR2n
dµ(ζ).

Â íàïèñàííîé ôîðìóëå ñèìâîë CB(0, R) îáîçíà÷àåò äîïîëíåíèå ê êðóãó
B(0, R).

Òàê êàê ôóíêöèÿ w(z) èìååò ïîðÿäîê ρ, òî äëÿ ëþáîãî ε ñóùåñòâóåò ïî-
ñòîÿííàÿ Mε òàêàÿ, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà

|µ|(B(0, R)) < MεR
ρ+ε, R > 0,∫

|w(Reiϕ)|dϕ < MεR
ρ+ε, R > 1.

Èç ýòèõ íåðàâåíñòâ ëåãêî ñëåäóåò, ÷òî äëÿ ëþáîãî z âûïîëíÿåòñÿ ðàâåí-
ñòâî

lim
R→∞

a(R, z) = 0.

Òåïåðü èç ðàâåíñòâà (19) ñëåäóåò, ÷òî äëÿ ëþáîãî z ñóùåñòâóåò ïðåäåë

lim
R→∞

b(R, z).

Åñëè z = x + iy, òî ôóíêöèÿ b(R, z) êàê ôóíêöèÿ ïåðåìåííûõ x è y ÿâëÿ-
åòñÿ ìíîãî÷ëåíîì ñòåïåíè p. Òåïåðü èç ëåììû 1 ñëåäóåò, ÷òî ôóíêöèè

cn(R) = Re


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 , n ∈ 1, p

èìåþò ïðåäåë ïðè R →∞.
Çàìåòèì, ÷òî èç ôîðìóëû (3) äëÿ ôóíêöèè w(z) ñëåäóåò, ÷òî

1
2π

2π∫

0

w(Reiϕ)dϕ +
∫

B(0,R)

ln
|ζ|
R

dµ(ζ) = 0.
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Ïåðåõîäÿ â ðàâåíñòâå (19) ê ïðåäåëó ïðè R → ∞, ïîëó÷èì óòâåðæäåíèÿ
òåîðåìû. Òåîðåìà äîêàçàíà.

Â òåîðåìå 9 ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ w(z) ïðèíàäëåæèò êëàññó δS(0).
Ñôîðìóëèðóåì òåîðåìó äëÿ îáùåãî ñëó÷àÿ.

Òåîðåìà 10. Ïóñòü w(z) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ ïîðÿäêà ρ â ïëîñ-
êîñòè C, µ � å¼ ðèññîâñêàÿ ìåðà, p = [ρ]. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

w(z) =
∫

B(0,1)

ln |z − ζ|dµ(ζ)

+
∫

CB(0,1)

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ) +

p∑

n=0

Recnzn.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

w1(z) = w(z)−
∫

B(0,1)

ln |z − ζ|dµ(ζ)− c,

ïðè÷¼ì ïîñòîÿííóþ c âûáèðàåì èç óñëîâèÿ w1(0) = 0. Ôóíêöèÿ w1 ∈ δS(0).
Òåïåðü óòâåðæäåíèå òåîðåìû ñëåäóåò èç òåîðåìû 9.

Çàìå÷àíèå. Â îáùåì ñëó÷àå ñóùåñòâóþò àíàëîãè ñîîòíîøåíèé (17) ïðè
n ∈ 1, p

cn = lim
R→∞

Re


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)\B(0,1)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 .

Òåîðåìà 11. Ïóñòü w(x) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â ïðîñòðàíñòâå
Rm, m ≥ 3 èç êëàññà δS(0) è ïóñòü µ � å¼ ðèññîâñêàÿ ìåðà, äëÿ êîòîðîé
ñõîäÿòñÿ èíòåãðàëû

∫
B(0, 1)

ak(x, y)dµ(y), k = 1, p. Ïóñòü ôóíêöèÿ w èìååò

ïîðÿäîê ρ è p = [ρ]. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

w(x) =
∫

Kp(x, y)dµ(y) +
p∑

n=1

An(x),

ãäå An(x) � îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì ñòåïåíè n, ïðè÷¼ì âûïîë-
íÿþòñÿ ðàâåíñòâà

A1(x) = lim
R→∞

( m

Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

− (m− 2)
∫

B(0,R)

(x, y)
(

1
‖y‖m

− 1
Rm

)
dµ(y)

)
,

(20)
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An(x) = lim
R→∞

( ‖x‖n

Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

− ‖x‖n

∫

B(0,R)

(
1

‖y‖m−2+n
− ‖y‖n

Rm−2+2n

)
C

m−2
2

n (cos γ)dµ(y)
)
, n ≥ 2.

(21)

Íàïèñàííûå ïðåäåëû ÿâëÿþòñÿ ðàâíîìåðíûìè íà ëþáîì êîìïàêòå.

Äîêàçàòåëüñòâî. Äëÿ ôóíêöèè w(x) ñïðàâåäëèâî ðàâåíñòâî (2). Èìååì
ïðè ‖y‖ = R, ‖x‖ < R

R2 − ‖x‖2

R‖x− y‖m
=

R2 − ‖x‖2

R

1

(‖x‖2 − 2(x, y) + ‖y‖2)
m
2

=
R2 − ‖x‖2

Rm+1

(
1− 2

(x, y)
‖x‖‖y‖

‖x‖
R

+
(‖x‖

R

)2
)−m

2

=
R2 − ‖x‖2

Rm+1

∞∑

n=0

C
m
2

n (cos γ)
‖x‖n

Rn

=
1

Rm−1

p∑

n=0

C
m
2

n (cos γ)
‖x‖n

Rn
− ‖x‖n

Rm+1

p−2∑

n=0

C
m
2

n (cos γ)
‖x‖n

Rn
(22)

+


− ‖x‖2

Rm+1

∞∑

n=p−1

C
m
2

n (cos γ)
‖x‖n

Rn
+

1
Rm−1

∞∑

n=p+1

C
m
2

n (cos γ)
‖x‖n

Rn


 .

Ïðè ‖x‖ < R, ‖y‖ ≤ R âûïîëíÿåòñÿ ðàâåíñòâî

1(‖y‖
R

∥∥∥x− y R2

‖y‖2
∥∥∥
)m−2 =

Rm−2

‖y‖m−2
(
‖x‖2 − 2(x, y) R2

‖y‖2 + R4

‖y‖2
)m−2

2

=
1

Rm−2

(
1− 2

(x, y)
‖x‖‖y‖

‖x‖‖y‖
R2

+
(‖x‖‖y‖

R2

)2
)−m−2

2

(23)

=
1

Rm−2

∞∑

n=0

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n

=
1

Rm−2

p∑

n=0

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n
+

1
Rm−2

∞∑

n=p+1

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n
.

Èç ðàâåíñòâ (2), (21), (22) ñëåäóåò, ÷òî

w(x) =
∫

Kp(x, y)dµ(y) + b(R, x) + a(R, x), (24)



72 Ãðèøèí À. Ô., Íãóåí Âàí Êóèíü, Ïîåäèíöåâà È. Â.

ãäå

b(R, x) =
1

σm−1Rm−1

∫

S(0,R)

w(y)dσm−1(y)

−
∫

B(0,R)

(
1

‖y‖m−2
− 1

Rm−2

)
dµ(y) +

‖x‖
σm−1Rm

∫

S(0,R)

C
m
2

1 (cos γ)w(y)dσm−1(y)

+
‖x‖
Rm

∫

B(0,R)

C
m−2

2
1 (cos γ)‖y‖dµ(y)− ‖x‖

∫

B(0,R)

C
m−2

2
1 (cos γ)

1
‖y‖m−1

dµ(y)

+
p∑

n=2

( ‖x‖n

σm−1Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

−‖x‖n

∫

B(0,R)

(
1

‖y‖m+n−2
− ‖y‖n

Rm+2n−2

)
C

m−2
2

n (cos γ)dµ(y)
)
.

Ôóíêöèÿ a(R, x) çàäà¼òñÿ ðàâåíñòâîì

a(R, x) = −
∫

CB(0,R)

Kp(x, y)dµ(y)

− ‖x‖2

σm−1Rm+1

∫

S(0,R)

∞∑

n=p−1

C
m
2

n (cos γ)
‖x‖n

Rn
w(y)dσm−1(y)

+
1

σm−1

R2 − ‖x‖2

Rm+1

∫

S(0,R)

∞∑

n=p+1

C
m
2

n (cos γ)
‖x‖n

Rn
w(y)dσm−1(y)

+
1

Rm−2

∫

B(0,R)

∞∑

n=p+1

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n
dµ(y).

Èç ñõîäèìîñòè èíòåãðàëà
∫

Kρ(x, y)dµ(y), íåðàâåíñòâ |Cβ
n (cos γ)| ≤

≤ Γ(n+2β)
Γ(2β)n! ,

∫
S(0,R)

|w(y)|dσm−1(y) ≤ 2T (R,w)Rm−1, |µ|(B(0, t)) ≤ MT (2t,w)

è òîãî, ÷òî ρ � ïîðÿäîê ôóíêöèè w, ëåãêî ñëåäóåò, ÷òî äëÿ ëþáîãî x ∈ Rm

âûïîëíÿåòñÿ ðàâåíñòâî

lim
R→∞

a(R, x) = 0. (25)

Èç ðàâåíñòâà (4) äëÿ ôóíêöèè w ñëåäóåò, ÷òî

1
σm−1Rm−1

∫

S(0,R)

w(y)dσm−1(y)−
∫

B(0,R)

(
1

‖y‖m−2
− 1

R2m−2

)
dµ(y) = 0.
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Èç ðàâåíñòâà Cβ
1 (cos γ) = 2β cos γ = 2β (x,y)

‖x‖‖y‖ ñëåäóåò, ÷òî

‖x‖
σm−1Rm

∫

S(0,R)

C
m
2

1 (cos γ)w(y)dσm−1(y) +
‖x‖
Rm

∫

B(0,R)

C
m−2

2
1 (cos γ)‖y‖dµ(y)

−‖x‖
∫

B(0,R)

C
m−2

2
1 (cos γ)

1
‖y‖m−1

dµ(y) =
m

σm−1Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

−(m− 2)
∫

B(0,R)

(
1

‖y‖m
− 1

Rm

)
(x, y)dµ(y).

Ïîýòîìó

b(R, x) =
m

σm−1Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

−(m− 2)
∫

B(0,R)

(
1

‖y‖m
− 1

Rm

)
(x, y)dµ(y)

+
p∑

n=2

( ‖x‖n

σm−1Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

−‖x‖n

∫

B(0,R)

(
1

‖y‖m+n−2
− ‖y‖n

Rm+2n−2

)
C

m−2
2

n (cos γ)dµ(y)
)
.

Ôóíêöèÿ b(R, x), êàê ôóíêöèÿ ïåðåìåííîé x, ÿâëÿåòñÿ ãàðìîíè÷åñêèì ïî-
ëèíîì ñòåïåíè íå âûøå p. Èç ðàâåíñòâ (24), (25) ñëåäóåò, ÷òî äëÿ êàæäîãî
x ∈ Rm ñóùåñòâóåò ïðåäåë

lim
R→∞

b(R, x).

Èç ëåììû 1 ñëåäóåò, ÷òî ñóùåñòâóþò ïðåäåëû

lim
R→∞

( m

σm−1Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

−(m− 2)
∫

B(0,R)

(
1

‖y‖m
− 1

Rm

)
(x, y)dµ(y)

)
= A1(x),

lim
R→∞

( ‖x‖n

σm−1Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

−‖x‖n

∫

B(0,R)

(
1

‖y‖m+n−2
− ‖y‖n

Rm+2n−2

)
C

m−2
2

n (cos γ)dµ(y)
)
= An(x), n ∈ 2, p.
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Ýòè ïðåäåëû ðàâíîìåðíûå íà ëþáîì êîìïàêòå. Ïåðåõîäÿ â ðàâåíñòâå (24)
ê ïðåäåëó ïðè R →∞, ïîëó÷àåì óòâåðæäåíèå òåîðåìû. Òåîðåìà äîêàçàíà.

Â òåîðåìå 11 òðåáóåòñÿ, ÷òîáû ôóíêöèÿ w(x) ïðèíàäëåæàëà êëàññó δS(0).
Â ñëåäóþùåé òåîðåìå ìû îñâîáîæäàåìñÿ îò ýòîãî îãðàíè÷åíèÿ.

Òåîðåìà 12. Ïóñòü w(x) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â ïðîñòðàíñòâå
Rm, m ≥ 3 è µ � å¼ ðèññîâñêàÿ ìåðà. Ïóñòü ôóíêöèÿ w èìååò ïîðÿäîê ρ è
p = [ρ]. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

w(x) = −
∫

B(0,1)

dµ(y)
‖x− y‖m−2

+
∫

CB(0,1)

Kρ(x, y)dµ(y) +
p∑

k=0

Ak(x),

ãäå Ak(x)� íåêîòîðûé îäíîðîäíûé ãàðìîíè÷åñêèé ìíîãî÷ëåí ñòåïåíè k.

Çàìå÷àíèå. Èìåþòñÿ àíàëîãè ôîðìóë (20), (21).

A1(x) = lim
R→∞

( m

Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

− (m− 2)
∫

B(0,R)\B(0,1)

(x, y)
(

1
‖y‖m

− 1
Rm

)
dµ(y)

)
,

An(x) = lim
R→∞

( ‖x‖n

Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

− ‖x‖n

∫

B(0,R)\B(0,1)

(
1

‖y‖m−2+n
− ‖y‖n

Rm−2+2n

)
C

m−2
2

n (cos γ)dµ(y)
)
, n ≥ 2.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

w1(x) = w(x) +
∫

B(0,1)

dµ(y)
‖x− y‖m−2

− c,

ãäå ïîñòîÿííàÿ c îïðåäåëÿåòñÿ èç óñëîâèÿ w1(0) = 0. Ôóíêöèÿ w1 ïðèíàäëå-
æèò êëàññó δS(0). Òåïåðü òåîðåìà è çàìå÷àíèå ê íåé ñëåäóþò èç òåîðåìû 11.
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1. Ââåäåíèå
Â ñòàòüÿõ È. Øóðà [1]�[2] âïåðâûå áûëà ïðåäëîæåíà ïîøàãîâàÿ ñõåìà ðå-

øåíèÿ èíòåðïîëÿöèîííûõ çàäà÷. Â äàëüíåéøåì ýòè èññëåäîâàíèÿ áûëè ïðî-
äîëæåíû è îáîáùåíû â ðàáîòàõ ìíîãèõ àâòîðîâ. Îñîáî îòìåòèì ñòàòüè [3]�[4],
âûïîëíåííûå â ðàìêàõ ïîäõîäà Â.Ï. Ïîòàïîâà ê ðåøåíèþ èíòåðïîëÿöèîííûõ
çàäà÷ äëÿ àíàëèòè÷åñêèõ ìàòðèö-ôóíêöèé (äàëåå ïî òåêñòó - ÌÔ). Àíàëî-
ãè÷íûå ðåçóëüòàòû äëÿ ñëó÷àÿ ñòèëòüåñîâñêèõ ÌÔ áûëè ïîëó÷åíû â ñòàòüÿõ
[5]�[7]. Èíòåðïîëÿöèîííûå çàäà÷è â êëàññàõ R[a, b] è S[a, b] áûëè ðàññìîò-
ðåíû â ñòàòüÿõ [8]�[12]. Ïðîáëåìà ìîìåíòîâ íà êîìïàêòíîì èíòåðâàëå áûëà
ðåøåíà ïîøàãîâûì ìåòîäîì â ñòàòüå [13].

Ñôîðìóëèðóåì èçâåñòíûå îïðåäåëåíèÿ è òåîðåìû, êîòîðûå íàì ïîíàäî-
áÿòñÿ â äàëüíåéøåì.

Îïðåäåëåíèå 1. ([8]) Êëàññîì S[a, b] íàçûâàåòñÿ ìíîæåñòâî ãîëîìîðô-
íûõ ÌÔ s : C \ [a, b] → Cm×m òàêèõ, ÷òî

s(z)− s∗(z)
z − z̄

≥ 0 ∀z ∈ C±,

s(x) ≥ 0 ∀x ∈ R \ [a, b].

Ïóñòü äàíà ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ (m × m)-ìàòðèö {sj}n
j=0 è

ôèêñèðîâàííàÿ òî÷êà z0 ∈ C+. Â ìàòðè÷íîé çàäà÷å Êàðàòåîäîðè òðåáóåòñÿ
îïèñàòü âñå ÌÔ êëàññà S[a, b], òàêèå, ÷òî

s(z) = s0(z) + s1(z)(z − z0) + · · ·+ sn(z − z0)n + · · · . (1)

Ìíîæåñòâî ðåøåíèé s ýòîé çàäà÷è îáîçíà÷èì ÷åðåç Ln. Ñ çàäà÷åé (1)
ñâÿæåì ñëåäóþùèå áëî÷íûå ìàòðèöû

T(n) =




z0Im · · · 0m 0m

Im · · · 0m 0m
... . . . ... ...

0m · · · Im z0Im


 , v(n) =




Im

0m
...

0m


 , u1,(n) =




s0

s1
...

sn


 ,

RT,(n)(z) = (T(n) − zIm(n+1))
−1 =




Im
z0−z 0m · · · 0m
−Im

(z0−z)2
Im

z0−z · · · 0m

... ... . . . ...
(−1)nIm

(z0−z)n+1
(−1)n−1Im

(z0−z)n · · · Im
z0−z




, (2)

u2,(n) = −R−1
T,(n)(a)RT,(n)(b)u1,(n) =




s̃0

s̃1
...

s̃n


 ,

K1,(n) = {Pij}n
i,j=0, K2,(n) = {Qij}n

i,j=0.
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Çäåñü

P00 =
s0 − s∗0
z0 − z̄0

, P0j =
P0j−1 − s∗j

z0 − z̄0
, 1 ≤ j ≤ n,

Pi0 =
si − Pi−10

z0 − z̄0
, 1 ≤ i ≤ n, Pij =

Pij−1 − Pi−1j

z0 − z̄0
, 1 ≤ i, j ≤ n.

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþòñÿ ìàòðèöû Qij ñ çàìåíîé ìàòðèö sj íà s̃j .
Èìååò ìåñòî òîæäåñòâî ñïëåòåíèÿ (ñì. [10])

(b− a)RT,(n)(b)v(n)u
∗
1,(n)R

∗
T,(n)(b) = R−1

T,(n)(a)RT,(n)(b)K1,(n) + K2,(n). (3)

Îïðåäåëåíèå 2. Çàäà÷à Êàðàòåîäîðè (1) íàçûâàåòñÿ âïîëíå íåîïðåäåëåí-
íîé, åñëè K1,(n) > 0, K2,(n) > 0.

Ìû áóäåì ðàññìàòðèâàòü âïîëíå íåîïðåäåë¼ííóþ çàäà÷ó Êàðàòåîäîðè.

Îïðåäåëåíèå 3. Ìàòðèöà-ôóíêöèÿ

U(n)(z)=
[

α(n)(z) β(n)(z)
γ(n)(z) δ(n)(z)

]
=

[
Im + (b− z)u∗2,(n)R

∗
T,(n)(z̄)K−1

2,(n)RT,(n)(b)v(n)

(z − a)v∗(n)R
∗
T,(n)(z̄)K−1

2,(n)RT,(n)(b)v(n)

−(b− z)u∗1,(n)R
∗
T,(n)(z̄)K−1

1,(n)RT,(n)(b)u1,(n)

Im − (b− z)v∗(n)R
∗
T,(n)(z̄)K−1

1,(n)RT,(n)(b)u1,(n)

]
(4)

íàçûâàåòñÿ ðåçîëüâåíòíîé ìàòðèöåé çàäà÷è Êàðàòåîäîðè (1).

Îïðåäåëåíèå 4. Ïàðà ìåðîìîðôíûõ â C \ [a, b] ÌÔ
[

p
q

]
íàçûâàåòñÿ

S[a, b] � ïàðîé, åñëè ñóùåñòâóåò äèñêðåòíîå â C \ [a, b] ìíîæåñòâî Dpq,
òàêîå, ÷òî

(i) ÌÔ p è q ãîëîìîðôíû â C \ {Dpq ∪ [a, b]} ,

(ii) [p∗(z), q∗(z)]
[

p(z)
q(z)

]
> 0m, z ∈ C \ {Dpq ∪ [a, b]} ,

(iii) [p∗(z), q∗(z)]
J

ı(z̄ − z)

[
p(z)
q(z)

]
≥ 0m, z ∈ C± \ Dpq,

(iv)
[
z̄ − a

b− z̄
p∗(z), q∗(z)

]
J

ı(z̄ − z)

[ z − a

b− z
p(z)

q(z)

]
≥ 0m, z ∈ C± \ Dpq.

Ïóñòü (m×m)-ÌÔ Q ìåðîìîðôíà è ìåðîìîðôíî îáðàòèìà â C\[a, b]. Îáîçíà-
÷èì ÷åðåçDQ äèñêðåòíîå â C\[a, b] ìíîæåñòâî îñîáûõ òî÷åê ÌÔ Q è Q−1. Äâå

S[a, b]-ïàðû
[

p1(z)
q1(z)

]
è

[
p2(z)
q2(z)

]
íàçîâåì ýêâèâàëåíòíûìè, åñëè äëÿ âñåõ

z ∈ C \ {[a, b] ∪ Dp1q1 ∪ Dp2q2 ∪ DQ} âûïîëíåíû ðàâåíñòâà p2(z) = p1(z)Q(z),
q2(z) = q1(z)Q(z). Ìíîæåñòâî êëàññîâ ýêâèâàëåíòíîñòè S[a, b]-ïàð îáîçíà÷èì
÷åðåç S∞[a, b].
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Òåîðåìà 1 ([10]). Ïóñòü ÌÔ α(n), β(n), γ(n), δ(n) îïðåäåëåíû â (4). Òîãäà
äðîáíî-ëèíåéíîå ïðåîáðàçîâàíèå

s(z) = U(n)(z)
{[

p(z)
q(z)

]}

=
{
α(n)(z)p(z) + β(n)(z)q(z)

}{
γ(n)(z)p(z) + δ(n)(z)q(z)

}−1

(5)

çàäàåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó Ln è S∞[a, b].

2. Ìóëüòèïëèêàòèâíàÿ ñòðóêòóðà ðåçîëüâåíòíîé ìàòðèöû.
Ðàññìîòðèì áëî÷íîå ïðåäñòàâëåíèå ìàòðèö Kr,(n)

Kr,(n) =
[

Kr,(n−1) Br,(n)

B∗
r,(n) Cr,n

]
=

[
Inm 0nm×m

B∗
r,(n)K

−1
r,(n−1) Im

]
×

×
[

Kr,(n−1) 0nm×m

0m×nm K̂r,n

] [
Inm K−1

r,(n−1)Br,(n)

0m×nm Im

]
,

(6)

çäåñü
K̂r,n = Cr,n −B∗

r,(n)K
−1
r,(n−1)Br,(n), r = 1, 2. (7)

Îòñþäà è èç îïðåäåëåíèÿ 2 ñëåäóþò íåðàâåíñòâà K̂r,n > 0m, r = 1, 2. Ïîýòîìó

K−1
r,(n)=

[
Inm −K−1

r,(n−1)Br,(n)

0m×nm Im

][
K−1

r,(n−1) 0nm×m

0m×nm K̂−1
r,n

][
Inm 0nm×m

−B∗
r,(n)K

−1
r,(n−1) Im

]
.

(8)
Èìåþò ìåñòî î÷åâèäíûå ðàâåíñòâà
[

RT,(n−1)(b)u1,(n−1)
w1,n

z0−b

]
=

[
Inm 0nm×m

−B∗
1,(n)K

−1
1,(n−1) Im

]
RT,(n)(b)u1,(n),

[
RT,(n−1)(b)v(n−1)

v̂n
z0−b

]
=

[
Inm 0nm×m

−B∗
2,(n)K

−1
2,(n−1) Im

]
RT,(n)(b)v(n).

(9)

Çäåñü

w1,n=sn−(z0−b)B∗
1,(n)K

−1
1,(n−1)RT,(n−1)(b)u1,(n−1)+

(
(−1)nIm

(z0 − b)n
, · · ·, −Im

(z0 − b)

)
u1,(n−1),

v̂n =
(−1)nIm

(z0 − b)n
− (z0 − b)B∗

2,(n)K
−1
2,(n−1)RT,(n−1)(b)v(n−1). (10)

Òåîðåìà 2. Ïóñòü çàäàíà âïîëíå íåîïðåäåëåííàÿ çàäà÷à Êàðàòåîäîðè (1).
Òîãäà èìåþò ìåñòî ðàâåíñòâà

(b− a)RT,(n−1)(b)v(n−1)w
∗
1,n

1
z̄0 − b

= B2,(n) −K2,(n−1)K
−1
1,(n−1)B1,(n), (11)
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b− a

z0 − b
v̂nu∗1,(n−1)R

∗
T,(n−1)(b)=−B∗

2,(n)K
−1
2,(n−1)R

−1
T,(n−1)(a)RT,(n−1)(b)K1,(n−1)−

− b− a

z0 − b

(
(−1)n−1Im

(z0 − b)n
, · · · ,

Im

z0 − b

)
K1,(n−1) +

z0 − a

z0 − b
B∗

1,(n), (12)

b− a

z̄0 − b
v̂nw∗1,n = (z0 − a)K̂1,n + (z0 − b)K̂2,n. (13)

Çäåñü w1,n è v̂n îïðåäåëåíû â (10).

Äîêàçàòåëüñòâî. Äîìíîæèì òîæäåñòâî ñïëåòåíèÿ (3) ñëåâà è ñïðàâà íà
ìàòðèöû

[
Inm 0nm×m

−B∗
2,(n)K

−1
2,(n−1) Im

]
,

[
Inm −K−1

1,(n−1)B1,(n)

0m×nm Im

]
,

ñîîòâåòñòâåííî. Îòñþäà (9) ñëåäóåò, ÷òî

(b− a)
[

RT,(n−1)(b)v(n−1)
1

z0−b v̂n

] [
u∗1,(n−1)R

∗
T,(n−1)(b),

w∗1,n

z̄0 − b

]
=

=
[

K2,(n−1) B2,(n)

0m×nm K̂2,n

] [
Inm −K−1

1,(n−1)B1,(n)

0m×nm Im

]
+

+

[
Inm 0nm×m

−B∗
2,(n)K

−1
2,(n−1) Im

]
R−1

T,(n)(a)RT,(n)(b)

[
K1,(n−1) 0nm×m

B∗
1,(n) K̂1,n

]
.

Ïîýòîìó

(b− a)

[
RT,(n−1)(b)v(n−1)u

∗
1,(n−1)R

∗
T,(n−1)(b) RT,(n−1)(b)v(n−1)w

∗
1,n

1
z̄0−b

1
z0−b v̂nu∗1,(n−1)R

∗
T,(n−1)(b)

1
|z0−b|2 v̂nw∗1,n

]
=

=

[
K2,(n−1) −K2,(n−1)K

−1
1,(n−1)B1,(n) + B2,(n)

0m×nm K̂2,n

]
+

[
Inm 0nm×m

−B∗
2,(n)K

−1
2,(n−1) Im

]
×

×
[

R−1
T,(n−1)(a)RT,(n−1)(b)K

−1
1,(n−1) 0nm×m

(b− a)
(

(−1)nIm

(z0−b)n+1 , · · · , −Im
(z0−b)2

)
K−1

1,(n−1) + z0−a
z0−b B∗

1,(n)
z0−a
z0−b K̂1,n

]
.

Ñðàâíèâàÿ áëîêè â ýòèõ ðàâåíñòâàõ, ïîëó÷àåì òîæäåñòâà (11)�(13). Òåîðåìà 2
äîêàçàíà.

Ïóñòü ìàòðèöû w1,p è v̂p, 0 < p ≤ n îïðåäåëåíû â (10), w1,0 = s0, v̂0 = Im,
w2,p = − z0−a

z0−b w1,p.

Îïðåäåëåíèå 5. Ìàòðèöû-ôóíêöèè

b0(z) = U(0)(z), bp(z) =

[
α̂p(z) β̂p(z)
γ̂p(z) δ̂p(z)

]
=

=

[
Im + (b− z)

w∗2,p

z̄0−z K̂−1
2,p

v̂p

z0−b −(b− z)
w∗1,p

z̄0−z K̂−1
1,p

w1,p

z0−b

(z − a) v̂∗p
z̄0−z K̂−1

2,p
v̂p

z0−b Im − (b− z) v̂∗p
z̄0−z K̂−1

1,p
w1,p

z0−b

]
, (1 ≤ p ≤ n) (14)
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íàçûâàþòñÿ ìíîæèòåëÿìè Áëÿøêå-Ïîòàïîâà çàäà÷è Êàðàòåîäîðè (1).

Òåîðåìà 3. Ðåçîëüâåíòíàÿ ìàòðèöà U(n)(z) âïîëíå íåîïðåäåëåííîé çàäà÷è
Êàðàòåîäîðè (1) äîïóñêàåò ïðåäñòàâëåíèå âèäà

U(n)(z) = U(n−1)(z)bn(z), (15)

çäåñü ìíîæèòåëü Áëÿøêå-Ïîòàïîâà bn(z) çàäàåòñÿ ôîðìóëîé (14).

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ôîðìóëû (15) äîñòàòî÷íî óáåäèòü-
ñÿ â ñïðàâåäëèâîñòè ðàâåíñòâ

α(n)(z) = α(n−1)(z)α̂n(z) + β(n−1)(z)γ̂n(z), (16)
β(n)(z) = α(n−1)(z)β̂n(z) + β(n−1)(z)δ̂n(z), (17)
γ(n)(z) = γ(n−1)(z)α̂n(z) + δ(n−1)(z)γ̂n(z), (18)
δ(n)(z) = γ(n−1)(z)β̂n(z) + δ(n−1)(z)δ̂n(z). (19)

Äîêàæåì ðàâåíñòâî (16). Èìååì

α(n)(z) = Im + (b− z)u∗2,(n)R
∗
T,(n)(z̄)K−1

2,(n)RT,(n)(b)v(n) = Im + (b− z)u∗2,(n)×

×R∗
T,(n)(z̄)

[
K−1

2,(n−1) −K−1
2,(n−1)B2,(n)K̂

−1
2,n

0m×nm K̂−1
2,n

][
Inm 0nm×m

−B∗
2,(n)K

−1
2,(n−1) Im

]
RT,(n)(b)v(n).

Èç (9) è àíàëîãè÷íîãî ðàâåíñòâà
[

RT,(n−1)(a)u2,(n−1)
w2,n

z0−a

]
=

[
Inm 0nm×m

−B∗
1,(n)K

−1
1,(n−1) Im

]
RT,(n)(a)u2,(n)

ïîëó÷èì

α(n)(z) = Im + (b− z)
[

u∗2,(n−1)R
∗
T,(n−1)(a)

w∗2,n

z̄0−a

][ Inm K−1
1,(n−1)B1,(n)

0m×nm Im

]
×

×R−1∗
T,(n)(a)R∗

T,(n)(z̄)

[
K−1

2,(n−1) −K−1
2,(n−1)B2,(n)K̂

−1
2,n

0m×nm K̂−1
2,n

][
RT,(n−1)(b)v(n−1)

v̂n
z0−b

]
=

=Im +(b− z)
[
u∗2,(n−1)R

∗
T,(n−1)(a) u∗2,(n−1)R

∗
T,(n−1)(a)K−1

1,(n−1)B1,(n) +
w∗2,n

z̄0−a

]
×

×




(−1)n(z−a)
(z̄0−z)n+1 Im

R−1∗
T,(n−1)(a)R

∗
T,(n−1)(z̄)

...
−(z−a)
(z̄0−z)2

Im

0m×nm
z̄0−a
z̄0−z Im



×
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×
[

K−1
2,(n−1)RT,(n−1)(b)v(n−1) −K−1

2,(n−1)B2,(n)K̂
−1
2,n

v̂n
z0−b

K̂−1
2,n

v̂n
z0−b

]
= Im + (b− z)×

×


u∗2,(n−1)R

∗
T,(n−1)(z̄) (z − a)u∗2,(n−1)R

∗
T,(n−1)(a)




(−1)n

(z̄0−z)n+1 Im

...
−1

(z̄0−z)2
Im


+

+
z̄0 − a

z̄0 − z
u∗2,(n−1)R

∗
T,(n−1)(a)K−1

1,(n−1)B1,(n) +
1

z̄0 − z
w∗2,n

]
×

×
[

K−1
2,(n−1)RT,(n−1)(b)v(n−1) −K−1

2,(n−1)B2,(n)K̂
−1
2,n

v̂n
z0−b

K̂−1
2,n

v̂n
z0−b

]
.

Çäåñü ìû âîñïîëüçîâàëèñü î÷åâèäíûì ðàâåíñòâîì

R−1∗
T,(n)(a)R∗

T,(n)(z̄)=




0m

R−1∗
T,(n−1)(a)

...
Im

0m×nm (z̄0 − a)Im







(−1)n

(z̄0−z)n+1 Im

R
∗
T,(n−1)(z̄)

...
−1

(z̄0−z)2
Im

0m×nm
1

z̄0−z Im



=

=




(−1)n(z−a)
(z̄0−z)n+1 Im

R−1∗
T,(n−1)(a)R

∗
T,(n−1)(z̄)

...
−(z−a)
(z̄0−z)2

Im

0m×nm
z̄0−a
z̄0−z Im




.

Îêîí÷àòåëüíî ïîëó÷èì

α(n)(z) = α(n−1)(z)− (b− z)u∗2,(n−1)R
∗
T,(n−1)(z̄)K−1

2,(n−1)B2,(n)K̂
−1
2,n

v̂n

z0 − b
+

+ (b− z)


(z − a)u∗2,(n−1)R

∗
T,(n−1)(a)




(−1)n

(z̄0−z)n+1 Im

...
−1

(z̄0−z)2
Im


+

+
z̄0 − a

z̄0 − z
u∗2,(n−1)R

∗
T,(n−1)(a)K−1

1,(n−1)B1,(n) +
1

z̄0 − z
w∗2,n

)
K̂−1

2,n

v̂n

z0 − b
.

(20)

Âû÷èñëèì òåïåðü ïðàâóþ ÷àñòü ðàâåíñòâà (16). Ïóñòü

X11 = α(n−1)(z)α̂n(z) + β(n−1)(z)γ̂n(z).

Èìååì

X11=
(
Im + (b− z)u∗2,(n−1)R

∗
T,(n−1)(z̄)K−1

2,(n−1)RT,(n−1)(b)v(n−1)

)
×

×
(

Im + (b− z)
w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b

)
− (b− z)(z − a)u∗1,(n−1)×



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1133 (2014) 83

×R∗
T,(n−1)(z̄)K−1

1,(n−1)RT,(n−1)(b)u1,(n−1)
v̂∗n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
=

=α(n−1)(z)+(b− z)
w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
+(b− z)2u∗2,(n−1)R

∗
T,(n−1)(z̄)×

×K−1
2,(n−1)RT,(n−1)(b)v(n−1)

w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
− (b− z)(z − a)×

×u∗1,(n−1)R
∗
T,(n−1)(z̄)K−1

1,(n−1)RT,(n−1)(b)u1,(n−1)
v̂∗n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
.

Èç ðàâåíñòâ (11), (12) è w2,n = − z0−a
z0−b w1,n ïîëó÷èì

X11=α(n−1)(z) + (b− z)
w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
+(b− z)2u∗2,(n−1)R

∗
T,(n−1)(z̄)×

×K−1
2,(n−1)

{
−B2,(n) + K2,(n−1)K

−1
1,(n−1)B1,(n)

} z̄0 − a

(b− a)(z̄0 − z)
K̂−1

2,n

v̂n

z0 − b
−

− (b− z)(z − a)u∗1,(n−1)R
∗
T,(n−1)(z̄)K−1

1,(n−1)

{
z̄0 − a

b− a
B1,(n) −

z̄0 − b

b− a
×

×K1,(n−1)R
∗
T,(n−1)(b)R

−1∗
T,(n−1)(a)K−1

2,(n−1)B2,(n)−K1,(n−1)




(−1)n−1

(z̄0−b)n Im

...
−1

z̄0−bIm







×

× 1
z̄0 − z

K̂−1
2,n

v̂n

z0 − b
= α(n−1)(z) + (b− z)

w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
+

+
(z̄0 − a)(b− z)2

(b− a)(z̄0 − z)(z0 − b)
u∗2,(n−1)R

∗
T,(n−1)(z̄)×

×
{
−K−1

2,(n−1)B2,(n) + K−1
1,(n−1)B1,(n)

}
K̂−1

2,nv̂n−

− (b− z)(z − a)
(z̄0 − z)(z0 − b)

u∗1,(n−1)R
∗
T,(n−1)(z̄)

{
z̄0 − a

b− a
K−1

1,(n−1)B1,(n) −
z̄0 − b

b− a
×

×R∗
T,(n−1)(b)R

−1∗
T,(n−1)(a)K−1

2,(n−1)B2,(n) −




(−1)n−1

(z̄0−b)n Im

...
−1

z̄0−bIm








K̂−1
2,nv̂n =

= α(n−1)(z) + (b− z)
w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
+

(b− z)(z̄0 − a)
(b− a)(z̄0 − z)(z0 − b)

u∗2,(n−1)×

×R∗
T,(n−1)(z̄)R∗

T,(n−1)(a)
{
(b− z)R−1∗

T,(n−1)(a)+(z − a)R−1∗
T,(n−1)(b)

}
K−1

1,(n−1)B1,(n)×

× K̂−1
2,nv̂n − b− z

(z̄0 − z)(z0 − b)(b− a)
u∗2,(n−1)R

∗
T,(n−1)(z̄) {(z̄0 − a)(b− z)+

+(z̄0 − b)(z − a)}K−1
2,(n−1)B2,(n)K̂

−1
2,nv̂n +

(b− z)(z − a)
(z̄0 − z)(z0 − b)

u∗1,(n−1)R
∗
T,(n−1)(z̄)×
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×




(−1)n−1

(z̄0−b)n Im

...
−1

z̄0−bIm


 K̂−1

2,nv̂n = α(n−1)(z) + (b− z)
w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
+

+
(b− z)(z̄0 − a)
(z̄0 − z)(z0 − b)

u∗2,(n−1)R
∗
T,(n−1)(a)K−1

1,(n−1)B1,(n)K̂
−1
2,nv̂n−

− b− z

z0 − b
u∗2,(n−1)R

∗
T,(n−1)(z̄)K−1

2,(n−1)B2,(n)K̂
−1
2,nv̂n+

+
(b− z)(z − a)

(z̄0 − z)(z0 − b)
u∗1,(n−1)R

∗
T,(n−1)(z̄)




(−1)n−1

(z̄0−b)n Im

...
−1

z̄0−bIm


 K̂−1

2,nv̂n.

Îêîí÷àòåëüíî, èç ðàâåíñòâà

R∗
T,(n−1)(z̄)




(−1)n−1

(z̄0−b)n Im

...
−1

z̄0−bIm


 = R∗

T,(n−1)(b)




(−1)n−1

(z̄0−z)n Im

...
−1

z̄0−z Im


 (21)

ñëåäóåò, ÷òî

X11(z)=α(n−1)(z)+(b− z)
w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
+

(b− z)(z̄0 − a)
(z̄0 − z)(z0 − b)

u∗2,(n−1)R
∗
T,(n−1)(a)×

×K−1
1,(n−1)B1,(n)K̂

−1
2,nv̂n − b− z

z0 − b
u∗2,(n−1)R

∗
T,(n−1)(z̄)K−1

2,(n−1)B2,(n)K̂
−1
2,nv̂n+

− (b− z)(z − a)
(z0 − b)

u∗2,(n−1)R
∗
T,(n−1)(a)




(−1)n−1

(z̄0−z)n+1 Im

...
−1

(z̄0−z)2
Im


 K̂−1

2,nv̂n. (22)

Èç (20) è (22) ïîëó÷àåì (16).
Äîêàæåì ðàâåíñòâî (17). Èìååì

β(n)(z) = −(b− z)u∗1,(n)R
∗
T,(n)(z̄)K−1

1,(n)RT,(n)(b)u1,(n) = −(b− z)×

×
(
u∗1,(n−1)R

∗
T,(n−1)(b)

w∗1,n

z̄0 − b

)[
Inm K−1

1,(n−1)B1,(n)

0m×nm Im

]
R−1∗

T,(n)(b)R
∗
T,(n)(z̄)×

×
[

K−1
1,(n−1) −K−1

1,(n−1)B1,(n)K̂
−1
1,n

0m×nm K̂−1
1,n

][
RT,(n−1)(b)u1,(n−1)

w1,n

z0−b

]
= −(b− z)×

×
(

u∗1,(n−1)R
∗
T,(n−1)(b) u∗1,(n−1)R

∗
T,(n−1)(b)K

−1
1,(n−1)B1,(n) +

w∗1,n

z̄0 − b

)
×
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×




(−1)n(z−b)
(z̄0−z)n+1 Im

R−1∗
T,(n−1)(b)R

∗
T,(n−1)(z̄)

...
−(z−b)
(z̄0−z)2

Im

0m×nm
z̄0−b
z̄0−z Im




[
K−1

1 RT,(n−1)(b)u1,(n−1)−K−1
1 B1K̂

−1
1,n

w1,n

z0−b

K̂−1
1,n

w1,n

z0−b

]
=

=−(b− z)


u∗1,(n−1)R

∗
T,(n−1)(z̄) (z − b)u∗1,(n−1)R

∗
T,(n−1)(b)




(−1)n

(z̄0−z)n+1 Im

...
−1

(z̄0−z)2
Im


+

+ u∗1,(n−1)R
∗
T,(n−1)(b)K

−1
1,(n−1)B1,(n)

z̄0 − b

z̄0 − z
+

w∗1,n

z̄0 − z


×

×
[

K−1
1,(n−1)RT,(n−1)(b)u1,(n−1) −K−1

1,(n−1)B1,(n)K̂
−1
1,n

w1,n

z0−b

K̂−1
1,n

w1,n

z0−b

]
=

= β(n−1)(z) + (z − b)2u∗1,(n−1)R
∗
T,(n−1)(b)




(−1)n

(z̄0−z)n+1 Im

...
−1

(z̄0−z)2
Im


 K̂−1

1,n

w1,n

z0 − b
−

− (b− z)u∗1,(n−1)

(
−(z̄0 − z)R

∗
T,(n−1)(z̄) + R∗

T,(n−1)(b)(z̄0 − b)
)

K−1
1,(n−1)×

×B1,(n)K̂
−1
1,n

w1,n

(z0 − b)(z̄0 − z)
+ β̂n(z).

Èç î÷åâèäíîãî òîæäåñòâà

−(z̄0−z)R
∗
T,(n−1)(z̄)+R∗

T,(n−1)(b)(z̄0−b)=(z−b)R∗
T,(n−1)(z̄)R∗

T,(n−1)(b)R
−1∗
T,(n−1)(z0)

ïîëó÷èì

β(n)(z) = β(n−1)(z) + (z − b)2u∗1,(n−1)R
∗
T,(n−1)(b)




(−1)n

(z̄0−z)n+1 Im

...
−1

(z̄0−z)2
Im


K̂−1

1,n

w1,n

z0 − b
+

+ (z − b)2u∗1,(n−1)R
∗
T,(n−1)(z̄)R∗

T,(n−1)(b)R
−1∗
T,(n−1)(z0)K−1

1,(n−1)B1,(n)K̂
−1
1,n×

× w1,n

(z0 − b)(z̄0 − z)
+ β̂n(z). (23)

À òåïåðü âû÷èñëèì ïðàâóþ ÷àñòü ðàâåíñòâà (17). Èìååì

X12 = α(n−1)(z)β̂n(z) + β(n−1)(z)δ̂n(z) = β̂n(z) + β(n−1)(z) + (b− z)2×
× u∗1,(n−1)R

∗
T,(n−1)(z̄)

[
R−1∗

T,(n−1)(a)R∗
T,(n−1)(b)K

−1
2,(n−1)RT,(n−1)(b)v(n−1)w

∗
1,n+

+K−1
1,(n−1)RT,(n−1)(b)u1,(n−1)v̂

∗
n

]
K̂−1

1,n

w1,n

(z0 − b)(z̄0 − z)
= β̂n(z) + β(n−1)(z)+



86 Ñåðèêîâà È. Þ.

+(b− z)2u∗1,(n−1)R
∗
T,(n−1)(z̄)

[
R−1∗

T,(n−1)(a)R∗
T,(n−1)(b)K

−1
2,(n−1)

(
B2,(n) −K2,(n−1)×

×K−1
1,(n−1)B1,(n)

)z̄0 − b

b− a
+K−1

1,(n−1)

(
−K1,(n−1)R

∗
T,(n−1)(b)R

−1∗
T,(n−1)(a)K−1

2,(n−1)B2,(n)−

− b− a

z̄0 − b
K1,(n−1)




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


 +

z̄0 − a

z̄0 − b
B1,(n)







z̄0 − b

b− a
K̂−1

1,n

w1,n

(z0 − b)(z̄0 − z)
.

Ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç (11) è (12). Äàëåå èìååì

X12 = β̂n(z) + β(n−1)(z) + (b− z)2u∗1,(n−1)R
∗
T,(n−1)(z̄)

[
R−1∗

T,(n−1)(a)R∗
T,(n−1)(b)×

×
(
K−1

2,(n−1)B2,(n) −K−1
1,(n−1)B1,(n)

)(
−R∗

T,(n−1)(b)R
−1∗
T,(n−1)(a)K−1

2,(n−1)B2,(n) −

− b− a

z̄0 − b




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


+

z̄0 − a

z̄0 − b
K−1

1,(n−1)B1,(n)






z̄0 − b

b− a
K̂−1

1,n

w1,n

(z0 − b)(z̄0 − z)
=

= β̂n(z)+β(n−1)(z)+(b− z)2u∗1,(n−1)R
∗
T,(n−1)(z̄)


−R−1∗

T,(n−1)(a)R∗
T,(n−1)(b)K

−1
1,(n−1)×

×B1,(n)
z̄0 − b

b− a
−




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


 +

z̄0 − a

b− a
K−1

1,(n−1)B1,(n)


 K̂−1

1,n

w1,n

(z0 − b)(z̄0 − z)
.

Èç (21) ñëåäóåò, ÷òî

X12 = β̂n(z)+β(n−1)(z)+(b− z)2u∗1,(n−1)R
∗
T,(n−1)(b)




(−1)nIm

(z̄0−z)n+1

...
−Im

(z̄0−z)2


K̂−1

1,n

w1,n

z0 − b
+

+ (b− z)2u∗1,(n−1)R
∗
T,(n−1)(z̄)R∗

T,(n−1)(b)
[
−R−1∗

T,(n−1)(a)(z̄0 − b)+

+(z̄0 − a)R−1∗
T,(n−1)(b)

]
K−1

1,(n−1)B1,(n)K̂
−1
1,n

w1,n

(b− a)(z0 − b)(z̄0 − z)
.

Èç ðàâåíñòâà

−(z̄0 − b)R−1∗
T,(n−1)(a) + (z̄0 − a)R−1∗

T,(n−1)(b) = (b− a)R−1∗
T,(n−1)(z0)

ïîëó÷èì

X12 = β̂n(z)+β(n−1)(z)+(b− z)2u∗1,(n−1)R
∗
T,(n−1)(b)




(−1)nIm

(z̄0−z)n+1

...
−Im

(z̄0−z)2


K̂−1

1,n

w1,n

z0 − b
+
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+(b− z)2u∗1,(n−1)R
∗
T,(n−1)(z̄)R∗

T,(n−1)(b)R
−1∗
T,(n−1)(z0)K−1

1,(n−1)B1K̂
−1
1,n

w1,n

(z0 − b)(z̄0 − z)
.

Îòñþäà è èç (23) ñëåäóåò ðàâåíñòâî (17).
Äîêàæåì ðàâåíñòâî (18). Èìååì

γ(n)(z) = (z − a)v∗(n)R
∗
T,(n)(z̄)K−1

2,(n)RT,(n)(b)v(n) = (z − a)v∗(n)R
∗
T,(n)(z̄)×

×
[

K−1
2,(n−1) −K−1

2,(n−1)B2,(n)K̂
−1
2,n

0m×nm K̂−1
2,n

][
Inm 0nm×m

−B∗
2,(n)K

−1
2,(n−1) Im

]
RT,(n)(b)v(n) =

= (z − a)
(

v∗(n−1)R
∗
T,(n−1)(b)

v̂∗n
z̄0 − b

) [
Inm K−1

2,(n−1)B2,(n)

0m×nm Im

]
R−1∗

T,(n)(b)×

×R∗
T,(n)(z̄)

[
K−1

2,(n−1) −K−1
2,(n−1)B2,(n)K̂

−1
2,n

0m×nm K̂−1
2,n

][
RT,(n−1)(b)v(n−1)

v̂n
z0−b

]
=

= (z − a)
(

v∗(n−1)R
∗
T,(n−1)(b) v∗(n−1)R

∗
T,(n−1)(b)K

−1
2,(n−1)B2,(n) +

v̂∗n
z̄0 − b

)
×

×




(−1)n(z−b)
(z̄0−z)n+1 Im

R−1∗
T,(n−1)(b)R

∗
T,(n−1)(z̄)

...
−(z−b)
(z̄0−z)2

Im

0m×nm
z̄0−b
z̄0−z Im




(
K−1

2 RT,(n−1)(b)v(n−1)−K−1
2 B2K̂

−1
2,n

v̂n
z0−b

K̂−1
2,n

v̂n
z0−b

)
=

= (z − a)


v∗(n−1)R

∗
T,(n−1)(z̄) v∗(n−1)R

∗
T,(n−1)(b)




(−1)n(z−b)
(z̄0−z)n+1 Im

...
−(z−b)
(z̄0−z)2

Im


+

+v∗(n−1)R
∗
T,(n−1)(b)K

−1
2,(n−1)B2,(n)

z̄0 − b

z̄0 − z
+

v̂∗n
z̄0 − z

)
×

×
(

K−1
2,(n−1)RT,(n−1)(b)v(n−1) −K−1

2,(n−1)B2,(n)K̂
−1
2,n

v̂n
z0−b

K̂−1
2,n

v̂n
z0−b

)
=

= γ(n−1)(z) + γ̂n(z) + (z − a)v∗(n−1)R
∗
T,(n−1)(b)




(−1)n(z−b)
(z̄0−z)n+1 Im

...
−(z−b)
(z̄0−z)2

Im


 K̂−1

2,n

v̂n

z0 − b
+

+ (z − a)v∗(n−1)

(
−(z̄0 − z)R∗

T,(n−1)(z̄) + (z̄0 − b)R∗
T,(n−1)(b)

)
K−1

2,(n−1)×

×B2,(n)K̂
−1
2,n

v̂n

(z0 − b)(z̄0 − z)
.

Èç ðàâåíñòâà

−(z̄0−z)R∗
T,(n−1)(z̄)+(z̄0−b)R∗

T,(n−1)(b)=(z−b)R∗
T,(n−1)(z̄)R∗

T,(n−1)(b)R
−1∗
T,(n−1)(z0)
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ïîëó÷èì

γ(n)(z) = γ(n−1)(z) + γ̂n(z) + (z − a)(z − b)v∗(n−1)R
∗
T,(n−1)(b)




(−1)n

(z̄0−z)n+1 Im

...
−1

(z̄0−z)2
Im


×

×K̂−1
2,n

v̂n

z0 − b
+(z − b)(z − a)v∗(n−1)R

∗
T,(n−1)(z̄)R∗

T,(n−1)(b)R
−1∗
T,(n−1)(z0)K−1

2,(n−1)×

×B2,(n)K̂
−1
2,n

v̂n

(z0 − b)(z̄0 − z)
. (24)

Âû÷èñëèì òåïåðü ïðàâóþ ÷àñòü ðàâåíñòâà (18). Èìååì

X21 = γ(n−1)(z)α̂n(z) + δ(n−1)(z)γ̂n(z) = (z − a)v∗(n−1)R
∗
T,(n−1)(z̄)K−1

2,(n−1)×

×RT,(n−1)(b)v(n−1)

(
Im + (b− z)

w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b

)
+

(
Im − (b− z)v∗(n−1)×

×R∗
T,(n−1)(z̄)K−1

1,(n−1)RT,(n−1)(b)u1,(n−1)

)
(z − a)

v̂∗n
z̄0 − z

K̂−1
2,n

v̂n

z0 − b
=

= γ(n−1)(z) + γ̂n(z) + (b− z)(z − a)v∗(n−1)R
∗
T,(n−1)(z̄)K−1

2,(n−1)RT,(n−1)(b)×

×v(n−1)

w∗2,n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
−(z − a)(b− z)v∗(n−1)R

∗
T,(n−1)(z̄)K−1

1,(n−1)RT,(n−1)(b)×

×u1,(n−1)
v̂∗n

z̄0 − z
K̂−1

2,n

v̂n

z0 − b
=γ(n−1)(z)+γ̂n(z)+(b− z)(z − a)v∗(n−1)R

∗
T,(n−1)(z̄)×

× z̄0 − a

a− b

(
K−1

2,(n−1)B2,(n) −K−1
1,(n−1)B1,(n)

)
K̂−1

2,n

v̂n

(z0 − b)(z̄0 − z)
−(z − a)(b− z)×

× v∗(n−1)R
∗
T,(n−1)(z̄)

z̄0 − b

b− a

(
−R∗

T,(n−1)(b)R
−1∗
T,(n−1)(a)K−1

2,(n−1)B2,(n)−

− b− a

z̄0 − b




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


 +

z̄0 − a

z̄0 − b
K−1

1,(n−1)B1,(n)


 K̂−1

2,n

v̂n

(z0 − b)(z̄0 − z)
.

Çäåñü ìû âîñïîëüçîâàëèñü ðàâåíñòâàìè (11) è (12). Äàëåå èìååì

X21 = γ(n−1)(z) + γ̂n(z)− (z − a)(z − b)v∗(n−1)R
∗
T,(n−1)(z̄)




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


 K̂−1

2,n×

× v̂n

(z0 − b)(z̄0 − z)
+

(b− z)(z − a)
a− b

v∗(n−1)R
∗
T,(n−1)(z̄)×

×
(
−(z̄0 − a)K−1

1,(n−1)B1,(n) + (z̄0 − a)K−1
1,(n−1)B1,(n)

)
K̂−1

2,n

v̂n

(z0 − b)(z̄0 − z)
+

+
(b− z)(z − a)

a− b
v∗(n−1)R

∗
T,(n−1)(z̄)R∗

T,(n−1)(b)×
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×
(
(z̄0 − a)R−1∗

T,(n−1)(b)−(z̄0 − b)R−1∗
T,(n−1)(a)

)
K−1

2,(n−1)B2,(n)K̂
−1
2,n

v̂n

(z0 − b)(z̄0 − z)
=

= γ(n−1)(z) + γ̂n(z)− (z − a)(z − b)v∗(n−1)R
∗
T,(n−1)(z̄)




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


 K̂−1

2,n×

× v̂n

(z0 − b)(z̄0 − z)
+ (z − b)(z − a)v∗(n−1)R

∗
T,(n−1)(z̄)R∗

T,(n−1)(b)×

×R−1∗
T,(n−1)(z0)K−1

2,(n−1)B2,(n)K̂
−1
2,n

v̂n

(z0 − b)(z̄0 − z)
.

Ïîñëåäíåå ðàâåíñòâî ïîëó÷åíî èç

(z̄0 − a)R−1∗
T,(n−1)(b)− (z̄0 − b)R−1∗

T,(n−1)(a) = (b− a)R−1∗
T,(n−1)(z0).

Èç (21) èìååì

X21 = γ(n−1)(z) + γ̂n(z) + (z − a)(z − b)v∗(n−1)R
∗
T,(n−1)(b)




(−1)nIm

(z̄0−z)n+1

...
−Im

(z̄0−z)2


 K̂−1

2,n×

× v̂n

z0 − b
+ (z − b)(z − a)v∗(n−1)R

∗
T,(n−1)(z̄)R∗

T,(n−1)(b)R
−1∗
T,(n−1)(z0)K−1

2,(n−1)×

×B2,(n)K̂
−1
2,n

v̂n

(z0 − b)(z̄0 − z)
.

Îòñþäà è èç (24) ñëåäóåò ðàâåíñòâî (18).
Äîêàæåì ðàâåíñòâî (19). Èìååì

δ(n)(z) = Im − (b− z)v∗(n)R
∗
T,(n)(z̄)K−1

1,(n)RT,(n)(b)u1,(n) =

= Im − (b− z)
(

v∗(n−1)R
∗
T,(n−1)(b)

v̂∗n
z̄0 − b

) [
Inm K−1

2,(n−1)B2,(n)

0m×nm Im

]
×

×




(−1)n(z−b)
(z̄0−z)n+1 Im

R−1∗
T,(n−1)(b)R

∗
T,(n−1)(z̄)

...
−(z−b)
(z̄0−z)2

Im

0m×nm
z̄0−b
z̄0−z Im




[
K−1

1,(n−1) −K−1
1,(n−1)B1,(n)K̂

−1
1,n

0m×nm K̂−1
1,n

]
×

×
[

RT,(n−1)(b)u1,(n−1)
w1,n

z0−b

]
= Im − (b− z)×

×


v∗(n−1)R

∗
T,(n−1)(z̄) v∗(n−1)R

∗
T,(n−1)(b)




(−1)n(z−b)
(z̄0−z)n+1 Im

...
−(z−b)
(z̄0−z)2

Im


+
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+v∗(n−1)R
∗
T,(n−1)(b)K

−1
2,(n−1)B2,(n)

z̄0 − b

z̄0 − z
+

v̂∗n
z̄0 − z

)
×

×
[

K−1
1,(n−1)RT,(n−1)(b)u1,(n−1) −K−1

1,(n−1)B1,(n)K̂
−1
1,n

w1,n

z0−b

K̂−1
1,n

w1,n

z0−b

]
= δ(n−1)(z)−

− (b− z)
v̂∗n

z̄0 − z
K̂−1

1,n

w1,n

z0 − b
− (b− z)v∗(n−1)

(
−R∗

T,(n−1)(z̄)K−1
1,(n−1)B1,(n)+

+R∗
T,(n−1)(b)




(−1)n(z−b)
(z̄0−z)n+1 Im

...
−(z−b)
(z̄0−z)2

Im


 + R∗

T,(n−1)(b)K
−1
2,(n−1)B2,(n)

z̄0 − b

z̄0 − z


 K̂−1

1,n

w1,n

z0 − b
.

Èç (21) ïîëó÷èì

δ(n)(z) = δ(n−1)(z)− (b− z)
v̂∗n

z̄0 − z
K̂−1

1,n

w1,n

z0 − b
− (b− z)v∗(n−1)

(
−R∗

T,(n−1)(z̄)×

×K−1
1,(n−1)B1,(n) −R∗

T,(n−1)(z̄)
z − b

z̄0 − z




(−1)n−1

(z̄0−b)n Im

...
1

(z̄0−b)Im


+

+R∗
T,(n−1)(b)K

−1
2,(n−1)B2,(n)

z̄0 − b

z̄0 − z

)
K̂−1

1,n

w1,n

z0 − b
. (25)

Âû÷èñëèì òåïåðü ïðàâóþ ÷àñòü ðàâåíñòâà (19). Èìååì
X22 = γ(n−1)(z)β̂n(z) + δ(n−1)(z)δ̂n(z) = −(z − a)v∗(n−1)R

∗
T,(n−1)(z̄)K−1

2,(n−1)×

×RT,(n−1)(b)v(n−1)(b− z)
w∗1,n

z̄0 − z
K̂−1

1,n

w1,n

z0 − b
+

(
Im − (b− z)v∗(n−1)R

∗
T,(n−1)(z̄)×

× K−1
1,(n−1)RT,(n−1)(b)u1,(n−1)

)(
Im − (b− z)

v̂∗n
z̄0 − z

K̂−1
1,n

w1,n

z0 − b

)
=

= δ(n−1)(z)− (z − a)(b− z)v∗(n−1)R
∗
T,(n−1)(z̄)K−1

2,(n−1)×

×RT,(n−1)(b)v(n−1)

w∗1,n

z̄0 − z
K̂−1

1,n

w1,n

z0 − b
+ (b− z)2v∗(n−1)R

∗
T,(n−1)(z̄)×

×K−1
1,(n−1)RT,(n−1)(b)u1,(n−1)

v̂∗n
z̄0 − z

K̂−1
1,n

w1,n

z0 − b
− (b− z)

v̂∗n
z̄0 − z

K̂−1
1,n

w1,n

z0 − b
=

=δ(n−1)(z)−(z − a)(b− z)v∗(n−1)R
∗
T,(n−1)(z̄)

(
K−1

2,(n−1)B2,(n)−K−1
1,(n−1)B1,(n)

)
×

× K̂−1
1,n

w1,n

(z0 − b)(z̄0 − z)
z̄0 − b

b− a
+ (b− z)2v∗(n−1)R

∗
T,(n−1)(z̄)×

×


−R∗

T,(n−1)(b)R
−1∗
T,(n−1)(a)K−1

2,(n−1)B2,(n) −
b− a

z̄0 − b




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


 +

+
z̄0 − a

z̄0 − b
K−1

1,(n−1)B1,(n)

)
K̂−1

1,n

w1,n

(z0 − b)(z̄0 − z)
z̄0 − b

b− a
− (b− z)

v̂∗n
z̄0 − z

K̂−1
1,n

w1,n

z0 − b
.



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1133 (2014) 91

Ïîñëåäíåå ðàâåíñòâî ïîëó÷åíî ñ èñïîëüçîâàíèåì (11) è (12). Äàëåå èìååì

X22 = δ(n−1)(z)− (b− z)2v∗(n−1)R
∗
T,(n−1)(z̄)




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


K̂−1

1,n

w1,n

(z0 − b)(z̄0 − z)
+

+(b− z)v∗(n−1)R
∗
T,(n−1)(z̄) ((z − a)(z̄0 − b) + (b− z)(z̄0 − a))K−1

1,(n−1)B1,(n)K̂
−1
1,n×

× w1,n

(z0 − b)(z̄0 − z)(b− a)
−(b− z)v∗(n−1)R

∗
T,(n−1)(z̄)R∗

T,(n−1)(b)
(
(z − a)R−1∗

T,(n−1)(b)+

+(b− z)R−1∗
T,(n−1)(a)

) w1,n

(z0 − b)(z̄0 − z)
z̄0 − b

b− a
− (b− z)

v̂∗n
z̄0 − z

K̂−1
1,n

w1,n

z0 − b
.

Èç
(z − a)R−1∗

T,(n−1)(b) + (b− z)R−1∗
T,(n−1)(a) = (b− a)R−1∗

T,(n−1)(z̄)

ïîëó÷èì

X22 = δ(n−1)(z)− (b− z)2v∗(n−1)R
∗
T,(n−1)(z̄)




(−1)n−1Im

(z̄0−b)n

...
Im

z̄0−b


 K̂−1

1,n×

× w1,n

(z0 − b)(z̄0 − z)
+ (b− z)v∗(n−1)R

∗
T,(n−1)(z̄)K−1

1,(n−1)B1,(n)K̂
−1
1,n

w1,n

z0 − b
−

− (b− z)v∗(n−1)R
∗
T,(n−1)(b)K

−1
2,(n−1)B2,(n)K̂

−1
1,n

(z̄0 − b)w1,n

(z0 − b)(z̄0 − z)
−

− (b− z)
v̂∗n

z̄0 − z
K̂−1

1,n

w1,n

z0 − b
.

Îòñþäà è èç (25) ñëåäóåò (19). Òåîðåìà 3 äîêàçàíà.
Èç òåîðåìû 3 íåïîñðåäñòâåííî ñëåäóåò

Òåîðåìà 4. Ðåçîëüâåíòíàÿ ìàòðèöà U(n)(z) âïîëíå íåîïðåäåëåííîé çàäà÷è
Êàðàòåîäîðè (1) äîïóñêàåò ìóëüòèïëèêàòèâíîå ïðåäñòàâëåíèå

U(n)(z) = b0(z)× b1(z)× · · · × bn(z). (26)

2. Îáîáùåííûå ïàðàìåòðû Øóðà.
Èç ðàâåíñòâà (13)

b− a

z̄0 − b
v̂pw

∗
1,p = (z0 − a)K̂1,p + (z0 − b)K̂2,p > 0m

ñëåäóåò îáðàòèìîñòü ìàòðèö v̂p.

Îïðåäåëåíèå 6. Îáîáùåííûìè ïàðàìåòðàìè Øóðà äëÿ âïîëíå íåîïðåäåëåí-
íîé çàäà÷è Êàðàòåîäîðè (1) íàçûâàþòñÿ ìàòðèöû

ŝ0 = s0, ŝp =
z0 − b

b− a
v̂−1
p

(
(z̄0 − a)K̂1,p + (z̄0 − b)K̂2,p

)
v̂−1∗
p , p > 0. (27)

Çäåñü K̂1,p, K̂2,p, v̂p îïðåäåëÿþòñÿ ôîðìóëàìè (7) è (10).
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Ëåììà 1. Èìåþò ìåñòî ñëåäóþùèå ïðåäñòàâëåíèÿ

w1,p = v̂pŝp, (28)

w2,p = −z0 − a

z0 − b
v̂pŝp, (29)

K̂1,p = v̂p

ŝp − ŝ∗p
z0 − z̄0

v̂∗p, (30)

K̂2,p = v̂p

− z0−a
z0−b ŝp + z̄0−a

z̄0−b ŝ∗p
z0 − z̄0

v̂∗p. (31)

Äîêàçàòåëüñòâî. Ðàâåíñòâî (28) ñëåäóåò èç (13). Îòñþäà è èç ðàâåíñòâà
w2,p = − z0−a

z0−b w1,p ïîëó÷èì (29).
Äîêàæåì ðàâåíñòâî (30). Â ñèëó (27), èìååì

v̂p

ŝp − ŝ∗p
z0 − z̄0

v̂∗p =
1

(z0 − z̄0)(b− a)

[
(z0 − b)

(
(z̄0 − a)K̂1,p + (z̄0 − b)K̂2,p

)
−

−(z̄0 − b)
(
(z0 − a)K̂1,p + (z0 − b)K̂2,p

)]
=

1
(z0 − z̄0)(b− a)

×

× [(z0 − b)(z̄0 − a)− (z̄0 − b)(z0 − a)] K̂1,p = K̂1,p.

Äîêàæåì ðàâåíñòâî (31). Èç (27) ïîëó÷èì

v̂p

− z0−a
z0−b ŝp + z̄0−a

z̄0−b ŝ∗p
z0 − z̄0

v̂∗p =
1

(z0 − z̄0)(b− a)

[
−z0 − a

z0 − b
(z0 − b)

(
(z̄0 − a)K̂1,p+

+ (z̄0 − b)K̂2,p

)
+

z̄0 − a

z̄0 − b
(z̄0 − b)

(
(z0 − a)K̂1,p + (z0 − b)K̂2,p

)]
=

=
1

(z0 − z̄0)(b− a)
[−(z0 − a)(z̄0 − b) + (z̄0 − a)(z0 − b)] K̂2,p = K̂2,p.

Ëåììà 1 äîêàçàíà.

Òåîðåìà 5. Ìíîæèòåëè Áëÿøêå�Ïîòàïîâà (14) ïðåäñòàâèìû â âèäå

bp(z) =




Im − (b−z)(z̄0−a)(z0−z̄0)
|z0−b|2(z̄0−z)

ŝ∗p
(
− z0−a

z0−b ŝp + z̄0−a
z̄0−b ŝ∗p

)−1

(z−a)(z0−z̄0)
(z̄0−z)(z0−b)

(
− z0−a

z0−b ŝp + z̄0−a
z̄0−b ŝ∗p

)−1

− (b−z)(z0−z̄0)
(z̄0−z)(z0−b) ŝ

∗
p

(
ŝp − ŝ∗p

)−1
ŝp

Im − (b−z)(z0−z̄0)
(z̄0−z)(z0−b)

(
ŝp − ŝ∗p

)−1
ŝp

]
, (32)

çäåñü ŝp � îáîáùåííûå ïàðàìåòðû Øóðà (27).

Òåîðåìà 5 ïîëó÷àåòñÿ ïðÿìîé ïîäñòàíîâêîé ôîðìóë (28)�(31) â ðàâåí-
ñòâî (14).
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3. Ïîøàãîâûé ïðîöåññ Øóðà.

Òåîðåìà 6. Ïóñòü äàíà âïîëíå íåîïðåäåëåííàÿ çàäà÷à Êàðàòåîäîðè (1) è
ìíîæèòåëè Áëÿøêå-Ïîòàïîâà bp (0 ≤ p ≤ n) îïðåäåëåíû ôîðìóëîé (14).
Òîãäà ìíîæåñòâî âñåõ ðåøåíèé Ln îïèñûâàåòñÿ ñóïåðïîçèöèé äðîáíî-
ëèíåéíûõ ïðåîáðàçîâàíèé

s(z) = b0(z)
{
· · · bn−1(z)

{
bn(z)

{[
p(z)
q(z)

]}}
· · ·

}
,

[
p(z)
q(z)

]
∈ S∞[a, b].

Çäåñü

bp(z)
{[

p(z)
q(z)

]}
:=

[
α̂p(z)p(z) + β̂p(z)q(z)

] [
γ̂p(z)p(z) + δ̂p(z)q(z)

]−1
, (33)

à α̂p, β̂p, γ̂p, δ̂p îïðåäåëåíû â (14).

Äîêàçàòåëüñòâî. Ïðè p = 0 êîððåêòíîñòü äðîáíî-ëèíåéíîãî ïðåîáðàçî-
âàíèÿ (33) ñëåäóåò èç ðàâåíñòâà b0(z) = U0(z) è òåîðåìû 1. Èç ôîðìóëû (32)
ñëåäóåò, ÷òî âñå ìíîæèòåëè Áëÿøêå�Ïîòàïîâà bp(z) èìåþò ñòðóêòóðó àíà-
ëîãè÷íóþ ñòðóêòóðå ðåçîëüâåíòíîé ìàòðèöû U0(z). Òàêèì îáðàçîì, ïðåîáðà-
çîâàíèå (33) îïðåäåëåíî êîððåêòíî äëÿ âñåõ p ≥ 0. Â ÷àñòíîñòè, îïðåäåëåíû
äðîáíî-ëèíåéíûå ïðåîáðàçîâàíèÿ íàä ïàðîé col[s(z), Im] ∈ S∞[a, b], çäåñü
s(z) ∈ S[a, b], êîòîðûå îáîçíà÷èì

bp(z){s(z)} := bp(z)
{[

s(z)
Im

]}
.

Òàêèì îáðàçîì, êîððåêòíî îïðåäåëåíà ñóïåðïîçèöèÿ äðîáíî-ëèíåéíûõ ïðå-
îáðàçîâàíèé

b0(z)
{
· · · bp−1(z)

{
bp(z)

{[
p(z)
q(z)

]}}
· · ·

}

äëÿ col[p(z), q(z)] ∈ S∞[a, b], p ≥ 0. Ýòà ñóïåðïîçèöèÿ ÿâëÿåòñÿ äðîáíî-
ëèíåéíûì ïðåîáðàçîâàíèåì, ìàòðèöà êîòîðîãî ðàâíà ïðîèçâåäåíèþ

b0(z)× b1(z)× · · · × bn(z).

Äàëåå èìååì

b0(z)
{
· · · bn−1(z)

{
bn(z)

{[
p(z)
q(z)

]}}
· · ·

}
=

= (b0(z)× b1(z)× · · · × bn(z))
{[

p(z)
q(z)

]}
= U(n)(z)

{[
p(z)
q(z)

]}
= s(z).

Çäåñü âòîðîå ðàâåíñòâî ñëåäóåò èç (26), à òðåòüå � èç (5).
Òåîðåìà 6 äîêàçàíà.
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íó â ñïåöiàëüíîìó ãiëüáåðòîâîìó ïðîñòîði êâàäðàòè÷íî iíòåãðîâíèõ ç
äåÿêîþ âàãîþ ôóíêöié, çíàéäåíî êîíêðåòíèé âèãëÿä âiäïîâiäíî¨ âàãè.
Êëþ÷îâi ñëîâà: ôóíêöiîíàëüíà ìîäåëü, íåäèñèïàòèâíèé îïåðàòîð.

O. V. Rozumenko, On functional model of a bounded operator. For
the functional model of a bounded non-dissipative operator that is realized
by the operator of multiplication by an independent variable in the special
Hilbert space of quadratically integrable functions, the concrete form of
the corresponding weight is obtained.
Keywords: functional model, non-dissipative operator.

2000 Mathematics Subject Classi�cation: 47A40.

Ôóíêöèîíàëüíûå ìîäåëè óæå áîëåå ïîëóâåêà èãðàþò âàæíóþ ðîëü â òåî-
ðèè îïåðàòîðîâ è ÿâëÿþòñÿ åñòåñòâåííûìè àíàëîãàìè ñïåêòðàëüíûõ ðàçëî-
æåíèé â íåñàìîñîïðÿæ¼ííîì (íåóíèòàðíîì) ñëó÷àå. Ýòè ìîäåëüíûå ðåàëèçà-
öèè èçîìåòðèé õîðîøî èçó÷åíû äëÿ äèññèïàòèâíûõ (ñæèìàþùèõ) îïåðàòî-
ðîâ [1, 4]. Äëÿ îïåðàòîðîâ, íå ïðèíàäëåæàùèõ ýòîìó êëàññó (íåäèññèïàòèâ-
íûõ èëè íåñæèìàþùèõ) àíàëîãè÷íûå ïîñòðîåíèÿ áûëè îñóùåñòâëåíû â [1, 2].
Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé, íà÷àòûõ â ñòàòüå [2],
íàéäåí êîíêðåòíûé âèä âåñà ñîîòâåòñòâóþùåãî ìîäåëüíîãî ïðîñòðàíñòâà è
ìîäåëüíûõ ðåàëèçàöèé.

c© Ðîçóìåíêî Î. Â., 2014
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I. Ñîâîêóïíîñòü ãèëüáåðòîâûõ ïðîñòðàíñòâ H, E, è îïåðàòîðîâ
A ∈ [H, H], ϕ ∈ [H, E], J ∈ [E,E], ãäå J � èíâîëþöèÿ, J = J∗ = J−1,
íàçûâàåòñÿ [1] ëîêàëüíûì óçëîì

∆ = (A,H,ϕ, E, J), (1)

åñëè âûïîëíÿåòñÿ óñëîâèå

A−A∗ = iϕ∗Jϕ. (2)

Îïåðàòîð-ôóíêöèÿ Zt ∈ [H, H] àðãóìåíòà t ∈ R+, R+ = {t ∈ R : t ≥ 0}
íàçûâàåòñÿ ïîëóãðóïïîé [4], åñëè

Z0 = I, Zt+s = Zt · Zs.

Åñëè Zt íåïðåðûâíà â ðàâíîìåðíîé òîïîëîãèè H, òî Zt = exp(itA), ãäå
A ∈ [H, H] � èíôèíèòåçèìàëüíûé îïåðàòîð ïîëóãðóïïû Zt [4] çàäàåòñÿ ôîð-
ìóëîé

iA = s− lim
t→0

Zt − I

t
.

Ïîëóãðóïïà Ut, äåéñòâóþùàÿ â ïðîñòðàíñòâå H, íàçûâàåòñÿ äèëàòàöèåé ïî-
ëóãðóïïû Zt â H [3], åñëè

H ⊇ H; Zt = PHUt|H (t ≥ 0), (3)

ãäå PH � îðòîïðîåêòîð íà H. Äèëàòàöèÿ Ut íàçûâàåòñÿ óíèòàðíîé [3], åñëè
Ut óíèòàðíà ïðè êàæäîì t ∈ R+. Äèëàòàöèÿ Ut â H ïîëóãðóïïû Zt â H
íàçûâàåòñÿ ìèíèìàëüíîé [3], åñëè

H = span{Uth : h ∈ H, t ∈ R}.

Îáîçíà÷èì ÷åðåç M ëèíåéíóþ îáîëî÷êó âåêòîð-ôóíêöèé âèäà

f(ξ) = (u+(ξ), h, u−(ξ)), (4)

ãäå u±(ξ) � âåêòîð-ôóíêöèè èç E òàêèå, ÷òî suppu±(ξ) ∈ R∓, à h ∈ H.
Çàäàäèì íà M íîðìó

‖f‖2 =

0∫

−∞
‖u+(ξ)‖2

Edξ + ‖h‖2 +

∞∫

0

‖u−(ξ)‖2
Edξ < ∞. (5)

Çàìûêàíèå ìíîãîîáðàçèÿ M â ýòîé ìåòðèêå è îáðàçóåò ãèëüáåðòîâî ïðî-
ñòðàíñòâî, êîòîðîå ìû îáîçíà÷èì ÷åðåç H. Çàäàäèì [1] â ïðîñòðàíñòâå H
ïîëóãðóïïó Ut,−

(Utf)(ξ) = ft(ξ) = (u+(t, ξ), ht, u−(t, ξ)), (t ≥ 0). (6)
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Âåêòîð-ôóíêöèÿ u−(t, ξ) èìååò âèä:

u−(t, ξ) = PR+u−(ξ + t). (7)

Ðàññìîòðèì çàäà÷ó Êîøè




i
d

dξ
yt(ξ) + Ayt(ξ) = ϕ∗JP(−t,0)u−(ξ + t);

yt(−t) = h;
ξ ∈ (−t, 0); (8)

è ïîëîæèì ht = yt(0). Íàêîíåö,

u+(t, ξ) = u+(ξ + t) + P(−t,0){u−(ξ + t)− iϕyt(ξ)}, (9)

ãäå yt(ξ) � ðåøåíèå çàäà÷è Êîøè (8). Ââåäåì ìåòðèêó

〈f(ξ)〉2J =
∫

R−

〈Ju+(ξ), u+(ξ)〉E dξ + ‖h‖2 +
∫

R+

〈Ju−(ξ), u−(ξ)〉E dξ. (10)

Ïîëóãðóïïà Ut íàçûâàåòñÿ J-óíèòàðíîé [1], åñëè Ut óíèòàðíà â J-ìåò-
ðèêå (10), òî åñòü

U∗
t JUt = J, UtJU∗

t = J. (11)

Òåîðåìà 1. [2] Ïîëóãðóïïà Zt = exp(itA) â H, ãäå A � îãðàíè÷åííûé
îïåðàòîð â H, îáëàäàåò J-óíèòàðíîé äèëàòàöèåé Ut (6) â H.

II. Ïîäïðîñòðàíñòâà D+ è D− â H íàçûâàþòñÿ [6] óõîäÿùèì è ïðèõîäÿ-
ùèì ïîäïðîñòðàíñòâàìè ãðóïïû Ut â H â ñìûñëå Ï. Ëàêñà è Ð. Ôèëëèïñà,
åñëè D− ⊥ D+ è

UtD+ ⊂ D+ (∀t ∈ R+);
U−tD− ⊂ D− (∀t ∈ R+).

(12)

Îòìåòèì, ÷òî ïîäïðîñòðàíñòâà

D+ = {f(ξ) = (u+(ξ), 0, 0) ∈ H}; D− = {f(ξ) = (0, 0, u−(ξ)) ∈ H}

ÿâëÿþòñÿ óõîäÿùèì è ïðèõîäÿùèì ïîäïðîñòðàíñòâàìè äëÿ Ut, êðîìå òîãî
èìååò ìåñòî

H = D+ ⊕H ⊕D−. (13)

Çàäàäèì â ãèëüáåðòîâîì ïðîñòðàíñòâå

L2
R(E) =



g(ξ) ∈ E : ξ ∈ R :

∞∫

−∞
‖g(ξ)‖2

Edξ < ∞


 (14)

ñâîáîäíóþ [5] óíèòàðíóþ ãðóïïó ñäâèãîâ

(Vtg)(ξ) = g(ξ + t). (15)
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Îïðåäåëèì [5] âîëíîâûå îïåðàòîðû W∓,

W∓ = s− lim
t→±∞UtPD∓V−t. (16)

Êàê èçâåñòíî [3], äëÿ ðàâíîìåðíî íåïðåðûâíîé ïîëóãðóïïû Ut èìååò ìå-
ñòî îöåíêà ‖Ut‖ ≤ eβt, ãäå β ≥ 0.

Îïðåäåëèì ãèëüáåðòîâî ïðîñòðàíñòâî

L2
R

(
E, α−

)
=



g(ξ) ∈ E : ξ ∈ R;

0∫

−∞
e−2α−ξ ‖g(ξ)‖2

E dξ +

∞∫

0

‖g(ξ)‖2
Edξ < ∞



 ,

(17−)
ãäå α− > β. Åñëè α− > β > 0, òî äëÿ ôóíêöèé g(ξ) èç L2

R (E,α−) ïðåäåë
W−g(ξ) (16) ñóùåñòâóåò [2].

Ïðåäåë W+g(ξ) ñóùåñòâóåò [2], åñëè g(ξ) ∈ L2
R(E, α+), ãäå

L2
R

(
E,α+

)
=



g(ξ) ∈ E : ξ ∈ R;

∞∫

0

e−2α+ξ ‖g(ξ)‖2
E dξ +

0∫

−∞
‖g(ξ)‖2

Edξ < ∞


 ,

(17+)
α+ > β′ > 0, ïðè÷åì ‖U−t‖ ≤ eβ′t.

Îïåðàòîð ðàññåÿíèÿ S îïðåäåëèì [5, 6] ñëåäóþùèì îáðàçîì:

S = W ∗
+W− (L2

R
(
E, α−

) → L2
R

(
E, α+

)
. (18)

Ðàññìîòðèì îòîáðàæåíèå Bp èç L2
R (E, α−)+L2

R (E, α+) â ïðîñòðàíñòâî H,
çàäàâàåìîå ôîðìóëîé

Bpf = Bp

(
f−
f+

)
= W−f− + W+f+, (19)

ãäå f+ ∈ L2
R (E,α+) , f− ∈ L2

R (E, α−) . Ïðîîáðàçû ïîäïðîñòðàíñòâ D− è
D+ (12) ïðè îòîáðàæåíèè Bp (19) èìåþò âèä

D̂−(E) =
(

L2
R+

(E)
0

)
, D̂+(E) =

(
0

L2
R−(E)

)
, (20)

â ñèëó (16). Î÷åâèäíî, ÷òî

‖Bpf‖2
H =

∞∫

−∞

〈[
W ∗−W− W ∗−W+

W ∗
+W− W ∗

+W+

](
f−(ξ)
f+(ξ)

)
,

(
f−(ξ)
f+(ξ)

)〉

E⊕E

dξ, (20)

ïîýòîìó åñòåñòâåííî îïðåäåëèòü ãèëüáåðòîâî ïðîñòðàíñòâî

L2
α(W ) =

{
f(ξ) =

(
f−(ξ)
f+(ξ)

)
: f−(ξ) ∈ L2

R (E, α−) ,

f+(ξ) ∈ L2
R(E, α+);

∞∫

−∞
〈Wf(ξ), f(ξ)〉E⊕Edξ < ∞



 ,

(21)
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ãäå W, â ñèëó (20), èìååò âèä

W =
[

W ∗−W− W ∗−W+

W ∗
+W− W ∗

+W+

]
. (22)

Â ôîðìóëå (22) îïåðàòîð W ìîæíî çàïèñàòü â âèäå

W =
[

I S∗

S I

]
+ 2

[
W ∗−Q−W− −Q−

E W ∗−Q−W+ − S∗Q−
E

W ∗
+Q−W− −Q−

ES W ∗
+Q−W+ −Q−

E ,

]
, (23)

ãäå 2Q± = I ± J � îðòîïðîåêòîðû â E. Â ñëó÷àå ñæàòèÿ Zt (Q− = Q−
E = 0)

îïåðàòîð W èìååò òðàäèöèîííûé [1] âèä

W =
[

I S∗

S I

]
.

Äèëàòàöèÿ Ut â ïðîñòðàíñòâå L2
α(W ) (21) äåéñòâóåò òðàíñëÿöèîííûì îáðà-

çîì [2]:
Ûtf(ξ) = f(ξ + t). (24)

Î÷åâèäíî, ÷òî â ñèëó ñòðóêòóðû ïðîñòðàíñòâà äèëàòàöèè H è âèäà D̂−(E),
D̂+(E) (19) â ïðîñòðàíñòâå L2

α(W ) (21) èñõîäíîå ïðîñòðàíñòâî H èçîìîðôíî

Ĥp = L2
α(W )ª

(
L2
R+

(E)
L2
R−(E)

)
, (25)

à äåéñòâèå ïîëóãðóïïû Zt ïðåîáðàçóåòñÿ â ïîëóãðóïïó ñäâèãîâ

Ẑtf(ξ) = P bHp
f(ξ + t), (26)

ãäå f(ξ) ∈ Ĥp (25).
Òåîðåìà 2. [2] Ìèíèìàëüíàÿ J-óíèòàðíàÿ äèëàòàöèÿ Ut (6) â H ïî-

ëóãðóïïû Zt = exp{itA} â H, ãäå A � âïîëíå-íåñàìîñîïðÿæ¼ííûé îïåðà-
òîð, óíèòàðíî ýêâèâàëåíòíà ãðóïïå òðàíñëÿöèé Ût (24) â ïðîñòðàíñòâå
L2

α(W ) (21), à ïîëóãðóïïà Zt ýêâèâàëåíòíà, ñîîòâåòñòâåííî, ïîëóãðóïïå
ñäâèãîâ Ẑt (26) â ïðîñòðàíñòâå Ĥp (25).

III. Ðàññìîòðèì ïðåîáðàçîâàíèå Ôóðüå

f̃(λ) =

∞∫

−∞
e−iλξf(ξ)dξ (27)

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà [2].
Òåîðåìà 3. Ïðåîáðàçîâàíèå Ôóðüå (27) äåéñòâèå îïåðàòîðà W (23) ïå-

ðåâîäèò â îïåðàòîð óìíîæåíèÿ íà îïåðàòîð-ôóíêöèþ W̃ (λ) :

W̃g(ξ) = W̃ (λ)g̃(λ), (28)
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ãäå g(ξ) ∈ L2
α(W ), g̃(λ) ∈ H2

(0,α−)(E) + H2
(−α+,0)(E). Îïåðàòîð-ôóíêöèÿ W̃ (λ)

ïðè ýòîì èìååò âèä

W̃ (λ) =
[

I S∗∆(λ)
S∆(λ) I

]
+ 2

[
W̃11 W̃12

W̃21 W̃22

]
, (29)

ãäå
W̃11 =

{
S∗∆(λ)Q−

EP+S∆(λ)−Q−
E

}
P+;

W̃12 =
{
S∗∆(λ)P−Q−

E −Q−
EP−S∗∆(λ)

}
JE ;

W̃21 = JE

{
Q−

EP−S∆(λ)− S∆(λ)P−Q−
E

}
;

W̃22 = JE

{
S∆(λ)Q−

EP−S∗∆(λ)−Q−
E

}
JEP−;

S∆(λ) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óçëà ∆, P+ è P− � îðòîïðîåêòîðû
íà ïîäïðîñòðàíñòâà Õàðäè, îòâå÷àþùèå âåðõíåé è íèæíåé ïîëóïëîñêîñòè
îòíîñèòåëüíî ñîîòâåòñòâóþùåé ïîëîñû, è, íàêîíåö, Q−

E =
1
2
(I − JE) �

îðòîïðîåêòîð.
Î÷åâèäíî, ÷òî ïðåîáðàçîâàíèå Ôóðüå (27) îòîáðàæàåò ãèëüáåðòîâî ïðî-

ñòðàíñòâî L2
α(W ) (21) â ïðîñòðàíñòâî

H2
α(W ) =

{
f(λ) =

(
f−(λ)
f+(λ)

)
: f−(λ) ∈ H2

(0,α−)(E),

f+(λ) ∈ H2
(−α+,0)(E);

2π∫

0

〈W̃ (λ)f(λ), f(λ)〉dλ < ∞


 ,

(30)

ãäå W̃ (λ) èìååò âèä (29). Äèëàòàöèÿ Ut â ïðîñòðàíñòâå H2
α(W ) (30) áóäåò

èìåòü âèä
Ũtf(λ) = eiλtf(λ). (31)

Ïðîñòðàíñòâî Ĥp (25) â ýòîì ñëó÷àå áóäåò èìåòü âèä

H̃p = H2
α(W )ª

[
H2−(E)
H2

+(E)

]
. (32)

Íàêîíåö, ïîëóãðóïïà Zt è îïåðàòîð A â ìîäåëüíîì ïðîñòðàíñòâå H̃p (32)
áóäóò çàäàâàòüñÿ ôîðìóëàìè

Z̃tf(λ) = P eHp
eiλtf(λ); Ãf(λ) = P eHp

λf(λ). (33)

Òàêèì îáðàçîì, ìû ïðèõîäèì ê ñëåäóþùåé òåîðåìå.
Òåîðåìà 4. [2] Ìèíèìàëüíàÿ J-óíèòàðíàÿ äèëàòàöèÿ Ut ïîëóãðóïïû

Zt = exp(itA), ãäå A âïîëíå íåñàìîñîïðÿæåí, óíèòàðíî ýêâèâàëåíòíà ôóíê-
öèîíàëüíîé ìîäåëè Ũt (31) â ïðîñòðàíñòâå H2

α(W ) (30), à Zt ýêâèâàëåíòíà
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Z̃t (33) â ïðîñòðàíñòâå H̃p (32) è, íàêîíåö, A ýêâèâàëåíòåí Ã (33), ñîîòâåò-
ñòâåííî, â H̃p (32), ãäå S∆(λ) = I − iϕ(A−λI)−1ϕ∗J � õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ óçëà ∆.

IV. Ðàññìîòðèì ñëó÷àé dimE = 2, JE = JF =
(

1 0
0 −1

)
. Ïóñòü

S∆(λ) =
(

s11 s12

s21 s22

)
.

Îáîçíà÷èì
T1 =

(
s12 0
0 s22

)
; T2 =

(
s21 0
0 s22

)
.

Òîãäà íåòðóäíî âèäåòü, ÷òî

W̃11 = T ∗2 P+

(
1 1
1 1

)
T2P+ −

(
0 0
0 P−

)
;

W̃12 = P−

(
0 0
−1 1

)
T ∗1 − T ∗1

(
0 1
0 1

)
P−;

W̃21 = T2

(
0 −1
0 1

)
P− − P−

(
0 0
1 1

)
; (34)

W̃22 = T1P−

(
1 −1
−1 1

)
T2P+ −

(
0 0
0 P+

)
.

Ñëåäîâàòåëüíî, â ðàññìàòðèâàåìîì ñëó÷àå íàéäåí ÿâíûé âèä ýëåìåí-
òîâ W̃ik. Èñïîëüçîâàíèå òåîðåìû 4 ïðèâîäèò ê óòâåðæäåíèþ.

Òåîðåìà 5. Ïðè dimE = 2 è JE = JF =
(

1 0
0 −1

)
îïåðàòîð-ôóíêöèÿ

W̃ (λ) èìååò âèä (29), Wik çàäàþòñÿ ôîðìóëàìè (34);

S∆(λ) =
(

s11 s12

s21 s22

)

� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óçëà ∆,

T1 =
(

s12 0
0 s22

)
; T2 =

(
s21 0
0 s22

)
;

P+ è P− � îðòîïðîåêòîðû íà ïîäïðîñòðàíñòâà Õàðäè, îòâå÷àþùèå âåðõ-
íåé è íèæíåé ïîëóïëîñêîñòè îòíîñèòåëüíî ñîîòâåòñòâóþùåé ïîëîñû, è,
íàêîíåö, Q−

E =
1
2
(I − JE) � îðòîïðîåêòîð. Ìîäåëüíûå ðåàëèçàöèè A è Zt

â ýòîì ñëó÷àå èìåþò âèä (33).
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1. Introduction
In 1940 came the publication of the work [14], dedicated to the well known

S. Banach's problem � basis problem. In this paper an abstract theorem of
stability of arbitrary bases in Banach spaces was �rst obtained. One of the main
consequences of this Krein-Milman-Rutman theorem says that, in any Banach
space with a basis, a basis may be formed from arbitrary dense set. In the
present time this theorem has many generalizations, analogs and applications,
see, e.g., [15, 23]. In 1951 N.K. Bari [3] opened the topic of the stability of bases,
introduced the term and studied the properties of Riesz basis, and showed, inter
alia, that any minimal system, quadratically close to the Riesz basis, is itself a
Riesz basis.

The concept of Schauder decomposition (or basis of subspaces) is a natural
generalization of the Schauder basis concept and was �rst introduced in 1950 by
M.M. Grinblyum in [10]. In the same year, independently, M.K. Fage in [7, 8]
proposed and studied this concept in Hilbert spaces. In 1960 A.S. Marcus
generalize some results of N.K. Bari to the case of unconditional Schauder
decompositions and, using the results obtained, establish certain conditions under
which a dissipative operator has Bari basis of root subspaces, and the union of
orthonormal bases from these subspaces forms Riesz basis or Bari basis, see [17].

Nowadays, Schauder decompositions together with Schauder bases are
powerful tools of functional analysis and in�nite dimensional linear systems
theory, see [6, 20, 21, 22, 27]. About Schauder decompositions see, e.g.,
[15, 24, 4, 9].

Throughout what follows H will denote a Hilbert space with norm ‖ · ‖ and
a scalar product 〈·, ·〉, and Z+ will denote a set of nonnegative integers. In 1967
T. Kato published the following result.

Theorem 1 (T. Kato [13]) Suppose that {Pn}∞n=0 is a sequence of nonzero
selfadjoint projections in H satisfying

∞∑
n=0

Pn = I, PnPm = δm
n Pn for n, m ∈ Z+,

and let {Jn}∞n=0 be a sequence of nonzero projections in H, such that JnJm = δm
n Jn

for n,m ∈ Z+. Also assume that

dimP0 = dimJ0 = m < ∞, (1)
∞∑

n=1

‖Pn(Jn − Pn)x‖2 ≤ c2‖x‖2 for all x ∈ H, (2)

where c is a constant satisfying 0 ≤ c < 1. Then {Jn}∞n=0 is similar to {Pn}∞n=0,
that is, there exists an isomorphism S, such that Jn = S−1PnS for n ∈ Z+.

This result gave a new impetus to the development of the spectral theory. It
is an e�ective tool for the analysis of spectral properties of various perturbations
of operators in H and even 45 years later retains its relevance. In 1968
C. Clark [5] applied Theorem 1 to the study of spectral properties of relatively
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bounded perturbations of ordinary di�erential operators. In 1972 E. Hughes [11]
used Theorem 1 in the proof of some perturbation theorems for relative
spectral problems. T. Kato in [12] considered the problem of completeness of
eigenprojections for slightly nonselfadjoint operators as a perturbation problem
for selfadjoint operators and based the solution of this problem on his Theorem 1.

In 2012 J. Adduci and B. Mityagin applied Theorem 1 to the study of
eigenfunction expansions of the perturbed harmonic oscillator L = − d2

dx2 +x2+B,
B = b(x), with dense domain in L2(R) [1], and to the analysis of the perturbation
A = T + B of a selfadjoint operator T in a Hilbert space H with discrete
spectrum [2]. Just recently, Theorem 1 was applied by B. Mityagin and P. Siegl to
the study of the root system of singular perturbations of the harmonic oscillator
type operators [18].

The purpose of the present paper is the study of stability of unconditional
Schauder decompositions in Hilbert spaces. More precisely, the aim is to generalize
Theorem 1, considering unconditional Schauder decompositions instead of
orthogonal Schauder decompositions. It was found that the sequence of subspaces,
corresponding to mutually disjoint projections, which are close in a certain sense
to projections of unconditional Schauder decomposition of given structure, is itself
an unconditional Schauder decomposition. As a direct consequence of this result
we obtain one stability theorem for Riesz bases of su�ciently general structure
in H. Also we sharpen one theorem of V.N. Vizitei on the stability of Schauder
decompositions, which was published in [25], in the case of unconditional Schauder
decompositions in H.

2. One lemma on unconditional Schauder decompositions in H

Throughout the paper we will use the following de�nitions.

De�nition 1 ([24]) A sequence {Mn}∞n=0 of closed nonzero linear subspaces of
H is called a Schauder decomposition of H provided each x ∈ H has a unique,
norm convergent expansion x =

∞∑
n=0

xn, where xn ∈ Mn for n ∈ Z+.

De�nition 2 ([24]) A Schauder decomposition {Mn}∞n=0 of H is called 2-
Besselian provided the convergence of

∞∑
n=0

xn in H, where xn ∈ Mn, n ∈ Z+,

implies the convergence of
∞∑

n=0
‖xn‖2.

De�nition 3 ([24]) A pair of sequences ({Mn}∞n=0, {Pn}∞n=0), where
{Mn}∞n=0 is a sequence of closed nonzero linear subspaces of H and {Pn}∞n=0 is
a sequence of bounded linear projections satisfying PnH = Mn for all n, will
be called a generalized biorthogonal system provided it satis�es PiPj = δj

i Pi for
i, j ∈ Z+. The generalized biorthogonal system ({Mn}∞n=0, {Pn}∞n=0) is said to be
H-complete, if Lin{Mn}∞n=0 = H.
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De�nition 4 ([24]) A sequence of nonzero subspaces of H is said to be ω-linearly
independent, if the relations

∞∑
n=0

xn = 0, xn ∈ Mn, n ∈ Z+, imply xn = 0, n ∈ Z+.

De�nition 5 A Schauder decomposition {Mn}∞n=0 will be called unconditional
with constant M provided there exists M ≥ 1 such that∥∥∥∥∥

n∑

i=0

δiyi

∥∥∥∥∥ ≤ M

∥∥∥∥∥
n∑

i=0

yi

∥∥∥∥∥ for all n ∈ Z+, yn ∈ Mn, {δi}n
i=0 ∈ {0, 1}.

For example, every orthogonal Schauder decomposition in H is unconditional with
constant M = 1. The following lemma provides some properties of unconditional
Schauder decompositions in H and will be used further.
Lemma 1 Assume that {Mn}∞n=0 is an unconditional Schauder decomposition in
H with constant M and corresponding sequence of projections {Pn}∞n=0. Then for
every x ∈ H we have

1
2M

( ∞∑

n=0

‖Pnx‖2

) 1
2

≤ ‖x‖ ≤ 2M

( ∞∑

n=0

‖Pnx‖2

) 1
2

. (3)

Proof. We note that, by the parallelogram identity, for each x ∈ H and for every
�nite set of elements {Pjx}n

j=0 ⊂ H there exists a set of numbers {εj}n
j=0 ⊂

{−1, 1} such that
∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥

2

= min
εj=±1

∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥

2

≤ 1
2n+1

∑

εj=±1

∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥

2

=
n∑

j=0

‖Pjx‖2.

(4)
Construct the following operators: P+

n =
∑

j:εj=1
Pj , P−

n =
∑

j:εj=−1
Pj . Further,

applying (4), we obtain that

‖x‖2 =


 lim

n→∞

∥∥∥∥∥∥

n∑

j=0

Pjx

∥∥∥∥∥∥




2

=
(

lim
n→∞

∥∥(
P+

n + P−
n

)
x
∥∥
)2

= lim
n→∞

∥∥(P+
n − P−

n )2x
∥∥2

≤ 4M2 lim
n→∞

∥∥(P+
n − P−

n )x
∥∥2 = 4M2 lim

n→∞

∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥

2

≤ 4M2
∞∑

j=0

‖Pjx‖2.

Hence, a right-hand side of the inequality (3) is proved.
To prove a left-hand side of the inequality (3) we observe that, by the

parallelogram identity, for each x ∈ H and for every �nite set of elements
{Pjx}n

j=0 ⊂ H there exists a set of numbers {εj}n
j=0 ⊂ {−1, 1} such that

∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥

2

= max
εj=±1

∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥

2

≥ 1
2n+1

∑

εj=±1

∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥

2

=
n∑

j=0

‖Pjx‖2.

(5)
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Further, for every set of numbers {εj}n
j=0 ⊂ {−1, 1} there exist two sets of numbers

{δ+
j }n

j=0 ⊂ {0, 1} and {δ−j }n
j=0 ⊂ {0, 1} such that

∥∥∥∥∥∥

n∑

j=0

εjPjx

∥∥∥∥∥∥
=

∥∥∥∥∥∥

n∑

j=0

δ+
j Pjx−

n∑

j=0

δ−j Pjx

∥∥∥∥∥∥
≤ 2M‖x‖.

Taking into account (5), we obtain
∞∑

j=0

‖Pjx‖2 = lim
n→∞

n∑

j=0

‖Pjx‖2 ≤ 4M2‖x‖2,

which completes the proof of left-hand side of (3).
The lemma just proved is a slight variation of one lemma from [16, 26]. Note

that Lemma 1 without speci�cation of the constants in (3) follows from one lemma,
which was obtained by W. Orlicz in [19]. Lemma 1 leads to the following remark
of geometric nature.

Corollary 1 Let Schauder decomposition {Mn}∞n=0 in H is unconditional with
constant M and corresponding sequence of projections {Pn}∞n=0. Then every x ∈ H

is contained outside the open ball B
(

0, 1
2M

( ∞∑
n=0

‖Pnx‖2

) 1
2

)
and inside the closed

ball B

[
0, 2M

( ∞∑
n=0

‖Pnx‖2

) 1
2

)
of the space H, i.e. in the closed ring.

3. Theorem of V.N. Vizitei and unconditional decompositions in H

Lemma 1, together with Theorem 15.17 from [24], which was obtained by
V.N. Vizitei in 1965 [25], allow us to obtain the following stability theorem,
which is valid for every unconditional Schauder decomposition in H. Thereby,
we sharpen a theorem of V.N. Vizitei in a following way.

Theorem 2 Assume that {Mn}∞n=0 is an unconditional Schauder decomposition
in H with corresponding sequence of projections {Pn}∞n=0. Then the following
statements hold.

(i) There exists a constant λ ∈ (0, 1), such that every sequence of subspaces
{Nn}∞n=0 in H satisfying

( ∞∑

n=0

θ (Mn, Nn)2
) 1

2

≤ λ, (6)

where θ (M,N) = max

{
sup

x∈M,‖x‖=1
dist(x,N), sup

y∈N,‖y‖=1
dist(y, M)

}
is the ope-

ning of the subspaces M, N, is a Schauder decomposition in H, isomorphic to
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{Mn}∞n=0. Moreover, a constant λ may be chosen as

λ =


4 sup

0≤n<∞

∥∥∥∥∥∥

n∑

j=0

Pj

∥∥∥∥∥∥

(
1 + sup

0≤n<∞
‖Pn‖

)2


−1

.

(ii) Every sequence of subspaces {Nn}∞n=0 in H, satisfying
∞∑

n=0

θ (Mn, Nn)2 < ∞, (7)

and admitting a sequence of projections {Jn}∞n=0, such that ({Nn}∞n=0, {Jn}∞n=0)
is an H-complete generalized biorthogonal system, is 2-Besselian Schauder
decomposition of H. If, additionally, dimMn < ∞, n ∈ Z+, then the same
conclusion holds for every ω-linearly independent sequence of subspaces {Nn}∞n=0

satisfying (7).

Note that every sequence of subspaces {Nn}∞n=0, isomorphic to unconditional
Schauder decomposition {Mn}∞n=0 with constant M , is itself an unconditional
Schauder decomposition with constant M‖S‖‖S−1‖, where Nn = SMn, n ∈ Z+.

4. A generalization of a theorem of T. Kato
The main result of the paper is formulated as follows.

Theorem 3 Let {Nn}∞n=0 is an orthogonal Schauder decomposition in H with
corresponding sequence of projections {Fn}∞n=0, where dimF0 < ∞, and assume
that {Mn}∞n=0 is an unconditional Schauder decomposition in H with constant M
and corresponding sequence of projections {Pn}∞n=0, where P0 = F0. Also suppose
that {Jn}∞n=0 is a sequence of nonzero projections in H such that JnJm = δm

n Jn

for n,m ∈ Z+. If the condition (1) holds and for all x ∈ H we have
∞∑

n=1

‖Pn(Jn − Pn)x‖2 ≤ ς2‖x‖2, (8)

where ς ∈ [
0, 1

2M

)
, then {JnH}∞n=0 is also an unconditional Schauder decomposi-

tion in H, isomorphic to {Mn}∞n=0.

Proof. To prove the theorem we use the method which was used in [13]. Consider
the operator S de�ned on H by

S =
∞∑

n=0

PnJn. (9)

To prove the existence of S in the strong sense we show that
∞∑

n=0

(Pn − PnJn) =
∞∑

n=0

Pn (Pn − Jn)
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converges in the strong sense. Indeed, since {Mn}∞n=0 is an unconditional Schauder
decomposition in H with constant M , for each x ∈ H and for every N ∈ Z+ we
have by virtue of Lemma 1, using (8), that

∥∥∥∥∥
k+N∑

n=k

Pn (Pn − Jn) x

∥∥∥∥∥

2

≤ (2M)2
∞∑

j=0

∥∥∥∥∥Pj

(
k+N∑

n=k

Pn (Pn − Jn) x

)∥∥∥∥∥

2

=

= (2M)2
k+N∑

n=k

‖Pn (Pn − Jn) x‖2 → 0,

when k →∞. Hence,
∞∑

n=0
Pn (Pn − Jn) x converges and, consequently, the series

∞∑

n=0

PnJnx =
∞∑

n=0

Pnx−
∞∑

n=0

Pn (Pn − Jn) x

also converges. Consider the operator

R =
∞∑

n=1

Pn (Pn − Jn) = I − P0 −
∞∑

n=1

PnJn

and note that ‖R‖ < 1, since for every x ∈ H,

‖Rx‖2 =

∥∥∥∥∥
∞∑

n=1

Pn (Pn − Jn) x

∥∥∥∥∥
2

≤ (2M)2
∞∑

j=0

∥∥∥∥∥Pj

( ∞∑

n=1

Pn (Pn − Jn) x

)∥∥∥∥∥
2

=

= (2M)2
∞∑

n=1

‖Pn (Pn − Jn) x‖2 ≤ (2M)2 ς2‖x‖2,

by virtue of Lemma 1 and applying (8). Further observe that, since

S = P0J0 + I − P0 −R, ‖S‖ < ‖J0‖+ 3 < ∞.

Thus, a theorem will be proved if we show that S is continuously invertible.
To this end we consider the operator

S̃ =
∞∑

n=1

PnJn = I − P0 −R. (10)

Since dimP0 = m < ∞ by (1) we have that (I − P0) is Fredholm operator with

nul (I − P0) = m, ind (I − P0) = 0, γ (I − P0) = 1,

where nul T denotes the nullity, indT the index, and γ (T ) the reduced minimum
modulus, of the operator T (for these notions see, e.g., [12], Chapter IV, §5.1).
Indeed, �rst we note that nul (I − P0) = dimP0 = m,

def (I − P0) = dimH|Im(I−P0) = dimH|
Im(I−P0)

=
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= dim co ker (I − P0) = dim (Im (I − P0))
⊥ = m,

ind (I − P0) = nul (I − P0)−def (I − P0) = 0, where defT denotes the de�ciency
of T , see, e.g., [12, 4]. Second, since {Fn}∞n=0 is a sequence of orthoprojections
corresponding to orthogonal Schauder decomposition {Nn}∞n=0, where P0 = F0,
we have that

inf
v∈ker(I−P0)

‖x− v‖ = inf
v∈ImF0

( ∞∑

n=0

‖Fn(x− v)‖2

) 1
2

=

=

( ∞∑

n=1

‖Fn(x− F0x)‖2

) 1
2

=

( ∞∑

n=0

‖Fn(x− F0x)‖2

) 1
2

= ‖(I − P0)x‖.

Consequently, γ (I − P0) =

= sup

{
γ : ‖ (I − P0) x‖ ≥ γ inf

v∈ker(I−P0)
‖x− v‖, x ∈ D (I − P0) = H

}
= 1.

Furthermore, since ‖R‖ < 1 = γ (I − P0), S̃ = (I − P0)−R is also Fredholm
with

nul S̃ ≤ nul (I − P0) = m, ind S̃ = ind (I − P0) = 0 (11)
(see [12], Chapter IV, Theorem 5.22). Since S = P0J0+ S̃, where P0J0 is compact,
S is also Fredholm and ind S = ind S̃ = 0 (see [12], Chapter IV, Theorem 5.26).
Therefore we obtain that nul S = def S, and S will be invertible if and only if
nul S = def S = 0. Thus it is su�cient to show that nul S = 0. To this end we
�rst show that

ker S̃ = ImJ0. (12)

If x ∈ ImJ0, i.e. x = J0y, then S̃x = S̃J0y =
∞∑

n=1
PnJnJ0y = 0 and, consequently,

x ∈ ker S̃. On the other hand, ker S̃ ⊂ ImJ0, since ker S̃ and ImJ0 are linear
subspaces, dim ImJ0 = m and dimker S̃ ≤ m by (11). Assume now that x ∈ kerS.
Then,

0 = P0Sx = P0

∞∑

n=0

PnJnx = P0J0x

and S̃x = Sx− P0J0x = 0. Hence, x ∈ ker S̃, x = J0y by (12) and, therefore,

P0x = P0J0y = P0

∞∑

n=0

PnJnJ0y = P0

∞∑

n=0

PnJnx = 0.

As a result, (I − R)x = (S̃ + P0)x = 0. Since ‖R‖ < 1, we obtain x = 0. Thus,
kerS = {0}, nul S = 0 and S is continuously invertible. Finally, we note that
Jn = S−1PnS, n ∈ Z+, implies Mn = SJnH, n ∈ Z+, which completes the proof.
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De�nition 6 We will say that {φn}∞n=0 is a Riesz basis in H with constant M
provided the sequence of corresponding subspaces {Lin{φn}}∞n=0 forms an
unconditional Schauder decomposition with constant M .

In the case when all the subspaces Mn are one dimensional, we deduce from
Theorem 3 the following stability theorem for Riesz bases in H.

Theorem 4 Let {hn}∞n=0 be an orthonormal basis of H and assume that {φn}∞n=0

is a Riesz basis in H with constant M and corresponding sequence of coordinate
functionals {φ∗n}∞n=0, where φ0 = φ∗0 = h0. Consider a biorthogonal sequence
({ψn}∞n=0, {ψ∗n}∞n=0) in H such that 0 < inf

n
‖ψn‖ ≤ sup

n
‖ψn‖ < ∞. If for all

x ∈ H we have
∞∑

n=1

|〈ψ∗n, x〉〈φ∗n, ψn〉 − 〈φ∗n, x〉|2‖φn‖2 ≤ ς2‖x‖2,

where ς ∈ [0, (2M)−1), then {ψn}∞n=0 is also a Riesz basis of H.

5. Conclusions
We obtain a stability theorem for unconditional Schauder decompositions

in H, which is a generalization of the classical theorem of T. Kato [13]. More
precisely, it is proved that the sequence of mutually disjoint projections, which is
close in some sense to the sequence of projections corresponding to unconditional
Schauder decomposition of given structure, itself generates an unconditional
Schauder decomposition isomorphic to the original. As a direct consequence of this
result, we obtain a stability theorem for Riesz bases. Also we sharpen one stability
theorem of V.N. Vizitei in the case of unconditional Schauder decompositions.

In conclusion, we note the following. Just as Theorem 1 plays a special role
in the study of spectral properties of nonselfadjoint and unbounded operators
in H (see, e.g., [1, 2, 5, 11, 12, 18]), Theorem 2 and Theorem 3 may be very
useful in the analysis of spectral properties of di�erent type operators in H. It is
enough to do the following. We should consider perturbations of nonselfadjoint
operators generating unconditional spectral Schauder decompositions, instead of
perturbations of selfadjoint operators generating an orthogonal spectral Schauder
decompositions. And this, in turn, allows us to extend in qualitative manner the
class of spectral problems which we can solve via known methods.
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Äâóõïîòîêîâîå ðàñïðåäåëåíèå â ãàçå èç òâåðäûõ ñôåð
ñ ìîäàìè òèïà ”óñêîðåíèå-óïëîòíåíèå”
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Äëÿ ìîäåëè òâåðäûõ ñôåð ïîñòðîåíû ïðèáëèæåííûå ÿâíûå ðåøåíèÿ
óðàâíåíèÿ Áîëüöìàíà, êîòîðûå èìåþò âèä áèìîäàëüíîãî ðàñïðåäå-
ëåíèÿ, òî åñòü ëèíåéíîé êîìáèíàöèè íåñòàöèîíàðíûõ íåîäíîðîäíûõ
ìàêñâåëëèàíîâ. Îíè îïèñûâàþò âçàèìîäåéñòâèå äâóõ ïîòîêîâ ãàçà,
êîòîðûå óñêîðÿþòñÿ è óïëîòíÿþòñÿ ïðè äâèæåíèè âäîëü íåïîäâèæíîé
îñè. Íàéäåíû äîñòàòî÷íûå óñëîâèÿ ìèíèìèçàöèè èíòåãðàëüíîé íåâÿç-
êè ìåæäó ÷àñòÿìè óðàâíåíèÿ Áîëüöìàíà.
Êëþ÷åâûå ñëîâà : óðàâíåíèå Áîëüöìàíà, òâåðäûå ñôåðû, Ìàêñâåë-
ëèàí, ïðèáëèæåííûå ÿâíûå ðåøåíèÿ, áèìîäàëüíîå ðàñïðåäåëåíèå,
”óñêîðåíèå-óïëîòíåíèå”, èíòåãðàëüíàÿ íåâÿçêà.
Ãîðäåâñüêèé Â. Ä., Ëåìåøåâà Í. Â., Äâîïîòîêîâèé ðîçïîäië â ãàçi
ç òâåðäèõ êóëü ç ìîäàìè òèïó ”ïðèñêîðåííÿ-óùiëüíåííÿ”. Äëÿ
ìîäåëi òâåðäèõ êóëü ïîáóäîâàíî íàáëèæåíi ÿâíi ðîçâ'ÿçêè ðiâíÿííÿ
Áîëüöìàíà, ÿêi ìàþòü âèãëÿä áiìîäàëüíîãî ðîçïîäiëó, òîáòî ëiíiéíî¨
êîìáiíàöi¨ íåñòàöiîíàðíèõ íåîäíîðiäíèõ ìàêñâåëiàíiâ. Âîíè îïèñóþòü
âçà¹ìîäiþ ìiæ äâîìà òå÷iÿìè ãàçó, ÿêi ïðèñêîðþþòüñÿ òà çãóùóþòüñÿ
ïðè ðóñi âçäîâæ íåðóõîìî¨ îñi. Çíàéäåíî äîñòàòíi óìîâè ìiíiìiçàöi¨
iíòåãðàëüíîãî âiäõèëó ìiæ ÷àñòèíàìè ðiâíÿííÿ Áîëüöìàíà.
Êëþ÷îâi ñëîâà: ðiâíÿííÿ Áîëüöìàíà, òâåðäi êóëi, Ìàêñâåëiàí, íàáëè-
æåíi ÿâíi ðîçâ'ÿçêè, áiìîäàëüíèé ðîçïîäië, ”ïðèñêîðåííÿ-óùiëüíåííÿ”,
iíòåãðàëüíèé âiäõèë.
V. D. Gordevskyy, N. V. Lemesheva, Bi�ow distribution in a gas of
hard spheres with modes of the ”accelerating-packing” type. We
constructed explicit approximate solutions of the Boltzmann equation for
the hard-sphere model, which have the form of bimodal distribution, i.e.
linear combination of nonstationary inhomogeneous Maxwellians. They
describe the interaction of two gas �ows, which are accelerated and packed
when moving along a �xed axis. Su�cient conditions for the minimization
of the integral error between the sides of Boltzmann equation are found.
Keywords: Boltzmann equation, hard spheres, Maxwellian, approximate
explicit solutions, bimodal distribution, ”accelerating-packing”, the integral
error.
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Ââåäåíèå
Äàííàÿ ðàáîòà ïîñâÿùåíà ïðîáëåìå ïîèñêà ïðèáëèæåííûõ ðåøåíèé íåëè-

íåéíîãî êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, êîòîðîå îïèñûâàåò ïîâåäåíèå
äîñòàòî÷íî ðàçðåæåííîãî ãàçà è â ñëó÷àå ìîäåëè òâåðäûõ ñôåð èìååò âèä
[1-3]:

D(f) = Q(f, f); (1)

D(f) =
∂f

∂t
+ v

∂f

∂x
; (2)

Q(f, f) =
d2

2

∫

R3

dv1

∫

Σ

dα|(v1 − v, α)|·

·[f(t, v
′
1, x)f(t, v

′
, x)− f(t, v1, x)f(t, v, x)],

(3)

ãäå d - äèàìåòð ìîëåêóëû, t ∈ R1 - âðåìÿ, x =
(
x1, x2, x3

) ∈ R3 - êîîðäè-
íàòà ìîëåêóëû, v =

(
v1, v2, v3

) ∈ R3 - åå ñêîðîñòü; f = f(t, v, x) - èñêîìàÿ
ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë, α - âåêòîð íà åäèíè÷íîé ñôåðå Σ â R3;
∂f
∂x - ïðîñòðàíñòâåííûé ãðàäèåíò ôóíêöèè f ; v, v1 è v

′
, v

′
1 - ñêîðîñòè äâóõ

ìîëåêóë äî è ïîñëå ñòîëêíîâåíèÿ ñîîòâåòñòâåííî.
Åäèíñòâåííûìè òî÷íûìè ðåøåíèÿìè óðàâíåíèÿ (1)-(3), èçâåñòíûìè íà

äàííûé ìîìåíò äëÿ ìîäåëè òâåðäûõ ñôåð, ÿâëÿþòñÿ ãëîáàëüíûå è ëîêàëüíûå
ìàêñâåëëèàíû M(t, v, x) [1, 2, 3], ò. å. ðåøåíèÿ ñèñòåìû D(M) = Q(M,M) = 0.
Äðóãèå, íå ìàêcâåëëîâñêèå, òî÷íûå ðåøåíèÿ óäàåòñÿ íàéòè òîëüêî äëÿ îïðå-
äåëåííûõ ìîäåëåé âçàèìîäåéñòâèÿ ìåæäó ÷àñòèöàìè ãàçà � ìàêñâåëëîâñêèõ
ìîëåêóë è íåêîòîðûõ èõ îáîáùåíèé [4-9].

Âìåñòå ñ òåì, àêòóàëüíîé îñòàåòñÿ ïðîáëåìà îïèñàíèÿ âçàèìîäåéñòâèÿ
ìåæäó äâóìÿ è áîëåå ìàêñâåëëîâñêèìè ïîòîêàìè â ðàçðåæåííîì ãàçå.

Íàïðèìåð, â ðàáîòàõ [10, 11] äàíî ïðèáëèæåííîå îïèñàíèå âçàèìîäåéñòâèÿ
äâóõ ïîòîêîâ ãàçà èç òâåðäûõ ñôåð, êîòîðûå ïðåäñòàâëÿþò ñîáîé ãëîáàëüíûå
ìàêñâåëëèàíû (ò. å. íå çàâèñÿò íè îò t íè îò x); â ðàáîòå [12] èçó÷åíî ïîâåäå-
íèå áèìîäàëüíîãî ðàñïðåäåëåíèÿ, â êîòîðîå âõîäÿò ëîêàëüíûå ñòàöèîíàðíûå
(çàâèñÿùèå òîëüêî îò x) ìàêñâåëëèàíû ÷àñòíîãî âèäà. Ïðè ýòîì â êà÷åñòâå
íåâÿçêè ìåæäó ÷àñòÿìè óðàâíåíèÿ Áîëüöìàíà âî âñåõ âûøåóïîìÿíóòûõ ñëó-
÷àÿõ èñïîëüçîâàëàñü ”ñìåøàííàÿ” (ðàâíîìåðíàÿ ïî t, x è èíòåãðàëüíàÿ ïî v)
íîðìà ðàçíîñòè.

Îäíàêî, ïðè ïîïûòêàõ ïåðåõîäà ê áîëåå îáùåìó âèäó ëîêàëüíûõ ìàêñ-
âåëëèàíîâ, çàâèñÿùèõ åùå è îò t, ò. å. ê íåðàâíîâåñíûì ïðîöåññàì â ãàçå,
âîçíèêëè òåõíè÷åñêèå òðóäíîñòè, ÷òî îáóñëàâëèâàåòñÿ èõ äîñòàòî÷íî ñëîæ-
íûì âèäîì. Ïîäðîáíûé àíàëèç è êëàññèôèêàöèÿ òàêèõ ðåøåíèé ñ òî÷êè çðå-
íèÿ èõ ôèçè÷åñêîãî ñìûñëà è ãåîìåòðè÷åñêîé ñòðóêòóðû áûëè ïðîâåäåíû
â ðàáîòå [13].

Òàêèì îáðàçîì, âñå âûøåñêàçàííîå ïðèâîäèò ê íåîáõîäèìîñòè ïîñòðîåíèÿ
òàêèõ áèìîäàëüíûõ è ìíîãîìîäàëüíûõ ðàñïðåäåëåíèé ñ ïðîèçâîëüíûìè ãèä-
ðîäèíàìè÷åñêèìè ïàðàìåòðàìè ìîä, êîòîðûå áû îïèñûâàëè ïðîöåññ âçàèìî-
äåéñòâèÿ ìåæäó äâóìÿ è áîëåå ìàêñâåëëîâñêèìè ïîòîêàìè â ãàçå èç òâåðäûõ
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ñôåð è â òî æå âðåìÿ óäîâëåòâîðÿëè óðàâíåíèþ Áîëüöìàíà ñ êàêîé óãîäíî
ñòåïåíüþ òî÷íîñòè.

Èìåííî ïîýòîìó öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîèñê ÿâíûõ ïðèáëèæåí-
íûõ ðåøåíèé óðàâíåíèÿ Áîëüöìàíà äëÿ ìîäåëè òâåðäûõ ñôåð, êîòîðûå áóäóò
èìåòü ñëåäóþùèé áèìîäàëüíûé âèä:

f = ϕ1M1 + ϕ2M2, (4)

ãäå ϕi, i = 1, 2 - íåêîòîðûå ïîëîæèòåëüíûå ãëàäêèå êîýôôèöèåíòíûå ôóíê-
öèè, ò. å.

ϕi = ϕi(t, x) > 0; ϕi ∈ C1
(
R4

)
, i = 1, 2, (5)

à ìàêñâåëëèàíû Mi, i = 1, 2 îòíîñÿòñÿ ê ïîòîêàì òèïà ”óñêîðåíèå-
óïëîòíåíèå” [13, 14] è çàäàþòñÿ ôîðìóëàìè

Mi = ρi

(
βi

π

)3/2

· e−βi(v−evi)
2
, i = 1, 2, (6)

ρi = ρi · eβi(ev2
i +2uix), i = 1, 2, (7)

ṽi = vi − uit, i = 1, 2, (8)
ãäå ρi � ïëîòíîñòü i-ãî ïîòîêà, ρ = const; β = 1

2T � îáðàòíàÿ òåìïåðàòóðà
ãàçà (T � àáñîëþòíàÿ òåìïåðàòóðà), ṽi � ìàññîâàÿ ñêîðîñòü i-ãî ïîòîêà, ui è
vi � ïðîèçâîëüíûå ôèêñèðîâàííûå âåêòîðû â R3.

Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ êàæäîå èç ðàñïðåäåëåíèé (6)�(8) îïèñûâàåò
ïîñòóïàòåëüíîå äâèæåíèå ãàçà âäîëü îñè u ñ ëèíåéíîé ìàññîâîé ñêîðîñòüþ v
è ìàññîâûì óñêîðåíèåì −u â ïðîèçâîëüíîé òî÷êå x ïðîñòðàíñòâà. Ïëîòíîñòü
ρ ìåíÿåòñÿ îò 0 äî +∞, ïðè ýòîì ìèíèìàëüíîãî çíà÷åíèÿ îíà äîñòèãàåò ïðè
t = t0, ãäå t0 = 1

u2 (u, v) äëÿ ëþáîãî ôèêñèðîâàííîãî x ∈ R3, à äëÿ ïðîèçâîëü-
íîãî ôèêñèðîâàííîãî t ∈ R1 óâåëè÷èâàåòñÿ òîëüêî âäîëü âåêòîðà u.

Äðóãèìè ñëîâàìè, ñ ðîñòîì âðåìåíè t ÷èñëî ìîëåêóë â åäèíèöå îáúåìà
óâåëè÷èâàåòñÿ è ïðè ýòîì ïîñòåïåííî äâèæåòñÿ áûñòðåå âäîëü îñè u, ò. å.
ïîòîê ãàçà óïëîòíÿåòñÿ è óñêîðÿåòñÿ.

Ïîñòàíîâêà çàäà÷è. Áóäåì ðàññìàòðèâàòü íåîäíîðîäíóþ, íåñòàöèîíàð-
íóþ, ëèíåéíóþ êîìáèíàöèþ äâóõ ìàêñâåëëèàíîâ âèäà (4)�(8). Òðåáóåòñÿ íàé-
òè òàêîé âèä ôóíêöèé (5) è òàêîå ïîâåäåíèå âñåõ èìåþùèõñÿ ïàðàìåòðîâ,
÷òîáû ïðè íèçêîòåìïåðàòóðíîì ïðåäåëüíîì ïåðåõîäå (βi → +∞, i = 1, 2)
èíòåãðàëüíàÿ íåâÿçêà

∆1 =
∫

R1

dt

∫

R3

dx

∫

R3

|D(f)−Q(f, f)| dv (9)

áûëà ñêîëü óãîäíî ìàëà, ò. å. ñòðåìèëàñü ê íóëþ.
Â ñëåäóþùåì ðàçäåëå ïîëó÷åíî íåñêîëüêî ðåçóëüòàòîâ, êîòîðûå äàþò ðå-

øåíèå ýòîé çàäà÷è, à èìåííî, íàéäåíû íåêîòîðûå óñëîâèÿ, äîñòàòî÷íûå äëÿ
ìèíèìèçàöèè íåâÿçêè ∆1.
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Îñíîâíûå ðåçóëüòàòû
Ïðåæäå ÷åì ïåðåéòè ê èçó÷åíèþ ïîâåäåíèÿ íåâÿçêè ∆1 ïðè ïàðàìåòðàõ

βi → +∞, i = 1, 2, ïðîâåäåì íåñêîëüêî ïðåäâàðèòåëüíûõ ïðåîáðàçîâàíèé
ïðàâîé ÷àñòè âûðàæåíèÿ (9).

Ïîäñòàâèì ðàñïðåäåëåíèå (4) â óðàâíåíèå (1)�(3), ó÷èòûâàÿ, ÷òî D(Mi) =
= Q(Mi,Mi) = 0, i = 1, 2; ìû ïîëó÷èì:

D(f) = M1D(ϕ1) + M2D(ϕ2),

Q(f, f) = ϕ1ϕ2 [Q(M1, M2) + Q(M2,M1)] ,

à çíà÷èò, èíòåãðàë ïî ïåðåìåííîé v èç (9) ìîæíî ïåðåïèñàòü â âèäå
∫

R3

|D(f)−Q(f, f)| dv =

=
∫

R3

∣∣∣∣∣∣

2∑

i=1

MiD(ϕi)− ϕ1ϕ2

2∑

i,j=1,i6=j

Q(Mi,Mj)

∣∣∣∣∣∣
dv.

(10)

Èñïîëüçóåì ïðåäñòàâëåíèå èíòåãðàëà ñòîëêíîâåíèé â âèäå ðàçáèåíèÿ
Q(f, g) = G(f, g)− fL(g) (êàê ýòî ñäåëàíî, íàïðèìåð, â [1, 3, 15]), ãäå

G(f, f) =
d2

2

∫

R3

dv1

∫

Σ

dα|(v1 − v, α)|·f(t, v
′
1, x)f(t, v

′
, x),

fL(f) = f(t, v, x)
d2

2

∫

R3

dv1

∫

Σ

dα|(v1 − v, α)|·f(t, v1, x);

ïîäñòàâëÿÿ âìåñòî ôóíêöèè f ìàêñâåëëèàíû M1, M2, è ó÷èòûâàÿ, ÷òî G > 0
è Mi > 0, ïîëó÷èì ñëåäóþùóþ îöåíêó ñâåðõó äëÿ âûðàæåíèÿ (10):

∫

R3

|D(f)−Q(f, f)| dv =
∫

R3

|M1D(ϕ1) + M2D(ϕ2)−

−ϕ1ϕ2 [G(M1,M2) + G(M2,M1)−M1L(M2)−M2L(M1)]| dv 6

6
∫

R3

[M1|D(ϕ1)|+ M2|D(ϕ2)|+ ϕ1ϕ2 (G(M1,M2) + G(M2,M1))+

+ϕ1ϕ2 (M1|L(M2)|+ M2|L(M1)|)] dv.

(11)

Äàëåå, ñ ó÷åòîì òîãî, ÷òî G(M1,M2) = G(M2,M1), ñïðàâåäëèâû ðàâåí-
ñòâà [1, 3]:

∫

R3

G(M1,M2)dv =
∫

R3

M1L(M2)dv =
∫

R3

G(M2,M1)dv =
∫

R3

M2L(M1)dv.
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Ñëåäîâàòåëüíî, âûðàæåíèå (11) ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:
∫

R3

|D(f)−Q(f, f)| dv 6

6
∫

R3

[M1|D(ϕ1)|+ M2|D(ϕ2)|] dv + 4ϕ1ϕ2

∫

R3

M1 |L(M2)| dv.

(12)

Òàê êàê [15]

L(Mi) =
d2ρi√

π

∫

R3

∣∣∣∣v − ṽi − w√
βi

∣∣∣∣ · e−w2
dw,

òî ââèäó (2) è (6) ñóììà èíòåãðàëîâ â (12) ïðèìåò âèä:
2∑

i=1

∫

R3

ρi

(
βi

π

)3/2

· e−βi(v−evi)
2

∣∣∣∣
∂ϕi

∂t
+ v

∂ϕi

∂x

∣∣∣∣ dv+

+4ϕ1ϕ2
ρ1ρ2

π2
d2

∫

R6

β
3/2
1 · e−β1(v−ev1)2

∣∣∣∣v − ṽ2 − w√
β2

∣∣∣∣ · e−w2
dwdv.

Ïîñëå çàìåíû u =
√

βi(v − ṽi), ñ ó÷åòîì (8), ïîëó÷èì îñíîâíîé âèä îöåíêè
ñâåðõó äëÿ âûðàæåíèÿ (10):

∫

R3

|D(f)−Q(f, f)| dv 6

6
2∑

i=1

∫

R3

∣∣∣∣
∂ϕi

∂t
+

(
u√
βi

+ vi − uit

)
∂ϕi

∂x

∣∣∣∣ ρi(t, x)π−3/2e−u2
du+

+4ϕ1ϕ2
ρ1(t, x)ρ2(t, x)

π2
d2

∫

R6

F12 · e−w2−u2
dwdu,

(13)

ãäå
F12 =

∣∣∣∣
u√
β1
− w√

β2
+ v1 − v2 + (u2 − u1)t

∣∣∣∣ . (14)

Äëÿ ïîëíîòû èçëîæåíèÿ ïîñëåäóþùèõ ðåçóëüòàòîâ ïðèâåäåì íåñêîëüêî
îïðåäåëåíèé, êîòîðûå áûëè ââåäåíû â ðàáîòå [16] è èñïîëüçîâàíû â [17].

Îïðåäåëåíèå 1. Ïóñòü G � òàêàÿ îãðàíè÷åííàÿ îáëàñòü â Rn, ÷òî
÷èñëî êîìïîíåíò ñâÿçíîñòè ïåðåñå÷åíèÿ G ñ ëþáîé ïðÿìîé, ïàðàëëåëüíîé
êàêîé-ëèáî èç êîîðäèíàòíûõ îñåé, êîíå÷íî. Äëÿ âñÿêîãî δ > 0 îáîçíà÷èì
÷åðåç Gδ ìíîæåñòâî òî÷åê èç Rn, îòñòîÿùèõ îò G íå áîëåå ÷åì íà δ.

Åñëè n = 4 è êîîðäèíàòû îáîçíà÷àþòñÿ êàê t, xk (k = 1, 2, 3), òî ÷åðåç
G x - îáîçíà÷èì ïðîåêöèþ G íà ãèïåðïëîñêîñòü t = 0, à ÷åðåç G k - ïðîåêöèþ
G íà ãèïåðïëîñêîñòü xk = 0 (k = 1, 2, 3).
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Îïðåäåëåíèå 2. Ôèíèòíûì ”δ-ïëàòî” íàä îáëàñòüþ G ⊂ R4, δ > 0
íàçûâàåòñÿ òàêàÿ ôóíêöèÿ ϕδ(G, t, x) ∈ C1(R4), ÷òî

ϕδ(G, t, x) =




1, (t, x) ∈ G,
0, (t, x) ∈ R4 \Gδ,
0 6 ϕδ 6 1, (t, x) ∈ Gδ \G,

(15)

è, êðîìå òîãî, íà ëþáîé ïðÿìîé, ïàðàëëåëüíîé îäíîé èç êîîðäèíàòíûõ îñåé,
ôóíêöèÿ ϕδ èìååò íå áîëåå ÷åì êîíå÷íîå ÷èñëî ñòðîãèõ ýêñòðåìóìîâ.

Òåïåðü âåðíåìñÿ íåïîñðåäñòâåííî ê ïîñòàâëåííîé çàäà÷å è ðàññìîòðèì
íåñêîëüêî âàðèàíòîâ åå ðåøåíèÿ, êîòîðûå äàþò ðàçëè÷íûå äîñòàòî÷íûå óñëî-
âèÿ ñòðåìëåíèÿ íåâÿçêè (9) ê íóëþ ïðè îïðåäåëåííîì âûáîðå ôóíêöèé ϕi,
i = 1, 2 è ãèäðîäèíàìè÷åñêèõ ïàðàìåòðîâ.

Òåîðåìà 1. Ïóñòü G1, G2 ⊂ R4 � îãðàíè÷åííûå îáëàñòè èç Îïðåäå-
ëåíèÿ 1, è δ1, δ2 > 0 òàêèå, ÷òî G1,δ1 ∩ G2,δ2 = Ø. Ïóñòü ôóíêöèè ϕi,
i = 1, 2 èç ðàñïðåäåëåíèÿ (4) èìåþò âèä ”δ-ïëàòî” (15), ïðè÷åì ϕδ1(G1, t, x)
è ϕδ2(G2, t, x) òàêîâû, ÷òî îáùåå êîëè÷åñòâî èõ ýêñòðåìóìîâ èç Îïðåäåëå-
íèÿ 2, îãðàíè÷åíî ðàâíîìåðíî îòíîñèòåëüíî âñåõ àðãóìåíòîâ êîíñòàíòîé
K > 0 ïðè δ1, δ2 → 0.

Êðîìå ýòîãî, ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

ui =
uoi

βni
i

, i = 1, 2, (16)

vi =
voi

βki
i

, i = 1, 2, (17)

ãäå uoi, voi � ïðîèçâîëüíûå ôèêñèðîâàííûå âåêòîðû, à ÷èñëà ni, ki óäîâëå-
òâîðÿþò íåðàâåíñòâàì

ni > 1, ki > 1
2
, i = 1, 2.

Òîãäà ñóùåñòâóåò òàêîå ∆
′
1, äëÿ êîòîðîãî âåðíî

∆1 6 ∆
′
1. (18)

Ïðè÷åì ïðè ëþáîì ôèêñèðîâàííîì d > 0

lim
m(Gx

i )→0
lim

δ1→0
δ2→0

lim
βi→+∞
(i=1,2)

∆
′
1 = 0, (19)

ãäå m(G x
i ), i = 1, 2 - îáúåì (ìåðà) ïðîåêöèè ìíîæåñòâà Gi íà ïîäïðîñòðàí-

ñòâî t = 0.
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Äîêàçàòåëüñòâî. Ïðîèíòåãðèðîâàâ âûðàæåíèå (13) ïî x è t, ïîëó÷èì ñëå-
äóþùèé âèä îöåíêè äëÿ íåâÿçêè (9):

∆1 6 ∆
′
1 =

=
∫

R1

dt

∫

R3

dx

2∑

i=1

∫

R3

∣∣∣∣
∂ϕi

∂t
+

(
u√
βi

+ vi − uit

)
∂ϕi

∂x

∣∣∣∣ ρi(t, x)π−3/2e−u2
du+

+4
d2

π2

∫

R1

dt

∫

R3

ϕ1ϕ2ρ1(t, x)ρ2(t, x)dx

∫

R6

F12 · e−w2−u2
dwdu,

(20)

ãäå F12 èìååò âèä (14).
Ýòà îöåíêà êîððåêòíî îïðåäåëåíà, òàê êàê âåëè÷èíû ∂ϕi

∂t ;
(
ui,

∂ϕi

∂x

)
t;

∣∣∣∂ϕi

∂x

∣∣∣;
ϕi; (ϕi, ui)t; ϕ1ϕ2 ïîñëå óìíîæåíèÿ íà ρi(t, x) ïðèíàäëåæàò ïðîñòðàíñòâó
L1(R4) ïðè âñåõ βi > 0, i = 1, 2 áëàãîäàðÿ ôèíèòíîñòè ôóíêöèé ϕi, i = 1, 2.

Ðàâíîìåðíàÿ ñõîäèìîñòü âñåõ èíòåãðàëîâ, âõîäÿùèõ â ïðàâóþ ÷àñòü íåðà-
âåíñòâà (20), êîòîðàÿ ñëåäóåò èç óñëîâèé êîððåêòíîñòè îöåíêè, îïèñàíûõ âû-
øå, è ôèíèòíîñòè ôóíêöèé ϕi, à òàêæå áëàãîäàðÿ òîìó, ÷òî ôóíêöèè e−w2 è
e−u2 � áûñòðîóáûâàþùèå, ïîçâîëÿåò ïåðåéòè ê íèçêîòåìïåðàòóðíîìó ïðåäå-
ëó â ýòîì âûðàæåíèè.

Òàêèì îáðàçîì, ñ ó÷åòîì (7), (8), (16), (17) è (14), ìû ïîëó÷èì:

lim
βi→+∞
(i=1,2)

ρi(t, x) = ρiµi(x), i = 1, 2,

ãäå

µi(x) =




1, ni > 1, ki > 1
2 , i = 1, 2,

e2uoix, ni = 1, ki > 1
2 , i = 1, 2,

ev2
oi+2uoix, ni = 1, ki = 1

2 , i = 1, 2;
(21)

à
lim

βi→+∞
(i=1,2)

F12 = 0.

Ñëåäîâàòåëüíî,

lim
βi→+∞
(i=1,2)

∆
′
1 =

∫

R4

dtdx
2∑

i=1

∫

R3

∣∣∣∣
∂ϕi

∂t

∣∣∣∣ ρiµi(x)π−3/2e−u2
du,

êîòîðûé ïîñëå âû÷èñëåíèÿ èíòåãðàëà ïî ïåðåìåííîé u, áóäåò èìåòü âèä:

lim
βi→+∞
(i=1,2)

∆
′
1 =

∫

R4

dtdx

2∑

i=1

∣∣∣∣
∂ϕi

∂t

∣∣∣∣ ρiµi(x). (22)

Âîçâðàùàÿñü íåïîñðåäñòâåííî ê âèäó ôóíêöèé ϕi, i = 1, 2, ò. å. óñëî-
âèþ (15), ââèäó (21) ìû ïîëó÷èì ñëåäóþùèå ðåçóëüòàòû.
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1) Åñëè µi(x) = 1, òî ïðåäåë (22) áóäåò èìåòü âèä:

lim
βi→+∞
(i=1,2)

∆
′
1 = ρ1

∫

R3

dx

∫

R1

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ dt + ρ2

∫

R3

dx

∫

R1

∣∣∣∣
∂ϕ2

∂t

∣∣∣∣ dt. (23)

Îïèðàÿñü íà óñëîâèÿ òåîðåìû, ðàññìîòðèì ïåðâûé èíòåãðàë èç (23)
(îáîçíà÷èì D13 = G1,δ1\G1) è îöåíèì åãî òàêèì æå îáðàçîì êàê ýòî
áûëî ñäåëàíî ñ àíàëîãè÷íûì èíòåãðàëîì â ðàáîòå [16]:

∫

R3

dx

∫

R1

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ dt =

=
∫

G1

∣∣∣∣
∂1
∂t

∣∣∣∣ dtdx +
∫

R4\Gδ1

∣∣∣∣
∂0
∂t

∣∣∣∣ dtdx +
∫

G1,δ1
\G1

∣∣∣∣
∂ϕδ1

∂t

∣∣∣∣ dtdx =

=
∫

D13

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ dtdx =
∫

Dx
13

dx

+∞∫

−∞

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ dt =

=
∫

Dx
13

dx

N(x,δ1)∑

s=1

as+1∫

as

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ dt =
∫

Dx
13

dx

N(x,δ1)∑

s=1

∣∣∣∣∣∣

as+1∫

as

∂ϕ1

∂t
dt

∣∣∣∣∣∣
=

∫

Dx
13

dx

N(x,δ1)∑

s=1

|ϕ1(as+1, x)− ϕ1(as, x)| 6

6 2
∫

Dx
13

N(x, δ1)dx 6 2Km(Dx
13),

(24)

ãäå as, s = 1, ..., N(x, δ1) � ñòðîãèå ýêñòðåìóìû ôóíêöèè ϕ1, ïðèíàäëå-
æàùèå ïðÿìûì, ïàðàëëåëüíûì îñè t, äëÿ íåêîòîðûõ ôèêñèðîâàííûõ x
è δ1; K � êîíñòàíòà èç óñëîâèÿ òåîðåìû; îöåíêà ϕ1 ñëåäóåò èç (15).
Àíàëîãè÷íûì îáðàçîì îöåíèâàåòñÿ âòîðîé èíòåãðàë èç (23), ãäå D23 =
= G2,δ2\G2:

∫

R3

dx

∫

R1

∣∣∣∣
∂ϕ2

∂t

∣∣∣∣ dt =
∫

Dx
23

dx

+∞∫

−∞

∣∣∣∣
∂ϕ2

∂t

∣∣∣∣ dt 6 2Km(Dx
23). (25)

Âñïîìèíàÿ îáîçíà÷åíèÿ äëÿ Dx
13 è Dx

23, ìû ìîæåì íàïèñàòü, ÷òî

lim
δ1→0

m(Dx
13) = m(Gx

1), (26)

lim
δ2→0

m(Dx
23) = m(Gx

2). (27)
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Òàêèì îáðàçîì, èç (23)�(27) ìû ïîëó÷èì:

lim
δ1→0
δ2→0

lim
βi→+∞
(i=1,2)

∆
′
1 6 2ρ1Km(Gx

1) + 2ρ2Km(Gx
2) = 2K

2∑

i=1

ρim(Gx
i ).

Îòêóäà ñëåäóåò (19).

2) Åñëè µi(x) = e2uoix, òî âûðàæåíèå (22) ïðèìåò âèä:

lim
βi→+∞
(i=1,2)

∆
′
1 = ρ1

∫

R4

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ e2uo1xdtdx + ρ2

∫

R4

∣∣∣∣
∂ϕ2

∂t

∣∣∣∣ e2uo2xdtdx. (28)

Ïðåîáðàçóåì èíòåãðàëû â (28) àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî
â ñëó÷àå 1), ñ ó÷åòîì òîãî, ÷òî â ñèëó îãðàíè÷åííîñòè ìíîæåñòâ Dx

13 è
Dx

23 ñóùåñòâóåò êîíñòàíòà q > 0 òàêàÿ, ÷òî |x| 6 q è, çíà÷èò e2uoix 6
e2|uoi|q:

∫

R4

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ e2uo1xdtdx =
∫

Dx
13

e2uo1xdx

+∞∫

−∞

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ dt 6

6 e2|uo1|q
∫

Dx
13

dx

+∞∫

−∞

∣∣∣∣
∂ϕ1

∂t

∣∣∣∣ dt 6 2Km(Dx
13)e

2|uo1|q,

∫

R4

∣∣∣∣
∂ϕ2

∂t

∣∣∣∣ e2uo2xdtdx 6 2Km(Dx
23)e

2|uo2|q.

Ïîýòîìó, ó÷èòûâàÿ (26) è (27)

lim
δ1→0
δ2→0

lim
βi→+∞
(i=1,2)

∆
′
1 6 2K

2∑

i=1

ρie
2|uoi|qm(Gx

i ),

îòêóäà ïîëó÷àåì íåîáõîäèìîå óòâåðæäåíèå (19).

3) Åñëè µi(x) = ev2
oi+2uoix, òî, èñïîëüçóÿ âûêëàäêè, ïîëó÷åííûå â ñëó÷àÿõ

1) è 2), èìååì:

lim
βi→+∞
(i=1,2)

∆
′
1 6 2K

2∑

i=1

ρie
v2

oi+2|uoi|qm(Dx
i3).

Ïåðåõîäÿ ê ïðåäåëó ïðè δ1 → 0 è δ2 → 0 â ïîñëåäíåì íåðàâåíñòâå, ìû
ïîëó÷èì:
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lim
δ1→0
δ2→0

lim
βi→+∞
(i=1,2)

∆
′
1 6 2K

2∑

i=1

ρie
v2

oi+2|uoi|qm(Gx
i ),

÷òî â äàëüíåéøåì ïðèâîäèò íàñ ê íåîáõîäèìîìó ðåçóëüòàòó, ò. å. ñíîâà
ê óòâåðæäåíèþ (19).

Òàêèì îáðàçîì, ïðè ëþáûõ µi(x) èç (21) ñïðàâåäëèâî (19), ÷òî è òðåáîâà-
ëîñü äîêàçàòü.

Òåîðåìà 2. Ïóñòü ôóíêöèè ϕi â ðàñïðåäåëåíèè (4) èìåþò âèä

ϕi(t, x) = ψi(t, x)e−βi((vi−uit)
2+2uix), i = 1, 2, (29)

ãäå ôóíêöèè ψi òàêèå, ÷òî âûðàæåíèÿ

∂ψi

∂t
;

∣∣∣∣
∂ψi

∂x

∣∣∣∣ ; ψ1ψ2; ψi; ψit;
(

ui,
∂ψi

∂x

)
t, i = 1, 2 (30)

ïðèíàäëåæàò ïðîñòðàíñòâó L1(R4).
Êðîìå òîãî, ïóñòü âûïîëíÿåòñÿ (16) ïðè ni > 1

2 .
Òîãäà ñïðàâåäëèâà îöåíêà (18), ïðè÷åì ñóùåñòâóåò êîíå÷íûé ïðåäåë âå-

ëè÷èíû ∆
′
1, êîòîðûé ðàâåí

lim
βi→+∞
(i=1,2)

∆
′
1 =

∫

R4

dtdx

2∑

i=1

ρi

∣∣∣∣
∂ψi

∂t
+ vi

∂ψi

∂x

∣∣∣∣ + 4πd2ρ1ρ2|v1 − v2|
∫

R4

ψ1ψ2dtdx. (31)

Äîêàçàòåëüñòâî. Áóäåì îïèðàòüñÿ íà âèä îöåíêè (18), à èìåííî íà ôîð-
ìóëó (20), ïîëó÷åííóþ ïðè äîêàçàòåëüñòâå Òåîðåìû 1. Âû÷èñëèì ïðîèçâîä-
íûå ôóíêöèé ϕi, i = 1, 2, âèäà (29):

∂ϕi

∂x
=

(
∂ψi

∂x
− 2βiψiui

)
e−βi((vi−uit)

2+2uix), i = 1, 2, (32)

∂ϕi

∂t
=

(
∂ψi

∂t
+ 2βiψi((vi, ui)− u2

i t)
)

e−βi((vi−uit)
2+2uix), i = 1, 2. (33)

Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ (32) è (33) â (20) (ñõîäèìîñòü ñîîòâåòñòâó-
þùèõ èíòåãðàëîâ âûïëûâàåò èç óñëîâèÿ (30)) ìû ïðèõîäèì ê ñëåäóþùåìó
âèäó îöåíêè äëÿ ∆

′
1:

∆
′
1=

∫

R4

dtdx

2∑

i=1

∫

R3

∣∣∣∣
∂ψi

∂t
+(vi − uit)

∂ψi

∂x
+

u√
βi

(
∂ψi

∂x
−2βiψiui

)∣∣∣∣ ρiπ
−3/2e−u2

du+

+4
d2

π2
ρ1ρ2

∫

R4

ψ1ψ2dtdx

∫

R6

F12e
−w2−u2

dwdu

(34)
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ïðè ñîõðàíåíèè (14).
Ïðåäåëüíûé ïåðåõîä áëàãîäàðÿ (16) (îáîñíîâàíèå åãî òàêîå æå êàê ïðè

äîêàçàòåëüñòâå Òåîðåìû 1) äàåò:

lim
βi→+∞
(i=1,2)

F12 = |v1 − v2|, (35)

lim
βi→+∞
(i=1,2)

−2
√

βiψi(u, ui) = 0 ïðè ni >
1
2
.

Â ðåçóëüòàòå ïåðåõîäà ê ïðåäåëó â (34) è äàëüíåéøåãî èíòåãðèðîâàíèÿ
ïî u ïîëó÷àåì (31).

Òåîðåìà 2 äîêàçàíà.
Ñëåäñòâèå 1. Ïóñòü èìåþò ìåñòî âñå ïðåäïîëîæåíèÿ Òåîðåìû 2, à

ôóíêöèè ψi(t, x), i = 1, 2 óäîâëåòâîðÿþò òåì æå óñëîâèÿì, êîòîðûå áûëè
íàëîæåíû íà ôóíêöèè ϕi, i = 1, 2 â Òåîðåìå 1.

Òîãäà ñîîòíîøåíèå
∆1 → 0 (36)

ñïðàâåäëèâî â ïðåäïîëîæåíèÿõ àíàëîãè÷íûõ (19) è, êðîìå òîãî, åñëè èìååò
ìåñòî õîòÿ áû îäíî èç óñëîâèé:

1) äëÿ ëþáûõ ψi(t, x), i = 1, 2 , óäîâëåòâîðÿþùèõ óñëîâèÿì (30)

v1 = v2; (37)

2)
suppψ1 ∩ suppψ2 = Ø; (38)

3) äëÿ ïðîèçâîëüíûõ v1, v2 è ψi(t, x), i = 1, 2, ñ ó÷åòîì (30)

lim
d→0

lim
βi→+∞
(i=1,2)

∆
′
1 = 0. (39)

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî óñëîâèå (30) Òåîðåìû 2 âûïîëíÿåòñÿ
áëàãîäàðÿ ôèíèòíîñòè ôóíêöèé ψi(t, x), i = 1, 2 è, ñ ó÷åòîì (16) ïðè ni > 1

2
î÷åâèäíî, ÷òî ñïðàâåäëèâî ñîîòíîøåíèå (31), ïðè÷åì âñå èíòåãðàëû, âõîäÿ-
ùèå â (31), ñõîäÿòñÿ òàêæå áëàãîäàðÿ ôèíèòíîñòè ψi, i = 1, 2.

Èñõîäÿ èç òîãî, ÷òî ôóíêöèè ψi, i = 1, 2 âûáðàíû â âèäå ôèíèòíûõ
”ïëàòî”, à èìåííî â âèäå (15), ãäå âìåñòî ϕi, i = 1, 2 ïðîèçâîäèòñÿ ïîä-
ñòàíîâêà ψi, i = 1, 2, è âñïîìèíàÿ îáîçíà÷åíèÿ D13 è D23, ïåðâîå ñëàãàåìîå
â (31) ìîæåò áûòü îöåíåíî ñâåðõó ñëåäóþùèì îáðàçîì:

∫

R4

dtdx
2∑

i=1

ρi

∣∣∣∣
∂ψi

∂t
+ vi

∂ψi

∂x

∣∣∣∣ 6
2∑

i=1

∫

Di3

dtdx

[∣∣∣∣
∂ψi

∂t

∣∣∣∣ ρi +
3∑

k=1

∣∣∣∣
∂ψi

∂xk

∣∣∣∣ ρi|vk
i |

]
. (40)



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1133 (2014) 125

Îïèðàÿñü íà òåõíèêó îöåíèâàíèÿ èíòåãðàëîâ, ïðîâåäåííóþ ïðè äîêàçà-
òåëüñòâå Òåîðåìû 1 è â ðàáîòå [16], ñ ó÷åòîì (26) è (27), ìû ïîëó÷èì:

lim
δ1→0
δ2→0

lim
βi→+∞
(i=1,2)

∆
′
1 6 2K

2∑

i=1

[
ρim(Gx

i ) +
3∑

k=1

ρi|vk
i |m(Gk

i )

]
, (41)

ãäå m(Gk
i ), i = 1, 2 � îáúåì (ìåðà) ïðîåêöèè ìíîæåñòâà Gi íà ïîäïðîñòðàí-

ñòâî xk = 0, (k = 1, 2, 3). Ñëåäîâàòåëüíî, åñëè ïðåäïîëîæèòü, ÷òî m(Gx
i ) → 0

è m(Gk
i )|vk

i | → 0, òî ïåðâîå ñëàãàåìîå â (31) ñòðåìèòñÿ ê íóëþ, à âòîðîå ñëà-
ãàåìîå ñòàíîâèòñÿ áåñêîíå÷íî ìàëûì â âèäó âûïîëíåíèÿ õîòÿ áû îäíîãî èç
óñëîâèé (37)�(39). Îòêóäà ñëåäóåò âûïîëíåíèå (36), ÷òî è òðåáîâàëîñü äîêà-
çàòü.

Òåîðåìà 3. Ïóñòü

ϕi(t, x) = ψi(t, x)e−βi(vi−uit)
2
, i = 1, 2, (42)

ãäå ôóíêöèè ψi, i = 1, 2 òàêèå, ÷òî ïðîèçâåäåíèÿ âåëè÷èí (30) íà ìíîæè-
òåëü exp{2βiuix}, i = 1, 2 ïðèíàäëåæàò ïðîñòðàíñòâó L1(R4), à ïðåäïîëî-
æåíèå (16) âûïîëíÿåòñÿ äëÿ n1 > 1.

Òîãäà ñóùåñòâóåò ∆1, îïðåäåëåííîå â ñîîòâåòñòâèè ñ (9), òàêîå, ÷òî
âûïîëíÿåòñÿ (18), ïðè÷åì êîíå÷íûé ïðåäåë âåëè÷èíû ∆

′
1 ñóùåñòâóåò è ðàâ-

íÿåòñÿ âûðàæåíèþ (31) ïðè ni > 1, à ïðè ni = 1

lim
βi→+∞
(i=1,2)

∆
′
1 =

∫

R4

dtdx

2∑

i=1

ρi

∣∣∣∣
∂ψi

∂t
+ 2ψi(uoi, vi) + vi

∂ψi

∂x

∣∣∣∣ e2uoix+

+4πd2ρ1ρ2|v1 − v2|
∫

R4

dtdxψ1ψ2e
2uo1xe2uo2x.

(43)

Äîêàçàòåëüñòâî. Ïðîâåäåì äîêàçàòåëüñòâî àíàëîãè÷íî òîìó, êàê ýòî áû-
ëî ñäåëàíî â Òåîðåìå 2, ïðè ýòîì, áëàãîäàðÿ (42), âìåñòî (32) è (33) áóäåì
èìåòü

∂ϕi

∂x
=

∂ψi

∂x
e−βi(vi−uit)

2
,

∂ϕi

∂t
=

(
∂ψi

∂t
+ 2βiψi((ui, vi)− tu2

i )
)

e−βi(vi−uit)
2
.

Ñëåäîâàòåëüíî, ñïðàâåäëèâ ñëåäóþùèé àíàëîã âûðàæåíèÿ (34), ãäå F12

èìååò âèä (14)
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∆
′
1 =

∫

R4

dtdx

2∑

i=1

∫

R3

∣∣∣∣
∂ψi

∂t
+ 2βiψi

(
(ui, vi)− tu2

i

)
+

+
∂ψi

∂x

(
u√
βi

+ vi − uit

)∣∣∣∣ ρiπ
−3/2e2βiuixe−u2

du+

+4
d2

π2
ρ1ρ2

∫

R4

dtdxψ1ψ2e
2β1u1xe2β2u2x

∫

R6

F12e
−w2−u2

dwdu.

(44)

Äàëüíåéøèé ïåðåõîä ê ïðåäåëó ïðè βi → +∞, i = 1, 2 (âîçìîæíîñòü
òàêîãî ïðåäåëüíîãî ïåðåõîäà áûëà îáîñíîâàíà â äîêàçàòåëüñòâå Òåîðåìû 1)
äàåò ñëåäóþùèå ðåçóëüòàòû:

lim
βi→+∞
(i=1,2)

2βiψi(ui, vi) =
[

2ψi(uoi, vi), ni = 1,
0, ni > 1;

(45)

lim
βi→+∞
(i=1,2)

2βiψiu
2
i t = 0 ïðè ni > 1; (46)

lim
βi→+∞
(i=1,2)

e2βiuix =
[

e2uoix, ni = 1,
1, ni > 1.

(47)

Ñëåäîâàòåëüíî, ïðåäåëüíûé ïåðåõîä â (44), ñ ó÷åòîì (35), (45)�(47), ïîñëå
èíòåãðèðîâàíèÿ ïî u, ïðèâîäèò íàñ ê êîíå÷íîìó ïðåäåëó âåëè÷èíû ∆

′
1, êîòî-

ðûé ðàâíÿåòñÿ âûðàæåíèþ (31) ïðè ni > 1, à ïðè ni = 1 ïîëíîñòüþ ñîâïàäàåò
ñ (43). ×òî è òðåáîâàëîñü äîêàçàòü.

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû âñå ïðåäïîëîæåíèÿ Òåîðåìû 3, à òàê-
æå ñîõðàíÿþòñÿ ïðåäïîëîæåíèÿ Ñëåäñòâèÿ 1 ñ òåì ëèøü îòëè÷èåì, ÷òî
(16) ñïðàâåäëèâî äëÿ ïàðàìåòðîâ ni > 1. Ïóñòü, êðîìå ýòîãî, âûïîëíÿåòñÿ
äîïîëíèòåëüíîå óñëîâèå

(ui, vi) = 0, i = 1, 2. (48)

Òîãäà óòâåðæäåíèå (36) (∆1 → 0) îñòàåòñÿ â ñèëå.
Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî, â ñèëó ôèíèòíîñòè, ôóíêöèè

ψi, i = 1, 2 âèäà (15), ïðè âûïîëíåíèè ïðåäïîëîæåíèé äàííîãî ñëåäñòâèÿ,
óäîâëåòâîðÿþò òðåáîâàíèÿì Òåîðåìû 3.

Òàêèì îáðàçîì, ìû ìîæåì âîñïîëüçîâàòüñÿ óòâåðæäåíèÿìè Òåîðåìû 3.
Ðàññìîòðèì ñëó÷àé, êîãäà ni > 1. Ëåãêî âèäåòü, ÷òî äîêàçàòåëüñòâî ýòî-
ãî ñëó÷àÿ èäåíòè÷íî äîêàçàòåëüñòâó Ñëåäñòâèÿ 1, ãäå â èòîãå ìû ïðèõîäèì
ê íåîáõîäèìîìó ðåçóëüòàòó. Îäíàêî, äëÿ çíà÷åíèÿ ïàðàìåòðîâ ni = 1, ñèòó-
àöèÿ íåñêîëüêî óñëîæíÿåòñÿ. Êàê áûëî äîêàçàíî âûøå, ìû ìîæåì âîñïîëü-
çîâàòüñÿ óòâåðæäåíèåì (43) Òåîðåìû 3, ãäå âûðàæåíèå 2ψi(uoi, vi) â ïåðâîì
èíòåãðàëå èñ÷åçíåò áëàãîäàðÿ óñëîâèþ (48), à âòîðîé èíòåãðàë áóäåò ëèáî
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ðàâåí íóëþ, ëèáî ê íåìó ñòðåìèòüñÿ âñëåäñòâèè âûïîëíåíèÿ õîòÿ áû îäíî-
ãî èç ïðåäïîëîæåíèé (37)�(39). Äàëüíåéøàÿ îöåíêà îñòàâøèõñÿ ñëàãàåìûõ
â ðàâåíñòâå (43) âûïîëíÿåòñÿ ïîäîáíî òîìó, êàê ýòî áûëî ñäåëàíî â äîêàçà-
òåëüñòâå Ñëåäñòâèÿ 1, ñ òîé ëèøü ðàçíèöåé, ÷òî â âûðàæåíèè (41) ïîÿâèòñÿ
ìíîæèòåëü e2|uoi|q, i = 1, 2, ãäå q > 0 � êîíñòàíòà, ñóùåñòâîâàíèå êîòîðîé
îïèñàíî âî âòîðîì ïóíêòå äîêàçàòåëüñòâà Òåîðåìû 1, ÷òî ïðèâîäèò ê íåîá-
õîäèìîìó ðåçóëüòàòó, à èìåííî, ê âûïîëíåíèþ óòâåðæäåíèÿ (36).

Òåîðåìà 4. Ïóñòü âìåñòî (29) èëè (42) âûïîëíÿåòñÿ ñëåäóþùåå ðàâåí-
ñòâî:

ϕi(t, x) = ψi(t, x)e−2βiuix, i = 1, 2, (49)
è ñîõðàíÿþòñÿ ïðåäïîëîæåíèÿ (16), (17) äëÿ ïàðàìåòðîâ

ni >
1
2
, ki > 1

2
, i = 1, 2. (50)

Êðîìå òîãî, ôèíèòíûå ôóíêöèè ψi, i = 1, 2 âèäà ”δ-ïëàòî” îáåñïå÷èâà-
þò ïðèíàäëåæíîñòü ïðîñòðàíñòâó L1(R4) ïðîèçâåäåíèé âåëè÷èí èç (30)
íà ìíîæèòåëü exp{−2βiuix}, i = 1, 2.

Òîãäà ñïðàâåäëèâî óòâåðæäåíèå (18), ãäå

lim
βi→+∞
(i=1,2)

∆
′
1 =

∫

R4

dtdx

2∑

i=1

ρiσi

∣∣∣∣
∂ψi

∂t

∣∣∣∣ , (51)

à
σi =

[
1, ni > 1

2 , ki > 1
2 ,

ev2
oi , ni > 1

2 , ki = 1
2 .

(52)

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ïðè âû÷èñëåíèè ÷àñòíûõ ïðîèçâîäíûõ
îò (49) ìû ïîëó÷èì

∂ϕi

∂x
=

(
∂ψi

∂x
− 2βiψiui

)
· e−2βiuix, (53)

∂ϕi

∂t
=

∂ψi

∂t
· e−2βiuix, (54)

÷òî â ñâîþ î÷åðåäü, ïðè ïîäñòàíîâêå â (20) äàñò ðåçóëüòàò àíàëîãè÷íûé (44),
à èìåííî:

∆
′
1 =

∫

R4

dtdx
2∑

i=1

∫

R3

∣∣∣∣
∂ψi

∂t
+

(
u√
βi

+ vi − uit

)
·

·
{

∂ψi

∂x
− 2βiψiui

}∣∣∣∣ ρiπ
−3/2eβi(vi−uit)

2
e−u2

du+

+4
d2

π2
ρ1ρ2

∫

R4

dtdxψ1ψ2e
β1(v1−u1t)2eβ2(v2−u2t)2

∫

R6

F12 · e−w2−u2
dwdu.

(55)
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Äàëåå, ïðåäïîëîæåíèÿ (16), (17) è (50) ãàðàíòèðóþò ñóùåñòâîâàíèå êîíå÷íîãî
ïðåäåëà ýêñïîíåíòû, ïðåäñòàâëåííîé â (55):

lim
βi→+∞
(i=1,2)

eβi(vi−uit)
2

= σi, i = 1, 2 (56)

ãäå ôóíêöèè σi âèäà (52).
Ââèäó âñå òåõ æå òîëüêî ÷òî óïîìÿíóòûõ óñëîâèé (16), (17), (50) ïðè

ïðåäåëüíîì ïåðåõîäå â (55) âñå ñëàãàåìûå ïåðâîé ÷àñòè îöåíêè ∆
′
1, êîòîðûå

íàõîäÿòñÿ ïîä ìîäóëåì, êðîìå ∂ψi
∂t , ñòðåìÿòñÿ ê íóëþ ïðè βi → +∞, i = 1, 2;

âòîðàÿ æå ÷àñòü ðàâíÿåòñÿ íóëþ, áëàãîäàðÿ òîìó, ÷òî lim
βi→+∞
(i=1,2)

F12 = 0.

Âñå èçëîæåííûå ôàêòû ïîñëå ïðèìåíåíèÿ ê ðàâåíñòâó (55) è äàëüíåé-
øåãî âû÷èñëåíèÿ èíòåãðàëà ïî ïåðåìåííîé u ïðèâîäÿò ê (51)�(52). Òåîðåìà
äîêàçàíà.

Çàìå÷àíèå 1. Åñëè â ðàâåíñòâå (49) â êà÷åñòâå ôóíêöèé ψi(t, x), i = 1, 2
ðàññìàòðèâàòü ôèíèòíûå ”ïëàòî”, îïèñàííûå â Òåîðåìå 1, òî ìû ïîëó÷èì ðå-
çóëüòàò, èäåíòè÷íûé ñëó÷àþ 1) èç äîêàçàòåëüñòâà òîé æå Òåîðåìû 1, ïðè÷åì
ìíîæèòåëü ev2

oi , âûòåêàþùèé èç (52), ñóùåñòâåííî íè íà ÷òî íå âëèÿåò.
Îáñóæäåíèå ðåçóëüòàòîâ

Â äàííîé ðàáîòå óäàëîñü ïîñòðîèòü ðÿä áèìîäàëüíûõ ðàñïðåäåëåíèé âèäà
(4)-(8), êîòîðûå óäîâëåòâîðÿþò óðàâíåíèþ Áîëüöìàíà (1)-(3) ëèøü ïðèáëè-
æåííî â ñìûñëå ìèíèìèçàöèè íåâÿçêè (9), òåì íå ìåíåå, èìåþò äîñòàòî÷íî
èíòåðåñíûé ôèçè÷åñêèé ñìûñë.

Òàê, ïîëó÷åííûå ïðè äîêàçàòåëüñòâå Ñëåäñòâèÿ 1 óñëîâèÿ m
(
Gk

i

) |vk
i | → 0

çíà÷èòåëüíî ðàñøèðÿþò êîëè÷åñòâî âîçìîæíûõ âàðèàíòîâ ìèíèìèçàöèè
íåâÿçêè, ïî ñðàâíåíèþ, íàïðèìåð, ñ óñëîâèÿìè m

(
Gk

i

) → 0 èëè |vk
i | → 0,

áëàãîäàðÿ òîìó, ÷òî ïðè ðàçíûõ çíà÷åíèÿõ èíäåêñà k = 1, 2, 3 ëèáî ìåðà
ñîîòâåòñòâóþùåé ïðîåêöèè ìíîæåñòâà Gi, ëèáî ñîîòâåòñòâóþùàÿ ñîñòàâëÿ-
þùàÿ ìàññîâîé ñêîðîñòè ñòðåìÿòñÿ ê íóëþ. Ôèçè÷åñêèé ñìûñë âñåõ òàêèõ
âàðèàíòîâ ïîäðîáíî ðàññìîòðåí â ðàáîòå [16].

Çàìåòèì, ÷òî â Òåîðåìå 2 óñëîâèå (16) ðàññìàòðèâàåòñÿ òîëüêî äëÿ ïà-
ðàìåòðîâ ni > 1

2 , òàê êàê â ñëó÷àå ni = 1
2 â âûðàæåíèè (31) ïîÿâëÿåòñÿ

äîïîëíèòåëüíîå ñëàãàåìîå, ìèíèìèçàöèÿ êîòîðîãî ïðèâîäèò ê òðèâèàëüíîìó
ðåçóëüòàòó. Òî æå ñàìîå ñïðàâåäëèâî è äëÿ Òåîðåìû 4. À îòêàç îò ïðåäïîëî-
æåíèÿ (17) â Òåîðåìå 2 è Òåîðåìå 3 ïîçâîëÿåò ðàññìîòðåòü áîëåå îáùèé âèä
ðåøåíèé ïîñòàâëåííîé â ðàáîòå çàäà÷è.

Òàêæå îòìåòèì, ÷òî â ïðåäåëüíûõ ïåðåõîäàõ òèïà (39) èñïîëüçîâàíà ïðî-
èçâîëüíàÿ ìàëîñòü ÷èñëà d, ÷òî ñîîòâåòñòâóåò òå÷åíèþ ãàçà áëèçêîìó ê ñâî-
áîäíîìîëåêóëÿðíîìó (ãàç áëèçêèé ê êíóäñåíîâñêîìó); â îñòàëüíûõ æå ñëó-
÷àÿõ ðàññìàòðèâàåòñÿ áîëüöìàíîâñêèé ãàç ïðè ïðîèçâîëüíîì d > 0.

Âîçìîæíî, â ýòîé ðàáîòå îáíàðóæåíû íå âñå ðàñïðåäåëåíèÿ âèäà (4)-(8),
÷òî ñâÿçàíî ñ íåîäíîçíà÷íîñòüþ îöåíîê ñâåðõó òèïà (13).
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1. Âñòóï
Âiäîìî, ùî ìàòåìàòè÷íi ìîäåëi áàãàòüîõ òåõíi÷íèõ i ïðèðîäíèõ ïðîöåñiâ

ïðèâîäÿòü äî çàäà÷, òî÷íi ðîçâ'ÿçêè ÿêèõ îòðèìàòè êëàñè÷íèìè ìåòîäàìè
íåìîæëèâî. Çáiëüøåííÿ êiëüêîñòi íååëåìåíòàðíèõ ôóíêöié ïðèâîäèòü äî ñóò-
ò¹âîãî ðîçøèðåííÿ êîëà çàäà÷, ÿêi ìîæóòü áóòè ðîçâ'ÿçàíi ó çàìêíåíîìó
âèãëÿäi. Ïðè öüîìó îñîáëèâà óâàãà ïðèäiëÿ¹òüñÿ äîñëiäæåííþ íîâèõ ôóíêöié
ç ìåòîþ ¨õíüîãî ïîäàëüøîãî çàñòîñóâàííÿ ó òåîði¨ ôóíêöié, ÷èñëîâèõ ìåòîäàõ
òà ó ìîäåëþâàííi êîíêðåòíèõ ïðàêòè÷íèõ çàäà÷.

Êëàñè÷íi òðàíñöåíäåíòíi ôóíêöi¨ ex, sinx, cosx çàäàþòüñÿ ïðè äîïî-
ìîçi âiäïîâiäíèõ ñòåïåíåâèõ ðÿäiâ ç ó÷àñòþ ôàêòîðiàëiâ, ÿêi ìîæíà ïîäàòè
ó âèãëÿäi ñïàäíîãî ôàêòîðiàëüíîãî ñòåïåíÿ nn. Çàìiíèâøè ó öèõ ñòåïåíåâèõ
ðÿäàõ ñïàäíi ôàêòîðiàëüíi ñòåïåíi âiäïîâiäíèìè öåíòðàëüíèìè ôàêòîðiàëü-
íèìè ñòåïåíÿìè, îäåðæó¹ìî íîâi íååëåìåíòàðíi ôóíêöi¨ äiéñíî¨ çìiííî¨ Ẽ (x),
S̃ (x), C̃ (x) âiäïîâiäíî.

Ìåòîþ ñòàòòi ¹ äîñëiäæåííÿ ôóíêöié Ẽ (x), S̃ (x), C̃ (x), äîâåäåííÿ ôîð-
ìóë, ùî ¨õ ïîâ'ÿçóþòü, âñòàíîâëåííÿ çâ'ÿçêó öèõ ç âiäîìèìè ôóíêöiÿìè, à òà-
êîæ âèâåäåííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçâ'ÿçêàìè ÿêèõ ¹ íîâi
ôóíêöi¨.

2. Îñíîâíi îçíà÷åííÿ é ïîíÿòòÿ
Îçíà÷åííÿ 1. Äëÿ äîâiëüíèõ x ∈ R i m ∈ N ôàêòîðiàëüíèì ñòåïåíåì m

ç êðîêîì k ∈ R íàçèâàþòü âèðàç

xm{k} = x(x + k)(x + 2k) · . . . · (x + (m− 1)k
)
.

Ôàêòîðiàëüíèé ñòåïiíü íàçèâàþòü çðîñòàþ÷èì, ÿêùî k > 0, i ñïàäíèì, ÿêùî
k < 0. Ââàæàþòü, ùî x0{k} ≡ 1. Äëÿ k = 0 ìà¹ìî çâè÷àéíèé ñòåïiíü, áî
xm{0} = xm.

Çðîñòàþ÷i ôàêòîðiàëüíi ñòåïåíi m ç êðîêîì 1 i ñïàäíi ôàêòîðiàëüíi ñòå-
ïåíi m ç êðîêîì (� 1) ïîçíà÷èìî ÷åðåç xm i xm âiäïîâiäíî, òîáòî

xm = xm{1} = x(x + 1) · . . . · (x + m− 1),

xm = xm{−1} = x(x− 1) · . . . · (x−m + 1).

Î÷åâèäíî, ùî n! = 1n = nn.
Îñíîâíi âëàñòèâîñòi çðîñòàþ÷èõ i ñïàäíèõ ôàêòîðiàëüíèõ ñòåïåíiâ âèðà-

æàþòüñÿ âiäïîâiäíî ôîðìóëàìè

∆xm = mxm−1, ∆xm = mxm−1, (1)

äå ∆f(x) = f(x + 1)− f(x) � ðiçíèöÿ, à ∆f(x) = f(x)− f(x− 1) � çàïiçíiëà
ðiçíèöÿ ôóíêöi¨ f(x).

Îçíà÷åííÿ 2. Äëÿ äîâiëüíèõ x ∈ R i m ∈ N öåíòðàëüíèì ôàêòîðiàëü-
íèì ñòåïåíåì m ç êðîêîì k > 0 íàçèâàþòü âèðàç

xm[k] = x

(
x +

mk

2
− k

)(
x +

mk

2
− 2k

)
· . . . ·

(
x− mk

2
+ k

)
,
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ïðè÷îìó x0[k] ≡ 1.
Öåíòðàëüíèé ôàêòîðiàëüíèé ñòåïiíü m ç êðîêîì 1 ïîçíà÷àòèìåìî ÷åðåç

x[m], òîáòî x[m] = xm[1]. Íàïðèêëàä,

x[5] = (x− 3/2) (x− 1/2) x (x + 1/2) (x + 3/2) ,

x[6] = (x− 2)(x− 1)x2 (x + 1)(x + 2).

ßêùî δf(x) = f (x + 1/2)−f (x− 1/2) � öåíòðàëüíà ðiçíèöÿ ôóíêöi¨ f(x),
òî äëÿ öåíòðàëüíèõ ôàêòîðiàëüíèõ ñòåïåíiâ ç êðîêîì 1 ñïðàâäæó¹òüñÿ ôîð-
ìóëà, àíàëîãi÷íà äî ôîðìóë (1), òîáòî

δx[m] = mx[m−1].

Î÷åâèäíî, ùî
x[m] = x (x + m/2− 1)m .

Iíøi âëàñòèâîñòi òà äåÿêi çàñòîñóâàííÿ çðîñòàþ÷èõ, ñïàäíèõ i öåíòðàëüíèõ
ôàêòîðiàëüíèõ ñòåïåíiâ âèâ÷àëèñü, çîêðåìà, ó [1]�[5].

3. Àíàëiç îñòàííiõ äîñëiäæåíü i ïóáëiêàöié
Çà àíàëîãi¹þ ç êëàñè÷íèìè ñòåïåíåâèìè ðîçâèíåííÿìè

ex =
∞∑

n=0

xn

n!
, cosx =

∞∑

n=0

(−1)n

(2n)!
x2n, sinx =

∞∑

n=0

(−1)n

(2n + 1)!
x2n+1,

ÿêi ìîæíà ðîçãëÿäàòè ÿê ðÿäè, ïîáóäîâàíi ïðè äîïîìîçi ñïàäíèõ ôàêòîðiàëü-
íèõ ñòåïåíiâ (n! = nn), ó [6]�[8] îçíà÷åíi é äîñëiäæåíi íååëåìåíòàðíi ôóíêöi¨
äiéñíî¨ çìiííî¨ Exp(x), Cos(x), Sin(x), ïîáóäîâàíi ïðè äîïîìîçi çðîñòàþ÷èõ
ôàêòîðiàëüíèõ ñòåïåíiâ çà ôîðìóëàìè

Exp(x) =
∞∑

n=0

xn

nn
, Cos(x) =

∞∑

n=0

(−1)n

(2n)2n
x2n, Sin(x) =

∞∑

n=0

(−1)n

(2n + 1)2n+1
x2n+1.

Çîêðåìà, ó [6] âñòàíîâëåíi äåÿêi âëàñòèâîñòi öèõ ôóíêöié, âèâåäåíi ôîðìó-
ëè äëÿ ¨õ àíàëiòè÷íîãî ïðåäñòàâëåííÿ, ïîáóäîâàíi ãðàôiêè òà äîâåäåíi ôîð-
ìóëè, ÿêi ïîâ'ÿçóþòü öi ôóíêöi¨. Òàêîæ ïîêàçàíî, ùî êîæíà ç ôóíêöié Exp(x),
Cos(x), Sin(x) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ çâè÷àéíîãî ëiíiéíîãî íåîäíîðiä-
íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè (ïåðøîãî ïîðÿä-
êó � äëÿ ôóíêöi¨ Exp(x) òà äðóãîãî ïîðÿäêó � äëÿ Cos(x), Sin(x)).

Äåÿêi ðåçóëüòàòè öi¹¨ ñòàòòi áóëè àíîíñîâàíi â [9].
4. Ôóíêöiÿ Ẽ (x), ïîáóäîâàíà ïðè äîïîìîçi

öåíòðàëüíèõ ôàêòîðiàëüíèõ ñòåïåíiâ
Îçíà÷åííÿ 3. ×åðåç Ẽ (x) ïîçíà÷èìî ôóíêöiþ, âèçíà÷åíó ïðè äîïîìîçi

ñòåïåíåâîãî ðÿäó

Ẽ (x) =
∞∑

n=0

xn

n[n]
= (2)
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= 1 +
x

1
+

x2

2 · 2 +
x3

5
2 · 3 · 7

2

+
x4

3 · 4 · 4 · 5 +
x5

7
2 · 9

2 · 5 · 11
2 · 13

2

+ . . . .

Î÷åâèäíî, ùî

Ẽ (x) = 1 +
1
2

∞∑

n=1

(n− 1)!
(3n− 1)!

x2n +
∞∑

n=0

(2n− 1)!! 4n

(6n + 1)!!
x2n+1, (3)

äå (−1)!! ≡ 1, ïðè÷îìó îáèäâà ðÿäè ó (3) ¹ çáiæíèìè íà âñié ÷èñëîâié îñi.
Ðîçãëÿíåìî îêðåìî êîæåí ðÿä ç (3). Äëÿ ïåðøîãî ç íèõ

1
2

∞∑

n=1

(n− 1)!
(3n− 1)!

x2n =
x2

4

(
1 +

∞∑

n=1

1(
4
3 · 73 ·. . .· 3n+1

3

)·(5
3 · 83 ·. . .· 3n+2

3

)
(

x2

27

)n
)

=

=
x2

4

∞∑

n=0

1n

(
4
3

)n (
5
3

)n
n!

(
x2

27

)n

=
x2

4
· 1F2

(
1;

4
3
,
5
3
;
x2

27

)
,

äå 1F2(a1; b1, b2; z) � óçàãàëüíåíà ãiïåðãåîìåòðè÷íà ôóíêöiÿ, âèçíà÷åíà ïðè
äîïîìîçi óçàãàëüíåíîãî ãiïåðãåîìåòðè÷íîãî ðÿäó [10]:

1F2 (a1; b1, b2; z) =
∞∑

n=0

an
1

bn
1 bn

2

· zn

n!
,

à an
1 , bn

1 , bn
2 � çðîñòàþ÷i ôàêòîðiàëüíi ñòåïåíi.

Äëÿ äðóãîãî ðÿäó ç (3) ìà¹ìî:

∞∑

n=0

4n(2n− 1)!!
(6n + 1)!!

x2n+1 = x

(
1 +

∞∑

n=1

1(
5
6 · 11

6 ·. . .· 6n−1
6

)·(7
6 · 13

6 ·. . .· 6n+1
6

)
(

x2

27

)n
)

=

= x

∞∑

n=0

1n

(
5
6

)n (
7
6

)n
n!

(
x2

27

)n

= x · 1F2

(
1;

5
6
,
7
6
;
x2

27

)
.

Îòæå, äëÿ ôóíêöi¨ Ẽ (x) îñòàòî÷íî ìà¹ìî ôîðìóëó

Ẽ (x) = 1 +
x2

4
· 1F2

(
1;

4
3
,
5
3
;
x2

27

)
+ x · 1F2

(
1;

5
6
,
7
6
;
x2

27

)
. (4)

�äèíèì íóëåì ôóíêöi¨ Ẽ (x) ¹ ÷èñëî x0 ≈ −1,39945361, à ó òî÷öi x1 ≈
≈ −6,47065797 âîíà äîñÿãà¹ ñâîãî íàéìåíøîãî çíà÷åííÿ.

Ãðàôiê ôóíêöi¨ y = Ẽ (x) íàâåäåíèé íà ðèñ. 1.
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Ðèñ. 1: Ãðàôiê ôóíêöi¨ y = Ẽ (x)

5. Ôóíêöi¨ S̃ (x) i C̃ (x), ïîáóäîâàíi ïðè äîïîìîçi
öåíòðàëüíèõ ôàêòîðiàëüíèõ ñòåïåíiâ

Îçíà÷åííÿ 4. ×åðåç S̃ (x) i C̃ (x) ïîçíà÷èìî ôóíêöi¨, âèçíà÷åíi ïðè äî-
ïîìîçi ñòåïåíåâèõ ðÿäiâ

S̃ (x) =
∞∑

n=0

(−1)n x2n+1

(2n + 1)[2n+1]
, (5)

C̃ (x) =
∞∑

n=0

(−1)n x2n

(2n)[2n]
. (6)

Àíàëîãi÷íî äî äîâåäåííÿ ôîðìóëè (4) îäåðæó¹ìî ôîðìóëè

S̃ (x) = x · 1F2

(
1;

5
6
,
7
6
;−x2

27

)
, (7)

C̃ (x) = 1− x2

4
· 1F2

(
1;

4
3
,
5
3
;−x2

27

)
. (8)

Î÷åâèäíî, ùî ôóíêöiÿ S̃ (x) ¹ íåïàðíîþ, à ôóíêöiÿ C̃ (x) � ïàðíîþ.
Íàéìåíøèìè äîäàòíèìè íóëÿìè ôóíêöié S̃ (x), C̃ (x) ¹ âiäïîâiäíî ÷èñëà
s0 ≈ 6,12358366, c0 ≈ 2,07375071.

Ãðàôiêè ôóíêöié y = S̃ (x), y = C̃ (x) çîáðàæåíi íà ðèñóíêàõ 2, 3. Íà íèõ

ïóíêòèðîì ïðîâåäåíi ïàðàáîëè y2 = ±7πx

12
i
(

y +
1
2

)2

= ±7πx

12
âiäïîâiäíî.
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Ðèñ. 2: Ãðàôiê ôóíêöi¨ y = S̃ (x)

Ðèñ. 3: Ãðàôiê ôóíêöi¨ y = C̃ (x)

Îñêiëüêè çãiäíî ç (4)

Ẽ (±ix) = 1− x2

4
· 1F2

(
1;

4
3
,
5
3
;−x2

27

)
± ix · 1F2

(
1;

5
6
,
7
6
;−x2

27

)
,
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òî, âðàõîâóþ÷è (7), (8), îäåðæó¹ìî ôîðìóëó, àíàëîãi÷íó äî ôîðìóëè Åéëåðà:

Ẽ (±x) = C̃ (x)± iS̃ (x).

Çâiäñè

C̃ (x) =
1
2

(
Ẽ (ix) + Ẽ (−ix)

)
, S̃ (x) =

1
2i

(
Ẽ (ix)− Ẽ (−ix)

)
,

i, îòæå,
C̃ 2(x) + S̃ 2(x) = Ẽ (ix) · Ẽ (−ix).

5. Äèôåðåíöiàëüíi ðiâíÿííÿ ôóíêöié S̃ (x), C̃ (x)

Ïîêàæåìî, ùî ôóíêöi¨ S̃ (x), C̃ (x), îçíà÷åíi ó ï. 4, ¹ ðîçâ'ÿçêàìè çàäà÷ Êî-
øi äëÿ çâè÷àéíèõ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü òðåòüîãî ïîðÿäêó ç íåïå-
ðåðâíèìè êîåôiöi¹íòàìè.
Òåîðåìà 1. Ôóíêöi¨ S̃ (x), C̃ (x) ¹ ðîçâ'ÿçêàìè âiäïîâiäíî òàêèõ çàäà÷ Êîøi:

27x3y′′′ + (4x3 + 24x)y′ + (4x2 − 24)y = 0,

y(0) = 0, y′(0) = 1, y′′(0) = 0;
(9)

27x3y′′′ − 27x2y′′ + (4x3 + 51x)y′ − 48y = −48,

y(0) = 1, y′(0) = 0, y′′(0) = −1
2 .

(10)

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî ôóíêöiÿ S̃ (x) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi
(9). Óçàãàëüíåíà ãiïåðãåîìåòðè÷íà ôóíêöiÿ 1F2 (a1; b1, b2; z), ÷åðåç ÿêó, çãiäíî
ç (7), âèðàæà¹òüñÿ ôóíêöiÿ S̃ (x), ¹ ðîçâ'ÿçêîì ëiíiéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ òðåòüîãî ïîðÿäêó [10]

(
σ (σ + b1 − 1) (σ + b2 − 1)− z (σ + a1)

)
w(z) = 0,

äå σ � äèôåðåíöiàëüíèé îïåðàòîð z d
dz .

Îòæå, ôóíêöiÿ
w(z) = 1F2

(
1;

5
6
,
7
6
; z

)
(11)

¹ ðîçâ'ÿçêîì çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ
(
σ
(
σ − 1

6

)(
σ + 1

6

)− z (σ + 1)
)
w(z) = 0. (12)

Îñêiëüêè

σ1 = z
d

dz
, σ2 = z

d

dz
+ z2 d2

dz2
, σ3 = z

d

dz
+ 3z2 d2

dz2
+ z3 d3

dz3
,

òî ç (12), âèêîíàâøè íåñêëàäíi ïåðåòâîðåííÿ, ïåðåêîíó¹ìîñü, ùî ôóíêöiÿ (11)
¹ ðîçâ'ÿçêîì ðiâíÿííÿ

z2w′′′ + 3zw′′ −
(

z − 35
36

)
w′ − w = 0. (13)
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Âèêîíà¹ìî ó (13) çàìiíó íåçàëåæíî¨ çìiííî¨ çà ôîðìóëîþ z = −x2

27 . Òîäi

w′z = − 27
x

w′x, w′′z2 =
272

x3

(
xw′′x2 − w′x

)
,

w′′′z3 = − 273

x5

(
x2w′′′x3 − 3xw′′x2 + 3w′x

)

i, ïiäñòàâëÿþ÷è ó (13), îäåðæó¹ìî, ùî ôóíêöiÿ w(x) = F
(
1; 5

6 , 7
6 ;−x2

27

)
¹

÷àñòèííèì ðîçâ'ÿçêîì ðiâíÿííÿ

27x2w′′′ + 81xw′′ + (4x2 + 24)w′ + 8xw = 0. (14)

Íàðåøòi, âèêîíóþ÷è â (14) çàìiíó w(x) = S̃ (x)
x , îäåðæó¹ìî

27x2

(
y′′′

x
− 3y′′

x2
+

6y′

x3
− 6y

x4

)
+ 81x

(
y′′

x
− 2y′

x2
+

2y

x3

)
+

+(4x2 + 24)
(

y′

x
− y

x2

)
+ 8x

y

x
= 0,

òîáòî ôóíêöiÿ y = S̃ (x) ¹ ðîçâ'ÿçêîì ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ ç (9).
Òå, ùî ôóíêöiÿ S̃ (x) çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè y(0) = 0, y′(0) = 1,

y′′(0) = 0, âèïëèâà¹ ç (7).
Äîâåäåìî òåïåð, ùî ôóíêöiÿ C̃ (x) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (10). Ç (8)

âèïëèâà¹, ùî ôóíêöiÿ C̃ (x) çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè ç (10). Ïîêàæåìî,
ùî âîíà ¹ ÷àñòèííèì ðîçâ'ÿçêîì âiäïîâiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Àíàëîãi÷íî, ÿê öå áóëî çðîáëåíî äëÿ ôóíêöi¨ S̃ (x), ïåðåêîíó¹ìîñÿ, ùî
ôóíêöiÿ

w(z) = F

(
1;

4
3
,
5
3
; z

)

ç (8) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

z2w′′′ + 4zw′′ +
(

20
9
− z

)
w′ − w = 0,

à ôóíêöiÿ w(x) = F
(
1; 4

3 , 5
3 ;−x2

27

)
� ðîçâ'ÿçêîì ðiâíÿííÿ

27x2w′′′ + 135xw′′ + (4x2 + 105)w′ + 8xw = 0. (15)

Ïiäñòàâëÿþ÷è òåïåð â (15)

w(x) =
4
x2

(
1− C̃ (x)

)
,

îäåðæó¹ìî, ùî ôóíêöiÿ y = C̃ (x) ¹ ðîçâ'ÿçêîì ëiíiéíîãî íåîäíîðiäíîãî ðiâ-
íÿííÿ ç (10). Òåîðåìó äîâåäåíî.
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Ðàññìîòðåíà çàäà÷à ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà
îãðàíè÷åííîãî óïðàâëåíèÿ ñèñòåìîé ñ íåèçâåñòíûìè îãðàíè÷åííûìè
âîçìóùåíèÿìè. Íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìîñòè Â. È. Êîðî-
áîâà ïðåäëîæåíû ðàçëè÷íûå ïîäõîäû ê íàõîæäåíèþ ãðàíèö èçìåíåíèÿ
âîçìóùåíèÿ. Ïîñòðîåíî íåçàâèñÿùåå îò âîçìóùåíèÿ óïðàâëåíèå,
êîòîðîå ïåðåâîäèò ïðîèçâîëüíóþ íà÷àëüíóþ òî÷êó â íà÷àëî êîîðäèíàò
çà êîíå÷íîå âðåìÿ, äëÿ êîòîðîãî ïðèâåäåíà îöåíêà ñâåðõó.
Êëþ÷åâûå ñëîâà: çàäà÷à ðîáàñòíîãî ñèíòåçà, ïîçèöèîííîå îãðàíè÷åííîå
óïðàâëåíèå, íåèçâåñòíîå îãðàíè÷åííîå âîçìóùåíèå.
Ðåâiíà Ò. Â., Êiëüêà ïiäõîäiâ äî âèçíà÷åííÿ ìåæ çìiíè çáóðåí-
íÿ â çàäà÷i ãëîáàëüíîãî ðîáàñòíîãî ñèíòåçó. Ðîçãëÿíóòî çàäà÷ó
ãëîáàëüíîãî ðîáàñòíîãî ïîçèöiéíîãî ñèíòåçó îáìåæåíîãî êåðóâàííÿ
ñèñòåìîþ ç íåâiäîìèìè îáìåæåíèìè çáóðåííÿìè. Íà îñíîâi ìåòîäó
ôóíêöi¨ êåðîâàíîñòi Â. I. Êîðîáîâà çàïðîïîíîâàíî ðiçíîìàíiòíi ïiäõîäè
äî çíàõîäæåííÿ ìåæ çìiíè çáóðåííÿ. Ïîáóäîâàíå íåçàëåæíå âiä çáó-
ðåííÿ êåðóâàííÿ, ÿêå ïåðåâîäèòü äîâiëüíó ïî÷àòêîâó òî÷êó ó ïî÷àòîê
êîîðäèíàò çà ñêií÷åíèé ÷àñ, äëÿ ÿêîãî íàâåäåíà îöiíêà çâåðõó.
Êëþ÷îâi ñëîâà: çàäà÷à ðîáàñòíîãî ñèíòåçó, ïîçèöiéíå îáìåæåíå êåðó-
âàííÿ, íåâiäîìå îáìåæåíå çáóðåííÿ.
T. V. Revina, Several approaches to delimiting a perturbation
in the global robust feedback synthesis problem. The paper deals
with the problem of the global robust feedback synthesis of a bounded
control for a system with an unknown bounded perturbations. On the
basis of V. I. Korobov's controllability function method we suggest several
approaches to delimiting a perturbation. We provide a positional control
which is independent of the perturbation and steers an arbitrary initial
point to the origin in a �nite time; an estimate from above for the time of
motion is given.
Keywords: robust feedback synthesis problem, positional bounded control,
unknown bounded perturbation.

2000 Mathematics Subject Classi�cation: 93B50, 93C73, 93C10, 95B52,
93B35.
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1. Ïîñòàíîâêà çàäà÷è
Â ýòîé ðàáîòå ïðåäëîæåíî êîíñòðóêòèâíîå ðåøåíèå çàäà÷è ãëîáàëüíîãî

ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà îãðàíè÷åííîãî óïðàâëåíèÿ äëÿ îäíîãî ñïå-
öèàëüíîãî êëàññà ñèñòåì. Ïðåäëàãàþòñÿ ðàçíûå ïîäõîäû ê îïðåäåëåíèþ ãðà-
íèöû èçìåíåíèÿ âîçìóùåíèÿ. Ïîëó÷åíà îöåíêà ñâåðõó íà âðåìÿ äâèæåíèÿ èç
ïðîèçâîëüíîé íà÷àëüíîé òî÷êè â íà÷àëî êîîðäèíàò.

Âíà÷àëå ââåäåì ïîíÿòèå ëîêàëüíîãî ïîçèöèîííîãî ñèíòåçà îãðàíè÷åííîãî
óïðàâëåíèÿ. Ðàññìîòðèì ñèñòåìó

ẋ = f(t, x, u), (1)

ãäå x ∈ Q ⊂ Rn, u ∈ Ω ⊂ Rr, ïðè÷åì Ω òàêîâî, ÷òî 0 ∈ int Ω.
Ïîä ëîêàëüíûì ïîçèöèîííûì ñèíòåçîì îãðàíè÷åííîãî óïðàâëåíèÿ áóäåì

ïîíèìàòü íàõîæäåíèå òàêîãî óïðàâëåíèÿ u = u(x) ∈ Ω, ÷òî òðàåêòîðèÿ x(t)
çàìêíóòîé ñèñòåìû ẋ = f(t, x, u(x)), âûõîäÿùàÿ èç ïðîèçâîëüíîé íà÷àëüíîé
òî÷êè x(0) = x0 ∈ Q ⊂ Rn, îêàí÷èâàåòñÿ â íà÷àëå êîîðäèíàò â íåêîòîðûé
êîíå÷íûé ìîìåíò âðåìåíè T (x0) < ∞, ò. å. lim

t→T (x0)
x(t) = 0. Ïðè ýòîì åñëè

Q = Rn, òî ñèíòåç íàçûâàåòñÿ ãëîáàëüíûì.
Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è â 1979 ãîäó Êîðîáîâûì Â. È. áûë ïðåä-

ëîæåí ìåòîä ôóíêöèè óïðàâëÿåìîñòè [2, 3], ðàçâèòûé â ñîâìåñòíûõ ðàáîòàõ
Êîðîáîâà Â. È., Ñêëÿðà Ã. Ì. [7] è äðóãèõ àâòîðîâ (íàïðèìåð, [1]). Ê ðà-
áîòàì Êîðîáîâà Â. È. ïðèìûêàþò ðàáîòû Polyakov è äð. [18], Rodoumta è
äð. [19]. Ïðèëîæåíèå ìåòîäà ê çàäà÷àì óïðàâëåíèÿ õàîñîì ìîæíî íàéòè â
ðàáîòå Bowong è äð. [12]. Äðóãèå èäåè äëÿ áëèçêèõ ïîñòàíîâîê çàäà÷ ðàçâè-
âàþòñÿ â ðàáîòàõ [13, 14, 16]. Â ðàáîòå [4] ìåòîä ôóíêöèè óïðàâëÿåìîñòè áûë
îáîáùåí íà ñëó÷àé ñèñòåì ñ âîçìóùåíèåì âèäà

ẋ = Ax + b(u + v), |u| ≤ d, |v| ≤ γ < d,

ãäå v � íåèçâåñòíîå âîçìóùåíèå.
Â ðàáîòå â [6] áûëà ïîñòàâëåíà ñëåäóþùàÿ çàäà÷à: äëÿ ñèñòåì âèäà

ẋ = (A + pD)x + bu, −d1 ≤ p ≤ d2, (d1, d2 > 0)

òðåáóåòñÿ ïîñòðîèòü òàêîå óïðàâëåíèå u = u(x), |u| ≤ 1, ÷òî òðàåêòîðèÿ
x(t, x0) ñèñòåìû ẋ = (A + pD)x + bu(x), âûõîäÿùàÿ èç ïðîèçâîëüíîé òî÷êè
x0 ∈ Rn â ìîìåíò âðåìåíè t0 = 0, ïîïàäàåò â òî÷êó x1 = 0 çà êîíå÷íîå âðåìÿ
T (x0) ïðè ëþáîì p ∈ [−d1; d2]. Ýòó çàäà÷ó ìû áóäåì íàçûâàòü çàäà÷åé ðî-
áàñòíîãî ïîçèöèîííîãî ñèíòåçà (òî÷íîå îïðåäåëåíèå áóäåò äàíî íèæå). Äàëåå,
â ðàáîòå [9] ðåøåíà çàäà÷à ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà äëÿ êîíêðåòíûõ
êîëåáàòåëüíûõ ñèñòåì âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ.

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì çàäà÷ó ãëîáàëüíîãî ðîáàñòíîãî ïîçè-
öèîííîãî ñèíòåçà îãðàíè÷åííîãî óïðàâëåíèÿ äëÿ ñèñòåìû





ẋ1 = (1 + p(t, x))x2,
ẋi = (1 + rip(t, x))xi+1, i = 2, . . . , n− 1,
ẋn = u,

(2)
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ãäå t ≥ 0, x ∈ Rn, u � ñêàëÿðíîå óïðàâëåíèå, óäîâëåòâîðÿþùåå îãðàíè÷å-
íèþ |u| ≤ 1, r2, . . . rn−1 � íåêîòîðûå ÷èñëà, p(t, x) � íåèçâåñòíîå îãðàíè÷åí-
íîå âîçìóùåíèå, óäîâëåòâîðÿþùåå îãðàíè÷åíèþ |p(t, x)| ≤ d.

Äëÿ ÷èñëà d ÷åðåç Pd îáîçíà÷èì êëàññ ôóíêöèé p(t, x) : [0;+∞)×Rn → R,
óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

1) p(t, x) íåïðåðûâíî ïî ïåðåìåííîé t;
2) â êàæäîé îáëàñòè

K1(t1, ρ2) = {(t, x) : 0 ≤ t ≤ t1, ‖x‖ ≤ ρ2}, ρ2 > 0, t1 > 0

ôóíêöèÿ p(t, x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

|p(t, x′′)− p(t, x′)| ≤ `1(t1, ρ2)‖x′′ − x′‖;

3) äëÿ âñåõ (t, x) ∈ [0;+∞)×Rn ôóíêöèÿ p(t, x) óäîâëåòâîðÿåò îãðàíè÷å-
íèþ |p(t, x)| ≤ d.

Ïîä d-ãëîáàëüíûì ðîáàñòíûì ïîçèöèîííûì ñèíòåçîì îãðàíè÷åííîãî
óïðàâëåíèÿ áóäåì ïîíèìàòü íàõîæäåíèå òàêîãî óïðàâëåíèÿ u = u(x), x ∈ Rn,
÷òî:

1) â êàæäîé îáëàñòè K2(ρ1, ρ2) = {x : 0 < ρ1 ≤ ‖x‖ ≤ ρ2}, 0 < ρ1 < ρ2

ôóíêöèÿ u(x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

|u(x′′)− u(x′)| ≤ `2(ρ1, ρ2)‖x′′ − x′‖;

2) äëÿ âñåõ x ∈ Rn âûïîëíåíî óñëîâèå |u(x)| ≤ 1;
3) äëÿ âñåõ p(t, x) ∈ Pd òðàåêòîðèÿ x(t) çàìêíóòîé ñèñòåìû





ẋ1 = (1 + p(t, x))x2,
ẋi = (1 + rip(t, x))xi+1, i = 2, . . . , n− 1,
ẋn = u(x),

âûõîäÿùàÿ èç ïðîèçâîëüíîé íà÷àëüíîé òî÷êè x(0) = x0 ∈ Rn, îêàí÷èâàåòñÿ
â íà÷àëå êîîðäèíàò â íåêîòîðûé êîíå÷íûé ìîìåíò âðåìåíè T (x0, p) < ∞, ò. å.

lim
t→T (x0,p)

x(t) = 0.

Íàøà öåëü � äëÿ çàäàííûõ r2, . . . , rn−1 ïîëó÷èòü îöåíêó äëÿ d, ïðè êî-
òîðîì çàäà÷à ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà èìååò ðåøåíèå.
Çàìåòèì, ÷òî ïðè p(t, x) = −1 â ñèñòåìå (2) ïåðâàÿ êîîðäèíàòà íå óïðàâëÿåìà,
ò. å. íå ïðè âñåõ d çàäà÷à ðàçðåøèìà.

Ðàáîòà ïîñòðîåíà ñëåäóþùèì îáðàçîì. Â ðàçäåëå 2 ïðåäñòàâëåíû íåêîòî-
ðûå ðåçóëüòàòû ìåòîäà ôóíêöèè óïðàâëÿåìîñòè, íåîáõîäèìûå â äàëüíåéøåì.
Â ðàçäåëå 3 ñîäåðæàòñÿ îñíîâíûå ðåçóëüòàòû ðàáîòû (òåîðåìà 2). Â ðàçäåëå 4
ïðèâåäåí ïðèìåð.
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2. Ìåòîä ôóíêöèè óïðàâëÿåìîñòè
Îïèøåì îäèí èç âîçìîæíûõ ïîäõîäîâ ê ðåøåíèþ çàäà÷è ãëîáàëüíîãî ïî-

çèöèîííîãî ñèíòåçà äëÿ êàíîíè÷åñêîé ñèñòåìû [5, 7]:

ẋ1 = x2, ẋ2 = x3, . . . , ẋn−1 = xn, ẋn = u, (3)

ãäå x ∈ Rn, u � ñêàëÿðíîå óïðàâëåíèå, óäîâëåòâîðÿþùåå îãðàíè÷åíèþ |u|≤1.
Ýòó ñèñòåìó ìîæíî çàïèñàòü â âèäå ẋ = A0x + b0u, ãäå

A0 =




0 1 0 . . . 0 0
0 0 1 . . . 0 0

. . .
0 0 0 . . . 0 1
0 0 0 . . . 0 0




, b0 =




0
. . .
0
1


 .

Çàìåòèì, ÷òî ïðè p(t, x) = 0 ñèñòåìà (2) ïîëíîñòüþ óïðàâëÿåìà è ñîâïà-
äàåò ñ ñèñòåìîé (3). Ïóñòü ìàòðèöà F−1 èìååò âèä

F−1 =

1∫

0

(1− t)e−A0tb0b
∗
0e
−A∗0tdt =

=
(

(−1)2n−i−j

(n− i)!(n− j)!(2n− i− j + 1)(2n− i− j + 2)

)n

i,j=1

.

Â ðàáîòå [10] óêàçàí ÿâíûé âèä ýëåìåíòîâ fij ìàòðèöû F. Îáîçíà÷èì

D(Θ) = diag
(
Θ− 2n−2i+1

2

)n

i=1
.

Òåîðåìà 1 (Êîðîáîâ, Ñêëÿð [7]) Îïðåäåëèì ôóíêöèþ óïðàâëÿåìîñòè
Θ = Θ(x) êàê åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ

2a0Θ = (D(Θ)FD(Θ)x, x), x 6= 0, Θ(0) = 0, (4)

ãäå ïîñòîÿííàÿ a0 âûáèðàåòñÿ ñîãëàñíî íåðàâåíñòâó

0 < a0 ≤ 2
fnn

. (5)

Òîãäà óïðàâëåíèå âèäà

u(x) = −1
2

b∗0D(Θ(x))FD(Θ(x))x (6)

ðåøàåò äëÿ ñèñòåìû (3) çàäà÷ó ãëîáàëüíîãî ïîçèöèîííîãî ñèíòåçà íåïðåðûâ-
íîãî óïðàâëåíèÿ, óäîâëåòâîðÿþùåãî îãðàíè÷åíèþ |u| ≤ 1. Ïðè ýòîì ôóíêöèÿ
óïðàâëÿåìîñòè Θ(x0) ÿâëÿåòñÿ âðåìåíåì äâèæåíèÿ èç ïðîèçâîëüíîé òî÷êè
x0 â íà÷àëî êîîðäèíàò.
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3. Îñíîâíûå ðåçóëüòàòû
Ïåðåïèøåì ñèñòåìó (2) â ìàòðè÷íîì âèäå

ẋ = (A0 + p(t, x)R)x + b0u,

ãäå ìàòðèöû A0 è b0 ââåäåíû ðàíåå, à ìàòðèöà R èìååò âèä

R =




0 1 0 . . . 0 0
0 0 r2 . . . 0 0

. . .
0 0 0 . . . 0 rn−1

0 0 0 . . . 0 0




.

Îáîçíà÷èì y(Θ, x) = D(Θ)x. Òîãäà óðàâíåíèå (4) ïðèíèìàåò âèä

2a0Θ = (Fy(Θ, x), y(Θ, x)). (7)

Âûáåðåì ïîñòîÿííóþ a0, óäîâëåòâîðÿþùóþ íåðàâåíñòâó (5). Ðàññìîòðèì çà-
ìêíóòóþ ñèñòåìó

ẋ = (A0 + p(t, x)R)x + b0u(x), (8)
ãäå u(x) çàäàåòñÿ ôîðìóëîé (6), Θ(x(t)) � åäèíñòâåííîå ïîëîæèòåëüíîå ðåøå-
íèå óðàâíåíèÿ (7). Îáîçíà÷èì ÷åðåç x(t) òðàåêòîðèþ ñèñòåìû (8) è íàéäåì
ïðîèçâîäíóþ â ñèëó ñèñòåìû Θ̇ = d

dtΘ(x(t)). Èç óðàâíåíèÿ (7) èìååì

2a0Θ̇ = (F ẏ(Θ, x), y(Θ, x)) + (Fy(Θ, x), ẏ(Θ, x)). (9)

Íàéäåì ẏ(Θ, x). Îáîçíà÷èì H = diag
(−2n−2i+1

2

)n

i=1
òîãäà d

dΘ
D(Θ) =

=
1
Θ

HD(Θ), îòêóäà

ẏ(Θ, x) = Ḋ(Θ)x + D(Θ)ẋ =
Θ̇
Θ

Hy(Θ, x) + D(Θ)A0D
−1(Θ)y(Θ, x)+

+p(t, x)D(Θ)RD−1(Θ)y(Θ, x)− 1
2
D(Θ)b0b

∗
0D(Θ)Fy(Θ, x).

Îáîçíà÷èì

F 1 = F − FH −HF = ((2n− i− j + 2)fij)n
i,j=1 =

=




2nf11 (2n− 1)f12 . . . (n + 1)f1n

(2n− 1)f21 (2n− 2)f22 . . . nf2n

. . .
(n + 1)f1n nf2n . . . 2fnn


 .

Çàìåòèì, ÷òî F 1 � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà [5]. Îáîçíà÷èì

S(Θ) = Θ(FD(Θ)RD−1(Θ) + D−1(Θ)R∗D(Θ)F ).
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Íåòðóäíî óñòàíîâèòü òîæäåñòâî [5] D(Θ)RD−1(Θ) = Θ−1R, îòêóäà

S(Θ) = S = FR + R∗F.

Â äàëüíåéøåì ìû ñóùåñòâåííî ïîëüçóåìñÿ òåì, ÷òî ìàòðèöà S íå çàâèñèò
îò Θ. Óêàæåì ÿâíûé âèä ìàòðèöû S :



0 f11 f12r2 . . . f1n−1rn−1

f11 2f12 f13 + f22r2 . . . f1n + f2n−1rn−1

f12r2 f13 + f22r2 2f23r2 . . . f2nr2 + f3n−1rn−1

. . .
f1n−1rn−1 f1n + f2n−1rn−1 f2nr2 + f3n−1rn−1 . . . 2fn−1nrn−1




.

Ìîæíî äîêàçàòü òîæäåñòâà [5]

D(Θ)A0D
−1(Θ) =

1
Θ

A0, D(Θ)b0 = Θ−1/2b0, FA0 + A∗0F − Fb0b
∗
0F = −F 1,

ïîëüçóÿñü êîòîðûìè, èç ðàâåíñòâà (9) ïîëó÷àåì

Θ̇(2a0− 1
Θ

((FH + HF )y(Θ, x), y(Θ, x))) =
1
Θ

((−F 1 + p(t, x)S)y(Θ, x), y(Θ, x)).

Ïðèíèìàÿ âî âíèìàíèå óðàâíåíèå (7), ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ ôóíêöèè
óïðàâëÿåìîñòè â ñèëó ñèñòåìû (8) èìååò âèä

Θ̇ =
(−F 1 + p(t, x)S)y(Θ, x), y(Θ, x))

(F 1y(Θ, x), y(Θ, x))
. (10)

Ââåäåì îáîçíà÷åíèÿ:
• mij � ýëåìåíòû ìàòðèöû M ;
• M∗ � ìàòðèöà, òðàíñïîíèðîâàííàÿ ê ìàòðèöå M ;
• σ(M) � ñïåêòð ìàòðèöû M ;
• ρ(M) = max{|λ|, λ ∈ σ(M)} � ñïåêòðàëüíûé ðàäèóñ ìàòðèöû M ;
• λmin(M) = min{λ : λ ∈ σ(M)}, ãäå M � ñèììåòðè÷íàÿ ìàòðèöà;
• λmax(M) = max{λ : λ ∈ σ(M)}, ãäå M � ñèììåòðè÷íàÿ ìàòðèöà;
• ||M ||∞ = max

1≤i≤n

n∑
j=1

|mij | � ìàòðè÷íàÿ íîðìà;

• |M | = (|mij |)n
i,j=1 � àáñîëþòíîå çíà÷åíèå ìàòðèöû M, ò. å. ìàòðèöà, ñîñòî-

ÿùàÿ èç ìîäóëåé ýëåìåíòîâ ìàòðèöû M ;
• ||x||2 =

√
|x1|2 + . . . + |xn|2 � åâêëèäîâà âåêòîðíàÿ íîðìà;

• ||S||2 = max{
√

λ : λ ∈ σ(S∗S)} � åâêëèäîâà ìàòðè÷íàÿ íîðìà;
• âûðàæåíèå M < 0 îçíà÷àåò, ÷òî ìàòðèöà M îòðèöàòåëüíî îïðåäåëåíà;
• M1 < M2 îçíà÷àåò, ÷òî M1 −M2 < 0.

Â äàëüíåéøåì ìû òàêæå èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ:
• λi(F 1) ∈ σ(F 1) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû F 1;
• Q =

∞∫
0

e2(γ1−1)F 1tdt;

• Z(γ1) = |U∗| · |S| · |U |, ãäå U � îðòîãîíàëüíàÿ ìàòðèöà, ñòîëáöàìè êîòîðîé
ÿâëÿþòñÿ ñîáñòâåííûå âåêòîðû ìàòðèöû ((γ1 − 1)F 1).
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Òåîðåìà 2 Ïóñòü 0 < γ1 < 1 è âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

1. d0 =
(1− γ1)λmin(F 1)

ρ(S)
, (11)

2. d0 =
1

2||Q||∞||S||∞ , (12)

3. d0 = (1− γ1) min
1≤i≤n

λi(F 1)
n∑

j=1
zij(γ1)

, (13)

4. d0 =
1− γ1

ρ(|(F 1)−1| · |S|) . (14)

Òîãäà äëÿ âñåõ d òàêèõ, ÷òî 0 ≤ d < d0, óïðàâëåíèå, çàäàâàåìîå
ôîðìóëîé (6), ãäå ôóíêöèÿ óïðàâëÿåìîñòè Θ(x) åñòü åäèíñòâåííîå ïîëî-
æèòåëüíîå ðåøåíèå óðàâíåíèÿ (4) ïðè a0, óäîâëåòâîðÿþùåì íåðàâåíñòâó
(5), ðåøàåò çàäà÷ó d-ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà. Ïðè
ýòîì òðàåêòîðèÿ ñèñòåìû (8), âûõîäÿùàÿ èç ïðîèçâîëüíîé íà÷àëüíîé òî÷-
êè x(0) = x0 ∈ Rn, îêàí÷èâàåòñÿ â òî÷êå x1(T ) = 0 â íåêîòîðûé êîíå÷íûé
ìîìåíò âðåìåíè T = T (x0, d), òàêîé, ÷òî

T (x0, d) ≤ Θ(x0)/γ1. (15)

Äîêàçàòåëüñòâî. Ïóñòü d0 çàäàåòñÿ îäíîé èç ôîðìóë (11)-(14). Ðàññìîò-
ðèì ñåìåéñòâî ñèììåòðè÷íûõ ìàòðèö K(p) = (−1+γ1)F 1 +pS. Äîêàæåì, ÷òî
èç óñòîé÷èâîñòè ýòîãî ñåìåéñòâà ïðè âñåõ |p| ≤ d < d0 âûòåêàåò, ÷òî

Θ̇ < −γ1.

Ïóñòü ñåìåéñòâî K(p) óñòîé÷èâî ïðè âñåõ |p| ≤ d < d0, òî åñòü K(p) < 0.
Òîãäà −F 1 + pS < −γ1F

1. Òîãäà äëÿ âñåõ y(Θ, x) è äëÿ âñåõ |p(t, x)| ≤ d < d0

âûïîëíåíî

((−F 1 + p(t, x)S)y(Θ, x), y(Θ, x)) < −γ1(F 1y(Θ, x), y(Θ, x)). (16)

Ïîýòîìó, ïîäñòàâëÿÿ (16) â (10), â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàò-
ðèöû F 1 [5] ïîëó÷àåì Θ̇ < −γ1. Äàëüíåéøèé õîä äîêàçàòåëüñòâà àíàëîãè÷åí
äîêàçàòåëüñòâó äëÿ êàíîíè÷åñêîé ñèñòåìû [5][Òåîðåìà 1.2]

Òåïåðü â êàæäîì èç ñëó÷àåâ (11)-(14) äîêàæåì óñòîé÷èâîñòü ñåìåéñòâà
K(p) ïðè âñåõ |p| ≤ d < d0.

1. Óñëîâèå (11). Âîñïîëüçóåìñÿ óòâåðæäåíèåì

Ëåììà 1 (Õîðí è äð. [11], ãëàâà 6.3) Ïóñòü K � íîðìàëüíàÿ ìàòðèöà
(ò. å. KK∗ = K∗K) ñ ñîáñòâåííûìè çíà÷åíèÿìè λ̂1, . . . , λ̂n è E � ïðîèç-
âîëüíàÿ ìàòðèöà. Åñëè λ � ñîáñòâåííîå çíà÷åíèå ìàòðèöû K + E, òî íàé-
äåòñÿ λ̂i, äëÿ êîòîðîãî

|λ− λ̂i| ≤ ||E||2. (17)
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Îáîçíà÷èì K = (−1+γ1)F 1 (ýòî ñèììåòðè÷åñêàÿ ìàòðèöà, ñëåäîâàòåëüíî,
îíà ÿâëÿåòñÿ íîðìàëüíîé) è E = p ·S. Äëÿ ýòèõ ìàòðèö ìû ìîæåì âîñïîëüçî-
âàòüñÿ ëåììîé 1. Ïóñòü λ(p) ∈ σ(K(p)) � ñîáñòâåííîå çíà÷åíèå ìàòðèöû K(p).
Óñëîâèå (17) îçíà÷àåò, ÷òî ñóùåñòâóåò òàêîå ñîáñòâåííîå çíà÷åíèå λ̂i ìàòðèöû
K, ÷òî

|λ(p)− λ̂i| ≤ d · ||S||2 < d0 · ||S||2. (18)

Ïðè ýòîì λ̂i ìîãóò ñîâïàäàòü ïðè ðàçíûõ λ(p).
Çàìåòèì, ÷òî λ̂i = (−1+γ1)λi(F 1). Ïîñêîëüêó S = S∗, òî ||S||2 = ρ(S). Èç

óñëîâèÿ (18) âûòåêàåò, ÷òî

λ(p) < (−1 + γ1)λi(F 1) + d0ρ(S).

Ïîäñòàâèì d0 èç óñëîâèÿ (11). Òîãäà

λ(p) < (−1+ γ1)λi(F 1)+ (1− γ1)λmin(F 1) = (1− γ1)(−λi(F 1)+λmin(F 1)) ≤ 0,

ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ (11) ïðè 0 < γ1 < 1 ñåìåéñòâî ìàò-
ðèö K(p) óñòîé÷èâî ïðè âñåõ |p| ≤ d < d0, òî åñòü âñå ñîáñòâåííûå çíà÷åíèÿ
ìàòðè÷íîãî ñåìåéñòâà K(p) îòðèöàòåëüíû.

2. Óñëîâèå (12). Âîñïîëüçóåìñÿ ðåçóëüòàòàìè ðàáîòû [21], â êîòîðîé
èñïîëüçóåòñÿ ïîíÿòèå èíòåðâàëüíîé ìàòðèöû.

Îïðåäåëåíèå 1 Ïóñòü Am � ìàòðèöà ñ ýëåìåíòàìè am
ij , AM � ìàòðè-

öà ñ ýëåìåíòàìè aM
ij . Èíòåðâàëüíîé ìàòðèöåé [Am, AM ] íàçûâàåòñÿ ñåìåé-

ñòâî ìàòðèö âèäà [Am, AM ] = {A : am
ij ≤ aij ≤ aM

ij , 1 = i, j ≤ n}. Îáîçíà÷èì
Ac = (Am + AM )/2.

Ëåììà 2 (Wang è äð. [21]) Ïóñòü äëÿ èíòåðâàëüíîé ìàòðèöû [Am, AM ]
âûïîëíåíî:
1) ìàòðèöû Am è AM ÿâëÿþòñÿ ñèììåòðè÷íûìè;
2) ìàòðèöà Ac óñòîé÷èâà;
3) ||AM − Am||∞ < 1/||Q||∞, ãäå Q � ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ Ëÿïó-
íîâà QAc + AcQ = −I.

Òîãäà èíòåðâàëüíàÿ ìàòðèöà [Am, AM ] óñòîé÷èâà (ò. å. êàæäàÿ ìàò-
ðèöà ñåìåéñòâà ÿâëÿåòñÿ óñòîé÷èâîé).

Ïðèìåì Am = (−1 + γ1)F 1 − d|S|, AM = (−1 + γ1)F 1 + d|S|, òîãäà
K(p) ⊂ [Am, AM ]. Çàìåòèì, ÷òî ìàòðèöà Ac = K(0) = (−1+γ1)F 1 ïðè 0<γ1<1
ÿâëÿåòñÿ óñòîé÷èâîé (íàïîìíèì, ÷òî ìàòðèöà F 1 ÿâëÿåòñÿ ïîëîæèòåëüíî
îïðåäåëåííîé [5]). Òîãäà ìàòðè÷íîå óðàâíåíèå Ëÿïóíîâà QAc + AcQ = −I

èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå çàäàåòñÿ ðàâåíñòâîì Q =
∞∫
0

e2Actdt.

Âû÷èñëèì
||AM −Am||∞ = ||2d · |S| ||∞ < 2d0 · ||S||∞.
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Ïîäñòàâèì d0 èç óñëîâèÿ (12). Òîãäà äëÿ âñåõ |p| ≤ d < d0 âûïîëíåíî

||AM −Am||∞ < 2d0 · ||S||∞ = 1/||Q||∞.

Ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ (12) âûïîëíåíû óñëîâèÿ ëåììû 2,
òî åñòü ñåìåéñòâî ìàòðèö [Am, AM ] óñòîé÷èâî, à çíà÷èò è K(p) óñòîé÷èâî ïðè
âñåõ |p| ≤ d < d0.

3. Óñëîâèå (13). Â ðàáîòå [15] ðàññìàòðèâàåòñÿ èíòåðâàëüíàÿ ìàòðèöà
âèäà AI = Ac + δA, ïðè÷åì ýëåìåíòû ìàòðèöû δA óäîâëåòâîðÿþò óñëîâèþ
|δaij | ≤ 4aij . Îáîçíà÷èì ÷åðåç 4A ìàòðèöó ñ ýëåìåíòàìè 4aij .

Ëåììà 3 (Juang è äð. [17], Franze è äð. [15]) Ïóñòü Ac äèàãîíàëèçè-
ðóåìà, σ(Ac) = {λ1, . . . , λn}, U � ìàòðèöà, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ
ñîáñòâåííûå âåêòîðû ìàòðèöû Ac. Îáîçíà÷èì Z = |U−1| · 4A · |U |. Òîãäà
ñîáñòâåííûå çíà÷åíèÿ èíòåðâàëüíîé ìàòðèöû Ac + δA ïðèíàäëåæàò îáú-
åäèíåíèþ øàðîâ ñ öåíòðàìè λi è ðàäèóñàìè ρr

i =
n∑

j=1
zij , i = 1, . . . , n (ñóììà

ýëåìåíòîâ ñòðîêè ìàòðèöû Z), à òàêæå îáúåäèíåíèþ øàðîâ ñ öåíòðàìè λi

è ðàäèóñàìè ρc
i =

n∑
j=1

zji, i = 1, . . . , n (ñóììà ýëåìåíòîâ ñòîëáöà ìàòðèöû Z).

Ïóñòü Ac = (−1 + γ1)F 1, δA = p · S, òîãäà 4A = d · |S|. Çàìåòèì, ÷òî ñîá-
ñòâåííûå çíà÷åíèÿ ìàòðèöû Ac èìåþò âèä λi = (−1 + γ1)λi(F 1). Íàïîìíèì,
÷òî Z(γ1) = |U∗| · |S| · |U |, ãäå U � îðòîãîíàëüíàÿ ìàòðèöà, ñòîëáöàìè êîòî-
ðîé ÿâëÿþòñÿ ñîáñòâåííûå âåêòîðû ìàòðèöû ((γ1 − 1)F 1). Äëÿ ïîñòðîåíèÿ
U âûáåðåì îðòîãîíàëüíûå ñîáñòâåííûå âåêòîðû, òîãäà U = (U−1)∗. Êðîìå
òîãî, çàìåòèì, ÷òî äëÿ ïðîèçâîëüíîé ìàòðèöû |M∗| = |M |∗. Òîãäà Z(γ1) �
ñèììåòðè÷íàÿ ìàòðèöà, îòêóäà ρr

k = ρc
k.

Ëåììà 3 îçíà÷àåò, ÷òî äëÿ êàæäîãî λ(p) ∈ σ(K(p)) ñóùåñòâóåò
k = 1, . . . , n, òàêîå, ÷òî

|λ(p)− (−1 + γ1)λk(F 1)| ≤ d
n∑

j=1

zkj(γ1) < d0

n∑

j=1

zkj(γ1), (19)

ñëåäîâàòåëüíî,

λ(p) < (−1 + γ1)λk(F 1) + d0

n∑

j=1

zkj(γ1).

Ïîäñòàâèì d0 èç óñëîâèÿ (13). Òîãäà

λ(p) < (1− γ1)
n∑

j=1

zkj(γ1)


−

λk(F 1)
n∑

j=1
zkj

+ min
1≤i≤n

λi(F 1)
n∑

s=1
zis(γ1)


 ≤ 0.
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Ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ (13) ñåìåéñòâî ìàòðèö K(p) óñòîé-
÷èâî ïðè âñåõ |p| ≤ d < d0.

4. Óñëîâèå (14). Â ðàáîòå [20] ðàññìàòðèâàåòñÿ ñèììåòðè÷íàÿ èíòåð-
âàëüíàÿ ìàòðèöà, ò. å. Am = Ac −4A, AM = Ac +4A.

Ëåììà 4 (Rohn [20]) Ïóñòü 4A � ìàòðèöà, êàæäûé ýëåìåíò êîòîðîé
íåîòðèöàòåëåí. Ïóñòü Ac è 4A ÿâëÿþòñÿ ñèììåòðè÷íûìè ìàòðèöàìè è
Ac óñòîé÷èâà, ïðè÷åì âûïîëíåíî íåðàâåíñòâî

ρ(|A−1
c |4A) < 1. (20)

Òîãäà èíòåðâàëüíàÿ ìàòðèöà [Ac −4A; Ac +4A] óñòîé÷èâà (ò. å. êàæäàÿ
ìàòðèöà ñåìåéñòâà ÿâëÿåòñÿ óñòîé÷èâîé).

Çàìåòèì, ÷òî

K(p) ⊂ [(−1 + γ1)F 1 − d|S|; (−1 + γ1)F 1 + d|S|].
Äîêàæåì, ÷òî ñåìåéñòâî [(−1 + γ1)F 1 − d|S|; (−1 + γ1)F 1 + d|S|] óñòîé÷èâî,
îòêóäà áóäåò âûòåêàòü óñòîé÷èâîñòü ñåìåéñòâà K(p).

Ïîëîæèì Ac = (−1 + γ1)F 1. Ýòà ìàòðèöà óñòîé÷èâà ïðè 0 < γ1 < 1.
Ïîëîæèì 4A = d · |S|. Òîãäà

ρ(|A−1
c |4A) = ρ(|((−1 + γ1)F 1)−1| · d · |S|) =

=
dρ(|(F 1)−1| · |S|)

1− γ1
<

d0ρ(|(F 1)−1| · |S|)
1− γ1

.

Ïîäñòàâèì d0 èç óñëîâèÿ (14). Òîãäà äëÿ âñåõ |p| ≤ d < d0

ρ(|A−1
c |4A) < 1.

Èòàê, ïðè âûïîëíåíèè óñëîâèÿ (14) âûïîëíåíû óñëîâèÿ ëåììû 4, òî åñòü
ñåìåéñòâî ìàòðèö K(p) óñòîé÷èâî ïðè âñåõ |p| ≤ d < d0. 2

Çàìå÷àíèå 1. Äîêàçàííàÿ òåîðåìà îçíà÷àåò, ÷òî åñëè |p(t, x)| ≤ d < d0,
ãäå d0 çàäàåòñÿ îäíîé èç ôîðìóë (11)-(14), òî ìîæíî ïðèìåíÿòü ìåòîä ôóíê-
öèè óïðàâëÿåìîñòè äëÿ ïîñòðîåíèÿ ñèíòåçèðóþùåãî óïðàâëåíèÿ. Äëÿ íàõîæ-
äåíèÿ òðàåêòîðèè, íà÷èíàþùåéñÿ â çàäàííîé òî÷êå x0 ∈ Rn, ïîñòóïàåì ñëå-
äóþùèì îáðàçîì. Ðåøàåì óðàâíåíèå (4) ïðè x = x0 è íàõîäèì åäèíñòâåííûé
ïîëîæèòåëüíûé êîðåíü Θ(x0) = θ0. Âûáèðàåì ÷èñëî d0 ñîãëàñíî îäíîé èç
îöåíîê â òåîðåìå. Ïîëîæèì θ(t) = Θ(x(t)). Ïðè âñåõ çíà÷åíèÿõ âîçìóùåíèÿ
|p(t, x)| ≤ d < d0 òðàåêòîðèÿ ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè





ẋ = (A0 + p(t, x)R)x− 1
2 b0b

∗
0D(θ)FD(θ)x,

θ̇ =
(−F 1 + p(t, x)S)D(θ)x,D(θ)x)

(F 1D(θ)x,D(θ)x)
x(0) = x0, θ(0) = θ0.
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Çàìåòèì, ÷òî ïðè ýòîì óðàâíåíèå (4) äîñòàòî÷íî ðåøèòü òîëüêî îäèí ðàç �
äëÿ íàõîæäåíèÿ θ0.
Çàìå÷àíèå 2. Â ðàáîòå [14] ðàññìàòðèâàåòñÿ çàäà÷à ñòàáèëèçàöèè çà êîíå÷-
íîå âðåìÿ äëÿ ñèñòåìû âèäà

{
ẋi = di(x)xi+1 + fi(xi+1, . . . , xn, u), i = 1, . . . , n− 1,
ẋn = dn(x)u + fn(u),

â ïðåäïîëîæåíèè, ÷òî 0 < di ≤ di(x) ≤ di � íåïðåðûâíûå ôóíêöèè, êîòî-
ðûå íå èçâåñòíû çàðàíåå. Â îòëè÷èå îò ðàáîòû [14] ìû óêàçûâàåì ãðàíèöû
èçìåíåíèÿ íåèçâåñòíûõ âîçìóùåíèé di(x), ïðè ýòîì ìû äîïóñêàåì, ÷òî âîçìó-
ùåíèÿ ìîãóò çàâèñåòü îò âðåìåíè. Îòìåòèì, ÷òî ïðèìåíåíèå ìåòîäà ôóíêöèè
óïðàâëÿåìîñòè ïîçâîëÿåò íàì ïîñòðîèòü óïðàâëåíèå, óäîâëåòâîðÿþùåå çàðà-
íåå çàäàííûì îãðàíè÷åíèÿì, è ïîëó÷èòü îöåíêó íà âðåìÿ ïîïàäàíèÿ.

4. Ðîáàñòíûé ñèíòåç äëÿ òðåõìåðíîé ñèñòåìû

Ðàññìîòðèì çàäà÷ó ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà äëÿ ñèñòå-
ìû 




ẋ1 = (1 + p(t, x1, x2, x3))x2,
ẋ2 = (1 + r2p(t, x1, x2, x3))x3,
ẋ3 = u.

(21)

Çàïèøåì ýòó ñèñòåìó â ìàòðè÷íîì âèäå ẋ = (A0 + pR)x + b0u, ãäå

A =




0 1 0
0 0 1
0 0 0


 , R =




0 1 0
0 0 r2

0 0 0


 , b0 =




0
0
1


 .

Ïóñòü îãðàíè÷åíèÿ íà óïðàâëåíèå èìåþò âèä |u| ≤ 1. Õîðîøî èçâåñòåí ñëó-
÷àé, êîãäà p ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé [8]. Ìû ðàññìàòðèâàåì p êàê
íåèçâåñòíîå îãðàíè÷åííîå âîçìóùåíèå: |p(t, x1, x2, x3)| ≤ d. Èìååì

F =




2400 960 120
960 420 60
120 60 12


 , F 1 =




14400 4800 480
4800 1680 180
480 180 24


 ,

(F 1)−1 ≈



0.002 −0.008 0.016
−0.008 0.033 −0.083

0.016 −0.083 0.333


 ,

|(F 1)−1| ≈



0.002 0.008 0.016
0.008 0.033 0.083
0.016 0.083 0.333


 ,
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D(Θ) =




Θ− 5
2 0 0

0 Θ− 3
2 0

0 0 Θ− 1
2


 , S =




0 2400 960r2

2400 1920 60(2 + 7r2)
960r2 60(2 + 7r2) 120r2


 .

Íàéäåì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû F 1 :

λ1(F 1) ≈ 16024.4, λ2(F 1) ≈ 76.75, λ3(F 1) ≈ 2.81.

Ïóñòü r2 = −0.1. Â ýòîì ñëó÷àå

S =




0 2400 −96
2400 1920 78
−96 78 −12


 , |S| =




0 2400 96
2400 1920 78
96 78 12


 ,

ρ(S) ≈ 3544.91, ||S||∞ = 2400 + 1920 + 78 = 4398.
Ïîëîæèì γ1 = 0.01. Â ñèëó ôîðìóëû (11)

d0 =
(1− γ1)λmin(F 1)

ρ(S)
≈ 0.99 · 2.81

3544.91
≈ 0.0007.

Â âûðàæåíèè (12)

Q =

∞∫

0

e2(γ1−1)F 1tdt ≈



0.001 −0.004 0.008
−0.004 0.016 −0.042

0.008 −0.042 0.168


 ,

||Q||∞ ≈ 0.008 + 0.042 + 0.168 ≈ 0.218. Â ñèëó ôîðìóëû (12)

d0 =
1

2||Q||∞||S||∞ ≈ 1
2 · 0.218 · 4398

≈ 0.0005.

Â âûðàæåíèè (13) ìàòðèöà, ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû
((γ1 − 1)F 1), è åå ìîäóëü èìåþò âèä

U ≈


−0.947 0.314 0.051
−0.317 −0.914 −0.251
−0.032 −0.254 0.966


 , |U | ≈




0.947 0.314 0.051
0.317 0.914 0.251
0.032 0.254 0.966


 ,

ïîýòîìó

Z(0.01) ≈



1645.438 2910.089 876.397
2910.089 3040.208 850.911
876.397 850.911 241.696


 ,

n∑

j=1

z1j(γ1) ≈ 1645.438 + 2910.089 + 876.397 ≈ 5431.93,

n∑

j=1

z2j(γ1) ≈ 2910.089 + 3040.208 + 850.911 ≈ 6801.21,
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n∑

j=1

z3j(γ1) ≈ 876.397 + 850.911 + 241.696 ≈ 1969.01.

Â ñèëó ôîðìóëû (13)

d0 = (1− γ1) min
1≤i≤n

λi(F 1)
n∑

j=1
zij(γ1)

≈ 0.99min
{

16024.4
5431.93

,
76.75

6801.21
2.81

1969.01

}
≈

≈ 0.99min{2.95, 0.011, 0.0014} ≈ 0.0014.

Â âûðàæåíèè (14)

|(F 1)−1| · |S| ≈



21.6 22.8 1.07
88 90.5 4.4

232 226 12.1


 ,

ρ(|(F 1)−1| · |S|) ≈ 123.696. Â ñèëó ôîðìóëû (14)

d0 =
1− γ1

ρ(|(F 1)−1| · |S|) ≈
0.99

123.696
≈ 0.008.

Òàêèì îáðàçîì, ôîðìóëà (14) äàåò ñàìóþ ëó÷øóþ îöåíêó.
Òåïåðü ïîñòðîèì ñèíòåçèðóþùåå óïðàâëåíèå. Óðàâíåíèå äëÿ ôóíêöèè

óïðàâëÿåìîñòè èìååò âèä

2a0Θ6 = 2400x2
1 + 1920Θx1x2 + 240Θ2x1x3 + 420Θ2x2

2 + 120Θ3x2x3 + 12Θ4x2
3,

(22)
ãäå 0 < a0 ≤ 2/f33 = 1/6. Ïóñòü a0 = 1/6. Óïðàâëåíèå èìååò âèä

u(Θ, x) = −60x1

Θ3
− 30x2

Θ2
− 6x3

Θ
. (23)

Âûáåðåì d0 = 0.008. Â êà÷åñòâå êîíêðåòíîé ðåàëèçàöèè âîçìóùåíèÿ
ðàññìîòðèì ôóíêöèþ p(t, x1, x2, x3) = 0.008 sin

(
10(x2

1−x2
2−x2

3)
t+1

)
, òîãäà ñèñòå-

ìà (21) ïðèíèìàåò âèä




ẋ1 =
(
1 + 0.008 sin

(
10(x2

1−x2
2−x2

3)
t+1

))
x2,

ẋ2 =
(
1− 0.0008 sin

(
10(x2

1−x2
2−x2

3)
t+1

))
x3,

ẋ3 = u.

(24)

Âûáåðåì â êà÷åñòâå íà÷àëüíîé òî÷êè x0 = (−2; 3;−1). Äëÿ íàõîæäåíèÿ
òðàåêòîðèè âîñïîëüçóåìñÿ Çàìå÷àíèåì 1. Ðåøàÿ óðàâíåíèå (22), ïîëó÷àåì
θ0 ≈ 7.15. Êîìïîíåíòû òðàåêòîðèè ïðåäñòàâëåíû íà ðèñ. 1, óïðàâëåíèå íà
òðàåêòîðèè � íà ðèñ. 2. Êðîìå òîãî, ïðîèçâîäíàÿ îò ôóíêöèè óïðàâëÿåìîñòè
íà òðàåêòîðèè ïðåäñòàâëåíà íà ðèñ. 3, à ôóíêöèÿ óïðàâëÿåìîñòè íà òðàåê-
òîðèè � íà ðèñ. 4. Îáðàòèì âíèìàíèå íà òî, ÷òî Θ(x(t)) ïî÷òè ëèíåéíà, òî
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>

ß

t

xi

0

x1

x2

x3

2 4 6 8

-3

-2

-1

1

2

3

Ðèñ. 1: Êîìïîíåíòû òðàåê-
òîðèè äëÿ ñèñòåìû (24)

>

ß

t

u

0 2 4 6 8

-1.0

-0.5

0.5

1.0

Ðèñ. 2: Óïðàâëåíèå íà òðàåê-
òîðèè äëÿ ñèñòåìû (24)

>

ß

t

dQ

2 4 6 8

-1.03

-1.02

-1.01

-1.00

-0.99

-0.98

Ðèñ. 3: Ïðîèçâîäíàÿ îò
ôóíêöèè óïðàâëÿåìîñòè íà
òðàåêòîðèè äëÿ ñèñòåìû(24)

>

ß

t

Q

0
2 4 6 8

1

2

3

4

5

6

7

Ðèñ. 4: Ôóíêöèÿ óïðàâëÿå-
ìîñòè íà òðàåêòîðèè äëÿ ñè-
ñòåìû (24)

åñòü çíà÷åíèå d
dtΘ(x(t)) "áëèçêî" ê −1. Íàïîìíèì, ÷òî ïðè p(t, x) = 0 âûïîë-

íåíî ðàâåíñòâî d
dtΘ(x(t)) = −1. Âðåìÿ ïîïàäàíèÿ â íà÷àëî êîîðäèíàò ðàâíî

T ≈ 7.13 < Θ0. Çàìåòèì, ÷òî îöåíêà (15) äàåò ñóùåñòâåííî áîëåå ãðóáûé
ðåçóëüòàò, à èìåííî T ≤ 715.97.

Áëàãîäàðíîñòè.Àâòîð âûðàæàåò áëàãîäàðíîñòü äîêòîðó ôèç.-ìàò. íàóê,
ïðîôåññîðó Êîðîáîâó Â. È. çà öåííûå ñîâåòû ïðè íàïèñàíèè ðàáîòû. Òàêæå
àâòîð âûðàæàåò áëàãîäàðíîñòü êàíäèäàòó ôèç.-ìàò. íàóê, äîöåíòó Èãíàòî-
âè÷ Ñ. Þ. çà êîíñòðóêòèâíûå çàìå÷àíèÿ íà ýòàïå îôîðìëåíèÿ ðàáîòû.
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