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IloBeninka y3arajibHEHOTO PO3B’A3KY
MOYaTKOBO-KPAMOBOI 3aa4i JIJId HEJIHIITHOTO

1MapadoJIiYHOTO PIBHAHHS

B pamkax manoi po6oTu HaMU BUBYAETHCH MOBEIIHKA y3arajJbHEHOro po3s’sa3ky (abo rak
3BAHOI'O EHEPIeTUYHOIO PO3B’si3KYy) LIKaBOI 1104aTKOBO-KPaiioBoi 3a1a4i (a came po3riis-
naerhest 3agada Kormi-lipixie) mia mapaboigHoro piBHAHHS, M0 € HeminifinuM. JToci-
JPKeHHs TTPOBOJUTHLCA B IMJIIHAPpUYHINA obmacTi. Ha mapaMerpn piBHAHHS HaKJIATAETHCS
CTPYKTypHA yMOBa, dKa BiamoBizmae mporecy moBiabHOI audy3sii. OTke, B cTaTTi MagMO
CIIpaBy 3 PO3IMOIIJIOM KOHIIEHTPAIlil PEYOBUHU B MPOCTOPI Ta Yaci 3 ypaxyBaHHSM I1O-
9aTKOBHX Ta KpaioBux ymoB. lleit mporec Mae NpuKIaIHUN ACIEKT Ta 3HAXOIUTH CBOE
3acrocyBaHHsg B di3urii Ta iHkeHepil, HAIPUKJIAI, i BUBYCHHS Audy3ii pedoBuHu B
CepeIOBUINAX 31 3MIHHOIO KOHIIEHTPAIIIEI0 YN XiMIYHUM BILIMBOM. PO3B’SA3aHHSA TaKnX 3a-
Jad T03BOJISE OTPUMATH BazKJIWB1 JaHi MO0 €BOJIIOIIl CHCTEeMU Ta TMPOTHO3YBATH ii MO-
BEJIHKY B Pi3HUX yMOBax. ¥ pobOTi B pe3ysibTaTi MPOBEIEHOrO HAMHU TOCJIiIKEHHS DOyI10
BCTAHOBJIEHO JIEK1JIbKA, IHTerpaJIbHUX CIIIBBI/IHOIIEHDb, PI3HUX OIIHOK Ta HEPIBHOCTEM, SKi
MPUBOASATD /10 HEOOX1THOCTI aHasi3y MmoBeMiHKH AudepeHIiaabHOl CHCTEMH HEPIBHOCTEMH,
SIKaQ, B CBOIO 9YepTy, A€ 3MOrYy BCTAHOBUTH HASIBHICTH BJIACTUBOCTI JIOKAJI3AIIIT PO3B’ A3KY.
Tak, cnuparpounch Ha 100pe BimOMi pe3ysbTaTw MO0 MOBEIIHKU PO3B’SI3KY OTPUMAHOL
mudepeHIfiagabHOl CHCTEMU, BIAETHCA 3HANTH YMOBY, IO TAPAHTYE JIOKAJI3AIN0 HOCis
po3B’si3Ky juis pociimkyBanol 3agadi Kommi-/lipixie. OcHOBHUM pe3ysibraTtoM pobOTH €
TeopeMa, SKa TOBEJIEHA MMPH MOBiIbHIN (iHiTHINH modaTkoBiit ¢GpyHKIII Ta mpu yMOBi BH-
KOHAHHS TIEBHOIO OOMEYKeHHSI Ha TpaHndHuii pexkuM. CTarTs Ma€ TOCUTH CTAHIAPTHY
CTPYKTYPY Ta, OKPiM aHOTAIIiil Ta JiTepaTypw, MiCTUTh HACTYIHI CTPYKTYPHI €JIEMEHTH:
BCTYTI; TIOCTAHOBKA 3a/1a49i; OCHOBHI O3HAYEHHsT; (POPMY/IIOBAHHS OCHOBHOTO PE3YJIBTATY;
JOTIOMiXKHI HEPIBHOCTI i JIOBEJIEHHS OCHOBHOI'O PE3YJIbTATY; JOMOMIXKHI TBEPI?KEHHS
JJIsL IOBEJIEHHSI TeOPEeMHU; [TOBEI€HHS OCHOBHOI'O PE3YJIbTATY; BUCHOBOK.

Karowosi cao6a: IoBeAiHKA y3arajbHEHOro pO3B’A3KY; MOYaTKOBO-KpaiioBa 3a-
Jada; TPAHUYHUN PeXXuM.
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1. Beryn

Bajaua, sKa 0yie J0CTIIXKeHa B paMKax Iiel poGOTH, MOJETIOE PO3MOILT KOH-
IeHTpallil PeYOBUHN B ITPOCTOP1 Ta Yacl 3 ypaxXyBaHHIM MOYATKOBUX Ta KPalloBUX
yMmoB. Ileit mporec Mae TPAKTUYHUH ACHEKT Ta 3HAXOAWTH CBOE 3aCTOCYBAHHS B
disumi Ta iHXKeHepil, HAIPUKJIAI, /s BUBUYEHHA AUQy3il PEIOBHHN B CEPEIOBU-
Max 3i 3MIHHOI0 KOHIIEHTPAIIEI0 UN XiMITHIUM BILTMBOM. PO3B’I3aHHS TaKUX 33,189
JIO3BOJISE OTPUMATH BaXKJINB1 JIaH] OO €BOJIIOIIT CHCTEMH Ta ITPOTHO3YBATH i1 MO~
BEIHKY B Pi3HUX yMoBax. TyT BUBYAETHCH 1IOBEIIHKA y3arajlbHEHOIO PO3B A3KY
IIOYATKOBO-KpaoBol 3ajadi g 1apaboidHoro piBHSHHS, B PE3yJbTaTi SKOTO
3HAWEHO YMOBY HA I'DAHMYHUN PEXKUM JIjId HASBHOCTL BJIACTUBOCTI JIOKAJII3AIII]
PO3B’a3Ky nipu IO0BLIBHINW (IHITHIN TOIaTKOBIM DyHKITT.

B axocTti mpocToro mpencTtaBHUKA TOCTIIZKYBAHOI 33t PO3TJITHEMO HACTY-
THe PIBHAHHS:

up — Apu =0,

e
rzeR™ t>0

P — JIOJIATHE JIIHICHE YUCJIO;
N — PO3MIpHICTb TpocTopy, n > 1.

Posrnguemo okpemo GibIn JAeTajbHO eTinTUuaHui oneparop, o dirypye B
PIBHSIHHI:

" Ou du  d*u
_ p—2 _ p—4 2 - A A
Apu div (‘Vu’ VU) ’VU‘ ’VU" Au + (p 2) z’,jzzl 8x1 8-Tj 8951895]

B kputnunnx Toukax (Vu = 0) omepaTop € BUPOIKEHUM JJist p > 2 1 CHHTY-
JITPHUAM, KOH P < 2.

PosrasHemo mekisbka BUTAIKIB:

enpup =1 Aju = div <|gz‘> = —H, ne H — 1e omeparop cepemsHbol
KPUBH3HU;

e 1py p = 2 MaeMo 3BWUAHUN omeparop Jlammaca:

n
9%u

AQ’LL: Au = 2 873312

® [IpU p =N, A€ N — 1€ YUCJIO HE3AJIEKHUX 3MIHHUX, IHTErPaJl MA€ HACTYITHUN
BULJIA:

/\V|”d// Dt +@2%d d
A ul"de = [ ... o or. 1 ...dz,.
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® IIPU P = OQ:

Apu = [VulP ™ (|Vul?Au + (p — 2)Asou) =0

€ P'PAHIYHIM PIiBHAHHSM IIpH p — 00. Posaimemm itoro ma |[Vul[P~*i (p—2),
OTPUMAEMO

|Vul?Au

5 + Agou = 0.
p—

Hexait p — 0o, Toai Mmaemo

Asou = 0.

Po3B’a3ku 116010 PiBHAHHS HA3WBAIOTHLCA OO-TAPMOHITHUMN (DYHKITIAMA, &
piBHAHHA o0-Jlamraca 3aTUCYeThC Y BUTIIAM]

n
A = ou du 9*u
oo — a_
£~ Qx; Ox; Ox;0z;’
4,j=1 J J
e u=u(xy,xe,...,Ty) LJId N 3MIHHAX.

fx Bimomo, A, — me omeparop p-Jlammaca, aKuil BEKOPUCTOBYETHCA B MPUKJIA-
JIHUAX 33J1avuax (pi3uKy Ta IMUPOKO TPEJICTABICHU B PI3HUX raJly3sX, HAIPUKJIA, B
peoJtorii, y rygrmiosorii abo kpurozuascTsi. Jleaki HermomaBHi TOC/TIIKEHH BKa-
3yIOTh Ha Te, 10 HaBiTh y OPOYHIBCBKOIO pyXy € aHa/or i MaTeMaTUIHA I'pa
«IlepersiryBanng KaHaTay TPU3BOAUTH JI0 BUIIAIKY P = OO.

2. IlocranoBka 3amadvi

B obmacri Q = (0,7T) x Q,Q=Qr={zreR": 1< |z| < R},n > 1,
0<T < o0, R< oo, poniisiiacTbes HacTyrHa 3a/a4ua Korri-Jlipuxie:

0
pn (\u\qflu) —(t)Apu=0, YP(t)>0, p>gq (1)
ulpay = f(t, )5 ulrry = 0; (2)
u(0,z) = up € Lgy1(Q); (3)
supp up € {z € R" : |z| <d},1 <d < R. (4)

I'(s) = (0, T) x 9B(s),
B(s) ={r € R": |z| < s}.

Bukonyerbca oCHOBHA CTPYKTYPHA yMOBA:

0<gq<np, (5)
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T06TO piBHsHHS (1) € piBHAHHSAM THy «M0BLIBEHOT Audysily. ['pannana dyHKIig
f e cnigom na I'(1) mesikol dynkuii f(t, x) Takol, mo

f € Loo ((0,T0) x ) N Lyy1 (0, To; Wy 1 () VT < T, (6)

supp f € [0,7] x B(Ro), Ry < R, (7)

£l € L1 (0, To; L1 () N L _pi (O,TO;L b1 (Q)) VIp <T.  (8)
p—q+1 p—q+1

XapakTep 3aroCTpeHHd TPAHUIHOTO PEKUMY OMUCYETHCA (DYHKITIEIO
Ft) = [ |f(ta)des
Q
¢ 1
+ [Lo) [ 1Des o dsrs
0 Q

t —q p+1
/ 1/}(7-) p—gq+1 / }f’;_('r’ :1;) } p—a+1 dydr+
0 Q

¢ % q+1
- (/ (/ | o (7, 2)| d:c> d7> vt < T.
0 Q

Bagaga (1) — (5) Mozme 0€ pO3MOALT KOHIEHTPAIIT PEIOBUHN B MPOCTOPI Ta daci
3 ypaxyBaHHsIM IIOYATKOBUX Ta KpaiioBux ymoB. MojenbHicTs obstacti () B 3a71a-
4i (1) — (5) upopukroBaHa Jmiie GaxKAHHSIM YHUKHYTH JIOJQTKOBUX I'DOMI3JIKMUX
(xo4ua mpu mHOMY it 0UeBuHUXK) TOOYIOB Ta obuncaeHs. Bei pesynpratu 3asmina-
I0ThCs crpaBeyuBuMu st obmacreii surisay B(R) N (R™\ Q), R < oo. Tyt Q
~ JoBiTbHA 0HO3B A3Ha obmacTh 3 O — rmaaxoio rpammmeio 0€) : Q C B(R).

Y BUKJIAJKAX CTATTI TAKOXK OYIYTh BUKOPUCTOBYBATHUCS HACTYITHI 00/1aCTi:

I%(s) = (a,b) x OB(s),
Q= (a,b) x Qs),
Q(s) =Qr\ B(s), Vs>1,
B(s) ={zx € R" : |z| < s}.

3. OcHOBHI 03HaA4YEHHH

YV nanomy po3miii po3TyIAHEMO KJIFOUOBI Ta BarXK/IWBI O3HAUEHHd, dKi OyIyTh
AKTUBHO 3aCTOCOBYBATHCA Y TTOJATBITIOMY.

Osnavenns 1. Qyuxuyia u(t,x) ¢ yzazarvhenum (enepeemuynum) po3e’azkom
sadani (1) — (5), axwo dan 6ydv-axozo Ty < T eukonyemvea HacmynHa iHme-
2PanbHa OMONCHICTG!

To To
1\ B wn- dedt —
/0 (e )], e /0 /Q B Ay, ddt = 0, (10)

de n(t,x) — dosiavrna Pynryia iz Lyi1(0, Tp; WI}+1(Q, o)),
mMa GUKOHGHT HGCTNYNHE YMOBU, WO 2aPAHMYIOMb 30I0CHICMb 1HME2PAATIS:
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1. u—f € Lypya(0,To; Wy (€2,09)) N Loo(0); To; Lg11(52));
2. (Ju|T1); € L1 (0, To; (W11 (,09)))
p
ma 6UKOHYEMDBCA NOYAMKOBA YMOBA (5’) 8 THME2PAALHOMY CEHCE

To

To
((Jul™ u)g, Odt + (lul"™ " — Juo|?™ ug)Gdadt = 0
/ /1

0

Oaa  dosiavrnoi npobnoi Pynxuii ((t,x) € LPH(O,TQ;WZ}H(Q,aQ)) N
N W0, To; Loo(2)), axa obepmaemvca 6 nyav (mobmo e snukaiouoi) 6
oxont t =Ty,

3. nowamxosa ma zpanuuna Pynruii f(t,x) sadosisvharome ymosi yszodoice-
HHA

f(O,I') - UO(‘r) € W])1+1(Qvag);

epes WL, S), ax ue 3a2a40HONPUTIHAMO, MU NOZHAMAEMO 6 CTNATMANG 3AMUKA-
nna 3a nopmoro WEH(Q) mmootcurnu dynmyit is xaacy C®(Q), axi obepmaromovcs

6 nyav 6 oxoai S C 90, WH(Q) = WHQ, 2).

B [1] 6yno BCTaHOBIEHO Ta MOBeNEeHO (BAKT ICHYBAHHS €HEPreTHIHOrO (y3a-
raJbHEHoro) Po3B’s3ky s 3agaqi Kommi-/lipuxse 3 GLIbM 3arajbHUM €TinTH-
YHUM OTIEPATOPOM, IO JJIsl JOCJLIKYBAHOTO TYT piBHsiHHs (1) 3abe3medyerbest
nepio Ta japyroto ymosamu Osnadenusi 1. 3rigao 3 pesysabraramu poborn [2]
ocTaHHs (TPeTsi) yMOBAa B O3HAYEHH] y3araJbHEHOrO (€HEPreTHIHOTO) PO3B’I3KY
rapaHTye eauHicTh po3B’s3Ky st 3agadi (1) — (5) B cenci O3nauenns 1.

Osuauenns 2. Hociem poss’asky u(t,x) € samuranmns mmoocuny supp u(t, ),
mobmo

suppu(t, ) = {z € R* : u(t,x) # 0}.

Jopeuanum Oyme 3a3HAUUTH TYT, 110 J/IsT PIBHAHHA 3 TPATICHTHOIO HEJTiHIHI-
CTIO, sTKe OYJI0 POBIVIAHYTO Y BCTYIIL:

up — Apu =0,

OyJs10 3HANIEHO aBTOMO/IEIbHUN PO3B 30K, 110 BIJIIOBIIa€ rpanudHiil HyHKIT
f(t) =k(T —t)™", n — po3mipHicTb mpocTopy.

3 aHai3y CTPYKTYPU 3HANIEHOTO PO3B’SI3KY BUILIUBAE, IO TPAHUTHUN PEXKUM HE
pyifHye BIaCTHBICTE JOKaTi3alii, Mo Bianosinae snavenmio n = (p—1)71 p > 1.

Cnix 3assaguTu, 1Mo i Ta mogibHi pe3yapTatu OyJaM OTPUMAHI ILISXOM
Oap’epHOl TEXHIKN Ta TTOB’SI3aHi 31 3HAXOIKEHHSIM PIB3HOMAHITHUX aBTOMOIE/Th-
HAX pO3B’s3KiB. A Takuil miaxin y mpuonmm He MoxKe OYTH 3aCTOCOBAHUN 10
PiBHSHB, 9Ki He JOMYyCKAIOTH BiAMOBIIHUX TEOpeM MOPiBHAHHA. TOMY BaXKJITUBUM
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€ TIOIIYK aJbTEPHATUBHUX METOJIB JIOC/TII?KEHHsI Ta IX YCIIIIHE 3aCTOCYBAHHS JI0
BUBYEHHS [TOBEIHKHN y3araJbHEHOIO PO3B’A3KY IMOYATKOBO-KPAHOBOI 3ajadi s
piBasHHEA (1), 1719 AKOTO HEMOXKJIUBO MOOY/YBATH aBTOMO/IEIbHUIT PO3B’A30K, 10
i 6ysi0 3pobJieHO B paMKax MPEICTABICHOTO TOCIIXKEHHS.

Osuauenns 3. 3adaua (1) — (5) mae earacmusicms aokarizauii, axwo i enep-
eemuunuti po3e’asox u(t, ) Mae HacmMynHy 6AACTUEICTID:

¢(t) =inf{r : suppu(t,-) C B(r)} <R Vt<T. (11)

4. OcHoBHUiT pe3yabTAT

OcHoBHuit pesysbrar 1i€l poboru chopMyILOBAHO B HACTYIIHIN TeopeMi.

Teopema 1. Hezati epanusnutl peswcum docaidorcysanoi zadawi Kowi-lipuzae
OAs HEAIHITHO020 Napaboiunoeo pishanns (1) — (5) sadosisvrae nepierocmi:

g+1

F(t) <ec (/tTw(r)dT>_p_q Vi < T. (12)

Todi icrytomsd Maxi KOHCMANMU ¢; < 00, AKL «NAM AMAIOMYD M GKYMYMOIOML>
Koncmanmu 3 eidomur nepiehocmels (nepienocmi Ilyanxape, inmepnoaayiiinoi
HEPIGHOCTE | M.N. ), W0 OYAU 3GCMOCOBANT 6 PE3YALMATNE OUTHIOBAHHA A GHAAIZY
IMMme2pants, ma Koncmanmuy d < 00, AKL HE 3aA€NHCAMDb 610 308HIWHBOZO Padiycy
R o6nacmi Qi maxi, wo nowamxoso-epanuuna 3adaua (1) — (5) mae eaacmusicmo
AOKANI3AUIE.

5. TomioMi>kHi HEPIBHOCTI /Jisi JOBEJ€HHSI OCHOBHOTO Pe3yJIbTaTy

st moBesieHHS OCHOBHOI'O PE3YJIBTATY IIPOTIroM poboru OynyTh 3aCTOCOBY-
BaTHuCA 10Ope BioMi HUKJIeHaBeIeHI HEPIBHOCTI.
Inrepunosnsiniitna nepisuicrs (qus. [3]):

0 —0
[0l Lp+1005)) < CrlDavlly, o IPIEY 0 (13)

e
v € Wl (9s),0B(R)),

Q(s) =Qr\ B(s), Vs>1,
Qr={zeR":1< |z] < R},
B(s)={x € R": |x| <s} Vs>1,

(¢g+1)+nlp—q)
(p+1(g+1)+n(p—q)

Hepisnicrs FOHura 3 £ nus., manpukian [4]:

0<6:= < 1.

ab < ea? + c(e)b?, (14)
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JIe
1
a>0, b>0, £>0, -4+-=1;
P q
Hepisuicrs Ilyankape [5]:
1,
lull L, < ClVullp, @, Yue WP (Q), (15)
e
I<p<m
Hepignricrs @pinpixca [6]:
1/p
allny@ < d [ S0l o | (16)
|a|=k
e
oledy,
a:(al,...,an), ‘a‘:a1++an, Dau:ﬁ
Ozt ...0g"

Hepisuicrs Cobosesa (p > 1) ta Taunbsapuo (p = 1) [7):
lull?, (@) < ClIVUll, ), Yue C5 (R,

JLIS
1<p<n.

6. JlormomixkHi TBEepAXKEHHS JIs JOBEACHHA TEOPEMH

Jlema 1. Hezati u(t,z) — ysazasvrenud pos3s’s3or nouamMKoGo-2paruutol 340641
(1) = (5), modi cnpasedausoro € oyinka

b
/\u(b,x)\qﬂda;Jr/ /w(t)\Dxu\pH dzdt <
Q a JQ

a(p+1)

< 01/ \u(a,:v)|q+1 dzr + ¢ (1 + ¢1(b) P—Hl) Fi(a,b),
Q

de

b
Fi(a,b) = /Q by a)| ™ do + / () /Q Dy fIP* dudt+

4 p+1

b q+1 b
([ 1D lmde) o+ o0 [ el T g

p—q+1

Fi(0,b) = F(b).
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Zosedenna.
Hnst 0 < a < b < T 3rigso 3 dopmysorw inrerpysanus dacruaamu [1], maemo

PIBHICTE:
/ / (ulttu), , (u — f)dodt =

(|u(b $)|q+1 |u(a, x)|q+1) dx+
Q

q + g+1
b
+/ /Q(\u(t,x)|q_1u(t,:e) — \u(a,x)\q_lu(a,m)) fi(t, z)dzdt—
- [ () utb2)  ula,2) " u(a ) 0,2 ()

MMigcrasumo npobry dbyaxuivo n = (u(t,x) — f(t,x)) B apyruii qomanok inTe-

rpaiabHOi ToTOKHICTI (10):
p—1
ou
<8xi) (u— f)) dxdt =

RO (L

" oulPt du 8
ou P oulP™! ou of
/w ’ dxdt—/ Wt Z’ P Bz 4Tt

ae obanacte Q = (0,T) x Q.

Jannii mepexij Ja€ MOXKJIUBICTH PO3IVISIIATH BHECOK YaCTKOBHUX IOXITHUX
posB’si3ky u(t, x) Ta HOro BiAXWIEHHS Bij rPAHMYHOT yMOBU y PAMKaX IHTErpa/ib-
HUX BUPA3iB, CHPOIIYIOYN aHAJI3 BJIACTUBOCTEH PO3B’A3KY.

Orxke, migcrasasgemo npobHy YHKINO B iHTErpaabHy ToToXKHICTH (10) 3 ypa-
xyBaHHaM pisHocTi (17) Ta 0OCTaAHHBOI BUKJIAJKN, OTPUMYEMO:

1
q+1/!ubfc|"+ dw+/1/1 ‘
q+1/ lu(a, )| do—
—/ /Q yu(t,x)w*lu(t,x)— \u(a,x)w*lu(a,x)) fi(t, x)dxdt+
+/ (Ju(b, ) |9 u(b, z) — |u(a, z)|7  u(a, 2)) f(b, x)dzdt+

/w

Tenep omiHUMO 3BEPXY CTAHIAPTHUM YHHOM 34 JTOMOMOrO0 HepisHOCTed (13) —
(16) mogankm, IO 3HAXOAATHCA B Ipasiit wacruni wepisrocti (18). Takum auHOM,

d:z:dt <

n

w [Pt Ou Of

dadt. (18)

axl
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1
L= [ ol 0, dot < o,

1 q+1
e (o) ( / ([ 1o ar)” dt> ;
b b %
-72:/ /Iu(t,w>lq\ft’(t,x)\dxdts/ (/ |u(t,x)yp+1dx>p x
a JQ
X </ ‘ft’(t,a:)‘fﬂildx> - dt</ P(t p+1§ (/ |D, U‘Pﬂdx) %
Q

—qg+1
dt < e9 / Y(t) / | DulPT dedt+

< p(r) ( [ It da:)

a(p

+c 62 Cl p q+1/ Qp T p— q+1 / ‘ft t :E 7’ 4+1 dxdt,
46 G1(5) = Sy (0, C(0) 3 Osnassern 3
b= [ (u. )"+ fu(a,2)") | £(b,2)|ds <
Q

<er [Ju)§ ) + lul@, )57 )] + calen) 1 F G215 o

b
_ P
- / /Q () | Dyul? | Dy f| dadt <

pHl T il 74T
c (/Qw) (!Dxul dxdt) </Q Y(t)| Dy f| dxdt) <
<es (/ ¢(t)’Dxu|P+1dxdt) + c3 (e3) </ ¢(t)|Dxf|p+1d1:dt> ‘
Q Q

3 ypaxysanmusum (18), 06’earytoun Bci orpumani ast imrerpasis I1— 14 ominkm,
MPUXOIUMO 710 TI0DATIBHOI ampiopHOT OIiHKU:

q
<q+1 - 51) lu (b, 2)[FF), + (1 — &1 — 52)/ W (t) Dyl dwdt <

+1)
<<+1—|—2€1> |u(a, x)]]L+1+csg ¢i(b ppqﬂ/ b(t) — e i

1 q+1
1
/|fttx|p q+1d$dt+cl (e1) (/ (/ ‘ftta;‘q‘*‘ d:c)q+ dt> +

rea )1 (I o+ o (o) ([ o010,

L+1

SadikcyeMo B OCTaHii HEPIBHOCTI €1 Ta €9 TAKUM UHHOM, IO

q q 1

> 1— — > =
g+1 T ogr1) (I—e1—e) 235,
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TOJIi OTPUMAEMO:

b
/\u(b,x)yqﬂdH/ /¢(t)|Dmu\p+1 dadt <
Q a JQ

a(p+1)

< 01/ |u(a, ac)|q+1 dx + ca <1 + C1(b)l>—<1+1> Fi(a,b), nme
Q

b
Fl(a,b):/g\f(b,xﬂq“ da:+/ zp(t)/QwaﬂP“ dxdt+

b q+1 b L Pl
([ 1D+ [0 [l g
a a P—q

P

F1(0,b) = F(b).

Jlema 2. Hezad u(t,z) — ysazanvrenud pos3e’asox nowamro6o-2paHu rol 360040
(1) = (5), modi cnpasedausoro € nepisnicmo

[ e [ w0 | Daap ! dede <
¢+ 1 Jag) Qb (s)
sy
< 1 / |u(a, :10)\‘1+1 dr +c / P(t) \Dgcu\p+1 drydt X
¢+ 1 Jae) I (s)
9 p+l T
1 b ey p+1
« (/ w(t)]D$u|p+1dxdt> / w(t) (/ |uq+1dﬂc> dt
Qa(s) a Q(s)
Josedenms.
Badikcyemo s > 1 ta § > 0;
0, TS
Nss(7) = 55 s<717<s+6;
1, T>s5+6.
77576<7')
1le /—
5 s+6

Puc.1. IIpodine dyskii ns (7).
Pic.1. Function profile ng 5(7).
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B skocti mpo6uOT DyHKIIT B iHTErpabHiil TOTOXKHOCTI mOKIagaemo: 1(t, x) =
u(t, ©)ns s (|x])-

_q9 (b, )9 0, 5 (2 dae +/ D) [ Datf? 5] et =
qg+1 Q(s) -
q
T+ 1 Jog [ula, )" g o(|2])dz—
- du
B Pt (Dxu P ) u(ns,5(||)e, dzdt.
/QZ(S)\QZ(5+6) ( ); | | o u(ns,5(|])z,

[lepexomsian 1o rpanwumi npu § — 0 sk 11e 6ys10 3pobiieno B [3| Maemo:

7 lu(b, z)|9 dx + / Y(t) | DyulPT dzdt =
a+1 Jag) Q4 (s)
4 q+1 / - p+1
—_— u(a, x dr + W(t D, u uy;drydt <
) Q(s)!( )| - ();! \
<1 q+1 pt1 o
< — lu(a, z)|T"" dx + ¢ Y(t) |Dyu|PT drydt X
a+1 Jags) Tt (s)
%
P+
X () |ulPTdydt .
I (s)
[ToknanemMo Temep:
[avb] == [tj—lat ) ] 17 ) tO =0.
7j=1

Ta, 3pOOKMMO OINIHKY MOJAHKY B IIPaBlil YACTUHI MOMEPEIHBOI HEPIBHOCTI 3a JOIO-
MOTOI0 IHTEpTOANiitHOTo criBBigHOmMents (13):

/ 7w / udydt <

0 +1 1-0), |(p+1)(1-0)
<c / / PO Ol 0 dndt <

1-6
<</ SOIDlE, o d )(/ SOl o ) ,

J
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TOJIi HEPIBHICTL HAOyBa€ BUIJISILY

/ fu(ty, )| di < / fu(tj_1, ) [T da+
Q(s) Q(s)

6

P =
+c </t 1!1(t)|DIu|p+1d'ydt> (/t ¢(t)Dxu|p+1dxdt> X
ry 1 (s) Qtjfl(s)

tj,

1-0
il p+1

t; g+1
+1
« /t z/1(t)(/ﬂ(s)\u]q da:) a| (19)

j—1

MO Tic/s iHTerpyBants 1o ¢t € (a,b) mae B TouHOCTI pesynbrar Jlemn 2.
7. JloBegeHHS OCHOBHOT'O PE€3YJbTATY

Busnauaemo nBa cimeficta yHKuiit, mo mos’s3ani 3 u(t, x):

h](S) = €588 Supte[tjfl,tj} /f\l( ) ’U(t, $)|q+1d$7

B = [ v [ Dt

Jj—1

i MOHOTOHHY TIOCJIJIOBHICTb:
tj—>T, to = 0; ti—1 <ty j=12....

OckiabpKn .
' d
[ v [ Dt =~ EiG),
tio1 OB(s) ds

to (19) micss 3acrocyBannsa mepisHocTi FOnra 3 € (14) B HOBuX TepMminax hj(s) Ta
E;(s) nae audepemnnianpiy CHCTEMY:

dE;(s)\ "
Ej(S) < Tlhj—l(s) + 7“20[]1{ (-J(S)) s (20)
ds
—(p+Dv dE. 14+
hj(s) < (1 + 5J) hj(s) + 7’3(5j ot Oé? (_dsj> , (21)

Vs>1, jeN, Vi >0,

e KOHCTaHTH 1,79, T3 < 00 3aJe¥KaTh JUIIE BiJl BIIOMAX MTapaMeTpiB

_ (A=-9p-9 . (Y
a9 tj_1¢(t)dt'

__(A=0)(g+1)
qlp+1)+0(p—q)

< 1;
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ot 3pquOCTi ZOMHOKHMO 00uJIBl YACTWHU BBEJEHUX Ha MMOYATKY maparpady

dbyukIii Ha ol

p a.
J

TOAL OUeBHIHO, 110 HepiBHOCTI (20) Ta (21) HabyBaTH BUTIAILY:

Aj(s) <rgHj_1(s) + 1o (—A}(S))lﬂ"

+ _(p+lv

Hi(s) < (1+0;) althj1(s) + 4158, 7 (=Aj(s)) ™.

Posburrs {t;} Ta mocaigosnicts {J;} Oyasemo obuparu TakmMm UYUHOM, 100
BHUKOHYBaJIaCh CTPOTra HEPIBHICTD:

(1+9;) <X=const <1.

Toni orpumaemo:
Aj(s) < raHj1(s) +ra (—Aj(s))

Hj(s) < )‘Hj—l(S) +rg (—A;(s))1+“

(22)

(23)

Itepytoun crisigHoNeH s (22), ONiHIOIOYM MOCAIIO0BHO B npaBiii yacruni yci H;(s)
3 ypaxyBaHHaM (23), MAEMO HU3KY MOCJITOBHUX HEPIBHOCTEII:

Aj(s) <raHj_1(s) + 12 (—A;'(S))Hu
<ryAHj_o(s) + rar3 (—qu(s))lﬂl + T2 (_A;'(S))HH
<raAHj_3(s) + rarsh (= Ay (s)) "
rary (— A1) e (< A5()

<s < r4/\j*1H0(s) + 7413 {/\7;2 (—A’l(s))H” + N3 (—Aé(s))H“

+s+ A% (- (s))”“ A=Ay (s))
(- ;,1<s>)”’“‘ b () <
<rg Nt )+ s Z ( A A )HH

1 OCTATOYHO OTPUMYEMO:

14p

S (-afa)

=1

Aj(s) <rgNTH (/OT¢(t)dt> 5 ho(s) + 13

K110 BBECTH CiMeiicTBO HEBiA eMHUX (DYHKITIH:

J j—i
=S NFA(s), j=1,2....

(24)
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1 3ayBaKATHU MIPU ITbOMY, 1110 CIIPABEJIMBOIO € HACTYIIHA PiBHICTH
1

Aj(s) =Uj(s) = A" Uja(s),

TO OYEBUHO, 1O CHiBBigHONIEHHS (24) MOXKHA MEPENUCATH HACTYITHUM YMHOM:

g+1
1

_1 X T P—q 1
Uj(s) = A" Ujoa(s) <rad ™! (/0 w(t)dt) ho(s)+r5 (—Uj(s)) Ty eN,

TOOTO
a+1

1 T p—q
Uj(s) AU 1 (s)+raN </0 w(t)dt> h0(3)+r5(—U]’»(s))1+“ Vj €N,

q+1
pP—q

- i
FA(1) =Y AFal TEi(1) VjeN.
=1

J
Uj(1) =) A
i=1
s oninku 3Bepxy Fj;(1) ckopucraemocsa mepisnictio 3 Jlemun 1 mpua =0, b =t;
Ma€EMO:

tj
/ lu(ty, z)|9  dx + / / | DyulP™ dadt
Q 0 JQ
(p+1)
< cl/ |u(0,2)|9 dx + co (1 +C1 (tj)gfqﬂ
Q

) F1(0,t5);
/Q fu(ty, 2)| ™ dz + ;1)

a(p+1)

< crtho(1) + e <1 + Cl(tj)”‘”l) Fi(t));

/Q fu(ty, 2)|7 e+ B5(1)
q(p+1)
<o) +ar (14+G0)HH ) o

/Q fu(ty, )7 d + B;(1)

a(p+1)
< crho(l) + 2 (1 + C1(tj)pq+1> C.

Orxe,
a(p+1)
Ej(1) < crho(1) +e3 (14 ¢ () r—o51 ).
Tomi
Dy (p+1)
Uj(l) = Z )\iJriuaZ.p—q |:Clh0(1) +c3 (1 +G (tj)gp;+1):| <
=1

q+1
—q

(/tt w(t)dt)p [cl + 3 (1 - /\ﬁ)fl <1+§(tj)m>] .

z

J —i
< ho(1) ) A
=1
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TakuMm YUHOM, 3a YMOBH, IO

g+1
J . t; P—q
Z AlFh / P(t)dt < const
i=1 ti-1
Ma€ MICIIE OINHKA.:
a(p+1)

U;j(1) < cq + es((tj)p—att.

B cBoto wepry e npuBoauTh 10 cucteMu nudepeHIiaIbHuX HEPIBHOCTEH!

Uj(s) < cUj—1(s) + ¢7 (—Uj'-(s))H”, Vs > d;

a(p+1)

U](d) §C4+C5C(tj)P*Q+1, V5 € N.

A 3 ni€i cucremn B cuay Jlemun 6.3 crarri [8] BunamBae HacrymHa piBHOMIpHA
ominka s HociiB dyuxniit Uj(s) :

K
g(p+1) | 1+u

C(tj;) <sup{s:sesuppU;} < cg |ca+ c5+ c5(y (tj)p—att +d,

1
_ o er e 14
sie g = (116) o

3 ocTaHHBOI HEPIBHOCTI BUILINBAE

L
C(t;) <d+cs(cates) T +esea™(r (4) VjeN, (25)

e
glp+1)(p—q)
w = <1l VYnz=1l, p>q.
(p—g+Dnp—aq) + @+ 1)p+1) o
JIy1st 3aBepIIeHHs JMOBEIeHHS 3a/IANINIOCS JIUIE BCTAHOBUTH OIUHKY 3BEDPXY /IS
dbyukmii ((t) Ha MHOXKIHI

S={te(0,T):¢t) =)} (26)
BisbMeMO J0BiNbHY TOUKY ?
fE[Tg,T)ﬂS, gztjo, jo € N.

3 orusiyty Ha crisigHomennst (25) i o3nadenus (26) maemo:

C() = (tj,) <d+cs(cat cs)THe + 08051%”(@)%

~ _H N 1—3c
< d+cs(cs+c5) T +eC(E) + co(e) <CSC§+”> ;
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Ile, y cBOIO Uepry, IPUBOAUTE JO OIIHKN

CEH) <A —e)t |d+cg(es + %)ﬁ + co(e) <csc§i”>l_%] = D(e).

Posrianemo

D(e)=(1—¢)7!

o e\ 1~ Dy
d+ cg (cq+ c5)TF + co(e) | cges ™ =1, Ve > 0.

(27)
Yci nocriitHi ¢, ski irypyBasin y BUIEHABEIEHUX OOYUC/IEHHSX, HE 3aJI€XKATh
Bif 30BHITHBOTO pagiyca R obaacti (). ToMmy mpu BUKOHAHHI yMOBI

N\ T
d+cg (e + %)ﬁ + co(e) <c805”"> <R (28)

MOXKHa 3HalTH €9 > 0 Take, Mo
C(t) < D() <R Vie[Ty,T). (29)

ITa orminka € eKBiBAJEHTHOIO HasIBHOCTI BJIACTHUBOCTI JIOKAJI3aIlll TPAaHWYHOT 3a-
nadi, Mo PO3MISIAEThes, pu R, 110 3a70B0sbHSE criBBigHOMeHHsIM (28), (29).
Taxwum annom, Teopemy 1, gka € OCHOBHUM PE3YILTATOM PODOTH, HOBEIEHO.

Bucnosok
OcHoBHUit pe3ysabTaT JaHol POOOTH Ma€ BaXKJIMBE 3HAYEHHA B TEOpil PIBHAHD Y
YaCTUHHUX MOXIIHUX 1 MO2Ke OyTH 3aCTOCOBAHUIN B PI3HUX TaJIy3sX, TAKUX K, Ha-
TPUKJIA, MOJIETIOBAHHS TEIIOTPORIAHOCTI, andy3il Ta quaamikn piann. Pesyin-
TaTH, OTPUMAHI B CTATi, MOXKYTH OYTH BUKOPUCTAH] B MOMAJBIMUX JTOCTIIKEHHAX
y Tasay3i HemiHifHnX napaboaiuHux PiBHAHD.

IcTopia crarti: orpumana: 20 ksitaa 2024; ocranwniit Bapiant: 19 Tpasua 2024
nputinara: 21 Tpasua 2024.
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The behavior of the generalized solution of the initial-boundary value
problem for the nonlinear parabolic equation

K. V. Stiepanova, D. R. Shevchuk
V. N. Karazin Kharkiv National University
4 Svobody Sq., Kharkiv, Ukraine, 61022

Within the framework of this work, we study the behavior of the generalized
solution (or the so-called energy solution) of an interesting initial-boundary
value problem (namely, the Cauchy-Dirichlet problem is considered) for
nonlinear parabolic equation. The research is carried out in a cylindrical
area. A structural condition is imposed on the parameters of the equation
corresponding to the slow diffusion process. So, in the article we are deali-
ng with the distribution of the substance concentration in space and time,
taking into account the initial and boundary conditions. This process has
a practical aspect and is used in physics and engineering, for example, to
study the diffusion of matter in environments with variable concentration or
chemical influence. Solving such problems allows obtaining important data
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on the evolution of the system and predicting its behavior in various condi-
tions. In the work, as a result of our research, several integral ratios, various
estimates and inequalities were established, which lead to the need to analyze
the behavior of the differential system, which in turn makes it possible to
establish the presence of the solution localization property. So, relying on
the well-known results regarding the behavior of the solution of the resulti-
ng differential system, it is possible to find a condition that guarantees the
localization of the solution carrier for the Cauchy-Dirichlet problem under
study. The main result of the work is a theorem that is proved for an arbitrary
finite initial function and under the condition of fulfilling a certain restriction
on the limit mode. The article has a fairly standard structure and, in additi-
on to annotations and literature, contains the following structural elements:
introduction; Formulation of the problem; basic definitions; formulation of
the main result; auxiliary inequalities for proving the main result; auxiliary
statements for proving the theorem; proving the main result; conclusions.

Keywords: behavior of the generalized solution; initial boundary
value problem; boundary mode.
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MeTO,ZLI/I AJAIITUBHO rZI;I/IHa.Mi‘IHOI‘O nporpamMmyBaHHA JJIA
BU3HAaYE€HHS ONTHMAJBbHOI CTpAaTerili pereHeparii
MeYiHKNI

Koxken kupmit opraniamM B3a€MO/Il€ 3 HABKOJIUIIHIM CEPEIOBUIIEM i BUKOPHUCTOBYE
I[f0 B3aEMOJIIIO I BAOCKOHAJIEHHS BJIACHUX [iif, 100 BUKWUTHU Ta po3BuBaTHUCs. IIporec
€BOJTIONI] ITOKA3aB, 1110 BU/IU 3MIiHIOIOTH CBOI /il HA OCHOBI B3a€MO/Iii 3 HABKOJIMIIIHIM cepe-
JOBHIIEM IPOTHATOM TPHUBAJIOIO YacCy, IO MPU3BOAUTH JI0 IPUPOILHOIO BiOOPY Ta BUKU-
BaHHs HANOLIBIT TpUCTOCOBAHUX. |le HABYAHHS, IKe 3aCHOBAHE HA, MifX, 00 HABYAHHS 3
MiIKPITIEHHSIM MOXK€ OXOIHUTHU YSIBJIEHHS PO OMTUMAJIbHY TTOBEIIHKY, IO BiI0yBAETHCS B
NpupOoAHUX cucremax. Mu onucyemo maremarndui bOPMYyTIOBAHHS I8 HABYAHHS 3 TIiJI-
KPIIJIEHHSAM 1 MeTOJI MPAKTUYHOI'O BIIPOBAJXKEHHS, BIIOMHI sIK aJIAlITUBHE JTUHAMIYHE
nporpamysanug. lle mae nam ysBjeHHS IPO BUIJISA, KEPYBAHHS /I IMITYYHUX Oi0JIOri-
YHHUX CHCTEM, AKi HABYAIOTHCH Ta JEMOHCTPYIOTH ONTUMAJIbHY ITOBE/IHKY.

Y maniit poboTi pPO3TISAIAETHCA MOCTAHOBKA 330a4i BEPXHBOI OIIHKU OMTHMAJJIHLHO-
CTi, A7 KOl ONMTHMAaJIbHA CTPATETis Perysdllil rapaHTOBAHO Kpallla YU eKBiBaJEeHTHA
00’€KTHBHUM MPABUIAM PETYJIAIii, IKi MH MOXKEMO CIOCTEPIraTu B peasbHuX 0Oi0J0ri-
9HAX CHCTEMAaX.

Y Bunazky ONTHMAJIBHUX AJTOPUTMIB HABYAHHA 3 MIAKPIIJIEHHAM IIPONEC HABYAH-
HS TIEPEMIIYETHCS Ha BUINNN PiBeHb, 00’€KTOM iHTEpecy sIKOro € He [IeTaji JWHAMIKA
CUCTEMU, & IHJIEKC MPOAYKTUBHOCTI, SKWil KiJIbKICHO BU3HAYAE, HACKIIBKU OJU3BKO JI0
ONTUMAJILHOCTIL TPAIIOE CUCTEMA KepYBaHHS. ¥ TaKiil cxeMi HaBYaHHS 3 MiIKPINIE€HHIM
€ 3ac000M HAaBYAHHS ONTHUMAJbHIA MOBEMIHII IIIJISIXOM CIIOCTEPEXKEHHS 3a PEAKITEI0 OTO-
YeHHs HAa HEOITUMAaJIbHI cTparerii KepyBaHHS.

Mera 1mi€l crarTi mojsrag B TOMY, MO0 TMOKA3aTH KOPHUCHICTH METOMIB HABYAHHS 3
MIKPITJIeHHSIM, 30KpeMa ciMeiicTBa METOIB, BiIOMUX AK aJalTUBHE JWHAMIYHE TTPOTpa-
myBanug (AJIIT), nusg kepyBaHHs GIOJIOIYHMMHU CUCTEMAMU 33 JOIOMOTOI0 3BOPOTHOIO
3B’s13Ky. Y Iiiii poOOTI BUKJIAIEHO «OH-JIAiffH» METOIU BUPIIIeHHs 33121 BUSHAYEHHS BEPX-
HBOI OIIHKH ONTUMAJIBHOCTI y TOCTAHOBII aIAIITUBHOTO JTUHAMIYHOIO ITPOIPAMYBAHHS.
Karowosi cro6a: nuHaAMidHe IIporpamMyBaHHS; ONITMMaJibHe KEepyBaHHS; HaBYaH-
HA 3 MAKPIJIEHHIM.

© Kapesa B. B., JIssos C. B., 2024; CC BY 4.0 license
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1. Beryn

Pozpobka maremaruanux Moe el IuHaMIKy CKJIAIHAX KJAITHHHUX CUCTEM, IT10
BOJIOJITOTH 33, 10BLJILHOIO IOSICHIOBAJILHOIO Ta IepeadadyBaabHOIO CHIO, € OTHIEI0
3 PpyHIAMEHTAJIBHUX TTPODIEM MATEMATUIHOI 610JI0Til.

bBe3 aBHOrO yaBAeHHS TPUHNIWIINB, TPABUJ I MeXaHI3MIB IiTIeCIPIMOBAHOL pe-
ryssiiii (KepyBaHHs) y «KJIITHHHUX CHCTEMaX» Oy/Ib-dKa IXHS MATeMaTHIHA MO-
IeJTb JACTh HAM JIUIINE HEOCHKHUi HAbIp MOTEHIIWHWX CTpaTeriil, cepes dAKUX €
CIPaBXKHS TUHAMIKA, ITI0 CIIOCTEPITaEThCs B OI0JIOTIIHOMY €KCIIEPUMEHTI.

InenTudikaiis 06’€KTUBHUX TIPUHITATIIB 1 TPABUJI PEryJIdIlil «KJIITUHHOI CHCTe-
MU», 10 BU3HAYAE CEPEJ YCIX MOXKJIUBOCTEH caMe CITPaBXKHIO JTUHAMIKY, € HeoOXi-
JTHOIO0 YMOBOIO PO3POOKYM MATEMATHIHUX MOJEEH i3 TOCTATHBOIO MOSCHIOBATHHOIO
Ta IepeadadyBaHOI0 CHIOK.

TlepcriekTBHUM TMAXOD0M 10 PO3B’SI3aHHS 1€l 3aa91 € rimoTesa, 1o TpaBu-
Jia perysidnii 6i0JIOTIUHUX MIPOIECIB MiAMOPsiIKOBaHI JIesKUM 00’€KTUBHUM IIPUH-
munam, Kpurepism onrumanbrocti|l]. Ila rinoresa BuHUKIA 3 NPUPOJHBOTO TPH-
MyTIeHHs, 0 TPUHININ, SKUM MiIKOPSIOTHCS IPaBUJIa, PETyJsIlil IpoIeciB Bij-
HOBJIEHHS JIMHAMIYHOT'O TOMEOCTA3y OPraHiB Ta TKAHWH OPraHi3MYy, BiJIITOBI/IAI0TH
IIPOITeCy IIPUPOSHOrO BiOOpY IIi/T Yac HOro IMoIepeiHbOl €BOJIONII MO0 JeIKOr0
KPUTEPI0 ONTUMATBHOCTI |2, 3].

Hapazi poss’asaru 1o 3amady, HaBiTh y 1i CIpOIeHiil ITOCTAHOBIN, JOCUTH
BaXKKO uepe3 6e3/1id HeBU3HAUEHOCTEH Ti/T Yac MOTepeIHBOl eBOIIONIT OpraHizMmy,
JUHAMIKK 3MIiHK 30BHIITHIX YMOB, B SKWX BOHAa BijiOyBasacs, a TakKoK BHUCOKOT
00UNCIIOBATIBHOI CKIATHOCTI PO3B’SI3aHHA TAKOI 3a,Jadl.

Posrasmaersest 3Ha9HO MPOCTITTA, TTOCTAHOBKA 333891 BEPXHBOI OIIHKW OIMTH-
MaJBHOCTL, JJIs KOl ONTHMAaJIbHA CTPATEris pPeryJsllil rapaHTOBAaHO Kpalla |uf
eKBiBaJIeHTHA 00’€KTUBHUM TIPABU/IAM PETYJISAIl, sIKi MU MOYKEMO CIIOCTEPIraTy B
peasibHuX GI0JIOTIYHUX CHCTEMAX.

Bajjaua MOIIyKy BEPXHBOI OMIHKY OMTHUMAJIBHOCTI MOXKE OIIHUTH OCODJIMBOCTI
peryJisiil pereneparniiffHux MmpoleciB B ClieHapisax, dKi He OXOmjeHi y 6iooriuanx
EeKCITEPUMEHTAX, Ta MPOaHATIZYBATH MOXKIUBI IPOIIECH PEryLIlil, ClIOCTEPEXKEHHH
AKUX € TIOKHW 10 TEeXHOJIOTIYHO Hejocsi:KHI. g 3agada j103BoJIsie HA SKICHOMY
PiBHI HONEPEIHBO MEPEBIPUTH TIMOTE3W MIOAO TOrO, K BinOyBa€THCA PEryJisilis
IIpOTIeciB pereHepaliii medinkKu 3 MeTOI0 1X O0JaJIbIIN0] HepeBipku B 6i0J0Ti9HOMY
EKCITEPUMEHTI.

fk Gyso 3a3Haueno y poborax [4, 5| y pereneparii medinku 6epyTh ydacThb
MIPOIIECH PIZHOTO 4acoBOro MacinTady. Ilpu nboMy IIBHAKI Mpoecu MOXKYTH Bifi-
rpaBaTH BaXKJIUBY POJib. [Ipu nmpoMy 4acoBuUil TOPU3OHT POBTJIALY TTPOIECIB pere-
Hepallil opTraHi3My MOXe CTAHOBHUTH Bl THXKHSA 0 KIIBKOX MICSIIB.

Towmy 3aja4a nomyKy crparerii pereHepaiiii me4iHKyu € eKCIOHEHIIHHO CKJia-
JTHOFO TIOJO0 BIJJIIKIB YacOBOl IIKAJW KOOPJAWHAT, IO KOAYIOTH MEPEXOTN 3 TOTe-
PemHBOrO cTaHy 0e3mocepeHb0 y HACTYHmHUM cTan. [[PpupogHBO TTOCTAaE TUTAHHS
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IIPO 3HAXOAKeHHS ePeKTUBHIX METO/IIB HaOJMKEHOr0 PO3B I3aHH IHET 3a1adi 3a
HAsgBHOCTI TUX 9M IHIINX 0OMEKEHb.

OauuM i3 HARYCHIMHINIIX METO/IB € aJanTUBHe JUHAMITHEe TPOrpAMYBAHHS
(AJIIT) Ta nasuanns 3 migkpinteaasym. Momndikanito it va ocnosi B3aemoiil 3
HABKOJIUIIHIM CEPeJIOBUITNIEM HaBYAHHSM 3 MiaKpimienHsM (reinforcement learni-
ng, RL) [6]. Icuye Gararo TuniB HaB4YaHHS, BKIIOYAIOYM KOHTPOJIHOBAHE HABYa-
HHSI, HEKOHTPOJBOBaHe HaBUYaHHd Tomio. HaBuanus 3 miAKPIIEHHSIM CTOCYETHCS
arenTa, STKW B3aEMOJI€ 31 CBOIM cepesoBUITEM 1 3MiHIO€ cBoi mil abo cTpaTerito
KEpYBaHHS HA OCHOBI CTUMYJIB, OTPUMAaHUX y BiITOBiIb Ha #toro ail. Lle 6a3yerbest
Ha OIiHOYHIH iHdOopMaIil 3 HABKOJUIITHLOTO CePeOBUINA i MOXKe HA3WBATHCS Ha-
BYAHHSIM, 3acHOBaHUM Ha nigx. RL mepenbadae nmpuyunHHO-HACTITKOBUN 3B’S30K
MIXK JIiSIMU Ta BUHATOPOJOIO0 UM MOKAPAHHSIM.

Asiropurmu RL nobyosani Ha ij1€l, 110 ycnimai KOHTPOJIbHI PillleHHsT CJIiL 3a-
maM’ gTOBYBATH 32 JOTTOMOTOI0 CUTHAJIY T AKPITLIeHHd, 11100 BOHY 3 HLIBITO0 HMO-
BipHicTi0 6yau BUuKOpucTaHi BApyre. RL TicHo moB’s3anuii 3 TeOpeTUIHOT TOYKHU
30Py 3 IPAMUME Ta HEMPIAMUMHI QTATTTHBHUMU METOJAMU OIITUMAJILHOTO KePyBa-
HHsI. AfanTHBHE JUHAMIYHE TPOTPAMYBAHHS Ta HABYAHHS 3 T IKPITIEHHSIM, KpiM
«otaitHy MeTO/IiB mepeadadae «OH-JIANHY METOJH, 10 TPAIOITE Y PEAJbHOMY
peXuMi Jacy i gKi, 3pelrToro, He BUMaraloTh 3HAHHS PiBHAHb JUHAMIKHA CHCTEMU
— MeTonu, o HABYIOTHCT HA JAHUX, Y TOMY YUCJI METOAIB, 9Ki 06pobigaioTs maHi,
0 HAJIXOMATh y peasbHOMY MaciiTabi gacy [12].

Y uiti pobori MU POIJVIAHEMO <«OH-JAaliH» METOM BUPIIEHHS 33/a9l BU3HA-
YEeHH$ BEPXHbBOI OIIHKU ONTUMAJILHOCT] y MOCTAHOBII aJaITUBHOIO JUHAMIYHOTO
IPOTPaMyBaHHSI.

2. IlocranosBka 3amaui A/IIl Buznadyenns crparerii BepxHbOT
OITIHKM! OTITUMAJIBHOCTI pereHeparliii mediHkKu OpraHi3My.

[Tonepentubo 0yJs10 PO3POOIEHO JTUCKPETHY, JAETEPMIHOBAHY, ABTOHOMHY, KEDPO-
Bany quHamiany cucremy S(X, U, f) y Tepminax iHjekciB guckperanx 4dacis t [7]:

Tyl = f(.’L't,Tt,At),O < )\t < 1,%’0 = JZ‘O,lL‘t S X, )\t c U,t S N, (1)

e xy - tinn QYHKIOHAIBHAX KJITHH nedinky B mMomenT wacy t; X C R -
npoctip nomycTuMux cramip cucremu; 20 € X - 3a7aHMH IOYATKOBHI POBIIOJILI
dbyukionaapaux kaitun nedinku; U C R™ - mpocTip gomyctuMux Kepyodanx iif;
Ty - 3a1aHa PYHKIIS 30BHIITHBOI TOKCHIHOCT.

Oyukisa f(xe, 7, \¢) 3a7aHa y ABHOMY BUIJISZI JIIT MOJIeJIl pereneparii me-
4iHKM, siKy MK po3pobusu [4, 7|. BaupornoHoBana Mojeb LPOLECIB perenepariii
MEeYiHKN BKJIIOYAE TaKi MO MOMyIAIHHOI AUHAMIKH, 9K y3araJbHeHl PIBHSIHHS
Jlotku-BoabTeppa, piBusguusa Jlotku-Bosbreppa 3 mepexogamu, piBHIHHS JIOTKI-
BoawbTeppa i3 3amiznenmsM.

Taka cucrema 3a70BOJLHSIE OIHOKPOKOBIiH BiacTusicTi MapkoBa, ockijibku i1
CTaH y MOMEHT 4acy t + 1 3aJie’KuTh JIUIIe BiJ| CTAHY Ta BXiJHUX JaHUX y IOIIe-
penHiit MOMEHT Hacy t.
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1 ToJIereH s aHa i3y YacTO PO3TJIANAOTh KJIAC CHCTEM 3 JUCKPETHUM
9acoM, M0 ONUCYIOTHCA HEIIHINHOI0 AMHAMIKOIO y (hOpMi PI3HUIEBOIO PIBHAHHS
a(iHHOrO IPOCTOPY CTAHIB:

Ter1 = g1(xe) + go(x) s (2)

Amnasiz rakux dopm 3pyunuii i Moxke Oy T y3araJabHEHN HA, 3araJbHy BUOIPKY
marnx dopwmu (1).

Crparerist KepyBaHHsI BU3HAYAETHCH siK (DYHKIIis B/l IIPOCTOPY CTAHIB JI0 [IPO-
cropy kepyBanus A : X — U. TobTo maa KOXKHOTO CTaHy Ty CTPATEris BU3HAYAE
Kepyody o Ay = A(x¢).

KoxkaOMYy QUCKPETHOMY TEPEXOJTYy CUCTEMU 3 TIOTOYHOTO CTAHY Xy Y HACTYITHUI

. . At . .
CTaH Tty ML JIEH0 KEPYBAHHYA Xy — Tt4] HPUIHUCYETHCS HOr0 BapTICTh:
e = T(l’ty)\t%

e r: X x U — R e miporw BapTocTi KepyBaHHsT 32 OIUH Kpok (utility).

Jani npunyckarumemo, 1o dyakiis 7 oomexena. [punaiimui s 6iosori-
YHUX CUCTEM MPUIYIIEHHS, 10 BAPTICTh, ePeKTUBHICTD, KOPUCHICTH CTaHYy HE MO-
Ke OyTh HeoOMEeXKeHO BEJUKUM, IPUPOJIHO.

2.1. OnrumajibHa BapTicTh.

Ha Binminy Big posrismyTol 8 |7] mocraHOBKY 3124l BU3HAYEHHS ONTHMAILHOT
crparerii, y 3agadi AJIIl po3raganaroTh JUCKOHTOBAHY CYMapHY BapTiCTh BIEPE,T
abo cobiBapTicTs:

V/\(mt) = Zvi_t’r(w%}‘i)a (3)

0 < v <1 - koedinient quckonTyBannsg. KoedimienT nucKonTyBanud Bimodpakae
TOM aKT, IO MU MeHIIe TypOyeMocs IIpo OOCTABUHU, AKi BUHUKHYTL B Maiiby-
THBOMY.

Mu mpumycKaemo, o cucreMa € cTabiizoBaHow0 Ha meskiit Maoxwuai ) C R™,
T0OTO icHye cTpaTeris KepyBaHHS Ay = A(Z¢) Taka, IO 3aMKHyTa cucrema (2) €
ACUMIITOTUYHO CTiHiKO0 Ha (). CTpareris KepyBaHHS \¢ HA3WBAETHCST JOMYCTUMOTO,
SKIIO BOHA € cTabimi3yrovoro i Jae KinieBy BapricTsb V) (z¢).

Meroto Teopii onTHMaJBHOIO KepyBaHHs € BUOIp cTpaTerii, sika MiHIMI3ye CO-
6iBapTICTH:

V*(xt)Zril(igl Zvi_tT‘(%,)\(ﬂfi)) ; (4)

K& BiZIOMa $K ONTUMaJbHA BapTicTh. ToJi OnTMMasibHA CTPATErids KepyBaHHS
BU3HAYAETHCH AK:

/\*(xt):argril('.l)n Zyi_tr(:ni,)\(:zri)) . (5)
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Pasnirire, Hanpuk/iaz, Mu BU3HAYAIN ONTHMAJIBHY CTPATETII0 KepyBaHHS K |7]:

N
A = arg ril(il)az v, (K — ®y,)° (6)
7 4=0

®; = > | ¢;xy — y3araJpHEHUi MOKA3HUK (DYHKIIOHATIBHOCTI MEUiHKH B MO-
MEHT 4Jacy t.

t; = iAt, At — xkpox muckperusanii, [0,7] = AtN — inTepBaj KUTTEBOIO
UKy OPTaHi3My.

K — onrumasnbhaa dyHKIIOHATIBHA AKTUBHICTH OPraHi3My.

0 < v, <1 - BinHOCHA Bara MOMEHTY KUTTEBOI'O IIUKILY.

3ayBakeHHs. 3000440 3HATLOINCEHNA CINPAMET] De2enepatti newinky mae Pi-
BUNHUT 3MICTN KIHUEE020 THMEPEAAY HaACY (HCUMMESUT UUKA OP2AHIZMY KIHUEC-
eutl). Aae Gopmasvro cucmemy piHAND, U0 ONUCYIOMb NPOUECU Pe2enepail ne-
YIHKY, MONCHG NPOJOSHCUMY HA Heckinuenny ico t € N.

2.2. PiBugaunuga JlanynoBa i mpuHiun ontuMaabHocTi Benmmana.

Barmiemo Bupas (3) y Burisii:

Va(xe) = (@, Ae) + Z Y (s, ). (7)
i=t+1

Bupas (7) exsiBaseHTHUT HACTYIHOMY:

Va(zt) = r(ze, A(zr)) + YVa(ze41), Va(zo) = 0. (8)

Bupas (8) € quckpeTHUM HeTiHIHUM piBHSHHSIM JIgamyHOBa.
Ha nigcrasi pisasias (7) BusHauumo guckperaunii [aminbronias.

H(zg, M), AVE) = 1(xe, Mx4)) + AV, (9)

e AVy = yVi(z41) — Va(zy) - pisaunesuit oneparop, skuil BUpaykae 3MiHH JHC-
KOHTOBAHOI BapPTOCTI BIIepe[] TMij Jac Tepexody 31 CTaHy Tp Y CTaH Tk41, ¥ De-
sysnbrari Kepytoaol mii A(zy). 3 pisaauua JlanyroBa BUILIMBAE, MO IUCKPETHUI
lamispronian jid 6y/1b-sIKOTO KEpyBaHHs Ta 0y b-9KOI'0 OTOYHOI'O CTAHY JIOPiB-
HIOE HYJIIO.

OHTI/IMa.HbHe 3HAYCHHA MOXKHa 3allMCaTH 3a JOIIOMOTOIO piBHHHHH BeﬂﬂMaHa
AK

V7 (@) = min (r(@, A(ze)) +yVa(2e41) (10)

[Tro 3ama4ay onTmmizarii BCe 1m1e BayKKO BUPIIIUTH.

[Mpuanun Beanvana [8] € ocHOBOIO onTHMATHHOrO KepyBaHHsI, i BiH cTBep-
JKye, M0 "He3BaXKandM Ha Te, SKUMHU OyJIu monepeHi pimenHs (ToO6TO KepyBa-
HH# ), HeOOXiTHO BUOpaTh Takuii BapiaHT KepyBaHH:, 00 COOIBAPTICTL HA IHOMY
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Ta, BCIX MOC/Iy0unX Kpokax Oysn MiHiMaiapHumu'". 3 TOYKU 30Dy PiBHSHB, 1€
O3HAYAE, TIO:

Vi (xy) = 1;1(11;1 (r(@e, AMxt)) + 9V (2111)) - (11)

Pipusnug (11) Bigome sk piBHaHHS omTmMmasbHOCTI Bemmvana abo piBasH-
Hy Taminbrona-fkobi-Benvana (HIB) 3 puckpernum wacom. Toui onrumasibha
CTpATerist BUITIANAE AK:

A (xy) = arg ril(lgl (r(ze, Mzr)) + YV (@441)) - (12)

OckiyibKu HEOOXIHO 3HATH ONTUMAJIBHY CTpAaTerio B MOMeHT dacy t + 1 10
(11) mig BE3HAYEHHS ONTHMAJBHOI CTpaTerii B MOMEHT dacy ¢, mpuHiun Besi-
MaHa JIa€ 3BOPOTHY B YacCi MPOTEAYPY JJIsT BUPIMIEHHS TPOOJIEMU OMTUMAJIBLHOTO
kepyBaund. Ile ocHoBa /st aITOPUTMIB JUHAMITHOTO TPOTPAMYBAHHA, IKi MTHPO-
KO BUKOPHUCTOBYIOTLCS B TE€OPil CMCTeM KepYyBaHHS, JOCILIKEHHI omeparriit ToImo.

IMosmasammo cumBonamu Lg i Ly 6esmiv dynkmiit Jlamyrosa i 6esmia onTn-
masbauX byHKii JIsmyrosa nmuisxis nuaamivnol cucremn S (1), BiAmosinHO:

Ls={V\(z)lx e X, e U}
Ls={V*(x)|lzre X,A\e U}

Posruisinemo 6e31iu dyuxuiit JIsanynosa ta onrumasibaux @ynkiii Jlanyxosa
muHamiarol cucremn S (1) gk migvuoxwan Banaxosa npoctopy loo(N) ob6mere-
mux yukmiit v : N — R, v € [ (N), 3 HOpMOI0 |[0(.)||00 = SUP;en |0(%)].

3 orssimy ma piBagHHg JIsmyHosa (8) BuzmaumMo mapy BimoOpaxkens T i T*
Banaxosa mpocTopy y cebe:

T :lo(N) = l(N)

T(v(t)) = r(xe, May)) +yv(t+1),v € Io(N),t € N
T : lo(N) = I (N)
T(v(t)) = 1}\1(1) (r(ze, Mzy)) +yv(t +1)),v € l(N),t €N

Teepaxkenns 1. Binobpaxenns T : [o(N) = [o(N) 1 T% : [ o(N) = I(N) e
cruckaounMn Bimobpaxkenusymu B banaxoBomy mpoctopi [ (N).

Jo,0 < a<1:

[[o1(2) = v2(B)lloo = T (01(2)) = T(v2(t))l]o0, V01,02 € loo(N),

[[o1(2) = v2(B)[loo = [T (v1(£)) = T (v2(t)) ][00, V1,02 € loo(N).

TBepkenns 2. Cruckaroul Bimobpaxkernus T @ lo(N) — [o(N) 1 T* :
loo(N) = lo(N) Marors €auHy «HEPYXOMY TOUKY» 1, SKIIO HEPYXOMa TOYKA BiJI-
obpaxkennst T’ 1 HepyxoMma Touka Bimobpaxkenus 1™ wamexkars Gezmidi yHKIR
JlsnyunoBa Ta 6e3sidi onruManbiux GyHKIil JlsnyHoBa auHamiuHOl cucremu S,
TO 11l Hepyxomi Touku € dynkiil JIsnynosa ta onrumasbhi dysknii JlgmnyHosa.

310 € Ioo(N) : T(0) = 0,0 € Lg = 0 = V().
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35 € loo(N) : T*(3) = 8,0 € Ly = 0 = V*(zy).

dAx BimoMo gokasz TeopeMmu BaHaxa mpo HepyXOMY TOUYKY 3aCHOBaHUI Ha ITO-
CJTiTOBHI# iTepartiitHiii mpoIeypi BUKOPUCTAHHSA CTUCKAIOYINX BioOpakeHb, B Ha-
momy Bumnagky 1" i T%. e € MmaTemMaTuyHuM OOTrpYHTYBAHHSM ITEPAIiHHUX aJIr0-
purmi AJIIL, axi OyayTh HaBeZeH] y HACTYITHOMY DPO3JILJI.

3. HaBuanus 3 nigkpimsienasm, AJIII Ta aganTuBHe kKepyBaHHS.

OnTuMaJIbHUM PITTIEHHIM KEPYBaHHS 3 BUKOPUCTAHHSAM JUHAMITHOTO TTPOTPa-
MYBaHHS € MPOIEAYPa 3BOPOTHOTO PYXY B 4Yaci. Y MBOMY PO3ILIL cHOPMYTIOEMO
MEeTOJN OH-JaiiH HaBYaHHA 3 TiIKPITJIEHHSAM Yy peaJbHOMY Yaci s BUPIEHHd
3a71a4i onTuMaTEHOTO KepyBanHs |9, 12]. LIi MeToam mupoko Ha3HBAIOTHCs HAOJIH-
keauM juHamiuanM nporpamysarasM (AJITT) abo melipogmHAMITHIM TTPOTPaMy-
sanaam (HJIII) [10]. € gBa K/IOYI0BHX KOMIIOHEHTH: ITOXHOKA IacoBOl pi3HHIY i
armrporcrmMariia QYHKINT BApTOCTI.

IHozubxa wacosoi pisnuyi. Ha ocrosi piBusinas Bemivana (8) BusHadnMo pis-
HAHHSI TOXUOKM 9acOBOl PI3HUIL:

er = 1(xe, M) + YVa(Ter1) — V(). (13)

Canij 3a3HaumTH, 10 paBa YaCTUHA [BOIO BUPA3Y € MAMIJIBTOHOBOK (DYHKIIIEH
(9). fkmo BukoHY€eTHCA piBHAHHA BesiMana, HoXubKa 9acoBOl PI3HUII JOPIBHIOE
HYJTIO.

[Toxubka yacoBoi pizHuIll MOXKe PO3IVIAAATHUCH K TOXUOKA repeidadeHHs MixK
ITPOTHO30BAHOID BAPTICTIO Ta CIOCTEPEKYBAHOI BAPTICTIO y BiNMOBiITL HA KEpy-
BaHHY, 3aCTOCOBAHE 10 CUCTEMU.

KirouoBoto ocobauBicTio piBHSIHHS TOXUMOKW YACOBOI PI3HUIN € Te, 10 BOHA
HE BUMaATl'a€ 3HAHHA ABHUX piBHHHb /II/IHELMIKI/I CUCTEMMN. CHpaB,ZLi, AKIITO MU Mae-
MO TaKi JaHi: TPaeKTOPis CHUCTEMH, IO CIIOCTEPITAEThCsS, Ha OCHOBI BUMIpIOBaHb
x0, T1, L2, ...; PYHKIA BAPTOCTI KPOKY T4 = (X, A ); JesiKe mepeadadyBaHe Kepy-
BaHHs \(.) abo Jesika mepeabadyBaHa oriHKa Baprocti V (zy), Toal, BiAMOBIIHO 10
pisasHES (1), MM MOKeMO MOCTIIOBHO o0umcnTH i1 mOXuOKY 9acoBOl Pi3HUTI.

Anpoxcumauia dynxuyii eapmocmi. s ampokcumariil (pyHKITT BapTOCTI MO-
KyThb OyTVM BHUKOPHUCTAHI Taki MeTOMMW: JiHiliHA perpecis, HeWpPOHHI Meperxki, e-
peBa NPUUHATTS pilleHb, Ha#bamK4Il cyciau, tomo. llpumycrumo, mo GyHKIsS
BapTOCTI MOXKe OyTw mocuTh J00pe ampoOKCUMOBAHA HAHIIPOCTINION HEHPOHHOIO
Mepezkero (JIIHIHHOI perpeciero):

Va(z) = W g(). (14)

ne W - Bekrop koedimientie (napamerpis) He#iponHoi mepexi, ¢(.) — 6azucha
dYHKISA aKTUBAIIIT.

Anporcumariiss GyHKINT HEHPOHHOK MEpEXKer 03HaYae 00UNCEHHS MapaMe-
TpiB (CHHANTUYIHUX BAr 1 3MIiIleHb, SKIIO Taki €) Mepexki. Lleit mporec HazMBaeThCs
HAaBYaHHAM.
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s nesikoro kepysanus A(.) moxubKa 4acoBoi pizauii Habysae JiHiiffHOrO 32
mapamerpavu W Bursamy:

er = 1(@e, Mar)) + YW d(es1) — W (). (15)

Pigugnunga e; = 0 € piBagauam 3 dikcoBano Toukoio. [le piBusHHS y3r0oaKe-
HOCTI, sIKe 3aJI0BOJBHSETHCS B KOXKEH MOMEHT 4acy ¢ jais 3HauenHs V) (.), 1o
Bignosigae morouniit crparerii A(x;). Takum unHOM, MOYKHA BHKOPHUCTOBYBATH
iTepaltiifHi TpoIeIypyu JJisT BUPINIEHHsST PIBHAHHS YaCOBUX PI3HUIIb, BKJIOYAIOTA
ITEpaIliio 3a CTPATErigMHA Ta ITEPAIO 33 3HAYEHHAMU.

Agropurm irepanii 3a crparerismu on-jaiin (On-line policy iterati-
on, PI).

Inivianisayin. Bubepits 6ynb-sKy JTOMYyCTUMY CTPATEriio KepyBaHHST Ag(X¢).

Eman ouinku cmpameeii. Busuaauntu poss’azox W;q:

W () — vp(x141)) = (28, Nil2t)). (16)

BayBazxumo, 1o pisuanug dhopmu (16) - e came Ti piBHAHHS, SIKi O3B A3YI0THCs
MerosoM HaliMeHmux kBagaparis (least squares method, LS). Takum umroM, Me-
TOJT HAWMEHIITMX KBAIPATIB MOXKHA 3aIyCKaTh B PEXKUMI OH-JIaftH 10 36iKHOCTI.
Barmremo (16) ax

WL () = r(s, Ai(xy)). (17)

O(t) = ¢(xy) — Yd(w+1) — BeKTOP perpecil. 3BepHITH yBary, 1Mo I 301KHOCTI
MEeTOTy HAWMEHITINX KBaAPATIB BEKTOP perpecii moBuuen obepraTucs.
Tomi:
Wgrl = (@, Mi(zy)) @)L (18)

r ~ 2
Z(VA ) V,\(xt)) . (19)

t=1

T
=" (Va(ar) — r(@e, Mi(z) @ (1) o(ar))” (20)
t=1
a 2
Wit1 = arg mmi/nz (Valae) = r(@e, M) @) (1)) (21)

t=1
A anpTepHATHBY METOAY HaMMEHITNX KBaJpaTiB, KOJW HeHpOHHA MepexKa
APOKCUMAITIT O1IBIT CK/TA HA, MOYKHA BUKOPUCTOBYBATH METO/] TPAIEHTHOTO CITY-
CKy 1 tioro Moaudikairii.
Eman ydockonarenns cmpameeii. Busnadre TOKPAIEHY CTPATErio 3a ITOTO-
MOT'OIO:

Aig1(xe) = arg Iﬁl? (T(th, Azr)) + WW/EFW(%H)) ‘ (22)

Ilogi6HnM YnHOM MOXKHA HAIATH OH-JAMH aJrOpUTM HABYAHHSA IIiIKPINICHHS
Ha OCHOBI iTepallii 3a 3HAYCHHIMU.
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Asropurwm itepanii 3a 3uavenusimu ou-jaiin (On-line value iteration,
VI).

Iniuianisayis. Bubepits 6y/1b-sKy cTpaTerito KepyBaHHs Ao (Z), He 060B’I3K0BO
JomycTuMy abo cTabimizyrouy.

Eman onossenna 3navenna. Busaauntu po3s’szox Wiiq:

Wihio(x) = r(ze, Ni(@1)) + YW d(2041). (23)

Jna 3naxomkenns napaverpis Wiy MoKHA BUKOPHUCTOBYBATH MeETO]| Haii-
MEHIUX KBaJparTiB Tak camo gk i B Pl amropurmi. 3BepHiTh yBary, 1o crapi
napaMeTpu BariB 3HAXOAATHCA B mpasiit wacturi (23). Takum uuHOM, BEKTOD pe-
rpecii renep ¢(x;), sskuit moBuHeH obepraTucs st 361 KHOCTI METOTy HANMEHIITHX
KBaJIpaTiB.

T
Wit = arg le/nZ (Va(e) — (r(e, M) + ’YWiTqﬁ(th)W(%’t)_l(ﬁ(xt))2-
t=1

st po3B’sI3aHHg B PEXKUMI PEATHHOrO Yacy MOXKHA TAKOXK BUKOPUCTOBYBATH
MMaKeTHI MEeTOIN HANMEHINX KBAJPATiB, PEKYPCUBHUX HANMEHIINX KBaIPaTiB abo
rPaJi€HTHI METOJIN.

Eman ydocxonanenna cmpameeii., Busnadre MOKpalleHy CTPAaTEriio 3a J0I0-
MOTOFO:

Aiy1(wy) = arg Iil(lgl (r(@es Aze)) + YW1 d(411)) - (24)

Anropurm masuanus 3 migkpimentsy PI (a6o VI) poss’ssye weminiiiae pis-
HAHHA JIAMyHOBA HA €TAIll OHOBJIEHHS 3HAYEHHA KOXKHOTO KPOKY ¢, CITOCTEPITar0dIn
sute Hablp JAHWUX Ty, Ti41, 7 (e, Ai(24)) KOKHOTO pa3y B3J0BK TPAEKTOpIil cucre-
M.

TakuM YuHOM, HABYAHHS 3 MNiAKPINJIEHHSM BuUpIye 0a30Be HeJiiHiliHE piB-
HanHg Jlanyrosa (piBHaHHEA Bemmvana) Ha KOXKHOMY KPOI B PeXKuUMi OH-JIaiiH,
BUKOPHUCTOBYIOUHN JIUITIE JaHl, IO CHOCTEPITalOTHCA B3JI0BXK TPAECKTOPI CHCTEMH.

BayBaxkumo, mo Brinenns (16) ne Mmoxke OyTu JIeTKO peasizoBaHe B HEIHIAHO-
MY BUNAJKY, OCKLIBKN BOHO € HEIBHO B KEPYBAHHI, OCKIIBKI Tti] 3aJ€XKUTH BT
A(.) 1 € aprymenTom Hesini#iHOT (BbyHKIIT aKTUBALI.

ITi mpobsteMu BUPINTYIOTHCST BBEICHHAM APYTOI HEHPOHHOT MepexKi J/1s1 cTpare-
il KepyBaHHsl, BITOMOI sIK HefipoHHa MepezKa fgisida [11]. Tomy BBEmEMO CTPYKTYDPY
MapPaMETPUIHOTO AMPOKCAMATOPA, TIdIa:

)\t == )\(:Et> == UTO'(ZL‘t). (25)

o(x) : R* x U = RM — gexrop M dynxuiit aktusanii i U € RMX™ — varpuis
BaroBux kKoedirieHTiB abo HEBIIOMUX TapaMeTpiB.

Peanizamnis napganns 3 WK PIMJICHHIM 3 BUKOPUCTAHHIM JBOX HEMPOHHUX Me-
pexX, oIHiel 9K KPUTHUKA, a IHII0I 9K Jisd9a, Ja€ CTPYKTYPY, ToKazany Ha puc. 1. Y
il cucTeMi KePyBAHHA KPUTHUK 1 g9 HAJAITOBYIOTHCS TOCaimoBHO 9K B PI, Tak
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Peamizanisa

cTparerii
KepYBaHHA
AKTOoP

OHOBTEHHA CTPATeTil KepyBaHHA

Aver (e} = azgmin (r(we, Aze)) + 4W dxesa)) .
A

Oninka noTowHoi cTpaTerii
KepyBAHHA

OHOBTeHHA 3HATSHHA 33
JOTOMOTOK) piBHS{HHS{ Bemrmvana

Kepyrotda aig Al

W é(xe) = rla, M) + W yo(zea1)

KPHTHK

Binmosizs
CHCTEMH

Ty, Tppr. (e, Are))

Cucrema/
cepeqoBHINE

Puc. 1. Hapyanus 3 miakpinieHHsM 31 CTPYKTYPOIO aKTOP/KPUTHK.
Pic.1. Reinforcement learning with an actor/critic framework.

CTaH CHCTeMH

i B VI. TobTo Baru ojuiel HeifipoHHOT Meperki 306epiraloThbCd MOCTIiHUMU, a Baru
IHITOT HAJIAINTOBYIOTHCs 710 3012kH0CTi. 151 mrponeiypa moBTOPIOETHCS 10 TUX TP,
TTOKW OOWIBI HEHPOHHHI Mepexi He 3iliayThesd. TakuM YuHOM, 1€ aIaITUBHA, CH-
cTeMa ONTUMAJIbHOrO KEPYBAaHHS OH-JIAlH, y dAKiii mapaMerpu (DyHKIUT 3HAYCHHS
HAJIAIITOBYIOTHCS B PEXUMI OH-JIaliH, a 36iKHICTH BiIOyBa€THCA 10 OMTUMATIH-
HOTO 3HAYEHHS Ta KepyBaHHs. 301KHICTH HeNiHIWHOT iTepallii 3a 3HAUYEHHSIMU 3
BUKOPHUCTAHHAM JBOX HefipoHHuX Gysa jnosejena B [13].

4. Q-HaBYaAHHA.

1106 yauknyTn 06yab-gxol indopMalil Ipo IWHAMIKY CHCTEMH, ITOTPibHO Ha-
JaTU AJbTEPHATUBHUN MLIAX s OTPUMAHHS 9aCTKOBUX MOXIJHUX BiHOCHO BXi-
JIHAX JJAHUX KepYyBaHHs, 9Ki He IpoxoadTh dyepes cucremy. JLis nporo [lon Bepboc
BUKOPHCTAB KOHIIEIIIIII0 3BOPOTHOTO nomupentsi, a Kpic Borkinc BsiB nouibHi mo-
HATTS JJIsT MAPKOBCHKOTO MPOIECY BUPITIYBAHHS Y JUCKPETHOMY MPOCTOPI, SIKUit
BiH Ha3BaB Q-HaBuaHHSM [14].

Posrnsinemo pisaauang Bevana (8), ke 103B0Isie 06YMCUTH TIHAICTE Oy/1h-
KO 3a7anol jomycTuMoi crparerii A(.). OnTuMaibHe KepyBaHHs BU3HAYAECTHCS
za monomorow (5) abo (12). Orxke, masaiite Busuaumvo dyrkimio @ (quality),
nmoB’g3aHy 31 cTparerieto Ay = A(zy):

Qx(we, Ap) = 1(2, A) + VA (Te41)- (26)

BaypaxTe, 1m0 QyHKIsA () € DYHKINE K CTaHy T;, TaK 1 KEpyBaHHS A\; Y
vomenT uacy t. Borna Bimmosimae «sxoctiy mii, obpamoi B morounomy crtani. Bu-
3HAIAMO OINTHUMAJIbHY PYHKIN0 Q:

Q" (e, Ae) = (e, M) + YV (2p41)- (27)
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3 Touku 30py @F, MOXKHA 3alMCaTU PIBHSIHHS ONTHUMaJibHOCTI Besimana i
OITUMAJIFHE KEPYBaHHS B JIyKe npoctiit dpopmi:

V() = m}%n (Q" (x4, N)) , A" (2¢) = arg m/\in (Q" (x4, ). (28)

ITig wac BuBueHHs (yHKINT BAPTOCTI HEOOXiTHO HABYNTH Ta 30€perTtu OmTH-
MaJIbHe 3HAYEeHHsI 9 BCIX MOMKJIMBHX CTaHiB x;. Ha Biaminy Bix 1mporo mopum Q-
HapuaHHl noTpibHO 36epiraTn onTrMaTbHy (DYHKII0 () 1 BCiX 3HaYEHD (X4, At ),
TOOTO /st BCIX MOXKJUBUX KEPYIOUUX Jiff, 10 BUKOHYIOTHCS B KOKHOMY MOXKJIU-
Bomy crami. [le nabararo 6imbime iHdopmMarii.

[Io6 3acrocyBaTn MeTOAM MiAKPINJEHHS OH-JAlH Jyisi BuBUYeHHs dyHKINT Q)
MOTPIOHO BU3HAYNTH: PIBHAHHA 3 (DIKCOBAHOW TOUYKOW jia Q i Bigmosigny crpy-
KTYPY HapaMeTpUYHOTO amnpokcuMaTopa i Q.

«PiBusgnans Besnmanas g Q €

Qx(xe, Mt)) = r(me, M2t)) + YQA(To 41, M @i 11)). (29)

Onrumanbie 3Ha4eHHs Q 3a40BOJIbHSIE:

Q" (1, M) = (e, M) + Q" (Te 41, A (T441))- (30)

Pisaauns (29) e piBHgHHAM 3 (DIKCOBAHOIO TOYKOI ab0 «piBHAHHSAM Bemmva-
Hay g Q. Tenep MoxKHa BUKOPUCTOBYBATH Oy/Ib-IKWM OH-JIAH METO, HABYAHHSI
3 migxpimierasaM Bure gk ocuoBy gaa AL, sxmouatoun PI ta VI

Jlna HemiHINHUX CHCTeM MOTYCKAETbCsT TMapaMeTPUUIHUN ampoKcuMaTop abo
HelpOHHA MepeXKa BULJIALY:

Ox(z,\) = WT(z, N). (31)

e ¢(x,\) — muOXKHMHA OaszucHux dyHkuiit aktusarii. Togi moxubka dacoBoi pi-
3HUI] HADYBAE BUIVISALY:

er = (2, Mz0) + YW (@41, A1) — W (e, Mr). (32)

Jlms meToziB HaBdanuyg 3 migkpimrenaaM, saodaodn Pl ado VI, eram oros-
JIeHHsI cTpaTteril 6yze 6a3yBaTucs Ha:

0

_ T _
= S Wl A) =0. (33)

0
aQ)\ (ﬂft, )\)
OckinbKY 1151 HEHPOHHA MEPEXKa SIBHO 3aJI€YKUTH Bijl KEPYOUOl il A, moximHi
MOXKYTb OyTn ob4uncaeni 6e3 3nanHs aunaMikn cucremu. [1o6 BupimuTu piBHSHHS
a1 A 1 oTpuMmaTu siBHY crparerito Ay = A(2¢), mOTPiGHO 3aCTOCYBATH TEOPEMY TIPO
HedBHY (PYHKIIIO 70 1€l CTPYKTYPH HEHPOHHOI MepexKi.
Agropurmu PI i VI moxkua BukopucroByBaTn g (Q-HaBUAHHS.
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5. Bucunosknu

V mift crarTi mpeacTaBIeHO OCHOBHI ifel Ta, aJTOPUTMU HABYAHHS 3 TIKPi-
TUTEHHSIM, 30KpeMa CiMeficTBa MeTOJiB, BIIOMUX K aJalTHBHE AWHAMIUHE IIPO-
rpamysants (ADP), a Takoxk NpPOAEMOHCTPOBAHA KOPHUCHICTH TUX METOJIB /s
BU3HAYEHHS OITUMAJIBHOI cTpaTeril KepyBaHHs 010JIOTI9HOI CUCTEMU TIPOIIECIB pe-
reHepariii mevYiHKu JIFOUHH.

Taxum YUHOM, B MOJAJBIIOMY BUKJIAJIE€HI MeTOIu Oy/IyTh BUKOPUCTAHI JIJIsi
PO3B’a3aHHs 3aa4i 3HAXOMKEHHS BEPXHBOI OIIHKK OIITUMAIBLHOCTI IPOIECiB pe-
renepaiiii nmeuinku. Takok oTpuMaHi po3B’s3KH IJIAHYEThCS BepudikyBaTn 3 ja-
HUMU, 9Ki OTpuMaHi B GI0JIOrYHUX €KCIIEPUMEHTAX.

IcTopis crarti: orpumana: 8 Tpasug 2024; ocranwniit papianT: 22 Tpasua 2024
nputiaaTa: 8 uepBusa 2024.
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Every living organism interacts with an environment and uses that interacti-
on for an improvement of its own adaptability, and, as a result, one’s survival
and overall development. The process of evolution shows us that different
species change methods of interaction with an environment with passage
of time, which leads to natural selection and survival of the most adaptive
ones. This learning, which based on actions, or reinforcement learning may
embrace the idea of optimal behavior occurring in environmental systems.
We describe mathematical formulas for reinforcement learning and the
practical integration method also known as adaptive dynamic programmi-
ng. That gives us the overall concept of controllers for artificial biological
systems that both learn and show the optimal behavior.

This paper reviews the formulation of the upper optimality problem, for whi-
ch the optimal regulation strategy is guaranteed to be better or equivalent to
objective regulation rules that can be observed in natural biological systems.
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In cases of optimal reinforcement learning algorithms the learning process
itself moves from the analysis of the item take on system dynamics to the
much higher level. The object of interest now is not the details of the system
dynamics, but the quantity efficiency index, which clearly represents how
optimally the control system works. Such scheme of reinforcement learning
is learning technique of optimal behavior in order to monitor the response
to non-optimal control strategies.

The purpose of this article is to show the possibility of using of reinforcement
learning methods, the adaptive dynamic programming (ADP) in particular,
to control biological systems using feedback. This article shows the on-line
methods for solving the problem of searching the upper optimality estimate
with adaptive dynamic programming.

Keywords: Dynamic programming; Optimal control; Reinforcement
learning.
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Homogeneous approximations of nonlinear control
systems with output and weak algebraic equivalence

In the paper, we consider nonlinear control systems that are linear with
respect to controls with output; vector fields defining the system and the
output are supposed to be real analytic. Following the algebraic approach,
we consider series S of iterated integrals corresponding to such systems.
Tterated integrals form a free associative algebra, and all our constructions
use its properties. First, we consider the set of all (formal) functions of such
series f(S) and define the set Ng of terms of minimal order for all such
functions. We introduce the definition of the maximal graded Lie generated
left ideal J&'** which is orthogonal to the set Ng. We describe the relati-
on between this maximal left ideal and the left ideal [Js generated by the
core Lie subalgebra of the system which realizes the series. Namely, we show
that Js C Jg'**. In particular, this implies that the graded Lie subalgebra
that generates the left ideal J&** has a finite codimension. Also, we give
the algorithm which reduces the series S to the triangular form and propose
the definition of the homogeneous approximation for the series S. Namely,
homogeneous approximation is a homogeneous series with components that
are terms of minimal order in each component of this triangular form. We
prove that the set Ng coincides with the set of all shuffle polynomials of
components of a homogeneous approximation. Unlike the case when the
output is identical, the homogeneous approximation is not completely defi-
ned by the ideal J§'**. In order to describe this property, we introduce two
different concepts of equivalence of series: algebraic equivalence (when two
series have the same homogeneous approximation) and weak algebraic equi-
valence (when two series have the same maximal left ideal and therefore
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have the same minimal realizing system). We prove that if two series are
algebraically equivalent, then they are weakly algebraically equivalent. The
examples show that in general the converse is not true.

Keywords: homogeneous approximation; nonlinear control system;
series of iterated integrals; core Lie subalgebra; maximal left ideal.

2020 Mathematics Subject Classification: 93B15; 93B25; 93C10.

1. Introduction

In the paper, we consider nonlinear control systems with output of the form

&= in(fU)Uia z(0) =0, y=h(z), (1)
i=1
where X (x),..., X,,(x) are real analytic vector fields in a neighborhood of the

origin in R™ and h(z) is a real analytic nonzero map from a neighborhood of the
origin in R™ to R? such that h(0) = 0.

Various problems for such systems including controllability, observability,
stability, optimal control were deeply studied during many decades [6]. In parti-
cular, differential geometric methods were intensively developed which allowed
applying the deep theory related to Lie algebras of vector fields [7]. Another
approach based on algebraic and combinatorial tools was proposed by M. Fliess [4]
and turned out to be perspective [8]. As the first step, instead of the system (1),
the series of iterated integrals is considered. In particular, the algebraic approach
was successfully used for studying the problem of homogeneous approximation of
nonlinear control systems (1) in the case of identity output h(z) = z [12]. One
of the advantages is that the obtained algorithms can be efficiently implemented
as computer programs [11]. We recall the main ideas in Section 2. Later, the
approach was developed to study homogeneous approximations of systems (1) in
the case of one-dimensional output, i.e., when p =1 [1], [2].

In the present paper we consider the general case, when the output can be
of arbitrary dimension. The main results are given in Section 3. We propose
the definition of a homogeneous approximation of a series of iterated integrals
corresponding to the system (1) (Definition 4) and describe the method to
construct it (Lemma 2). Further, we introduce two definitions of equivalence for
series, namely, algebraic equivalence and weak algebraic equivalence (Definitions 5
and 6), and study their properties (Theorem 1 and Corollary 1). In the case of
identity output h(z) = x these two kinds of equivalence coincide.

2. Background

Series of iterated integrals. Let us consider the system (1). The form of
the right hand side of the system, namely, linearity in u;, allows us to express
explicitly the output y via controls

yT) =Y D> i (Tow), (2)

k=11<i,....ig<m
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where

T rm1 Thk—1
oy iy (T ) = / / / iy (71 )ty (72) - 1, (1) - - dradrs (3)
0 0 0

are iterated integrals and c¢;,. ; € RP are constant coefficients that can be found
via values of vector fields X;(x) and the map h(x) and their derivatives at the
origin,

Here X; act as differential operators of the first order, X;o(z) = ¢'(z)X;(z).

Suppose we consider admissible controls from a sufficiently wide class, for example,
from the unit ball of the space Lo ([0, T]; R™)

BT = {u(t) = (u1(t), ..., um(t)) € Loo([0, T; R™) s ud(t) + - -+ u2,(t) < 1 a. e(.}).
5

Then one can show [4] that iterated integrals are linearly independent functionals.
Hence, they form a basis of the linear space over R

./—"T = Lin{mlmik(T, u) ck Z 1, 1 S il, e ,ik S m}
The form of these basis functionals suggest introducing a concatenation operation,

Niq...i (T7 u) \ Nj1...3q (Tv u) = Mi1..igj1---Jq (T7 u)?

which turns Fr into a free associative algebra. This interpretation allows applying
algebraic and combinatorial tools for control systems (1). We briefly recall several
results used in this paper below.

Abstract free associative algebra. First, let us notice that all algebras Frp
for T" > 0 are isomorphic. Hence, we can consider the unique abstract algebra
F isomorphic to all Fpr, and then interpret the series in the right hand side of
(2) as a series of elements from F. More specifically, let us introduce m abstract
independent elements denoted by 71,...7nm,, and consider all finite sequences of
these elements

Miv.ige = iy """ Mg, -

Then the linear span of n;, ;, (over R)
F=Lin{n; i, :k>1, 1<idy,...,ip <m}. (6)
with the concatenation operation

Miy.igMjr...gqg = Mir.ingi...Jg

is a free associative algebra isomorphic to any Fr, T > 0.
For convenience, we use the notation for the set of multi-indices

]\4:LJ]\4']€7 Mk:{I:(zl,,zk)lgzl,,zkgm}
k>1
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Then, instead of the series of iterated integrals, we consider the formal series

S = Z crnr (7)

IeM

with coefficients (4). Let us introduce the linear map ¢ : F — RP defined on basis
elements by
6(77[) =cr, I € M.

Free Lie algebra and realizability conditions. Let us consider the free
Lie algebra L generated by the same elements 7,...7, as F and by the Lie
bracket operation [¢1,fs] = €10y — lal1, £1,02 € L. There exists a close relation
between the Lie algebra £ and the Lie algebra of vector fields L generated by
Xi1(z),..., Xm(z). More specifically, let us consider the anti-homomorphism of
Lie algebras ¢ : £ — L defined by ¢(n;) = X;(x) and such that ¢([¢1,l2]) =
[©(l2), (¢1)]. Then for any (i1,...,i;) and any £ € L

C(ﬁil...ikf) = @(E)Xlk T Xllh(o)

This property explains why a series of the form (7) defined by system (1) satisfies
some additional conditions that require relations between coefficients. We recall
the result [6]. The series (7) is called realizable if there exist real analytic vector
fields X7,..., X,, and a real analytic map h such that equalities (4) are satisfied
for any I = (i1,...,i;) € M. Obviously, a realizable series should satisfy the
following growth condition: there exist C,Cy > 0 such that

ler|l < ChlItet! for any T € M (8)

where |I| denotes the length of the multi-index I. For any ¢ € L, let us denote by
F.(¢) the series
F.()= Y cmlm

IeMU{o}

assuming 7y = 1 and introduce the Lie rank of the series S as
pr(c) =dim{F.(¢): L € L}.

The following realizability theorem [6] holds: the series (7) satisfying the growth
condition (8) is realizable if and only if its Lie rank is finite, pr(c) < oco. In this
case, n = pr(c) is the minimal dimension of the system that realizes the series;
we call such a system a minimal realization of the series.

Iterated integrals and grading in abstract algebras. Let us turn to
iterated integrals (3). If the control belongs to the set (5), then obviously
n(T,u)| < LT*, where k = |I|. Hence, locally, when T is small, the main
role is played by terms of the series S containing integrals of minimal length.
Algebraically, we express this property introducing the grading in the algebra F

F=> FF FF=Lin{n :|I| =k},
k=1
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and the corresponding grading in the Lie algebra £
L= rk r=cnrt
k=1

If a € F*, we say that a is homogeneous and has the order k and write ord(a) = k.

In [5], [11], [12], [13], [14], the particular case of systems (1) was considered
where h(x) = x was an identity output. In this case, the output coincides with the
trajectory of the system. For such systems, the concept of homogeneous approxi-
mation was studied by use of algebraic approach. We recall the main constructions.

Core Lie subalgebra of the system and its graded left ideal. Suppose
the series (7) with n-dimensional coefficients satisfies the growth condition (8),
the Rashevsky-Chow condition

(L) =R", (9)
and the realizability condition of the following form:
if ¢(¢) =0 forsome ¢ € L, then c(al) =0 for any a € F. (10)

Then it is realizable and the minimal realizing system (1) such that hA(z) = x has
the dimension n. Let us introduce the subspaces

Pr={telr.cl)ec(L+-- -+ LYY, k>0,
and the Lie subalgebra [5]

o0

k

LXy, Xy = ZP ,
k=1

which is called the core Lie subalgebra of the system (1). One can show that its
codimension in £ equals n.
Now, we choose any homogeneous elements ¢y, ..., ¢, € L such that

£X1,...7Xm + Lin{£17 e 7£n} = £,

for convenience we assume that ord(¢;) < ord(¢;) if i < j. Besides, we choose any
homogeneous basis of Lx, . x, and denote it by {£;}72, ;. Thus, {{;}32, is a
homogeneous basis of the Lie algebra L.

This allows us to use the Poincaré-Birkhoff-Witt Theorem [10] which says that
a basis of the associative algebra F can be obtained by use of the basis of the Lie
algebra L. Namely, the set

{f?fﬁg]’:kZl, 1< <00 <y, ql,...,qk21} (11)

is a homogeneous basis of F, where we denote ¢7 = ¢---{ (q times). Having in
mind the realizability condition (10), we introduce the graded left ideal generated
by the core Lie subalgebra,

\.7X1,...,Xm - Lln{a‘g - a e ‘F + Rﬂe e £X17---7Xm}'
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It can be shown that if a € Jx, _ x,, NF¥, then c(a) € ¢(F' + --- + Fk1),
Roughly speaking, this means that elements from the left ideal Jx, ... x,, cannot
be leading terms in the series (7) corresponding to the system with respect to the
grading in F.

Dual basis and homogeneous approximation of the system. It turns
out that the left ideal Jx,.... x,, can be described in another way. Let us introduce
the inner product in F assuming that the basis consisting of elements 7 is
orthonormal. Also, introduce the shuffle product in F by the recursive rule

N W = 15 + Nji,
M Wy g = Mjreegie W = il + M (06 W oy ), K > 2,
Miy..is WGy g = Ty (niz---is w 77j1---jk) + N5, (77i1---is w 77j2---jk>7 s,k > 2.

This operation is justified by the following relation with multiplication of iterated
integrals,

Miy...is (Tv u) Mj1...gx (Ta u) = (77z'1...is L le...jk)(T> u)>

where in the left hand side there is the (usual) product of two functionals and in
the right hand side we find the shuffle product in F and then substitute iterated
integrals instead of the corresponding elements of F.

Then, the dual (with respect to the inner product) basis for the basis (11) has
the form [9]

q1---9k _ #d‘wa T Lud‘l-qu
11 (Zl' e Qk:' 21 1k
where dW9 = dw --- wd (q times); for brevity we use the notation d; = d}. More

specifically, d; are orthogonal to all elements of the basis (11) except ¢; and the
inner product of d; and ¢; equals 1. Moreover, due to the special choice of the
basis {/;}72,, the set

{dlmqlm"'LUdTI;uqn:q1+"'+Qn21}

forms a basis of the orthogonal complement ‘7)%1,...,Xm to the left ideal Jx, ... x,,
[12].
Finally, one can prove that there exists a change of variables z = F'(z) in the
system (1) which reduces its series to the form
dy + p1
F(S) = . 7
dp + pn

where p; contain terms of order greater than ord(d;). Taking into account the
sense of grading, we can consider the series

S=1-..
dn,
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as a homogeneous approximation of the series S. Moreover, it can be shown that
there exists a system with the series S ; this system is naturally considered as
a homogeneous approximation of the system (1). We emphasize that the series
S , the system corresponding to this series, and the change of variables can be
explicitly found and the algebraic framework allows efficient use of numerical
computation [11], [13].

3. Main result

Let us consider a series S of the form (7). We assume that it is realizable and
pr(S) = n. Without loss of generality we assume that each component S; of the
series S is nonzero.

Definition 1. Denote by r; the minimal order of terms included to the component
S; of the series (7),

rj = min{k : (cr); # 0 for some I € My}, j=1,...,p.
Define the minimal part of the series S as

(Sl)min
Smin = to y

(Sp)min
where

(S§)min = Z (er)jnr, 7=1,...,p.

[|=r;

Remark. In the paper [2] we considered one-dimensional series, i.e., the case
p = 1, where we used the notation S instead of Sni, and called it “a homogeneous
approximation” of the series S. However, for p > 1, such a definition of a
homogeneous approximation is not natural, which is shown by the following
example.

Example. Consider the series

S:( n )
m + 121 + 211

In this case Smin = (11,71) . However, the transformation F(x) = (1,29 — 1)
reduces S to the form F(S) = (1,121 +n211) ", and (F(S))min = (1,721) " has
more reasons to be considered as a homogeneous approximation of the series S.
Actually, in this case S is realized by the system

T

j:1:u1

. 12
To = U] + Tru2 + %x%UQ (12)

with the output y = h(z) = x while (F(S))min is realized by the homogeneous
approximation [12] of the system (12)

x'l = Ul

.ZIUQ = T1U2
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with the output y = h(z) = =.

Below, by a formal r-dimensional mapping we mean any formal series of the
form

w uiq
flai,...,ap) = Z farqp@r Hw e way
Qt-tgp2>1

where fy,..4, € R". In particular, if r = 1, we call f a formal function.

If f is a formal function, then f(S) is a series of elements of F with one-
dimensional coefficients. Then (f(S))min is the sum of elements of the minimal
order from this series.

We adopt the following notation. Given a realizable series (7), we denote by
Lg the core Lie subalgebra of a system which is the minimal realization of the
series S; by Jg we denote the graded left ideal generated by Lg.

Lemma 1. Let S be a realizable series of the form (7). Then for any formal
function f(ai,...,ap)

\.75' C (f(S))Jn:un

Proof. Let codim(Lg) = pr(c) = n. Let us consider a realization of S and
its (n-dimensional) series S. Then, without loss of generality, we can choose the
series S in the form

ngdk-{-Rk, k=1,...,n,

where dj are elements of the dual basis constructed as described in the previous

section, Ry contains terms of order greater than ord(dy), and S = h(S), where
h is a formal p-dimensional mapping. It is clear that (f(S))min = (f(h(S)))min
equals a shuffle polynomial of di. Hence, as was shown in [12], (f(S))min € T35,

which proves the lemma.

Now, following the idea of the paper [2], we introduce the maximal left ideal
which is orthogonal to any element (f(.S))min. First, recall the following definition.

Definition 2. [2] We say that a linear subspace J' C F is a graded Lie generated
left ideal if there exists a graded Lie subalgebra L' C L such thal

J' =Lin{al:aec F+R, (L'}

If this is the case, we say that J' is generated by L. We denote the set of all
graded Lie generated left ideals by D.

In particular, Jg € D; it is generated by Lg.
Now we introduce the following subset of graded Lie generated left ideals:

Ds={J € D:J C (f(S))L, for any formal function f}.
Lemma 1 implies that Jg € Dg, therefore, Dg # &.

Obviously, there exists the unique maximal (in the sense of inclusion) left ideal
in the set Dg. We denote it by J§"®* and denote the Lie subalgebra that generates
JG by LI Let r = codim(ﬁg‘ax). Since Lg C L™, we have r < n.
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Now we apply the construction of a dual basis described in the previous section
to the Lie subalgebra £3%*. Namely, we choose homogeneous elements /1, ..., ¢, €

~ ~

L such that ord(¢;) < ord(¢;) if i < j and
L2 4 Lin{ly, ..., 0.} = L.

Also, we choose a homogeneous basis {E};’ir 41 of L3*. Finally, we apply the
Poincaré-Birkhoff-Witt Theorem and construct a dual basis

1 Tw Tw
d. qIUJ-“LIJdi fIk’
k

TGk
1.0 Qg

where the notation c/l\Z = c/l\zl

set

is used. Analogously to [12] it can be shown that the

(A" w e wd™ g+ g > 1)
forms a basis of (J2*)L. Since (f(9))min C (JE*)L, then (f(S))min is a shuffle

~

polynomial of dy, ..., d, for any formal function f.

Definition 3. For a given set A C F, we define a shuffle span of the set A as
Ash = Lin{al””1 TR Luakm’“ ck>1a1,...,a5 € A, i1,...,9 > 0}.
Let us consider the subspace

Ng ={(f(S5))min : [ is a formal function}. (13)

As is shown above, any element of Ng is a shuffle polynomial of c/l\l7 e ,c@, that
is,

Ng C {6/1\1, R ,c/l\,.}Sh.

Thus, any element of Ng is a shuffle polynomial of r elements, where r < n =
pr(c). However, elements c@ may not belong to the set Ng. We show how one
can find a “shuffle basis” of the set Ng, that is, elements of Ng that generate
the set Ng by using shuffles. Below we say that several elements are polynomially
mndependent if any of them does not equal a shuffle polynomial of the others.

Lemma 2. There exist ¢ < p homogeneous polynomially independent elements
ai,...,aq € Ng such that
Ng = {ay,...,a,}*". (14)

Proof. We describe the algorithm for finding such elements a;. It is a generali-
zation of the algorithm [3], [14] for finding a homogeneous approximation of a
series of Lie rank n satisfying the Rashevsky-Chow condition (9).

Step 1. Assume that the components of .S are nonzero. Find the minimal order
of all components,

a1 = min{ord((S;)min) : 4 =1,...,p}.
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Find a linear nonsingular mapping F' such that the elements ((£(5)):)min €
F fori=1,...,nq are linearly independent and (F(S)); contain only elements
of order greater than oy, i =n1 +1,...,p. Denote S* = F(S).

Step k > 2. If ng_1 = p, then stop. If not, suppose that after the (k — 1)-th

step we obtain the series S¥~! for which the elements (S¥™1) i, ..., (SE1 Ymin
of order no greater than ag_1 are polynomially independent and Sfﬁl equal zero
or contain only elements of order greater than ag_1 for i =ng_1 +1,...,p. Here
o) < --- < ag_qand ny < --- < ng_1. On the current step we find the mapping

that does not change the components Sf_l, cee Sﬁ;_ll.

Consider components Sf_l, i =mng_1+1,...,p. If all of them are zero, then
stop. Otherwise, find the minimal order of all nonzero components,

ap = min{ord((Sf‘l)min) i=ng_1+1,...,p, Sf_l #0} > aj_1.

Without loss of generality assume that (S’f_l)min € F%, i =np_1+1,...,n,
and Sffl contain only elements of order greater than oy or Sffl =0 for i > nj.
(This can be achieved by swapping components of the series.)

Now consider the components Sf_l successively, for i = ng_; +1,...,n).

Case 1. If (Sf_l)min belongs to the shuffle span of (Sf_l)min, e (Sf__ll)min,
then there exists a polynomial Fj(x) = z; + p;(1,...,2;_1) such that F;(S¥1)
equals zero or contains only elements of order greater than ay. Then replace the
i-th component of the series by F;(S*~1) leaving the other components unchanged
and pass to the next 7.

Case 2. If (Sffl)min is polynomially independent of (Sffl)min, e (Sf:ll)min,
then pass to the next i.

If for all 4 only Case 1 occurs, we obtain a mapping F such that (F(S*~1));
for all i = np_1 +1,...,n) equals zero or contains only elements of order greater
than ag. Then repeat the k-th step with the series F/(S¥~1).

If not, then we obtain the series S*¥ = F(S*~1) such that SF = S¥=! for
i=1,...,n5_1, and (Sf)min, e (Sﬁk)min have the order no greater than oy and
are polynomially independent, ng > ni_1 + 1, and Sf equal zero or contain only
elements of order greater than ay for ¢ = ni + 1,...,p. In this case, pass to the
(k + 1)-th step.

We emphasize that the case when the algorithm needs an infinite number of
steps is not excluded. In this case, after an infinite number of steps one or several
components of the series become zero.

As a result, we obtain the series

(15)
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where a1, ..., @, are polynomially independent, that is, any of them does not equal
a shuffle polynomial of the others, and R; contain elements of order greater than
ord(a;). We notice that the mapping F' constructed by this algorithm is invertible.
Hence, for any formal function f we obtain that (f(S))min = (f(F"YH(F(S))))min
is a shuffle polynomial of @,...,a,. Moreover, the elements @; and any shuffle
polynomial of them can be obtained as (f(S))min by some formal function f,
which proves the lemma.

As follows from the proof, elements a; are defined uniquely up to shuffle
polynomials. Moreover, all elements a; belong to Ng and are polynomially
independent. Taking into account the equality (14), we say that the set
{@1,...,a4} given by the algorithm is a shuffle basis of the set Ng.

Remark. We notice that the number ¢ can be less than, equal, or greater than
r. For example, for the one-dimensional series S = 121, we have Sy, = 5, that
is, ¢ = p = 1. In this case, r = n = 2, and the dual basis can be chosen as
dy = c/l\l =m, do = c/i\g = 191. However, for the series

m m
S = M2 + N21 = 71 W72 (16)
Ni22 + M212 + N221 71 W72 W2

with ¢ = p = 3, we obviously get r =n = 2.
Ezample. For the following series, the algorithm described above requires infi-
nite number of steps:

<771+21!771UJ2+"'+1<1!771M+“'>

Actually, the map F(z) = (21,29 — ") reduces S to the form F(S) = (11,0)".
Finally, we notice that elements @;, which are polynomially independent, can
satisfy shuffle-polynomial equalities. For example, for the series (16), we can
choose a; = S; and we have a; was = o W as.
Taking into account Lemma 2, we propose the following definition of a
homogeneous approximation of a series of the form (7).

Definition 4. We say that the series

~

ai
S—1... 7
aq
where a; are homogeneous polynomially independent elements, is a homogeneous
approzimation of the series (7) if there exists an invertible formal mapping F such
that the series F'(S) has the form (15).

Remark. If a series is such that p = pr(c) = n and satisfies the Rashevsky-
Chow condition (9), then this definition coincides with the usual definition of
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homogeneous approximation [12], |3]; in this case ¢ = p = n and @; can be chosen
asa; =d;,i=1,...,n. On the other hand, if p = 1, then this definition coincides
with the definition of homogeneous approximation proposed in |2]; in this case a;
can be chosen as a; = S = Smin-

Definition 5. We say that two series are algebraically equivalent if they have the
same homogeneous approximation.

Lemma 2 implies the following result.

Theorem 1. Two series S' and S? are algebraically equivalent if and only if
Ngi1 = Ng2, where the sets Ngi are defined for series S° as in (13), i.c.,

Ngi = {(f(S))min : f is a formal function}, i=1,2.

As elements a; of a homogeneous approzimation, any shuffle basis of the set Ngi
can be chosen.

We emphasize that two algebraically equivalent series can have unequal di-
mensions.

Definition 5 generalizes the definition of A-equivalence for series with p =
pr(c) = n satisfying the Rashevsky-Chow condition [5]. However, this definition
is not so natural for general series (7). For example, the series (16) and the series

Sl — <771>
2

are very similar since they can be reconstructed from the same two-dimensional
system though they are not algebraically equivalent: obviously, Ng # Ngs. This is
because in the general case the set Ng is not completely defined by the maximal
left ideal. In order to formulate this property, we propose the following definition.

Definition 6. We say that two series S* and S? are weakly algebraically equivalent

if their mazimal left ideals coincide, v.e., TH™ = TH™.

Obviously, if Ng1 = Ng2, then J5** = J5**. Therefore, we get the following
corollary.

Corollary 1. If two series S* and S? are algebraically equivalent, then they are
weakly algebraically equivalent.

Ezample. Let us consider two one-dimensional series
Sl =m and SQ = M1-

Recall that n; = %m w1, therefore, both series have the same maximal left
ideal; their one-dimensional realization is #; = u;. Hence, S and S? are weakly
algebraically equivalent. However, the sets Ng1 and Ng2 do not coincide since
m € Ng1 but m1 ¢ Ng2. Thus, S! and S? are not algebraically equivalent.
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Example. Consider the series

S — ( 2 + 21 )
M2 +m221)
Applying the algorithm described in the proof of Lemma 2, we use the mapping
F(z) = (z1,—22 + 323) . Since

—122 — M221 + 5(N2 + ma1) w (2 + 121) = —M21 + Mo w ey + R = noo1 + n212 + R,
where ord(R) = 4, we obtain

F(S):< 2 1 >

221 + 212 + R

Hence, as a homogeneous approximation of the series S we can take (F(S))mins

i.e.,
()= ()
a2 7221 + 1212

Therefore, Ng = {n2,m221 + 77212}Sh. Hence, L£g* cannot contain 7 and
[m2, 2, m]] since these elements are not orthogonal to the elements a;, as
respectively and cannot contain 7; since 72971 is not orthogonal to as. Actually,
L35 = Lin{[n1, n2), [, [n1, 2]} +> 5, £F and therefore the minimal realization
of S can be chosen as .

T1 =up

To = ug

T3 = Tr1T2U2
with the dual basis elements di = 11, do = 12, ds = 1221 + M212. Obviously,
Ng C {d1,da,d3}*". Let us consider the series

Sl — < 771 )
7221 + 1212

Obviously, it is weakly algebraically equivalent but not algebraically equivalent
to S.
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OaHopiaHi anpokcumariii HeJIHINHUX KEePOBAaHUX CHUCTEM 3 BUXOJI0OM
i csabka anrebpaiuHa ekBiBaJIEBHTHICTH
JI. M. Aunpeesa, C. FO. Irnarosuu
Kagpedpa npursadnoi mamemamuru,
Xapriscokutl navyionasvruti ywigepcumem imens B.H. Kapasina
matidarn Ceobodu, 4, m. Xapxis, 61022, Yrpaina

Y poboTi MU pO3T/ISIAEMO HEJiHIWHI KepOBaHI CHCTEMU, siKi € JIIHIHHUMY 32 KEPYBa-
HHSM, 3 BUXO/JOM; BEKTODHI TOJIS, 10 BU3HAYAIOTH CUCTEMY, i BUXi/l BBAZKAIOTHCS JiHCHO
anamitwaanMu. Craigyodn anrebpaidaHOMy MiIX0My, MU PO3DIISIAEMO psiau S iTepOBaHUX
iHTerpaJiB, IO BiAMOBIAAIOTH TAKUM cHCTeMaM. [TepoBaHi iHTerpann yTBOPIOIOTH BiIbHY
aconiaTuBHy ajirebpy, i Bl Hall KOHCTPYKIIiT BUKOPUCTOBYIOTH i1 Bitactusocti. Criogarky
MW PO3TJISIIAEMO MHOXKHUHY BCiX (dopmanbuux) dyHKIH Takux psaais f(.S) 1 BusHauae-
MO MHOXKUHY Ng aeHiB MiHIMaJIBHOTO MOPSIAKY A5t BCiX Takux dyHKINH. Mu BBOIMMO
O3HaYeHHsI MAaKCUMaJIbHOro rpajyiiosanoro Jli-moposzkenoro Jjisoro inearty Jg'™*, axuit
€ oproronasbHuM 10 MHOKUHEA Ng. Mu onucyemo 3B’S3Ku MiXK UM MaKCAMAJIbHUAM Jii-
BHUM ifeasioM 1 jiiBuM imeanaom Jg, M0 MOPOIKEHUI KOpeHeBoIo miganredporo JIi cucremn,
AKa peajisye paa. A came, Mm mokasyemo, mo Jg C J&**. 3okpeMa, 3 IHOTO BUTIN-
Bae, Mo rpaayiosana mganarebpa JIi, ska mopomxkye nisuit izean J&'**, mae cKindeHHY
KOBUMIpHICTh. TakOK MU JAEMO aJITOPUTM, SKUH MPUBOAUTDH s S 10 TPUKYTHOI (op-
MU, 1 MPOMOHYEMO O3HAYEHHS OJHOPIMHOI ampokcuMmariil psay S. A came, omHOpIIHOO
AIMPOKCUMAIIIEIO € OJIHOPIIHUI P/, KOMIIOHEHTH SKOI'O — JIOJAHKUA MiHIMAJIbHOIO HOPS/I-
Ky B KOXKHilf KOMITOHEHT] 1€l TpukyTHOI dopmu. Mu moBomumo, 1mo Ng 30iraerncsa 3
MHOYKMHOIO TACYIOUNX MOJIIHOMIB KOMTIOHEHTIB O/THOPiTHOI anpokcnmarii. Ha Biaminy Bin
BUMAJKY, KOJU BUXiJ € TOTOXKHWUM, OJTHOPI/THA ampPOKCHMAIlisd He BU3HAYAETHCH TMOBHI-
crio ineamom Jg'**. Il Toro, mob ONUCATH IO BAACTHBICTH, MU BBOAWMO JBa PI3HUX
O3HAYEHHS €KBIBAJIEHTHOCTI PsA/IiB: airedpaiyHy eKBiBaJIeHTHICTD (KOJIM IBA DA MAKOTh
OJiHy i Ty caMy OAHOpPiAHY anpokcuMalio) i caabky ajarebpaiudy ekpiBajeHTHICTD (KOJIU
JBa PAJW MAOTh OJWH i TON caMWil MaKCMMaJILHWUI JiBWiA imeas i, oTKe, MalOTh OIHY
it Ty camy MiHIMa/bHY peasi3yrouy cucreMmy). Mu JoBOAMMO, IO SAKINO JBA PAIU € ajl-
reOpalvyHO eKBiBaJIEHTHUMHU, TO BOHU € CJA0KO ajredpaidno ekpiBasenTHuME. [Ipukiaam
MMOKA3YIOTh, 0 OOepHEHE TBEP/XKEHHS HE € IPABUIbHUM.
Karowosi crosa: OnHOpiAHA anpoKcUMAIllisi; HeJiHIlHA KepoBaHa CUCTeMa; P
iTepoBaHUX iHTerpaJiB; KopeHeBa mnigasnaredopa JIi; MmakcumaabHMM JIiBUil imealt.

Icropis crarTi: orpumana: 19 kBiTag 2024; npuitnara: 20 TpaBusa 2024.
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KopekTHicTh Ta mapaboJidHicTh KpaiioBOi 3aaadi JIJIsd
cucrteM audepeHniaJbHUX PiBHAHb Y YaCTUHHUX

IMOX1THUX
Y poboTi mociKy€eThcsa KpafioBa ABOTOYKOBA 33/1a4a i CHCTEeM JIHIMHUX aude-

PeHIiabHUX PIBHSHD Yy YacTUHHUX noXigaux. He mis O6yab-gaKol cucremMu iCHy€ KOPEKTHA
JBOTOYKOBA KpaitoBa 3amada. Tak, 11d piBHIHHS

Ou(xy,w2,t)  Ou(wy,x2,1) +i8u(m1,x2,t)
(9t B 3331 3332

He icHye KpaifoBux yMoB BUTIISALY au(x1,x1,0) + bu(z1, 2, T) = ©(21,x2), PN AKUX TIsT
KpaiioBa 3ama4a Oyme Oyme kKopekTHa B mpoctopi J1. [IIBapia.

Y poboTi 3’d4COBAaHO yMOBH [jisi MATPUII CHUCTEMH, 33 SIKAX ICHYIOTH KODEKTHI Kpaito-
Bi 3amaui B mpocropi JI.IIIBapma, a TakoXK BKA3aHO BUIJISAM IiX KpaiioBux ymoB. Tak
JIJISE CUCTEM 3 €PMITOBOIO MAaTPHICIO KPaiioBa 3a7a4a 3 yMOBAMH HACTYIITHOI'O BUIJISILY
u(z,0) + u(z,T) = p(z) 3axkam 6yme kopektHoo B mpocropi JI. IlIeapma, a Ttakox B
mpocTOpax (DYHKIMH KiHIEBOI TJIaIKOCTI CTEMEeHEeBOro 3pocTanus. s cucrem 3 OmHIEK
TIPOCTOPOBOIO 3MIHHOIO JOBEJEHO, IO 3aBK/IM ICHYIOTH KOPEKTHI KpailoBi 3aJati 3 yMO-
Boio u(z,0) + bu(z,T) = ¢(z) 3 gomarupoio b. Kpim Toro mocnimkyiorsesa mapabomidni
KpaioBi 3a/ati, BIACTHBOCTHIO SKUX € 30LIbITYBAHHA [VIQIKOCTI PO3B’A3KiB.

3’s1cOBaHO, IO [PU YMOBI CTE€HEHEBOIO 3POCTAHHS MOJLYJIsl BJIACHUX 3HAYEHb MATPUII CH-
cremu (106T0 |Re\;(s)| > c|s|" — b 3 nonaraumu c i h) icuylors mapabomiuni kpaiiosi
3aga4di. HaBemeno nmpukiiaum KOpEKTHUX Ta MapaboivHuX KpailoBUX 3a/1ad.

Amnasoriuni pesysibraTi MalOTh Micle JJis JHIAHIX audepeHniaalbHUX PIBHAHD Y YaCTHH-
HUX TOXigauX. B sKOCTI mpukiamsy po3misHyTO piBHAHHSA [ea1bMrombisa

0?u(x,t)

BT + Au(z, t) = ku(x, t),

© Maxkapos O. A., Yepnixosa A.B., 2024; CC BY 4.0 license
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ske He € KopekTHuM 3a [lerpoBcbkum, ase iy HHOrO icHy€e KpaiioBa 3a/7a4a, sKa € 1apa-
6ostiunor0. /119 piBHSIHHS 3 OIHIEI0 MTPOCTOPOBOIO 3MIHHOK HABEIEHO JOCTATHI YMOBH HA
PIBHSHHS IPYTrOro MOPSIAKY 34 9acoM, TP SKHAX iICHYIOTh mapaboJiivHi Kpaiosi 3aaadi.
Karwwosi crosa: KpaiioBa 3aja49a; KOPEKTHICTD; ITapaboJiiuyHiCcTh; HepeTBOPEHHS
®yp’e; mpoctip JI. ITIBapua.

2020 Mathematics Subject Classification: 35S15.

Beryn

KpaiioBa mBoToukOBa 3a7a49a /g cuctemu AudepeHIiaIbHUX PIBHIAHD Y da-
CTUHHUX TIOXIJHHUX BiJlirpa€ BaXXJWBY pOJb, sIK y caMiif MaTeMaTHIl, TakK i B
disini it immumx 3acrocysanusx [1, 2]. g 3ajaua HEOHOPA30BO JIOCHLIZKYBAJIA-
ca xapkiBcbkumn MarematukamMu bopok B. M., Makaposum O. A., @apaurosoro
JI.B. [3, 4, 5, 6]. Humu Gysin orpumani K/aacu €IMHOCTI Ta yMOBM KOPEKTHOCTI
B Kjacax (DyHKII# CTemeneBoro Ta eKCIOHEHIaJ bHOTO 3pocTanng. He mas 6yan-
SIKOI CHTEMU iCHY€ KOPEeKTHA JBOTOYKOBa KpaiioBa 3ajada [5.

V it poboTi JOCHIIKYIOTHCS BUTIAIKY CUCTEM, JIJId AKUX ICHY€E KOPEKTHA IBO-
TOYKOBA KpaitoBa 33/ada B mpocTopi JI. [IIBapita, a TakoXK 3a IKUX YMOB IId 333~
g Oyme mapabostianoio, To6TO 38 AKUX yMOB 30iIbIIYETHCA TVIAIKICTL PO3B’ I3KIB.
JloBesieHo, Mo SKITO BJIACHI 3HAYEHHS MATPUIN CHCTEMU 3POCTAIOTh CTENEHEBUM
9WHOM, TO ICHYIOTH mapabosiuni Kpaiiosi 3amadi.

AnamoriuHi pe3yabTaTH CIpaBeJInBl TAKOXK /s JIHIHHAX TndepentiaTbHuX
PIBHSIHD Y YaCTUHHUX MOXIJHUX APYTOr0 MOPSIIKY 38 TACOM.

[Tokazano, 1o icaye mapabosiuHa KpaiioBa 3ajada Jjs piBHAHHA [eabMroib-
. JeraabHo pO3TIIHYTO BUMAIOK PIBHIAHHA APYTOT0 TOPAIKY 3 OHIEO MPOCTO-
POBOIO 3MIHHOIO 1 BKa3aHO YMOBH iCHYBaHHs IapaboiTHol KpaitoBol 3a1adl.

1. ITocranoBka 3agad4i

Po3rniganemo HacTynHy KpaiioBy 3aady

M;;’t) _p ((5‘;) w(z, 1), (1)

Au(z,0) + Bu(z,T) = ¢(x), (2)

ne xz € R* t € [0,7], P< > — KBaJI[PATHA MaTPUIls, €JIEMEHTAMU KOl €

i0x
nudepeHIiaabHi omepaTopn 31 craganMn koedimiertamn; A i B € moctifinnMu KBa-
JPATHUMEA MATPUIIAMH.

BaxmmBy poab v mociizKeHHd Mi€l 337adl Biirpae BU3HAYHAK KPalioBOl 3a-
nadi A(s) = det (A + BeTP®),

Osnauenns 1. Sagada (1)-(2) nasusaemvea Kopexkmuo pose’aznoro i3 mMpo-
cropy ®; y upoctip ®o, sximo s 6yab-axol dbyskiii ¢(x) i3 npocropy P icuye
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euHuit po3s’sa30K u(x,t) i3 npocropy Po (t € [0;¢]); 1 1eil po3B’sI30K HENepeBHO
3a/1€2KuTh Big ¢(r) y TOnosoril BignosiHuX npocTopiB.
Y skocri npoctopis @1 1 ®9 b6ynemo posrisimaru npoctip JI. lleapua S =

N C5, sakuil ckiaagaeTbest 3 HeCKiHYeHHO JudepentiioBanx GyHKII, M0 crna/jja-
s,l
I0Th IIBHU/IIE HiXK Oyab-akuil cryminb, ge CF — HOpMOBaHHUi IPOCTIP 3 HOPMOIO

lp(@)|| = sup  (ID*p(z)|- (14 [z])!).
|k|<s; z€R™

Osnauenns 2. 3agaqda (1)-(2) masuBaeThes napaboaiunoro, ko Q(s,t) =
et () (A+ BeTP(S))71 saz0B01bHs€ omiEKY [|Q(s, t)|| < C(1+|s|)? exp (—bp(t)|s|")
3 gesxkumu gogaraumu Cyp, h, ne p(t) = min{t, T — t}.

Y poboti [6] gosejeHo, 1m0 KOpekTHA KpaifoBa 3ajgada Oyje napabosivdHoto,
AKINO BJIACHI 3HadeHHd MarTpuni P(s) 3a0BOJBHSIIOTE YMOBY mjin\Re Aj(s)] >

C|s|* — b npu mesxux gonarmux C,h ta b € R.
3’sicyemo — nist sikmx cucreM (1) icHyroTh KOpeKTHI Kpaitosi 3ajadi 3 kpaiio-
BUME yMOBaMu (2), 1 B SIKMX BUIAJKAX TIi 33/1a4i OyIyTh MapaboiTHUM.

2. Bunagok epMiToBoi marpurii

PozrasiHeMo BUTIaI0K, KOU MATPHIIST € €PMITOBOO

Pll(S) e Pln(S)
P(s) = e e
Poi(s) ... Punl(s)
TobTO Pjj = Pji — KOMILJIEKCHO CITPSIZKEHI.
Teopema 1. dxwo mampuus P(s) — epmimosa, mo kpaiiosa 3a0a4a 3 ymo6010
w(@,0) +u(z,T) = o(z), (3)
Koopexmma Yy npocmopi S.

Hoenenns. OCKiJibKU BJIaCHI 3HAYEHHS €PMITOBOI MaTpuiil € JiACHUMHU, TO
BU3HAYHUK Kpaiiosol sasadi A(s) = (1+ eTAl(S)) L1+ eT)‘”(s)) # 0.

Iokazkemo, Mo po3s’a3yBatbia Matpung Q(s,t) = ') (B + eTP(S))71 3a-
JABOJIBHAE CTEIeHeBy OIMHKY. Posrsremo dyukmio f(A) = et (1 + eT’\)_l. Ja-
na QyHKIIg Bu3HAUEHA HA TiHCHIA OCi.
Tomy marpuns Q(s,t) = f(P(\)) Takox BH3HATMEHA Ta 33/J0BOJIbHSIE CTEIEHEBY
oninky [|Q(s, )| < C(1+ |s[)P (mus. [5]).
Tomy kpaiiosa 3a1a4a (1)—(3) kopexrHa B 1mpocTopi S, a Takox y npocropax C}
(nus. [7]).

ITpukaan 1. PosrastaeMo MaTpuiiio
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Lle epmitoBa MaTpuIld, BIacHl 3HaYeHHs KOl A1 2 = £/ s* + s2. Toxni kpaitosa
zaraga

9

)

Ouy(z,t) 0%uy (,t)

ot
Qua(z,t) _ Oui(x,?)

Oua(z,t

Ox? Ox
n 0?us(z,t

ot Ox Ox?

{ Ul(xvo) + ul(m)T) = 901('77)’
ug(z,0) + ug(z, T) = pa(z).

KOpeKTHa y mpocropi S, a Takox y npocropi C}.
Teopema 2. fxwo eaacni snavenns epmimosoi mampuyi P(s) sadosoavuaromo
ymoay |\;(s)| > C|s|" — b is deawumu dodamnumu C,h i diticnum b, mo xpatio-

6a 3adaua (1)—(83) 6yde napabosiunoro. Ile oznanae wo, axwo p(x) € C7, mo
u(z,t) € Cr’, mobmo bydymo neckinuenno dugpepenyiiiosnumu no T.

Hosenenns. Ile summusae 3 [6].
3ayBakeHHsI. 3a Ii€0 TEOPEMOIO 3a/a4a, 10 po3ridnacTbes v pukmani 1,
€ apaboiIHOTO.

3. Bunagok 3arajbHOT MaTpPUILi

Posrisaemo moBiibHy mosmirOMianbHy Marpurio P(s).

Teopema 3. Hxwpo icnye ditiche wucao o make, wo na mnoocunar N; = {s €

2k +1
R"™ : ReAj = a} j=1,2 sukonyemoca nepiswicmo Im\j(s) # (;), keZ
mo npu b = e~ T xpatiosa 3adava s cucmemu (1) 3 ymosoro
u(w,0) + bu(z, T) = p(x) (4)

Kopekmua 6 npocmopt S.

Hosenenns. OckinbKy BUSHAYHUK Kpaitosol 3aiaul

Afs) = (14T (14 T,

2k 4+ 1)me
To BiH HabyBae 3HaveHHA 0 pn \; = a+ (j;)m 3 nesaxuM j. Lle piBHOCHIBEHO
YMOBI
Re\j(s) = «,
k+1
Im\j(s) = 7( i >7T.

T
3 JIeIKUMHA S.

Agte, vy cuny yMOBH TeopeMH, 1€ He BUKOHYETLCS.

Josesemo Terep, 110 po3s’a3yBanbaa Marpuiist Q(s,t) = etp(s)—i—(l + beTP(S))_1
33J0BOJIbHSE CTEIEeHEeBY OINHKY. Lld MaTpuild BU3HAYEHa HA CIEKTPI MaTpPHIb

P(s), ockinbku A(s) # 0.
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dxmo Red < «, mo [f(N)] = ‘et’\ (1+€T()‘70‘))71’ < Oy, tak gk || =
ot Re(N) < T
Axmo Re A > «, o |f(N\)] =

g e(t=T)Re(N)—ay < 1,

Tomy 3uauenns dbysxiil f(A) Ha cektpi marpuni P(s) obmerkeni, a e 03Ha-
qae, mo it [|Q(s, )| < C(1+ |s|)P, Tax ax f(P(s)) = 32; f(A;(s))H;(P(s)).

o(=T)(Re(A)—a) (1 + e—w—a)l)l‘ < Oy, Tak

Orxe, KpaiioBa 3ajiaga KOPEKTHA y TPOCTOpPi S, a TakoXK i3 HpOCTOpY C’fl B
npoctip Cp? 3 nesaknmvu sj, Ij (mue. [8]).

ITpuknan 2.
0 t 0? t)  0? T, t
uy (21, 2, 1) = w1 (21, w2, 1) + U2($1;$2, )_ u2($12$2 )’
ot dx? 3

Ouy(z1, xa,t

1(5752) = w1 (21, 22,1) + ug(w1, 2, 1).

C2 2
Marpung P(s) = <1 811+ 52> .

Ii xapakTepucrmane pipastns (A —1)2+ s — s3 = 0, a pracui sHauenns A 2(s) =
1+ 3% — s%.
Tle o3Hauae, o )\12(8) _ { 1+ . S% — 8%7 upu  |sa| > |s1],
’ 1+iy/s? — s2, mpu  |sa| < |s1].
Toxi s Oy/b-IKUX JOAATHIX & # 1 BUKOHYIOTHCH yMOBHU TEOpeMHU 3, & 1€
03HAYAE, IO BiAMOBIIHA KpaltoBa 3agada KOPEKTHA B IPOCTOpI S.

Teopema 4. Sxwo esachi snauenns mampuui P(s) sadasosvharomov ymosi
min | Re \j(s)| > C|s|* — b 5 dearumu dodamnumu C, h i diticnum b, mo icnye
J

napabosiuna 300aMa.

Josemenns. Tlokaxxemo, 1m0 3 yMOB Teopemu 4 BUILIMBAE BUKOHAHHS YMOB
TeopeMu 3.
I3 ymoB Teopemu 4 BuIIMBAE, IO ICHYE Take MOJATHE T, MPH AKOMY I OYIb
SKUX S : |s| > 1 BUKoHyeThbCs HepiBHICTL | Re Aj(s)| > m > 0.

_ 2k +1
Toni muoxkuaa Gy, = ¢s € Up(0) : ImAj(s) = (;)w} € KOMIIAKT TaKHUi 1110
dim G < n. )
Toni |J Gk # Uy(0), a snaunts iciye so : ReAj(sg) = a rake, mo Im \;(sg) #
keZ
(2k + 1)m

, TOOTO BWKOHaHA yMoBa Teopemu 3. Takum gmHOM, ICHYE KOPEKTHA

T

KpaiioBa 3aj1a4a 3 ymoBu (4), sika TakoxK Oyze napaboJiaHoro.

Teopemy dosedero.

3ayBaxkenns. B [lpukiami 2 kpaiioBa 3ajmaqda 6ysia KOPEKTHOIO, ajie HE I1a-
pabomiunor. HaBegemo mpukiias mapabosigHol 3amadi.
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Ilpukaan 3.
Ouy(z,t) (o t) — 0?us(z, 1) B 821@(:3,@7
ot 0z} ox3
8u2{§f’ 2 = uy(z,t) + ua(z,t).
Marpuus P(s) = (1 51 1— s%) .

Bracui smadenns miel marpuri Ajo(s) = 1 £ \/s% + s%. Bonu 3a1aBOJILHSIIOTH
yMoBaM Teopemu 4 i ToMy KpaiioBa 3amada 3 KPaioBUMU yMOBAaMU

{ ul(xao) + bul(xaT) = @1(1')’
ug(x,0) + bug(x,T) = pa(x),

npu Oynb-gaxkux mofaTHux b Oyme mapado iaHO0.
4. Cucrema 3 OJHI€I0 IIPOCTOPOBOIO 3MiHHOIO

Po3ryigremo cucremy 3 opmi€o mpocTopoBoio 3MminuO0, TobTo © € R. Toxi 3
TEOpEeMH 3 BUILIMBAE HACTYIIHUI PE3YJIbTAT.

Hacainok 1. Tna cucremu (1) y Bunaaky = € R 3aBxkam icHye KOpeKTHA Kpa-
#foBa 3aa9a B MpOCTOpi S.
Hosenennsa. fxmio BracHi 3navenns marpuii P(s) aiiichi, To Im Aj(s) = 0 i Bu-

(2k +2)m

KOHYIOThCsT yMOBH Teopemu 3, To6to Im \;(s) # ; 1 e o3HauagE, Mo Kpa-

ftoBa 3a7a4da 3 ymoBow u(x,0) +bu(z,T) = ¢ 3 6yab-akumu b > 0 6yme KOpeKTHA

B mpocTopi S.
(2k + 2)mi

Axmo Im \;(s) — He ToToxHiit 0, TO piBHAHHES \j(s) —a = — piBHO-
CHUJIBHO YMOBI
Re\j(s) = «,
k+2
Im\j(s) = (;M

Hpyre piBasguasg npu ¢ikcoBanomy k Mae CKiHYEHHY KiJbKiCTh KOPEHIB, a mnpu
k € Z rakux KopeHiB — 3iiueHHa MHOXKUHA 5. Toml MHOXKuHA 3HaUeHD Re Aj(sy)
Tex 37ivenna, To0To icHye a Take, mo Re \j(s) = a. OTike, BUKOHYETHCS yMOBa
TeopeMH 3 i icHye KopekTHa Kpaiiopa 3amaua 3 ymosowo u(z,0) + e T u(z, T) =
p(x).

3 Hacmigka 1 suminsae:
Hacrimnok 2. SIkmo ymosa | Re A;(s)| > C|s|" — b suxonyerses 3 goparamvm C i
h, To icuye napabosiuna KpalioBa 3ajiaqa.

Ilpuknan 4.

i — (),
Qug(x,t)  0%ui(z,t) 9
5% = 2 + k*uq (z,t).




Bicuuk XHY, Cep. «Maremaruka, IpuKIaJHA MaTEeMATHKa i MexaHikay, Tom 99 (2024) 57

Marpuig P(s) = <(—520—{— K2) (1)>, il BiracHi 3HAUeHHS A1 2(s) = £V/s2 — k2.

Ipu |s| > k xopeni \;(s) aijicui, a mpu |s|] < k — kopeni yssui \j(s) =
+ivk? — s2.

Tomy paiioBa 331898 3 yMOBOIO

{ u1(z,0) + buy (2, T) = p1(x),
uz(x,0) 4+ bug(z,T) = pao(x)

mpu b € (0;1) 6yae napabosianoro.

5. KpaiioBa 3azaya qiia audpepeHifiajibHUX PiBHSIHB
3 YACTUHHUMM TOXiTHUMU JPYTOT0 MOPSAKY 34 4aCOM.

3acTocyeMo OTpUMAaHI PE3YIbTATH JI0 PiBHSIHHS

[le piBHSHHS 3BOIUTHCS /10 CHCTEMUA

Ouq(x,t
U2\, _ o _ o
o - ¢ <i8m) up — & (m) ua(,8).
. 0 1 . .
Toni marpuns P(s) = <—Q(8) —R(s)> , & XapaKTEePUCTUIHE PIBHAHHA A HET

A2+ R(s)A + Q(s) = 0.

Iloznaunmo Kopewi 11b0ro piBusAHHS A1 2(s). Toxi 3 Teopemu (3) BuMBae pe-
3YJIBTAT:

Hacnimok 3. Zxkmo icmye nificHe 4mcao o Take, IO Ha MHOXKUHI N; =
(2k + 1)m

{s € R" : Re)j(s) = a} (j = 1,2) Bukonyerncs Hepisaicrs Im \j(s) # T

«

npu k € Z, To mpu b = e~ T kpaiiosa 3ajaga aua pisaanng (5) 3 yMOBOIO

{ u(z,0) + bu(z, T) = ¢1(x), (6)
uy(x,0) + buj(z, T) = p2()

Hyme KopekTHa y TIpocTopi S.

Hacrigok 4. SIkmo min; [ReAj(s)| > C|s|* — b 3 nomaramvm C i h i niit-
cHuM b | TOm KpaiioBa 3ajada st piBHsHD (4) 3 KpaifoBumu ymoBamu (5) Oye
mapOo/TiIHOO.

B gxocti npukiaany posrasgHeMo piBHAHHA [eabMTOIBII:

0?u(z,t)

9 + Au(z, t) = ku(z, t), zeR" teloT], keR.

3 KkpaiioBol ymosomw (6), ne b > 0.
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[licns mepersopentst Pyp’e 3a IPOCTOPOBUMHY 3MIHHUME OTPHMAEMO KpaiioBy
3a/a4y
0%u(s,t) N _
oz |s|?Aa(s, t) = ks, t),
u(s,0) + bu(s,T) = (s),
uy(s,0) + buy(s, T) s).

Pa(
Po3p’s130k Mae Bursz (s, t) = Cp(s)e Co(s)e™ ) e A(s) = /k + |s]2.

Bpaxosytodi xpaitoBi ymMoBH, 3HAIEMO PO3B’I30K KPaOBOI 3a,1adi:
u(xzs,t) =

(ch Xt + bch A\(T —t))@1(s) + (Sh/\)\t +b- Sh/\(z — t>> ©a(s)
= — (7)
(14 beAT) (1 + be=AT)

npu |s|? +k > 0.
ko |s|? + k < 0, T0 po3B’a30K Mae BT

u(s,t) =
(cost/=TsP2 =k + beos(T — t)/=[s2 = k) &1(s)
= +
1+ 62 +2b-cosTr/—|sP — k - (8)

+ (sint\/—]s\Q —k+bsin(T —t)y/—|s]? — l-c) : \/%
52 =

TakuM 9uHOM, PO3B’SI30K HaJIEXKITH IPOCTOPY S, K10 ¢1(s) 1 p2(s) HAMEKATD
IILOMY IIPOCTOPY.

Kpim Toro, ockinbku npu Besmkux S, 4(s,t) mae Burasy (7) i BUKOHYETHCsI
HepiBHicTb U(s,t) < Cexp(—p(t)|s|), To u(x,t) — Heckindenno nndepenniioBHa
(sxmo p1(s) 1 wa(s) mamexars mpocropy La(R™)), To6To 1mst kpaiioBa 3aja4ua
mapabosiivHa.

6. [udepenniajibHi piBHSHHS 3 O/IHI€I0 NPOCTOPOBOIO 3MiHHOIO.

Posrsanemo piBagamms

R ol S G2 R

3’sicyemo npu gxkux R 1 Q) icayoTs napabosivyni KpaiioBi 3aa4i.
1. Hexait R(s) =0, a Q(s) = bgs?* + bys® 1 4+ ... 4 b 3 by < 0.
Toni xKopeHi XapaKTEePUCTHIHOTO PIBHAHHA

- k
Nj(s) = £/ —bos?F — bys2—1 — . — by ~ £+/|bo| - ||, 1upms— oo
i Bukonani ymosu Hacminky 4, TobTo KpaiioBa 3amada 3 YMOBAMHA

u(z,0) + bu(z,T) = p1(x),

W) (z,0) + bul(x,T) = @o(x) (10)
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Oyae mapabosidHo0 3 AeTKUM J0JaTHUM b.
2. ko Q(s) = bs?* 4+ b5k~ ...+ boy 3 by < 0, a creninn noginoma R(s)
MeHIIe k, TO

1
Ni(s) = 5 (<R(s) £ VRGP =1Q()) ~ /ool - [sl",  mpm s — o
i Texk Bukonani ymosu Hacrminky 4, TobTo KpaiioBa 3amada 3 ymosamu (10) Gyze
mapaboTiTHOO.
3. dxmo R(s) = aps™ +a1s™ ' 4+ ...+ am 3 a0 € R, a D(s) = R(s?) —
4Q(s) = cos™ + e1s™ L + ...+ com 3 momaTEHEM 9 # a3, Tomi Aj(s) =

1

5 (—R(s) +/R(s)2 — 4@(5)) :

1
[Ipn rakmx ymosax min|Re);(s)| ~ i)w/c — \a()]’ - |s|™ mpu s — oo 1 Tex
j

Bukonaui ymoBu Hacninky 4, Tobro icuye mapabosigna kpaitoBa 3a1aqa.

Ilpuknam 5.
0?u(x,t) N iQ n 9 +a) du(z,t) Mu(z,t) 0
o2 Do T Moz T ) ot oxt

R(s) = —aps? —iays + a2, Q(s) = —s*.

[Ipu ag # +1 BUKOHAHI YMOBU TOTEPETHLOTO MYHKTY 3 1 TOMY icHye mapabosTiaHa
kpaiioBa 3aga4a 3 ymosamu (10) 3 megkum gomoarHum b.

BucHosku.

VY niit poboTi AOCTIKYIOTHCS BUMAJIKU CUCTEM JHU(DEPEHIIAIbHUX PIBHSIHD Y
YaCTUHHWX TOXITHUX, JJIS SKWX 1CHY€ KOPEeKTHa JBOTOYKOBA KpalloBa 3ajada B
npoctopi JI. lllBapiia; a Takoxk 3’dCOBYETbCS NPU sIKUX JOJATKOBUX yMOBAaX Ha
BaacHi 3Hadenns: marpuni P(s) ng 3agaua Gyme napaboaianon, To6To 36iabImye-
TBCS TJIAJKICTH PO3B’A3KIB.

JloBesieHO 10 1pK CTEIEHEBOMY 3POCTAHHI BJIACHUX 3HAYEHb MATPHUIN ICHYIOTH
mapabostiuni KpaiioBi 3amadi.

AHnaoriuHi pe3ysabTATH CIPABEIINBI TAKOXK s JIHITHIX JudepeHIiaabHIX
PIBHSHD B YACTUHHUX MOXITHUX IPYTOTO MOPAAKY 33 TaCOM.

Kpim Toro, moxkasamo 1o icmye mapabosivgHa KpafioBa 3amada s PIBHAHHSI
l'eapMrosbis.

JloKaIHO PO3IISHYTHH BUNAJA0K PIBHAHB APYTOr0 NOPSAKY 32 acOM 3 OHI-
€10 TTPOCTOPOBOIO 3MIHHO0, 1 BKa3aHI YMOBHU, IPU TKUX iCHYE Mapabo/iivna KpaiioBa
3a/1a4a.

IcTopia crarTi: orpuMmana: 29 ciuna 2024; ocranniit Bapiant: 29 Tpasua 2024
nputinara: 31 Tpasua 2024.
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Well-posedness and parabolicity of the boundary-value problem
for systems of partial differential equations
A. A. Makarov, A. V. Chernikova
Departement of Applied Mathematics
V. N. Karazin Kharkiv National University
Svobody sq., 4, Kharkiv, Ukraine, 61022

The two-point boundary value problem for systems of linear partial di-
fferential equations is studied in the paper. A correct two-point boundary
value problem exists not for any arbitrary system. Thus, for example, for
equation
ou(wy, x2,t)  Ou(wy,xo,t) . Ou(wi,x0,t)
8t o (91’1 t (91’2
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there are no boundary conditions of the form au(zy,x1,0) + bu(z1, 22, T) =
©(21,x2), under which this boundary value problem will be correct in the
Schwartz space.

In the paper found the conditions for the matrix of the system under which
exist well posed boundary-value problem are found in the Schwartz space,
and also indicates the form of these boundary conditions. So, for systems
with a Hermitian matrix, the boundary value problem with conditions of
form

u(z,0) + u(z, T) = p(x)

will always be of a well posed in the Schwartz spaces, as well as in the
spaces of functions of finite smoothness of power growth. For systems with
one space variable, it is proved that always exist well posed boundary value
problems with the condition w(z,0) + bu(x,T) = ¢(x) if b is positive. In
addition, parabolic boundary value problems with property of increasing
smoothness of the solutions are investigated.

It was found that there are parabolic boundary value problems under the
condition of power-law growth of the modulus of the eigenvalues of the
matrix of the system (that is, |[Re \;(s)| > c|s|" — b with positive ¢ and h).
Examples of correct and parabolic boundary value problems are given.

Similar results hold for linear partial differential equations. The Helmholtz
equation
0u(z,t)
ot?
is considered as an example. It is not well posed according to Petrovsky,
but for it exist a boundary value problem that is parabolic. For equation
with one space variable, sufficient conditions for the second-order equation
in time are given, under which parabolic boundary value problems exist.

+ Au(z, t) = ku(z,t),

Keywords: boundary-value problem; well-posedness; parabolicity;
Fourier transformation; the space of L. Schwartz.
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AHATOJIINI BACUJIBOBUY JIVIIEHKO (nekpoJor)
20.03.1936 — 14.08.2023

14 cepmast 2023 poky MMIOB 3 KUTTS AOMEHT, 3aCIYKEHNN BUKIAIa9 XapPKiB-
CHKOTO HaIioHaJbHOTO yHiBepcuTery imeni B. H. Kapazina Anaroniit Bacuanosna
JIytenko.

Hapomuses Amatonitt Bacunsosua 29 6epesust 1936 poky B Xaprosi. Ilicaa
zakimdenua mkom, y 1953 pori Berymus 10 izuko-mareMaTnaHOro (hakyabTeTy
XapKIBCBKOTO JIEPYKABHOTO VHIBEPCHUTETY, AKuil 3akimauB y 1958 poril 3a crerri-
asbHicTiO Maremaruka. [loriM HaB4yascs B acuipaHTypi 1 3aXUCTUB KAH/M/JATCHKY
nuceprariio. Floro naykoBuMm Kepisuukom 6ys Lepruon Ixenesua Jpindens.

Yce mopasbine xkurtd Anarosis BacmaboBmdaa 6ys10 moB’#3aHO 3 MEXaHIKO-
MaTeMaTuIHUM (PAKYIbTETOM, Ha IKOMY BiH TpaIioBas 3 BepecHsd 1962 mo xpiTHA
2015 poxky. Ocranni poKn TpalfoBaB Ha TOCAIl JoteHTa Kadeapu audepeHiiaib-
HUX PiBHIHBb Ta KepyBauud. Buksanas gucrumtinn «/ludepentiansii piBHAHET»
(s crymenHTiB yeix crerianbHocTed dakynbrery), «PyHKIIOHATBHINA aHATI3Y,
«Teopis crifikocTiy, «CTiliKicTh pO3B’a3KiB AU epeHIliaJbHIX PIBHSAHL Yy DaHAXO-
BUX MpocTOpax» Ta bararo iHmmx. JIekmil Ta TpakTHuYHi 3aHITTd, 9Ki IIPOBOJIUB
Anaromiit BacunsoBud, 3amaM’ aTOBYBAJIUCS CTYI€HTAM 33 0e3[M0TaHHy OpraHiza-
Iif0 Ta HAWBUIIWE MaTeMaTUYHUN PiBEHb BUKJIAJ@HHS Marepiaiy. 3a HEBTOMHY
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TIPAITIo Ta 3HAYHI JOCATHEHH Y BUKJIaJanni, 25 ciuns 2002 poxy pimenuam Buemnol
paam XapkiBcbkoro HarmonagapHoro yaisepcutety imeni B. H. Kapagina Aunarosito
BacunboBuuy 6ys10 IpUCBOEHO 3BaHHs «3aC/Iy2KEHUN BUKJIAIa9».

Haykosi gocaimkenns Anarosis Bacumbosudaa 6y mos’s13ami 3 TEOPIEro CTili-
KOCTi PO3B’s13KiB mudpepeHIiaIbHuX Ta PI3HUIEBUX PIBHAHBL Ta CHCTEM, TEOPIEIO
KEPOBAHOCTI Ta CTAOLMI30BHOCTI AMHAMITHUX CHCTeM. BIiH € aBTOpOM KIIBKOX JIe-
CATKIB HAYKOBWX Ta HAYKOBO-METOAWYHUX TPAIh. | puBanmit gac Anaroiit Bacu-
JIbOBUY OYB BLATIOBITAJIbHIM BUKOHABIIEM HAyKOBO-JIOCALTHUX pOOIT, siki BUKOHY-
Basnch Ha Kadeapi audepeHitiagbHuX PiBHIHD T4 KEPYBaHHII.

Heakuit wac Awmarosniii BacwnboBrd BUKOHYBaB 0OOB’SI3KH BUEHOTO CEKpe-
Tapsl CHEMiaai30BaHOl PaJid 13 3aXWCTYy AUCEPTAIil, dKa Jidja NP MeXaHIKO-
MaTeMATUIHOMY (PaKyJIbTeT].

Csitaa nam’sarh npo Anarosis BacuiboBruda HazaBK /U 3a/IMIIATHCA B CEPLAX
0oT0 KOJIeT, yUHIB, APY3iB.
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IIpaBusia njisi aBTOpPiB
«Bicnuka XapKiBCbKOro HalL[iOHAJILHOI'O yHiBEpCUTETY
imeni B. H. Kapazsiua»,
Cepis «Maremaruka, npukJjaagHasi MareMaruka i mexanika»

Pepnaxkiiisi npocuTh aBTOPIB 1IpK HANIPABJIEHH] CTaTell KEPYyBaTUCH HACTYITHUMU
TIPABUJIAMI.

1. B xypnaji myb/ikyloThCa CTATTI, 0 MAOTh PE3YABTATH MATEMATUIHUX
JOCTIKEHb (AHNTIHCHKOI0 200 yKPATHCHKOK) MOBAMMY).

2. llomanHsM cTaTTi BBaXKAETbCS OTPUMAHHS penakiieto dailaiB crarTi
odopmenux v pemakropi LaTeX, amorarmiit, BimomocTeil mpo aBTOPiB Ta apxiBa,
o Brirouae LaTeX aiimm crarTi Ta aitin masttonkis. Paiiy-3pazok odopmiie-
HHS CTATTI MOXKHA 3HaliTH Ha odimiiiniii Beb-cTopinmi KypHATY
(http://periodicals. karazin.ua/mech _math ). ABropam HeoOximHO 3apeecTpyBa-
TUCH TA 3aBAHTA>KUTU TMOJAHHH HA I[ili CTOPiHIl. Byabre yBaXKHUME, 3AIIOBHIO-
10un (HOpMy MOJAHHS JABOMa MOBaMu (yKPAlHCBKOIO Ta aHJICHKOIO).

3. Crarrst NOBUHHA MOYMHATUCH 3 PO3MIMPEHOT aHoTanii (06cAroMm HE MEHII
Hi>k 1800 3HakiB), B #Kiii moBWHHI GyTn wiTKO ChopMyaIHLOBAHI MeTa Ta pe-
3yJbTaTH po6OTH. AHOTAIS TTIOBUHHA OYTH Ti€H0 MOBOIO (AHIJIHCEKOIO abo yKpa-
THCHKOIO), SKOI0 € OCHOBHHI TEKCT CTATTi. 3aKOPAOHHI aBTOPH MOXKYTh 3BED-
HYTHCS /10 PEJAKINl 33 JIOTIOMOTOK 3 MEPEKIAJOM AHOTAIN Ha YKPATHCBKY MO-
By. IloBurui 6yTu HaBemeni npizsuina, iHimiaan aBTopiB, Ha3Ba POOOTH, KJIIOUOBI
CJIOBa Ta HOMEp 3a MIXKHAPOIHOI MareMaTHuHOK Kiacudikarieo (Mathemati-
cs Subject Classification 2020). Anoraris He MOBUHHA MATH TTOCUIAHL HA JIiTEPa-
Typy uu MmagroHku. Ha meprriit cropinmi Bkaszyerbes Homep YK kiacudikarii.
B xinni crarri Tpeba mogaru nepeksaj anorarii (o6carom He MeHIn Hixk 1800
3HAKIB) Ha JAPyTy MOBY (AHIJHHCHKY UM YKPAIHCBKY ).

4. Cuucok Jiteparypu moBuHeH OyTu 0OPMJIEHMIT JIATHHCHKUM MIPUGTOM.
[Mpuknaan odopmIeHHST CIUCKA JITEPATYPHU:

1. A.M. Lyapunov. A new case of integrability of differential equations of motion

of a solid body in liquid, Rep. Kharkov Math. Soc., — 1893. — 2. V.4. — P. 81-85.

2. AM. Lyapunov. The general problem of the stability of motion. Kharkov
Mathematical Society, Kharkov. - 1892. - 251 p.

5. Koxkuwnit MagoHok moBuHeH OyTw MPOHYMEDPOBAHUN Ta ITPEICTABICHUN
okpemuM aitiom B ogroMy 3 hopmarie: EPS, BMP, JPG. B ¢aiini crarti madtto-
HOK TMOBWHEH OyTw BCTaBjieHuit aBropom. [lig mMamoHKOM moBHMHEH OyTH ITiIITHC.
HazBu baiiniB Ma/IOHKIB TOBUHHI MOYMHATUCH 3 IPI3BHUIIA IEPIIOrO aBTOPA.

6. BigomocTti mpo aBTOpiB mMOBWHHI MicTHUTH: OPi3BHINA, iMeHAa, IO HATHLKOBI,
cay2k00Bi agpecn Ta HOMepH TeeOHIB, HAYKOBHH CTYINHD, IIOCAIY, aIpecu eje-
KTPOHHUX CKPUMHBOK Ta iH(OpMaIio npo Haykosl npodaitin asropis (orcid.org,
www.researcherid.com, www.scopus.com) 3 BignoBimHuMu nocunansyu. IIpoxan-
HsT TAKOXK TIOBIIOMUTH MPI3BUITE ABTOPA, 3 IKUM Tpeba BECTH JTUCTYBAHHSI.

7. PexomemnayemMo BUKOPHUCTOBYBATH B AKOCTI 3pa3ka OQMOPMJIEHHS OCTAHHI
sunycku )kyprauay (http://periodicals.karazin.ua/mech _math ).

8. VY Bumanky mopyineHHsd mpaBua 0hOPMICHHS PeIaKIlis He Oyae po3raaiaTu
CTaTTIO.

Esekrponna ckpunbka: vestnik-khnu@ukr.net
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