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On the Hurwitz Stability of Hurwitz-Type Matrix
Polynomials

A real scalar polynomial whose roots lie in the left half-plane of the complex
plane is called a Hurwitz polynomial. This notion goes back to the works
of J. C. Maxwell, E. J. Routh, and A. Hurwitz, and was later studied usi-
ng techniques such as Sturm sequences, Markov parameters, and continued
fractions; see, for instance, The Theory of Matrices, Vol. 11, Chapter XV,
AMS Chelsea (2000), by F. Gantmacher.

A ¢ x ¢ matrix polynomial P(z) is called Hurwitz if det P(z) is a Hurwi-
tz polynomial. Every matrix polynomial f, can be written in the form
£,(2) = h,(2%)+2 g, (2?). The matrix polynomial fy,, is said to be of Hurwitz
type if the expression g, (2)h,, - (2) admits a representation as a finite conti-
nued fraction with positive definite matrix coefficients. Similarly, the odd-
degree matrix polynomial fs,,,1 is of Hurwitz type if %hgmﬂ(z)g;}lﬂ(z)
has the same property. The concept of Hurwitz-type matrix polynomials was
introduced in On matriz Hurwitz type polynomials and their interrelations
to Stieltjes positive definite sequences and orthogonal matriz polynomials,
Linear Algebra Appl. 476 (2015), by A. E. Choque Rivero.

In the present work, we derive an explicit form of the Bezoutian associated
with Hurwitz-type matrix polynomials. The fact that Hurwitz-type matrix
polynomials are Hurwitz matrix polynomials was suggested and partially
proved using Bezoutians in On generalization of classical Hurwitz stabi-
lity criteria for matriz polynomials, J. Comput. Appl. Math. 383 (2021),
by X. Zhan and A. Dyachenko. In contrast to that work, we employ the
decomposition of the Bezoutian form introduced in Some Questions in the
Theory of Moments, Translations of Mathematical Monographs 2, AMS,
1962, by N. I. Akhiezer and M. G. Krein, for scalar polynomials.
Additionally, we propose a method to enlarge the class of Hurwitz-type
matrix polynomials by adding to a given polynomial a matrix polynomi-
al that is not of Hurwitz type, so that the resulting polynomial becomes of
Hurwitz type.

Keywords: Hurwitz matrix polynomial; orthogonal matrix polynomi-
al; Bezoutian; Hurwitz-Type Matrix Polynomial.
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1. Introduction

A scalar polynomial with all its roots in the left half of the complex plane is

called a Hurwitz polynomial [47, 34, 16, 27, 33, 36, 8, 35]. The Hurwitz stability of

such polynomials is also referred to as Hurwitzness—a term we adopt in this work.

Let n and ¢ be natural numbers. In the present work, we consider the properties

and Hurwitzness of a subset of Lambda matrices [43, page 95], 28, page 228],
[17], defined by

£,(2) = Apz" + A2 L+ .+ Ay, (1)

where A; is a complex ¢ X ¢ matrix and z is a complex variable. As in [39], we
refer to a matrix of the form (1) as a matrix polynomial, which is called a Hurwitz
matrix polynomial if det f,, is a Hurwitz polynomial.

The matrix polynomial (1) has degree n if Ay is nonzero. Throughout this
paper, we assume that det Ag # 0. Clearly, (1) can be represented as

f.(2) = h,(2%) + 2 ga(2%), (2)
where
] Ag™ + Aoz L 4+ Ao, n = 2m,
b (2) := { A2+ Az 4 Ao, no=2m 41, (3)
and

m—1 m—2 —
gn(z) o { Az + Asz 4+ ...+ Aop_1, n=2m, (4)

T ApR™ 4 A2+ Aoy, n=2m+1.

We will refer to (3) as the h, part and to (4) as the g, part of the matrix
polynomial f,.

Let us introduce the following notation. The symbol C%*4 represents the set of
all complex ¢ x ¢ matrices. For the null matrix that belongs to CP*9, we will write
Opxq- We denote by 0, and I, the null and identity matrices in C?*9, respectively.
When the sizes of the null and identity matrices are clear from the context, we
will omit their indices.

In the following definition, we recall the concept of a Hurwitz-type matrix
polynomial (HTM polynomial) introduced in [6]. In [6], HTM polynomials were
referred to as matrix Hurwitz-type polynomials.

For A, B € C7*7 with B invertible, set

A
E = AB—I. (5)
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Definition 1. The ¢xq matriz polynomial £, in (1) is called a Hurwitz-type matriz
polynomial if there exist two sequences of positive definite matrices, (ck)ZL;()l and

(dk)’,:‘:_ol (resp. (cx)y and (dg)['=') such that, for n = 2m,

gn(z) I (6)

Iq
+zemo1+d,)t

"+dm—2+

for all z € C with deth,(z) # 0 and, for n =2m + 1,

R

Iq
dp—1+ 271C77n1

for all z € C\ {0} with detg,(z) # 0.

The definition of HI'M polynomials in the form of a finite continued fraction
is inspired by [29, Chapter XV, Theorem 15].
Main Results. Below are the main results of the present work:

(a) We compute explicitly the Bezoutian of the HTM polynomial (1); see
Theorem 1 and Corollary 2. From this, an explicit proof of the Hurwitz
property of HTM polynomials readily follows; see Theorem 2.

(b) For a given matrix polynomial P, of degree n that is not a Hurwitz-type
matrix (HTM) polynomial, we construct a polynomial fo,(2) = P,(2%) +
an_l(zz) of degree 2n, with a suitably chosen Q,,_1, such that f5,, becomes
an HTM polynomial. Then, by applying the result from [21], we conclude
that P, itself is a Hurwitz matrix polynomial; see Theorem 4.

Relation between (a) and (b). The explicit computation of the Bezoutian in
part (a) provides the structural foundation for the Hurwitz property of HTM
polynomials. This result is then exploited in part (b), where a general matrix
polynomial is embedded into an HTM polynomial of higher degree. The Hurwitz
property established in part (a), together with the construction in (b), allows us
to transfer stability from the HTM setting back to the original polynomial P,.

The Hurwitz property of matrix polynomials via Bezoutians was studied in
[30, 41, 42]. In [49], the Hurwitz property of HTM polynomials was also considered.
However, the proof of [49, Theorem 3.5], which serves as the basis for the analysis
in that work, is not fully detailed. More precisely, several steps in the proof are
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left implicit; see Remark 14. In particular, the argument is developed only for the
case n = 2m, while the case n = 2m + 1 is described as “similar,” without explicit
justification.

A distinctive feature of the odd-degree case n = 2m + 1 is that the associated
block Hankel matrices Hy ., and Hj,,—1 have different dimensions. In contrast
to the even case, this asymmetry prevents a direct application of the standard
construction. To overcome this difficulty, we introduce a modified polynomial
Zom+1 (see (57)) of degree m — 1, which replaces the original polynomial gop,+1
(of degree m) in the construction of the symmetrizer. This approach leads to a

(0)

consistent formulation of the matrix WQ% 41 (see (76) and Remark 5) and provides
an explicit treatment of the odd-degree case, which is typically addressed only
heuristically in the literature. This aspect is not discussed in [49].

Additionally, in contrast to [49], we use representations of the matrix
polynomial f,, in terms of orthogonal polynomials on [0,00) of the first kind
and polynomials of the second kind, as in (2) and (18), for example, to compute
explicitly the Bezoutian of the quadruple (£ (z), f,(—x), £ (—z), f,(x)).

The asterisk denotes the Hermitian adjoint of a matrix, while the overbar
represents complex conjugation. In the scalar case, the use of the h, part and g,
part of the polynomial f, for studying the corresponding Bezoutian was employed
by Krein and Naimark in [38] and by Krein and Akhiezer in [1].

The importance of HI'M polynomials as a subset of Hurwitz matrix polynomi-
als is that they help study the asymptotic stability of the differential equation

Ty™ @) + Ay V@) + ..+ Ay 1y (1) + Apy(t) =0, t>0

with y(t) € R™; I, Ay, ..., Ay € C7%9; see [44, 48, 46, 31| and [37].

Our motivation is to generalize the results regarding robust stability [7] and
finite-time stabilization with bounded controls [13, 14, 9, 11] for the matrix case
within the framework of HTM polynomials.

Our work is organized as follows. In Section 2, we review previous results on
HTM polynomials and their associated Markov parameters. We also recall Stieltjes
orthogonal matrix polynomials, orthogonal matrix polynomials, the interrelations
between HTM polynomials and Markov parameters, as well as the Bezoutian
and the inertia of matrix polynomials. In Section 3, we explicitly compute the
Bezoutian of HTM polynomials. In Section 4, we study the Hurwitzness of HTM
polynomials. In Section 5, we present a result and an algorithm for constructing
an HTM polynomial from a given matrix polynomial that is not of HTM type. We
also explain why the original matrix polynomial is a Hurwitz matrix polynomial.
In Section 6, we clarify certain steps left implicit in Theorem 3.5 of [49], concerning
a “matrix analogue of the stability criterion via Markov parameters,” as stated on
page 10 of [49].

This work is a direct continuation of the author’s research in [5] and [6],
which focus on the nondegenerate truncated matricial Stieltjes problem and HTM
polynomials, respectively.
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2. Preliminaries

In this section, we introduce the notation and preliminary results that will be
used throughout the paper.

HTM polynomials and associated Markov parameters
The following quantities will be used to describe the domains of validity of
the Laurent expansions appearing below.
If n = 2m, we define

M, :={z € C:deth,(z) = 0}, Nn = max{|z|: z € Ny, }, (8)
whereas, for n = 2m + 1, we define

Ng, = {z € C: detg,(z) = 0}, prn = max{|z|: z € Ng, }. (9)

The next remark recalls the Laurent expansions of g,(z)h,(z)~! and

h,(2)(zgn(2))"!, which connect the matrix polynomial (1) with the associated
Markov parameters s;.

Remark 1. Let h,, and g, be defined as in (3) and (4), respectively, and let f,
be given by (2).

For |z| > ny, (resp. |z| > ppn), the Laurent expansion in negative powers of z
of gn(2)hy,(2)71 (resp. hy,(2)(2gn(2)) 1) takes the form

gn(z)  so  s1 n Sn

=20 _ 21, .. -1 =9 10
h,(z) =z 22 ot (=) ol T = (10)
hn(z) _870_371_1_“.4_(_1)71 Sn 4 n=2m-+1 (11)
zgn(z) P 22 zn—l—l 3 .

For j > 0 and by using the Markov parameters, we construct block Hankel
matrices:

S0 S1 PN Sj S1 S92 PN Sj+1
S1 S92 cee 8541 S92 S3 ce Sj42

Hyj=1| . : : : M= : : : : - (12)
S5 Sj4+1 .- 52j Sj+1 Sj+2 .. 82541

The rational matrix functions in (6) and (7) are special solutions to the
truncated Stieltjes matrix moment (TSMM) problem; see proof of [6, Theorem

7.9]. This implies that ﬁ:g:zg and (_};’;é;(z_)z) are Stieltjes transforms of a certain
positive measure o on [0, +00).

The TSMM problem is defined as follows: Let (s;)7_, be a finite sequence of
q %X q complex Hermitian matrices. The TSMM problem consists of finding the set
M, of all nonnegative Hermitian ¢ x ¢ measures o defined on the Borel o—algebra

B N [0,4+00) such that

S = / tja(dt), 0<ji<n—-1, s,= / tna(dt) + M,
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where M is a ¢ x ¢ complex valued positive semi-definite matrix.
For each o € M,,, one associates a matrix-valued function

B o(dt)
5(2) = /[0 = (13)

)t*Z

which is defined and holomorphic in C \ [0, +00).

The function s is associated with the TSMM problem and is called the Stieltjes
transform of the positive measure o; see [18, 19, 20, 22, 23, 15, 24, 25, 26|.

In 1981, Yu. Dyukarev proved that the TSMM problem in the case of an odd
(resp. even) number of moments has a solution if and only if Hj,, and H ;1
(resp. Hiy, and Ha,y,) are both positive semidefinite matrices.

Definition 2. The sequence (sj)§$0 (resp. (sj)?zg'l) is called a Stieltjes positive
sequence if both corresponding matrices Hy », and Ho -1 (Tesp. Hypm and Ha )
are positive definite. In the case where (sj)?fo (resp. (sj)izgl) is a positive Sti-
eltjes sequence, the corresponding TSMM problem is called a TSMM problem in

the nondegenerate case.

In [18], Yu. Dyukarev found the complete set of solutions to the TSMM
problem in the case that (sj)?zo and (sj)?fgrl are Stieltjes positive sequences,
respectively.

Stieltjes orthogonal matrix polynomials

We now reproduce from [5] a number of auxiliary matrices, as well as two
families of orthogonal matrix polynomials and their polynomials of the second
kind. Let R; : C — CUTD2xGH+1D4 he given by

Ry(2) = (Igsng — #1) " 20,

with

qujq Oq .
= Pi= > 1.
To Oq, T] < Ij quxq , j=>1

Observe that for each j € Ny, the matrix—valued function R; can be represented
via

I, 04 0 ... 04 0
7 PR 0, ... 04 0

Rj(z) = 2l 2l Iy oo 0 0g ) (14)
Al Z7, A7, 0 20 I,

Let

v =1y, wj = Ly for all j € N. (15)
Ojgxq
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Furthermore, let
Yiji=yp2i-1, 1<j<n, and Yo;:=ypi125, 2<J<m,
with
Ypik o= (S5 8415 - Lsk), 0<ji<k
and y[; 5 = Og if j > k. Define
ur:=0 Uy ;= < O ) uz2j = —Yo,j] 1<j<n. (16)
> 9 »J _y[O,jfl] ’ N NIRE >~ J =

Let H 1,; (resp. ﬁg’j) denote the Schur complement of the block Hankel matrices
Hi;_1in Hy j (resp. Haj—1in Hy ;) as seen in [45], [5, Equalities (2.5) and (2.6)]:

ﬁl,O = S, ﬁl,j ::SQj — Yl*]Hl_jl IYLjﬁ ] 2 1,

ﬁz,o = 81, ﬁQ,j =89j41 — YQJHQ_j Yo, j =1
These matrices are Hermitian positive definite matrices, and so are Hy ; and Ho ;.

Now we partially reproduce left orthogonal matrix polynomials (OMP) on
[0, 4+00) [21].

Definition 3. Let o be a q X q nonnegenative measure on [0,+00). A sequence
(Pj);?‘;o of ¢ X q matriz-valued polynomials is called orthogonal with respect to o

if

i) each matriz-valued polynomial P; is of degree j;

it) the matriz-valued polynomials P; satisfy the orthogonality relations:

Pj(t) o(dt) P (t) = 6j1Coj,

for all j,k € N. Here, 6;, is the Kronecker delta, and and Cy; is a constant
nonnegenative q X ¢ matriz.

The following matrix polynomials seem to have been first introduced in [20].

Definition 4. Let (s])] "o (resp. (sj)ingl) be a Stieltjes positive sequence.
Furthermore, let vj, uij, usj and R; be as in (15), (16) and (14), respectively.
Let

Pro(2) := 1y, Quo(2) :=0q, Pro(z) :=1Ig, Q20(2) = s0.

For j > 1, set

Prj(2) =(=Y{Hy o, 1) Rj(2)vj,
Py j(z) 3:(—5/2*gH5]1 1> o) Rj(2)vj,
Quj(2) = — (=Y H |y, 1) Rj(2)ua 5,
Q2,j(2) := — (=Y5; Hy 1, 1) Rj(2)ua;.
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The matriz polynomials Q1; and Q2 are called second-kind polynomials with
respect to Py j and P j, respectively.

In the next proposition, we recall that the matrix polynomials P; ; and P ;
are orthogonal with respect to positive measures supported on [0, +00), and that
the associated second-kind polynomials @1,; and (J2; can be expressed in terms
of P ; and P, respectively. For completeness, we also record a basic identity
involving Py ; and Qg ;.

Proposition 1. a) The polynomials P1 ; and P j are OMP with respect to o and
to, respectively. More precisely (as seen in [15, Remark 6.3]),

_ 0 g FE
POt o(dt)PEy(t) =3 51 k=1,2.
[ pawraano ={ g7 e
b) The following identities hold (as seen in [5, Remark D.6] and [5, Remark E.4]):

Pyj(z) — Pj(t)

Q1,5(z) = o o(dt), 0<j<n, (17)
[0,4-00)
Py j(x) — tPy (1
Q2,j(z) = rh2(z) . 24 )J(dt), 0<j<n-1.
-
[0,4-00)

¢) For k =1,2, the following identity holds (as seen in [5, Proposition 5.1 (a)])

Py (2)Qy ;(2) — Qr,j(2) Py j(2) = 0y

The following proposition establishes a connection between HTM polynomials
and orthogonal matrix polynomials of the first and second kinds. The representati-
on below follows from [6, Theorem 6.1], while identities (19) and (20) are establi-
shed in the proof of [6, Proposition 7.8].

Proposition 2. For n > 1, every HT'M polynomial admits the representation

fn(z) _ { (_1)m(P1*m<_22) - ZQT,m(—22))’ n = 2m,

(—1)™(Q3n(—22) + 2 P, 0(—22)), n=2m+1. (18)

Moreover, the identities

hy(2) = ()Pl (=2),  gu(2) = (-D)""Qi,n(-2),  n=2m, (19)
and

hy(2) = (=1)"Q5,m(=2),  8nlz) =(-1)"P;,(-2), n=2m+1 (20)

hold.
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The matrix polynomials Py ; and @)y ; also appear in the representation of the
extremal solutions of the TSMM problem.

In the proof of [6, Theorem 6.1], the so—called extremal solutions of the TSMM
problem are represented by

QT,j(z) o g?m(_z)
Gommax(2) = = Pfi(2)  ham(—2) )
and
Q;j(z) _ hoy1(—2) ) (22)

Gy, (2) = — =
2m,mm( ) ZPQ*J,(Z) (—Z)ng—l—l(_Z)

Note that the matrix function Gy, ... is defined for all z € C\ [0,00) with
2| > m2m, whereas Gy, ... is defined for all z € C\ [0,00) with [z| > pami1-
Here, n2;, and pon,41 are defined in (8) and (9), respectively.

The Bezoutian and inertia for matrix polynomials

In this subsection, we reproduce some notions related to the inertia for a
matrix polynomial [41, 42]. The inertia for scalar polynomials was considered in
[40, page 462].

Let L(\) = LoXt + LiX ' 4 ... 4+ ALy_, + Ly be a ¢ x ¢ matrix polynomial with
coefficients Ly, € C9*9. If Lo # 0g4, then deg(L) = ¢ is the degree of polynomi-
al L. Furthermore, if Ly = I, then L is called monic. Let My,L{,M and L
be polynomial matrices such that M;(A)Li(A) — M(N)L(X\) = 0. The Bezoutian
associated with the quadruple (M, L1, M, L) is the block matrix
o m—1,4—1

BM1,M(La Ll) - (Fj}kz)j,k:l . (23>
The block entries I'; , of the quadruple (M, L1, M, L) are determined by following
equality:

m=1,4—1 ' 1

>0 TNt = i (ML) = MOVL()). (24)
k=0

The quantity ¢ (resp. m) denotes the maximal degree of L(X), L1(A) (resp. M (),
M;i(X)). Assume that there exists A\g € C such that det L(Ag) # 0: on this case L
is called regular.

Let L be a regular polynomial of degree ¢. The triple

V(L) = (v4(L), v (L), 70(L)) (25)

is called inertia with respect to the real axis, where v4 (L) (resp. 7—(L)) is the
number of zeros of det(L(\)) in the open upper (resp. open lower) half-plane, and
~vo(L) is the number of zeros of det(L()\)) in the real axis. Now we reproduce [41,
Corollary 2.2].
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Corollary 1. Let L()) be a matriz polynomial with an invertible leading coeffici-
ent. The spectrum of L(X) lies in the upper half-plane if and only if there exists a
regular matriz polynomial L1(\) that satisfies

LA Li(N) = L* (M) L(N)
such that the matriz 1
{BL’{:L* (L,Ly) (26)
18 positive definite.

Our strategy for analyzing the Hurwitzness of HI'M polynomials f,, is based
on the spectral symmetries of the quadruple

(£,(2), £ (=), £5(=2), £ (2)).
The next lemma describes the spectral symmetries associated with this quadruple.

Lemma 1. Let F(z) = >}, A2k Ay € CT%9, be a reqular matriz polynomial,
and let F*(z) ==Y} _o As2" k. If

o(F):={z € C:det F(z) =0},
then o(F(—2)) = —o(F), o(F*(2)) = o(F), and o(F*(—%)) = —o(F).
Proof. By definition, det F'(—A) = 0 if and only if —\ € o(F). Hence

0(F(—z)) = —o(F). Next, det F*(2) = det F'(z). Therefore, det F*(\) = 0 if and
only if det F(\) = 0. Consequently, o(F*(z)) = o(F). Combining the previous
two identities yields o(F*(—%)) = —o(F).

Remark 2. The four matriz polynomials F(z2), F(—z), F*(2) and F*(-%)
correspond to natural symmetries of the spectrum of F.

Indeed, F(—=z) reflects the spectrum through the origin, F*(Z) reflects the spectrum
across the real azxis, and F*(—Z) reflects the spectrum across the imaginary azis.
Consequently, the Bezout form

F*(z)F(—y) — F*(—2)F(y)
r—y

(27)

compares the spectrum of F with its reflection across the imaginary axis.

In the Hurwitz stable case, o(F) C {z € C : Rz < 0}, whereas o(F*(—Z2)) C
{z € C: Rz > 0}. Hence these two spectra are separated by the imaginary azis.
This separation is closely related to the definiteness properties of the associated
Bezoutian.

The generalized Anderson—Jury Bezoutian matrix

To compute the matrix (26) associated with an HTM polynomial, we use the
generalized Bezoutian matrix and form introduced by Anderson and Jury in [2],
which are defined for a g x ¢ rational matrix function W (z).
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Suppose that W(z) admits two matrix factorizations:

The generalized Anderson—Jury Bezoutian form associated with the quadruple
(A, B,C, D) is defined by
1

[(z,y) = pr—y

(A(z)D(y) — B(2)C(y)) -

Using the notation (5), for HTM polynomials, the applicability of this construction
follows from the fact that the h,,-part and the g,,-part of f,, determine the rational
matrix functions

e (28)
and
Sfom+1 (Z) = h2m+1(_z) (29)

(—2)g2m+1(—2)
Taking into account that the functions (28) and (29) (see also (21) and (22)) are
Stieltjes transforms of positive matrix-valued measures; see (13), they satisfy the
Hermitian symmetry relation

st (2) = st,(2)- (30)

Therefore, the Anderson—Jury Bezoutian construction can be applied. Consequently,
rather than studying the Bezout form (27), we employ Bezoutian forms associated
with the quadruples (zg}, h,, h}, zg,) and (g}, h,, h}, g,), corresponding to the
cases n = 2m + 1 and n = 2m, respectively. See the definitions of F,, gﬁl”, and

@) in (31), (32), and (33), respectively, together with the relations between these
forms given in (34).

3. Bezoutian and Hurwitz-type matrix polynomials

In this section, using the so-called matrix symmetrizers (50) and block Hankel
matrices Hi; and Hjj;, we derive an explicit form of the Bezoutian for the
quadruple (£(2), £,(~2), £(~2), £,(x)).

Instead of working directly with the Bezoutian form

£ (2)fn(—y) — £5(=2)fu(y)

Fola,y) s , (31)

we use the Equality (2) and calculate the Bezoutian forms

6 (2.1) = (P*EL (B 0) — 1 (Pgas?)  (32)
and
G (2.1) =5y (81 (7% B (s) — i (@) (5) (33)
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associated with the quadruples (zg}, h,, h’, zg,) and (g, hy, h}, g,). Recall that
a similar decomposition of the Bezoutian for scalar polynomials was previously
studied; see [38, page 293] and |1, page 257|. Following |2| to compute the Bezouti-

an forms gﬁf)(x,y) and G (z,y) we employ both representations (30) of the
rational matrices (6) and (7).
It readily follows that

Fale.y) =2 (600 (@.9) + 60 (2.0)) . (34)

In the next lemma, we demonstrate that the matrix functions F, Qy(Ll) and
Q,(f) are matrix polynomials in x and y. See [2, Remark 1].

Lemma 2. Let F,, G\ and G2 be as defined in (31), (32) and (33), respectively.
The functions Fy, Q,(Ll) and 97(12) are polynomials on x and y.

Proof. Using the numerator on the right-hand side of (31), together with (18),
and replacing y by x, we obtain

£ (2) () — £0(—2)En ()

= 2:[:{ Pl,m(_xz)Qim(_x2) - Ql,m(—.I'Q)Pl*m(_
P2,m(_a:2)Q§7m(—x2) _ Q2,m(—l’2)P2*m(—

)

=0.

By [4, Chapter 1|, any polynomial vanishing on the diagonal x = y is divisible by
x —y. Since £(2)f,(—y) — £ (—z)f,(y) has this property, F,,(z,y) is a polynomi-
al. Arguing similarly with the numerators in (32) and (33), and following [4,
Chapter 1], we show that 97(11) and 97(12) are polynomials in x and y.

For £k =0,1, let

Sk —Sk+1  Sk+2
k) ._ e
Hcgo) = —Sk+1 Sk+2 . (35)
Sk+2

be an infinite Hankel matrix.
A similar untruncated block Hankel matrix, denoted by H, appears in the
proof of |2, Lemma 2.3].

Lemma 3. Let F,, GtV and G2 be as in (81), (82) and (33), respectively. Thus,
for n = 2m, we have
Gom(@,y) =hs (2%) (w7 L Iy ) HY (57035 i) " ham(y?), (36)

G2 (2, y) = — 15, (2%) (2 gy 23, ) HO (57, 572y, ) hom ().
(37)
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Forn =2m+ 1, we have

1 * — — _ *
Girr (. 9) =1 (7%) (L2 Ly ) HO (1,52 ) gomin (%), (39)
2 * _ — — __ __ *
gérr)ﬂ,—l(xvy) :_g2m+1($2) (a7 1Iq7$ 3Iqa"') Hé})) (y IIqa 3Iqa"-)
- Gam+1(y7).- (39)

Proof. We prove (36). With (10), we have

1 % _ 1%, x _ _
Gon (2, y) = h3,, (z°) (thznﬁ (°)g5(2%) — ngzm(yQ)hﬁ(yQ))

- hon (%)

=2 i 72 hs,, (z°) (81(y72 —z %) - SQ(y’A‘ — a:’4) +s3(y ¢ —279)
— .. ) hay(v?)

21,21y2 5 (T7) (51— soz 2y ) +s3(z 27y 2y
—..) hgm(y2)

:h;m(j2) (x_2ICI7 x_41117 . ) Héi) (g_QIq’ g_4Iqa .. >* h2m(y2)'

In the last equality, we substituted (35) for & = 1. Similarly, to prove (37), we use
(10) and (35) for k = 0. Equalities (38) and (39) are proven by applying (11) and
(35) for k =0 and k = 1, respectively.

Remark 3. The infinite block Hankel matriz H&l)) appearing in (36) arises
naturally from the Laurent expansions in (10). Indeed, the expression

1

e (270 ()85 (3) v gon (P (1))

generates an infinite series in negative powers of x and y, whose coefficients are
precisely the moments (s;);>1, giving rise to the infinite block Hankel matriz HC%)
i the representation

(7227, .. ) HY (5721, 5741,,...)".

However, since Qgﬁ 18 a polynomaial, only finitely many terms contribute to the
products appearing in (36). Consequently, the right-hand side of (36) effectively

reduces to a finite truncation of H&l)),
The same observation applies to the right-hand sides of (37)-(39).

In view of Remark 3, the infinite block vector

(721,614, ...) hop(€2)
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can be decomposed into a polynomial part and a part containing strictly negative
powers of &, namely,

(€200, €y, ) hom(€%) = M5 (€) + 51D (€). (40)

Similarly, we have

(€711, E7% L, .) " hom(€2) = h5)(€) + M (&), (41)
(I € 2Lgr ) Bomr1(€2) = 8o (€) + ok (6, (42)
(€756, )" goms1(€%) = 8oy () + 851 (6). (43)

Here, hg:nl)(f) (resp. géﬁ,ﬂ_l({)), for k = 1,2, are polynomials in £, whereas h;’fs) &)

(resp. gé’ﬁll(f)), for k = 1,2, are polynomials in £1.

For a natural number m, let
T = diag (I, (1)1, (=1)%I,, ..., (~1)™1,) (44)

be a (m+ 1)g x (m + 1)g matrix.
The following remark explains how the infinite Hankel matrices H, éif) reduce to
finite block Hankel matrices when acting on the polynomial components hgfrlb)(f )

(resp. géﬁll(ﬁ)), for k = 1,2, introduced in (40)-(43). This follows from direct
calculations based on the corresponding decompositions.

Remark 4. Let hi1V (), h$V(€), g5t (€) and g&. 1 (€) be as defined in (40),

2m

(41), (42) and (43), respectively. Furthermore, let Hy j, Hy j and Jfrlf) be as defined
in (12) and (44), respectively. Thus, the following equalities hold

/\

”>*<> O (y) =S (2) Tt Ho -1 Jm—1hS,) (1), (45)
@ HOBE) () =hG) (2) T -1 Hy 1 Jm—1h5 (1), (46)
g2m+1( )H g2m+1(y> 2m+1(‘%)‘] Hlmjm/g\gilﬂy) (47)
goo iy (D) HOgo) (y) =85y (2) Tm—1 Hom—1 T 18y (), (48)

where (11) (21) (11) ~(21)
hy,,", hy, §2m+1 and 85,4

(11) h(21) (11)

represent finite-dimensional restrictions of the matrices hy, ’, hy 7, g5 ° and

géﬁill In particular, the polynomial part of

b5 () = (57205, (7%), 7 D3 (@), - 7 2 03 (77)° (49)

18 the restriction of the polynomial part of the matriz

11 ——271 % — ——4y % — —— * — *
hgm) (y) = (y 2h2m(y2)7 Yy 4h2m(y2)7 ey 2mh2m(y2)7 Oqa Oqa .. ) .
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Equalities (45)-(48) correspond to those in the proof of [2, Lemma 2.3|, where,
instead of the matrices Hy ; and Hjj, the truncated block Hankel matrix H,,
is used. Moreover, in place of the matrix Hc(é), the infinite Hankel matrix H is
employed.

For a matrix polynomial Q(z) = Qoz’+ Q12 ' +.. .+ Q12+ Qy, the Hankel
block matrix

Qe Qra ... Q1 Qo
Qr—2 Qr3 ... Qo 04

5(Q) = (50)

Qo Og ... 0 Og
is called a matrix symmetrizer of @Q(z). This matrix provides a finite-dimensional
representation of the coefficients of () and will be used to express the Bezoutian
in terms of block Hankel matrices. In [40, page 455], the concept of symmetrizer

is introduced for scalar polynomials.
Additionally, let

F2F(z) = (Iq,i'QIq,...,i"%Iq) : (51)
FE @) i= (20, 8%y, 8% 70,) (52)

In the following theorem, added by symmetrizers of corresponding matrices and
the block Hankel matrices Hy, j, we obtain a factorized expression of the Bezoutian

forms 95717)“ géiz, gé}%ﬂ and géii-s—l'

Theorem 1. Let Qéfg, gg’fn)ﬂ for k =1,2 be as defined in (32) and (33). Addi-
tionally, let hy,, g,, S, jm, Hi;, Hyj, ng(x) and ka_l(x) be as in (3), (4),

(50), (44), (12), (51) and (52), respectively.
Therefore, for n = 2m, the following equality holds:
Gy (@, y) =Fy ™" (@) S(03,,) T Hoa1 T2 S (ho) By 2 (), (53)

*

G2 (2, y) = — FC™ V(@) S(05,0) Tt Him1Jm1S (hom) FP™ D (y).  (54)

Forn=2m+1, we have
Gom1(@,y) =Fy"" ()5 (841 o Hin TS (82ms1) Fy " (9). (55
Moreover,

G2 (@) = — FP™ V(@) S (@5 mst) Tt Hom—1 I 15 (E2m i) F™ (),
(56)

where
§2m+1(z) = qum—l + Agzm_Q + ...+ Agp_o. (57)
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Proof. We prove (53). From (36), (40) and (45), we have
G () = 0y (2) Tons Ho 1 T ) (1), (58)
We examine ﬁgg) (y). By using (49) and (50), we have

Agm_g + ...+ A2y2m74 + qu2m72

RYD(y) = [ Armma oot A
.I.q.
AQm_Q A2 Iq Iq
_ A2m—4 Iq yQIq
‘I'q' ym;ajq
=S(hom) (Ig, 71, - -, 5" 21,)" . (59)

By substituting (59) for (58), we obtain (53). Similarly, by using

G52 (,y) =h2Y " () Tt Hi g1 Tt D) (1), (60)
G0 () =8 (2) T Hi 1 T B (), (61)
G2 (@) =8 (2) Ty Hon 1 dm 18501 (), (62)

one can prove (54), (55) and (56). Equalities (60), (61) and (62) readily follow
from (46), (47), (48) and (41), as well as from (42) and (43). Additionally, one
also uses (37), (38), (39), (51) and (52).

Remark 5. The polynomial gop,y1 defined in (57) has degree m — 1, in contrast
to the original polynomial gom+1 defined in (4). Using gom+1, we construct the
symmetrizer S(8am+1) appearing in the matric WQ(?,BLH in (76). This is consi-
stent with the fact that the block Hankel matrices Hy p, and Ho ,—1 have different
dimensions.

In the following corollary, we represent F,, as a matrix quadratic form regardi-
ng the block Hankel matrices H; ; and Hj j, as well as the symmetrizer matrices

S(th)a S(g2m+1) and S(§2m+1)-

Corollary 2. Assume the same conditions and notations as in Theorem 1. Let
Jm be as in (44). Moreover, let

@._(J 0
o (i)
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for all v, £ > 1. Furthermore, for k= 0,1 let

i o= (S0 ) g (e L, )
% st (64

= (5 st ) T i)
(&5 s@nn) (%5)

With F,, be as in (31), the following equalities hold:

@2m—-2),-+\ * (2m—2)
I (Z) (1) (1 (v)
Fom(z,y) =29 Wa, |9, , 66

2 (33 y) <F1(2m 1)(IB)> 2 F1(2m 1)(y) ( )

and

(@m) -y \ ™ (2m)
Fy(x) (1) Fy™ ()
Fomt1(z,y) =2 SN W 0 . (67)
F1(2 1) x) 2m+1 F1(2 1) (y)
Proof. Equality (66) follows directly from (34), (53), (54) and (64). In a similar
manner, Equality (67) can readily be derived from (34), (55), (56) and (65).

4. Hurwitness of Hurwitz-type matrix polynomials

In this section, using the explicit form of the Bezoutian matrix (66) and (67),
we verify that an HTM polynomial f,, is indeed a Hurwitz matrix polynomial.

In [49], the Hurwitz property of HTM polynomials was studied. However, the
proof of [49, Theorem 3.5] concerning the inertia of the matrix polynomial f,, for
n = 2m is neither explicit nor complete, and a proof for the case n = 2m + 1 is
not provided. See Remark 14.

Recall that the inertia of matrix polynomials, denoted by ~(f,), provides the
number of eigenvalues of f,, with positive, negative and real zero parts, respecti-
vely; see |41, page 410].

We rewrite Corollary 2 for the pair (ix,iy) instead of (z,y).

Corollary 3. Assume the same conditions and notations as in Theorem 1.
Moreover, let F,, J¢, Wé?,z and Wégz“ be as in (31), (63), (64) and (65), respecti-
vely. Thus, the following equalities hold:

2m—2),-\\ * (2m—2)
L F, (z) (m=1)y1,(0) ~(m—1) [ F, (y)
Fom(iz,iy) =2 | o Tne1 WomT- Qo 68
om (i, 1Y) <F1(2m 1)(9?)) m—1 2mY'm—1 F1(2m 1)(3/) (68)

and

(2m) /- * (2m)
. EF X m 0 m F Yy
]:2m+1(2x72y) =2 (Fl(gml() ))> "77’(77,—)1W§773,+1‘7ﬂ(’b—)1 <F(gml() (i)) ) (69)
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Proof. Equalities (68) and (69) readily follow from (66) and (67), respectively.
Let

‘/[0,277171](1‘) = (Iq7 j:-[q’j:QIqa . i,2m QI —om— 1[ )
V[O,Qm](x) = (Iq, E[(Pj?[q’ T F2m— 1[ _ZmI )

Furthermore, let 72y, (resp. Tam+1) be elementary block matrices such that

B @) _ g v (70)
FE () m= ’
and o)
Fy " (v) (m)
= Tom+1Vio.om ) 71
<F1(2m1)(x)> T Tem+1V]o 2m) (T) (71)

The following remark readily follows.
Remark 6. Using (70) and (71), equalities (68) and (69) can be written as
follows:

L X 0 1)

Fom(i,iy) =2Vi§ gy (D) T T WS TN ) Tom Vig o (), (72)
Fomr (12, ) =2Vi5 g10) (@) Toimi1 Tt Wanmar Taioh Tomet Vio o) (9). - (73)
The positivity of the matrices W( ) and Wégz 41 I8 consistent with the spectral

separation described in Remark 2. Indeed, the substitution z = ¢\ transforms
separation with respect to the imaginary axis into a Hermitian positivity structure
for the associated Bezoutian kernel.

We now state the main result of the present work. The key step is to express
the matrix

1
;BL*{,L* (L, L)

in terms of the Bezoutian forms obtained above and to prove its positive defini-
teness. This allows us to establish the Hurwitz property of HTM polynomials.

Theorem 2. Each HT'M polynomial is a Hurwitz matriz polynomaial.

Proof We use Corollary 1 with
LX) =£,(GN\) and Li(\) = f,(—i)) (74)

and Equalities (23) , (24), (31), (32), (33) and (34). For n = 2m, by using (72),
we have

me«L L1) = 275, T W 7 D T (75)

By employing (73) for n = 2m + 1, we have

1 m m
EBL{,L* (L, Ll) = 27#2*;71+1j75Lf)1W2(?r)L+1‘77(nf)17i2m+1‘ (76)
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The right-hand sides of (75) and (76) are positive definite matrices because

Hs 1 0 Hy 0
( 0 Hl,ml) and (0 H2,m1> (77)

are positive definite, and both jé"izl)ﬁm and .77(:1)1757,%1 are invertible matrices.
By Corollary 1, the spectra of

LX) = £,(i))

belong to the upper half-plane of C. Consequently, the spectra of f,(z) lie in the
open left half-plane of C. Hence, the HTM polynomials f,, are Hurwitz matrix
polynomials.

Remark 7. By employing (25), note that
V- (£ (i) = 10 (£a (@A) = 0,

and therefore
V(fn(Z)‘» = 7+(fn(Z)‘)>

This is equivalent to the fact that all zeros of det £,(\) lie in the open left half-
plane.

The following remark illustrates the previous observation in the simplest
nontrivial case.

Remark 8. A gxq HTM polynomial f5 of degree 2 is a Hurwitz matriz polynomial;
it admits the representation

fa(2) = qu2 + 802 + 85131.

The next remark concerns the matrix measures associated with HTM
polynomials and their connection with the corresponding orthogonal matrix
polynomials.

Remark 9. A ¢q x g matriz o(-) defined on [0,00) is called monotonically
nondecreasing if o(t) is self-adjoint for all t € [0,00) and o(t2) — o(t;) > 0
fOT tl S t2,

Forn = 2m+ 1 (resp. n = 2m), the points of discontinuity of the distri-
bution function Gommax (T€SP. O2m.min) that correspond to the measure oam max
(resp. o2mmin) are given by the roots of the polynomial det(Py,,(—2)) (resp.
det(2P5,,(—2))); see (21) and (22).

On the other hand, the polynomials (19) and (20), which are constructed using
the moments sj, can be obtained from an absolutely continuous distribution on
[0,00) that corresponds to a positive measure on [0,00), as shown in the next
example.
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The following example illustrates the previous construction in the case of a
fifth-degree HTM polynomial. For the matrix polynomial f5, we compute the
Bezoutian forms gél) and Qéz), the symmetrizers S(gs) and S(gs), the matrices

jl, jg, j1(2), as well as the matrices Wéo) and 75. Using these matrices, we obtain
an explicit representation of

1
EBLT,L*(La Ly),
whose positive definiteness ensures that f5 is a Hurwitz matrix polynomial.

Example 1. Let

f5(2) = 2°I + A12* + Ag2® + A32® + Asz + As, (78)

2 486 560 g,
— — — 37
whereA1—<i 1>’A2_<§§74i 6>’A3_<5i 5>7
1158 292 :
0 22—
— — 37

e oan- (1 3)
The matriz polynomials hs and g5 have the form

h5(.’L’) = AlfL'Q + Asx + As, and g5(fL') = IQ.’L'Q + Aox + Ay (79)

Using (79) together with the Laurent expansions (10) and (11), we obtain the first
four moments:

2 —i 4 —i 16 —22
SO_<7: 1>a 81_<i 1)352_(27: 2)7 (80)
96 —61 768 —24i
%= <6¢ 6 ) ) B4 (24@ 24 ) ‘ (81)
The Bezoutian forms Qél) and gé” defined in (32) and (33) are given by
G (2, y) = ( '911(95,9) —ig12(z,y) )
5 (@) igi2(z,y)  g2(z,y)

where

= % (372" (37y* + 280y> + 146) + 4a” (2590y* + 22883y + 15297)
+5402y* + 61188y” + 134436)

g2 = ((y* + 5% +2) 2* + (55" + 264> + 12) 2> + 2 (y* + 64> + 6))

go2 = (y* + 5y* +2) o* + (5y* + 26y% + 12) 22 + 2 (y* + 6y° + 6)

gi1

and

G (z,y)

_4xy(37(37y2+272)x2+10064y2+88236) iy ( (y2 n 4) 22 4 4y2 41 8)
1369
—izy (2 +4) 2° + 492 + 18)  —ay ((y? +4) 2 + 4y* + 18)
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The matrices S(gs) and S(gs), defined in (50), have the form

1158 486
IR
A BY O g
S(gs)= (A2 L 02| =] by 6 0 10 0 (82)
37
L 0y 0 1 0 0 000
0 1 0 000
o B0 B o010
_%’562 6 _%%42 6 O 1
367 37
~ . (A L\ | ¥ 0 1 000
1 0 0 000
0 1 0 000

The matriz polynomial g5 has the form
gg,(x) = Ig$ + AQ.
Furthermore, the matrices Fé4) and F1(3)7 defined in (51) and (52), have the form

FP) = (I, #2L, #'L)" and FP@)= (L, 2°L)". (84)
The matrices Jo and Jy, introduced in (44), take the form
(L 0, 0 Lo
Jo=10y =L, 02|, and J1:<2 2). (85)
02 —1Ip
O 0o 19

Using (80) and (81), we construct the matrices Hy o and Ha 1. One readily verifies
that these block matrices are positive definite. From (82), (83), (84), and (85), we

obtain the right-hand sides of (55) and (56), which allow us to conclude that Qél)
and —g§2) are positive quadratic forms.
The matriz %BL’{,L*(Ly Ly) in (76) can be written as the product of the matrices

@ _ (] O
o (5 1)

o _ (S(gs) 0 ) @) <H1,2 0> @) (S(g5) 0 )
Ws —( o s@)) Lo m) U0 s@Es)

and the matriz Ts, which appears in (73), has the form

I 02 02 02 02 09
02 02 I 02 02 02
Ts =102 02 02 02 02 Iy
O Io 02 02 02 02
02 02 02 02 I 02
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From these matrices, together with (73), (76), Corollary 1, and the second matriz
in (77), it follows that the matriz polynomial f5 is a Hurwitz matriz polynomial.

The following remark illustrates how HTM polynomials can be generated from
matrix-valued measures on [0, 00).

Remark 10. The polynomial f5 in (78) can be constructed starting from the
matriz-valued distribution

5 () = (4—26—96/2 ie™® )

—ie” " 2—e )’

defined on [0, 00).
More generally, the construction of HTM polynomials can be initiated from a
nonnegative Hermitian matriz-valued measure (or a distribution of bounded vari-
ation) on [0,00) such that the associated block Hankel matrices Hy ; and Hy ; are
positive definite.
From this distribution, we compute the moments s;j as in (80) and (81). Next, we
apply Definition 4. Finally, the second equality in (18) is used to obtain (78).

Next, we recall the characterization of HTM polynomials in terms of block
Hankel matrices; see |6, Theorem 7.10].

Theorem 3. Let n be a natural number with n > 2, and let £, be a matriz-
valued polynomial. Let h, (resp. g,) denote the h,-part (resp. gn-part) of f,.
Furthermore, let n = 2m (resp. n = 2m + 1) with m > 1, and let Hy 1
and Hy -1 (resp. Hypm and Hy 1) be constructed from the Hermitian Markov
parameters of the polynomial £,,. Then the matriz-valued polynomial £, is an HTM
polynomial if and only if the block Hankel matrices Hy jp—1 and Ho 1 (resp. Hi
and Hy 1) are positive definite.

We now pass from the Hankel-matrix characterization to a Bezoutian
characterization. In particular, for an HTM polynomial, the Bezoutians associated
with the decomposition of f, into its h,- and g,-parts have definite signs.

Proposition 3. Let f, be an HT'M polynomial. Moreover, let h, and g, be
as in (2), (3) and (4), respectively. Furthermore, let Bygx nx (gn,hy,) and
Bgx 1 (8n, hy) be Bezoutians associated with the quadruple (zg),, hy, h};, xg,) and
(g, h,, h’. g,), respectively. Thus,

a) the matriz Byg: nx (18n, hy) is positive definite, and

b) the matriz Bgx nw: (&n, hy) is negative definite.

Proof. Let Ju, Sam+1, S(ham), S(82m+1) and S(am+1) be as in (44), (57)
and (50). For n = 2m, by using (32), (33), (53) and (54), we have

ngm,hgm (g2m7 h2m) - - S(hsm)jm—lHl,m—ljm—ls(h2m)-
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By (32), (33), (55) and (56), for n = 2m + 1, we obtain

Bxggm_’_l,h;m_H ($g2m+17 h2m+1) :S(gSm-i-l)JmHl,meS(g2m+1)

Bg; b, (82m41, homi1) = — S&mi1)Im—1Hzm—1Tm—15Bam1)-
From Theorem 3, see that assertion a) and b) are valid.

Remark 11. In [40, Theorem 2], it is proven that a scalar polynomial f, is
Hurwitz if and only if Bygs nx (Tgn, hy) is negative definite and Bgx px (gn, hn)
is posilive definite. Note that the Markov parameters related to [40, Theorem 2]
have the opposite sign compared with those associated with parts (a) and (b) of
Proposition 3.

5. Completing a matrix polynomial to an HTM polynomial

As indicated in [10], not every Hurwitz matrix polynomial is an HTM
polynomial. In this section, we propose a procedure to complete a given matrix
polynomial into an HTM polynomial.

In [10], the polynomial

Py(2) = Iz + A1 2% 4 Agz + A3 (86)
with
2187 1206 10662 8700 11178 10524
— ([ 109 109 — [ "109 109 _ [ "109 109
a= () - (e ) - () )

was suggested as a polynomial that is Hurwitz but not an HTM polynomial. The
rational matrix function 1 (A;z + As) (Ioz + As) ™t does not satisfy property (30).
Moreover, as indicated in [10], the 2 x 2 matrix coeflicients ¢; of the expansion

1
2 (Ar1z + A3) (IQZ—l—Ag)*l == _

are not Hermitian matrices. Consequently, the polynomial P53 cannot be investi-
gated in the framework of HTM polynomials.
The following result allows one to determine whether a matrix polynomial P,
that is not an HTM polynomial is in fact a Hurwitz polynomial by “completi-
7

ng,” mainly by perturbing P, with another polynomial @,_1. This is done by
constructing a new HTM polynomial of degree 2n.

Theorem 4. Let P,(z) be ¢ X ¢ a monic polynomial of degree n. If there exists a
q % q polynomial Qn—1(z) of degree n — 1 such that

f2,,(2) = Po(2%) + 2Qu1(2?) (88)

is an HTM polynomial, then the polynomial P,(z) is a Hurwitz polynomial.
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Proof. From (18) and (19), there are polynomials P, y @1, such that
Po(z) = (=1)"Pf (%) Qu-1(2) = (=1)"*'1Q3 ,(=2) and Py () is an orthogonal
polynomial on [0, +00) with respect to a certain positive measure o corresponding
Q1n(2)
P a(2)
det Py ,(2) lie in [0, +00). Consequently, the roots of the polynomial

to the Stieltjes transform — . By |21, Theorem 1], the roots of the polynomial

det Py(z) = det((—1)" Py ,(—2))
lie in the open left half-plane. Therefore, det P,,(z) is a Hurwitz polynomial.

Remark 12. Let P, be a monic matriz polynomial and let P, denote its transpose.
Since
det P, = det P,

Theorem 4 is also valid for P} and Q! ;.

For the construction of the polynomial @,_1 appearing in Theorem 4, we
propose the following algorithm. The procedure is based on the representation of
the associated rational matrix function in terms of orthogonal polynomials and
the corresponding Markov parameters, which allows one to recover @,_1 from a
given polynomial P,.

Algorithm for finding Q,,—; from P,

Step 1. Let Py (2) = (—1)"Py(—%) (resp. Pi,(2) = (=1)"PT (-z)). By using
(17), compute Q1 ,(2) in terms of the coefficients of P,(z) (resp. P (z)) and the
moments or Markov parameters s;, associated with some positive measure o on
[0, +00).

Step 2. Verify that Pin(®)

satisfies Equality (30). If Equality (30) is not satisfied,

Q1. (2)
we cannot apply this algorithm.
. . . . Py (z ..
Step 3. By using the rational matrix function Ql*’”((?), calculate the remaining
1,n

Markov parameters from the set (sj)jz-ial.

Step 4. If sequence (sj)?zal is a positive definite Stieltjes sequence, meaning that
the corresponding Hankel matrices Hy,—1 and Ha,_1 are positive definite matri-
ces, then Q,—1(2) = (—1)"“@1*7”(—2).

Example 2. We apply the completion procedure to the matriz polynomial (86).
For P](z), we use the above algorithm together with Remark 12. With moments

26 —b 4b  —b 166 —2b
S0 = (—b b >, 51 = (—b b ) and so = (—Qb o >, we calculate Q1 3(2);

therefore, we have
Q13(2) = 5022 + 2(s1 — Al s0) + 89 — A] 51 + AT s0.

P4 (z
From the Laurent expansion of _%’ we calculate the moments
1,3

_ [96b —6b (7680 —24b (76806 —120b
B=\6b 6 )T \ =24 24 )T \ 1200 1200 )
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The block Hankel matrices Hy2 and Hs o are positive definite matrices for b > 0.
From (19), polynomial Q2(2) constructed from P has the form Q2(z) = Q7 3(—2).
Thus, the resulting HTM polynomial fs can be represented as in (88):

f5(2) = 250 + B12° 4+ A12% 4+ Bzt 4 Ay2® 4+ B3z + As. (89)

The coefficients A1, Ay and As are given by (87), and the coefficients By, By and

B3 are
26 —b 2% - _gp 6826 _11b
= — [ 109 — [ 109
By (—b b > B2 (—Sb 8b )  Bs <—11b 11b ) ‘
By Theorem 2, matriz polynomial (89) is a Hurwitz matriz polynomial for b > 0.
Finally, by Theorem 4, polynomial Ps as in (86) is a Hurwitz matriz polynomial.

In the scalar version, one can construct a sequence of scalar Hurwitz polynomi-
als (fj)52; using the sequence of scalar orthogonal polynomials on [0, +o0)
(p1,5)52; and (p2,;)72; as in Definition 4; see [12].

In the following lemma, we propose constructing a family of scalar Hurwitz
polynomials involving the polynomials p; ;, and po ; and their derivatives.

Lemma 4. For q =1, let (p1.m(2)) (resp. (p2,m(2))) be as in Definition 4, and
let p1m—1(z) == d%me(z) (resp. pam—1(2) = %pgvm(z)). Thus, for m > 2, the
polynomials

fom(2) = (=1)"™(pr,m(—2%) = 2P1,m—1(—%7)) (90)
and

Fomt1(2) = (1) P2m(=2) + 2p2m(=27)). (91)

are scalar Hurwitz polynomials.

Proof. The proof of (90) and (91) readily follows from the interlacing properties
of the roots of the orthogonal polynomials py n,(2) and pg m—1(2) for k =1,2, and
from the fact that aga; > 0, where ag and a; are the leading coefficients of the
polynomial f,,(2) = agz™ 4+ a12" "' + -+ + an; see the Hermite Biehler theorem
3], [32].

Remark 13. From (78) and (89), we see that the determinants of the coeffici-
ents of these polynomials are positive. Based on this observation, we propose the
conjecture below.

Conjecture. The determinants of the coefficients A; of an HTM polynomial £,
are posilive.

6. Additional remarks

In this section, to clarify the importance of the present work, we recall several
relevant results from [49], paying particular attention to certain steps in the proofs
that were left implicit. We emphasize that the authors of [49] (2021) were the first
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to propose that the HT'M polynomials possess the Hurwitz property, while the
concept of HTM polynomials itself was introduced earlier by the author of the
present work in [6] (2015).

Lemma 5. [49, Lemma 3.4] Let Nr(z), Dr(z), N1(z) and Dr(z) € C[z]P*P be
reqular such that deg D > deg Ngr, deg Dy, > deg N1, and, for all large enough
z € C,

(DL(2)) ' Ni(2) = Na(2)(Dr(2)) ' =Y 2~ FHs,.
k=0
If D1.(z) and Dg(z) are written in the form
mr, mRpR
DL(Z) = ZDL,mLszk and DR(Z) = ZDijR,ka,
k=0 k=0

where Drj, € CP*P for k=0,...,mr and Dry, € CP*P for k=0,...,mg, then

Dim,—1 - Drgo S0 . Smp1
Bp, N, (DR, Nr) = :
Do . Smp—1 *°  Smpimp_2
Dgrmp—1 -+ Dgryo
: : (92)
Dgryo

)

Let Ly and L be as in (74). In [49], the Theorem 3.5 is regarding the inertia
representation of matrix polynomials f,,. For n = 2m, in the proof of [49, Theorem
3.5] the [49, Equality (3.6)] in terms of our notations is the following

BLI7L* (L, Ll) = QiBhsm(,ﬁ)}ngzm(,ﬁ)(hgm(—$2), —$g2m(—$2)). (93)

The authors of [49] use 2i Bry _pv (ﬁe, —ﬁo) in place of the right-hand side of

(93). They claim that Lemma 5 implies that the matrix 2i Bry gy (ﬁe, —ﬁo) is
congruent to the block Hankel matrix

S0 Op S1 s Sm—1 Op

0, s1 0p -+ 0p  $m

S1 0p s2 - Sm 0p (o)
Sm—1 Op Sm  S2m-—2 Op

Op Sm Op s Op Som—1

and that, after a suitable reordering of rows and columns in (94), it is further

congruent to
Hym 0 >
’ . 95
< 0 Hyp1 (95)
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Remark 14. By comparing the Hankel matriz of the right-hand side of (92) and
the matriz (94) It 1s not clear how from 2i Bry _py (F., —Fy) one gets (94).
Furthermore, it is not clear how from (94) one obtains (95).

‘ , . Hym— 0
In contrast, for n = 2m, in the present work we derive the matriz ( 2’6” ! H 1)
,m—

associated with the quadratic form in (95) by employing the decomposition (34)
and by computing explicitly the quadratic forms corresponding to (32) and (33),
as shown in (66). Additionally, for n = 2m + 1, the proof of [49, Theorem 3.5] is
not given.

In Theorem 4.10 of [49], a “stability criterion via Markov parameters” for
matrix polynomials f, in even and odd cases is suggested. We have the following
remark regarding this.

Remark 15. Forn = 2m, Theorem 4.10 of [49], is related to the HTM polynomi-
als. Other matriz polynomials, for example, the Hurwitz polynomial (86), are not
covered by [49, Theorem 4.10].

In this work, we do not discuss the case n =2m + 1 of Theorem 4.10 of [49].

7. Conclusion

In this work we obtained an explicit representation of the Bezoutian associated
with Hurwitz-type matrix polynomials. This representation clarifies the relation
between Hurwitz-type matrix polynomials and classical Hurwitz matrix polynomi-
als and provides a constructive tool for verifying Hurwitzness in the matricial setti-
ng. Our approach, based on the decomposition of Bezoutians and on the structure
of truncated matricial Stieltjes moment problems, offers a natural framework
for extending classical stability criteria to matrix polynomials. In addition, we
proposed a method to enlarge the class of Hurwitz-type matrix polynomials by
perturbing a polynomial that is not of Hurwitz type so that the new polynomial
becomes Hurwitz type. These results contribute to a better understanding of the
structure of Hurwitz-type matrix polynomials and their relation to Bezoutians,
and they suggest further developments in matrix moment problems, continued
fractions, and stability theory.
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JificHnit cKaasipHMii TOTIHOM, KOPeHi SKOT0 JIeyKaTh Y JIiBiil MiBIIOMMWHI KOMILITEKCHOT
IO HA, HAa3UBAEThCA moiHoMoM ['ypseimna. Ile monsaTTs moxomurs 3 pobit Ix. K. Ma-
kesesuia, E. JIx. Payra, ta A. Typsiua, i nissiie BuB4a/iocs 3a JIOIOMOIOK TAKUX Me-
TOAiB, K mocimoBuocTi IITypma, mapamerpu MapkoBa, Ta JIAHIIOTOBI Ipo0H; IUB., HA-
npukiaz, Teopia mampuys, Tom 11, Pozain XV, AMS Chelsea (2000), @. T'anTmaxepa.

Marpuunuii noainom P(z) po3mipy ¢ X g HasuBaerbca L'ypeinesum skino det P(2)
€ I'ypsinesum nmominomom. Koken marpwanuii nmominom f, moxke OyTu mpemcraBiaeHumit
y dopmi f,(2) = h,(22) + 2 g,(2?). Marpuwanuit noninom fy, HasuBaeTHCA MOTIHOMOM
tuiy Typsina skmo supas gom(2)hy ! (2) Homyckae npejcrapienns y BUrIsil CKinuen-
HOTO JIAHIFOTOBOTO IpO0Y 3 J0JATHO BUHAUEHUMHU MATpPUUYHUMHU Koedimienramu. Anajo-
rivHO, MATPUIHMI NOJIHOM HemapHoro crenens fi,,.1 € momxiromom Tuny I'ypsina sxiuo
1homi1 (2)8am1(2) Mae Taky X caMy BITACTHBICTD. IIOHATTS MATPHYHIX TOMIHOMIB THITY
I'ypsima 6ym0 BBemeno B IIpo mampuuni noainomu muny Lypeiya ma ix 63aem038°a3%u
3 dodamno susnavwenumu nocaidosnocmamu Cmismoveca ma opmMo2OHAALHUMU MAMPU-
yHumu nosinomamu, Linear Algebra Appl. 476 (2015), asropom A. E. Yoke-Pisepo.

VY miit pobori Mmu BuBOmMMO siBHY (opmy Besyriama, MOB’sS3aHOTO 3 MATPUIHUMHA
noninomamu tuny ['ypsina. Toit daxT, mo marpuyni nogiHomu tuny I'ypsina € marpu-
ganMu TojiHOMamu ['ypsima, OyB 3ampOMOHOBAHUN Ta YACTKOBO [IOBEIEHUIN 3 BUKODU-
cranHaM Besytianis y IIpo y3azasvhenhs KAaCuMHUT Kpumepiis cmitixocmi Iypesiua oas
mampusnux nosinomis, J. Comput. Appl. Math. 383 (2021), asropamu X. 2Kanom ra
A. Ousauenkom. Ha Bimminy Bim 1i€i pobOTH, MU BUKOPUCTOBYEMO PO3KJIAIAHHSA (HOP-
vu Besyrtiana, BBesene B Jeakt numanmna meopii momenmis, llepekaaam MaTeMaTuTHAX


https://doi.org/10.1080/00207177808922362
https://doi.org/10.1016/j.cam.2020.113113
https://doi.org/10.26565/2221-5646-2026-103-01

Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHA MATEMATUKS i MexaHikay, Tom 103 (2026)37
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On stabilization of canonical nonlinear systems in a
special case

The paper addresses the stabilization problem for canonical nonlinear
systems, which in the triangular case correspond to systems in p—normal
form. These systems are inherently nonlinear because they are not feedback
linearizable, and their linear approximation is degenerate and does not
characterize the stability of the equilibrium at the origin. In the triangular
case, backstepping is a standard feedback design tool due to its recursive
nature. Backstepping provides a powerful framework for stabilizing a wide
class of nonlinear systems in strict-feedback form. However, this recursive
approach typically leads to feedback controllers of increasing complexity as
the system dimension grows. This motivates the investigation of simpler
control design methods. Several notable results on non-recursive stabilizati-
on have been obtained in recent years. The classes of polynomial control
laws have been constructed for the case of strictly decreasing exponents of
power terms in the right-hand side of the system. In particular, it has been
shown that the system can be asymptotically stabilized by a linear feedback
control law in the strictly decreasing case. Moreover, control coefficients
can be chosen as arbitrary positive numbers. It is also established that it
is possible to achieve stabilization in a certain special case of non-strictly
decreasing exponents under additional conditions on the control coeffici-
ents. In this work, we solve the linear stabilization problem in a previously
unexplored case of non-strictly decreasing exponents for a three-dimensional
system. We propose constructive method of finding conditions for the control
coefficients to guarantee asymptotic stabilization. Our approach is based on
the Lyapunov function method. We also use stabilization through nonlinear
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approximation to generalize our result. The effectiveness of the proposed
approach is demonstrated and confirmed by numerical examples.

Keywords: stabilization; nonlinear systems; Lyapunov function
method; critical case; feedback control; linear stabilization.

2020 Mathematics Subject Classification: 93D05; 93D15; 93D30; 34HO05;
34H15.

1. Introduction

Stabilization of nonlinear systems is an important and actively investigated
direction in control theory [1, 3, 4, 5, 6, 7, 9]. Particular attention has been
given to nonlinear systems whose behavior can not be adequately captured by
linear approximation [1, 2, 3, 4, 5, 6, 8, 9]. This situation corresponds to the
so-called critical case and requires nonlinear techniques beyond standard lineari-
zation, such as backstepping or its numerous modifications [5, 6, 7, 8. While
highly effective, the recursive structure of backstepping often leads to complex
control laws whose implementation becomes challenging as the system dimensi-
on increases. This motivates the development of non-recursive approaches with
reduced complexity, resulting in control laws of simpler form [1, 3, 4, 9].

In this paper, we focus on canonical nonlinear systems, for which linearization-
based methods are not directly applicable. Specifically, we consider systems of the
following form:

{j/:i:xﬁl-l-goi(zl,a:g,...,xn), i=1,...,n—1, 1)

Ty = ubn,
where p; > 1 are ratios of positive odd integers, and ¢;(z1, ..., x,) are continuous
real-valued functions of higher order than % | satisfying ¢;(0,...,0) = 0 for all

i=1,...,n—1. We address the problem of finding simple stabilizing controls for
this system.

Classes of easily implementable stabilizing control laws for system (1) have
been proposed in |3, 4, 9] using non-recursive Lyapunov design. In [9], it is shown
that system (1) can be linearly stabilized under the assumption of strictly decreas-
ing exponents, i.e., p;1 > py > --- > p, > 1. Moreover, under this assumption,
the control coefficients can be selected as arbitrary positive numbers k; > 0,
1=1,...,n.

Throughout the paper we adopt the following convention. For the linear control
law u(x) = —kyx1 — koo + - -+ — knxy, the parameters ki, ko, ..., ky, are called
control coefficients or control gains.

In what follows, we restrict our attention to the three-dimensional case
and consider the linear stabilization problem. In a related study [1], the local
asymptotic stability of system (1) for the case n = 3 was investigated. A
specific case of non-strictly decreasing exponents was studied in [1], namely
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p1 > p2 = ps = 1. It was proved that such a system can be stabilized by a
linear control law of the form

u(z) = —kim1 — koxo — kgws,
where k; > 0 for ¢ = 1,2, 3, provided that k; satisfy the following constraint:

5 _ ka(3+2V3)
k3 > ———=.
3

However, the question of the stabilizability of system (1) by linear feedback
remains open in the general case. In this work, we investigate a previously
unexplored case of non-strictly decreasing exponents in which p; = po > p3 = 1.
We constructively demonstrate that, under this condition, system (1) is locally
asymptotically stabilizable by a linear feedback control law.

Our primary objective is the synthesis of a linear state-feedback control law
u(x) that guarantees the local asymptotic stability of system (1) at the origin.
To achieve this, we employ the Lyapunov function method by constructing a
Lyapunov function obtained as a modification of the Lyapunov functions used
in |1, 9]. This allows us to derive explicit sufficient conditions for the control
gains and establish the asymptotic stability of the equilibrium at the origin of the
corresponding closed-loop system.

2. Problem formulation and Lyapunov design

We study the nonlinear system

il = .7}]2),
$‘2 = x§7 (2)
.fg =u,

where u € R is a control, p > 1 is a ratio of two positive odd integers. Here

b1 =p2 =D
We consider a linear state-feedback control law of the form

u(z) = —ki1z1 — kawa — ks, (3)

where k; > 0 are real positive numbers for ¢ = 1,2, 3. Our objective is to estab-
lish conditions on the coefficients k; under which the linear control u(x) ensures
asymptotic stability of the equilibrium at the origin of system (2).

Let us introduce the following Lyapunov function:

1 kb kL 1
V() =5 (91(0) 2 (k1a1)? + g2(p) > (krzy + kaw2)® + = (kazy + kowa + kaw3)? )
2 ey ko ks
where g1(p), g2(p) are strictly positive functions that depend on p. It should be
noted that in previous works [1] and [9], the weighting functions gi(p), g2(p) were
set equal to 1.
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Clearly, V(x) is positive definite for any choice of positive feedback gains
k1, ko, k3 > 0. To simplify the subsequent analysis, we use the following linear
coordinate transformation:

e1 = kixr1, eg=kix1+ koxo, e3=kiz1+ koxo + k3xs. (4)
Expressing the Lyapunov function in these new coordinates yields
1 k3 o kS o 1 o
Ve =3 (nEd + mid+ ). )
The corresponding inverse coordinate transformation is given by
T = k:flel, Ty = k;l(eg —ey1), 3= k:gl(eg —e2).

Differentiating (4) along the trajectories of system (2) under the state-feedback

control law v = u(x), we obtain

. . k1
€1 = klxl = klxg = ?(62 — el)p,
2

o = k1@ + kodo = k1ah + koo = é(BQ —e)P + sz)(BS —e)?,

) . . ) ki ko
é3 = k121 + koZo + k3xg = ?(62 — el)p + ﬁ(eg — eg)p + k’3u(f£)
2 3
Substituting the linear control law u(z) = —(kix1 + kawo + ksxs) = —es into the
third equation, we arrive at the system
€1 = %(62 —e1)P,
éa = ip(e2 —e1)? + {F(es — e2)?, (6)
k1

é3 = 172’(62 — 61)p + %(63 — eg)p — kses.

We now proceed to compute the time derivative of the Lyapunov function
V' (e), defined by (5), along the trajectories of the closed-loop system (6):

Now we evaluate each term individually, which yields

oV . Kb k1
676161 = (gl(p)kiel) <k§(62 - 61)p> = gi(pei(ez —e1)?,
oV | KO ([ Lk )
876262 = <92(P)k262> <k§(€2 —e1)’ + %(63 —e2) )
kq kP

= 92(P)kT+?{€2(62 —e1)’ + ga(p)ea(es — e2)”,
2

oV, 1 k1 ko
676363 = <k3€3) (kg(eg — el)p -+ %(63 62)p — kgeg)

= 763(62 - el)p + k;p+1 63(63 - 62)p — 6%.

ky ko
KDk ’
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By summing the above expressions, we obtain the total time derivative

. kKR
V(e) = gi(per(ez — e1)” + 92(1?)#62(62 —e1)? + ga(p)ea(es — e2)?
2

es(es —e1)? +

1 ko 2
+ —— ez(es —ex)? — ez,
ks gl el ma
Recall that p is defined as a ratio of positive odd integers, which implies that
(ei—e;)? = —(ej—e;)P for any 4, j = 1,2, 3. Utilizing this property and rearranging

the terms, we can express V (e) in the following form:

V(e) = —gi(p)ei(er — e2)? — ga(p)ea(ez — e3)” — €3

k1 k% k1 ko (7)
+ 92(19)@62(62 —e)’ + s e3(ez —e1)” + i es(es — e2)”.

Before proceeding with the estimation of V(e), we recall several fundamental
algebraic inequalities. These auxiliary results are well-established in the literature
[1, 6, 9].

Lemma 1. For any real number p > 1 and arbitrary scalars x; € R for i =
1,...,n, the following inequality holds:
|z 4 20 4+ xp P < 0P (|21 P A 2ol 4 2aP).
Lemma 2. Let p > 1 be a ratio of positive odd integers. Then, for all x,a € R,
the following inequality holds:
z(x+a)? > 25 PPt 4 gaP.

Lemma 3 (Parameterized Young’s Inequality). Let m > 0 and n > 0 be real
constants. Then, for any strictly positive parameter v > 0, the following inequality
holds for oll x,y € R:

mj, |n m m+n n - im4n
2™ |y|" < mvlw! o) " ly[™T"

We now derive several inequalities that will be required for the subsequent
analysis. By applying Lemmas 1 and 2 to the corresponding individual terms of
the derivative, given by (7), we establish the following upper bounds:

—g1(p)er(er — e2)? < g1(p) (—21_]36?rl + |€1H€2|p) ;
—ga(p)eales = ea)? < ga(p) (—27eh " + feslles”)

k1K kikE
toe(p)eaer — e < 32 o) (1 +lealleal) (®)
2 2

k1 k1,1

—pes(ea —e1)’ < 2P77 (lea|Ples| + [e1[Ples])
ko kay _,_

Weg(eg — 62)p S W2p 1 (eg""l + |62|p|€3|> .
3 3
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By Young’s inequality, for any real numbers a,b > 0 and n,m > 1 such that

+ =+ =1, we have

1
m

S|=

a® "
ab < — + —
n m

Therefore, by setting n:=14+ s and m =1+ %, where s > 0 is an arbitrary
constant, we can estimate the term |e||e;| as follows:

S

s+1

P [le;| < i P+ 4 e |15,

1+s

Suppose that {C’i}?zl are positive real numbers. Letting s := %, we obtain

p p(p+1)

1 1 D +1
e1lle2|? = |CVer| | =€ < L A b
(p+1)
ch p+1 1 p+1
le1Plea] = |Cheq|P | —5ea| < —=2——e 57
+1
cy p+1 (p+ 1) ®*Y

To establish the following estimates, we choose any number s; € (%; 1) and apply
Young’s inequality with n =1+ s3:

(1+57)
1P 1 s Cr
ea|Ples| = | =—ea| |Cles| < o a0 A Mt B PN LT
eaPlsl = | o] | feol € oo e a—
1 cpts) s El
le1|Ples| = |Clex|P o es] < ﬁ,eﬂp(lﬁl) + 1p2(1+;)|€3’1+51’
4 (I+s)Cy 7

Next, we fix so € (%—1;%) for 1 <p < 2orany sy € (O,%) for p > 2:

p(1+L)
1 p 1 s9C o2 14+-L
Plo,| — Do | < p(s2+1) 4 2275 +s3
le3[”lez] '0563 |Cses| < 1+32)C§(82+1)’63‘ el

To establish asymptotic stability, we will determine additional constraints on
the parameters C; to guarantee the negative definiteness of V(e) in some small
punctured neighborhood of the origin.
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Applying the previously established inequalities sequentially, we obtain

+1
V(e) < _ ( )21—p p+1+ ( ) p p+1 Cf(p ) p+1
> —a1p €1 gi(p 7(1)4—1)01’“62 +7p+1 e
1
p(1+2)
+ g2(p) leg[P(2tl) + =25 |eg| T
(1 + s2)CEE2™Y) s2+1
_ kikt
— go(p)2" P — €5 + kpfi 27" ga(p)eh ™
2
k1k§ 1 Pog(pﬂ) +1 1 +1
+ ——=2P~ 2 ey eb
k129+1 92(p) ptr1 L (p+ 1>C§2(p+1) 2
p(1+)
kl — 1 810 o1
+ - I{:”Qp 1 p(51+1)’6 |p(51+1)+ 3 : les| 751
3k (1+s1)C% s1+
kl —1 C§(1+Sl) 1 S1
+ o p2” JeaFe1) + les| e
kskb s1+1 p2(1+L)
3 2 1 (1 + 51)04 1
p(1+2)
+ 2 gp-1 ! |ea[Pl1 D) 4 0G les] ¥
K5+ (14 s1)CHe1 Y s1+1
+ kQ 2p—1 p—i—l'

p+1 3
ks
Grouping the coefficients of the dominant stabilizing terms e’fH, egﬂ, and €3,
we can rewrite the right-hand side as

) CP(P+1) Ky kP pcp(erl)
<|_ 1-p 1 3 op—1 2 p+1
Vi(e) < [ 91(P)27" + g1(p) ol P gg(p)TH €
1-p b
+ | — 92(p)2 +91(@W (9)
1

kikP 1

+ @fﬁp Lg2(p) (1 + - 1)Cp2(p+1)> ]€’§+1 — €5+ he),
2

where the function of higher-order terms h(e) is given by

p(1+s1)
h(e) = [ M_gp-1Ci

p(1+s1)
kisk? s1+ 1 le1]

_ k1 1 ko 1
+ 9P 1 + ‘62’27(51"‘1)
[kﬁgk}g (1 + 81>C§(SI+1) k?ngl (1 + Sl)Cg(sl—i-l)]
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p(1+35)
opr—1 p+1 1 p(s2+1) 5205 ’ I+
- k?erl - 92( ) (1 4 )Cp(sz—i—l) ‘63| + S9 + 1 |€2‘ ’
(+3) (1+3)
p—1 k1 leg o1 S1 ko Slcp 1+-L
+2 kgkrg s1+1 + (1 )Cp2(1+i) k§+1 s1+1 les|
+51)Cy

We note that, in a sufficiently small neighborhood of the origin, the sign of
the right-hand side of inequality (9) for V(e) is determined by the corresponding
terms with the smaller exponents in each variable. Next we demonstrate that h(e)
consists entirely of higher-order terms and, thus, does not affect the sign of V(e)
for sufficiently small e.

We recall that s; > 113 and so < %. Therefore, the exponents of the factors

1
le1 [PAF51) | |eofP1+D) and [eo| 52 satisfy the inequalities
1
p(1+s1)>p+1 and 1—!—; >p+ 1.
2

This confirms that the sum of the terms with factors ey [P0+51) | |ey P51+ and

1+ : : p+ p+l
lea|” " 2 are locally dominated by the terms with the factors e}

sufficiently small neighborhood of the origin.

It is clear that the terms with the factors ef ™', les|' T “1, and |e3|P(2+1) are
dominated by the term with the factor e3 for sufﬁmently small e3. The conditions
for the exponents p+ 1, 1 + i, and p(s2 + 1) are verified as follows:

1
and e; " in a

p+1>2 is trivially satisfied since p > 1;
1
1+—>2 is satisfied due to the restriction s; < 1;
S1
p(s2+1) >2 is satisfied since sy > max {O p}
p

Thus, h(e) does not affect the local negative definiteness of V (e).
2. Conditions on the coefficients of stabilizing controller

Based on the Lyapunov function method, to guarantee the asymptotic stability
of the equilibrium at the origin, it is sufficient to show that the derivative V(e)
is negative definite in some neighborhood of the origin. In order to ensure the
negative definiteness, the coefficients associated with the dominant factors ef“
and e5™! must be strictly negative.

To determine whether there exist scaling constants C7 and Cs such that the
coefficients associated with eﬁjﬂ and e§+1 are strictly negative, we consider the
following system of inequalities:

_ cr+) ki kP cp(r+L)
—0(P)2' 7" + 1 (p) T+ 2 e (0) i <0,

_ 1- _p  kik 1 I
92(P)2 77 + g1(p) (pr1)C7 T + kpfi 2" g2(p) (1 * (p+1)c§2<p+1>> <0,
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which can be equivalently rewritten as

k1kP? op—1 pcp(p+1) 1— Cp(p+1)
kgﬂj 2P 92(]9) 12)+1 < g1 (p) 277P — 1p+1 ’

k1k? op_ _
2P 'g2(p) (1 + WZQ(JA)) < ga(p)2tP ~91(P) ryerT-

Consequently, we obtain a decoupled system where the left-hand sides of the
inequalities depend exclusively on the control gains k;, while the right-hand sides
depend solely on the scaling parameters C7 and Cy:

klkg ol—p 1—p Cf(:”‘*’l) il
kg+1 < gg(p)gl(p) 2 - p+1 pcg(p+1)7

10
e (10)

2
1-p » (p+1)Cp (p+1)
S (92([))2 91(p) (p+1)0'1p“) (p+1)C§22“’“>+1'

Given that the control gains satisfy ki, ko, ks > 0, the system of inequalities
(10) admits a solution if and only if the right-hand sides are strictly positive. Since
C7 > 0 and Cy > 0, this condition simplifies to the requirement that the terms
within the parentheses be strictly positive:

1
21—p B Cf(p-‘r )

> 0,
p+1

p

P Sy
)

(p+1)CY

Isolating C from these inequalities results in both an upper and a lower
bound:

92(0)2' 7 — g1 (p)

Crrty <2 (p 1),

91P)P_ p1
2@pE+1)"

An admissible scaling constant Cp exists if and only if the strict lower bound
is less than the strict upper bound. By raising the lower bound to the power of p
(to match the exponent of the upper bound), we arrive at the following sequence
of equivalent inequalities:

crtt >

92(p)(p + 1)
@g)p <p—]i 1)p <27 (p+1),
(i) <

Consequently, the necessary and sufficient conditions for the solvability of
system (10) are formalized as follows:

1+
L+

’ 92(p); (11)

0<gi(p) <2
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and

_gPp ? p(p+1) 1—p
<g2(p)(p+1)2 ) ST sEeED. -

2.1. Optimization of the scaling parameters

Let us denote the right-hand sides of the inequalities in system (10) as
Rl(Cl,CQ) and RQ(Cl,CQ):

9l—p - Cf(p+1) p+1
Ri(Cr,Cy) = mgl@) <2 o p—+1 pcg(erl)’ (13)
21-p B p (p+ l)C’pz(pH)
Ry (C,Ch) = —— ol=p _ 2 . 14
2(C1, C) 92(p) (gg(p) 9:(7) (p+ 1)Cf“> (p+1)CE P 4 (1)

Since the left-hand sides of the inequalities in system (10) are identical, system
(10) is equivalent to

ey K

p+1
k2

< min{R1 (Cl, 02), RQ(Cl, CQ)}

To obtain a sharper estimate, we maximize this minimum over the scaling
parameters. In other words, we are led to the following max-min optimization
problem:
max min{R;(C1,Cs), R2(Cy,Ca)}.
C1,C2>0

Analytical determination of the global maximum for this max-min problem
is non-trivial due to the complex nonlinear structure of R;. However, considering
the behavior of these functions (the opposite monotonicity of the corresponding
factors), it is reasonable to suggest that a near-optimal or optimal value is reached
when they are equal. While a rigorous investigation of global optimality is beyond
the scope of this study, we equate these functions to obtain a constructive sufficient
condition:

R1(CF, C3) = Ra(CF, C3). (15)

This constraint allows us to simplify the analysis and find a feasible candidate
pair (C7,C5) that ensures the fulfillment of the stability conditions (10). Observe
from (13) and (14) that the function R;(C1, C2) can be decoupled as a product of
two independent functions multiplied by weighting coefficient:

21-p
92(p)

Consequently, a sufficient condition to satisfy equality (15) is to equate the
corresponding decoupled terms:

Ri(Cl, CQ) = Fi(Cl)Hi(Cg), 1€ {1,2}.

Fi(C7) = F2(CY), and  H1(Cy) = Ha(Cy).
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Let us first evaluate the equality F1(C1) = F»(Ch):

1 Ci)(pﬂ) 1 p
ol=p _ - ol=p _ 7
91(p) D+ 1 92(p) 91(p) (p+ 1)0110“
- Cp(p+1)
(91(p) — 92(p))2" 7 — g1 (p) + o)) ———1 =0

+1
p+1 (p+1)C¥

In the sequel we consider the case of natural p. Multiplying the entire ex-
pression by (p + 1)Cf+l to eliminate the denominator, we derive the following
polynomial equation with respect to Ci:

g1 ()CF £ 212 (ga(p) — g1(p)) (p + 1P — g1 (p)p = 0. (16)

Similarly, we evaluate the equality Hy(Cy) = H2(Co):

pcg(l”rl) o (p+ 1)0§Z(P+1) + 17

(r+1) ((P + 1)052(p+1) + 1) =(p+ 1)pC§2(p+1)+p(p+1).

Dividing by the common factor (p 4+ 1) and rearranging the terms, we obtain
a polynomial equation in Cly:

pCEPH” (4 1)cy Pt —1 =, (17)

The existence of at least one positive root is guaranteed, since each polynomial
is negative at zero and tends to infinity as C; or Cy increases. According to
Descartes’ rule of signs, the number of positive real roots of a polynomial is equal
to the number of sign changes in the sequence of its coefficients, or is less than
this number by an even integer. Therefore, since p > 1, each of the polynomials,
(16) and (17), has exactly one positive real root.

Let Cf, C5 be the positive real roots of the polynomials (16) and (17) respec-
tively; then the equality (15) holds. Let us choose positive definite functions g;(p)
and go(p) that satisfy the inequality (11), for example:

g1(p) =1, ga(p) :==2". (18)
In this case, the corresponding polynomial equations simplify to the forms:
Crt 2t — 1)+ P —p =0,
2 2
pC’g(pH) —(p+1)C3 P+l 1=,

Furthermore, according to (12), the root C} must lie in the corresponding
interval:

P P . _
<2(p+1)) < (CHPPH) < 21=P(p 4 1), (19)
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For any specified odd integer p > 1, the exact values of C} and C3 can
be computed numerically. As illustrated in Fig. 1 the blue dots represent the
calculated roots C7 of the polynomial (16) that successfully satisfy the bounding
condition (19).

- C;
- C
1.00

0.95

0.90

0.85

0.80

3 7 11 15 19 23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 95 99
p

Fig. 1. Dependence of the roots C} and C5 on the chosen exponent p.
Puc. 1. Banexwnicts xopenis C} ta C3 Big BUOPAHOIO MOKA3HUKA P.

An analysis of the data depicted in Fig. 1 indicates that the identified positive
root Cf consistently satisfies the necessary condition (12) for all odd integers
p > 1. Thus, by numerically evaluating the roots C7 and C3, we can derive the
final stabilizing condition on the control coefficients from system (10):

e K

p+1
k?

< R1(CF,C3) = Ry(C1, C3). (20)

Consequently, a strict upper bound for the control gains can be explicitly
determined as a function of the exponent p. For instance, referencing the numerical
results compiled in Table 1, stabilizing system (2) for p = 3 requires the following
strict inequality:

klkg
s < 0.0066639059756,
2
where k; > 0 for i € {1,2,3}. When this condition is satisfied, the control law
u(x) = —ki1x1 — kowg — ksxs guarantees the asymptotic stability of the equilibrium

at the origin of the corresponding closed-loop system.

Remark 1. The restriction to odd integers for the parameter p is imposed here
only for convenience of exposition. In fact, the results remain valid for p > 1 being
a ratio of odd integers with some minor modifications required in the proof.

Remark 2. [t is important to note that while the system of inequalities (10)
remains solvable for any odd integer p > 1, the computed scaling parameters
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C{ and C5 are not necessarily globally optimal. Furthermore, the numerical
bounds derived using this methodology are highly dependent upon the selection
of the functions g1(p) and g2(p). Due to the inherent complexity of the nonlin-
ear analysis, predicting exactly how alternative choices for these functions might
nfluence the final numerical results is mathematically nontrivial. Consequenily,
we subsequently propose an alternative approach to establish a strict bound for the
control coefficients that relies exclusively on the system exponent p.

Table 1. Numerical solution depending on p.

L P | & | G [ Ri(C1.C5) = Ry(C1.C3) |
3 | 0.8069196040 | 1.03109362 0.0066639059756
5 | 0.8686373318 | 1.00779697 0.00011151180503
7 | 0.9026865506 | 1.00305250 1.7902 x 107
9 | 0.9234310693 | 1.00149759 2.837 x 1078
11 | 0.9370926072 | 1.00084302 4.472 x 10710
13 | 0.9466788767 | 1.00052068 7.03 x 10712
15 | 0.9537502144 | 1.00034384 1.103 x 10713
17 | 0.9591735749 | 1.00023883 1.729 x 1071°
19 | 0.9634622911 | 1.00017258 2.71 x 10717

2.2. Alternative approach to conditions for control gains

Now we present an alternative approach that guarantees the solvability of
the system of inequalities (10) for any odd integer p > 1. Numerical analysis
demonstrates that this method provides a slightly less conservative estimate for
the stabilizing control coefficients.

By substituting the functions ¢;(p) and g2(p) defined in (18) into the original
system (10), we obtain

kiK% < 91-2p <21p B Cf(PJrl)) 1

kbt p+1 pC2P ”
P p? (p+1) ( )

kiky 1-2p (9 _ p (p+1)Cy

kPt <2 2 cptl p2(p+1) | 1"

5 (r+1)CY (p+1)CF +1

To satisfy condition (12), we select a parameter value lying within the
corresponding interval. To ensure this, we take the geometric mean of the lower
and upper bounds of the interval as a candidate value. This leads to the following
sequence of calculations:

(p+1) _ P \'o,
e _¢(2<p+1>> 2+

p(p+1) _ PP 1-2
o _\/(p+1)p‘12 '
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[MIS]

1 D 1_
Cf(er ) — — 237 P,
(p+1)>
Consequently, C’f“ can be explicitly calculated by taking the p-th root:
1
crtl = <Cf(”+1)>p = 7\/5%1 2%,
(p+1) >

Substituting the expression for Cf“ into the system of inequalities (21), we
obtain

( S S
p_1
ki kg < 91-2p [ 9l—p _ (tD) 2 p+1
kg+1 p+1 pcg(p+1) ’

2 (p+1
kikf 9l1-2p | 9 _ P (p+1)CY (p+1)
gpF1 S -1 p2(p+1) | {°

2 (p+1)—E 127 (p+1)C} +1
(p+1) 2P

By algebraic manipulation, the system is reduced to a more compact form

k1k% 3_ —e— +1
k%+1 <232 3”(\@— pP(p+1)7P 1) W,

2
kiK% 2_9 _;\/77%1 (p+1)Cr> D)
k§+3i = 2 ’ <1 B 2 : p(p + 1) ’ > m‘

Let us introduce the auxiliary functions F (p) and Fy(p) to denote the constant
terms

o

(22)

Fi(p) =277 (xf —VpP(p+ 1)‘p‘1> ,

Fy(p) =477 (1 _97% W) '

Both functions are positive definite, monotonically decreasing, and asymptotically

approach 0. Furthermore, they satisfy the inequality Fi(p) > F(p) for all p > 1.
Thus, system (22) can be rewritten as follows:

kik?
kbt

< ﬁl(pa 02)7

karl < R2<p7 CQ)v

2

where the functions ]Sbl and Eg are defined as

= =~ p+1
Rl(p7 CQ) = Fl(p)77
pcg(P-H)

2 +1
(p+1Ccy >
(p+ D" 41

Ry(p, Cs) == Fa(p)
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For a fixed p, the function Ry (p, C2) is monotonically decreasing for positive
Cy, while Rs(p, C2) is monotonically increasing. Therefore, similarly to the previ-
ous section, we determine the optimal value for Cy at the intersection point, where
the right-hand sides of system (23) are equal:

2 1)
~ o pt+l - p+1)Cy @*
B (p)m = F20p ( )pZ?pH) ’
pCy (p+1)C5 +1

2

_ o )
Fi(p)(p+1)°C5 ™Y + Fi(p)(p+ 1) = Fa(p)p(p + 1)C5HY

By grouping the terms, we obtain the following polynomial equation in Cy:
~ 2 ~ P 1 ~
By(p)pCs " — Fi(p)(p + 1)CF TV ~ Fi(p) = 0. (24)

Let 5’2 denote the positive real root of this equation. By continuity, this root
exists, since the corresponding polynomial is negative at zero and tends to infinity
as (Y increases. Its uniqueness is guaranteed by Descartes’ rule of signs, since the
functions F(p) and Fy(p) are strictly positive for all p > 1. Thus, we select
Cy = Cy as the optimal scaling value for solving system (23).

Numerical calculations, illustrated in Fig. 2, demonstrate that Cy asymptoti-
cally approaches 1 as the degree p increases. Since C, is tightly bounded, we can
analyze the behavior of the right-hand sides of system (23) at these boundary
values. This allows us to derive a strict estimate for the control coefficients
k1, ko, k3 that depends exclusively on the exponent p, thereby eliminating the
need for complex numerical root-finding algorithms.

C, ofp

1.000

0.995

0.990

0.985

0.980

0975

0.970

0.965 —@— Real positive root C;

3 7 M 15 19 23 27 31 35 39 43 47 51 55 59 63 6/ 71 75 79 83 8 91 95 99
p

Fig. 2. Dependence of the optimal root 52 on the exponent p.
Puc. 2. 3anexHnicts ontuMaasHoro Koperst Cy Bif MOKa3HUKA .

To constructively estimate the maximum of the minimum of the right-hand
sides of system (23) from below, it is sufficient to evaluate the functions at Cy = 1.
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This structural behavior is confirmed by the plots in Fig. 3, which show that
Ri1(p,1) < Ri(p,Ca) for p > 1.

Ryand R, of p (if C; = 1) Ry and R; of p (if C, = 0.963)
- —— Rulp) s TH B9 e e eeceeseseosesees®
10 4 10 15 4
gl -
_ 50 L}
107° 10 \
~\
a5 \
- 10 \
10 16 .\
10*120 \i
10
10—155 \\
10-28 -190 ~\
10 4
-34
10 -
10 225 [
107 1077 —— Rulp) '
= Rulp) .
3 5 7 9 11131517 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 35791 13151719212321’!272931333537394143454749
P P
Cy=1 Cy = 0.963

Fig. 3. Behavior ofﬁl (p, C) and Eg(p, C3) at boundary values of Cs.
Puc. 3. lloseninka Ry (p, Cy) ta Ra(p,Co) miasg rpannunux 3Haderb Co.

Consequently, according to the Lyapunov function method, the following
condition:

kiky = _ o33 Nrrs e e
g <Pl =28 (V2= Vorn=Tr) (25)

guarantees the asymptotic stability of the equilibrium at the origin of system (2)
under the linear feedback law v = u(z), given by (3).

Table 2. Numerical values of the right-hand side of (25) for various p.

D Rl(p7 1) p Rl(p71) p Rl(p>1)

3 | 0.0080245868397 13 | 6.9209 x 10~ 12 23 | 6.4452 x 10721
5 | 0.00011967741513 15 | 1.0805 x 10~13 25 | 1.0076 x 10~22
7 1.8383 x 107° 17 | 1.688 x 10~ 1° 27 | 1.5753 x 10=%4
9 2.8504 x 10~ 19 | 2.6378 x 10~ 17 29 | 2.4629 x 1026
11 | 44373 x 10710 21 | 4.123 x 10719 31 | 3.8506 x 1028

3. Examples and generalizations

3.1. Example of three-dimensional canonical nonlinear system

Example 1. To demonstrate the applicability of the theoretical results estab-
lished in the previous chapter, we first consider the stabilization problem for a
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canonical three-dimensional nonlinear system of the form

. 11

‘/L.l = .CL'2 5

. 11

Ty = x5, (26)
i‘3 = u.

In this case p = 11.
The control gains k1, ko, and ks are selected to satisfy the sufficient condition
(25). By choosing k1 = 5, ko = 15, and k3 = 2, we guarantee that

oy oL
1?2

~ 0.789 x 10710 < 4.4373 x 10719,

which strictly satisfies the numerical bounds presented in Table 2 for p = 11.
Consequently, the stabilizing linear control law is defined as

u(x) = —bx1 — 15xe — 2x3.

Applying this control input to system (26) leads to the closed-loop system

d 11
.:El == "E2 5
d 11
ro — $3 ,
j?g = —5.%'1 — 15232 — 2233.

The dynamic behavior of the closed-loop system was simulated using the
following initial state vector:

—— Trajectory
e Starting point [-1. 0.9 1.]
® Point (0,0,0)

\A\\ 0.6
10 T
-08 T 04y
0.6 T~
04 T 0.2
x -02 0; 0.0
Trajectories x(t), x2(t), z3(t) Phase trajectory

Fig. 4. Trajectories of system (26) under the linear control law u = u(x).
Puc. 4. Tpaekropil cucremu (26) npwu siHifiHOMY 3aK0HI KepyBaHHs u = u(x).
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As illustrated in Fig. 4, all solutions x;(t) converge asymptotically to the
origin. The phase trajectory further demonstrates the stability of the equilibrium
at the origin under the proposed linear feedback control law.

3.2. Generalized nonlinear system with higher-order terms

Following the methodology described in [1, 3|, we extend our analysis to a
generalized class of systems incorporating higher-order nonlinear perturbations:

azﬁi:xﬁl—l—fi(ml,...,xn), 1=1,....,n—1, (27)
Ty = ubm,
where the terms f;(x1,...,z,) represent continuous nonlinearities of a higher
order relative to the principal terms 2} ,.
To stabilize system (27), we apply the same linear control law wu(z):
u(@) = —kizy — - — ko,
where k; € R and k; > 0 for ¢ = 1,...,n. This control law stabilizes the nonlinear
approximation of the system, given by
p=alt, i=1,...,n—1,
S (28)
Ty = uPm.

A key condition for the applicability of this approach is the requirement that
the continuous functions f; satisfy the following estimates in some neighborhood
of the origin:

|fi(z1, .. m)] < pi(@1,. .0 20) (|mi+1 Pty |42 PitOi p g |z, pi%") ) (29)
where p;(x1,...,2z,) > 0 are continuous functions and ¢; > 0 are constants.
Since the order of the functions fi(z1,...,2,) is higher than the order of

zt,, the control u(x) also stabilizes the system (27). This allows us to retain
the choice of the Lyapunov function and the change of variables applied to the
system (28). Moreover, the additional higher-order terms arising due to f; during
the differentiation of the Lyapunov function will be absorbed into the function
h(x) as higher-order terms. Such terms do not affect the sign of the derivative in
a sufficiently small neighborhood of the origin.

Let us focus on the specific case where n = 3, p1,p2 := p > 1, and p3 = 1.
System (27) then takes the form

'jjl = xg + f1($1,$2,$3),
zh + fo(z1, 2, x3),
jjg = Uu.

i)

Assuming the estimates (29) hold for f; and fo, the linear control law u(z) =
—ki1x1 — kowo — k3xs stabilizes the equilibrium at the origin of the corresponding
closed-loop system, provided that the sufficient condition (25) is satisfied.
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Example 2. Consider the stabilization problem for the following nonlinear
system:

iy = 23 + x5 sin(wy + 22),
By = a3 + 23 cos(z1), (30)
$.3 = Uu.

In this example, the system includes trigonometric perturbations
fi(z) = 23sin(zy + z2) and  fo(x) = 23 cos(z1).

These terms satisfy the growth condition (29) with parameters §; = d, = 1 and
bounding functions p; = pa = 1.
Let us select the control gains as k1 = 1, ko = 4, and k3 = 1. Evaluating the
sufficient stability condition gives
kik3
% = 0.00390625 < 0.008024,
2

which strictly satisfies the numerical bound derived from (25) for p = 3.
Consequently, the stabilizing linear control law takes the form

u(x) = —x1 — dwg — x3.

The closed-loop system was simulated using the following initial state vector:

2.0
— x1(t) —— Trajectory
® Starting point [1. 1. 1.]
x2(0 @ Point (0,0,0)
15 — x3(t)

1.0 1.0

0.5

0.0 [ —
109 100! 162 10° 10% 10° 10° 107 108 10° 10%°
time (t)
-0.5
-1.0
-1.5
Trajectories x1(t), z2(t), z3(t) Phase trajectory

Fig. 5. Trajectories of system (30) under the proposed linear control law.
Puc. 5. Tpaexropii cucremn (30) mpu 3apoIOHOBAHOMY JIHITHOMY KepyBaHH].

The numerical simulation confirms that the proposed linear control law
u(x) = —w1 — 4y — x3 effectively compensates for the higher-order nonlinear
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perturbations. As predicted by the theoretical analysis, the trajectories exhibit
asymptotic convergence to the origin for initial states lying in a sufficiently small
neighborhood of the origin.

4. Conclusion

In this work, the linear stabilization problem has been solved for a class of
three-dimensional systems with power nonlinearities in a previously uninvesti-
gated special case. Compared to previous results [3, 4, 9], the condition of strictly
decreasing powers has been relaxed to a non-strictly decreasing condition. It has
been proven that for the investigated class of systems, the application of a lin-
ear control law is effective, the proof is based on the construction of a special
Lyapunov function and the analysis of its derivative. Additional conditions on
the linear control coefficients k1, ko, and ks, which guarantee the local asymptotic
stability of the equilibrium at the origin, were obtained in several ways. Note that
in the case of strictly decreasing powers, there were no additional conditions on
the coefficients. Moreover, a sufficient condition that is easy to verify in practice
was obtained for systems with arbitrarily large powers.

The obtained theoretical results were numerically confirmed by examples,
which demonstrated the convergence of the phase trajectories of the systems to the
origin. The class of systems was extended by means of nonlinear approximation.
The prospect for future research lies in considering systems of higher dimensions.
The results of this work give reason to believe that by a proper choice of the
Lyapunov function coefficients, the existence of a stabilizing linear control can be
guaranteed for systems of arbitrary dimension.
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VY crarTi po3riagaeThCA 3a1a9a cTabLIi3aIl 119 KAHOHIIHIX HETIHIHHIX CHCTeM, AKi

y TPUKYTHOMY BUIIQJIKy BLIoBijatorTh p—HopmajibuuM cucremaM. Ii cucremu € cyrreBo
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HaT. ¥ TpUKyTHOMY BHIaJKy backstepping € cranmapTHUM METO/IOM CUHTE3Y KEPYBAHHS

31

3BOPOTHUM 3B’sI3KOM 4Yepe3 CBOIO PeKypcuBHY npupomay. Backstepping e moryxkuaum

iHCTpyMeHTOM crabimizarii 7y MUPOKOro KJIACY HEMIHIHUX CHCTEM, IO MaioTh strict-
feedback dbopmy. Oxnak meit peKypcuBHMIA TIXi 3a3BUYail TPU3BOAUTH 10 KEPYBAHB 3i
3BOPOTHHUM 3B’I3KOM, CKJIQIHICTh IKUX 3POCTaE 31 301abIIeHHAM po3MipHOCTi cuctemu. Ile
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MOTHUBY€E JOCIiIKeHH O1/IbII IPOCTUX METOIB OOY/I0BU KEPYyBaHb. ¥ IIPOJIOB2K OCTAHHIX
POKiB OyJIO OTPUMAHO JEKiTbKA BATOMUX PE3YJIHTATIB IIOJ0 HEPEKYPCUBHOI cTabimi3arrii.
Byno mobymoBano kjacu MOTIHOMIAJIbHAX KEPYBAHb I BUMAJAKY CTPOTOTO CIIAIAHHS
CTEIEHIB CTEMEHEBUX UJIEHIB MPABOI YACTUHU CHCTEMH. 30KpeMa, OYJIO TTOKA3aHO, IO TaKi
CHCTEMHU MOXKYTb OyTH aCHMITOTHIHO CTAOLTI30BaHI JIHIHHIM KepyBaHHIM 31 3BOPOTHHM
3B’SI3KOM y BHIIQJIKY CTPOTO CIAIAI0YNX CTEEHiB. Binbie Toro, koediieHTn KepyBaHHA
MOXKe OyTH 00paHo K MOBiLIRHI momarTHi uncia. Kpim Toro, 6y10 BCTaHOBIIEHO, IO CTAbi-
JI3AITiI0 MOXKHA JOCITTH y IETKOMY CIEMiaJbHOMY BUTIQIKY HECTPOTO CIaJAl0unX CTeTe-
HIB IPHU JOJATKOBUX YMOBaX Ha KoedimieHTn KepyBaHH#A. Y Miif pobOTI Mu pO3B’A3yEMO
3amaqy JiHiitHol cTabimizaril y pamHine HeIOCTiIXKEHOMY BHIIAQIKY HECTPOrO CIAJAI0TIX
CTEIEHiB [JI TPUBUMIPHUX cEcTeM. MH MPONOHYEMO KOHCTPYKTHBHHH MiIXim 10 3HA-
XOJIKEHHST YMOB Ha, KOeilieHTH JHHITHOTO KEPYyBaHH:A, IO TAPAHTYIOTh ACHUMIITOTAIHY
crifikicts. Ham minxin rpyaTtyerbcs wa metomi ¢yukmii Jlamynoa. Mu Takox BHKO-
PHUCTOBYEMO CTabLII3aIliI0 3 3aCTOCYBAHHSAM HEJIIHIAHOT ampOKCUMAIIiT, 00 y3araJbHUTH
oTpuMaHuii pe3ynbrar. KdekTuBHiCT 3ampOMOHOBAHOIO MiIXOAY MPOJAEMOHCTPOBAHO Ta
M ITBEPIKEHO YUCETIbHUMY TPUKJIATAMHA.

Karwuosi caosa: crablrizariisi; HeJliHIHI cucTteMn; mMeron yHKIl JIgmyHoBa;
KPUTUYHUNA BUMNAL0K; KePYyBaHHS 31 3BOPOTHUM 3B’I3KOM; JIiHiliHa crablriza-
mis.

KonduikT inTepeciB: ABTOPH MOBIIOMISIOTH PO BiACYTHICTHL KOHQIIIKTY iHTEpeciB.

Icropis crarri: orpumana: 14 kBitag 2026; ocranniit BapianT: 15 Tpasusa 2026
npuitagara: 17 tpasus 2026. Onpuronuneno 31 Tpasusa 2026.
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KopekTHi KpaiioBi 3a7a4i 3 IHTErPaAJIbHOIO YMOBOIO
B HAIIIBOPOCTOPI JIjId PiBHAHb Y YACTUHHUX MOXiTHUX

Ak Bimomo, 3amagua Ko vHekopekTHa a1 nudepeniiaJbHuX PiBHSAHD § YaCTUHHUX

MOXimHUX 31 cTanuMu KoedimieHTamMu, SKi He € KopekTHuMu 3a [lerpoBchbKuM.
V wiit poboTi TPONOHYETHCS iHTErpaAIbHA YMOBA, B fKiil OTpUMaHa KPailoBa 3a/a4da CTae
kopekTHOIO B mpoctopi JI. IIIBapua, a rakoxk y npocropax QyHKIIiil CTEeII€eHeBOro 3pocTa-
HHS 3a TTpocTOpoBMMHK 3MiHHUME. HaBeena inTerpasbHa yMOBa € iHTErpajoM TO TBOCI
3 eKCIIOHEHIIIHOIO BAro, mo 3abe3meuye 30iKHICTh JAHOTO iHTerpasa.

Ao po3rasggaTy meit inTerpal Kk mepersopenus Jlamaca i GyHkmii exp (—t2 / 2),
TO MOXKHA OTPUMATH HOr0 ACHMITOTHUKY, KA JTO3BOJISIE OIIHUTH PO3B’aA3yBaJIbHY (DyH-
Kiiro. /laHa OIHKA [I03BOJIE JOBECTH TEOPEMY IIPO KOPEKTHICTH OTPUMAHOI KPaioBOl
3azmadi B mpocropi JI. [IIBapna, a Takox y mkasai GpyHKINH KiHIIEBOI TJIAIKOCTI CTemeHe-
BOI'O 3POCTAHHSI.

[Torim po3rnsgmaeThes 3amada [jisd HEOTHOPIIHOrO AudepeHIiaJabHOrO PiBHIHHS, Y
{AKOI'O IIPaBa YaCTUHA 3& IPOCTOPOBUMH 3MiHHUMU HaJsekuTh 1pocropy J1. [IIsapua, a 3a
9acoBOI0 3MiHHOW — diniTHa. g orpumanol 3agadi 3HaxoquThCs dyHKIis ['pina, 1o
OIHIOETHCA 3BEpXy. 3a JOMOMOTOI0 II€l OIHKYU [TOBOAUTHCS TEOPEMA MPO KOPEKTHICTH
manoi 3amaqi B mpocropi JI. [lIBaprmia it y copsizkeHoMmy mpocTopi.

HaBeneno mpukiaan HeKOpeKTHUX 3a lleTpoBchkuM piBHSHDL Ta BKa3aHO KOHKpe-
THi iHTerpajbHi YMOBH, 3a SKHX OJEPrKyBaHi 3a7adi OyAyTb KOPEKTHHMH B IIPOCTOPI
JL.IIsapra.

Posragauemo piBHgHHS

Ou(xy,xe,t) Ou(zy,20,t)  O%u(wy,x2,1)

ot 0z? 0x3

© Maxkapos O. A., Hikonenko L.T., 2026; CC BY 4.0 license
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st nasoro piBHSHHA HE BUKOHAHI yMOBH 3a IleTpoBCHKHM, OCKLIbKH IIOJIHOM
P(s1,82) = —5% + 53 neobMmexkenmuii. Aje aKINO J0JATH YMOBY

/exp (—2> u(xy, o, t)dt = (21, x2),
0

TO Taka 3aja4a Oyae kopekruoio B mnpocropi JI. IIsapia, a rakoxk y 1mkasai 6aHaxoBux
TTPOCTOPIB.

Karwuosi crosa: mudpepeHIfiaiabHl PIBHIHHS y YaCTUHHUX IIOXiAHUX; IHTErpaib-
Hi yMOBU; nceBAoandepeHIIaJIbHIN ollepaTop; epeTBopeHHa Pyp’e; mpocTip
JI. IITBapria.

2020 Mathematics Subject Classification: 35C10, 93B28.

Bceryn

dx Bigomo [1], zagaga Komr nexopexkTHa st AudepeHIiaqbHIX PIBHAHB Y
YACTUHHUX TOXIAHUX 31 cTaauMu KoedilieHTaMu, gKi He € KopekTHuM#n 3a [le-
TPOBCHLKHM.
VY wiit poboTi TPONOHYETHCH IHTErPAJIbHA YMOBA JJjisd €BOJIOIIRHOIO JudepeHtii-
aJbHOTO PIBHSIHHA B YACTUHHUX MOXIJHUX, B AKilf oTprMaHa KpaitoBa 3a/1ada CTa€
KopekTHO0 B mpoctopi JI. IlIBapria, a Takoxk y mpoctopax (GyHKIIN CTE€HeHeBO-
TO 3pPOCTaHHS 33 MPOCTOPOBMME 3MiHHUMU. HaBesjena iHTerpajibHa yMoOBa € iH-
TErpaJioM II0 IMBOCI 3 eKCIIOHEHIIHOI Baro, 1o 3abe3rnedye 361:KHICTh JaHOTO
iHTerpaJa.

TTomi6Hi inTerpanbai yMOBY 3ycTpidanncs paHiiie B KpaiioBux 3a1a9ax HA KiH-
IIeBOMY BiZIPi3Ky, HAIPUKIA, ¥y poborax (2, 3, 4].

1. ITocranoBka 3azgad4i

PosruissHemo Hacryliny KpaioBy 3aja4y:

ou(z,t) 0 n
= — >
5 P(if)x) u(z,t), xe€R" t>0 (1)

73 <t, iai) u(z, t)dt = (x), 2)
0

0 : : . 3,
ne P <8> — mudpepentiianbHAi omeparop 3i craanmu Koedinienramu, B <t, '8>
10x 10x
— 1ncepnoaudepeHIiabHuit onepaTop i3 cumsoom B(t, s), sKuii HATEXKUTH TPO-
cropy C% = NUC} anst 6yap-sixux t > 0.
s 1

Osnauenns 1. 3azaqa (1)-(2) HasuBaerbesa KopekTHOIO B ipoctopi J1. HBap-
na S = (CF, sxmo s Gyap-sikoi dbysriii ¢(z) € S ichye eamunii po3s’si30k

s,l



62 Makapos O. A., Hikosrenko I.T.

u(z,t) € S mna 6ynp-gaxux t > 0, 1 po3s’a3ysasnbuuii omeparop 1 : ¢ — u €
HEMEPEPBHUM y TOMOJIONYHUX npocTopax S s Beix t > 0.

2. KpaiioBa 3agada 1aJjist OJHOPIAHOTO PiBHIHHSA

Teopema 1. Jlaa 6ydv-axozo pisnwanna (1) kpatiosa 3adaua 3 ymosoro (2), de

B(t,s) = exp (—t; — it - ImP(s)> ,

Kopexmmua 6 npocmopi S.

3ayBarkentsi. Buryan Gyskimil B (s,t) obymoOBIIEeHUIT BIMOTaMU 70 3612KHOCTI
inTerpana y piBastHHi (2) Ta icHyBaHHS PO3B’s3Ky KPaioBOl 3a1a4i.

JoBenennsi. 3acrocyemo nepersopentss Oyp’e 3a TPOCTOPOBUMHU 3MIHHUMHU.
Toni zamaua (1) nepeiize B 3ama9y

ou(s,t)
ot

= P(s)u(s, 1), (3)

/ B(t, s)u(s, t)dt = 3(s). (4)
0

OckigbKY pO3B’sI30K piBHAHHSA (3) Mae 3araapHuil BUryIs u(s, t) = exp (tP(s)) ¥(s)
o0 2

13pocrae 3a t He LIBUJLLE HIZK EKCIIOHEHTa, TO iHrerpat [ exp <— B +tReP(s) ) dt

0

30iraerned.
Iincrasasioun po3s’s30k u(s,t) g0 ymoBu (4), orpumMaeMo

0]Oexp (—t; +tRe P(s)> dt - (s) = 3(s).

Orxe,

00 -1
2

W(s) = /exp (—g + tReP(s)> it as).
0

00 t2
Ouiremo 3pocranns dysknil A(s) = [ exp (—2 +tRe P(s)) dt. Tleit inre-
0

2
rpaJji MOYXKHA PO3IJIsiJIaTu K neperBopenss Jlamraca Bijg QyHKIHT exp (—2) npu
z = Re P(s). Tomy (aus. [5])
‘A(s)_ll <C (14 |ReP(s)|)exp <

—;(ReP(s))2> .
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Toni poss’asypanera bynkiia Q(s,t) = exptP(s) - A™1(s) 3amoBonpHAE ONIHKY
1
|Q(s,t)] < C(1+|ReP(s)|)exp (tReP(s) ~3
2
<C(1+|ReP(s))e2.

(e P(s)) ) <

o0

TobTo 17151 KOzKHOTO (hIKCOBAHOTO 3HAYEHHS ¢ BOHA HAJEKUTH IIpocTopy C°%

a TOMY € MYJIBTUILIIKATOPOM y HPOCTOPi S.

Otxe, asa dixcosanoro t dynknig u(s,t) = Q(s,t)p(s) € S. Posp’azok
u(z,t) = G(z,t) x p(z) Takok nanexurs npocropy S, ne G(x,t) = F;1Q(s,t) €
sroprysadem y npocropi S (awms. [1]).

Teopema dosedena.

SayBarkeHHsi. Ockinpku omeparop 3roprtn u(z,t) = G(x,t) * ¢(x) npo-
JOBXKYETHCS JI0 HETIEPEPBHOTO OTMepaTopa y CpsizKeHoMy mpocropi S/, To mama
KpaiioBa 3aJa4ya TaKOK KOPEKTHA B IMpOocTopi S, a TOMy KOPEKTHO pO3B d3Ha 3
POCTOPY C’fl ! B mpocrip C’ls2 2 s OyAB-AKUX JOCUTH BEJUKUX S§1 T4, [1 1 IeTKUX So
Ta lg (mus. [1]).

Posrngremo HacTymHi IPUKIAIH.

Ilpukaan 1. dano piBHIHHS

ou(z,t) ou(z,t)

5 c e xeR, c=a+bieC

~ t2
Ockinpkn Im P(s) = as, To npu B(s,t) = exp <—2 - iast) KpaiioBa ymoBa (2)

/ (-2 uta .t = (o)

BrigHo 3 Teopemoro (1) nama KpaitoBa 3aj1ada KOpEKTHA B IPOCTpi S 1 B mpocTopi
S’

Ma€ BUIJIAL

ITpuknan 2. Posrigmemo piBHAHHS

ou(x1,w2,t) 0?u(xy, o, t)  O%u(w1,20,1)

ot a 8x% 83:%

[Moninom P(s1,s2) = —s% + s% € mifichnM Ta HeobMmexkeHmM, TOOTO 3aTaHe PiB-
HAHHA He € KOPeKTHUM 3a IleTpoBchbKuM.
AJte AKINO JOJATH YMOBY

/ (~2) ute it = o0,

TO JaHa Kpaiiosa 3agada Oyje KOPEKTHOI B IPOCTOPi S, a Takoxk y mpoctopi S
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3. KpaiioBa 3amava /i1 HEOJHOPIAHOrO PiBHIHHSA

Posrniganemo Temep HeogHOPiTHE PIBHIHHSI

‘9“;’ bD_p (&) w(z,t) + (1) (5)

1 OTHOPIIHY KpafloBY YMOBY

703 (t, z'gx> w(z, t)dt = 0. (6)
0

Byaemo posrasgaaru dhyuknil f(z,t), axi manexars npocropy S ais Beix ¢ > 0

Ta 3310BOJBHAIOTE yMOBY f(x,t) =0, t>1T.
2

~ t
gk i panime 6ymemo posrusinarun B(t, s) = exp (—2 — it Im P(s)) . Bacrocy-

emo 10 piBHstHHe (5) meperBopernst Oyp’e 3a MPOCTOPOBUME 3MIHHUMHU Ta PO3-
LJIgHeMO KpaloBy 3aj1a4y

Oou(s,t) ~ r
o = Ps)uls.t) + f(s.1), (7)

/ooexp (-i —itIm P(s)> (s, t)dt = 0 (8)
0

Buaitmemo mua miei 3amaqi dyuiio [pina G(s,t,7), ska Mae 3a70BOIBHATH
YMOBHI

8@(8, t,7)

1) = P(s)G(s,t, 1), t#T,

00 2 ~

2) [exp <—t2 —itIm P(s)) G(s,t,7)dt =0,
0

3) G(s,7+0,7) — G(s,7—0,7) = 1.

[Tepesipumo, 1o dyukiig ['pina Mae Bursia

T 2
exp(t — 7)P(s) - 0fexp (—g +tRe P(s)> dt- A71(s), t>r,

G(s,t,7) = o .2
—exp(t — 7)P(s) - [ exp <—2 +tRe P(s)> dt-N7L(s), t<T,

00 2
e A(s) = Ofexp (—7; +tRe P(s)) dt.

Yumosa 1) BUKOHAHA.
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IlepeBipeMo BUKOHAHHS YMOBHU 2).
00 t2
[ exp <—2 — it Im P(s)> G(s,t,7)dt =
0
T t2
=—[exp <—2 —itIm P(s) + (t — T)P(S)) dt-
00 t2
- [ exp (—2 +tRe P(s)> dt - A=1(s)+

+ hofoexp <—t22 +itIm P(s) + (t — T)P(S)> dt-

T
2

~0fTeXp (’; + tReP(s)> dt - A=1(s) =
_ <— gexp (-t; + tReP(s)) dt - fexp <—t; 4 tReP(s)) dt+

o0 2
+ [exp <—t2 +tRe P(s)> dt-

-OfTeXp (—t; + tReP(s)) dt> cexp(=P(s)) - A-1(s) = 0.

Ot:ke, yMOBa 2) TAKOXK BUKOHAHA.

[TepeBipemMO BUKOHAHHST YMOBU 3).
G(s,7+0,7)—G(s,7—0,7) =
T t2 00 t2
= <Ofexp (—2 + tReP(s)) dt+ [ exp <—2 + tReP(s)) dt) SATHs) = 1.

TakuM 9HHOM, yMOBa 3) TAKOK BHKOHAHA.
Omnianmo dyukigito ['pina.
[Ipu t > 7 ta Re P(s) > 0 orpumaemo

|G(s,t,7)| < exp((t—7) I?eP(sM) - ex
.C (14 |Re P(s)]) exp <—2 |ReP(s)2) <

< C(1+ [Re P(s)]) exp (’;2) .

2
Tzt Re P(s) < 0 wmaexio [G(s, £,7)] < C (1 + [Re P(s)]) exp <t> .

2
ko t < 7 1a Re P(s) > 0, ro |G(s,t,7)| < 1.
A g Re P(s) < 0 maemo

t2
|G(s,t,7)| <exp(tReP(s))- A7 (s) <C(1+|ReP(s)|)ex.
Toni pyukitis ['puna 3a10B0IbHAE OTHHIT

2
IG(s,t,7)| < C(1+ ReP(s)|) e,
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TOOTO BOHA HaJIEKNUTHL TpocTopy C°% mia Oyap-axux ¢ > 0.
Posp’sa30xk 3a7ad4i (7)-(8) snaxoaurses 3a hopmynoo

00 T
/GstT /G f(s,7)dr
0 0

I HAJIEXKUTB TTpocTopy S st Oyiab-sikux ¢t > 0.
TakuMm 9vHOM TOBeEHA HACTYIIHA TeopeMa.

Teopema 2. Kpatiosa sadaua (5)-(6) 3 dynxuyicro

B(s,t) = exp (-i — it - zmp(s)>

3 dodamwxoeoro ymosoro f(x,t) =0 npu t > T xopexmua y npocmopi S.

BayBakenHst. Ockinbku G(s,t,7) € C Vt, 7 > 0, 10 oneparop 3roprku 3
F;'G(s,t,T) mponoBKyeThea 3a HemepeppHicTio Ha mpoctip S’. Tomy 3a1aua (5)-
(6) xopekTHa y mpocTopi S’

IIpukaazn 3. 3agaga

ou(w1,x,t)  0*u(wy,,t)  O%u(zr,32,1)
ot = 8xf 8%% +f(x173327t)
2

[ exp (—) w(zy, z2,t)dt =0
0 2

kopekTHa y npoctopi S npu f(x1,xe,t) =0 mna t > T.

BucHoBOK. VY 1iit poboTi MOKa3aHo, MO IId Oyab-IKOro AudepeHIiaabHOTO
DIBHAHHS B YaCTUHHUX MOXiTHWUX 31 cramuMu koedinienramu surasny (1) icaye
inTerpasibHa ymMoBa Buraany (2), s kol KpaiioBa 3amada (1)—(2) kopekTra y
mpoctopax S Ta S’

Ananoriynuii GakT € CupaBeiIuBUM 1 JJIsi HEOAHOPIJIHOIO PIBHAHHHA BUIJIfA-

ay (3).

Koudutikr inrepeciB: ABropr moBiIOMJISIOTH PO BiACYTHICTD KOHMIIKTY
iHTepeciB.

IcTopist crarTi: orpumana: 1 mrororo 2026; ocranniit BapianT: 10 Tpasua 2026;
nputinsita: 15 tpasus 2026. Onpuironneno 31 tpasus 2026.
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Well-posed boundary value problems with an integral condition
in half-space for partial differential equations

A. A. Makarov, I. G. Nikolenko

Department of Mathematical Modeling and Data Analysis
Educational and Scientific Institute of Computer Science
and Artificial Intelligence
V. N. Karazin Kharkiv National University
sq. Svobody, 6, Kharkiv, 61022, Ukraine

It is well known that the Cauchy problem is ill posed for partial differential
equations with constant coefficients if they do not satisfy the Petrovsky well-
posedness condition.

In this work, an integral condition is proposed under which the resulting
boundary value problem becomes well-posed in the Schwartz space, as well
as in spaces of functions with polynomial growth in spatial variables. The
presented integral condition is an integral over a semi-axis with an exponenti-
al weight, which ensures the convergence of this integral.

By considering this integral as the Laplace transform of the function
exp(—t%/2), one can obtain its asymptotics, which allow to estimate the
resolving function. This estimate makes it possible to prove a theorem on
the well-posedness of the resulting boundary value problem in the Schwartz
space, as well as in a scale of functions of finite smoothness with polynomial
growth.
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Furthermore, the problem is considered for an inhomogeneous differential
equation where the right-hand side belongs to the Schwartz space in the
spatial variables and is compactly supported in the time variable. For the
resulting problem, a Green’s function is found and estimated from above.
Using this estimate, a theorem on the well-posedness of this problem is
proved in the Schwartz space and its dual space.

Examples of equations that are ill posed in the sense of Petrovsky are provi-
ded, and specific integral conditions are indicated under which the resulting
problems will be well-posed in the Schwartz space.

Examples of Petrovsky-incorrect equations are given and specific integral
conditions are indicated under which the resulting problems will be correct
in the L. Schwartz space. Consider the equation

Ou(zy,x2,t)  0%u(zy,x2,1) 7 0?u(xy, w2, t)
ot B 0xr? 0x3

For this equation, the Petrovsky conditions are not satisfied, since the
polynomial P(sy,s2) = —s7 + s3 is unbounded. But if we add the condi-
tion

o0

t2
/exp (—2> u(xy, o, t)dt = (21, x2),
0

then which the boundary value problem becomes well-posed in the
L. Schwartz space, as well as in the scale of Banach spaces.

Keywords: partial differential equations; integral conditions; pseudodi-

fferential operator; Fourier transform; L. Schwartz space.
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Formal power series solutions of the differential
equation ay’ = by™ over Dedekind domains of
characteristic zero

Let D be a Dedekind domain of characteristic zero, let K = Frac(D) be its
fraction field, and consider the Cauchy problem ay’ = by™, y(0) = c¢o, in
the ring D[[z]], where a,b,co € D, a,b # 0, and m € N. The paper studies
when the unique formal solution y € K[[z]] with initial value ¢o actually has
all coefficients in D, and therefore belongs to D[[z]]. The argument starts
from the coefficient recursion in K[[z]] and derives an explicit formula for
the coefficients of the unique solution. This reduces the existence problem
in D[[z]] to an arithmetic integrality question governed by the valuations
attached to nonzero prime ideals of D. The main point is that over a Dedeki-
nd domain the relevant obstruction is not ordinary divisibility by prime
elements, but comparison of valuations of fractional ideals after localization
at prime ideals.

For the linear case m = 1, the zero initial value always gives the zero solution.
For ¢ # 0, the coefficients contain factorial denominators, and this produces
a global obstruction unless only finitely many rational primes remain nonuni-
ts in D. In that finite-prime situation the exact criterion for a nonzero initial
value is the ideal containment (b) C (a)vy, where vy is an explicitly described
correction ideal built from the prime ideals lying over the rational primes
that are nonunits in D. For the nonlinear case m > 2, writing d = m — 1, the
coefficients are expressed through the product Ci(d) = Hi:ol(dz +1). The
paper shows that prime ideals over rational primes not dividing d create no
additional obstruction beyond the basic condition (bcd) C (a), while the pri-
me ideals over rational primes dividing d contribute a correction ideal t(d).
As a result, the exact existence criterion becomes (bcd) C (a)t(d). In parti-
cular, for m = 2 one has t(1) = D, so the condition reduces to (bcg) C (a).
Several examples are included to illustrate the theorem over Z, localizations
of Z, Gaussian integers, and the Dedekind domain Z[y/—5], which is not a
unique factorization domain.

© R. V. Skurikhin, 2026; CC BY 4.0 license
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1. Introduction

Let D be a Dedekind domain of characteristic zero. We recall the definition of a
Dedekind domain in Section 3, together with the prime-ideal valuation conventions
used later. Since char(D) = 0, we view Z as a subring of D. Fix

a,b,co € D, a,b#0, m € N.
We consider the Cauchy problem in the ring of formal power series D[[z]]:

ay =by™,  y(0) = co.

We seek a solution in the form
o
Yy = Z ckxk.
k=0

Our goal is to determine exactly when this problem has a solution in DI[x]].
The analytic part is easy over the fraction field K = Frac(D): once ¢y is fixed, the
coefficient recursion determines a unique solution y € K{[z]]. Section 2 records this
computation, while Section 3 introduces the prime-ideal valuations and arithmetic
notation used in the descent criterion. The real issue is descent from K[[z]] to
DJ[z]], and for a Dedekind domain that descent is governed by valuations at
nonzero prime ideals rather than divisibility by prime elements. Related algebraic
approaches to differential equations over commutative rings appear in (3, 4, 5, 6].

Main result preview. For m = 1, the zero initial value always gives the zero
solution. For ¢y # 0, the factorial denominators in

. Cobk
 klak

force an infinite-prime obstruction unless only finitely many rational primes
remain nonunits in D. In that finite-prime case, the exact criterion for a nonzero
initial value is (b) C (a)vy, where v; is the correction ideal defined in Section 4 and
encoding the obstruction coming from the rational primes that remain nonunits
in D. For m > 2, writing d = m — 1, the only extra obstruction beyond the
basic containment (bcd) C (a) comes from the prime ideals lying over the rational
primes dividing d, and the final criterion is

Ck;

(bef) < (a)e(d).

Here t(d), also defined in Section 4, is the corresponding correction ideal for
the primes dividing d. When D is also a unique factorization domain (UFD),
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these ideal containments reduce to the familiar divisibility statements ar; | b and
ar(d) | bed. In particular, in this UFD notation, for m = 2 one has 7(1) = 1, so
the condition becomes simply a | beg.

2. The Unique Solution in K[[z]] and Its Coefficients

In this section we prove that the Cauchy problem has a unique solution y €
K][z]], compute its coeflicients in K, and reduce existence in D][z]] to coefficient
integrality.

Let K = Frac(D). Any solution in D[[z]] is also a solution in K|[z]], and in K
the element a is invertible. Therefore all identities involving division by a below
are understood inside K{[[z]].

Write

oo
Yy = Z cpat.
k=0

Then

o0

m o __ . . n

Y —E E CiyCi | T
n=0 \ i1, imEZ>0

i1 Fim=n

Comparing coefficients in ay’ = by™, we obtain for every n € Z>,

a(n+1)cpy1 =b Z Ciy " Ci, -

i1, m €20

i1+ Fim=n
The right-hand side depends only on cy,...,¢,, and a(n + 1) is invertible in
K. Therefore the recurrence determines cy, co, ... uniquely from the initial value
o, and hence defines a unique solution in K[[z]]. The general formal existence-
uniqueness statement for y' = F(z,y), after translating the initial value to 0,
is classical; see [2, Ch. VII, §1, no. 2, Prop. 2.1]. Although stated there in the
analytic setting, the proof is purely coefficientwise, so the same argument works
over any field. We keep the short derivation for the present equation.

To compute its coeflicients, write

d=m—1.
For k € Z>, define
k-1
Co(d) = [J@i+1)  (Cold)=1)
i=0
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Proof. We use induction on k. For k = 0, the identity is trivial.
Assume it holds for some k € Z>q. Then

C(d)bF !
y(k+1) _ < k(d) ydk+1>

ak
Cy(d)b*

_ C(d)(dk + 1Ry
- ak+1 Yy

_ Cry1(d)bF+! d(k+1)+1
prES] :

This proves the claim. O
Evaluating at x = 0 and dividing by k!, we obtain for every k € Zx,

y®(0)  Cp(d)co(bed)®
K klak ’

For m =1, we have d = 0 and C%(0) = 1, so this reduces to

Cl —

Cobk

k= Klak

The existence problem in D[[z]] is therefore equivalent to deciding when these
explicit coefficient formulas actually lie in D. From this point on, the problem is
purely arithmetic.

3. Prime-Ideal Valuations and Arithmetic Lemmas

For a rational prime p € Z, we write
vp(n) = max{k € Zso : p" | n} (ne€eZ, n#0).

This is the usual p-adic valuation on the integers. It is this valuation that appears
in Legendre’s formula and in the estimates for C,,(d) below.

The next lemmas isolate the arithmetic input needed for the descent argument.
The first step is to replace divisibility by prime elements with valuations at
nonzero prime ideals. After that, the only genuinely quantitative ingredients are
the p-adic behavior of the product

and the estimates for v, (n!).

Background conventions. Standard background on Dedekind domains, fracti-
onal ideals, and prime-ideal valuations may be found in [1, Ch. 9], [8, Ch. I, §3],
and [8, Ch. I, §11].



Bicuuk XHY, Cep. «Maremaruka, IpuKJIaIHa MATEMATUKa i MexaHikay, Tom 103 (2026)73

Definition 1 (Dedekind domain). A domain D is called a Dedekind domain if it
1s noetherian, integrally closed in its fraction field, and every nonzero prime ideal
of D is maximal; see [1, Ch. 9] and [8, Ch. I, §3]. Equivalently, every nonzero
proper ideal of D factors uniquely into prime ideals.

Definition 2 (Fractional ideals). A nonzero fractional ideal of D is a nonzero
D-submodule I C K such that ol C D for some nonzero a € D.

Definition 3 (Prime-ideal valuations). Since D is Dedekind, every nonzero fracti-
onal ideal factors uniquely in the form

I=1]»"

p#0

where the product runs over the nonzero prime ideals of D, all but finitely many
exponents ny € Z are zero, and the factorization is unique. For a nonzero fracti-
onal ideal I, we define

vp(I) = ny.

For x € K\ {0}, we define
vp(2) = vp(2D),

and we set v,(0) = +o0.

Standard facts. We will use the following standard consequences of the factori-
zation of fractional ideals; see again [1, Ch. 9], [8, Ch. I, §3|, and [8, Ch. I, §11].

e For nonzero fractional ideals I, J, one has
vp(1J) = vp(I) + vp(J)
for every nonzero prime ideal p.

e For a nonzero fractional ideal I, only finitely many valuations v,(I) are
nonzero.

e For nonzero fractional ideals I, .J, one has
I1CcJ — vp(L) > vy(J)
for every nonzero prime ideal p.
e For nonzero z,y € K and n € Zx,
wley) = vp(@) Fop(y),  vp(a") = nup(a).
Lemma 2. Let x € K. Then x € D if and only if
vp(z) >0

for every nonzero prime ideal p of D.
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Proof. This is the standard valuation criterion for membership in a Dedekind
domain; see [8, Ch. I, §11]. O

For a rational prime p, we write p | p if p € p, equivalently if p N Z = (p).
Because (p) is a nonzero ideal of the Dedekind domain D, it has only finitely
many prime divisors.

Lemma 3. Let p be a nonzero prime ideal of D. Then exactly one of the following
holds.

1. pNZ = (p) for a rational prime p, and then for every nonzero n € Z,
vp(n) = vp(p) vp(n).
2. pNZ = (0), and then for every nonzero n € Z,

vp(n) = 0.

Proof. This follows from the general facts on contraction of prime ideals and on
the valuations attached to prime ideals; see [1, Ch. 1| and [8, Ch. I, §11]. O

For the coefficients in nonlinear cases of the main theorem, the key quantity
is

n—1
Cu(d) = [ (di + 1),
i=0
because it is exactly the factor that appears in
Cr(d)co(beg)"
Cn == #
nla

The next lemma measures the p-adic cancellation between C,(d) and n! at the
level of ordinary integers.

Lemma 4. Let d,n € N, and define

n—1

Cn(d) = [](di + 1).

i=0
Let p be a rational prime.

1. If ptd, then

vp(n!) < wp(Cn(d)) < vp(n!) +log, n + log, d.

2. Ifp|d, then
vp(Cn(d)) = 0.
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Proof. For k > 1, let
Nk:#{ogign—1:ﬁ|m+1}

Thus Ny counts how many factors in C,(d) are divisible by p*. A factor with
p-adic valuation r contributes 1 to each of Ny,..., N, and nothing to the later
terms. Therefore

vp(Cr(d)) = ivp(dz' +1)= ZNk'
=0

k>1

This is the same counting principle as in Legendre’s formula

up(nl) =3 L:;J .

k>1

Suppose first that p { d. Then d is invertible modulo p* for every k > 1, so the
congruence

di+1=0 (mod p")

has exactly one solution modulo p*. Hence among any p* consecutive values of
i, exactly one satisfies p¥ | di + 1. The interval 0,1,...,n — 1 consists of Ln/pkj
complete blocks of length p¥, and possibly one final incomplete block. Each full
block contributes exactly one such index, and the incomplete block contributes

at most one. Therefore
n n
— | < Ng < [W~
{ka P

Summing the lower bounds over k > 1, we get

opl(Ca(d) =S Nz 3 m ().

k>1 k>1

For the upper bound, note that every factor di + 1 is at most d(n — 1) + 1.
Hence Nj, = 0 as soon as p¥ > d(n — 1) + 1. If

K = Llogp(d(n -1+ I)J ,
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then

K

<> ([5]+)

vp(n!) + K

vp(n!) +log,(d(n — 1) + 1)
(

vp(n!) + log, n + log, d.

VAN VARVAN

Finally, if p | d, then di+1 =1 (mod p) for every i. So none of the factors in
Cr(d) is divisible by p, and therefore v,(C),(d)) = 0. O

Lemma 5. Let d,n € N, let

n—1

Cu(d) =[] (di + 1),

=0
and let p be a nonzero prime ideal of D.

1. If p | p for a rational prime p 1 d, then
vp(n!) < vp(Cr(d)) < vp(n!) + vy(p)(log, n + log, d).

2. If p | p for a rational prime p | d, then

vp(Cr(d)) = 0.

3. If pN7Z = (0), then
0p(nl) = 0p(Ca(d)) = 0.

Proof. If p N Z = (0), then Lemma 3 gives vp(n!) = 0, and each factor di + 1 is a
nonzero integer, so again Lemma 3 gives v,(Cp(d)) = 0.
Now assume p | p. By Lemma 3,

vp(nl) = Up(p) vp(nl), Up(Cn(d)) = Up(p) vp(Cr(d)).

If p 1 d, the desired inequalities follow from Lemma 4 after multiplication by v,(p).
If p | d, the same lemma gives v,(C),(d)) = 0, hence v,(Cy(d)) = 0. O
The final ingredient is the bound on v,(n!) in a crude asymptotic form.
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Lemma 6. Let p be a rational prime and n € N. Then

n n P
Up(”!) S Ifl, ?}p(n!) Z p— 1 — ]f]_ — logp n.
Proof. Using Legendre’s formula,
| n
i) =3 ||
=1 P
The upper bound follows from
> \‘n n n
| < =
MR S
=1 LP =1 P p—1
For the lower bound, let K = [log,n]. Then
X n
o) = | %]
k=1 P
X n
=3 (5-1)
= k
k=1 p
K p
=>. xR
k=1
Moreover,
K
Zﬁzn_n‘p>n_p
p¥ p—1 pEtL p—1"p-1 p-1

k=1

because p*1 > n. Therefore

4. Main Descent Theorem

The explicit formulas from Section 2 reduce existence in D][z]] to a valuation
problem. The correction ideals introduced below record the residual obstruction
left by the factorial denominator.

For d € N, define the nonzero ideal

t(d) = H Hp“ﬁ[ﬂ 7

pld plp
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with the convention v(1) = D. This product is finite because d has only finitely
many rational prime divisors and each (p) has only finitely many prime divisors
in D.

If only finitely many rational primes are nonunits in D, define also

vp(l;)" .

o= I I

p prime plp
p nonunit in D

Theorem 1. Let a,b,co € D with a,b # 0, and let m € N. Consider the Cauchy
problem
ay' =by™,  y(0) = co.

The existence of a solution y € DI[x]] for this problem is characterized as follows.
1. Linear case (m =1).

(a) If co =0, then the unique solution is the zero series.

(6) Assume co # 0. If infinitely many rational primes are nonunits in D,
then no solution exists in D[[z]].

(6) Assume co # 0 and only finitely many rational primes are nonunits in
D. Then a solution exists in D[[z]] if and only if

(b) C (a)ry.
2. Nonlinear case (m > 2). Write d =m — 1.

(a) If co =0, then the unique solution is the zero series.

(6) If co # 0, then a solution exists in D[[z]] if and only if
(bet) € (a)e(d).
For m = 2, the nonlinear criterion becomes
(beo) < (a),

because t(1) = D.

Remark 1. If D is a unique factorization domain, then, since D is Dedekind, it
is also a principal ideal domain. Hence tv(d) and v1 are principal ideals. Writing

t(d) = (r(d),  w=(r),
the conditions in the theorem become the familiar element-divisibility statements

ar(d) | bed, ary | b.
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Before the detailed proof in Section 5, we briefly explain the main idea behind
the three cases.

Case m = 1. The coeflicient formula is

Cobk

® T Kok
The obstruction comes from the factorial denominators in k!. If infinitely many
rational primes are nonunits in D, only the zero initial value descends. In the
finite-prime case, the final criterion is ¢g = 0, or else (b) C (a)t;.

Case m = 2. The coeflicient formula is

bCo K
Cr — Cp 7 .

Here one has complete cancellation C(1) = k!, so only the basic ideal containment
remains, namely (bcy) C (a).

Case m > 3. The coeflicient formula is

Cr(d)co(bef)”

ok , d=m—1.

k=
In this range only the prime ideals lying over rational primes dividing d contribute
the correction ideal t(d), and the final criterion is (bcd) C (a)t(d).

5. Proof of the Main Theorem

5.1. Case m = 1.

We first separate the linear proof into two parts. If infinitely many rational
primes remain nonunits in D, then some factorial denominator survives and blocks
every nonzero solution. If only finitely many do, the problem becomes a valuation
criterion encoded by the ideal t;.

Zero initial value.
If ¢p = 0, then y = 0 is a solution. By Section 2, the solution in K[[z]] with
initial value 0 is unique. Hence y = 0 is also the unique solution in D[[z]].

Infinite-prime obstruction.
Assume now that cg # 0. By Section 2, the unique solution in K[[z]] has

coeflicients
Cobk

k= plak

Suppose first that infinitely many rational primes are nonunits in D. The
principal ideal (bcg) has only finitely many prime divisors, so only finitely many
rational primes p have the property that some prime ideal p | p divides (bcy).
Choose a rational prime p that is a nonunit in D and has no such prime ideal
above it. Let p | p. Then

vp(cob?) = 0.
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On the other hand, Lemmas 3 and 6 give

vp(pla”) = vp(p!) = vp(p)up(p!) = vp(p) > 0.

. P . . . -
Hence the coefficient ¢, = C?Clzp does not lie in D, so no nonzero solution exists.

Now agsume that only finitely many rational primes are nonunits in D, and
define v1 as above.

Necessity.
We show that every solution in D[[z]|] must satisfy

(b) C (a)r;.
Let y € D[[z]]. By Lemma 2, the coefficient formula lies in D[[z]] if and only if
vp(kla®) < vp(cob®)

for every nonzero prime ideal p of D and every k > 1.
Fix p. If p | p for a rational prime p, then

vp(p)vp(K!) + kvp(a) < vp(co) + kvp(b).

Using the lower bound from Lemma 6,

(9) (5 = P~ logy k) o+ kuyla) < ty(en) + (0.

hence

(o) + | 2] < u0)
If pNZ = (0), then Lemma 3 gives v,(k!) = 0, so
kup(a) < vp(co) + kup(b),
and therefore vy(a) < vy(b). Since vy(r1) = 0 in this case, this is exactly
vp((a)er) < vp(b).
Combining both cases, we get

vp((a)rr) < vy(b)

for every nonzero prime ideal p. Hence

(b) C (a)r;.
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Sufficiency.
Conversely, suppose

Equivalently,

for every nonzero prime ideal p.

If p | p, then
vp(b) > vy(a) + mpipi—‘ :
By Lemma 6,
vp(k!) = vyp(p)vp(k!) < 1?;(?)115 <k ’VZPEPH .
Thus

vp(cob®) = vy(co) + kuy(b) > vy (Klak).
If pNZ = (0), then vy(k!) =0, so
vp(cob®) = vy(co) + kvy(b) > kup(a) = vy(kla®).

cob®
klak

Hence every coefficient lies in D, so y € D[[z]]. This proves the linear

case.

5.2. Case m > 2.

We again start from the explicit coefficients and reduce the problem to
integrality in D. Once that reduction is in place, the proof splits according to
the only three possible prime-ideal types: prime ideals over rational primes not
dividing d, prime ideals over rational primes dividing d, and prime ideals whose
contraction to Z is (0).

Zero inilial value.

Write d = m — 1, and let t(d) be the correction ideal from the theorem. If
co = 0, then y = 0 is a solution. By Section 2, the solution in K{[z]] with initial
value 0 is unique. Hence y = 0 is also the unique solution in D][x]].

So assume from now on that co # 0.

Reduction to coefficient integrality.
By Section 2, the unique solution in K [[z]] has coefficients

_ Ci(d)co(bcd)*
N klak '

Thus, by Lemma 2, y € D[[z]] if and only if for every nonzero prime ideal p of D
and every k > 1,

vp(kla¥) < v, (C’k(d)co(bcg)k) . (1)
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We now analyze (1) by prime type. Type I and Type 111 lead only to the basic
inequality vp(a) < vp(bef), while Type II is exactly where the extra factor v(d)
appears.

Type I. Assume that p | p for a rational prime p t d. By Lemma 5,

0p (k1) < ty(C(d)) < vp(kY) + vy (p) (g s + log, d).
Necessity. If (1) holds for all k, then

vp(KY) + kvp(a) < vp(Cr(d)) + vp(co) + kup(bef)
< vp(K!) + vp(p)(log, k + log,, d)
+ vp(co) + kvp(bcg).

Dividing by k£ and letting k — oo, we obtain
vp(a) < vy (bep).-
Sufficiency. Conversely, if vy(a) < vp(bed), then Lemma 5 gives
Up(k:!ak) = vyp(k!) + kvy(a)
< vp(Cr(d)) + kvp(bed)
< vy (Crld)eo(be)") .

because vy(cp) > 0. So Type I prime ideals impose no extra correction factor.
Type II. Assume that p | p for a rational prime p | d. By Lemma 5,

vp(Cr(d)) =0,

so (1) becomes
Necessity. Since
vp (K1) = vp(p)up(KY),

Lemma 6 yields

k p
Up(p) <p—]_ — Zfl — logp k) + k:’Up<CL) S UP(CO) + kvp(bcg)

After dividing by k and letting £ — oo, we get

tp(a) + 22 < o),

hence
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Sufficiency. Conversely, if this ceiling inequality holds, then Lemma 6 gives

vp (k1) + kuy(a) < ?@f + ku(a)

<k {;"fpﬂ + kup(a)

< kuy(bef)
< wp(co) + kuy(bef),

so (1) follows. Thus Type II prime ideals are exactly the source of t(d).
Type III. Assume that p N7Z = (0). Lemma 5 gives

vp(k!) = vp(Cr(d)) = 0,
so (1) is simply
kuyp(a) < vp(co) + kvp(bcg).

Letting k — co, we obtain
d
’Up(a) < UP(bCO)a

and this inequality is also sufficient. So Type III prime ideals again impose only
the basic containment.
Combining the three prime types, we conclude that y € D[[z]] if and only if

vp((a)e(d)) < wp(bef)

for every nonzero prime ideal p, which is equivalent to

(bef) S (a)e(d).
This proves the nonlinear case and therefore the theorem.

6. Corollaries

We now record three immediate consequences of the main theorem.
Corollary 1. Let m > 2, and write d = m — 1. The equation
y =y

admits a solution in D[[z]] for every initial value y(0) = co € D if and only if

t(d) = D. In particular, the equation y' = y* has a solution in D|[[z]] for every
initial value y(0) = ¢y € D.

Proof. Here a = b =1, so the nonlinear part of the theorem says that a solution
exists exactly when

(§) € ¥(d).
If this holds for every ¢o € D, then taking ¢g = 1 gives D C t(d). Since t(d) C D,
we obtain t(d) = D. The converse is immediate. When m = 2, we have d = 1 and
by convention t(1) = D. O
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Corollary 2. Over D = Z, the equation

/ m

y=y
has a solution in Z[[x]] for every initial value y(0) = ¢y € Z if and only if m = 2.

Proof. If m = 1, then the linear part of the theorem applies with a = b = 1,
and since infinitely many rational primes are nonunits in Z, only the initial value
co = 0 is possible.

Now assume m > 2. The preceding corollary shows that existence for every
¢p € Z is equivalent to t(m — 1) = Z. Over Z, one has

tm-1)= [ .
pl(m—1)
so t(m — 1) =Z if and only if m — 1 = 1, that is, m = 2. O
Corollary 3. Let m > 2. Then the equation
y=y
has a nonzero solution in D[[x]].

Proof. If m = 2, choose any nonzero ¢y € D; then (¢p) € D = ¢(1).
Now assume m > 3, and write d = m — 1. The ideal v(d) is nonzero, so it
contains a nonzero element cy. Then (cp) C v(d), hence

(c§) C t(d)? C (d).

The nonlinear part of the theorem therefore gives a solution in D[[z]] with nonzero
constant term cg. O

Corollary 4. Let m = 1. Then the equation
ay’ = by

either has a solution in DI[x]] for every initial value ¢y € D, or has a solution
only for co = 0.

Proof. By the linear part of the theorem, ¢y = 0 always gives the zero solution. For
co # 0, existence is characterized by a condition depending only on a and b: either
infinitely many rational primes are nonunits in D, in which case no nonzero initial
value is possible, or only finitely many are, in which case existence is equivalent
to (b) C (a)v1, which again is independent of c. O

7. Examples

The examples show how the same coefficient formulas behave as the arithmetic
of the coefficient ring changes. In each example the theorem applies directly
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because the rings under consideration are Dedekind domains; when they are pri-
ncipal, we translate the ideal criterion into ordinary divisibility.

7.1. Linear case m = 1.

If D = Z, then infinitely many rational primes are nonunits, so the equation
ay’ = by has a solution in Z[[z]] only for ¢y = 0.

IfD=2Zgy = {*€Q:u,v€Z, 2{v}, the localization of Z at (2), then the
only rational prime that is not a unit is 2, and t; = (2). Since Z(y) is a principal
ideal domain, the criterion becomes

2a | b.

For example, if a =1, b =2, and ¢y = 1, then

y(x) =
k=0

This series solves the Cauchy problem

[\

k
2" € Zy[[a]).

o

v =2y, y0)=1

in Zo)[[2]].

7.2. Quadratic case m = 2.
In the quadratic case, complete cancellation Cx(1) = k! reduces the theorem
to the simple condition

(beo) < (a),

or equivalently a | beg in a principal ideal domain.
For instance, if D = Z, a = 2, b = 3, and ¢y = 4, then 2 | 12, so the Cauchy
problem
2y’ =3y%  y(0) =4,

has a solution in Z[[z]], namely
[e.e]
y(x) =4 6*a" e Z[[x]).
k=0
By contrast, if a =4, b =1, and ¢y = 2, then 412, so the Cauchy problem
W=y  y0)=2
has no solution in Z[[z]], even though the unique solution in Q[[z]] has coefficients

Cr = 21k,

7.3. Higher-Order case m > 3.
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To keep the higher-order discussion concrete, we now fix m = 3,s0d = m—1 =
2. This is the first nonlinear case in which the correction ideal is nontrivial, and
it isolates the role of the rational prime 2.

Qver Z.
Here t(2) = (2), so the criterion becomes 2a | bc3. For the Cauchy problem

Y=y, y0)=1,

this condition fails because 2 1 1. Hence no solution exists in Z[[z]]. The unique

solution in Q[[z]] is
(o)
2k\ ¥
b =3 ( ! ) o
k=0
so the factor 2F in the denominator is exactly the obstruction.
Over Z]i].
Here
Zi) ={u+vi:u,v e}

is the ring of Gaussian integers. It is a principal ideal domain, hence a Dedekind
domain. Since

(2) = (1 +i)%

the case d = 2 again gives the principal correction ideal t(2) = (2), so the criterion
becomes 2a | beg. Take

a=1+4i, b=1—4, co=1+i.

Then
bed = (1—i)(144)% =2(1+1i) = 2a,

so the Cauchy problem
L+ =1 —-i)y’,  y0)=1+i,
has a solution in Z[i][[z]], namely

y(x) = (1 +1) i (2:)9;’“

k=0

Over Z [%] Here

1 a
ZH:{Q”:an,neZm}.

This ring is a principal ideal domain, and 2 is a unit in it, so ©(2) = D. Therefore
the same Cauchy problem that failed over Z,

y =93,  y0)=1,
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does have a solution in Z [§] [[z]], namely
— (2k\ z* 1
v =3 (%) 3 < 2 |3] ten
k=0
Together these three exact examples show that in the higher-order case the

same prime 2 may block descent, permit it, or disappear entirely, depending on
the arithmetic of the coefficient ring.

7.4. A non-UFD example: Z[/=5].
Let
D = Z[v/-=5] = {u +vvV—=5: u,v € Z},
the ring of integers of Q(y/—5); see |7, Cor. 2 to Thm. 1]. Hence D is a Dedekind
domain by [7, Thm. 14, Ch. 3], but it is not a unique factorization domain. Indeed,
the classical nonunique factorization

6=2-3=(1++v=5)(1—+V-5)

already shows that factorization of elements behaves differently here; see [7, Ch. 1,
Ex. 15].

Take m =2, a=1++/-5,b=1—+/=5, and cg = 1 + /=5. Since t(1) = D,
the theorem says that the equation

(14++vV=5)y' = (1 —v/=5)y, y(0) =14 /=5,

has a solution in D[[z]] if and only if
(beo) € (a).
Here
beo = (1 — v —=5)(1 + v —5) =6,
S0
(beo) = (6) € (1 +V=5) = (a).
Hence a solution exists in D[[z]]. In fact,

o0

y(@) = (1 +v=5) ) (1-v=5)*a" € Dl[x]]

k=0

solves the displayed Cauchy problem.
Thus the theorem applies in the non-UFD Dedekind domain D = Z[/—5].
The chosen data are built from the classical factorization

6=(1+V-5)(1-V-5),

while the existence criterion is still expressed in terms of ideals.
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®@opmMaJsibHi crenenesi psau s gudepenniaabHOro pisaauas ay’ = by™
Ha obsactamu leaekinaa HyJIbOBOT XapaKTEpPUCTUKU
Poman Cxypixin
Kagpedpa pyndamenmanrvroi mamemamuri
Xapriscoruti nayionasvnul yrwisepcumem iment B. H. Kapasina
Mmatidar Ceobodu, 4, Xapxis, 61022, Yrpaina
¥ pobori nocrimkeno 3amaay Komi ay’ = by™, y(0) = co, y ximbni dopmams-

HUX creneneBnx psamips Dl[x]], ne D — obmacts denekinga HyJIbOBOI XapaKTEPUCTHKH,
K = Frac(D) — i1 mosie 9acTok, a,b,co € D, a,b # 0, m € N. BcranoBmooThcsa TOUHI
YMOBH, 3a SKHUX €IuHuil GopMaabuuii po3s’a30k y € K|[[z]] i3 moYaTKOBHM 3HAYEHHSM
¢o Hacupasai mae Bci koedinientu B D, To6ro Hasexuts D[[z]]. Jns uporo cuepiny B
K|[|z]] BuBOmUTHCA PEKypEHTHE CHIiBBiTHONMIEHHS i KOEDIIIEATIB PO3B 3Ky 1 OepKy-
erbesa sBHA (popmysna mus mux. Ile 3BoguTh 3amady icmysamus po3s’sisky B D[[z]] mo
apudMeTrdHOl 33134l MPo IMIiCTh KOeIIieHTIB, Ky TPUPOIHO (DOPMYJTIOBATH MOBOIO
HOPMYBaHb, ITOB’SI3aHUX 3 HEHYJBOBUME TpOCTHME imeasamu obmacti D. OcHoBHA imes
nossrae B Tomy, 1o mis obnacreit Jenexinga nepemkona cuycky 3 Kl[z]] no D[[z]] Bu-
3HAYAETHCS HE 3BUYANHOIO MOIJIBHICTIO HA IIPOCTI eJIeMEeHTH, a MOPIBHAHHAM HOPMYBaHb
JpOoDOBUX ifeastiB micsst JoKasi3armii 3a IPOCTUMH imeamamMu.

Y npimiftHoMy Bunanky m = 1 HyJIbOBe MOYATKOBE 3HAUEHHS 3aBXKIW A€ HYIBO-
Buit po3B’sa30k. st ¢ # 0 y dopmynax ais koedimieHTiB 3’ aBasai0ThCa (bakTopiaabHi
3HAMEHHUKH, [0 CTBOPIOE TI0DATBHY TEPEINKOIy, AKIo B D He € 0BOpOTHUMEU HECKiH-
YeHHO 6AraTo PAOHAIBHUX MPOCTUX YUCes. ZIKINO K TaKUX IMPOCTHUX JIKIIE CKIHYeHHA
KiJIbKICTb, TO TOYHUN KpUTEPiil iCHYBaHHH JIJI HEHYJILOBOI'O ITOYATKOBOI'O 3HAYEHHS MAa€
surssn (b) C (a)ry, Je vy — SIBHO TOOYZOBaHWM KOPHUTYBAJLHUI imeas, Mo 3a1eKnuTh
BiZT mpocTuX imeasiB HaJ BiAMOBIAHUMY paIiOHATLHUMU TPOCTUMU. Y HEJIHINHOMY BU-
magKy m > 2, nokjasmm d = m — 1, gictaemo Bupa3 i KoedilienTiB depe3 100y TOK
Ci(d) = Hf;ol (di +1). Joseneno, mio npocTi imeanu HaJL PAIIOHATBLHUME IIPOCTUMU, AKi
He 14T d, He CTBOPIOIOTD JOIATKOBHX EPeNKos, Kpim 6asosoi ymosu (bed) C (a), Toxi
SIK TIPOCTI i7ieanm HaJ MpoCTUMH, WO MasTh d, 337a0Th Kopurysagabauit inean t(d). Y
pesymbTaTi TouHmit KpuTepiit icaysanmsa mabysae suramy (bed) C (a)r(d). 3oxpema, aas
m = 2 maemo t(1) = D, i ymoBa cuporyerbest 10 (beg) C (a). HaBeneno npukiau ajist
Kinemp Z, JOKaTi3amiil Kifblisg Z, KiTbIA IIINX TayCOBUX YHCEN Ta JeJeKiHI0BOI obira-
cri Z[v/=5|, sika #e € dakTopiaabHIM KiTbIeM, o JeMOHCTPYIOTH POOOTY OIepKAaHOTO
KPHUTEPIIO B Pi3HUX apUPMETUIHAX CUTyAIdX.

Karwuosi caosa: dbopmanbhi creneHesi psaan; obaacts denekinga; 3agaua Korrri;
HOPpMYBaHHS 3a IIPOCTUMM iJeajlaMu; KPpUTepiil mistocTi KoedIili€eHTIB.

KonduikT inTepeciB: ABTOpH MOBiIOMISIOTH PO BiACyTHICTHL KOHQJIIKTY iHTEpeciB.

Icropis crarti: Opepskano: 6 keiTHa 2026; ocramuiit BapianT: 10 Tpasusa 2026;
MpUWHATO A0 APYKY: 15 TpaBus 2026. Oupwronueno 31 Tpasus 2026.
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HesgaBue JsiHiliHe pi3HHUIIEBE PiBHAHHS IIE€PIIOTO IMOPSAKY
HaJT CKIHH€EHHIMHJ KOMYTATUBHUMHU KiJbIIMU 3

OAVHUIIEIO
Y crarti #OCHiIKY€ETHCs HedBHE JIiHifiHE Di3HHIIEBE DIBHAHHS IEPIIOrO HOPSIKY
BX,11 = AX, + F,, n = 0,1,2,... Haa CKiHYEHHNM KOMYTATHBHUM KinbileM R 3

OJIMHWIICI0, TOOTO PIBHAHHS 3 HEOOOpOTHUM ejiemenToM B kinmbuga R. Ha Biaminy Binx kita-
CUYHOTO (IBHOTO) JIHIHOTO PI3HUNIEBOrO PiBHSAHHS, HesBHE JIiHIfiHE pi3HUIEBE DIBHIHHS
HaJ| CKIHYeHHUM KinbiieM R MOXKe He MATh PO3B’S3KiB, & TAKOXK MOXKE MATH HECKIHYCHHY
KiibKicTh po3B’sa3kiB. Ockinbku Oyib-sike CKiHYEHHE KOMYTATHUBHE Kijble 3 OJMHUIIEIO
izomopdHe cKiHndeHHIN mpaAMiit cyMmi JIOKAJIbHAX KOMYTATHBHHX KiJ€llb 3 OJWHHIEIO, TO
PIBHSHHS PO3MATAETHCSA HA CUCTEMY DIBHSIHD HaJ JOKATHLHUMH CKiHYEeHHUMHU KOMYTaTHUB-
HUMH KUIblgMu 3 ofuuunero. [Tokasano, mo ymosa cuiBnajinag 3 R igeany (A, B), akuit
nopozkeno erementramu A, B € R, € He0OXiTHOIO 1 JOCTATHBOIO 7SI iCHYBAHHS CKiH-
YEeHHOI'O YHUCJIa PO3B’I3KiB 1IbOr0 PIBHSAHHSA, MM IPAXOBAHO KiMbKICTH PO3B’sA3KiB B pasi ix
icuyBanns Ta HagaHo BHOPMyILy i 3arajbHOro po3s’asky. Ymosa (A, B) # R € neob-
XiTHOTO 1 OCTATHROI YMOBOIO iICHYBAHHS HECKIHUEHHOTO YHCJIa PO3B’SI3KiB BiAMOBITHOTO
onmopinmoro piBusuast BX, 11 = AX,, n=0,1,2,.... Tako:k BCTAHOBJIEHO, II0 ¥ BHU-
nagxy (A, B) # R ymoBa F,, € (A,B), n=0,1,2,... € HeOOXiIHOIO JJisi PO3B’AZHOCTI
HEOJIHOPITHOTO HESBHOT'O JIIHIMHOTO Pi3HUIIEBOTO PiBHAHHS, ajie HE € JOCTATHBOIO, SK
noka3yiorb npukiaau. [pu goxarkosomy obmexenni, mo (A, B) € BjiacHUM rOJOBHUM
imeasioM Kbl R, 11st ymMoBa Oy/ie TAKOXK JTOCTATHROIO YMOBOIO JJIs iCHYBAHHST PO3B’SI3KY
PO3TJISTHYTOTO HEOJHOPITHOTO PIBHSAHHS, B il CUTYyaIlil piBHIHHS Ma€ HECKIHYEHHO Oara-
70 pO3B’a3KiB. 3a ymoBH, 1110 (A, B) € TOJIOBHUM 1/1€aJI10M, CHOYATKY JOBOAUTHCI KPUTEPIit
icHyBaHHS PO3B’SA3KY y BUIIAJKY JIOKAJIHHOTO KOMYTATHBHOTO CKIHYEHHOTO KibIs 3 OfIH-
HUIIEIO, a MOTIM Y BUIAJKY JIOBLIBHOI'O CKIHYEHHOI'O KOMYTATUBHOT'O KiJIbIls 3 OJIMHUIIEIO.
Ak i B Teopil Ppearoabma, MOKA3aHO HACTYIIHE: SIKIO BiJIOBiAHE OJHOpPiIHE pPiBHAH-
HS Ma€ TIMbKYM TPUBIaJIbHUN PO3B’SI30K, TO IOC/IIKyBaHEe HEOTHOPiAHE DIBHSIHHS Ma€
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eauuanit po3B’sa30K. Ha KOHKpETHHX MPHUKJIAIAX MPOIAEMOHCTPOBAHO POOOTY TOBEIECHUX
TEopeM.

Kawuoei caosa: HessBHe JIiHiliHe pi3HUIEBe PIBHIHHS; CKIHYEHHE KLIbIlE; JIO-
KaJibHe KijJblle, igeaJ.

2020 Mathematics Subject Classification: 39A06; 11B37; 16P10.

1. Beryn

Y 3B’a3ky i3 bararoumciaennnmu 3acrocyBanaaMmu y 80-xx Ta 90-xx pokax
XX CcTOMTT BUHUKJIA TeOPisd HEeIBHUX JIHIMHUX PI3HUNEBUX PIBHAHL B BEKTOD-
HUX TMPOCTOPaxX 3 HeOOGOPOTHWUMHM omepaTopanMu Koedirientamu (JIuB. HAIpPHU-
kiax [1, 2]). s Teopis mpomosikkye cBiit possurok i y XXI-my cromirri (guBs.
Hanpukiaz [3, 4, 5]) mapasesbHO 3 TEOpi€ HESBHUX JIHIAHUX PI3HUIEBUX DiB-
HSIHB HaJT KOMYTATHUBHUMH Kigbisgmu [6, 7, 8, 9, 10, 11, 12].

Hexait R # {0} — ckinuenne KomyraTupHe Kijble 3 ogununero, A, B € R i
{Fn}zozo—nocniAOBHiCTb eleMeHTiB Kinpiig R. B pamiit poboTi JOCTIIKYyETHCs
HesBHE JIiHiliHe Pi3HUIIEBE PIBHAHHS EPIIOr0 MOPSIKy Has R:

BXp41 =AX,+F,, neZ,=1{0,1,2,..1. (1)

Ak is (8,9, 10], pisasiaus (1) HA3HBAETHCS HeABHUM, SIKINO B € HeoBOPOTHUM
eJleMeHToM Kinblid R, 1 A6HuM B TTpOTHAEXKHOMY BUNAAKY. Heasri miniitai pizan-
nesi piBusHHg Buriasany (1) Haj mimicHuMu Kinblgmu gocsipKysaauck B |8, 9],
30KpeMa HaJ KigbleM miaux uncea —B [6, 10]. Hessue Jiniiine pisHuiese pis-
HanHg (1) HAJ CKIHYEHHMM KiTbIeM JOC/IKYBAIOCH PAHIIIE JIUIIE Y BUMNAJIKY
Kiblg JTUIIKIB Zy, = Z/mZ 3a monynem m B [11], i y sunagxy xineua Zy[t]/(t?)
(p— upocre uncisio) y [12]. Jana pobora € HPOIOBKEHHSIM JIOC/I/ZKEHb, K1 OYJ10
3amo9aTKOBaHo B poborax |11, 12].

Y pozzisi 2 HaBeJIeHO TOTEpeIH] BiIOMOCTI 1010 PO3B’st3HOCTI piBHsAHHS (1)
HaJ[ TOBLIBHUM KOMYTATHBHUM KiJbIeM 3 OAWHUIIEIO, HE ODOB’SIBKOBO CKiHUIEH-
HuM. OckinbKE cKindenHe Kijbite R i3oMopdHe ckinvueHHiit mpsMiii cymi cKiHYeH-
HUX JIOKAJTbHUX KOMYTATHBHUX Kijenb 3 ogununero [13], To npobiema icHyBaHHs
Ta €IMHOCTI PO3B’I3KY piBHAHHA (1) 3BOAUTHCS 10 TPOBIEMHE PO3B’SI3HOCTI TIHOTO
piBHSHHS HAJ JOKaILHUM Kimbuem R (amB. macaizok 1 3 reopemu 1). TIpobGaemi
KacudikaIil JOKAJBHIX CKIHYEHHUX KLTEb MPUCBAICHO 6araro pobiT (IuB. Ha-
upuksaz [14, 15] 1 6i6niorpadiro B nux poborax). Ilikaso 3aysaxkuru (nus. [16]),
10 KOXKHUH €JIEMEHT JIOKAJBHOI'O CKIHYEHHOr0 KOMYTATHUBHOI'O KijibIld € 060pOo-
THUM a00 HIJBIIOTEHTHUM.

OcHoBHi pe3ysbraTu janol poboru MmictaTbed y po3xaiiax 3 ta 4. [lpu mocni-
mkenHi piBusHHS (1) cyTTeBY poJib Tpae imean (A, B), sxuii mopomzkeHo Koedi-
HieHTaMu 1poro piBHsiHHg (nuB. Teopemn 2-5). Tak, ymona (A, B) = R e HeoOxi-
JTHOTO 1 JIOCTATHBOIO [I7Is1 ICHYBaHHsI CKIHYEHHOTO JHC/Ia PO3B’si3KiB piBHsaHHsS (1)
(muB. Teopemy 3, me HABENEHO TAKOXK 3arajbHUil PO3B’s30K pisHaHHa (1) B miit
curyarti). Ymosa

F,e(A,B), neZy (2)
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€ HeoOXiTHOI YMOBOIO icHYBaHHSI pO3B’a3Ky piBHsHHS (1) (TpeTe TBEpIKEHHS Jie-
mu 1), ane He € JoCTaTHBbOK yMOBOKW (suB. npukaan 1). Adxkmo qomarkoBo igean
(A, B) € roqoBHM imeasom Kimbig R, To ymosa (2) € ZOCTATHBOIO [T iCHYBa-
HHsI pO3B’s13Ky piBHsiHHs (1), GLIBIT TOTO, B IbOMY BHUIIAJKY iCHYE HECKIHUEHHO
faraTo PO3B’SI3KiB MHOrO PIBHAHHS (JMB. TEOPEMY 5, i€ TAKOXK OTMCAHO 3araJib-
HUi po3B’s130K piBHaAHHS (1) B mift curyarii). Ymosa (A4, B) # R € HeobxigHOW i
JMIOCTATHBOI0 YMOBOIO iCHYBaHHST HECKIHYEHHOI KiJIbKOCTI PO3B’sA3KiB BiAMOBIZHOTO
1o (1) oxHOpimHOTO piBHAHHS (UB. Teopemy 2). Binmitumo, 1o inean (A, B) 6yae
TOJIOBHUM Y Oymb-gKOMY Kifbili R TOJOBHUX i7eaiB, 30KpeMa, B KiAbIaX Z,, Ta
Zp[t]/(t?), man sxumu jocimxysatoch paninte pisasuus (1) siamosizno B [11]
ta [12]. Orxke, axuo igean (A, B) € BracuuMm ijeasom Kijabig R 1 He € T0I0BHAM,
TO MpH BUKOHaHHI yMOBH (2) HeomHopinue piBHsgHHS (1) abo He Mae poO3B’s3KiB,
abo mae HeckiH4ueHHO Gararo poss’si3kiB (auB. Teopemu 3-5 1 3ayBaxkeHHst 1).

B pozaini 5 nanoi poboTu HaBeeHO IPUKJIAJM, {Ki LIIOCTPYIOTH POOOTY Teo-
peMm pozzaintis 3 Ta 4.

2. Iloepeani TBepakeHHA

[IporaromM 1mporo po3/ily HaBOAATHCA IIOMEPETH] BiZIOMOCTI PO PO3B’I3HICTD
piBasinas (1) HaJ HEHyJIBOBUM KOMYTATUBHUM Kijablem R 3 oauHuner (Heo-
BOB’ABKOBO CKIHYEHHUM ).

Yepes R* m0O3HAYNMO MHOXKWHY OOODOTHUX €JeMeHTIB Kimabig R. Jmst High-
TOTEHTHOTO eeMenTa u € R depe3 ind u mo3HagaTIMEMO HOTO 1HIEKC HIJIBITOTEH-
THOCTI, TO6TO Take Hafimenme unciao k € N, mo B* = 0. Uepes (ay,as, ..., az)
TTOBHAYAEMO i1eas Kbl R, TOpomKeHnil eqeMeHTamMn a, ..., a; € R.

Hacrymna jema mae 3araibHUNl pO3B’S30K sIBHOTO piBHsiHHs (1) 1 HessBHOTO
pisasHEs (1) 3 HibnorerTHnM B ta A € R*. Takoxk HABOAATHCS JOCTATHI yMOBH
BIZICYTHOCTI PO3B’A3KIB IILOTO PiBHAHHSI.

Jlema 1. Cnpasedauei Hacmynmi meeporcernts.

1. HAxwo B € R*, mo 3azaavnuti pose’asox pisnanna (1) eusnaueno pienicmio

n—1
Xp=B"A"Xo+) BT TAF, o, neN, (3)
s=0

de Xy — dosiavruti eaemenm Kinvus R.

2. Sxwo B — niavnomenm i A € R*, mo ichye edunutl pos3s’asox pieHmH-
na (1). Let poss’asox susnaveno pienicmio

ind B—1
Xp=— Y AT'BFn., necl. (4)
s=0

3. Hxwo F, ¢ (A,B) npu deaxomy n € Zi, mo pisnanua (1) ne mae
P0O38°A3K16.
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Zosedenna. Ilepiie TBep/KeHHs JIeMU BUILIABAE 3 BIIOMOI (DOPMYJIH 3arajibHOTO

po3B’sa3Ky stBHOrO piBHsiHHA (1) (nuB. Hanpukaay [17, c. 4, dopmyna (1.2.6)]).
Horememo npyre TBepaykenns jgemn. Hexait B € HIJIBMTOTEHTHUM €JIEMEHTOM

kinbist R, v =ind B, a A € R*. Pisuanns (1) MoXHa MepenucaT y BULISIL

X,=BA'X,.1—A'F,, neZ,..

CkopucTaBuich i€ PiBHICTIO V pasiB, 3 ypaxyBaHHaM piBHocTi BY = 0 orpu-

Ma€EMO:
v—1

Xn=-Y A" 'BFu, necly.
s=0

IlepeBipumo, IO I TOCTIIOBHICTE € PO3B’A3KOM piBHAHHA (1):

v—1
BXni1—AX,=-BY A" 1BSFn+1+S+AZA_S 'B*F s =F,, nel..
s=0 s=0

[le noBOIUTH JIPyTe TBEPJKEHHS JEMH.

Tpere TBepKeHHS JIEMU BUILIUBAE 3 TOTO, IO Y pas3i iCHYBaHHS PO3B’A3KY
{Xn )2 piBasns (1) F, = BX,41 — AX,, € (A, B) npu Bcix n € Z. O

Hexait R izomopdue mpsmiit cymi KOMyTaTUBHUX KiJI€Ilb él, cee ET 3 OJMHHU-
nero (meit dpaxt Gyme 3amMCcyBaTUCH HACTYITHUM 9UHOM: R 2 ﬁl ®...0 ]?ir) Mn
He BHKJIIOYAEMO BUIIAJIOK, KOJIK }ARZ = {0} a1a meskux 3HAUEHB | € il, co T
B IIBOMY 1 TibKW B IILOMY BUIAJKY BBAXKAEMO, IO OJWHUIA Kiabig R; cmiBma-
JIa€ 3 HYJIEM IIBOTO KiJIbIIS. HOSHaqHMo 1Z : }Ail ®...P ﬁ — R — BignoBimganii
KAHOHIYHWI 130Mopcb131v1 a T R — Rk — BIJAIMOBITHI KAHOHIYHI HpOGK]_Ul Takox
TTO3HATHIMO Ak = 7 (A), B, = T(B), Fkn = 7Tk(F ), n€Zy, k=1,.

HAxio Tk € Rk, k=1,...,r, TO 3 O3HAYEHHST 1/1 BUILINBAE, 110

%k@(ﬁﬁ)):fk k=1, r (5)

Takox, 7)7" (ﬁ) Nn...n@)* (fr) € OJIHOEJIEMEHTHOI0 MHOXKUHOIO, IIPUIOMY
@Z)(T 1, ..., 1) € enemenrom niel muoxxuuu. 1le o3nauae, 1o

(0.5} = G0~ (7). (©)

Hacrynra teopema mokasye, mo pisasiaas (1) eksiBanenTHe cucremi piBHIHB
B Xk nt1 = ApXgn + Frpy 1€ Zy, (7)

;Le npu koxkuHOoMy k= 1,... 7 BI,ZLHOBI,ZLHG PiBHSIHHS PO3IJISIIAETHCH HAJ| KiJIbIEM

Rk BIJTHOCHO ITOCJIiTOBHOCTI X kon
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Teopema 1. Ilocaidosnicms
anq//;()?l,n,...,jgnn) 5 n€Z+ (8)

e posé’askom pienanna (1) modi i miavku modi, Koau das Koocnozo k =1,....r
o0

NOCAIIOBHICTID {an} € po36’askom 6i0nosionozo pienanna (7). Ilpu yvomy
n=0

e (Xn) = Xpmy, k=1,...,7, n€Zy.

Jlosedenna. 3 pisnocreit (8) i (5) BummBaroTh pisHocTi T (X)) = )?k,m k=
].,...,’I”, n€Z+.
Ockinbru 7 (k=1,...,7) € romomopdizmamu [18, c. 243, Teopema 7|, TO

Te(BXnt1 — AXy — Fy) = BiXpns1 — A Xpy — Fiony, n€Zi.  (9)

3a piszicTo (6) oTpuMyeMO:

BXpi1 = AXy = Fo =0 (BiXys1 = 2iXip = P,
BrXr,n—l—l - ATXr,n - Fr,n) , n€ly.
3azHauuMO, 110
T(0)=0, k=1,...,r (10)
Ba pisrnocrsmu (9) i (10) maemo, mo pisuicts (1) BipHa Toxi 1 TIABKKM TOL, KO €
BipHOTO piBHiCTD (7) Mg Beix k = 1,..., 7. lle 3aBepriye nosenents Teopemu. [l
3. 3aranbHi KpuTepil iCHyBaHHS PO3B’A3KY PIBHAHHS

V308K 11H0T0 po3iay R € HeHY/THOBUM CKIHYEHHUM KOMYTATUBHUM KiJIBIIEM
3 OJUHUIIEIO.
Anyasamopom ejieMenTa u € R HA3MBAETHCSI MHOXKUHA

Annu = {v € R|vu =0}

[18, c. 249, Bupasa 22(a)|.
T
Ba reopemoro V1.2 [13, c. 95], kisbrie R isomopdue npsmiii cymi @ R; nokasib-
=1
HUX CKIHYeHHUX KOMyTarusHux kinenp R; # {0} 3 omuuunero. Tloznauumo uepes
mi: R — R; Biamosigmi KaHoHiuHi mpoekii, ¢ = 1,...,r. BusHadumMo MHOXKHUHH
1, I3, I3 HACTYITHUM YHUHOM:

e [} —wmnoxuna Beix ¢ € {1,...,r} Taknx, mo m;(B) € R,
o I, —wmuoxkuHa Beix @ € {1,...,r} \ I} takux, mo 7;(A) € R;

. 13:{1,...77'}\([1U12).



Bicuuk XHY, Cep. «Maremaruka, IpuKJaIHa MATEMATUKa i MexaHikay, Tom 103 (2026)95

Toni {1,...,r} = LULUIs isignosizao R = ROGRAGRO) e RV = @ Ry,
i€l

pu upoMy Gysemo sBaxatn RUY) = {0}, axmo I; = @, j = 1,2,3. TlozxHaunmo
qepe3 7 KaHOHITHY MPOEKIio 3 R y R i

BY = z0)(B), AW =z (4), FV) = zU)(F,), j=1,2,3. (11)

n

Hacrymma nemMa BeTaHoBIoe BiacTusocTi meskux exementis AW, BU) j
1,2,3.

Jlema 2.
1. B® — pinvnomenm xiavus R?, o B®, AB®) — wisenomenmu xisvuys RG).

2. Sxwpo R # {0}, mo BW — o6opommnuti esemenm wisvua R . Swxwo
2) £ {0}, mo A®) — obopomnui esemenm wisvya R,

Josedenna. 3a ozmadennam MuEOKUHA [o, 1yis KOXKHOTO ¢ € I5 enement m;(B) ne €
oboporauM y Kinbii R;. Ockigbku Kijgbie R; jokaabHe, T0 7;(B) HiAbIOTEHTHAIT
esiemenT |16, siema 2.1, reopema 2.3|, a Tomy esemeHT B®) takox nigbnorenTHU.
Awnasoriuno, 3 o3Hadents [3 BUIIMBaOTH HeoGopoTHOCTI estemenTin m;(A), m;(B)
JJIsI BCiX ¢ € Ig i omke AG ) B®) ¢ ninbnorenramu KIJIbIls RO,

Hexait R # {0}, T06To I # @. Toni, 3a o3uadennsm 1, j1jist KOXKHOTO i € [q
eqemenT m;(B) e oboporanm. OTke B( ) € O60pOTHI/IM enementom Kimpma R(U.
Anasoriuno noBoauThes, mo saxmo R #£ {0}, To A®@ ¢ oboporanM enemenTOM

K1JIbIISE R®). JleMy JOBeJIEHO TIOBHICTIO. OJ
Jlema 3. Ymoou (A, B) = R i R®) = {0} pisnocunvni.

osedennsa. 3ayBazKuMo, 110 yMOBY (A B) = R BUKOHAHO TO/i 1 TiMBKH TOJ,
KOJTH W(j)((A, B)) = 7W(R) = RY), j = 1,2,3. Ocximeru 717) — crop’exTunHmit
roMoMopdi3M, TO

70 ((4,B)) = {x9(ad + BB) | 0, f € R} =
:{Hﬂmpmxmwy@Bm‘%563}:(mq3w>,j:lgj,
Tomy ymoBy (A, B) = R BUKOHAHO TOJI 1 TLMBKH TO, KOJIN
(Aqu):Rm,j:Lza (12)

Tenep HOKa}KeMO 1o yMOBa (12) BukoHyeTHCS 3aBK/ M Tpu j = 1, 2.

dxmo R = {0}, ro AN = B = 0i pismicts (12) mpu j = 1 € oueBmaHOW.
dkmo RW 7é {0}, To, 3a memoro 2, B € oGoporaim emementom ximbrs RO,
3BiIKM BUIIMBaE pisHicTs (12) mpu j = 1.

Amamoriuno mpu j = 2: sxmo R?) = {0}, o pisxicts (12) € oueBmaHOW.
dxmo R? # {0}, 10, 3a memoro 2, A?) ¢ oboporinm exementom kimpis RP), i
OTIKe CIPABIKYEThCA piBHICTH (12) mpm j = 2.
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Takum gwrOM, ymMoBa (12) piBHOCHIBHA YMOBI
( A®) B<3>) — R®. (13)

Temep mokazkemo, mo ymosa (13) pisrocmapaa pismocri R®) = {0}. dxmpo
R®) = {0}, o (A(3), B(3)) = {0} i romy pisnicrb (13) BukoHyernbcsi. Tenep, Has-
naxu, nexait puxomano (13) i R®) # {0}. Toxi, 3a memoro 2, exementn A®) i BG)
¢ minpnorentamu kiabug R a romy 1 € R®) ne moxke Gyru ix ainiitHoro koM6i-
nariero. Orxe, (A®), B®)) £ RG) mo cynepeants (13). Le 3aBepiiye 10BeseHHs
JIEMU. O

Io3maunmo wepes 1 isomopdism xizeny R @ R® & RG) i R.
Hacrymauit macmigok 3 teopemu 1 mokasye, mo pisashus (1) exsiBasenTHe
CHUCTEM] PIBHSIHB

BUXW = ADXG) 4 FD . nezy, (14)
e Tpu KoxkHOMY j = 1,2, 3 BianoBijiHe PIBHAHHA PO3TIAIACTHCA HAJ KIJIbIIEM

(4) gi : ; (H1>
RY) Bigmocuo mocaimoBaOCTI ¢ Xp

n:().

Hacaigok 1. Ilocaidosnicmo
Xo = (X, X2, xP), nez,

€ po3e’askom piehanna (1) modi i misvku modi, xoau 0z Koocnozo j = 1,23

.\ ) 0O
NoCcAIdO6HICTL {Xq(f)} . € po3e’asKom 6i0nosionozo piskanna (14). pu yvomy
n—=

7D (X,) = XY, j=1,2,3, neZ,.

Yepes card R mo3ravaTnMeMo KiIBKICTh eaeMenTiB Kiibig R. Hactymra Teo-
peMa BCTaHOBJIIOE KPUTEPIiil iCHYBaHHS CKIHUEHHOTO YUCJIA PO3B’A3KiB OJIHOPIIHO-
IO piBHAHHSI

BX,i1=AX,, neZ, (15)

HaJ KiablleM R.

Teopema 2. Odnopidne pisuanna (15) mae crinvenne wucio poss’askic modi i
miavku modi, koau (A, B) = R. Ipu ybomy Kiavkicmsd D036’ aA3Ki6 4b020 PI6HANNA
dopienioe card R,

Josedenns. Posrasaemo pipusians (14) 3 FT(Lj) =0,j=1,2,3 neZ,.
Jlocmammicms. Hexait (A, B) = R, Togi, 3a temoro 3, R®) = {0}. Orxe, eap-
Ha TOCTIIOBHICTE ¥ KLIBII R®) mae BUTJIAT XS’) =0 (n € Z+), 11g TOCTIOBHICTD
i € poss’s3kom piBHgnHa (14) mpu j = 3.
Axmo R®) # {0}, To, 3a nemoro 2, mpu j = 2 enement B?) ¢ minpnorenTamy, a
AR — oboporauM. OTKe, 32 IPYTUM TBEPKeHHAM jieMu 1, ipu j = 2 icHye Jsintiie
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TpuBiaabHA PO3B’A30K piBHaAHHS (14). K10 R® = {0}, To eauHa mocs1iTOBHICT
X,(L2) =0 (neZy)yximem R® ie poss’sskom pisagaas (14) mpu j = 2. Takum
yuHOM, piBHsinas (14) npw j = 2 mae nume TpuBiaTbHUN PO3B’A30K.

Axmo RM) = {0}, To eauna nocmizosricTs xM =0 (n € Zy) y ximeni RM ¢
po3s’sskom pismsnns (14) mpu j = 1. dxmo RM # {0}, o, 3a memomo 2, exement
BW ¢ o6oporamm. OTske, 3 IEPIIAM TBEPIZKEHHIM JIEMH 1, 3arabHuil pO3B 30K
piBasgrHA (14) mpu j = 1 Mae BUIA x{M = (B(l))_n (A(l))nX(()l) (n € Zy),
ze Xél) — JIOBIJIbHUI €JIeMEHT KiJIbIld RW . Taxuwm 9UHOM, KiJBbKICTh PO3B’A3KiB
pisusans (14) mpu j = 1 gopismioe card R(Y.

Bpaxosytoun wmacaigok 1, orpumyemo, mo npu (A,B) = R xigbkicrs
po3B’si3KiB piBHsHHg (15) mopisHioe card RW . NocrarHicTs n0BeIeHO.

Heobzionicmo. Hexaii (A, B) # R, ozi, 3a memomo 3, R®) #£ {0}. Ba memoro 2,
enementn A®), B®) ¢ uinbnorenTHIME. Omxe, 3a [16, nema 2.2|, icHye eqeMenT
u # 0 Kigbia R®) rakmit, mo u € Ann A®) N Ann B®). Toxi nocaigzosricTs
Xég) =ufy, (n € Zy), ne {Bn}rry € AOBLIBHOI IOCILIOBHICTIO Hy/IiB Ta OJUHUI,
€ po3B’sa3koM piBHaHHA (14) mpu j = 3. Cupasi,

BOXP) — APXP) = uB®)B, 11 — (uA®)B, =0, neZy.

TakuM YMHOM OTPUMYEMO HECKIHUEHHO GaraTo po3s’s3KiB pisHsHH (14) npu j =
3. Ockinbku ipu j = 1,2 piBasung (14) mae npuHaiiMai TpuBiaabHUE PO3B'A30K,
T0, 3a HacaiaKoM 1, piBasHHs (15) Mae HeckinuenHO GaraTo po3s’s3kiB. Teopemy
JOBEIEHO MMOBHICTIO. O

TYIHWIT HACALIOK € KPUTEpPIEM €IMHOCTI B’I3K HOPLIHOTO PIBHAH-
Hac acJIJIOK € epieMm € OCTI PO3B’d3KYy OIHOPIIHOIO Pi

Ha (15).

Hacuaimok 2. Oduopidne pishanna (15) mae miavku mpusiasvhuli po3s’sasox
modi i miavku modi, xKoau B — wiavnomenmuuti eaemenm kiavua R, a A € R*.

Josedenns. JlocrarHicTb BUILIMBAE 3 TBEpAKeHHs 2 jgemu 1.

Heobxionicms. Hexait piBasans (15) Mae TiabKu TpuBiaJbHUT PO3B’s30K. 3a
reopemoio 2, (A, B) = Ricard RV = 1. Ymosa card R(Y) = 1 pisrocussua romy,
mo RM = {0}. 3a xemoro 3, R®) = {0}. Omxe R? = R i romy R? # {0}. 3a
memoro 2, B®) — minemorentruii eement ximbis R, a A?) — oGoporuuii ere-
MEHT I[bOTO KijIbIlsi. BpaxoByroun, 1o R® >~ R, maewmo, mo B — niabnorenTHumii
eqeMenT Kibilg R, a A € R*. O

Hacrymuuit macaigok € gegkum anasorom ofuiel 3 Teopem Ppearoabma.

Hacuainok 3. Hxwo odnopione pisnanna (15) mae misvku mpusiasorud
po36’a30k, mo 6idnosidne neodnopione pisnannsa (1) mae edunul pose’asor daa
6ydv-arol nocaidosrnocmi {Fy, } 7. et poss’asox susnavaemuca gopmyaoto (4).

Jlosedenma. 3a HACHIIKOM 2, SKINO OJHOpiAHE piBHAHHA (15) Mae TIIBKH TPUBI-
anpHUll Po3B’a30k, To A € R* i B—minpnorenrauii esement kimbrg R. Toxi,
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3a jieMoro 1, piBustHHs (1) Mae eauHUiT PO3B’SI30K, KUl BU3HAYAETHCA (DOPMY-

no1o (4). O

Hacryina reopema BCTaHOBJIIOE HEOOXIJIHY 1 JJOCTATHIO yMOBY ICHYBaHHS CKiH-
YEHHOTO YHCJIa PO3B A3KIB HeomHopianoro pisasaas (1).

Teopema 3. Pisnanua (1) mae cxinuenne wucio pose’askie modi i misvku mo-
di, xoau (A, B) = R. IIpu uyvomy xisvkicmv pose’askie piehannsa (1) dopienioe
card RV . Kpim mozo:

1. axwo B € R*, mo sazaavnuti poss’asox pienanna (1) eusnauaemoca dop-
myaoto (3), de Xo — dosiavrull esemenm xisvua R;

2. axuwpo A € R* i B — nisvnomenmnul esemenm xiavus R, mo edunud
pose’asok pisnanna (1) susnawaemoes gopmyaoto (4);

3. axwo RM £ {0} i R® # {0}, mo sazamvnuii pose’ssox picnanms (1)
suanavaemuvea popmyaroro X, = P (XS), X7(12), 0) (n€Zy), de

= (80) " (40 x5 (50) 7 (A0) L, e
s=0

(16)
ind B® -1 el <
xP= 3 (A<2>) (B(2)) F?. nez,, (17)
s=0

1 . .
a XO( ) ¢ dosinvrum eaemenmom winvua R,

Jlosederna. Jlocmammuicms. Hexait (A, B) = R.

dxmo B € R*, To, 3a jgemoro 1, 3aranbHuii po3s’st30K piBHsiHHS (1) Mae BU-
risg (3), me Xo — nosinbanit enement Kigbig R. OTike KiAbKiCTh PO3B’sI3KiB PiB-
ustaHs (1) y nbomy Bunajky mopisaioe card R. 3 Toro, mo B € R*| BuminBae, 1o
mi(B) € R npu scix i € {1,...,r}, tomy RY) = R, a orxe xinpxicts poss’sskis
piBHsHHs (1) ¥y 1bOMY BUMAIKY TopiBHIOE card R(l), 0 JTOBOIUTH TBep/ZKeHHsd 1
TEOpEMMU.

dAkmo A € R* i B— HiIbIOTEHTHUI ejieMeHT Kiiblg R, To, 3a jemoro 1,
po3B’si30K piBHsiiHg (1) BusHauaeThcs eauauM duHOM Gopmynoro (4). Ockinbku
B — minbrorentauii enement kimpnsg R, 1o R = {0}, i Toai card RV = 1. Ile
3ABEPIIYE JIOBEJICHHS TBEPIKEHHS 2 TEOPEMH.

Temep 70BeEMO TpETE TBEPZKEHHS TEOPEMU.

Ocximpkn R #£ {0} i R?) # {0}, 10, 3a memoro 2, B € oboporHmy ere-
venrom kiabng RV, B?) e ninpnorentanm enemenrom kimpus R, A ¢ o6o-
poranM enementoM Kinbmg R, Otxe, 3a 1eMoi0 1, pos3B’si3KH PiBHSHD (14)
npu j = 1 i mpu j = 2 Busmrawarorbca dopmynamu (16) i (17) Bignosigmo,
IPUYIOMY KiTBKICTh PO3B’si3kiB piBHsiHHs (14) mpu j = 1 mopisaioe card R,
a pipusnHg (14) npu j = 2 mae eguumit posp’szok. Ockinbku (4,B) = R,
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TO, 3a JIEMOIO 3, RO = {0}, a ToMy exuHA TOCTIIOBHICTDL y R®) mae Burisn
X,(L3) =0 (n € Z4). la mocnigosHicTs i € po3s’si3kom pisusinas (14) npu j = 3.

Ba macaigkom 1, Mmaemo, 1o 3araabaUil po3s’s30K piBHstHHA (1) BU3HAYAETHCS PiB-
.y 00
nicrio X,, = ¢ (szl), X,(f), O) (n € Z4), ne nocaigoBHoOCT {Xﬁj)} , j=1,2,
n=0
BusHauaThca dopmynamvu (16), (17) signosigno. Kinbkicts po3s’askis pisHs-

uusa (1), Biamosigao, mopisHioe card RW . 1le 3aBepriye M0BeIeHHS TOCTATHOCTI
TeOpeMHu.

Heobzionicmoy. Hexait piBusinus (1) mae ckindenne 4ucsio pos3s’sskis. [Tpu-
mycruMo cymporusie, mo (A, B) # R. Badikcyemo geskuit poss’azox { Xy}~
pisasaus (1). Toxi dopmyna

Xp=Xn+an, né€Zy, (18)

ae {an}ol , —3araabHuil po3B’s30K OQHOPiAHOro piBHsHHs (15), Takok 3anac
pose’sizok piBasEAs (1). Ockinbku, 3a Teopemoo 2, iCHye HeCKiHYeHHO Gara-
To po3B’a3kiB pisHgaHHA (15), To dopmyna (18) Bu3HAUAE HECKIHUEHHO OGaraTo
pose’si3kiB piBHgHHa (1). OTpuManu npPOTHPIYYS 3 NPUITYTIEHHAM CKIHYEHHOCTI
Tucaa po3s’a3kis pisusHbg (1). Teopemy moBeseHO MOBHICTIO. O

3 TeopemMu 3 BUILIMBAE HACTYTHUN KPUTEPIit ICHYBAHHS Ta €TMHOCTI PO3B A3KY
piBastaHs (1).

Hacuainok 4. Pisnannsa (1) mae edunuti pose’ssok oaa 6ydo-axoi nocaidosHo-
emi {Fp},7 ) modi i miavku modi, koau A € R, a B € niavnomenmnum eae-
menmom xiavuys R. Ileti pose’asok eusnauaemoca dopmyaoto (4).

Takoxk 13 TeopeMu 3 BUILINBAIOTL HACTYIIHI HACTLIKHA.

Hacuainok 5. Pisnanns (1) mae crxinuenme wucao po3e’asxie oas 6yov-axoi no-
caidosnocmi {F, }o0 o modi i miavku modi, xoau (A, B) = R.

Hacainox 6. SJkwo A € R*, mo odnopione pisnanna (15) mae card R
po3e’askie. IIpu yvomy 3a2a4vHuUl PO36 A30K U020 PIGHAHHA GUIHAUNAEMBCA HOD-

mysoo X, = (Xf,,l), 0, 0) (ne€Zy), de
X7(11) — <B(1))_n (A(1)>HX(§1)7 neN,

1 . :
a Xé ) ¢ dosinvrum eaemenmom winvya R

BayBaxkennst 1. Hexaii (A, B) # R. Toai MHOXXWHA PO3B’I3KIB OHODPITHOIO
piBHsiHHS (15) Mae MOTYKHICTH KOHTHHYYMY (JUB. TOBEIEHHST HEOOXiTHOCTI TBEp-
mkerns Teopemu 2). ToMy, 3a TeopemMoro 3, MHOKHHA PO3B A3KIB HEOHOPITHOTO
piBasiHHs (1) ab0 mOpoXkKHs, a60 TAKOXK Ma€ TMOTYKHICTh KOHTHHYYMY. 30KpeMa,
MHOYKWHA, PO3B’I3KiB IIHOT0 PIBHAHHA HE MOXKE OyTHU 31 U€HHOIO.
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4. Bunaziok, koyin KoedilieHTy PiBHAHHS HOPOAXKYIOTH I'OJIOBHUI
imeaJ

B 1ipoMy po3giii, sikio He orosopeno iuie, R # {0} e ckinuenHuM KoMy TaTHB-
HUM KUIBIEM 3 ONUHUIE 1 icHye esement D ximbig R takwit, mo (A, B) = (D),
ne A, B— xoedinienrn piBugnnga (1).

dxmo F, € (D) mpu Bcix n € Zy, 10 3adikCyeMO JesKi ejleMeHTH
A", B' F} (n € Z4) kinbusg R Tak, 1o

A=DA, B=DB' F,=DF neZ,. (19)

Jlema 4. Hezatli R — aokaavne xiavue. Sxwo D # 0, mo (A, B') = R, mobmo
zoua 6 odun 3 eaemenmic A', B' e obopomnum. Biavw moeo, ichye eaemenm
~v € R maxuti, wo A =~B y eunadky B' € R*, B=~A y eunadxy A’ € R*.

Hosederns. 3anuiemo
(D)= (A,B)={aA+ BB |a,f e R} ={aDA + DB | o, 8 € R}.

[Ipunycrumo, mo cepen A’ B’ memae o6opornoro enemenry. Toxi, ockinbkn R —
nokanbHe Kimbre, To A, B’ — ninmbnorentn [16, mema 2.1, Teopema 2.3] i cyma
HITBIIOTEHTIB € TakoXk HigbmoTeHTOM |18, ¢. 250, Bupasa 29|. Tomy masa mesxux
«a, B € R cupaBejymiBe HaCTyIIHE 300pazKeHHsI ejieMeHTy D:

D = aDA' + BDB' = D(aA' + BB') = Dijo,

Jie jo — AedKnii HITbIOTeHTHHN exeMenT Kinbnga R, Tomy D = Dji' nns poBiab-
HOT'0 HATYPaJbHOIO M, 30kpema D = Djiondjo = 0. e cynepeunts ymosi D # 0,
or:Ke npuiyienns xubne i cepey A', B’ € oboporuuii esemenr.

Tenep mexait A’ € R*. Tomi, 3a (19), B = B'D = B'(A")7'A = yA, ne
v = B'(A")~!. Ananoriuno y sumagky B’ € R* nosomuThes piBmicts A = yB
st esdakoro v € R. Jlemy noseaeno. ]

Baysaxkenus 2. dxmo D = 0, o A = B = 0 i Gyznemo seaxaru B (19) A" =
F,=0(ne€Zy)iB =1y ki R.

Hacrymra Teopema BCTAHOB/IIOE KpUTEPil iICHYBAHHS CKIHIEHHOTO 1 HECKiHIeH-
HOTO YHC/Ia PO3B’sI3KiB piBHAHHS (1) Haj JTOKAJTBHEM KitbieM R.

Teopema 4. Hezati R — aokasvhe kiavue. Cnpagediust HACMynmi meepincerts.

1. Pisnanna (1) mae ckinvenny xiavkicmv po3e’askie modi i miavky modi,
koau D € R*. IIpu yvomy pisharnsa (1) mae

N card R, B e R*,
L B¢ R, Ac R
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PO36 A3KIE © 302a4bHUT PO36 A30K UBO20 PIBHAHHA MAE BULAAD

n—1
B™"A"Xo+ Y. B—7YASF, o 1, B€RX,
Xn = indBfIS:O (20)

— Y AIBE, ., B¢ R*, A€ R*,
s=0

de Xy — dosiavhuti esemenm xiavua R y eunadky B € R*.

2. Pisnanna (1) mae neckinwenno bazamo po3s’aswic modi i misvku modi,
woau D ¢ R* i Fy, € (D) npu ecizn € Z. IIpu yvomy 3a2arvrud po3e’a3ox
Ub020 PIBHAHHA BU3HAYEHO PIBHICTIO

Xn=X) +an, ne€Zl, (21)

6 axith {an ooy — dosiavha nocaidosnicms eaemenmis anyassmopa Ann D,
. ! /oo
a nocaidosricmo { X}~ o mae suzasd

n—1

/ (B/)fn(A/)nX(l) + X_:O(B/)isil(A/)sF'r/L—s—l? B/ c RX,
Xn = mdB-1
_ Z (14/)7871(B/)SF;Q_’_S7 B’ ¢ RX,A/ c ],%X7
s=0

(22)
de X{, € dosiavnum esemenmom xinvua R y eunadky B’ € R*.

3. Pisnanna (1) ne mae pozs’askie modi i misvku modi, xoau F, ¢ (D) npu
deaxomy n.

Jlosedenns. JloBeneMo JOCTATHICTH LEpIIOro TBepixKeHHs TeopeMu. Hexaii D €
R*. Toai (D) = R i orxxe BukoHano pisaicts (A, B) = (D) = R. Tomy, 3a Teope-
Mot 3, pisasinast (1) mMae ckinuenne uncao po3s’si3kis. Bursan (20) 3aranbroro
po3B’s13Ky piBHsiHHS (1) BUMIHBaE 3 TBepAXKeHb 1, 2 TeopeMn 3.

ITpu upomy, skmo B € R*, 1o piBusnans (1) € aBHuMM 1, 3a nepmum TBEp-
JRKeHHaAM JileMn 1, 3aranpHuil po3s’sa3ok piusamag (1) mae surian (3), me Xo —
JMOBLIbHMI efeMeHT Kinbiia K. OTxe, y 1IbOMY BUTIAJKY KiTbKICTH PO3B’A3KIB PiB-
uaunst (1) nopisuroe card R. fkmio »k B — HisbnorenTHuit egement kinbis R i
A € R*, To, 3a IpyruM TBEP/KEHHsIM TeopeMu 3, piBHaHHs (1) Mae emxuHwmit
PO3B’SI30K.

HocTaTHIiCTh TBepIKEHHS 1 T0BEIEHO.

JloBejieMo 1ocTaTHICTL PYroro TBepKenHs Teopemu. Hexait D ¢ R* 1 F), €
(D) upm Beix n € Z4. PiBuanns (1) 3 ypaxysauuam (19) npuiimae Buris

D (B'Xn41 —A'X, —F}) =0, neZyg,
110 PIBHOCWJIBHO PIBHAHHIO

B'Xpi1=AX,+ (F,+ Bn), ne€Zy, (23)
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ae {Bn}y_— OBLIbHA HOCHIIOBHICTL eeMenTiB amynaTopa AnnD. OckinTbKi,
3a stemo10 4 1 zaysaxkennsm 2, (A’ B') = R, To MOKHA 3aCTOCYBaTH T€OpeMy 3 10
piBasHHE (23). 3 1i€l TeOpeMU BUILTUBAE, 10 3araJbHUl pO3B’a30K piBHAHHA (23)
BU3HAYEHO (HOPMYJIO0

n—1
(B)™(A)' Xo+ 3 (B) AV (Fh_yy + fus1), B € R,
s=0

ind B'—1
— 3 (AN B (Fhs + Buss), B ¢ RX, A" € R,
s=0

Xn =

ne Xo — nosinbuuii enement Kinbig R, a {fy}, - — A0BLIbHA HOCIIOBHICTS eJ1e-
MeHTiB amy/sgropa Ann D.

Ocranmio pipaicTs MOXKHA nepenncaru y surasaal (21), ge {X]}° ) Busnade-
HO dopmynoro (22), X = X — noBiabHuii esemenT Kinblig R, a MOCT0BHICTD
{an},2 ) Bu3naueno dhopmymnowo

0, n=0, B € R*,
n—1
o = Z (B/)_S_l(A/)Sansfl, ne N, B € RX,
- =0
" ?ndB'—l
_ Z (A/)—sfl(B/)sBTH_s’ n e Z+, B/ §é RX, A/ c RX.
s=0

Ockinbku By, € Ann D i Ann D € ineasnom kiabisg R [18, c. 249, Bupasa 22|, To
oy, € Ann D ipu koxxHOMY 1 € Zy . TakuM auHOM, KOZKEH PO3B’g30K piHsaHHs (1)
mae sursn (21), ne {X] }2 ) Busnageno dopmynowo (22), a {an o, — noBinbHa
TTOC/TITOBHICTH e/TeMeHTIB anyagaTopa Ann D.

Temep mokaxkeMo, IO JIJIS JOBLIBHOI TOCITOBHOCTI {an}zozo eJIEMEHTIB aHy-
asropa Ann D i nocaigosrocri { X},
nocainoBHiCT BUNIsiAy (21) € poss’sskoM pisusiuis (1). Ilincrasmsoan { X, },7
B pieugrns (1) i Bpaxosytoun, mo {X/} ° , € po3e’askoM pisuauHa (23) npn
Br =0 (n € Z), Mmaemo

BusHAYEeHOT hopMysor0 (22), Gyan-siKa

BXp41 — AX, — F, = DB'X),,, + DB'ay 1 — DA'X!, — DA'a,, — DF!, =
=D(BX,, -~ AX,~F)=0, neZ,,

10610 { Xy} ) € po3s’saskom piBusHHs (1). e noBoauts GopMy/Ly 3araabHONO
PO3B’A3KY y BUIAJIKY JAPYIOT0 TBEP/KEHHS TEOPEMHU.

Ockinbku R — nokasbae Kimbie i D ¢ R*, to D — uinsnorent [16, gema 2.1,
reopema 2.3]. TToksauemo

l)indel7 D#O,
l1eR, D=o.

Toai a # 01 a € AnnD. Tenep, axmo 3adikcyBaTu OyIb-sIKYy TOCTITOBHICTD
/100 : e e} : . . .

{X) }o—o 1 obparu {on}, -~ 9K JoBiIbHY mocaizoBHicTs 3 0 1 @, TO oTpuMaeMo

HecKiHueHHO 6araTo po3s’sa3KiB pisHsiHHS (1).
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JloCTaTHICTh TPETLOTO TBEP/IKEHHS TeOPEMHU BUIIUBAE 3 TPETHOTO TBEPIZKE-
HHsl Jiemu 1.

Mu nmoBesim HOCTATHICTDL KOXKHOTO 3 TBEpAKeHb TeopeMu. OCKIIbKY TOCTATHI
VMOBM BCIX TPbOX TBEPIKEHL TEOPEMU BUYEPIIYIOTL BCl MOMKJIMBOCTI 1 TIOTTApHO
HECYMICHI, TO JOBEJIEHHS KPUTEPIIB 3aBEPITIEHO. O

Baysaxkeuns 3. Popmysa (20) € wactkoBuMm Bunagxkom dhopmysn (21), ocKiIbKE
akimo D € R*, to o, = 0 npm Beix n € Z4 1 Bianosinno X, = X/ (n € Z,).

Baysakennst 4. Hexait R # {0} € jloKaJpHIM CKIHUEHHNM KiJTBIIEM TOJOBHUX
imeanis, A, B # 0 i j — HUIBIIOTEHTHUI eJleMeHT Kijibilss R, 10 TOPOKYe MaKCH-
MaJIBHIH iJ1east poro Kinbld. Ha Kiabmi R yBeaeMo BiIHOIIEHHS] eKBIBaJIEHTHOCTI
HACTYIHUM 9MHOM: U ~ v (u,v € R), axkmo u = vs maa gedaxoro s € R*. Jlna
6yap-sxoro u € R\ {0} icaye exmme mine mesimx'emue k(u) Take, mo u ~ i [19,
c. 245]. TToznauumo m = min {x(A), K(B)}. Ockinbkun R — Kiible roJOBHUX 1€~
aniB, To icnye Takuit enement D € R, mo (A, B) = (D). llosgcanmo, mo D ~j™
Copasni, nexait A = "D A, B = j~(B )B ne A, B € R*. Toni

(D) = (A, B) = ("W A,j*BB) = jm(jv - A jxB-mp),
Ockinbku k(A) = m abo kK(B) = m, To (j“(A)*mA,j“(B)*mB) =Ri (D)= (G").

Topi, 3 ypaxyBaHHSIM JOKaJIBHOCTI Kinbilst R, Mmaemo D ~ j™. 3Bijcu BUILIUBAE,
mo Ann D = Annj™ = (jindj_m). Towmy 6ynb-sikuit ejemernT o € Ann D jomy-
ckae 3o6paxkenns « = "YUy npu geaxomy v € R. Orixe, axmo D ¢ R
i F,, € (D) upu Bcix n € Zy, 10 3arajibHuii po3s’si30Kk piHsHHs (1) mae Bu-
risn X, = X/ +indi=ma (n € Z,), B saxomy { ¥}y — AOBiABHA MOCITI JOBHICTE
eneMeHTiB Kinbls R, a mocainosricts {X)}° ) BusHadteHo dopmynown (22), xe
X{,— noslnbanit enement xinbus Ry sunaaky B’ € R*.
Haramaemo, o, 3a teopemoro VI.2 [13, c. 95|, 6yap-sike CKiHUE€HHE KOMYTa-
T
tusHe Kinbre R # {0} 3 ogummumiero i3omopdue mpsmiit cymi @ R; sokambHIX
=1
ckinueHHux KomytaTuBHux Kijgeup R; # {0} 3 ogununero. ﬁOSHaqMMO qepes
¢: R @ ... % R, — R xaunoniunumit izomopdism i uepes A;, B;, F;,, xanoniumi
mpoekTii enementis A, B, F, Binnosiguo (aus. po3zin 3):

Ai:ﬂ’i(A), Bz:’ZTfL(B), Fi,n:ﬂ'i(Fn), ’izl,...,T, HGZJr. (24)
Hacrynnra nema BcTanoBmoe 38’30k Mix pisaicTio (A, B) = (D) y xinemi R
i pisnoctavmu (A;, B;) = (D;) y xumbiigx R, i =1,...,7.

Jlema 5. Hezxati R # {0} — cxinuenne womymamusne wiavye 3 00unuyew,
A,B,D € R. Jlaa sukonanna ymosu (D) = (A, B) neobxiono i docmammwo icry-
sanns maxuz esemenmie D; € R;, wo (D;) = (A, By), i = 1,...,r. IIpu yvomy
D =¢(Dy,...,D,) i D; =m;(D) daa xoocnozo i =1,...,r.

Aosedenna. Heobrionicmo. Hexait (D) = (A, B). 3adikcyemo noBlibHe i €
{1,...,7} i noknanemo D; = m;(D). BayBaxumo, 1o

(D;) = mi(D)R; = mi(D)mi(R) = mi(DR) = m;((A, B)).
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3 inmoro 60Ky, OCKIJIbKY 7; — CIOP €KTUBHUM roMoMopdizM, TO

7i((4,B)) = m({aA + BB | a, 8 € R}) =
{mi(@)m(A) + m(B)m(B) | o, B € R} = (m(A), m(B)) = (A, By).

IIe moBOAMTEH HEOOXIAHICTH.
Jlocmammnicmy. Hexait (A;, B;) = (D;) npu Beix i = 1,...,7.
Ockinbkn m; (i = 1,...,7), ¢ — ciop’ekTuBHI TOMOMOPMIZMHI, MAEMO:

(AaB) = (SO(Ala e ,Ar)ﬁO(Bly .- 'aBr» =
={ap(A,...,A)+B¢(By,....,B;) | a,B € R} =
= {gp(m(a)Al + m1(8)Bi, ..., m(a)A, —|—7Tr(ﬂ)BT) | a, B € R} =
=9 ((A1,B1),..., (4, By) = ¢((D1),...,(Dy)) =
={¢(anDy,...,0,D;) |1 € Ry,...,a, € R, } =
={p(aq,...,a0)e(D1,...,D;) | a1 € Ry,...,0n € R} = (D),

ne D = ¢(Dy,...,D,). Temep 3acrocysamusi Toroxkuocti (5) mae dbopmymy
mi(D) = m (¢(D1,...,D;)) = D;, i = 1,...,r. lle 3aBepuiye joBejeHHs jie-
MH. ]

Ockinbku (D) = (A, B), 1o, 3a aemoro 5, (A;, B;) = (D;), ae D; = m(D),
i=1,...,r. dkmo F, € (D), o Buznaunmo enementu Al Bl F! wacrynHumn
CTIBBITHOIIIEHHSIMH, sTKi € aHajoraMu criBBigHOMeHb (19) st Kinmbis R;:

B; = B;DZ, A; = A;DZ, E,n F‘z,nD 1=1,....,r, n€ Z_|.. (25)
Toni, 3a nemoto 4, y sunagky D; # 0 npunaiivui omun 3 enementis Al Bl e
oboporauM. ko D; = 0, To 3rifHO 3 3ayBaKeHHsIM 2 BBAXKAEMO, IO A;
F/,=0(neZy)iB;=1yxinpni R;.

Hacrymra TeopeMa BCTaHOBJIIOE KpUTepil pO3B’si3HOCTI piBHsAHHS (1) HaT 110-
BibHUM CKiHdeHHUM Kiabnem Ry sunagxy (A, B) = (D).

Teopema 5. Cnpasedausi HacmynHi meeporcerHa.

1. Pisnanna (1) mae ckinvenny xiavkicmv po3e’askie modi i miavku modi,
koau D € R*. IIpu yvomy pisnanns (1) mae N = card RW pose’askis i
3a2a4bHUll PO36°A30K Ub020 PIBHAHHA GUIHAYAEMbCA MeepIHcennamy 1-3
meopemu 3.

2. Pignanna (1) mae neckinuenno bazamo poss’askie modi i miivky modi,
koau D ¢ R* i F,, € (D) npu ecizn € Z. IIpu yvomy sazaroruti po3e’asox
U020 PIBHANHA BUSHAYEHO PIBHICTIO

Xo=¢ (X{ e XLy) ¥ an, n€Zy, (26)
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. 00 . . . .
6 aAKil {on o, — dosiabHa nocaidosricmy eaemernmis anyasmopa Ann D,

a
n—1
(B) (A" X[+ > (B)*TH(ADF,, .y, BleRS,
Xz(,n = ind B]—1 ) =
S ) B F e BLE R AR,
(27)
de Xz(,o — dosiavruli enemenm Kinvya R; y eunadxy Bl € RS, i=1,...,r.

3. Pisnanna (1) ne mae poss’aswis modi i misvku modi, xoau Iy, ¢ (D) npu
desxomy n € L.

Josedenns. Tlepiie rBepirkenns: TeopemMuy 6e3110CepesHbO BUILIMBAE 3 TEOPEMU 3.
JloBeneMo DOCTATHICTH OAPYIOr0 TBEPIXKEHHS TEOPEMH.
Ba reopemoro 1, piBasinns (1) eksiBasienTHe cucremi piBHSAHBL

BiXiny1 =AXin+Fipn, neZg, (28)
Jie TIpu KOXKHOMY ¢ = 1,...,7r BUANOBIAHE PIBHAHHA PO3TVIAIAETHCAI HAJT KiIBITEM
R; sizmocro mocmimosrocti { X} . Badikcyemo i € {1,...,7}. 3a memoro 5,

(D;) = (A;, B;). Jost Bigmosigroro piBasiHHg (28) B 3asexxHOCTi Bij o6opoTHOCTI

eseMeHTy D; CKOPHUCTAEMOCH TTePITUM a00 APYTUM TBEPIKEHHAM TeopeMu 4 3 ypa-

XyBaHHAM 3ayBazkeHusi 3. OTpuMmyemo, 1m0 3aragbHuil Po3B’d30K piBHsHHS (28)
o0

mae sursa X, = X{m + iy (n € Zy), ne mocnigoBHICTS {X{yn} . BU3HaYeC-
n=

1o bopmytoro (27), a {a;n}, -, — A0BLIBHA HOCTIOBHICTE eeMeHTiB anyIATOpA
Ann D;. Toni, 3a Teopemoro 1, 3araimbHuit po3B’si30K piBHsHH (1) Mae HACTYITHAIT
BUTLJIAI:

Xn = SD(XLTL + a17n’ ctt X’rl’,n + aﬁn) = @(Xi,n’ cet X;’,n) + O, n e Z+’ (29)

ne ap = ¢(ain,...,0,). BpaxoBytoun, mo, 3a jemoro 5, D = ¢(Dy,...,D;) i
aip € AnnD; (n € Zy,i = 1,...,7), maemo Doy, = ¢ (D1, ..., Droyy) =
»(0,...,0) =0, To6T0 vy € Ann D. Tagum unzOM, 6y/Ib-sIKHiT PO3B’A30K piBHS-
uus (1) mae Burasy (26). Tenep nmexait {ay, },o , — ZOBLIbHA HOC/ILOBHICTD eJ1e-
menTiB anyaaropa Ann D, a npu kox#aOoMy ¢ = 1,...,7 N0CJiIOBHICTE {Xz’n}

n=0
4Ky BU3HAa-

oo
n=0"
1eno piBaicTiO (26), € po3s’a3koM piBugnud (1). Cupasai, OCKIIbKE oy, € Ann D =

Ann AN Ann B, to

BusHadeno dbopmysor (27). ITokaxkemo, 1o nocaigosuicrs { X, }

BXp41 — AX, — F, = BX!, | + Bays1 — AX), — Ao, — Fy, =
— BX|,, —AX!,— F,, neZ, (30)

me X, = o(X1,,- -, X},). lloknasmm y dopmysi (29) Bei iy =0 (n € Zy i =
1,...,r), orpumyemo, mo mocainosuicts {X)} 7, € poss’askom piemsmasa (1),
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a oTKe, 3 ypaxysauuaM pisaocti (30), {X,},~, 3anoBoabhse pisuanns (1). Le
JIOBOJIMTH JIOCTATHICTE APYTOro TBEPKeHHs Teopemu i hopmy.y (26) 3aranbHOro
pO3B’a3Ky piBHgAHHA (1) ¥ IIbOMY BHITQJKY.

JlocTaTHICTE TPETHOTO TBEPKEHHST TEOPEMHU BUILIMBAE 3 TPETHOT'O TBEP/IKE-
HHs jiemu 1.

Mu goBenn JOCTATHICTH BCIX TBepazKeHb TeopeMu. OCKIIBKH TOCTATHI YMOBU
BCIX TPHOX TBEP/IZKEHL TEOPEMHU BUUEPITYIOTH BCI MOXKJIWBOCTI 1 TIOTIAPHO HECYMICHI,
TO JIOBEJIEHHST TEOPEMU 3aBEPIIEHO. O

5. Ilpukaaan

B mboMy po3mii po3ragaaoThC TPUKIIAIN 3aCTOCYBAHHS Pe3yIbTATIB, OTPU-
MaHuX y posjaiiax 3, 4.

Haramaemo, 1o depe3 Z,, MO3HAYAETLCSI KiJbIlE JIUIIKIB 33 MOJYJIEM 1, eje-
MEHTaMU AKOIO € Kjaacu (2], ducen z € Z.

ITpukmazx 1. Posrmanemo piBHAHHS

vXpy1 =uXy +F,, neZy, (31)

was Kiabtem R = Zpy,[u,v]/(u?,v?) (m > 1). EnemenTu ximbing R MaioTh BUTIA

to + tutt + tyv + tyuv, me ty € Zy, (k € {0,u,v,uv}), a u? = v = 0 B R. PipHan-
Hy (31) 3anucyerbes y surasi (1), ie A =u, B =v,1irtomy (A, B) = (u,v) # R.
3a Teopemoro 3, piBusHHs (31) abo He Mae Po3B’sa3KkiB, a0 Ma€ HECKIHUEHHO
Garato poss’askis. 3o6pasumo B (31) X, = Zon + Tupl + Typ? + TyynUv,
Fo = fon~+ funt+ fonv+ fuvnuv, 1€ Tk py fom € L (k € {0,u,v,uv}, n € Z4).
Pipusinng (31) nepenucyerbes y Buruisii

TOn4+1VF Ty n+1UV = fO,n+$O,nu+$v,nuv+fu,nu+fv,nv+fuv,nuva n € Zy. (32)

[pupisaiooun B (32) xKoediuienru npu u, v, wv i Biabui wienu, maemo fo , = 0,
2o+l = fom, fun = —Z0on, Tuntl — Ton = fuon, N € Zy. TaxuMm dmHOM,
piBHsHHS (32) Mae PO3B’s30K TOI 1 TIMBKU TO, KOJIN

fon =0, neZy (33)

fv,n + fu,n+1 =0, neZ,. (34)

[Tpu upomy piBaaung (31) Mae HeCKiHYEHHO GaraTo PO3B’A3KIB 1 3araabHUI
PO3B’SI30K 1LOTO DIBHSHHS Ma€ BUIJISIT

Xo = —fu,0 + Tu,0U + Ty 0V + Ty oUuv,

Xp = _fu,n + (xv,n—l + fuv,n—l)u + Ty U + Typnuv, N E N,

Je Ty,0 — JOBLIbHUIL eeMeHT Kimbld Zom, a {Zyn '} s {Tuvn}ye g — AOBLIBHI O-
CJITOBHOCTI €JIEMEHTIB KiJIbIA Zyy,.
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LlikaBo 3ayBaxKuTH, IO AKIIO HOPYIIYEThCs yMOBa (33), To piBHAHH: (31) He
Ma€ PO3B’S3KiB 3a j1eMOot0 1. A gKII0 BUKOHYETHCs yMoBa (33), asie nopymyersest
ymoBa (34), ro piBuamasa (31) me mae poss’askis, xoua F, € (A, B) upu Bcix
n € Zy. leit mpukiaz mokasye, mo ymosa F,, € (A, B) (n € Z4) He € T0CTaTHBOIO
JUist icHYBaHHsT PO3B’13Ky piBHstHHs (1).

Ilpuknan 2. Posrisnemo piBHAHHS

(g + ) Xns1 = (Bl + [2gu) Xn + [Mgu, n € Zy (35)

Haz KimbrieM R = Zg[u, v]/(u?,v?). Exementn Kimbna R MaroTh BETIAL o + t,u -+

to¥ + twuv, ne ty € Zg (k € {0,u,v,uv}), a u?> = v?> = 0 B R. Pisugnusa (35)
sanmcyerbes y Buriai (1), ne A = [3],+[2]qu, B = [4]g+v, Fr = [n]gu (n € Z4).
Posriisiremo jokambui Kinbisa R = Zpy, [u,v]/(u?,v?), ne mq = 3, mg = 2 [15].
Tomi, 3a KuTalCHKO0 TeopeMoro mpo octadl, R = Ry @ Ry (nus. [18, m. 7.6]).

IIpn momy A + B = [1]; + [2] u + v € oboporauM, a orxke (A, B) = R.

Busnauumo B; = m;(B), A; = mi(A), Fin = mi(Fy), n € Z4 3riguo 3 dopmy-
namu (24), ne pyis koxHOrO ¢ = 1,2 Kanoniuna npoekuis m;: R — R; Busnauae-
ThCs POPMYIIOT0

mi(lal, + (bl v + (€] v + [d],, wo) = lal,, + (B, A [,

(3

v+ [d],, uv (36)

m;
IJIsT JOBLIBHEX a, b, c,d € Z.

O6uncanmo MEOKIHA 1, I 1 BiATOBIAHI IM KiIbIs R(l), R® (muB. pozzin 3).
Maemo By = [1]3 + v, By = v, Tomy B3 = 01 By - ([1]; — v) = [1];. Bignosizo,
I ={1},I, = {2}, itomy RV = R), R® = R,.

O6uncanmo exementu B, AW, FT(Lj) kinenp RY) signosinuo (mmB. dopmy-
i (11)7 (36)), J=L12neZ;:

B® =By =v, A® = A, = 1], F@) = 1y (F,) = [n], u.

Iomitumo, 1o (B(2))2 =0,BW . ([1]3—v) = [1], a oraxe ind B?) = 2, (B(l))i1 =

(15 —v.
3a teopemoio 3, pismsums (35) mae card RY = 81 posp’ssox. Ockinpku

RMW £ {0} i R® # {0}, To 3arambEmii po3s’s30k pismsHHs (35) Mae BHIST

X, = ¢(XT(L1), x?, 0) (n € Z4), ne mocaimoBHOCTI {XT(LD}OO . {Xq(f)} BU3HA~

n=0
wasorses popmynamu (16) i (17) siznosigso, a ¢ ¢ isomopdizmom R @ R?) @
{0} = R.

Ockinbku (A(l))2 =u? =0, (B(l))_1 =[1l]3—v, a (B(l))_2 = [1]3 + v, 3a
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dopmysoro (16) maemo

n—1
XD = (1) 4 0) 7" ()" X6 4+ (1) +0) T w) I — s — 1yu =

X(()l), n =0,
= (0= [Uy)uxs, —1,
([ —0)[n—1yu, n>2,

e Xél) — JIOBLJIBHHUI eJeMeHT Kbl Ry.
Bpaxosyioun, mo ind B®) = 2, 3a dopmymomo (17) maenmo

X2 = nlyu+[n+1yuv, ne€Z;.
Dopwmyta
X5 = [ply + s u+ o)y v+ Blyuv, poop0€Z

orucye 300paskKeHHs JIOBIJIBHOTO eJIeMEeHTa X(gl) € R;.
[Tincrasasioan (39) y (37), orpuMyemo:

[pl3 + [y u+ [o]30 + [0]3uv, n=0,
Xfll) =< —[plsu+[p—ol;uv, n=1,
n —1]5 (u — uv), n > 2.

Izomopdizm : RM @ R® @ RG®) — R usnavacrbes dopmysioro

¥ ([to,1)s + [tu,1ls u+ [toa]s v + [tue,1]5 uv,
[to,2]y + [tu,2ly w + [to,2]y v + [fuv 2]y uv,0) =
= Yo([to,1l5 s [t0,2]5) + Yo([tuls, [tu2ly)w + Yo ([tels s [to,2]y)v +
+ o ([tuv,1ly s tuv2ly)uv,  th; € Z, k € {0,u,v,uv}, i=1,2,

ne isomopdism Yy : Zg D Zo — Zg OYAYETHCS HACTYIHAM UHHOM:

Yo([z1]3, [22]5) = [421 + 3225, 21,22 €Z

(37)

(40)

(41)

(42)

(mus. |18, c. 267, Bupasa 5(b)|). Kopucryouncs dhopmymamu (38), (40)-(42), onep-

JKUMO 3ara/ibHuil po3s’si30K piBHsiHHS (35):
Xo = [4plg + [4plg v + [4o]g v + [40 + 35 uv
X1 =[-4p+3|gu+ [4p — 4dolguv
Xp=Mh+25u+[-n+1gu, n>2,

e p, o, i, 0 — moBiabHI 1T YHCTa.
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Ilpuknan 3. Posrmsamnemo piBHSHHS

([20]560 + [180] 550 v) Xnt1 = ([210]540 +[280] 550 u) Xn+[20n]55q u, n € Z4, (43)

Haz KinmbeMm R = Zsgolu, v]/(u?, v?, uv). EHeMeHTI/I Kiiblg R MaioTs BULIs o +

tut + tyv, 1e ty, € Zgeo (k € {0,u,v}), a u?> = v? = wv = 0 B R. Pigusnna (43)
sanucyerbest y Burasai (1), e B = [20]54, + [180]560 v, A = [210]540 + [280]54, u

i F, = [20n)44, u, mpuaomy A, B — neobopotrsi enementn kimbng R. Posruasemo

JoKaTbHL Kinmblia Ry = Zpy, [u,v]/(u?, v wv), ne mi = 8, mg = 9, mg = 5 [15].

Toui, 3a KuTaficbKow Teopemoro npo ocradi, R = Ry & Re & Rs (aus. [18, u. 7.6]).
Kanoniuni npoekrii m;: R — R; TyT Bu3HAYa0ThCA (hopMyIaMn

Ti([alse0 + [Bl3go u + [cl360 V) = [al, + [0], v+ [c], 00 0 =1,2,3, (44)

JUId TOBLIBHUX @, b, c € Z.
Izomopdism ¢: Ry & Ry & R3 — R Busnadaerbca GOPMYJIOI0

@ ([toals + [tulgw + [to1]g v, [fo.2]g + [tu2lgu + [to2lg v
[to,3]5 + [tus]s u + [to3ls v) = Yo([toals , [to2lg s [to.3]5) +
+ Yo([tualg, [tu2lg s [tus]s)u+
+ Yo([tuls [to2lg s [to3ls)vs  thi € Z, k€ {0,u,v}, i=1,2,3, (45)
ne isomopdinm g: Zg ® Zg B Zs — ZL3eo OyAyETHCS HACTYITHUM SHHOM:

¢0([21]8 R [2’2]9 , [23]5) = [2252’1 + 28029 + 21623]360 , Z1,%22,23 €EZ (4:6)

(nmB. Takoxk [18, c. 267, supasa 5(b)]).

O6uncnumo enementu A;, By, Fip, @ = 1,2,3, n € Z; (aus. dopmynnu (24),
(44)):

By = [4}8 + [4]8 v, By = [2]97 [0]5»
Ar=1[2g, Ax=[3y+ [1]9% = [0];,
Fi,=[4nlgu, Fyp=[2nlyu, an = [0]; .

Baysaxumo, wo (A1, B1) = ([2lg), (A2, B2) = ([llg), (A3, B3) = ([0]5).
Binnosinso mokmazemo Dy = [2]g, Do = [1]g, D3 = [0];. Toxi, 3a s1emoro 5,
(A7 B) = (D)7 Ae D = ()O(DlaD27D3) = ¢0(D1,D27D3) = [10]360 (,ZLI/IB (bOpMy_

u (45), (46)).

Ockinexkun D ¢ R* i F,, = [20n]34qu € (D) upu Bcix n € Z4, 10, 33 Apy-
UM TBED/KEHHAM TeopeMu 5, piBHstHHS (43) Mae HECKIHIeHHO 6araTo po3B’s3KiB.
Binbwm Toro, 3araabuuit po3s’si30k pisasiausa (43) mae Burusia (26), e {on}oo g —

[ee]

JIOBLIBHA, TOCJI IOBHICTE esteMenTiB amyaaropa Ann D, a nocigosrocTi {X : n}
) n=0
(1 =1,2,3) BusHauaoThcst dhopmymramu (27), TPUIOMY €JTEMEHTH
By =23 + [2]g v, By =By = 2], By = [1]5,
Ay =[lg, Ay = Ay =3y + [lgu, A3=][0]5,
=[2n]gu, Fj,=Fn=[2nlgu, F3,=[0];, neZ;

Fy

s
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3a,I0BOJIBHAIOTE PiBHOCTI (25).
. . o .
O6urC/IMMO €IEMEHTH HOC/IJOBHOCTI {Xiﬂ%}nzo' Ocxinexu A} € RY, (B})? =

[0]g i (B})*F{,, =0 (n € Zy ), 10, 3a apyrowo dbopmymnomno (27),

2
Xip=— Z [1]5;371 (2ls+[2lsv) 2(n+9s)]gu=[2n+4]gu, n€Zy. (47)
s=0

. _ . . 2)1 >
Ocxinbrn (By) ™! = [5]y, To nocaigosnicts {Xy(Z )} BU3HAYAETHCS [EPIIIOI0
n=0

opmyozo (27). Tenep, Bpaxosyioun pisaicTs (A5)? = 0, mpuxoanMo 10 GopMyIH
2

Xé,n = ([2}9)_71 3 gt [1]9 u)" X§70+

n—1
+ ([2]9)_8_1 (Blg + [Lgu)® [2(n —s = 1]gu=
s=0
Xé’o, n =0,
_ ([6]g + [5]g ) Xé,ov n=1, (48)
[6]9 Xé,Ou + [1]9 u, n = 27
n—1lgu+[n—2]6lgu, n >3,
e Xé,o — JIOBUIBHHU eJIeMeHT KLIbllsd Ro.
Takox mMaemo
X} =0
Xj =450 "7 (49)
0];, mneN,
e X§70 — JIOBUILHHUI eJeMeHT Kbl R3.
Qopmynu
Xé,O = [p2]9 + [/'62]9 u -+ [02]9U7 pP2,02, H2 € Z7 (50)
Xé,o = [P3]5 + [M3]5 u+ [03]5 v, p3,03,1u3 € L (51)
omucyioTh 306pazkenns ejementis X o € Rp ta X3 € R3 signosimo.
Hincrasasioun (50) y (48) ra (51) y (49), orpumyemo:
{P2]9 + [N2]9 u -+ [02]9 U, =0,
X, = [6p2]g + [Bp2 + 6palgu + [602]gv, n , (52)
7 [6p2 + 1]9 U, = 4
[7Tn + 5]y u, > 3,
p3ls + [psls u + [o3];v, n =0,
’ 0], n e N.
Tenep smaitnemo amymarop AnnD. Ockinskn D = [10]54,, T0 gma f =

[folsgo + [fulsgo v + [folsgov € R (fo, fus fo € Z) piricts Df = 0 piBHOCHIIB-
Ha ofHOYacHOMY BHKOHAHHIO piBHOCTENl [10fo]350 = [10ful360 = [10fu]360 = [0]360,
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110, B CBOIO Y€PTy, BUKOHAHO TOJI 1 TIbKY TOML, KOk fo, fu, fo € [36]55) Z. Ocram-
He o3Ha4aE, mo f € [36]54, R, T06T0 Ann D = ([36]44,)-

Hincrasnaoun (47), (52), (53) B (26) i BpaxoByioun 300pazkents izoMopdi-
3MiB (45), (46), ogep:kuMO 3araabHNil PO3B’s30K piBHAHHS (43):

X1 = [240p2]5459 + [270 + 320p2 + 240p2] 550 u + [24002] 545 v + a1,
Xo = [240p2 + 280}360 U+ oo,
Xy = [250n 4 140]550u + oy, 1 > 3,

e p2, 02, flo — A0BiNbHI Himi uncna, a {ay, b, — AOBiTbHA NOCTIIOBHICTE eeMen-
TiB ineamry [36]44, R

6. Bucunosok

VY naniit crarTi HOCIMKEHO HEOTHOPIIHE HedBHE JTiHifiHe PI3HUIEBE PIBHIHHS
MIepIIOTO TMOPANKY HaJ CKIHIEHHUM KOMYTATUBHUM KiTbIleM 3 oJuHUINE0. Bera-
HOBJIEHO HeoOXijiHi 1 JIoCTaTHI YMOBM iCHYBaHHS CKIHYEHHOI'O YHCJA PO3B A3KiB
BIIOBITHOrO OJHOPITHOrO PIBHSAHHA HAJ UM KiabiieM. BcTamoBaeHo mHeoOXimgHI
i mocTaTHi YMOBU CKiHYEHHOCT] YMC/Ia PO3B’A3KiB HEOAHOPIIHOIO piBHSHHA, & 3a
YMOBH iCHYBaHHs PO3B’s3KYy BU3HAYEHO KiJbKICTH PO3B’#A3KIB Ta 3arajbHUNl BU-
IsiJl PO3B’eA3Ky. ¥ BUIAJKY, KOJIU ij1eaj1, mopojkeHuii koedilieHraMu piBHSIHHS,
€ TOJIOBHUM, BCTAHOBJIEHO HEOOXimHi i mocTaTHi yMOBU PO3B’ A3HOCTI HEOTHOPITHO-
T0 PiBHSIHHSI, a 33 YMOBH iCHYBaHHS PO3B 3Ky BU3HAUEHO KITHKICTH PO3B’SI3KIB
Ta 3arajgbHUi BUT/ISAI O3B a3Ky. HaBemeno mpukianm, Mo IeMOHCTPYIOTH BHKO-
PUCTAHHS OJIepyKaHUX TeOPeTUIHUX Pe3yabTaTiB. llmanyeThesa B mogaabioMy ao-
CIMTH PO3B’A3HICTH MOYATKOBOI 33a4i Jjid PO3T/IAHYTOrO HESBHOTO JIHIHHOTO
PI3HUIIEBOTO PIBHAHHS TEPITIOTO MOPSIKY, & TAKOXK JOCTLIUTH PI3HUTIEBE DIBHIHHS
BUIIOT0 MOPAIKY HAJ CKIHYCHHUMY KOMYTATUBHUMY KITbIIAMU 3 OJUHUIIEIO.

IMonsika. Po6ory sukonano 3a wacrkosoi migrpumkn @onny Axiesepa (Xapkis).

Koudurikr inrepeciB: ABTopy TOBITOMISAIOTE PO BiACYTHICTH KOHMIIKTY
IHTEpeCiB.

IcTopia crarti: orpumana: 7 ksitaa 2026; ocranmniit BapianT: 10 Tpasua 2026;
npuitagara: 20 rpasusi 2026. Ouputtogaerno 31 Tpashst 2026.
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First-order implicit linear difference equation over finite commutative
rings with identity
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The paper studies an implicit first-order linear difference equation BX,, 11 =
AX,+ F,, n=0,1,2,... over a finite commutative ring R with identi-
ty, that is, an equation with a noninvertible element B of the ring R. In
contrast to the classical (explicit) linear difference equation, an implicit li-
near difference equation over the finite ring R may have no solutions, and
may also have infinitely many solutions. Since any finite commutative ring
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with identity is isomorphic to a finite direct sum of local commutative ri-
ngs with identity, the equation decomposes into a system of equations over
local finite commutative rings with identity. It is shown that the condition
that the ideal (A, B) generated by the elements A, B € R coincides with
R is necessary and sufficient for the existence of a finite number of soluti-
ons of this equation; the number of solutions in the case of their existence
is counted and a formula for the general solution is provided. The conditi-
on (A,B) # R is a necessary and sufficient condition for the existence of
an infinite number of solutions of the corresponding homogeneous equati-
on BX,+1 = AX,,, n=20,1,2,.... It is also established that in the case
(A,B) # R the condition F,, € (A,B), n = 0,1,2,... is necessary for
the solvability of the nonhomogeneous implicit linear difference equation,
but it is not sufficient, as examples show. Under the additional restriction
that (A, B) is a proper principal ideal of the ring R, this condition is also
sufficient for the existence of a solution of the considered nonhomogeneous
equation; in this situation the equation has infinitely many solutions. Under
the assumption that (A, B) is a principal ideal, first a criterion for the exi-
stence of a solution is proved in the case of a local finite commutative ring
with identity, and then in the case of an arbitrary finite commutative ring
with identity. As in Fredholm theory, it is shown that if the correspondi-
ng homogeneous equation has only the trivial solution, then the studied
nonhomogeneous equation has a unique solution. The work of the proved
theorems is demonstrated by concrete examples.

Keywords: implicit linear difference equation; finite ring; local ring;
ideal.
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HAVM IJIJIIY AXIE3EP

o0 125-pivug Big JHSA HAPOMXKEHHS

6 6epesns 2026 poky BunoBama0CH 125 pokiB Bij nas Hapomkenas mpodecopa
XapKiBCHKOI'0 YHIBEPCHUTETY, BUIATHOTO MaTeMaTHKa 1 9y/I0Boro Irejgarora Hayma
Lnmiua Axiesepa.

H. 1. Axiesep mapomuscs B cim’T 3eMchbKOTO Jiikaps B M. Uepukosi (Bino-
pychb). HaBuasest y kiaacuaHii riMuasii M. MceTucaass, 1e OTpuMaB rapHy cepe-
JTHIO OCBITY 3 BOJIOMIHHAM HIMEIBKO0, (PPAHITY3bKO0 MoBaMu Ta jaruaow0. [licaa
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zakindennd riMuaszii y 1918 p. BukiagaB mareMaTuky Ta (izuky B Jlemenbebkiit
mkoji-koMyHi, 3acHoBadiit M. M. Jlenemmuacskum. i poku H. 1. Axiezep 3as-
2KJIU 3T/IyBaB 13 33/10BoJieHHAM. ¥ 1924 porri 3aKiHIYUB MaTeMaTUIHE BiJTiTeHHS
KwuiBcbKoro iHCTUTYTY HapOJIHOT OCBITH 3 TPUPIYHUM TEPMIHOM HABUYAHHS.

AxkTtmBraa maykoBa mistibHicTh H. 1. Axiesepa mowamaca B acmipanTypi y
J. A. I'pase, sy Bim mpoxomms 3 1925 mo 1928 pik. ¥ 1928 pormi BiH 3axu-
CTUB KaHUIATCBKY JUCEPTAI0 «AepoguHaMivanl HOCTI Ny, siKa 32 IHIMaTuBOO
. A. I'pape OyJia npucesgdena IpUKIAIHAM IATaHHsIM. s qucepraliis mokasasia,
mo y Kuesi 3’sgBuBcd norykuuii MareMaTuk, skuii BMi€ epeKTUBHO 3aCTOCOBYBa-
TN MeToau Teopil PpyHKIIH KoMmmiekcHol 3miruol. [Ticasa 3akinuenns acmipanTypu
mparopaB y KuiBcbkoMmy yHiBepcuTeTi Ta, KuiBcbkomy aBiamifiHOMy IHCTATYTI.
Y ui poxn Haym Inmia orpumar HW3KY pe3y/abTaTiB i3 KOHCTPYKTHUBHOI TeOpil
dyHKIiN, dki npuHecan oMy MixKHAapoJHe Bu3HaHHA. Y 1936 pomi itomy Gysra
MPUCYXKEHA CTYIiHB JOKTOpa Hayk, a y 1934 pomi H. 1. Axiezep 6ys obpanuit
wIeHoM-KopecmongenToM Beeykpalncokoi Akamemii Hayk, Tak Toml Hasupajiacs
Hamionarbna akagemis Hayk YKpainu.

Y 1933 p. Haywm Lngia nepeixkae 10 Xapkosa, fe 090110€ Kadeapy Teopil
dyuKIiH vy XapKiBCbKOMY VHIBEPCUTETI Ta MOYHHAE IPAIIOBATH  3aCHOBAHOMY
C. H. Bepumreiinom [HCTHTYTI MareMaTuku Ta MeXaHIKH XapKiBCHKOTO yHIBEpP-
curery. [lounHaroan 3 1pOro MoMeHTy, Bee kuTTd Haywma Limiva (3a BuHATKOM
BificbKOBOTO JmXOJITTS Ta eBakyamil: B 1941-1943 p.p. Bim Bukjgagas B Asma-
ATuHchbROMY TipHEHYOMY iHCTHUTYTI, a y miepion 1943-1947 p.p. - v MockoBcbkoMy
eHepreTmaHOMY iHCTHTYTI) Oyme moB’s3ane 3 XapkosoMm i XapKiBCbKUM yHiBEpCH-
teroum. Ilicaa mepeizny C. H. Beprmretina mo Jleninrpama y 1935 p. H. 1. Axiezep
crae AupeKTopoM 1poro incruryry. Ha xanb, y 1950 poui incturyT 6yB 3aKpUTHIL.

Ha nocani nupexkropa incruryTty ocobsnso BusiBuBca Tanant Hayma litiva gk
oprasizaTopa. BiH 3a/qy4yuB 70 IHCTUTYTY 00apoBany MoJIO/b. 3a Horo iHimiaTu-
BH, MiCJId TEPEi3ay 10 XapKOBa i B MICAIBOEHHI POKHU, Y XaPKIiB MMepeiK Kae mpa-
moBaTH Gararo BUAATHHX MareMaThkip kpalmu. @akrruno H. I. Axiesep cupusis
CTBOPEHHIO Biomoi y cBiTi XapKiBCHKOI MIKOIM MATEMATHKIB CEPEINHNA MUHYJIO-
ro cropiudg Ta OyB i1 6e3ymoBHuM Jiijgiepom. bararo pokiB BiH OyB mpe3u/jieH-
ToM XapKiBCbKOI'O MaTeMarndHOrO TOBapUCTBa. Y CBOIH I0BLIEHHIN sonosiui [1]
1o 150-piguaa XapkiBcbkoro yHiBepcuTery Ta 7H-piudst XapKiBCHKOTO MaTeMaTH-
YHOT'O TOBAPHCTBA BIH JOKJAJTHO BUKJAB iCTOPiI0 XapKiBCHKOTO MAaTEMATHIHOTO
TOBAPUCTBA.

Y 1960 porii 3a iuiniatusu b. 1. Bepkina 6yB crBopenuit ®Pizuko-rexHiuHUN
incruryT Husbkux remneparyp AH YPCP (®TIHT). B. I. Bepkin 3anpocus mpo-
BIIHUX XApKIBCBKUX MATEMATHWKIB CTBOPUTH B IHCTUTYTI MATeMAaTHUYHI BLIILIH.
Cepen uux 6ys i H. I. Axiezep. [IpomoBXKytoun mpalfoBaTé B YHIBEPCUTETI, BiH
3 1961 mo 1963 poxy OmHOYACHO OYOJIOBAB B IHCTUTYTI Bifmij Teopil pyHKITi.
Haywm L BBaskaB Ba)XJIUMBUM TIOETHAHHS HAYKOBOI pODOTH 13 BUKJIAIAHHSIM.
Haiikpamoro peasizariero ms0ro BiH 6a9uB y BiIKpUTTI B yHIBEPCUTETI HAYKOBO-
JOCJITHOTO iHCTUTYTY. Paninie B yHIBEPCHTETI 110 POJIL BUKOHYBAB 1HCTUTYT Ma-
remaruku. [licns Bigkpurrs @TIHT-y 1o poas movyasu ycHiniHo BUKOHYBATH
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MaTeMaTUYH] BiJIIINA THOTO iHCTUTYTY.

Kinenp XIX i nowarok XX cropiuus 03HAMEHYBAJNMCH TOSABOIO 1 MOTYKHUM
PO3BUTKOM HOBUX MATEMATHUIHUX i7eil, AKi 3aKJIaJI11 OCHOBH CydacHOl Teopil ¢pyH-
KIiii i pyrKIiorassHoro anamisy. H. [. Axiesep Tonko Biguys HOBI i€l i, 3acToco-
BYIOUH X JI0 KJIACHYHUX HAPSIMKIB, OTPUMAaB Pe3YyILTATH, sIKi BUCYHYJIU HOTO 110
4ucsIa TPOBIAHUX aHAMITUKIB CBITY 1 BIJIMHYJIN HA CydYacHUil ctan Teopil dyHKIii
Ta 11 3aCTOCYBaHb.

Haym Inmia e aBropom moman 140 cra-
tett Ta 10 momorpadiit. Monorpadii Hayma
Lnniva nepesunani y H6ararbox KpaiHax CBi-
Ty. BOHU DOCTI#HO BUKOPUCTOBYIOTHCS Ta, ITH-

TYIOThCsI. 3a MoHOTpadito «JlekIil 3 Teopii \""’"‘E;‘;‘(‘l';g““

anpokcumariiy Haywm Lisia orpumas npectn- Approximationstheorie
xuy npewmito imeni I1. JI. Yeburesa. 3azma-
9UMO, IO aHAJI3 MaTeMaTUYIHOl CIaJIIHN
H. I. Axiezepa moxkHa 3HAlTH y cTarrTsx |2,

NLACHIESER

3, 4], a Takox y Bimomiit crarti M. I'. Kpeiina
i b. d. Jlepina, npucguenoi 60-piudo Bix
must mapomkenns H. I. Axiesepa. o cro-
piuug Hayma Diiva 3ycusisimu ftoro cunis ’
O. H. Axiezepa i /I. H. Axiezepa Ta Xap-

KIBCBKOI'0 MATEMaTHUYHOIO TOBAPUCTBA 0YJI0

MATOTOBJIEHO 1 BUAAHO JBOTOMHHUK HOTO ODPAHUX TPAaIlb.

Hayw Litia 6yB wymosum extopom. Moro mexmii Bparkamm riubHHO0, BUTOH-
YeHICTIO Ta OpWTiHAJbHICTIO. lleprmoMy aBTOpy i€l CTATTI MOIACTHUIIO CAYXATH
mektii Haywma Lmmiwa. Sranyersea takmit moment. Ha smexrii 3 kypey "Ileperso-
peunst @yp’e", nocunaroguck Ha oxuu i3 pesyabrarie b. Pimana, Haym Lnniu
MPUCKOPUEB KPOKU DIJIst JOMIKA 1, AMBJISINCE Ha CTYAeHTIB, mpomosus: "Hy, aki 6
CJI0Ba BaM ckKazaru, mob Bu Bimuaysn, x1o Takuit Piman". I Baxkausum TyT € "11106
Bu Biguysm". Haym Ligia He TiibKH SCHO BUKJIQJaB MaTepiaja, a 1 CTBOPHOBAB
armocdepy, B gKiil cTyJIeHT Mir 6u BiuyTu Kpacy MaTeMaTHIHOrO JIaHmadTy.

Ha exzameni, xoau 0y/m0 gCHO, MO CTyAeHT po3ymie marepias, Haywm Logiu
ITOXKBABJIIOBABCS 1 TIOYMHAB 3BEPTATU YBary CTYICHTA HA MOMEHTH, siKi 3aJIUIIU-
Jiics mo3a jekriamu. [lorpoxy odimifina armocdepa ek3aMeny mepeTBOPIOBAIACT
y IIjgHy TBOpYy po3MoBy. B skych mure Haywm Luaiu kazas "Tak, Tak, rapsa
Bignosinb. A ne Bama 3amikoBa karkka?". 3anaikoBa KHUXKKA JA€XKaJIa HABIIPOTH
Ha CTOJI ...

B 60-70-Ti poku MuHyJIOr0 CcTOpivds CTPIMKO HONUOJIIOBABCH BILJIMB MaTe-
MAaTUYIHUX JOCTIPKeHb HA PO3BUTOK BUPOOHUIITBA. B 11l pokm CTpiMKO 3pocTae
Habip CTyIeHTIB HA MaTeMaTuYHI Biamiennda. Ak Hacaimok mux mporecis, Gpi3uwko-
MaTeMaTuvHi (haKyJbTETH YHIBEPCUTETIB TOIIIIOTHCS BiAIOBLIHO Ha dbizuuHmit
i maremaruunuit dakynsrern. B Xapkischkomy yHiBepcuTeTi Take Bij'€mHaHHA
npusBesio 10 yrBopeHHsd y 1961 pomi mexaniko-maremMaTuvHOro axynprery. B
3B’3KYy 3 UM PO3MIJIEHHAM | MOJEPHIZAINE0 MATEMATHIHUX KyPCiB posab (izu-
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YHAX KYPCIB HA MEXaHIKO-MaTeMaTudHOMY (DaKyJbTETI CTaja CTPIMKO CIIaJIaTH.
Haywm Inniu 3sepras ocobsuBy yBary Ha 30a/iaHCOBAaHICTH KypCiB, dKi BUKJIA/Ia-
Jiicd Ha (haKkyJIbTeTi, i rapHO PO3YMiB HACJIIKU 3HEBaru J0 poJii pizuku B 0CBITI
MaremMaTuka. B 60-Ti poku 1 #i0T0 KepiBHUIITBOM Oysa po3pobieHa mporpamMa
HernepepBHOTO BUK/IAMaHHd (pizudnmx KypciB HA dakyabreri. Bigmosigmo mo miel
TIpOTpaMu, MMOYNHAIOYH 3 PYTOT0 CEMECTPA APYTOTO KYPCy 1 10 KiHIlS YeTBEPTOTO
KYPCY, HEIIEPEPBHO BUKJIAIAIUCT KYyPCU TEOPETUIHOI MEXAHIKM, €JIEeKTPOIUHAMI-
KW, TepMOJNHAMIKH 1 KBaHToBoI Mexanikn. Ha ykanb, micadg Biaxony Hayma Limiva
3 KWUTTH I TPOTPAMa 3a3HATA CyTTEBUX 3MiH.

Agte iarepecu Hayma Iimiva me obMeskyBaucss TpobaeMaMy BUIMOT TITKOJIH.
BuknaganHa MaTeMaTUKM B CepeHIN MIKOJI »KBapo mikasmao Haywma Limiva. Ha
nouatky 1960-x pokiB mporecu, mpo gKi WNLIOCA BWIlle, BUMAaraju mepebymnoBu
IpOrpaMu cepeHboi mKo/H. Jmiocs npo HeobXiTHiCTh CTBOPEHHST KL/ 3 TOrIN-
O/IeHUM BUBYEHHAM MaTeMaTuKW Ta (Pi3WKu, y g9kuxX KBaaidpikoBaHi BUMTEsI 38
CHENIaJIbHOI TPOrPAMOI0 BeJik O 3aHATTS 3 TOYHUX HAyK. JJoMorTucs BiaAKpuTTS
TaKol MKOIM y XapKosi Oysi0 Hag3Braaiino Baxko. Tum me ment, Haym Limia pa-
3oM 3 IBanom @ejoroBuuem Bynb6010 3yminu «IpoOUTH» pIllleHHS PO BIAKPUTTS
y Xapkosi mkosau i3 dizuko-maremarnynnmM yxuiom. Tak Oyso crBopeHo 27-my
mrory (mumi — XapKiBehbKuil (izuko-MaTeMarmanmit mimeit Ne27). [i mupekropom
cra Isan @enorosuy, a Haym DLty crioyarky Buk/aJiaB y ILIKOJI, CTE€XKUB 3a
opraHizarieo poboTH, TPOBOAUB ceMitapy A suuTeais. Cepes BUMYCKHUKIB JTi-
mero 6araTo BIZOMHX MaTEMATHKIB i (bI3MKIB, gKi MPaIoOTh B KPaiHi Ta y Pi3HUX
KpaiHax CBITY.

Haywm Lnmia Axiezep mimos 3 KuTTs 3
qepBHga 1980 poxy. Aste Haym Lutia 3a/u-

IIUB 110 COD1 HE TITbKU MATEMATHIHY CIIa/I-
MUHY. 3aIUIIAETHCT TaM ITh PO IyI0BY
JIIOWHY, TTPO TY HEMOBTOPHY arTmocdepy, o —
AKYy BiH CTBOPIOBaB HABKOJIO cebe. { ]

AXIE3EPA
Hayma Laaiua

XapkiB’guu 30epiratoTh maM’dTh PO
Hayma Immiua Axiesepa. 3apa3 ma 0Oy-
miBai 27 ginmero € MeMmopianabHI  HOIIKHK
H. 1. Axiezepy ta [. ®. Byan6i. ¥ marmomy
yHiBepcureTi € aynuropis imeni H. 1. Axi-
ezepa (nopsiz i3 ayauropiero O. M. Jlamy-
HOBA).

Y Xapkosi 3zacroBano Do imeni
H. I. Axiezepa, gKkuii MOPIYHO IPOBOSUTD
KOHKYPCH MOJIOJNX XapKiBCHKUX MaTeMa-
TUKIB T4 TPEMIIoE TEePEeMOXKINB. 3aCHOB-
HUKOM Ta CIIOHCOPOM TIHOT0 (POHIY € amMe-
pPUKAHCHKU# (y MUHYJIOMY — PaJsSHCHKU )
MaTemMaTuk Mwuxatino Bpin, akomy Haywm Lnmiv cBoro gacy mgyxKe momowmir. Y Xap-
KOBI € Byauilg Axiezepis, HasBana Tak Ha uecTh Haywma Lmmiua Axiesepa i itoro




Bicuuk XHY, Cep. «Maremaruka, IpukjaIHa MaTeMaTuKa i MexaHikay, Tom 103 (2026)119

6pata, BumaTHoro gisuka Onekcanapa mmiua Axiezepa.

Tonsiku. Asropu BUCTOBIOIOTEL IoAAKy Ousekcanapy [Ipoxkyniny 3a dpoTorpa-
dii, 3pobiteni num B aymuropil imeni H. 1. Axiezepa. Mwu Takoxk Basgani Pomany
Ckypixiny 3a momoMory B oopMieHi Tex-aitny crarTi.

Koudaikr iHTepeciB: ABTOpY TOBIOMJISIOTE MPO BiACYTHICTH KOHMJIKTY
IHTEpECB.

IcTopia crarTti: orpuMmana: 10 kBiTHa 2026; octanwniit BapianT: 15 Tpasua 2026;
npuiiasra: 20 Tpasas 2026. Onpurrogaeno 31 Tpashs 2026.
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IIpaBusia njisi aBTOpPiB
«Bicnuka XapKiBCbKOro HalL[iOHAJILHOI'O yHiBEpCUTETY
imeni B. H. Kapazsiua»,
Cepis «Maremaruka, npukJjaagHasi MareMaruka i mexanika»

Pepnaxkiiisi npocuTh aBTOPIB 1IpK HANIPABJIEHH] CTaTell KEPYyBaTUCH HACTYITHUMU
TIPABUJIAMI.

1. B xypnaji myb/ikyloThCa CTATTI, 0 MAOTh PE3YABTATH MATEMATUIHUX
JOCTIKEHb (AHNTIHCHKOI0 200 yKPATHCHKOK) MOBAMMY).

2. llomanHsM cTaTTi BBaXKAETbCS OTPUMAHHS penakiieto dailaiB crarTi
odopmenux v pemakropi LaTeX, amorarmiit, BimomocTeil mpo aBTOPiB Ta apxiBa,
o Brirouae LaTeX aiimm crarTi Ta aitin masttonkis. Paiiy-3pazok odopmiie-
HHS CTATTI MOXKHA 3HaliTH Ha odimiiiniii Beb-cTopinmi KypHATY
(http://periodicals. karazin.ua/mech _math ). ABropam HeoOximHO 3apeecTpyBa-
TUCH TA 3aBAHTA>KUTU TMOJAHHH HA I[ili CTOPiHIl. Byabre yBaXKHUME, 3AIIOBHIO-
10un (HOpMy MOJAHHS JABOMa MOBaMu (yKPAlHCBKOIO Ta aHJICHKOIO).

3. Crarrst NOBUHHA MOYMHATUCH 3 PO3MIMPEHOT aHoTanii (06cAroMm HE MEHII
Hi>k 1800 3HakiB), B #Kiii moBWHHI GyTn wiTKO ChopMyaIHLOBAHI MeTa Ta pe-
3yJbTaTH po6OTH. AHOTAIS TTIOBUHHA OYTH Ti€H0 MOBOIO (AHIJIHCEKOIO abo yKpa-
THCHKOIO), SKOI0 € OCHOBHHI TEKCT CTATTi. 3aKOPAOHHI aBTOPH MOXKYTh 3BED-
HYTHCS /10 PEJAKINl 33 JIOTIOMOTOK 3 MEPEKIAJOM AHOTAIN Ha YKPATHCBKY MO-
By. IloBurui 6yTu HaBemeni npizsuina, iHimiaan aBTopiB, Ha3Ba POOOTH, KJIIOUOBI
CJIOBa Ta HOMEp 3a MIXKHAPOIHOI MareMaTHuHOK Kiacudikarieo (Mathemati-
cs Subject Classification 2020). Anoraris He MOBUHHA MATH TTOCUIAHL HA JIiTEPa-
Typy uu MmagroHku. Ha meprriit cropinmi Bkaszyerbes Homep YK kiacudikarii.
B xinni crarri Tpeba mogaru nepeksaj anorarii (o6carom He MeHIn Hixk 1800
3HAKIB) Ha JAPyTy MOBY (AHIJHHCHKY UM YKPAIHCBKY ).

4. Cuucok Jiteparypu moBuHeH OyTu 0OPMJIEHMIT JIATHHCHKUM MIPUGTOM.
[Mpuknaan odopmIeHHST CIUCKA JITEPATYPHU:

1. A.M. Lyapunov. A new case of integrability of differential equations of motion

of a solid body in liquid, Rep. Kharkov Math. Soc., — 1893. — 2. V.4. — P. 81-85.

2. AM. Lyapunov. The general problem of the stability of motion. Kharkov
Mathematical Society, Kharkov. - 1892. - 251 p.

5. Koxkuwnit MagoHok moBuHeH OyTw MPOHYMEDPOBAHUN Ta ITPEICTABICHUN
okpemuM aitiom B ogroMy 3 hopmarie: EPS, BMP, JPG. B ¢aiini crarti madtto-
HOK TMOBWHEH OyTw BCTaBjieHuit aBropom. [lig mMamoHKOM moBHMHEH OyTH ITiIITHC.
HazBu baiiniB Ma/IOHKIB TOBUHHI MOYMHATUCH 3 IPI3BHUIIA IEPIIOrO aBTOPA.

6. BigomocTti mpo aBTOpiB mMOBWHHI MicTHUTH: OPi3BHINA, iMeHAa, IO HATHLKOBI,
cay2k00Bi agpecn Ta HOMepH TeeOHIB, HAYKOBHH CTYINHD, IIOCAIY, aIpecu eje-
KTPOHHUX CKPUMHBOK Ta iH(OpMaIio npo Haykosl npodaitin asropis (orcid.org,
www.researcherid.com, www.scopus.com) 3 BignoBimHuMu nocunansyu. IIpoxan-
HsT TAKOXK TIOBIIOMUTH MPI3BUITE ABTOPA, 3 IKUM Tpeba BECTH JTUCTYBAHHSI.

7. PexomemnayemMo BUKOPHUCTOBYBATH B AKOCTI 3pa3ka OQMOPMJIEHHS OCTAHHI
sunycku )kyprauay (http://periodicals.karazin.ua/mech _math ).

8. VY Bumanky mopyineHHsd mpaBua 0hOPMICHHS PeIaKIlis He Oyae po3raaiaTu
CTaTTIO.

Esekrponna ckpunbka: vestnik-khnu@ukr.net
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