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On some hypergeometric Sobolev orthogonal
polynomials with several continuous parameters

In this paper we study the following hypergeometric polynomials:
Pr(z) = Po(x;a, B,01,...,0p,K1,...,Ky) =

= pr2Fpp1(—n, nta+P+1,01+1, ..., 0,+1;a+1, ki+61+1, ..., kpy+0,+1; ),

and
Ln(x) =Lyp(x;0,01,...,0p,K1,...,Kp) =

=1 Fpp1(—n,61+1, .. 04+ a+ 1 ki+01+1, . k0,415 1), ne€ Ly,

where «,f,01,...,0, € (—1,+00), and Ki,...,k, € Z4, are some
parameters. The natural number p of the continuous parameters di,...,d,
can be chosen arbitrarily large. It is seen that the special case kK1 = --- =
kp = 0 leads to Jacobi and Laguerre orthogonal polynomials. Of course,
such polynomials and more general ones appeared in the literature earlier.
Our aim here is to show that polynomials P, (x) and L,(x) are Sobolev
orthogonal polynomials on the real line with some explicit matrices of
measures.

The importance of the orthogonality property was our main reason to
concentrate our attention on polynomials P, (z) and £, (x). Here we shall
use some our tools developed earlier. In particular, it was shown recently
that Sobolev orthogonal polynomials are related by a differential equation
with orthogonal systems A of functions acting in the direct sums of usual
Lﬁ spaces of square-summable (classes of the equivalence of) functions with
respect to a positive measure . The case of a unique Li is of a special
interest, since it allows to use OPRL to obtain explicit systems of Sobolev
orthogonal polynomials. The main problem here is to choose a suitable li-
near differential operator in order to get explicit representations for Sobolev
orthogonal polynomials. The proof of the orthogonality relations is then a
verification of such a choice and it goes in another direction: we start from
the already known polynomials to their properties.

© S. M. Zagorodnyuk, 2023



https://doi.org/10.26565/2221-5646-2022-98-01
https://orcid.org/0000-0002-1063-1776

Bicuuk XHY, Cep. «Maremaruka, IpuKkja Ha MATEMATUKS i MexaHikay, Tom 98 (2023) 5

We also study briefly such properties of the above polynomials: integral
representations, differential equations and location of zeros. A system of
such polynomials with a kind of the bispectrality property is constructed.

Keywords: orthogonal polynomials; Sobolev orthogonality; recurrence
relations.

2010 Mathematics Subject Classification: 42C05.

1. Introduction

The theory of orthogonal polynomials on the real line (OPRL) is a classical
subject of analysis having a lot of applications [29],[9],[14]. The theory of Sobolev
orthogonal polynomials is less developed and recognized and it still remains to
be a terra incognita in some aspects [21]. As this theory may be viewed as a
generalization of the classical one, then one can expect that some properties and
objects from the classical theory will have their mirrors and extensions in the
theory of Sobolev orthogonal polynomials. For instance, the important property
for OPRL is that the multiplication by x operator in the corresponding Li space is
symmetric. Under some general assumptions, a weaker property of symmetry with
respect to an indefinite metric holds for Sobolev orthogonal polynomials [32]. We
intend to define and study some generalizations of Jacobi and Laguerre orthogonal
polynomials. Namely, we shall study the following polynomials:

Pr(x) = Pru(z;0, 8,01, .., 0p, K1, ...y Kp) =

= p2Fpi(—n,n+a+p+1,6+1,...,0p+La+1, k1 +01+1,...,k,+0,+1;2),
(1)

and
Ln(z) =Ln(T;0,01,...,0p,K1,...,Kp) =

= pp1Fpri(—n, 0141, .. 0+ a1l ki +01+1, .. Kyt 1), nEZy, (2)

where a, 3,01,...,0, € (—1,+00), and k1,...,K, € Z4, are some parameters.
Observe that the number p € N of the continuous parameters d1,...,0, can
be arbitrarily large. It is clear that the special case k1 = -+ = Kk, = 0 leads

to the Jacobi and Laguerre orthogonal polynomials on the real line. There are
also some other special cases and related systems of hypergeometric polynomials
which were studied before, including Fasenmyer’s polynomials, see [26]. In general,
polynomials P, (z) and L, (z) turns out to be Sobolev orthogonal polynomials on
the real line with some explicit matrix measures. This can be derived on a way
proposed in papers [30] and [31].

Notice that we can consider the following more general hypergeometric
polynomials:

P,(z) =Pp(x;a,01,...,0p;51,...,0¢) =

=pr2fy(—n,nta a1, 081, ..., By ), (3)
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and
Ln(x) = Ln(xa ag, .. '7041);517 e aﬁq) =
:p+1Fq(—TL,O[1,...,O[p;ﬁh...,ﬁq;l’), nEZ-‘ra (4)
where a € (—1,400); a1,...,ap; B1,..., 04 € (0,400), are some parameters. Here

p,q € Z4, and the case p = 0 and/or ¢ = 0 means that ays and/or B;s are absent,
respectively.

Polynomials P, (z), probably, appeared for the first time in a paper of
Chaundy [5] (see formula (26) therein). For the case a = 1 they appeared later
in formula (21) on page 266 in [10|. Polynomials L, (z) also appeared for the first
time in the paper of Chaundy [5] (see formula (25) therein). Ten years later they
appeared in [10] (see formula (25) on page 267).

Observe that

Pr(z;0, 8,01, ..., 0p, K1y kp) =

=P,(z;a+p+1,01+1,...,0,+1;a+1, k1 +01+1,...,k,+0,+1), neZy, (5)

and
Ln(x;0,01,...,0p,K1,...,Kp) =

=Ly(z;01+1,...,0,+a+ 1,k +61+1,...,6,+6,+1), neZy, (6)

where «, 8,61,...,0, € (—1,+400), and K1, ..., k, € Z4, are arbitrary parameters;
p€N.

The importance of the orthogonality property was our main reason to
concentrate our attention on polynomials P, (x) and L, (x). Sobolev orthogonali-
ty for the polynomials P, (z) and L, (z) will be obtained in Theorem 1. Here we
shall use tools developed earlier in [30] and [31]. In [31] it was shown that Sobolev
orthogonal polynomials are related by a differential equation with orthogonal
systems A of functions acting in the direct sums of usual Li spaces of square-
summable (classes of the equivalence of) functions with respect to a positive
measure u. The case of a unique Li is of a special interest, since it allows to
use OPRL to obtain explicit systems of Sobolev orthogonal polynomials. The
main problem here is to choose a suitable linear differential operator in order
to get explicit representations for Sobolev orthogonal polynomials. The proof of
Theorem 1 is then a verification of such a choice and it goes in another direction:
we start from the already known polynomials to their properties.

Differential equations for the polynomials P,(x) and £, (x) will be presented
in Proposition 2. Obtaining linear differential operators which have orthogonal
polynomials (OP) as eigenfunctions is an old and important subject. In this
paper we start with hypergeometric representations of polynomials and therefore
they are eigenfunctions of differential pencils quite directly. Then we move to the
orthogonality. However the mainstream of this subject is to move in the opposite
direction: one starts from an explicit orthogonality and then seeks for differential
operators. Of course, the first classical examples of OP being eigenfunctions of a
differential operator are Jacobi, Laguerre and Hermite polynomials.
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H.L. Krall in [20] initiated the study of differential operators of higher orders
for OPRL systems. Many years later, in 1980th, investigations of Krall were
continued by Littlejohn, J. Koekoek, R. Koekoek and later by other mathemati-
cians. In these investigations an important role was played by generalized Jacobi
and Laguerre weights. This generalization includes additions of Dirac masses at
endpoints of the orthogonality measure supports. For more details one can see the
books [19] and [18].

The above investigations were continued by using inner products which
involved derivatives (Sobolev OP), see [4],[17]. Observe that in [17] generali-
zed Laguerre polynomials LoMoMie.., My (x) were related with ordinary Laguerre
polynomials by a linear differential operator with real coefficients, not depending
on n (the index of a polynomial). This shows that this case fits in the above new
scheme fromM[?)O] [31] (cf. Condition 1 in [30]). It is shown in [17] that polynomials
LMo, M1, (z) are orthogonal with respect to the followmg inner product:

—; = 04 _33 (V (v
< o=y e dx+ZMf )

where a > —1, N € N, and M, > 0. These polynomlals were called Laguerre-
Sobolev orthogonal polynomials. An explicit hypergeometric representation of
type Ly (z) from (4) was obtained, with p = N +1, ¢ = N + 2. A (2N + 3)-
term recurrence relation for the Laguerre-Sobolev OP was derived in [17] as well.
The particular case N = 1 of Laguerre-Sobolev OP was studied in [16]. In this
case, when « is a nonnegative integer it is deduced in [15] that these polynomials
are eigenfunctions of a linear differential operator with polynomial coefficients.
The differential operator has order 2ac + 4 if My > 0, M7 = 0; it has order 2a + 8
if Mg =0, My > 0; and it is of order 4o + 10 if My, M7 > 0. In the above case,
but without the constraint concerning the parameter «, differential operators of
infinite order, having the Laguerre-Sobolev type orthogonal polynomials as ei-
genfunctions, were obtained in [2].

Sobolev type Jacobi polynomials Py, 8, M1, Mz (z,11,12) were studied by Bavinck
in [3]|. They are orthogonal with respect to the inner product:

o 1
<pt>= g P [ ()1 - )1+ ) o

M (1)) (1) + M) (1) (1),

where o, 8 > —1, l1,lo € N, My, Ms > 0. P,f"’B’Ml’MQ(a:,ll,lg) are shown to be
eigenfunctions of linear differential operators. Conditions which imply the fini-
teness of the order of operators are presented. Observe that the particular case
of Gegenbauer-Sobolev OP was studied before in papers [4],[1], where similar
problems were adressed. A representation as 4F3 was given in [4].

The foregoing inner products were generalized by Durdn and de la Iglesia
replacing Dirac addents at the endpoints ¢; by addents of the form

(p(c;), P (¢5)s s PN (€)M (a(c5), ' (¢5), -y ) ()",
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where M is a positive semi-definite matrix, see |7],[8|. By using Casoratti determi-
nants they obtained explicit representations of polynomials and showed that
polynomials are eigenfunctions of a finite-order differential operators.

In [23] new representations for Jacobi Sobolev OP and Laguerre Sobolev OP
were given. It was also shown that the Laguerre-Sobolev OP can be obtained from
Jacobi-Sobolev OP by confluence.

Notice that some polynomial matrix perturbations of classical measures were
studied in [27].

Known methods for generating functions (see, e.g., [10, Chapter XIX], [25])
can be used to obtain some additional properties of the polynomials P, (z) and
L, (). We shall discuss the existence of recurrence relations for these polynomi-
als. In Theorem 2 we obtain a five-term recurrence relation for a special case of
polynomials L, (z), with p = 2, ¢ = 3. The latter provides a five-term recurrence
relation for £,, with p = 2, as a special case. In this case the polynomials £, (z)
(p = 2) have three important properties:

(1) the Sobolev orthogonality;

(2) these polynomials are (generalized) eigenvalues of a pencil of differential
operators;

(3) these polynomials are eigenvalues of a pencil of difference operators.

Of course, each of these features is valuable and £,, (p = 2) possess all of them.
These properties make polynomials £, (x) close to classical systems of polynomi-
als and their generalizations, see [29],[18]. Observe that properties (2) and (3)
are close to the bispectral problems studied for various orthogonal systems of
functions, see [6],[11],[28],[13],[8] and references therein.

Finally, some information on the location of zeros for P, (x) and L,,(z) will be

given in Proposition 3.
Notations. As usual, we denote by R,C,N,Z,Z,, the sets of real numbers,
complex numbers, positive integers, integers and non-negative integers, respecti-
vely; D, == {2z € C: |z] <r}, r > 0; D := Dy. By Z; we mean all integers
Jj satisfying the following inequality: & < j < I; (k,l € Z). By P we denote the
set of all polynomials with complex coefficients. By P, we mean the set of all
polynomials with real coefficients. By M7 we mean the transpose of a complex
matrix M. For a complex number ¢ we denote (¢)p =1, (¢)y = c¢---(c+k —1),
k € N (the shifted factorial or Pochhammer’s symbol). As usual, the generalized
hypergeometric function is denoted by

. A1y ...y,
an(aly'"7am;b1a"'7bn7x):an|: b b T =
1y+--50n;

. s (al)k(am)kﬁ
_Z (b1)g...(bp)i k!’

=0 k
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where a;, b;, v are complex numbers and b;s are not allowed to take negative
integer values.

2. Properties of some hypergeometric Sobolev orthogonal polynomials

Polynomials P, and £, admit some recursive integral representations. Let
a, B > —1. Consider the classical Jacobi and Laguerre polynomials:

Jn(z) = Jn(z;0,B) == 2Fi(—n,n+a+ B+ Lo+ 1Lz), (7)
L,(z) = Ly(z;) := 1F1(—n;a + 1; ), ne”Zs. (8)
Proposition 1. Let p € N, and o, 3,61,...,9, € (=1,400); K1,...,k, € N, be
arbitrary parameters. If p > 2, then
Pu(zi0,8,01,...,0p,K1,...,Kp) =

[(kp+0p+1) /15 .
= 0 1— K n ; y 5 gee ey —1, g ey — 5
T0, T D(ry) Jo © (L7 Palatian Bt dpmtom o ripe)t

z€C: |z] <1, neZy. (9)
If p =1, then
(k1 +01+1)
L'(61 + DT (k1)
ze€C: |z <1, neZy. (10)

1
Pn(z;a,B,01,Kk1) = / t51(1 — t)'“*lJn(zt; a, B)dt,
0

If p > 2, then
Ln(z50,01,...,0p,K1,...,kp) =
F(“p+5p+1)/15 —1
=—F "~ | (1 —=t)" " Lp(zt;0,01,...,0p—1,K1,...,Ky—1)dt,
L'(6p + DI(Kp) Jo g g
2€C, neZs. (11)

If p=1, then

. B I(k1 46 +1)
Ln(z;a,01,K1) = T(6; + 1) (k1)

z2€C, nelZs. (12)

1
/ 11 — )" L, (2t 0)dt,
0

Proof. Use hypergeometric representations of the corresponding polynomials and
Theorem 28 in [26, p. 85]. O

Fix an arbitrary p € N, and choose arbitrary parameters o, 3,61,...,0, €
(—1,+400), and k1, ..., K, € N. Introduce the following linear differential operator
L = L(4, k) with polynomial coefficients, § > —1, k € N:

St @) wwer a9

Ly@) = 5307
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Denote

D =D(81,...,8, k1, kp) = L(61, k1) L(0a, K2) . .. L(6p, ) =
cj(ac)@, cj(z) = c¢j(x;01,...,0pK1,...,Kp) €EP, (14)

where ¢, () is not the null polynomial, k := K1 + - -+ + K.
Now we shall show that the polynomials P,(z) and L,(z) are Sobolev
orthogonal polynomials on the real line.

Theorem 1. Let p € N, and o, f,601,...,6, € (—=1,400); K1,...,6, € N be
arbitrary parameters. Let D = D(01,...,0p;K1,...,kp) be given by (14), and

M(x) := (co(z), ..., (@) (co(2),..., culx)), zeR.

For polynomials Py (z) and L, (x), defined as in (1),(2), the following relations
hold:

= An(sn,rru Ay > 0, n,m € Z—i—; (15)

/0 oo(cn(x), L (x),..., L% (x)M(z) . 2% dx =

= Bnonm., B, >0, n,m¢€Zy. (16)
Proof. A direct calculation shows that
L(6y, kp)Pr(z50, 8,01, ...,0p,K1,...,Kp) =

. ’Pn(.%‘;()d,ﬁ,(sl,...,5p,1,/€1,...,/€p,1), lf,OZQ .
B oFi(—n,n+a+ B+ La+1;x), ifp=1"

and
L(0p,kp)Ln(x;00,01,...,0p,K1,...,Kp) =
_ { Ln(z;0,01,...,0p—1,K1,-..,Kp—-1), if p>2
a 1Fi(—n; o+ 1;2), ifp=1
Therefore

ﬁpn(x;a,ﬁ,él, e 0p K1y Kp) = o F1(—nynt a4+ 1 a4+ 15 2) = Ty (2 o, B),
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and
lA)ﬁn(x;a,(Sl, e 0p K1y Kp) = 1 F1(—nya+ 1) = Ly (2; o).

The latter expressions for Jacobi polynomials J, and Laguerre polynomials L,
can be inserted into their orthogonality relations to obtain relations (15),(16).
This finishes the proof. O

The hypergeometric nature of polynomials P,, and L, provides differential
equations for them.

Proposition 2. Let p € N, and o, 3,61,...,0, € (—1,400); K1,..., Ky € Z, be
arbitrary parameters. Let 6 = z%, and

P P
=0(0+a) H0+nj+5 =[]0 +6+1), (17)
7j=1 k=1

Dy:=K—-200+a+p+1)L, Dy:=zL, Dy:=K—z0L. (18)
Then Vn € Z,

DoPp(z) = —n(n+a+ B+ 1)D1P,(z), zeD; (19)

DyLy(2) = —nD1L,(2), ze€C. (20)

Proof. Use hypergeometric representations of the corresponding polynomials and
the differential equation for ,F,. O

We shall use a known generating function for the polynomials L, (x) from [10,
p. 267|, formula (25). We only added the convergence fact.

Lemma 1. Letp,q € Zy:p < q+1, be fized. Let oy, ..., 0p; 01, ..., 04 € (0,400),
be arbitrary parameters. The following relation holds:

[e.e]
tn
e pFy(ar,. . 0p; B, ..., By —at) = ZLn(x;al, oo B, ’ﬁQ)ﬁ’ (21)

where t,x € D. If p < q then relation (21) holds for all t,x € C.

Proof. Denote by g(t) = g»(t) the left-hand side of (21). Set
_ ) D ifp=qg+1,
D'_{ C, ifp<q

Fix an arbitrary = € D. Then ¢(t) = g»(¢) is an analytic function of ¢ in the
domain D. Let us calculate Taylor’s coeflicients for its expansion at ¢ = 0. By the
Leibniz rule we may write:

900 =3 (1) GF i o))

k=0

(et)(n*k)‘ _

t=0 t=0
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(k)
= () [ (1)) (o) (—2) _
‘M<k> 2 Gy By A )

— 1)j---
t =0
. - n (al)k...(ap)k —xk— " n (al)k...(ap)kik_
‘M<k> SRS Bl e

=Ly(z;00,...,0p;61,...,5q)-

Thus, relation (21) coincides with Taylor’s expansion of g(t) at ¢ = 0. O
Let p € N, and a,61,...,0, € (—1,+0); Ki,...,K, € Z4, be arbitrary
parameters. By Lemma 1, for all ¢,z € C the following relation is valid:

51+1,...,5p+1;

— ot =
a+ k4041 kp+0,+1

t
(& pr+1 |:

oo tn
= Zﬁn(w;a,dl,...,(5p,/-@1,...,/§p)—
n=0

. (22)

Let us now turn to the question of the existence of some recurrence relations
for polynomials P,, and L,. For big values of p and ¢ the expressions for the
coefficients of recurrence relations will be complicated and it is not clear that
they will be nontrivial. Thus, the non-triviality of the recurrence relations can
not be guaranteed.

We are not ready to treat effectively the case of general p and ¢. It looks
reasonable to investigate concrete systems of polynomials P,, or L,, having some
fixed values of p and ¢. Even in this case expressions for the coefficients can be
huge and probably of few use. We shall study the case p = 2, ¢ = 3, for the
polynomials L,,:

Ly (z) = Ly (z; a1, ag; B, B2, B3) = 3F3(—n, a1, a9; B1, B2, B3;), n € Zy, (23)
where aq, ag, B1, B2, B3 € (0,400). By Lemma 1 we may write:
n

o
t
et2F3 (061,062; 517 62753; _$t> - E Ln(x>ﬁ7 t7$ € C. (24)
n=0 ’

Fix an arbitrary number x € C\{0}. Introduce a new variable z:
z = —uxt.

Relation (24) may be written in the following form:

: — —1)" 2"
By (0,00 BBz = e Y La@ 2 ec (@)
n=0

n!’
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Denote the left-hand side of relation (25) by w(z). It satisfies the differential
equation for the hypergeometric function:

000+ 81— 1)(0+ B — 1)(0+ B3 — 1) — 20+ a1)(0 + ag) w(z) =0,  (26)
where 6 = z%. Set

by:=p1—1, by:=pf—1, b3:=f5-1, (27)

ci=bi +by+b3+6, b:=T+3(b1+by+b3)+biby+bibs +bobs,  (28)

d:=14 by + by + b + b1by + bibs + babs + bibabs, a =14+ a3 +as. (29)

Assume that z # 0. We can rewrite the differential operator [...] in (26) as a
sum of powers of #, and divide the whole equality by z to obtain:

d
%(93 + (b1 + by + b3)0% + (bybg + byb3 + bab3 )@ + bybobs)—

—0% — (a1 + a2)f — ajas] w(z) =0, z € C\{0}. (30)
In terms of usual derivatives this relation can be rewritten as

Puw® 4 cz?w” + (b — 2)zw” + (d — az)w’ — arasw =0, z € C\{0}. (31)
Denote the left-hand side of (31) by I(z). Since w(z) is an entire function, then
[(z) is entire as well. By continuity we conclude that relation (31) holds for z = 0.
Set

n

o(z) = @(z;2) = ZLn(az)(_;le', z e C. (32)
n=0

Then
w(z) = erp(z), zeC.

We can calculate the derivatives of w by the Leibniz rule and substitute the
resulting expressions into relation (31). If we cancel the term ez, we shall get the
following relation:

4 6 4 1
234)0(4) + 72390///_1_ 7223()0//_1_ 7323()0/_‘_ 742390_1_
T xT xT T

2 m 32//

‘ezt +e—z"¢ +c 2
x

3 ,, 1
X X

~ ~ ~

1
+(b—2)z¢" + (b— z);zgo’ +(b— z)ﬁch%—

1
+(d —az)¢ + (d— az)ggp — ajagp =0, z € C. (33)
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~

Denote the left-hand side of (33) by {(z). Observe that

oo 1 00 n
/ (=" Lyt (2) " (=1)" Ly yo(x)
#(2) = Z n! s &) = Z n! Wzn’
n=0 n=0
0 1 0o n
meoN (—=1)"*! Ly43(x) (4) B (=1)" Ly 44(z)
@ (z)—zo Rt S (z)_zo I A
n= n=

We can substitute the latter expressions into relation (33) to get a series expansion

of /l\(z), which is equal to zero. Thus, every Taylor coefficient I is zero, and this
provides a recurrence relation for polynomials L.

Theorem 2. Let oy, a9, 51, 52, 83 € (0,+00). Consider polynomials

L, (z) = Ly (z; o1, ag; 1, B2, B3) = 3F3(—n, a1, a9; b1, B2, B3; ), n € Zy,

with L_1(z) = L_s(x) = L_3(x) = 0. Let by, by, by, ¢, b, d, & be defined as in (27)-
(29). The following five-term recurrence relation holds:

(—k(k )k —2) — k(k —1)c—kb— d) Lys1(2)+

+ (4k:(k ~1)(k —2) + 3k(k — 1)e + 2kb + d) Ly, (x)+

+ (=6k (k= 1)k = 2) = 3k(k — 1)e = kD) Ly (2)+
+ (4k(k = 1)(k = 2) + k(k — 1)¢) L_a(x) — k(k — 1)(k — 2)Ly_s(x) =
— 2 [(k(k — 1) + k@ + a1a2) Ly ()
— (2k(k — 1) + k@)1 (@) + k(k — DLy o(@)],  keZy.  (34)

Proof. Calculate the Taylor coefficients lAkAof lA(z), as it was explained before the
statement of the theorem. Then multiply I, by (—1)FklzF*1 to get relation (34).
a

In conditions of Theorem 2 we additionally assume that

617ﬁ27ﬁ3 € [17+OO) (35)

Then parameters by, bo, bs; c,/b\, d are positive. This fact ensures that the coeffici-
ent by Lyyi(x) in the recurrence relation (34) is non-zero for k > 3. Since the
coefficient by Ly_3(z) is also non-zero for k > 3, the recurrence relation (34) is
non-trivial in this case.

Notice that by (6) we may write

Ln(w5 0, 61,00, K1, K2) =

=Lp(z;61 + 1,00+ La+ 1,k +01+1,ke+d+1), neZy, (36)
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where «, 1,02 € (—1,+00), and k1, k2 € Z4, are arbitrary parameters. Therefore
one can write the above recurrence relation for £, (z; o, 01, 02, K1, K2)-

In general, we can conjecture that polynomials L, (x) from (4), with p =
q — 1, satisfy a (¢ + 2)-term recurrence relation. This conjecture agrees with the
classical case of Laguerre polynomials, with R. Koekoek’s result mentioned in the
Introduction, and with Theorem 2.

Let us now discuss the case of polynomials P,,(z) and their recurrence relati-

ons. We shall use a known generating function for the polynomials P,,(x) from [5],
formula (26). As in the case of Lemma 1 we only add the convergence fact.

Lemma 2. Let p,q € Zi: p < q—1, and ¢: 0 < ¢ < %, be fized. Let

a;aq, ..., 0p;B1,. .., B¢ € (0,400), be arbitrary parameters. The following relation holds:
—a a a+1 4t
(1—t)" ok, (27 5 M Qs By Bys _(115)2) =
_ - (a)n . . n
_Z nl Pn(l‘,a,al,...,Oép,ﬁl,...,ﬁq)t ) (37)
n=0 ’
where 1 ]
t Dt ———.
,xeC: |t <, |x\<4c 5 (38)
Proof. Notice that condition (38) provides that
4at
—| <1 39
o 39

In fact, we may write:

_ Az||t] 4(4%—%)02 1-2¢ <1—2c+02:1
1 .

‘ 4zt -
S —tf? (1-c¢)? (I1—-¢? " (1-0¢)?

(1—1)?

Therefore the left-hand side of (37) is well-defined for all ¢,z satisfying condition (38).
Denote by R; the right-hand side of (37). At this point we do not know if the series
in R; converges. Consider the following two iterated series which differ by the order of
summation:

oo o0 n Z‘k

Ryi= 33 (@) (- nln + o) (40)
n=0 k=0 ) ’
x© n .Z‘k

Ry i= 32 S (@ (—n)i(n + @ (41)
k=0n=0 ) ’

where for brevity we denoted

uj = M’ jEeZy, (42)

(B1)j - (Ba);

and t, x are satisfying condition (38). We are going to prove that the series R3 converges
absolutely. Denote
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" _
nl

= Zu’“? (@)n(n+a)k|(=n)|

L 0 n
= Zuk% Z(a)n(” + a)k (n|ﬂ DIk (43)

k=0 " on=k

where we have removed the null terms. Denote the inner sum in the last row of (43) by
Si. By the ratio test it converges for all ¢ € D.. Changing the summation index j = n—k

we get
Sk:Z(a)ch( +k+a) | on|t|® Z + 2k) |7|_
3=0
= (@)alt|* (L = [t) 7", teD..
Then .
RBy= (1 1) (a2 (28 )
- k=0 U x-pnz)
o0 k
a+1\ ug 4|xt|
(1—[t)™ L LI -
W kz_o( ) ( 2 )k k! ((1—t|)2

a a+1 4|z|¢| > (44)

=(1—1|t F, —_— ; ;
( | |) p+2 (2 2 , 01, aapaﬁh 76q, (1*|t|)2

where we have used the following relation (see Lemma 5 in [26, p. 22]):

m=t(3),(55),
4lz||t]

By virtue of (39) with parameters |z|, |t| instead of x, ¢, we obtain that otz < 1, and
this proves the last line of (44). Thus, the series Rz converges absolutely. Let

oo o0

R3y = E g Akny, Ok = Uk + Wkn, Ukn, Vkn € R.
k=0n=0

By Theorem 2 in [12, p. 34] we conclude that

o0
> laj| < oo,
=0

where the series is composed of elements ay ;, placed in an arbitrary order. Let a; =
u; +1vj, u;j,v; € R. By the comparison test it follows that

oo o0
> lugl < 00, Y sl < oo
j=0 =0

By Theorem 1 in [12, p. 32] we obtain that

ZZ“’M = ZZum = Zw; (45)
j=0

k=0n=0 n=0 k=0
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SN vk =D vk = iv;. (46)
=0

k=0n=0 n=0 k=0

Summing relations (45) and (46) we get

Z Z Qk.n = Z Z QK n- (47)

k=0n=0 n=0 k=0

Therefore Rg = Ry. It remains to check that Rs coincides with the left-hand side of (37).
We may write:

Ry = Zukﬁ D (@n(=n)k(n+ a)s—.
k=0 " n=k s
Denote
> tn
Ty := Tg(a)n(—n)k(n +a)k—.

The series T} converges absolutely by the ratio test. Proceeding in a similar manner as
for Sk, we change the summation index j =n — k:

i j+k >0 j
7=0 7=0 ’

= (a)ar (=) (1 — )72k, t € D.

Therefore

[eS) k
Ra= (=07 @ () -

k=0
) k
_ a a+1 U 4xt
:(1—t) e = < > <— > =
%(2)1@ 2 ), K (1-1)2
—a a a+1 —4xt
:(1_t) p+2Fq (272aalv"'7ap;ﬂ17"'a/8q;(1_t)2>7 (48)

where we have used relation (39). Since R3 = Ry = Ry, the proof is complete. O
As an immediate consequence of Lemmas 1 and 2 we have the following result.

Corollary 1. Let p € N, and 61,...,0, € (—=1,400), Ki,...,k, € Z, be arbitrary
parameters. If a > —1 then

Lo(z;a,01,...,0p,K1,...,Kp) =
_n! “ne1C S 41,...,6,+1;
- 2mi |(|:1C epr+1[04+1,/€1+(51+1,...,/<p—|—(5p+1; — (] dc,

zxeC, nelZ;. (49)
Ifa,8€(—1,400): a+ 8> —1, then

Prl(x;0, 8,01, ..., 0p, K1, .., Kp) =

_ i n! —n—1 _ —a—B—l*
S 27mi (a4 B+ 1), qul ¢ (1=¢)

—4
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a+B+1 a+p+2 .
*pr2lpp1 il et SRR . SIS dg,
a+1l,k+6+1,...,k,+0,+1;  (1-)2
1
zeC: |z|< ne’Zy. (50)

4 )
Proof. The proof follows by calculating the corresponding Taylor coefficients in the above
Lemmas (with ¢ = ). O

In formula (37) on the left we see ,oF, with an argument 7(14_%)2. If we proceed as
for the case of L,, we shall get huge expressions because of this composition of functions.
We also have (1 —t)~“ instead of e~® which also has effect on the complexification.

Observe that 3F, polynomials of type P,, were already studied in [30]. A recurrence
relation for them was obtained by Fasenmyer’s method. This recurrence relation was
very large and, probably, of restricted use. It should be noticed that Fasenmyer’s method
seems to be more preferable in the case of polynomials P,,.

Let us turn to the question about the location of zeros of polynomials P, and L.
As usual, it is useful to use the Enestrom—Kakeya Theorem ([22, p. 136]).

Proposition 3. Letp,qg€Z:p>q+1, and
a€ (=1,400); ai,...,ap;P1,...,04 € (0,+00),
are some parameters. If
o > B, §E€Lg; ar =1, k€ ZLgyip, (51)

then all zeros of polynomials Py(x) = Pp(z;a,01,...,0p;51,...,04) and all zeros of
polynomials Ly, (z) = Ly, (z;a1,...,0p; 01, ..., B,) lie in the unit disc D.

Proof. Fix an arbitrary n € N. Since

Pn(x;avalw~'7ap;5la~"7ﬂq) :p+2Fq(_nan+a’aalv"'vap;ﬂl,"'aﬁq;x) =

- i(—n)k(n + a)kwﬁ -
Z . :

B LI G S C Y ) L
=0 (n - k‘)' (ﬁl)k .. (ﬁq)k k! =0 ’
where | (a1) ()i 1
L n! n a a1 )k - - O¢ k47 ———
di := (n— k)!( + Bk - - - (B)x k! >0,

Thus, the polynomial p(z) has degree n and positive coefficients. The reversed polynomial:

p'(2) := 2"p(1/z)
has degree n and positive coefficients as well. Observe that

1 1 (Br+k)...(By+ k)

i/ dier = (n—k)(n+a+k)(ar+k)... (ap+k)

(k + 1) S 1a k € ZO,7L—17

where we used condition (51). We can apply the Enestrom-Kakeya Theorem (][22, p.
136]) for the polynomial p*(z) to obtain that all its zeros lie in the domain D, := {z €
C: |z| > 1}. Therefore the zeros of P, lie in D.
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We may proceed for polynomials L,, in a similar way:

Ln(x;ala'"7O‘p;617"'76q) :p+1Fq(7n7a17'"aap;ﬂlv"'aﬂq;x) =

n! (). (ap)k (—2)*
( |

S dzt = (2,
k=0

k=0 (n =K (B)k---(Byx k!
where o 1
~ n! alk...apki o
dk'i(N—k)!(&)k--.(ﬁq)kk!>0’ z: z.
Since

di/diy1 <1, k€ Zon,

by the Enestrom—Kakeya Theorem we conclude that the reversed polynomial p* has its
zeros in D.. Thus, the zeros of L, lie in D as well. O

Let us make an illustration on the last result. Consider the following three systems
of polynomials:

fn(x) = 3F1(_77z,71',5;3;$), gn(x) = 4F1(_n7n+ 17”75;3;1.)7

and
hno(x) = 3F3(—n,m+ 1,2 + 1;1, 7 + 8,27 + 201; x), nez,.

o_o7%

o.0%

O_0z5

o_az 0o.0d 0.0 0.0& o_1 0.1z

“0_0zZ5 ¢

-0_05}
-0_075¢

Figure 1. Zeros of fip(x).
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. o.ong |

o_ool |

-0 00l [ o000l o.a0z

~o_onl | '

C o -p.oog |

Figure 2. Zeros of gao(x).

£} , -
1o}
0, 40 &0 &0 100 1E0 140
-10}
-z0 | ' -

Figure 3. Zeros of hso(x).
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Polynomials f,, and g, fit into the conditions of Proposition 3, while polynomi-
als h,, do not satisfy these conditions. Numerical calculations were performed by usi-
ng Mathematica, while by final formatting we used Paint.

In Figures 1 and 2 we see that all zeros of fi19(z) and go2g(x) are close to the origin and
they lie symmetrically (which is not surprising since polynomials have real coefficients).
It seems that all zeros are located on certain algebraic curves.

Figure 3 shows that zeros of goo(z) can lie outside the unit disc. They are located on
an interesting curve as well. Of course, the nature of the above mentioned curves is not
yet clear. However this encourages some further investigations on the location of zeros of
hypergeometric polynomials P,, and L,,.

REFERENCES

1. H. Bavinck. Differential operators having Sobolev-type Gegenbauer polynomials as
eigenfunctions. Higher transcendental functions and their applications, J. Comput.
Appl. Math. — 2000. — Vol. 118, No. 1-2. — P. 23-42. 10.1016,/S0377-0427(00)00279-X

2. H. Bavinck. Differential operators having Sobolev-type Laguerre polynomials as ei-
genfunctions: new developments, Proceedings of the Fifth International Symposium
on Orthogonal Polynomials, Special Functions and their Applications (Patras, 1999),
J. Comput. Appl. Math. — 2001. — Vol. 133, No. 1-2. — P. 183-193. 10.1016,/S0377-
0427(00)00642-7

3. H. Bavinck, Differential operators having Sobolev-type Jacobi polynomials as ei-
genfunctions. J. Comput. Appl. Math. — 2003. — Vol. 151, No. 2| — P. 271-295.
10.1016/S0377-0427(02)00810-5

4. H. Bavinck, H.G. Meijer. Orthogonal polynomials with respect to a symmetric inner
product involving derivatives, Appl. Anal. — 1989. — Vol. 33, No. 1-2. — P. 103-117.
10.1080,/00036818908839864

5. T.W. Chaundy. An extension of hypergeometric functions. I. Quart. J. Math. Oxford
Ser. — 1943. — Vol. 14. — P. 55-78. 10.1093 /qmath/os-14.1.55

6. J.J. Duistermaat, F.A. Griinbaum. Differential equations in the spectral parameter,
Comm. Math. Phys. — 1986. — Vol. 103, No. 2. — P. 177-240.

7. A.J. Durdn, M.D. de la Iglesia. Differential equations for discrete Laguerre-Sobolev
orthogonal polynomials, J. Approx. Theory. — 2015. — Vol. 195. — P. 70-88.
10.1016/j.jat.2014.01.004

8. A.J. Durdn, M.D. de la Iglesia. Differential equations for discrete Jacobi-Sobolev
orthogonal polynomials, J. Spectr. Theory. — 2018. — Vol. 8, No. 1. — P. 191-234.
10.4171/jst /194

9. A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi. Higher transcendental functi-
ons. Vols. I, II. Based, in part, on notes left by Harry Bateman. McGraw-Hill Book
Company, Inc., New York-Toronto-London. — 1953.

10. A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi. Higher transcendental
functions. Vol. III. Based, in part, on notes left by Harry Bateman. McGraw-Hill
Book Co., Inc., New York-Toronto-London. — 1955.


https://doi.org/10.1016/S0377-0427(00)00279-X
https://doi.org/10.1016/S0377-0427(00)00642-7
https://doi.org/10.1016/S0377-0427(00)00642-7
https://doi.org/10.1016/S0377-0427(02)00810-5
https://doi.org/10.1080/00036818908839864
https://doi.org/10.1093/qmath/os-14.1.55
https://doi.org/10.1016/j.jat.2014.01.004
https://doi.org/10.4171/jst/194

22 S. M. Zagorodnyuk

11. W.N. Everitt, K.H. Kwon, L.L. Littlejohn, R. Wellman. Orthogonal polynomial
solutions of linear ordinary differential equations, Proceedings of the Fifth Internati-
onal Symposium on Orthogonal Polynomials, Special Functions and their Applicati-
ons (Patras, 1999), J. Comput. Appl. Math. — 2001. — Vol. 133, No. 1-2. — P. 85-109.
10.1016/S0377-0427(00)00636-1

12. G.M. Fichtenholz. Infinite series: ramifications, Revised English edition. Translated
from the Russian and freely adapted by Richard A. Silverman. The Pocket Mathemati-
cal Library, Course 4. Gordon and Breach Science Publishers, New York-London-Paris,
1970.

13. E. Horozov. Vector orthogonal polynomials with Bochner’s property, Constr. Approx.
—2018. — Vol. 48, No. 2. — P. 201-234. 10.1007/s00365-017-9410-6

14. M.E.H. Ismail. Classical and quantum orthogonal polynomials in one variable, Wi-
th two chapters by Walter Van Assche. With a foreword by Richard A. Askey.
Encyclopedia of Mathematics and its Applications, 98. Cambridge University Press,
Cambridge. — 2005. 10.1017/CB09781107325982

15. J. Koekoek, R. Koekoek, H. Bavinck. On differential equations for Sobolev-type
Laguerre polynomials, Trans. Amer. Math. Soc. — 1998. — Vol. 350, No. 1. — P. 347-
393. 10.1090/S0002-9947-98-01993-X

16. R. Koekoek ,H.G. Meijer. A generalization of Laguerre polynomials, STAM J. Math.
Anal. — 1993. — Vol. 24, No. 3. — P. 768-782. 10.1137/0524047

17. R. Koekoek. Generalizations of Laguerre polynomials, J. Math. Anal. Appl. — 1990.
— Vol. 153, No. 2. — P. 576-590. 10.1016,/0022-247X(90)90233-6

18. R. Koekoek, P.A. Lesky, R.F. Swarttouw. Hypergeometric orthogonal polynomials
and their g-analogues. With a foreword by Tom H. Koornwinder. Springer Monographs
in Mathematics, Springer-Verlag, Berlin. — 2010. 10.1007/978-3-642-05014-5

19. A.M. Krall. Hilbert space, boundary value problems and orthogonal polynomials.
Operator Theory: Advances and Applications, 133, Birkhduser Verlag, Basel. — 2002.
10.1007/978-3-0348-8155-5

20. H.L. Krall. Certain differential equations for Tchebycheff polynomials, Duke Math.
—1938. — Vol. J.4 , No.4. — 705-718. 10.1215/50012-7094-38-00462-4

21. F. Marcelldn, Yuan Xu. On Sobolev orthogonal polynomials, Expo. Math. — 2015. —
Vol. 33, No. 3. — 308-352. 10.1016/j.exmath.2014.10.002

22. M. Marden. Geometry of polynomials. Second edition. Mathematical Surveys, No.
3, American Mathematical Society, Providence, R.I.. — 1966.

23. C. Markett, New representations of the Laguerre-Sobolev and Jacobi-Sobolev
orthogonal polynomials, From operator theory to orthogonal polynomials, combi-
natorics, and number theory, a volume in honor of Lance Littlejohn’s 70th birthday,
Oper. Theory Adv. Appl., 285, Birkhduser Springer, Cham, 2021. — P. 305-327.

24. C. Markett,The differential equation for Jacobi-Sobolev orthogonal polynomials with
two linear perturbutions. Corrected title: The differential equation for Jacobi-Sobolev
orthogonal polynomials with two linear perturbations, J. Approx. Theory. — 2022. —
Vol. - 280. — Paper No. 105782, 24 pp. 10.1016/j.jat.2022.105782


https://doi.org/10.1016/S0377-0427(00)00636-1
https://doi.org/10.1007/s00365-017-9410-6
https://doi.org/10.1017/CBO9781107325982
 https://doi.org/10.1090/S0002-9947-98-01993-X
https://doi.org/10.1137/0524047
https://doi.org/10.1016/0022-247X(90)90233-6
https://doi.org/10.1007/978-3-642-05014-5
https://doi.org/10.1007/978-3-0348-8155-5
https://doi.org/10.1215/S0012-7094-38-00462-4
https://doi.org/10.1016/j.exmath.2014.10.002
https://doi.org/10.1016/j.jat.2022.105782

Bicuuk XHY, Cep. «Maremaruka, IpuKkja Ha MATEMATUKS i MexaHikay, Tom 98 (2023) 23

25. E.B. McBride. Obtaining generating functions. Springer Tracts in Natural Phi-
losophy, Vol. 21, Springer-Verlag, New York-Heidelberg. — 1971.

26. E.D. Rainville. Special functions. Reprint of 1960 first edition. Chelsea Publishing
Co., Bronx, N.Y.. — 1971.

27. F.W. Schiifke, G. Wolf. Einfache verallgemeinerte klassische Orthogonalpolynome.
(German), J. Reine Angew. Math. — 1973. — Vol. 262-263. — P. 339-355.

28. V. Spiridonov, A. Zhedanov. Classical biorthogonal rational functions on elliptic
grids, C. R. Math. Acad. Sci. Soc. R. Can. — 2000. — Vol. 22, No. 2. — P. 70-76.

29. G. Szegd. Orthogonal polynomials. Fourth edition. American Mathematical Society,
Colloquium Publications, Vol. XXIII, American Mathematical Society, Providence,
R.I.. - 1975.

30. S.M. Zagorodnyuk. On some classical type Sobolev orthogonal polynomials, J.
Approx. Theory. — 2020. — Vol. 250. — 105337, 14 pp. 10.1016/j.jat.2019.105337

31. S.M. Zagorodnyuk. On some Sobolev spaces with matrix weights and classical type
Sobolev orthogonal polynomials, J. Difference Equ. Appl. — 2021. — Vol. 27, No. 2. —
P. 261-283. 10.1080,/10236198.2021.1887160

32. S.M. Zagorodnyuk. On the multiplication operator by an independent variable in
matrix Sobolev spaces, Adv. Oper. Theory. — 2022. — Vol. 7, No. 4. — Paper No. 54.
10.1007 /s43036-022-00221-1

Article history: Received: 21 August 2023; Final form: 29 September 2023
Accepted: 2 October 2023.

How to cite this article:

S. M. Zagorodnyuk, On some hypergeometric Sobolev orthogonal polynomials with
several continuous parameters, Visnyk of V. N. Karazin Kharkiv National University.
Ser. Mathematics, Applied Mathematics and Mechanics, Vol. 98, 2023, p. 4-24. DOTI:
10.26565/2221-5646-2023-98-01

IIpo gesiki rinmepreoMerpudHi co00J/I€BChKI OPTOrOHAJIbHI MHOTOYJICHHU
3 KiIbKOMa HellepepBHUMU IapaMeTpamMu
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matidan Ceobodu, 4, Xapwie, Yepaina, 61022
B miit ctaTTi ME BUBYAEMO HACTYIHI TiepreoOMeTPUTIHI MHOTOYUICHHN:

Pro(x) = Pp(z; 06,01, .. .,0p,K1,...,Kp) =

= pp2Fppi(—n,n+a+p+1,00+1,....0,+La+ 1,k +d+1,...,6,+0,+1;2),
Ta
Ln(z) =Lop(x;0,01,...,0p,K1,...,kp) =
=1 Fpr1(—n, 01 +1,...,0, + Lo+ 1,k +61+1,...,6,+ 0, + 1;2), ne Ly,

e, f3,01,...,0, € (—1,400), 18 K1, ..., Ky € Z4, € geaxumu napamerpamu. Harypamns-
He YHCIIO p HETePEePBHUX TapaMeTpiB J1, . .., 0, MOXKe OyTH OOpaHUM JOBITHHO BEJIHKIM.
fcHo, Mo cHermiagpHU BUNANOK K1 = -+ - = K, = 0 IPU3BOAUTE J0 MHOro4IeHiB K00
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ta Jlareppa. 3Budaiino, nogiOHi Ta OLIbII 3arajbHi MOJIHOMEM BHHUKAJIU B JiTeparypi
panimme. Hamra Mera TyT nosisirae B Tomy, mo6 nokasaru, mo noginomu Py, (x) ta L, (z)
€ coDO0IeBCHKUMI OPTOTNOHAJIHLHUMH MHOTOUYJIEHAMHW Ha MiHCHINH OCi 3 JeIKUMHU SBHUMHI
MaTPUYHAME MipaMHU.

BaxksuBicTs opToroHasbHOCTI OysIa HAINIOIO TOJOBHOIO MPUYUHOIO 30CEPEIUTH HAITY
yBary Ha noainomax P, (x) ra L, (x). Tyr Mu BUKOpuCTOBYEMO /esiKi HaLIl IHCTPYMEHTH,
oTpuMaHi pasinre. 30KpeMa, HelomaBHO OyJI0 TOKa3aHo, IO COOOJIEBCHKI OPTOrOHABHI
MHOTOYJIEHU TIOB’si3aHi depe3 mudepeniriaibie piBHAHHSA 3 OPTOTOHAIBHUMEA CHCTEMAMHI
A dysKIiN, 010 AiI0TH y TPSAMUX CyMaX 3BUYANHUX Li MIPOCTOPIB KBAAPATUIHO CyMOBa-
Hux (Kjacis ekBiBasienTHOCTI) DyHKUi BigHOCHO 103uTHBHOI Mipu . Bunamok omuoro LIQL
Ma€ JIOJIATKOBY THKAaBiCTh, OCKIIbKY BiH /103Bosie BukopucroByBaru OPRL mis orpuma-
HHS $IBHUX CHCTEM CODOJIEBCBKUX OPTOrOHAJIbHUX MHOrodsiexis. QcHoBHa npobieMa TyT
TOJIATAE B 6UOOPT NI0T00AUL020 NHITH020 JUPEPEHUIAALHO20 ONEPATNOPG 3 MEMOI OMPU-
MAHHA ABHUT NPEICaAsAeHb CODOAEECHKUL OPMOZOHANHUL MHO20UAeHT6. 1licias 1boro
JI0Ka3 CIIBBiAHOIIEHh OPTOTOHATBLHOCTI € MEepeBIpKOI0 TAKOrO0 BHOOPY i MPOBOIUTHCSA B
IHITIOMY HAIPSMKY: MU TOYUHAEMO 3 BKe BIJIOMUX MHOTOYJIEHIB Ta HIEMO JIO 1X BJIACTHU-
BOCTEH.

Mwu TakoX KOPOTKO BWBYAEMO TaKi BIACTHUBOCTI BUINEHABEIEHUX TOJIHOMIB: iHTe-
rpasibHi npeacTaBieHHs, audepeHIia bHi pIBHIHHS Ta po3ranryBanus uHy/1is. [lobymoBa-
HO CHCTEMY TaKWX TOJIIHOMIB 3 OiCMEeKTPAIbHICTIO TIEBHOTO BHIY.

Kat04086i cr06a: OPTOTOHAJIBHI ITOJIHOMET; COB0JIEBChKA OPTOTOHAJIBHICTh; PEKY-
PE€HTHI CIIiBBiIHOIIIEHHS.

Ictopis crarTi: orpumana: 21 ceprmag 2023; ocranniit BapianT: 29 Bepecusa 2023
npuitHaTa: 2 xKoBTHA 2023.
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On integration with respect to filter

This article is devoted to the study of one generalization of the Riemann
integral. Namely, in the paper, it was observed that the classical definition
of the Riemann integral over a finite segment as a limit of integral sums,
when the diameter of the division of the segment tends to zero, can be
replaced by a limit of integral sums over a filter of sets, which can be descri-
bed in a certain "good way". This idea was continued, and in the work we
propose a new concept - the integral of a function over a filter on the set of
all tagged partitions of a segment. Using of filters is a very good method in
questions related to convergence or some of its analogues in general topologi-
cal vector spaces. Namely, if the space is non-metrizable, then the concept
of convergence is introduced precisely with the help of filters. Also, using
filters, you can formulate the concept of completeness and its analogues.
The completeness of spaces is one of the central concepts of the theory of
topological vector spaces, since Banach spaces are complete. That is, using
a generalization of the completeness of spaces constructed using filters, we
can explore various generalizations of Banach spaces. We study standard
issues related to integration. For example, does the integrability of the filter
function imply its boundedness? The answer to this question is affirmati-
ve. Namely: the concept of filter boundedness of a function is introduced,
and it is shown that if a function is integrable over filter, then its integral
sums are bounded over the filter, and this function itself is bounded in the
classical sense. Next, we showed that the filter integral satisfies the linearity
property, namely, the integral over filter of the sum of two functions is the
sum of the filter integrals of these functions. We introduce the concept of
an exactly tagged filter, and with the help of such filters we study the filter
integrability of unbounded functions on a segment. We give an example of
a specific unbounded function and a specific filter under which this function
is integrable. Next, we prove a theorem that describes unbounded filter-
integrable functions on a segment. The last section of the article is devoted
to the integration of functions relative to the filter on a subsegment of this
segment.

Keywords: integral; filter; idea; filter base.
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1. Introduction

Let us remind main concepts which we use in this paper. Throughout this
article Q stand for a non-empty set. Non-empty family of subsets § C 2% is called
filter on ), if § satisfies the following axioms:

1. 0¢3;
2. il A, Be §then ANB € 3;
3.ifAeFand D D Athen D € 3.

Also very useful for us is a concept of filter base. Non-empty family of subsets
B C 29 is called filter base on €, if () ¢ B and for every A, B € B there exists
C € B such that C' C AN B. We say that filter base generates filter § if and only
if for each A € § there is B € 8 such that B C A.

Let f : R — R be a function. For ¢t € R denote O(t) the family of all nei-
ghbourhoods of t. Let § be a filter on R, y € R. Function f is said to be convergent
to y over filter § (denote y = hm f), if for each U € O(y) there exists A € § such

that for each t € A the follovvlng holds true: f(t) € U. We refers, for example, to
[1] for more information about filter and related concepts.

The concept of filter is a very powerful tool for studying different properties of
general topological vector spaces. For example, in [3| author studies convergence
over ideal, generated by the modular function. Ideal is a concept dual to filter. In
[2] we study completeness and its generalization using filters.

In this article we refer our attention to classical Riemann integral. Let us
remind how we can construct this object. Let [a,b] C R, let f : [a,b] — R be a
continuous function. Denote IT = {a < & < & < ... < &, = b} the partition of

[a, b], in other words, k@1[£k_1’ k] = [a, b]. Consider also the set T' = {t1,ta, ..., tn}
such that for each k = 1,2,...,n t; € [{x_1,&k]. Let us call the pair (I, T') by the

tagged partition on the segment. Denote d(I1) the diameter of the II — maximum
length of [€x_1,&k], where k = 1,2,...,n. Let us recall that function f is said to be

Riemann integrable if there exist the limit I = s hm Z f(tr) - |&k —Ek—1], and we

b
call this limit the Riemann integral of the function f, and write I = [ f(t)dt. We

know many different properties of this integral, for example linearity(,l integration
on subsegment of [a, b] etc.

If we look at the definition of Riemann integral more attentively, we realize
that, in fact we can use one special filter and obtain desirable result. In next
section we are going to develop this idea.

2. Integration with respect to filter

Just for simplicity we are going to consider functions, defined on [0, 1]. Let
f :[0,1] — R be a function. As above, denote II = {a < & < & < ... <



Bicuuk XHY, Cep. «Maremaruka, IpuKk/IaJHA MaTeMATHKa i MexaHikas, Tom 98 (2023) 27

&y = b} the partition of [0, 1], in other words, kgl[é’k_l,ﬁk] = [0, 1]. Consider also

the set T = {t1,t9,...,t,} such that for each k = 1,2,...,n tx € [x—1,&k]. For
k=1,2,...,n denote Ay := |& — &k_1]. Denote also TP[0, 1] the set of all tagged
partition of [0, 1]. For a tagged partition (II,T) € TP[0, 1] denote

S(fILT) = f(te) Ay
k=1

Now we are going to introduce the central definition of this paper. It seems that
the this definition is new. At least, we didn’t find it in the literature.

Definition 1. Let f : [0,1] — R be a function, § be a filter on TP[0, 1].
We say that f is integrable over filter § (§F-integrable for short), if there exists
I € R such that I = lién S(f,II,T). The number I is called the F-integral of the

1
f (denote I = [ fdF).
0
Remark 1. The fact that f is §-integrable we will write as follows:

f e nt(3).

Remark 2. Using Definition 1 we can construct the Riemann integral as
follows. Let 6 > 0 be a real positive number. Denote

Pes = {(ILT) € TP[0,1] : d(TI) < 6},
where d(IT) stands for diameter of II. Consider now

It is easy to check that B_s is a filter base. Denote s filter generate by B_s.
Let f:[0,1] — R be a function. Then f is integrable by Riemann if there exists
the limit :1§1m S(f,IL,T).
<é
Bellow we study different properties of filter integration. Let us introduce one
more technical concept.

Definition 2. Let X be a non-empty set, f : X — R be a function, and § be
a filter on X. We say that f is bounded with respect to § (F-bounded for short), if
there is C' > 0 such that there exists A € § such that for every t € A |f(t)| < C.

The following lemma is very simple, but for readers convenient we present its
proof.

Lemma 1. Let X be a non-empty set, f: X — R be a function, and § be a
filter on X. Suppose that there exists I € R, I = lién f- Then f is §-bounded.

Proof. We know that I = lién f. It means that for every € > 0 there exists
A € § such that for all t € A |f(t) — I| < e. Consider

lf@) = I < |f(t) —I] <e.
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In other words, |f(¢)| < |I|+¢e. Then just put C := |I| + €.
The next theorem generalizes well-know fact about Riemann integral: if functi-
on in integrable by Riemann then it’s bounded.

Theorem 1. Let § be a filter on TP[0,1], f :[0,1] — R be a function, and
f € Int(F). Then S(f,I1,T) is §-bounded.

Proof. Just use Lemma 1.

Let us formulate well-known fact about Riemann integral, using filters.

Theorem 2. Let f : [0,1] — R, there exists hm S(f,IL,T). Then f is bounded,

1<6

in other words, there is C > 0 such that for all t € [0,1] |f(t)] < C.
The next theorem is natural generalization of the Theorem 2.

Theorem 3. Let f : [0,1] = R, let § be a filter on T P|0, 1] such that for every
A € F there exists B € g5 such that B C A and let there exists I € R such that
I = liénS(f, II,T). Then C > 0 such that for each t € [0, 1] we have |f(t)] < C.

Proof. There exists I € R such that I = lién S(f,II,T) if and only if for all

e > 0 there exists A € § such that for all (II,T) € A |S(f,II,T) —I| < e. We
know that for A € § there is B € F.5 such that B C A, then, particularly, for
all € > 0 there exists A € § there is B € §4 such that B C A such that for all
(ILLT) € B |S(f,II,T) — I| < € = for all € > 0 there exists B € s such that
for all (II,T) € B |S(f,II,T) — I| < €. So using Theorem 2, there exists C' > 0
such that for each ¢ € [0, 1] we have |f(t)| < C, in other words, f is bounded.
Now we are going to demonstrate that filter integration has additive property.
To demonstrate this we proof next easy two lemmas. The following Lemmas 2
and 3 are well-known, but for readers comprehension we present their proofs.

Lemma 2. Let X be a non-empty set, f, g: X — R be a functions, and § be
a filter on X. Let x = liénf, Yy = liéng. Then lién(f—i—g) =x+y.

Proof. We know that x = liénjf, so for each U € O(x) there is A € § such
that f(A) C U. Analogically, y = lién f, it means that for each V'€ O(x) there is

B € § such that f(B) C V. We have to demonstrate that for each W € O(z +y)
there exists C' € § such that (f + ¢)(C) C W. Let fix W € O(z + y). Then
there exist Wi € O(x) and Wy € O(y) such that W O W + Wa. Then there
are C1, Cy € § such that f(Cy) C Wy and f(Cs) C Wa. Denote C' := Cy N Co.
Clearly that C' € §. So

(f+9)(C)=f(C)+9(C)Cc Wi+ Wy CW.
Lemma 3. Let X be a non-empty set, f : X — R be a function, § be a filter
on X, and o € R. Let x —h{_nf Then hmaf = a.
Proof. x = hm f, it means that for each U € O(z) there is A € § such that
f(A) CcU. We have to demonstrate that for all V' € O(ax) there is B € § such
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that (af)(B) C V. Suppose that o # 0. The case a = 0 is obvious. Remark that
it W e O(z) then aW € O(ax). So just put B := A. Then (af)(B) = af(B) C
aU € O(ax).

Theorem 4. Let § be a filter on TP[0,1], f,g : [0,1] — R be a functions,

a, BER, fent(F) and g € Int(F). Then (af + Bg) € Ini(F)
Proof. Just use Lemmas 2 and 3.

3. Integration with respect to different filters

In the previous section we’ve studied arithmetic properties of integral over
filter and problems deals with boundedness. This section is devoted to integration
over different filters and its relations.

Remark 3. Let us note that despite the fact that this section is devoted to
the integration with respect to different filters, here we describe some properties
of filters deals with integration. Explicit examples of filters different from one,
described in Remark 2, appear in the following sections.

For (II,T) € TP[0,1] and t € T we denote A(t) length of the element of
partition of I which covers t.

Let (I11,T1), (Iz, T5) be partitions of [0, 1]. Consider

p((Iy, Ty), (g, T3)) =
POENUERCOIED SENORD ENC!

teT1NTy Ty \T2 Ty \T1

For easy using of concept defined above consider F : [0,1] — [1[0, 1], such that

F(t) = e, where
Lif 7 =t
el(T) = {

0, otherwise.

It is clearly then that
p((HlaT1>7 (H27T2)) = ||S(F>H1>T1) - S(F7H27T2)H

Now we are going to demonstrate that the mapping p, defined above, is a
metric, or distance between two tagged partitions.

Proposition 1. Consider p: TP[0,1] x TP[0,1] — R, p((II1,T1), (Il2, T2)) =
||S(F, 111, Th) — S(F, 112, 1%)||. Then p satisfies all metric azioms.

Proof.

1. let (Hl,Tl) = (HQ,TQ).
It is clear that in this case p((II1,71), (Il2, T2)) = 0;
2. let p((Hl,Tl), (HQ,TQ)) =0.

Then p((I11, T1), (2, T2)) = > [A1(t)=A2(t)|[+ > A1)+ >0 Ao(t) =
teT1 N1y Tl\TQ TQ\Tl
0. We have a sum of non-negative numbers equals to 0. This means that
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e VteTi N ’A1(t) — AQ(t)’ =0=>ViteT1NTy Al(t) = Ag(t);
o Vel \T2 Al(t) = O;
o Vt e TQ\Tl Ag(t) =0;

= (I, 71) = (Ilz, T»).
3. consider (Hl,Tl), (HQ,TQ), (Hg,Tg). Then

p((1, Th), (I, T3)) =
[[S(F, 1, T1) — S(F, s, T) + S(F, 3, T3) — S(F, 3, T3)|| <
[S(F, Iy, T1) — S(F, s, T3)|| + [|S(F, 115, T3) — S(F, I3, T5)||

p((I1, Th), (3, T3)) + p((I13, 13), (112, 13))

Now we introduce very important concept.

Definition 3. Let §1,§2 be filters on T'P[0, 1]. We say that F2 p-dominates fi-
lter §1 (F2 =, §1), if for every € < 0 and for each A; € F; there exists Ay € Fo such
that for all (Ilp, T3) € Ag thereis (I}, T1) € A; such that p((I11, T1), (Ip, T2)) < e

Proposition 2. Let §2 O §1. Then §2 p-dominates §1.

Proof. As §2 D §1 we obtain that if A € §; then A € F5. Consider an
arbitrary £ > 0. Then for every A; € §1 there is Ay € §o, Ao := Ay such that
for each (Ily,T3) € Ag there exists (II1,71) € Ay, (II;,77) := (Ilz,T) such that
p (I, T1), (M2, T3)) = p ((H2, T3), (2, T3)) = 0 < &.

Previous proposition shows us that p-dominance generates some relation of
order on TP[0, 1] and is more general concept that relation of inclusion.

It is clear that if §1 C §2 and f € Int(F1) then f € Int(F2) — just use the
definition of function limit over filter. So we can formulate next easy proposition.

Proposition 3. Let f :[0,1] — R be a function, §1, §2 be filters on TP|0, 1]
such that §1 C F2 and f € Int(F1). Then f € Ini(F2).

Theorem 5. Let §1,382 be filters on [0,1]. Let f : [0,1] — R be a bounded

function. Let I = ligm S(f,I,T) and §2 >, 1. Then I = ligm S(f,IL,T).
1 2
Proof. Denote C' := sup |f(t)|.
t€(0,1]

We have to proof that for every € > 0 there exists B € §2 such that for each
(HB,TB) € B we have |S(f, HB,TB) — I| <E.

We know that for every e > 0 there exists A € §1 such that for each (II;,T7) €
A we have |S(f,11;,1T1) — I]| < e.

Now for an arbitrary ¢ > 0 and A € §; found above one can find As € F such
that for all (HQ, Tz) € As thereis (Hl, Tl) € A such that p((Hl, Tl), (Hg, TQ)) <e
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Then put B := Ay. Then for all (Ilg,Tr) € B we have (II1,77) € A such that

|S(f7HBvTB) _I| =
|S(f7HB7TB) _S(fv]-_-[lle) +S(f7H17T1) _I| <
1S(f, 1, Tp) — S(f, 1y, T1)| + |S(f, Ty, T1) — I =

Yo @I IAB®) — A+ Y (O] Ap(t)+

teTpNT tETB\Tl
SO At) +e < C-p((Tp, T), (I, T)) + € <
teTi\Tg

Ce+e<e(l1+0).

4. Exactly tagged filters

In this part of our paper we consider problems deals filter integration of
unbounded functions.

Definition 4. Let B be a filter base on T'P[0,1]. We say that B is ezactly
tagged if there exist A C [0,1] — a strictly decreasing sequence of numbers such
that for each B € B and for every (I, T) € B we have that TN A = (.

Definition 5. We say that filter § on T P[0, 1] is ezactly tagged if there exists
exactly tagged base ‘B of §.

Theorem 6. If filter § on TP[0,1] is ezactly tagged then there exists
unbounded function f :]0,1] — R such that f € Int(F).

1
Proof. Denote N~1 = {n and consider next filter base B = (B, )nen on
neN
TPI0,1]:
By = {(ILT): TNN"" =0 and d(I) < 1};
1
By = {(H,T) :TNN"! =0 and d(T0) < 2},
1
B3 = {(H,T) :TNN"! =0 and d(II) < 3};

B = {(H,T) TN =0 and d(IT) < ;}

Consider now

1
n, ift=— neN
f(t) = n

0, otherwise

Then for each n € N and for every (I, T") € B,, we have that S(f,II,T) =0,
S0 li%nS(f, I,T)=0.

For a tagged partition (II,7T") of [0,1] and 7 € [0,1] denote ¢(II,T,7) the
number which is equal to the length of the segment A € II, for which 7 € A, if



32 D. Seliutin

TeT If ¢ T, weput (I, T,7) = 0. In this notation

S(fILT) = Y f(HUILT,¢).

t€(0,1]

Theorem 7. For a filter § on T P[0, 1] the following assertions are equivalent:

1. There exists an unbounded function f : [0,1] — [0, +00) such that S(f,11,T")
18 §-bounded;

2. There exists a countable subset {t,}nen C [0,1] such that there is A € §
such that for every (II,T) € A

> n- (LT, t,) < 1

neN

Proof. (1)=-(2): Let f be a non-negative, unbounded function on [0, 1] such

that there is C' > 0 and B € § such that for each (II, ') € B we have > f(¢)-

te(0,1]
((I1,T,t) < C. As f is unbounded, there exists (o) C [0,1] such that for every
n € N f(ay) > Cn. Then there exists (a,,) C [0,1], C > 0, thereis A € §, A:= B
such that for all (I, T) € A we obtain:

g n-LILT, ap) < E f(am) AL T, o) <
C
te[0,1] neN

fo HTt)<%-C:1.

t€[0,1]

(2)=(1): Let there exists a countable subset {t,}nen C [0,1] and C' > 0 such

that there is A € § such that for every (II,T) € A > n-¢(II,T,t,) < C. Consider
neN

n, ift=a,, n€N
f&)=9.".
0, if t # ay,

Obviously, f(t) is unbounded. Then there is C' > 0 and thereis B € §, B := A
such that for every (II,T) € A

function

S ) -ILT ) <Y flan) - LILT, ) <

te€(0,1] neN
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5. Integration over filter on a subsegment

Our next goal is as follows: if function f is integrable on [0, 1] over filter § on
TP[0,1] then for an arbitrary [o, 8] C [0,1] function f is is integrable on [, f]
over filter §.

To achieve this purpose we need to construct some restriction of filter § on
subsegment [o, 8] C [0, 1]. Now we present how we can construct such restriction.

Consider an arbitrary [a, 8] C [0, 1]. We consider only T such that T'N(«, 5) #
(). Consider an arbitrary (II,T) € TP|0, 1].

We have four cases:

1. min{T N («, 8)} > min{II N (o, B)}
max{T N (o, 8)} < max{II N («, 8)};

2. min{7T N (e, )} > max{IIN (0,a)}
max{7T N («a, 8)} < max{IIN (o, B)};

We have to construct a restriction of (II, T') on [a, 5]. In each of four described
cases we have such (Il,Ty) € TPo, 5], k =1,2,3,4:

1. I = ( I\ ((TIN[0, &) U (ITN(B, 1))Umin{Hﬂ(a,B)}Umax{l‘[ﬂ(a,ﬁ)}))U

{a, B}
T =T\ (T N0, ) U(TN(B1]));

2. I, = (H \ (TN [0, @) Umax{II N (o, )} U (1N (8, 1)))) U {a, 8}
15 =Th;

3. I3 = (H \ (N[0, ) Umin{II N ()} U (1IN [B, 1)))) U{a, B}
T3 =1z,

4. T, = (H\ (TN [0,a)) U (TN [B, 1)))) U{a, B}
Ty=T.

Now if we have an arbitrary filter § on T'P[0, 1] we can construct filter F, g
on T'P|a, (], induced with § in such way: consider an arbitrary A € § and for each
(I, T) € A we have to execute an algorithm, described above. For each A € §
denote A2 the restriction of A on [av, ], described above.
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Definition 6. Let § be a filter on TP[0,1], [a, 8] C [0, 1]. We call the filter
§ o, B]-complemented if for each A € §, for every (I}, T1), (Il2,T5) € AL there
exists (II*, T*) € TP[0, ] and (II**,T**) € TP[p, 1] such that

(I, 7*) U (IIy, T7) U (IT™, T*") € A,

(IT*, T*) U (I, T2) U (IT™, T**) € A.
Here we present promised result about filter integration on subsegment.

Theorem 8. Let f : [0,1] — R, § be a filter on TP[0,1] such that for each
[, B] € [0,1] § is [« B]-complemented. Let f be integrable of [0, 1] with respect to
§. Then for every [a, 5] C [0,1] f is integrable on [a, 5] with respect to §

Proof. We know that for an arbitrary € > 0 there exists A € § such that for
all (Hl,Tl), (HQ,TQ) € A we have: |S(f, Hl,T1> — S(f, HQ,T2)| <e.

Let fix ¢ > 0 and consider an arbitrary [, 5] C [0,1]. For A € § consider
an arbitrary (IT',771), (I12,T?) € ABAs Fis [a, B]-complemented we can find
(TI*,T*) € Af and (IT**,T**) € Aj such that (T, Ty) == (I, T*) U (I, T") U
(I, 7**) € A and (Igg, Too) = (II*,T*) U (112, T?) U (ITI**,T**) € A. Then
€ > ’S(f>H117T11) - S(f>H22aT22)| = ‘S(f>H1>T1) - S(f7H27T2)|'
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IIpo inrerpyBanns BizgHocHO dinbTpa
JLJ. Cenrorin
Xapriscoruti naytonasvruli ynisepcumem iment B. H. Kapasina
matidarn Ceobodu 4, 61022, Xapxise, Vrpaina

JlaHy CTATTIO IPUCBSIYEHO JOCJIIIKEHHIO OJHOIO y3arajbHeHHs interpasia Pimana. A
came, B poOOTi MoOMideHo, IO KIacCHYIHe O3HAYeHHs iHTerpasa PiMana mo cKiHIeHHOMY
BiZIPi3KY fIK I'PAaHUIN IHTErpAIbHAX CYM, KOJIH JiaMeTp po30uTTs Biapizka mpamMye 10 Hy-
JIsi, MOYKe OyTH 3aMiHEHO HA TPAHUINO IHTErPAJIBLHUX CYyM M0 (DiIBTPY MHOKUH, SKi MOXKHA
onucaru nesanM "xoporuM guaoM". 10 imeio mpomoBkeHo, i B poOOTi 3amponoHOBAHO
HOBE MOHSATTS — iHTerpasna (QyHKIIl mo pifbTpy HA MHOKKHI BCiX BiAMideHHX pO30OHTTIB
Bizmpiszka. Bukopucrtanusa pinbTpiB € myKe XOPOIINM METOIOM B MUTAHHAX, OB SI3aHIX
3i 36ixkHiCTIO a00 JMesgkuMu 11 aHAJIOraMy B 3arajbHUX TOMOJOTIYHAX BEKTOPHHUX IIPOCTO-
pax. A came, SKIIO TPOCTIp HE € METPU3OBHUM, TO MOHATTS 301KHOCTI BBOIUTLCS CaMe
3a mormoMoro ¢inprpis. Takox, BUKOpUCTOBYOUH (DiabTpu, MOKHA (OPMYIIOBATH MO~
HATTS TOBHOTH Ta i1 aHaJsoriB. IloBHOTA MpOCTOpIB € OMHNM i3 TIEHTPAJIHHUX TTOHATDH Te-
Opil TOMOMOTiYHUX BEKTOPHUX IIPOCTOPIB, OCKIILKKA OAHAXOBI IPOCTOPHU € MOBHUMHU. T00-
TO, BAKOPUCTOBYIOYH y3arajbHEHHs [IOBHOTU [IPOCTOPIB, MOOYI0BAHUX 3 BUKOPUCTAHHIM
GINTBTPiB, MU MOXKEMO JTOCJIIIKYBATH Pi3Hi y3arajbHeHHST OaHAXOBUX TPOCTOpiB. dasi B
CTATTI AOCTIIKYIOThCSI CTAHIAPTHI MUTAHHS, TMOB’sA3aHi 3 iHTerpyBanusM. Hampukia,
qu BUTIKAE 3 iHTerpoBHOCTI dyHKIIT M0 (inbrpy i obmexkenicts? Ha 1e nutanns maHo
cTBepAHy BiAnoBiab. JJokmaaHimme: BBEIEHO TOHATTSA 00OMeXKeHOCTi pyHKIII 3a PiabTpoMm,
obmerkeHuMU 38 PLIBTPOM, a caMa I PYHKIA € OOMEKEHOIO B KJIACHIHOMY PO3YMiHHI.
Jam Mu mokaszaniu, 1o iHTerpas 3a (MiJIbTpOM 330BOJIBHSIE BIACTUBICTD JIHIAHOCTI, a
came iaTerpas 3a dimbrpoMm Big cymu aBox (yHKIIH € cymoro imTerpasis 3a diapTpom
UX J0JaHKiB. My BBOAWMO MOHATTS TOYHO BigmideHoro ¢inbrpa, i 3a JOMOMOrOI0 Ta-
KuX (PiITbTPiB BUBIAEMO iHTETPOBHICTD 3a (PiTbTPOM HEOOMEKEHUX HA BiApi3Ky (yHKITIH.
My HaBOAMMO IPHUKJIAT KOHKPETHOI HeoOMezKeHOI (PyHKIIII Ta KOHKpeTHOro (isbprpa, 3a
AKUM JaHa, GYHKIIS € iIHTerpoBHOIO Jlaii Mu TOBOAMMO TEOpeMy, sika OMUCYE HeOOMeKe-
Hi, iHTErpoBHi 3a dinbrpoMm, dyukmii Ha BiApisky. OcTaHHiil PO3ALI CTATTI TPUCBIIEHO
inTerperpyBanns GbyHKIIH BiTHOCHO (DiIbTpa MO MiABIAPI3KY JTaHOrO BiApi3Ka.

Karwuosi crosa: iHTEerpat; dplabTp; igeast; 6asa diabrpa.

Icropis crarTi: orpumana: 20 mumag 2023; octanuiit BapianT: 24 aucromana 2023
npuiitaaTa: 25 aucronaga 2023.
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On linear stabilization of a class of nonlinear systems

in a critical case

In this paper, we address the stabilization problem for nonlinear systems in
a critical case. Namely, we study the class of canonical nonlinear systems.
Canonical nonlinear systems or chain of power integrators is an important
subject of research. Studying such systems is complicated by the fact that
they cannot be mapped onto linear systems. Moreover, they have the
uncontrollable first approximation. Previous results on smooth stabilization
of such systems were obtained under the assumption that the powers in the
right-hand side are strictly decreasing. In this work, we consider a case of
non-increasing powers in the right-hand side for a three-dimensional system.
A popular approach for studying such systems is the backstepping method,
which is a method of step-wise stabilization. This method requires a sequen-
tial investigation of lower-dimensional subsystems. Backstepping enables the
study of a wide range of nonlinear triangular systems but requires technically
complex and cumbersome computations. Therefore, a natural question arises
about constructing stabilizing controls of a simple form. Polynomial controls
can serve as an example of such controls. In the paper, we demonstrate
that linear controls can be considered as stabilizing controls. We derive
sufficient conditions for the coefficients of the linear control that ensure
the asymptotic stability of the zero equilibrium point of the corresponding
closed-loop system. The asymptotic stability is proven using the Lyapunov
function method, which is found as the sum of squares. The negative defini-
teness of the Lyapunov function derivative in a neighborhood of the origin
guarantees asymptotic stability. In contrast to the case of strictly decreasing
powers, additional conditions on the control coefficients, apart from their
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negativity, emerge. The obtained result extends to a broader class of nonlin-
ear systems through stabilization by nonlinear approximation. This allows
the consideration of systems with higher-order terms in the right-hand si-
de. The effectiveness of the applied approach is illustrated by several model
examples. The method used in this work to investigate the case of non-
increasing powers can be applied to systems of higher dimensions.

Keywords: stabilization; nonlinear systems; Lyapunov function
method; critical case; linear stabilization; linear control.

2010 Mathematics Subject Classification: 93D15; 93D30; 93C10; 34HO05.

1. Introduction

The stabilization problem for nonlinear systems in a critical case is an
important problem of nonlinear control theory [1, 2, 3, 4, 5, 6, 7, 8, 9]. Signi-
ficant attention has been drawn by high-order nonlinear systems that cannot be
mapped to linear systems [1, 2, 3, 4, 5, 6, 7, 8, 9]. These systems exemplify a
critical case. Since we are dealing with critical case, we cannot use the first (lin-
ear) approximation to find stabilizing controls for the original nonlinear system.
It is natural to attempt to construct simple classes of stabilizing controls, such
as linear controls. The problem of finding such stabilizing controls is called the
linear stabilization problem.

In recent decades, a wide range of interest has been sparked by the systems
of the following form

{ii:xfil+fi(x1,x2,...,zn), i=1,...,n—1, 1)

Ty = uPr,

where p; > 1 are ratios of positive odd integers, fi(z1,...,%,) are continuous
real-valued functions with f;(0,...,0) =0 (i=1,...,n—1).

The stabilization problem for system (1) was studied in many works, see, for
instance, [1, 2, 3,4, 5,7, 8, 9]. Works [5, 7, 8, 9] rely on the backstepping approach,
which is based on recursive Lyapunov function design and leads to stabilizing
controls of rather complicated structure. In [1] simple stabilizing controls of the
form

U= a1%1 + -+ Apln + Ap1 @y + -+ a2,

were constructed using a quadratic Lyapunov function (for p, = 1). Work [3]
shows that it is possible to linearly stabilize system (1).

The above-mentioned results from [3] were achieved under assumption that
the powers p; are strictly decreasing, that is, p;1 > p2 > ...p, > 1. In this work
we weaken the condition of powers p; being strictly decreasing and prove that it is
possible to consider non-increasing values of p; and still be able to achieve linear
stabilization.
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Namely, we study the stabilizability of the system

. Pl
1 =Ty,
. P2
T2 = I3, (2)
:'B3:up3

with p;1 > 1, po = p3 = 1. We find conditions on the coefficients under which a
linear control stabilizes system (2). These results are generalized using nonlinear
approximation.

2. Problem formulation and linear control construction

Consider the nonlinear system

Ct‘l = SEgl,
To = x3, (3)
$'3 = u,

where v € R is a control, p; > 1 is a ratio of two positive odd integers.

The stabilization problem for system (3) is to find a continuous control u(x)
such that the equilibrium point = 0 of system (3) with v = u(z) is locally
asymptotically stable.

Consider the linear control

u(w) = —k:lxl — k‘gl‘z — k3x3, (4)

where k; € R are positive numbers.

Now we find conditions on the coefficients ki, ko, k3 for the local asymptotic
stability of the zero solution of system (3). To this end, we consider the following
Lyapunov function

1 (k' 2 K5 2, 1 2
V(z) =5 (k1z1)” + == (k121 + koz2)” + — (k121 + kaxo + ksxs)
2\ kp ko ks

It is obvious that V' (z) is positive definite for k; > 0, ko > 0, k3 > 0.
Applying the linear change of variables

el = kix1, ez = k1w + kawo, e3 = ki1 + koxa + k3xs,
we get
I
Vie) =3 Z; Lie?, (5)

where [; = kfj_lk;l, 1=1,2, 13 = kgl. The inverse change of variables is

T :kl_lel, .1‘2:k2_1(62—€1), x3:k‘3_1(€3—62).
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Using (3), we compute é1, é2, é3 as follows:

) . k1
el = klxl = kla: = k‘pl (62 — 61)
by = ks + ko = kit + kaws — P
€2 = K1T1 + Koy = K1Xy + Koz = 1751(62 —e1)Pt + —=(e3 — e2)
k
é3 = k1&1 + kodo + k3xg = kgll (62 — el)pl + *3(63 — 62)
ks(—k k kys) = oy R k
+ k3(—kix1 — koxo — k3x3) = ??(62 —e)Pt + ?3(63 —e3) + ksu

Thus, applying the feedback u = — (k121 + kawa + ksz3) = —es, system (3)
takes the form

él kpl (62 1)1717
éy = km (e2 — 61)""1 + 12 (e3 — ) (6)
é3 = —kses + km (e2 —e1)Pt + 12 7 (e3 —e2).

Now we calculate the derivative of V' (e), given by (5), along the trajectories
of the closed-loop system (6)

. ov k v [k k
Vie) = — (e — €)' + — <kpll(eg —e)" + k—z(eg - 62)>
2

Oey k3! Oes
+ g}; <—k3€3 + klfgll(eg — )P + 2(63 _ 62)> .
Let us calculate each term separately
((;;/1]{]%}1(62 —e)Pt = ;5: 2e1 :;1 (e3 — e1)P' = eq(eg — e1)P,
g}; <:§11(€2 R 2(63 - 62)) N 2k132262 (:511 (2 — e1)”"
+:§(63 — 62)) = e <k];2011]f’1(€2 —e1)PL + (e3 — 62)> ,
o <—/€363 + 711(62 —e1)P' + —(eg — 62)) - L263< — kses
Oes Ky 3 2k
+ 232.}1(@ —e)” + —3(e3 - e2)) - 63< st kf/;gl (2 1)
+ :g(eri - 62))

Then we have
. k1ks
Vie) =ei(ea —er)P* +

p1+1
k2

ea(ea —e1)Pt +ea(es —ea) — eg

k
+ es(ez — 1) + Ses(es — e2).

k3 kpl k2
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Rewrite V(e) in the form

. kik
V(e) = —ei(e1 — e2)P' — eaea —e3) — €3 + #62(62 —e)”
2 (7)

ko
s kpl e3(ea —ep)Pt +?§€3(63 —e2).

+
To estimate the derivative V(e) we use the following lemmas.

Lemma 1. [10] For any p > 1 and any numbers x; € R,i = 1,...,n, the following
inequality holds

|x1+;p2+---+xn|pSnp*1(|x1\p+\xg]p+“'+‘$n\p)'

Lemma 2. [10] Suppose that p > 1 is a ratio of positive odd integers. Then the
following inequality holds

z(z 4+ a)? > 27 PPt 4 gaP Y, a € R.

Lemma 3. [6] Suppose that m > 0, n > 0 are constants. Then, given any number
v > 0, the following inequality holds

|x|m+n +

|z |y[™ < N [y Ve, y € R

m+n
First, using Lemma 1 and Lemma 2, we obtain the following inequalities:

—eq(eg —eg)Pt < 2171 le—He e,

—62(62 — 63) < —62 + ’62”63‘,

kik3 kiks pi—1 pie1 | Kiks -1
k:p1+162(e2 —e)” < /€101+12p1 &+ kp1+12p1 et [leal,
2k 2k 2 (8)
1 1 1 1
k‘gk‘pl 63(62 _el)pl S k‘ kj’l 2p1 ‘6 H€3’ + ]{7 kpl 2p1 ‘6 ||€3‘7
2
k2 k2 02 k2
?63(63 —eg) < kQ e3 + k2|€3\|€2|
3 3
Now, by applying Lemma 3, we deduce
P1 p1(p1+1)
b1 +1 C p1+1
elel——eg CMey| < ————— e + ——— )
' et R e A
1 1Cp1(p1+1) 1
1 __|P1,|P1 p1+1 p1+1
e lea] = [C5 el ] I R +( 1 Cp?(plﬂ)e? ’
2 p1+ ) 2
P1 p1(p1+1)
p1 +1, G5 pi+1 9
e les ‘62 Clleg| < —— il 23 c;tl (9)
‘ 2 H ’ Cg ’ 3 ‘ ( 1+1)Cp1+1 p1+1 3
(p1+1)
pCY pitl 1 pi+1
e les| = [Ctea|Pt | —5es| < —————el'" + 5 et
P1 (pl + 1) (pl + 1)051(P1+1)
1 cz,
leales| = ‘62 |Cses| < 20262 + 5,
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where C1, Cq, C3, C4, C5 are sufficiently small positive numbers.

Note that (9) is true for any positive C;, @ = 1,...,5. In order to prove
asymptotic stability, we will find additional conditions on C; to guaranty that
V (e) is negative in some small deleted neighborhood of the origin.

Using estimates (8) and (9) sequentially, we have

) ) 41 n " Cfl(Pl‘i'l) " )
Vie)< —2' Pt 4~ 1T 4 L M ¢
() < ! (py + 1)CP 2 pr+1 ! 2
1 o, C3y 5 kb3 oy pi
+ —5e5+ —e3 —e5 + oP1—Lcbt
20272 T 2 TS T T
1
klkg 2p171plc§1(p1+ ) €1+1 k1k3 2p1*1 1 612)1+1
1 1 2
K2 pLt1 k! (p1 + 1)Cpr Y X
p1(p1+1) ( O)
+ ki gp1—1 b1 1 p1+1 + ki pl—lcS ep1+1
k3kb: pr+1cptt? keskb? p+1l 3
+1
ks kbt +1 1 ksk pi(p1+1) 3
3Ry D1 3K9 (p +1)C 1
ko ky o koCE 5
+k7?2)€3+2k?2)052€2+ 2]{?2) €3.

Rearranging the terms from the right-hand side of (10) we obtain the estimate
for V(e) in the form

Cfl(plﬂ) k1ks 2p171p10§1(p1+1)

st

p1+1 k:ng p1+1
kl B plcpl(P1+1) 1 k2
op1-—1 4 2 14— 4 = (11)
kD nrl )T\ e e

C? k koC2

2 5 2 PASS

14 I8 4 2= T
63< 2 k:g 2]€§ > 9( )7

where the function g(x) is composed of higher order terms. The function g(z) is
given by

_ p1 p1+1 kiks p1—1 _p1+1
Tepep gt e
n kiks op 1 1 ot ki pi-1 D1 L it
b (p1+1)05?(P1+1) 2 kskh' p+1optt 2
(p1+1)
+ klp p1—1C§1 i e§1+1+ klp 2171—1 1 . §1+1
1 1
k3k2 p1+1 k3k2 (pl + 1)051(P1+1)

According to the Lyapunov function method, it is sufficient for V(e) to be
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negative definite to guarantee asymptotic stability. Therefore we find conditions
for coefficients of ezl’lﬂ, e2, €2 to be negative.
We start with the coefficient of e3:
1 ko

—22 <0,

S T
T30z T amzes

k2 < 1 L
2k2C?2 2C2’
ko _ 202 -1
2k2C?2 202 7

k
2 <202 1,
k3

ke < k3(2C% — 1). (12)
Let us move on to the coefficient of e%:

C2  ky koC2

14 5 2y R2ES
Pttt <O
ky  koC?2 C?
u <1- =,
T 2
ka(2 4 C2 C2
2( +2 5) <1-— 75,
2k2 2
2 2 s
k2(2 + 05) < 2k3(1 — 7),
2k3 — k3C2
kg < 23355 (13)
(2+C3)
Finally, consider the coefficient of 2™
Cpl(p1+1) kv k- CPl(P1+1) k Cpl(p1+1)
ol 4 LT3 op1 1112 4L _gm-1 D1t <0. (14)
pr+1 k;§1+1 p1+1 k:gk'gl p1+1

It is clear that for any ki, ko, ks, there exist sufficiently small Cy, Cs, C4 such
that the coefficient of e’flﬂ will be negative. Indeed, we define the function

r(Cy,Cs, Cy) as follows:

1 1 1
r(C1,Cs, Cy) = PO | Faks G kO
T p+1l gt p1+1 ksky' p1+1
It is obvious that r(Cj,C2,C4) is a continuous function and r(0) = 0.

Therefore, by choosing sufficiently small C1,Cs,Cy it is possible to make
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7(C1,Ca,Cy)| smaller than any given number ¢ : ¢ € (0,2'7P1). Then, for such
€ > 0, there exists 0 > 0 such that

r(C1,Ca,Cy)| < e forall ||C] <9,
where C' = (C1, Cy, C4). Thus,
21771 — (Cy,Cy,Cy) > 0

when ||C|| < 6, and the inequality (14) holds. Assume that C, Cy, and Cy are
positive and chosen small enough to satisfy the inequality (14).

So, from the conditions on the coefficients k1, ko and k3, given by (12) and (13),
we obtain the following constraints:

ko < k§(2052 - 1),
2k2 k202
ki, ko, ks > 0.

Using inequality (12), we deduce

k3 + ko
2k2

c2>

From (13) we obtain

2k% — 2k
2 < T8 22
Combining the last two equations, we derive the constraint for Cg:

k% —+ kQ 2 2]{% — 2k2
o2 < B2
k2 S Ttk

(16)

To ensure the existence of Cs > 0, it is necessary for the following inequality to

hold
k3 + ko _ 2k3 — 2ko

22 ko + k2

(17)

from which follows: ) )
2k§ ko + k§
—3k3 + 6k3ke + k3
2k:§(k2 + k‘%)

It is clear that k%(ks + k3) > 0, which yields

< 0.

—3k3 + 6k3ke + k3 < 0.
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First we find the roots of the equations
—3k3 + 6k3ko + k3 = 0.

We put z = k%, then
—322 + 62ky 4+ k3 =0,

and
ka(3 £ 2V/3)

Recall that z = kg, is positive number, then z = M Therefore, we
conclude that inequality (17) holds for
ka(3 4+ 2v/3
k2> M (18)
3
Thus, condition (16) is non-contradictory and determines Cs so that system (15)
is consistent.

Now suppose that C5 is chosen to satisfy condition (16), C3 is any positive
number. Recall that C1, Cg, Cy satisfy (14). This implies that by choosing ki, k2,
and ks satisfying condition (18), we render V'(e) negative definite in a neighbor-
hood of the origin. Indeed, the function g(z) is composed of higher order terms,
since p1 > 1. So, if the coefficients of ey, es, and e3 are negative, then in some
sufficiently small neighborhood of the origin U(0) € R™ we have

V(e) <0 forall eeU(0)\{0}.

This, by the Lyapunov function method, means that the zero equilibrium point
e = 0 of the system (6) is asymptotically stable. Therefore, since the change of
variables 1 = k:flel, T9 = k:;l(eg —e1), T3 = k;l(eg — e9) is continuous, = 0
is a locally asymptotically stable equilibrium point of system (3) with v = u(x)
given by (4). So, we have proved the following theorem.

Theorem 1. Let k1 > 0. Suppose that ky > 0 and ks satisfy the inequality
k2 (3 + 2v/3)
- 3

Then the linear control uw = —kix1 — koxo — ksxsg solves the stabilization problem
for system (3).

k2 = (2.154700538 .. .)ks. (19)

Condition (19) distinguishes our case from the case of strictly decreasing
powers, in which there is no additional requirements for ko and k3 except that
they should be positive.

Example 1. Consider the stabilization problem for the nonlinear system:
dcl = :Eg,
i’g = I3, (20)

T3 = u.
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In this case p1 =5, po = p3 = 1.

Let us choose arbitrary k1 > 0. Choose kg, k3 by the condition (19). For
example, we put k; = 5, ko = 2, ks = 10. Then, by Theorem 1, the linear
stabilizing control (4) has the form u = u(x), where

u(x) = =bx1 — 2x9 — 10x3.

Let us substitute the control u(x) into system (20). By Theorem 1 the closed-
loop system has asymptotically stable equilibrium point. We will illustrate the
behavior of the closed-loop system trajectory, for example, for initial conditions

Fig. 1. The trajectory of system (20) with u = u(z).

3. Stabilization by nonlinear approximation

The results obtained in Section 2 can be generalized by considering the fol-
lowing nonlinear system:

jfl - 1,1271 + <P1($1,1'27x3)7
Ty = 3 + p2(r1, T2, T3), (21)
T3 = u,

where ¢; (1, z2,z3) are continuous functions, i = 1,2, 3.
To stabilize system (21), we use the same control u = u(x) as in the case of
system (3):
u(a:) = —klxl — kzl'Q — k‘3.%'3.
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So, suppose k; satisfy Theorem 1, therefore; u(z) stabilizes system (3). Assume
that the functions p;(x1, x2, x3) satisfy the following inequalities:

lp1(21, 22, 23)| < p1(21, T2, 23) (|22 P01 + |2g [P T0),

[p2(x1, w2, 73)| < pa(a, w2, w3) (s F02)

in a neighborhood of the origin, where p;(x1,z2,23) > 0 are some continuous
functions (i = 1,2), ;1 > 0 and Jo > 0 are some real numbers.

The control u = u(x) stabilizes system (21), since the functions ¢;(x1, 2, x3)
has higher order then xfil, i=1,2 (p1 > 1, p2 = 1). Indeed, we can use the same
change of variables and Lyapunov function as for system (3). Note that higher-
order terms generated by the functions ¢;(z1,...,zy,) should be attributed to
the function g(z). These terms will not affect the sign of the derivative of the
Lyapunov function V in a sufficiently small neighborhood of zero. Therefore, the
control u(x) stabilizes not only system (3) but also system (21). Thus, such an
approach is similar to the stabilization by first-order approximation. It should be
noted that system (3) is used as a nonlinear approximation of system (21).

We will illustrate this approach with the following example.

Example 2. We find a stabilizing control for the following nonlinear system

i = 25 + 2§ sin(x1 + 29),
io = x3 + 23 cos(z1), (22)

T3 = u.

We use system (20) as a nonlinear approximation of system (22). Therefore,
system (22) can be stabilized by the same control as system (20).
So, consider the control u = u(z) of the form

u(x) = —bx1 — 2x9 — 10x3.

We recall that k; = 5,k = 2,k3 = 10,p; = 5, then condition (19) is satisfied.
Put p1(x1, 29, x3) = 1, po(x1, 2, x3) = 1,51 = 1,02 = 1. Then, it is clear that for
the functions @1 (21,72, 73) = x5 sin(z1 + z2) and @ (71, 22, v3) = x% cos(zy) the
following estimates hold:

lo1(z1, 2, 23)| < p1(x1, 22, x3) (!$2|p1+61 + !$3|p1+61> = 2§ + 2§,

|902($1,172,£C3)| < p2($1,$2,$3)‘$3|1+62 = w%

in the entire space R3.

Based on the results of the work, it can be concluded that the zero equilibrium
point of system (22) under the linear control law u = u(z) is asymptotically stable.
Specifically, as shown above, since the control u = u(x) stabilizes the system of the
nonlinear approximation (20), it also stabilizes the original nonlinear system (22)
with higher-order terms in the right-hand side.



Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHA MaTeMATHKa i MexaHikay, Tom 98 (2023) 47

To demonstrate the behavior of solutions of the closed-loop system (22) under
the chosen linear control u(z), we construct the trajectory, for example, using the
following initial conditions:

1‘1(0) = O.S,xg(O) = 0.7, 173(0) =1.

Fig. 2. The trajectory of system (22) with u = u(x).

Conclusion

This work presents a constructive method for stabilizing a class of high-order
nonlinear systems in a critical case. Namely, the class of three-dimensional canoni-
cal nonlinear systems is considered. Compared to previous results, the condition
of decreasing powers was relaxed to a condition of non-increasing powers. It has
been shown that for such systems, a linear control can be chosen to ensure that
the equilibrium point x = 0 is locally asymptotically stable.

Furthermore, an additional condition on the coefficients ki, ko, and k3 was
found, compared to the case of strictly decreasing powers, to achieve local
asymptotic stability of the zero equilibrium point. Moreover, the class of systems
was extended by using stabilization through nonlinear approximation.
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IIpo niniliny crabinizaniro ogHoro kJjacy HeJiiHiliHUX cucrem y
KPUATUYIHOMY BUTAIKY

M. O. Bebiga, B. A. Maiicrpyx
Xapriscoruti nauytonasvruli ynisepcumem imens B. H. Kapasina

matidarn Ceobodu 4, 61022, Xapxie, Vrpaina

B crarTi po3risiiaerbes 3a1a4ua crabinizanii HesiHIftHUX cHCTeM y KPUTHYIHOMY BH-
magky. A camve, BUBYAETHCS KJIAC KAHOHIYHMX HEMHIAHUX cucreM. Kiac KaHOHIYHMX HeJti-
HIHIX cHCTeM abo JIAHIIOT CTEIeHEBUX iHTErpaTopiB € BaXKJIUBUM 00 €KTOM TOCIIiI2KEH-
Hsi. BUBYEHHST TAKMX CHCTEM YCKJIQIHIOETHCS THM (DAaKTOM, IO TX He MOXKHA BigoOpasuTn
Ha, JiiHidHL cucTtemu. KpiM TOTO, BOHW € HEKEpOBAHUMU 33 MEPIUM HAOJMKeHHsM. Bi-
JIOMi pe3yJabTaTh IMOAO0 MVIAAKOI cTabiii3arii Takmx cucTteM OyJI0 OTPUMAHO MPHU YMOBI
CTPOTOrO CHAJaHHSA CTENEHIB MPABOl YacTUHU. ¥ Miif pOOOTI PO3IIISHYTO ONWH 3 BUMAIKIB
HECTPOTOrO CIIATaHHs CTEIeHiB y mpaBiit gacTuHi aia TpuBuMipHOl cucremu. Ilomymsap-
HHAM IIiIXOIOM 10 JOCJIPKEHHSI TAKHX CHCTEM € METO]I IMOKPOKOBOI moOya0oBH cTabiri-
3yI04unX KepyBaHb - backstepping. Bin morpebye mocsiqoBHOrO TOCTIIXKEHHST i ICUCTEM
MeHII01 po3miprocTi. et MeTon mae MOXKIIUBICTD TOCTIIZKYBATH MUPOKL KJIACH HEJIiHiH-
HUAX TPUKYTHHUX CUCTEM, aJie MOTPeOy€e TEeXHIYHO CKJIAIHIX, TPOMI3aKuX 00uucseHsb. Tomy
BUHUKAE MMPUPOJHE MUTAHHS PO MOOYI0BY CTabLIi3yl0unX KEPYyBaHb IMPOCTOrO BUTJISLY.
[Ipuknagom Takmx KepyBaHb MOXKYTh CJIy?KUTH IOJIHOMiaJIbHI KEPYBaHHA. ¥ CTATTI IO-
Kaz3amo, M0 MOYKHA PO3TJISAATH JMiHiHHI KepyBaHHS B AKocTi crabimizyounx. Orpuma-
HO yMOBU Ha KOeMIIieHTH JIHITHOrO KepyBaHHS, IKi € JOCTATHIMHU IJIsT ACUMITOTHIHOL
CTIKOCT1 Hy/ThOBOI TOYKH CITOKOIO BIATIOBi/THOI 3aMKHYTOI cucTemu. /11 moBeieHHs acuM-
OTOTUYHOI CTIHKOCTI BUKOPHUCTAHO MeTOn (DYHKINI JIAmyHOBa, Ky BIAETHCS 3HANTH K
cymy kBazparis. Bix'emna Busnadenicrs moximuoi dyukimii JIsamyHoBa B Okoui Hyss ra-
paHTye acuMnTOTHYHYy crifikicts. Ha Biaminy Bizx BuIIaIKy CTPOroro CrajaHHs CTEIEHIB,
BUHUKAIOTH JOJATKOBI yMOBU Ha KOeMIIIEHTH KepyBaHHs OKpiM 1X Bix’ emuocTi. OTpuma-
HUW PE3YJIbTAT PO3MUPIOETHCA HA OLIBIN MIUPOKWH KJIAC HETIHIHHUX CHCTEM 3a PAXyHOK
crabimizarii mo HemiHiftHoMy Hab MXKeHHIO. [le mae 3Mory po3rssaaTi CUCTEMH 3 JTOMAH-
KaMmu Oi7bII BECOKOrO MOPAAKY Y TpaBiit gactui. EdeKTuBHiCcTh 3aCTOCOBAHOTO MMi X0y
MIPOLTIOCTPOBAHO Ha KLIHBKOX MOJIENbHUX IpHUKJagax. Bukopucranuit B poboTi MeTosm, 10-
CJIIPKeHHS BUMAIKY HECTPOTOrO CIAIAHHS CTEMEeHIB MOXKe Oy TH 3aCTOCOBAHO IS CHCTEM
OL/IBITT BUCOKOI PO3MIiPHOCTI.
Karwuoei caosa: crablmizaiisi; HediiHiliai cuctemn; meron dyuknii JIsimyHoBaj
KPUTUYHUI BUIIAO0K; JIiHIIHA cTablaizamisa; JiiHIliHI KepyBaHHS.

Icropis crarTi: orpumana: 23 xoBTHA 2023; octamuiit BapianT: 23 aucromana 2023
npuiitaaTa: 25 aucronaga 2023.



ISSN 2221-5646(Print) 2523-4641(Online) Bicunk XapkiBCHKOr0 HAIliOHAILHOTO

Visnyk of V.N.Karazin Kharkiv National University yuiBepcurery imeni B.H. Kapa3ina
Ser. “Mathematics, Applied Mathematics Cepist "MaTemMaTuka, TPUKIATIHA
and Mechanics” MaTeMaTHKa i MexaHika'
2023, Vol. 98, p. 50-67 2023, Tom 98, c. 50-67
DOI: 10.26565/2221-5646-2023-98-04

YK 514.764

I. O. 'aBpuneHko

acmipanT Kadeapu GyHIAMEHTATBHOI MATEMATHKH

XapkiBcbKuit Hamionaabawit yaiBepcuteT iMeni B. H. Kapazina

maiinan Csobonu, 4, Xapkis, Ykpaina, 61022

igorgavrilenko0898 @gmail.com http://orcid.org/0009-0003-4226-8603

€. B. Ilerpos

KaHauaaT (BizuKO-MaTeMATHIHUX HAYK

crapruii BUKIa1a49 Kadeapu PyHIAMEHTATBHOT MaTEMATHKA
XapkiBcbkuit Hamionaabauiit yaisepcurer imeni B. H. Kapazina
maiinan CBobonu, 4, Xapkis, Ykpaina, 61022
petrov@karazin.ua http://orcid.org/0000-0003-2340-5038

CrilikicTh MiHIMAJIbHUX ITOBEPXOHb
y cybpimMmanoBoMmy MHOrOoBudi F(2)

Y pobori J0CIiKYIOThCA TUIAAKI OPIEHTOBAHI MOBEPXHI B yHIBEPCAIHHOMY
HAKPUTTL I'PYIX BJIACHUX PYXiB €BKJIJIOBOI ILJIOIIUHU, 110 MA€E JIiBOIHBapi-
AHTHY CTPYKTYPY TpuUBUMiIpHOTrO cybpimanoBoro muoroBuaa. s crpykrypa
OyIdyeThCsT K OOMEXKEHHsI €BKJIJIOBOI METPWKW TPYNH HA JEAKUAN ILIKOM
HeinTerpoBHUil JiBoinBapianTHuit po3noxis. CyOpiManoBa IJIOIMIA TOBEPXHI
BU3HAYAETHCA SK IHTErpaJi JIOBXKUHU OPTONOHAJBHOI ITPOEKIIT OJMHUYIHOTO
HOPMAaJILHOIO TIOJIst TIOBEPXHI Ha 1iel po3noziia. O6gucieHo ¢popmyity nepiiol
Bapiarii cyOpiMaHOBOI IO IOBEPXHI, 3 AKOI BUBEIEHO KPUTEPiit MiHIMAIb-
HocTi. TyT Mu po3ymiemMo mia MiHIMATLHUME TIOBEDPXHi, IO € KPUTHIHUMU
ToukaMu (pyHKIIOHAIA CyOPIMAHOBOT TIJIOMII IMiJT JI€F0 HOPMAJILHUX Bapiartiit
3 KOMMAaKTHUME HoOcigmu. BcTanoBjeHo, MO Taka MIiHIMAJBHICTH Y JAHO-
My BHIIQJIKy HE € eKBIBAJEHTHOIO 0 PIBHOCTI HYJI0 CyOpiMaHOBOI cepemHbol
KpuBuHE noBepxHi. Ilokazamo, o €BKJIi10Ba IOMKUHA € MiHIMAJIBHOIO TOJL
it TIIBKU TOJI, KO BOHA TapajenbHa abo OpTOroHaIbHA 10 oci 2 (1e Ko-
opauHATA Z BiANOBiZae KyTy obepTanHs BIacHOrO pyxy). OTpUMaHO yMOBY
MiHIMAJIBHOCTI JIjI8 sIBHO 3a/1aHOI TTOBEPXHi Ta HABEJEHI TPUKJIAIA TaKUX IO~
BepXoHb. PO3rIgHyTI MpUKIaIN JTeMOHCTPYIOTH, 30KpeMa, o 3 MiHiMaIb-
HOCTi 110BepxHi y piManoBomy (y JaHOMY BUIIQJKY €BKJILJOBOMY) CEHCI He
BUILTABAE 11 cyOpiMaHOBa MiHIMAJBHICTH TA HABIIAKU.

Jamii po3riisamaeThcsa MUTaHHS MPO CTIMKICTh MiHIMAJIBHUX TOBEPXOHB. [Jlys
IbOTO BUBEIEHO (bopMmysTy apyrol Bapiamil cyGpimanoBol mwromi. 3a iT gomno-
MOrOI0 BCTaHOBJIEHO, IO MiHIMAaJ/IbHI €BKJIi/TOBI IJIONTKAHM € CcTifikumu. Bemae-
HO KJIAC IIOBEPXOHb, JJIs AKUX JOTUYHI IUIOMMHYA HEPUEHIUKY/IAPH] 10 110~
IIIAH PO3MOALTY CYOPIMAHOBOI CTPYKTYPH, i Ki MU 3BEMO BEPTUKAJILHUMHU.

©) Taepunenxo 1. O., Ierpos €. B., 2023
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30oKpeMa, sl TAKUX HOBEPXOHb (DopMysia npyrol Bapiamii CyTTEBO Cripo-
myerhes. 1lokasaHo, 1m0 MOBHI 3B’$13HI BEPTUKAJIBHI MiHIMAJIbHI TIOBEPXHI
BUYIEPIMYIOTHCS €BKJIIOBUMU TIJIONIMHAMHA Ta TeJIiKOIJaMW, MTPUIOMY TeTiKOI-
i HecTiiiki. 3Bizcu BUIIMBaE pe3yJbrar Tuily BepHInTeiina: HoBHA 3B dA3HA
BEPTUKAJIbHA MiHIMAaJIbHA MOBEPXHS € CTIMKOIO TOJL M TLIBKHU TOJi, KOJH e
€BKJILJIOBA IJIOIIUHA, 1110 OPTOrOHAJIbHA JI0 OCi 2.

Keywords: cybpiMaHoBuii MHOroBu/I; JiBOIHBapiaHTHA MeTpPHUKA; Mi-
HIMaJIbHA MOBEPXHS; CTIAKICTD.

2010 Mathematics Subject Classification: 53C40; 53C17; 53C42.

1. Beryn

Binowmo, 1110 y TpuBuMipHOMY €BKJIIZOBOMY TIPOCTOPI MTOBHA 3B I3HA MiHIMa/Ib-
Ha IIOBEPXHS € CTIMKOIO TOJl ¥ TIMBKH TOJ1, KOJX € IjomuHo. [leit pesyabrar
6ys orpumanunii Hezasexkuo O. B. Tloropenosum, M. g0 Kapmo i K. K. Tlenrom
ta, . ®imep-Kosbpi i P. Mloenom (aus., nanpukiag, [3]). Bin ysaraasHioe Kia-
cuuny Teopemy C. H. Bepmnrrrreitna, 3rifgHo 3 gKow0 0y/Ib-sika TTOBHA SIBHO 331aHa
MiHiMasIbHA MOBepxHS € miomuHoo. Y [4] 6ysio BBemene mOHATTS MiHIMAIBHOL
MOBEPXHI B CyOpIMAHOBOMY MHOTOBHUI. Y MOJAJBINIOMY TaKi MOBEpXHI Ta iXHs
CTIfKICTH BUBYAINACH y PI3HUX CyOpPiMaHOBHUX reoMeTpiax, 30KpemMa, y cyopiMano-
Biit TpuBmMipHiit rpymi Leitzenbepra (nus. Koporkuit orisn y [8]). 3okpema, y [2]
Ta |7] (auB. Takox [1|) 6ysu orpumMani pesysbratu Tuny BepHinreiina, To6To onmc
CTIKIX MIHIMAJIBHUX TTOBEPXOHB, y Il Tpyi. TakoK MiHIMAIbLHI TTOBEPXHI JTOCTI-
JPKYBaJIMCS y T. 3B. TPUBUMIPHI# cybpimanosiii cdepi ([6]) i rpymi BracHux pyxis
eBKJILIOBOI MJIOMUHY Ta 11 yHiBepcaabHOMY HAKpUTTI (|5, e obroBoproBasocs ra-
KO2K 3aCTOCYBAHHYA TAKUX ITOBEPXOHDL /10 3339 MATEMATHUIHOTO MOJETIOBAHHS Y
Heitpobioorii, i [9]), ase nuranus crifikocti He posrasgganncs. Came ocTaHHIO 3
3raJaHuX TeOMeTpill MU OyIeMo JOCHIIKYBaTH B JaHili pobOTi.

2. OCHOBHI TTOHATTS Ta TPUKJIAIA

Cybpimarosum mMHo2068udom 3BETHCS NIAAKWUNH MHOTOBUI M pasoM 3 IJIKOM
HEeIHTErpOBHUM TJIAJKAM BEKTOPHUM po3moiioM H Ha M (BiH 3BeThCS 20pu3on-
MAALHUM PO3NOJIAOM) 1 TIIAJIKIM TI0JIeM eBKJIJIO0BUX CKaIIPHUX A00yTKiB (-, )y
Ha H (cybpimanosoro mempuroro). 3okpema, sikmo M pimanoBwmii, T0 cyGpima-
HOBY METPUKY MOXKHA moOymyBaTu ak obmerkenus Ha H pimanoBoi merpurm M.
Came Taky KOHCTPYKINIO MU # OYIeMO pO3T/ISIIATH B TOIAIBITOMY.

AKTHBHO JOCTIKYBAHUM TPUKIAIOM CyOpIMaHOBOTO MHOTOBHA € TpHU-
sumipna rpyna leiizenbepra H!. Ile mpocrip R® 3 kooppunaramu (z,v, 2),
Ha sIKOMY CTpyKTypa rpynu JIi 3amaerbes muoxkennsMm (z,y,z)(z',y,2") =
(z+2y+y,z+2 + %(my’ —ya')) 1 BusHauae wacrynHuii Gasuc JiBoiHBapi-
AHTHUX BEKTOPHUX TOJIIB:

X1=2 -

ke

o)
9z X3:

[N
3l

) -0
EER X2_8y+
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Posrnsmemo ma H! pimamosy merpuky (-,-) Taxy, mo {Xi, X2, X3} € opronop-
MOBaHUM 0a3UCOM y KOXKHI# TOUIi. Y SIKOCTI TOPU30HTAJIBHOTO PO3moaity H Bi-
3bMEMO PO3MOJLI, M0 mopoKenuii 6asucom { X1, Xo}, a y skocri cybpiMmanoBol
MeTpUKHU (-, )3y — OOMexKeHHs (-, -) Ha H.

Hexait 3 — rragka opieHTOBaHa MOBEPXHA V TPUBUMIPHOMY CyOpiMaHoBOMY
mHOTOBUIL M, cyOpiMaHOBa METPUKA (-, -)34 SIKOTO OYIyEThCS TK 0OMeKeHHs Ha H
nestkol piManoBol Merpuku M. CuneysapHo MHOMCUHG Yo TIET TOBEPXHI CKJIaIa-
€TbCs 3 THX 1T TOYOK p, [UIsl IKUX JOTHYHA Iulomuna 1,3 36iraernes 3 Hy (cum-
eyaaprux ). Bimomo, mo Yy Mae HyJbOBY PIMAHOBY ILIONLY B CHJIy TIOBHOI HEiHTe-
rpoBHOCTL po3noniny H. Axmo N — oanoudHe HOpMAJBHE TOJe X Y PIMaHOBOMY
CEeHCl, TO MOXKHA ONUCATH CUHTYISIPHY MHOXHUHY SIK

Yo ={p € X | Ni(p) = 0},

ne N; — oproronasibnaa npoekiiig nmojgg N #wa H. Pemry Touok moBepxui Oymemo
HaszuBaru pezyaaprumu. Cybpimanosa naiowa obmacti D C ¥ BU3HAYAETHCA K

A(D) = [ [Nn|d%,
D

ne d¥ — pimanoBa ¢opma ot . HopmaavHorw eapiauicto TOBEPXHI X, 110
3a/aHa IVIAIKOI (DYHKINEO u, OyaeMo Ha3uBaTu BimoOpaxenns @: % X [ — M,
110 BU3HAYEHE yMOBOIO

¢s(p) = exp,(su(p) N(p)).

Tyr I — neaxuit oxin myna B R, a exp, — pimanose eKCnoHenmiine Biobpazkenns.
[ammumu cmoBaMu, Mu OYIyEMO Bapiallito TPAAUIIHUM JJIsT piMaHOBOI reoMeTpil
YMHOM, BUIYCKAIOUM reoje3ndni 3 touku p y Hanpsmky u(p)N(p). Toznauanmo
qepes A(s) = A(Xs) cybpimanoBy miorty moBepxHi Bapiaiil Yy = ¢s(X), mo
BinOBiae napamerpy s (s 0O6UMCAEHHS TEPIIOT Ta APYTOl Bapiamiii J0CTaTHBRO
3HAWTH IOy 00pasy HOCIS U, 3aMUKAHHS SIKOTO BBazKATUMEMO KOMITAKTHEIM ).
Toni A’(0) 3BETBCS NEPWOO (HOPMAABHOI) 6apiaUiEtd NAOW, O BiAIOBiTAE ©,
a A”(0) — dpyeoro. Tlosepxust ¥ HaZUBAETHCA Mitimaabroto, skmo A'(0) = 0 s
OyZb-9IKNX HOPMAJBHUX Bapiariii 3 KoMImakTHuM Hociem y Y\ Y. 3ayBaxmumo,
IO TYT MU TaKOXK CJIiIyeMO PiIMaHOBI# Tpaantil, HA3WBAOYN MiHIMaJIbHUMH IT0-
BEpXHAMHU CTarioHapHi Touku cybpimanoBoro dyukiionasa miromdi. MinimaasHa
HoBepxHsl X 3BeThCst cmitikoro, aximo A”(0) > 0 mia 6yab-gKuX HOpMaJbHUX Ba-
piauiit 3 komuakTHuM Hociem y X\ Xo. ¥ [2] ra [7] 6yi10, 30Kpema, BCTAHOBJIEHO,
mo y cybpimanosiit TpuBuMipHiii rpymi [efizenbepra moBHA 3B’d3HA MiHIMAJIBHA
TIOBEPXHS 3 MOPOXKHBOIO CHHTYISPHOI MHOYXKWHOIO € CTiffKOI0 TOAl ¥ TiMBKHW TO-
Ji, KOJTM 19 TIOBEPXHS € BEPTUKAIBHOI (TOOTO mapasessHo OCi 2) eBKJIII0BOO
IIOTIHUHOIO, 0 € TPUKJIAJIOM PEe3YABTATY THUITY BepHH/I_T\‘_e/ﬁHa.

Y nmaniit pobori Mu posrysigaTuMemMo MHorosu F(2), 1m0 BU3HAYAETHCS 9K
yHiBepcaJabHe HAKPHTTH TPYIH BIacHHX pyxis miommuu. Lle mpoctip R? 3 xo-
opaunaramu (x,y,2) (me (r,y) BianoBimae mapasenbHOMY NMEPEHECEHHIO, & 2 —
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KyTy obepTaHHsl), Ha SKOMY CTPyKTypa rpymnu Jli 3aJaeThCs MHOKEHHSAM PyXiB
(x,y,2)(2',y,2) = (x+ 2 cosz—y'sinz,y+2'sinz+y' cos z, 2 + 2') i Busnauae
Takuit 6a3uc JiBOIHBAPIAaHTHUX BEKTOPHUX ITOJiB:

_ 0 in » 0 - 90 — qin 29 _ 9
Xl—coszam—l—smzay, Xo=5,;, X3 =sinzg; COS 23, . (1)
HenysiboBumu nonapaumu jryzkkamu JIi 1ux 11oJis €

(X1, Xo] = —[Xo, X1] = X3, [X2, X3] = —[ X3, Xo] = X;. (2)
Posrasmemo ma EZQ/) piMaHOBY MeTpuky (-, -), ast akoi { X1, Xo, X3} € opronop-
MOBAHUM 0a3MCOM y KOXKHIH TOUI. 3ayBazKkKuMO, IO BOHA BUABIAETHCS €BKJIIIO-
BOIO. Y {KOCTi MOPU30HTAJIBHOI'O PO3MOJLITY H PO3IJISHEMO PO3IOJLI, IO HATH-
ruyTuii Ha 6asuc {X7, Xo}, a y garocti (-, )y — 0OMeKEHHsI €BKJIiI0BOI METPUKN
Ha H. Hexait V — 3p’aznicts Jlesi-Uisira merpuku (-, ). 3 dopmyan Kouryss
Ta (2) (abo mpocro 3 (1) i Toro, mo V miacka) TOAI OTPUMYEMO

leXl :VX1X2:VX1X3:VX2X2:VX3X1 = (3)
=Vx; Xo=Vx,;X3=0, Vx, X1 = —X3, Vx,X3=X;.

Omueparop kpuBuswu (-, +) HYJBOBUI, OCKLIBKY 11 METPUKA €BKJIII0BA.

3. ®opmysiu nepuiol Ta Apyroi Bapiamil

Hexait Tenep ¥ — ruiajika opienroBana noeepxust y F(2). Beememo gesiki jo-
naTkoBl mosuavenHs. Ha perysspaiit wactuni ¥\ Xy noBepxHi BU3HAYAMO 20pU-
BOHMAADHE 20YCO6e 81000PAdNCEHHA Vy = ‘%—Z‘ Ta ZOPAKMEPUCTNUYHE BEKMOPHE
nose Z, aKe y KOXKHiil peryagpHiii Toumi p moBEpxHI Y yTBOPIOETHCA 3 Vp (p) 06ep-
TaHHAM Ha OPAMHN KyT y Iwtomuui 7, (B opieHramii, o BH3HAUeHa BEKTOPOM
Hopmasi X3(p) niel muomumnn). Ile noste € goruanum 10 X 3a mo6ynosot. [Tozna-
qumo gepe3 S = (N, X3)v, — | Np| X3 BekTopre nosie, mo J0N0BHIOE Z y KOXKHIii
perysspHiit Todmi MOBepxHi 0 OPTOHOPMOBAHOrO Oa3ucy ii JOTUYHOI MJIOIIUHM.
Yepes B nosnauarumemo (pimManosuii) oneparop Beitaraprena nosepxui ¥ Bigno-
cro N, 110 BU3HAYAETHCS IJIsT OYIb-sIKOTO JOTHIHOrO 0 Y BEKTOPHOro mosaa W
ymosoo B(W) = -V N.

—

Teopema 1 (Dopwmyna meprioi Bapiarii). Hexati X — nosepzua y E(2). Todi
NEPWA HOPMAALHE B8GPIGULA TT NAOWSE, WO 360aHG PYHKULEN U, MAE HACTYNHUT
BULAA0:

A0)= [ [No|7H(=(B(2),2Z) + (N, X5)(vn, X1)(vn, X2)) udX. (4)
Y\Zo

Hosedenna. 3acTocyeMO TYT TEXHIKY, aHAJOTIUHY JIO BUKOPUCTAHOI y pobo-
i [7]. Tlosrauumo yepes N piMaHOBe OJMHIYHE HOPMAJIBHE II0JI€ TIOBEPXOHB HOP-
MasbHOI Bapiamii ¢: XX I — M, a gepes N = N—(N, X3) X3 — iforo oproronaJib-
Hy npoekioo Ha H (cybpimanose HopmaabHe nose). [loGyayemo Ha migMHOKIHAX
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pPeryJisipHuX TOYOK IOBEPXOHb Bapialli mojsd vy, Z Ta S 9K BKa3aHO BHINE. 3a
O03HAYEHHSIM CyOPIMaHOBOI ILIOII MAaEMO

A(s) = A(Xs) = [ |Nn|dZs = [ [Npowps|[Tps|d,
R T\ 2o

Jie d¥s — pimaHoBa (hOpMa ILJIOIIL TOBEPXHI X, @g: X — 2g — nudeomopizm Ba-
piamii, mo Bignosigae mapamerpy s € I, a J g — iioro skobian. Ocrantga piBHICTH
axasorigaa Gpopmysi piMaHOBOI IO MOBepXHI Bapiamnii (aus., Hampukaaz, |10,
c. 49]). 4k srajysanocs Buie, TYT JOCTaTHBO iHTErpyBaTH 10 Hocio u. dasd
nosuagarumemo |Np|(s) = |[Np o ¢|. Toni

A'(s)= [ (INW' ()1 s| + [Nwl(3)]T @5l (s)) d% (5)
T\ 2o

i, ockinbku |J @o| = 1,

A©O) = [ (INaf(0) + [Nul(0) [ (0)) dE. ©)
¥\ Zo

[Ipoenemo megaxi momomizkui obumcnenss. Audepenmniotoun piBaicTs N =
N — (N, X3) X3 y HAIpsAMKY J0BIIBHOTO BEKTOPA U, OTPUMYEMO

VoNp, = VN — <VUN, X3>X3 — (N, VUX3>X3 — <N, Xg)VUXg = (7)
= (VUN)h - (N, va3>X3 - <N7 X3>VUX3'

VY peryisdpHuX TOYKaX MOBEPXOHb Bapiallil 3HAYEHH OB Vy,, Z Ta X3 yTBOPIO-
10Th oproHOpMOBaHi 6azucu i (V,vp,v,) = 0, ToMy

Yoy = (Vyvn, ZYZ + (Vyup, X3) X3,
1e, ockinbKu v, = |Np| "' Np,, a Z i N, oproromamsHi,
(Vorn, Z) = |Np|7HVuNp, Z) = [No|7H ((VoN, Z) — (N, X3)(Vo X3, Z))
B cuy (7), oTke
Vo = [Nl "L ((VoN, Z) — (N, X3)(Vo X3, Z)) Z — (v, Vo X3) X5, (8)

Takox y peryaspuux Todkax |Np| = (Np,vp), Tomy noxigaa miei dyHKii y
HAIPIMKY U JOPIBHIOE

O(INk|) = (VoNn, vn) + (Np, Vorn) = (VoNi, i),
60 (vp, Vyrp) = 0. Bigen i 3 (7) Toai Buminsae

V(|Np|) = (VoN,vp) — (N, X3)(Vy X3, 1p). 9)
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3a 1o6y10BOK0 HOPMAJIBHOI Bapiallil ¢ y eBKI0BOMY IPOCTOPi moJjie dy (a%)
nopisatoe U = ulN(0), ge N(0) — napasenbHO nepeHecene y30BxK HOpMaJieil 10
moBepxHi X i1 oJuHIYHe HOpMaJbHe mose. 3Biacu i 3 (9) BumiuBae, o

|NwL|'(s) = U(INw|) = (VuN, vp) — (N, X3)(Vu X3, v). (10)

OckiJIbKYM y PeryispHuX TOYKaX 3HadeHHs 1ojiB Z, S 1a N yTBOPIOIOTH OPTO-
Hopmogani 6asucu i (VyN, N) =0,

VuN =(VuyN,Z)Z + (VyN,S)S =
=—(N,VuyZ)Z — (N,VyS)S =—(N,VzU)Z — (N,VgU)S,

Jle ocraHHs piBHiCTH BulmBae 3 roro, wo jyxku Ji [U, Z] ta [U,S] nons U
i JOTHYHUX TIOJIB 70 TOBEPXOHL Bapiamii myaboBi. [lounnaioum 3 MHOTO MicIsd,
nosaavaTumemo epe3 N, Ny, vy, Z Ta S BianosiaHi moJist Ha moBepxHi X (ocTaHHi
TPU 3 AKUX BU3HAYEHI jmmie B 11 perynspanx toukax). Orxe, mpu s = 0

VuN = —(N,Vz(uN))Z — (N,Vs(uN))S = —-Z(u)Z — S(u)S,
6o N omunangne, tomy (10) mpuiimMae BUTIST

|Np|'(0 )—< Z(uw)Z — S(u)S,vn) — (N, X3)(VNX3,vp)u = ()
—(N, X3)S(u) = [Np[(N, X35)(Vy, X3, vn)u

B cuJly piBHOCTEH S = <N, Xg)l/h - ‘Nh’Xg,, N = ’Nh‘ljh + <N, X3>X3 i (3) Ak
nmokaszaHo, Hampukaai, y [10, ¢. 50-51], neprra noxiana Moayis sskobiaHa s B HYJI
JIOPIBHIOE AuUBEpreHtiii mos Bapiamil U = ulN:

[J¢ps]'(0) = divs(ulN) = (Vz(uN), Z) + (Vs (u 75>:

= ((V2N.2)+ (VsN.S) u =~ ((B(2),2) + (B(S), ).
Takum gmHOM, BUpa3 mix iHTerpaiom y (6) Mae BUDJIs
[NRI'(0) + [NR[[J sl (0) = =(N, X5)S(u) — [Na[(N, X3){(V, X3, vp)u— (13)

—[Nul ((B(2), Z) + (B(5), 5)) u.

3pobumo 1me KibKa TomoMiKHEX obunciaenb. Ockinbku v, = (vp, X1)X1 +
(vp, X2) X9, 3 (3) Bumwmsae V,, X3 = (v, X2) X1, orxe maemo (V,, X3, 1) =
(vp, X1)(vp, X2). 3a nobymosoro tomi Z = —(vp, X2)X1 + (vp, X1)Xa, ToMy
VzX3 = (v, X1)X1 B cuty (3), 1 TaKUM 9IHHOM

(Vu, X3,vn) = (vh, X1)(vn, X2) = —(Vz X3, 7). (14)
3BiJICH K MaeMO
<Vl,hX3,Z> = _<Vh7X2>27 <VZX37Vh> = <Vh7X1>2' (15)

Bokpewma, ockinbku vy, opunnanuii, (Vz X3, v,) — (V,, X3,7) = 1.
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BayBaxumo Terep, 1o, ockiibku Z 1S = (N, X3)vp — | Np| X3 onuangwi, a vy,
Z ta X3 yTBOPIOIOTH OPTOHOPMOBaHI 0a3ucu B PEry/IsipHUX TOYKAX,

divs,S = (V4S, Z) + (VgS, S) = —(S,V,2Z) =
= —(S, I/h><VZZ, Vh> — <S, X3><V2Z, X3> = <N, X3><Z, Vzl/h> — ‘Nh|<Z, V2X3>.

OcklapKu
VZVh = ‘Nh|_1 (<V2N, Z> — <N, X3><V2X3,Z>) Z — <VZX3,Vh>X3

B cuiy (8) i Tromy, BpaxoBytoun (14), (15) Ta o3uHauenHsi omepartopa Beiinrapre-
na B, maemo

VZVh = _‘Nhrl ((B(Z)vZ> - <N7X3><Vh7X1><Vh7X2>) Z—

—<Vh,X1>2X3, (16)

3BijcH BuTIMBaE 3 ypaxysanusaM (14)

divsS = —(N, X3)|Nu|~L ((B(Z), Z) — (N, X3) (v, X1) (v, Xa)) +
+|Nul vk, X1)(vh, X2).

Ockinbxu mote N omunmane, |Ny|? + (N, X3)? = 1, ToMy 0CTATOIHO MaeMO
diveS = —|Nu| = ((N, X5)(B(Z), Z) — (vn, X1){vn, X2)) . (17)
3a BJIACTUBOCTAMHU JUBEPreHIiil ol

diVE(<N, Xg)US) = S((N, X3>u) + <N, X3>u divyS =
= (VgN, X3)u+ (N,VgX3)u+ (N, X3)S(u)—

—(N, X3)|Nu| ™1 ((N, X5)(B(Z), Z) — (vp, X1){vn, X2)) u =

= —(B(5), Xz)u + (N, X3)(V,, X3, >U+<N X3)5(u)—

(B

—|Nu|"HB(2Z), Z)u + [Ny |(B(Z), >U+\Nh| YN, X3)(vp, X1) (vh, Xo)u,

e y octamHiit pisHocTi 3H0BY BuKopucTamn |Np|? + (N, X3)? = 1. Ockinbku mome
B(S) € gporuunnm 710 noBepxHi X,

Bpaxosyroun takox, mo V,, X3 oproronaneae 0 X3, OTpAMyeMO

divs (N, Xa)uS) = |Nu| ((B(Z), Z) + (B(S), S)) u+ [N4|(N, X5)(V,,, Xy, vi)ut
(N, X3)S(w) + [No| 7 (~(B(2), Z) + (N, Xs){vn, X1) (v, X))

Takum unnaoM, pisuicTs (13) Habysae BuTIALY

[NI"(0) + [ Nwl|J ps|'(0) = —dive((N, Xz)uS)+
+| N~ (—(B(2), Z) + (N, X3) (v, X1) {vn, X2)) u

Higcrapasiodn ue y (6) 1 spaxosytoun, mo [ divy((NV, X3)uS) dE = 0, orpu-
S\2o
MyeMo TOTPiGHY bopmMyy mepmol Bapiaii (4).
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e

Bucuosok 1 (Kpurepiii minimasbrocti). IToseprna ¥y E(2) minimasvna modi
% miavku modi, KOAU Y 6CIT i1 PE2YAADHUL TNOYKAT

<B(Z),Z> = <N,X3><Vh,X1><Vh,X2>. (18)

Y [7] posrasinanacs cybpimanosa cepedns xpusuna H = —%divzyh MTOBEPXHI X
i Bys10 mMOKa3aHO, MO0 MiHIMAJBHICTE Y v Tpymi leiizenbepra ekBiBaJieHTHA yMOBI
H = 0. O6uucanmo 1o GyHKIH0 115 HAMOTo BUNaaKy. 3 (8) Bumausae, 1o

Vs'Vh = |Nh’_1 (<V5’N, Z> — <N, X3><VSX3, Z)) Z — <VSX3,V}L>X3 =
= [Nu|7H (=(B(5), Z) — (N, X3)*(V,,,X3,2)) Z — (N, X3)(Vy, X3, 3) X3.

Bpaxosytoun (14), (15) i camocnpsizenicTs oneparopa Beitrraprena, orpumyemo

VSVh = —‘Nh|_1 (<B(Z), S> — <N, X3>2<Vh,XQ>2) Z— (19)
— (N, X3)(Vh, X1)(vh, X2) X5

Bsigcu i 3 (16) maemo

—2H = divsyy, = <Vzl/h, Z> + <Vsl/h, S> =

= [Ny|7H (=(B(2), Z) + (N, X3)(1 + | Ny |*) (v, X1) (v, X2)) -
[opiextotoun neit Bupas 3 (18), 6aunmo, 1o /17151 TOBEPXOHb E@/) MIHIMaJIBHICTbD,
B3araJli Kaxkydu, He PIBHOCHIBHA PIBHOCTI CyOpPiMaHOBOI cepeqHbol KPUBUHU HY-
JIt0. 3aCTOCYEMO Terep OTPUMAHUN KpUTepilt MiHIMAIBHOCTI S0 HAHIPOCTINIOTO
KJIACY MOBEPXOHL — €BKJIAOBUX ILIONMH. My He BXKMBATUMEMO C/I0BA 'TOPU30H-
TajbHa” 1 "BepTUKaAJIbHA JIJId OTTUCY PO3TAIIYBAaHHS ILJIONIUHN BIJIHOCHO OCi 2, 11100
YHUKHYTH IJIyTAHWHN 3 IHIIMMK 3HAYEHHAMH WX CJIIB y JaHiii pobori.

——
I

Teepaxkenns 1. Esxaidosa naowuna y E(2) ¢ minimaavnoro modi 4 misvku
modi, KOAU G0HG NAPAALALHO GO0 OPMO2OHAALHG JO 0CE 2.

Alosedenna. Ockinbku naa miomuan B = 0, (18) wabysae Buriisimy
(N, X3) (v, X1){vh, X2) =0,

TOOTO

<Na X1><Na X2><N3 X3> = 0.

, , _ 9 9 9 L
Opunuanuit nopmansuuit Bekrop N = agy + by, + ¢z7 Tyr nocriiinui, 13 ypa-
xyBaHHsaM (1) yMOBOO MIHIMAIBHOCTI TAKUM YUHOM €

(acosz+bsinz)c(asinz —bcosz) = 0.
Bokpema, pPeryIspHEMHI € TOUKH, st akuX (acosz + bsin2)? + ¢ > 0. dkmpo

TUIOIITHA, TTapajedbHa oci 2z, To ¢ = (0, a gAKMo NepueHIuKyAsIpHa 0 Hel, TO
a = b = 0, tomy Taki mwaomman MimimMasabui. Hexait Temep maommba moxwia,
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10610 ¢ # 0 i a? + b? > 0. IIpumycTumo, Mo BoHA MiHIMAIbHA. 3 IOIEpPEIHBOIO
PIBHSHHSA MA€MO
3(a? — b?)sin2z — abcos 2z = 0.

OCKIIBKH [T TOXUJION IJIOIIHHA 2 IpHiiMae yci AificHl 3HAYeHHsT, TOI1 a? — b2
ab =0, TobTo a = b = 0, mpoTupiuds.

e Kpamoro po3yMiHHS KJIaCy MIHIMaJIbHUX ITOBEPXOHb JAHOI reoMeTpil 3a-
[UIIEMO TAKOXK PIBHAHHY MIHIMaJIbHOCTL JIjisi OJIHOI'O 3 TUIIB $IBHO 3aJlaHUX 110-
BEPXOHD.

Teepaxkenns 2 (Kpurepiii MiniMagbHOCTI 119 IBHO 3a/laHUX NOBEPXOHL). He-

—_—~

xati nosepxna y E(2) sadana piensannam y = f(x,z). Bona 6yde mitimanvroro
modi G miavky modi, KoAu

— 08?2 f2 fow + (2c08® 2 fo f, — sin22f,) furt
+(—cos? z f2 +sin2z f, —sin? 2) f,.— (20)
—%sin2zf§fz —cos2z fof, + %sinszz =0

dan yeix (v, 2) maruz, wo (fycosz —sinz)? + f2 > 0.
Losedenna. Jast qanol moBepxHi

_ 1 0 o) 0\ _
N—g(fx%—yy+fzg) =
=1 ((frcosz —sinz) X1 + f2Xo + (fesinz + cos 2) X3)

B cuny (1), ne nosmaunin 6 = /14 f2+ f2. Tomy
Ny, = % ((fzcosz —sinz) Xy + f.X2), (N, X3) = %(ﬁr sin z + cos z) .

Axmo nosrauntn A = \/(f; cosz — sin 2)2 + f2, 10 |Ny| = %, YMOBOI PeryJisip-
mocti 6yme A # 0, 1 B peryIsipHIX TOTKAX

vy, = % ((frcosz —sinz) Xy + f,Xo),
TOMY 32 IIOOYI0BOIO
7 — % (—f. X1+ (frcosz —sinz)Xy) =
=—%f.cosz (% + fw%> + x(fzcosz —sinz) (% + fz%) :
Mozraunmo depes Z' i Z2 xoedinientn 6ig 6a3nCHIK BEKTOPHEUX HOJIIB TOBEPXHI
a% + fxaﬁ i % + fza% BiANOBIIHO v mTOmepeanboMy Bupasi. OCKIIbKE B KOOPIHHA-

Tax (z, z% KoedinienTn npyroi pyHmaMeHTa IbHOT POPMU ABHO 33IaHO] TTOBEPXHI
MalOThb BHUIVISIT

b1 = —f%;z

; b = =555, bag = — 5%,
Ma€EMO MICAS PO3KPUTTH AYKOK

(B(2),2) = ;7' 20 = 555 (= c08° 2 f2 fua + (2€08° 2 fu fz — sin 22 f.) faut
+(— cos? 2 fg + sin 22 f, — sin? Z)fzz) .
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Toni B cuny (18), mpupiBHIOIOYN 11l BUPa3 110
(N, X3)(vp, X1){(vh, X2) = 545 (fosinz + cos z)(fo cos z — sinz) £,

OTPUMAEMO YMOBY MiHIMAJIBHOCTL, 110 Mae BUMJIsL (20).

Kpim oproromasiprux 10 oci z muomun y = a + b, npuxiagaMu po3B da3KiB
piBusgnua (20) € 3maiigeni y [9] moBepxui y = acosz +b 1a y = x + a(sinz +
cos z)+b, ne a i b nocriitui. AHanoriuHi PIBHSIHHSI MOXKHA BUIIMCATH JIJIs HOBEPXOHB
surssiay « = f(y,2) i z = f(x,y). HaBegeni npukiaaam 1eMOHCTPYIOTH, 30KpeMa,
10 3 MiHIMAJIBHOCTI TIOBEPXHI Y €BK/IIOBOMY CEHCl He BUILINBaE 11 cybpiManoBa
MiHIMAIBHICTD Ta HaBmakw. Temep mepeiizeMo 10 MUTAHHYA PO CTIAKICTH TAKUX
TOBEPXOHB, OOYHUCJIUBINT JIPYTY Bapialiio cybpiMaHOBOl TJIOII.

Teopema 2 (Popwmyra mpyroi Bapiamii). Hezxal X — minimasvrna nogeprns y
E(2). Todi dpyea mnopmaavra eapiayis i naowy, w0 3a0ana PYHKUIE U, Ma€
HACMYNHULT 6U2AA0:

A"0) = [ (INu7 (2 () = (N, Xa) [Nl (v, X))

$\Zo
9N [(B(2), S)2u? — 2(N, Xs)(B(Z), S) Z(u)u+
AN, Xa) [No (v, X1) (v, Xa) (B(S), S)u+ (21)

+2 (1 — 2|Nh‘2) <Vh,X1><I/h, XQ)S(U)ZH‘
o INA] (2= BIN[2) (v, X0)2 (0, Xo)?u?) .
Hosedenna. Ilponoxumo MipkyBanHga 3 moefeHHs Teopemu 1. Crnodarky

3HOBY BBaXatumemo mojst N, Np, vy, Z Ta S 3afaHuMu Ha MMOBEPXHAX Bapia-
mii. 3 (5) Ta pisrocti |J ¢o| = 1 BuninBae

A”(O):E\J; (INRI"(0) + 2INL [ (O)1J 5[ (0) + | Nw[(0)1 ¢s|"(0)) d2. (99

IMepm 3a Bee, nepermmemo dhopmyory (10) y Giabm 3pyaHOMY /1 TOAATBIIOTO
mudbepeHtifoBanls BUMIsiL. B cmry (3),

Vi Xz = (U, X2) X1 = u(N(0), X2) X1,
ViXi = —(U, X2) X3 = —u(N(0), X2) X3,

(23)
orke (10) mpuiiMae BUIISN
[Nul'(s) = (VuN, vn) = (N, X3)u(N(0), Xo)(vp, X1).

Tyt u Ta (N(0), X2) nHe 3anexars Big s, Tomy, AudepeHIionYn, OTPUMYEMO

|NL|"(s) = U(INw|") = (VuVuN,vp) + (VuN, Vo) —
— (<VUN, X3> + <N, VUX3>) <N(0),X2><Vh,X1>u— (24)
—<N, X3><N(0),X2> (<VUVh,X1> + <l/h, VUX1>) U.
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Taxox 3 (8), (23) Ta piBnocti (Z, X1) = —(vh, X2) BUILIHBAE, 1II0

Vv = [No| ™' ((VUN, Z) — (N, X3)(VuX3,Z)) Z — (VuXs,03) X3 =
= |Nh‘71 (<VUN, Z) + <N, X3><N(O), X2><I/h,X2>u) Z— (25)
—(N(0), X2){vn, X1)uXs.

[Minpaxyemo 3Hauenns nonankis supasy (24) mpu s = 0. Ockinbku nons Z, S
Ta, N yTBOPIOIOTH OPTOHOPMOBaHI Da3uch v PEryIsipHUX TOYKaX IIOBEPXOHBL Bapi-
arrii, a v OpTOTOHAJLHE 10 7,

<VUVUN, Vh> = <VUVUN, S> <S, I/h> + <VUVUN, N) <N, Vh> =

—(N, X3) (2(VuN,VuS) + (N, VuVyS)) — INW(VuN, VuN) =
= —(N, X3) (2(VuN,VsU) + (N,VyVsU)) — [Ny [(Vu N, VyN),

Je Ipyra piBHICTH BHILIMBAE 3 TOrO, IO Apyri moximui supasis (N,S) = 0 ta
(N,N) = 1y naupsvky U piBui Hymio, a tperss — 3 [S,U] = 0. Tyr VyVgU
JopiBHIOE omeparopy KpuBmHU eBKJimoBoi Merpukn R(U,S)U = 0, 60 VyU =
[U,S] = 0. IIpu s = 0, ax 6y/s0 BCTAHOBJIEHO y J0BejeHHI Teopemu 1 mepen
piBaguaamu (11), Vg N = —Z(u)Z — S(u)S, Tomy

(VUN, VsU)(0) = —(Z(u)Z + S(u)S, VsN)u =

= ((B(5), Z2)Z(u) + (B(5), 5)S(u)) u = B(S)(u)u
3a O3HAYEHHSIM Omeparopa BefiHraprena i ockiibku Z Ta Sy PEryJspHUX TOYKAX
YTBOPIOIOTH OPTOHOpPMOBaHI 6azucu Jorudnux miommd. TyT y npasiii vactuni it

Jgajii renep nosHadaemo depes N, Ny, vp, Z 1a S BiALOBIAHI [10J1sl HA [IOBEPXHI 2.
Takum annOM,

(VuVuN,v)(0) = =2(N, X3)B(S)(u)u — [N |(Z (u)? + S(u)?). (26)
ITpu s = 0 piBasang (25) npuiimae BUTIAT

Vuvn(0) = [Nu7H (= Z(u) + (N, X3)(N, Xa) (vp, Xo)u) Z—
—(N, Xa) (v, X1)uX3 = |[Ny|™" (= Z(u) + (N, X3)|Np|(vp, X2)?u) Z—  (27)
—‘Nh|<yh,X1><Vh,X2>uX3.

3Bigcn maemo 3 ypaxysauusm dbopmyn S = (N, X3)vp — |[Np| X3

<VUN, VUI/}L>(0) = \Nhlle(u)Q — <N, X3><1/h,X2>2Z(u)u—
= | N3 [*(vn, X1)(vh, X2) S (u)u, (28)
(VuN, X3)(0) = [Np|S(uw).

3 (23) uminBsae, 110
(N, VUX3>(0) = <N, X2><N, X1>u = |Nh’2<ljh, X1><Vh, X2>u. (29)
3 (27) ra pisrocti (Z, X1) = —(vp, X2) orpunmyeMo

(VUI/}“X1>(O) = |Nh\*1<yh,X2)Z(u) — <N, X3><1/h,X2)3u. (30)
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Hapemri, 3 (23) Takox Maemo
(vn, VuX1)(0) =0, (31)

60 vy, oproronanbhe 10 X3. Ilizcrasumo (26) i (28)-(31) y (24), upusememo mo-
mibHi Ta, CIpPOCTUMO:

[Nu|"(0) = —2(N, X3) B(S)(u)u — [Np[(Z(u)? + S(u)?)+
NG (Z(u) = (N, X3)| Nb| (v, Xo)2u)? — (32)
—2| Ny |* (i, X1) (v, X2) S (u)u — | Np > (vn, X1) (v, Xo)?u?.

Ak mokazano, Hanpukaas, y |10, ¢. 50-51], 17151 eBKIII0BOI METPUKHI

15| (0) = (divsU)? + (VzU, N)2 + (VsU, N)2—
—(VzU,2)2 —2(VzU,S8)(VsU, Z) — (VsU,S)? =
= (VzU,N)? + (VsU,N)2 +2((VzU, Z)(VsU,S) — (VzU,S)(VsU, Z)).

[Tepemumiemo 10 piBHICTH y TepMminax omeparopa Befinraprena 3 ypaxyBaHHIM
Oro caMoCIpsizKEHOCTI:

[70s]"(0) = Z(u)® + S(u)* + 2 ((B(2), Z)(B(S5), S) — (B(Z),5)?) u?.  (33)

Bamummiocs migcrasurn (11) (Bpaxysasmm (14)), (12), (32) i (33) y Bupas mif
imrerpasom opmyau (22):

|NL|"(0) 4 2| Np|"(0)[J 05|"(0) + [Np||J @s|"(0) = =2(N, X3)(B(S), Z) Z (u)u—
—2(N, X3)(B(S), S)S(w)u + [Ny| ™" (Z(u) — (N, X3)| Ny | (vp, X2)?u)? —
—2|Np|*(vh, X1) (i, X2)S(u)u — [N > (v, X1)?(vh, Xo)?u®+
+2(N, X3) (S(u) 4+ | Np|(vh, X1)(vh, Xo)u) ((B(Z), Z) + (B(S), S)) u+
+2|Nu| ((B(Z), Z)(B(S), S) — (B(Z), 5)?) u®.

[Micag migcranoBku ymoBu MiniMaabHOCTI nmoBepxai (18) Ta megaxux coporneHb
3BijicH oTpuMy€eMO oTpibHy dhopmyrty (21).

—

TBepazkenuns: 3. Yci mirimanvni e6xaidosi naowuny y F(2) e ecmitxumu.

Hosedenna. B cuty TBepikenns 1, MiniMajibHA IUIOMKMHA ab0 mapaJjesbHa
oci z, i Toxi (v, X2) = 0, abo oproronanbua g0 Hel, i Toai (N, X3) = (v, X1) = 0.
Ockinbku kpiM Toro B = 0, dbopmyra (21) nabysae BUTIALY

A"0)= [ |Nu7'Z(u)?dE >0,
T\Zo

110 it 03HaYa€ CTIMKICTD.
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4. BeprukaJjibHi 1iosepxsi

Posrysaemo mie oaun (KpiM eBKJIIOBUX TJIOMINH) KIAC MOBEPXOHb, /I AKUX
dopmysa apyroi Bapiamii (21) cyrTeBo crporyerbes. Bymnemo naszuBaTu mosepx-
HIO Y y TPUBUMIPpHOMY CyOpPIMAaHOBOMY MHOTOBHU/I 8EpMUKAALHOI0, TKITO 11 10~
Tu4Ha ITomuHa 1), IepneHauKyadapHa /10 TOPU30HTAIBHOI IJIONMHI CyOpiMa-
HOBOI CTPYKTypu H, y KOXKHIil TOUIl p mOBepxHi, TOOTO iXHI BEKTOpM HOpMaJIi
OpTOTOHAIBHI. 30KpeMa, TaKi TOBEPXHI HE MICTIThH CHHTYISAPHUX TOUOK. Y HAITHX

—

MO3HAYEHHSX BEPTUKAJBbHI TTOBepXHi y F(2) XapakTepu3yrThCsl eKBIBAJIEHTHUMMI
ymosamu (N, X3) =0, |[Ny| = 1 abo N = Nj = vp,. Ymosa (18) miniMaabHOCT J1st
Hux npuiiMae surisa (B(Z), Z) = 0. 3ayBaKnuMo, 1110 BePTUKAJIbHI €BKJILI0BI 10
muH y TpuBuMipHii rpyni TeitzenGepra, skumu 3riHO 3 pesyabraramu pobit [2]
Ta 7] BUUEpITYIOTHCA TIOBHI 3B’s13HI CTifiKi MiHIMAJIBHI TOBEPXHI 3 TOPOXKHIMU CHUH-
TYJAIPHUMA MHOXKWHAME, € BEPTUKAJILHUME Y IHOMY CeHci. Ax mobaunmo mami y
JoBeJieHH] TeopeMu 3, dbopMysia Jpyrol Bapiaril [Jisi TAKUX TTOBEPXOHBb CYTTEBO
CHIPOILYETHCs (Ha M0 MOYKHA CHOIBATHCA 1 y BUIIQJIKY 3araJbHOIO TPUBUMIPHOTO
cyOpiMaHOBOTO MHOTOBHUJIA).

—~

Eskminosa miomuaa y E(2) € BepTHKAIBHOIO TOAL ¥ TLMBKH TOMI, KOJH BO-

sHopMaJgi N ta X3 B ycix To9KaX IUIOMWHN eKBiBajgeHTHA N = i%. Taxi mromunn
€ MiHIMAJIbHUMHU B CHJTY TBEP/IAKCHHA 1. TammM npuKIIaI0M BEPTUKAJIBHO! MiHi-
MaJsTbHOI moBepxHi y F(2) € cranmapTHuit remikoin x cosz + ysinz = 0. Hiiicwo,
oro ofmHIYHE HOpMabHe ojie N TpormopIiifiae g0 rpaieHTa cos za% +sin Za% +

(—zsinz + y cos z)%, a oT¥ke opToroHaabHe 10 X3. MiHiMa bHICTSE 1€l moBepx-
Hi MOKHA BCTAHOBUTH 3a JIONOMOTOw0 piBHstHHsI (20), BUpasupmm y = —x ctgz

y Toukax, jie sinz # 0, abo Ge3nocepesnbo nepesipusiu ymosy (B(Z),Z) = 0,
o 6yie 3pobJieHo y J0BEJIEHH] HACTYHIHOI TeopeMu. TakoXK BJACTUBOCTI BEPTHU-
KaJIbHOCTI Ta MIHIMAJIBHOCT] He MOPYIIaThCH, SKIO MapasieibHO TePEHECTH TaKIHi
TeJIIKOILT y3/I0B2K TUIONTHHE (X, y). BUSABIAETHCS, 1110 1€ CIIUCOK MPUKJIAIB BUIEP-
nauit. Jdani nijg noBHoTo0 Mu Oy 1leMO PO3yMITH 1TOBHOTY 1H/YKOBAHOI PIMaHOBOI
METPHUKHU [TOBEPXHI.

Teopema 3. bydo-axa nosra 36’°A3H4 SEPMUKAALHG MIHIMAABHO TOBEPIHA

—~

y E(2) - ue opmozonaavna 0o oci z e6%KA10064 NAOWUHG GO0 NAPAAEALHO Te-
penecenut y3dosorc naowuny (T,y) cmandapmnul 2eaixoid x cosz + ysinz = 0.
Hpu yvomy zeaixoidu € HecmitkuMu.

Jlosederns. Ockinbkn st BeprukasiabHol nosepxui (N, X3) = 01 |[Ny| = 1,
B ycix i1 Toukax S = —X3, T06TO B CUy HOBHOTH IOBEPXHS CKJIAJAETHCS 3 iH-
TErpajJbHAX TPAEKTOPIH mMoJist X3 — Te0Me3uvIHNIX, 10 € TOPU3OHTAJILHUME €BKJIi-
JOBAMW TIPSIMUMH 3 HANPSIMHUME BeKTOpamu (sin z, — cos z,0). OTike, TTOBepXHSs
e mimitigaroro. [IpemcraBumo i1 aK

r(p, ) = ((9),y(p), 2(¢)) + p(sin z(p), — cos z(¢), 0), (34)
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e (z,y, 2) — HATypaIbHO TapaMeTpH30Bana (y eBKIimoBoMy cenci, To6To (z')% +
(v')? + (/)2 = 1) inrerpaibha TpaeKTOpis 110/ Z, TOMY BUKOHYETHCH yMOBa

x'sinz — 1y cosz =0 (35)

oprororajibHocTi Z 1 S. 30oKpema, JJis IJIONMH MOYXKHA IMOKJIACTU & = (O COS 2
1y = psin z npu TOCTIHHIN 2, a JJId TeIIKOIIB — B3ATU MOCTIHHI  Ta ¥y 1 2 = .
g Takol moBepxHi 6a3uc JOTUYHUX ILIONIMH YTBOPIOIOTH I10JIsI

0 2] 0 10
r, = sinz g —coszay =8, 1o = (2" + pz'cos z) gy + (y + p2'sinz) g, + 2 5,
_ 1 / ol ! & 0 ol —
Tomy N = 5 (z'coszg +2 sinz g, — 0 5 |, /le MO3HaYaeMO 0 = &' COSZ +

y'sinz +2pid = /(Z)%+ o2 Taxum wmnom, N = Nj, = v, = X1 — ¢Xo,
TOMY
Z=92X1+ %Xy =%(—a'sinz+y cosz)r, + try = i1y (36)

B cuny (35). O6uncaoroun koedinientu apyroi dynaamentanbuoi (hopMu mo-
BepxHi (34) y KoopauHaTax (p, ), OTPEMYEMO

bi1 =0, big = (z(;)27 byy = %((:v”z’ B m’z”) COS 2 +( 1" y/ //) smz) (37)

3ayBaxkuMo, M0 yci i MIpKyBaHHS BIpHI i JijIst JOBIIBHUX BEPTUKAJBHUX I10-
BepxoHb. B cuny (36), ymosa mimimamsuocti (B(Z),Z) = 0 TyT exBiBajeHTHA
b22 = 0, TOOTO

("2 —a'Z")cosz+ (Y2 —y'2")sinz = 0.
3 ymosu (35) Bunsusae, mo (2',y") = A(cos z,sin z) na nesikoi dyHKnil A, Tomy
[TOIIEPE/IHE PIBHIHHS HAOYBAE BULJISY

Nzl — 2"\ =0, (38)

a yMOBa HaTypasJbHOCTI mapamerpa ¢ gae A2 + (2')? = 1. Tomy Ha mpoMizKKax,
ae A = 0, maemo 2/ = +1, 2’ = ¢/ = 0, 10610 noBepxng (34) € craHgAPTHUM Te-
JIKOIZIOM, TI[0 HapaJieJibHO mepeHecenuii y3n08K mwionwuu (z,y). Ha npomixkax,

Zl

/
ae A # 0, ymosa (38) osmaugae, 1o (7) = 0, To6T0 2/ = AC A9 IEAKOro II0-

CTIHHOTO €. 3 YMOBM HATYPAJIbHOCTI [IapaMeTpa TO/l OTPUMYEMO, 0 A = +——— m
C

iz =a= iﬁ nocriitui, orke z = ap+bi (', y") = Acos(ap+Db), sin(ap+d)).
Toui npu a = 0 piBasnnas (34) 3ajae OPTOroHAIBHY 10 OCI 2z ILIOIIMHY, & 1IPU
a # 0 — 3HOBY mapaJiebHO MePeHeCeHnii CTaH APTHUN TeTIKOTT.

SamummiIocd JOCTIIATH TeMKOIIN Ha CTIMKICTh. JIst MBOro CrovaTKy CIpo-
ctumo Gopmyny apyroi sapianii (21). JIna BepTukanbHol MiHIMATBHOI TOBEPXHI
BUPAa3 mij iHTerpajoM y it dopmysi HabyBae BUTISITY

Z(u)? —2(B(Z),S)u® — 2{vp, X1){vp, X2)S(u)u—

—(vp, X1)* (vp, Xo)2u?. (39)
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4K i B noBenenHi TeopeMu 1, 3pobuMo nepeTBOpeHHs, OOYUCTUBIIHT TUBEPTEHITII0
joroMizkHOro noJst. Iigcrasisiroun ymosy minimasbrocri (B(Z), Z) = 0 ta ymosu
BepTHKaIbHOCTI moBepxHi y (17) Ta (19), orpumaemo

diVZS = <Vh,X1><Vh,X2>, Vs'Vh = —<B(Z), S)Z

Towmy, Bpaxosytoun, mo VgX; mpomopuiiite q0 X3 (amasorigno mo (23)), a
VsXe =0 B cuny (3), maemo

divy ((Vh,X1><Vh,X2>’LLQS) = ((Vsl/h,X1> <I/h,VsX1>) <Vh,X2>’LL2—{-
+<I/h,X1> (<Vsl/h,X2> + <Vh, VSX2> <I/h,X1> l/h,X2>S(U)u+
+(vh, X1) (vp, Xo)uPdiveS = —(B(Z), S Z, X1)(vh, X2)u?—
—<Vh, X1><B(Z), S><Z, X2>u2 + 2(yh,X1><yh,X2>S(u)u—|—
—i—<l/h,X1>2<Vh, X2>2u2 = 2<l/h,X1><l/h,X2>S(u)u+
+ (<B(Z),S> ((I/h,X2>2 — <l/h,X1>2) + <I/h,X1>2<I/h,X2>2) u?.

Taxkum uunom, (39) jpopisHioe

Z(u)? — 2(B(Z), S)*u?® — divs ((Vh,X1)<uh,X2>u25)+
+(B(2),8) (1 = 2(vn, X1)?) u?

3HOBY K BPaxXOBYIOUH, II0 IHTETPAJT BiJl JUBEPTEHIIT JOPIBHIOE HYJIFO, OTPUMYEMO
3BificH crpoiieny GOpMy/aIy ApYyrol Bapiarii:

A"(0) = g (Z2(u)* + (=2(B(2), 8) + (B(2), S)(1 — 2{up, X1)*))u?) dE.  (49)

[Moknagemo y (34) dyukuil x Ta y HOCTH/IHI/IMI/I iz = . Toxl y BBesileHnX BuIIlE

2 1 S =
—_—— = —r
/1+p2 T, p

nosHadeHHAX MaeMo (v, X1) = 5 = —2A—, Z = tr, =
i Taxum amnom (B(Z),S) = ——22— = — L, 5 cuy (36) i (37). Bpaxosyroun

\/1+ 2’
V1402 I+p

Takox, mo dX = § dpdp = /1 + p? dpdp, Gaunmo, mo (40) nabysae BUTTsTY

A// f

2
m —u”) dpdp.

Hexait u(p, ¢) = ui(p)ua(p), ge u1 — raagxa HeBix'eMHa (DYHKINA 3 KOMIAKTHAM
HOCIEM, a ug(p) = ((,02 — 4)2 Ha BIIPI3Ky [—2, 2| i 1OpiBHIOE HYJTIO 38 HOTO MEXKAMU.
st Bigmosigrol raakol HopMaabHOT Bapiallil 3 KOMITAKTHIM HOCIEM TOJI MaeMOo
A”(0) < 0 3a nonepeausoio dpopmynow. Takum duHOM, resiKoian AiiCHO HeCTIHKI.

3 1i€T TeOpeMY Ta TBEP/IZKEHHS 3 OTPUMYEMO HACTYITHUN TaCTKOBUN PE3YTHTAT
Tury Beprmmreiina.

Bucuosok 2. V E(2) nosna 36’A3Ha 6ePMUKAALHA MIHIMAALHA TOSEPTHA €
CMitiKo modi U Miabku mModi, KOAU Ud NOBEPIHA € OPMO2OHAALHONW J0 0Ct Z

€6KA1008010 NAOULUHON).
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5. Ilpukiniesi 3ayBakeHHs

ApTopu x0Tiju 6 MOAAKYBATH AaHOHIMHOMY PEIEeH3eHTY 33 KOPUCHI IPOMO3HITT
IIO/T0 3MICTY 1 BUKJIAJeHHS pOOOTH, 30KpEMa, 3a 3alpPOIOHOBAHY HOBY (DYHKIIIIO,
IO BUKOPUCTAHA, JJIsT JTOBeJeHHA HECTIMKOCTI TeTIKOIIIB Y JOBEAEHHI TeopeMn 3.

IcTopia crarTi: orpumana: 9 xoetua 2023; ocramuiit BapiauT: 22 juctonana 2023
mpuiiagTa: 25 aucromnaga 2023.
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1. O. Havrylenko, E. V. Petrov
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Svobody square, 4, Kharkiv, Ukraine, 61022

In the paper we study smooth oriented surfaces in the universal coveri-
ng space of the group of orientation-preserving Euclidean plane isometri-
es, which has a three-dimensional sub-Riemannian manifold structure. This
structure is constructed as a restriction of the Euclidean metric on the
group to some completely non-integrable left invariant distribution. The sub-
Riemannian area of a surface is then defined as the integral of the length
of its unit normal field projected orthogonally onto this distribution. We
calculate the first variation formula of the sub-Riemannian surface area and
derive the minimality criterion from it. Here we call a surface minimal if it
is a critical point of the sub-Riemannian area functional under normal vari-
ations with compact support. We show that the minimality in this case is
not equivalent to the vanishing of the sub-Riemannian mean curvature. We
then prove that a Euclidean plane is minimal if and only if it is parallel or
orthogonal to the z-axis (where the z-coordinate corresponds to the rotati-
on angle of an isometry). Also we obtain the minimality condition for a
graph and give examples of minimal graphs. The examples considered in the
paper demonstrate, in particular, that the minimality of a surface in the Ri-
emannian (in this case Euclidean) sense does not imply its sub-Riemannian
minimality, and vice versa.

Next, we consider the stability of minimal surfaces. For this purpose, we
derive the second variation formula of the sub-Riemannian area and show
with it that minimal Euclidean planes are stable. We introduce a class of
surfaces for which the tangent planes are perpendicular to the planes of the
sub-Riemannian structure, and call them vertical surfaces. In particular, for
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such surfaces the second variation formula is simplified significantly. Then we
prove that complete connected vertical minimal surfaces are either Euclidean
planes or helicoids and that helicoids are unstable. This implies a following
Bernstein type result: a complete connected vertical minimal surface is stable
if and only if it is a Euclidean plane orthogonal to the z-axis.

Keywords: sub-Riemannian manifold; left invariant metric; minimal
surface; stability.
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