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Introduction

The mathematical model considered consists of a semilinear wave equation
defined on a bounded domain, which is strongly coupled with thermoelastic
Mindlin-Timoshenko plate equation on a part of the boundary. The model includes
a weak structural damping and a thermal damping. This kind of models referred
to as structural acoustic interactions, arise in the context of modelling gas pressure
in an acoustic chamber which is surrounded by a combination of rigid and flexible
walls (see, e.g. [13, 22]). The pressure in the chamber is described by the solution
to a wave equation, while vibrations of the flexible wall are described by the
solution to a plate equation. The Mindlin-Timoshenko model describes dynamics
of a plate in view of transverse shear effects (see, e.g., [15, 24] and references
therein).

More precisely, let © € R3 be a smooth bounded open domain with the
boundary 02 =: I' = I'g UI'; consisting of two open (in the induced topology)
connected disjoint parts I'g and I'y of positive measure. I'g is flat and is referred
to as the elastic wall. The dynamics of the acoustic medium in the chamber € is
described by a interactive system of a semilinear wave equation and a Mindlin-
Timoshenko system of thermoelasticity:

zu+9(z) — Az + f(2) =0, z € Q,t >0, (1)
0z 0z
%—0,$€F1,%—ﬂwt,$ero (2)

vy — Av + (v + Vw) + BV + b(v,) + v[h(|v|*) + yw] = 0 x € To,t > 0,
wy — pdiv(v + Vw) + bo(we) + ho(w) + k2 = 0,
0, — AG + Bdive, = 0
v=w=60=0 9

supplemented with initial conditions:

2(0,) = 20, 2:(0,") = 21,
v(0,) =vo, vt(0,-) = v, (7)
w(0,-) = wp, w(0,-) =wq, 0(0,)=bp.

The variable z describes the dynamics in the acoustic medium, while v denotes
the angles of deflection of the filaments, w - the transverse displacement of the
middle surface, and 6 - the temperature variation averaged with respect to the
thickness of the plate. The operator A is defined as follows

a%1 + 1;211852 H_Tyaxle 1
A= = Vdiv —
SON TR

— UV

rotrot,

2

where 0 < v < 1 is the Poisson ratio.
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The non-decreasing functions b(s), bo(s), and g(s) describe the dissipation
effects in the model, the terms f(z), h(v), ho(w), vw - v represent nonlinear forces
acting on the wave and on the plate components respectively. The boundary term
Kzt|r, represents the pressure exercised by the acoustic medium on the wall.

The parameter 0 < x < 1 has been introduced to cover the case of non-
interacting wave and plate equations (k = 0), while the parameter 0 < 8 < 1 -
the case of decoupled plate and heat conduction equations. The parameter p > 0
describes the shear modulus of the plate.

Due to broad engineering applications in aerospace industry, structural
acoustic models have recently attracted an ample attention. A very large literature
devoted to this model in the context of the control theory, (see e.g. the monograph
[16] and references therein). The investigation of the uniform stability of structural
acoustic models with thermoelastic wall in the case of a single equilibrium can be
found in [17, 18, 19, 21]. The nonlinear structural acoustic model with thermal
effects and without mechanical dissipation in the plate component comprising
wave and thermoelastic Berger’s equations has been studied in [2]| in that the
existence of a compact global attractor and it’s properties were investigated.
The same results were obtained for the wave/ Berger’s system with mechanical
damping without thermal effects [3]. Long-time behavior of a nonlinear structural
acoustic model comprising wave and thermoelastic von Karman plate equations
has been studied in [9]. We also refer to the paper [23]| devoted to the problem of
dynamics of a clamped von Karman plate in a gas flow in the presence of thermal
effects. The existence and upper semicontinuity of attractors of the elastic and
thermoelastic Mindlin-Timoshenko plate system were studied in [5, 10].

We consider the nonlinear acoustic model comprising wave and Mindlin-

Timoshenko equations with thermal effects with and without non-conservative
nonlinearity in the plate part.
The paper is organized as follows. Section 1 is devoted to the conservative system
with monotone energy. We begin with the abstract formulation of the problem
and its well-posedness. Our first main result, Theorem 3 states the existence
of global attractors for problem (1)-(7) under rather general conditions on the
nonlinearities. Since the dynamical system generated by the system without
non-conservative nonlinearity is gradient, the main issue to be explored is the
asymptotic compactness of the semi-flow. To show this property we use the idea
due to Khanmamedov [14] in the form suggested in [8]. In comparison to the
acoustic interaction with the Berger’s and von Karman plate |3, 9] the existence
of the compact global attractor requires the additional condition on the nonlinear
damping referred to the elastic component (see Statement 3).

The next main results, Theorem 5 concerns the finite dimensionality of the
attractors.

The main result of Section 2, Theorem 9, concerning problem (1)-(7) is the
upper semicontinuity of the attractors with respect to the shear modulus and the
coupling parameters. In contrast to the system considered in [2| the attractor is
upper-semicontinuous not only with respect to the parameter decoupling wave
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and plate components but also with respect to the parameter decoupling plate
and thermal components.

In Section 3 we establish the same results for the system with non-conservative
nonlinearity. Due to the lost of monotonicity of the energy the existence of an
absorbing ball is proved supplementary.

System with conservative forces (7 = 0).

In this section we consider the conservative model ( the case v = 0), which
implies the monotonicity of the energy.

Basic assumptions. We impose the following basic assumptions on
the nonlinearities of the problem. Note that the listed assumptions on the
nonlinearities f, g and b;, i—=0,1,2 were first formulated in 9, Section 6.3, 12.3].

Statement 1 e g € C(R) is a non-decreasing function, g(0) = 0, and there
exists a constant C > 0 such that

lg(s)] < C(L+s["),s € R, (8)
where 1 < p < 5.
o f € Lipjo.(R) and there exists a positive constant M such that
[f(s1) = f(s2)] < M(L+ [s1]? + |s2]")[s1 — s2f,  s1,s0€ R, (9)
where ¢ < 2. Moreover,

)\:} lim inf®>0 (10)

|s|—o0 S

o h € Lipjoe(Ry), ho € Lipjoc(R) and there exists a positive constant My such
that

‘h(81)—h(82)‘ §M1(1+S?1+Sgl)’81—82’, s1,82 € Ry, (11)
and
[ho(s1) — ho(s2)| < M (1 + [s1]|% + [s2]®)|s1 — s2f,  s1,2 €R, (12)

where q1,q2 > 0. and

h* = lim inf@ >0, hy= lim inth(S) > 0. (13)

S—00 S |s|~>oo S

e b c CR?, by € C(R) are non-decreasing functions such that b(0) = 0,
bo(0) = 0.
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Statement 2 For any € > 0 there exists c. such that s € R

s2 <etecesg(s), s€R (14)
s2 < e+ cosby(s), scER, 5|2 < e + cesb(s), s€R? (15)

Statement 3 o There exist C >0 and 1 < p,py < oo such that
b(s)| < C(1+|sP),s € R?,  |bo(s)] < C(1 + |s[0),s € R. (16)

Statement 4 o There exist positive constants m > 0, M > 0 such that

g(s1) — g(s2)

m < pr— <M1+ s19(s1) + 829(82))2/3, s1,82 € R, 51 # s9.
(17)
o There exist m; > 0, M; >0, i = 1,2 such that
milsi — sa|* < (b(s1) — b(s2)) (51 — s2), (18)
W < Mi(1+ s1bj(s1) + s2bj(s2)), 51,52 € R, 51 # s2, (19)

where j = 1,2, b= (b1, ba).

< bO(Sl) — 50(82) S

mg < s1 — 89 Ms(1 + s1bo(s1) + s2bo(s2)), s1,52 € R, 81 # s9.
(20)

o fEC*(R),
If"(s)] < C(1+]1s]), seR. (21)

e hy € C%(R), h € C%(R,) and there exists a constant ¢ > 0 and 1 < py < 00,
1 < p3 < o0 such that

|n"(s)| < c(1+ sP?), s € Ry (22)

and
|ho(s)] < (14 [s%), s € R. (23)

Abstract formulation. We represent the system (1)-(7) as an abstract
evolution equation in an appropriate Hilbert space. For this purpose we introduce
the following spaces and operators.Denote u = (v, w) = (v1, v, w).

Let A: D(A) C [L2(To)]® — [L2(To)]?® be the positive self-adjoint operator on
D(A) = [H? N H}(Ty)]? defined by

A A+ pul  puVv
N —pdiv —pA
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Define also a positive self-adjoint operator L : D(L) € La(2) — L2(Q) by the
formula
=—A+ A,
with 9
D(L)={H*(Q): =—r=0
(1) = (H*(9) : 5-Ir =0}
and A is given by (9). Next, let Ny be the Neumann map from L2(Ig) to L2(12)

defined by
(—A+ Ny

’ ¢7 a’ﬁ:‘rl _O

It is well-known [20] that N is continuous from Lo (I'g) to H3/2(Q) € D(A3/4~¢),
for any € > 0, and the following trace result takes place

szo<Z><:>{

NiLh = h|r,, he D(AY?). (24)

We also introduce the operators Ry : H}(['g) — [L2]3(T) and Rg : [H}]?(To) —
Ly(T'y) defined by the formulas

R0 = (3(010,020,0)

and
Ry = 801v1 + BOave = Bdivv.

Now we are at the point to give the abstract formulation of problem (1)-(7). With
the above dynamic operators initial-value problem (1)-(7) can be rewritten as
follows

zit + G(z) + Lz + Fi(z) — kLNogu; = 0, © € Q,t > 0, (25)
Duy + Au+ R16 + B(u) + Fao(u) + kNg Lz, =0 (26)
16 — A0 + Rouy = 0 (27)

2(0) = z0, 2:(0) = 21, u(0) =wug, u(0) =wuy, 6(0) = bp. (28)

where the nonlinear terms are given by the following operators

here u = (v, w). Denote

Then
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The term Fy(u) is represented as follows

Fy(u) = (vih([v[*), vah([v]*), ho(w)). (31)
Denote of?
Hg(u):;//h(s)dsda?—i—//ho(s)ds, (32)
Q0 Q0

It follows from (10) and (13) that

I1(z)
Ho(u)

— My (33)

>
> —Mj (34)
for some nonnegative constants My and M. The natural energy functions
associated with the solutions to the uncoupled wave and plate models are given
respectively by

&.(a(), (1) = Bz 2) + TI(2) (3)
and
&0 (u(t), ua(t)) = BO(u, ue) + E§(6) + Tho(u). (36)
Here we have set
B2z, 2) = g (IL2213 + ], (37)
B2t ue) = (I Aul, + Juell3,) (38)
and
B36) = 511013, (39)
Denote also
Bz, %) = Bz, 2) +T1(2) + My, (10)
Eyo(u,ug,0) = Eg(u,ue) + Eg(0) + Ho(u) + My, (41)

Finally we introduce the total energy E(t) = E(2(t), z¢(t), u(t), u(t),6(t)) of
the system
E(t) = €.(2,2t) + Eup(u, ug, 0), (42)

where €.(z,2) and &€, 9(u,us, 0) are given by (35) and (36) respectively. Denote
also
E°(t) = E(z, 21, u,up, ) = E2(2, 2) + By (u, up) + By (). (43)

The positive part of the total energy is given by
E(t) = E(z, zt,u,ut,0) = E.(2,2t) + Eyp(u, us, 6), (44)

where F,(z,2) and Ey g(u, us,0) are given by (40) and (41) respectively.
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It follows from (33) and (34) that there exist positive constants ¢, C', My such
that
cE(t) — My < E(t) < CE(t) + My (45)

The phase spaces Y7 for the acoustic component [z, 2] and Ya for the plate
component [u, u, 0] of system are given by

Y1 = D(LY?) x Ly(Q) = Hi(Q) x La(Q)
and
Yy = D(AY?) x [Ly(To)J* x La(T'o) = [Hy (To)]* x [La(To)J* x La(T'o)

with the norms
(21, 22) 15, = L% 213 + l|22%

and
(1, u2, 0|3, = |4 us IR, + 1D ?us|E, + 10113,

respectively. The phase space for the problem (25)-(28) is defined as
H=YxYs (46)

with the norm
lyll7r = 11(21, 22) 113, + [I(u1, ua, )13,
for y = (21, 22, u1, u2, ) and the corresponding inner product.

Well-posedness.

Definition 1 A triplet of functions (z(t),u(t),0(t)) which satisfy initial condi-
tions (28) and such that

(2(1),u(t)) € C(10,T]; D(LY?) x D(AY?)) N C ([0, TT; La(R) x [L2(L0)]*)

and
0(t) € C([0,T7; La(Io))

1s said to be
(S) a strong solution to problem (25)-(28) on the interval [0,T], iff

o forany0<a<b<T
(z,ut) € Li([a,b], D(LY?) x D(AY?)), 6, € Li([a,b], La(Ty))

and
(21, ue) € L1 ([a, b], La(€2) x [La(To)]?)

o L[z(t) — arNou] + G(z(t)) € L3(Q), u(t) € D(A), 0 € H?> N H(Ty) for
almost all t € [0, T
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o cquations (25)-(27) are satisfied in La(Q) x Lo(Tg) x Lo(Ty) for almost all
te[0,7T)
(G) a generalized solution to problem (25)-(28) on the interval [0,T], iff there

exists a sequence {(zn(t), un(t), 0, (1))} of strong solutions to (25)-(28) with initial
data (29,21, u®, ul, 60°) such that

n»~n’ 'nr 'nrv'n

lim max]{H@tz(t) — ()l + |1 LV2(2(t) = 2n(t))la} = 0

n—o0 t€[0,T

lim max}{HDl/Q(@tu(t) — Ayun(®))llry + A2 (u(t) — un(t)lIn,} = 0

n—oo ¢te[0,T"
and

lim max {[|6(¢) — 0 ()|, } = 0

n—0o0 t€[0,T]
Theorem 1 Under Assumptions 1, 3 for any initial conditions
yo = (2%, 21,00, 0°) e H

there exists a unique generalized solution y(t) = (z(t), z¢(t), u(t), u(t), 0(t)) to the
PDE system (25)-(28), which depends continuously on initial data. This solution
satisfies the energy tnequality

E(t) + /(G(Zt),Zt)QdT + /(B(ut),ut)podT

t
+ [I96,dr <e(s), 0<s <t @

with the total energy E(t) given by (42). Moreover, the generalized solution to
problem (25)-(28) is also weak, i.e. it satisfies the following system of variational
equalions:

& (et 9)o + (L1722, 1) + (9(22), 0 — 5l Nyd)ey + (1(2),0) = 0 (48)

Lty + 1z, )y + (A2, AYV29) 0, + (Bue), )rg

dt
+ (F2(u), ¥)ry + (R16,9)r, =0 (49)

d
%(07)()70 + (VH’ VX)FO + (RQutu X)Fo =0 (50)
for any ¢ € HY(Q), ¢ € [H}3(To), and x € HE(To) in the sense of distributions.

If initial data are such that

22t e D(ILMY?), u’ e D(A), u e D(AY?), 6° e (H? N H}) (o),
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and
L[z° — kNogu'] + G(2}) € Ly(Q)

then there exists a unique strong solution y(t) satisfying the energy identity:

E(t) + /(G(Zt),zt)QdT + /(B(ut),ut)podT

t
+ / IV6|2,dr = £(s), 0<s<t,

Both strong and generalized solutions satisfy the inequalities
E(t) <E&(s), t=>s, (51)

and

E(z(t), z(t),u(t), u(t),0(t)) < C(1+ E(zo, zl, uo, ul, 00)), (52)

where E is given by (44) and C does not depend on K, p, and (3.

Proposition 1 Theorem 1 enables us to define the dynamical system (H, Sy) with
the phase space H given by (46) and with the evolution operator Sy : H — H
defined by the formula

StyO = (Z(t)aZt(t)7u(t)7ut(t)79<t))v Yo = (Zovzlvuovulveo)

where (z(t),u(t),0(t)) is a generalized solutions to problem (25)-(28). Moreover,
the monotonicity of the damping operators G and B, the Lipschitz conditions on
Fi and F» and the energy bound in (52) implies that the semigroup St is locally
Lipschitz on H. Namely, there exist a > 0 and b(p) > 0 such that

1Sey1 = Seyellir < ac® P gy — wollm. lyiller < p, t > 0. (53)

Stationary points. It follows from (45) that the energy &(zo, 21, ug, u1, 6p) is
bounded from below on H and &(z0,21,up,u1,0p) — +oo when
l(z0, 21, w0, u1,600)||r — +oo. This implies that there exists R, > 0 such that
the set

WR = {y = (207215,“07“1700) S o 8(2’0,21,’&0,’&1,00) é R}

is a non-empty bounded set in H for all R > R,. Moreover, any bounded set
B € H is contained in Wg for some R and it follows from (51) that the set is
forward invariant with respect to the semi-flow S; , i.e. S;Wgr C Wg for all t > 0.
Thus, we can consider the restriction (Wg,S;) of the dynamical system (H,S)
on Wg, R > R,.
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We introduce the set of stationary points of Sy denoted by N,
N={VeH:5V=V t>0}

Every stationary point has the form V = (z,0,u,0,0), where z € H'(2) and
u € H} () are weak solutions to the problems

%:0 on I,

—Az+ f(2) =0 in Q, o

and
—Av + (v + Vw) + h(|v]?)v = 0z € Ty, t > 0,

—pdiv(v + Vw) + ho(w) =0,
v=w=0=0 9JIYy.

It is clear that the set of stationary points does not depend on k and u. Therefore,
one can easily prove the following assertion.

Lemma 1 Under Assumption 1 the set N of stationary points for the semi-group
Sy generated by problem (25)-(28) is a closed bounded set in H, and hence there
exists Ry > R (independent of k, 3, and p) such that N C Wg for every
R > R...

Later we will also need the notion of unstable manifold M*(N) emanating from
the set of stationary points.

Definition 2 The unstable manifold M*(N) emanating from the set of stationary
points N is a set of all V € H such that there exists a full trajectory ¥ = {V (¢t) :
t € R} with the properties

V(0)=V and tliEH distg(V(t),N) =0.

Existence of attractors. The main aim of the paper is to show the existence
of a global attractor for the dynamical system generated by problem (25)-(28),
and to study its properties.

By definition (see, e.g. |1, 6, 26]) a global attractor is a bounded closed set
A C H such that S;2 =2 for all £ > 0 and

lim supdist(Sy,A) =0
t——+00 yeB
for any bounded set B € H.
The fractal dimension

dim; M = lim sup M,
e—0 ln(l/ 6)
where N (M, ¢) is the minimal number of closed sets of diameter 2¢ which cover
the set M.
To prove the existence of the compact global attractor of the dynamical system
(H, S;) we need to show some preliminary results.
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Lemma 2 Let Assumptions 1 and 3 hold. Assume that y1,y2 € H, such that
lyillz < R, i=1,2 and denote

Styl = (d(t)a dt(t)? V(t)7 Vt(t)a ¢(t))
and
Sty2 = (C(t), Ce(t), w(t), we(t), £(1))-
Let
2() = d(t) — C(), u(t) = v(t) —w(t), 60) = () &0 (59

There exist To > 0 and positive constants C;, i = 1,4 and C5(R) independent of
T, k, u, and B such that for every T > Ty the following inequality holds:

TEYT) + / E°(t)dt < G / 2412 + V0] + [l 2dt)

+ GE(2) + RY ()] + CoHE (2) + C3QE (u) + C1¥ (2, )
T

+Cs(R) / (U2l + ul®)dt, (55)

0

where E°(t) is given by (43). We also introduce the notations

j GG+ ) — G(G). Cadr, (56)

HY(:) = / (GG + ) — GG, Oadr, 67)
= /t B(vy + ug) — B(v), v)r,dr, (58)

Qi(u) = / (B + ) — B(), )y, (59)

T T T T
0 0 t 0
2

T T
+|//ff
0 t

and

,up)drdt|  (60)
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with
Fi(2) = Fi(C+2) = F1(¢), and Fa(u) = Fr(w +u) — Fa(w), (61)
where F1 and Fy are the same as in (30), (31).

Proof. Step 1 (Energy identity) Without loss of generality, we can assume that
(d(t),w(t),(t)) and (¢(t),v(t),£(t)) are strong solutions. By (45) there exists a
constant Cr > 0, independent of x, u, and 3, such that
Eq(d(t),di(t)) + EZ(C(1), G(t)) + Ep(v(t), (1)) + ES(w(t), wi(t))
+ By (v(1) + B¢ (§(t) < Cr (62)
for all t > 0. We establish first an energy type equality.

Lemma 3 For any T >0 and all 0 <t < T E%(t) satisfies

ENT) + GT(2) + R (u /||v9\| dr

T T
/ ), 2)dr — / (Fo(u), u)dr, (63)

where G (z) and RI (u) are given by (56), (58) while F1(z) and Fa(u) are defined
by (61).

Proof. 1t is easy to see that the differences (54) satisfy the following system of
coupled equations

2z + Gz + G) — G(¢) + Lz + F1(2) — kLNguy = 0, x € Q,t > 0, (64)
Duy + Au+ R10 + B(uy + wi) — B(wy) + Fo(u) + kNjLz =0 (65)
0, — AO + Royuy = 0. (66)

By standard energy methods, taking the inner products in (64)-(66) with z;, u;
and 6 respectively, we obtain

T T
EO( )+ GT / ), zt)dT + H/(LNout, zt)odr, x € Q,t > 0,
t t
(67)
T
EXNT) + RI(» +/Rmmmm
t

T T
/ ), u F0d7'+li/ N§Lzi,u)rodr =0 (68)
t t
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T
BT / V6|2, dr = ES(1) / Rous, 0)r,dr = 0. (69)
t

Then, collecting (67)-(69) we readily obtain the statement of the lemma.
Step 2. Reconstruction of the energy integral Multiplying equation (25)
by 2z and integrating between 0 and T" we obtain

/ |LY22)2 < C(EY(T) + E2(0))

T
/Hthth—i-Ho —i—fi/\ ut,Nng)dt+/](3"1(z),z)]dt. (70)
0

It follows from (9) that
(F1(2), 2)| < CrILY?z[alzl0- (71)

Besides, using well-known interpolation results we get for 0 < 6 < 1/4

[(ue, NgL2)| < Jlueleg [ NG L2 L1272l
< elluelt, + et L2208 + Cepeall2II?,

for any €,e; > 0. Then, by appropriately choosing € and €1 we obtain from (70)
and (71) that

J1zv2par < cB@) + B20) + < P

0 0

+2/||th2dt+01H0T(z)+C’2(R,5)/Hz||2dt (72)
0 0

for any € > 0.
After multiplication (26) by u and integration between 0 and T’

T T
[ 14v2a? < c(ByT) + E0) + / 1B 2u,|%dt + QT ()

T T
T
+/(3'“2(u d+/ (R10,u dtJrK;/ (Ng Lz, u)dt. (73)
0
0 0
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Multiplying equation (27) by (—A)~'6 and integrating between 0 and 7" we obtain

T T
/||9|2 < C(Eg(T)+E3(0))+03/||ut\|2dt (74)
0 0

Combining (73) and (74) we arrive at

/VW%Wﬁ+/WWﬁSC@&ﬂ+E%D+%GU+%w»

Loy /uveu dt+/|]m|l dt) + QF (u) + C(R /||z||2dt

/||u|y2dt (75)

Collecting (72) and (75) we get

T T
/Eo(t)dt < C(B(T) + E°(0)) + C1 /(HZtH2 + uell* + [[VO|*)dt + C2Hg (2)
0 0

T
+ QT () + Cu(R /nuﬂww| dt, (76)
0

where HI'(z) and Q¥ (u) are defined in (57) and (59). It follows from energy
relation (63) that

EY0) = ENT) + G (2) + RN (u /||V0||2dt
T

T
+ [ (F1(2), z)dt + ), ue)dt  (77)
[ [t
T

T T T T
TEYT) < / EO(t)dt — / / (Fi(2), 2)dr — / / (Folw), u)dr  (78)
0 0 t 0 t

therefore, combining (77) and (78) with (76) we arrive at (55) .
To prove the existence of a compact global attractor of the dynamical system
(H,St) we need to show that it is asymptotically smooth. We recall [11] that a

and
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dynamical system (H, S;) is called asymptotically smooth iff for any bounded set
B in H such that S;B C B for t > 0 there exists a compact set K in the closure
B of B, such that
lim supdistx{Siy, K} =0
=400 yeB
In order to establish this property we apply the compactness criterion due to [14].
This result is recorded below in the abstract formulation given and used in [8].

Proposition 2 Let (H,S;) be a dynamical system on a complete metric space H
endowed with a metric d. Assume that for any bounded positively invariant set ‘B
in H and for any € > 0 there exists T = T (¢, B) such that

d(Sty1, Stye) < €+ Ve r(y1,y2), v € B,
where Ve g 7(y1,y2) is a nonnegative function defined on B x B such that

liminf liminf W, g 7(Yn, Ym) = 0 (79)

m—0o0 n—oo
for every sequence {y,} in B. Then the dynamical system (H, Sy) is asymptotically

smooth.

Lemma 4 Let Assumptions 1-8 hold. Then, for any € > 0 and T > 1 there exist
constants Ce(R) and C(R,T) such that

E(T)<e+ %[CG(R) + Up(z,u)] + C(R,T)lot(z,u), (80)

where
lot(z,u) = SHI}[HZ(t)IIQ + [u(®)]ro]

)

Proof. To establish (80) we return to inequality (55) and proceed with the
estimate of its right hand side. Preliminary we recall inequalities which hold under
Assumptions 1 and 3 only (see, e.g. [3]). There exists a constant Cyp > 0 and such
that

(G(C+2) = G(Q), h)] < Col(G(Q), Q) + (G(¢ +2), ¢+ 2)| 2| + Collh|| - (81)
for any ¢, z, h € D(L'/?) and

(B(w +u) = Bw), 1) < Col(B(w),w) + (B(w + u),w +u)] [ A21]| + Collé\l )
82

for any w,u,l € D(A/?).
It follows readily from (81), (82) that

H{ () < Cr + CTlot(z,u) (83)
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and
QL (2) < Cr+ CTlot(z,u). (84)
Next, using Assumption 2 we get
T
/(IIZtII?z + [luelf, + IVOIF,) < €T + Co(R) (85)
0

for every € > 0. On the other hand, taking ¢ = 0 in (63) and using the fact that
E(0) < Cg, we get

T
GOT(z)+R0T(u)+/\V9H?dt§
0

T T
Cr +| / (F1(2), z0)dr]| + | / (F1(u), us)dr|  (6)
0 0

therefore, (80) follows from Lemma 2 and estimates (83)-(86).

Theorem 2 Let Assumptions 1-3 hold. Then the dynamical system (H,St)
generated by problem (25)-(28) is asymptotically smooth.

Proof. It follows from Lemma 4 that given € > 0 there exists 7' = T'(¢) > 1 such
that for initial data y1,y2 € B we have

1S7y1 — Styaller = [|(2(T), 2:(T), u(T), us(T), 0(T)) || r <
C|E(T)"? < e+ Venr(yr,y2), (87)

where
U nr(y1,92) = Cepr{Ur(z,u) + lot(z,u)} /2

where Wr(z,u) is given by (60) and satisfies (79) (see e.g. [3]). Then, by
Proposition 1 (87) implies the statement of the theorem.
Our first main result provides the existence of a global attractor for problem.

Theorem 3 Under Assumptions 1-3 the dynamical system (H,St) generated by
problem (25)-(28) possesses a compact global attractor A which coincides with the
unstable manifold M"“(N) emanating from the set N of stationary points for Sy.

The proof is similar to that given in [3].

Stabilizability estimate. In this section we derive a stabilizability estimate
which will play a crucial role in the proofs of both finite-dimensionality and
regularity of attractors.

The following lemma can be found in [3].
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Lemma 5 Under Assumption 4 the following estimate holds true for some § > 0

T
F dr| < C 2
| [ 1), dr| < Crrmax 212

)

t

T
e / |LY22]%dr + C-(R / 1)1 + 16O ILY 22 2dr
0

for all t € [0,T], where € > 0 can be taken arbitrarily small. Here, F1 is given by

(61).

Now we state the analogue of Lemma 4 for the plate component which follows
immediately from Assumption 1.

Lemma 6 Under Assumptions 1 and 4 the following estimate holds true for all
te 0,7

T T
| / Faw.udr] < Cmaxlul® + < / A2l + fue?)dr, (88)
0

t
where € > 0 can be taken arbitrarily small. Here, Fo is given by (61).
Now we are in position to estimate W7 (z,u) defined in (60).

Lemma 7 For any € > 0 the following estimate holds true

T
U2 u) < € / EO(1)dt + C(T, R)Sp (2, )
0

with X7 (z,u) given by
Yr(z,u) = C%é%(llﬂ!ﬁ_a +1lzl7_s) + /Gd,c(T)HLl/QZ\QdT
T
+/BW )AY2u|?dr, (89)
0

here Gq is given by

Gac =m ™ [(G(d(t)), d(t))a + (G(C(1), (1)e] (90)
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Proof. Tt follows by the lower bound in (17) that ms? < sg(s), where i = 1,2 and
thus
lde®)1& + GO < Gag,  Nwe@IF, + [1e®)IF, < Buo-

Therefore, using Lemma 5 and Lemma 6 and the elementary inequality ||€|| <
+ (4€)7Y|€]|2, valid for arbitrary small € > 0, we obtain the statement of the
lemma.
To proceed we need the following assertion

Lemma 8 For any T > Ty > 0 the following estimate holds true:

T
TEY(T) + / E%(t)dt < C[GE(2) + RE (u)
0

T
+/||V9||2d7]+C'2(T,R)ET(z,u), (91)
0

where Yp(z,u) is the same as in (89).

Proof. Tt follows from Assumption 4 [7] that for every e > 0 there exists C. > 0
such that

|G(< + Z) - G(()al‘ < CE(G(C + Z) - G(C),Z)
+e(14 (G0, Q) + (G(C+2), ¢+ 2IE” (92)

for any ¢, 2,1 € D(L'?) and

|B(w+ u) — B(w),l| < Ce(B(w+u) — B(w),u)
+e(l+ (Bw),w) + (B(w +u),w +u) [AV21*(93)

for any ¢, z,1 € D(A/?).
Owing to estimates (92) and (93) it is immediately seen that

T T
HI(2) < C.GE(2) —l—e/EO(t)dt—i—em/Gd7C(T)HL1/2zHQdT
0 0

and
T

T
QT(2) < C.RT(2) + ¢ / EO(t)dt + em / Bu ()| AY2u|2dr,
0 0

where

By, = min{mi,m} " [(B(w(t)),w(t)r, + (Br(1)),v(1)r,]. (94)



Bicuuk Xapkiscbkoro namionanbuoro yuisepcurery im. B.H. Kapasina, 1133 (2014) 23

Consequently,

T
Hg (2) + QG (2) < e / E°(t)dt + Ce[RG (2) + Gi (2) + Zr(z, )] (95)
0

Notice that by the lower bounds in (17), (18), (20) we have

T T
1 1
2 T 2 T
dt < — dt < —— .
[ alPat < 6@, [ i< R, (06)
0 0

Now we apply estimates (95), (96) and Lemma 7 to the basic inequality in Lemma
2. Choosing ¢ sufficiently small we obtain the statement of the lemma.

Now we are in position to prove the stabilizability inequality for the dynamical
system (H, Sy).

Theorem 4 Lel Assumptions 1-4 hold. Then there exist positive constants C1,Co
and w depending on R such that for any y1,y2 € Wg the following estimate holds
true for any 6 <1 and independent of k, B, p:

1Sey1 = Seyllfy < Cre'llys — wollf + Co r[%%]X(IIZ(T)H?_(s + lu(n)li-5) (97)

Above we have used the notation

Styl = (d(t)a dt(t)7 w(t)v wt(t)7 w(t>)7 Styl = (C(t)v <t(t)7 V(t)v Vt(t)v ¢(t>)
Proof. Using inequality (63) and Lemma 8 we obtain that

T T
GT(2)+RT (2)+ / IV0|2dr < E°(0)— E°(T)+e / EY(r)dr+C(T, R)Sr (2, )
0 0

for any € > 0. Combining this estimate with (91) we get that there exists 7" > 1
such that

ET) < qE°(0) + Crr¥r(z,u), 0<q=q(T,R) < 1. (98)

Applying the procedure described in [4] we get from (98) that there exists w > 0
such that

E%(t) < Cre “*E%(0)
t
+ CQ[/ e w(t=T) [Dp (1) + Bow (1) + ||V9H2]E0(7')d7' + loty(z,u)]
0
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for all ¢ > 0. Therefore, by the Gronwall’s lemma we get

t
[ e DDy, (1) +Bo . (7)+[|V6|)dr
E°(t) < [Cre 'E°(0) + Chloty(z, u)]ed .

< C1e ' E%(0) + Chloty (2, u).
The above estimate and (62) yield estimate (97).

Properties of attractor. In this Subsection we establish the properties of the
attractor to problem (25)-(28), namely, the finite dimensionality, boundedness in
the higher-order spaces and upper-semicontinuity with respect to the parameters

K, 57 K.

Theorem 5 Let Assumptions 1-4 hold. Then the attractor U has a finite fractal
dimension.

The proof is similar to that given in [3].
Theorem 6 The attractor 2 is a bounded set in the space

H, = Wg,(Q) x D(L'/?) x D(A) x D(A'/?) x D(=A)
for 3 <p <5 and in the space

H,, = H*(Q) x D(LY?) x D(A) x D(A?) x D(-A)

i the other cases. Moreover,

2 2 2
<
sup{21fy3, o)+l oy + llP} < € (99)
igg{H%tHZ + lweel + vl foa e + 1607} < €, (100)
sup [[wrllZ ) < C. (101)
teR 0
sup [0 g2n 1 ) < C, (102)
teR
sup [[w|| g2n i) < C, (103)
teR
1
sup ||[v + Vuw|| < —C 104
Sup | | 7 (104)
1
sup ||vy + V|| < —C, 105
Sup [[ve ¢l N (105)

where C' does not depend on K, u, and (.

Proof. Estimate (104) follows readily from the uniform, with respect to x and g,
boundedness of the attractor in H. Let {y(t) = (2(t), z¢(t), u(t), u(t),0(t))} € H
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be a full trajectory from the attractor 2. Let |o| < 1. Applying Theorem 4 with
y1 = y(s + o), y2 = y(s) for the interval [s,t] in place of [0,¢] we obtain

ly(t + o) = y(@)lIF < Cre™ |y (s + ) — y(s) 17
+ G Trrelg>§](|\2(7 +0) = 2|15 + lulr + o) = u(r) 1)

for any t,s € R such that s <t and |o| < 1. Letting s — —oo gives

ly(t + o) =yl < Oy Jdnax (12(7 + o) = 2(7) |15
+lu(r + o) —u(7)l[f_5) (106)
By interpolation we get
l2(7 + o) = 2(7) [} —5 + l[u(r + o) —u(n)|[i_s < elly(t + o) —y(®)|%
+Ce(llz(r +0) = 2(0)|? + [Ju(r + o) —u(r)[?) (107)

for every € > 0. Therefore we obtain from (106) and (107)

max ly(t + o) =yl < CTI[naX (l(r + o) = z(7)]”

TE[—00

+u(r+0) —u(n)]?) (108)

for any t € R and |o] < 1. On the attractor we have
1 g
et +o) -2l <2 [Jatr+oldr <, ter

and

1 1 [
St +0) @l < 2 [ Jutr+olldr <€, teR

which gives with (108)

y(r+0) —y(n)||”

max < C forlo| < 1.
TER o H
This implies
lzeel|? + 122222 + faael* + | A" e | + 161 < © (109)

and (105).
It follows readily from (5) that

1A0(@)|| < Cllull ) + 10:]) < €
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and from (4) that
[Aw]| < C( + [l rg)) < €,

which implies (102) and (103). From (3) and (4) we conclude
Al < C (). (110)
In case 1 < p < 3 we have for the wave component
lg(z)ll < CA+ llzellZ,, ) < CQ+ [l21)

Therefore z(t) solves the problem

(A 4+ X)z = hy(t) in 9, % = ho(t) onT, (111)

where hi(t) € Loo(R, L2(Q2)) and ha(t) € Loo(R, H*(2)) for any s < 3/2. By the
elliptic regularity theory we conclude that z(¢) is a bounded function with values
in H2(Q).

In case 3 < p < 5 we have that g(z) is bounded in Lg/,(€2) and therefore,
z solves (111) with hyi(t) € Loo(R, Lg/,(£2)). The elliptic regularity theory gives
that z(t) is a bounded function with values in WGQ/p(Q), which implies together
with (109) estimate (99).

Estimate (110) gives the boundedness of the component v in H' N H}(T'y) on
the attractor for every p > 1, but not uniformly.

The following result is a corollary of Theorems 3, 5, 6.

Theorem 7 Let f and g satisfy the conditions in Assumptions 1 and 2. Then the
dynamical system (Hy,S}) generated by the problem

2t + g(Zt) — Az + f(Z) =0 in QX (07T)

92 =0 on I x (0,7) (112)

possesses a compact global attractor Ay = M™(N1), where N1 is the set of equilibria
for (112). If f and g satisfy Assumption 4, then the attractor 2y has a finite
fractal dimension and 1 is a bounded set in the space W62/ (Q) x D(LY?) in case

3 < p <5, and in the space D(L) x D(L'/?) in other cases.
Arguing as in [10] one can obtain the following result on the existence of attractor.

Theorem 8 Let b;, i = 1,2, h, and hy satisfy the conditions in Assumptions 1 -
3 and Hy = H3(To) x H}(Dy). Then the dynamical system (Ha, S?) generated by
the problem

(1 — A)wyy + divb(—Vwy) + bo(wy) + A2w — div[h(|]Vw|?)Vw] + ho(w) = 0,
w(z,t) =0, Vw(x,t)=0 xedly, t>0
(113)
possesses a compact global attractor Ao = M™(N2), where Ny is the set of equilibria
for (113). If f, h, ho, b, i = 1,2 satisfy additionally Assumption 4, then the
attractor s has o finite fractal dimension.
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Our last main result consists in the upper-semicontinuity of the family of
attractors of problem (25)-(28) with respect to the parameters u, k, .

Theorem 9 Let Assumptions 1-4 hold. Denote by Sf’“’ﬁ the evolution operator
of problem (25)-(28) in the space

H, = H = (LY?) x L*(Q) x D(AY?) x L*(Ty) x HY(T).

Let A58 be a global attractor for the system (Sf’n’ﬂ, H,). Then the family of the
attractors AP is upper semi-continuous on A = [1,00) x [0,1] x [0, 1]. Namely,
we have that

lim sup {dist s, (y, A1 x A2 x 0)} =0, 114
s ci00y , S0 {distyn s (y, % x Uz X 0)} (114)

where
HO0%2 = (L2701 x L2(Q) x [[H'%(Tg)]* x H'(Ty)] x L*(T) x L*(Ty).
Here o > 0, 61 > 0 in case p < 5 and 01 > 0 in case p = 1.

Proof. We base the proof on the idea presented in [12]|. Assume that the statement
of the theorem is not true. Then there exists a sequence {(u", k", 5"} — (00,0)
such that pu" > peo, k" < Ko, 0" < [y and for any n € N and a sequence
y" € Ayn on gn such that

dist sy, (Y, A1 x Ay x 0) >e, n=12,.. (115)

for some € > 0. Let y"™(t) = {2"(t), z*(t), u™(t), up(t),6"(t)} be a full trajectory
in An on gn passing through y" (y"(0) = ™). The functions y" satisfy equations
(25)-(28). It follows from (100), (101), (103) that the sequence {2"(t), w"(¢t), 0" (t)}
is uniformly with respect to n bounded in the space

&1 = (Cona (B W2, (©)) 1 Chog(R: D(L'/2)) 1 O L2())
X (Cona(R; (H* N Hy)(To)) N Chog(R; Hy (To)) N Cig(R; L*(T))) x
(Cona(R; H? N H(2)) N Cppg(R; L*(92))).

Hence, by Aubin’s compactness theorem [25] {z"(¢), w™(t), 6™ ()} is a compact
sequence in the space

Wi = (C(=T.T); (£Y272) N CY (=T, T); L*($2)))
% (C(-T,T); By (Do) N CY (=T, T]; LA(Ty)))
x C([=T, T]; H'(To))
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for every T' > 0. Estimate (100) yields that the sequence {v"} is uniformly with
respect to n bounded in the space

€2 = (Cona(R; [Hy (D) N Cpra (R; [Hg (2)]7) N Cpa (R; [L(Q)]).

Thus, we deduce that there exists a function {z(t), w(t),O(t)} € €; such that
Jim max {1275 () = 2O /25y + 1287 (1) — 2e(D)I7 20
+ ™ (#) = w7 rg) + 0™ (8) = W) Z2r)
0 (8) 0|2y 0y = 0 (116)
for any 1 > 0 in case p < 5 and 0; > 0. Analogously, the sequence {v"} is

compact in the space C([-T, T]; [Hé_‘SZ(Q)]Q) NCY([-T,T); [L*(To)]?). Moreover,
by (104), (105) we get that

2 + vak + VWtH[L2(Fo)]2} =0 (117)

. -
lim max}{H'u —i—VWH[HéfaQ(FO

k—oo [T,

for every T' > 0. By the trace theorem we infer from (117) that
Jm o™ 4+ Vw22 apg) = 0,
therefore,
Vw|or, = 0.

We can choose functions ¢, ¢ and x in (48)-(50) of the following form: ¥ (t) =
(=0, 1, =01, 1) -p(t) and x(t) = x-p(t), where ¢ € (L'/?),1 € H3(Q), x € H} ()
and p(t) is a scalar continuously differentiable function such that p(7') = 0. It is
easy to see that

(Au™ 1) = [—v(dive™, Al) — (1 — V)g{[axlv?’“ 02 1+ Opyvy* - 021 118)
+(8Ilv;lk —"_ 8$2/U?k)81’1172 l]d‘,r]p(t)
Therefore, passing to the limit £ — oo we get

T T
lim [ (Au"™ ¢)dt = /(Aw,Al)p(t)dt.

k—o0

0 0

By Assumptions 1, 2, 3 we pass to the limit in the nonlinear terms. Observing
(116) and (118) we get

T T T T
- / (20, &' (£))dit + / (LM?5, LV2g)dt + / (9(ze), @)dt + / (f(2). 6)dt
0 0 0 0

= (21,0 (0)) (119)
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T T T
/Wt, /th,Vl dt—i—/Kw Kh)p (t)dt
0 0 0

T

+/ (divb(Vwy) + bo(wy), D)p (t)dt
0

T
+ /(div[l(!Vw]Q)Vw],l)p (t)dt = (w1,1)p (0) + (Vwi, VI)p (0), (120)
0

T T
—/(@,7') dt+/ (VO,Vr)p = (6o, 7)p (0), (121)
0 0

where K : H2(T'g) — L?*(Ty) such that K2 = A2 : H*N H3(Ty) — L*(To).
One can deduce from (119)-(121) that z(t), w(t) are weak solutions to
problems (112) and (113) possessing the properties

sup {20 ) + 120} < €

igﬂg{"w(t)”?pm{&(ro) + ”Wt(t)”%{g(ro) + ”Q(t)H%Q(FO)} <C

and
Vwlar, = 0.

Consequently, {z(t),z:(t)} and {w(t),w(t)} are full trajectories to (112) and
(113) which belong to the attractor ' and 2A2. The function O(t) is a full
trajectory to the problem

0, +AO =0, z€Ty, t>0
© =0, ze€dly,

which is exponentially stable. Consequently, ©® = 0. Thus, it follows from (116)
and (117) that

Jim (10 (0) + TW (O sy oo+ [07(0) = w(O)

o (0) + VWi (O)] e, )2+ 0y (0) = wi(O) 22z,
6™ )30y} = 0

and

T (127(0) + 2(O) 2y -y + 10 (0) = 20320} = O

and we obtain a contradiction to (115). Consequently, (114) holds true.
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System with non-conservative forces (v # 0).
Consider now system (1)-(7) with 7 # 0. This case corresponds to the non-
conservative nonlinearity and non-monotone energy.
Note that Assumption 1 with A*hf > 2+2 guarantees that there exist a positive
constant Cy such that

T S

H(T)ZCo+§/h(€)d£20, reRy, Ho(s)=00+;/h0(§)d§zo, seR.
0 0

Moreover, there exist positive constants C, C7 and Cy such that

yrs+ H(r)+ Ho(s) +C >0, reRy, seR. (122)

and
yrs < Ci(o? + H(r)) + Cy, r€Ry, s€R. (123)

The additional assumption for the non-conservative case is the following:

Statement 5 e There exist positive constants c1 and ca such that
—rh(r) < —ciH(r) + ¢, reRy (124)
and
—rho(r) < —c1Ho(r) + ca, s€R (125)

e For any € > 0 there exists a positive constant Cs such that
—yrs <e[H(r)+ Ho(s)|+C., reR4,s€R (126)

and
yro <elo?+ H(r)]+C., 7€R,, 0 €R. (127)

o There exist positive constants ¢y and co such that
—rf(r) < —call(r)+c, reR (128)

The assumptions (124)-(127) were made to guarantee the existence of the global
attractor for the Mindlin plate system in [4]. Now we are in position to give the
abstract formulation of system (1)-(7). Denote

* i
F (U) = (0707 §|U|2)7

Fy(u) = (vifyw + h(jof*)], valyw + h([v[*)], ho(w)). (129)

and

0y (u) = ;/Q o 2dz.
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Let
€o(t) = EV(z, 2¢) + E2(u, uy) + E9(6) + TI(2) + Mo (u), (130)

where EY, E0, EO I, IIy are given by (37)-(39) and (29), (32) respectively. We
define the total energy in the following way:

E(t) = Ep(t) + Iy (u). (131)
It is easy to see from (122) and (123) that
1

—5Thy(u) — Oy < Iy(u) < C /[w|2 + H(|v[?))dz + Cs (132)
Q

Applying the same arguments as in case 7 = 0 we obtain the following theorem.
Theorem 10 Under Assumptions 1 with h*hj; > 2%, 3 for any initial conditions
yo = (2%, 2,4, 0°) € H

there exists a unique generalized solution y(t) = (z(t), z¢(t), u(t), us(t), 0(t)) to the
PDE system (25)-(28) with Fy defined by (129), which depends continuously on
wnitial data. This solution satisfies the energy inequality

t

£t) + / (G(z1), 21)adr + / (B(uy), u)ry dr

S

¢ ¢
+ / HV@”%OdT < &(s)+ /(F*(u),ut)dr, 0<s<t,

with the total energy E(t) given by (131). Moreover, if initial data are such that
2020 e (LY?), v e D(A), u' e DAY?), 6° e D(-A)

and

L[z° — kNogu'] + G(2Y) € Ly(Q)
then there exists a unique strong solution y(t) satisfying the energy identity:

t

&) + / (G(z1), 2)adr + / (B(ws), we)ry dr

¢ ¢
+ / V0|2, dr = E(s) + /(F*(u),ut)dr, 0<s<t (133)
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In contrast to the conservative case, the non-conservative system is not gradient
and the energy is not monotone, i.e. one cannot guarantee the existence of a
bounded absorbing set without additional arguments. To prove the dissipativity
of system (25)-(28) in case v # 0 we resort to the Lapunov’s method combined
with the barriers method.

Theorem 11 Let Assumptions 1-3, 5 hold. Then the dynamical system (H,St)
generated by problem (25)-(28) possesses an absorbing ball B(R) of the radius R
mdependent of B, k, and p.

Proof. Consider the functional
V(2 20, u,ug, 0) = E(1) + 6[(21, 2) + (ug, w),

where 6 > 0 will be chosen later. It follows from (132) that there exist positive
constants C;, i = 1,4 such that

ClEO(zy Zt, U, Ut, 0) - CQ S V(Za 2ty U, Ug, 9) S C3E0(z7 Zt, U, Ut, 0) + 04‘
After differentiating the Lyapunov function by t we obtain

%V:m@mmﬂmwmw%WmeMWW+MW

—(G(z1): 2) = [ILY22]]* = K(LNour, 2) = (Fi(2), 2) = [ AY2u]|* = (R, 2)
— (B(w),u) — (Fa(u),u) — £(Ng Lzg, u)].
Taking under consideration (24), (124)-(126), 128 we get

%V < —(G(z), 2) = (Blug), ue) — (F* (), ue) = | VOI* + [l |* + [Jue®

1 1
—(G(=),2) = §HL1/2Z||2 - §||f11/2UH2 +ve|?
= (B(ue),u) + Clllze + lluell®] = e1/2[o(w) +11(2)] + C]. (134)
It follows from (127) that for any € > 0

(F* (u), ug) = ;/ vPuwdz < s/uwF + H(jv|)]dz + Cs
Q Ty
< ef||w||* 4 Ip(uw)] + C.  (135)

Consider now the term (B(u:),u). Let Ty = {z € T : |us(z)| > 1} and '3 =
I'o \ I'§. We obviously have that

|wwmo</wwmm</wmmmwc/wm
Lo r} Iz
< (1 Iotuo)] e ol 42l + )

1
l—‘O

< C(B(u), us) E°(z,u, 0) + Cllul|? < C(B(ug), ws)[V + 112 + Cllul®. (136)
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Analogously, B
(G(20), 2)| < C(G(z0), 2)[V +1]'? + C|z|%. (137)

Consequently, collecting Assumption 2, (134)-(137) and choosing § = 4e(1/2 +
C'max{\;, \y}), where A, and ), are the first eigenvalues of L and A respectively,
we get

LV(t) +eV(t) < di(e +C)

dt
+do(e[1 + V()2 = d)[(G(20), 2¢) + (B(ug), ug)].  (138)

Applying to (138) the barriers method described in [7, Th. 3.15] we obtain the
statement of the theorem.
Applying the same arguments as in Section 2 we get the following theorem

Theorem 12 Let Assumptions 1-5 hold. Denote by Sf’”’ﬁ the evolution operator
of problem (25)-(28) in the space

H, = H = D(LY?) x L*(Q) x D(AY?) x L}(Ty) x HY(Ty).
Let A58 e a global attractor for the system (Sf’”’ﬂ, H,). Then the family of the

attractors AP is upper semi-continuous on A = [1,00) x [0,1] x [0, 1]. Namely,
we have that

lim sup {distys, s, (y,2A1 X A3 x 0)} =0,
(1s#,8)—(00,0,0) yeQUhm@{ Ho162 (Y )}

where
Hov2 = (L2700 5 L2(Q) x [[H'792(D)])? x H'(Ty)] x L*(To) x L*(T).
and s is the attractor of the system

(1 — A)wyy + divb(—Vwy) + bo(wy) + A?w — div[h(|Vw|?) Vw]
+ho(w) —7/2A[w?] =0,
w(z,t) =0, Vw(z,t)=0 xedly, t>0
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Beryn

JlocaimKeHHsT KOJUBAHD PiAMHA B YaCTKOBO 3alIOBHEHMX OaKax MaiOTh BeJIH-
Ke TpuKJaagHe 3HadeHHsi. OTpuUMaHi J0 MBOTO Yacy pe3yJabTaTH BimoOpakeHi B
quceapbHnx mybsikanisx (aue., Hanpukaaa, Monorpadii [1]-[11] i Brkasany B Hux
6ibmiorpadiro). I3 crareit, aki BUATILIN TOPIBHSIHO HeJABHO, BiazHadnMo [12]-{17].

B 6iapmocTi pobiT po3risaaroThest 6aku JoCTaTHBO TTPOocToi Teomerpii. Haas-
HICTDH IIEPEropoJoK Ta iHIMHX IPHCTPOIB, PO3TAIIOBAHNX BCEpeanHl OaKa, 3HATHO
VCKJIQTHIOE TEOPETUIHUH 1 YnceIbHAN aHasIi3 mporeciB KoguBanb. [Ipuktagn po-
3paxyHKIB 4acTOT i (pOPM BLILHHX KOJUBAHL PIAWMHU B OaKax 3 MEpPeropoIKaMi
masezeno B [12]-{15].

B [14]-{15] mpumyckaeThest, M0 MEPEropoKu MaroTh mepdopariiiiai 0TBOPH.
e m01aTKOBO YCK/IAMHIOE PO3PAXYHKH TiIPOAMHAMIYHUX XapPaKTEPUCTUK Oakis.
JLTe TIOAOTaHHS ITUX TPYAHOIIIB BUKOPUCTOBYIOTHCS YCEpPeIHeHl YMOBH Ha IIEPETO-
poakax. Ilpu 1160My BBaXKaeThCsI, 10 KIJBKICTH TTepgOpaIliiHuX OTBOPIB BEJIUKA,
a TxHI po3MipH ¥ BIACTAHI MK HUMU JIOCTATHHO MaJIi.

B nawiii po6ori, sik i B [14]-{15], po3nasiiaThest KOJUBAHHS 1/1€AJIBHOI PiJiH-
HU B HEPYXOMi#l mocyauni 3 mepdOpOBaAHNME TIEPETOPOIKAME; JOTATKOBO BPaXO-
BYIOTBCSI CHJIM MOBEPXHEBOTO HATATY (KAIlIApHI CHJIN), SKi BIIIrparTh CYTTEBY
POJIb B yMOBAX HEBAroMOoCTi. BcTanoB/eHi 3araibHi BAACTHBOCTI CIIEKTPY YaCTOT
BJIACHUX HOPMAaJbHUX KOJIMBaHb PijuHu. Po3rigayTi nuTtanHs po3B’si3HOCTI eBO-
JIFOTTIITHOT 33124l TTPO MaJll PYXW PIAWHN B OKOJ1 PIBHOBAXKHOTO CTAaHY.

1. ITocranoBka 3agad4i

Hexait pianna gacTkoBO 3amoBHIOE HEPYXOMiit 6aK, cexiionoBanuii mepdopo-
BaHUMU meperopokaMu (aus. puc.l). Bymzemo BBazkaTH, 110 piuHa 3HAXOAUTHCS
M €0 CHJI TIOBEPXHEBOTO HATATY W 30BHINTHBOTO OJHOPIAHOTO OO0 MACOBUX
cuit. PopMa BITLHOI TOBEPXHI PIIVHN B CTaHI PIBHOBATW BBAXKAETLCS BITOMOIO.

Puc. 1: To nmocTaHOBKH 331841

Oxpewmi cekrii (obsacti) 6aka noznaunmo gk Qk, k € 1, N, ne Ny — 3aranbhe
quea0 cekuiif, siki micrsite piguny. Iepmi N (N < Np) cekuiif BBazKaOThCs 3a-
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moBHEH] piammoro Juie 9acTkoBo. Hexait ' mo3mavae BiabHY MOBEpXHIO pinwHwm,
Iy, — BiapHy moBepxHO pimuan B k-it (K < N ) 9acTKOBO 3amOBHEHiil CeKIiil, Tak
mo I' = U]kvzlfk. Hagami, ama npocroru, 6ymemo BBaxkatu, 1o mosepxus L'y mpu
Vk € 1, N cKIaJaeThes 3 0JHOr0 KOMIIOHEHTa, 3B SI3HOCTI.

Braxkaoun TOBIMWHY HeperopogoK 3HAYHO MEHIITO0 XaPaKTEPHOTO JIHIHHOTO
po3uMipy 6aka, 6yIeMo OTOTOKHIOBATH HEPErOPOAKY MiK IBOMA CYMIKHAMH 00-
nactsmu 25,y 3 i1 cepenunnoio mosepxuero Sji, (j < k). Iosnauumo [gepes Sy,
[IOBEPXHIO KOHTAKTY PIOMHHU, sIKa MICTHTHCA B i, k > 1, 13 30BHIIIHBOIO CTiH-
K010 G6aka S; 1o Sk 6yIeMo BITHOCHTH TAKOXK JIIAHKY TEPETOPOIKH, SKA PO3ILIIE
ra3oBy HOPOKHUHY i 06acTh {1, k > 1. Hopmadi 71 10 moBepxoHb Sj; YMOBHMO-
csl cupaMOByBaTH B BiK 00s1acTi 3 OlibliuM HOMEPOM; HOPMAJIL JI0 1OBEPXOHL I i
Si OyIeM0o BBayKaTH 30BHINTHIMEU CTOCOBHO obJracti {2 1= U]kvilﬁk, SIKQ 3ATIOBHEHA
PLIMHOIO.

[Mosnaumvo gepes I muokuHy map niinx wucen (jk), axi sianosigaoTs cy-

MizkHUM obactaM (1, . Bimsnaunmo, mo nasg geskux Homepis j,k € 1, N mo-
BepxHi S, Sk MOXKYTH OyTH TTOPOKHIMU MHOKIHAMU.

[MTozuaunmo uvepes (¢, ) mOTEHIIAT MOJIs MBUIKOCTeH piguan B obaacti (2,
wepes ((t, &1, &%) — Bimxmnenmsa BimbHOT moBepxHi pigmmm ['(t), sike BizpaxoByernes
10 HOpMaJIi Bij piBHOBaxKkHOTO TosoxkeHHsa I (&1 €2 — xoopamHaTHI mapamerpn Ha
I'). Tlpunycrumo, mo KiapKicTh OTBOPIB y nepdopoBaHiil JALIAHIT Meperopo K
JIOCUTH BeJUKe, a ixXHI po3Mipn # BimcTani MK HuMu MaJi. Ilpu mmux mpumymen-
HAX MaJli TOTEHIAIBHI PYX¥ Pianau 1003y PIBHOBAXKHOTO CTAHY B JHHIAHOMY
HabJIMKEHH] OMUCYIOTHCA HACTYIHUMU PIBHAHHAMEI, TPAHUYIHUME i TOIATKOBUMU
ymosamu [14]-[15]:

AP, 2)=0 B Q, kel,Ngy; (1)
acth  gpk)
W == an oa Fk, k S ].,N, (2)
9 (k) | (k) (K - Y
p—5 To(=Ar +a"¢®) = p f(t, ) +c(t) waly, kel,N;  (3)
(k)
ag +a®c®) =0 na ATy, kT, N; (4)
1%
Aol k) , .
gn = gn = gin(e™ — o)) ma Sj,  (jk) € In; (5)
(k)
o =0 ma S, kel,Ny; (6)
9ok
(W =€, S| =dEe) m D keLN; (1)
o t=0
aim =L (k) o= MO TES
g SN <
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Tyt A%k) — oneparop Jlamraca—benprpami Ha noeepxHi ['y; 0 — KoedirienT
IIOBEPXHEBOIO HATATY Ha Binbuiit mosepxui I'; p — rycruna piguun; ¢, (%) — upo-
HUKHICTE eperopoixu Sji; ki, ko — rososui kpusunu Biapaol mosepxui I'; O
— KOHTYD, AKHil oOMekye BLIbHY moBepxHIO ['x; kr, ks — KpUBHUHA TEPETUHIB
nosepxons I i S mommHrO0, Teprien mKyasproto 1o Koutypa 01 = UY_ OT;
o — KYT 3MOYyBaHHS — JIBOCDAHHUI KYyT, sIKifl CTBOPIOETHCS PIAUHOI0 B TOYKAX
kouTypa OI'; UV — mopmass g0 koutypa O, mo posramosana B jgorwdanii g0 [
wiommni; f(t, &) — cunosa yHKIg 30ypeHHs] 30BHIIIHBOIO MOJIsI MACOBUX CHLIT;
§ — IHTEeHCUBHICTHL 30BHINTHBOTO CUIOBOTO TONs; ¢(t) — moBinbHa QyHKIis vacy t;
((gk) (€1,62), C{k) (€1, €2%) — 3amani yHKIIl, M0 BU3HAYAIOTE OYATKOBI BiIXMICHHA
i MIBUAKOCTI TOYOK BlJIBHOI IOBEPXHI PlIMHM.

B (1) — (7) i nagani BepxHiil iHAEKC y KPYIVIMX Jy>KKaX O3HaYa€ HoMep 061acTi
abo moBepxHi, 0 AKOI BiIHOCUTHCA Ta ab0 iHma (hyHKIIiA.

osie msuakocrei 75 (t,Z) piguan B obnacti () BUBHAYAETHCS Ye€pe3 MOTEH-
mian @) (¢, #) srigno croissignomenns: %) = Vo®)(t, %), k € 1, N,. Pipusn-
Ha (1) € HacainKoM piBHsIHHS HermepepBHOCTI div %) = 0 i noresmiaabHOCTI pPyXy
pigmnn. Pipusang (2), (3) e gineapusosani KiHemaTwuHi i auHaMivHi yMOBH Ha
BiTbHif moBepxHi pimuan. dumamiuni ymosu (3) ma nosepxuax Iy, k € 1, N 3amm-
CaHl B MPUIYTIEHHI, [0 BCI ra30Bi MOPOKHUHA cro Ty4ueHi Mixk co6oio. Koedirient
MOBEPXHEBOr0 HATATY 0 (= const) NPHUIYCKAETHCS OJHAKOBUM [T BCIX MOBEPXOHD
Iy, k€1, N. KyT 3M0uyBaHHS (r BBAXKAETHCH 33, ]aH0I0 (PYHKIIEI0 TOUOK KOHTYPY
OT'. Ilpu 1bOMY BBAXKAETHCS, IO KOKHUN KOHTYp Ol') MepeTHHAETHCS 3 MOBEpX-
et Sk 10 11 HeNPOHUKHEHIN JiasiHI.

Ywmosu (5) oTpumaHOo ycepeaHeHHsSM TOYHMX (y paMKax MOJesi imeaabHOl
PiIMHN) I'DAHUYHUX YMOB Ha HEPeropoikax Sjk, IO PO3ALN0Tb cyMixHI 00-
macti §j, Q. Qynkiii ¢j; (L) B OUX yMOBaX BBAKAIOTHCH 33JAHNMHU, TTPUTOMY
¢;1(Z) = 0 Ha HemepdOpOBAHUX ALTSHKAX meperopofok. Maremarndse oGrpyHTY-
BauHs ymoB (4) masegeno s [18]—20].

Mg BiAXmaeHb BLIBLHOI MOBEPXHI PIAWHU Bi PIBHOBAYKHOTO CTAHy HOBHUHHA
BUKOHYBATUCS YMOBA!

> /C(k)(t,§1,§2)dl“ =0 Vt>0. (8)

kel,NT,,

Pynkii Co(k), ka) B (7) moBUHHI 33/10BOTBHATH YMOBI (8).

2. Oneparopuo-agudepenijiajibie (pOpMyTIOBAHHS
€BOJIIOLIIITHOT 3aMaui

Beememo esosronitiny samauy (1) — (7) mo 3amadi Komi gna omepartopro-
JudepenIiaIbHOrO PiBHAHHS JIPYTIOro MOPSIKY B rijabbepToBoMy mnpocTopi. Bse-
nemo N-xommnonentui dynknii ¢ := (CM, ¢ (V)T e koxna 3 ynkuiit
¢®) Busnauena ma mosepxui I'y, 1 € eJleMeHTOM riIbGEPTOBOrO IPOCTOPY La(Ty), a
BEpXHIil MHIEKC T 03HA4Ya€ onepariio Tpancionysatnts. Oyakmil ¢, siki BU3HAUEH]



40 Bopucos /1. 1., Bopucos I. /1.

Ha BiIRHIN nmoepxHi pignam ' 1= U]kvzlfk, OyaeMo BBaXKATH €/IeMEHTAMU TiIhbep-
tosoro npoctopy La(T') := La(T'1) @ Lo(T'2) @ ... & La(T'y). Cranapuuii 106yTOK
i nopma B Lo(I") mators Buris;:

o= X [ ¢¥niar, el = (€.0F

kel,Nr,,

[Tosnaummo gk Hy(T') mignpoctip dyukmiit 3 Lo (T'), mo 3a10B0abHAIOTE yMO-
Bi (8). Mignpocrip Ho(T") € oproronanbaum ponosrennsm y Lo(I') mo ogroBuMip-
HOTO HifImpocTipy, HaTarayTomy Ha dysknio ep = (1,1,...,1)7, aka mopisHioe
Toroxno 1 ma BimbHii mosepxui I'; tak mo Hy(T') := La(T") © {er}. 3rigno 3 (8)
BIIXWJIEHHS BLTHHOT TOBEPXHI PIAWHY BiJI PIBHOBAXKHOTO CTAHY € €eMeHTOM IPOo-
cropy Ho(T'), To6To ((t, &L, €2) € Ho(T) Vt > 0.

Pozrianemo joromizkHy KpaiioBy 3a1a4y:

ApP(Z) =0 B Q, kel Ny (9)
Hok)
gn —x® wa Ty, keI, N (10)
96 9ok | .
O g (6 69 ma Sp GRMeln (1)
k)
= 1,Ng;
5~ =0 m S, kel N (12)

ne dyHkmil X(k) BBasKalOTbCA 3aJaHUMHU. DyneMo BBakKaTH, IO CEepeIUHHI I10-
BepxHi 11eperopojiok Sji, 10BepxHs 1ocyunu S i BinbHa 1nosepxus pigunn I' e
JIOCTATHBO TIQJKUMHU ¥ TEepeTUHAIOThCAd OAWH 3 OJHWM TiJl KyTaMmH, BiIMIHHU-
vu Bin myas. Oymxuil ¢ (%) nianopamkyemo ymosi: 0 < g, < ¢UV(jk) € Iq,
ne ¢° — meska M07aTHA KOHCTAHTA.

Veenemo rins6eprosmit mpoctip H1(Q) := HY(Q) @ H (Qa)®... 0 H (Qn), 1e
H'(Q) o3nawae mpocrip Cobosena dbynxiit, mo mamexars Lo (Q) pazom i3 y3a-
TAJTbHEHUMU TTOX1THUMHY TIeptiioro nopaaky. Haragaemo, o € o3nagae o6’ e qHamHsT

objiacreii, 3aifiHgTUX pianHO0: §) = UéVile.
(k) — . ‘ o
[osmaummo wepes vy, k € 1, N omeparop ciimy, mo sicTaBise IOBLIbHIN
bynxnii ¥ e HY(Q), k € 1, N ii 3uadenns na nosepxmi L': 71(,k)¢(k) =

= gp(k)lrk. Ak Bimomo |21|, omeparopu vlgk) obmezkeno girots i3 H'(Qy) B

H'Y2(Ty), ne HY?(Ty) — mpocrip CoGonena—CroGogernbroro. Busmasimo ore-

paTop r = diag(vlgl), 1&2)’ vy VIQN)), 110 3icTapse goBinpHii dymxmii ¢ € H ()
iT 3HavenHs Ha moBepxHi I' 1 Yo 1= @|p. Oneparop 7r, BHACTIJOK 00MEXKEHOCTI

* vEe TN isrifirm 06 i€ 3 riasGepro-
T € 1, N, takox € JiHifiHuM 00MeKEeHUM OIepaTopoOM, 110 Jli€ 3 TLIb6epTo
soro npocropy H'(Q) Bmpocrip HY/2(T) := HY/2(T))@HY2(I'y)®...0 H/*(Ty).

Veememo rianbeproBuii mpocTip

HY(Q) = {p: ¢ € H'(Q), g € Hy*(T) = HY*(T) 0 Ho(T) }.
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Moxma moKa3aTwH, M0 B OPUWHATUX NTPUIYIIEHHAX ICHYE €IUHUN y3ara/bHe-
Huit poss’asok ¢ € HE(Q) xpaitosoi samaqi (9)—(12) misa gosimermx byHKIiil
x = (XM, x@, . xM)T e HO_I/Q(F), J1e Ho_l/z(F) — IPOCTIp CrpszKeHui 10
Hé/ 2 (T") Bimnocuo ckansproro nobyrky B Ho(I). Iliy y3arasbHenum po3s’sizkom
i€l 3ama4i posymierses dyukuia ¢ = (¢, p2), . ¢y ¢ HE (), mo 3a10-
BOJIBHSAE 1HTETPATbHIN TOTOXKHOCTI:

5 [ooh s 3 f g0 s
IS W (k)Elag,,

= (o Vo= W@ LY e HY Q). (13)

Tyt i mani (-, -)og 03Ha"YAE TPOAOBKEHAS CKanApHOTO 100yTKY B Ho(I') Ha crips-
JKeHl TpoCToOpH HS/Q(F) it HO_I/Q(F).

IMosraunmo uwepes A omeparop, mo po3s’sasye kpaiioBy 3amaqy (9)-(12), rax
mo ¢ = Ayx. Omeparop A — mimifianii ob6MeReHUE onepaTop, IO i€ 3 TPOCTOPY
Ho_l/Q(F) B mpoctip H} (). Yeeaemo omepatop C' = yrA, mo obMexkeHo i€ 3
Ho_l/2(1“) B HS/Q(F). B [14] noseneno, o 3yxenns C wa Ho(I') € camocupsizke-
HUIl JojaTHril Ta KoMinakTHuit oneparop y Ho(T').

Bicrapisioun eposmorniitay (1)—(8) 1 momomixkmy (9)-(12) 3amati, HEeBazKKO
BCTAHOBUTH, IO TTOTEHTA MBUAKOCTEH @ i Biaxunenus ¢ BibHOI TOBEpXHI pian-
HY BiJ PiBHOBaYKHOTO TIOJIOXKEHHS 3B’sI3aH1 CITiBBI JHOTIIEHHSIMU:

o¢ o¢ ¢
e A—’ = A— = —_
p=Ann elr=rdz5 5

IToznraummo vepes L®) eninruannit nudepeHIiaabHuil onepaTop 2-ro nops/i-

Ky:

(14)

LWe®) = (Al L g0 e®) ke TN,

pusHavennit wa dynxmiax (P € H?(T}), mo 3am0B0bHMIOTH yMoBaM (4)
(H?(T'g) — mpocrip CoGonena ckangpunx yHKIM, mo Hazexars La(I'y) pasom
3 y3araJbHEHUMHU MOXIHUMY JI0 IPYTOTO MOPAJIKY BKJFOUHO). YBEJIEMO OMepaTrop
L := diag(LW, L® ..., L) i oneparop B,

er

BC = Py, L¢ = L¢ — T

(L, er)o, (15)

3 00JIaCTIO BU3HAYCHHS

=0 uadl := U Tk b,
kel,N

D(B):=<{¢:¢€ H*T)N Hy(Ty), (gC—FaeC)

v

or

ne Pr, — oneparop oproronasabaoro npoekrysanis B Lo(I') na nigupocrip Ho(T').
Bigzuagumo, mo |I'| B (15) o3navae mwiomty Bciel BiabHOI nosepxui I, Tak 1o

N
\F\ = Zk:l ‘Pk’
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gk Bimomo, xoxuuit i3 oneparopis L%, ke 1, N — JOITYCKae POBIMUPEHHS 33
@piapixcoM 10 CAMOCIPSIZKEHOTo obMezkenoro 3uu3y oneparopa B La(I') 3 obua-
creio Busuagenas D(LF)) ¢ HY(Ty) [5, 11]. 3sigcu summsae, mo omeparop B
MOKH& PO3IIHUPUTH JI0 CAMOCIIPSIZKEHOro obMezkenoro 3uusy omneparopa B Ho(T') 3
obnactio susaagenns D(B) C H} (). Hazani e posmmpensst 6yeMo mo3HauaT
sK 1 paninre uepes B.

3BepTanvucy 10 TuHAMIYHOT yMOBH (3), a TakoXK 10 MOYaTKoBUX yMOB (7),
npuiigemo 10 3agadi Komi B rimsbeprosomy npocropi Ho(I'), mo ommcye masmi
MOTEHITIAJIBHI PYXU KAIJISPHOI PiinHU 1100/IM3Y PIBHOBAaXKHOI'O CTAHY:

2
pcd— +0B(=pfo(t) (t>0), ¢(0)=Co, dCd(tO)

G = (66 =@ gy

folt) = f(t) — |13| / F()dr.
T

PiBnoBarkuuM cTanam pinwHU BiIIMOBIIaI0OTH CTAIiOHAPH] 3HAYUEHHA (DYHKITIO-
HaJa MOTeHIlaJIbHol eHepril

e 3 ol + Y (o -oplsil = Y [o@-dae.  an)

keL,N kEeT,N, k€T,No (),

rak mo OII(I;¢) =0 V(¢ € Ho(I'), ne §II(I'; ¢) — nepma sapianis dyukiionana
IT (04,04 = const — xoedilieHTH HOBEPXHEBOIO HATATY HA MOBEPXHSIX KOHTAK-
Ty piAMHE Ta Tasy 3 TBEPOI CTiHKOM). HeBaxkKko mokasaru, mo apyra Bapiarfis
norentianbhoi eneprii §2I1(T; ¢) 36iraeThest (3 TounicTIO K0 MHOMKHMKA) i3 KBAJI-
paruuHo0 GopMOIO omepaTopa B, Tak M0 y BHMOAJKY MaJNX BiIXWIEHb BiIBHOT
MOBEPXHI PIJIMHU BiJi PIBHOBAXKHOT'O TTOJIOXKEHHS MOYXKHA TPUAHATH

1
I~ 55211(r;4) — % (BC,Q)y =

:% 2 /(‘ng)c(k)r—l—a(k)‘C(k)’2> dI‘+/ae(k) ’((k)rds , (18)

k€el,N |1, Ty,

ze Vl(ﬂk)(-) — MOBepXHeBUil rpajieHT (PyHKINM, BusHadeHnx Ha [k, ds — ejgement
IOBXKHUHKA KOHTYpy OI.

KineTtnana enepris NOTeHIIaIbHUX PYXIB PIAWHA TPEACTABISETHCA ¥ BUTIIA I
KBajApaTndHoi dopmMu, gKa cnoaydena 3 oneparopom C-
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N D

ac®) g )
2. %%

keL,N

g /\w ]dQ+ 3 /qjk _¢<J>’2ds . (19)

k€T, Noe, (Gk)€la g,

[MopipusamO 31 3BUYAHUM BUPA30M [IJIsT KIHETUYIHOI €HEPTil TOTeHIiATbHIX KOJIU-
BaHb PIIWHW OpaBa JacTuHa piBHOCTI (19) MiCTUTH M07ATKOBHIT TOAHOK; TOSBA
IHOTO JTOMAHKA MOACHIOETHCA THUM, 0 KIHETUYHA €HEPTisd BU3HAYEHA depe3 yce-
peHeHn# MoTeHTlial MBUIKOCTEN PiUHH.

Buacaiyok pisaocreit (18), (19) oueparopu B, C Gynemo HazupaTu Oneparo-
pamMu TTOTeHIaJIbHOT 1 KIHETUYHOT €HepPriit, BIIIMOBITHO.

3. BuacHi kosmBanns piguau. Po3B’s3HicTh eBoJmnoniiinol 3agadi.

Esosroniiitaa 3aada (16) B TOUHOCTI 36ira€ThCst 3 OMEPATOPHO-TH(EPEHITIATH-
HuM HOPMYJTIOBAHHAM KJIACAIHOI 33349y PO MaJi PyXW KamJIgpHOI PiauHu B
YaCTKOBO 3amoBHeHOl nmocyauHi [3, 5, 11]. Ilpu nmbomy 36epiratoThcst OCHOBHI BJia-
CTUBOCTI OTIEPATOPIB MTOTEHITIATBHOI i KiHeTnaHOT e€Hepriit. Ile fo3B0ss1€ TTEpEHeCTH
pesynbraru, orpuMani B [3, 5, 11|, Ha posrisimaeMuil BUMIAI0K KOJUBAHB DIIHHA
B HOCyAWHI 3 1epdOPOBAHUME TTEPETOPOIKAMU.

Bracui HopMabHi KOJTMBaHHS PIJIMHU OMUCYIOTHCS PO3B’sI3KAMHU OTHOPIIHOTO
piBasinus (16), 0 3anexkarTh Big acy t 3a 3aKOHOM

¢ =exp (ZWt)u(f)7

Jle W — KPyroBa 4acTora KoqmBanb, u(¥), ¥ € I' — Moma kKommBaHb BLIBHOT TIO-
BepxHi pinuan. Pisusaus (16) opu fy = 0 npuBOAUTE /10 CIIEKTPATBHOT 33124l

Bu = \Cu, M= w?p/o. (20)

Omnepatop noreHIiaabHOl eHepril B — obMexkeHuil 3HU3Y 011epaTop 3 AUCKPETHIM
JifCHUM CIeKTpoM. Y 3araJbHOMY BHIAJIKY B Mae n Bix'emunx, n’ HyIb0BHX
i paxyHKOBY MHOXKHUHY JIOJATHUX BJacHUX 3HaueHb \i(B). Bci Baacui 3navenns
ortepaTopa B rniponyMepyeMo, siK 3BUYAHO, Y TOPSIKY 3POCTaHHS 3 ypaxyBaHHIM
X KpaTHOCTEN,

M(B) < Aa(B) < ... < Aa(B) <0, Apsr(B) = oo = Ay (B) = 0,
0 < Apino41(B) € Apypoi2(B) < Apppogs(B) < ..o (21)

Ckopucrasmmmcs pesyabratamu |5, 11|, chopmMymroemo 3arajibHi BIaCTHBOCTI
BJIACHUX 3HaYeHb 1 BiaacHux yHKIih 3ama4i (20).
Teopema 1. Hezati 6aacti 3Ha"EHHA ONEPAIMOPG NOMEHYIGAbHOT enepeii B 3ado-
soavHaomo ymosam (21). Todi sadana (20) mae duckpemmnud cnexmp { A }req,
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AKUG CKAGOGEMBCA 13 BAACHUT 3HANEHD A CKIHUEHHOT KDAMHOCME, YCi 6AGCHT
snanenna dilicni, npuvomy Ay = A, <0 Vk e ln, Ayp:= /\2 =0 Vke
L,n0 A, i0qk = Az >0 Vkel, oo, )\g — t+oompuk — +o00. Cykynnicmo

0
saacruz Pyrryil {ug o, = {u;}zzl U {ug}zzl U {u,j};ozl (ug,uf ~ 6AACH]

dynryii, Axi 610n0610a10Mb BAGCHUM 3HAYEHHAM /\2, )\ki) noena 6 Hy(T'), cmeo-
proe basuc Pucca 6 yvomy npocmopi 1 mooice bymu obpara max, u0b 6UKOHYGa-
AUCA CNEBBIOHOWEHHA!

(BUj,Uk)O = jk/\ku (Cujvuk)(] = Ojk-

Cuekrpasbha 3aa9a (20) gonyckae Bapianiiine dopmysosanus. Biachi 3na-
qeHHs i€l 33/1a9i MOYKHA 3HANTU 9K TOCJITOBHI MiHIMYMW CITiBBITHOTITIEHHS

) [f <‘V(Fk)u(k)‘2 + a®) ‘u(’“)f) dar + [ «® ‘u(k)‘st
ary,

(Bu,u)y _ keLy L (22)
(Cu, u), S [|Ve® P+ X [ g |e® - p0]?ds
kel, Ny (jk)€lq Sjk

Bsenemo nosmauenms:
Y= |A\eo/plV? >0 VkeTn, wp:=0 Vkel,n,

wi = ()\go/p)l/2 >0 Vkel, oo

VY sarasbHOMY BUTIAJKY CIEKTD { Wk } BIACHUX YaCTOT KOJUBAHD PiAMHU MICTHTE 7
nap yssaEX "wactor!{+ iy, }L_, a Takox n? HyIHOBIX {wg = O}Zozl i paxyHKOBY
MHOKHHY BiJ'€MHHUX 1 JOJATHUX 9acTOT =+ {w,j}zozl Toumo xKaxKydn, izuanmit
CMUCJT KPYTOBOI 4aCcTOTH KOTMBAHb MAIOTh TLIBKU BeIMYUHN w; . 3abiraroun Bre-
pejl, BIBHAYMUMO TaKOXK, 110 BEJIUYUHU vk,wg BIJIMOBI/TAI0OTH HECTIMKOMY CTaHy
PIBHOBAru piinHu, IPH IIBOMY Vi € IHKPEeMEHTH pPocTy 36ypeHb IpH BTpaTi CTiii-
KOCT1 PIBHOBArM.

Y3azaavnenum pose’ssxom 3adaywi Kowi (16) na sidpisky wacyl0,T)]
6ydemo wnasusamu Pynruiro ((t), nenepepeny no t € [0,T] y nopmi npocmo-
py H}(T), 3 nenepepsnoto nepworo nowionoro no t € [0,T] y nopmi npocmopy
Hy (D),

¢(t) € C(0,T]; HY(T)), ¢'(t) € C([0,T); Hy *(1)) (= d/dt),

AKG 3640060ADHAC THMEZPAALHIT MOTMONCHOCTIV:

T
/0 (P(CC () (D))o — o (BEE), n(t))o + plfolt).1(8))o) di+p(CCrom(0))o = 0,

V(t) € La([0, T); HY(T)), 7/(t) € La([0,T); Hy /*(T)), n(T) =0. (23)
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Teopema 2. Hewati euxonani ymosu: (g € HY(T), (1 € HO_I/2(F), fo(t) €

Lo([0,T]; Hy(T')). Todi icnye edunuti yzazarvrenuti pose’azox sadaui Kowi (16).
HoBemeHHst TeopeMu HEBAYKKO OJIEPXKATH, CJALIYIOUN cxeMi HaBeeHiit B [5, 11].
VY3araspaeHuit po3s’a30k 3aga4i (16) MOXKHA OPEICTABUTH y BUTJISIL:

Ct) =g (tuy + 3 Al + > cf (tul, (24)
j=1 Jj=1 Jj=1

(0 = o (030 + Lot ) + L fshya = 7)1 (7

t T
c?(t) = ag +ﬁ?t+ Odebff](-)(s)ds,

+

T e At + Bi (ot
cj (t) == aj cos(w;t) + ﬁ sin(w;"t) +

QE+‘}—‘
o o

sin(wj(t — T))f;r(T)dT,

of = (CCoufho, B = (CGublo,  FE() = (folt).ubo,

af = (CCo,updo, B = (CCruf)o,  £7(t) = (fo(t), uf)o-

Ha zakinvenns JaHOTO PO3ILTY PO3TASHEMO YMOBH CTiKOCTI pIBHOBaXK-
HOTO CTaHy Kamagapuoi pigmau. Bymemo maswepatm pienosascHutd cman
cmitikum, Axwo oaa xoocnozo € > 0 wmooicna exasamu 6 > 0 maxe,
wo O0as 6ydv-axur nouwamrosur 36yperv (o, (1, WO 3a0080ALHAIOML YMOSAM
||C0HH&(F) < 0, HQHHO_l/z(F) < 0, BUKOHYIOTBCA HEPIGHOCTI:

||C(t)||H3(r) <g, HC/(t)HHgm(F) <e mupuVt>0.

Y BigcyrnocTi 36ypers 30BHITHLOTO o1t MacoBux cuit (f = 0) piBrOBaXKHMI
CTaH KaIllIgpHOI PIIWHW € CTifKWit, IKIO HaliMeHITle BJacHe 3HAYeHHsd Olepa-
TOpa moTeHIjanbHoi eneprii B mogarae, To6ro A1(B) > 0, i mecriiikuii, ko
A1 (B) < 0. Hiiicao, axmo A1 (B) > 0, To, 3Bepraiounch 10 (24), HEeBazKKO Tepe-
KOHATHCA B TOMY, 0 npu f = 0 piBHOBaxkHMI cran crifikmit. dxmo A\ (B) < 0,
TOo 3 (24) JerKo BWILIWBAE, MO B IBOMY BHUIAJKY ICHYIOTH sIK 3aBTOJHO MaJli
(o mopwmi mpocropy HE (T)) mouaTkosi 36ypeHHs PiBHOBAZKHOTO CTaHy TakKi, Mo
1€ 72 (ry — 00 1pu ¢ — o0.

Crekrpasbaa o3uaka crifikocti: A1(B) > 0 (abo mecriiikocri: Aj(B) < 0) y
IEeIKUX BUIIQJKAX JIOIYyCKAE J10CcTaTHhO edexkruBny mnepesipky. [lpuxnanm i1 Bu-
KOpHCTaHHsI MOXKHa 3HafiTn B [6], [17].

Briguo (18) y piBHOBaxKHOMY CTaHi pimmHu GYHKIIOHAT MOTEHIIATHEHOT eHEP-
ril 6y1e MaTw JOKAJbHO MiHIMaJIbHE 3HAUYEHHsl, SIKIIO OIepaTop IOTEeHIIAJIbHOT
eneprii B € jojgarHo BusHadenuii 1 orzke Ai(B) > 0. 3 (18) Bumiupae Takox,
mo y unagxy Aj(B) < 0 apyra Bapiallis MOTE€HIIaJIbLHOI eHepTil MOKe IpUiiMaTh
Big'emul 3uauends. Takum 9uHOM, Ma€ MICIEe HACTYIIHA
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Teopema 3. V sidcymmuocmi 36ypersd 306Hiuwnb020 noas macosux cua (f = 0)
PIBHOBANCHUTE CTMAGH KaniaapHoil pidunu € cmitixum, Axwo tGomy eidnosidac i30-
ABOBAHUTE NOKANHUT MIHIMYM nIOmenyiarvrol enepeii 11 (dus.(17)). Swxuwo piero-
BAIICHOMY CMAHY 610N06100.E CMAUIOHAPHE 3HAYEHHA GYHKUIONAAG TOMEHUIAALHOT
EHEP2ET, U0 HE € AOKAGADHUM MINIMYMOM, 1 NPU UbOMY IPY2a 64PIGULA NOMEH-
YLaAbHOT enepeti Moorce npulimamuy 610 emui 3HAMEHHSA, O DIGHOGANCHUL CMaH
PIOUHY € HECTITKRUM.

Hana Teopema € amasorom Bimomoi Teopemu Jlarpanxka (i i obepuenns) npo
CTIfIKICTh PIBHOBArW KOHCEPBATUBHUX CHUCTEM 3i CKIHUYEHHUM YHCIOM CTYIEHIB
BLJIBHOCTI.
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1. Beenenue

B npuknaasbix 3aja4ax yCTONYHUBOCTH PA3IUYHBIX CUCTEM 3a4aCTyIO HEJIU-
HeltHag XapPaKTCPUCTUKA O6’beKTa TOYHO HE U3BCCTHA HUJIN MEHACTCA CO BpEMEHEM
B OTpeJeeHHbIX mpeaenaax. Tpebyerca HallTh yCJIOBUs, TaPAHTUPYIONINE YCTOMH-
YUBOCTH CUCTEMBI JIJIs JIFOOBIX HEJUHENHBIX XapaKTEPUCTUK, JIEXKANIUX B JOITY-
CTUMBIX Tipeaenax. Takas 3amaua Oblia Buepeble Obi1a noctasaera AWM. Jlypee u
B.H. IToctaukosbiM B [1], T/1e 6bL1a pacCMOTpeHa YCTOHIHBOCTE CHCTEMBI ABTOMa-
TUYIECKOTO PEryIMPOBAHUS MPY JTIOOBIX HAYAIHHBIX BO3IMYIIEHUSX U 000 Hesn-
HEHHOCTU CEPBOMOTOPA, JIEXKAIIEH B 3aJJaHHOM CEKTOPE. DTa CTaThs IPUBJEKJIA
BHUMAHWE MHOTHX HCCJIe/IoBaTes el U [I0JI0XKI/IA HAYAJI0 HOBOMY HAIPABJIEHWIIO —
Teopu# abCOTIOTHON yCTOHYMBOCTH, T/ PpacCMaTPUBAECTCS YCTONYMBOCTL HE OII-
HOW KOHKPETHOI CHUCTEMBI, & HEKOTOPOI'O MHOXKECTBA CHUCTEM, IIPUHAIIEKAIIUX
OIIpeJIe/IEHHOMY KJIacCy. BBLIN paccMOTpEHbI HOBbIE BUIbI JMHAMUYECKUX CUCTEM,
B YaCTHOCTH, CUCTEMbI C 3anasjpiBanuem. B pabore B.C. Pazymuxuna [2]| jocra-
TOYHBIE YCJOBUS YCTOWYIUBOCTH TAKUX CUCTEM OBLIN IOy YeHbI METOIOM (PYHKITUU
Jlanynosa. Pa6ora B.M. [Tonoa  A. Xamanas [3] momoxnaa HaIaI0 Pa3BUTHIO
YaCTOTHBIX METOJ0B MCCJICJO0BAHMUA yCTOfILII/IBOCTI/I CHUCTEeM C 3alla3bIBaAHUCM.

BosibmuaCTBO MCCIeI0BAHN CUCTEM C 3aIa3/IBIBAIOIIUM apTyMEHTOM HAIIPAB-
JIEHBI HA TIOWCK YCJOBUI YCTOWIMBOCTH Taknx cuctem. Omenkam mokasaresns JIs-
IIYHOBA, XapaKTEPU3YIOIIEr0 CKOPOCTh YOBIBAHUS DPENIEHUi, MMOCBSIEHO 3HAYU-
TeJIbHO MEHBbIIIee YNCJI0 UCCIIe0BAHNIT; KJIACCHIeCKre Pe3yIibTaThl TaKoro poja (4]
OTHOCSTCS K CHCTEMAaM C HeJIMTHEHOCTBIO He COoJlepIKaIeil 3amna3/pisanus. B pabo-
TE [5] JLJIS CACTEM C 3aI1a3/(bIBAHUEM TAaKWe OIEHKU TIOJIYYeHbI MeTOI0M (hyHKIIiT
Jlamynosa. B [6] 66110 HalieHB! YCIOBHS SKCIIOHEHITHAIBHON YCTONIUBOCTH U TIO-
JIYY€HbI JIBYCTOPDOHHUE ONCHKKW MAdKCUMAJIBHOI'O [IOKA3aTCIIA ﬂHHyHOBa. B ,ﬂaHHOI'?I
paboTe mpemiaraeTcs HOBBII METOI, CYIIECTBEHHO COKPAIIAOIIII BEIYUCTUTE b
HYIO CJIOKHOCTH UCCJIEIOBAHUS.

2. IlocranoBKa 3aga4uu
Paccmarpusaerca cucrema nudpdepennuaabHbIX YPaBHEHUTH

z(t) = Axz(t) + Bx(t — (1)) + f(z(t — 7(¢)),t) + C x(u)du, (1)

t—p

rie A, B u C — zajganusle maTpunsl B8 R™*" x € R™. Marpuma A — rypsunesa,
T. €. BCe ee COOCTBEHHBIE 3HAYEeHWs (3; VIOBJIETBOPSIOT HepaBeHcTBy Ref; < 0,
1=1,..,n.
Oyukunn 7(t), 7(t), f(,t) 1 2o(t) KycOUHO-HENPEPHIBHBI U YI0BIETBOPSAIOT
YCITOBUSAM
T(t) S [O,h], TB(t) € [07 hB]7
x(t) = zo(t) upm t € [-H,0], H = max(h, hp, 1), (2)
1f (@, )] < E|lf], £(0,) = 0,

rie ||-|| — Hopma (31ech U j1ajiee UCIOB3YeTCs €BKJINI0BA HOPMA), k — 3a/laHHas]
BE€JIMYUHA.
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B cuny f(0,t) = 0, cucrema (1) mmveer mnosoxenne papuosecusi x(t) = 0.
B nanmoit pabore paccMaTpUBAETCA YCTOHIMBOCTD ITOTO MOJIOKEHHS.

Oyukrun xo(t), f(x,t), 78(t) u 7(t) HA30BEM JONYCTUMBIME, €CH OHU YJI0-
BJIETBODSIIOT TIPUBEJIEHHBIM BbIIIe ycaosusiM. 1lyers N — nokasaress Jlsmynosa
perenns x(t) ypapuenus (1) npu Hekoropwix gonycrumbix zo(t), f(x,t), 7a(t) u
7(t), T e.

———In||z()
N =1 —_—
($07f7 TB7T) t—}+moo t

MakcumasbHbIl okasaTesas JIsmynosa pemennit x(t) cucremsr (1) pasen
A = sup X (o, f, 7B, 7),
rJle CYIpeMyM BBIUUCIAETCS 0 BCeM JonycTuMbiM dbyukiusyM xo(t), f(z,t), 75(t)
u 7(t).
Ounpenesnenne 1. Cucrema (1) sxcmoHeHmanbao yeroitansa, ecain A < 0.

Torna upu Jsodbix zo(t), f(x,t), 7p(t) u 7(t), yroBiaersopsiromux ycaosusm (2),
JUIsl COOTBETCTBYIOIIIX PEIICHUl CIIPAaBe/IJINBO HEPABEHCTBO

2]l < N [lzo(t)[ exp(At), t € (0, +00),

e N > 0 — HeKoTOpasi TIOCTOSTHHAS.

Menms mamboit paborThl — MOJYYUTH TPOCTHIE YCAOBUS SKCIOHEHITUAILHOMN
ycroitanBocTu cucreMbl (1), BBIpayKeHHBIE HEMOCPEJCTBEHHO € IIOMOIIBIO Mapa-
METPOB CHUCTEMBI, & TaKKe HAWTH BEPXHIOI OIEHKY MAaKCHUMAJIBHOT'O II0KA3aTes sd
JIamyHoBa, XapakTePU3yIOIy0 CKOPOCTH YObIBAHUS PEITEHUI.

3. YciioBMs 3KCITOHEHIINAJABHON YCTOWYNBOCTI

Bynem cawmrars, uro marpuma A wveer pasmuuHbie COOCTBEHHBIE 3HAYCHUS
Bi, ..., Bn (3TOTO MOKHO JOCTHYB HPOM3BOJBHO MaabIM Bo3MmymieHnmem A [7]).
IMycts v1,...,¥, — COOTBETCTBYIOINHE COOCTBEHHDLIE BEKTOPHI, HOPMHUPOBAHHBLIE
YCJIOBHEM

(vi,v;) =1, i=1,..,n.

Ob6ozuaunm T Marpuily, cTOJAOIAMEI KOTOPOH ABJISTIOTCS BEKTOPBI Uj:
T = (v1,...,0p).
Kax uzsecto [7],
T7YAT = J = diag(B1, ..., Bn).
[Monoxus B cucreme (1) z = Ty, noayunm

y(t) = Jy(t) + T~ 'BTy(t — 7p(t))+ 5
+T=Lf(Ty(t — 7(t),t) + T7C ftt—p Ty(u)du. (3)

Crenyrommast TeopeMa JaeT yCIOBHE SKCIOHEHINATLHON yCTOHIHBOCTH CUCTe-
Mo (1).
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Teopema 1 Ilpu ycaosuu
1 _ _ _
B( T BT+ |7 [ R ITI + |72 T ) < 1 (4)
cucmema (1) sxcnonenyuaasro yemotinuea, npuiem
A< A,
2de = min |Ref;|, A — xopenv ypasnenus

1
V(A = M(exp[—)\h]g] |T=BT|| + exp[—An] || T~ k|| T +

1 —exp[=Ap] B
LR g HTH) —1

Jokasamenvcmeo. Ilpencrasum perenne (3) B Buje

y(t) = W(H0)y(0) + [y W (t, ) (T~ BTy(s — ru(s))+

. S s (6)
+ T f(Ty(s—71(s)),s)+ T C fsfu Ty(u)du) ds

rae W(t,s) — marpunant ypasaenus y(t) = Jy(t).

IMokazkem caavasa, yro npu ycaosuu (4) y(t) orpanudeno ua (0, +00). B upo-
THBHOM CJIydae HaiileTcsa MOC/IeNOBATENLHOCTD ty (t, — 400 mpu ¢ — +00),
TaKas, 9TO

ly(t )l = Nly(@)]| mpm & < tq. (7)
13 (6), ¢ yaerom (2) u (7), nmeem

ly(E) | < IV (8, 0)y(O) | + [ W (g ) (HT‘IBTH ly(t) Il +

s (8)
T RIT I ) + [T S, 1T (o) du) ds.

B paccmarpusaemom cayuae W(t,s) = exp[(t — s)J], mosromy cobcreen-
Hble 3Hadennst marpunsl W (t,s) pasubr exp[(t — s)3i], i = 1,...,n. Marpn-
na J — gmaronasnbHas, ciaegosareasno, W (t,s) Takike auaroHaJbHAs, MO3TOMY

|W(t,s)|| = exp[—((t — s)]. Torna

) lq . 1 1
i [ ds = im0 = exol-t) =

C yuerom 3T0TO, HEpABEHCTRO (8) 3amuieM B Buje
ly(tg) [l < [[W(tq, 0)y(0)]| +

#lote)ll 5( [T 5T] + [ w1zl + el ).
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Tak kak cucrema y(t) = Jy(t) ycroiuusa, to ||[W(t,,0)y(0)|] — 0 mpm
ty — +oo. CnenoBarenbno, npu yciaosuu (4), nepasencrso (9) He BLIIOTHSET-
Cd. HOﬂyquHoe IIPOTUBOPEYNE IMOKA3bIBACT, YTO PEUICHUA CUCTEeMbI OT'DaHUYCHBI.

MakcuMaabHbIH ToKa3aTesb JIsanynosa pemenuii cucremsl y(t) = Jy(t) pasen
A\ = —f3. Byzem HCKaTh BEPXHIOO ONEHKY BeIMIuHEI A cucreMbl (1) B mHTEpBae

A>—f.

g moKazaTesibeTBa SKCIOHEHITHAIBHON yCTONINBOCTH MOJOKUM B (3)
y(t) = exp(M)z(t), —B<A<0, (10)
B pe3y/bTaTe MoJaydnuM

2(t) = (J — M)z(t) + exp[-A(t)|[T ' BTz(t — 15(t)) +
+ exp[—M|T L f(T exp[A(t — 7(t)]z(t — 7(t)),t) + (11)
+ exp[-A]T~1C ftiu T exp[Au]z(u)du.

AHaIOTMYHO TPUBEEHHOMY BBITIE JOKA3ATENLCTRY HaligeM, uro pemennst (11)
OTpaHUYEHBI, €CJN

1
M(exp[—)\h]g] |T=1BT| + exp[-An |71 £ | 7] +

1_6X§)[_)‘M]HT—10H ||T]> <1.

Oyukmus V() yoeiBaer mo A; o ycnosuro (4) V(A) < 1 ompu A = 0, crue-
nosarenbho mpu V(A) =1 A < 0. Yuurssas (10), maiizem, uro cucrema (1)
9KCIIOHEHIUAJIBHO YCTOHUMBA ¢ noKasareneMm A. Teopema doxasana.

4. Ilpumepst

[Ipounmocrpupyem 3hhEKTUBHOCTD TOJYYEHHBIX YCIOBUN yCTORUYUBOCTU HA
MOJIETTBHBIX TTPUMEPAX.

Ipumep 1. dns nposepku addekTuBHOCTH pa3zpaboTaHHOI METOIUKHU, pac-
CMOTPHUM YPaBHEHWE, JJis KOTOPOr0 YCJIOBUS YCTOWYMBOCTH OBLIN TTOJTYYIEHBI Pa-
Hee JApyruMHu Metogamn B [6] u [§]

#(t) = Ax(t) + Ba(t — 75(t)) + C [/, w(u)du,

. —a1 0 . b1 bg o C1 (&)
A_|: 0 —a2:|’ B_|:—b2 b1:|’ C_|:—CQ 61:|.
1 0

01

HAMAJIBHOE TIO0 MOTYJTIO CODCTBEHHOE 3HAUEHNEe MATPUIIHI A, TOTIa yeJI0BHE SKCIIO-

(12)

Marpuna A — nmaroHaabHAs, CICI0BATEILHO 1 = [ ] Ilycrs a1 — vm-

HeHIUabHOMN ycrofiuuoctu (4) juist cucremsl (12) npuHuMaer Buj

ar > /b3 4+ b3+ py/ 3 + 3 (13)
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Bamernm, 4TO TaKoe ycjaoBHe ObLIO ToJydeHO paree B [6] Apyrum MeTomoMm.
B [8] ayst ypasrenust (12) ¢ HOCTOSHHBIM 3aIa3IbIBAaHHEM TR METOJOM (OYHKIIHI
JIgamyHOBa MOy4YeHO CIeyoIee yCI0Brue yCTONInBOCTH
12012 | 12 2, 2\1/2
ap > (14 p)'2[(bF +03) + p(ci + 3)]/2. (14)

Herpyauo mposeputs, uro yciosue (13) menee koHcepBaTwBHO, deM (14)
(mume ipm b3 +b3 = pu(c? +c3) onn comazator). [lpn sTom yemosue (13) apisercs
60ﬂee 06H_H/IM, OXBaThIBasA CUCTEMBI C TIPOM3BOJIBHBIM TTEPEMEHHBIM 3alla3bIBaHN-

eMm 75(1).
IIpumep 2. PaccmoTpum HEJTUHEHRHYIO CUCTEMY
i(t) = Az(t) + Ba(t — 7p(t)) + f(x(t — 7(2)),1),
-2 3 0 O 0.1 0 03 O (15)
e -1 0.1 04 O B_ 0.1 =02 0 0.2
a o o -2 3 |’ N 0 0 -01 o0 [’
0.2 1 -2 0.1 0.1 0 0 0.1

rae 7(t) € [0, h], 75(t) € [0, hpl, [|f (2, )] <k ||
(16)

Yenosue ycroiiauBoctu (4) OpHHIMAET BHJT
—||T'BT
b H H < 0.0829...

k<
17Tl
I 0.02 0.04 0.06——008 k
/’//)’// ////
e = rd = . /
_005 L //// il ///.x //,//
r /// h:zq///"’ /,//
" h=8
Ve

—0.15"{’/{ //

A
Bepxnue onenku A(k) MakcuMaabHOTO 1OKa3aTesst JIsiyHoBa

Puc. 1.



H4 [Tocnasckuit C. TO.

Ha pucymke npejcrasiensl rpadukn BepxHeil OIEHKN MaKCUMAJIBLHOTO MOKa-
sarens Jlanynosa A(k) npu pasinIHbIX 3HAYEHUAX MAKCUMAJILHON BEJIUIUHBI 3a-
mazaeiBanus h u pukcuposarnoit hp = 0.5.

®yuknun A(k, h) Bospacrator mo k u h, ognako lim k(A h) = 0.0829... npu
A — 0 me zasucur ot h. [lostomy ycmosue k < 0.0829... rapanTupyer 9KCIIOHEH-
[IAJBHYIO0 YCTOWIHBOCTh CHCTEMBI IPU JII060M KOHETHOM h.

Ncnonbays meron, npeyioxkenusiii B [6], mus cucremsr (15) 661710 nosydeHo
yCJI0BUE yCTONYUBOCTU

ke < 0.0483... (17)
OueBnno, aTo yeaosue (16) menee xoncepBaruBHO deM (17). Ograxo, ecin

-3 -2
nostoxkurh B (15) A = L 0
cru k < 0.1458..., B 10 Bpems Kak B [6] mosydeno yciaosue k < 0.5184... Takum
00pa3oM, 9TH [1Ba IOAXO0AA JONOJHSIOT APYT APYra, OAHAKO, METOJ, HpeJiarae-

MBI B JaHHON paboTe, CYIECTBEHHO MPOIIIE.

], B =0, Teopema 1 jaer ycjaoBue ycToWanBo-

5. BeiBoapbl

B nammoit pabote mpemyiodKeH MPOCTOM METOJ PacdeTa IKCIOHEHITHAILHOMN
VCTOWYIUBOCTH HEKOTOPBIX KJIACCOB HEJTUHEHHBIX CHCTEM, COJEPIKAINUX TTepeMeH-
HBIC 1 pacClIpeae/IeHHbIe 3alla3/bIBaHnd. BbILH/IC.HI/ITe.HbHaH TPYAOEMKOCTD TIPEIJI0-
JKEHHOT'O MeTO/[a MPAKTUIECKHU He 3aBUCHT OT Mopsijika cucteMbl. Hafizena Bepx-
HsIsT OTIEHKA MaKCUMAJBLHOTO ToKa3aTesd JIamyHoBa, KOTopas MO3BOJINIA OIIEHUTE
CKOPOCTh yOBIBAHWS PEIIeHU PACCMOTPEHHBIX cucTeM. DMPEKTUBHOCTE pa3pa-
O0TaHHON METOIUKHN TPOU/LIIOCTPUPOBAHA HA TPUMEPAX.
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B reopuu cybrapmonundeckux u d-cybrapMoHudeckux GpyHKUUil CylecTBeH-
HYIO POJIb UTPAIOT TEOPEMBI O TIpeacTaBaeHnn. B craThe npemiaraercsa ycu-
JIeHUe BapuaHTa A3apuHA TEOPEMBI O MPEJICTABICHUN J-CyOrapMOHHIECKUX
GbYHKIIMNE KOHEYHOTO MOPSIIKA.

Karouesne caosa: J-cybrapMmonnyeckas (yHKIN, TOJRHOMEI Lererabayspa,
HEBAHJMHHOBCKAS XaPAKTEPUCTHIECKAA PYHKIIHS.

I'pummma A. II., Hryen Ban Kyinb, Iloeaunnesa I. B., Teopemnu mpo
mpejacTaBiieHHs O-cyGrapmoHiuyHmx (pyHKIiii. Y Teopil cyGrapMoniy-
HUX 1 §-cyOrapMoHiYHUX (BYHKIIH CYTTEBY POJbL BiAIrpaioTh TEOPEMH PO
mpejcTaBjeHHs. Y CTATTI NPOTOHYEThCS TMOCUJIEHHST BapianTy Aszapina
TEOpeMH [P0 NIPeACTaBJEeHHH O-CyOrapMoHIYHMX (YHKUIA CKIHYEHHOrO
MOPSIKY.

Karouo06i caosa: d-cybrapmonivna Gpynkmig, noiinomu Lerenbayepa, HeBaH-
JIIHHIBCHKA XAPAKTEPUCTUIHA (DYHKITiS.

A.F. Grishin, Nguyen Van Quynh, 1. V. Poedintseva, Representation
theorems of j-subharmonic functions. Representation theorems are
important in the theory of subharmonic and d-subharmonic functions.
In the article we sharpen Azarin’s variant of representation theorem of
d-subharmonic functions of finite order.

Keywords: j-subharmonic function, Gegenbauer’s polynomials, Nevanlinna’s
characteristic function.
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1. Berynuienue.
Kpowme BcTymienusa B cratbe BhiAeaeHbI pasnenbt 2—5. B pazmenax 2—4 mome-
IMEeHb] U3BECTHBIE WJIN IO CYIECTBY M3BECTHBIE PE3YIALTATHI, TPUUIEM TPUBOJISATCS
Takne GOPMYIUPOBKH, KOTOPBIE UCIOIB3YIOTCA B IaTbHEHIIEM.

© Tpumun A. ©., Hryen Ban Kyunn, IToeaunnesa 1. B., 2014
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B paszmene 2 obcyxaaloTes ompefeneHns cyObrapMOHHYECKOH U O-cydorapM-
OoHUYIECKON (DYHKINN U TPUBOIATCI HEKOTOPHIE X CBONCTBA.
B pazznene 3 npuBoauTcs ompesiesieHre MHOTOUIEHOB [ erenbayspa u u3ydaercs

pazsoxenve B psaj Teisiopa ¢ meHTpoM B Hyse GYyHKIUU %, z,y € R™

o
paccmarpuBaemoil Kak QyHKIIUS [IePEMEHHON T . e

B pasnene 4 qnsa §-cybrapMormdeckuX QYHKIUNT W M3 CHENHATLHOTO KIACCa
OLPEJIe/IAETCsT HEBAJIMHHOBCKAs Xapakrepuctuaeckas Ppyrukuus 1'(r, w) u o6y x-
JTAIOTCA HEKOTOPDLIE €€ CBOMCTBA.

B pazgene 5, ocHOBHOM pasjiesie cTaThbu, IPUBOIATCSA Y€THIPE TEOPEMbI O [IPE/I-
CTaBJEHUH [JIs 0-CyOrapMOHUYIeCKIX PYHKIINI BO BCéM npocrpancTse R, m > 2.
Teopuu cybrapmonnueckux u d-cybrapmonndecknx PyHKIUE B MJIOCKOCTU U B
npocrpancreax R™, m > 3 pazauuatorcs. IlosTomy TeopeMbl 0 IpeacTaB/IeHAN
JIIS CaIydaeB m = 2 U m > 3 JOKA3BIBAIOTCA OTJEIBHO.

B knure Aszapuna ([1], Teopema 2.9.3.1) nokaswiBaercss Teopema 0 MpPeJ-
CTABJIEHUU J-CyOTapMOHIYECKUX (DYHKITHH KOHETHOTO TOPSAIKA B TTPOCTPAHCTBE
R™, m > 2. B kunre Xeiimana u Kenneau ([2], Teopema 4.2) nokaswiBaercs
aHaJoruvYHas TeopeMa s cybrapmonudeckux yukiuil. Ilpegraraembie goka-
3aTeIbCTBA MO3BOJISIOT HECKOIBKO YCHIUTH pesynbrarsl u3 [1] u [2]. O6 sTom
nonpobHee OyIeT CKa3aHO B pasjeiie 5.

2. Cybrapmoundeckue n o-cyGrapmMoHnydeckmne PpyHKITUN.

ITycts G — obmacts B R™, m > 2. Obosnaunm uepes P(G) nuneitnoe mpo-
CTPAHCTBO HEMPEPHIBHBIX (DUHUTHBIX B G DYHKINIT ¢, TO €CTh TaKuX (DYHKITHI,
YTO SUPP @ — ITO KOMIAKT, jexkamuii 8 G. B mpocrpancree ®(G) cxogumocThb
onpegengercs caepyronmm obpasom. TlocaemoBarenbrocts dbyHKIMA @y, (2) cxo-
mutea K yakmun ¢(x) B npocrpanctee P(G), ecam cymecTByeT TaKOH KOMITAKT
K C G, aro myist 1106070 N BBITIOJHAETCST COOTHOIIEHHE Supp pn, C K u nocseso-
BaTEJILHOCTD ¢p () PABHOMEPHO XOMuTCs K @(x).

O6bruno ([3|, rmasa 3, §1, nyukr 3 wan [4], rmasa 4) upocrpancrso M(G)
PAIOHOBBIX Mep B obnacTi G OIpeensgeTcs Kak IpOCTPAHCTBO JIMHEHHBIX HEIpe-
PBIBHBIX (DyHKIMOHAMOB HA pocTpancTee $(G).

IIycTh p1 m 2 — MOMOKUTENBHBIE JJOKAJLHO KOHEUHBIE OOPEIeBCKIE MEphl B
obnactu . Torma nuneitublil QyHKITMOHAT

(o0) = / o(@)dpn(z) — / o(@)dpa ()

G G

HenpepeiBeH B npoctparcTtee P(G). Mer Oygaem rosopurh, uro dbyHKIMOHAT [
MPEJICTABASETCS B BUJE PA3HOCTHU MOJOXKUTEIbHBIX OOPEIEBCKUX Mep ] U [ty U
nmucaTh U = (] — 2. V3BECTHO, YTO MPOWU3BOJILHBIN JUHEHHBIN HEIPEPBIBHBIN
dbynkumonan B npocrpancree P(G) npencrasnsgerca B Takom Buge. llpegcrasie-
Hue [ = 1 — po He eguncrsento. Hanpumep, p = (u1 + p3) — (po + p3). Opnako
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([4], Treopema 4.3.2), cymiecTByer eMHCTBEHHOE MPEJICTABJIEHUE [ = [i] — [i2, [J€
{1 U g — TOJOKUTETHHBIE JIOKAILHO KOHEYHBIE B3aUMHO CHHTYJISIPHbIE GOpeses-
ckue mepbl. Ecmm (1 = g — fig — TAKOE TPEJCTABIEHUE, TO MEPA [i] HA3LIBAETCH
MOJIOKUTELHON YacThIo PAJOHOBON Mepbl [t U 0003HAYAETCS [i4, Mepa flo Ha-
3BIBAETCH OTPUTIATEIBLHON YACThIO PAIOHOBOM Mephl [t u obo3nagaerca u—. Mepa
|| = p4+ + p— Ha3BIBaeTCS MOIYIEM MepBI fi.

[Ipu WCIONB30BAHUN PAJOHOBBIX Mep [ 9acTo yA00HO cuuTarh f PyHKIHE
MHOKECTB : (W(E) = pt (E) — p—(F). Koneuno, sra dbyHKIMs MHOXKECTB He 00513a-
Ha 6bITh HopeneBckoit Mepoii. OHa He onpeJiesieHa Ha HOPeIeBCKIX MHOXKecTBax F|
KOTOPBIE YA0BAETBOPAIOT yCea0BuiO iy (E) = u_(E) = co. Onrako dbyHKIUA MHO-
JKEeCTB [t 0BJ1a/laeT CBONCTBOM CYETHOM a/IMTUBHOCTH Ha KJacce GOpeIeBCKUX
MHOKECTB, KOMIIAKTHO BJOKEHHBIX B (G. DTO MO3BOIAET KOPPEKTHO OIPEIEUTh
[ p(x)dp(z) nna bynknuit ¢ w3 kracca ®(G) u Torga umeem
G

(1, 0) = /w(x)du(fﬂ)-

G

Msr 6y/ieM HCHOIB30BATH Takue 0003HAYEHUsT

B(zo,R) ={z € R™: |z — xo|| < R}, m > 2;
C(zo,R) ={z € R": ||z —x0]| < R}, m > 2;
S(zg,R) ={x € R™: |lx — x9|| = R}, m > 2.

B ciayuae m = 2 Touku x u3 R? Mbl uHOrIa GymeM OTOXKIECTBIATL C KOM-
[UICKCHBIMH 9HCIAMH 2, & caMo R? OyIeT OTOXKIECTBAATHCS C KOMILIEKCHOM TLI0C-
xocteio C. IlosToMy Tak:Ke OYIyT HCIOIL30BATLCS 0003HAICHNS

B(zg,R) ={2€C: |z— 2| < R};
C(z0,R)={2€C: |z— 2| < R};
S(z0,R) ={2€C: |z— 2| =R}

[Iycrs v(z) — cybrapmonumyaeckaga ¢gynknua B obmacru G C R™, m > 2. Us-
BecTHO, 4T0 dbyHKuug V() JOKAIBHO maTerpupyema B o6aacru G u 4TO ecu
cdepa S(xg, R) nexur 8 obnactu G, To dynknust v(x) UHTErPUPYEMa 1O ITOM
cdepe.

Tak kak dhynkuus v(z) J0KajabHO uHTErpUpyema 110 obaacru G, TO €€ MOKHO
paccMaTpuBaTh Kak aaement mpoctpanctsa D' (G). TIo3ToMy MBI MOKEM PaccMOT-
peTh 0600mEHHYI0 (DYHKITAIO

1

— Av, m=2,

. Awu,m>3,
2 (m —2)om—1 v =

rae A — oneparop Jlannaca, opy—1 — mromans cdepor S(0,1).
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MN3BectHO, uTO 3Ta 0606MIEHHASD (DYHKITHAS TPEICTABSIETCS MOJ0KATEIHHOM
JIOKAJIBHO KOHEUHOM GopeseBckoit mMepoii p B obmactn G. Mepa p HazbIBaeTcs
PUCCOBCKO# Mepoit cybrapMonndecKkoit pyHKInm v.

B kauecrBe ucrounvka 1mo Teopum CyOrapMOHMYECKMX (DYHKIIMH MOXKHO HUC-
OJTb30BaTh KHUTY |2]|. B KadecTBe ncrounuka mo teopun 0600IIEHHBIX byHKITHI
MOXKHO MCTI0/Ib30BaTh KHUTY [5]. HaM GyayT HyKHBI CJIeIyIOIIHe TeOPEMBI O TIPe]-
crasienun st cybrapmonndeckux dyukimii ([2], pazgen 3.7).

Teopema 1. ITycmo v(z) — cybeapmonuneckan Pynxyua 6 obaacmu G C C, xo-
mopas codeporcum kpyz B(0, R). ITycms p — puccosckan mepa dynkyuu v. Toeda
npu |z| < R évwnoansemcs pasencmeo

2
1 R? — 2 ,
=— Re'*)d
v(z) 27T/R 2 — 2Rrcos(p — 9)+r2v< ¢)dy
) (1)
+ ln d .
R2 — C‘ p(<)
B(0,R)
Teopema 2. Iycmv v(x) - cybzapmonuueckasn Pynryus 6 obaascmu G C

R™, m > 3, xomopaa codeporcum wap B(0, R). ycmv |1 — puccoscras mepa
dynxyuu v. Tozda npu ||z|| < R ewnoansemcs pasercmeso

1 R? — ||z|?
Om—1 Rz —yl[™
S(0

v(x) = v(y)dom-1(y)

1 1
/ & —ylm=2 (Hyll H 2 >m72 dp(y),

B(0,R) R T T Y

2de dopym—1(y) — (m — 1)-mepras mepa Xaycdoppa na chepe S(0, R).
Baxkubl Takke gactHbie caygam dopmyn (1), (2), xorja B KauecrBe TOUKH
x (z) Gepércs Touka 0.

27 R
1 t)
v(0) = 27r/ (Re"?)dyp — /,ui =2, (3)
0 0

R
v(0) = am_llRm—l / v(y)dom—1(y) — (m — 2) / t'l;(f)l dt, m>3. (4
S(0,R) 0

B dpopuyaax (3) u (4) p(t) = pu(B(0,1)).
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Ya06H0 umers amamoru dpopmyna (1), (2), korma mearp mapa (Kpyra) mpous-
BOJIEH.

Teopema 3. IIycmov v(z) — cybeapmonuueckas dynxyus 6 obaacmu G C C, co-
depotcaweti kpyz B(zo, R). ITyems p — puccosckan mepa dynxuyuu v(z). Tozda
6 xpyee C(zp, R) cnpasedauso npedecmasaerue

2
1 RZ — 2

v(z) Ton / R2 — 2Rrcos(6 — ) + 2"
0

R(z— Q)
* / i oy ey
B(z0,R)

(20 + Re™)dyp
(5)

du(C), z =z +re'.

Teopema 4. Ilycmv v(x) - cybzapmonuneckasn Pynryus 6 obaascmu G C
R™, m > 3, codeporcaweti wap B(xg, R). Iycmv p — puccoscxas mepa @yr-
yuu v(x). Toeda 6 wape C(xo, R) cnpasedauso npedcmasaerue

2l — a2
v(z) = ! / R | of v(zo + y)dom—1(y)

Tm—1 Rz —zo —ylI™
S(0,R)
1 1
/ - dp(y)-
m—2 m—2
r—y —x R?
A e i TPy Y |
(6)
Hannmewm emg anasorn pasencts (3) u (4):
1 27 R B
; t
v(z0) = Py /v(zo + Re'?)dyp — / Wdt, m=2; (7)
0 0
1
v(z0) :m v(zo + y)dom—1(y)
S(0,R)
R oo (8)
t
_(m_g)/u(ﬂ(f_ol’))7 m > 3.
0

JIérkum coencrBreM paseHcTs (7) u (8) sABIAETCS CIIeAyIOIIee YTBEPK/IEHIE.

Teopema 5. Ilycmv v(x) - cybzapmonuneckas Pynryus 6 obaacmu G C
R™, m > 2 u nycmo p — €€ puccosckan mepa. Tozda mmnoocecmeo E_o(v) mex



Bicuuk Xapkiscbkoro mamionanbuoro yuisepcurery im. B.H. Kapasina, 1133 (2014) 61

x € G, 2de Pynxyus v 06PAULLEMCA 6 —O0, COBNAAAEM C MHOHCECMEOM MET T,
oada Komopwux npu Aobom § > 0 pacrodumea unmezpan

0
/thl dt. (9)
0

ITycrs v(z) — cybrapmonunueckas dbyukius B obnacru G C R™, m > 2. Usz-
BECTHO (9TO CJIejyeT, Haupumep, u3 TeopeMsbl 5.32 u3 [2]), 4yro MmuOKecTBO E_ o (V)
SABJIAETC MHOXKECTBOM Trmna Gs M UMeeT éMKOCTb HOJIb.

Oyuxmus w B obsactu G C R mazwiBaeTcst §-cybrapMOHUIECKOH, eC/TH BhI-
MOJTHSAFOTCS CJIEYFOITHE TPU yCIOBUSL.

1. CymecrByer MuaOX)eCTBO F' éMKOCTH HOTB Takoe, 9T0 HA MHOKecTBE G \ F
CIIPABE/IIMBO MTPEJICTABJICHIE

w(z) = v1(z) — va2(),

rae v1(x) m va(z) — cybrapmonnaeckue pynknuu B obracru G.

C TOMOIIBIO 3TOTO MPEJICTABICHUS OTIPEIeIACTCA PUCCOBCKAs Mepa, (@ (DYyHK-
min w o GhopMmysie p = py — flo, TJE [4] U [ig — PUCCOBCKUE Mepbl (byHKImii
V1 1 vUg.

Omnpegensitoriiee MHOXKeCTBO H (QyHKIMN W — 3T0 MHOXKECTBO TAKUX TOUYEK
xr € G, 1yist KOTOpBIX Halaérest 0 > 0 Takoe, 9TO BBIIOJHAETCS HEPABEHCTBO

/u dt<
$m— 1

2. g moboit Toukn x € H BBITOTHSIETCS PABEHCTBO

w(z) = lim — / w(z + y)dom1(1), (10)

6—0 Opp_10m—1
5(0,8)

TJe Opp—1 — IIOMIAIL eANHUYIHOH chephl B mpocTpancTtee R™ ) doy,—1 — 910 Mepa
Jlebera ua cdepe.

3.w(z)=0maxeG\H.

Teopema 6. Ilycmv w(x)— d-cybeapmonuneckan Pynxyus 6 obaacmu G C
R™ m > 2. Tozda 6 obaacmu G cywecmeyrom cybeapmonuveckue Pyrryuu vi(x)
u V2(T) ¢ B3aUMHO CUHRYAADHOLMU PUCCOBCKUMU MEPAMU MAKUE, MO PYHKUUL
w(z) u vi(z) —ve(x) cosnadarom xeasuscrody 6 G.

Joxasameavcmeo. Ilycts p — puccoBckaa mepa dbyukmmm w. Umeem g =
= 4 — p—. B obnactu G cymecryer cybrapMoHmdecKas QYHKINASI U3 ¢ PHCCOB-
CKOIl MepO#i 14 n cyiecTByer cybrapMonuyeckas MYHKIUSA U4 C PUCCOBCKO Me-
poii p—. O6ozuaunm wi(z) = vs(z) — va(x). dyst nokanbaO unTerpupyemoii B G
dbyuxuun wo(z) = w(x) — wi(z) Beinosnnsiercs pasercrso A wa = 0. ITosromy
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dbynknms wo siBasiercs rapmoundeckoit. Mveem w(z) = wi(x) + wo(x). B kaue-
crBe U1 () MOXKHO B3aTH GyHKINo v3(z)+wa(x), a B KadecTse vo(x) — dyHKIUIO
vg(x). Teopema gokazana.

B zaxmovenne pazzena 3aMeTnM, UTO TeopeMbl 4 — 7 CIIpaBeiUBHI JJIs
d-cybrapmonnueckux dynkimii. Papencrsa (3), (4), (7), (8) Takxke cupaseiu-
BBI JJIs1 0-CYyOTapMOHUYIECKUX (PYHKIIHIA.

3. Muorounennt I'erenbayspa.

Oyukrus f(z) = (1 — 2zt + 22)7P ronomopdHa B HEKOTOPOil OKPECTHOCTH
Toukn 2z = 0 U O3TOMY pasjaraercs B CTEleHHON paj| C IeHTPOM B HyJe U H0JI0-
JKUTEJIBLHBIM PAJHyCOM CXOIUMOCTH:

z) =Y CPt)z". (11)
n=0

WzBecTHO, 9TO DyHKITHS cl (t) stBasiercss MHOTOUsIEHOM Ccrereru n. MHorousie-
net Cff (t) HasbiBatoTcst MHOrOUwIeHamu Lerenbayspa. V3n0xkeHne cBoiicTs MHOIO-
a1eHoB ['erenbayspa MOXKHO HANTH B coeayrorux ncrognukax: (|6, pazgen 3.15.1,
[7], pazmen 10.9, [8], pazmen 4.7).

O6osnaanm h,(z,y) = W, z,y € R™ m > 3. Kak dpyrknusa mepemen-
HOM X OHa SIBJISETCsl rapMOHWYecKoi B obmactu R™ \ {y}.

Teopema 7. Qynxuyus hpy,(x,y) xax Gynkyua nepemennots x npu y # 0 pasaa-
2aemcea 6 cmenennot pad ¢ uyenmpom 6 mouxe o = 0. Ecau smo pasaoocenue

sanucams 6 sude -
y) =Y an(z,y), (12)
n=0

20e an(x,y) — 00HOPOOHBIG NOAUNOM CENERU N Nepemenhol T = (T1, ..., Tmy), Mo
GBNOAHAIOMCA CACOYIOULUE YCAOGUA:

1) an(x,y) — eapmonuneckuts nosunom,
2) 6UNOAHAECTCA PAGEHCTNEO

m2 )™ (z,y)
an(z,y) = Cn? (co87y)—m—5, cosy = 5
" ! ly[Jm+n=2 (eI

3) paod (12) abcomommo cxodumea npu ||z|| < |y|,
4) evinosnsemes oyenKa

m+n—2 l|lz] \"™
Ky, )| < —— Z (
m— _ |
HyH WS 2)n! \ |l
p

2de Kp(r,y) = _W + kzoap(ﬂzy)‘
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Jlokasamenavemeo. Tak kax dyuxmus hy, (T, y) rapMOHUYIHA 110 TTEPEMEHHO T
B HEKOTOPOH OKPECTHOCTH HyJd NpocTpancTBa R™, T0o pasmoxenne 12 nmeer Me-
CTO B HEKOTOPOI OkpecTHOCTH Hysst pocTpancTsa C™. Tlosromy mist Beex jgocra-
T0UHO MaBIX z € C BBINOJHAIOTCA PABEHCTBA,

hm(zxay) = Zan(xvy)znv (13)
n=0
k [e.e]
o ——hm(z2,y) Z (n—1)...(n —k + Day(z,y)z" . (14)

Ilycrn A= 2 + .+ d$2 Tak xak dyurims by, (zz,y) romsomopdHa mo me-

PEMEHHBIM Z, 1‘1, <y Ty, ¥ TAPMOHWMYHA TI0 T, TO BBINOJIHSIIOTCSI PABEHCTBA
d* d*
A @h m(zT,y) = Tk A hp(zz,y) = 0.
Ecim B sTOM paBeHcTBe HONMOKHTH 2z = 0, TO MOJYyYUM PABEHCTBO

A ag(z,y) = 0. TlepBoe yTBEpXKIEHUE TEOPEMBI JIOKA3ZAHO.
Cunrast YUCJIO 2 ¥ BEKTOP T BEIIECTBEHHBIMHE, TIOJIYIUM

1

hm(z:r,y) = -
(22[|z]|? = 22(z,y) + [[y[|?) "2

_m—=2

1 2 2
S Y (RN ) +(Zna:n)
Iyl Iyl 1l [y 1yl

O6o3Haunm t = % Teneps u3 pasencrsa (11) craegyer, aTo

="

Teneps, cpasauBas (13) u (15), MBI BUJUM, 9TO CYMMBI CTEIIEHHBIX DSI/IOB

]|
Z“My Z = Oz

COBIIa Q0T IIPU MAJIBIX BCINECTBCHHBIX Z. 13 sroro ciaeayer ycjaoBue 2) TeOpeMBbI.

m—2

U3 dopmyasr (13), mynxr 3.15 u3 [6] crenyer, aro muorowren Cp 2 (t) Ha
cermente [—1, 1] MakcuMabHOE IO MOJIYJTIO 3HAUEHHE IPUHUMAET B TouKe 1. Dop-
myna (3) myukr 10.9 u3 [7| gaér

m=2 L(m+n—2)
~ I'(m—2)n!
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[TosTomy cripaBemIMBO HEPABEHCTBO

Fm+4+n—-2) |z|®
D — 2yl [y

|an(z,y)| <

U3 wero cremyior yreepxKaenus 3) u 4) reopembl. Teopema mokasaHa.

4. Xapakrepuctudeckue ¢pyukinu HeBaHauHHBI.

IMpu msyuernnn cybrapmonmdeckux m d-cybrapmormyuecknx (GyHKOWHE B TPO-
crpadcTBe R uCHOJB3YIOTCS HEBAHJMHHOBCKHE XapaKTepuctudeckue ¢GyHK-
unu. Takue GyHKOuM Mbl oupegeanM i cnenuanboro  kmaacca  05(0)
0-cybrapMoHmIecKnX (PYHKIHUH. DTOT KAACC COCTOUT M3 O-CyOTapMOHUIECKUX
dyukumit w(z) B npocrpancTse R™ Takux, 4TO HOJIb BXOJUT B ONPEJIETIAOIIEe
MHOKeCTBO (bYHKIMKM W ¥ BBIIOTHsIETC paBeHCTBO W(0) = 0.

[Iycts Boagase m = 2. HepamnuuunoBckue byHKIIUU TPUOIUKEHUST OIIPEe-
JISIOTCSL TaK

2

1 .
m(T,OO,W) = 27T/W+<T6up)d(p,

™

0
1 2w
m(r,0,w) = o /w_(rei‘p)dgp.
0

Hepannmmunosckue CHUTAIOIINEC (byHKI_[I/H/I OnIpeaesidAr0oTCAd TaK

r

N(r,o00,w) :/ut(t)dt,

0
N(r,0,w) Z/M+t(t)dt.
0

®yukuus T (r,w) = m(r,00,w) + N(r,00, W) Ha3bIBAETCS] HEBAHIUHHOBCKON Xa-
paKTEpUCTUKON J-CyOrapMoHnYecKoi (pyHKINN W.
@opmyny (3) ains GYyHKIUE MOKHO TIEPENUCATD B BUJIE

T(r,w)=m(r,0,w) 4+ N(r,0,w) uu T'(r,w) = T(r, —w).
Baxkno, 49T0 MBI paccMaTpuBaeM He IIPOU3BOJILHBIE O-CyOrapMOHHYECKHE

dyukmm B uIocKOCTH, 8 QyHKIMNA U3 Kaacca 0.5 ),
Paccmorpuwm cayaait m > 3. HeBamnuanoBckue hyHKIMT TPUOINZKEHUS OIIPe-
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JIEJIIOTCST TaK

1
m(r,oo,w) = O'mflrm 1 W+(y)d0m—1(y)a
S(0,r)
1
m(r,0,w) = P! w_(y)dom-1(y)

HeanymuaoBckue cuuratoniue OyHKITUN ONPEIETAITCA TaK

r

N(r,00,w) = (m —2) / () gy

tmfl

0
N(r,0,w) = (m —2) / ’Z;(’? dt.
0

®yukuus T (r,w) = m(r,00,w) + N(r,00, W) Ha3bIBaeTCsI HEBAHIMHHOBCKON Xa-
pakTepucTukoit J-cybrapMoHnveckoit pyHKIum w.
®opmyay (4) mias GYHKIUE W MOYKHO [EPENUCATh B BUJIE

T(r,w) =m(r,0,w) + N(r,0,w) unu T'(r,w) = T(r, —w).

Iycrs wy u wo — d-cyGrapmonnieckue dyuknuu u3 knacca 65 u g, o
— WX pUCCOBCKHE Mephl. Torma pHCCOBCKOW Mepoit (QYHKIMH Wi + wWo OyIer
pr + po. Umeen pn = ()4 — ()=, p2 = (p2)+ — (H2)—, 1 + po =
= ((p1)++ (2)+) — ((1)= + (p2)=). Orcrona ciaemyror HepaseHeTBA (f11 + p2)— <
< ()= + (p2)=, N(r,o0,wi + wa2) < N(r,o00,wi) + N(r,00,wz). Kpome roro
BBITIOJTHsIETCs HepaBeHcTBo m(r, 00, w1 + wa) < m(r, 00, w1) + m(r, 0o, wa). Mubr
MOJTy9aeM HEPABEHCTEO

T(r,wi +wa) <T(r,wy) + T(r,ws).

Teopema 8. [lycmv w(x) — d-cybzapmonuneckas GYHKYUA 6 NPOCTPAHCTNGE
R™, m > 2 uz waacca 650 IMyemo xeasuscrody w(x) = vy (z) —va(x), 20e vy (z)
u va(x) — cybeapmonuneckue Pynryuu 6 npocmpancmee R™ ¢ szaummno cunzy-
AAPHOLMU PUccoscrumu mepamu, npusém v1(0) = v2(0) = 0. Tozda ewnoanaemca
PAGEHCNEO

1

Om—1 rm—1

T(r,w) / max(v1(z), va(z))dopm—1(x).

S(0,r)

Joxazamesvcmeo. KBa3uBCioly BBIMIOJIHSETCS PABEHCTBO

wi(z) = max(vi(z), va(z)) — va(x).
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W3 nero caemyer paBeHCTBO

1

m(r, 00, w) :W
m—

/ max(vy(x), va(z))dom,—1(z)
S(0,r)
S N / vo(x)dopm—1(x).

Urnfl?ﬁmi1
S(0,r)

U3 pasencrsa (4) mna dysaknum v () cemyer, 9To MOCAEIHINR HHTErPaT Pa-
Ber N (7,00, w). Tem cambiM TeopeMa J0Ka3aHa.
Bameuanue. B ciyuae m = 2 dbopmyay miast T(r, w) MOXKHO 3allicaTh B BUJIE

2

T(r,w)= = max(vy (re’?), va(re'?))dp.
27
0

Bamerum, 9To u3 TeopeMbl 8 u pasencts (3), (4) ciemyer, uro T'(r, w) asiasercs
BO3pacraroreit pyuximed.
Bemuunna

Ha3BIBAETCS OPsiIKOM byrkmu T (7, w), a TakKe MOPsiIKOM 0-CyOrapMOHNIECKO
byuxmun 13 knacca 650,

Ecnun w — mpomssosibHast d-cybrapmonndeckast GyHKIHA B R™ ¢ puccoBekoit
Mepoit 1, To obpaszyem HyHKINH

wi(z) = / In |z — Cldu(C) + ¢, wa(z) = w(z) —wi(z), m =2,

B(0,1)
d
i) == [ I e ) = w) - wi), m 3,
rae 9mcao ¢ Beibmpaerca u3 ycaopus wa(0) = 0. OyHKOUA Wo HPHHAIIEKUT

kgaccy 0S5 ), IMopankom pyHKIMEN W HA3LIBAETCA TOPAIOK (PYHKITHH W2.
VenoBuem p < 00 BBIIEAAETCA BaXKHBIA Kaacce d-cybrapmormyaeckux yHKIUI
KOHEYHOTO TOPSIIKA.

5. TeopeMbl 0 MIpeACTABJIEHNN J-CyOrapMOHUYECKUX (PYHKIUIA.

Hawm 6yjier HyzkHA cieyromas IpocTas JeMMa.

JlemMma 1. ITycmon
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20e a = (1, ...y Qi) — Myavmuundexc nopadka m. ITycmo cywecmeyem nomo-

weynwl npedea lim b(r,z). Tozda dasn 106020 mysvmuunderca a cyuecmeyem
rT—00

npeoden

co = lim cq(7)
r—00

U 8BINOAHRACTNCA PAGEHCINGO

Joxasamesvcmeo. Mbl OymeMm TPUMEHATH OIIEPATOPHI B3ATHA PA3HOCTH C IITa-
rom 1: A f(t) = f(t+1)—f(t). Yepes A (a) =A (a1, ..., Q) MBI OyeM 0603HAYATD
TaKO OmepaTop, UTO 0 TePeMeHHOl £ OH MpUMeHsieTcd oy pas3, k € 1, m. Umeem

A (a)z® = al.

Bo MuOXKecTBE MyJLTHHHIEKCOB (v BBEIEM JIEKCHKOTPaHUIECKOe YIOPII0Ie-
Hue: (A1, ..., Q) > (B1, .., Bm) ecnn (aq, ..., ) = (61, ..., Bm) win, ecau k HAW-
MEHBIIIee 9NCI0 TAKoe, 910 vy 7 B, T0 ap > B. Eciu B < a, 0 A (a)z? = 0.

IIycrs oV — mauGospnit MYJABTUHHJIEKC TaKoi, 410 ¢, 1) (r) # 0. Torna cupa-
BEIIJINBO PABEHCTEO

aWie_ oy (r) = (o)b(x, 7).

U3 ycoBust TeOpEMBI CJIEIYET, UTO CYIECTBYET Mpe/es Ha 6eCKOHETHOCTH Y (byHK-
wan A (aMD)b(x,7), a swaunr u y dyaxmmr ¢ o) (7).
Jasbine Haime paccyKJeHne Hy:KHO TOBTOpUTH st dyskumu b(z,r) —

(€))
¢, (r)z® . Hepes KOHEUHOE YHUCIIO IIATOB MBI IOy YUM YTBEPIKICHHE JIEMMBL.

Teopema 9. ITycmo w(z) — d-cybeapmonuveckas GYHKUUA NOPAJKG P 6 NAOCKO-
emu C us xaacca 650, p = [p]. ITycmov |1 — puccosckas mepa Gynkyuy W, 0as

J/ d’éﬁf), k = 1,p. Tozda cnpasediuso npeo-
B(0,1)

KOMOPOt CTOOAMCA UHMEZPANBL

CasAcHUE

z z 1 2P &
w(z) = /Re (m (1 - <> Tttt pcp> dp(¢) + ) Re cnz”,  (16)
n=1

NPUBEM UMENM MECTNO POPMYAbL

2m
1 o i 1 ¢l
cn = lim Re /W(Rew)e_m@dgo + - / (ézn - ) du(¢) | . (17)

R—o00 TR"
0 B(0,R)
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Bameuanue. Cumson [p] obosmauaer meryio gacts p. Ecam y mnarerpana we
yKazaHa 06J1acThb WHTErPUPOBAaHUS, TO TAKOBOH sBJIsieTCs BCE mpocTpancTo. Cy-
niecteoBanue npesena (17) we apnsierca rpuBmanbHbIM (bakTom. Ero cymecTso-
BaHUE — OJIHO U3 yTBEpXKAeHUi TeopeMbl. MbI aéM He TOJIBKO HOBOE JOKA3aATEb-
CTBO M3BECTHOM TEOPEMBI O TIPEICTABICHNH, HO U HECKOJIBKO YCUIMBAEM €€, TaBast
dOpMYIBL 71T KOIPPUITUEHTOB Cpy .

Oyuxnus w(z), Oymayun rapmorunueckoii gpyukimeii B kpyre C(0, 1), npegcras-
JIIETCS B 9TOM KpyTe PSIoM

[oe)
= Re E 2.
n=1

Pasencrso (17) paér dopmynbl mis koabduimenTos ¢, aas n € 1,p. Jlaga n > p
cripaBeinBa (bopMyJa, KoTopas ciaeayer u3 dopmysr (16)

du(Q)

Jlokasamenvcmeo. Tlepemumem hopmyny (1) ans dbyaxium w(z) B Buge

Rtz
Rev v(Re"?)dyp + / Reln (1 - C> du(Q)

2m
= B
(0.R) (18)
o
0,R)

1
“or

\C\ / Reln <1—;€2> dp(C).

B(0,R)
Nnmeem
Re? + 2 1+ sz 1
eReW’—z:Rel < 1+2ReRw1_7
Rew Re'¢®
TL
- 1+2Rez Rre inp +2Re Z Rn inp’
n=p+1
1 Z”C > 1 z”C
e (1= 55} ~Red - LS e 3 15T
n= p+1

Hasmee dopmyny (18) mepenuriem B BHIE

w(z)z/Re( (1_c>+c+ +1¢Z> W(Q)+ (R, 2) +a(R, ),  (19)
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rie
1 2m
b(R,z) = — /W(Rew)dtp + / In gdu(C)
21 R
0 B(O,R)

21

p =n
1 o 1 1§ 1
+Re g 2" /W(Rew)e "dp + — / < - ) du(C) |,
TRn n R2n n
n=l B(O,R) ‘

0
Re< (1_C>+C+ +1C2>du(o

CB(0,R)
/ Re Z R” sV w(Re'?)dyp + Re / Z R2”
n=p+1 n=p+1

B mammcannoit dopmyne cumson CB(0, R) ob6o3nagaer IONOJHEHME K KpPYIy
B(0, R).

Tax kax ¢ynknms w(z) uMeerT NOpsifoK p, TO JJIst JIIOOOr0 € CYIIECTBYET TI0-
crosaHass M, Takas, 9TO BBIMOJHSIIOTCS HEPABEHCTBA

ul(B(0, R)) < MRS, R >0,
/|W(Rew)|dg0 < M.R"™°, R>1.

M3 sTx HepaBeHCTB JIErKO CAEIYeT, 9TO s JIFOO0TO 2 BBIMOIHAETCA PABEH-
CTBO

lim a(R,z) =0.

R—o00

Teneps u3 pasenctsa (19) cienyer, 9To 17151 JHOGOr0 2 CYIIECTBYET MPEIE

lim b(R,z).

R—o00

Ecnu z = x + iy, To dyukius b(R, z) Kak QyHKINS TEPEMEHHBIX & U Y SBJIsI-
eTcst MHOTOUIeHOM crerenn p. Teneps u3 jieMMbl 1 caemyer, 9To (hyHKIHH

2 —n

cn(R) = Re 7r]1%” /W(Rew)em“"dgo + % / <}§2n - C1"> du(¢) |, nelp
0

B(0,R)

“MeroT npenen npu R — oo.
Bamerum, uro w3 dbopmyssl (3) ans Gyukmun w(z) caegyer, 4To

2

o [wrenap+ [ ullaue <o

2T
0 B(0,R)



70 Ipumur A. @., Hryen Ban Kyuns, [loegunnesa 1. B.

[Mepexonst B pasercrse (19) k mpegeny mpu R — 00, TOJIy9IUM yTBEPIKIEHUS
TeopeMbl. TeopeMa JoKa3aHa.

B reopeme 9 mpegnoaraercs, aro dgyukius w(z) npunamresxut kaaccy 650
Copmynupyem Teopemy Jijist 0bIIEro caydas.

Teopema 10. I[Iycms w(z) — d-cybeapmonuneckas Pynxyus nopadka p 6 naoc-
xocmu C, u — eé puccoscras mepa, p = [p|. Tozda cnpasedaiuso npedcmasaerue

Wz = [l cldn(o)

B(0,1)

z z 12P u
+ / Re (ln (1_C> —I—C—l—...—}—pcp> d,u(C)—f—ZRecnz".
n=0

CB(0,1)

Joxazamesvemso. O6o3HATIM

wi2) = w(z) - / In |z - Cldu(C) — .

B(0,1)

IpUYIEéM MOCTOAHHYIO ¢ BhiOmpaeMm m3 ycaosusg wi(0) = 0. Oynkuua wi € 65,
Temeps yTBEpKIEHTE TEOPEMBI CJIEIYET U3 TEOpPeMbl 9.

Bamedanne. B obmem ciydae CyIiecTBYOT aHAJIOTH cooTHommenuit (17) mpu
nelp

2 —n
. 1 o 1 c 1
_ i ne - _
Cn }%1_1){1)0 Re o /W(Re )e do + - / (RQ” C") du(C)

0 B(0,R)\B(0,1)

Teopema 11. ITycms w(z) - J-cybzapmonuseckas PyrKuUL 6 NPOCMPAHCTNEE
R™, m > 3 us xaacca 65©) u nycmo p — eé puccosckas mepa, daa Komopot

crodamesn unmezpaav, [ ap(z,y)du(y), k = 1,p. Hyemov dynxyus w umeem
B(0,1)
nopadox p u p = [p|. Toeda cnpasedauso npedcmasaenue

W) = [ Kyla,n)duty) + Y Anl)

=1

20e Ap(x) — 00nOPOOHBIL 2aPMOHUNECKUT NONUHOM CMENEHU N, NPUYEM GBINOA-
HAIOMCA PAGEHCTNEA

. m
o) = Jim (s [ ww)don )
S(0,R)

=2 [ ) (o ) ).

B(0,R)
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An(z) = lim (Rnt JH / (c,? (cosn) — C.2 Q(COSV)) w(y)dom—1(y)
S(0,R)

| i\ 2 (21
_ n _ 2 >
wum! (Mwlﬂn Hn%%)al<wmmmm)n_z

Hanucannwve npe@eﬂm ABAANOTCA PAGHOMEPHBIMU HA A1060M KOMNAKME.

Jlokasamenavemeo. nst dyuknun w(z) cupasepyiuso paserctso (2). Umeem
mpu |ly[| =R, [zl <R

R:—||z|2  R2—||z|? 1
Rz —y||™ R mﬂw—maw+wm%%

R? — |lz? @) 2l | (12N2)F R |l H\W
=17 (1-2> Libadlis = 02
Rt lllsl B T\ R Rm+1 53 (cos)
=

1 Pom x||” T m x|
= R Z Cy? (cos7) ’RUL - ]|£m|+1 Cy? (cos7) ”RJI (22)
n=0 n=0

[ R H [ 1 = II”
Rm+1 Z C Rn +Rm 1 Z C COS’Y)
n=p—1 n=p+1

Ipu ||z|]| < R, |ly|| < R BBIMONHSAETCST PABEHCTBO

1 R™?
m—2

Iyl || — o B2 me2 m—2 2 R\ 2
ol Nl — gty Iyl (el = 2e,9) 5 + (5 )

_m—=2

1 (.9) Il C”““) :
= 1-2 + 23
H%?( 2yl R2 2 23)

1 &2 )" ly "
= 7z Z Cp? (cos7) R
n=0

1 G ™Il H 1" |y ]I™
- Rm—2 ch ’ (COS ’Y) RQn Rm— 2 Z C 2 COSFY RQn :
n=0 n=p+1

U3 pasencts (2), (21), (22) crexyer, ato

= /Kp(x,y)du(y) +b(R,z) + a(R, z), (24)
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e
1

b(R,z) = P T

| wdonaw)

S(0,R)

1 1 T m
[ (=~ g o0+ 0 [ o ospmtipdrna
)

S(0,R)

)

T m=2 1
o | cosmlant) ~ el [ el (COSV)Wdu(y)
B(0,R) B(0,R)

+§( e | (0 osm) — CEaeos) wirdom(v)

n=2 Im—1
S(0,R)

n 1 [yl m
Aol [ (s ) O (cos i)
B(0,R)

®yuknus a(R, ) 3a1aETCs PABEHCTBOM

o(Roz) = — / Ky, y)dp(y)

CB(OR)
S I Y= T iee—

Opm—1 RMT1 ’Y WY m—1(Y
S(0,r) "=P~1

1 R |z S |||

o R / > G (cosy) T w(y)dom-1(y)
5(0, R) n=pt+l
y n
w5 e
n=p+1

3 cxopumocrn wunrerpana [ K,(z,y)du(y), nepasencrs |C£(cos'y)| <

S T o 0o (y) < 2T(RART, BO.L) < MTCEw)

W TOTO, UTO p — HOPSJAOK (PYHKIUHM W, JETKO CAeHyeT, 4To s jawoboro z € R™

BLIIIOJIHACTCA PaBEHCTBO

lim a(R,z)=0. (25)

R—o00

U3 pasencrsa (4) aust GyHKIMU W CoIeayer, 9ro

e el I I G e K

S(0,R) B(0,R)
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W3 pasencrsa Clﬁ(cos v) =2Bcosy = 25% CJJLYeT, U4TO

x ks x
o|1HRm / Cy (cosy)w(y)dom—1(y )+|1|LG|1| Cr7 (cos ) yllda(y)
S(0,R) B(O.R)
m=2 1 m
B 2 —d = dom—
[zl ¢y * (cosy) | y||m—1 1(y) o LR / (@, y)w(y)dom—1(y)
B(0,R) S(O.R)
1 1
-2 [ (- ) i)
B(0,R)
IToaToMmy
m
bR, z) = / (@, y)w(y)dom-1(y)
S(0,R)
1 1
—(m —2) / <|y||m - Rm) (z, y)dp(y)
B(O,R
+i( " | (€ osn) - CEateos) wirdow-(v)
— 1Rm+n 1 7 n—2 v m—1
n=2 S(0,R)
1

n _ HyHn C 22 d
== [y~ Rz (cosy)du(y) ).

)

®Oyukuus b(R, x), kKak QYHKIUA TTEPEMEHHONH &, ABIAETCA TAPMOHUYECKUM 0~
JIMHOM CTernenn He Bbime p. 3 pasencts (24), (25) cremyer, uTo s KasKa0ro
x € R™ cymecTtByer mpenen
lim b(R,x).

R—o0

N3 semmbr 1 cremyer, 9TO CyIECTBYIOT MPE/IEIIBI

lim (L /(x,y)vv(y)dam—l(y)

R—00 \ 0,1 RMH1
S(0,R)
“m=2) [ (o ) @)= (o)

B(0,R)

m

lim (w / (Cn%(cosv) - Cf_Q(COSW)> w(y)dom-1(y)

R—oo\Oy, 1Rm+n 1
5(0,R)

el [ ( Ll )cm (cos 1)du(y)) = Au(z). n € T

HyHm—l-n—Q Rm+2n—2

)
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DTu mpesenbl paBHOMEDHBIE Ha JI000M KommakTe. Ilepexoms B pasencrse (24)
K mpegeny nmpu R — 00, MoaydaeM yTBep:KAeHue TeopeMbl. TeopeMa moKazaHa.

B reopeme 11 rpebyercs, urobsr dyukims w(z) npunauiexana kiaaccy 050).
B cremyroreit Teopeme MbI 0CBODOXKIAEMCS OT 9TOr0 OTPAHHICHHUSI.

Teopema 12. IIycms w(x) - d-cybzapmonuyeckas PyHKUUA 6 NPOCMPAHCNEE
R™, m >3 u p — eé puccosckan mepa. Ilycmv Pyuxyus W umeem nopadox p u
p = [p]. Toeda cnpasedauso npedcmasaerue

vy == [ S [ KaGedut) + ZA<x>,
B(0,1) CB(0,1)
2de A ()~ nexomopwiti 00HOpodnbIl 2apmonueckul mHuozouaen cmenenu k.

Bameuanue. Umetorcst ananoru dpopmya (20), (21).

o) = Jim (o [ w)u)don-a)

R—oo
S(0,R)
1 1
~m-2) x>(—)du<y,
) @) (o ~ 7w ) )
B(0,R)\B(0,1)

_ o z 2
Ante) = Jim (s [ (GF teosn) = O s(eosm) wl)dona(v)
S(0,R)

— || 1 . ly|I” CMT_Q( )du(y) >9
z [y][n—2+n — Rm—2+2n ) " cosy)aply)),n = 2.
B(0,R)\B(0,1)

Joxasameavcmeo. O6o3HAUNM

du(y)
| — y|[m—2

wi(z) = w(x) + /

B(0,1)

e MOCTOAHHAsA ¢ onpeaengercd u3 yeaopus wi(0) = 0. OyHxima wi OpuHAIIE-
KUT KJaccy 05 (), Teneps Teopema u 3aMeuanne K Heit caeyioT u3 reopembr 11.
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Keywords: the matrix Caratheodory problem, Blaschke-Potapov product,
generalized Schur parameters, step by step Shur process.

2000 Mathematics Subject Classification: 42A82, 44A60, 47TA57.

(© Cepwukosa 1. 1O., 2014

76



Bicuuk Xapkiscbkoro Hamionabuoro yuisepcurery im. B.H. Kapasina, 1133 (2014) 77

1. Beenenue

B craresx 1. Hlypa [1]-[2] Buepsbie 6blra npeioxKena I0Mmarosast CxeMa pe-
TMEeHTsT MHTEPTOJSINONHBIX 33a9. B masnHelTeM 9TH NCCIeq0BaHTsT OBLIN TPOo-
JIOJTZKEHBI 1 0000ITeHBI B paboTax MHOIEX aBTopoB. Ocobo ormernym crarsu [3]-[4],
BBITIOJTHEHHBIEC B DPaMKaX IMOAXO0Ia B.II. HOTaHOBa K PEIeHnIO NHTEePIOJTATTMOHHBIX
3a/lad i aHAJINTHYIeCKUX MarTpuil-byHKuuii (1amee mo rexcry - M®). Anaso-
TUYHBIE PE3YJAbTATHI AJid CIy1ad CTUITHECOBCKUX MO 6}31.7[1/1 TIOJIYYEHBI B CTATHAX
[5]-[7]. MaTepnonsiunonnble 3anadu B Kiaaccax Rla, b] u S[a, b] 6L pacemor-
penst B crarbax [8]-[12]. Ipofaema MOMEHTOB Ha KOMIAKTHOM HHTEpBAJIE ObLIA
pellleHa MOIIArOBEIM METOJI0M B cTarbe [13].

Cdopmynupyem u3BeCTHbLIE OIPEIEICHNs U TEOPEMbI, KOTOPbIe HAM I1OHAJI0-
OaTCSI B TATbHEHAIIIEM.

Ounpenenenue 1. ([8]) Kaaccom S|a, b nasweaemca mnoocecmeo 2040mopgh-
nwox M@ s:C\ [a, b] = C™™ maxux, wmo

2)=5G) 5 g viec,

z—Z

s(z) >0 Vz € R\ [a, b].

an
ITycTs mama mocse10BaTebHOCTD KOMILUIEKCHBIX (1 X m)-Matpuit {s;}7_o u
Jurcuposannas Touka zg € C,. B marpuuanoii 3amaue Kapareomopu Tpebyercs
ommcarb Bce M® kiacca S[a, b, rakue, aro

s(z) = s0(2) +s1(2)(z—20) + -+ sp(z—20)" + . (1)

MHoxecTBO pemeHnit s 910t 3agadu obo3uaduM depe3 L,. C zamadeit (1)
CBSI2KEM CJIENYIOTIHE OJIOTHBIE MATPHUITHI

20lm <+ Om  Om I, S0
Ly, -+ 0p Op O S1
T(n) = . . . y Un) = . y UL (n) = . )
Om Im Z(]Im 07n STL
o O O
EIm Im PR
_1 (z0—2)? 20—2 Om
Ry ) (2) = Ty — 2ln(ni1) ™ = - , (2)

D D D
(z0—2)nt1 (z0—2)" z20—%

50

. 51

g () = =Ry (0 (@) By ) (D)ur, ) = | . |
Sn

Ky ) = {Pij}ij=0: Ko,m) = {Qij}ij=0-
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3mech
*
S0 — 8§ Poj—1—sj .
Py = —, Pyj=——"7-—, 1<) <n,
20 — 20 20 — 20
s — P » Pii— P . o
Py=""21 1<i<n, Pj=-1"—"50  1<ij<n
Z0 — 20 Z0 — R0

AnanornaHbeIM 06pa30M OLMPEAEIISIOTCS MATPHIB! (i € 3aMEHOi MaTpuIl s; Ha §;.
Umeer mecto mootcdecmeo cnaemenus (cum. [10])

(b= @) R, () (B)0(y ] oy B, () () = R 1y (@) Ry ) (D) Ky ) + Ky (3)

Ounpegesnienne 2. 3adaqwa Kapameodopu (1) naswsaemcs enoane neonpedener-
not, ecau Ky n) >0, Ka ) > 0.

Msr 6yaemM paccMaTpuBaTh BIIOJIHE HEOIpedeaéHHYI0 3aady Kapareonopu.

Onpenenenue 3. Mampuuya-@pyHruus

(#[ ) (2) | By (2) ]: i+ (0= 218 o) B ) (2) s (o B o (D) |

Yy (2) | Sy (2) (Z—a)vz‘n R T(n )( 2Ky oy B 0oy |
| (b= 2)uf R (K 1(n (m)(

)
b)ul ,(n)
| Im = (b= )R

z
() () (n 7,n) (D)1, ()
Hasveaemca pesoaveenmuol mampuuet sadawu Kapameodopu (1).

(4)

Onpeaenenne 4. [apa mepomopprmr ¢ C\ [a, b] M@ [5] HA3bIBAENCA

Sla, b] - napod, ecau cywecmeyem duckpemnoe 6 C\ [a, b] muooscecmeo Dy,
maxoe, 4mo

(1) MPpuq eonomopprv 6 C\ {Dp,Ula, b},

@) ). @[ P |5 0m ey DUl 1),

i) ) 7@ s [ M) | 20m e Ca\D

J

1(Z — 2)

(iv) [b_zp*(Z), q*(z)} [ b—zp(z) ] > 0, 2 € Cq \ Dpyg.

[Iycts (mxm)-M® Q mepomopdua u mepomopduo obpatuma s C\ [a, b]. O6o3Ha-
anm gepes Dg muckpernoe B C\ [a, b] MuoxecTBo ocobbix Touexk M® Q u QL. Jge

Sla, bl-maps [ Pi(z) } u [ p2(2) } HA30BEM JKBUBAJICHTHBIMH, €CJIH JJIS BCEX
q1(2) q2(2)

z € C\ {[a, bJUDp 4, UDp,q, UDg} Bomonnensr pasencrsa pa(z) = p1(2)Q(z),
q2(2) = q1(2)Q(z). MuoxkecTBO KyaccoB skBuBajenTHoCcTH S|a, bl-nap o6o3HadnM
uyepes Swola, b).
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Teopema 1 ([10]). ITycmov M@ a,y, Bm), Yn), dmn) onpedesensi 6 (4). Tozda
dpobro-aunetinoe npeobpasosanue

) = U () { [ o } } (5)
= {am (2)p(z) + (2} {7 (2)p(=) + 8y (a (=)}

sadaem 63aummno 0drosnaunoe coomeememeue mencoy Ly, u Sxla, b].

2. MyapTHNJIMKATUBHAS CTPYKTYypPa Pe30JIbBEHTHOU MATPUILIBI.

Paccmorpum 610uH0€E pesicTapienne MaTpur] K. ()

K B I 0
o r,(n—1) r,(n) . nm nmxm
KT7(n) == I: B* CTTL :| — B* K~ 1 Im ] X
r,(n) : ry(n) " r,(n—1) (6)
—1
% Kr,(n—l) Onznxm Inm, Kn(n_l)Br,(n)
Omxnm Kr,n O xcnm I,
3/1eCh
> * —1
Khn = CT',TL - BT,(TL)KT,(nfl)Bn(n)’ T = 1, 2 (7)

Orcrosa u u3 onpeeeHus 2 CAeAyIT HEPABEHCTBA Kml > O, 7 = 1, 2. TloaTOMY

-1 _ Inm Kr_(n 1)Br,(n) Kr_(n 1) OnAme i Inm_ Onmxm .
m(n) Omxnm I, Omxcnm KE& _Br,(n)Kr (n—1) I
Hneror mecTo O49eBUAHbIE DABEHCTBA
R n— blu n— Inm Onmxm
|: T,( 120(1’2 L(n-1) :| — B K_ I x RT,(n) (b)ul’(n),
20—b L,(n)""1,(n—1) m (9)
Ry (n—l)(b)v(n—l) :| Lm Onmxm
’ [ = — RT, n (b)v n)-
[ 0D B3 Koy Lm R
31ech
Wi p=5n—(20—b)B} KL R (b + (1) —Lm u
1,n=5n 0 1,(n) " 1,(n—1Y"*T,(n—1) 1,(n—1) (ZO — b)”, ’ (ZO — b) 1,ln—1)>
_ ) —b)Bj (0K, R b 10
Up, = m (20 ) 2,(n) 32, (n—1) T,(n—l)( )U(n—l)- (10)

Teopema 2. [Tycms sadara énoane neonpedeaennas dadavwa Kapameodopu (1).
Tozda umerom mecmo paseHncmea

(b= ) By (n—1) (O)Vn-1) 00— = Bom) — Ko1Ky, wonBrmys (1)
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b—a. . . . o
70— b”nul,(nfl)RT,(nfl)(b) =—B3 () K5, (1) B (- 1) (@) B, (1) (0) Ky 1)~
b—a ((=1)"1I, I, 20— a
- DY 12
Zo—b<(20—b)”’ ’za—b> L= 1)+ 0o—b 1)’ (12)
b— .
2wt = (20 — a) K1 + (20 — b) Ko, (13)
zZ0 — b ’

3dect Wiy u U onpedenenvi 6 (10).

Lokazamensvcmeo. JJOMHOKIM TOXKIECTBO CIIeTeHus (3) cjeBa U cpaBa Ha
MaTPHUIIBI

Inm Onmxm Inm Kl_(n 1)Bl,(n)
2.(n )K_ I, ’ 0

coorsercreento. Orcropa (9) caemyer, 4To

R n— b)v n— * * wi”
(b_ a) |: Tl 11)( A) (1) :| |:u1,(n1)RT,(n1)<b)a :| -

zofbvn

1
_ [ Kz n-1) Bam) } [ Lim =Ky (1) Brm)

—B;

2,(n—1) mxnm Im

Omxnm K27n Omxnm m
Inm Onmxm -1 Kl (n—1) Onmxm
+ * -1 R n (a’>RT n (b) " 2
B} Koy Im T,(n) (n) Bi .,y  Kia
[TosTomy

(b—a)

Ry (n-1)(0)0(n-1)U} (1) BT (0 1y () By D)0y 0f 55 ] _

1~ % * 1 ~ *
205001 (1) U7, (-1 (D) o2 Un Wi

-1
_| Bom-y ~Eom-n Koy Brey T Bam || Dem o O
Omxnm K2,n _B2,(n)K2,(n71) Im
[ R; (n— 1)( )RT,(nfl)(b)Kf,(ln—n Onmxm
X n N
(=1)"Im —Im —1 20—a D% z0—a
(b - CL) ((zofb)"""1 T (zofb)z) K 1,(n—1) + z(()) bBl ,(n) z?)—bKlvn

Cpaprupas 610K B 9THX paBeHCTBax, nosydaeM Toxgecrea (11)—(13). Teopema 2
JIOKa3aHA.
[Mycrs Marpuis wi, 1 Oy, 0 < p < n onpegerenst B (10), w9 = so, Vo = I,

_ _z—a
w27p - ZOfbwl’p'

Ounpenenenue 5. Mampuuybi-pyrryuu

bo(2) = Uy (2), bp<z>=[‘3‘p(z) §§<Z> _

2 1 9 1, —1 w1,
_ Im+(b )* pK2pzop ‘ 70 r; 1,p 2q z;) ] (1 <p<n) (14)
oy 1 oy 1w —
(Z - a) ZofzKQ,p Zoﬁb ‘ z)f KIPZOII;)
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naswviearomes muoocumenamy, Baswre-ITomanosa sadauu Kapameodopu (1).

Teopema 3. Pesoaveenmman mampuya Uy)(2) enoane neonpedeaetnot sadasu
Kapameodopu (1) donycraem npedcmasaenue 6uda

U(n) (Z) = U(n—l) (Z)bn(z)a (15)
3decv mmoocumenv Baswre-Tlomanosa by, (z) sadaemes dopmyaot (14).

Lokazamenvcmeo. g nokaszarenscrsa dopmynsl (15) mocrarouno ybennThb-
Cd B CIIPABEJIMBOCTH PABEHCTH

(16
ﬁ(n)('z) = Q(p-1) Z) n(Z) +ﬂ(n—1)(2) n(Z), (1
(
(

BN

1
19

oo

)
)
)
)

Jokaxkem pasencrso (16). Mmeem

Ay (2) = I + (b= 2)t (1) B () (2) B ) B, () (0)0(n) = I + (b — 2)u ) X

* _ Kil _Kil BQ n Kﬁylb Inm Onm m
XRT,(n) (z)[ 02,(71—1) 2’(n_}%,17( )2, —B;( )K2_(1 ) Ir: T,(n)(b)v(n)
mxnm 2.n ,(n ,(n—

U3 (9) m aHAIOTNIHOTO PABEHCTBA
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X (ZO — b)(go — Z) + (b Z),U(nfl)RT,(nfl) (Z)Kl,(nfl)Blv(n)Kl,n 20 — b

* * — —1 (20 — b)wlm
—(b- Z)U(”—l)RT,("—l)(b)K2 (n— 1)B2 () Ln (20 — b)(20 — 2) -

%
Up, —1 Win

—(b— )=y
Z0— 2 20— b

Orcrona u u3 (25) crneayer (19). Teopema 3 mokasana.
13 Teopembl 3 HETOCPEACTBEHHO CIIETYET

Teopema 4. Pesoaveenmnan mampuya Uy, (z) enoane neonpedesernoti 3a0a4u
Kapameodopu (1) donycraem myavmunauramusnoe npedcmagacnue

Umy(2) = bo(2) x b1(2) x - -+ X bp(2). (26)

2. O6o01mennbie mapametpsl Ilypa.
U3 pasencrsa (13)
b—a . N N
2o b e = (20 —a)K1p + (20 — b) K2p > Opy
cilelyer oOpaTHMOCTh MATPULL V).
Ounpenenenue 6. Obobwernnvimu napamempamu Llypa das enoane neonpedeae-
noti sadawu Kapameodopu (1) naswieatomesn mampuib
20— b
b—a

~

S0 = S0, Sp =

0! <(20 —a)K1,+ (%0 — b)fi’zp) i, p>0. (27)

Bdecv K1 p, Kap, 0, onpedesstomes dopmyaamu (7) u (10).
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Jlemma 1. Hmerom mecmo caedyrouwjue npedcmasieHus

w1,p = UpSp, (28)
20— a,. .

) — VpS 29

D 0 —b PP (29)

S, — 8¢

2% ~ P P ax

K, =0,—7 30
_zo—ag 20—a g%

S T T 25 .

. 31
po—" » (31)
Jokasameavcmeo. Pasencrso (28) caenyer uz (13). Orcroga u u3 paseHcTBa
wa,p = —Z=fw1p noayunm (29).

Hokazkem paserctso (30). B cuny (27), nmeem

Up Z : ii)@; = e 201)(19 — [(zo —b) ((20 —a)Ki,+ (20 — b)fgz,p> _
—(Z0 — b) ((zo —a)K1, + (20 — b)f(zp)} = 201)(17 — y

X [(Z(] — b)(é() - CL) - (20 - b)(Z() — a)] KLP = Rl,p'

Hokazkem pasercrso (31). 113 (27) mosyanm

20—a A Z0—a A%
it R - £ M 1 20— @ - .
= - —b) (20— a)K
S Gt | s D (oK
- 20— a A A
+ (%0 — b)Kz,p) + ZO — b(zo —b) ((Z() —a)Kip+ (20 — b)Klp)] =

1 — _ A ~
N (20 — 20)(b— a) [=(20 —a)(Z0 = b) + (20 — a) (20 — b)] K2 = K2p.

JlemMma 1 mokazama.

Teopema 5. Muoocumenu Baswre-Ilomanosa (14) npedcmasumv, 6 eude

[ (b—2)(z )( 20) a% —aga Z0—a g% 1
b (Z) m |207Z(I))|2?20270z)20 SP( z?)—(gsp ;g—zsp) ‘
p = _ —1

( — )( _ ) —aaza —a ox

(;) 7az)?(z)0 52) ( 2?) —Z Sp ?()) —Z Sp) ‘

(20*(5)(30(4)) }’) p —
‘ Im B (Zo—z)(g’o—(l))) (ép B é*) §p

3decov 8, — obobugennme napamempur Llypa (27).

Teopema 5 mosyuaercs npsimoit moacranoskoit dhopmyn (28)—(31) B pasen-
crBo (14).
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3. Ilomarosserit ipornecc Ilypa.

Teopema 6. IIycmv dana enoane neonpedescnnan 3adaua Kapameodopu (1) u
muoorcumenu Baswwke-ITomanosa b, (0 < p < n) onpedesenvi popmynoti (14).
Tozda mmoocecmeo ecex pewenult L, onucwsaemcs cynepnosurutl 0pobHo-
AUHETHBLT NPEodPA306aAHU

ol mifprl [} (] esnn

a Gy, By, A, Op onpedenenv o (14).

Hoxasameavcmeso. llpu p = 0 KOppeKTHOCTH JIPOOHO-JIMHENHOTO MPeobpaszo-
Banust (33) caenyer uz pasencrsa bg(z) = Up(z) u reopemst 1. U3 dopmysbr (32)
caeayer, uro Bce muoxkurenn Busmke-Ilotanosa b,(z) umeror cTpykTypy aHa-
JIOTHYHYIO CTPYKTYpe pe30osbeenTHoit MaTpuisl Uy(z). Takum o6pazom, mpeobpa-
soBanue (33) onpeeseno KOppekTHo st Beex p > 0. B wactHocTH, onpenenens
npobuo-uHeliHble peobpasosanus HaJ mapoii col[s(z), I,] € Sola, b], 31ech
s(z) € Sla, b], koropsle obo3HAUNM

(s =0 {7 |},

Takum 06pazoM, KOPPEKTHO OIIPeJieSieHa CyIepHo3ulius IpobHO-JIMHERHBIX [Ipe-

I
bo(2) {--.bpl(z) {bp(z) { [ 522 H}}

st col[p(z), q(2)] € Seola, b], p > 0. DTa cynepnosunus aBageTcs IPOOHO-
JTMHEHHBIM TIPeo0pa3OBaHNeM, MATPUIA, KOTOPOTO PABHA MPOU3BEICHIIO

bo(2) X b1(z) X -+ X bp(2).

Hamnee nmeem

31eck BTOpoe paBeHCTBO ciefyer u3 (26), a rperbe — u3 (5).
Teopema 6 mokazana.
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O yHKIIOHANIBHBIE MOJEJN Y2Ke 60JIee MOJyBEKa UIPAIOT BaKHYIO POJIb B TEO-
PHUH OIIEPATOPOB M SABJSIOTCA €CTECTBEHHBIME AHAJOTAMHA CIEKTPAJBLHBIX Pa3JIo-
JKEHWH B HECAMOCOTIPSZKEHHOM (HEYHUTAPHOM) CJIydae. DT MOJIETHHBIE Dean3a-
I[UM W30METPHH XOPOIIO M3YUEHBI JIJIsl JIUCCUTIATHBHBIX (CKUMAOIINX) OMepaTo-
pos [1, 4]. st omeparopos, He NPUHAIIEKAIINUX STOMY KJaccy (HeUCCUIIaTHB-
HBIX WM HECZKUMATOIINX ) aHAJOTMIHBIE TOCTPOCHUS OBLIN OCYIIECTBICHB! B |1, 2.
Jannast pabora siBjIsieTCsi IPOJIOJIKEHHEM HMCC/Ie0BaHnil, HaYaThiX B crarbe |2,
HaliTeH KOHKPETHBLIH BHJI BECA COOTBETCTBYIOLIETO MONEILHOIO MPOCTPAHCTBA W
MO/ICJIbHBIX DeaJ/iu3anuii.
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I. Copokymaocth ruabbepToBLIX mpocTparcTs H, FE, u omneparopos
A € [H,H], ¢ € [H,E], J € [E,E)], tne J — wusomorus, J = J* = J 1,
Ha3bIBaeTcs |1] JTOKAIBHBIM y3/10M

A:(A7H’()D7E?J)7 (1)

€CJIM BBITIOJTHSAETCS YCTIOBHE
A— A" =ip*Jo. (2)

Omneparop-dyukius Z; € [H, H] aprymenra t € Ry, Ry = {t € R: ¢ > 0}
HA3BIBAETCST TIOJTYTpyoit [4], ecin

Zo=1I, Zis=2: Zs.

Ecim Z; nenpepwieua B paBrOMepnoii tomosormn H, to Z; = exp(itA), rue
A € [H, H| — waduanTe3MMANBHBI oneparop noxyrpynnsl Z; [4] 3amaerca dbop-
MYJI0H
iA:sflimZt_I.
t—0 t
[Monyrpynna Uy, peficTByromias B TpOCTpaHCcTBe H, Ha3bLIBAETCS JAUJIaTalneil mo-
ayrpynusl Zy 8 H [3], ecau

rje Pg — oproupoexkrop na H. Huuaranus Uy naseiBaercst yHurapHoii [3], eciu
U; yuurapua npm xaxkiaom t € Ry. Hunaramua Uy B 'H moayrpynmner Z; B H
HA3bIBAETCS MUHUMAJIBHOM [3], ecm

H = span{Uih : h € H,t € R}.
Obo3maunm gepes M auHEHHYI0 0007109Ky BeKTOP-QYHKIUH BUIa

f(&) = (ui(§), h,u—(8)), (4)

riae u4(§) — Bekrop-dbynkimn w3 E rtakuwe, uro suppu+(§) € Ry, a h € H.
Sagagaum vHa M HOPMY

0 o0
1712 = / s (6)13:de + [BIP + / lu_ (&) 3:dé < oo. (5)
—00 0

3aMbikaare MHOrOOOpasus M B 370l MeTpuke W 00Opazyer TUab0epTOBO TPO-
CTPAHCTBO, KOTOpoe Mbl 06o3Haunm uepe3 H. Bamamum [1] B mpocrpancree H
nosyrpyty U, —

(U )(&) = fi (&) = (ug(t,€), he,u(t,€)), (£ =0). (6)
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Bexrop-dbyukuusa u_(t,§) nmeer Bug:

U (t,€) = Pryu—(€+1). (7)

Paccymorpum 3amaay Komum

d
ijgyt(f) + Ay(§) = " TPy gyu—(€ +1);

f € (—t,O); (8>
ye(—t) = h;
u nonoxum hy = y¢(0). Hakonerr,
ug(t,€) = uy (§ +1) + Pgop{u—(§ +1) — iy (§)}, (9)

re Y (§) — pewenne 3ayaun Ko (8). Beegem merpuky

(f©)7 = /<Ju+(§)>u+(€)>Ed€+”h|2+/<‘]u(5)7u(€)>Ed£' (10)

R_ Ry

Monyrpynma U; wasbiBaercss J-yuurtapuoit [1]|, ecnu U; ynurapra B J-Mer-

puke (10), To ectb
U U = J, UJUS = J. (11)

Teopema 1. 2| Ioayepynna Zy = exp(itA) 6 H, 20e A — oeparusernnvd

onepamop 6 H, obaadaem J-ynumapnot dusamayuet Uy (6) 6 'H.

IT. Tlogupocrpancrea Dy u D_ B 'H HasbiBatorcs [6] yxopsiiumM 1 Ipuxosi-
muM nognpocrpancteaMu rpynnsl Uy 8 H B cmbicie 11 Jlakca u P. Qumunca,
eciu D_ L Dy m

UtD+ C D+ (Vt S R+);

U+D_CD_ (VteRy). (12)

OrmernM, 9T0 MOAIPOCTPAHCTBA

Dy = {f(é) = (qu(f),0,0) € H}» D_ = {f(g) = (0,0,U,(f)) € H}

SABJSIIOTCA YXOISIINM ¥ IPUXONAININM HOANpocTpancTBaMu aast Uy, KpoMme TOro
MMeeT MEeCTO

H=D,®H®D-_. (13)

BajgaanM B ruJibOEPTOBOM TTPOCTPAHCTBE
R(E)={g€) cE:EcR: / 19(6)|%de < 0o (14)

cBOOOMIHYIO |5] yHHTAPHYIO MDYy CIBUTOB

(Vig)(§) = g(€ +1). (15)
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Oupenennm [5] BonHoBBIE OmepaTopst W,

W:F =S — tlgtnoo UtPD:FV—t- (16)

Kaxk wuspecrro [3], s paBHOMepHO HenpepbiBHOI nosyrpynnel Uy nmeer me-
cto omenxa ||Uz|| < P, rme 5> 0.
Onpenennm runb6epToBo MIPOCTPAHCTEO

0

L (Ba) ={g@) € Big B [ 2 g)lfpde + [ Io©lfbde < oo
—00 0 (17_)
e o~ > 3. Eam o™ > 3 > 0, to ana dbyskuuit (&) uz LE (E, o) mpenen
W_g(&) (16) cymecrsyer [2].

Hpegen Wig(€) cymecrsyer [2], ecru g(&) € LE(E, a™), rae

00 0
I (Ba) = { g e EBig e B [ e g()lhde + [ lo(©)lfhde < oc b
0 —00
(174)
at > ' >0, npuuem ||U_¢|| < et
Omneparop paccestius S onpegennm |5, 6] caeayromumm o6pazom:
S=WiWw_ (L (E,a™) — L§ (BE,a™). (18)

Paccemorpay otobpazxenwe By us L (E,a~)+ L2 (E,a™) B npoctpanctso H,
3ajiaBaemoe popmyJioit

Byf = Bp ( j; ) =W_jf-+Wifs, (19)

e fr € LA (E,a"), f- € L% (E,a”). Tpoobpassr moampoctpancts D_ u
D, (12) mpu orobpakennu B, (19) umeror Buj

b= () b= (5 ) (20)

B cuiy (16). OuesuyHO, uro

- ] (L0 0] (18- (50} o

MTO3TOMY €CTECTBEHHO OMPEIETUTh THIBOEPTOBO MPOCTPAHCTBO

non={ro- (4 ) roecnEa).
¥ @)
£4(6) € (B, [ (WHO).5(€)) pade <oc b

—0o0
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rae W, B cuny (20), nmeer Bus

(22)

W_[WiW Wim]

WIW. WiW,
B dopwmyne (22) oneparop W MoxkHO 3amucarh B BHJIE

[ oS W2Q W_ —Qp WXQ W, - 5*Qg ]
w [ S I ] 2 [ WiQ W_—-QgS WiQ Wy—-Qp |’ (23)

e 2Q* = I & J — opromnpoextopel B E. B ciywae cxarua Z; (Q~ = Qp = 0)
oueparop W umeer Tpauiuonnslii [1] Buy

w=|gs 5]

S 1

Hunaramasa U; B npoctpanctee L2 (W) (21) meiicTByeT TpaHCIAMHOHHBIM 06pa-
30M [2]: R

Uif(§) = f(E+1). (24)
QquI/I;LHO, 9TO B CHJIY CTPYKTYPBI HPOCTPAHCTBA jAujiaranuu H u Buja D_ (E),
D, (E) (19) B npocrpancree L2 (W) (21) ncxoamoe npocrpancrso H mzomopdmo

i, = 1207 ( e ) , (25)

a JIeficTBYe MOJIYIPYIIbI Z; IPeodpPa3yercst B HOJYIPYIILY CABUIOB
Z:1(6) = Py F(E+1). (26)

rae f(§) € Hp (25).

Teopema 2. [2| Munumanronaa J-ynumapnas dusamavyus Uy (6) ¢ H no-
ayepynnv Zy = expl{itA} ¢ H, 2de A — eno./LHe—Heccimoconpﬂowé'HHmﬂ onepa-
mop, YHUMapHo sKeusasenmua zpynne mpancasuyut Uy (24) 6 npocmpancmee
L2 (W) (21), a noayepynna Z; sK6uGaAEHIING, COOMGEMCIMGENNO, NOAY2PYNNE
cdsuzo6 Zy (26) ¢ npocmpancmee Hy (25).

ITI. Paccvorpum npeobpasosanune @Pypoe
oo
o= [ e s(eae (27)
—00
CupaseuBa cieyronias Teopema [2].

Teopema 3. IlIpeobpasosanue Pypve (27) deticmeue onepamopa W (23) ne-
peeodum 6 onepamop ymHoxcerus na onepamop-gyrxyuto W(N) :

Wg(€) = W), (28)
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2de g(€) € L2(W), g(\) € H(Qoﬁa,)(E) + H(Q_a+70)(E). Onepamop-Pynruyua W()\)

npu 3mom uMceein eud

W) = [ G AW } +2 (29)

War Waa

Ell EH ]

20e
Wi = {SANQEPSAN) — Qz} Py

Wiz = {SAN)P-Qp — QzP-SA(N)} g
War = Jp {QEP-Sa(N) — SANP-Qp};
Way = Jg {Sa(NQP-SA(\) — Qg } JeP-;

SA(N) — zapaxmepucmuneckan pynruus ysaa A, Py u P— — opmonpoexmopoi
Ha nodnpocmparcmsea Xapdu, omeeuaroujue geprrets U HuNCHeT NOAYNAOCKOCTIU

_ 1
OMHOCUMENBHO COOMEEMCMEYIowets NoAoCH, U, Hakoney, Qp = 5([ - Jg) —
OpPMONPOEKMOP.
Ouesunto, uro mpeobpazosatne Pypre (27) orobpaxkaer ruaIbLGEPTOBO TPO-
crpancrso L2 (W) (21) B npocrpancrso

mw) = {sn = (10 ) 00 € o 8),
o (30)

£ ) € HE g (B): (TN, 7)< o0t
0

rae W(A) umeer Bua (29). Qunatanms U; B npocrpancrse H2(W) (30) Gyzer
NMETDL BIA,

Uf(A) = e f(N). (31)

[Mpocrpancreo .FAIp (25) B 3TOM CIyuae Oyzer uMeTh BU

(32)

H,=H*W)o [ H2(E) ]

H?(E)

Haxkomern, momyrpymmna Z; u omeparop A B MOIEILHOM IPOCTPAHCTBE ﬁp (32)
OyayT 3amaBaTbcs popMyaaMu

Zif () = P e (N AF(N) = Py AF(V). (33)

TakumM 06pazsoM, Mbl IPUXOIUM K CIEYIOIell Teopeme.

Teopema 4. [2| Munumasvnasn J-ynumapnas dusamayus Us noayepynno
Zy = exp(itA), ede A snoane necamoconpasicen, Ynumapno IKCUsaICHMHa, @yr-
yuonasvrot modeau Uy (81) 6 npocmpancmee H2(W) (30), a Z; sxeusarenmna
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Z; (33) 6 npocmpancmee ﬁlp (92) u, naxoney, A sxsusasenmen A (33), coomeem-
cmeenno, 6 Hy, (32), 2de SA(N) = I —ip(A—N)"Lp*J — zapaxmepucmuueckasn
Ppynryua ysara A.

IV. PacemorpuM caygait dimF =2, Jp = Jp = ( (1) _01 > . Ilycrn

521 522

_( s12 0\, (s O
Tl_(O 822>’ T2_<0 322>.

Torma HETPYAHO BUIETH, UTO

=~ “ 11 0 O

W11:T2P+<1 1>T2P+—(O P_)’

= 0 0 . «f 0 1

= 0 -1 00

=m0 e e (00); ”

-~ 1 -1 0 0
Wae =T1P_ TP, — .
w=nie- (4 1 )ne- ()
CrenoparesibHO, B pacCMaTPUBAEMOM CJydae HalTeH ABHBIN BHI 3JIEMEH-
ToB W;i. Uconp3oBanme Teopembl 4 TPUBOAUT K yTBEPKICHUIO.

Teopema 5. IIpu dmFE =2 u Jg = Jp = ( (1) _01 > onepamop-PyrKuLa

W(A) umeem eud (29), Wix, sadaromea dopmyaamu (84);

Sa(d) = ( . )

Sa(A) = < S o )

Ob6o3HauuM

521 S22

— zapaxmepucmuMeckas Gynruui yaaa A,

. 512 0 . . S921 0 .
Tl_( 0 .922>’ T2_< 0 .922>’

P, u P_ — opmonpoexmopu. wa nodnpocmpancmea Xapou, 0meeywaouue 6epr-
neld u HUIICHET NOAYNAOCKOCTRYU OTRHOCUMEABHO COOMEEMCMEYouWel NoAOCH, U,

naxoney, Qp = 5([ — Jg) — opmonpoexmop. Modeavnvie peasusavyuu A u Zy

8 amom caysae umerom sud (33).
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1. Introduction

In 1940 came the publication of the work [14], dedicated to the well known
S. Banach’s problem - basis problem. In this paper an abstract theorem of
stability of arbitrary bases in Banach spaces was first obtained. One of the main
consequences of this Krein-Milman-Rutman theorem says that, in any Banach
space with a basis, a basis may be formed from arbitrary dense set. In the
present time this theorem has many generalizations, analogs and applications,
see, e.g., [15, 23]. In 1951 N.K. Bari [3]| opened the topic of the stability of bases,
introduced the term and studied the properties of Riesz basis, and showed, inter
alia, that any minimal system, quadratically close to the Riesz basis, is itself a
Riesz basis.

The concept of Schauder decomposition (or basis of subspaces) is a natural
generalization of the Schauder basis concept and was first introduced in 1950 by
M.M. Grinblyum in [10]. In the same year, independently, M.K. Fage in |7, §]
proposed and studied this concept in Hilbert spaces. In 1960 A.S. Marcus
generalize some results of N.K. Bari to the case of unconditional Schauder
decompositions and, using the results obtained, establish certain conditions under
which a dissipative operator has Bari basis of root subspaces, and the union of
orthonormal bases from these subspaces forms Riesz basis or Bari basis, see [17].

Nowadays, Schauder decompositions together with Schauder bases are
powerful tools of functional analysis and infinite dimensional linear systems
theory, see [6, 20, 21, 22, 27|. About Schauder decompositions see, e.g.,
[15, 24, 4, 9].

Throughout what follows H will denote a Hilbert space with norm || - || and
a scalar product (-,-), and Z, will denote a set of nonnegative integers. In 1967
T. Kato published the following result.

Theorem 1 (T. Kato [13]) Suppose that {Pn}52 is a sequence of nonzero
selfadjoint projections in H satisfying Z P, =1, PP, =P, forn,m e Z,,

and let {J, }2°, be a sequence of nonzero pm]ectwns in H, such that JpJy, = 67Ty,
forn,m € Z,. Also assume that

dim Py = dim Jp = m < oo, (1)
Z |, (Jp — Po)x||? < A||z||> forallz e H, (2)

where ¢ is a constant satisfying 0 < ¢ < 1. Then {J,}32 is similar to {Pp}72,
that is, there exists an isomorphism S, such that J, = S™'P,S forn € Z,.

This result gave a new impetus to the development of the spectral theory. It
is an effective tool for the analysis of spectral properties of various perturbations
of operators in H and even 45 years later retains its relevance. In 1968
C. Clark [5] applied Theorem 1 to the study of spectral properties of relatively
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bounded perturbations of ordinary differential operators. In 1972 E. Hughes [11]
used Theorem 1 in the proof of some perturbation theorems for relative
spectral problems. T. Kato in [12] considered the problem of completeness of
eigenprojections for slightly nonselfadjoint operators as a perturbation problem
for selfadjoint operators and based the solution of this problem on his Theorem 1.

In 2012 J. Adduci and B. Mityagin applied Theorem 1 to the study of
eigenfunction expansions of the perturbed harmonic oscillator L = —% +224+ B,
B = b(z), with dense domain in Lo(R) [1], and to the analysis of the perturbation
A = T + B of a selfadjoint operator T in a Hilbert space H with discrete
spectrum [2]. Just recently, Theorem 1 was applied by B. Mityagin and P. Siegl to
the study of the root system of singular perturbations of the harmonic oscillator
type operators [18].

The purpose of the present paper is the study of stability of unconditional
Schauder decompositions in Hilbert spaces. More precisely, the aim is to generalize
Theorem 1, considering unconditional Schauder decompositions instead of
orthogonal Schauder decompositions. It was found that the sequence of subspaces,
corresponding to mutually disjoint projections, which are close in a certain sense
to projections of unconditional Schauder decomposition of given structure, is itself
an unconditional Schauder decomposition. As a direct consequence of this result
we obtain one stability theorem for Riesz bases of sufficiently general structure
in H. Also we sharpen one theorem of V.N. Vizitei on the stability of Schauder
decompositions, which was published in [25], in the case of unconditional Schauder
decompositions in H.

2. One lemma on unconditional Schauder decompositions in H

Throughout the paper we will use the following definitions.

Definition 1 ([24]) A sequence {IM,}22 of closed nonzero linear subspaces of
H s called a Schauder decomposition of H provided each x € H has a unique,

o0
norm convergent expansion T = Y, Tp, where x, € M, forn € Z,.
n=0

Definition 2 ([24]) A Schauder decomposition {9M,}>2, of H is called 2-

Besselian provided the convergence of Y. x, in H, where x, € M,, n € Z,,
n=0

o0
implies the convergence of > ||z, |
n=0

Definition 3 ([24]) A pair of sequences ({Mn}22 o, {Pn}oey), where

{M,,}0°, is a sequence of closed nonzero linear subspaces of H and {P,}2% is
a sequence of bounded linear projections satisfying P,H = My, for all n, will
be called a generalized biorthogonal system provided it satisfies PiP; = 6] P; for
i,j € Zy. The generalized biorthogonal system ({9Mp}02 o, {Pn}ol) is said to be
H-complete, if Lin{9M,}>, = H.
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Definition 4 ([24]) A sequence of nonzero subspaces of H is said to be w-linearly

o0
independent, if the relations > x, =0, x, € My, n € Zy, imply x,, =0, n € Z.
n=0

Definition 5 A Schauder decomposition {9, }°°, will be called unconditional
with constant M provided there exists M > 1 such that

> by > i

i=0 =0

<M for alln € Zy, y, € My, {0} € {0,1}.

For example, every orthogonal Schauder decomposition in H is unconditional with
constant M = 1. The following lemma provides some properties of unconditional
Schauder decompositions in H and will be used further.

Lemma 1 Assume that {9, }°° is an unconditional Schauder decomposition in
H with constant M and corresponding sequence of projections { Py} . Then for
every x € H we have

ﬁ (Z ||an\2> < [lzl <2M (Z IIin!2> - (3)
n=0

n=0

NI

Proof. We note that, by the parallelogram identity, for each z € H and for every
finite set of elements {Pjz}7_, C H there exists a set of numbers {g;}7_, C
{—1,1} such that

2
n n
2
Seypia| = i zem by e =S
]:0 J €J—Z|Zl ] =0 ]:0
(4)
Construct the following operators: P = Y. P, P, = Y. P;. Further,
Jig;=1 jigj=—1
applying (4), we obtain that
2
2 . . . + — _
|z]|* = nh_)rglo Zij = <nh_)rgloH(Pn —&—Pn)x“) nhi&H - — P
2
o0
2 - 2 2 2
<4M nh_)rI;oH — Pz H =4M nlerolo Ze Pix|| <4M z;‘f)]l” .
= J

Hence, a right-hand side of the inequality (3) is proved.

To prove a left-hand side of the inequality (3) we observe that, by the
parallelogram identity, for each x € H and for every finite set of elements
{Pjz}]_y C H there exists a set of numbers {z;}7_, C {—1, 1} such that

. 2 2

n
ZEijx = max ZSJPSC _2n+1 Z ZsjPa@ :Z||ij||2.
5=0

j=0 ej==41||j=0
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Further, for every set of numbers {€;}7_, C {—1, 1} there exist two sets of numbers
{5;}?:0 C {0,1} and {46, }7_y C {0,1} such that

n n n
> &Pl = | 6P = 67 Pa|| < 2M|z].
j=0 j=0 j=0

Taking into account (5), we obtain

oo n
ST IBl? = tim 3P < 4b?e),
=0 =0

which completes the proof of left-hand side of (3).

The lemma just proved is a slight variation of one lemma from [16, 26]. Note
that Lemma 1 without specification of the constants in (3) follows from one lemma,
which was obtained by W. Orlicz in [19]. Lemma 1 leads to the following remark
of geometric nature.

Corollary 1 Let Schauder decomposition {9, }°2, in H is unconditional with
constant M and corresponding sequence of projections { P, }5°. Then everyx € H

o0 2
is contained outside the open ball B (0, e <Z ||Pn$H2> ) and inside the closed
n=0

ball B

1
00 2
0,2M (Z HPnacHQ) ) of the space H, i.e. in the closed ring.
n=0

3. Theorem of V.N. Vizitei and unconditional decompositions in H

Lemma 1, together with Theorem 15.17 from |[24], which was obtained by
V.N. Vizitei in 1965 [25], allow us to obtain the following stability theorem,
which is valid for every unconditional Schauder decomposition in H. Thereby,
we sharpen a theorem of V.N. Vizitei in a following way.

Theorem 2 Assume that {9, }72 is an unconditional Schauder decomposition
in H with corresponding sequence of projections {P,}5>,. Then the following
statements hold.
(i) There exists a constant A € (0,1), such that every sequence of subspaces
{102, in H satisfying
1
2

(ie (mn,mnf) <A, (6)
n=0

where 6 (M, MN) = max sup  dist(z,M), sup dist(y, M) » is the ope-
€M |z]|=1 yeMN|lyll=1
ning of the subspaces M, M, is a Schauder decomposition in H, isomorphic to
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{M,, 1. Moreover, a constant X\ may be chosen as

-1

n 2
A= (4 sup ||> P <1+ sup ||Pn\>

0<n<oo =0 0<n<oo

(ii) Bvery sequence of subspaces {M,}°° in H, satisfying
o
36 (9,01, < oo, )
n=0

and admitting a sequence of projections {Jn}o2, such that ({Mn}o2g, {Jn}oo)
is an H-complete generalized biorthogonal system, is 2-Besselian Schauder
decomposition of H. If, additionally, dim9M, < oo, n € Z,, then the same
conclusion holds for every w-linearly independent sequence of subspaces {My}52

satisfying (7).

Note that every sequence of subspaces {M,} 2, isomorphic to unconditional
Schauder decomposition {9, }72, with constant M, is itself an unconditional
Schauder decomposition with constant M||S||||S™!||, where M, = S, n € Z.

4. A generalization of a theorem of T. Kato

The main result of the paper is formulated as follows.

Theorem 3 Let {M,}5°, is an orthogonal Schauder decomposition in H with
corresponding sequence of projections {F,}o2, where dim Fy < oo, and assume
that {9, }°° is an unconditional Schauder decomposition in H with constant M
and corresponding sequence of projections {P,}>2, where Py = Fy. Also suppose
that {Jn}02 o is a sequence of nonzero projections in H such that JnJp = 0" Jp
for n,m € Zy. If the condition (1) holds and for all x € H we have

o0

D IPa(Jn = Pa)all? < ¢l (8)

n=1

where ¢ € [O, ﬁ), then {J,H}2 ) is also an unconditional Schauder decomposi-
tion in H, isomorphic to {9} .

Proof. To prove the theorem we use the method which was used in [13]. Consider
the operator S defined on H by

S = i Py, (9)
n=0

To prove the existence of S in the strong sense we show that

o0

n=0

n=0



Bicuuk Xapkischkoro namionanbaoro yaisepcurery im. B.H. Kapasina, 1133 (2014) 109

converges in the strong sense. Indeed, since {9, }22, is an unconditional Schauder
decomposition in H with constant M, for each x € H and for every N € Z we

have by virtue of Lemma 1, using (8), that
k+N

2 (o]
< (2M)*) |IP,
7=0

= (2M)* Y ||Pn (P = Jn) z||* — 0,

E+N 2

> Pu(Pu—Jn)a
n=k

k+N

(0.)
when k — oo. Hence, Y. P, (P, — J,)x converges and, consequently, the series
n=0

oo oo o0
> Pudpr =Y Pux—Y Pu(P,
n=0 n=0 n=0

also converges. Consider the operator

R= ZP —Jp) =1 — Py — ZPJ

n=1
and note that |R| < 1, since for every = € H,
|Rz|? = an (P, — Jn) Z (ZP ) =
n=1 =0 n=1
(2M) Z 1P ( W)zl < (2M) Pla)?,

by virtue of Lemma 1 and applying (8). Further observe that, since
S=PyJy+1—-PF,—R, 151 < || o]l + 3 < 0.

Thus, a theorem will be proved if we show that S is continuously invertible.
To this end we consider the operator

S=> Pun=I-P-R (10)
n=1
Since dim Py = m < oo by (1) we have that (I — P,) is Fredholm operator with
nul (I — Py) =m, ind(l—PF)=0, v(I—-F)=1,

where nul T denotes the nullity, ind T the index, and «y (T') the reduced minimum
modulus, of the operator T' (for these notions see, e.g., [12], Chapter IV, §5.1).
Indeed, first we note that nul (I — Fy) = dim Py =m

def (I — P0> = dimH|I’m(I—PO) = d]mH|m =
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= dimcoker (I — Py) = dim (Im (I — PO))J‘ =m,

ind (I — Py) =nul (I — Py)—def (I — P,) = 0, where defT denotes the deficiency
of T, see, e.g., [12, 4]. Second, since {F,}°°, is a sequence of orthoprojections
corresponding to orthogonal Schauder decomposition {9,}5°,, where Py = Fy,
we have that

o0 3
inf ool = inf (ZnFn@—v)n?) -
0 \n=0

veker(IfPO)

(ZHF (z — Foz) !2> (ZIIF x—Fo:U)||2> = [I(I = Po)|-

Consequently, v (I — P)) =

=supev: |({—Fy)z|]| > inf |t —v|,re D(I—-PF)=H,=1.
veker(I—F,)

Furthermore, since ||R|| < 1=~ (I — B,), S=(- P,) — R is also Fredholm
with B B
nul S <nul (I — Py) =m, indS=ind(I —F,)=0 (11)

(see |12], Chapter IV, Theorem 5.22). Since S = POJO+§, where F,J, is compact,
S is also Fredholm and ind S = ind S = 0 (see [12], Chapter IV, Theorem 5.26).
Therefore we obtain that nul S = def S, and S will be invertible if and only if
nul S = def S = 0. Thus it is sufficient to show that nul S = 0. To this end we
first show that

ker S = I'm.Jy. (12)

~ ~ o
If z € ImJy, i.e. x = Jyy, then Sz = SJyy = > P,J,Jyy = 0 and, consequently,

n=1
x € ker S. On the other hand, ker S C ImJy, since ker S and ImdJy are linear
subspaces, dim ImJ, = m and dimker S < m by (11). Assume now that = € ker S.
Then,

o
0=PySz =Py >  PuJnz = PoJox
n=0

and Sz = Sz — PyJoz = 0. Hence, = € ker g, x = Jyy by (12) and, therefore,
o o0
Pox = PoJoy = Py Y Pudndoy = Py > PoJnz =0.
n=0 n=0

As a result, (I — R)z = (S + Py)xz = 0. Since ||R|| < 1, we obtain = 0. Thus,
ker S = {0}, nul S = 0 and S is continuously invertible. Finally, we note that
Jn=S8"'P,S, n e Zy, implies M,, = SJ,,H, n € Z,, which completes the proof.
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Definition 6 We will say that {¢n}o> is a Riesz basis in H with constant M
provided the sequence of corresponding subspaces {Lin{¢n}}>2, forms an
unconditional Schauder decomposition with constant M.

In the case when all the subspaces 9, are one dimensional, we deduce from
Theorem 3 the following stability theorem for Riesz bases in H.

Theorem 4 Let {hy}22, be an orthonormal basis of H and assume that {¢n}22,
s a Riesz basis in H with constant M and corresponding sequence of coordinate
functionals {P}}0°, where ¢o = ¢y = ho. Consider a biorthogonal sequence

{on oo {¥5}02) in H such that 0 < inf ||¢)y,|| < sup||¢n| < oo. If for all
x € H we have

o0

D W 2@, ) — (0 @) Pllgnl® < Pz,

n=1

where ¢ € [0, (2M)71), then {1}, is also a Riesz basis of H.

5. Conclusions

We obtain a stability theorem for unconditional Schauder decompositions
in H, which is a generalization of the classical theorem of T. Kato [13]. More
precisely, it is proved that the sequence of mutually disjoint projections, which is
close in some sense to the sequence of projections corresponding to unconditional
Schauder decomposition of given structure, itself generates an unconditional
Schauder decomposition isomorphic to the original. As a direct consequence of this
result, we obtain a stability theorem for Riesz bases. Also we sharpen one stability
theorem of V.N. Vizitei in the case of unconditional Schauder decompositions.

In conclusion, we note the following. Just as Theorem 1 plays a special role
in the study of spectral properties of nonselfadjoint and unbounded operators
in H (see, e.g., |1, 2, 5, 11, 12, 18|), Theorem 2 and Theorem 3 may be very
useful in the analysis of spectral properties of different type operators in H. It is
enough to do the following. We should consider perturbations of nonselfadjoint
operators generating unconditional spectral Schauder decompositions, instead of
perturbations of selfadjoint operators generating an orthogonal spectral Schauder
decompositions. And this, in turn, allows us to extend in qualitative manner the
class of spectral problems which we can solve via known methods.
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JIByXIIOTOKOBOE paciipejie/ieHne B ra3e u3 TBepbix chep
C MOJIAMHU THITa ~ yCKOpEHUe-YIJIOTHEeHne

B. 1. l'opaesckuit, H. B. Jlememmesa
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Jnst Momenu TBepABIX cdep MOCTPOEHBI TPUOIMKEHHDIE ABHBIE PEIIeHUA
ypaBHenusi BosblimMana, KOTOpPBIE WMEIOT BHJ OWMOIJAJBHOTO PaCIpeIe-
JIEHUs, TO €CTh JIMHEHHOU KOMOWHAIIMY HECTAIIMOHAPHBIX HEOTHOPOIHBIX
MakcBesmmanoB. OHU OMUCHIBAIOT B3aWMMOJENCTBUE JIBYX IOTOKOB Ia3a,
KOTOPBIE YCKOPSIOTCS W YILTOTHAIOTCS MPU ABUKEHUHU BJIOJH HEMOBUKHON
ocu. Haiimenbr mocraTodnbie yCJIOBAS MHHUMHU3AINNA AHTEIPATHHON HEBSI3-
KU MEXK/Iy 4acTIMU ypaBHeHHs BojbIiMaHa.

Karwuesne caosa : ypasuenme Bonbumana, tBepmwie chepnb, Makceen-
JINaH, TPUONVKEHHDbIE SIBHBIE PEIeHus, OUMOIAJbHOE PACIPEIeTeHune,
” yCKOpeHHe-yILIOTHeHne  , HTHTErpaIbHasT HEBA3KA.

lopaescokuit B. J1., Jlemermesa H. B., JIBomorokoBuii po3mnojaia B rasi
3 TBepAuX KyJIb 3 MOJAaMU THUILYy ~HPHUCKOpPEeHHA-yIIIbHeHHsa . s
MOJEi TBepPANX KyJb MOOYIOBAHO HAOJMKEHI SBHI PO3B’SI3KW PiBHSIHHLI
Bonbnmana, ski MaoTh BUIIAd GIMOJAIBHOTO PO3IMOAIAY, TOOTO JHHIHHOL
KOMOIHAIT HEeCTAIIOHAPDHUX HEOIHOPITHUX MaKcBeTiaHiB. BoHUW omucyroTh
B3a€MOII0 MiXK ITBOMAa TeUisMH Ta3y, siki IPHCKOPIOIOTHCS Ta 3TYIIYIOThCH
mpu pyci B3IOBXK HEpPYXOoMol oci. 3HaiimeHo mocraThHi yMmMoBH MiHimizarii
iHTErpaJIbHOTO BIAXWIY MiK 9acTHHAMHU PiBHAHHA Boabivana.

Kmowosi caoea: piBuaunsg Boabimana, TBepai kymi, Makcsemian, Habman-
JKeHi sIBHI PO3B’s13KMU, OIMOTAIBHUN PO3MOILT, ” MPUCKOPEHHS-YIIIbHEHHS
iHTerpasbHUl BiIXUII.

V. D. Gordevskyy, N. V. Lemesheva, Biflow distribution in a gas of
hard spheres with modes of the ”accelerating-packing” type. We
constructed explicit approximate solutions of the Boltzmann equation for
the hard-sphere model, which have the form of bimodal distribution, i.e.
linear combination of nonstationary inhomogeneous Maxwellians. They
describe the interaction of two gas flows, which are accelerated and packed
when moving along a fixed axis. Sufficient conditions for the minimization
of the integral error between the sides of Boltzmann equation are found.
Keywords: Boltzmann equation, hard spheres, Maxwellian, approximate
explicit solutions, bimodal distribution, ”accelerating-packing”, the integral
error.
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BBenenune

Hannas pabora nocesineHa mpobeMe MOUCKa TPUOIUKEHHBIX PEIEHUN HETH-
HEHHOTO KWHETHYECKOTO ypaBHeHusT BosibiMana, KOTOpoe OMUCHIBAET TOBEJIEHTE
JIOCTATOYHO PAa3pEXKEHHOr0 Ta3a W B CJIyYae MOJEJIH TBep/biX chep uMeer BU/I

[1-3]:

D(f) = Q(f. f); (1)
D(f) = (?){Jrvgi; (2)

2
QA.p =5 [ [ dal(w - v,
R3 z

'[f(t, Ullv x)f(t, U/, ‘T) - f(tv v1, x)f(tv v, x)],
rae d - amamerp Mosexydbl, t € R - Bpewms, x = ($1,$2,l‘3) € R? - xoopuu-
HaTa MOJEKYJIbl, U = (Ul,’l)Z,?)g) € R3? - ee cxopocts; f = f(t,v,7) - mcKoMas
byHKIMS pacupesesienud MOJEKY/I, (v - BEKTOD HA eIWHuUYHON cdepe X B R3:
% - TPOCTPAHCTBEHHBIH TpagwenT GyHKIOu f; v,v; u U/,Ull - CKOpPOCTH JBYX
MOJIEKYJI JTO U TIOCJI€ CTOJKHOBEHHUST COOTBETCTBEHHO.

EnvHCTBEHHBIME TOYHBIMU pellleHHAME ypasHeHus (1)-(3), m3BecTHBIME Ha
JAHHBIT MOMEHT JIJIsT MOJIEJIA TBEPABIX Chep, SBISIIOTCS 1100 IbHbIE U JIOKAJIbHBIE
makcsesuinanst M (6, v, z) [1, 2, 3|, 1. e. pemerust cucrembr D(M) = Q(M, M) = 0.
Jpyrue, He MaKCBEJIOBCKUAE, TOYHBIE PEIICHUs YAAETC HAWTU TOJIBKO JJIsl OIpe-
JIEIEHHBIX MOJIE/IeH B3anMOJIeliCTBUS MeXK 1y JaCTUIIAMU ra3a — MaKCBEJJIOBCKUX
MOJIEKYJT I HEKOTOPHIX WX 0b0bmmennii [4-9).

Bumecre ¢ Tem, akTyasbHO ocTaeTcd mpobiemMa OMUCAHUS B3aUMOLEHCTBUS
MEXKTy JABYMs U 060Jiee MaKCBEJJIOBCKUME [TOTOKAMHU B PA3PEKEHHOM Ta3e.

Hanpuwep, B paborax [10, 11| qaso npubinkeHHOe OMMCAHIE B3AUMOIEHCTBIS
JIBYX ITOTOKOB I'a3a U3 TBEPJbIX chep, KOTOPhIE IPEICTABIIAI0T coboit riobasibHble
MaKCBeJUIMAHbI (T. €. He 3aBUCAT HU OT t HU OT x); B pabore [12] nuzyveno noseje-
HUe GUMOJIATBHOTO PACIIPEJIE/IEHNUs], B KOTOPOE BXOJIAT JIOKAJIbHbBIE CTAIIMOHADHBIE
(3aBUCAIE TOIBKO OT T) MAKCBEJIMAHBI 9aCTHOIO BHJA. 11pU 9TOM B KavecTBe
HEBSA3KU MEXK/Iy YacTIMU ypaBHeHUsi BoJiblMaHa BO BCEX BBIIMIEYIIOMSIHYTBIX CJIy-
4yasgx UCHOJIb30BaIACh ~ cMemmannas” (DaBHOMEDPHAs 110 T, T 1 MHTErpaibHas 10 V)
HOPMa Pa3HOCTH.

OnHako, TpHU TOMBITKAX TEpexojaa K 0ojiee obIeMy BUIY JIOKATBHBIX MaKC-
BEJUTMAHOB, 3aBUCSIIMX €Ie W OT t, T. €. K HEPABHOBECHBIM ITTPOIECCAM B ra3e,
BO3HUKJIN TEXHUUYECKUE TPYIHOCTU, 9TO ODYC/IABJNBAETCS UX JOCTATOTHO CJIOK-
HBIM BruoM. [TogpobHBIil aHamm3 n KaaccuUKAINS TAKUX PEIeHnii ¢ TOYKN 3pe-
HUsI UX (PUINYECKOTO CMBICJIA W TE€OMETPUYECKOH CTPYKTYPBI OBLIN TPOBEJIEHBI
B pabore [13].

Taxum 06pa3oM, Bce BBINIECKA3AHHOE IPUBOINT K HEOOXOIMMOCTH ITOCTPOEHU ST
TaKuX OUMOAIBHBIX U MHOTOMOJAJbHBIX PACIPEIeIEHNl ¢ TPOU3BOIBHBIMI [HJI-
POIMHAMUYECKUMU TTapaMETPaMy MOJI, KOTOPbIE OBl ONKUCHIBAJIN IIPOIECC B3AMMO-
JEHCTBUST MEXKTy JIByMs U 60/1€€ MAKCBE/JIOBCKUMU IIOTOKAMU B I'a3e U3 TBEP/BIX
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cdep m B TO Ke BPpeMsd yIOBJIETBOPSIN YPAaBHEHUIO BoJbIiMaHa ¢ KAKOM yTrOIHO
CTeIeHbIO TOYHOCTH.

Nmenno mosToMy €160 TaHHON PaboThl AB/IIETCA OUCK ABHBIX MPUOJIMIKEH-
HBIX peIleHnli ypaBHeHHsI BoaIbIiMaHa 1JId MOJIEIN TBEPILIX chep, KoTophie OyayT
WMETh CAeAYIONuil OUMOTATBHBIN BUI:

f = @1 M1 + p2 Mo, (4)

e i, 1 = 1,2 - HeKOTOPBIE TOJIOXKUTEIbHBIE IIagKne Ko duimenTabe QyHK-
1uun, T. €.

pi=pilt,x) 20; vy e CH(RY), i=12, (5)
a wakcemamanbl M;, ¢ = 1,2 oTHOCATCA K MOTOKAM THIA ~ YCKOPEHHe-
ymtoraenue” (13, 14] u 3amatores dbopmyramu
N\ 3/2 -
M, = p <5> P, (©)
™
Pi = ﬁz : eﬁi(5g+251$)’ L= 17 2a (7)
v; =0; —u;t, 1 =1,2, (8)

rjie p; — IUIOTHOCTD -TO MOTOKa, p = const; [ = % — obparHas TeMIeparypa
rasa (T — abcosroTHast Temueparypa), U; — MaccoBasg CKOPOCTb -I0 OTOKA, U; 1
T; — IPOM3BOSIbHEIE (PUKCHPOBAHIBIE BEKTOPH B R

C dbusutdeckoil TOUKM 3peHUs KaxK10e n3 pacupeserennii (6)-(8) ommcriBaer
IOCTYIIATE/JIbHOE ABUKEHUE I'a3a BA0Jb OCU U C JIMHEHMHON MaCCOBOM CKOPOCTBIO U
M MACCOBBIM YCKOPEHHEM —U B IIPOU3BOJILHON TOUKe & MpOCTpaHcTBa. [LI0THOCTE
p meragetrcd oT 0 10 400, TpA 3TOM MUHUMAJIBLHOIO 3HAYEHUA OHA JTOCTUTAET TIPH
t =to, rie tg = %2 (w,v) ms mo60ro bUKCHpoBaHHOTO T € R3, a 119 IpOn3BOIL-
HOro puKCHpoBaHHOro t € R yBemmumBaercs TOJIBKO BIOJIb BEKTOPA .

JpyruMu cioBamu, ¢ POCTOM BDEMEHH t WHC/IO MOJIEKYJ B €IuHUIE 00BheMa
YBEJIMUUBAETCS ¥ [IPU 9TOM IOCTEIEHHO JIBUXKETCs OBICTpee BJOIb OCH U, T. €.
MOTOK ra3a YIJIOTHAETCS U yCKOPAETCS.

[TocranoBka 3ajadu. ByaeMm paccMarpuBaTh HEOIHOPOIHYIO, HECTAIMOHAD-
HY0, INHEHHY0 KOMOWHAITIIO IBYX MakcBeinaHos Buja (4)—(8). Tpebyercs Haii-
™ Takoii Bua dbyHknmit (5) M Takoe MOBEJEHNE BCEX MMEIOIINXCS MapaMeTpoB,
9To0bI IPW HU3KOTEMIIEPATYPHOM MpenesbHOM mepexone (3; — 400, i = 1,2)
MHTET'PaJIbHaA HEBA3KA

di= [t [ [1D(r) - QU Pl 9)
e

Rl R3

ObLIa, CKOJIB YIOJHO MaJja, T. €. CTPEMUJIACH K HYJIO.

B cirepyromem pazzesie moiyueHo HECKOIBKO Pe3yJIbTATOB, KOTOPBIE JAI0T Pe-
1IeHye 3TOoH 33/la4i, a UMEHHO, HalileHbl HEKOTOPbIE YCJAOBUA, JOCTATOYHbIE A
MUHUMU3AUUY HEBAZKHA Aj.
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OcHoBHBIE pe3yJIbTATHI

[Ipexk e gem mepefiTu K U3y9eHWIO TOBEIeHNs HeBA3KM A IpU IMapaMerpax
Bi — 400, i = 1,2, mpoBesieM HECKOJIBKO MPEIBAPUTENBLHBIX TPeodpa3oBaHMii
npasoit wactn BeIpaxkennst (9).

ITogcrasum pacnpenenenue (4) B ypasuenue (1)—(3), yaursiBast, uro D(M;) =
= Q(M;, M;) =0, i=1,2; mbl TOTyInM:

D(f) = M1D(p1) + M2D(p2),

Q(f, f) = w102 [Q(M1, M2) + Q(Ma, My)],

a 3HAYUT, MHTErPaJs TI0 nepeMeHnoi v u3 (9) MOXKHO TepenucaTh B BUJIE

/rD f)ldv =

2 2
— 1S MD) —prer > QUM M| do

Vicnonp3yeM IIpeicTaBIeHHe HHTErpasa CTOJKHOBEHHWI B BHIE pa3OueHns
Q(f,9) = G(f,9) — fL(g) (xak 310 cienano, naupumep, B [1, 3, 15]), rue

d2 ’ ’
= 2/dv1/da|(v1 —v,a)|-f(t,vy,z)f(t,v,x),
R3 =

2

C;/dvl/da!(m —v,@)|-f(t,v1, 2);

R3 )

fL(f> :f(t,’l),l‘)

mojIcTaBIsist BMecTo dyurnmn f Makcsemmuanbl My, Mo, n yuntbiBas, aro G > 0
u M; > 0, mosiyunm CleyIonLyio ONeHKy CBepxy st Bhipaxkenus (10):

/\D Q(f, f) |dv—/\M1D ¢1) + MaD(p2)—

— P12 [G(Ml, Mg) + G(MQ, Ml) — MlL(Mg) — MgL(Ml)” dv <

< / ML D(61)] + Ma| D(g2)| + o1z (G(My, Ma) + G(Ma, My)) +
RS

(11)

+p1p2 (My|L(Mz)| + Ma|L(M;)))] dv.

Hanee, ¢ yuerom toro, uro G(My, Ma) = G(Ma, M1), cupaBeaiusbl paseH-
crea [1, 3]

/G(Ml,Mg)dv = /MlL(Mg)dv = /G(MQ,Ml)dv = /MgL(Ml)dv.
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CnemoBarennao, Beipaskenue (11) MOKHO MPeNCTaBUTh CEAYIONM 06Pa3oM:

/\D QU )l dv <

(12)
< / IM|D (1)) + Mol D()]] dv + 410 / M, | L(My)] do.
R3 R3
Tak kax [15]

~ w

ik

L(M;) = e dw,

1o BBUY (2) u (6) cymma unrerpanos B (12) npumer Bu:

2 3/2
ﬁi _ﬁz(v U1)2 8801 8S07‘
Z/pl<7r R L
z:1R3
+4<,01<p2wd2 /ﬁf/Q e P Vg — e dwdv.
m ) \/E

[Tocse 3amensl u = +/F;(v — v;), ¢ yaerom (8), moyunM OCHOBHON BUJ| OIEHKN
cBepxy Jyisi Beipaxkenus (10):

/\D QUf, )l dv <

0p; U L 0p;
< E — 4+ | —= +v;, —u; -
4 /’ ot <\/ﬂi Vi uzt) Ox

t t
+4<,0190 :01( 7'7;),[2)2( ,l‘) d2/F12 . e_“’2_“2dwdu,
RS
rae
u w
Fip = —+U1—U2+(U2_u1)t" (14)
VB VP2

IL)'[H IIOJIHOTHI U3JIOZKECHU A HOCJ’[e,ZLyIOH_U/IX pe3yﬂbTaTOB npuBeaeM HECKOJIBKO
OIpeesiennii, KOToOpble ObLIN BBeJeHBI B pabore [16] u mcnosb3osanst B [17].

Onpenenenue 1. ITycme G — makaa ozpanuvennas obaacms ¢ R™, wmo
YUCAO KOMNOHERM ceazHocmu nepecewenus G ¢ 10600 npamoti, napairesvroll
Kakoli-aubo us xoopdunammunr ocet, xoneuno. Jasa ecaxozo 6 > 0 obosnauum
yepes G mmooicecmeo mouek us R, omemosawux om G ne Goaee wem Ha 0.

Ecau n = 4 u xoopdunamu obosnavaiomes xax t, * (k =1,2,3), mo uepes
G* - obosnanum npoexyuro G na zunepnaockocms t =0, a wepes G * - npoexyurno
G na zunepnaockocms xF =0 (k =1,2,3).
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Onpenenenne 2. Qurnumusvim ”6-naamo’ nad obaacmvio G C R, 6 > 0
naswisaemca maxas gynxyug ps(G,t,x) € CH(RY), wmo

L, (t,r) € G,
os(G,t,x) =1 0, (t,x) € R* \ Gs, (15)
0<¢s <1, (t,z) € G5\ G,

U, KPome mozo, Ha 410000 Npamoti, Napaiteabroti 00HoT U3 K00POUHAMHBLT ocel,
PYnKYUA s uMeem He BoAee YEM KOHEUHOE YUCAO CPOLUT IKCTNPEMYMOS.

Tenepb BepHeMCsT HEMOCPEJCTBEHHO K TOCTABICHHON 3a7a9e W pacCMOTPHM
HECKOJIBKO BAPUAHTOR €€ PEIIEHUs, KOTOPDIE JAI0T PA3JINYHbIE JIOCTATOYHBIE YCIIO0-
BUs CTpeMJieHns HeBs3Ku (9) K HYJIIO OpU OIpeeseHHOM BhIOope (yHKIHI ;,
t = 1,2 v TruApPOIMHAMUYECKUX TTapaMeTPOB.

Teopema 1. ITycmv Gi,Go C R* — oepanuuennvie obracmu uz Onpede-
aenua 1, u 81,02 > 0 maxue, wmo G5 N Gas, = O. Iyemo Pynxyuu ¢;,
i = 1,2 us pacnpedeaenus (4) umerom ud ”d-naamo’ (15), npusem s, (G1,t, )
u @5, (Ga,t, x) makosw, wmo obwee Koauuecmeo uxr sxcmpemymos uz Onpedeae-
HUA 2, 02DAHUYEHO DAGHOMEPHO OMHOCUMENDHO BCET AP2YMEHMOE KOHCTNAHMOT
K >0 npu 61,09 — 0.

Kpome amozo, nycmsd 86NOAHAIOMCA CACOYIOUWUE YCAOBUA:

_ Eai .
U= —, t =1,2, 16
1 BZLL ( )
_ @oi .
U= ——, 1=1,2, (17)
B

2de Uy, Vo; — MPOUSBONLHBIE PUKCUPOBAHHBIE GEKMOPYL, G “UCAG Ny, k; ydosae-
MGOPAIOTM HEPABEHCTNEAM

Tozda cywecmsyem makoe AII, OAf KOMOPO20 6EPHO
A < AL (18)

Hpunem npu awbom durcuposarrom d > 0

lim lim lim A} =0, (19)
m(G7)—061—0 B;—+o0
02—0 (i=1,2)

2de m(G;"), i =1,2 - oboem (mepa) npoexyuu muoocecmea G; na noonpocmpan-
cmeo t = 0.
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Jlokasamenvcmeo. [Ipounrerpuposas Beipaxenne (13) no = u t, mosyanm ce-
JYIOIIA BUJ ONEHKW JJTst HeBsi3KHU (9):

Ap <A =

/ dt/ Z/ ‘8% ( ”i_“it) %ﬁ‘m(t, )3 dut
(20)

R R3

4/dt/g01cp2p1 (t,z)pa(t, z)dx /F12 e w2*“2dwdu,
Rl

riae Fio uveer sun (14).

¢ |.
ox |?

vi; (i, U;)t; 192 nmocme ymuoxennst Ha p;(t, ) TpUHAIE)KAT TPOCTPAHCTBY
L1 (R*) npu Beex B; > 0, i = 1,2 6marogaps dunmTHOCTH MYHKIMIA @), i = 1, 2.
PaBrOMepHaT CXOIMMOCTD BCEX MHTETPAIOB, BXOASIIMX B MTPABYIO YaCTh HEPa-
BercTBa (20), KOTOpas CIeAyer U3 yCJ0BUil KOPPEKTHOCTH OTEHKN, OMMCAHBIX BbI-
e, u GUHUTHOCTH (PYHKIUH @;, & TaKKe 0Jarogaps ToMy, 910 QyHKIMI e v’ n
e~ " — 6pIcTpOoyOBLIBAIOIINE, IO3BOIAET MEPEUTH K HU3KOTEMIIEPATYPHOMY IIpee-

0pi. [~ Ov;
DTa OlleHKa KOPPEKTHO OIPE/IESIEHA, TAK KAK BETHIHHBI %; (ui, af;) ;

JIY B 3TOM BBIDAKEHWH.
Taxum obpazom, ¢ yaerom (7), (8), (16), (17) u (14), Mbl moTyanm:

hm pl(t l’) _pzlu”t( )7 L= 1727

ﬁz—>+oo
(i=1,2)
e
1, n; >1, k; >2, i_1,2,
pi(z) = | ¥ n; =1, k; >34, i=1,2, (21)
o toi® =1 k= $ =12
a
lim F12 = 0.
Bi—+o0
(i=1,2)
CrenoBaresibHO,
lim A] = dtdmZ/ 9%i it _3/26_“2du
ﬁz_’+00 1= A ’
(i=1,2) =lps

KOTOPBI TIOCJ/Ie BRIYUCIEHUST WHTEIPAJIa, TI0 TEPEMEHHON U, OYIeT UMETH BUI:

2

Dpi
li A, = [ dtd —— | pii(x). 22
Slim A / v |5 [Pimi(@) (22)
(i=1,2) R4 =1
Bosppamasicy memocpeicTBeHHO K BHAY (GYHKOHA ¢;, ¢ = 1,2, T. e. ycjo-

Buto (15), BBuy (21) Mbl HOJLyYUM CJIEJYIONIUE PE3YJILTATHL.
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1) Ecim pi(z) = 1, ro npegen (22) Gyger umeTs Bu:

8902
li — d —— | dt d

(2—
Onupasich Ha yCJOBHS TEOPEMbl, PACCMOTPUM MepBbIi muTerpas u3 (23)
(oboznauum D13 = G15,\G1) u OUEHUM €ro TakuM Ke 00pa3oM Kak 3ITO
OBbLIO C/IEJIAHO C AHAJIOMMYHBIM MHTErpajoM B pabore [16]:

[ [ -
R3
_ [0t 00 0ps,
/‘at’dtda?—l- / ‘a'dtdx—i- / ‘ ot
1 R*\Gs, G1,6,\G1
/’a% dtdz / /‘8@1 dt =
N(z,01)

As4 a 151 as+18
/de/“pl /d:cZ/;;dt:
N(z,01)

as
dx Z [p1(ass1, @) — p1(as, z)| <

(23)

dtdx =

/N x,01)dx < 2Km(D73),

rae as, s =1,...,N(x,d1) — crporne skcrpemymbl GyHKIMU @1, TPUHATE-
JKAIME TPAMBIM, TAPAJLIEILHBIM OCH ¢, 11T HEKOTOPBIX (DHKCHPOBAHHBIX T
u 01; K — KOHCTaHTa M3 yCJIOBUA TEOPEMBI; ONEHKa, (1 caeayer u3 (15).

AmnanornunbiM 06pa3oM oneHUBaeTCa BTOpoit nuarerpan us (23), rue Doz =

= Ga,5,\Ga:
e[ al= [ o Tl

Benomunas obosnavenns jgist D7z 1 Dis, Mbl MOKEM HAILUCATH, YTO

< 2Km(D3s). (25)

lim m(D73) = m(GY), (26)

61—0

lim m(D3;) = m(G3). (27)
d2—0
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Takum obpasom, n3 (23)—(27) mbl mosyanm:

lim lim A < 25, Km(GY) + 25, Km(GS) = 2K S 5;m(GY).
gfingﬂ(i?;; 1 < 20, Km(GY) + 20, Km(G3) Z;mm( )
2—0 (4 =

Orkyna ciaegyer (19).

2Uo; T

Ecim pi(x) = e
1
lim A} =
6(7_1{200 1 P1/’

[Tpeobpasyem maTErpasbl B (28) aHAIOIMYHO TOMY, KAK 3TO OBLIO CIETAHO
B CIydae 1), ¢ yIeToM TOro, 9TO B CHJIY OTPAHUYIEHHOCTH MHOXKECTB Di; U
D%, cymecTsyer KoHCcTanTa ¢ > 0 Takas, uTo |r| < ¢ u, 3HAuET €W

ezlﬂoi‘Q:
/'6901 2u01$dtdx _ / 2u01$d / '8501
@Z
<62U01Q/ /’&’01
/'3902

[losromy, yaursiBas (26) u (27)

, TO BbIpaxkenue (22) mpuMer BUI:

2uolxdtdm+p2/‘89@2 2802 Jt . (28)

t<

2Km(©ff3)62mol|q’

Pt dtdy < 2K m(Dgg)e? T2l

lim lim A] <2K 2toilayy (G
51020 Bimpoo LS Zpe m(GT),
520 (i=1,2) =1

OTKy/Ia ToJTydaeM Heobxomnmoe yreepkaenue (19).

Ecm pi(z) = e”oz+2“mm TO, UCIIOJIb3Y$ BBIKJIA/KHU, IIOJIyYEHHbIE B CJIyYasix

1) u 2), umeem:

lim A) < 2K it 2loilay, D
Pl Z Pi (D).
(i=1,2) =1
[Mepexons k mpemeny mpu 61 — 0 u d3 — 0 B TOCTEIHEM HEPABEHCTBE, MBI
IIOJIY 9 M:
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lim lim A< QKZp e”oz+2|“°l‘qm(G‘”)

61—0 B;i—+oc

520 (i=1,2) i=1
9TO B JIAIbHEHIIeM IPUBOIUT HAC K HEOOXOAUMOMY De3yJIbTary, T. €. CHOBA
K yTBepKIeHmo (19).

Taxum 06paszom, pu r00bIx (;(z) u3 (21) copasegnuso (19), uTo u Tpebosa-
JIOCH JTOKA3aTh.
Teopema 2. ITycmo pynruuu p; 6 pacnpedesenun (4) umerom 6ud

it 2) = Wt e TIN5 (20)
2de PyHKYUL V; MaKue, WMo SuPAAHCEHUA

ot’

ot v vt ()i =12 (30)
x
npunadaescam npocmpancmey Li(RY).
Kpome mozo, nycmo ewnoansemea (16) npu n; > %
Toz0a cnpasedausa ouenxa (18), npunem cyuecmeyem xoneunvili npeden ce-
aununo, A}, komopwiii pasen

2

O i
ﬂll—lg—looAl = /dtdxz v +0,—— o + 47d> Py P |T1 vg|/1/)1¢2dtdx (31)
(i=1,2) R4 =

Aokazameavcmeo. Bynem omupathest Ha Buj onenkn (18), a umenno Ha dop-
myny (20), nomydenuyto npu gokasarenbcrse Teopembr 1. Beraucamm npounssos-
Hble GyHKIWM @;, © = 1,2, Buma (29):

agpi 81/}1 Bi(vi—uit)?+2u;x)

= — 201 v =12,
o < o Bihit; > i (32)
dpi (8%’

ot o+ 289 ((vi, ;) — Uﬁ)) N (33)

[Moncrasus nonyvennsie Boipazkerns (32) u (33) B (20) (cxoauMOCTh COOTBETCTBY-
IONUX WHTErPAJIOB BHILIBIBACT n3 yeaoBust (30)) MBI IPHXOINM K CJIETYIOIIEMY
BUJLY OIEHKW JIJTst All:

All_ dtde/'Ewl 7it)%+ 4 (8% Qﬁﬂﬁzuz) =3/20=u" gy 4-

’l

or /B; \ O

+4 Qppo/wlz/)gdtda:/Flge w? = Jdu
R6
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npu coxpanennn (14).
[Ipenensubiit nepexon Gaarogapst (16) (o6ocHoBaHWE €ro Takoe Ke Kak MpH
nokazareaberBe Teopemnbr 1) gaer:

_lim Fiy = ’@1 — @2’, (35)

(i=1,2)

1
lim —2+/6vi(u,w;) =0 npu n; > =
524’4’00 2

(i=1,2)

B pesyabrare nepexona k npegeny B (34) u panbheiiniero nHTErpupoBaHuUs
1o u mory4daem (31).

Teopema 2 moxaszaHa.

Caencreue 1. Ilycmv umerom mecmo ece npednososcenus Teopemwvt 2, a
dynryuu V;(t,x), i = 1,2 ydosaemeoparom mem sce Ycrosuam, Komopoie GuoLau
HAA0KHCERDE Ha PyHKyuy ©;, t = 1,2 ¢ Teopeme 1.

Tozda coomnouwerue

CNPAsedAUBo 6 NPednosoACENUAT anasoeudnns (19) u, xpome mozo, ecau umeem
MECO TOms Ov, 00HO U3 YCAOBUT:

1) daa mobwx V;(t,x), i = 1,2, ydosaemeoparowuz yciosusm (30)

U1 = Ty; (37)

2)
suppyr N suppe = O; (38)

3) das npoussosvnwx U1, U2 u Yi(t,z), 1 = 1,2, ¢ yuemom (30)

lim lim A]=0. (39)
d—0 B;—+o0
(i=1,2)

Aoxazameavcmeo. Jlerko Bumers, uto yeaosue (30) Teopembr 2 BbITOTHSIETCST
6naromaps buanTHOCTH byHKIWMIE V;(t, ), i = 1,2 u, ¢ yaerom (16) mpu n; > %
OYEBUJIHO, UTO CIPABEIJINBO COOTHOIIeHHE (31), mpuyueM Bce WHTErPAJIbI, BXOJIsI-
mwme B (31), cxonarca Takxke 6rarogaps dpuruTHOCTH Vi, @ = 1, 2.

Wcxoass m3 Toro, uro ¢byukmmum ;, ¢ = 1,2 BoIOpaHbl B BUAE (DUHUTHLIX
"nparo”, a umenno B Bume (15), rae BmecTo @, i = 1,2 mpousBogMTCH MOJ-
CTaHOBKA ;, 1 = 1,2, u BcnoMuHas o603Hadennda D13 u Doz, MEPBOE CaraeMoe
B (31) MOxKeT OBITH OLIEHEHO CBEPXY CJEAYIONUM 0OPa30M:

/dtdz: Z/dtd UWZ ;’8;?

2

8% 8%
8t

pilvy !] - (40)
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Onwupasich Ha TEXHWKY OIEHUBAHUS WHTETPAJIOB, TPOBEICHHYIO MPU T0KA3a-
tenberBe Teopembr 1 u B pabore [16], ¢ yaerom (26) n (27), MBI MOy <IHAM:

2 3

: ~ ’ - — 1k k
511121061-1—13200 A} <2K § pim(G7) + E pi[vi Im(GY) | (41)
52—0 (i=1,2) i=1 k=1

e m(G¥), i = 1,2 — obbem (mepa) npoexiun muoxkecrsa G Ha HOUIPOCTDAH-
crro 78 = 0, (k = 1,2, 3). Carerosarensno, ecim npeanonoxuts, 9o m(G¥) — 0
u m(G¥)|vF| — 0, To meproe caraemoe B (31) cTpemuTes K HYITIO, a BTOpoe CTa-
TraeMO€ CTaHOBUTCA 6eCKOHeqHO MaJIBIM B BUAY BBITIOJTHEHUSA XOTA 6]:)1 OOHOTO U3
yenosnit (37)-(39). Orkyna cienyer seimosserue (36), 9o u TpebOBAIOCH TOKa-
3aTh.

Teopema 3. Ilycmo
QOZ(t, l‘) = Q,ZJZ (t, :L‘)eiﬁi(miﬁit)a 7= ]_, 2, (42)

2de ynryuu Vi, @ = 1,2 makue, wmo npouseedenua seaunun (30) na mHoorcu-
meav exp{2Biu;r}, i = 1,2 npunadaescam npocmpancmey L1(RY), a npednono-
orcenue (16) ewnoanaemes das ny > 1.

Tozda cywecmeyem A1, onpedeaennoe 6 coomsememeun ¢ (9), makoe, umo
svinoanaemes (18), npuuem xoneunwit npedes seauubl AII cywecmsyem u paG-
naemes eupagcenuro (31) npun; > 1, a npun; =1

2

. ’ | oy, L Oy o
Jim = [y, U 2 3) + T | s
+and?py py |01 —1)2|/dtdmwlwgezu"”emo?‘”.

R4

Jlokasamenvcmeo. TIpoBegem 10Ka3aTENBCTBO AHAJOTMIHO TOMY, KAK 3TO ObI-
Jo caeano B Teopeme 2, mpu 3roM, Giaromapst (42), Bmecto (32) u (33) Gymem
UMETH

I _ i e Bi(i —u;t)?
Ox Ox ’

0pi oY, o B PP

gzl = < (;iz + 289 ((w;, 0;) — tu?)) e Pi@i—ut)"
CrieoBaTe/IbHO, CIPABEJIUB CJENYIONMH anaaor Beipaxkenust (34), rae Fio

umeer Buj (14)
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Al —/dtd Z/’awl + 28; ((Uzv z)_tag>+

=1 RS

6‘%
Ton (m*””“@)
2

d _ _
+42p1p2/dtdmzplwgewl“lwemwﬂ/Flge“’2“dedu.
i
R4 R6

B —3/2 28w ,—u? gy, 1 (44)

Hanpueiimuit nepexon kK mpexgeny npu ; — +00, ¢ = 1,2 (BO3MOXKHOCTD
TAKOTO IIPEJIEJILHOIO 11epexo/a Oblia 060CHOBaHa B JoKazareabcrse Teopembr 1)
JlaeT CAEIYIONINe Pe3yIbTaThI:

| 24i(Tos, T5), mi =1,
/811—1>r—1|-100 2ﬁlwl(ul7 Z) - |: 07 nl > 1; (45)
(i=1,2)
5 1_12}00 2ﬁzwlu t=0mnpun; > 1; (46)
(i=1,2)
2Uoix
: 2B:u;x — e, Ny = 17
g m e [ 1, ni > 1. (47)
(i=1,2)

CreroBaTebHO, TIpeIe/IbHBN Tiepexon B (44), ¢ yaerom (35), (45)— (47) mocJte
UHTETrPUPOBAHUA 110 U, TPUBOJUT HAC K KOHEIHOMY TIPpEIC/TY BEJINYINHBI Al’ KOTO-
DBIit paBHsieTCs Bbipazkenuto (31) opu n; > 1, a mpu n; = 1 MOJHOCTHIO COBIAIAET
¢ (43). Uro u TpeboBaIOCH JOKAZATE.

CaencrBue 2. [lycmov swnoanens 6ce npednosooicenus Teopemnt 3, a max-
slce coxpanaomea npednososcenus Caedemeus 1 ¢ mem AUWD OMAUNUEM, 4MO
(16) cnpasedauso dasn napamempos n; = 1. Ilycmo, xpome smozo, ewnoanaemca
QONOAHUMEABHOE YCAOBUE

(w;, ;) =0, i =1,2. (48)

Toz0a ymeeporcdenue (36) (A1 — 0) ocmaemesa 6 cuse.

Hoxaszameavcmeo. Jlerko Bumetb, UTO, B CWIy (DUHUTHOCTH, (DYHKIIUH
¥, © = 1,2 Buga (15), Ipu BHIOJHEHUN TPETIONOKEHNN JTAHHOTO CJIEICTBUSA,
yaoBJsieTBOpsitoT TpebopanusiMm Teopembr 3.

Taxunm 06paz3omM, MbI MOXKEM BOCIOJB30BATHCA YTBEpP:KaeHuaMu Teopembr 3.
Paccymorpum cioyugait, korna n; > 1. Jlerxko BUAeTh, 9TO JNOKA3aTEIBCTBO ITO-
To cjyvas WAeHTHIHO moKazareabcTBy CrefacTBus 1, Tjie B MTOre MBI IPUXOIUM
K HeobxomuMoMmy pe3ysabrary. OHAKO, /i 3HAYEeHUs [1apaMerpoB n; = 1, cury-
ald HECKOJIBKO YCJ/IOXKHACTCHA. KaK 6bIJ'IO JO0Ka3aHO BbIIIEC, Mbl MO2KEM BOCIIOJIb-
soBaThCa yrBepKenneM (43) Teopembl 3, rie Boipaxkenue 2v;(Uy;, U;) B IEPBOM
uHTErpase ncaesner OGuarogapsa ycaosuto (48), a sropoit murerpan Gyger smbo
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paBen mysi0, OO0 K HEMY CTPEMUTHCS BCASACTBUU BBIMTOJIHEHUST XOTS ObI OIHO-
ro u3 npeanoaoxkennit (37)-(39). Jaspreiimas oleHKa OCTABIINXCS CIATAEMBIX
B paseHcTBe (43) BBIMOMHAETCS TOJOOHO TOMY, KAK 3TO OBLIO CAETAHO B JOKA3a-
renberBe Crenacreust 1, ¢ Toi JIMIB pa3HuIeil, 9T0 B Beipaykenun (41) mogpurcst
MHOXKUTETh eQWoi‘q, 1 = 1,2, tne ¢ > 0 — KOHCTAHTA, CYNIECTBOBAHUE KOTOPOI
OIIUCAHO BO BTOPOM IIYHKTE JIOKA3aTeabcTBa TeopeMbl 1, 4TO MPUBOAUT K HEOO-
XOJJMMOMY Pe3yJIbTATy, & MMEHHO, K BBIIOJHEHNIO yTBepK 1eHus (36).

Teopema 4. [Iycmo smecmo (29) uau (42) swnoanaemca caedyrouee pagers-

cmeo: B
wi(t,x) = ¢i(t,m)e_26i“"$, 1=1,2, (49)

u corpanaomes npednososicenus (16), (17) daa napamempos

1 1 .
> g, k‘i2§, i=1,2. (50)
Kpome mozo, gunumnse dynxyuu V;, ¢ = 1,2 suda ”I-naamo’ obecnevusa-

rom npunadaescnocms npocmpancmey Li(R*) npoussedenuti seaunun us (30)
na muoocumens exp{ —2p;u;x}, i =1,2.
Tozda cnpasedauso ymeeporcdenue (18), 20e

2

8%
li A, = [ dtd i , 1
sm Ay / fUE Pici (51)
(i=1,2) R4
a 1 1
1 i > 7ki > 3,
g; = { i,n 2 1 i 1 (52)
€ o, n1>§,k1—§

Aoxasamesvcmeo. OUeBUIHO, ITO IPH BBIYUCIEHNH JACTHBIX ITPOU3BO/THBIX
T (49) ™Mbl HOJIY UMM

Opi (O
or \ oz

- 2@'%’%’) - e~ WiT (53)

agp’t o % —2B;u;x
ot ot ’ (54)

YTO B CBOIO OYepe/ib, upu nojcranoske B (20) gacr pesysnbrar anagorndssiit (44),

A}:/dtde/‘awl < i+vi—uit).

{ aawz 28u; }

a MMEHHO:

_3/26/@@_5”)26_“2(121—% (55)

d? - S
+42p1P2/dtd$¢1¢26ﬁ1(v1ult)QeﬁQ(wuzt)Q /F12 e dupda.
T
R4 RS
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Hanee, mpeanonoxkenns (16), (17) u (50) rapaaTupyor cymecTBoBaHe KOHETHOTO
npe/iesia IKCIOHEHTRI, TPEICTABICHHOM B (55):

 Jim I CECTD R (56)
i —+
(7;:1720)0

rae dyHKIMN 05 BUga (52).

Beuay Bce Tex e TOJBKO 9TO ymoMmsiHyThiX yesosuit (16), (17), (50) mpu
npesesHoM mepexoge B (55) Bce ciaraemble mepBoil yacTu omeHkn A}, KOTopse
HAXOJSATCS TTOJT MOJIYJIEM, KpOMe aéﬁi, CTPEMSTCS K HYJIIO Tipu (3; — 400, 1 = 1,2;
BTOPAs XKe YaCTh PABHAETCS HYJ0, Oaromapsa Tomy, 9o lim  Fig = 0.

(=12

Bce uznoxennble hakThl 1MOCTE TPUMEHEHUS K PABEHCTBY (D) m jasbHedi-

IIEr0 BBIMHC/IEHNS HHTErpasa o nepeMenHoi v npusoaar K (51)—(52). Teopema

JOKa3aHa.

3ameuanue 1. Ecnn B pasencree (49) B kauecrse dbyukuumit (¢, x), i = 1,2
paccMaTpuBaTh (DUHUTHBIE ~1aTo” , onucanubie B Teopeme 1, TO MBI TTOJTyIUM pe-
3yJIBTAT, UICHTUIHBIN crydaro 1) u3 mokazarenbersa Toii xke Teopemsr 1, mpuuem
MHOYKHUTENTH €Voi | BhITeKatomuii u3 (52), CyIecTBeHHO HU Ha, UTO He BJINSET.

O6cyx/1eHue pe3ysibTaToB

B nannoit pabore yaai0ck HOCTPOUTE Psiji BUMOJIAJIBHBIX pACIIPe/ieSIeHuit BUa
(4)-(8), koropsle yjosnerBopsitor ypasaeruto Bosubimana (1)-(3) swmms npubiu-
JKEHHO B CMBICJIe MHHAME3AINY HeBA3Ku (9), TeM He MeHee, UMEIOT T0CTATOIHO
MHTEPECHDBIN (DUBUIECKUN CMBICII.

Taxk, moxyuennsle pu nokazareascTse Coreaersus 1 yeaoBus m (Gi’C ) Wf | — 0
SHAYUTEJILHO PaCHIUPAIOT KOJUYIECTBO BO3MOXKHBIX BapWaHTOB MWUHUMU3aIlUN
HEBSI3KW, 1T0 CPABHEHUIO, HAIPUMED, C YCJIOBUSIMHU 1M (Gf) — 0 wm [vF| — 0,
Gyrarogapst TOMy, 9TO TIPW Pa3HBIX 3HaueHuWsXx uwHaekca k = 1,2,3 qaubo mepa
COOTBETCTBYIOIIEH TPOEKIHH MHOXKecTBa (G, OO COOTBETCTBYIOMAT COCTABIIS-
FOTTIAs MacCOBOM CKOPOCTH CTpeMATCd K Hy/a0. Pu3nmdecKuil CMBICT BCEX TAKHX
BapUAHTOB MOJAPOOHO PAcCMOTpeH B pabore [16].

Bamerum, aro B Teopeme 2 ycmosue (16) paccMaTpuBaercss TOJIBKO /I TIa-
paMeTrpoB n; > %, TaK KaK B Caydae Nn; = % B Bhipaxkenuu (31) nmosmsiercs
JIOTIOJIHUTETBHOE CJIaraeMoe, MUHIMU3AIINUsi KOTOPOT'O IPUBOJIUT K TPUBHAJIBHOMY
pesyibrary. To xe camoe cupaseiuBo u st Teopembr 4. A oTKa3 0T IPEAIIOSIO-
xkenug (17) B Teopeme 2 u Teopeme 3 nosBosgier paccMorpers 6osiee obuMil BUJL
peleHuil mocTaBIeHHoi B paboTe 3a1a4u.

TakzKe OTMETHM, UTO B MPEIEJbHBIX Tlepexoax Tuma (39) ncmoibp30BaHa mpo-
M3BOJIBHAS MAJOCTh IUCHA d, 9TO COOTBETCTBYET TEUEHHWIO raza BJIM3KOMY K CBO-
BOTHOMOJIEKYISIPHOMY (ra3 OGJIM3KHUiT K KHYJICEHOBCKOMY ); B OCTAJBHBIX 7K€ CJIy-
qagx PacCMaTpPUBAETCH GOTBIIMAHOBCKHIT T3 TPHU TPOU3BOIHHOM d > 0.

BosmoxkHO, B 9T0i pabore obHApYXKEHBI HE BCe pacnpegeneans Buma, (4)-(8),
YITO CBA3AHO C HEOJHO3HATHOCTHIO OIEHOK CBepXy Trma (13).



Bicuuk Xapkischkoro nanionanbaoro yaisepcurery im. B.H. Kapasina, 1133 (2014) 129

JIUTEPATYPA

1. Yepumnabanu K. Teopus u mpunoxkenus ypasuenus Bonabimana: [lep. ¢ anr.

— M.: Mup, 1978. — 495 c.

2. Kapneman T. Marematnueckne 3ajaum KHHETHIECKO# Teopmm razos: Ilep.

¢ dpann. — M.: UJI, 1960. — 118 c.
3. Koran M.H. lunamuka paspexennoro rasza. — M.: Hayka, 1967. — 440 c.

4. Bobwuies A.B. O Tounbix periennsx ypasuennsi Boasnmana. // JJTAH CCCP,
1975. — T. 225, 6. — C. 1296-1299.

5. Bobeuies A.B. O6 ogHOM Kjacce WHBAPUAHTHBIX PeIieHuil ypaBHeHust BObII-

mana. // JAH CCCP, 1976. — T.231, 3. — C. 571-574.

6. Krook M., Wu T.T. Exact Solutions of the Boltzmann Equation. // Phys.
Fluids, 1977. — Vol 20, 10(1). — P. 1589-1595.

7. Tlerpuna J1.4., Mumenko A.B. O TOYHBIX pENTEHUIX OJHOTO KIACCA YPABHEHUH
Boabumana. // JJAH CCCP, 1988. — T. 298, 2. — C. 338-342.

8. Begensmuun B.B. AHuzoTpOTmHBIE peIleHrsT HETUHEHHOTO ypaBHEHUS BoJbIl-
MaHa juist MakcBe/ioBckux mostekya. // JTAH CCCP, 1981. — T. 256, 2. —
C. 338-342.

9. Murmmenko A.B., Ilerpuna JI.4. O nureapuzaiuy u TOYHBIX PEIIEHUSIX OHOTO
Kjacca ypasaennit Bogpimana. // Teoperndeckag n MaremMaTnieckas QpU3nKa,

1988. — T. 77, 1. — C. 135-153.

10. Topaesckuit B.JI. TlpubnmkeHmnoe IBYXMOTOKOBOE PEIEHNUE YPABHEHUS
Boabrvana. // Teoperndeckast u maremarndeckasi dpusnka, 1998. — T.114, 1.
- C. 126-136.

11. Topnescokuit B.JI. Heski kiaacu nabimkenux 6IMOJAJbHUX PO3BA3KIB
HesiHifiHOro piBHsinHsg Bosibipvana. // Inrerpasbhi neperBopenHsi Ta 1x 3a-
cTocyBaHHs 70 KpaitoBux 3amad. — K.: [meruryt maremarukn HAH Yxpaiwm,
1997. — Bun. 16. — C. 54-64.

12. Toppaesckuii B.J1. JIByX110TOKOBOE pacnpejeienne ¢ BUHTOBBIMU MOgamu. //
Teoperudeckasi u maremarnydeckasi ¢puznka, 2001. — T. 126, 2. — C. 283-300.

13. Gordevskyy V.D. On the non-stationary Maxwellians. // Math. Meth. Appl.
Sci., 2004. — V.27, 2. — P. 231-247.

14. Gordevskyy V.D., Andriyasheva N.V. Interaction between ”accelerating-
packing” flows in a low-temperature gas. // Math. Phys., Anal., Geom., 2009.
-V.5, 1. - P. 38-53.



130 lopuesckuit B. /1., Jlememesa H. B.

15. Topaesckuit B./1. TIpubamxennoe buMogaabpHOe perienne ypaBHenus Bosbii-
MaHa Jyisi TBepabix cdep. // Marem. dus., anamus, reom., 1995. — T.2, 2. —
C. 168-176.

16. Gordevsky V.D. Trimodal Approximate Solutions of the Non-linear
Boltzmann Equation. // Math. Meth. Appl. Sci., 1998. — Vol. 21. — P. 1479-
1494.

17. Topnesckuit B./l. Buxpu B raze u3 tepawix cdep. // Teoperndeckas u ma-
Temarudeckasd dusuka, 2003. — T. 135, 2. — C. 303-314.

Crarbsa monyvena: 10.10.2014; okonuaresnbrbiii Bapuant: 26.10.2014;
npuagra: 3.11.2014.



Bicuuk XapkiBchbkoro HamionanbHoro yHieepcutety imeni B.H. Kapazina

Cepia "MaremaTnka, MIpUKIaIHA MaTeMaTHKa i MexaHika'

VK 517.51, 517.588 Ne 1133, 2014, ¢.131-139

Heenementaphi pyHKIIIT, TOPOJKEH] EHTPAJIbLHUME
baxTOpiaILHUME CTENEeHIMN

T. II. T'oit

Hpurapnamcoruti Hayionasvhuli yrieepcumem imeni Bacuaa Cmepanura
eya. llesuenka, 57, 76018, m. lsano-Ppankiscvr, Yrpaina
tarasgoy@yahoo.com

Hocmimkeni ©HoOBi dyHKIil AificHol 3MiHHOI, O3HAYEHI NTPHU HTOMTOMO31
IeHTpaIbHuX (PaKTOPiayIbHUX CTemeHiB. Bcranosmenumit ix 3B’430K 3
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1. Beryn

Bimomo, mo maremarndri Mozesi 6ararboX TEXHITHUX 1 MTPUPOIHUX IIPOIECIB
MPUBOJIATE /10 33J1a4, TOYHI PO3B’A3KU SKUX OTPUMATH KJIACHIHUMHU METO/aMU
HEMOXKAMBO. 301JIbIIEHH KIJIbKOCT] HeejleMeHTapHuX PYHKIIH IPUBOIUTD JI0 CYT-
TEBOTO PO3MUPEHHT KO 3334, AKi MOXKYTh OyTw pO3B’si3aHi y 3aMKHEHOMY
uryisiai. [Ipu nbomy ocobimBa yBara mpuIiasgeTbCs JOCTIIKeHHIO HOBUX (DYHKITII
3 METOIO TXHBOI'O TIO/[AJIBITIONO 3ACTOCYBAHHS y TEOpii OYHKIIIH, YNCTOBUX METOAAX
Ta Yy MOJIETIOBAHHI KOHKPETHUX TPAKTUIHUX 337at.

Krnacuani tpancuengentni (pyukii e”, Sinx, COST 3amal0ThbCd MPHU JIOT0-
MO31 BIJIMTOBIIHUX CTEIIEHEBUX PsAJIB 3 y4yacTio (haKTOpiaiB, siKi MOYXKHA HOJATH
Y BUIVISL CIATHOTO (PAKTOPIAIBHOrO cremeHs n't. 3aMiHUBIH Y ITHX CTEITEHEBUX
psnax crnajai dakTopiaibHi cTeneH BiANOBIIHUME MEHTPAIbHUME (haKTOpiasib-
HUMU CTEHEHIMU, OJePAKYEMO HOBI HeejleMeHTapH] PyHKIT AificHOT 3MiHHOT E (z),
S (z), C (z) BianosigHo.

Metoro crarti ¢ gocmimxenns dynxuii F (), S (z), C (), nosenenns bop-
MYJI, IO X TTOB’A3YI0Th, BCTAHOBJIEHHS 3B’ I3KY IIUX 3 BioMuMu MYHKINIAMY, & Ta-
KOK BUBEJIEHHS 3BUYANHUX TudEpeHIliaTbHuX PIBHIHB, PO3B’I3KaMU IKUX € HOBI
dyHKITI.

(Y3

2. OCHOBHI O3HAYEHHA ¥ MOHATTH

Ozuavenns 1. s nosiibanx © € Rim € N gaxmopiasvrum cmenenem m
3 kpoxom k € R HaszuBatoTh BUpas3

™ = gz + k) (x+2k) ... (z 4+ (m—1)k).

DaxTopiajabHU CTeliHb HA3UBAIOTH 3pocmatouum, Skino k > 0, 1 cnadnum, Ko

k < 0. Beaxators, mo 2%} = 1. Ina k = 0 maemo 3Buvaiiauii cremins, 60
0 = gm.

3pocrarpui dakTopiaabHi crerneni m 3 KpokoM 1 1 cnajHi (dhakTopiasibHi cTe-
neni m 3 kpokoMm (—1) nosnaunmo vepes '™ i ™ BignosigHo, To6TO

g™ =™ =41 (w+m— 1),
g =™ =gz —1) .. (2 —m+1).

1 _ N
Ouesnnno, mo n! = 1" = nZ.
OcHOBHI BJIACTUBOCTI 3pOCTAI0OYUX 1 CHASHUX (PaKTOpiaIbHUX CTEIEHIB BUpPa-
JKAThCS BIAOBIIHO opMyIamMu

Az™ =ma™ 1t Ar™ = mam=L (1)

ae Af(z) = f(x+1) — f(x) — pizmung, a Af(x) = f(x) — f(z — 1) — 3anizmia
pisauns dyuxii f(x).

Osnavennsa 2. Ina nosimenux © € R i m € N yenmpaavnum gpaxmopiano-
HuUM cmenenem m 3 kpoxom k > 0 Ha3WBAIOTL BUPA3

mik] _ mk _ mk o (e ME
x x<$+ 5 k:)(x—i— 5 k)l-...-|x 5 + k|,
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IIPUYOMY 2O = 1.

HenTpasbuuit dpakTopianbauil crenidb m 3 KpokoM 1 MO3HAYATUMEMO HYepe3

2™ ro6ro zlmM = g, Hampukaan,

2Pl = (2 —3/2)(x —1/2)z (z + 1/2) (z + 3/2),
2O = (2 -2z —1) 2 (x+1)(z+2).

Axmo df(z) = f(x+1/2)—f (x — 1/2) — nenrpansua pisauns Gyskmii f(z),
TO ISt TIEHTPAJIBHIX (DAKTOPIAJBHIX CTENEHIB 3 KPOKOM 1 CrpaBIKyeThest (Hhop-
Mmyna, asagorigaa 10 dopmya (1), Tobro

s = malm =11,

OdeBuaHO, 1110
=g (x4 m/2-1)™

[mmmi BracTUBOCTI Ta JedKi 3aCTOCYBAHHA 3POCTAOUNX, CIIATHUX 1 MEHTPATLHUX
bakTOpiasbHUX CTEIeHIB BUBYAINCH, 30kpema, y [1]-[5].

3. Anani3z ocramuix gocuaigkens i myOJsrikamiii

3a apajori€ro 3 KJIACHIHUMHI CTeIeHeBUMHA PO3BHHEHHAMM

= Z cosx = Z (1" 22", sing = i ﬂ 2t
n!’ (2n)! ’ ot (2n +1)! ’

n=0

dKi MOYXKHA PO3IVISIIATH 9K PAIY, TOOYI0BaHI TpK HOTOMO31 cmaiHmX (PaKkTOpiaIb-
uux crerenis (n! = nt), y [6]-[8] ozumaueni it mocsixkeni neesementapui GyHKIIT
miicaoi 3minnoi Exp(z), Cos(z), Sin(z), nobymosani npu gomomosi spocranodmx
dakTopiasbHUX CTelEHIB 3a dhopMysIaMu

g =~ (-D)" S g2ntl
Exp($) = E . ﬁa COS(‘T) - z 0: (27_,1)%:8 ’ Sln Z 2n + 1 2n+1 ’
n= n=

Bokpema, y [6] BecTaHOBIEH] JTesiKi BIacTUBOCTI X (byHKII{, BuBeIeH] (hopMy-
JIU IS X aHAJITHYHOTO TpeacTaBieHus, mobymnosani rpadikm ta gosemeni ¢gpop-
MyJIH, K1 0B’ s13y10Th 111 (byukii. Takox mokazano, mo koxua 3 hyuknii Exp(z),
Cos(z), Sin(z) e poss’askom 3azaqi Ko s 3Buuaiinoro JinifiHOro HEOMHOPI -
HOTO AndepeHITiaabHOTO PIBHAHHS 31 3MIHHUMHA KoedirmienTamMu (epInoro mopsij-
Ky — aus dysknii Exp(x) ta apyroro nopsaky — miast Cos(z), Sin(z)).

Hesiki pesyabraru 1miel crarTi Oyim aHoncoBaHi B [9)].

4. ®ynkuia F (z), no6ymoBana npu A0nomosi
HEeHTPAJbHUX (PAKTOPiaJIbHUX CTEIEHIB

Osnauenns 3. Yepes F (z) nosnaunmo (DyHKI0, BUSHAYEHY NPU JTOMOMO3]

CTENEHEBOTO PAAY

n=0
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x? 3 xt 0
=1+ T3 7+ 79 .13 "
OueBuano, 110
. Ios (n—1) 5, = (2n—1)14"
(@) +2Z::(3n—1)!“” ﬂ; CES I (3)
ne (—1)!! = 1, npuaomy obuzsa psiu y (3) € 361KHUMHU Ha BCIil YUCTOBIH OCI.

Posrisremo okpemo koxer psiz 3 (3). st mepimoro 3 Hux

li n_l 1+Z 1 inn B
27 (Bn—1)! (8.7, .3nl) (3.8, 3ni2)\ 27 =

72 & n z2\" 2 45 z?
= =2 . Fh(1.Z 2.
42;, (27) 412<3327>

ne 1Fa(ai; by, ba; 2) — ysaraabHena rinepreomerpuyna (DYHKIIs, BUZHAYEHA TP
JIOTIOMO3I y3arajibHeHOro rinepreoMerpuanoro psiay [10]:

8

o n

Fs (ay;b b'z)—z af .
1472 1,91, 02, _nzoblﬁbg n!a

a a?, b’lT, bg — 3pocra4i pakTopiajibHi CremneHi.
Ja apyroro pany 3 (3) maemo:

20—, > 1 z?\"\ _
Z (6n + 1)1 2+1_x< +2 (1) (715, [Gni) (27) >_

57
=0 n=1 6 6 "6

o0 n 2\ " 2
x 5 7 x
—p (12 2.2
z::g 7 <27) $12<’6’6’27>
Orxke, st dynxnii E (x) octarouno Maemo GopMyity

- x? 45 2?2 57 x
B =1+2 . R(1 F 4
(z) +412<3327>+x12<6627> 4

€amanm myaeM QyHKIT E(m) € ancmo xg =~ —1,39945361, a y Touni z1 ~
~ —6,47065797 BoHA IOCAra€ CBOrO HAMMEHIIIOrO 3HAYUECHHS.

Tpadik bynxnil y = F (x) naseenuii ua puc. 1.
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r T T
-30 -20 -10 /0
X

Puc. 1: T'padik qpyukuii y = F (z)
5. ®ynkuii S (z) i C (z), nobygosani npu gomomosi
HEeHTPAJTbHUX (PAKTOPIaJIbHIUX CTEIEeHIB

Osnauenns 4. Yepes S (z) i C (x) nosnaunmo dyHKUil, Bu3HAYEH] TIpU 110~
MMOMO31 CTeTIeHEeBUX PATIB

— (_1)n x2n+1

S@) =2 G e ©)

n=0
5 X (—1)" p2n
C(z) = nz:%((%z)[w (6)

Awnasoriuno 1o nosespenns dopmyau (4) ogepxyemo hbopmyiu

~ 57 a2
—r- (12 2.
S(l’) €1 2< 767 ) 27)7 (7)

~ x? 4 5 2
=1-" (1=, 2 — )
C () 1 12<,3,3, 27) (8)

Ouesmano, mo dyskuis S (x) € nenapuowo, a dynkuis C (r) — mapHoL.
Haiivenmavm jogaranvu wyasyu byskniii S (z), C (z) e signosigno uwmcia
s0 ~ 6,12358366, ¢y ~ 2,07375071.

Ipadixn bynxuiit y=S5 (z), y=C () 306paxeni na pucynkax 2, 3. Ha mux

, o | Tmx 1\N° | Tz
NyHKTUPOM ITPOBEJIeH] mapaboin y* = iﬁ 1{y+ 5) = iﬁ BIJITOBITHO.
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d

Puc. 3: I'padik dpynkuii y = C (x)

4 5
1;-, = -
< ,3,3 ):l:w; 1F2<1

Ockisbku 3rigHo 3 (4)

_ 2

E(iz‘x):l—%-lFQ

%2

T2T
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T0, Bpaxosytoun (7), (8), omepxyemo dopmysry, anamoriany g0 dopmyan Eiinepa:
E(+x)=C (z)£iS ().

3sigcu

1, OTXkKe,

C*(x)+ S?(z) = E (iz) - E (—ix).
5. JIudepennianpui piBusnas dyukuiii S (), C ()

[Mokazkemo, mo dyukiii S (x), C (), o3nadeni y 1. 4, € po3s’s3kamu 3a1a1 Ko-
10Tl 717151 3BUYafiHuX JiHIHHIX AundepeHiaabHuX PIBHIHL TPETHOT0 MOPIIKY 3 Here-
PEPBHUMH KOeMIME€HTAMI.

Teopema 1. Oynxuii S (), C (z) e pose’askamu 6idnosiono maxuz 3adaw Kowsi:
27x3y™ + (423 + 24x)y + (42? — 24)y = 0,
y(0) =0, ¥(0) =1, y"(0) =0;
2723y — 27x%y" + (423 + 5lx)y — 48y = —48,
y(0) =1, ¥'(0) =0, y"(0) = —3.

Jlosedenma. Tlokaxemo cnodarky, mo dhyHKIis S (z) € poss’askom 3ajgaqi Komi
(9). Vzaranbuena rinepreomerpuyuna dbyukiis 1 F5 (ag; b1, ba; 2), uepes sky, 3riiHo
3 (7), Bupaxaerscs dyukuia S (), € po3s’a3koM MHIRHOrO Audepenniansaoro
PIBHSIHHA TPeTbhoro nopsaky [10]

(9)

(10)

(c(c+by—1)(c+by—1)—2(0+a1))w(z) =0,

: ” d
Je o — nudepeHniaapHuii onepaTop 27 .

Orxe, dpyHKITIs
w(z) = 1F2 (1; o7 ) (11)

oy R
66
€ PO3B’I3KOM 3BUYAHOr0 udepeHIiaabHoro piBHIHHS
(c(c=3)(c+2) —z(c+1)w(z) =0. (12)
Ockinbku

d d d? d d? d?

1 2 2 3 2 3

oo =z—, 0'=z2—+2"—, 0°=z—+4+3—+2"—

dz’ dz dz?’ dz dz? dz3’

10 3 (12), BUKOHABIIM HECK/IA/THI IEPETBOPEHHS , IEPEKOHYEMOCH, 110 (yrKitist (11)
€ PO3B’I3KOM PiBHAHHSI

35
20" 4 32w — <Z — 36>w/ —w = 0. (13)
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Buxonaemo y (13) 3aminy HezasexkHOT 3MiHHOT 32 HOPMYIION0 2 = —‘;—;. Toni
W — — 277 W' w//Q _ 2772 (xw//2 . w/)
z T X’ z $3 x x)
27
"= — — (z*w!’s — 3zw!s + 3w))
i, miacrasnsiioun y (13), omepxxyemo, mo dbyrkmig w(xr) = F(l; %,%,—g—;) €
YACTUHHUM PO3B’SI3KOM DIBHSIHHSI
2722w + 81laxw” + (42% + 24)w’ + 8xw = 0. (14)
Hapemurri, Bukonyroun B (14) saminy w(z) = Six), OZEPIKYEMO
" 3 1/ 6 / 6 1/ 2 / 2
o722 (L — 2 4 2L Y i (L2 )
x x? 23 x a2

/

+(422 + 24) <y - yg) +8z2 =0,
X T x

10670 dyHKIin y = S (x) € po3s’a3koMm JiHIHOTO 0HOPITHOTO piBHAHHT 3 (9).

Te, mo dynxuis S (x) 3amosonbuge nmouarkosi ymoeu y(0) = 0, ¢/(0) = 1,
y"(0) = 0, punmsac 3 (7).

Hoseemo rerep, mo dynxiis C () e poss’sskoM 3agaui Komt (10). 3 (8)
puimBae, mo ¢yskuis C () 3amoBosbhse mouarkosi ymosu 3 (10). [Tokaxemo,
III0 BOHA € YACTHHHUM PO3B’I3KOM BIJIIOBIIHOTO AndepeHIliaaIbHOr0 PIBHAHHA.

AHajiorivso, gK 1e 6yiI0 3pobaeHo mis GyHKI S (x), mepekoHyemocs, 110

dbyuKITiT

4 5

U}(Z) =F ]-7 57907

33

3 (8) € po3B’a3koM piBHAHHSA
20
2w + 4zw" + (9 — z) w —w =0,

a dpynxmia w(zr) = F(l; %, %; —92”—;) — PO3B’A3KOM piBHAHHSA

272%w" + 1352w” + (42? + 105)w’ + 82w = 0. (15)

[incrasastoun Temep B (15)

0JIEPKYEMO, 10 PYHKITA Y = C (z) € po3B’s13KOM JIHIAHOrO HEOJHOPIAHOrO piB-
uaund 3 (10). Teopemy dosedeno.
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HeckoibKO T10/1X0/I0B K OIPEJICJIEHUIO TPAHUIl U3MEHEHMS
BO3MYIIEHHUSI B 3aJ1a4e IJ100aJIbHOT0 POOACTHOTO CHHTE3,
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Paccymorpena 3amata  raobanbHOrO poOACTHOTO MO3HITMOHHOTO CHHTE3a
OTPAHUIEHHOTO YIPABIEHUSA CHUCTEMOM C HEM3BECTHBIMH OTrPAHMIEHHBIMHU
Boamymienusimu. Ha ocroBe meroma dbyrkimu ynpasasemoctu B. 1. Kopo-
00Ba, IPEJIOKEHBI PA3IUIHBIE MOIXOIBI K HAXOXKIEHUIO TDAHWI] H3MEHEHUST
Bo3mymieHusi. IlocTpoeHo He3aBuCsIiee OT BO3MYINEHUS YIIDABJIEHUE,
KOTOPOE TEPEBOIUT IPOU3BOIBHYI0 HAYAIBHYIO TOUKY B HATATIO KOOPIUHAT
3a KOHEYHOE BPeMsl, JJIsT KOTOPOrO MIPUBEIEHA OIeHKA CBEPXY.

Karuesnvie caoea: 3a1a1a poOACTHOTO CHHTE3, TIO3UITMOHHOE OTPAHUIEHHOE
yIpaBJIeHNE, HEM3BECTHOE OTPAHNIEHHOE BO3MYIIEHUE.

Pesina T. B., Kiibka migxonis o BU3HAaYeHHS MeXX 3MiHHM 30ypeH-
Hd B 3aJiadi riaobanbHOro pobacruoro cuHTesy. PosrysnyTo 3amady
106aJIbHOTO  POOACTHOrO TO3MUIHIHOrO CHHTE3y OOMEXKEHOI'0 KepyBaHHS
CHCTEMOIO 3 HeBimoMuMu oOMme:keHuMu 30ypenHavu. Ha ocHOBI Meromy
dyukil keposanocti B. I. Kopobtosa 3ampomnonoBano pizHoMaHITHI miaxoam
710 3HAXOMKeHHs MexK 3Minu 30ypenusa. I[loOymoBame me3asexkue Bim 30y-
PEHHsST KepYBaHHs, siKe MePEeBOANTH JOBUILHY MOYATKOBY TOYKY Y MOYATOK
KOODJIMHAT 3a CKiHYeHUHl 4Jac, s KO0 HABEJIEHA OIIHKA 3BEPXY.
Karowoei caoea: 3amada pobacTHOrO CHUHTE3Y, HO3UIiiHE oOMexKeHe Kepy-
BaHHA, HEeBiIoMe oOMerkeHe 30y pPeHHs.

T. V. Revina, Several approaches to delimiting a perturbation
in the global robust feedback synthesis problem. The paper deals
with the problem of the global robust feedback synthesis of a bounded
control for a system with an unknown bounded perturbations. On the
basis of V. I. Korobov’s controllability function method we suggest several
approaches to delimiting a perturbation. We provide a positional control
which is independent of the perturbation and steers an arbitrary initial
point to the origin in a finite time; an estimate from above for the time of
motion is given.
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unknown bounded perturbation.
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1. IlocTtaHoBKa 3ama4n

B »sT0it pabore npenokeHO0 KOHCTPYKTHBHOE PEINEHHe 339K II00AJIbLHOIO
POBACTHOrO MO3UIMOHHOTO CUHTE3a OTPAHUIEHHOTO YIIPABJICHUS /i OJHOTO CIie-
MUAJILHOTO KJacca cucteM. [Ipesyrararorcsa pa3Hble TOIX0 bl K OIPETeIeHHAI0 Ipa-
HUITBI U3MeHenus Bo3myIeHus. [losydena omenka CBEpxy Ha BPEMsI JBUKEHUST U3
TIPOU3BOJIBHONW HAYAJBHON TOYKW B HAYAJO KOOPAWHAT.

Brauaje BBegeM MOHATHE JTOKAJIBHOTO MMOBHITMOHHOTO CUHTE3a OTPAHUIEHHOTO
yrpasyenus. PaccMoTpuM cucTemy

T = f(t,x,u), (1)

rex € Q CR™ u € Q CR", npuuem 2 Takoso, uro 0 € int Q.

ITos A0KAALHBLM TOZUBUOHHBLM CUHIMEZOM 02DAHUYEHHO20 YNpasierus Byiem
HOHUMATh HAXOXK/EHWE TAKOro yrpasieHus u = u(x) € €, uro rpaekropus x(t)
3aMKHyTO cucrembl & = f(t,z,u(z)), BOIXOJASIIAsA U3 TPOU3BOJILHON HAYATLHOL
roukn z(0) = 9 € Q C R", okanumBaercss B Ha9age KOODAMHAT B HEKOTOPDIH

KOHEUHBIH MoMenT Bpemenn 1 () < 0o, T. e. lir{l )x(t) = 0. IIpm sTom ecin
t—T(xo

@ = R", 1o cuHTE3 HA3LIBACTCS 2400aAbHbBIM.

JLns perenns moctasaenuod 3aaaqu B 1979 roay Kopoboswiv B. U. 6611 mpe-
JIOXKEH MeToJ PYHKIUU YIIPABJISIeMOCTH |2, 3|, pa3BUTHIl B COBMECTHBIX paboTax
Kopob6osa B. 1., Ckusipa I'. M. [7] u apyrux asropos (naupumep, [1]). K pa-
toram Kopobosa B. U. mpumbikator padorsr Polyakov u ap. [18], Rodoumta u
ap. [19]. Ipumoxkenne Merona K 3aJadaM YIPABIEHHS XA0COM MOXKHO HANTH B
pa6ore Bowong u znp. [12]. dpyrue ujen s 6JIM3KUX MOCTAHOBOK 33/1a9 Pa3BU-
BatoTcst B paborax [13, 14, 16]. B pabote [4] meron dyHKIMEN yupasisgeMocTn ObLT
06001meH HA C/IyYail CHCTEM C BO3MYIIEHUEM BUIA

T=Azx+blutv), u<d |v]<vy<d,

TJie ¥ — HEM3BECTHOE BO3MYITIEHHTE.
B pab6ote B [6] ObLTa TOCTABICHA CIEAYIONMIAS 3a/0a4a: 7T CHCTEM BUIA

t=(A+pD)x+bu, —dy <p<dy, (di,dy>0)

TpebyeTcss NOCTPOUTh Takoe yupasienue u = u(x), |u| < 1, 9ro TpaekTopus
z(t,zg) cucrembl & = (A + pD)x + bu(x), BEIXOASIIAS U3 TPOU3BOJIBHON TOYKH
xo € R™ B MmomenT Bpemennu tg = 0, nomagaer B To9uky 1 = 0 3a KOHEUHOE BpeMs
T'(xp) upu sobom p € [—di;dsa]. Dry 3amady Mbl GygeM HasbBaTh 3ajadeil po-
6acTHOrO MO3UIMOHHOTO cuHTe3a (TOYHOE onpeenenue Oyer nano nuxke). Jdasee,
B pabote |9] pemtena 3a/1a4a pobaCTHOrO HO3ULUMOHHOIO CUHTE3a JIJIsi KOHKPETHBIX
KOs1e6aTeIbHBIX CHCTEM BTOPOTO W YE€TBEPTOrO MOPSAIKOB.

B manHoii pabore Mbl paccMaTpuBaeM 3aj1a4y 1J100aabHOTO POOACTHOIO MO3H-
ITUOHHOTO CUHTE3a OTPAHUYECHHOTO YIPABJIECHUA IJIAd CUCTEMBI

T = (1 +p(t,x))x2,

;= (14 rpt,x)ziz1, i=2,...,n—1, (2)
Ty = U,
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rme t > 0, x € R" u — ckamgpHOe yIpaB/eHne, yIOBJIETBOPIIONIEE OrpaHuYe-
uuo |u| <1, 7o,...7Th—1 — HEKOTOPBIE uncaa, p(t,r) — HeussecmHoe OrpaHuydeH-
HOe BO3MYIIEHNUe, y0BJIeTBOpsitolee orpanndennto |p(t, x)| < d.

st aucna d gepes Py obozuaunm kiaace byukuuii p(t, ) : [0;+00) xR — R,
YZOBJIETBOPATOIIIX CICIYIOMUM YCIOBUAM:

1) p(t, ) HenpepbIBHO MO epeMeHHoil t;

2) B KaxK /10§ obsractu

Ki(ty, p2) ={(t,x) : 0<t <ty |lz]| < p2}, p2>0, 81 >0
dbynknms p(t, z) ynosrersopsier ycaosuio Jlummmia
Ip(t,2") — p(t,2")| < li(ts, pa)l2” — 2'[);

3) nuis Beex (t, ) € [0;+00) x R™ dbyuknus p(t, x) ynosaersopsier orpanunde-
uuto p(t, x)| < d.

[lox d-zaobanvrbim pobacmHbIM  TOSUUUOHHBIM  CUHMESOM 02ZDAHUNEHHOZ0
ynpasaenus OyreM MOHNMATH HAXOXK IeHNe TaKOTo yipasiaenus u = u(x), v € R,
qTo:

1) B xaxgoit obmactn Ko(p1,p2) = {z: 0 < p1 < |lz]] < p2}, 0 < p1 < po
dbynrkmmsa u(x) yaosnersopser ycaosuto Jlummmna

lu(z") — u(z")| < la(pr, p2)l|z” — 2||;

2) st Becex x € R™ oinosineno ycsosue |u(x)| < 1;
3) mns Beex p(t,x) € Py tpaekropus (t) 3aMKHyTON cuCTEMbI

T = (1 —|—p(t,l‘)>.’L’2,
;= 14+ rpt,x)ziz1, i =2,...,n—1,
Tn = u(x),

BBIXOJIAINAsS W3 MPOU3BOMLHON Hagaabuoi Toukn z(0) = 29 € R™, okanumsaercs
B HaYaJIe KOOPJIMHAT B HEKOTOPBIA KOHeUHBII MoMeHT Bpemeru 1'(xg, p) < 00, T. e.

lim xz(t) =0.
t—T(z0,p) ®)

Harmra nesib — jutst 33JaHHBIX T2, . .., Tp—1 TOJYYUTH OIEHKY Jjsd d, TTPU KO-
TOPOM 3312493 I106aILHOr0 PoOACTHOTO MO3UIIMOHHOTO CHHTE33 MMEET PeIleHne.
Bamernm, uro ipu p(t, x) = —1 B cucreme (2) nepBast KOOPIMHATA HE yIIPAB/IIEMA,
T. €. He IIPH BCeX d 331a9a pa3perrmMa.

Pabora mocrpoena ciaegyrommum obpaszom. B pazmene 2 nmpencraBieHbl HEKOTO-
pble Pe3yAbTATHl MeTO1a, (PYHKIIUMH YIIPABIIEMOCTH, HEOOXOINMBIE B JaIbHEHIIIEM.
B paszgene 3 conepkarca ocHoBHBIE pe3ynbraThl paborhl (Teopema 2). B pasaene 4
MIPUBEICH IPUMEP.
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2. Metoa ¢pyHKIIMU yImpaBJIIEMOCTHA

Onuiem oguH 13 BOBMOXKHBIX [TOAXOL0B K PEIIEHUIO 33,1891 M106aIbHOrO 1I0-
3UIIOHHOTO CHHTE3a [I7Ts1 KAHOHUIECKOi cucTeMsl |5, 7|:

T1 = X2, T2 = X3, -y Tp—1 = T, Tp = U, (3)

rae x € R™, u — ckangapHoe yrnpaB/ienne, yJI0BJIeTBopsionee orpannaennio |u|<1.
DTy cucreMy MOXKHO 3allicaTh B Buie & = Agx + bou, roe

01 0 ... 0

e}

00 1 ...0°0 0

Ag = C b=
00 0 ... 01 X
00 0 ...00

Bamerum, uro npu p(t,z) = 0 cucrema (2) MOJIHOCTBIO YIPABJsieMa U COBIIA-
naer ¢ cucremoii (3). Tlycrs marpuma F~1 umeer Buj

1
F~t= / (1 — t)eAotpgbyeAotdt =
0

y (1 )
=)l (n—7)2Cn—i—j+1)2n—i—j+2)

B pa6ore [10| ykazam sBHbiil B semeHToB fj; Marpunst F. O6o3maduM

ij=1

D(O©) = diag (@*2"’73”1); .

Teopema 1 (Kopob6os, Ckusip [7]) Onpedeaum  dynxyuro  ynpasasemocmu
© = O() Kax eJUHCNMEENHOE NOAOIHCUMEABHOE PEULEHUE YPACHEHUA

2000 = (D(O)FD(O)z,z), = #0, O(0)=0, (4)

20e moCMoAHHAA ap euﬁupaemc;z CO2AACHO HEPABEHCIMBY

0<ap< f72m ()
Tozda ynpasaenue euda
u(z) = — BD(O(x)) FD(O () (6)

pewaem oaa cucmemt (8) 3a0a4y 2406441020 NOZUYUOHHO20 CUHMEZL HENPEPHLE-
1020 Yynpasierua, yoosaemeoparoweezo ozparuvenuto |u| < 1. ITpu smom dynryus
ynpasasemocmu O(xo) A6AAECA BpEMEHEM DBUNCEHUA U3 NPOUSBOALHOT MOYKY
o 8 HAUAAO KOOPIUHAM.
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3. OcHOBHBIE PE3YyTHTATHI
[lepenumem cucremy (2) B MATPUIHOM BHUJIE
& = (Ao + p(t, z)R)z + bou,

riae marpuikl Ag u by BBesenn! panee, a Marpuna R nmeer Bup,

01 0 ... 0 O

00 o ... 0 O
R=

0 0 O 0 7,21

00 O 0 0

O6oznaunm y(0,x) = D(O)z. Torna ypasuenue (4) npunumMaer sus

BribepeM TOCTOSTHHYIO ag, YIOBIETBOPSIIONIY0 HepaBeHCTBY (5). Pacemorpuwm 3a-
MKHYTYIO CUCTEMY

& = (Ao +p(t,z)R)x + bou(x), (8)

rie u(x) 3amaercs dopmyioii (6), ©(x(t)) — exMHCTBEHHOE TTOJIOKUTETHHOE Perlie-
uue ypasuenus (7). O6oszuaunm depes x(t) TpaekTopuio cucreMbl (8) u Haiizem
IIPOM3BOAHYIO B CHILy CHCTEMBI O = %@(az(t)). U3 ypasuenus (7) umeem

2QOG = (Fy(@,x),y(@,x)) + (Fy(@,:c),y(@,x)) (9)

" Torma iD(@) =

Haitnem 9(0,z). O6osmaunm H = diag (—w)izl )

1
= 6HD(@), OTKYy1a

§(©,z) = D(®)x + D(O)i = gHy(@, z) 4+ D(©)AgD1(©)y(©, )+

+2(t,2)D(O)RD(©)y(©,7) — 3 D(O)bot D(O) Fy(O, ).
Ob6o3naaIM

F'=F-FH—-HF =(2n—i—j+2)f;)}—1 =

2nf11 (2n — 1)f12 ... (n =+ 1)fln
_| @n=1)far 2n—=2)fn ... n fon
(n+1)fin n fon 2 fon

Bamerum, uro F1 — nojoxurensio onpejenennas marpuna [5]. O6osnauunm

S(©) =O(FD(O)RD'(©) + D"'(0)R*D(O)F).
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Herpyano ycranosuts Toxaectso [5] D(O)RD~1(0) = ©71R, orkyna
S(©)=S=FR+ R'F.

B jasbHeleM Mbl CyIIeCTBEHHO TOJB3yeMCA TEM, 9TO MATPHUIA S He 3aBHCUT
or ©. YKaxeM ABHBINM BUJ MaTPUILL S :

0 fun fiam2 o fin—1Tn—1
fi 2f12 f13 + faaro coe finF fon—1Tn—1
fiaro f13 + faaro 2 fagro oo fonro + fan—1rn—1
fin—1mn—1 fin + fon—1mn—1  fonr2 + fan—1mn—1 ... 2fr—1nTn—1

MoxHO jjoKazarh Toxjecrsa 5]

1
D(©)AgD™(©) = 540, D(©)by = ©7Y2by, FAy+ ALF — FbobyF = —F",
MOJTB3YSICh KOTOPBIMHE, W3 paBeHCTBa (9) mosrydaem
. 1 1

[lpnanmast Bo BHEMaHue ypasHeHue (7), MOIyTIaeM, ITO TPOU3BOAHAS (DYHKIINH
YIPaBJISIeMOCTH B CHJly cucrembl (8) umeer Buj

(_Fl —i—p(t, ;U)S)y(@, 'r)a y(@7 'r)) ]

O T (F1y(0.2),4(0, )

(10)

Beenem 0b603maueHms:
® M;; — BJeMEHTEl MaTpHIbl M
e M* — marpuiia, TPAHCIIOHUPOBAHHAsT K MaTputie M;
e o(M) — cnekrp mMarpunpl M;
o p(M) =maz{|\|], A € 0(M)} — cuexrpanbhblii paguyc marpunst M;
o \pin(M)=min{\: X\ € (M)}, rme M — cuMMeTpudHas MaTPUIA;
® Mgz (M) =max{\: A€ o(M)}, rne M — cummerpudnast Marpuna;

n

o || M|l = max 231 |mij| — MarpuuHas HOpMa,

o |[M]| = (|mij|)}';=1 — abcomroTHOE 3HAYERNe MATPHUTBI M, T. €. MATpHITA, COCTO-
AIasg U3 MOAYJIel 3eMenToB marpuiibl M

o ||z|l2 = \/|r1]2+ ... + |zn|? — eBRIMIOBA BekTOpPHAS HOPMA;
o |[S||2 = maz{VX: X € a(S*S)} - eBximuoBa MaTpuUHas HOPMA;
e seipazkenne M < 0 ozmavaer, aro marpuna M OTPHIATETBHO OIpEIeIeHa;
o M < M ozmagaer, uto My — Ms < 0.
B nanbHefineM Mbl TaK2Ke UCIOJIB3YEM CJIEIYIONTHe 0603HATeHNS:
e \(F') € o(F') — coberpennble 3HaveHns MaTpumsl F'L;

o= Fonorig,
0

o Z(y1) = |U*|-|S|-|U|, tme U — oproronasbhasi MaTpua, croabnamMmu KOTOpoi
apJigrorcs cobersennbie BekTopbl Marpuub (71 — 1)F1).
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Teopema 2 ITyems 0 < v < 1 4 6onoanero 00HO U3 CACOYOUWUL YCAOBUTL:

(1 - VI)Amin(Fl)

lLdy = , 11
0 p(S) (1
1
2dy = —- 12
T T I (12)
i o
3.do = (1—-m) min 71(7), (13)
- zij(m)
j=1
IL—m
4.dy = . 14
A RREED (14)

Tozda das ecer d maxuz, wmo 0 < d < dg, ynpassenue, 3a4066aeMOE
popmyaot (6), 20e dynxyus ynpasasemocmu O(x) ecmv eduncmeenmnoe noao-
JACUMEADHOE PEWEHUE YPASHEeHUs (4) NPu ag, YOOBAEMBOPAIOULEM HEPABEHCTEY
(5), pewaem 3adauy d-2406aavH020 PobACMIO20 NO3UYUONHHO20 cunme3a. [Ipu
IMOM MPAEKTNOPUL CUCTEMYL (8), BUTO0AULAA U3 NPOUZEOALHOT HA%AALHOT MOY-
ku 2(0) = z9 € R", oxanwusaemcsa 6 mouxe x1(T) = 0 6 nexomopwuili xoneunvil
momenm epemenu T = T (xg,d), makxod, wmo

T (zg,d) < O(zq)/71- (15)

Jlokasameavcmeo. Tlycrs dy 3amaercs oxnoit u3 dopmya (11)-(14). Pacemor-
prM ceMeiicTBo cumMerpraHbIX MaTpunl K (p) = (—1+v1)F! +pS. doxaxkem, uro
u3 yCTofuuBOCTH 3TOTO cemeiicTBa npu Beex |p| < d < dy BRITEKAET, UTO

@ < —71.

[Iycts cemeiicteo K (p) yeroiiamso npu Beex |p| < d < dy, To ects K(p) < 0.
Torpa —F! +pS < —y FL. Torpa ans seex y(©,2) u g seex |p(t, )| < d < do
BBINIOJTHEHO

((~F" + p(t, 2)8)y(0,2),y(0,2)) < —n(F'y(0,2),y(0,2)).  (16)

[MosTomy, mogcrassst (16) B (10), B Iy MOTOKUTENBHON OMPEIETEHHOCTH MAT-
pursl F1U[5] nonyuaaem O < —v1. JambHelmmit X071, JOKA3ATENbCTBA, AHATIOTTIEH
JTOKA3aTebCTBY it KaHOHNIecKoit cucremsl |5][Teopema 1.2]

Tenepb B kaxzgom u3 caydaes (11)-(14) nokazkem ycToi#duMBOCTH cemeicTBa
K (p) npu Beex |p| < d < dp.

1. YenoBuE (11). Bocnonb3yemcs yrBepzxieHuemMm

Jlemma 1 (Xopu u ap. [11], riiaBa 6.3) Ifycmo K — nopmasvras mampuua
(m. e. KK* = K*K) ¢ cobcmeennbmu 3HGeHUAMU AMyoosdn u B - npous-
s8oavHaA mampuyas. Feau A — cobemeennoe snavenue mampuuyv, K + E, mo nat-
demca ;\i7 OAs KOMOPO20 R

(A= Ail < [E]]2. (17)
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O603naunv K = (—1+4v;)F! (310 cuMmMeTpraecKast MATPHITA, C/I€I0BATEIBHO,
OHa, ABJISIETCS HOPMaIbHO#) u B = p-S. Ijist 3TUX MATPHUIL MBI MOZKEM BOCIIOJIB30-
Barbest siemmoii 1. [ycrs A(p) € o(K (p)) — coberBennoe 3uadenne marputibt K (p).
Yeqosue (17) o3Hagaer, 9T0 CYIIECTBYET TAKOE COOCTBEHHOE 3HAUECHHUE i MaTPHITHI
K, uro

) = Al < d- 118112 < do - ISz (18)

TIpu 3TOM \; MOIYT COBHAJATH MPU PA3HBIX A(D).
Bamerm, aro \; = (—1441) N\ (F1). Tlockombky S = S*, 1o ||S||2 = p(9). U3
yenosust (18) BBITEKaeT, 9TO

A(p) < (=1 + 1) Ai(FY) + dop(S).
[Moxpcrasum dp u3 yemosus (11). Torma
A) < (147D (FY) + (1= 71)Amin(F1) = (1 =) (=N (F) + Ain (F1)) <0,

cJIeIoBaTENIbHO, TP BbIMosTHeHnH ycaoBud (11) mpu 0 < 1 < 1 cemeiicrBo Mar-
punt K (p) ycroitanso npu Beex |p| < d < dp, 10 ecrb BCe COOCTBEHHBIE 3HAYEHUS
MaTpuIHOro cemeiicTsa K (p) oTpuUIlATENbHEL.

2. YCJIOBUE (12). Bocmoms3yemest pesyabraramu paborsl [21], B KoTOpOI
UCIIOJIb3YyeTCd TTOHATHE I/IHTepBaf[bHOf/I MATPHIIBI.

m
R
UG € IACMEHMAMU af\]{[. Hnmepsaavroti mampuueti [A™, AM] Hasveaemcs cemed-
M
ij

Onpenenenne 1 ITycmo A™ — mampuua ¢ sremenmamu o, AM — mampu-

emeo mampuy, 6uda [A™, AM] = {A aif <aij < aj;, 1=1,5 <n}. Obosnarum

A = (A™ 4 AM) /2,

Jlemma 2 (Wang u ap. [21]) ITycmo das unmepsanvhot mampuuys [A™, AM]
BUINONHEHO:
1) mampuuym, A" u AM aeasomes cummempunnoimu;
2) mampuya A. yemotivusa;
3) JAM — A™|| < 1/]1Q]|oos 20e Q — pewenue mampuunozo ypasnenus Jany-
noea QA.+ A.Q = —1.

Tozda unmepsarvras mampuya [A™, AM] yemotivuea (m. e. waocdas mam-
PUYaG cemelicmea ABAAEMCA Yemotuueot,).

Opuvem A™ = (=1 4 v1)F' — d|S|, AM = (=1 + v)F' + d|S|, Torma
K(p) C [A™, AM]. Bameruwm, uro marpuna A, = K(0) = (—1+71)F! mpu 0<y; <1
ABJIACTCSA YCTOHYMBOM (HATIOMHMM, 9TO MaTpuma Fl sBjisercs MOJOKHTETBHO

onpesgenennoii [5]). Torga marpuunoe ypasuenne JIsnynosa QA. + A.Q = —1
(o]
_ 2Actd
MMeeT eMHCTBEHHOE DElleHne, KOTOpoe 3ajaercs paseHctsoM Q = [e t.
0
Brruncaum

147 — A7l oe = 12 18] Iloe < 2do - |15 le.
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Moxcrasum dy w3 yenosust (12). Torna mns Beex |p| < d < dp BBIIOIHEHO
1AM — Ao < 2do - |[S]]s0 = 1/11Qllcc-

CuiesioBareibHO, 1IPU BBIIOJHEHUN YCI0BUs (12) BBIIOJIHEHBI YCJIOBUS J€MMbI 2,
10 ectb cemeiictso Marpur [A™, AM] yeroitanso, a 3naunt 1 K (p) ycroitunso mpn
Beex |p| < d < dp.

3. YcnoBuk (13). B pabore [15] paccmarpuBaercs nHTepBajIbHas MaTPHUIA
Buna A;r = A, + 0A, mpuuem 37eMeHTH MATPUTIBI 0 A YIOBJIETBOPSIOT YCIOBHIO
|da;j| < Aaij. Obozmaunm wepes AA marpuiy ¢ smementamu Ad;;.

Jlemma 3 (Juang u ap. [17], Franze u ap. [15]) ITyemv A, Juazonasusu-

pyema, o(Ac) = {A\1,..., \n}, U — mampuya, cmoabuamu xomopol a6ai10mcs

cobemeennvie sexmopve mampuywt A.. O6osnavum Z = |U™Y| - AA - |U|. Toeda

cobemeennbie 3navenua unmepsaavhoti mampuys, A. + 0A npunadaescam 06s-
n

edurenu0 Wapos ¢ yenmpamu \; u paduycamu p; = » . zij, i =1,...,n (cymma
i=1
NEMEHTNOE CMPOKU MAMPUYLL Z ), @ Maxsice 065eOUHENUIO WAPOS C UEHMPAMU \;

n
u paduycamu p; = Y Zj, i = 1,...,n (cymma sremenmos cmoabya mampuiss Z ).
i=1

ycts A, = (=1 +v)FL, §A=p-S, rorna AA = d - |S|. 3amernm, uTo cob-
cTBeHHbIe 3Hauenns MaTpuipl A mveror B A; = (—1 4+ v1) N (F1). Hamommmw,
aro Z(y1) = |U*| - |S] - |U|, tne U — oproronaabHast MaTpHIla, CTOJOIIAME KOTO-
poii sBsoTCs cobcTBenHbIe BekTOPh Marpuisl ((y1 — 1)F1). Jns mocrpoenns
U BuiGepeM opTOroHAIBHBIE cOOCTBeHHBIE BeKTophl, Torma U = (U~1)*. Kpowme
TOrO, 3aMEeTUM, UTO JIId Ppou3BosbHOM Marpunel |[M*| = |M|*. Torna Z(y1) —
CHMMeTPUYHAd MATPHIIA, OTKYIA P, = Pf.-

Jdemma 3 osmagaer, uro maa kaxgoro A(p) € o(K(p)) cymecrsyer
k=1,...,n, Takoe, 9TO

IAD) — (1 +)M(FD] <A i (1) < do . 2 (), (19)
j=1 Jj=1

CJIe/IOBATENBHO,

n

Ap) < (=1 4v1)M(F) +dg szj(’Yl)~

j=1
[oxcrasum do u3 yciosus (13). Torma
- A(F! (!
Ap) < (L=7) ) zi(m) | - ,]i( ) + min ,1(7) <0.
- 1<i<n
j=1 2. 2k > Zis(m)

j=1 s=1
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CreznoBarenbHo, Ipu BbIOIHeHUN yciaoBust (13) cemeiicTBo marpur K (p) ycroii-
quBo npu Beex |p| < d < dp.

4. YcnoBuk (14). B pabore [20] paccmarpuBaercs cUMMeTpUYHAs WHTED-
BaJsIbHas Marpuia, T. e. A™ = A, — AA, AM = A, + NA.

JIemma 4 (Rohn [20]) ITycme AA — mampuya, xaocovd ssemenm Komopod
neompuyamenen. IIycmv Ae u ANA AGAAIOMCA CUMMEMPUUHBLMU MATMPUUAMU U
Ac yemotinuea, npuvem 6binoAHeH0 HEPAGEHCMEO

p(JATYAA) < 1. (20)

Tozda unmepsasvnas mampuua [A. — ANA; A + AA] yemotivuea (m. e. xascoan
MAMPUYE CEMETCTMBA ACAACTNCA YCMOUUGOT).

3aMerum, 4To
K(p) C [(=1+y)F" = d|S[; (=1 +~)F' +d|S]].

Jokaxkem, uro cemeiicteo [(—1 + v1)F! — d|S]; (=1 4+ 1) F! + d|S|] yeroitumso,
oTKyza Oy/leT BBITEKATh yCTONUnBOCTEL cemeiictsa K (p).

Honoxxmv A, = (=1 + v1)F!. Dra marpuna yeroitumea mpu 0 < 1 < 1.
Monoxkum AA =d - |S|. Torna

p(1ATHAA) = p(|(—L+ 7))~ -d - |S]) =

_ do(I(F) 71 -[S) _ dop(|(F)~1 - ISI)
L=—m L—m
[Moncrasum dop w3 ycnoeus (14). Torpa mis Beex |p| < d < dp

p(IA; [ A4) < 1.

Urak, npu BeinosHenun ycsaosust (14) BbIIOJHEHB! yCI0BUs JeMMbl 4, TO €CTb
cemeiicTBo Marpur K (p) ycroitunso npu Beex |p| < d < dy. O

Samedvanne 1. [Jokazannasi reopema o3nadaer, uro ecan |p(t, z)| < d < dp,
rie do 3amaercs oxuoit w3 dpopmyst (11)-(14), To MOXKHO TPUMEHSITH MeTOT PYHK-
TN YOPABJIACMOCTHA JIJId TTOCTPOCHUA CUHTE3NPYIOIMIETO YIIPABJICHUA. ZLHH HAXO0XK-
JleHWsI TPAEKTOPUHU, HAUUHAIOIIEN s B 3a/laHHON Touke Tg € R™, mocrynaem cie-
aytormum obpasom. Pemaem ypasraerue (4) mpym & = T¢ 1 HAXOJUM €IUHCTBEHHBIM
HOJIOKUTENbHBIH Kopenb ©(xg) = 6y. Boibupaem unciao dy corsacuo ogHON u3
orieHok B Teopeme. [Toaoxum 6(t) = O(x(t)). TIpu Bcex 3HaYEHHUSIX BO3MYIIEHUS
Ip(t,x)| < d < dy TpaekTopus siBjsieTcs perneHuneM ciaeyiomeil 3agaun Kommnm

i = (Ao +p(t,2)R)x — 1 bob5D(0)FD(0)z,

(—=F' + p(t,2)S)D()x, D(0)x)
(F1D(0)x, D(0)x)
x(0) = zg, 6(0) = bp.

0 =
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Bamerwm, 4To Tpu 3TOM ypasHeHue (4) JOCTATOYHO PENUTh TOJIBKO OJWH Pas3 —
s Haxoxknenud 0.

Sameuyanme 2. B pabore [14] paccmarpuBaercs 3ajada crabuin3anun 3a KOHe -
HOe BpeMsd [IJIg CHCTEMBI BHIA

;= di(x)xie1 + filTig1, -, xp,u), i=1,...,n—1,
Tn = dp(z)u+ fr(u),

B npeanonoxernnn, uto 0 < d; < d;(z) < d; — wenpepwiBHEbIe DYHKINN, KOTO-
pBle He U3BeCTHBI 3apanee. B orymame ot pabors [14] MBI yKa3blBaeM TDAHUIIBI
U3MEHEHWs! HEM3BECTHBIX BO3MYIIEHUI d; (), NPy 3TOM MBI JIOITYCKAEM, 9TO BO3MY-
IIEHUs MOT'YT 3aBUCETH OT BpeMeHu. OTMeTHM, 9TO IIpUMEeHeHHe MeToa, (DYHKITHH
YIIPABAAEMOCTH MO3BOJIIET HAM MOCTPOUTD yIIPABJIEHNUE, YIOBIETBOPSIONIEE 3apa-
HEe 3aJAHHLIM OIPDAHUIEHHAM, U HOJIYYHTh ONEHKY Ha BPEMs IIOIIaJaHud.

4. PobacTHBIII CUHTE3 AJid TPEXMEPHOII CUCTEMBI

Paccmorpum 3as1ady rito6ajibHON0 pobacTHOTO MO3UITUOHHOT'O CUHTE3a, JIJ1si CUCTe-

MBbI
T = (1 +p(t,$‘1,(l‘2,l‘3))3§2,
&g = (1+rop(t, x1, 2, 3)) 23, (21)
r3 = Uu.

Banumem 31y cucremy B marpuanom suge & = (Ag + pR)x + bou, rue

010 01 0 0
A=[00 1|, R=l00 |, bo=] 0
000 00 0 1

[Iycts orpanmuenns Ha ymnpasienue mMeror suj |u| < 1. Xopomo n3eecten ciy-
4ail, KOUJa P sABJISETCs HOCTOAHHON Besmunnoil [8]. Mbl paccmarpusaeMm p Kak
HEM3BECTHOE OrpaHUYIeHHOe Bo3MmyInenue: |p(t, z1,z2,x3)| < d. Umeem

2400 960 120 14400 4800 480
F= 960 420 60 |, F'= 4800 1680 180 |,
120 60 12 480 180 24

0.002 —0.008  0.016
(FH='~ | —0.008 0.033 —0.083 |,
0.016 —0.083  0.333

0.002 0.008 0.016
I(FH~'~ | 0.008 0.033 0.083 |,
0.016 0.083 0.333
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_5
&= 0 0 0 2400 9607
D(©) = 0 ©2 0 |,S=] 2400 1920 60(2 + 7o)
0 0 o 96072 60(2 -+ 7r2) 1207y

Haiinem cobcTBennble 3Hadenus Marpunsl F

A (F1) ~ 16024.4, Mo(F') ~ 76.75, \3(F') ~ 2.81.

IIycrs 79 = —0.1. B 3rom ciyvae
0 2400 —-96 0 2400 96
S=1 2400 1920 78 |, |S|= 2400 1920 78 |,
—96 78 —12 96 78 12

p(S) ~ 3544.91, [|S]|o = 2400 + 1920 + 78 = 4398.
TMonoxum v = 0.01. B cuny dbopmymsr (11)

(=) Amin(F) 0.99-2.81

do = ~ ~ 0.0007.
0 (S) 3544.91

B Beipazkernu (12)

o0 1 0.001 —0.004  0.008
Q:/eml)F tdt ~ | —0.004 0.016 —0.042 |,
, 0.008 —0.042  0.168

|Q]|s0 = 0.008 + 0.042 + 0.168 ~ 0.218. B cuny dbopmyist (12)

1 1

do = =
07 219]00||S]ls0  2-0.218 - 4398

~ 0.0005.

B Beipaxkennu (13) marpuna, cocraBienHast u3 COOCTBEHHBIX BEKTOPOB MATPHUITBI
((y1 — 1)F'), u ee Moaysb UMEIOT BHT

—-0.947 0314  0.051 0.947 0.314 0.051
U~ | —-0.317 —-0914 -0.251 |, |U|l~ | 0317 0.914 0.251 |,
—-0.032 —-0.254  0.966 0.032 0.254 0.966

TIO3TOMY
1645.438 2910.089 876.397

Z(0.01) ~ | 2910.089 3040.208 850.911 |,
876.397  850.911 241.696

n
> z1j(m1) & 1645.438 + 2910.089 + 876.397 ~ 5431.93,
J=1

n
D " z9(m) ~ 2910.089 + 3040.208 + 850.911 ~ 6801.21,
7=1
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n

D " z3i(1) & 876.397 + 850.911 + 241.696 ~ 1969.01.
7j=1

B cuny dopmymsr (13)

Ai(F! 16024.4  76. 92.81
do = (1 =) min 71(7) ~ 0.99m1n{ 00 , 76.75 8 } ~
1SS S ) 5431.93" 6801.21 1969.01

~ 0.99 min{2.95,0.011,0.0014} ~ 0.0014.

B Boipaxkenuu (14)

21.6 22.8 1.07
I(FHY7Y -S| ~ 88 90.5 4.4 |,
232 226 12.1

p([(FH)71]-]S]) ~ 123.696. B ciry dopmyst (14)

1—v 099

do = SqE) 18] ~ 123696

~ 0.008.

Takum obpaszom, dopmysa (14) maer camyro JIydIIyio OIEHKY.
Temeps mocTpouM CHUHTE3UPYIOIIEE YIIPABACHUE. Y paBHEHUE jid (DYHKIUU
YIPABAAEMOCTH UMEET BU]L

2a00°% = 240027 + 19200z x5 + 240022 23 + 4200%23 + 12003 z023 + 120722,
(22)
rae 0 < ag < 2/f33 =1/6. lycrs ag = 1/6. Yupasienne nmeer Bugy

60 30 6
WO, 1) = — ot 2 D% (23)

Bribepem dy = 0.008. B kauecTBe KOHKPETHOW peain3aliny BO3MYIIEHUS
2 .2 .2
pacemorpuM dyukmmo p(t, r1, re, r3) = 0.008 sin (W) , TOIJIa CUCTe-

a (21) npuHuMmaer By

iy = (1+0.008 sin (1)) ) g
i = (1 —0.0008 sin <10($1tf12 9@)) 23, (24)
T3 = U.

Bribepem B KadecrBe HadajabHOM Toukm xg = (—2;3;—1). g HaxoxkmpeHus

TPAEKTOPUHU BOCIIOJIB3yeMca 3amedanuem 1. Pemag ypasuenne (22), moayuaem
By ~ 7.15. KoMIIOHEHTBI TPAEKTOPHUN TIPEJICTABIEHBI Ha pUC. 1, yIpaBIeHHe Ha
TpaekTopuu — Ha puc. 2. Kpome toro, npouzsoguas 0T QyHKINU yIPABIAEMOCTH
Ha, TPAeKTOPWUH IIPEJCTaBJIeHa HA PHUC. 3, a (DYHKIUHA YIIPABISEMOCTH HA TPAEK-
Topuu — Ha puc. 4. Obparum BHumanue Ha 10, yro O(x(t)) MouTH NMHENHA, TO
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N N |

V<= VARNRNY
\

Puc. 1: KommnoneHnTsl Tpaek- Puc. 2: Yupanssienue na Tpaek-
TOPUH A7 CUCTEMBI (24) TOPUH JIIA CUCTeMBI (24)

/\
it |

| A 4
|/
i /

. \ R
0

Puc. 3: IlpomsBomnas ot Puc. 4: Oyuknua ynpasise-
dyHKIINE ynpaBIgeMOCTH Ha MOCTH Ha TPaeKTOPHUU JIJIS CH-
TpaeKTOpuu st cucTembr(24) crembr (24)

ecTh 3Hagenne 4O (z(t)) "6mmsko" k —1. Hamommm, uto npm p(t,z) = 0 BBITO-
HEHO PABEHCTBO %@(x(t)) = —1. Bpema nonaganusa B Ha9aa0 KOOPAUHAT PABHO
T ~ 7.13 < ©p. Bamernuwm, uro onenka (15) maer cymecrsenHo Gosee rpyObit
pesyabTaT, a nMmenso 1" < 715.97.

BaarogapaocTu. ABTop BhIpaskaer 6,1aroJapHOCTb JOKTOPY (DU3.-MaT. HAYK,
npodeccopy Kopobory B. U. 3a mernbie coBeThl IpU HAanUcaHuu paborol. Takke
aBTOP BbIpaXKaeT OJIAr0IapHOCTH KAHIUIATY (PU3.-MaT. HAyK, mgomenty rmaro-
pua C. [0. 3a KOHCTpPYKTHUBHBIE 3aMevuanus Ha drare oopMIeHns paboThI.
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