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Return condition for oscillating systems

This paper is devoted to the problem of null-controllability for the osci-
llating linear system Zo; 1 = T9;,T2; = —T2;_1 + 4, ¢ = 1,n under control
constraints u € [¢,1] and u € {c,1},¢ > 0. In this case the origin is not
an equilibrium point. Null-controllability means the existence of a moment
of time T such that, for any time 7" > Tj it is possible to reach the ori-
gin precisely at time 7. The criterion of controllability to a non-equilibrium
point was obtained by V. I. Korobov and a new condition called the return
condition on an interval was introduced, which must be satisfied, together
with the classical conditions for controllability to an equilibrium point. This
condition requires the existence of a time interval I = [T,T + ], a > 0,
such that a trajectory starting at the origin may return to it at any moment
T € I with some control up(t). The objective of this paper is to show that
the return conditions are satisfied for the considered oscillatory system, and
to obtain an analytical solution for the control which ensures this condition.
The considered approach involves constructing a piecewise-constant control
using values u = ¢ and u = 1. This problem admits multiple solutions, and
in our paper we present one involving 2n switching points and another with
only 2 in the case when ¢ < % The solution with 2 switching moments is
especially interesting since it does not depend on the dimensionality of the
system. We also generalize the problem to the case where the eigenvalues are
of the form Aok, Aox,_1 = +ivg, where vy are rational numbers. Additionally,
we discuss some partial cases where the eigenvalues are irrational.

Keywords: return condition on an interval, null-controllability; tri-
gonometric moment-problem; linear control systems
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1. Introduction

In this paper, we consider the problem of null-controllability for the linear
control system,

t=Ar+bu, z€R" uecQCR, wut)eLo,T], (1)

with an agsumption that the origin is not an equilibrium point. Null-controllability
means that there exists a time moment Ty > 0 such that, for any 7' > Ty, we can
select a control wp(t) such that the origin is reachable precisely at time T". The set
S of points that can be transferred to the origin is called the null-controllability set
[2]. If O € int S, the system is called null-controllable form a neighbourhood, and
if S =R" it is called globally null-controllable. This problem has been considered
in many papers, for example [1, 2, 4, 5]. Typically, the null-controllability into
an equilibrium point is archived by steering the system to the origin at some
time 7', and then selecting the value of control v = 0, to stay in the equilibrium
indefinitely [1].

However, it is also natural to consider the case when such value of control does
not, exist — namely, the problem of controllability into a non-equilibrium point.
Such a system may occur, for example, after applying a change of variables, when
solving the controllability problem into a point different from the origin [3]. This
more general case has also been studied in many works [3, 4, 6]. For instance,
in the paper [6] it is shown that for controllability into a non-equilibrium point
the necessary and sufficient conditions are complete controllability of the reduced
system and existence of an internal feedback control.

The criterion used in this work was developed by V. I. Korobov in the paper
[3], where a new concept called the return condition on an interval was also
introduced. In the present paper, we examine the problem of null-controllability
for the following oscillating linear system:

T = X2,
To = —T1 + u,
jj3 = 2334)

4 = —223 + u, (2)

Top—1 = N T2,

Top = —NTop—1 + U,

with control constraints u € [¢,1], ¢ > 0 and u € {¢,1}. In the case n = 1, this
system corresponds to the classic pendulum problem, and for n > 1, it represents a
system of pendulums, and also serves as a model of first n terms of the decomposi-
tion of an oscillating string. Notice that each pair of coordinates is independent
of the other, but all pendulums are coupled through the common control v and
must reach the origin simultaneously. However, we are not able to choose the
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control u = 0 because of the constraints, and the system leaves origin immedi-
ately after reaching it. This is why for null-controllability, we have to check the
return condition.

Let us first consider the problem of null-controllability for the system (1)
in the case when origin is an equilibrium point. This means that we can select
u = 0 after reaching the origin. We consider here the geometrical criterion for
null-controllability obtained in the paper [2], which is the following:

Theorem 1. [2] The system (1) is null-controllable from a neighbourhood if and
only if there exists m > 0 for which the following inclusions hold:

1. 0 € intcoL = intco{b$, AbQ, ..., A"bOQ},
2. 0 € intcoL int co{bQ, —AbQ, ..., (—1)"A"bQ}.

For example, the linear control system:

T = T2,
3
{ - (3

with control constraints u € [0, 1] is not null-controllable. Here

bu = (2) , Abu = <g> A2y = <2>  ABby = (g) L (4)

L = (bu, Abu) = <2 g) (5)

S0

L™ = (bu, — Abu) = (2 _0“> . (6)

For w € [0,1], the columns of the matrix L span two line segments in the
space R?) and their convex hull is a triangle with vertices at (1,0),(0,1) and
(0,0). Clearly, 0 ¢ intcoL and the system is not null-controllable. However, if
the control constraints are extended to u € [—1,1], the system will be null-
controllable since the convex hull for both L and L~! would be a square with
vertices (1,0),(0,1),(—1,0) and (0, —1).

Let us now give the definition of the return condition introduced in [3].

Definition 1. [3] For the system (1) the return condition is satisfied on the
interval I = [T*,T* + o], (e > 0,T* > 0), if for any T € I, there exists a control
ur(t), such that the solution & = Ax + bur(t), x(0) = 0, satisfies the condition
z(T) =0.

In other words, the return condition means that for any 7' € [T, T* + «a| we
are able to construct a control up(t) such that the trajectory starting at the origin
return there at time T'. It should be noted that the condition « > 0, meaning the
non-zero length if the interval I, is essential in this definition.

The following theorem extends the null-controllability criterion to the more
general case:
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Theorem 2. [3] The system (1) is null-controllable from a neighbourhood if and
only if the following conditions hold:

1. there exists an interval I = [T*,T* + « such that the return condition is
satisfied,

2. there exists an m > 0 such that:
0 € intcoL = intco{bQ, AbQ, ..., A"bQ},
0 € intcoL int co{bQ, —AbQ, ..., (=1)""A"bQ}.
This theorem also includes the previous case when the origin is an equilibrium.

Indeed, after reaching the origin at time 7', we may select u = 0. Then the system
remains at rest, satisfying the return condition on any interval [T,7T + «, a > 0.

2. Return condition for oscillating system

Let us now consider the return condition for the system (2) with control
constraints u € {c,1}. For a linear system of the form & = Ax + bu for the
control that transfers a point x( to a point 1 we can write:

x = et <930 + /0 ' e bu(r) dT> . (7)

In the case when zg = 1 = 0, this simplifies to:

T
= e*At U .
0— /0 bu(t) dt (8)

We will look for a solution in the form of a piecewise-constant function, with
u alternating between the values c and 1:

¢, OStSTla
1, Ty <t< Ty,
& T2<t§T37

17 Tk—l <t< Tk7
c, Tp<t<T,

with switching moments T7,...,T;. The number of switching moments k
is unknown, and multiple solutions may exist. We will be looking for such a
control where number of switching moments is even, k = 2k, and they are placed

symmetrically, that is, T = T — Tj_i41 for i = 1, k. For the system (2), we have:
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cost sint 0 0 0 0 0
—sint cost 0 0 0 0 1
0 0 cos2t sin2t 0 0 0
At — 0 0 —sin2t cos2t ... 0 0 b=11]. (0
0 0 0 0 ... ~cosnt sinnt
0 0 0 0 ... —sinnt cosnt 1

Substituting into equation (8), we obtain the system

fOT u(t)sintdt =0,

fOTu(t) costdt =0,
: (11)

fOTu(t) sinntdt =0,

fOT u(t)cosntdt = 0.

Thus, we obtain a trigonometric moment problem [7], for which we need the
solution up(t) to exist for each T € [T*,T* + «]. This system can also be written
in exponential form as

fOTu(t)e“dt =0,
fOT u(t)ettdt = 0,

(12)
fOT u(t)e™itdt = 0.
By substituting the control (9) into the system (11), we obtain:
esinTy + (sinTy —sinTh) + -+ - + ¢ (sinT —sinTy) = 0,
ccosTy —c+---+c(cosT —cosTy) =0,
: (13)

%sinnTl + %(sinnTg —sinnTy)+ -+ %(sinnT—sinnTk) =0,
2cosnTy — &4+ 2(cosnT —cosnTy) = 0.

For ¢ = %, we present two solutions: one with 2n switching moments, and
another, which has only 2 for any dimension n.

3. Control with 2n switching moments

First, we consider the case when k£ = 2n, which is equal to the dimension
of system (2). Let us first notice that for T' = 27 the system (2) has a solution
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u = ¢ = const. We now explore how to construct a solution on a slightly larger ti-

me interval by introducing short segments during which v = 1. More precisely, we

claim that for ¢ = § for any T on the time interval [27, 27 +a], where a € |0, n2T7-T1]7

the origin can be reached using the following control:

21

2 21
P <t§—n+1+a,

27 27
nil T <t<2.7%,

21 2m

|l Sl i T

1, n2 <t<n2t 4a,

n+1 n+1
1 2
51 nn—ﬂ+a<t§2ﬂ+a.

Proof. For the control (14) the switching moments are:

27 27 2mn
T = T, = vy o1 =
L=t n_|_1+04, A1 =
The system (13) consists of independent pairs of equalities that need to be proven
for m < n, and, in the case c = %, they take the form:

T =271+ a. (15)

ﬁ sinmTy + %(sin mTy —sinnTy) + -+ + ﬁ(sin mT — sinnThyy,) = 0,
ﬁ cosmT) — ﬁ 4+ ﬁ(cosmT —cosnTy,) =0,
(16)
For the switching moments T; from (15), this becomes
n
k21 (sin ( 2773?1’“ + a) — sin (%ﬂ’f)) +sin(27 + a) =0,
n (17)
> (cos ( Qgﬂk + a) — cos (nglk)> +cos(2m +a) — 1 =0,
k=1
or,
n
kzo (sin (%’;flk + a) — sin (2;111’“)) =0,
n 18
i (cos(%mk+a> — cos (%mk)) =0 1s)
= n+1 n+1 -
This is equivalent to
n
> sin (%) cos (%ﬂ:‘l’“ + %) =0,
kzosin (%) sin (%{ﬂk + %) =0,
or factoring out the common term:
n
> cos (%ﬁk + %) =0,
R0 (20)

n

: 2mmk a) _
Z:sm<nJrl —|—§> =0.
k=0
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Applying the angle addition formula, this leads to:

7

> (COS (§) cos <2:Lr_ﬁk) + sin (%) sin <2:LT1]€)) =0,

k0 (21)
n
kz—:o (sin (%) cos (%) + cos (§) sin <2§ﬁk>) =0.
Then, it is enough to show that:
n
> cos (ng_”lk) =0,
k=0 . (22)

. 2wmk

: T™m
> sin ( o )
k=0

or

- 2rmk 2rmk
Z(cos( ™ >—i—isin< ™ >) =0, (23)
n—+1 n+1

k=0

which is equivalent to

= 2rk . 2k "
%(cos <n+1>+lsm(n+l>> =0. (24)

This identity is true because the numbers cos (Z%_kl) + ¢ sin (%ﬁ) are the roots
Zk41 of the polynomial
2" -1 =0, (25)
and by the Vieta’s formulas:
(
1+ T2+ -+ Tpge1 =0, 1+ o + Ty =0,
T1Tg + -+ + TpTny1 =0, a4l =0,
= (26)
T1...Tp+ - +To...Tpe1 =0 P+ .+ =0,
T1T2 ... Tpe1 = —1. a:’f“—!—...—}—xﬁﬁ =n+1.

Thus, the equality (24), and consequently the original system (16), holds for all
m < n, and the proof is complete.

Example 1. The Figures 1 and 2 illustrate the control and individual trajectories
in the case of n =4 and time T = 27 + 0.5.
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Fig. 1. The graph of control
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Fig. 2. Individual trajectories
Puc. 2. Indusidyarvri mpaexmopii

The trajectories for coordinates pairs (x1,xz2) (blue) and (xs3,x4) (red) are
shown on the Figure 3, and for pairs (xs,x6) (purple) and (v7,x8) (green) on
the Figure 4. If we had constant control uw = ¢ the trajectories would be circles.
Howewver, for the piecewise control considered here, we have some symmetrical

trajectories along the arcs of circles.
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Fig. 3. Pairunse trajectories, x1 — x4
Puc. 3. Ilonapni mpaexmopii, r1 — T4

x2i
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0.1

X2j-1

-0.1

-0.2

Fig. 4. Pairwise trajectories, rs — xg
Puc. 4. Honapni mpaexmopii, rs — xg

Remark 1. Since the equations (15) are independent for different values of n, the
control u,(t) is also a solution for any system xoj_1 = kjxej, X2 = —kjroj—1+u,

k; €N, j =1,N if we select n = maxk;.

Remark 2. I we modify any pair of equations to the form x9;_1 = —kjzoj,
x9j = kjToj_1 +u then the corresponding 2 X 2 block in the matriz exponent

changes to

coskt
sinkt

—sinkt

i) )
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changing the corresponding pair of equations to

{— fOT u(t)sintdt = 0,

fOT u(t) costdt =0, (28)

which has the same solution. Therefore, the remark 1 can be extended to the case

where kj € 7\ {0}.

Remark 3. The solution also remains valid for the control constraints of the form
u € {%, d}, since the constant d simply appears as the multiplicative factor outside
the integrals in the equation (16).

Let us now consider the system with simple purely imaginary eigenvalues
Aok—1.2k = Tl

T1 = V1x2,

To = —21 + U,

T3 = Vo,

Ty = —Vox3 + U, (29)

Topn—1 = VUnTon,

ki'Qn = —UpTap-1 1+ U,
where v, = Z—:, ni € Z\{0},dy € N, and v; # vj for i,j = 1,n,i # j. Let us
introduce the rescaled time variable 7 = %, where D = [[I", d;. Then for the

k — th pair of equations, we have:

n

ne [[ (d)) vk = Npwax,
=Ltk

drog—1  dwgr_q dt
ar At dr
n
—n; H (dj) wop—1 + Du = —Nyxar_1 + Du,
=137k

(30)
dagy  dagp dt

dr  dt dr

where Ny, € Z\ {0}. We may now rescale the control as v = Du, v € {£, D}, and
using the previous remarks, construct the control for the transformed system:

11 = Niz2,

T9 = —Nix1 + v,

x3 = Nozy,

i4 = —Nowz + v, (31)

Ton—1 = Np Tap,

Ton = —Np Top—1 +v.
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Remark 4. The result also holds when vy € R, but there exists a common number
v € R such that °t € Q for alli=1,...,n.

Let us now consider the general system

j::Ax—Fbu,uE{;i,d}, (32)

where the matrix A € R?"*?" has simple purely imaginary eigenvalues A2k—1,2k =
+ivg, k = 1,n, and v, € Q. In this case, there exists an invertible matrix P, such
that

A=PNP ! (33)
where N is a matrix of the system (29). Then we can write
et = peNtpTl, (34)
where
cosvit  sinwvgt 0 0 0 0
—sinwgt cosvgt 0 0 0 0
0 0 cosvot  sinvot 0 0
eVt — 0 0 —sinwvet cosvet ... 0 0 ., (35)
0 0 0 0 ... cosupt sinuypt
0 0 0 0 ... —siny,t cosy,t

Therefore, each element of the matrix exponent e is a linear combination of
functions sin v;t, cosy;t and in each equation of the system (9) left-hand side is
a linear combination of terms fOT u(t) sin vt fOT u(t) cos v;t. Because solving the
problem for the system 29 implies that all these terms are equal to zero, the exact
same control would also solve the problem for system (32).

Example 2. Let us consider the system

1

':'U1:§$27

. 1

To = —5T1 + U, 1

2o ue {1} (36)
x3:3x2+§az4+u, 2

j:4:a;1—%w3+u,

It has eigenvalues \12 = j:%i, N34 = :I:%i. In the previous notation we have
D=2-3=6,1= %, v = 6u, and a new system of equations
T1 = 313,
To = —3x1 + v,
T3 = 18x9 + 224 + v,
T4 = 621 — 223 + v,
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with A2 = £31, A3.4 = £21. Using the remark 1 we select n = 3 and obtain control
with 6 switching moments: T] = %T”,Tg = %f +a, T3 =2- %TW’TZL =2 %TW + a,
T5 =3 - %T”,TG =3 %f + a. Since these switching moments are for the rescaled
time variable T, multiplying by D = 6 gives the switching moments for the original
time t, and the control is:

-~

0<t<3m,

37 <t <3148,

3r+ 8 <t <6m,

6 <t < 67+ 8, (38)
6+ 8 <t <9,

91 <t < 91+ B,

Or + 8 <t < 127 + 3,

<
—~
~
S~—
v
= N o N

where B = 6a. The figure below illustrates the pairwise trajectories in the case
when 8 =1 for the pairs of variables (x1,x2) and (x3,x4). Since the subsystem
for pair (z1,z2) has the same form as in system (2), its trajectory (blue) is still
circular. However, the trajectory for the pair (vs,x4) (red) is no longer circular
or symmetrical.

L X9

-8+
Fig. 5. Pairwise trajectories for the system (36)
Puc. 5. Honapwi mpaexmopii daa cucmemu (36)

4. Control with 2 switching moments

The assumption of symmetry also allows us to construct a control with only
two switching points in the case ¢ = % To do this, we write the system in
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exponential form as in (12) and consider the control:

s 0<t<T,
u(t) =<1, Ti<t< Ty, (39)

5, Thy<t<T.
Let us set T — Ty, = Ty. Then, by making the substitution /' = z, el = s,
we obtain e’? = 2. This leads to the following the system of equations for the

variables = and s:
—l-—z+2+s5=0,

—1—x2+;—§+52:0,
. (40)

—1—a2"4 55 +5"=0,=0.

This system has the solutions x = s. We choose s such that: |s| = 1. Since x = et

and s = e’ both T} and T are defined up to the shift 2. Taking T' = 27 + T},
we obtain a valid solution to the problem.

Remark 5. The solution u(t) does not depend on the dimensionality of the system
and remains valid for any value of n.

Remark 6. An alternative construction of the solution is possible under the
constraint v € {c,1 —c¢,1}, where 0 < ¢ < 1. In this case the switching points
are kept symmetric with respect to the midpoint of the interval, but the values of
the control are chosen asymmetrically:

c, 0<t<T,
u(t) = {1, T, <t<T, (41)
1—c¢ T <t <T.

Since all the remarks for the control with 2n switching moments remain valid,
the we have the following theorem:

Theorem 3. For the linear system
T = Ax + bu, (42)

with control constraints u € [c, 1], where ¢ < % and matriz A € R*™*2" has simple
purely imaginary eigenvalues \op_1 op = Livg, k = 1,...,n, the return condition
is satisfied if v, € Q or v, € R\ Q, but there exists a positive real number k such
that 5= is rational for all k =1,n.

Remark 7. In both cases, the control constraints must be of the form u € [c, 1],
c< % oru € {%, 1}, The question for an arbitrary c in the general case remains
open.
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5. The case of irrational coeflicients

The condition of rationality guarantees the existence of a time moment 7" > 0
such that there exists a solution with control u = const. For mutually irrational
frequencies such a time T does not exist. However, this does not mean that it
is impossible to construct a control that returns the system to the point 0. For
example, in the case n = 2 the following control is possible:

Statement 1. For the linear system

T = Az + bu, (43)

with eigenvalues £v14, £t the control

5 0<t< I,
1, L <t< 2

ut) =43, ZUT <p< AT 4 T4 T (44)
1, IUT 4 X T opg BTy Ky I

with numbers my, mo € N chosen such that % < 2”,;‘11”, o < 2”,;‘22”, returns the

system to the origin at time T = 2”;711” +o+at 273722”

The conditions on m; and msg are present to ensure that the switching
moments are selected in the right order.

Example 3. As an example, Figure 3 shows the illustrates trajectories for the
system

3.
[N}
|

= —I1 + u,
T3 = V274,
t4 = —V223 + u,

(45)

with eigenvalues +i and 4iv/2.
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Ead

20

1.5

1.0

0.5

AV AN
SWCANY

-0.5

-1.0

Fig. 6. Individual trajectories for the system (45)
Puc. 6. Indusidyaavni mpaekmopii das cucmemu (45)

Conclusions

In this paper, we considered the problem of null-controllability and the return
condition on an interval. For the controllability it was earlier assumed the exi-
stence of rest point for the system (1), that is u = 0 € Q, implying that z = 0 is
the rest point.

In the paper, we did not assume the existence of rest point for the system (1)
(u=10 ¢ Q). In such cases the return condition on an interval can be used to
establish local controllability. We showed that the return condition on the interval
is satisfied for the linear system i = Ax + bu, where matrix A has simple purely

imaginary eigenvalues \op_1 91 = Fivg, k = 1,...,n, with v, € Q. We presented
two ways of constructing controls that solve this problem under control constraints
1

Also, an example of control construction is discussed for the case when ei-
genvalue ratios are irrational. However, this case, and the case of control constrai-
ntsu=c,1,c# % require further study.
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YMoBa MoBepPTaHHS JJIS KOJIUBAJIBHUX CHCTEM
Kopob6or B. 1., Bozusik O. C.
Kadedpa npuksaoHOl MAMEMAMUKY
Xapriscoruti nouytonasvrul yrisepcumem iment B. H. Kapasina
610226 m. Xapwis, matid. Ceobodu, 4

Jlaga crarTd TpHUCBAYEHA 3a7a49i HyIb-KEPOBAHOCTI /I KOJIUBAJIBLHOI JIHIHHOI cu-

CTeMH BULJISALY X9, 1 = T, Lo = —Toi—1 + U, ¢ = 1, 3 OOMEKEHHAMHU Ha KepyBaHHI
u € [c,1] abo u € {c,1},¢ > 0.V upoMy BUIAJIKY 1I0YATOK KOODAUHAT HE € TOUKOIO PIBHO-
Baru. Hy/ib-KepoBaHICTH 03HAYAE, IO iICHYE Takuii MOMeHT 4dacy 1y, 10 s OyIb-sIKOro
qacy T > Ty Mu MOXKeMO MOOyAyBaTh KEPYBAHHS SKE JOCATAE MOYATKY KOODJAMHAT CaMe
B MoMeHT 4acy 1. Kpurepiit KepoBaHOCTI B TOUKY, IO HE € PiBHOBAXKHOIO, OYB 3aIIpOITO-
nosanuii B. I. KopoboBuwm, i BKTI09a€ HOBY YMOBY, sIKa HA3UBAETHCST YMOBOIO TOBEPTAHHSA
Ha iHTepBaJii, fKA IOBMHHA BUKOHYBATUCS PA30M 3 KJIACHYHUMHU yMOBAME KEPOBAHOCTI B
TouKy piBHoBarnu. s ymoBa o3navae, mo icuye nmpomixkok vacy I = [T, T+a], o > 0, ngst
SIKOTO TPAEKTOPIs 3 MOYATKOM B TOYI () MOXKEe MOBEPHYTHUCH HA33 B OyIb-IKWUil MOMEHT
gacy T € I 3a neskoro kepyBaHHs ur (t).

Meroro manol poboTH € TTOKa3aTH, 0 YMOBHU MOBEPTAHHS BUKOHYIOTHCS [JIsi PO3TJIs-
HYTOI KOJIMBAJIGHOI CHUCTEMU 3 JAHMMHU OOMEXKEHHAMU HA KEePYBaHHH, i OTPUMATHU aHA-
JITHYHUN PO3B’SI30K [JIsST KEPYBaHHS, IO 33J0BOJIbHSE IF0 yMOBY. Po3rmsHyTuit mimxin
BUKOPUCTOBYE TTOOY/IOBY KYCKOBO-CTAJIOTO KepyBaHHs 31 3HavenHsaMn u = ciu = 1. g
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3a7a9a MA€ HEEAUHUM PO3B’A30K, i B HAIIIH CTATTI MU IPEICTABIAEMO OJNH PO3B’A30K 3
2n TOYKAMU MEPEMUKAHHS Ta IHIAN JIWIIE 3 IBOMA, ¥ BUMAIKY, KOJIU ¢ < % Po3r’s30k 3
2 MOMEHTAMU TTEPEMUKAHHS € OCODJIMBO MIKABUM, OCKIJIBKY HE 3aJIe2KUTh Bij PO3MipHOCTI
cucteMu. Mu TakoXK y3araJbHIOEMO 3aJa9y Ha BUMAJOK, KOJW BJIACHL 3HAYEHHS MalOTh
BULJISAI Aok, Aok_1 = TV, Oe Vi — pamioHanabi gnciaa. Mu TakoK pO3IISIAEMO JIesKi
YaCTKOBI BUIIQ/IKU KOJIM BJIACHI 3HAYEHHS € ipPAllOHAJILHUMU.

Karwuosi caosa: ymoBa mmoBepTaHHS Ha IHTepBaJli, HYJIb-KEPOBaHICTh; TPUTOHO-
MeTpuYHa npobJjieMa MOMEHTIB; JIiHIWHI KepoBaHi cMCcTeMHU

Ictopisa crarri: orpumana: 5 Tpasus 2025; npuitaara: 9 gepsus 2025.
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HesaBHi s1iHITHI pi3HUIEB] PIBHAHHA HaJ A CKIHYeHHUMMU
KOMYTATHUBHUMU KiJIbIIMY HMOPAIKY p° 3 OOUHUIIEIO

Binowmo, 110, 3 TouHicTIO 10 i30MOpdi3My, iCHYE PIBHO YOTUPHU CKiHYEHHI KOMYTATUBHI
KiJIbIlg 3 OJWHHIICIO, TIOPAIOK AKUX JOPIiBHIOE p2, Je p — IpocTe 4mciao. A came, ITUMH
KIJIbIAMHE € KiJblle JHIIKIB 33 MOLYJTEM P2, MPsMa CyMa IBOX IOJIB JIAIIKIB Zy, 38 MO-
ayiaem p, mose 3 p? enementis i Kinbue S, = Z,[t]/(t?). Hemonasuo 6y/10 BeTanosjeHo
KPUTEPIi PO3B’I3HOCTI JIHIWHOTO PI3HUIIEBOTO PIBHSHHS MTEPITOTO MOPS/IKY HAJY KiIhIEM
JIWIIKIB 38 MOIysIeM m > 2. 3 Oy Ha 1€, aKTYaJbHOIO € 3312498 PO3B’ A3aHHS JIHIHHOTO
Pi3HUIIEBOTO PIBHAHHA HAJ KifblleM Sp NOPAIKY p2.

VY crarTi AOCHIKYIOTCS HesIBHI JIiHINHI Pi3HUIEB] PIBHAHHS MEPIIOrO TOPSAKY HAJ,
Klibiem Sp,. Beranosieno neobxifui ta gocraTHi yMOBY PO3B’A3HOCTI PO3IVIAHYTOIO piB-
HAHHS HAJT UM Kiibiem. KpiMm Toro, orpumani y crarTi pe3yabraru OMUCYIOTDh SK Kilb-
KiCTh PO3B’A3KIB y BUMAAKY IX ICHYBaHHS, TaK i BHUIJIS 3arajbHOTO PO3B’SI3KY IIHOTO
piBHsSIHHSA. AHAJIOrIYHI PE3yJIbTATH BCTAHOBJIEHO JJIs BiAMOBIIHOI TIOYATKOBOT 330841 HA/T
KimpneMm Sp. 30KpeMa, MOKa3aHO, IO, Ha BiAMIHY BiJ BHNAAKY IiTiCHOTO KifmbIld, TOYa-
TKOBa 33Ja4a HaJl KijibleM S, MOXKe Maru HeCKiHdeHHO Oararo po3s’a3kis. Bogmouac,
SKINO BOHA MAa€ CKiHIY€HHY KiIbKICTb PO3B’s3KiB, TO 11 pO3B’A30K € €anHUM. TaKoK OTpH-
MAaHO HACTIIKY 3 OIEPKAHOTO KPUTEPII0 PO3B’SI3HOCTI PO3TJISTHYTOTO HESTBHOTO JIIHIHHOTO
Pi3HWIIEBOTO PiBHAHHA HaJ KilbleM Sp. 30KpeMa, aHaJIoTiaHo 10 Teopii @pearonbma, mo-
Ka3aHo, IO SKINO BiAMOBiIHE OXHOpPiIHE PIBHSHHS Ma€ TiJbKM TPUBIAJBHUN PO3B’SI30K,
TO MOCTiIKyBaHe HEOTHOPIIHE PIBHIHHSA Ma€ €IWHUN PO3B’SI30K.

Y crarri HaBeIEHO MPUKJIAJ, IO JEMOHCTPYE 3aCTOCYBAHHS OTPUMAHUX TEOPEeTH-
YHUX PE3yJIbTATiB [0 PO3B’A3aHHA KOHKPETHOrO PiBHAHHS HAJ KinbueMm Sp i BiamosinHol
TTOYATKOBOT 3a4adi.

PesynbraTu poboTu MOKYTH OyTH BUKOPUCTAHI /JIs TOAAJIBIITOTO BUBYEHHS JIHITHIX
pi3HUIIEBUX PIBHSHDb HAJI CKIHUEHHUMH KiTbIAMH, a TAKOXK Yy 3arajbHiil Teopii auckpe-
THUX JAHAMIYHUX CHCTEM.

Karwuosi crosa: HessBHe JIiHIMHE pi3HUIEBE PIBHAHHSA; CKIHYEHHE KijIbIle; IMo4va-
TKOBa 3ajJad4a; Po3B’d3HICTD.
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1. Beryn

Hemomasmo HeasHi JiHiiiHI pi3HUIeB] pIBHAHHS HAI ILIICHAMA KIIBIIAMHI O6YJI0
nocigzkeno y [1, 2], i 6k getanbHo Ha KigbieM minanx ancen y [3, 4, 5. Hesisre
JiHifiHe PI3HUIIEBE PIBHSIHHSI TIEPIIOrO MOPSAIKY HAJ KUTbIeM Z,, = 7Z/mZ TuimKis
33, MOJLYJIEM T JOCTIRKYBasIoch y [6].

Hexait p —ipocte ancso. Y pobori [7] 6y0 mokazano, 110, 3 TOYHICTIO 70 130-
MopdizMy, icHYE BCHOr0O 4 KOMYTATHBHUX KibIS IOPSAKY P2 3 OAMHUIEIO, 3 CAME
1oJIe 3 p? eJIeMEeHTIB, IpsAMa, CyMa, Ly ® Ly, KiNbIlIe TAMKIE Zy2 1 “crienianrpae” Kitb-
ne S, = Zy[t]/(t?) (nms. Taxox [8]). 3 ornsmy Ha 1o xmacudikarnio i pesyabraTn
poboru [6], akTyaJbHOIO € 3a/1a9a PO3B’s3aHHs HESBHOTO JIHIHOIO PI3HUIIEBOTO
PiBHSAHHA HaJ| KiblieM Sp.

Hexait A, B, F, (n € Z4) —3amani eseMenTs Kinbiig Sy, npudomy B # 0. Pos-
TJISHEMO HACTYIHE JiHiliHe PI3HUIEBE PIBHSIHHS MEPIIOTO TOPSIKY HAT KLIBIEM
Sp:

BXn+1 = AXn + Fn, nc Z+, (].)

Je depe3 7 NO3HAYEHO MHOXKUHY [AMX HeBi'eMHux unces. gk i B |2, 6], piBusa-
uns (1) HABMBAETLCA HeABHUM, SIKIO B € HeoOOPOTHHM eJIeMEHTOM Kbl S, 1
AGHUM Y TIPOTUIEKHOMY BUITAIKY.

g piBasiabs (1) po3nisiaeThes TOYATKOBA YMOBa,

Xo=Yy € Sp. (2)

[TocaigoBHIiCTD {Xn}f:’:O eJIEMEHTIB KibIlg S, Ha3UBACThCS PO3B’A3KOM TI0Ya-
TkoBOI 3aza4i (1), (2), sKmo BoHA 3a70BoJbHSE piBHsiHHSA (1) 1 MoYaTKOBY yMO-
BY (2).

Jonomikai pesynbTaTs, o CTOCYIOTECH BIACTUBOCTEH eJIeMEeHTIB Kinbig S,
HaBeJIeHO Y po3iii 2. OcHOBHI pe3y/ibraTu MicTaTbed B po3iinax 3, 4. Teopema 1
ommcye HeobxiHl 1 ocTaThl yMOBU po3B’a3HOCTI piBHsiHHS (1), 8 TAKOXK BU3HAYAE
Ba€ KpuUTEPil iCHyBaHHs 1 €AMHOCTI PO3B’st3Ky piBHgnHg (1) (quB. HacHimoK 2).
Ak iy Teopii ®pearosbma (aus., HaATpuKIAT, |9, pos3ain 7|), Hacaizok 3 moka-
3ye, mo gk Bignosigne xo (1) opHOpisHe PIBHSIHHS Ma€ TLIbKM TPUBiaJbHUI
PO3B’SI30K, TO 115t Gy ib-s1Kk01 mocstiosrocti {Fy, }07 ) enementis Kibis S, piHs-
uHs (1) Mae exnaMit po3B’a30K (AUB. TAaKOXK |6, HACTLIOK 3.4], e oTpuMaHO aHAIO-
rivHUit pe3yabTar Ayst Kiabig Z,, ). Teopema 2 onucye neobxini i mocraTai yMoBu
po3B’a3H0CTi ToUaTKoBOl 3a7adi (1), (2), a TaKOXK BU3HAYAE THCIO PO3B’SI3KIB i
3arasbHUI PO3B’A30K i€l T0YATKOBOI 3a/1a4i. 3ayBaskuMo, o, K 1 B [6], g moua-
TKOBA 3371243 MOYKE MaTH HECKIHUEHHE YUCJI0 PO3B A3KIB. Y PO3/I 5 PO3IIAHYTO
MIPUKJIa[ 3aCTOCYBAHHA PE3YIbTaTIB TeopeM 1, 2, a TaK0XK HACHIIKY 2.
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2. BuacTusocTi esiemenTis Kinbnga S,

. . 2 .
Haranaemo, mo kinblie S, Busnadaerncst sk bakTopkinabie Zy[t]/(t%). Bin-
TTOBiTHO, eTeMEeHTH MBOTO KiJbIlsT MaloTh BUIJST & = a + bt, 1e a,b— ememenTn
Kinbng Z,, TpudoMy t?2 = 0. Tenep 1oaBaHHA Ta MHOMKEHHS y KiIbIi Sp 3amaro-
ThC HACTYITHUM 9UHOM: SIKIINO T1 = ag + a1t i x9 = by + bit, TO

e I +x9 = (CLQ + bo) + (al + bl)t,
e 1 -x9 = agby + (a0b1 + albo)t.

Hexait 1 = a1 + bit, w2 = ag + bat — esremenTu Kinbua S,. Toxi piBHiCTB
T1 = T9 PIBHOCHUJIbLHA CUCTEMI piBHOCTEM

ap = az,

b1 = ba.
Hacrynze TBep/IKeHHA onucye 0OOPOTHI Ta HEOOOPOTHI eJleMeHTH KilbId Sp.

Jlema 1. Hezxatli x = a+bt € Sy, de a,b € Z,,. Cnpasedauei nacmynni meepdoice-
HHA.

1. fxwo a # 0, mo x € 060POMHUM EAEMEHTOM KIALYA Sp & 6IPHOI0 € POPMYAG
r ' =a"1 —a bt

2. Axwoa=01b#0, mox € HIADNOMEHMHUM EAEMEHMOM KiabUusa Sp 1 1020
THOEKC HIABTIOTMEHMHOCTME JOPIeHIoE 2.

Jlosedenna. Cupasui, Hexait * = a + bt, ne a € Zp,b € Zyp. ko a # 0, 10
z-(a"t—a72bt) = 1, T06TO T € 06OPOTHUM esleMeHTOM Kibig Sp. Sk 3 a = 0,
106T0 * = bt, To 22 = b?t? = 0. Orke, KOKEH HEOGOPOTHUI €IeMEHT KibIls
Sp € HUTBHOTEHTHNM, TPUIOMY iHJEKC HITBIOTEHTHOCTI 0Y/1b-IKOT0 HEHYIHOBOTO
eJleMeHTy JOPIBHIOE 2. ]

3. Po3B’a3HicTh HEABHOTO JiHIITHOTO PI3HUIEBOTO PIBHAHHS HA/
Kinbuem S,

IMosepremMocs 10 HEABHOrO MiHIHOrO pisHUNIEBOro piHsgHus (1), B skomy A =
Ag+tA, B=By+tB, #0, F,, = FO,n + tFl,ny ne Ag, Bo, F07n,A1, By, Fl,n —
esementu 10Jst Zy (n € Zy ). Hacrynna reopema € kpurepieMm po3s’si3HOCTI 1bOro
PIBHSHHS H3J| KiTbIEM Sp.

Teopema 1. Cnpasedausi HACMYNHL MEEPINHCEHHA.

1. Pisnanna (1) mae ckinuenny xiavkicmv pose’saswic modi 1 miivku modi,
Koau abo Ay # 0, abo By # 0. IIpu yvomy pishanna (1) mae

NP Bo#0,
1, By=0,A9#0
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PO36 A3KIE © 302aAbHUT PO3E A30K UbO20 PIGHAHHA MAE SULAAOD

n—1
B "A"Xo+ S, B=TVASE, .|, By #0,

Xn = s=0
—A"'F, —BA2F,,1, By=0,A49#0,

(3)

de Xo — dosinvrut esemenm xisvua Sp y eunadry By # 0.

2. Pignanna (1) mae neckinwenny xiavkicms pose’askic modi i misvku modi,
xoau Ag = By = 0, Fy, = 0 npu sciz n € Z4. IIpu yvomy 3azasvrui
PO36°A30K Yb0o2o pieHAnHA 6usHaveno pisnicmio X, = Xo, +t X1, (n €
Zy), de {X1n}oo g — dosinvra nocaidosricmo esemenmie noas Ly, a nocri-
dosHicmo {XO,n}Zo:O eneMENTIG Y Ly GUSHAMEHO PIGHICIMIO

n—1
Xon = By " AT Xo0 + Zst_lAfFl,n—s—h n €N, (4)
s=0

de Xo 0 — dosiavruli esemenm noas Ly.

3. Pienanna (1) ne mae pose’asxkie modi i misvku modi, xoau Ay = By =0 i
Fon # 0 npu deaxomy n € Z.

Josedenns. oemeMo JOCTATHICTH TEPITOTO TBEPXKEHHST TeopeMu. Ao By #
0, To, 3a TEpPIIMM TBEPIKEHHAM JeMHu 1, eJeMeHT B € 00OpOTHHM eJIeMeHTOM
Kimbnst Sp. Otrike, piBHanmns (1) e ABHIM, TOMY 3arajbHIN pO3B’A30K piBHsHHA (1)
BU3HaYaeThCs dopmysoro (aus. Hanpukias [10, c. 4])

n—1
X, =B "A"Xg+ Y B 'A°F, .4, neN,
s=0
ne Xo — IoBiNbHUI esteMeHT Kinbld Sp. Takum umHOM, y BUnaaky By # 0 piBHa-
nnst (1) mae p? poss’askis.
Temep mexait By = 01 Ay # 0. Toni, 3a memoro 1, eqement A € obopoTHEM

eJIEMEeHTOM KiTbld Sy, a eeMeHT B € HiTbIIOTeHTHIM 3 i1H/IeKCOM HiTbIOTeHTHOCTI
2. Bignosigno, pisugnans (1) MoXHa TTEpenucaTn y BATIA

X,=BA 'X,.1—A'F,, neZ,.

CKOpUCTABIINCE Hi€l0 piBHicTIO ABiui, 3 ypaxysanuam pisaocti B2 = 0 orpumae-
MO:
X,=—-A'F,—BA%F,.,, neZ,. (5)

Hincrapnsioun (5) y pieuanng (1) i Bpaxosytoun, mo B2 = 0, nepekonaeMocs,
1o nocaiosHicTh (5) € po3s’askom pipHstHHs (1):
BXp41=—-B(A ' Foi1 + BAF,9) = —BA 'Fy 1y — B?A2F, 5 =
= A(-A"'F, —BA?F, )+ F,=AX,+F,, neZ,.
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JocTaTHICTE TBep/KEHHS 1 J0BE/IEHO MOBHICTIO.
Hosenemo gocrarnocTi TBepmxens 2 1 3 Teopemu. Hexait Bg = Ag = 0. Toxni
piBasHHd (1) mpuiiMae HACTYIHUN BUTJISIT:

Byt (Xo,n+1 + Xl’n+1t) = At (XO,n + let) + FO,n + Flynt, n € 2.

IMTpupisHIoOYn B bOMY piBHsIHHI KO€DinienTn npu crenensx ¢ (auB. posmin 2),
oTpuMyeMo, o piBusuns (1) exksiBasenTHe HacTyHill cucTeMl PIBHAHD HAZ Zp:

Foy,, = 0 upnm BCix n, (6)
B Xony1 = A1 Xon + Fin, 1€ Zy.

Tomy st poss’sinocti piusanus (1) e Heobxignoo ymosa Fp, = 0 npu Bcix n.
S0 1110 YMOBY He BUKOHAHO, TO piBHsaHHs (1) He Mae po3s’sa3KiB, TOOTO 10BEIEHO
JIOCTATHICTH TBEPIZKEHHS 3 TeOpeMH.

Tenep nexait Fp, = 0 npu scix n. Ockineku B # 01 By = 0, ro By # 0.
OTxe, 3a IepIIIM TBepZKeHHAM JjieMn 1, icHye obepHenuii eieMenT B ! 5 moui L.
3a [10, c. 4], 3aranbauil po3B’s30K Apyroro piBHsHHs cucremu (6) BU3HAYAETHCS

PiBHICTIO
n—1

_ —n An —s—1 gs
Xom =By "A}Xoo+ Y By * 'AjFi, 51, neEN, (7)
s=0
ne Xo,0 — JOBIIbHUI eleMeHT Hous Zjy. fAKIo {le}zozo — JIOBLIbHA [IOCJLI0B-
HicTh eqementi monst Zy, 10 ({Xon}oo s, {X1n}re,) € 3araqbEuM po3B’S3KOM
cucremn (6).
Orzke, 3aranbuuii pos3s’s30k pisuanans (1) mae surmsin X, = Xo p+tX1, (n €
Zy), ne Xoo— noBinbunii enement mons Zyp, {Xon}, ., BU3HATACTHCS HOPMY-
o0 . . . .
010 (7), a {X1n}, - — soBinbua nociioBHicTh eementis nos Zy.
Mu poBesm AOCTATHICTH KOXKHOTO 3 TBEPAKEeHb TeopeMu. OCKIBLKY J1OCTaATHI
VMOBHY BCIX TPBOX TBEP/IKEHD TEOPEMU BUUEPIVIOTH BC1 MOYKJIMBOCTI 1 TIOTTAPHO HE
MEPETHHAIOTHCS, TO JIOBEICHHSA KPUTEPIIO 3aBepIIeHo. O

Jlema 1 i Teopema 1 npu3BOALATH 0 HACTYITHOTO HAC/IJIKY.

Hacainox 1. fdxwo abo A, abo B e obopommum esemenmom kiavys Sp, mo
pisnanna (1) sasoicdu mae po3s’asox.

3 mepuioro TBEpIKeHHs TeopeMu 1 He3MmocepeIHbO BUILINBAE HACTYITHUM KPH-
Tepiit icHyBaHHS Ta €IUHOCTI po3B’a3Ky piBHsaHHS (1), 1, 30KpeMa, KpuTepiii icHy-
BaHHS TIJIbKU TPUBIAJIBHOIO PO3B’sA3KY BIAIOBIIHOIO OHOPIIHOIO PiBHSHHS.

Hacainok 2. Cnpasedausi nacmynui meeposicernma.

1. Pisnanna (1) nad xisvyem Sy mae edunuti pose’asox modi i misvku modi,
xoau By =0 i Ay # 0. Ieti po3e’asor 6uana4acmnsbcs Gopmyron

X,=—A"'F, —BA%F,.,, neZ,. (8)
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2. O0dnopidne pienarta
BXp11=AX,, n€eZy, (9)

MAE MINBKY MPUSIaAbHUl Po3e’asok modi 1 miavku modi, xoau By = 0,

Ay # 0.

3 HACJJIKY 2 BUILINBAE HACTYIIHE TBEDJYKEHHSI.

Hacuinok 3. fxwo odnopione pisnannsa (9) mac misvku mpusiasbrud
, . ‘ . 0o S ‘
po3e6’a3ok, mo daa 6ydv-aKoi nocaidoswocmi {F,}° o enemenmis xiavua S, pis-

Hnanna (1) mae edunuti pose’sazok. Let poss’asox susnauaemoca popmyaroto (8).
p p pMY

Zosedenns. 3a mepinuM TBEPIKEHHSIM HACTIAKY 2, maemo By = 0, Ay # 0. 3a-
CTOCOBYIOUH JIPyTe TBEPJZKEeHHs HACTIIKY 2, Olep:KyeMo, 1o piBHsHHs (1) Mae
enmumii po3s’a30k. 1leit po3s’a30k BuzHavaeThCa (hopmyson (8). O

4. Po3B’a3HiCcTh MOYATKOBOI 3aJa4i JJig HEeSIBHOTO JIiHIAHOTO
pi3HUIIEBOTO PiBHAHHSA HaJ KigbueMm S

B (2) zo6pazumo Yy = Yy 0+ Yiot, me Yoo, Y10 € Zy. Kopucryrouncs pesysib-
TaTamu Teopemu 1, chopMysTI0eEMo i JI0BEJIeMO HACTYIIHUN KPUTEpiii PO3B a3HOCTI
nouarkosol 3amaul (1), (2).

Teopema 2. Cnpasedausi HACMYnHi MEEPOIHCEHHA.

1. ITouamxosa 3adaua (1), (2) mae edunuti po3e’asok po3e’asox modi i Minvky
modi, KoAU GUKOHANO 0OHY 3 HACTYNHUT YMOG:

(a) By # 0.
(6) By =0, Ag 75 0:Yy= *A_lFQ — BA_2F1,'

ITpu yvomy edunuii poss’asor nowamxosoi sadaui (1), (2) mae 6uzand

n—1
B "A"Yo + > B=71AF, .1, By#0,

Xn = s=0
—~A"'F, —BA2F,,1, By=0,A49#0,

n € N.

2. THouwamxosa sadava (1), (2) mae neckinuenno bazamo poss’askiec modi i
miavku modi, xoau Ay = By = 0 ¢ Fy,, = 0 npu ecizx n € Z4. Ilpu
YBLOMY 3020AbHUT PO36°A30K Uil NOUGMKOE0T 300041 BUSHAYEHO DPIBHICTIO
Xp=Xon+tX1, (n€Zy), de X10=Y10, {X1,n}, o, — dosinvra nocai-

doenicmn eaemenmie noas Ly, a nocaidoswicmo {Xon} o mae nacmynmul
su2AA0:

n—1
Xo0 =Yoo, Xon =B "ATYo0+ > By * 'AiFi, o1, neN. (10)
s=0
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3. IHowamxosa 3adawa (1), (2) ne mae pose’askie modi i miavku modi, Koau
By = 0 i sukonato 00HY 3 HACMYNHUL YMOS:

(a) Ay =0 i Fy, # 0 npu deaxomy n € Zy;
(6) Ag #0iYy# —A"'Fy — BA2[.

Jlosedenns. JloBeneMo J1OCTATHICTD HEPINOro TBEPIXKEHHS TeopeMu. JIKINo BUKO-
HaHO yMoBYy la abo 16, To, 3a Teopemoro 1, pisHsiHHs (1) Mae CKiHYEHHE YHCJIO
PO3B’s13KiB, IPM I[LOMY 3araabHuN PO3B 130K BusHaueHo dhopmymnow (3). Ils dop-
MyJia OKa3ye, M0 po3B’a30K modarkoBoi 3agaqi (1), (2) ogHO3HAUHO BU3HAYAE-
ThC MO9ATKOBOK yMOBOKO (2). Ile M0BOAUTL JOCTATHICTH MEPIIOrO TBEPIZKEHHS
TeopeMHu.

JoBeneMo IOCTATHICTL OPYrOro TBepAxKeHHs Teopemu. Hexaii Temep Ag =
By = 01 Fo,, = 0 npm BCix n. 3a IpyruM TBEPIZKEHHSIM Teopemu 1, 3arajb-
Huit po3s’s30k piBmanms (1) Busmadeno pismictio X, = Xo, +t X1, (n €
Zy), ne {X1n},2, — OBiIBHA HOCTIOBHICTL eeMeHTIB mons Zy, a MOC/TiT0B-
HICTB {Xo,n}f:’:0 BU3HaYeHO pismicrio (4), ge Xoo — IOBUIBHUI €I€MEHT II0JIs
Zy. Tomy 3aranbHuii po3s’s30K mouaTKoBOI 33134l (1), (2) BE3HAUEHO piBHICTIO
Xp = Xon +tX1n (n € Zy), ne X10 = Y10, {X1,n}oq — OOBLIbHA HOCTLIOB-
HiCTH eseMenTiB nons Zy, a mocaigosricts {Xo,} -, BusHaueno pismicrio (10).
HocTaTHICTE IPYTOT0 TBEP/KEHHSI TEOPEMHU 2 JTOBEIEHO.

JloBemeMo MOCTATHICTH TPETHOTO TBepKeHHA Teopemu. Jxmo By = 0 i Bu-
KOHAHO YMOBY 3a, TO, 3a TPeTIM TBep/KeHHs Teopemn 1, piBugnusa (1) He Mae
po3B’sI3KiB, BiLOBIIHO 1 noyarkoBa 3a4a4da (1), (2) He mae poss’sskis. ko x
By = 0 i Bukonano ymoBy 30, TO, 32 MepIIMM TBEPKEHHSIM Teopemu 1, piBHIH-
ue (1) Mae eIUHMIt PO3B’A30K, AKMit 33710B0IbHAE yMOBY X = — A~ Fy—BA™2F7.
Tomy mpu Yy # —A~1Fy — BA72F) mouartkosa 3aga9a (1), (2) He Mae po3s’s3Kis.
HocTaTHICTE TPETHOTO TBEPAKEHHA TEOPEMH 2 JIOBEIEHO.

Mu goBen JOCTATHICTH KOXKHOIO 3 TBEPIXKEHb TeopeMu. AHAJIOrYHO HoBe-
JIEHHIO TeopeMU 1, OCKIIBKH JTOCTaTHI YMOBHU BCIX TPHOX TBEPJKEHBb TEOPEMU BU-
9ePIyI0Th BCI MOXKJIUBOCTI 1 TIOTIAPHO He MEPETUHAIOTHCH, TO JOBEIEHHSA KPUTEPIIO
3aBepIIEeHo. [

5. Illpuknasm

Pozrasttemo TpuKIIa  3aCTOCYBAHHST OTPUMAHNX PE3YIBTATIB.
Ilpukiazn 1. Hexait Ao, A1 € Zy,. PosrigaeMo piBHAHHS
tXn-‘rl = (A0+A1t)Xn+Fna n e Z+, (11)

ma KinbueM Sy,. Pisuanns (11) mae surmsn (1), ne A = Ag+ At, B=1t, By =0,
By = 1. dkmo Ag # 0, 10, 3a mepmuM TBepzKeHHAM Jemu 1, eqemenT A €
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oboporanM, i A7 = Agl — AaQAlt. 3a HacaikoM 2, icHye enuHMiT PO3B’S30K
piBusiiHg (11). Bin BusHAUaeThCs HACTYIHUM YUHOM:

X, =—A'F,—~A?BF, 41 = —(Ay' — A 2 A1) Fp — (Ag 2 —2A5 3 Ayt)tFyy =
= (A% At — AgHF, — Ag%tF, 1, neZy. (12)

3a TepunM TEEp/KEHHIM TeOpeMHu 2, sIKIN0 BUKOHAHO yMoBY Ao # 0, To moda-
tkoBa 3ayaua (11), (2) mMae po3s’ssok Tosi i Tinbku Toi, Ko Yy = (Ag2Art —
AgY ) Fy — Ay ?tFy. Bianosimmuit po3s’ssok mouarkosoi 3atasi (11), (2) Busnawa-
erbes piBHicTIO (12).

Temep Hexait Ag = 01 Fy,, = 0 npu Bcix n € Z4. 3a IpyruM TBEPIKCHHAM
Teopemu 1, icHye HeckiHueHHO GaraTo po3s’si3kie pisHgauHs (11). Ilpn npomy 3a-
TaJIbHWN PO3B’A30K IHOTO PIBHAHHSA Mae BUTIAAN X, = Xo, + X1,t, 16 Xoo—
JOBLIBHUI esleMeHT 10st Zy, {X Ln};f:o — JIOBLJIbHA IIOC/JIIOBHICTD €I€MEHTIB II0-
st Ly, a mocaigosricts {Xq )00 | BU3HAUAETHCS (DOPMYIIOH0

n—1
Xon =By Al Xoo+ Y By  'AjFip s =
s=0
n—1
= A?XO,O + Z AiFl,n—s—lv n € N.
s=0

[Tpu oMy, 3a IPYIUM TBEPKEHHSIM TeOpeMHu 2, mouaTkosa 3ajgaqa (11), (2) ra-
Xpn = Xopn+ Xint, 1e X100 = Y10, {Xl,n}zo:l — JIOBLIBHA MOCJIIIOBHICTE €JIeMeH-
TiB MO/t Zjp, @ nocigosuicTs {Xoy, )~ ) BE3HATACTHC BGOPMYIIO0

n—1
Xo0 = Y00, Xom = A1Yo0+ Y _ AjFin o1, neN.
s=0

Axmo Ag = 01 Fp,, # 0 guia pegxoro n € Z4, 10, 3a TPETIM TBEPIZKEHHAM Te-
opemu 1, piBasians (11) me Mae po3s’a3kiB 1, BignosiaHo, moyaTkoBa 3amaqa (11),
(2) TakoxK He Mae pO3B’SA3KIB.

6. BucHosknu

Y nmaHi#t cTaTTi AOCTIIKEHO HEsTBHE JIiHITHE PI3HUIIEBE PIBHAHHS IIEPIIOTO T10-
PAAKY HaJl CKIHYeHHUMMW KOMYTATUBHUME KLABISAMHU 3 OJMHUIIEIO, TTOPSIIOK AKX
nopisuioe p?. Beranopiieno meobxiami i ocTaTHi YMOBH PO3B’E3HOCTI 1ILOIO PiB-
HAHHA HaJ KigbleM Sy, a 3a yMOBN ICHYBaHHA PO3B’A3KY BH3HAYCHO KiTBKICThH
PO3B’I3KIB Ta 3arajbHUI BUTJSI PO3B’S3KY. AHAJIOTIYHI pe3yabTaTH OTPUMAHO
I TIOYATKOBOI 3aa4i HaJl KibleM Sp.

Hagenerno mpukiasm, Mo 1eMOHCTPYE BUKOPUCTAHHS OJE€PKAHNX TEOPETUIHUX
pe3yabTaTIB. ¥ TOJAJBINIOMY ILIAHYETHLCS JOCTIIUTH HedBHe JIiHifTHE DI3HUIIEBE
PIBHSIHHS HaJI IHITUMY KJaCaMU CKIHYEHHUX KOMYTATUBHWX KIJTEh 3 OJUHUIIETO.
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HMoasiku. 1lro pobory 6ysm0 wacTkoBO miaTpuMano rpanToM Pommy Axiezepa
(Xapkis).

IcTopia crarTi: oTpuMmana: 27 miotoro 2025; mputtaara: 31 Tpasua 2025.
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Implicit linear difference equations over finite commutative rings of
order p? with identity

M. V. Heneralov
Department of Fundamental Mathematics
V. N. Karazin Kharkiv National university
4 Svobody sqr., Kharkiv, 61022, Ukraine

It is known that, up to isomorphism, there are exactly four finite commutati-
ve rings with identity, whose order is equal to p?, where p is a prime number.
Namely, these rings are the residue class ring modulo p?, the direct sum
of two residue class rings Z, modulo p, the field of order p? and the ring
S, = Z,[t]/(t?). Recently, a solvability criterion was established for the first-
order linear difference equation over the residue class ring modulo m > 2.
Considering this, it appears necessary to solve the solvability problem for
the linear difference equation over the ring S, of order p2.

This paper investigates first-order implicit linear difference equations over
the ring S,. The paper presents the solvability criterion for the mentioned
equation over this ring. In addition, the obtained results describe both the
number of solutions and the form of the general solution of this equation.
Analogous results were obtained for the initial problem over the ring S,. In
particular, it was established that, unlike in the case of an integral domain,
the initial problem over the ring S, may have infinitely many solutions.
Moreover, if it has a finite number of solutions, then the solution of this
initial problem is unique. We obtain several corollaries of the solvability
criterion for the implicit linear difference equation over the ring S,. In parti-
cular, as in Fredholm theory, we show that if a homogeneous equation, which
corresponds to the non-homogeneous equation, has only the trivial soluti-
on, then the non-homogeneous equation, which is being investigated, has a
unique solution.

The article includes an example demonstrating the application of the obtai-
ned theoretical results to solving a certain equation over the ring S, and the
corresponding initial problem.

The results may be applied to further studies of linear difference equations
over finite rings, and also to the general theory of discrete dynamical systems.

Keywords: implicit linear difference equation; finite ring; initial
problem; solvability.
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YMOBU KEPOBAHOCTI €BOJIIOIIIHOI CUCTeMH JIIHIMHNX
andepeHIiaJbHUX PiBHAHD Y YACTUHHUX MOXiTHUX

Keposanocri cucrem mudepeHnianbHuX PiBHAHD 3 YACTUHHUMU TTOXiTHUMHY, sIKi OIIH-
CYIOTh PI3HOMAHITHI TMPUPOIHI MPOIECH, TPUCBIYEHO 6e37iu pobiT. OcobamBicTIO i€l
CTATTI € PO3IJIAMAHHS KEPOBAHOCTI JiHIHHOI cucTemu audepeHIiaJbHuX PIBHIHb Y 9a-
CTUHHUX TIOXiTHUX 3arajIbHOTO BUTJISLY.

Panimie y crarti Makaposa O.A. "KepoBanicts eBosoriiinol cucremu nudepeHiiaabHuX
piBHsHb y 4yacruHHUX HOXinHux"/ BicHuk XapkiBCbKOro HaliOHAJIBHOIO YHIBEPCUTETY
imeni B. H. Kapasina, Cepia "Maremaruka, npukiajina maremaruka i mexanika 2016, T.
83. ¢. 47-56" posrisimanack cucrema audepeHIiaIbHUX PIBHAHD Y YACTUHHUX MTOXITHUX.
Y nawiit pobori Oyna mocmimkena 0-kepoBaHicTh Takux cucrem y mpocropi JI. IlIsapia
[IPU TIEBHUX YMOBAX HA KePyBaHHs. 30KpeMa, OyJI0 J0BEIEHO, IO IKINO BIACHI 3HAYEHHS
MAaTPHII CHCTEMHU € iHCHUMH, TO iCHYE KepyBaHHsS, dKe He 3aMeKuThb Bix dacy. Kpim
TOrO, JOCJI/IZKEHHUI BUIIA/IOK, IPA AKOMY BJIACHI 3HAYEHHS € YSIBHUMU.

Meroro mi€i cTaTTi € AOCTiIKeHHST KepPOBAHOCTI CHUCTEMHU JIHIHHUX audepeHIiaJbHuX
PIBHSIHBb y JACTHHHUX MOXITHUX [Jis1 JOBLIHPHOI MATPHUINl CHUCTEMHU TMpPH OOMEKEHHSX HA
HOIIyK KepyBauHs y Buriam u(x,t) = u(x) - exp(—at), ge Bekrop-bynkiis u(x) Haje-
xuth npocropy JI. IIIsapua.

Orpumano neobximni Ta gocrarai ymoBi 0-KEpOBAHOCTI i€l cUCTEMH, a TAKOXK HABEJIEHO
TIPUKJIQIN SIK KEPOBAHOI CUCTEMU, TaK 1 HEKEepPOBAHOI. YK HACTIIKM I1i€l TeOpeMu OTpH-
MaHO J0CTaTHI yMOBU (-KEepOBAHOCTI CUCTEMU, IfICHI YaCTUHY BJIACHUX 3HAYEHH MATPUII
P(s) obmexeni 3Bepxy abo 3uu3y. Kpim TOro, 10Bes€HO, 0 AKINO OPOCTOPOBA 3MiHHA
HaseKuTh npocTopy R, To Taka cucrema € 0-kepoBanoio. [0 KOKHOTO BUMIAIKY HABEIEHO
[IPUKJTAIH.

Posriisnyro Takox mudepeniiajibie PIBHAHHA y YaCTUHHUX HMOXIJHUX JPYrOro IOPsii-
Ky 3a 4JacoMm. /Ijis HBOTO [IOBEIEHO, IO SKIMO KOPEHi XapaKTEPUCTUYHOTO PiBHIHHS

© Makapos O. A., Hikonenxo I.T., 2025; CC BY 4.0 license
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3a/I0BOJIbHAIOTH yMOBaM KpurTepiio, TO 1e piBusuusa Oyze (0-kepoBanum. Tak piBHAHHA
Tenmbmromnbiia € 0-KepoOBaHUMU.

Karwwoei crosa: nudpepeHniaibHi PIBHIHHSA Y YaACTUHHUX ITOXITHUX;
0-kepoBaHicTb; neperBopeHHs @Pyp’e; mpoctip JI. IlIBapua.

2020 Mathematics Subject Classification: 35C10, 93B28.

Beryn

KepoBanocti cucrem audepeHIiaibunX PiBHAHL 3 JaCTUHHUMU TOXiTHUMH,
SIKW OMUCYIOTh PI3HOMAaHITHI MPUPOJIHI TpollecH, mpucBsdeno Oezsia pobit. Ha-
npukJaj, y pobori [1] gocainzkeno KepyBaHHs XBUIBOBOTO PIBHSAHHSL.

Y crarti [2| posrasiHyTa eBoJOIiiiHA cHcTeMa MubEpeHIalbHIX PIBHAHD ¥
YACTUHHUX MOXITHWX, A€ JocaiakeHa (-KepoBaHICTh TaKWX CHUCTEM Y IMPOCTOPI
JI. lllBapria mpu 1eBHUX yMOBAX Ha KEPYBaHHHA. 30KpeMa OYJI0 JOBEIEHO, IO SKIIO
BJIACHI 3HAaYeHHs MaTpui cucremu P(s) aiiichi, To icHye KepyBaHHS, siKe HE 3aJ1e-
KUTh Bix 9acy. Kpim Toro 6yB [0CiizKeH BUIAI0K 1A YIBHUX BIACHUX 3HAUEHD.

Meroto ni€i poboru € J0C/IiKEeHHsT KEPOBAHOCTI cucremMu JiiHiiaux mudepen-
MaJbHUX PIBHIHD Y YACTUHHUX MOXIJHUX TPU OOMEKEHHX Ha, MOIIYK KePYBAHHS
y Burasani u(x,t) = u(z) exp(—at), ge BeKTOp-DYHKIISA 4 (T) HATEKUTH TPOCTO-
py JI.IIsapma. Bys orpuman kpurepiit 0-kepoBamocTi 11i€l cucTeMu y mpocTopi
JI. IlIpaptia Ta HaBeIeHW MPUKJIAIN IK KEPOBAHOI TaK 1 HEKEPOBAaHOI cucTeM. fAK
HACJIIOK TTHOTO KPUTEPito OyJi0 TOBEIEHO, IO CUCTEMU 3 0OMEKEHHUMHU 3BEPXY
abo 3umu3y aiiicummu gactunamu Re \j(s) rex e 0-kepoBanuMu.

Kpim Toro moBesmeno, mo cHCTEME 3 OJHOBUMIPHOIO MPOCTOPOBOI 3MIHHOI €
(-xepopanumu. Hapemenn npuk/Iaayu Ha yci BUIAIKH.

PozryiaayTo Takox mudepeniiaibHe PIBHAHHS Yy YACTUHHUX TTOXITHUX JIPYTO-
T'0 MOPANKY 3a IacoM. JIj1a HBOTo J0BeJeHO, IO IKIMO KOPeHl XapaKTePUCTIUIHOTO
PIBHSIHHA 33/10BOJIbHAIOTH YMOBaM KpUTEPito, TO 1€ piBasgHHs (-kepoBano. Tak
piBusauaga ['enpmrosbiia € 0-KepoBaHUMHY.

1. Kpurepiit kepoBaHnocTti

Pozrsiiremo cucremy audepeHiiaibHuX PiBHAHb Yy YaCTUHHUX MOXITHUX 31
crajsumu KoedirieHTamMmu
ow(x,t)

0
— =P — —at t T R™ 1
5 (20$> w(z,t) + e “Yu(x), € [0;T], z € R, (1)

ne P(s) — mominomianbaa Marpung n X n, u(x) i w(z,t) — BeKTOp-QYyHKII,
aku Hasexars mpoctopy JI. Isapra S, To6To HeckindeHHO AnudepeHIliioBHI Ta
mBUAKO criaai [3].

O3snauenns 1. Cucrema (1) HasuBaeTbest 0-KepOBAHOK y MPOCTOPI S, AKIIO
nutst 6yb-sikol dyHKIiT ¢(z) € S icHye kepyBanHs u(x) € S Take, Mo Po3B’sI30K
i€l cucremn (1) 3 ymoamu w(z,0) = ¢(z) Ta w(z,T) = 0 HANTEKUTH TPOCTOPY S
IO TTPOCTOPOBUAM 3MIHHUM.
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Y pobori [2] noBeena HacTymHA TEOpeMa.
Teopema. Cucrema (1) 3 xepysanusm urssiny u(z)v(t) 6yme 0-kepoBanoO y
mpocTopi S, TOMi 1 TIMBKK TOM, KOJK iCHYye 00epHeHa MATPHUIIST
T —1
</ v(t) exp(—tP(s)dt)> € O, Vs e R",
0

ge C%, — npocrip neckinuenno-audepeHniioBHUK (QPYHKIIIH, KU 3POCTAIOTH He
HIBUJIIIE CTEIEH].
3a il 10TOMOTO0 J0BEIeMO HACTYIIHUN KPUTEPIL.

Teopema 1. Cucmema (1) 0-xeposana y npocmopi JI. Illeapua S modi i misvru
modi, KOAU BUKOHYEMBCA YMOBA: ichye mare & € R, wo na MHoMCUHOT

Nj ={se€R": Re)j(s) = —a} j=1,n

BUKORYEMDCA HEPIBHICTD

2km

T )

HoBenenns. Y Bunajxky KepyBauHsi BUMIITY u(x) exp(—at) ymoBa momepe-
JIHBOT TEOPEMU BUTJIAAE TAK:
ICHYE 00EPHERG MAMPUUA

ImA;(s) # E=41,£2,....

-1

T
< / exp(—at) exp(—tP(s))dt) e @)
0
Y pob6ori JI. B. ®apauronu [4] 6y710 10BeeHO: SAKIIO

T
A= det/ exptQ(s) # 0 Vs € R",
0

TO MaTpUIld
-1

< /0 ' exp tQ(s)dt) cC>=,.

Tawm ke moBenero, mo 1 ymMosa eksiBazentra ymosi exp(T'A;(s)) # 1, j =1, n.
V mamoMmy BATIAAKY OCTAHHS yMOBa O3HAYAE, IO

exp (=T(N\j(s)+a))#1, j=1,n VseR",

TOOTO Sk
i
M) o s T (k£ 0),
a 1 HepiBHICTH ekBiBaseHTHA CyKymHOCTI HepiBHOCTeH Re \j(s) # —a, abo
2kmi
Im \;(s) # Tm, k=+1,42,....

Teopema dosedena.
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ITpukman 1. Poseasanemo cucmemy

awla(tx,t) - 4w2($7t) + AUJQ(J),t) + ul(x)e_ata
5)@028(;1:,15) = —2ws(z,t) + Awy(z,t) + ug(w)e .

0 4—|s|? 2 no .2
Marpuig P(s) = (—\3\2 _9 > , ae [s|® =3k s
Toni xapakTepucruane pisasaaas A2 42X — |s|* +4|s|? = 0, a Bracui sageHHa
Aa(s) = —1£/1—4s]2+|s|* = -1+ /(2 [s]?)? - 3.
|Tm A;(s)| < V3 i Tomy mpu T = 1 maemo ITm \j(s) # 2km mpu k # 0.
TobTo BUKOHaHA yMOBa Teopemu 1, 3HAUNUTH gaHa cucteMa (-KepoBaHa mpH
T>1.

Ipukmaazn 2.
d , T2, t
101(5275562) = wa(a1, 22,1) + ¢~ uy (21, 22),
ot B
— _32101(:512’502,15) B 32w1(x12’x27t) + 28w2(x1,x2,t) + e “uy(x).
Oxy Oz Oy

0 1
Marpung P(s) = (s% + 53 —21’31)' 2

Toxi xapakTepucTrdne piBHAHHS A2 + 2\s1 — s1 — s% = 0, i BjacHl 3HAYEHHS

A2(8) = —isy 4/ —s2 + 82 + 82 = —isy + so.

2k . 2k
3aBXKJIM € KOPiHb Sg = i, §] = ——,

T

OrKe y piBHSIHHST —1S] — Sg + @ =
a 3Ha4YUTh CUCTEMa HEKEPOBAHA.
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2. JloctaTHi yMOBU KepoOBaHOCTi

Teopema 2. Hxwo diticni wacmuny 6aacHuT 3nauens mampuyi P(s) obmescenu
seepry abo 3nwu3ay, mo cucmema (1) 0-xeposana.

Hosenenns. fdxmo Re \j(s) < C, j =1,n, Vs € R", To npn a < C BukoHA-
Ha HepiBHiCcTb Re \j(s) + o < 0, TOOTO BUKOHYIOTbCS YMOBH TeopeMmu 1.

Amnasoriano: skmo ReAj(s) > —C, 1o mpn o > C BUKOHY€ThCs HEPIBHICTS
Re \;(s) + a > 0, To6T0 BUKOHYIOTBCS yMOBH TeopeMu 1.

Teopema dosedena.

TMpuknanx 3. Posgeaanemo cucmemy exsi8aieHmuy PISHANHIO 36YKG Y 6 A3KOMY
cepedosuLt

W = wy(z) + e~ *uy (z)),
z € R.
Ows(x) B 82w2(a:) 82w1($) ot
ot 2 0z + D2 Fwa(r)e™,

XapakTepuCTuyHe PIBHIHHS Ma€ BUTJIST

’_)\ L = A2+ 2\ 4+ 52 = 0.

—52 -\ —2s?

Moro xopeni A1 o(s) = —s? £ /st — s2.
IIpu |s| > 1 xopewni giiicui i max A;(s) < 0.
IIpu |s| < 1 xopeni kommaekcHi i max Re A;(s) < 0.
TobTo BuKOHaHA yMOBa TeopeMu 2, a 3HAYUTH cucrema (-KepoBaHa 3 KepyBa-
HHAM, TKE He 3aJIEKHUTH Bif Jacy.

3. KepoBanicTh cucremMu 3 OJHIE€I0 TPOCTOPOBO 3MiHHOK

Posrnsiremo cucremy (1) 3 ofHIE0 TPOCTOPOBOIO 3MIHHOT.

Teopema 3. Cucmema (1) 3 x € R sasorcdu 0-xeposana 3 dearum .

. 2kmi . .
oBeeHHd. Pisaanaa \i(s) = k # 0 exBiBasenTHO cucTeMi
1, j T

Bunanox giiicanx A;(s) 6ys posrisanyT y crarti [2]. Tomy y manoi pobori mu
P3IVIAHEMO TiIbKH BHIAIO0K, Kosu Im Aj(s) # 0.
2kt

B mpomy Bumagky Im\j(s) = Mae CKIHYeHHY KITbKICTh KOPEHIB Tpu

ikcosanomy k, a BChOTO 1IiX KOpeHIiB 3/li9eHHa MHOKHHA Sp € R mpu k € N.
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Toxi Muoxmumna 3uadens Re \j(sp) Tex 3iidenHa i ToMy 3aBXK/IU 3HAHIETHCS
Take o, upu sskomy Re\j(sp) # —au.

Orxe, BuKOHAHI ymMOBH Teopemu 1, To6ro cucrema (1) 0-keposamna.

Teopema dosedena.

Ilpuknan 4. Poszasmnemo cucmemy

WD) i, )+ a(w)e,
b>0, zeR.
Ows(x,t) 0w (x,1) ot
Y =g T bwi(x,t) + uz(x)e”

Brachi 3nadenns 3HaX0AATHCA 13 PIBHAHHA
N4b—s2=0, A2(s) = +£Vs? —b.

Ipu |s| > b enacui 3navenns aiiicui, a upwu |s| < b BiaacHl 3HaueHHs ysBHI

Ma(s) =+ivb—s2 i |Im\;(s)| <b.
2771' 2kmi

Towmy, axmo T < , TO A\i(s —— i cucrema (-kepoBama.

4. KepoBanictb AudepeHIiaJbHOTO PIBHAHHS
JAPYTOro MOPSAKY 33 4acOM

Pozrngremo kepoBanicThb JudepeHIliajbHOTO PiBHIHHS

ne P(s)iQ(s) — noninomu, z € R", t € [0; 7.
Pozryisinemo cucremy, eKBiBajeHTHY 11bOMY PIBHSHHIO.

dw (2, 1)
ot

= U}Q(.T,t),

Sk i panimie, 6y/1eM0 PO3IVIAIATH KEPYBAHHS BUTVISILY e_o‘tuj (z).
0 ,t
DUBD (1) 4 e ),

au}%(f’w =—-P (&) wa(x,t) — Q (max) wi(z,) + e us(2).
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3 nepiroro piBHAHHA 3HaNIEMO (DYHKIIITO
~ Owy(z, 1)

wo(x,t) = o ey (x).

[ligcrasasitoun 110 (PYHKIO V JpyTe PiBHAHHSA, OTPUMAEMO HOBE PiBHAHHS

0wy (,t) 0\ Owy(x,t) 0
oz T <ax> 1@ (ax) wilz, )+

+ae %y (z) — e P <18x> uy(z) — e *us(x) = 0.

Orxke, OTpUMAJIH DIBHAHHS

0wy (w,t) 0\ Owi(z,t) 0 B
o T (am) ot +Q<718:c> wil,t) =

_ (p (wi) w1 () — o () + ug(ac)>

3 IIOYaTKOBUMH YMOBaMIM

(4)

u1(z,0) = ¢(z),
own (x,0)
——— =¢Y(x) + u(x).
D = () + (@)
3acTocoByroun TeopeMmy 1, MaeMO HACTYITHUN HACJIIOK.
Hacaidox. fximo KopeHi XapakKTEePUCTUIHOrO PIBHIHHS
M4+ P()A+Q(s) =0
3a/I0BOJIBHAIOTE yMOBaM TeopeMu 1, To piBusuHsa (4) O-KepoBane y mpocTopi
JI. lIBapra.
Ipukaan 5. Poseasnemo pisuanns Ieavmeosvua (dus. [5])
0%w(x,t)
ot?

OckinbKE XapaKTEePUCTUUHI KOPEHI BOr0 PiBHAHHSA

)\172 = :|:\/ |S|2 — ki

3aJ0BOJBHSIOTE YMOBaM TeopeMu 1, To pisuanng 'eapMrosbna 0-kepoBame.

= Aw(z,t) + kw(z,t) = f(z,t).

BucuHosku

VY i€l poboTi orpuMaH KpUTEPiit KEPOBAHOCTI CUCTEMU JIMHIFTHUX JudepeHIi-
aJbHUX PIBHAHBb Y YacTuHHEUX noxigaux y npocropi JI. [lsapma. lanuit kpurepiit
dopmysoeThcd y TepMiHax 0OMeKeHb Ha BJIACHI 3HAYEHHHA MATPHUIN CHCTEMHU.

Hageneni mpukiamm gk KepoBaHWX, TaK 1 HEKEPOBAHUX CUCTEM.

Ax HACHIIOK OTPpUMAHI TAKOXK YMOBY KEPOBAHOCTI AudepeHIliaIbHIX PIBHAHD
vV YACTUHHUX MOXIAHUX JAPYTOTO TOPSIKY 33 TaCOM.

KoudgaikT iHTEepeciB: ABTOPYU TOBIIOMIAIOTH PO BIACYTHICTH KOHMJIIKTY
IHTEpECB.
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Controllability conditions for evolutionary systems

of linear partial differential equations

A. A. Makarov, I. G. Nikolenko
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and Artificial Intelligence
V. N. Karazin Kharkiv National University
sq. Svobody, 6, Kharkiv, Ukraine, 61022

Many works have been devoted to the controllability of systems of partial
differential equations that describe various natural processes. The peculiarity
of this article is the consideration of the controllability of a linear system of
partial differential equations of general forms.

In the article by Makarov O.A. "Controllability of an evolutionary system of
partial differential equations. / Bulletin of the Kharkiv National University
named after V. N. Karazin, Series "Mathematics, Applied Mathematics and
Mechanics 2016, Vol. 83. pp. 47-56"a system of partial differential equations
has previously been considered. The null-controllability of such systems in
the L. Schwartz space under certain control conditions has been investigated
in this work. In particular, it was proved that if the eigenvalues of the system
matrix are real, then there is a time-independent control. In addition, the
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case when the eigenvalues are imaginary was investigated.

The purpose of this article is to study the controllability of a system of linear
partial differential equations for an arbitrary matrix of the system under the
constraints on the search for control in the form wu(z,t) = u(x) - exp(—at),
where the vector of the function u(x) belongs to the L. Schwartz space.
Necessary and sufficient conditions for the null-controllability of this system
are obtained and examples of both controllable and uncontrollable systems
are given. As a consequence of this theorem, sufficient conditions for the null-
controllability of the system are obtained, the real parts of the eigenvalues of
the matrix P(s) are bounded from above or below. In addition, it is proved
that if the spatial variable belongs to the space R, then such a system is
null-controllable. Examples are given for each case.

A partial differential equation of the second order in time is also considered.
It has been proven that if the roots of the characteristic equation satisfy the
conditions of the criterion, then this equation is null-controllable. Thus, the
Helmholtz equation are null-controllable.

Keywords: partial differential equations; null-controllability; Fourier
transform; L. Schwartz space.
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Convolution of probabilities constant in a subgroup
and outside a subgroup

Let be P the probability on a finite group G, i.e. the function P (g) takes
non-negative values and ) P (g) =1 (g € G). For any two functions F (g)
and F» (g) their G convolution

(Fr«Fy)(t)=> Fi(h)F(h7't),teG
heG

is also a function on G.

In recent years, the topic of studying random walks (and not only on groups)
has become very popular. From an analytical point of view, the study of
random walks is only the study of their transition function, that is, the n-
fold convolution of probability measures. It is well known that under simple
conditions, imposed on the probability support P on the group G, n-fold
convolution P(™ = P x ... P (n times) with n — oo converges to uniform
probability U (g) = ﬁ( g € G) , which is obviously a constant on G.

We study convolution of functions that may be different but are constant in
or outside some subgroup. In short, we study the cases where the convolution
of such functions has the same properties of constancy with respect to some
subgroup.

The article considers the convolution of probabilities (and, in general, real
functions) constant outside (or inside) a subgroup of H the finite group G.
Let D = G\H. For a given function F' on G the subgroup H, for which F
is constant on D, is unique in the following sense: there is at most one such
number ¢ and one smallest subgroup H of the group G such that F (g) = ¢
for all elements g € D.

It is proved that if the functions Fi, F are constants on D, Fi(x) =
c1, Fo(x) = ¢o for arbitrary « € D, then their convolution Fy x F; is also a
constant on D. The value for this constant is found in terms of the numbers
c1, c2. Functions on the group G that are constant on D form a semigroup
with respect to the convolution.

© Bummnesenpxuit O. JI., 2025; CC BY 4.0 license
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If one of functions Fy, F; is constant on the subgroup H and other is constant
on D, then it is proved that the convolution F} * F5 is constant on H. The
value for this constant is found.

In the above statements about a convolution, one of two factors is constant
outside the subgroup. But if both factors are constant on the same subgroup,
then their convolution is not necessarily constant on the subgroup. An
example is given of two functions that are constant on subgroup H, but
their convolution is not constant on H.

This example is not presented in the language of probabilities (or functions)
on a group (as in all other parts of the article), but in the language of
group algebras. The group algebra KG of the group G over the field K
appears in questions related to convolutions of functions on the group G
in the following way: each function F (g) on G with values in an arbitrary
field K determines an element }  F(g)g (g € G) of the algebra KG; the
convolution of probabilities corresponds to the product of elements of the
algebra K G. So usage of group algebra is natural for studying convolution
on a group. If the function F (g) is a probability, then K is the field of real
numbers.

Keywords: probability; finite group; convolution.

2020 Mathematics Subject Classification: 620D99; 60B15.

1. Introduction

In the article we consider convolution of probabilities (and in general, real-
valued functions) that are constant outside (or in) a subgroup of a finite group.
We prove that convolution of such probabilities is also constant outside (or in)
the subgroup. We also evaluate the constant of the convolution.

From analytical point of view, study of random walks is just study of its
transition function, i.e. n-fold convolution of probability measures. We refer to
the interesting works A. Bendikov, L. Saloff-Coste [1], [2] and L. Saloff-Coste
[3]. We study convolution of probability measures that may be different, but are
constant in or outside a subgroup. We show that their convolution has the same
property. It is well known (see |3|, some refinements see in [4]|) that under mild
conditions on the carrier of a probability P on a group G, its n-fold convolution
power P (n times) at n — oo tends to the uniform probability, which is constant
on G.

Let H be a subgroup of a finite group G, H # G (we write H < G), D = G\H.

Lemma 1. 1. Element g € D if and only if g~ € D,
2. For a fized element h € H mapping x — hx (x € D) is a bijection D — D.
Proof.
1. By contradiction, because g € H if and only if g~ € H.

2. By contradiction hz € D. |hD| = |D| and elements of the set hD are
pairwise distinct.
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Lemma 2. If Hy, Hy < G then Hy U Hy # G.

Proof.By contradiction, let H{UH> = G. For any « € Hy,y € Hy their product
xy € G = Hy U Hy. We may suppose zy € Hy. Then y € Hy, so Hy C Hy and
G = H,.

Let F be a function on a group G. For a subset M C G we denote F' (M) =
>_gem F(g) and M = G\M. We write F' € S (H,c) if there exist a subgroup H

of G and a number ¢ such that F (t) = ¢ for any t € H; if number ¢ does not
matter we drop it and write F' € S (H).

Theorem 1. If F € S(Hy,c1), F € S(Ha,c2), then F € S(Hy N Ha,c), where
C=C1 = C2.

Proof. Due to EemmEQ Hy U Hs # G, so there exist an element x € Hy U Ho.
Since Hy UHy = Hy N Hy, then ¢; = F(x) = co. Put c =¢; = ¢2. So F (t) = ¢
for anyteﬁl UFQ = Hi N Hs.

Corollary 1. For a given function F' and all subgroups H of G there exist
1. at most one number ¢ such that F € S (H,c)
2. the smallest (with respect to inclusion) subgroup H such that F € S (H).
Let function F' be a real-valued one and ¢ = F' (G) .

Theorem 2. If F € S(H,c) and F > 0, then |q¢ — c¢|G|| < q with equality if and
only if either a)|H| = @ and F (h) =0 for any h € H or b)c = 0.

Proof. Rewrite the last inequality as
—q<q-c|Gl<q (1)

The right-hand inequality is obvious and is equality if and only if ¢ = 0. The
left-hand inequality is equivalent to

c|G| < 2q.
As H is a subgroup of G, then |H| < %, |D| > @ and

q:F(G):ZF(g)+ZF(h)Zc|D|Zc’i‘,

geD heH

so (1) is proved. Left-hand inequality in (1) is equality if and only if two last
inequalities are equalities. First of the equalities yields F' (h) = 0 (h € H), second
yields |H| = 51,
Corollary 2. If P € S(H,c) for a probability P on group G, then |1 —c|G|| < 1
and

1—c|G|| <1 (2)
if and only if neither of conditions a) and b) of the last theorem satisfy.
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If ¢ =0 we can take G = H.
2. Convolution of functions and probabilities

For a function F' defined on some set M D H, we denote Fp restriction F to
H. For example, such a restriction of convolution of functions Fi, Fb5, defined on
G is:
(FusFo)y () =Y Fi(h)F(h't),te H
heH

If H = G we drop the subscript H. We remind that F; (M) = >_ ), Fi(g) for a
subset M C G,i=1,2. Let ¢; = F;(G), i =1,2.

Theorem 3. Let functions Fy, Fy be defined on group G and constant on D =
G\H: Fi(t)=c¢;, i=1,2 (t € D).Then

1. If x € D, then (F} x Iy) () = ¢, where

01q2 — ¢|G| = (q1 — c1|G]) (g2 — e2]G]) (3)
2. If v € H, then

(Fy* Fy) (z) = (F1 % F2) gy () + c1c2 | D), (4)
Proof. For any © € G we have

FixFy(z) =Y Fi(g9)Fa(g 'z) =

geG

1 )
ZFI F2 h1 CC +ZF1 Fg(g :L‘)
heH geD

We denote the last two sums S; (z) and S ().

1. Let 2 € D. Then in S; (x) we have h='x € D, so Fo(h~tx) = ca; besides,
since Fj (G) = Fl(H) + Fl(D), then Fl(H) =q —C1 |D| So 51 (l‘) =
CQF1<H) = C2 (q1 —C1 ‘DD

In the sum S3 (z) in (5) we have Fi(g) = ¢1. So

=Y abg )= | R e) =) Fg )| (6

geD geG geH

In the first of two last sums element g~ runs over group G when g does the

same; in the second sum g~ 'z runs over D when g does the same (Lemma 1,
point 2). So expression (6) equals to ¢; (g2 — c2 |H|), and coming back to
(5), we get

Fyx Fy(z) = S1(x) + S2(2) = ca (@1 — 1 [D]) + 1 (@2 — 2 |[H|) = coqn +
192 — |G‘ C1C9.

For ¢ = coq1 + c1q2 — |G| cico, equality (3) is identity, so point 1 of the
theorem is proved.
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2. Let z € H. Then Sy (z) = (F1 * F2)y (x) . If g € D , then g~z € D. So in
So (x) we have Fi(g) = c1, Fa(g~'x) = ¢ and we get (4).

Since deGP(g) = 1 for a probability P (g) on a group G, than equalities
(3) and (4) prove

Corollary 3. Assume that conditions of Theorem 8 hold. If functions Fy, F» are
probabilities Py, Py on group G, then

1. [fz € D, then (Py % Py) (z) = ¢, where
1—c|G]=(1-ca|G)(1-c2|G]). (7)
2. Ifx € H, then
(Py+ Py) (z) = (P * Py) (2) + c1c2 | D (8)

Indeed, g1 = g2 = 1 for probabilities P, Ps.

Corollary 4. The functions on group G constant on D form a semigroup on
convolution; the same is true for probabilities on group G constant on D.

We denote these semigroups 1" and T'p.

Theorem 4. Let function 5 be constant on D: Fy(x) = co (x € D). If Fy is
constant on H: Fi(h) = c; (h € H), then FixF; is constant on H: (Fy * F3) (h) =
c, where

©1q2 — ¢|Gl = (@1 = 1 |G])(q2 — 2|G]) (9)

Proof. For any h € H we have
Fyx Fy(h) =) Fi(g)Fa(g 'h) =

9€¢ (10)
Y Fi(g)Ealg ' h) + Y Filg)Falg~'h)
geH geD

In the first of two last sums F(g) = c1, and for h € H fixed, g~'h runs over H
when g runs over H, so the sum equals to

c1 Z Fy(g7'h) = alFy (H) = ¢1 (Fo(G) — Fo(D)) = c1ga — c1c2 | DI .
geH

In the second sum Fy(g~'h) = co, since g~'h runs over D when g runs over D
(Lemma 1), so the sum is

C2 Z Fl(g) = CQFl (D) = C9 (F1 (G) — F1 (H)) = C2(q1 — C1C2 ‘H’
geD

So right-hand part of (10) equals to
aqy — a2 | D[+ coq1 — ciea[H| = c1g2 + coq1 — |G 1z

It is equivalent to (9) at ¢ = c1g2 + caq1 — |G| c1ca.
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Theorem 5. Previous theorem is true for Fy x F}.

First we note that this theorem is not a direct corollary of the previous one,
because:

1. in general Q1 * Q2 # Q2 *x Q1 for functions @)1 and @2 on a group,

2. F} and F5 are constant on different subsets of group G.

Proof. Interchanging F; and F» in (10), we obtain

Fyx Fi(h) =) Fa(g)Fi(g~'h) + Y Fa(9)Fi(g~"h);
geH geD

in the first sum Fy(¢g~'h) = ¢1 as g~ 'h runs over H when g does the same and
h € H is fixed; so the sum equals to

c1 Z Fy(g9) =ciFy(H) =c1 (2 — F> (D)) = cig2 — c1c2 | D], (11)
geH

In the second sum F»(g) = ¢ and by the Lemma 1 g~!h runs over D when g does
the same and h € H is fixed, so the sum equals to

C2 Z Fl(g_lh) = 62F1 (D) = C2 (F1 (G) — Fl(H)) = C2q1 — C1C2 ’H| . (12)
geD

Sum of (11) and (12) is c1g2 + coq1 — |G| c1ca.

Corollary 5. Let a probability Py be constant on D: Po(x) = co (x € D). If Py is
constant on H: Pi(h) = c; (h € H), then Py x Py is too: (P, x P2) (h) = ¢, where

1—c|Gl=(1-alG)(1-clG]) (13)
The same 1is true for Py x Py,

Indeed, g1 = g2 = 1 in (9) for probabilities Py, Ps.

In Theorem 3 we proved that convolution F}  Fy is constant on D = G\ H if
one of functions Fy, F5is constant on D, another on D or on H. But if both Fy, Fb
are constant on H, then F} x F» can be not constant on H. The corresponding
example is given below.

We use group algebra instead of functions on group G. Namely, let RG be
a group algebra of the group G over the field R of real numbers. Each function
F'(g) on the group G corresponds to an element f = > ., F (g9)g € RG. We
denote a function (or a probability) on the group G with a capital letter and the
corresponding element of RG with the same (but small) letter, and call the latter
a probability on RG. Convolution of two functions P, @) on G corresponds to
product pq of corresponding elements p, ¢ € RG. In particular, P P corresponds
to p? € RG.
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Let G = <a, b; a>=0>=1, ab= ba> be an elementary abelian 2-group of
order 4. We define a function (even a probability) P on G as follows: P (b) =
0, P(1) = P(a) = P(ab) = %. Corresponding to P element of RG is p =
2 (1+a+ab). Then

2

1 1 2
P’ = (1+a+ab)2:§(3+2(a+ab+b)):§+§(a+ab+b)

O =

Function P is constant on subgroup H = {1, a}, but function P % P
corresponding to element p? € RG takes different values % and % on H.So PxP
is not a constant on H.
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3roprka iiMOBipHOCTEl, CTAJIMX HA MIArPyIl Ta Mo3a miaArpynoro
Bumnesernpknuit O. JI.
Kagedpa sUW0T MATMEMAMUKY
Xapxiscvrul HOULOHAADHUT A8MOMOGLALHO-JOPOXCHUT YHIBEPCUMEM
25 Apocaasa Mydpozo eya., Xapxise, 61002, Yxpaina

Hexaii P - iimoBipHicrh Ha ckindenniii rpyui G, 1o6ro dyukuis P (g) upuiimae ne-
Bir'emni snavenns i ) P (g) =1 (g € G). Ina Gyap-sixux asox bynkuiit Fi (g) 1 F» (g)
Ha (G iX 3roprKa
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(Fi«Fy) ()= Fi(h)F(h7't),teG
heG

TakoXk € yHkiieo Ha G.

3a ocraHHi pOKM TeMaTWKa JOC/IIKEHHsS BUMAIKOBUX OJyKaHb (1 He TIILKU HA Ipy-
nax) craja JyzKe MOMyJsIPHOI0. 3 aHAJITUYHOI TOYKM 30DY, JOCIIIKEHHS BUIIQIKOBUX
OJIyKaHb € JINIe BUBYEHHAM 1X (DYHKIII mepexomy, TOOTO n-KpaTHOI 3rOPTKU WMOBIpHI-
cuux mip. Jobpe BimomMo, 1m0 3a HECKIAIHUX YMOB, HAK/IAIEHUX HAa HOCIH #imoBipHOCTI P
ua rpym G, n-xparna sroprka P = P x ... x P (n pasis) npu n — oo 36iraerncs 10
piBrOMipHOT fiMoBipHOCTL U (g) = ﬁ (9 € G), sixa, oveBnIHO, € crason Ha G.

Mu BuB4Ya€MO 3ropTKy (DYHKIMH, Ki MOXKYTh OyTH PI3HUMU, ajie CTAJIUMU HA, JEAKii
miarpyni abo mo3za Heo. KopoTko KaxKydu, MU BUBYAEMO BUITAJKHU, KOJIU 3rOPTKA TAKUX
byHKIIIH Ma€ Ti 2K BIACTUBOCTI CTAJIOCTI BiTHOCHO J€SKOI ITiATPYIIH.

VY crarTi pos3rismaeThesa 3roprka WMosiprocTei (i, B3arasi, mificuux yHKI), cTa-
qmx no3a (abo Beepenni) miarpynu H ckindennoi rpynu G. Hexait D = G\ H. s nanot
dyukuii F' wa G nigrpyna H, nis sxoi F' € cranoo Ha D, € €IMHOI0 B HACTYITHOMY CeHCI:
icHye mIOHANOLIBINE OJHA TaKe YUCJIO ¢ Ta OaHA HaliMenma miarpyma H rpymu G Taki,
wo F' (g) = ¢ ana ycix enementis g € D.

Hoseneno, mo sxmo dbyskuil Fy, Fy € cranuvu va D, Fi(z) = ¢1, Fy(z) = ¢y nag
JoBiIBHOTO x € D, To ixHa 3roprka Fj * Fy Takoxk € crajon (KoHcranTo) ua D. SHa-
#1IeHO BUpA3 JJIs 1€l KOHCTAHTHU Y€pe3 Iucia c1, co. Pyakmii Ha rpymi G, gKki € craaumu
Ha D, yTBOPIOIOTH MIBIPYILY BiIHOCHO 3rOPTKH.

fxmo oxna 3 ¢yukmiin Fi, Fy € cramuoro Ha miarpymni H, a imma e cramao #Ha D, TO
JIOBEJIEHO, 10 3roprka F * Fy € crajgoro nHa H. 3HaiijeHo 3HaYeHHs L€l CTaJol.

YV HaBeIEeHWX TBEP/KEHHSX MPO 3TOPTKY MPUHANMHI OIUH i1 MHOXKHUK OyB CTaJINM
mo3a marpymow. Aje aKIo o6uaIBa MHOXKHUKHU € CTAJUMU Ha, JedKiil miarpymi, To iXHs
3ropTKa He 000B’SI3KOBO Ma€ Ty K BiaacTtuBicTh. HaBemenuit npukiazn aBox dyHKIH, gKi
€ cTanuMu Ha miarpym H, aje iXHga 3ropTka He € cTajoio Ha H.

Heii npukaazn BukiaajeHuil He MOBOIO iiMosipHocreil (uu dyHkuiil) Ha rpyui (4K B
yCiX IHIMUX 9acTHHAX CTATTI), a MOBOKO TpymoBux anrebp. I'pynosa anrebpa K G rpymnn
G uwag mosiem K 3’SBISETHCA y MUTAHHSAX, OB’ sI3aHUX 31 3roprkamu (hyHKINH Ha rpyri
G, HacrynHuM 4uHOM: KOxKHA (byukiia F(g) na G i3 3HaueHHsaMu y noBijibHOMY 1o K
BuzHauae enement »_ F(g)g (9 € G) anrebpu KG; sroprui fimosipuocreil sianosinae
100yTok eemenTiB anrebpu K G. OTke BUKOPUCTaHHS I'PYIOBOI anredpu € MpUupOTHUM
npu BUBYEHHI 3roprku Ha rpymi. dkmo dbyukuia F(g) e himosipaictio, To K € moaem
JifiCHUX YucelI.

Karwwoei crosa: IMOBIpHICTBH; CKIHYEHHA IpyIia; 3rOPTKa; rpymnoBa ajiredpa.

Icropisa crarri: orpumana: 8 6epe3ns 2025; ocrauuiit BapianT: 1 gepBus 2025
npuitnara: 5 yepsus 2025.
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Pepnaxkiiisi npocuTh aBTOPIB 1IpK HANIPABJIEHH] CTaTell KEPYyBaTUCH HACTYITHUMU
TIPABUJIAMI.

1. B xypnaji myb/ikyloThCa CTATTI, 0 MAOTh PE3YABTATH MATEMATUIHUX
JOCTIKEHb (AHNTIHCHKOI0 200 yKPATHCHKOK) MOBAMMY).

2. llomanHsM cTaTTi BBaXKAETbCS OTPUMAHHS penakiieto dailaiB crarTi
odopmenux v pemakropi LaTeX, amorarmiit, BimomocTeil mpo aBTOPiB Ta apxiBa,
o Brirouae LaTeX aiimm crarTi Ta aitin masttonkis. Paiiy-3pazok odopmiie-
HHS CTATTI MOXKHA 3HaliTH Ha odimiiiniii Beb-cTopinmi KypHATY
(http://periodicals. karazin.ua/mech _math ). ABropam HeoOximHO 3apeecTpyBa-
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Hi>k 1800 3HakiB), B #Kiii moBWHHI GyTn wiTKO ChopMyaIHLOBAHI MeTa Ta pe-
3yJbTaTH po6OTH. AHOTAIS TTIOBUHHA OYTH Ti€H0 MOBOIO (AHIJIHCEKOIO abo yKpa-
THCHKOIO), SKOI0 € OCHOBHHI TEKCT CTATTi. 3aKOPAOHHI aBTOPH MOXKYTh 3BED-
HYTHCS /10 PEJAKINl 33 JIOTIOMOTOK 3 MEPEKIAJOM AHOTAIN Ha YKPATHCBKY MO-
By. IloBurui 6yTu HaBemeni npizsuina, iHimiaan aBTopiB, Ha3Ba POOOTH, KJIIOUOBI
CJIOBa Ta HOMEp 3a MIXKHAPOIHOI MareMaTHuHOK Kiacudikarieo (Mathemati-
cs Subject Classification 2020). Anoraris He MOBUHHA MATH TTOCUIAHL HA JIiTEPa-
Typy uu MmagroHku. Ha meprriit cropinmi Bkaszyerbes Homep YK kiacudikarii.
B xinni crarri Tpeba mogaru nepeksaj anorarii (o6carom He MeHIn Hixk 1800
3HAKIB) Ha JAPyTy MOBY (AHIJHHCHKY UM YKPAIHCBKY ).
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[Mpuknaan odopmIeHHST CIUCKA JITEPATYPHU:

1. A.M. Lyapunov. A new case of integrability of differential equations of motion

of a solid body in liquid, Rep. Kharkov Math. Soc., — 1893. — 2. V.4. — P. 81-85.

2. AM. Lyapunov. The general problem of the stability of motion. Kharkov
Mathematical Society, Kharkov. - 1892. - 251 p.
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www.researcherid.com, www.scopus.com) 3 BignoBimHuMu nocunansyu. IIpoxan-
HsT TAKOXK TIOBIIOMUTH MPI3BUITE ABTOPA, 3 IKUM Tpeba BECTH JTUCTYBAHHSI.

7. PexomemnayemMo BUKOPHUCTOBYBATH B AKOCTI 3pa3ka OQMOPMJIEHHS OCTAHHI
sunycku )kyprauay (http://periodicals.karazin.ua/mech _math ).

8. VY Bumanky mopyineHHsd mpaBua 0hOPMICHHS PeIaKIlis He Oyae po3raaiaTu
CTaTTIO.

Esekrponna ckpunbka: vestnik-khnu@ukr.net
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Hayxose sudarns

Bicank XapkiBchbKOro HaIlOHAJIBHOTO YHiIBepcuTeTy iMeri B. H. Kapasina,
Cepia “Maremaruka, IpuKaaaHa MareMaruka i mexanika”, Tom 101, 2025 p.

36ipHUK HAYKOBUX Mpallb
AHDTICEKOI Ta YKPATHCHKOK MOBaMHU

[lianucanmo mo npyky 30.06.2025 p.

®opmar 70 x 108/16. Manip odcernuii. Ipyk mudposuii.
VM. ApyK. apk. 3,31

O6s1.— Bua. apk. 4,14

Hakmaz 100 op. Bam. Ne 18/25

Beskowmrrosno.

Bunasens i BuroropsmoBad XapKiBChKNU HAIOHAJTBHNUN YHIBEPCUTET
imeni B. H. Kapasina, 61022, m. Xapkis, maiigan Cpobosu, 4

CeimonTso cy6’ekta umapaudoi cipasu JIK Ne3367 sig 13.01.09

BunmapannTeo XapKiBCHKOTO HalllOHAJIBHOTO yHiBepcuTeTy iMeHi B. H. Kapazina



