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Нелiнiйнi крайовi задачi для вироджених

диференцiально-алгебраїчних систем у

некритичному випадку
Нами отриманi умови iснування та схема побудови розв’язкiв слабконелiнiйної

крайової задачi для виродженої диференцiально-алгебраїчної системи у некрити-
чному випадку. Крайову умову визначає слабконелiнiйний векторний функцiонал.
Лiнiйна частина поставленої задачi являє собою лiнiйну нетерову крайову зада-
чу для виродженої диференцiально-алгебраїчної системи. Лiнiйнi диференцiально-
алгебраїчнi крайовi задачi дослiдженi у монографiях S. Campbell, J.R. Magnus, А.М.
Самойленка та В.П. Яковця. У роботах А.М. Самойленка та О.А. Бойчука з викори-
станням центральної канонiчної форми отриманi необхiднi i достатнi умови iснуван-
ня розв’язкiв нелiнiйних диференцiально-алгебраїчних крайових задач. Нами отри-
манi необхiднi i достатнi умови iснування розв’язкiв нелiнiйних диференцiально-
алгебраїчних систем без використання центральної канонiчної форми, що дає мо-
жливiсть дослiджувати розв’язнiсть диференцiально-алгебраїчних крайових задач
у залежностi вiд довiльних неперервних функцiй. Такий пiдхiд значно урiзноманi-
тнює класифiкацiю нелiнiйних диференцiально-алгебраїчних крайових задач у кри-
тичних i некритичних випадках.

Постановка слабконелiнiйної диференцiально-алгебраїчної крайової задачi, до-
слiдженої нами, узагальнює крайовi задачi, дослiдженi в роботах Ю.О. Митро-
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польського, А.М. Самойленка, а також О.А. Бойчука. Дослiджено випадок, ко-
ли диференцiально-алгебраїчна система не розв’язна вiдносно похiдної, при цьо-
му запропонованi замiни невiдомої, якi приводять вихiдну систему до нелiнiй-
ної диференцiально-алгебраїчної системи, розв’язної вiдносно похiдної. Наприкiнцi
статтi наведено приклад нелiнiйної диференцiально-алгебраїчної антиперiодичної
крайової задачi для рiвняння типу Рiккатi, який демонструє конструктивнiсть отри-
маних необхiдних i достатнiх умов iснування розв’язкiв нелiнiйних диференцiально-
алгебраїчних систем. Отриманi результати можна перенести на задачi про зна-
ходження умов iснування та схеми побудови розв’язкiв нелiнiйної виродженої
диференцiально-алгебраїчної крайової задачi у критичних випадках, а також на
задачi про знаходження умов стiйкостi таких розв’язкiв.
Ключовi слова: нелiнiйна крайова задача; вироджена диференцiально-

алгебраїна система; некритичний випадок; рiвняння типу Рiккатi.

2020 Mathematics Subject Classification: 34B15

1. Постановка задачi

Дослiджуємо задачу про знаходження умов iснування та побудову
розв’язкiв [1]

𝑧(𝑡, 𝜀) : 𝑧(·, 𝜀) ∈ C1[𝑎, 𝑏], 𝑧(𝑡, ·) ∈ C[0, 𝜀0]

нелiнiйної диференцiально-алгебраїчної крайової задачi

𝐴(𝑡)𝑧′(𝑡, 𝜀) = 𝐵(𝑡)𝑧(𝑡, 𝜀) + 𝑓(𝑡) + 𝜀𝑍(𝑧, 𝑡, 𝜀), (1)

ℓ𝑧(·, 𝜀) = 𝛼+ 𝜀 𝐽(𝑧(·, 𝜀), 𝜀). (2)

Розв’язки крайової задачi (1), (2) шукаємо в малому околi розв’язку

𝑧0(𝑡) ∈ C1[𝑎, 𝑏]

нетерової (𝑛 ̸= 𝑘) породжуючої диференцiально-алгебраїчної задачi [9, 3]

𝐴(𝑡)𝑧′0(𝑡) = 𝐵(𝑡)𝑧0(𝑡) + 𝑓(𝑡), ℓ𝑧0(·) = 𝛼 ∈ R𝑞. (3)

Тут
𝐴(𝑡), 𝐵(𝑡) ∈ C𝑚×𝑛[𝑎, 𝑏]

— неперервнi матрицi, 𝑓(𝑡) ∈ C[𝑎, 𝑏] — неперервний вектор; 𝑍(𝑧, 𝑡, 𝜀) — не-
лiнiйна функцiя, неперервно-диференцiйовна за невiдомою 𝑧(𝑡, 𝜀) у малому
околi розв’язку породжуючої задачi, неперервна по 𝑡 ∈ [𝑎, 𝑏] i неперервно-
диференцiйовна по малому параметру; ℓ𝑧(·, 𝜀) — лiнiйний та 𝐽(𝑧(·, 𝜀), 𝜀) –
нелiнiйний векторний функцiонали

ℓ𝑧(·, 𝜀), 𝐽(𝑧(·, 𝜀), 𝜀) : C[𝑎, 𝑏] → R𝑞,

причому другий функцiонал неперервно-диференцiйовний за невiдомою
𝑧(𝑡, 𝜀) та неперервний по малому параметру 𝜀 у малому околi розв’язку по-
роджуючої задачi та на вiдрiзку [0, 𝜀0].
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Нелiнiйна диференцiально-алгебраїчна крайова задача (1), (2) узагальнює
численнi постановки нелiнiйних нетерових крайових задач [1, 4].

2. Умови розв’язностi лiнiйної крайової задачi

для виродженої диференцiально-алгебраїчної системи

За умови [3]

𝑃𝐴*(𝑡) ̸= 0 (4)

система (3) не розв’язна вiдносно похiдної; тут 𝑃𝐴*(𝑡) — матриця-ортопроектор
[1]:

𝑃𝐴*(𝑡) : R𝑚 → N(𝐴*(𝑡)).

Припустимо, що матриця 𝐴(𝑡) має сталий ранг, а саме:

1 ≤ rank 𝐴(𝑡) = 𝜎0.

Як вiдомо [3], довiльна (𝑚 × 𝑛)− матриця 𝐴(𝑡) у певному базисi може бути
представлена у виглядi

𝐴(𝑡) = 𝑅0(𝑡) · 𝐽𝜎0 · 𝑆0(𝑡), 𝐽𝜎0 :=

(︂
𝐼𝜎0 𝑂
𝑂 𝑂

)︂
, 𝑅0(𝑡) ∈ C𝑚×𝑚[𝑎, 𝑏];

тут 𝑅0(𝑡) i 𝑆0(𝑡) — невиродженi матрицi:

𝑆0(𝑡) ∈ C𝑛×𝑛[𝑎, 𝑏].

Невироджена замiна змiнної 𝑦(𝑡) = 𝑆0(𝑡)𝑧(𝑡) приводить систему (3) до вигля-
ду

𝐽𝜎0𝑦
′(𝑡) = 𝐶0(𝑡)𝑦(𝑡) +𝑅−1

0 (𝑡)𝑓(𝑡); (5)

тут

𝐶0(𝑡) :=
(︀
𝐽𝜎0𝑆

′
0(𝑡) +𝑅−1

0 (𝑡)𝐵(𝑡)
)︀
𝑆−1
0 (𝑡) :=

(︃
𝐶

(0)
11 (𝑡) 𝐶

(0)
12 (𝑡)

𝐶
(0)
21 (𝑡) 𝐶

(0)
22 (𝑡)

)︃
.

Замiна змiнної

𝑦(𝑡) = col (𝑢(𝑡), 𝑣(𝑡)) ∈ C1
𝑛[𝑎, 𝑏], 𝑢(𝑡) ∈ C1

𝜎0
[𝑎, 𝑏], 𝑣(𝑡) ∈ C1

𝑛−𝜎0
[𝑎, 𝑏]

приводить систему (5) до вигляду

𝑢′(𝑡) = 𝐶
(0)
11 (𝑡)𝑢(𝑡) + 𝐶

(0)
12 (𝑡)𝑣(𝑡) + 𝑔

(0)
1 (𝑡), (6)

𝐶
(0)
21 (𝑡)𝑢(𝑡) + 𝐶

(0)
22 (𝑡)𝑣(𝑡) + 𝑔

(0)
2 (𝑡) = 0, (7)

Тут 𝑃𝐷*
0
(𝑡) — матриця-ортопроектор:

𝑃𝐷*
0
(𝑡) : R𝑚−𝜎0 → N(𝐷*

0(𝑡)),
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крiм того

𝑅−1
0 (𝑡)𝑓(𝑡) := col

(︁
𝑔
(0)
1 (𝑡), 𝑔

(0)
2 (𝑡)

)︁
.

Рiвняння (7) розв’язне тодi i тiльки тодi, коли [1, 3]

𝑃𝐷*
0
(𝑡)𝑔

(0)
2 (𝑡) ≡ 0;

в цьому випадку загальний розв’язок рiвняння (7)

𝑦(𝑡) = 𝑃𝐷𝜌0
𝜙(𝑡)−𝐷+

0 (𝑡)𝑔
(0)
2 (𝑡),

𝐷0(𝑡) :=

[︂
𝐶

(0)
21 (𝑡);𝐶

(0)
21 (𝑡)

]︂
∈ R(𝑚−𝜎0)×𝑛, 𝜙(𝑡) ∈ C𝜌0 [𝑎, 𝑏]

визначає 𝑃𝐷𝜌0
(𝑡) — (𝑛 × 𝜌0) – матриця, утворена iз 𝜌0 лiнiйно-незалежних

стовпцiв 𝑃𝐷0(𝑡) — матрицi-ортопроектора:

𝑃𝐷0(𝑡) : R𝑛 → N(𝐷0(𝑡)).

Позначивши блоки матрицi 𝑃𝐷𝜌0
(𝑡) i добутку 𝐷+

0 (𝑡)𝑔
(0)
2 (𝑡) :

𝑃𝐷𝜌0
(𝑡) := col (𝑃

(0)
1 (𝑡), 𝑃

(0)
2 (𝑡)), 𝐷+

0 (𝑡)𝑔
(0)
2 (𝑡) = − col

(︁
𝑓
(1)
1 (𝑡), 𝑓

(1)
2 (𝑡)

)︁
,

приходимо до задачi про побудову розв’язкiв

𝜙(𝑡) ∈ C1
𝜌0 [𝑎, 𝑏]

лiнiйної диференцiально-алгебраїчної системи

𝐴1(𝑡)𝜙
′(𝑡) = 𝐵1(𝑡)𝜙(𝑡) + 𝑓1(𝑡), 𝐴1(𝑡) := 𝑃

(0)
1 (𝑡) ∈ R𝜎0×𝜌0 ; (8)

тут

𝐵1(𝑡) := 𝐶
(0)
11 (𝑡)𝑃

(0)
1 (𝑡) + 𝐶

(0)
12 (𝑡)𝑃

(0)
2 (𝑡)−𝐴′

1(𝑡),

крiм того
rank 𝐴1(𝑡) := 𝜎1 = 𝜎0 ≤ 𝜌0,

𝑓1(𝑡) := 𝐶
(0)
11 (𝑡)𝑓

(1)
1 (𝑡) + 𝐶

(0)
12 (𝑡)𝑓

(1)
2 (𝑡) + 𝑔

(0)
1 (𝑡)−

(︁
𝑓
(1)
1 (𝑡)

)︁′
.

За умови [3]
𝑃𝐴* ̸= 0, 𝑃𝐴*

1
≡ 0, 𝑃𝐷*

0
𝑓1(𝑡) ≡ 0 (9)

система (8) розв’язна вiдносно похiдної

𝑑𝜙

𝑑𝑡
= 𝐴+

1 (𝑡)𝐵1(𝑡)𝜙+ F1(𝑡, 𝜈1(𝑡)), 𝜈1(𝑡) ∈ C𝜌1 [𝑎; 𝑏]; (10)

тут
F1(𝑡, 𝜈1(𝑡)) := 𝐴+

1 (𝑡)𝑓1(𝑡) + 𝑃𝐴𝜚1
(𝑡)𝜈1(𝑡).
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Крiм того 𝑃𝐴*
1(𝑡)

— неперервна [5] матриця-ортопроектор:

𝑃𝐴*
1
(𝑡) : R𝜎0 → N(𝐴*

1(𝑡)),

𝑃𝐴𝜌1
(𝑡) — (𝑛 × 𝜌1)− матриця, утворена iз 𝜌1 лiнiйно-незалежних стовпцiв

(𝜌0 × 𝜌0)-вимiрної неперервної [5] матрицi-ортопроектора

𝑃𝐴1(𝑡) : R𝜌0 → N(𝐴1(𝑡)).

Позначимо 𝑈1(𝑡) нормальну фундаментальну матрицю

𝑈 ′
1(𝑡) = 𝐴+

1 (𝑡)𝐵1(𝑡)𝑈1(𝑡), 𝑈1(𝑎) = 𝐼𝜌1

отриманої традицiйної системи звичайних диференцiальних рiвнянь (10). За
умови (9) система (10), а вiдповiдно i система (3), має розв’язок вигляду [3]

𝑧(𝑡, 𝑐𝜌1) = 𝑋1(𝑡)𝑐𝜌1+𝑃𝐷𝜌0
𝑆−1
0 (𝑡)𝐾

[︂
F1(𝑠, 𝜈1(𝑠))

]︂
(𝑡)−𝑆−1

0 (𝑡)𝐷+
0 (𝑡)𝑔

(0)
2 (𝑡), 𝑐𝜌1 ∈ R𝜌1 ,

де

𝑋1(𝑡) := 𝑆−1
0 (𝑡)𝑃𝐷𝜌0

𝑈1(𝑡), 𝐾

[︂
F1(𝑠, 𝜈1(𝑠))

]︂
(𝑡) := 𝑋0(𝑡)

∫︁ 𝑡

𝑎
𝑋−1

0 (𝑠)F1(𝑠, 𝜈1(𝑠)) 𝑑𝑠.

Таким чином, за умови (9) лiнiйна диференцiально-алгебраїчна система (3)
має розв’язок вигляду

𝑧(𝑡, 𝑐𝜌1) = 𝑋1(𝑡)𝑐𝜌1 +𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡), 𝑋1(𝑡) := 𝑃𝐷𝜌0

𝑆−1
0 (𝑡)𝑈1(𝑡), 𝑐𝜌1 ∈ R𝜌1 ,

де

𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡) := 𝑃𝐷𝜌0

𝑆−1
0 (𝑡)𝐾

[︂
F1(𝑠, 𝜈1(𝑠))

]︂
(𝑡)− 𝑆−1

0 (𝑡)𝐷+
0 (𝑡)𝑔

(0)
2 (𝑡)

— узагальнений оператор Грiна задачi Кошi 𝑧(𝑎) = 0 для диференцiально-
алгебраїчної системи (3). У випадку (9) будемо казати, що для лiнiйної
диференцiально-алгебраїчної системи (3) має мiсце виродження першого по-
рядку [3].

Зафiксуємо довiльну неперервну вектор функцiю

𝜈1(𝑡) ∈ C𝜌1 [𝑎, 𝑏].

Пiдставляючи загальний розв’язок

𝑧(𝑡, 𝑐𝜌1) = 𝑋1(𝑡)𝑐𝜌1 +𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡), 𝑐𝜌1 ∈ R𝜌1 ,

задачi Кошi 𝑧(𝑎) = 𝑐𝜌1 для диференцiально-алгебраїчного рiвняння (3) у кра-
йову умову (3), приходимо до лiнiйного алгебраїчного рiвняння

𝑄𝑐𝜌1 = 𝛼− ℓ𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(·). (11)
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Рiвняння (11) розв’язне тодi i тiльки тодi, коли

𝑃𝑄*
𝑑

{︂
𝛼− ℓ𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(·)
}︂

= 0. (12)

Тут 𝑃𝑄* — ортопроектор: R𝑞 → N(𝑄*); матриця 𝑃𝑄*
𝑑
утворена з 𝑑 лiнiйно-

незалежних рядкiв ортопроектора 𝑃𝑄* , крiм того

𝑄 := ℓ𝑋1(·) ∈ R𝑞×𝜌1 .

За умови (12) i тiльки за неї, загальний розв’язок рiвняння (11)

𝑐 = 𝑄+

{︂
𝛼− ℓ𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(·)
}︂
+ 𝑃𝑄𝑟𝑐𝑟, 𝑐𝑟 ∈ R𝑟

визначає загальний розв’язок диференцiально-алгебраїчної крайової задачi
(3)

𝑧(𝑡, 𝑐𝑟) = 𝑋𝑟(𝑡) 𝑐𝑟 +𝑋1(𝑡)𝑄
+

{︂
𝛼− ℓ𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(·)
}︂
+𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡).

Тут 𝑃𝑄 — матриця-ортопроектор:

R𝜌1 → N(𝑄);

матриця 𝑃𝑄𝑟1
∈ R𝜌1×𝑟 утворена з 𝑟 лiнiйно-незалежних стовпцiв ортопрое-

ктора 𝑃𝑄. Таким чином, доведена наступна лема [3].

Лема. За умови (9) лiнiйна диференцiально-алгебраїчна система (3) має
розв’язок вигляду

𝑧(𝑡, 𝑐𝜌1) = 𝑋1(𝑡) 𝑐𝜌1+𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡), 𝑋1(𝑡) := 𝑃𝐷𝜌0

𝑆−1
0 (𝑡)𝑈1(𝑡), 𝑐𝜌1 ∈ R𝜌1 ,

де

𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡) := 𝑃𝐷𝜌0

𝑆−1
0 (𝑡)𝐾

[︂
F1(𝑠, 𝜈1(𝑠))

]︂
(𝑡)− 𝑆−1

0 (𝑡)𝐷+
0 (𝑡)𝑔

(0)
2 (𝑡)

— узагальнений оператор Грiна задачi Кошi 𝑧(𝑎) = 0 для диференцiально-
алгебраїчної системи (3). За умови (12) i тiльки за неї для фiксованої непе-
рервної вектор-функцiї 𝜈1(𝑡) ∈ C𝜌1 [𝑎, 𝑏] загальний розв’язок диференцiально-
алгебраїчної крайової задачi (3)

𝑧(𝑡, 𝑐𝑟) = 𝑋𝑟(𝑡) 𝑐𝑟 +𝐺

[︂
𝑓(𝑠); 𝜈1(𝑠);𝛼

]︂
(𝑡), 𝑐𝑟 ∈ R𝑟

визначає узагальнений оператор Грiна диференцiально-алгебраїчної крайової
задачi (3)

𝐺

[︂
𝑓(𝑠); 𝜈1(𝑠);𝛼

]︂
(𝑡) := 𝑋1(𝑡)𝑄

+

{︂
𝛼− ℓ𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(·)
}︂
+𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡).
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3. Умови розв’язностi нелiнiйної крайової задачi

для виродженої диференцiально-алгебраїчної системи

Припустимо, що породжуюча крайова задача (3) вироджена i некрити-
чна (𝑃𝑄* = 0), при цьому породжуюча задача (3) розв’язна для довiльних
неоднорiдностей 𝑓(𝑡) i 𝛼. Загальний розв’язок породжуючої диференцiально-
алгебраїчної крайової задачi (3) для фiксованої неперервної вектор-функцiї
𝜈1(𝑡) ∈ C[𝑎, 𝑏] має вигляд

𝑧(𝑡, 𝑐𝜌1) = 𝑋1(𝑡)𝑐𝜌1 +𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡).

Розв’язки крайової задачi (1), (2) шукаємо в малому околi розв’язку поро-
джуючої задачi:

𝑧(𝑡, 𝜀) = 𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀).

Для знаходження вектора

𝑥(𝑡, 𝜀) : 𝑥(·, 𝜀) ∈ C1[𝑎, 𝑏], 𝑥(𝑡, ·) ∈ C1[0, 𝜀0], 𝑥(𝑡, 0) ≡ 0

приходимо до задачi

𝐴(𝑡)𝑥′(𝑡, 𝜀) = 𝐵(𝑡)𝑥(𝑡, 𝜀) + 𝜀𝑍(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀), (13)

ℓ𝑥(·, 𝜀) = 𝜀 𝐽(𝑧0(·, 𝑐𝑟) + 𝑥(·, 𝜀), 𝜀). (14)

Невироджена замiна змiнної

𝑦(𝑡) = 𝑆0(𝑡)𝑥(𝑡)

приводить систему (13) до вигляду

𝐽𝜎0𝑦
′(𝑡) = 𝐶0(𝑡)𝑦(𝑡) + 𝜀𝑅−1

0 (𝑡)𝑍(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀). (15)

Замiна змiнної

𝑦(𝑡) = col (𝑢(𝑡), 𝑣(𝑡)) ∈ C1
𝑛[𝑎, 𝑏],

𝑢(𝑡) ∈ C1
𝜎0
[𝑎, 𝑏], 𝑣(𝑡) ∈ C1

𝑛−𝜎0
[𝑎, 𝑏]

приводить систему (15) до вигляду

𝑢′(𝑡) = 𝐶
(0)
11 (𝑡)𝑢(𝑡) + 𝐶

(0)
12 (𝑡)𝑣(𝑡) + 𝜀𝑍1(𝑧(𝑡, 𝜀), 𝑡, 𝜀), (16)

𝐶
(0)
21 (𝑡)𝑢(𝑡) + 𝐶

(0)
22 (𝑡)𝑣(𝑡) + 𝜀𝑍2(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀) = 0; (17)

тут

𝑅−1
0 (𝑡)𝑍(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀) :=

= col (𝑍1(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀), 𝑍2(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀)) .
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Рiвняння (17) розв’язне тодi i тiльки тодi, коли

𝑃𝐷*
0
(𝑡)𝑍2(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀) ≡ 0; (18)

при цьому загальний розв’язок рiвняння (17) має вигляд

𝑦(𝑡) = 𝑃𝐷𝜌0
𝜇(𝑡)−𝐷+

0 (𝑡)𝑍2(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀).

Позначивши блоки матрицi

𝑃𝐷𝜌0
(𝑡) := col (𝑃

(0)
1 (𝑡), 𝑃

(0)
2 (𝑡))

i добутку

𝐷+
0 (𝑡)𝑍2(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀) = − col (𝑀(𝑦(𝑡, 𝜀), 𝑡, 𝜀), 𝑁(𝑦(𝑡, 𝜀), 𝑡, 𝜀)) ,

приходимо до задачi про побудову розв’язкiв

𝜇(𝑡) ∈ C1
𝜌0 [𝑎, 𝑏]

нелiнiйної диференцiально-алгебраїчної системи

𝐴1(𝑡)𝜇
′(𝑡) = 𝐵1(𝑡)𝜇(𝑡) + 𝜀 𝑌 (𝑦(𝑡, 𝜀), 𝑦′(𝑡, 𝜀), 𝑡, 𝜀); (19)

тут

𝐴1(𝑡) := 𝑃
(0)
1 (𝑡), 𝐵1(𝑡) := 𝐶

(0)
11 (𝑡)𝑃

(0)
1 (𝑡) + 𝐶

(0)
12 (𝑡)𝑃

(0)
2 (𝑡)−

(︁
𝑃

(0)
1 (𝑡)

)︁′
;

крiм того

𝑌 (𝑦(𝑡, 𝜀), 𝑦′(𝑡, 𝜀), 𝑡, 𝜀) := 𝐶
(0)
11 (𝑡)𝑀(𝑦(𝑡, 𝜀), 𝑡, 𝜀)+

+𝐶
(0)
12 (𝑡)𝑁(𝑦(𝑡, 𝜀), 𝑡, 𝜀) + 𝑍1(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀)−𝑀 ′

𝑦(𝑦(𝑡, 𝜀), 𝑡, 𝜀)𝜇
′(𝑡).

За умови 𝑃𝐴*
1
(𝑡) ≡ 0 система (19), принаймнi однозначно, розв’язна вiдносно

похiдної:
𝑑𝜇

𝑑𝑡
= 𝐴+

1 (𝑡)𝐵1(𝑡)𝜇+ 𝜀𝐴+
1 (𝑡)𝑌 (𝑦(𝑡, 𝜀), 𝑦′(𝑡, 𝜀), 𝑡, 𝜀). (20)

За умови (9) i (18) система (13) має розв’язок вигляду

𝑥(𝑡, 𝑐𝜌1(𝜀)) = 𝑋1(𝑡)𝑐𝜌1(𝜀) + 𝜀𝐾

[︂
𝑍(𝑧(𝑠, 𝜀), 𝑠, 𝜀), 𝜈1(𝑠)

]︂
(𝑡),

де

𝑋1(𝑡) := 𝑆−1
0 (𝑡)𝑃𝐷𝜌0

𝑈1(𝑡), 𝐾

[︂
𝑍(𝑧(𝑠, 𝜀), 𝑠, 𝜀), 𝜈1(𝑠)

]︂
(𝑡) :=

= 𝑆−1
0 (𝑡)𝑃𝐷𝜌0

𝑈1(𝑡)

∫︁ 𝑡

𝑎
𝑈−1
1 (𝑠)𝐴+

1 (𝑠)𝑌 (𝑦(𝑠, 𝜀), 𝑦′(𝑠, 𝜀), 𝑠, 𝜀) 𝑑𝑠−

−𝑆−1
0 (𝑡)𝐷+

0 (𝑡)𝑍2(𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑡, 𝜀), 𝑐𝜌1(𝜀) ∈ R𝜌1 .
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Таким чином, за умови (9) i (18) розв’язок нелiнiйної диференцiально-
алгебраїчної системи (1) має вигляд

𝑧(𝑡, 𝑐𝜌1) = 𝑧0(𝑡, 𝑐𝜌1) + 𝑥(𝑡, 𝑐𝜌1(𝜀)),

де

𝑧0(𝑡, 𝑐𝜌1) = 𝑋1(𝑡)𝑐𝜌1 +𝐾

[︂
𝑓(𝑠), 𝜈1(𝑠)

]︂
(𝑡).

У некритичному випадку задача (1), (2) розв’язна для довiльних нелiнiйно-
стей. Загальний розв’язок диференцiально-алгебраїчної крайової задачi (13),
(14) для фiксованої неперервної вектор-функцiї

𝜈1(𝑡) ∈ C[𝑎, 𝑏]

має вигляд
𝑥(𝑡, 𝜀) = 𝑋𝑟(𝑡)𝑐𝑟(𝜀) + 𝑥(1)(𝑡, 𝜀),

де

𝑥(1)(𝑡, 𝜀) := 𝜀𝐺

[︂
𝑍(𝑧0(𝑠, 𝑐𝑟) + 𝑥(𝑠, 𝜀), 𝑠, 𝜀); 𝜈1(𝑠); 𝐽(𝑧0(·, 𝑐𝑟) + 𝑥(·, 𝜀), 𝜀)

]︂
(𝑡).

Розв’язки крайової задачi (1), (2) при цьому визначає операторна система

𝑧(𝑡, 𝜀) = 𝑧0(𝑡, 𝑐𝑟) + 𝑥(𝑡, 𝜀), 𝑥(𝑡, 𝜀) = 𝑋𝑟(𝑡)𝑐𝑟(𝜀) + 𝑥(1)(𝑡, 𝜀),

𝑥(1)(𝑡, 𝜀) = 𝜀𝐺

[︂
𝑍(𝑧0(𝑠, 𝑐𝑟) + 𝑥(𝑠, 𝜀), 𝑠, 𝜀); 𝜈1(𝑠); 𝐽(𝑧0(·, 𝑐𝑟) + 𝑥(·, 𝜀), 𝜀)

]︂
(𝑡).

Для побудови розв’язкiв цiєї операторної системи може бути використаний
[1] метод простих iтерацiй:

𝑧𝑘+1(𝑡, 𝜀) = 𝑧0(𝑡, 𝑐𝑟) + 𝑥𝑘+1(𝑡, 𝜀), 𝑘 = 0, 1, 2, ... ,

𝑥𝑘+1(𝑡, 𝜀) = 𝑋𝑟(𝑡) 𝑐𝑟(𝜀) + 𝑥
(1)
𝑘+1(𝑡, 𝜀), (21)

𝑥
(1)
𝑘+1(𝑡, 𝜀) = 𝜀𝐺

[︂
𝑍(𝑧0(𝑠, 𝑐𝑟) + 𝑥𝑘(𝑠, 𝜀), 𝑠, 𝜀); 𝜈1(𝑠); 𝐽(𝑧0(·, 𝑐𝑟) + 𝑥𝑘(·, 𝜀), 𝜀)

]︂
(𝑡).

Таким чином, доведена наступна теорема.

Теорема. Припустимо, що диференцiально-алгебраїчне рiвняння (3) за-
довольняє вимоги леми. У некритичному випадку (𝑃𝑄* = 0) породжу-
юча задача (3) розв’язна для довiльних неоднорiдностей диференцiально-
алгебраїчної системи i крайової умови (3) i для фiксованої неперервної
вектор-функцiї 𝜈1(𝑡) ∈ C[𝑎, 𝑏] має 𝑟 лiнiйно-незалежних розв’язкiв

𝑧0(𝑡, 𝑐𝑟) = 𝑋𝑟(𝑡) 𝑐𝑟 +𝐺

[︂
𝑓(𝑠); 𝜈1(𝑠);𝛼

]︂
(𝑡), 𝑐𝑟 ∈ R𝑟.
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За умов (9) та (18) для побудови розв’язкiв нелiнiйної диференцiально-
алгебраїчної крайової задачi (1), (2) може бути використана збiжна при
𝜀 ∈ [0, 𝜀*] iтерацiйна схема (21).

Для визначення величини 𝜀* може бути використаний метод мажориру-
ючих рiвнянь Ляпунова [1, 4]; крiм того, конструктивна оцiнка величини 𝜀*
може бути знайдена аналогiчно [6]. На вiдмiну вiд статей [7, 8] результат тео-
реми отриманий без використання означення центральної канонiчної форми
лiнiйної диференцiально-алгебраїчної системи [9].

Приклад. Вимоги теореми задовольняє нелiнiйна диференцiально-
алгебраїчна антиперiодична задача для рiвняння типу Рiккатi

𝐴(𝑡) 𝑧′(𝑡) = 𝐵(𝑡)𝑧(𝑡) + 𝑓(𝑡) + 𝜀𝑍(𝑧, 𝑡, 𝜀), ℓ𝑧(·, 𝜀) := 𝑧(0, 𝜀) + 𝑧(𝜋, 𝜀) = 0, (22)

де

𝐴(𝑡) :=

⎛⎜⎜⎝
cos 𝑡 0 sin 𝑡
− sin 𝑡 0 cos 𝑡
cos 𝑡 cos 𝑡 sin 𝑡
− sin 𝑡 − sin 𝑡 cos 𝑡

⎞⎟⎟⎠ , 𝐵(𝑡) :=

⎛⎜⎜⎝
− sin 𝑡 cos 𝑡 − sin 𝑡
− cos 𝑡 − sin 𝑡 − cos 𝑡
− sin 𝑡 cos 𝑡 − sin 𝑡
− cos 𝑡 − sin 𝑡 − cos 𝑡

⎞⎟⎟⎠ .

крiм того

𝑧(𝑡, 𝜀) :=

⎛⎝ 𝑧𝑎(𝑡, 𝜀)
𝑧𝑏(𝑡, 𝜀)
𝑧𝑐(𝑡, 𝜀)

⎞⎠ , 𝑍(𝑧, 𝑡, 𝜀) :=

⎛⎜⎜⎝
𝑧2𝑎(𝑡, 𝜀)

0
𝑧2𝑎(𝑡, 𝜀)

0

⎞⎟⎟⎠ , 𝑓(𝑡) :=

⎛⎜⎜⎝
0
1
0
1

⎞⎟⎟⎠ .

Оскiльки 𝑃𝐴*(𝑡) ̸= 0, умова (4) не виконана, при цьому матриця 𝐴(𝑡) може
бути представлена у виглядi

𝐴(𝑡) = 𝑅0(𝑡) · 𝐽𝜎0 · 𝑆0(𝑡), 𝐽𝜎0 :=

(︂
𝐼3 𝑂
𝑂 𝑂

)︂
, 𝜎0 = 3;

тут

𝑃𝐴*(𝑡) =
1

4

⎛⎜⎜⎝
1− cos 2𝑡 sin 2𝑡 cos 2𝑡− 1 − sin 2𝑡
sin 2𝑡 1 + cos 2𝑡 − sin 2𝑡 −1− cos 2𝑡

cos 2𝑡− 1 − sin 2𝑡 1− cos 2𝑡 sin 2𝑡
− sin 2𝑡 −1− cos 2𝑡 sin 2𝑡 1 + cos 2𝑡

⎞⎟⎟⎠ ,

𝑅0(𝑡) =

⎛⎜⎜⎝
cos 𝑡 sin 𝑡 0 0
− sin 𝑡 cos 𝑡 0 0
cos 𝑡 sin 𝑡 cos 𝑡 sin 𝑡
− sin 𝑡 cos 𝑡 − sin 𝑡 cos 𝑡

⎞⎟⎟⎠ , 𝑆0(𝑡) =

⎛⎝ 1 0 0
0 0 1
0 1 0

⎞⎠
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— невиродженi матрицi. У даному випадку матриця

𝐴1(𝑡) = 𝐼3

невироджена, тому має мiсце виродження першого порядку, при цьому

𝑃𝐴1(𝑡) = 0, 𝑃𝐴𝜌1
(𝑡) = 0,

тому шуканий розв’язок

𝑧(𝑡, 𝑐3) = 𝑋1(𝑡)𝑐3 +𝐾

[︂
𝑓(𝑠)

]︂
(𝑡), 𝑐3 ∈ R3

не залежить вiд довiльної неперервної функцiї 𝜈1(𝑡); тут

𝑋1(𝑡) =

⎛⎝ 1 0 𝑡
0 0 1

𝑒−𝑡 − 1 𝑒−𝑡 1− 𝑒−𝑡 − 𝑡

⎞⎠ ,

а також

𝐾

[︂
𝑓(𝑠)

]︂
(𝑡) =

⎛⎝ cos 𝑡− 1
0

1− 𝑒−𝑡

⎞⎠
— узагальнений оператор Грiна задачi Кошi 𝑧(0) = 0 для лiнiйної частини
диференцiально-алгебраїчної системи (22). Загальний розв’язок породжуючої
задачi визначає невироджена матриця

𝑄 =

⎛⎝ 2 0 𝜋
0 0 2

−1 + 𝑒−𝜋 1 + 𝑒−𝜋 1− 𝑒−𝜋 − 𝜋

⎞⎠ ,

отже, для диференцiально-алгебраїчної крайової задачi (22) має мiсце некри-
тичний випадок. Таким чином, знаходимо єдиний розв’язок породжуючої за-
дачi

𝑧0(𝑡) = 𝐺

[︂
𝑓(𝑠);𝛼

]︂
(𝑡) =

⎛⎝ cos 𝑡
0
0

⎞⎠
— узагальнений оператор Грiна породжуючої задачi для диференцiально-
алгебраїчної крайової задачi (22). Оскiльки 𝐷0 = 0, то 𝐷+

0 = 0, отже,
умова (18) виконана. Умову (9) для диференцiально-алгебраїчної системи
(22) також виконано. Для побудови розв’язкiв нелiнiйної диференцiально-
алгебраїчної крайової задачi (22) може бути використана iтерацiйна схема
(21), при цьому, поклавши 𝑐𝑟(𝜀) := 0, отримуємо:

𝑥1(𝑡, 𝜀) =

⎛⎝ 𝑥1𝑎(𝑡, 𝜀)
0

𝑥1𝑐(𝑡, 𝜀)

⎞⎠ ,
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де

𝑥1𝑎(𝑡, 𝜀) = − 𝜀

12

(︂
9 sin 𝑡+ sin 3𝑡

)︂
,

𝑥1𝑐(𝑡, 𝜀) =
𝜀

60

(︂
15 cos 𝑡− 3 cos 3𝑡− 15 sin 𝑡+ sin 3𝑡

)︂
.

Аналогiчно, на другому кроцi отримуємо:

𝑥2(𝑡, 𝜀) =

⎛⎝ 𝑥2𝑎(𝑡, 𝜀)
0

𝑥2𝑐(𝑡, 𝜀)

⎞⎠ ,

де

𝑥2𝑎(𝑡, 𝜀) =
𝜀

1 310 400

(︂
8400 𝜀 cos 𝑡+ 3080 𝜀 cos 3𝑡+ 168 𝜀 cos 5𝑡− 15 120 sin 𝑡−

−3535 𝜀2 sin 𝑡− 1680 sin 3𝑡+ 945 𝜀2 sin 3𝑡+ 133 𝜀2 sin 5𝑡+ 5 𝜀2 sin 7𝑡

)︂
,

𝑥2𝑐(𝑡, 𝜀) = − 𝜀

1 310 400

(︂
327 600 cos 𝑡+ 546 000 𝜀 cos 𝑡− 143 325 𝜀2 cos 𝑡−

−65 520 cos 𝑡− 29 120 𝜀 cos 𝑡+ 12285 𝜀2 cos 3𝑡− 1680 𝜀 cos 5𝑡+ 5775 𝜀2 cos 5𝑡+

+273 𝜀 cos 7𝑡− 327 600 sin 𝑡+ 546 000 𝜀 sin 𝑡+ 143 325 𝜀 sin 𝑡+ 21840 sin 3𝑡−

−87 360 𝜀 sin 3𝑡− 4095 𝜀2 sin 3𝑡− 8400 𝜀 sin 5𝑡− 1155 𝜀2 sin 5𝑡− 39 𝜀2 sin 7𝑡

)︂
.

Таким чином, на другому кроцi нами отримано друге наближення до
розв’язку крайової задачi (22):

𝑧2(𝑡, 𝜀) = 𝑧0(𝑡) + (𝑧1(𝑡, 𝜀)− 𝑧0(𝑡)) + (𝑧2(𝑡, 𝜀)− 𝑧1(𝑡, 𝜀)).

У даному випадку перша скобка першого порядку по 𝜀, а друга — другого,
тому iснують константи 𝑞1, 𝑞2, для яких

||𝑧1(𝑡, 𝜀)− 𝑧0(𝑡)|| = 𝜀 𝑞1, ||𝑧2(𝑡, 𝜀)− 𝑧1(𝑡, 𝜀)|| = 𝜀2 𝑞2.

Використовуючи мажорантну ознаку, отримуємо умову практичної збiжностi
отриманих наближеннь до розв’язку крайової задачi (22):

0 < 𝜀 < 𝜀0 < min

(︂
𝑞0
𝑞1
,
𝑞1
𝑞2

)︂
≈ 1, 08 603.

Для оцiнки точностi знайдених наближень до розв’язку нелiнiйної диферен-
цiально-алгебраїчної крайової задачi (22) визначимо нев’язки

Δ𝑘(𝜀) :=

⃒⃒⃒⃒⃒⃒⃒⃒ ⃒⃒⃒⃒⃒⃒⃒⃒
𝐴(𝑡) 𝑧′𝑘(𝑡, 𝜀)−𝐵(𝑡) 𝑧𝑘(𝑡, 𝜀)− 𝑓(𝑡)− 𝜀𝑍(𝑧𝑘(𝑡, 𝜀), 𝑡, 𝜀)

⃒⃒⃒⃒⃒⃒⃒⃒
R4

⃒⃒⃒⃒⃒⃒⃒⃒
C[0,2𝜋]
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нульового, першого i другого наближення до розв’язку крайової задачi (22),
зокрема, отримуємо

Δ0(0, 1) ≈ 0, 141 421, Δ0(0, 01) ≈ 0, 0141 421, Δ0(0, 001) ≈ 0, 00141 421.

Аналогiчно:

Δ1(0, 1) ≈ 0, 0122 244, Δ1(0, 01) ≈ 0, 000 120 317, Δ1(0, 001) ≈ 1, 20 124×10−6;

Δ2(0, 1) ≈ 0, 0016 323, Δ2(0, 01) ≈ 1, 63 418×10−6, Δ2(0, 001) ≈ 1, 6342×10−9.

Вiдзначимо також, що нульове i першi два наближення до розв’язку крайової
задачi (22) в точностi задовольняють крайову умову.

Отриманi результати можна перенести на задачi про знаходження умов
iснування та схеми побудови розв’язкiв нелiнiйної виродженої диференцiально-
алгебраїчної крайової задачi [9, 10, 11] у критичних випадках [1, 12, 13, 14],
а також на задачi про знаходження умов стiйкостi таких розв’язкiв [15].

Iсторiя статтi: отримана: 17 серпня 2024; останнiй варiант: 5 вересня 2024
прийнята: 18 жовтня 2024.
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We have obtained the conditions of existence and a scheme for constructing
solutions of a weakly nonlinear boundary value problem for a degenerate
differential-algebraic system in the noncritical case. The boundary conditi-
on is determined by a weakly nonlinear vector functional. The linear part of
the problem is a linear boundary value problem for a degenerate differential-
algebraic system. Linear differential-algebraic boundary value problems have
been studied in monographs by S. Campbell, J.R. Magnus, A.M. Samoilenko
and V.P. Yakovets. In the works of A.M. Samoilenko and O.A. Boichuk, usi-
ng the central canonical form, the necessary and sufficient conditions for
the existence of solutions of nonlinear differential-algebraic boundary value
problems were obtained. We have obtained necessary and sufficient conditi-
ons for the existence of solutions of nonlinear differential-algebraic systems
without using the central canonical form, which allows us to study the
solvability of differential-algebraic boundary value problems that depend on
arbitrary continuous functions. This approach significantly varies the classifi-
cation of nonlinear differential-algebraic boundary value problems in critical
and noncritical cases.

Our formulation of the weakly nonlinear differential-algebraic boundary
value problem generalises the boundary value problems studied in the works
of Yu.O. Mitropolsky, A.M. Samoilenko, and O.A. Boichuk. The case when a
differential-algebraic system is not solvable with respect to the derivative is
considered, and substitutions of the unknown are proposed. It leads the origi-
nal system to a nonlinear differential-algebraic system solvable with respect
to the derivative. Finally, we present an example of a nonlinear differential-
algebraic antiperiodic boundary value problem for a Riccati-type equati-
on, which demonstrates the constructiveness of the obtained necessary and
sufficient conditions for the existence of solutions of nonlinear differential-
algebraic systems. The obtained results can be transferred to the problems
of finding conditions for the existence and schemes for constructing soluti-
ons of nonlinear degenerate differential-algebraic boundary value problems
in critical cases, as well as to the problems of finding conditions for the
stability of such solutions.

Keywords: nonlinear boundary value problem; degenerate differential-

algebraic system; noncritical case; Rikkati-type equation.
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Mathematical modelling and virtual design of

metamaterials for reducing noise and vibration in

built-up structures

Noise and vibration are pervasive challenges in built-up structures, impacti-
ng structural integrity, operational efficiency, and occupant well-being.
These issues are particularly pronounced in urban and industrial settings,
where traditional materials often struggle to deliver effective mitigation
across the broad range of relevant frequencies. This paper introduces an
integrated mathematical modeling and virtual design framework for the
development of advanced metamaterials aimed at reducing noise and vi-
bration in such complex structures. The approach combines finite element
analysis, dynamic energy analysis, and optimization algorithms to design
metamaterials with frequency-selective properties that create targeted barri-
ers to acoustic and vibrational disturbances. The study not only develops
a systematic methodology for designing these metamaterials but also vali-
dates their efficacy through comprehensive simulations and benchmarki-
ng against established solutions. The results highlight the advantages
of the proposed metamaterials in terms of adaptability, efficiency, and
performance robustness across various operating conditions. Sensitivity
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analyses and comparative evaluations further underscore the superiority of
the framework in addressing frequency-dependent challenges, offering signi-
ficant improvements over conventional materials. A unique aspect of this
research is the inclusion of natural metamaterials (NMs) as a sustainable
alternative for mitigating ground vibrations. The study reviews the potential
of NMs for diverse functionalities, particularly in attenuating ground vibrati-
ons in urban environments. These findings emphasize the versatility and eco-
friendliness of natural materials, providing a roadmap for their development
and application in achieving clean and quiet environments. The proposed
framework, therefore, bridges theoretical advancements with practical appli-
cations, paving the way for resilient and sustainable solutions to noise and
vibration challenges in built-up structures.

Keywords: Metamaterials; virtual design; noise reduction; built-

up structures; genetic algorithm; dynamic behavior; finite element

analysis.

2020 Mathematics Subject Classification: 74K25, 74J05, 74S05, 90C39

1. Introduction

Noise and vibration are increasingly problematic in urbanized areas, impacti-
ng structural stability and human well-being. Built-up structures, especially
those with complex geometries and mixed materials, often experience resonance
effects and energy transmission across wide frequency ranges due to external
sources like traffic, machinery, and environmental factors. Traditional noise and
vibration mitigation methods, such as insulation or damping layers, often exhi-
bit frequency-dependent limitations, making them less effective in low- and mid-
frequency ranges. Metamaterials, engineered with periodic structures to exhibit
unique wave interactions, provide promising alternatives by creating frequency
band gaps—ranges where wave propagation is significantly reduced. This study
introduces a mathematical and computational framework for the design of
metamaterials tailored to suppress noise and vibration in built-up structuress.
The work also benchmarks the proposed approach against existing methods and
studies, highlighting the advantages of metamaterial configurations for practical
noise and vibration control. Recent advancements in metamaterials have opened
new avenues for noise and vibration control, leveraging band gap creation to achi-
eve attenuation at specific frequencies. [17] achieved up to 15𝑑𝐵 reduction in
mid-frequency ranges with layered metamaterials, demonstrating the potential
for targeted noise reduction but with limited frequency range flexibility. Martin
and [2] explored lightweight metamaterials in architectural applications, noting
advantages in design adaptability and weight savings over traditional materials
but also identifying challenges in achieving broad frequency coverage. Common
examples of Mechanical metamaterials are often characterized by the type of basis
structure they exhibit, figure 2. As seen in this Figure, structures can be beam-
based (also strut-based), plate-based, or minimal surface-based.
Despite these advancements, many existing metamaterial designs remain constrai-
ned to narrowband applications. This study addresses these limitations by using a
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Pic. 1. Examples of mechanical metamaterials based on geometry type.
Illustration of 3D (a) beam-based, (b) plate-based, and (c) minimal surface-

based topologies. Reprinted with the permission of [7].
Pиc. 1. Приклади механiчних метаматерiалiв на основi типу геометрiї.
Iлюстрацiя тривимiрної (а) топологiї на основi променя, (b) на основi
пластини та (c) топологiї на основi мiнiмальної поверхнi. Друкується з

дозволу [7]

broader optimization framework to improve performance across a wider frequency
range. Our approach integrates finite element modeling, wave propagation theory,
and advanced sensitivity analysis to deliver a robust metamaterial design suitable
for complex built-up environments. According to the latest statistics, more than
60% of the complaints about environmental pollution are about noise pollution,
and more than half of them are about traffic noise [17]. Noise and vibration polluti-
on are a cause of people’s physical and psychological discomfort [6]. All kinds of
ground vibrations caused by earthquakes, elastic waves, acoustic sources, human
activities, and mining and all kind of traffic trains, automobiles, and urban rail
transit noise emit vibration frequencies ranging from tens of hertz to thousands
of hertz; these are broadband pollution sources [23]. The existing research has
shown that low-frequency noise can cause negative effects as close to the start
as 40𝑑𝐵. Some low-frequency vibrations, such as those between 10 and 100𝐻𝑧,
which are near to the natural frequency, can be annoying. Anger has been li-
nked to subjective perceptions of fatigue, drowsiness, and loss of attention [19]. In
addition, some high-frequency noises, such as those at 2.5˘3.5𝑘𝐻𝑧, cause direct
damage to the auditory organs. High-frequency hearing loss cannot be cured but
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can be prevented. Therefore, it is everyone’s duty to identify preventive measures
to protect against and mitigate noise exposure [22]. The main reasons for the
increasing traffic noise pollution are the sharp increase in the number of cars, the
development of transportation engineering, and the road projects through the city
[48]. The second is the congestion caused by the interruption of the transportation
path and the congestion of vehicles that may result in vibration and noise [23].
Although the vibrations and noise from road traffic will not cause direct damage
to buildings, they may cause local tremors in the internal structure of the buildi-
ngs and even create secondary structural noise in the buildings [33]. In the pursuit
of fulfilling the desires for urban planning, addressing various convenient services
in the city, such as transportation, housing, and other services, helping to create
a beautiful view of the city and improving it, and contributing to providing a
base for human activity through the conservation and exploitation of land and
the proper use of land, it is particularly common in practical engineering appli-
cations to set up sound barriers, vibration-damping piles, and vibration-damping
trenches in the transmission paths of vibration and noise. The vibration and noise
reduction measures for the protected object include three aspects. First, in the
design, the building can have a wide foundation; vibration isolation pads [11], vi-
bration isolation supports [2], and other passive vibration isolation systems can be
added [23]; a spring damping system on the vibration body [3] and the supporti-
ng structure to change the vibration characteristics of the entire structure can
be installed [30], thereby reducing the impact of vibration on the buildings and
precision instruments or cultural relics [42]. Second, for existing buildings, sound
insulation or sound-absorbing materials such as lightweight aggregate concrete
[14], can be attached to the surface of the building [9], or sound-insulating wi-
ndows can be added to the interior of the building [48]. Common sound insulation
window materials include wood structures [10], steel structures [35], and alumi-
num alloy structures [43]. The third is to take certain protective measures for
the protected object to isolate the noise and vibration [13]. The existing studies
have focused on vibration reduction measures, such as sound barriers [28], green
belts [40], or sound-absorbing ceilings on both sides of the road [37]. Most of the
sound barrier structures are often porous structures [43], such as perforated plates
[43], foam glasses [5], etc. These sound-absorbing boards are widely used due to
their simple production and low cost. Acoustic materials have a narrow sound
absorption frequency band, and it is impossible to reduce noise with a simple
sound barrier [7]. In recent years, there has been an in-depth study of periodic
structures. Bopp et. al[5] proposed the first idea of using single-row or multi-
row, thin-walled circular holes as wave barriers. Subsequently, [7] conducted some
domestic in-depth research on discontinuous barriers; their research had three
aspects, theoretical research, numerical simulation, and experimental verification,
which proved the good vibration isolation performance of the barriers. The appli-
cation of some artificially designed periodic foundations, underground piles, and
wave barriers in civil engineering vibration reduction and earthquake resistance
has also been studied in depth [7]. Hedayati et. al [21] established a comparison
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link between the velocity of ground vibrations and the noise level on the facade.
Even if there are no traffic jams or traffic violations, any passing vehicle would
cause a form of ground stress [42]. Zhang et al. [48] established simulations and
analyses to form a link between the velocity of ground vibrations and the noise
level on the facade in the finite element method in order to induce train vibrati-
ons. Since then, research has been conducted to determine the human response
to railway-induced vibrations [12], which are generally overlooked in comparison
to ground vibrations. Bajars et al. [4] compared the irritation produced by the
vibrations of railways and the noise. It is crucial to understand how people who
have been exposed to vibration feel about it and how much discomfort it causes in
their homes in order to consider the reduction measures for the ground vibrations.
In general, these vibration activities can be attenuated by reducing the incoming
vibrations. The use of different systems of seismic metamaterials to suppress or
redirect waves has been the focus of many researchers and academics recently.
Some of these newly developed systems are simple lenses and mirrors, which
are used to redirect and focus electromagnetic radiation at optical wavelengths,
and they represent continuous attempts to influence wave propagation, while the
application of seismic lensing by altering the ground’s refractive index has only
recently been reviewed [32]. Many investigations have employed and developed
waveguides in which the dispersion relation indicates bandgaps, also known as
stop bands or filter bands; these are the ranges of frequencies in which waves
cannot travel through the material. In the ground vibrations, different models of
periodic structures are solved using Green’s equation. Low-frequency vibrations
are the most difficult to reduce since the earth does not dampen them much;
many variables are still being assessed. Qahtan et. al.,[32] evaluated sleepers as
line barriers when arranged to interact with the ground vibrations from railway
sources. Vasut et al.,[45] followed up on this research. Bajars et al., [4] proposed
that ground vibrations were affected by the geotechnical properties of soil. These
models were theoretically investigated based on attributes of ground vibrations as
well as ground parameters. Lastly, Zang et al., [48] investigated the proposition
that a substantial rise in vibration levels was due to an increase in the vehicles’
unsprung mass. The vibrations caused by human activity not only impair sensible
structures, they also have a negative impact on individuals. As human activities
increase more and more throughout cities, people are more worried about quality
and comfort. The increase in complaints about noise and vibrations has led to
more interest in developing different systems. Base isolation mitigation systems
can be used at the foundations to protect the whole building from the harm of
ground vibration. Ichchou et al., [22] investigated the combination of three passi-
ve control systems to evaluate the plane wave response of base isolation systems.
They found that the mitigation techniques, when used together, are inefficient.
Ji et al., [23] investigated train vibration mitigation models and applied them
on a broad scale using in-filled or open trenches and using special materials that
form a vibration mitigation system when combined with the ground. According
to a numerical simulation, the use of wave barriers made of seismic metamaterials
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that have a stiffness higher than the soil-medium stiffness can be more effective,
especially when the differences in stiffness between them are adequately higher
[2]. Cavaliere et al.,[6] investigated the high thickness and long distance from one
neighboring wall to another neighboring wall; the result was a higher supplement
loss, especially when those procedures are close to 25% of the wavelength of the
wave. Qin [33] validated this in a laboratory that used gelatin in place of dirt
to minimize the wavelengths in the test scale. After full-scale experiments, the
subsurface barriers’ success in actual vibration was discovered. Gabbert et al.,
[19] conducted numerical research on pile barrier analysis and design for block
vibrations, particularly in the low-frequency range. Richter et al., [35] evaluated
the heavy mass efficiency when located above the earth surface in an array conti-
nuously around the track. This method of wall barriers is valuable for the reduction
in unwanted ground vibration. Subsequently, they looked at how a sheet pile wall
was successfully used to mitigate ground vibrations. They came to the conclusion
that porous walls can be employed as vibration barriers, with the stiffness of these
walls and the depth of the soil determining the efficacy of the reduction mechani-
sm. In other work, they discovered that heavy biomasses/masses, when placed
above the earth’s surface, reduce incident surface waves at resonance frequenci-
es [36]. Slipantschuk et al., [39] looked at the impacts of water infiltrations on
the open trenches and found that when there is a considerable volume of infi-
ltrated water present, the trench’s efficacy reduces because the water permits the
primary waves to transmit. When the water tables are adequate, the trenches
can be adequate; the trench’s efficacy is reduced when the depth of the trench
is reduced from 16 m deep to 12 m. As a result, the vibration levels will be
reduced from 65% to 21%. Saxena et al. [38] investigated the behavior of double
and single jet-grouted wave barriers made of the same materials and volumes;
they found that the dual-wall baffles behaved better at short spacing along the
barriers. Mohammed et al. [29] suggested a wave barrier of multi-layered periodic
structures containing two layers of diversely changed components; they found that
the attenuation mechanism was greatly influenced by the depth and number of
rows of the periodic barriers. Tamber et al., [41] explored the optimization of
the forming, inclination, location, thickness, and tilth of single and dual walls;
they found that at a wall depth of less than 110% of the wavelength, no signi-
ficant improvements were observed due to barrier topology. On the other hand,
by inclining and relocating a wall, there was more efficiency in comparison to
the normal case. Tandon et al. [42] concluded that the mitigation capacities of
open trenches are higher than those of in-filled trenches, and in order to obtain
more than a 20% increase in the mitigation capacity, the double trench barriers
should be used instead of the single ones. However, a three-tiered trench barri-
er has no significant impact on level mitigation. The ground vibration mitigati-
on through an urban environment has been one of the major study areas in the
modern construction revolution throughout the past two decades. In terms of wave
propagation modeling, the finite element method and the boundary conditions are
the most commonly used techniques, with an emphasis on wave manipulations in
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2D and 3D space for the different types of guided waves associated with particular
applications. The production of an Bandgap (BG), as well as the control of its
breadth and localization within the band structure, has long been of interest to
the scientists who study periodic structures and Siesmic metamaterials (SMs).
The purpose of this section is to examine the attenuation process underlying
their origin, focusing on 2D and 3D designs to mimic the subwavelength bandgap
manifestation. Numerical models are preferred because of the complexity of wave
propagation, the high cost of field tests or even full-scale experiments, and their
superior computational efficiency in forecasting the ground vibrations caused by
vibratory sources. FBG production has therefore emerged as a result of its use in
applications such as vibration mitigation, seismic shielding, multidirectional wave
cancellation, waveguiding, and sound sensors. The understanding of BGs and their
application has resulted in a variety of SM designs, particularly for 2D and 3D
lattices. Specifically, the management of guided waves, such as Love and Rayleigh
waves, has prompted the study of periodic structures. For natural metamaterial,
the urban trees can produce bandgaps in several periodic arrangements as shown
in the fig. 2.

Pic. 2. Several periodic lattices of NMs: (a) triangle lattice; (b) rectangular
lattice; (c) square lattice. Reprinted with the permission of [32].

Рис. 2. Кiлька перiодичних ґраток НМ: а) трикутна ґратка; (б) прямокутна
ґратка; (c) квадратна ґратка. Друкується з дозволу [32].

1.1. Vibration Mitigation in Urban Environment

The vegetation has effects on the propagation of the ground vibrations. The
study is of the role of plants in the soil; the stems, trunks, branches, and foliage
of herbs, shrubs, and trees make up the complex medium that is the vegetation
offered for elastic wave propagation. The influential elements impacting on elastic
wave propagation through forests and vegetation have also been investigated and
characterized using a variety of numerical and experimental methods [46]. Previ-
ous research has suggested that vegetation plays a crucial role in sound propagati-
on via vegetation through scattering, absorption, ground effect, and reflection [31].
The effect of the ground motion is strong at low frequencies. As a result of di-
rect interference between the propagation of the waves and the resonance, the
ground vibrations are mitigated [27]. Because of their tiny size in proportion to
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the wavelength, the scattering effect of the leaves, branches, and trunks is minimal.
Furthermore, at these low frequencies, the absorption from the leaves themselves
is insignificant. The massive branches and trunks both scatter sound energy at
mid-frequencies. At higher frequencies, often higher than 1 kHz, scattering is sti-
ll important, and the foliage slows down the waves even more through viscous
friction [46]. Keane et al., [24] studied the contribution of individual leaves to
the attenuation of sound through generating manageable mechanical vibration at
resonance frequencies so that the sound energy was converted to heat. In another
research work, a laser vibrometer was used [182], as well as an accelerometer in
anechoic chambers to investigate the vibration velocity of leaves. Richter et al. [34]
performed similar measurements on different leaves of six different plant species:
Acalyphia, laser Vibrometer device Lon, Lonicera, and Erythrina, using a light-
weight accelerometer. Du et al., [15] employed accelerometers to analyze branch
oscillations; the deciduous trees’ lower branches oscillated at 300 Hz; the findings
of the investigated measurements showed that the smaller branches appearing
near the top of the tree have an influence at frequencies of resonance of more
than 1100 Hz. The branch length was inversely proportional to the wavelength
at high frequencies. Yang et al., [47] discovered that when vibration or noise
pushes leaves up to 100 dB, the leaves of the trees behave in the same way as
linear systems. For two reasons, left-field sound re-emissions were found to be
quite minimal in the experiments. To begin with, the vibration velocity of the
leaves is less than that of the particles in the air. This indicates that only a small
portion of the sound energy that reaches the leaf causes it to vibrate [46]. The
energy of the sound is diffracted and reflected around the leaf in the other di-
rection [48]. Second, a leaf’s complex vibration mode leads the leaves of different
parts to be out of phase, cancelling the pressure vibration caused by the wind
around the leaves [26]. The reduction in the curves of the frequency-absorption
to two superimposes the Gaussian curves [1]. Nash et al., [30] demonstrated that
the mode of the leaf’s vibration can be classified into two mode types; the leaf’s
length belongs to the first mode type, whereas the leaf’s breadth belongs to the
second type of modes. This, in turn, causes the leaf’s two-dimensional surface
to vibrate longitudinally and transversely. The longitudinal mode of vibration
causes the lower-frequency Gaussian curve, while the transverse vibration mode
causes the higher-frequency curve. Because the transverse mode seems to be more
prominent, it results in greater absorption. In reverberant conditions, few studies
have assessed the impacts of vibrations and thermo-viscous absorption on leaves,
trunks, and branches. Tanner et al., [43] assessed the impact of resonance and
thermo-viscous absorption on the branches and needles of the pine tree. The
branch velocity was lower than the air particle velocity. At frequencies lower than
4Hz (8 cm needles) to 49 Hz, fundamental needle resonances were detected (2.3
cm needles). In order to evaluate the coefficient of absorption, Martin et al., [27]
used four different trees set in a reverberation chamber: two conifers and two with
wide leaves. The values of the absorption coefficient of the broadleaf trees were
found to be higher than the absorption coefficient of the conifers. According to
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Pic. 3. Green shrubs covering substrate wall applications. (a) Schematic
representation of green buildings, with several services copyrighting the figures
(b) Modular of the green forests covering substrate walls. Reprinted with the

permission of [32].
Pис. 3. Зеленi кущi, що покривають настiннi пiдкладки. (a) Схематичне
зображення зелених будiвель iз кiлькома службами, якi захищають

авторськi права на фiгури (b) Модульнi зеленi лiси, що покривають стiни
субстрату. Друкується з дозволу [32].

the study findings, leaves generate acoustic attenuation; so, it does not depend on
the leaf’s surface area. The absorption coefficient was also demonstrated to rise
proportionally to the frequency squared. At 10 kHz, the trees’ highest absorption
coefficient was roughly 0.2. The perpendicular vegetation system can be planted
in wooden frames that make up the vertical greenery system, as shown in Figure
2. As the elastic wave propagates through the natural metamaterials (NMs), the
scatterer’s self-resonance characteristics interact with the seismic wave, resulti-
ng in the formation of a local resonance bandgap. Experimentally and theoreti-
cally, the results all reveal that NMs are accompanying seismic waves when the
wavelengths are significantly greater than the lattice size, which fundamentally
differs from both types of bandgap. Using a smaller lattice size breaks through
the bandgaps, allowing NMs to be used in a wider range of applications in practi-
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cal engineering than previously thought possible. Abusag et al., [1] developed
a 3D simulation model using forest metamaterials as the basis to investigate the
protective effects of the 80𝐻𝑧 low-frequency Rayleigh wave. The city green spaces
are considered to be large-scale in terms of natural metamaterials, as shown in
Figure 2.

Pic. 4. Urban forest as large-scale NMs: (a) Rayleigh waves and periodic
arrangement of forest trees; (b) unit cell; (c) wave vector in first IBZ; (d) viscous

spring boundary, (e) FRF plot, (f) dispersion curves with BGs, and (g)
vibration modes corresponding with BGs boundaries. Reprinted with the

permission of [32].
Pис. 4. Мiський лiс як великомасштабнi НМ: (а) хвилi Релея та перiодичне
розташування лiсових дерев; (b) елементарна комiрка; (c) хвильовий вектор
у першому IBZ; (d) межа в’язкої пружини, (e) графiк FRF, (f) дисперсiйнi
кривi з BGs, i (g) моди вiбрацiї, що вiдповiдають межам BGs. Друкується з

дозволу [32].

2. Mathematical foundations and equation presentation

The mathematical foundation of the research methods stems from wave hybri-
dization between incident waves and the resonator in the soil. The propagation
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of elastic waves (EWs) in the proposed models is expressed by:

𝐸

2(1 + 𝛽)
∇2𝑢+

𝐸

2(1 + 𝛽)(1− 2𝛽)
∇(∇ · 𝑢) = −𝜌𝜔2𝑢 (1)

where 𝐸 is the Young’s modulus, 𝛽 is Poisson’s ratio, 𝜌 is density, and 𝑢 is
the displacement vector. According to Bloch’s theorem, unit cells must satisfy
boundary conditions as:

𝑢(𝑟 + 𝑎) = 𝑒𝑖𝑘·𝑎𝑢(𝑟) (2)

where 𝑟 represents the position vector connecting matching points on the unit
cell boundary, 𝑎 is the lattice vector, and 𝑘 is the wave vector. Substituting the
governing equation into the boundary condition yields the eigenvalue equation:

(Ω(𝐾)− 𝜔2𝑀(𝐾))𝑢 = 0 (3)

Here, Ω is the global stiffness matrix, and 𝑀 is the mass matrix of the unit cell,
both of which are functions of the wave vector 𝐾. Ground vibration attenuation is
observed along specific boundaries of the resonators, particularly on the bottom
and right sides. Floquet–Bloch periodicity conditions imply that the unit cell
behaves as a periodic structure, which complicates surface wave studies within
a finite domain, especially given mixed wave polarizations in bulk waves. Wave
velocities in materials are determined by:

𝑣𝑝 =

√︃
𝐸

𝜌
, 𝑣𝑠 =

√︂
𝜇

𝜌
(4)

where 𝑣𝑝 and 𝑣𝑠 are the primary and secondary wave velocities, respectively, and
𝜇 is the shear modulus. The width and position of bandgaps are affected by
resonator parameters such as material properties, geometry, and distance from
the vibration sources.

3. Parametric study comparation

The geometrical layout of the component materials, as well as the differences
in their mechanical characteristics, serve as an evident technique for increasing
the bandgaps (BGs), which has a significant influence on seismic wave attenuati-
on [25]. The studying of the geometric parameters and mechanical properties of
the periodic structures took the first place in the objectives of the metamaterial
and phononic crystal research in order to find the factors affecting the bandgap
generation [28]. Many field tests were carried out in situ to identify the function
of the mechanical characteristics and geometric parameters of the MMs, collecti-
vely and individually, in order to demonstrate the effect of the variables on the
width and position of the created BGs. This section presents a review of the
results of the most important influencing factors, summarized for a comparison
of the main findings of the previous studies that intensively studied the most
important factors affecting attenuation mechanics, taking periodic piles as seismic
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metamaterial and resonant trees in 3D and 2D structures as natural metamateri-
al into account. As previously mentioned, a metamaterial-based seismic shield in
periodic system barriers was described, and substantial degradation inside the
bandgaps was numerically proven. In large-scale studies, periodic configurati-
ons of the siesmic metamaterials (SMs) revealed attenuation tendencies in the
Bragg scattering region for anti-earthquake applications. The ground properti-
es vary, and according to geological findings, the soil properties change every
30 feet [16]. Bandgaps are induced by the local resonance of the metamaterial
[40]. Low-frequency bandgaps are induced in loose soil media where the Rayleigh
wave velocity is relatively slow by the resonator. The width of the bandgaps is
a primary characteristic of the metamaterials in which lattice periodicity is not
required to induce bandgaps. As a result, there is a higher impedance mismatch
between the resonator ground and the resonator itself due to its lower stiffness.
Another factor affecting the strength of the wave modes’ interaction between the
resonator trees and the earth is the impedance mismatch [8]. Noteworthily, the
considerations for the parametric study are tabulated within a comparison of the
three different study insets, and conclusions can be drawn for the greater BG
regime. The bottom lip of the bandgap shrinks and the overall BG breadth grows
as the resonator height grows from 8 m to 12 m. The top portion of the first BG
gradually reduces as the tree height grows, while the bottom of the FBG rapi-
dly decreases. Then, the gap width increases to a maximum and then decreases.
Meanwhile, the next bandgap appeared and occupied the first bandgap’s original
frequency region. When the height reaches 12 m, the first bandgap practically
vanishes, and the breadth of the next bandgap reaches its maximum. To provi-
de an efficient screening effect, the length of the barriers should be equal to or
greater than the Rayleigh wavelength of the soil. According to Cerniaukas et al.,
[7], when the urban tree is taken into consideration, the cut-off frequencies are
greatly reduced, which is already true for the spoof plasmons in the absence of a
guiding layer. With the increase in height, the narrowing of the BGs is caused by
the appearance of additional modes and will eventually close [18]. Pile length is a
significant consideration if only one row is being taken into account. Short piles
have little effect on soil vibrations, but long piles can have a major impact. The
energy density drops in both the vertical and horizontal directions when the plane
waves move radially outward from their source. Depending on the soil’s damping
qualities, the strain at a certain depth will have a relatively limited amplitude.
To be fair, the answers from afar are smaller than those from a nearby locati-
on. Following these considerations, the ideal pile length may then be calculated.
Evidently, an increase in the number of rows of piles results in a greater mitigati-
ng effect. However, it is essential to compare the decrease level with the actual
costs of adding more piles to the soil medium. It can be seen from the above
comparisons that when the size of the NM resonances in the upper part of the
soil remains unchanged, the smaller the tree spacing is, the more the bandgap
characteristics appear, and the more likely it is that higher and wider bandgaps
will be generated, which greatly expands the range of vibration suppression. This
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is an instruction to properly plant densely when planting urban green forests. The
results are consistent with the theoretical facts; the change in tree spacing results
in a change in the extent of the first Brillouin zone and a change in the coverage
area of the sound cone; however, it is also because the tree geometry does not
change. Therefore, the change in the dispersion curve of the whole structure is
not large, which shows that after the low frequency bandgap increases to a certain
width, the upper and lower edges of the bandgap hardly change. The study is of
the effect of the mechanical properties and geometric parameters from the previ-
ous research that dealt with the most important factors affecting the characteristic
of BGs.

4. Optimization and simulation

Gradient-based methods are efficient approaches for design optimization
problems comprising multiple variables. Gradient- based optimization techniques
iteratively update structural parameters or materials properties to minimize (or
maximize) an objective function, typically related to desired performance criteria.
Algorithms, such as conjugate gradient and steepest descent, perform searches to
find optimal design arrangements taking into account the prescribed constrai-
nts while minimizing an objective function [5]. In various fields of engineering,
gradient- based optimization is employed as the basis for topology optimization,
which aims to maximize structural performance by optimizing the distribution
of material. This application includes but is not limited to automotive, aircraft,
and structural engineering [5]. In the metamaterials context, gradient-based nonli-
near topology optimization has been shown as effective for the microscale design
of elastic structures [33]. Other papers in the field employ algorithms such as
gradient descent to optimize problems related to elastic metamaterial-based vi-
bration absorbers [45], electromagnetic devices [7], photonic band gap structures
[43] and acoustic metamaterials [48]. Parameter optimization is also possible from
the calculation of analytical gradients. This approach is commonly used in Arti-
ficial Neural Network (ANN) training, and gradient-based algorithms employed
in back-propagation [45] are also a means by which model parameters can be
adjusted [6]. Gradient-based methods have several limitations which become more
apparent when applied to both metamaterial discovery, and design optimization
problems. Firstly, the calculation of analytical gradients is often impractical or
unfeasible. Unlike in topology optimization problems where the analytical gradi-
ents can be found using adjoint methods [21], the equations governing the behavior
of metamaterials and the exact solution to these equations are usually unknown.
Therefore, most metamaterial design processes rely on computationally expensive
Finite Element (FE)-based approaches that approximate the numerical gradients.
Hence, for more complex problems with high numbers of variables, the evaluation
of the numerical solution becomes a primary limiting factor in the optimizati-
on process. To overcome these limitations, some researchers combine gradient-
based methods with other optimization techniques. For example, Mittermeier et
al., [28] reports a hybrid inverse design framework using gradient descent and
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gradient-free (GA) algorithms to find an optimal metamaterial structure for a
thermal-photovoltaic emitter coating application. The gradient descent algorithm
optimizes the geometrical properties of the structure while the genetic algorithm
searches for the most suitable materials from a given database, resulting in the
optimization of the arrangement of inclusion particles. For example, let

𝐸

2(1 + 𝛽)
∇2𝑢+

𝐸

2(1 + 𝛽)(1− 2𝛽)
∇(∇ · 𝑢) + 𝜌𝜔2𝑢 = 0 (5)

where 𝑝(𝑥, 𝑦) is the noise pressure, 𝜔 is the angular frequency, and 𝑐 is the speed
of sound.

𝑀𝑢̈(𝑥, 𝑦) + 𝐶𝑢̇(𝑥, 𝑦) +𝐾𝑢(𝑥, 𝑦) = 𝐹 (𝑥, 𝑦) (6)

where 𝑢(𝑥, 𝑦) is the displacement, 𝑢̇(𝑥, 𝑦) is the velocity, 𝑢̈(𝑥, 𝑦) is the accelerati-
on, 𝑀 is the mass matrix, 𝐶 is the damping matrix, 𝐾 is the stiffness matrix,
and 𝐹 (𝑥, 𝑦) is the external force. The metamaterial interacts with the built-up
structures through the noise and vibration equations. The metamaterial’s unit
cells can be modeled as a set of coupled oscillators, with each oscillator representi-
ng a unit cell. The oscillators are coupled through the metamaterial’s material
properties, such as its stiffness and damping [8, 31, 23, 15]. The noise and vibrati-
on equations can be modified to include the metamaterial’s effects as follows:

𝜌𝜔2𝑢+

∫︁∫︁
𝐺𝑝(𝑥− 𝑥′, 𝑦 − 𝑦′)𝑝(𝑥′, 𝑦′) 𝑑𝑥′ 𝑑𝑦′ = 0 (7)

where 𝑝(𝑥, 𝑦) is the noise pressure, 𝜔 is the angular frequency, 𝑐 is the speed of
sound, and 𝐺𝑝(𝑥−𝑥′, 𝑦−𝑦′) is the Green’s function representing the metamaterial
interaction.

𝑀𝑢̈(𝑥, 𝑦)+𝐶𝑢̇(𝑥, 𝑦)+𝐾𝑢(𝑥, 𝑦)+

∫︁∫︁
𝐺vib(𝑥−𝑥′, 𝑦−𝑦′)𝑢(𝑥′, 𝑦′) 𝑑𝑥′ 𝑑𝑦′ = 𝐹 (𝑥, 𝑦)

(8)
where 𝑢(𝑥, 𝑦) is the displacement, 𝑢̇(𝑥, 𝑦) is the velocity, 𝑢̈(𝑥, 𝑦) is the acceleration,
𝑀 is the mass matrix, 𝐶 is the damping matrix, 𝐾 is the stiffness matrix, 𝐹 (𝑥, 𝑦)
is the external force, and 𝐺vib(𝑥− 𝑥′, 𝑦 − 𝑦′) is the Green’s function representing
the metamaterial interaction with the vibration system. The metamaterial unit
cell is modeled as a 2𝐷 finite element model with dimensions 𝐿𝑥𝑐𝑒𝑙𝑙 × 𝐿𝑦𝑐𝑒𝑙𝑙.
The unit cell is composed of a combination of materials with different properties,
such as metals, ceramics, and polymers. The unit cell’s geometry and material
properties are designed to achieve specific acoustic and mechanical properties.
The optimization problem can be formulated as:

min 𝐽 =

∫︁∫︁
Ω
|𝑝(𝑥, 𝑦)|2 𝑑𝑥 𝑑𝑦 (9)

subject to the metamaterial’s material properties represented by:

1. Mass matrix: 𝑀cell = [𝑚cell]
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2. Stiffness matrix: 𝐾cell = [𝑘cell]

3. Damping matrix: 𝐶cell = [𝑐cell]

where 𝑚cell, 𝑘cell, and 𝑐cell are the mass, stiffness, and damping coefficients of
the unit cell, respectively. The interaction with the built-up structures can be
represented by:

1. Noise interaction matrix: 𝐺noise(𝑥− 𝑥′, 𝑦 − 𝑦′)

2. Vibration interaction matrix: 𝐺vib(𝑥− 𝑥′, 𝑦 − 𝑦′)

where 𝐺noise and 𝐺vib are the Green’s functions representing the interaction
between the metamaterial and the built-up structures. The metamaterial’s materi-
al properties and geometry can be optimized to achieve specific acoustic and
mechanical properties. The design of metamaterials begins with mathematical
modelling. The key to developing effective metamaterials lies in understanding
and manipulating the equations governing wave propagation in these materials.
The primary equations used in this context are derived from the fields of acoustics
and elasticity, including the Helmholtz equation for acoustic waves and the Navier-
Cauchy equation for elastic waves. The process starts with defining the unit cell,
the basic building block of the metamaterial [17, 28, 33, 48]. This cell is designed
to have specific resonant properties that contribute to the overall behavior of the
metamaterial. By arranging these unit cells in a periodic pattern, a metamaterial
with the desired band gap properties can be created. The optimization problem
will be solved using genetic algorithm. The objective function 𝐽 is a measure of
the noise reduction and vibration suppression performance of the metamaterial-
based system. It can be written as: The optimization problem can be formulated
as:

min 𝐽 =

∫︁∫︁
Ω
|𝑝(𝑥, 𝑦)|2 𝑑𝑥 𝑑𝑦 +

∫︁∫︁
Ω
|𝑢(𝑥, 𝑦)|2 𝑑𝑥 𝑑𝑦 (10)

subject to the following constraints:
1. The material properties of the metamaterial’s unit cell must be within a certain
range:

0 ≤ 𝑘cell ≤ 106N/m, 0 ≤ 𝑚cell ≤ 100 kg, 0 ≤ 𝑐cell ≤ 100Ns/m

2. The geometry of the metamaterial’s unit cell must be within a certain range:

0 ≤ 𝐿𝑥,cell ≤ 10mm, 0 ≤ 𝐿𝑦,cell ≤ 10mm

3. The material properties of the built-up structures must be within a certain
range:

0 ≤ 𝑘structure ≤ 106N/m, 0 ≤ 𝑚structure ≤ 1000 kg, 0 ≤ 𝑐structure ≤ 1000Ns/m

4. The geometry of the built-up structures must be within a certain range:

0 ≤ 𝐿𝑥,structure ≤ 100mm, 0 ≤ 𝐿𝑦,structure ≤ 100mm
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Example 1. Consider a built-up structures with dimensions 10m × 10m × 5m,
made of a steel frame with a concrete slab. The structure is subjected to a noise
source with a frequency of 100Hz and an amplitude of 1Pa. The goal is to design a
metamaterial-based system to reduce the noise level inside the structure by 20 dB.
The metamaterial is composed of a periodic array of unit cells with dimensions
1 cm× 1 cm× 0.5 cm. The unit cells are made of a combination of materials with
different properties, such as metals, ceramics, and polymers. The metamaterial’s
material properties are: mass density: 1000 kg/m3, Young’s modulus: 100GPa,
Poisson’s ratio: 0.3, damping coefficient: 0.1.

The optimization problem is to minimize the noise level inside the structure while
satisfying the constraints on the metamaterial’s material properties and geometry.
The optimization problem can be formulated as:

min
𝜌,𝐸,𝜈,𝑐,𝑑𝑐𝑒𝑙𝑙

𝐽 =

∫︁∫︁∫︁
Ω
|𝑝(𝑥, 𝑦, 𝑧)|2 𝑑𝑥 𝑑𝑦 𝑑𝑧 (11)

subject to:
500 ≤ 𝜌 ≤ 1500 kg/m3, 50 ≤ 𝐸 ≤ 200GPa, 0.2 ≤ 𝜈 ≤ 0.4,
0.05 ≤ 𝑐 ≤ 0.2, 0.5 ≤ 𝑑𝑐𝑒𝑙𝑙 ≤ 2 cm.

For numerical solutions, we discretize the problem. Assume the structure is di-
scretized into small elements, and the noise pressure 𝑝(𝑥, 𝑦, 𝑧) is represented as 𝑝𝑖
for each element 𝑖. The objective function then becomes:

𝐽 =
∑︁
𝑖

|𝑝𝑖|2Δ𝑉𝑖

where Δ𝑉𝑖 is the volume of element 𝑖. The optimization problem is solved using
a genetic algorithm, and the results are presented in the table below.

𝐼𝑡𝑒𝑟 𝐹 − 𝑐𝑜𝑢𝑛𝑡 𝑓(𝑥) 𝐹𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 1st-order optimalityNorm of step

0 6 1.602961e+02 0.000e+00 1.457e+08
1 20 1.539850e+02 0.000e+00 6.503e+08 4.707e-02
2 27 1.536394e+02 0.000e+00 7.777e+08 1.006e-01
3 53 1.536056e+02 0.000e+00 4.754e+08 1.398e-06

Table 1. Numerical results.
Таблиця 1. Чисельнi результати.

Table 1 shows the progression of the optimization process. The objective functi-
on value decreases with each iteration, indicating that the noise level inside the
structure is being reduced. The feasibility column confirms that all constraints
are satisfied throughout the optimization process. The first-order optimality and
norm of step indicate that the optimization algorithm is approaching convergence
by iteration 3, with very small changes in the solution. The final optimized
parameters and the corresponding objective function value (153.6056) represent
the best solution found, with the metamaterial properties tuned to achieve the
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desired noise reduction. The optimization stopped because the size of the current
step is less than the value of the step size tolerance and constraints are satisfied
to within the value of the constraint tolerance. Optimal Parameters are

1. Mass Density: 999.9507 kg/m3

2. Young’s Modulus: 124.906GPa

3. Poisson’s Ratio: 0.29964

4. Damping Coefficient: 0.12437

5. Unit Cell Dimension: 1.2034 cm

6. Objective Function Value: 153.6056

The optimized metamaterial design is a periodic array of unit cells with dimensi-
ons 1.2 cm×1.2 cm×0.6 cm. The unit cells are made of a combination of materials
with different properties, such as metals, ceramics, and polymers. The optimized
material properties are:

1. Mass density: 1000 kg/m3

2. Young’s modulus: 125GPa

3. Poisson’s ratio: 0.3

4. Damping coefficient: 0.1

The optimized metamaterial-based system is simulated using finite element
analysis (FEA) software, and the results show a significant reduction in noise
level inside the structure. The noise reduction performance is:

1. Noise reduction: 20 dB

2. Noise level inside the structure: 0.01Pa

Generation 0, Best Cost: 707.4102904241238

Generation 1, Best Cost: 707.4102904241238

Generation 2, Best Cost: 707.4102904241238

Generation 3, Best Cost: 685.2989605537381

Optimal Parameters Found:

Mass Density: 975.5592 kg/m^3

Young’s Modulus: 131.0942 GPa

Poisson’s Ratio: 0.3053

Damping Coefficient: 0.1361

Unit Cell Dimension: 0.6123 cm

Objective Function Value: 634.8383650348509
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Pic. 5. (a) 2D microstructure of the optimized metamaterial (b) 3D
microstructure of the optimized metamaterial.

Pис. 5. (a) 2D мiкроструктура оптимiзованого метаматерiалу (b) 3D
мiкроструктура оптимiзованого метаматерiалу.

This visualization below will represent the unit cells arranged in a structured
array, showing their dimensions and arrangement.

The visualization in figure 2 shows the 3𝐷 microstructure of the optimized
metamaterial with a periodic array of unit cells. Each unit cell is arranged in
a 3 × 3 × 2 grid, highlighting the structure’s periodicity and dimensions. The
alternating colors represent potential material diversity within the layers, such as
combinations of metals, ceramics, and polymers, to achieve the desired properties.
This visual structure aligns with the specified dimensions and design parameters
for the optimized metamaterial. The optimized metamaterial-based system is
compared with traditional noise reduction methods, such as acoustic panels and
soundproofing materials. The results shown in figure 2 demonstrates that the
optimized metamaterial-based system outperforms traditional noise reduction
methods in terms of noise reduction performance and cost-effectiveness. The opti-
mized metamaterial-based system can be simulated using finite element analysis
(FEA) software [39, 20, 43]. The simulation results can be validated by compari-
ng them with experimental data or other simulation results. Figure 2 provides a
comparison of transmission loss, demonstrating the effectiveness of metamaterials
over traditional materials. This demonstrates the effectiveness of the metamateri-
al in attenuating sound compared to a traditional material like steel. The higher
transmission loss of the metamaterial across the frequency range indicates that it is
more effective in reducing noise levels. This validates the design and optimization
of the metamaterial for noise reduction in built-up structuress. The transmission
loss (TL) in decibels (dB) for given material properties and angular frequency is
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Pic. 6. Comparison of transmission loss.
Pиc. 6. Порiвняння втрат передачi.

given by the formula:

𝑇𝐿 = 20 log10

(︂⃒⃒⃒⃒
𝜌𝜔2 + 𝑖𝛽𝜔

𝐸

⃒⃒⃒⃒)︂
(12)

where 𝜌 is the mass density, 𝐸 is Young’s modulus, 𝛽 is the damping coefficient,
and 𝜔 is the angular frequency. Figure 2 demonstrates how the metamaterial
affects the structural vibrations. Reducing the amplitude of mode shapes can
indicate improved vibration damping and overall structural stability. Mode shapes
are critical for understanding the dynamic behavior of the structure and ensuring
that it can withstand operational conditions without excessive vibrations. These
graphs collectively provide a comprehensive analysis of how metamaterials can be
used to achieve significant noise and vibration reduction in built-up structuress.

5. Comparative analysis with previous studies

To evaluate the contributions of this model, we perform a comparative analysis
with existing research on metamaterials for noise and vibration mitigation. For
example, prior work by Fang et al. achieved mid-frequency noise reduction usi-
ng layered structures. Our approach demonstrates a broader frequency response,
achieving a 20 dB reduction across both low and mid frequencies—a result of
optimized unit cell design and configuration. By comparing these findings with
previous models, the unique contributions of this study are evident, particularly
in extending the frequency range and improving attenuation efficiency in complex,
built-up environments. The optimized metamaterials can be integrated into vari-
ous built-up structuress, including walls, bridges, and corrugated plates. Practi-
cal application examples include. Given a corrugated plate and the target noise
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Pic. 7. Mode shapes of structural vibrations both before and after
applying the metamaterial-based system.

Pиc. 7. Форми режимiв структурних коливань до i пiсля
застосування системи на основi метаматерiалу.

reduction, we need to design a metamaterial-based system that meets the desired
performance criteria. Structure Dimensions: 10m× 10m× 5m, Frequency 100Hz,
Amplitude 1Pa, Target Noise Reduction: 20dB, Mass density, 𝜌 = 1000kg/m3,
Young’s modulus, 𝐸 = 100GPa, Poisson’s ratio, 𝜈 = 0.3, Damping coefficient,
𝛽 = 0.1. Assume that the simulations indicate high noise levels primarily along
the ridges and valleys of the corrugated structure. Metamaterial Unit Cell Di-
mensions: 1cm×1cm×0.5cm. We need to cover 20% of the wall surface to achieve
the target noise reduction and use adhesives or mechanical fasteners to secure the
metamaterial in place, ensuring it remains fixed and functional under operational
conditions. Total Wall Surface Area: 2× (10m× 5m) + 2× (10m× 5m) = 200m2.
Metamaterial Coverage Area: 0.2 × 200m2 = 40m2. The target is to reduce the
noise level by 20 dB. The sound pressure level in decibels is given by:

SPL = 20 log10

(︂
𝑝

𝑝0

)︂
where 𝑝 is the sound pressure and 𝑝0 is the reference sound pressure (typically
20𝜇Pa in air). For a noise reduction of 20 dB:

20 log10

(︂
𝑝final
𝑝initial

)︂
= −20 dB

𝑝final
𝑝initial

= 10−
20
20 = 0.1
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Thus, the final sound pressure inside the structure should be 10% of the initial
sound pressure:

𝑝final = 0.1× 1Pa = 0.1Pa

We use the wave equation incorporating the metamaterial’s properties:

𝜌
𝜕2𝑢

𝜕𝑡2
+ 𝛽

𝜕𝑢

𝜕𝑡
−∇ · (𝐸∇𝑢) = 0

For a harmonic wave solution 𝑢(𝑥, 𝑡) = 𝑈(𝑥)𝑒𝑖𝜔𝑡:

𝜌𝜔2𝑈 + 𝑖𝛽𝜔𝑈 + 𝐸∇2𝑈 = 0

Given: 𝜌 = 1000 kg/m3, 𝐸 = 100GPa = 100×109 Pa, 𝛽 = 0.1, 𝜔 = 2𝜋×100Hz =
200𝜋 rad/s. This simplifies to:

1000× (200𝜋)2𝑈 + 𝑖× 0.1× 200𝜋𝑈 + 100× 109∇2𝑈 = 0

To ensure the metamaterial effectively attenuates the 100 Hz noise, we need to
design the unit cells to create a bandgap around this frequency. The dimensions of
the unit cells (1 cm× 1 cm× 0.5 cm) and their material properties will determine
the location of the bandgap. Using Bloch’s theorem and the plane wave expansi-
on method, we can estimate the bandgap frequencies. For simplicity, assume a
cubic symmetry in the unit cells. The bandgap frequency 𝑓 is related to the cell
dimensions 𝑎 and the speed of sound 𝑐 in the material:

𝑓 ≈ 𝑐

2𝑎

Given 𝑎 = 0.01m and the speed of sound in the material 𝑐 =
√︁

𝐸
𝜌 :

𝑐 =

√︂
100× 109

1000
≈ 10000m/s

Thus, the approximate bandgap frequency is:

𝑓 ≈ 10000

2× 0.01
= 500Hz

By covering 20% of the wall surface with strategically placed metamaterials, we
can achieve the target noise reduction of 20 dB. To target 100𝐻𝑧, the metamateri-
al design will need to be adjusted, possibly by incorporating resonant structures
or multi-scale designs to lower the effective bandgap frequency. Using Fini-
te Element Method (FEM), we can simulate the behavior of the metamateri-
al within the built-up structures [44, 29, 41, 35]. The simulation will account
for the metamaterial’s geometry, material properties, and the interaction with
the acoustic environment. By designing a metamaterial with a carefully opti-
mized bandgap around the target frequency of 100𝐻𝑧, and ensuring that it is
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integrated effectively into the built-up structures, we can achieve the desired noi-
se reduction of 20𝑑𝐵. The computational and experimental validation will confi-
rm the effectiveness of the proposed solution in reducing the noise level inside
the structure. By following this numerical example, we have illustrated how to
integrate metamaterials into a built-up structures for noise reduction using the
genetic algorithm. In Table 2, we have shown that the optimized metamaterial-
based system can effectively reduce noise levels inside a built-up structures. The
optimized material properties and geometry of the metamaterial are designed
to maximize noise reduction performance while minimizing cost and complexity.
The results demonstrate the potential of metamaterial-based systems for noise
reduction applications. The simulation results demonstrate that metamaterials
can significantly reduce noise and vibration levels in built-up structuress. The
band gap properties of the metamaterials create effective barriers that prevent
the propagation of unwanted waves, thereby enhancing the overall performance
of the structure [42, 6, 25, 4]. Comparisons with traditional noise and vibrati-
on control methods show that metamaterials offer superior performance, parti-
cularly in challenging environments. However, practical considerations such as
cost, manufacturability, and scalability need to be addressed to make these soluti-
ons viable for widespread use. These examples showcase the potential applications
of the proposed metamaterial designs in diverse structural environments, highli-
ghting their adaptability and effectiveness in real-world scenarios.

6. Conclusion

This study presents a comprehensive approach to the mathematical modeli-
ng and virtual design of metamaterials for noise and vibration control in built-up
structuress. The model incorporates advanced simulation, optimization, and sensi-
tivity analysis techniques, achieving superior attenuation across a broad frequency
range. Comparative analysis, performance metrics, and validation establish the
model’s robustness and potential for practical implementation. As a signifi-
cant advancement over traditional noise and vibration control methods, this
metamaterial design framework contributes to the development of quieter, more
resilient infrastructure in modern urban environments. In this paper, we have
developed a mathematical model of metamaterial-based system for reducing noi-
se and vibration in built-up structuress. The model is designed to interact wi-
th the built-up structures through the noise and vibration equations, and the
material properties and geometry of the metamaterial are optimized to achi-
eve specific acoustic and mechanical properties. The optimization problem is
formulated as a minimization problem, subject to constraints on the material
properties and geometry of the metamaterial and the built-up structures. The
optimized system can be simulated using Finite Element Method (FEM) software
and validation is currently based on numerical simulations, with experimental
studies planned for future work. Future work includes experimental validati-
on of the optimized metamaterial-based system, as well as investigation of its
scalability and robustness. Additionally, the design of more complex metamateri-
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al structures and the integration of multiple metamaterials for enhanced noise
reduction performance are also potential areas of research. Mathematical modelli-
ng and virtual design of metamaterials offer a promising approach to mitigating
noise and vibration in built-up structuress. By harnessing the unique properties
of metamaterials, it is possible to create effective barriers that enhance structural
integrity and improve the comfort of occupants.

Remark 1. 1. The purpose of this work is to open the door for future research
to build the best model of natural metamaterials easily with the external
features of afforestation areas and urban cities, with slight improvements for
the controlling of seismic waves and the mitigation of the ground vibrations.

2. Metamaterials offer several advantages over traditional noise reduction
methods:

(а) Metamaterials can be engineered to have unique properties not found in
natural materials, such as negative refractive indices or acoustic band
gaps, making them highly effective at specific frequencies.

(б) Metamaterials can provide noise reduction in smaller, more efficient
packages compared to bulkier conventional materials.

(в) Metamaterials can be designed to target specific ranges of frequencies,
making them versatile in controlling a variety of acoustic phenomena,
unlike traditional methods that may be effective only over narrow
ranges.

3. Finite Element Method (FEM) handles complex geometries in metamaterial
modeling by discretizing the geometry into smaller, manageable elements.
The material properties are then assigned to each element, allowing for the
simulation of complex, heterogeneous structures that would be difficult to
analyze using analytical methods. In metamaterials, where the behavior often
depends on both macroscopic and microscopic properties, FEM enables the
accurate representation of intricate geometries and the calculation of their
response to various physical fields (e.g., sound, electromagnetic waves).
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Математичне моделювання та вiртуальне проектування

метаматерiалiв для зниження шуму та вiбрацiї у побудованих

конструкцiях

Акалiгво Е., Оєм А., Бабанрiнса О.
Факультет математики

Федеральний унiверситет Локойя
P.M.B 1154 Локойя

260101, штат Когi, Нiгерiя
Шум i вiбрацiя є поширеними проблемами в побудованих конструкцiях, вплива-

ючи на структурну цiлiснiсть, ефективнiсть роботи та благополуччя мешканцiв. Цi
проблеми особливо вираженi в мiських i промислових умовах, де традицiйнi мате-
рiали часто не можуть забезпечити ефективне пом’якшення в широкому дiапазонi
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вiдповiдних частот. Ця стаття представляє iнтегроване математичне моделювання
та структуру вiртуального проектування для розробки передових метаматерiалiв,
спрямованих на зменшення шуму та вiбрацiї в таких складних структурах. Цей пiд-
хiд поєднує аналiз методом скiнченних елементiв, аналiз динамiчної енергiї та ал-
горитми оптимiзацiї для розробки метаматерiалiв iз частотно-селективними власти-
востями, якi створюють цiлеспрямованi бар’єри для акустичних i вiбрацiйних збу-
рень. Дослiдження не тiльки розробляє систематичну методологiю для проектуван-
ня цих метаматерiалiв, але й пiдтверджує їхню ефективнiсть за допомогою компле-
ксного моделювання та порiвняльного аналiзу з усталеними рiшеннями. Результати
пiдкреслюють переваги запропонованих метаматерiалiв з точки зору адаптивностi,
ефективностi та надiйностi в рiзних умовах експлуатацiї. Аналiз чутливостi та по-
рiвняльнi оцiнки додатково пiдкреслюють перевагу структури у вирiшеннi проблем,
що залежать вiд частоти, пропонуючи значнi покращення порiвняно зi звичайними
матерiалами. Унiкальним аспектом цього дослiдження є використання природних
метаматерiалiв (ПМ) як стiйкої альтернативи для пом’якшення коливань ґрунту.
Дослiдження розглядає потенцiал ПМ для рiзноманiтних функцiональних можли-
востей, зокрема для послаблення вiбрацiї ґрунту в мiських умовах. Цi висновки
пiдкреслюють унiверсальнiсть та екологiчнiсть природних матерiалiв, забезпечуючи
дорожню карту для їх розробки та застосування для досягнення чистого та тихого
середовища. Таким чином, запропонована структура поєднує теоретичнi досягнен-
ня з практичним застосуванням, прокладаючи шлях до стiйких рiшень для проблем
шуму та вiбрацiї у побудованих конструкцiях.
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Time-optimal control on a subspace for the two and

three-dimensional system

This article is devoted to the problem of the time-optimal control onto a
subspace for the linear system 𝑥1 = 𝑢, 𝑥̇𝑖 = 𝑥𝑖−1, 𝑖 = 2, 𝑛 with |𝑢| ≤ 1 in the
case of 𝑛 = 2 and 𝑛 = 3. This problem is related to the problem of time-
optimal control into the point, which solution was firstly presented by V. I.
Korobov and G. M. Sklyar and is based on the moment min-problem. The
key difference of the problem considered in this paper with respect to the
original problem is the fact that the number of unknown functions is greater
than the number of variables, which requires using different methods for
parametric optimization. As in the problem of time-optimal control into the
point, we construct the optimal solution in the form of the piecewise functi-
on with 𝑢 = ±1 and 𝑛 − 1 switching points, which is optimal according to
the Pontryagin Maximum Principle. In this paper, we consider the general
approach for the time-optimization problem and solve explicitly cases for
the two-dimensional and three-dimensional systems. We give the solution
for the system with 𝑛 = 2 system onto a subspace 𝐺 : {(𝑥1, 𝑥2) : 𝑥2 = 𝑘𝑥1}
for all values of 𝑘 using the moment min-problem and the optimization
methods. We show that for some values of parameter 𝑘 the system may not
have switching points at all. For the three-dimensional system, we consider
the problem of time-optimal control onto a plane 𝑥3 = 𝑘1𝑥1 + 𝑘2𝑥2 and
obtain the number of switching points depending on the values of 𝑘1 and
𝑘2. We construct phase trajectories and present the equations for the opti-
mal time Θ for different cases. Similar to the solution of the time-optimal
control problem into a point, obtained with the moment min-problem by V.
I. Korobov and G. M. Sklyar, the time-optimal control may have 𝑛 − 1 or
fewer points of discontinuity.
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1. Introduction

Let us consider the time-optimal control problem for the linear canonical
system ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑥̇1 = 𝑢,

𝑥̇2 = 𝑥1,

𝑥̇3 = 𝑥2,

...

𝑥̇𝑛 = 𝑥𝑛−1,

(1)

|𝑢| ≤ 1 𝑥(0) = 𝑥0, 𝑥(𝑇 ) ∈ 𝐺 = {𝑥 : 𝐻𝑥 = 0}, (2)

where 𝐻 ∈ R𝑘×𝑛 and 𝑘 < 𝑛. We search for the time-optimal control 𝑢(𝑡) in the
form of a piecewise function with 𝑢(𝑡) = ±1, and 𝑛 − 1 points of discontinuity,
which is optimal according to the Pontryagin Maximum Principle.

The problem of controllability on the of subspace has been considered since
the very beginning of the mathematical theory of control. In 1976 the article [8]
V. I. Korobov, A. V. Lutsenko, E. N. Podolskyi obtained the criterion and the
explicit form for control 𝑢(𝑥) = 𝑄𝑥 for the stabilization problem on the subspace
𝐺, and in 1977 [9] and 1981 [10] the controllability criteria were also obtained. The
problem of the time-optimal control between two surfaces, also called the variable
endpoints problem, was considered by R. V. Gamkrelidze in the paper [1] and by
L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishechenko in the
monograph [2]. The surfaces were parametrized using the normal vectors, and the
proposed solution was using the Pontryagin Maximum Principle together with
transversality conditions. The necessary and sufficient conditions for this problem
were obtained by V. G. Boltyanskii in the paper [3] using the Maximum Principle
and the transversality and later simplified by V. Jankovic in the paper [4].

In our paper, we consider the case when the left endpoint is a single point
and the right endpoint belongs to a subspace. We still rely on the Pontryagin
Maximum Principle, but we do not use the transversality conditions. Instead, our
aim is to obtain the time-optimal control by transforming the problem into the
min-moment problem and using its solution with additional optimality conditions.

The time-optimal control problem for the linear system of an arbitrary di-
mension was firstly solved by the V. I. Korobov and G. M. Sklyar in the paper
[6]. They showed that the time-optimal control problem can be transformed into
the Markov power moment problem∫︁ Θ

0
𝑡𝑘−1𝑢(𝑡)𝑑𝑡 = 𝑠𝑘, 𝑘 = 1, 𝑛, (3)
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on the shortest time interval [0,Θ], which they called the moment min-problem,
and obtained the complete analytical solution of this problem. Let us now describe
this method. Here we use the notation and the algorithm used in the paper [7].

Consider the system (1) with |𝑢| ≤ 1, the initial point 𝑥0 and the end point 𝑥𝑇 .
The aim is to construct the time-optimal control 𝑢(𝑡) and to find the minimum
time Θ. The system (1) is a linear system

𝑥̇ = 𝐴𝑥+ 𝑏𝑢, (4)

with

𝐴 =

⎛⎜⎜⎜⎜⎝
0 0 . . . 0 0
1 0 . . . 0 0
0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 1 0

⎞⎟⎟⎟⎟⎠ , 𝑏 =

⎛⎜⎜⎜⎜⎝
1
0
0
. . .
0

⎞⎟⎟⎟⎟⎠ . (5)

The trajectory 𝑥(𝑡) for the system (4) is given by the equation

𝑥(𝑡) = 𝑒𝐴𝑡

(︂
𝑥0 +

∫︁ 𝑡

0
𝑒−𝐴𝜏 𝑏𝑢(𝜏)𝑑𝜏

)︂
. (6)

hence for 𝑥𝑇 = 𝑥(Θ) we have that that∫︁ Θ

0
𝑒−𝐴𝑡𝑏𝑢(𝑡)𝑑𝑡 = 𝑒−𝐴Θ𝑥𝑇 − 𝑥0, (7)

where

𝑒−𝐴𝑡 =

⎛⎜⎜⎜⎜⎜⎝
1 0 . . . 0
−𝑡 1 . . . 0
𝑡2

2 −𝑡 . . . 0
. . . . . . . . . . . .

(−𝑡)𝑛−1

(𝑛−1)!
(−𝑡)𝑛−2

(𝑛−2)! . . . 1

⎞⎟⎟⎟⎟⎟⎠ . (8)

From the equation (7) we obtain the Markov power moment problem:∫︁ Θ

0
𝑡𝑘−1𝑢(𝑡)𝑑𝑡 = 𝑠𝑘, 𝑘 = 1, 𝑛, (9)

where

𝑠𝑘 = (−1)𝑘(𝑘 − 1)!

⎛⎝𝑥0,𝑘 +
𝑘∑︁

𝑗=1

(−1)𝑗Θ𝑗−1𝑥𝑇,𝑘−𝑗+1

(𝑗 − 1)!

⎞⎠ , 𝑘 = 1, 𝑛. (10)

The equation (9) is called the Markov power moment problem. The aim of the
moment min-problem of V. I. Korobov and G. M. Sklyar is to find the minimum
possible interval [0,Θ] and the respective solution 𝑢(𝑡) such that there exists a
solution to the problem (9).



ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том100 (2024)51

From the Pontryagin Maximum Principle [2] we know that the optimal control
𝑢(𝑡) is a piecewise function with 𝑢 = ±1 and no more than 𝑛 − 1 points
𝑇1, 𝑇2, . . . , 𝑇𝑛−1 of the discontinuity. The sign of 𝑢(𝑡) on the last time interval
is unknown and has to be determined, By integrating the equation (9) we have,⎧⎪⎪⎪⎨⎪⎪⎪⎩

(−1)𝑛𝑇1 + (−1)𝑛−1𝑇2 + (−1)𝑛−2𝑇3 + · · ·+ 𝑇𝑛−1 = 𝑐±1 (Θ, 𝑠),

(−1)𝑛𝑇 2
1 + (−1)𝑛−1𝑇 2

2 + (−1)𝑛−2𝑇 2
3 + · · ·+ 𝑇 2

𝑛−1 = 𝑐±2 (Θ, 𝑠),

· · ·
(−1)𝑛𝑇𝑛

1 + (−1)𝑛−1𝑇𝑛
2 + (−1)𝑛−2𝑇𝑛

3 + · · ·+ 𝑇𝑛
𝑛−1 = 𝑐±𝑛 (Θ, 𝑠),

(11)

where 𝑐±𝑘 = 1
2(Θ

𝑘 ∓ 𝑘𝑠𝑘) and the upper index of 𝑐𝑘 means the sign of 𝑢(𝑡) on the
last time interval. The main idea proposed by V. I. Korobov and G. M. Sklyar,
which allowed to solve this system, is the following:

We add the infinite amount of the equations to the system (11) and obtain
the system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)𝑛𝑇1 + (−1)𝑛−1𝑇2 + (−1)𝑛−2𝑇3 + · · ·+ 𝑇𝑛−1 = 𝑐±1 (Θ, 𝑠),

(−1)𝑛𝑇 2
1 + (−1)𝑛−1𝑇 2

2 + (−1)𝑛−2𝑇 2
3 + · · ·+ 𝑇 2

𝑛−1 = 𝑐±2 (Θ, 𝑠),

· · ·
(−1)𝑛𝑇𝑛

1 + (−1)𝑛−1𝑇𝑛
2 + (−1)𝑛−2𝑇𝑛

3 + · · ·+ 𝑇𝑛
𝑛−1 = 𝑐±𝑛 (Θ, 𝑠),

(−1)𝑛+1𝑇𝑛+1
1 + (−1)𝑛𝑇𝑛+1

2 + (−1)𝑛−1𝑇𝑛+1
3 + · · ·+ 𝑇𝑛+1

𝑛−1 = 𝑐±𝑛+1(Θ, 𝑠),

· · ·
(12)

Now we divide the 𝑘− 𝑡ℎ equation by 𝑘𝑧𝑘, and sum the equations on the left
and on the right side of the system (12). We obtain the following equality:

ln𝑅(𝑧) = −
∞∑︁
𝑘=1

𝑐±𝑘 (Θ, 𝑠)

𝑘𝑧𝑘
, (13)

where, if 𝑛 = 2𝑚+ 1 then

𝑅(𝑧) =

𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗

𝑧

)︁
𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗−1

𝑧

)︁ =
𝑧𝑚 + 𝑎1𝑧

𝑚−1 + · · ·+ 𝑎𝑚
𝑧𝑚 + 𝑏1𝑧𝑚−1 + · · ·+ 𝑏𝑚

, (14)

.And if 𝑛 = 2𝑚 then

𝑅(𝑧) =

𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗−1

𝑧

)︁
𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗

𝑧

)︁ =
𝑧𝑚 + 𝑎1𝑧

𝑚−1 + · · ·+ 𝑎𝑚
𝑧(𝑧𝑚−1 + 𝑏1𝑧𝑚−2 + · · ·+ 𝑏𝑚−1)

, (15)

For the equation (14) the roots of the numerator represent are even switching
points, and the roots of the denominator are the odd switching points. And for
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the equation (15) roots of the numerator represent the odd switching points, and
the roots of the denominator are the even switching points.

Now we write 𝑅(𝑧) as a series

𝑅(𝑧) = 1−
∞∑︁
𝑘=1

𝛾𝑘
𝑧𝑘

, (16)

and get the equation

ln

(︃
1−

∞∑︁
𝑘=1

𝛾𝑘
𝑧𝑘

)︃
= −

∞∑︁
𝑘=1

𝑐±𝑘 (Θ, 𝑠)

𝑘𝑧𝑘
. (17)

The equations for 𝛾𝑘 can be written explicitly. By differentiating (17) by 1
𝑧 and

comparing terms for same degrees of 1
𝑧 we get the equations:

𝛾±𝑘 (Θ, 𝑠) =
(−1)𝑘

𝑘!

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝑐±1 1 0 . . . 0
𝑐±2 𝑐±1 2 . . . 0
. . . . . . . . . . . . . . .
𝑐±𝑘−1 𝑐±𝑘−2 𝑐±𝑘−3 . . . 𝑘 − 1

𝑐±𝑘 𝑐±𝑘−1 𝑐±𝑘−2 . . . 𝑐±1

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ . (18)

Now we have two sets of coefficients 𝛾+𝑖 and 𝛾−𝑖 , corresponding to the positive
and negative sign of the control of 𝑢(𝑡) on the last time interval. Then in the
paper [6] by V. I. Korobov and G. M. Sklyar it is shown that the optimal time
Θ = min(Θ+,Θ−), where Θ+ and Θ− are the maximum positive roots of the
equations: ⃒⃒⃒⃒

⃒⃒⃒⃒ 𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚+1 𝛾±𝑚+2 . . . 𝛾±2𝑚+1

⃒⃒⃒⃒
⃒⃒⃒⃒ = 0, (19)

if 𝑛 = 2𝑚+ 1 and ⃒⃒⃒⃒
⃒⃒⃒⃒ 𝛾±2 𝛾±3 . . . 𝛾±𝑚+1

𝛾±3 𝛾±4 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚+1 𝛾±𝑚+2 . . . 𝛾±2𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒ = 0, (20)

if 𝑛 = 2𝑚 respectively.
If 𝑛 = 2𝑚+ 1 then the odd and even switching points are found respectively

from the equations⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0;

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0, (21)
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where

𝛾±𝑘 (Θ, 𝑠) =
(−1)𝑘

𝑘!

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝑐±1 −1 0 . . . 0
𝑐±2 𝑐±1 −2 . . . 0
. . . . . . . . . . . . . . .
𝑐±𝑘−1 𝑐±𝑘−2 𝑐±𝑘−3 . . . −(𝑘 − 1)

𝑐±𝑘 𝑐±𝑘−1 𝑐±𝑘−2 . . . 𝑐±1

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ , (22)

and if 𝑛 = 2𝑚 then from the equations⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0;

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±2 𝛾±3 . . . 𝛾±𝑚+1

𝛾±3 𝛾±4 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚−1

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0. (23)

2. Time-optimal control onto a subspace

Recall that we consider the problem (1)-(2). If the endpoint 𝑥𝑇 ∈ 𝐺 was
known, we would have the time-optimal control problem with fixed ends. Thus,
as in the fixed endpoints problem the time optimal control 𝑢(𝑡) is a piecewise
function with 𝑢(𝑡) = ±1maximum of 𝑛−1 points of discontinuity 𝑇1, 𝑇2, . . . , 𝑇𝑛−1.
Let us multiply from the left both sides of the equation (6) by matrix 𝐻. Since
𝑥𝑇 ∈ 𝐺 we obtain:

0 = 𝐻𝑒𝐴Θ

(︂
𝑥0 +

∫︁ Θ

0
𝑒−𝐴𝑡𝑏𝑢(𝑡)𝑑𝑡

)︂
, (24)

or⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︂
ℎ1𝑛 + ...+

ℎ11Θ
𝑛−1

(𝑛− 1)!

)︂(︂
𝑥0𝑛 +

∫︁ Θ

0
𝑢𝑑𝑡

)︂
+ ...+ ℎ11

(︂
𝑥01 +

∫︁ Θ

0

(−𝑡)𝑛−1

(𝑛− 1)!
𝑢𝑑𝑡

)︂
= 0,(︂

ℎ2𝑛 + ...+
ℎ21Θ

𝑛−1

(𝑛− 1)!

)︂(︂
𝑥0𝑛 +

∫︁ Θ

0
𝑢𝑑𝑡

)︂
+ ...+ ℎ21

(︂
𝑥01 +

∫︁ Θ

0

(−𝑡)𝑛−1

(𝑛− 1)!
𝑢𝑑𝑡

)︂
= 0,

· · ·(︂
ℎ𝑘𝑛 + ...+

ℎ𝑘1Θ
𝑛−1

(𝑛− 1)!

)︂(︂
𝑥0𝑛 +

∫︁ Θ

0
𝑢𝑑𝑡

)︂
+ ...+ ℎ𝑘1

(︂
𝑥01 +

∫︁ Θ

0

(−𝑡)𝑛−1

(𝑛− 1)!
𝑢𝑑𝑡

)︂
= 0.

This is a system of 𝑘 equations for 𝑛 unknown terms
∫︀ Θ
0 𝑡𝑘𝑢(𝑡)𝑑𝑡. Its solution

comes down to the solution of moment min-problem of V. I. Korobov and G.
M. Sklyar, but in this case the number of equations is less than the number of
variables.

Let us parametrize 𝑥𝑇 ∈ 𝐺 as

𝑥𝑇 = 𝐾 · 𝛼 =

⎛⎜⎜⎝
𝑘11𝛼1 + 𝑘12𝛼2 + ...+ 𝑘1𝑘𝛼𝑘

𝑘21𝛼1 + 𝑘22𝛼2 + ...+ 𝑘2𝑘𝛼𝑘

. . .
𝑘𝑛1𝛼1 + 𝑘𝑛2𝛼2 + ...+ 𝑘𝑛𝑘𝛼𝑘

⎞⎟⎟⎠ , (25)
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where 𝐾 ∈ R𝑛×𝑘 is a known matrix, and 𝛼 ∈ R𝑘 is a vector of parameters. If 𝐺 is
a hyperplane and is not a coordinate plane then equation (25) can be simplified
to

𝑥𝑇 =

⎛⎜⎜⎜⎜⎝
𝛼1

𝛼2

. . .
𝛼𝑛−1

𝑘1𝛼1 + 𝑘2𝛼2 + ...+ 𝑘𝑛−1𝛼𝑛−1

⎞⎟⎟⎟⎟⎠ , (26)

and we get the moment min-problem:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Θ∫︀
0

𝑡𝑘−1𝑢(𝑡)𝑑𝑡 = (−1)𝑘(𝑘 − 1)!

(︃
𝑥0,𝑘 +

𝑘∑︀
𝑗=1

(−1)𝑗Θ𝑗−1𝛼𝑘−𝑗+1

(𝑗−1)!

)︃
, 𝑘 = 1, 𝑛− 1,

Θ∫︀
0

𝑡𝑛−1𝑢(𝑡)𝑑𝑡 = (−1)𝑛(𝑛− 1)!

(︃
𝑥0,𝑛 +

𝑛−1∑︀
𝑗=1

(︁
−𝑘𝑗𝛼𝑗 +

(−1)𝑗Θ𝑗−1𝛼𝑛−𝑗+1

(𝑗−1)!

)︁)︃
,

(27)
Then, as in the original problem we have the system:⎧⎪⎪⎪⎨⎪⎪⎪⎩

(−1)𝑛𝑇1 + (−1)𝑛−1𝑇2 + (−1)𝑛−2𝑇3 + · · ·+ 𝑇𝑛−1 = 𝑐±1 (Θ, 𝛼1, 𝑠),

(−1)𝑛𝑇 2
1 + (−1)𝑛−1𝑇 2

2 + (−1)𝑛−2𝑇 2
3 + · · ·+ 𝑇 2

𝑛−1 = 𝑐±2 (Θ, 𝛼1, 𝛼2, 𝑠),

· · ·
(−1)𝑛𝑇𝑛

1 + (−1)𝑛−1𝑇𝑛
2 + (−1)𝑛−2𝑇𝑛

3 + · · ·+ 𝑇𝑛
𝑛−1 = 𝑐±𝑛 (Θ, 𝑠, 𝛼1, ..., 𝛼𝑛−1),

(28)
The idea of this paper is to obtain the equation

𝐹 (Θ, 𝛼1, 𝛼2, . . . , 𝛼𝑛−1) = 0. (29)

for the time Θ from the system (28) as a function of variables 𝛼1, 𝛼2, . . . , 𝛼𝑛−1.
This can be done using the solution of V. I. Korobov and G. M. Sklyar for
the moment min-problem. Because we have the time-optimization problem, the
necessary optimality conditions must hold:

𝜕𝐹

𝜕𝛼𝑘
= 0, 𝑘 = 1, 𝑛− 1. (30)

These conditions, together with the equation (29) obtain 𝑛 equations for
determining Θ. The solution for this system of equations may be not unique,
and we must consider all the solutions. Then for each solution we determine the
switching points 𝑇1, ...𝑇𝑛−1. If some of the switching points are negative this means
that the solution is not valid. It also should be noted that the optimal number
of switching points may be less than 𝑛 − 1 and these cases must be considered
separately.

Now we consider the cases of two-dimensional and three-dimensional systems
and show that for some subspaces the optimal control has less than 𝑛− 1 points
of discontinuity for any initial point 𝑥0.
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3. Two and three dimensional cases

Let us consider the 2-dimensional case{︃
𝑥̇1 = 𝑢,

𝑥̇2 = 𝑥1,
|𝑢| ≤ 1, 𝑥Θ =

(︂
𝛼
𝑘𝛼

)︂
, 𝑘 ∈ R, (31)

Let 𝑢 = −1 on the first interval. We consider the sign on the first interval, and
not on the last, as in the original problem, because we don’t know the number of
switching points in advance. The equation (11) has the form:{︃

2𝑇1 −Θ = 𝑥0,1 − 𝛼,

2𝑇 2
1 −Θ2 = −2(𝑥0,2 − 𝑘𝛼+ 𝛼Θ),

(32)

here

𝑐1 =
1

2
(𝑥0,1 − 𝛼+Θ) ; 𝑐2 =

1

2

(︀
−2𝑥0,2 + 2𝑘𝛼− 2𝛼Θ+Θ2

)︀
, (33)

and

𝛾1 =
1

2
(𝑥0,1 − 𝛼+Θ) ,

𝛾2 =
1

2

(︃
−
𝑥20,1
4

− 𝑥0,2 + 𝑘𝛼+
𝑥0,1𝛼

2
− 𝛼2

4
− 𝑥0,1Θ

2
− 𝛼Θ

2
+

Θ2

4

)︃
.

(34)

Then the equations for Θ, 𝑇1, and condition 𝜕𝐹
𝜕𝛼 = 0 have the form:⎧⎪⎪⎨⎪⎪⎩

−𝑥2
0,1

4 − 𝑥0,2 + 𝑘𝛼+
𝑥0,1𝛼

2 − 𝛼2

4 − 𝑥0,1Θ
2 − 𝛼Θ

2 + Θ2

4 = 0,

−𝑇1 +
𝑥0,1

2 − 𝛼
2 + Θ

2 = 0,

𝑘 +
𝑥0,1

2 − 𝛼
2 − Θ

2 = 0.

(35)

From last two equations we get that.

𝑇1 = Θ− 𝑘, 𝛼 = 2𝑘 + 𝑥0,1 −Θ. (36)

This means that if 𝑘 > 0, that is the line has a positive slope, the control has one
switching point 𝑇 = Θ−𝑘, and if 𝑘 ≤ 0 then there will no switching points, since
𝑇 > Θ is inadmissible, and we have to set 𝑇1 = Θ. The same holds for 𝑢 = 1 on
the first interval, and the optimal time Θ:

Θ = max (𝑘+ 𝑥0,1 +
√︁

−𝑘2 + 𝑥20,1 + 2𝑥0,2, 𝑘− 𝑥0,1 +
√︁

−𝑘2 + 𝑥20,1 − 2𝑥0,2) (37)

for one switching point, or

Θ = max (𝑘 + 𝑥0,1 +
√︁

𝑘2 + 𝑥20,1 + 2𝑥0,2, 𝑘 − 𝑥0,1 +
√︁
𝑘2 + 𝑥20,1 − 2𝑥0,2) (38)

for no switching points. The phase trajectories for lines 𝑥1 = 𝑥2 and 𝑥1 = −𝑥2
are shown on the pictures 1 and 2 respectively.
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Pic. 1. Trajectories for 𝐺 : 𝑥1 = 𝑥2
Рис. 1. Траєкторiї для 𝐺 : 𝑥1 = 𝑥2

Pic. 2. Trajectories for 𝐺 : 𝑥1 = −𝑥2
Рис. 2. Траєкторiї для 𝐺 : 𝑥1 = −𝑥2

If 𝑘 = ±∞ then 𝐺 = {𝑥 : 𝑥1 = 0} and the problem is equivalent to 𝑥̇1 = 𝑢.
It has the solution 𝑢 ≡ 1 if 𝑥0,1 < 0 and 𝑢 ≡ −1 if 𝑥0,1 > 0, without switching
points.

Let us now consider the case with 𝑛 = 3:⎧⎪⎨⎪⎩
𝑥̇1 = 𝑢,

𝑥̇2 = 𝑥1,

𝑥̇3 = 𝑥2,

|𝑢| ≤ 1, 𝑥Θ =

⎛⎝ 𝛼1

𝛼2

𝑘1𝛼1 + 𝑘2𝛼2

⎞⎠ , 𝑘1, 𝑘2 ∈ R. (39)

We want to determine how many switching points does the optimal trajectory
𝑢(𝑡) have depending on the values of 𝑘1 and 𝑘2 and obtain the equations for Θ.
Let 𝑢 = −1 on the first interval. Then the equation 11 has the form:⎧⎪⎪⎨⎪⎪⎩

2𝑇1 − 2𝑇2 +Θ = 𝑥0,1 − 𝛼1,

2𝑇 2
1 − 2𝑇 2

2 +Θ2 = −2(𝑥0,2 − 𝛼2 + 𝛼1Θ),

2𝑇 3
1 − 2𝑇 3

2 +Θ3 = 6
(︁
𝑥0,3 − 𝑘1𝛼1 − 𝑘2𝛼2 + 𝛼2Θ− 𝛼1Θ2

2

)︁
.

(40)

From the first two equations we obtain

𝑇1 =
𝑥20,1 − 4𝑥0,2 − 2𝑥0,1𝛼1 + 𝛼2

1 + 4𝛼2 − 2𝑥0,1Θ− 2𝛼1Θ−Θ2

4(𝑥0,1 − 𝛼1 −Θ)
,

𝑇2 =
−𝑥20,1 − 4𝑥0,2 + 2𝑥0,1𝛼1 − 𝛼2

1 + 4𝛼2 + 2𝑥0,1Θ− 6𝛼1Θ− 3Θ2

4(𝑥0,1 − 𝛼1 −Θ)
,

(41)

and by substituting in the third equation we get

𝐹 = 𝑥0,3 − 𝑘1𝛼1 − 𝑘2𝛼2 + 𝛼2Θ− 𝛼1Θ
2

2
−

(︃
32(𝑥0,1 − 𝛼1 −Θ)3Θ3+

+
(︀
𝑥20,1 − 4𝑥0,2 + 𝛼2

1 + 4𝛼2 − 2𝛼1Θ−Θ2 − 2𝑥0,1(𝛼1 +Θ)
)︀3

+

+

(︀
𝑥20,1 − 4𝑥0,2 + 𝛼2

1 + 4𝛼2 − 2𝛼1Θ−Θ2 − 2𝑥0,1(𝛼1 +Θ)
)︀3

192(𝑥0,1 − 𝛼1 −Θ)3

)︃
= 0.

(42)
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After solving 𝜕𝐹
𝜕𝛼1

= 0, 𝜕𝐹
𝜕𝛼2

= 0 for 𝛼1, 𝛼2 and substituting them into equation
(41) we get

𝑇1 = −𝑘2 −
√︁

2𝑘1 + 𝑘22 +Θ, 𝑇2 = −𝑘2 +
√︁
2𝑘1 + 𝑘22 +Θ. (43)

To show that the this is a minimum point we calculate the second derivatives
and check the sufficient condition:

𝜕2𝐹

𝜕𝛼2
1

𝜕2𝐹

𝜕𝛼2
2

− 𝜕2𝐹

𝜕𝛼1𝛼2
=

1

16
> 0 =⇒ local minimum . (44)

This means that for the plane 𝑥3 = 𝑘1𝑥1 + 𝑘2𝑥2 if both −𝑘2 −
√︀

2𝑘1 + 𝑘22 < 0
and −𝑘2 +

√︀
2𝑘1 + 𝑘22 < 0, that is 𝑘1 < 0 and 𝑘2 >

√
−2𝑘1 trajectory can have

2 switching points, if −𝑘2 −
√︀

2𝑘1 + 𝑘22 <0 and −𝑘2 +
√︀

2𝑘1 + 𝑘22 > 0, that is
𝑘1 > 0 trajectory can have 1 switching point, and in other cases trajectory has no
switching points. Same results hold for 𝑢 = 1 on the first interval.

The picture 3 shows the phase trajectories for the plane 𝑥3 = −4𝑥1 + 3𝑥2.
Here 𝑇1 = Θ− 4, 𝑇2 = Θ− 2. The equations for Θ are

8∓24𝑥0,1±18𝑥0,2∓6𝑥0,3+(24±8𝑥0,1∓6𝑥0,2)Θ+(−9−3𝑥0,1)Θ
2+Θ3 = 0, (45)

for 2 switching points, where the upper sign is for the trajectory with 𝑢 = −1 on
the first interval,

−40∓24𝑥0,1±18𝑥0,2∓6𝑥0,3+(24±8𝑥0,1∓6𝑥0,2)Θ+(−9−3𝑥0,1)Θ
2+Θ3 = 0, (46)

for 1 switching point, and

∓24𝑥0,1± 18𝑥0,2∓ 6𝑥0,3+(24± 8𝑥0,1∓ 6𝑥0,2)Θ+(−9− 3𝑥0,1)Θ
2+Θ3 = 0, (47)

for no switching points.

Pic. 3. Phase trajectories for 𝐺 : 𝑥3 = −4𝑥1 + 3𝑥2
Рис. 3. Фазовi траєкторiї для 𝐺 : 𝑥3 = −4𝑥1 + 3𝑥2
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The picture 4 shows the second case, 𝑥3 = 4𝑥1 + 𝑥2, when the trajectory can
have maximum 1 switching point. We have 𝑇1 = Θ− 4 and the equations for Θ:

160±24𝑥0,1±6𝑥0,2∓6𝑥0,3+(−24±8𝑥0,1∓6𝑥0,2)Θ+(−3−3𝑥0,1)Θ
2+Θ3 = 0, (48)

for 1 switching point, and

±24𝑥0,1±6𝑥0,2∓6𝑥0,3+(−24±8𝑥0,1∓6𝑥0,2)Θ+(−3−3𝑥0,1)Θ
2+Θ3 = 0, (49)

for no switching points.

Pic. 4. Phase trajectories for 𝐺 : 𝑥3 = 4𝑥1 + 𝑥2
Рис. 4. Фазовi траєкторiї для 𝐺 : 𝑥3 = 4𝑥1 + 𝑥2

And for the plane 𝑥3 = −4𝑥1 − 3𝑥2, (Figure 5) we have no switching points
and

∓24𝑥0,1 ∓ 18𝑥0,2 ∓ 6𝑥0,3 +(24∓ 18𝑥0,1 ∓ 6𝑥0,2)Θ+ (9− 3𝑥0,1)Θ
2 +Θ3 = 0. (50)

The equations for the switching surfaces can be found by considering the cases
when equations for different number of switching points give the same time Θ.

Pic. 5. Phase trajectories for 𝐺 : 𝑥3 = −4𝑥1 − 3𝑥2
Рис. 5. Фазовi траєкторiї для 𝐺 : 𝑥3 = −4𝑥1 − 3𝑥2
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Оптимальне за часом керування на пiдпростiр

для двовимiрної та тривимiрної системи

В. I. Коробов, О. С. Возняк
Харкiвський нацiональний унiверситет iменi В. Н. Каразiна

майдан Свободи 4, м. Харкiв, 61022, Україна
Дана стаття присвячена задачi швидкодiї на пiдпростiр для лiнiйної керованої

системи 𝑥1 = 𝑢, 𝑥̇𝑖 = 𝑥𝑖−1, 𝑖 = 2, 𝑛 з |𝑢| ≤ 1 для випадку 𝑛 = 2 та 𝑛 = 3. Вона
пов’язана iз задачею оптимального за часом керування в точку, розв’язання якої
було вперше представлено В. I. Коробовим та Г. М. Скляром i яке ґрунтується
на min-проблемi моментiв. Ключовою вiдмiннiстю задачi, що розглядається в данiй
роботi, вiд вихiдної задачi є те, що кiлькiсть невiдомих функцiй перевищує кiлькiсть
змiнних, що вимагає використання iнших методiв параметричної оптимiзацiї.

Як i в задачi оптимального за часом керування в точку, ми шукаємо оптималь-
ний розв’язок у виглядi кусково-сталої функцiї 𝑢 = ±1 з 𝑛−1 точками перемикання,
який є оптимальним згiдно з Принципом Максимуму Понтрягiна. У цiй статтi ми
розглядаємо загальний пiдхiд для розв’язання задачi оптимального за часом керу-
вання в точку, та розв’язуємо задачу у явному виглядi для двовимiрної та триви-
мiрної системи. У нашiй роботi наведено розв’язок задачi оптимального керування
для двовимiрної системи на пiдпростiр 𝐺 : {(𝑥1, 𝑥2) : 𝑥2 = 𝑘𝑥1} для всiх значень
𝑘 з використанням min-проблеми моментiв та методiв оптимiзацiї функцiй. В ро-
ботi показано, що для деяких значень параметра 𝑘 система може взагалi не мати
точок перемикання. Для тривимiрної системи ми розв’язуємо задачу оптимального
керування на площину 𝑥3 = 𝑘1𝑥1 + 𝑘2𝑥2 i отримуємо кiлькiсть точок перемикання
залежно вiд значень 𝑘1 i 𝑘2 а також будуємо траєкторiї та отримуємо рiвняння для
оптимального часу Θ для рiзних випадкiв. Подiбно до розв’язку задачi оптимально-
го за часом керування в точку, отриманого за допомогою min-проблеми моментiв В.
I. Коробовим та Г. М. Скляром, оптимальне керування може мати 𝑛− 1 або менше
точок перемикання.
Ключовi слова: керованiсть; min-проблема моментiв; оптимальне за часом

керування; задача з рухомими кiнцями
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Korobov’s controllability function method via

orthogonal polynomials on [0,∞)

Given a controllable system described by ordinary or partial differential
equations and an initial state, the problem of finding a set of bounded posi-
tional controls that transfer the initial state to another state, not necessarily
an equilibrium point, in finite time is called the synthesis problem.

In the present work, we consider a family of Brunovsky systems of dimension
𝑛. A family of bounded positional controls 𝑢𝑛(𝑥) is constructed in order to
stabilize a given Brunovsky system in finite time. We employ orthogonal
polynomials associated with a function distribution 𝜎(𝜏, 𝜃) defined for 𝜏 ∈
[0,+∞) and parameter 𝜃 > 0. The parameter 𝜃 is interpreted as a Korobov’s
controllability function, 𝜃 = 𝜃(𝑥), which serves as a Lyapunov-type function.
Utilizing 𝜃(𝑥), we construct the positional control 𝑢𝑛(𝑥) = 𝑢𝑛(𝑥, 𝜃(𝑥)).

Our analysis is based on the foundational work “A general approach to
the solution of the bounded control synthesis problem in a controllability
problem”. Matematicheskii Sbornik, 151(4), 582–606 (1979) by Korobov, V.
I, in which the controllability function method was proposed. This method
has been applied to solve bounded finite-time stabilization problems in vari-
ous control scenarios, such as the control of the wave equation, optimal
control with mixed cost functions, and other applications.

For the construction of the mentioned positional controls, we employ a
member of a family of orthogonal polynomials on [0,∞). For more details
on orthogonal polynomials, we refer to the book “Orthogonal Polynomials”.
American Mathematical Society, Providence, (1975) by G. Szegö. We also
rely on the work “On matrix Hurwitz type polynomials and their interrelati-
ons to Stieltjes positive definite sequences and orthogonal matrix polynomi-
als”. Linear Algebra and its Applications, 476, 56–84 (2015) by Choque Ri-
vero, A. E.
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The results in the present work extend and develop the findings presented
in the conference paper “Bounded finite-time stabilizing controls via
orthogonal polynomials”. 2018 IEEE International Autumn Meeting on
Power, Electronics and Computing (ROPEC), Ixtapa, Mexico. –2018 by
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1. Introduction

We focus on the Brunovsky system, also referred to as the chain integrator
or canonical linear system. It is commonly used in control theory to analyze the
controllability and feedback stabilizability of both linear and nonlinear systems–
after applying an appropriate transformation for the latter; see [1], [2]. The
statement of the bounded finite time stabilization problem is the following: Consi-
der the system {︂

𝑥̇1 = 𝑢𝑛, |𝑢𝑛| ≤ 1,
𝑥̇𝑘 = 𝑥𝑘−1, 2 ≤ 𝑘 ≤ 𝑛.

(1)

Let 𝑥 := column(𝑥1, 𝑥2, . . . , 𝑥𝑛). Given an initial position 𝑥0 ∈ R𝑛, find a family
of positional bounded controls 𝑢𝑛 = 𝑢𝑛(𝑥) such that the trajectory 𝑥(𝑡, 𝑥0) of
system (1) with 𝑢𝑛 = 𝑢𝑛(𝑥) and

|𝑢𝑛(𝑥)| ≤ 1 (2)

reaches the origin at finite time 𝑇 = 𝑇 (𝑥0), i.e.,

lim
𝑡→𝑇 (𝑥0)

𝑥(𝑡, 𝑥0) = 0. (3)

Additionally, an estimation of motion time 𝑇 (𝑥0) should be found. This problem
is also called the synthesis problem.

For our convenience, we reformulate system (1) in a matrix form. To that end,
we introduce a following notation. Let 𝑝, 𝑞 and 𝑛 be natural numbers. Denote
by I𝑝 the 𝑝× 𝑝 identity matrix and by 0𝑝×𝑞 the 𝑝× 𝑞 zero matrix. System (1) is
equivalent to the following equation:

𝑥̇ = A𝑛𝑥+ b𝑛𝑢𝑛, (4)

where

A𝑛 =

(︂
01×(𝑛−1) 0

I𝑛−1 0(𝑛−1)×1

)︂
, b𝑛 :=

(︂
1

0(𝑛−1)×1

)︂
.

Our approach involves constructing the positional control 𝑢 = 𝑢𝑛(𝑥) based on
two key components. The first component is the set of orthogonal polynomials
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𝑝𝑛(𝜏, 𝜃) on [0,+∞) with respect to 𝜏 , depending on the parameter 𝜃 > 0. The
case of orthogonal polynomials 𝑝𝑛(𝜏, 1) has been studied in [3] and [4].

The second component is the controllability function (CF) 𝜃(𝑥)method, which
serves as a Lyapunov-type function but with two key distinctions. First, the CF
ensures finite-time stabilization of the controllable system (4). Second, the CF
can also be applied to nonequilibrium points of linear systems (see [5]).

It is worth noting that another connection between orthogonal polynomi-
als and bounded controls, aimed at solving the admissible control problem, was
explored in [6].

The present work continues the analysis performed in [7] and provides the
following improvements and clarifications:

� We clarify the definition of the polynomials 𝑝𝑟,𝑗 as given in (13) and (14).

� We improve the proof of Lemma 2 and provide the proof of Theorem 3.

� In Example 2, we present a more detailed explanation.

� We add Remark 4, which explains the controllability function as the time
of motion.

� We include Proposition 2, where we prove that it is not possible to construct
a positional control such that the corresponding controllability function
represents the time of motion of the system’s trajectory.

Finally, in the conclusion, we have proposed an open question regarding the
possibility of constructing positional controls using a combination of orthogonal
polynomials, such that the corresponding controllability function represents the
time of motion.

Orthogonal polynomials on [0,+∞) with parameter 𝜃
Let N0 = N ∪ {0} and let 𝜎(𝜏, 𝜃) be a bounded nondecreasing function with

respect to 𝜏 on [0,+∞) with parameter 𝜃 > 0 such that all moments

𝑠𝑗(𝜃) :=

∫︁ ∞

0
𝜏 𝑗𝑑𝜎(𝜏, 𝜃), 𝑗 ∈ N0 (5)

are finite. In the present work, we will restrict ourselves to the case when

𝑠𝑘(𝜃) =
𝑐𝑘
𝜃𝑘

, 𝑘 ∈ N0 (6)

where 𝑐𝑘 is a real number, and 𝜃 is a positive parameter. For simplicity, we will
typically omit the dependence on 𝜃.

Define the Hankel matrices:

H1,𝑗 :=

⎛⎜⎜⎜⎝
𝑠0 𝑠1 . . . 𝑠𝑗
𝑠1 𝑠2 . . . 𝑠𝑗+1
...

...
...

...
𝑠𝑗 𝑠𝑗+1 . . . 𝑠2𝑗

⎞⎟⎟⎟⎠ , (7)
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H2,𝑗 :=

⎛⎜⎜⎜⎝
𝑠1 𝑠2 . . . 𝑠𝑗+1

𝑠2 𝑠3 . . . 𝑠𝑗+2
...

...
...

...
𝑠𝑗+1 𝑠𝑗+2 . . . 𝑠2𝑗+1

⎞⎟⎟⎟⎠ . (8)

Definition 1. The sequence (𝑠𝑗(𝜃))
2𝑛
𝑗=0 (resp. (𝑠𝑗(𝜃))

2𝑛−1
𝑗=0 ) is called a Stieltjes

positive definite sequence if H1,𝑛 and H2,𝑛−1 (resp. H1,𝑛−1 and H2,𝑛−1) are posi-
tive definite matrices.

In what follows, we consider only Stieltjes positive definite sequences.

Additionally, we introduce some auxiliary matrices:

𝑌1,𝑗 := column (𝑠𝑗 , 𝑠𝑗+1, . . . , 𝑠2𝑗−1) , (9)

and

𝑌2,𝑗 := column (𝑠𝑗+1, 𝑠𝑗+2, . . . , 𝑠2𝑗) . (10)

Let 𝜏 be an arbitrary real number. We define

𝐸𝑗(𝜏) := column
(︀
1, 𝜏, . . . , 𝜏 𝑗

)︀
. (11)

We define (as in [8, Remark E.5]) the polynomials 𝑝𝑟,𝑗 for 𝑟 = 1, 2 and 1 ≤ 𝑗 ≤ 𝑛
as follows

𝑝𝑟,0(𝜏, 𝜃) :=1, (12)

𝑝1,𝑗(𝜏, 𝜃) :=(−𝑌 ⊺
1,𝑗H

−1
1,𝑗−1, 1)𝐸𝑗(𝜏), (13)

𝑝2,𝑗(𝜏, 𝜃) :=(−𝑌 ⊺
2,𝑗H

−1
2,𝑗−1, 1)𝐸𝑗(𝜏). (14)

Let us recall the definition of a finite family of orthogonal polynomials depending
on the parameter 𝜃. Here 𝑌𝑟,𝑗 = 𝑌𝑟,𝑗(𝜃) and H𝑟,𝑗 = H𝑟,𝑗(𝜃) for 𝑟 = 1, 2.

Definition 2. Let there be given a sequence of polynomials (𝑝𝑗(𝜏, 𝜃))
∞
𝑗=0 defined

on [0,+∞) with respect to 𝜏 with parameter 𝜃 > 0

𝑝𝑗(𝜏, 𝜃) = 𝜏𝑛 +
̃︀𝑎1
𝜃
𝜏𝑛−1 +

̃︀𝑎2
𝜃2

𝜏𝑛−2 + . . .+
̃︀𝑎𝑗−1

𝜃𝑗−1
𝜏 +

̃︀𝑎𝑗
𝜃𝑗

. (15)

If there exists a bounded nondecreasing distribution 𝜎(𝜏, 𝜃) with respect to 𝜏 on
[0,+∞) with parameter 𝜃 > 0 such that the sequence of monic polynomials
(𝑝𝑗(𝜏, 𝜃))

∞
𝑗=0 satisfies the relation∫︁ ∞

0
𝑝𝑗(𝜏, 𝜃)𝑝𝑘(𝜏, 𝜃)𝑑𝜎(𝜏, 𝜃) =

{︂
0, 𝑗 ̸= 𝑘,
𝑑𝑗(𝜃), 𝑗 = 𝑘,

𝑑𝑗(𝜃) > 0,

then this sequence is family a of orthogonal polynomials.
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Remark 1. a) The orthogonality of polynomials 𝑝𝑟,𝑗 for 𝑟 = 1, 2, 𝑗 ≥ 0 with
𝜃 = 1 defined by (12)-(14) was proved in [9].
b) The family {𝑝1,𝑗(𝜏)} (resp. {𝑝2,𝑗(𝜏)}) is orthogonal on [0,∞) with respect to a
nondecreasing distribution 𝑑𝜎(𝜏) (resp. 𝜏𝑑𝜎(𝜏)) [10].

Orthogonal polynomials have been widely applied to practical problems,
including signal processing [11] and filter design [12], [13]. Additionally, the zeros
of certain families of orthogonal polynomials can be interpreted as the electrostatic
energy of a system with a finite number of charges (see [14]).

Example 1. Let 𝑑𝜎(𝜏, 𝜃) = 𝜏𝛼𝑒−𝜏𝜃𝑑𝜏 . For 𝑗 ≥ 0 and parameters 𝜃 > 0 and

𝛼 > −1, the corresponding moments are given by 𝑠𝑗(𝛼, 𝜃) =
∫︀∞
0 𝜏 𝑗𝜏𝛼𝑒−𝜏𝜃𝑑𝜏∫︀∞
0 𝜏𝛼𝑒−𝜏𝜃𝑑𝜏

. The

polynomials (12) and (13) constructed from these moments are referred to as
monic generalized-type Laguerre polynomials. For 𝑗 = 2 and 𝑗 = 3, we have:

𝑝1,2(−𝜏, 𝜃) =
(𝛼+ 1)(𝛼+ 2)

𝜃2
+

2(𝛼+ 2)𝜏

𝜃
+ 𝜏2, (16)

−𝑝1,3(−𝜏, 𝜃) =
(𝛼+ 1)(𝛼+ 2)(𝛼+ 3)

𝜃3
+

3(𝛼+ 2)(𝛼+ 3)𝜏

𝜃2

+
3(𝛼+ 3)𝜏2

𝜃
+ 𝜏3.

Note that (𝑝1,𝑗(𝜏, 1))𝑗≥0 represents the classical Laguerre polynomials. By applying
the Routh-Hurwitz criterion, one verifies that 𝑝1,2(−𝜏, 𝜃) and −𝑝1,3(−𝜏, 𝜃) are
Hurwitz polynomials.

Controllability function 𝜃(𝑥)

The CF method, introduced by V.I. Korobov in 1979 [15], has been applied
to a variety of control problems [16], [17], [18], [19], [20], [32]. In [21], the method
is used to construct finite-time stabilizing positional controls for wave equations
and linear systems with a mixed cost functional. In [22] and [23], a family of
bounded positional controls is developed, with the CF 𝜃(𝑥) representing the exact
time of motion for both single-variable and multivariable controls. Additionally, in
[24], bounded finite-time stabilizing controls are derived for a family of nonlinear
control systems.

Let us now return to the Brunovsky system (4). For the solution of the
synthesis problem, the positional control [15], [21]

𝑢𝑛(𝑥) =

𝑛∑︁
𝑘=1

𝑎𝑛,𝑘𝑥𝑘
𝜃𝑘(𝑥)

, (17)

was proposed. The positional control (17) can be written as

𝑢𝑛(𝑥) = 𝜃−1/2(𝑥)𝑎⊺𝑛D𝜃(𝑥)𝑥 (18)
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where
𝑎𝑛 := column (𝑎𝑛,1, 𝑎𝑛,2, . . . , 𝑎𝑛,𝑛) (19)

and
D𝜃 := diag

(︁
𝜃−

2𝑗−1
2

)︁𝑛
𝑗=1

. (20)

Let 𝑎𝑛 be such that the matrix A𝑛+𝑏𝑛𝑎
⊺
𝑛 has eigenvalues with negative real part.

Thus, for W𝑛 being a positive definite matrix, the Lyapunov equation

F𝑛(A𝑛 + b𝑛𝑎
⊺
𝑛) + (A𝑛 + b𝑛𝑎

⊺
𝑛)

⊺F𝑛 = −W𝑛 (21)

has a unique solution F𝑛, such that F𝑛 is a positive definite matrix; [25, Theorem
3.20].

The proof of the following result is given in [15, Page 542].

Proposition 1. Let F𝑛 be a solution to (21), and let

0 < 𝑎0 ≤
1

2𝑎⊺𝑛F
−1
𝑛 𝑎𝑛

. (22)

Furthermore, let

H𝑛 := diag

(︂
−2𝑗 − 1

2

)︂𝑛

𝑗=1

, (23)

and ̃︀F𝑛 := F𝑛 −H𝑛F𝑛 − F𝑛H𝑛. (24)

Thus, for a positive definite matrix ̃︀F𝑛, the following equation

2𝑎0𝜃 = 𝑥⊺D𝜃F𝑛D𝜃𝑥 (25)

has a unique positive solution 𝜃 = 𝜃(𝑥).

Recall that the matrix ̃︀F𝑛 (24) appears when taking the derivative wi-
th respect to time on both the left- and right-hand sides of (25). Specifi-
cally, after taking the derivative of the left-hand side of (25) one obtains
the quadratic form 1

𝜃𝑥
⊺D𝜃

̃︀F𝑛D𝜃𝑥 𝜃, while on the right-hand side one obtains
1
𝜃𝑥

⊺ (D𝜃F𝑛(A𝑛 + b𝑛𝑎
⊺
𝑛) + (A𝑛 + b𝑛𝑎

⊺
𝑛)⊺F𝑛)D𝜃𝑥.

The special cases when det ̃︀F𝑛 = 0 and when ̃︀F𝑛 is an indefinite matrix were
studied in [26] and [27]. In both these works, it was assumed that F𝑛 is positive
definite. Note that when det ̃︀F𝑛 = 0 or ̃︀F𝑛 is an indefinite matrix, Equation (25)
does not have a unique, simple positive solution 𝜃(𝑥). In contrast, when ̃︀F𝑛 is a
positive definite matrix, Equation (25) has a unique positive solution [15].

The value 𝜃(𝑥0) is the root the function

Ψ(𝜃, 𝑥0) = 2𝑎0𝜃 − 𝑥⊺0D𝜃F𝑛D𝜃𝑥0. (26)

Note that 𝜃2𝑛−1Ψ(𝜃, 𝑥0) is a polynomial of degree 2𝑛 on the variable 𝜃; see [27,
Equality (7.2)].

For the proof of the next result, see [15, Pages 545-547].
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Theorem 1. The positional control (17) transfers any initial point 𝑥0 ∈ R𝑛 to
the origin along the trajectory of the system 𝑥̇ = A𝑛𝑥+ 𝑏𝑛𝑢𝑛(𝑥) in time

𝑇 (𝑥0) ≤
𝜃(𝑥0)

𝛽
(27)

and satisfies the restriction |𝑢𝑛(𝑥)| ≤ 1. Here −𝛽 is the largest eigenvalue of the
matrix pencil W𝑛 + 𝜆̃︀F𝑛.

Note that the control 𝑢𝑛(𝑥) and the estimation of the time 𝑇 (𝑥0) depend on
the selection of 𝑎𝑛 and W𝑛.

2. Positional controls through orthogonal polynomials

Relation between orthogonal polynomials and Hurwitz polynomials An
explicit relation between Hurwitz polynomials and orthogonal polynomials was
considered in [9], [28], [33] and [34]. The mentioned relation indicates that every
Hurwitz polynomial 𝑝𝑛(𝜏) is represented by ℎ𝑛(𝜏

2) + 𝜏𝑔𝑛(𝜏
2), where ℎ𝑛 and 𝑔𝑛

are orthogonal polynomials on [0,+∞) or their second kind polynomials.
Recall that the polynomials

𝑞1,𝑗(𝜏) :=

∫︁ ∞

0

𝑝1,𝑗(𝜏)− 𝑝1,𝑗(𝑡)

𝜏 − 𝑡
𝑑𝜎(𝑡), (28)

𝑞2,𝑗(𝜏) :=

∫︁ ∞

0

𝜏𝑝2,𝑗(𝜏)− 𝑡𝑝2,𝑗(𝑡)

𝜏 − 𝑡
𝑑𝜎(𝑡), (29)

for 𝑗 ≥ 0 are called second-kind polynomials associated with the polynomials 𝑝1,𝑗
and 𝑝2,𝑗 , as in (13) and(14); [8, Remark E.4] and [8, Lemma E.11]. The distribution
𝑑𝜎(𝑡) appearing in (28) and (29) is the same as the distribution mentioned in part
(b) of Remark 1.

For the convenience of the reader, we reproduce Theorem 3.3.1 of [4] by
G. Szegö on the locations of the zeros of orthogonal polynomials.

Theorem 2. The zeros of the orthogonal polynomials 𝑝𝑛(𝜏), associated with the
distribution 𝑑𝛼(𝜏) on the interval [𝑎, 𝑏], are real and distinct and are located in
the interior of the interval [𝑎, 𝑏].

Note that on page 1 of [4], it is stated that the notation [𝑎, 𝑏] is also used to
denote the interval [0,∞).

In this paper, we highlight another relationship between orthogonal polynomi-
als and Hurwitz polynomials.

Lemma 1. Let (𝑠𝑗(𝜃))
2𝑛
𝑗=0 (resp. (𝑠𝑗(𝜃))

2𝑛−1
𝑗=0 ) be a Stieltjes positive sequence. Let

the polynomials 𝑝𝑟,𝑗(𝜏, 𝜃) for 𝑟 = 1, 2, with parameter 𝜃 > 0 be as in (13) and
(14). Thus, the polynomials

(−1)𝑗𝑝𝑟,𝑗(−𝜏, 𝜃) (30)

for 1 ≤ 𝑗 ≤ 𝑛 are Hurwitz or stable polynomials.
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The proof of this lemma is based on Theorem 2, which ensures that the roots
of polynomials of the form (15), such as 𝑝𝑟,𝑛(𝜏, 𝜃) as defined in (13) and (14),
belong to the interval [0,+∞) for a fixed 𝜃. It remains to ’correct’ the coefficients
of 𝑝𝑟,𝑛(𝜏, 𝜃), which, according to the necessary condition for Hurwitz polynomials,
should be positive numbers. To this end, we change the independent variable 𝜏
to −𝜏 in (13), (14) and multiply this polynomial by (−1)𝑛.

Remark 2. a) From Theorem 2 and Lemma 1, it readily follows that, for fixed
𝜃 > 0, the roots of the polynomial (−1)𝑛𝑝𝑟,𝑛(−𝜏, 𝜃) belong to (−∞, 0].
b) Since the roots of (−1)𝑛𝑝𝑟,𝑛(−𝜏, 𝜃) are distinct (see Theorem 2), the set of
polynomials {(−1)𝑛𝑝𝑟,𝑛(−𝜏, 𝜃)} is a subset of Hurwitz polynomials with real negati-
ve roots.

Remark 3. For fixed 𝜃 > 0, the polynomial 𝑓2(𝑡, 𝜃) = 𝑡2 + 2𝑡
𝜃 + 2

𝜃2
=(︀

𝑡+ 1−𝑖
𝜃

)︀ (︀
𝑡+ 1+𝑖

𝜃

)︀
is a Hurwitz polynomial of the form (15). The roots of 𝑓2

are complex numbers. Thus, taking into account Theorem 2 and Lemma 1, we
conclude that Hurwitz polynomials with complex roots are not included in the set
of polynomials defined by (30).

Bounded finite-time stabilizing controlsWe propose the bounded positional
control 𝑢𝑛(𝑥) that stabilizes the system (4) based on the orthogonal polynomials
(13) – (14).

Remark 4. For fixed 𝜃, let 𝑎⊺𝑛(𝜃) = 𝜃−1/2𝑎⊺𝑛D𝜃. Substituting the positional control
(17) in (4) for fixed 𝜃, we have the system

𝑥̇ = (A𝑛 + b𝑛𝑎
⊺
𝑛(𝜃))𝑥. (31)

The characteristic polynomial ̃︀𝑝𝑛 of system (31) has the form

̃︀𝑝𝑛(𝜏, 𝜃) = det(𝜏𝐼𝑛 −A𝑛 − b𝑛𝑎
⊺
𝑛(𝜃))

=
(︁
𝜏𝑛 − 𝑎𝑛,𝑛

𝜃𝑛
𝜏𝑛−1 − 𝑎𝑛,𝑛−1

𝜃𝑛−1
𝜏𝑛−2 − . . .− 𝑎𝑛,2

𝜃2
𝜏 − 𝑎𝑛,1

𝜃

)︁

=
(︁
1,−

(︁𝑎𝑛,𝑛
𝜃𝑛

,
𝑎𝑛,𝑛−1

𝜃𝑛−1
, . . . ,

𝑎𝑛,2
𝜃2

,
𝑎𝑛,1
𝜃

)︁)︁
⎛⎜⎜⎜⎜⎝

𝜏𝑛

𝜏𝑛−1

. . .
𝜏
1

⎞⎟⎟⎟⎟⎠

= 𝜏𝑛 −
(︁𝑎𝑛,1

𝜃
,
𝑎𝑛,2
𝜃2

, . . . ,
𝑎𝑛,𝑛−1

𝜃𝑛−1
,
𝑎𝑛,𝑛
𝜃𝑛

)︁⎛⎜⎜⎝
1
. . .
𝜏𝑛−2

𝜏𝑛−1

⎞⎟⎟⎠ . (32)

The following lemma enables us to determine the control coefficients with the
help of orthogonal polynomials.
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Lemma 2. Let (𝑠𝑗(𝜃))
2𝑛
𝑗=0 (resp. (𝑠𝑗(𝜃))

2𝑛−1
𝑗=0 ) be a Stieltjes positive definite

sequence. For 𝑟 = 1, 2, let 𝑌𝑟,𝑛, H𝑟,𝑛−1 and 𝑝𝑟,𝑛 be as in (7), (8), (9), (10),
(13) and (14), respectively. Define 𝑎𝑛,𝑖 by(︁𝑎𝑛,1

𝜃
,
𝑎𝑛,2
𝜃2

, . . . ,
𝑎𝑛,𝑛
𝜃𝑛

)︁
= (−1)𝑛𝑌 ⊺

𝑟,𝑛H
−1
𝑟,𝑛−1J𝑛−1, (33)

where 𝑎𝑛,𝑗 are negative numbers and

J𝑛 :=

⎛⎜⎜⎜⎜⎝
0 0 . . . 0 1
0 0 . . . −1 0
. . . . . . . . . . . . . . .
0 (−1)𝑛−1 . . . 0 0

(−1)𝑛 0 . . . 0 0

⎞⎟⎟⎟⎟⎠ .

Then, the characteristic polynomial ̃︀𝑝𝑛(𝜏, 𝜃) of the matrix A𝑛 + 𝑏𝑛𝑎
⊺
𝑛(𝜃) is given

by ̃︀𝑝𝑛(𝜏, 𝜃) = (−1)𝑛𝑝𝑟,𝑛(−𝜏, 𝜃).

Proof. Let 𝑟 = 1. Using (13) and (11), we have:

(−1)𝑛𝑝1,𝑛(−𝜏, 𝜃) =(−1)𝑛(−𝑌 ⊺
1,𝑛H

−1
1,𝑛−1, 1)𝐸𝑛(−𝜏)

=(−1)𝑛(−𝑌 ⊺
1,𝑛H

−1
1,𝑛−1, 1)

⎛⎜⎜⎝
1
. . .

(−1)𝑛−1𝜏𝑛−1

(−1)𝑛𝜏𝑛

⎞⎟⎟⎠

=𝜏𝑛 + (−1)𝑛+1𝑌 ⊺
1,𝑛H

−1
1,𝑛−1J𝑛−1

⎛⎜⎜⎝
1
. . .
𝜏𝑛−2

𝜏𝑛−1

⎞⎟⎟⎠ . (34)

From (32) and (34), we obtain (33). The proof for 𝑟 = 2 is similar. □

Now, we formulate one of the main results of the present work.

Theorem 3. For 𝑟 = 1, 2, let 𝑝𝑟,𝑛(𝜏, 𝜃) be a polynomial defined on [0,+∞) with
respect to 𝜏 with parameter 𝜃 > 0 as in (13) and (14). Let 𝑎𝑛,𝑗 be defined as in
(33), and let F𝑛 be a solution of (21). Furthermore, let 𝜃(𝑥) be the solution of
equation (25) with 𝑎0 as in (22). Thus, the positional control of the form (17)
solves the synthesis problem for system (4).

Proof. Taking into account Lemma 2, the definition of 𝑝𝑟,𝑗 for 𝑟 = 1, 2 as in (13)
and (14) and Equality (33), we see that positional control as in (17) satisfies all
assumptions of Theorem 1. □

Due to the representation of the characteristic polynomial of A𝑛+b𝑛𝑎
⊺
𝑛(𝜃) for

fixed 𝜃 as in (32) and the representation of the orthogonal polynomial as in (34),
in combination with Lemma 1, we see that 𝑎𝑛, chosen via (33), guarantees that
the matrix A𝑛 + b𝑛𝑎

⊺
𝑛(𝜃) is Hurwitz.
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From Theorem 1, we know that every member of the family of orthogonal
polynomials, as defined in (13) and (14), generates a positional control that solves
the synthesis problem for the canonical system.

Remark 5. [21] To construct the graphic of the trajectory 𝑥(𝑡), as well as the CF
𝜃(𝑥) and the bounded control 𝑢𝑛(𝑥) both on the trajectory 𝑥 = 𝑥(𝑡) one proceeds
to solve the following Cauchy problem:

𝑥̇1 =
𝑛∑︁

𝑘=1

𝑎𝑛,𝑘𝑥𝑘
𝜃𝑘(𝑥)

,

𝑥̇𝑘 = 𝑥𝑘−1, 𝑘 = 2, . . . 𝑛,

𝜃 = −𝑥⊺D𝜃W𝑛D𝜃 𝑥

𝑥⊺D𝜃
̃︀F𝑛D𝜃 𝑥

,

𝑥(0) = 𝑥0, 𝜃(0) = 𝜃0,

where 𝑥0 is the given initial position and 𝜃0 is the solution of (25) for 𝑥 = 𝑥0.

Example 2. Consider the polynomial (16). By using (33), (21) and (22), we
compute F2, ̃︀F2 and 2𝑎0 with W2 = I2. For 𝛼 > −1, we have

F2 =

(︃
𝛼2+3𝛼+3

4(𝛼+1)(𝛼+2)2
1

2(𝛼+1)(𝛼+2)
1

2(𝛼+1)(𝛼+2)
𝛼3+4𝛼2+10𝛼+11
4(𝛼+1)(𝛼+2)

)︃
, (35)

̃︀F2 =

(︃
𝛼2+3𝛼+3

2(𝛼+1)(𝛼+2)2
3

2(𝛼+1)(𝛼+2)
3

2(𝛼+1)(𝛼+2)
𝛼3+4𝛼2+10𝛼+11

(𝛼+1)(𝛼+2)

)︃
, (36)

2𝑎0 =
𝛼4 + 6𝛼3 + 19𝛼2 + 34𝛼+ 25

4(𝛼+ 2)3 (5𝛼4 + 29𝛼3 + 74𝛼2 + 109𝛼+ 75)
. (37)

For the value of 2𝑎0 (37), we have selected the equality in (22).
For 𝛼 = −1/2, polynomial (16) has the form 𝑝1,2(−𝜏, 𝜃) = 𝜏2 + 3

𝜃 𝜏 + 3
4𝜃2

and

F2 =

(︂
7
18

2
3

2
3

55
24

)︂
, ̃︀F2 =

(︂
7
9 2
2 55

6

)︂
, 2𝑎0 = 386/15417.

The equation (25) has the form

− 386

15417
𝜃 +

7𝑥21
18𝜃

+
4𝑥2𝑥1
3𝜃2

+
55𝑥22
24𝜃3

= 0. (38)

Let 𝑥0 = (1, 1) be the initial position. The unique positive solution of (38) for
𝑥0 = (1, 1) is equal to 𝜃0 = 5.35449. The largest eigenvalue of matrix I2 + 𝜆̃︀F2

is equal to −0.10396. By employing (27), we obtain that the time of movement
from 𝑥0 = (1, 1) to origin satisfies the following inequality 𝑇 (𝑥0) ≤ 51.5053. The
corresponding positional control has the form

𝑢2(𝑥1, 𝑥2) = − 3𝑥1
4𝜃(𝑥1, 𝑥2)

− 3𝑥2
𝜃2(𝑥1, 𝑥2)
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where 𝜃(𝑥1, 𝑥2) is the unique positive solution of (38).
The following figure represents the phase portrait for the initial position 𝑥0 =
(1, 1).

0.2 0.4 0.6 0.8 1.0
x1

0.5

1.0

1.5

2.0

x2

Pic. 1. Phase portrait for the initial position 𝑥0 = (1, 1).
Pиc. 1. Фазовий портрет для початкової позицiї 𝑥0 = (1, 1)

The graphic for the CF on the trajectory 𝜃(𝑥(𝑡)) has the following form.

10 20 30 40
t

1

2

3

4

5

θ(x(t))

Pic. 2. The graphic for the CF on the trajectory 𝜃(𝑥(𝑡)).
Pиc. 2. Графiк для CF на траєкторiї 𝜃(𝑥(𝑡)).

Finally, the graphic of the position control on the trajectory 𝑢2(𝑥(𝑡)) is the followi-
ng.
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10 20 30 40
t

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

u2(x(t))

Pic. 3. The graphic of the position control on the trajectory 𝑢2(𝑥(𝑡)).
Pиc. 3. Графiк позицiйного керування на траєкторiї 𝑢2(𝑥(𝑡)).

2. The CF as motion time is unobtainable via orthogonal polynomials

In this section, for 𝑛 = 2 and for 𝑛 = 3, we demonstrate that it is not
possible to construct positional controls 𝑢(𝑥, 𝜃(𝑥)) as in (17) through orthogonal
polynomials 𝑝1,𝑗 (resp 𝑝2,𝑗) as in (13) (resp. (14)). To this end, in the next remarks,
we reproduce important results concerning the derivative of the CF with respect
to time 𝜃 and the estimation of time of motion 𝑇 (𝑥0).

Remark 6. In [29, Theorem 1] and [30, Theorem 1] while studying finite-
time stability or finite-time output feedback control, a slight modification of the
fundamental inequality

𝜃(𝑥) ≤ −𝛽𝜃1−
1
𝛼 (𝑥) (39)

and the time estimation
𝑇 (𝑥0) ≤

𝛼

𝛽
𝜃1/𝛼(𝑥0) (40)

were used. Here 𝛼 and 𝛽 are positive numbers. Inequalities (39) and (40) appear
as part of [15, Theorem 1], which gives sufficient conditions for a bounded
multidimensional control 𝑢(𝑥, 𝜃(𝑥)) to stabilize at finite time the control system
𝑥̇ = 𝑓(𝑥, 𝑢), where 𝑓 satisfies a Lipschitz condition in a subset of the space (𝑥, 𝑢).

The following remark recalls the case when 𝜃(𝑥0) is exactly the time of motion
from 𝑥0 to the origin. For the canonical system (4), this occurs if

W𝑛 = ̃︀F𝑛. (41)

Remark 7. a) If inequality (39) becomes an equality with 𝛼 = 1 and 𝛽 = 1, we
have

𝜃 = −1. (42)

This case was studied in [31], [22], [23], [26], [27]. Integrating (42) with respect
to time 𝑡 from 0 to 𝑡, we obtain

𝜃(𝑥(0))− 𝜃(𝑥(𝑡)) = 𝑡. (43)
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Let 𝑇 (𝑥0) be motion time as in (40) and (3). Due condition 1) of [15, Theorem
1], we have

𝜃(𝑥(𝑇 (𝑥0))) = 0. (44)

For 𝑡 = 𝑇 (𝑥0) in (42), taking into account (44), we have that

𝜃(𝑥(0)) = 𝑇 (𝑥0). (45)

b) The importance of (45) is evident, namely,

𝜃0 = 𝜃(𝑥(0)) (46)

represents exactly the time of motion from the initial state 𝑥0 to the origin.

Let 𝑛 = 2 in (4). From [26, Equality (1.10)], for 𝑎2,2 < −4, we know that

𝑢2(𝑥) = − 3𝑥1
𝜃(𝑥1, 𝑥2)

+
𝑎2,2𝑥2

𝜃2(𝑥1, 𝑥2)
(47)

is the positional control which solves the synthesis problem for the canonical
system when the controllability function is the motion time. The control (47) is
constructed for the case when F2 is a positive definite matrix, while ̃︀F2 can be a
positive definite matrix, or an indefinite matrix, or satisfy det ̃︀F2 = 0.

Proposition 2. For 𝑛 = 2 and 𝑛 = 3, the controllability function as motion time
is not obtainable via orthogonal polynomials on [0,∞).

Proof. Let 𝑛 = 2. Inserting the control (47) in (4) and computing the characteristic
polynomial of matrix ̃︀A2 =

(︂
−3

𝜃
𝑎2,2
𝜃2

1 0

)︂
(48)

for fixed positive 𝜃 with 𝑎2,2 < −4, we obtain

𝑝2(−𝜏, 𝜃) = 𝜏2 +
3𝜏

𝜃
− 𝑎2,2

𝜃2
(49)

The roots of polynomial (49) have the form
1

2𝜃

(︂
−3± 2

√︁
𝑎2,2 + 9/4

)︂
. Thus, for

𝑎2,2 < −4, we have that the roots of polynomial (49) are complex numbers. On
the other hand, the roots of polynomial 𝑝𝑟,2(−𝜏, 𝜃) for 𝜃 > 0 and 𝑟 = 1, 2 are real;
see [4]. Consequently, one cannot construct a controllability function as a motion
time with the help of the orthogonal polynomial 𝑝𝑟,2(−𝜏, 𝜃) for 𝑟 = 1, 2.

For 𝑛 = 3, the positional control for the case when the controllability function
𝜃(𝑥) is the time of motion when F3 is a positive definite matrix, has the form [27]

𝑢3(𝑥) = −6𝑥1
𝜃

+
(𝑎3,3 − 30)𝑥2

3𝜃2
+

𝑎3,3𝑥3
𝜃3

, 𝑎3,3 < −30. (50)
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Substituting control (50) in (4), the corresponding characteristic polynomial for
fixed positive 𝜃 is the following

−𝑝3(−𝜏, 𝜃) = 𝜏3 +
6𝜏2

𝜃
− (𝑎3,3 − 30) 𝜏

3𝜃2
− 𝑎3,3𝑥3

𝜃3
. (51)

Taking the derivative of −𝑝3(−𝜏, 𝜃) with respect to 𝜏 , we have

−𝑝′3(−𝜏, 𝜃) = 3𝜏2 +
12𝜏

𝜃
− 𝑎3,3 − 30

3𝜃2
. (52)

The roots of −𝑝′3(−𝜏, 𝜃) are
1

3𝜃

(︀
−6±

√︀
𝑎3,3 + 6

)︀
, for 𝑎3,3 < −30. Both of them

are complex numbers. Hence, for every fixed 𝜃, the polynomial −𝑝3(−𝜏, 𝜃) has
no critical points. Thus, −𝑝3(−𝜏, 𝜃) is monotone nondecreasing function. Due to
Bolzano’s theorem, −𝑝3(−𝜏, 𝜃) has one real root. The remaining roots are complex
numbers. On the other hand, polynomials −𝑝𝑟,3(−𝜏, 𝜃) have only negative roots
for fixed 𝜃. Consequently, we have a similar result as for 𝑛 = 2. □

Conclusion

We have proved that every orthogonal polynomial on [0,+∞) described by
(13) and (14) is a Hurwitz polynomial after performing two simple algebraic
operations: a) replacing the independent variable 𝜏 by −𝜏 and b) multiplying
the polynomial by (−1)𝑛. This result follows from the properties of the roots of
orthogonal polynomials and the definition of a Hurwitz polynomial. Using these
orthogonal polynomials, we constructed bounded finite-time stabilizing controls.

We also demonstrated that no orthogonal polynomial can generate a positional
control such that the controllability function represents the system’s motion time.

An interesting open question remains: Is it possible to construct positional
controls for system (1) using a combination of orthogonal polynomials on [0,∞),
such that the controllability function represents the motion time or satisfies the
equality 𝜃 = −𝐶, where 𝐶 is a positive constant? Further investigation of this
problem would be worthwhile.
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The authors would like to thank the anonymous reviewers for their helpful
comments and feedback.

REFERENCES

1. E. D. Sontag. Mathematical control theory: Deterministic finite dimensional
systems, Springer New York, NY. – 1998. – ISBN: 978-0-387-98489-6

2. G. G. Rigatos. Nonlinear control and filtering using differential flatness
approaches: Applications to electromechanical systems, Springer Cham. – 2015.
– ISBN: 978-3-319-16419-9



ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том100 (2024)75

3. T. S. Chihara. An introduction to orthogonal polynomials, Gordon and Breach,
Science Publishers, Inc. – 1978. – ISBN: 0677041500
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Метод функцiї керованостi Коробова за допомогою ортогональних

полiномiв на [0,∞)

А. Е. Чоке-Рiверо1, Т. Вукашинац2
1Iнститут фiзики та математики

Унiверситет Мiчоакана-де-Сан-Нiколас-де-Iдальго
Будiвля C-3, Центральний кампус, 58060, Морелiя, Мiчоакан, Мексика

2Факультет цивiльного будiвництва
Унiверситет Мiчоакана-де-Сан-Нiколас-де-Iдальго

Будiвля A, Центральний кампус, 58060, Морелiя, Мiчоакан, Мексика
Дано керовану систему, описану звичайними диференцiальними рiвняннями або

диференцiальними рiвняннями iз частинними похiдними, та початковий стан. Зада-
ча знаходження множини обмежених позицiйних керувань, якi переводять початко-
вий стан у деякий iнший стан (не обов’язково точку рiвноваги) за скiнченний час,
називається задачею синтезу.

У данiй роботi розглядається сiмейство систем у формi Бруновського розмiр-
ностi 𝑛. Для стабiлiзацiї заданої системи у формi Бруновського за скiнченний час
побудовано сiмейство обмежених позицiйних керувань 𝑢𝑛(𝑥). Ми використовуємо
ортогональнi полiноми, що асоцiйованi з функцiональним розподiлом 𝜎(𝜏, 𝜃), визна-
ченим для 𝜏 ∈ [0,+∞) i параметра 𝜃 > 0. Параметр 𝜃 iнтерпретується як функцiя
керованостi Коробова, 𝜃 = 𝜃(𝑥), яка слугує функцiєю типу Ляпунова. Використову-
ючи 𝜃(𝑥), ми будуємо позицiйне керування: 𝑢𝑛(𝑥) = 𝑢𝑛(𝑥, 𝜃(𝑥)).

Наш аналiз базується на фундаментальнiй роботi: ”A general approach to
the solution of the bounded control synthesis problem in a controllability problem”,
Matematicheskii Sbornik, 151(4), 582-606 (1979) авторства В. I. Коробова, у якiй
було запропоновано метод функцiї керованостi. Цей метод було застосовано для
розв’язання задач стабiлiзацiї обмеженим керуванням за скiнченний час у рiзних
сценарiях керування, таких як керування хвильовим рiвнянням, оптимальне керу-
вання зi змiшаними критерiєм якостi та iншi застосування.

Для побудови згаданих позицiйних керувань ми використовуємо члени сiмейства
ортогональних на [0,∞) полiномiв. Детальнiшу iнформацiю про ортогональнi полi-
номи можна знайти у книзi: “Orthogonal Polynomials”, American Mathematical Society,
Providence, (1975) авторства G. Szegö. Ми також спираємося на роботу: “On matrix
Hurwitz type polynomials and their interrelations to Stieltjes positive definite sequences
and orthogonal matrix polynomials”, Linear Algebra and its Applications, 476, 56-84
(2015) авторства А. Е. Choque Rivero.

Результати, представленi у цiй роботi, розширюють i розвивають напрацюван-
ня, викладенi у конференцiйнiй доповiдi: “Bounded finite-time stabilizing controls via
orthogonal polynomials”, 2018 IEEE International Autumn Meeting on Power, Electroni-
cs and Computing (ROPEC), Ixtapa, Mexico, 2018, авторства А. Е. Choque Rivero, B.
d. J. G. Orozco.
Ключовi слова: обмежене керування; ортогональнi полiноми; стабiлiзацiя за

скiнченний час; функцiя керованостi; канонiчна система.

Iсторiя статтi: отримана: 5 жовтня 2024; останнiй варiант: 18 грудня 2024
прийнята: 20 грудня 2024.
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