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On some hypergeometric Sobolev orthogonal

polynomials with several continuous parameters

In this paper we study the following hypergeometric polynomials:

Pn(x) = Pn(x;α, β, δ1, . . . , δρ, κ1, . . . , κρ) =

= ρ+2Fρ+1(−n, n+α+β+1, δ1+1, . . . , δρ+1;α+1, κ1+δ1+1, . . . , κρ+δρ+1;x),

and

Ln(x) = Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ) =

= ρ+1Fρ+1(−n, δ1+1, . . . , δρ+1;α+1, κ1+δ1+1, . . . , κρ+δρ+1;x), n ∈ Z+,

where α, β, δ1, . . . , δρ ∈ (−1,+∞), and κ1, . . . , κρ ∈ Z+, are some
parameters. The natural number ρ of the continuous parameters δ1, . . . , δρ
can be chosen arbitrarily large. It is seen that the special case κ1 = · · · =
κρ = 0 leads to Jacobi and Laguerre orthogonal polynomials. Of course,
such polynomials and more general ones appeared in the literature earlier.
Our aim here is to show that polynomials Pn(x) and Ln(x) are Sobolev
orthogonal polynomials on the real line with some explicit matrices of
measures.

The importance of the orthogonality property was our main reason to
concentrate our attention on polynomials Pn(x) and Ln(x). Here we shall
use some our tools developed earlier. In particular, it was shown recently
that Sobolev orthogonal polynomials are related by a di�erential equation
with orthogonal systems A of functions acting in the direct sums of usual
L2
µ spaces of square-summable (classes of the equivalence of) functions with

respect to a positive measure µ. The case of a unique L2
µ is of a special

interest, since it allows to use OPRL to obtain explicit systems of Sobolev
orthogonal polynomials. The main problem here is to choose a suitable li-
near di�erential operator in order to get explicit representations for Sobolev
orthogonal polynomials. The proof of the orthogonality relations is then a
veri�cation of such a choice and it goes in another direction: we start from
the already known polynomials to their properties.
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We also study brie�y such properties of the above polynomials: integral
representations, di�erential equations and location of zeros. A system of
such polynomials with a kind of the bispectrality property is constructed.

Keywords: orthogonal polynomials; Sobolev orthogonality; recurrence
relations.

2010 Mathematics Subject Classi�cation: 42C05.

1. Introduction

The theory of orthogonal polynomials on the real line (OPRL) is a classical
subject of analysis having a lot of applications [29],[9],[14]. The theory of Sobolev
orthogonal polynomials is less developed and recognized and it still remains to
be a terra incognita in some aspects [21]. As this theory may be viewed as a
generalization of the classical one, then one can expect that some properties and
objects from the classical theory will have their mirrors and extensions in the
theory of Sobolev orthogonal polynomials. For instance, the important property
for OPRL is that the multiplication by x operator in the corresponding L2

µ space is
symmetric. Under some general assumptions, a weaker property of symmetry with
respect to an inde�nite metric holds for Sobolev orthogonal polynomials [32]. We
intend to de�ne and study some generalizations of Jacobi and Laguerre orthogonal
polynomials. Namely, we shall study the following polynomials:

Pn(x) = Pn(x;α, β, δ1, . . . , δρ, κ1, . . . , κρ) =

= ρ+2Fρ+1(−n, n+α+β+1, δ1+1, . . . , δρ+1;α+1, κ1+δ1+1, . . . , κρ+δρ+1;x),
(1)

and

Ln(x) = Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ) =

= ρ+1Fρ+1(−n, δ1+1, . . . , δρ+1;α+1, κ1+δ1+1, . . . , κρ+δρ+1;x), n ∈ Z+, (2)

where α, β, δ1, . . . , δρ ∈ (−1,+∞), and κ1, . . . , κρ ∈ Z+, are some parameters.
Observe that the number ρ ∈ N of the continuous parameters δ1, . . . , δρ can
be arbitrarily large. It is clear that the special case κ1 = · · · = κρ = 0 leads
to the Jacobi and Laguerre orthogonal polynomials on the real line. There are
also some other special cases and related systems of hypergeometric polynomials
which were studied before, including Fasenmyer's polynomials, see [26]. In general,
polynomials Pn(x) and Ln(x) turns out to be Sobolev orthogonal polynomials on
the real line with some explicit matrix measures. This can be derived on a way
proposed in papers [30] and [31].

Notice that we can consider the following more general hypergeometric
polynomials:

Pn(x) = Pn(x; a, α1, . . . , αp;β1, . . . , βq) =

= p+2Fq(−n, n+ a, α1, . . . , αp;β1, . . . , βq;x), (3)
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and

Ln(x) = Ln(x;α1, . . . , αp;β1, . . . , βq) =

= p+1Fq(−n, α1, . . . , αp;β1, . . . , βq;x), n ∈ Z+, (4)

where a ∈ (−1,+∞); α1, . . . , αp;β1, . . . , βq ∈ (0,+∞), are some parameters. Here
p, q ∈ Z+, and the case p = 0 and/or q = 0 means that αks and/or βks are absent,
respectively.

Polynomials Pn(x), probably, appeared for the �rst time in a paper of
Chaundy [5] (see formula (26) therein). For the case a = 1 they appeared later
in formula (21) on page 266 in [10]. Polynomials Ln(x) also appeared for the �rst
time in the paper of Chaundy [5] (see formula (25) therein). Ten years later they
appeared in [10] (see formula (25) on page 267).

Observe that

Pn(x;α, β, δ1, . . . , δρ, κ1, . . . , κρ) =

= Pn(x;α+β+1, δ1+1, . . . , δρ+1;α+1, κ1+δ1+1, . . . , κρ+δρ+1), n ∈ Z+, (5)

and

Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ) =

= Ln(x; δ1 + 1, . . . , δρ + 1;α+ 1, κ1 + δ1 + 1, . . . , κρ + δρ + 1), n ∈ Z+, (6)

where α, β, δ1, . . . , δρ ∈ (−1,+∞), and κ1, . . . , κρ ∈ Z+, are arbitrary parameters;
ρ ∈ N.

The importance of the orthogonality property was our main reason to
concentrate our attention on polynomials Pn(x) and Ln(x). Sobolev orthogonali-
ty for the polynomials Pn(x) and Ln(x) will be obtained in Theorem 1. Here we
shall use tools developed earlier in [30] and [31]. In [31] it was shown that Sobolev
orthogonal polynomials are related by a di�erential equation with orthogonal
systems A of functions acting in the direct sums of usual L2

µ spaces of square-
summable (classes of the equivalence of) functions with respect to a positive
measure µ. The case of a unique L2

µ is of a special interest, since it allows to
use OPRL to obtain explicit systems of Sobolev orthogonal polynomials. The
main problem here is to choose a suitable linear di�erential operator in order
to get explicit representations for Sobolev orthogonal polynomials. The proof of
Theorem 1 is then a veri�cation of such a choice and it goes in another direction:
we start from the already known polynomials to their properties.

Di�erential equations for the polynomials Pn(x) and Ln(x) will be presented
in Proposition 2. Obtaining linear di�erential operators which have orthogonal
polynomials (OP) as eigenfunctions is an old and important subject. In this
paper we start with hypergeometric representations of polynomials and therefore
they are eigenfunctions of di�erential pencils quite directly. Then we move to the
orthogonality. However the mainstream of this subject is to move in the opposite
direction: one starts from an explicit orthogonality and then seeks for di�erential
operators. Of course, the �rst classical examples of OP being eigenfunctions of a
di�erential operator are Jacobi, Laguerre and Hermite polynomials.
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H.L. Krall in [20] initiated the study of di�erential operators of higher orders
for OPRL systems. Many years later, in 1980th, investigations of Krall were
continued by Littlejohn, J. Koekoek, R. Koekoek and later by other mathemati-
cians. In these investigations an important role was played by generalized Jacobi
and Laguerre weights. This generalization includes additions of Dirac masses at
endpoints of the orthogonality measure supports. For more details one can see the
books [19] and [18].

The above investigations were continued by using inner products which
involved derivatives (Sobolev OP), see [4],[17]. Observe that in [17] generali-
zed Laguerre polynomials Lα,M0,M1,...,MN

n (x) were related with ordinary Laguerre
polynomials by a linear di�erential operator with real coe�cients, not depending
on n (the index of a polynomial). This shows that this case �ts in the above new
scheme from [30],[31] (cf. Condition 1 in [30]). It is shown in [17] that polynomials
Lα,M0,M1,...,MN
n (x) are orthogonal with respect to the following inner product:

< f, g >=
1

Γ(α+ 1)

∫ ∞

0
xαe−xf(x)g(x)dx+

N∑
ν=0

Mνf
(ν)(0)g(ν)(0),

where α > −1, N ∈ N, and Mν ≥ 0. These polynomials were called Laguerre-
Sobolev orthogonal polynomials. An explicit hypergeometric representation of
type Ln(x) from (4) was obtained, with p = N + 1, q = N + 2. A (2N + 3)-
term recurrence relation for the Laguerre-Sobolev OP was derived in [17] as well.
The particular case N = 1 of Laguerre-Sobolev OP was studied in [16]. In this
case, when α is a nonnegative integer it is deduced in [15] that these polynomials
are eigenfunctions of a linear di�erential operator with polynomial coe�cients.
The di�erential operator has order 2α+4 if M0 > 0, M1 = 0; it has order 2α+8
if M0 = 0, M1 > 0; and it is of order 4α + 10 if M0,M1 > 0. In the above case,
but without the constraint concerning the parameter α, di�erential operators of
in�nite order, having the Laguerre-Sobolev type orthogonal polynomials as ei-
genfunctions, were obtained in [2].

Sobolev type Jacobi polynomials Pα,β,M1,M2
n (x, l1, l2) were studied by Bavinck

in [3]. They are orthogonal with respect to the inner product:

< p, q >=
Γ(α+ β + 2)

2α+β+1Γ(α+ 1)Γ(β + 1)

∫ 1

−1
p(x)q(x)(1− x)α(1 + x)βdx+

+M1p
(l1)(−1)q(l1)(−1) +M2p

(l2)(1)q(l2)(1),

where α, β > −1, l1, l2 ∈ N, M1,M2 ≥ 0. Pα,β,M1,M2
n (x, l1, l2) are shown to be

eigenfunctions of linear di�erential operators. Conditions which imply the �ni-
teness of the order of operators are presented. Observe that the particular case
of Gegenbauer-Sobolev OP was studied before in papers [4],[1], where similar
problems were adressed. A representation as 4F3 was given in [4].

The foregoing inner products were generalized by Dur�an and de la Iglesia
replacing Dirac addents at the endpoints cj by addents of the form

(p(cj), p
′(cj), ..., p

(N)(cj))M(q(cj), q
′(cj), ..., q

(N)(cj))
∗,
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whereM is a positive semi-de�nite matrix, see [7],[8]. By using Casoratti determi-
nants they obtained explicit representations of polynomials and showed that
polynomials are eigenfunctions of a �nite-order di�erential operators.

In [23] new representations for Jacobi Sobolev OP and Laguerre Sobolev OP
were given. It was also shown that the Laguerre-Sobolev OP can be obtained from
Jacobi-Sobolev OP by con�uence.

Notice that some polynomial matrix perturbations of classical measures were
studied in [27].

Known methods for generating functions (see, e.g., [10, Chapter XIX], [25])
can be used to obtain some additional properties of the polynomials Pn(x) and
Ln(x). We shall discuss the existence of recurrence relations for these polynomi-
als. In Theorem 2 we obtain a �ve-term recurrence relation for a special case of
polynomials Ln(x), with p = 2, q = 3. The latter provides a �ve-term recurrence
relation for Ln with ρ = 2, as a special case. In this case the polynomials Ln(x)
(ρ = 2) have three important properties:

(1) the Sobolev orthogonality;

(2) these polynomials are (generalized) eigenvalues of a pencil of di�erential
operators;

(3) these polynomials are eigenvalues of a pencil of di�erence operators.

Of course, each of these features is valuable and Ln (ρ = 2) possess all of them.
These properties make polynomials Ln(x) close to classical systems of polynomi-
als and their generalizations, see [29],[18]. Observe that properties (2) and (3)
are close to the bispectral problems studied for various orthogonal systems of
functions, see [6],[11],[28],[13],[8] and references therein.

Finally, some information on the location of zeros for Pn(x) and Ln(x) will be
given in Proposition 3.

Notations. As usual, we denote by R,C,N,Z,Z+, the sets of real numbers,
complex numbers, positive integers, integers and non-negative integers, respecti-
vely; Dr := {z ∈ C : |z| < r}, r > 0; D := D1. By Zk,l we mean all integers
j satisfying the following inequality: k ≤ j ≤ l; (k, l ∈ Z). By P we denote the
set of all polynomials with complex coe�cients. By Pr we mean the set of all
polynomials with real coe�cients. By MT we mean the transpose of a complex
matrix M . For a complex number c we denote (c)0 = 1, (c)k = c · · · (c + k − 1),
k ∈ N (the shifted factorial or Pochhammer's symbol). As usual, the generalized
hypergeometric function is denoted by

mFn(a1, . . . , am; b1, . . . , bn;x) = mFn

[
a1, . . . , am;
b1, . . . , bn;

x

]
=

=

∞∑
k=0

(a1)k...(am)k
(b1)k...(bn)k

xk

k!
,
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where aj , bj , x are complex numbers and bjs are not allowed to take negative
integer values.

2. Properties of some hypergeometric Sobolev orthogonal polynomials

Polynomials Pn and Ln admit some recursive integral representations. Let
α, β > −1. Consider the classical Jacobi and Laguerre polynomials:

Jn(x) = Jn(x;α, β) := 2F1(−n, n+ α+ β + 1;α+ 1;x), (7)

Ln(x) = Ln(x;α) := 1F1(−n;α+ 1;x), n ∈ Z+. (8)

Proposition 1. Let ρ ∈ N, and α, β, δ1, . . . , δρ ∈ (−1,+∞); κ1, . . . , κρ ∈ N, be
arbitrary parameters. If ρ ≥ 2, then

Pn(z;α, β, δ1, . . . , δρ, κ1, . . . , κρ) =

=
Γ(κρ + δρ + 1)

Γ(δρ + 1)Γ(κρ)

∫ 1

0
tδρ(1− t)κρ−1Pn(zt;α, β, δ1, . . . , δρ−1, κ1, . . . , κρ−1)dt,

z ∈ C : |z| < 1, n ∈ Z+. (9)

If ρ = 1, then

Pn(z;α, β, δ1, κ1) =
Γ(κ1 + δ1 + 1)

Γ(δ1 + 1)Γ(κ1)

∫ 1

0
tδ1(1− t)κ1−1Jn(zt;α, β)dt,

z ∈ C : |z| < 1, n ∈ Z+. (10)

If ρ ≥ 2, then
Ln(z;α, δ1, . . . , δρ, κ1, . . . , κρ) =

=
Γ(κρ + δρ + 1)

Γ(δρ + 1)Γ(κρ)

∫ 1

0
tδρ(1− t)κρ−1Ln(zt;α, δ1, . . . , δρ−1, κ1, . . . , κρ−1)dt,

z ∈ C, n ∈ Z+. (11)

If ρ = 1, then

Ln(z;α, δ1, κ1) =
Γ(κ1 + δ1 + 1)

Γ(δ1 + 1)Γ(κ1)

∫ 1

0
tδ1(1− t)κ1−1Ln(zt;α)dt,

z ∈ C, n ∈ Z+. (12)

Proof. Use hypergeometric representations of the corresponding polynomials and
Theorem 28 in [26, p. 85]. 2

Fix an arbitrary ρ ∈ N, and choose arbitrary parameters α, β, δ1, . . . , δρ ∈
(−1,+∞), and κ1, . . . , κρ ∈ N. Introduce the following linear di�erential operator
L = L(δ, k) with polynomial coe�cients, δ > −1, k ∈ N:

Ly(x) =
1

(δ + 1) . . . (δ + k)
x−δ

(
xk+δy(x)

)(k)
, y(x) ∈ P. (13)
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Denote

D̂ = D̂(δ1, . . . , δρ;κ1, . . . , κρ) = L(δ1, κ1)L(δ2, κ2) . . . L(δρ, κρ) =

=
κ∑

j=0

cj(x)
dj

dxj
, cj(x) = cj(x; δ1, . . . , δρ;κ1, . . . , κρ) ∈ P, (14)

where cκ(x) is not the null polynomial, κ := κ1 + · · ·+ κρ.
Now we shall show that the polynomials Pn(x) and Ln(x) are Sobolev

orthogonal polynomials on the real line.

Theorem 1. Let ρ ∈ N, and α, β, δ1, . . . , δρ ∈ (−1,+∞); κ1, . . . , κρ ∈ N be

arbitrary parameters. Let D̂ = D̂(δ1, . . . , δρ;κ1, . . . , κρ) be given by (14), and

M(x) := (c0(x), . . . , cκ(x))
T (c0(x), . . . , cκ(x)), x ∈ R.

For polynomials Pn(x) and Ln(x), de�ned as in (1),(2), the following relations
hold:

∫ 1

0
(Pn(x),P ′

n(x), . . . ,P(κ)
n (x))M(x)


Pm(x)
P ′
m(x)
...

P(κ)
m (x)

xα(1− x)βdx =

= Anδn,m, An > 0, n,m ∈ Z+; (15)

∫ ∞

0
(Ln(x),L′

n(x), . . . ,L(κ)
n (x))M(x)


Lm(x)
L′
m(x)
...

L(κ)
m (x)

xαe−xdx =

= Bnδn,m, Bn > 0, n,m ∈ Z+. (16)

Proof. A direct calculation shows that

L(δρ, κρ)Pn(x;α, β, δ1, . . . , δρ, κ1, . . . , κρ) =

=

{
Pn(x;α, β, δ1, . . . , δρ−1, κ1, . . . , κρ−1), if ρ ≥ 2

2F1(−n, n+ α+ β + 1;α+ 1;x), if ρ = 1
;

and
L(δρ, κρ)Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ) =

=

{
Ln(x;α, δ1, . . . , δρ−1, κ1, . . . , κρ−1), if ρ ≥ 2

1F1(−n;α+ 1;x), if ρ = 1
.

Therefore

D̂Pn(x;α, β, δ1, . . . , δρ, κ1, . . . , κρ) = 2F1(−n, n+α+β+1;α+1;x) = Jn(x;α, β),
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and
D̂Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ) = 1F1(−n;α+ 1;x) = Ln(x;α).

The latter expressions for Jacobi polynomials Jn and Laguerre polynomials Ln

can be inserted into their orthogonality relations to obtain relations (15),(16).
This �nishes the proof. 2

The hypergeometric nature of polynomials Pn and Ln provides di�erential
equations for them.

Proposition 2. Let ρ ∈ N, and α, β, δ1, . . . , δρ ∈ (−1,+∞); κ1, . . . , κρ ∈ Z+, be
arbitrary parameters. Let θ = z d

dz , and

K := θ(θ + α)

ρ∏
j=1

(θ + κj + δj), L :=

ρ∏
k=1

(θ + δk + 1), (17)

D0 := K − zθ(θ + α+ β + 1)L, D1 := zL, D2 := K − zθL. (18)

Then ∀n ∈ Z+,

D0Pn(z) = −n(n+ α+ β + 1)D1Pn(z), z ∈ D; (19)

D2Ln(z) = −nD1Ln(z), z ∈ C. (20)

Proof. Use hypergeometric representations of the corresponding polynomials and
the di�erential equation for pFq. 2

We shall use a known generating function for the polynomials Ln(x) from [10,
p. 267], formula (25). We only added the convergence fact.

Lemma 1. Let p, q ∈ Z+: p ≤ q+1, be �xed. Let α1, . . . , αp;β1, . . . , βq ∈ (0,+∞),
be arbitrary parameters. The following relation holds:

etpFq (α1, . . . , αp;β1, . . . , βq;−xt) =

∞∑
n=0

Ln(x;α1, . . . , αp;β1, . . . , βq)
tn

n!
, (21)

where t, x ∈ D. If p ≤ q then relation (21) holds for all t, x ∈ C.

Proof. Denote by g(t) = gx(t) the left-hand side of (21). Set

D :=

{
D, if p = q + 1,
C, if p ≤ q,

.

Fix an arbitrary x ∈ D. Then g(t) = gx(t) is an analytic function of t in the
domain D. Let us calculate Taylor's coe�cients for its expansion at t = 0. By the
Leibniz rule we may write:

g(n)(0) =

n∑
k=0

(
n

k

)
(pFq (α1, . . . , αp;β1, . . . , βq;−xt))(k)t

∣∣∣
t=0

(
et
)(n−k)

∣∣∣
t=0

=
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=
n∑

k=0

(
n

k

)  ∞∑
j=0

(α1)j . . . (αp)j
(β1)j . . . (βq)j

(−x)j

j!
tj

(k)

t

∣∣∣∣∣∣∣
t=0

=

=
n∑

k=0

(
n

k

)
(α1)k . . . (αp)k
(β1)k . . . (βq)k

(−x)k =
n∑

k=0

(−n)k
(α1)k . . . (αp)k
(β1)k . . . (βq)k

xk

k!
=

= Ln(x;α1, . . . , αp;β1, . . . , βq).

Thus, relation (21) coincides with Taylor's expansion of g(t) at t = 0. 2
Let ρ ∈ N, and α, δ1, . . . , δρ ∈ (−1,+∞); κ1, . . . , κρ ∈ Z+, be arbitrary

parameters. By Lemma 1, for all t, x ∈ C the following relation is valid:

etρFρ+1

[
δ1 + 1, . . . , δρ + 1;

α+ 1, κ1 + δ1 + 1, . . . , κρ + δρ + 1;
− xt

]
=

=

∞∑
n=0

Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ)
tn

n!
. (22)

Let us now turn to the question of the existence of some recurrence relations
for polynomials Pn and Ln. For big values of p and q the expressions for the
coe�cients of recurrence relations will be complicated and it is not clear that
they will be nontrivial. Thus, the non-triviality of the recurrence relations can
not be guaranteed.

We are not ready to treat e�ectively the case of general p and q. It looks
reasonable to investigate concrete systems of polynomials Pn or Ln, having some
�xed values of p and q. Even in this case expressions for the coe�cients can be
huge and probably of few use. We shall study the case p = 2, q = 3, for the
polynomials Ln:

Ln(x) = Ln(x;α1, α2;β1, β2, β3) = 3F3(−n, α1, α2;β1, β2, β3;x), n ∈ Z+, (23)

where α1, α2, β1, β2, β3 ∈ (0,+∞). By Lemma 1 we may write:

et2F3 (α1, α2;β1, β2, β3;−xt) =

∞∑
n=0

Ln(x)
tn

n!
, t, x ∈ C. (24)

Fix an arbitrary number x ∈ C\{0}. Introduce a new variable z:

z = −xt.

Relation (24) may be written in the following form:

2F3 (α1, α2;β1, β2, β3; z) = e
z
x

∞∑
n=0

Ln(x)
(−1)n

xn
zn

n!
, z ∈ C. (25)
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Denote the left-hand side of relation (25) by w(z). It satis�es the di�erential
equation for the hypergeometric function:

[θ(θ + β1 − 1)(θ + β2 − 1)(θ + β3 − 1)− z(θ + α1)(θ + α2)]w(z) = 0, (26)

where θ = z d
dz . Set

b1 := β1 − 1, b2 := β2 − 1, b3 := β3 − 1, (27)

c := b1 + b2 + b3 + 6, b̂ := 7 + 3(b1 + b2 + b3) + b1b2 + b1b3 + b2b3, (28)

d := 1 + b1 + b2 + b3 + b1b2 + b1b3 + b2b3 + b1b2b3, α̂ = 1 + α1 + α2. (29)

Assume that z ̸= 0. We can rewrite the di�erential operator [...] in (26) as a
sum of powers of θ, and divide the whole equality by z to obtain:[

d

dz
(θ3 + (b1 + b2 + b3)θ

2 + (b1b2 + b1b3 + b2b3)θ + b1b2b3)−

−θ2 − (α1 + α2)θ − α1α2

]
w(z) = 0, z ∈ C\{0}. (30)

In terms of usual derivatives this relation can be rewritten as

z3w(4) + cz2w′′′ + (̂b− z)zw′′ + (d− α̂z)w′ − α1α2w = 0, z ∈ C\{0}. (31)

Denote the left-hand side of (31) by l(z). Since w(z) is an entire function, then
l(z) is entire as well. By continuity we conclude that relation (31) holds for z = 0.
Set

φ(z) = φ(z;x) :=

∞∑
n=0

Ln(x)
(−1)n

xn
zn

n!
, z ∈ C. (32)

Then

w(z) = e
z
xφ(z), z ∈ C.

We can calculate the derivatives of w by the Leibniz rule and substitute the
resulting expressions into relation (31). If we cancel the term e

z
x , we shall get the

following relation:

z3φ(4) +
4

x
z3φ′′′ +

6

x2
z3φ′′ +

4

x3
z3φ′ +

1

x4
z3φ+

+cz2φ′′′ + c
3

x
z2φ′′ + c

3

x2
z2φ′ + c

1

x3
z2φ+

+(̂b− z)zφ′′ + (̂b− z)
2

x
zφ′ + (̂b− z)

1

x2
zφ+

+(d− α̂z)φ′ + (d− α̂z)
1

x
φ− α1α2φ = 0, z ∈ C. (33)
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Denote the left-hand side of (33) by l̂(z). Observe that

φ′(z) =
∞∑
n=0

(−1)n+1

n!

Ln+1(x)

xn+1
zn, φ′′(z) =

∞∑
n=0

(−1)n

n!

Ln+2(x)

xn+2
zn,

φ′′′(z) =
∞∑
n=0

(−1)n+1

n!

Ln+3(x)

xn+3
zn, φ(4)(z) =

∞∑
n=0

(−1)n

n!

Ln+4(x)

xn+4
zn.

We can substitute the latter expressions into relation (33) to get a series expansion
of l̂(z), which is equal to zero. Thus, every Taylor coe�cient l̂k is zero, and this
provides a recurrence relation for polynomials Ln.

Theorem 2. Let α1, α2, β1, β2, β3 ∈ (0,+∞). Consider polynomials

Ln(x) = Ln(x;α1, α2;β1, β2, β3) = 3F3(−n, α1, α2;β1, β2, β3;x), n ∈ Z+,

with L−1(x) = L−2(x) = L−3(x) ≡ 0. Let b1, b2, b3, c, b̂, d, α̂ be de�ned as in (27)-
(29). The following �ve-term recurrence relation holds:(

−k(k − 1)(k − 2)− k(k − 1)c− kb̂− d
)
Lk+1(x)+

+
(
4k(k − 1)(k − 2) + 3k(k − 1)c+ 2kb̂+ d

)
Lk(x)+

+
(
−6k(k − 1)(k − 2)− 3k(k − 1)c− kb̂

)
Lk−1(x)+

+ (4k(k − 1)(k − 2) + k(k − 1)c)Lk−2(x)− k(k − 1)(k − 2)Lk−3(x) =

= x [(k(k − 1) + kα̂+ α1α2)Lk(x)−

− (2k(k − 1) + kα̂)Lk−1(x) + k(k − 1)Lk−2(x)] , k ∈ Z+. (34)

Proof. Calculate the Taylor coe�cients l̂k of l̂(z), as it was explained before the
statement of the theorem. Then multiply l̂k by (−1)kk!xk+1 to get relation (34).
2

In conditions of Theorem 2 we additionally assume that

β1, β2, β3 ∈ [1,+∞). (35)

Then parameters b1, b2, b3; c, b̂, d are positive. This fact ensures that the coe�ci-
ent by Lk+1(x) in the recurrence relation (34) is non-zero for k ≥ 3. Since the
coe�cient by Lk−3(x) is also non-zero for k ≥ 3, the recurrence relation (34) is
non-trivial in this case.

Notice that by (6) we may write

Ln(x;α, δ1, δ2, κ1, κ2) =

= Ln(x; δ1 + 1, δ2 + 1;α+ 1, κ1 + δ1 + 1, κ2 + δ2 + 1), n ∈ Z+, (36)



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì98 (2023) 15

where α, δ1, δ2 ∈ (−1,+∞), and κ1, κ2 ∈ Z+, are arbitrary parameters. Therefore
one can write the above recurrence relation for Ln(x;α, δ1, δ2, κ1, κ2).

In general, we can conjecture that polynomials Ln(x) from (4), with p =
q − 1, satisfy a (q + 2)-term recurrence relation. This conjecture agrees with the
classical case of Laguerre polynomials, with R. Koekoek's result mentioned in the
Introduction, and with Theorem 2.

Let us now discuss the case of polynomials Pn(x) and their recurrence relati-
ons. We shall use a known generating function for the polynomials Pn(x) from [5],
formula (26). As in the case of Lemma 1 we only add the convergence fact.

Lemma 2. Let p, q ∈ Z+: p ≤ q − 1, and c: 0 < c < 1
2 , be �xed. Let

a;α1, . . . , αp;β1, . . . , βq ∈ (0,+∞), be arbitrary parameters. The following relation holds:

(1− t)−a
p+2Fq

(
a

2
,
a+ 1

2
, α1, . . . , αp;β1, . . . , βq;−

4xt

(1− t)2

)
=

=

∞∑
n=0

(a)n
n!

Pn(x; a, α1, . . . , αp;β1, . . . , βq)t
n, (37)

where

t, x ∈ C : |t| < c, |x| < 1

4c
− 1

2
. (38)

Proof. Notice that condition (38) provides that∣∣∣∣ 4xt

(1− t)2

∣∣∣∣ < 1. (39)

In fact, we may write:∣∣∣∣ 4xt

(1− t)2

∣∣∣∣ = 4|x||t|
|1− t|2

<
4
(

1
4c −

1
2

)
c

(1− c)2
=

1− 2c

(1− c)2
≤ 1− 2c+ c2

(1− c)2
= 1.

Therefore the left-hand side of (37) is well-de�ned for all t, x satisfying condition (38).
Denote by R1 the right-hand side of (37). At this point we do not know if the series
in R1 converges. Consider the following two iterated series which di�er by the order of
summation:

R2 :=

∞∑
n=0

∞∑
k=0

(a)n
tn

n!
(−n)k(n+ a)kuk

xk

k!
, (40)

R3 :=

∞∑
k=0

∞∑
n=0

(a)n
tn

n!
(−n)k(n+ a)kuk

xk

k!
, (41)

where for brevity we denoted

uj :=
(α1)j . . . (αp)j
(β1)j . . . (βq)j

, j ∈ Z+, (42)

and t, x are satisfying condition (38). We are going to prove that the series R3 converges
absolutely. Denote

R̂3 :=

∞∑
k=0

∞∑
n=0

∣∣∣∣(a)n tnn! (−n)k(n+ a)kuk
xk

k!

∣∣∣∣ =
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=

∞∑
k=0

uk
|x|k

k!

∞∑
n=k

(a)n(n+ a)k|(−n)k|
|t|n

n!
=

=

∞∑
k=0

uk
|x|k

k!

∞∑
n=k

(a)n(n+ a)k
|t|n

(n− k)!
, (43)

where we have removed the null terms. Denote the inner sum in the last row of (43) by
Sk. By the ratio test it converges for all t ∈ Dc. Changing the summation index j = n−k
we get

Sk =

∞∑
j=0

(a)j+k(j + k + a)k
|t|j+k

j!
= (a)2k|t|k

∞∑
j=0

(a+ 2k)j
|t|j

j!
=

= (a)2k|t|k(1− |t|)−a−2k, t ∈ Dc.

Then

R̂3 = (1− |t|)−a
∞∑
k=0

(a)2k
uk

k!

(
|xt|

(1− |t|)2

)k

=

= (1− |t|)−a
∞∑
k=0

(a
2

)
k

(
a+ 1

2

)
k

uk

k!

(
4|xt|

(1− |t|)2

)k

=

= (1− |t|)−a
p+2Fq

(
a

2
,
a+ 1

2
, α1, . . . , αp;β1, . . . , βq;

4|x||t|
(1− |t|)2

)
, (44)

where we have used the following relation (see Lemma 5 in [26, p. 22]):

(a)2k = 4k
(a
2

)
k

(
a+ 1

2

)
k

.

By virtue of (39) with parameters |x|, |t| instead of x, t, we obtain that 4|x||t|
(1−|t|)2 < 1, and

this proves the last line of (44). Thus, the series R3 converges absolutely. Let

R3 =

∞∑
k=0

∞∑
n=0

ak,n, ak,n = uk,n + ivk,n, uk,n, vk,n ∈ R.

By Theorem 2 in [12, p. 34] we conclude that

∞∑
j=0

|aj | < ∞,

where the series is composed of elements ak,j , placed in an arbitrary order. Let aj =
uj + ivj , uj , vj ∈ R. By the comparison test it follows that

∞∑
j=0

|uj | < ∞,

∞∑
j=0

|vj | < ∞.

By Theorem 1 in [12, p. 32] we obtain that

∞∑
k=0

∞∑
n=0

uk,n =

∞∑
n=0

∞∑
k=0

uk,n =

∞∑
j=0

uj ; (45)



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì98 (2023) 17

∞∑
k=0

∞∑
n=0

ivk,n =

∞∑
n=0

∞∑
k=0

ivk,n =

∞∑
j=0

ivj . (46)

Summing relations (45) and (46) we get

∞∑
k=0

∞∑
n=0

ak,n =

∞∑
n=0

∞∑
k=0

ak,n. (47)

Therefore R3 = R2. It remains to check that R3 coincides with the left-hand side of (37).
We may write:

R3 =

∞∑
k=0

uk
xk

k!

∞∑
n=k

(a)n(−n)k(n+ a)k
tn

n!
.

Denote

Tk :=

∞∑
n=k

(a)n(−n)k(n+ a)k
tn

n!
.

The series Tk converges absolutely by the ratio test. Proceeding in a similar manner as
for Sk, we change the summation index j = n− k:

Tk =

∞∑
j=0

(a)j+k(j + k + a)k(−1)k
tj+k

j!
= (a)2k(−t)k

∞∑
j=0

(a+ 2k)j
tj

j!
=

= (a)2k(−t)k(1− t)−a−2k, t ∈ Dc.

Therefore

R3 = (1− t)−a
∞∑
k=0

(a)2k
uk

k!

(
−xt

(1− t)2

)k

=

= (1− t)−a
∞∑
k=0

(a
2

)
k

(
a+ 1

2

)
k

uk

k!

(
− 4xt

(1− t)2

)k

=

= (1− t)−a
p+2Fq

(
a

2
,
a+ 1

2
, α1, . . . , αp;β1, . . . , βq;

−4xt

(1− t)2

)
, (48)

where we have used relation (39). Since R3 = R2 = R1, the proof is complete. 2
As an immediate consequence of Lemmas 1 and 2 we have the following result.

Corollary 1. Let ρ ∈ N, and δ1, . . . , δρ ∈ (−1,+∞), κ1, . . . , κρ ∈ Z+, be arbitrary
parameters. If α > −1 then

Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ) =

=
n!

2πi

∮
|ζ|=1

ζ−n−1eζρFρ+1

[
δ1 + 1, . . . , δρ + 1;

α+ 1, κ1 + δ1 + 1, . . . , κρ + δρ + 1;
− xζ

]
dζ,

x ∈ C, n ∈ Z+. (49)

If α, β ∈ (−1,+∞) : α+ β > −1, then

Pn(x;α, β, δ1, . . . , δρ, κ1, . . . , κρ) =

=
1

2πi

n!

(α+ β + 1)n

∮
|ζ|= 1

4

ζ−n−1(1− ζ)−α−β−1∗



18 S. M. Zagorodnyuk

∗ρ+2Fρ+1

[
α+β+1

2 , α+β+2
2 , δ1 + 1, . . . , δρ + 1;

α+ 1, κ1 + δ1 + 1, . . . , κρ + δρ + 1;
− 4xζ

(1− ζ)2

]
dζ,

x ∈ C : |x| < 1

4
, n ∈ Z+. (50)

Proof. The proof follows by calculating the corresponding Taylor coe�cients in the above
Lemmas (with c = 1

3 ). 2
In formula (37) on the left we see p+2Fq with an argument − 4xt

(1−t)2 . If we proceed as

for the case of Ln we shall get huge expressions because of this composition of functions.
We also have (1− t)−a instead of e−x which also has e�ect on the complexi�cation.

Observe that 3F2 polynomials of type Pn were already studied in [30]. A recurrence
relation for them was obtained by Fasenmyer's method. This recurrence relation was
very large and, probably, of restricted use. It should be noticed that Fasenmyer's method
seems to be more preferable in the case of polynomials Pn.

Let us turn to the question about the location of zeros of polynomials Pn and Ln.
As usual, it is useful to use the Enestr�om�Kakeya Theorem ([22, p. 136]).

Proposition 3. Let p, q ∈ Z+: p ≥ q + 1, and

a ∈ (−1,+∞); α1, . . . , αp;β1, . . . , βq ∈ (0,+∞),

are some parameters. If

αj ≥ βj , j ∈ Z1,q; αk ≥ 1, k ∈ Zq+1,p, (51)

then all zeros of polynomials Pn(x) = Pn(x; a, α1, . . . , αp;β1, . . . , βq) and all zeros of
polynomials Ln(x) = Ln(x;α1, . . . , αp;β1, . . . , βq) lie in the unit disc D.

Proof. Fix an arbitrary n ∈ N. Since

Pn(x; a, α1, . . . , αp;β1, . . . , βq) = p+2Fq(−n, n+ a, α1, . . . , αp;β1, . . . , βq;x) =

=

n∑
k=0

(−n)k(n+ a)k
(α1)k . . . (αp)k
(β1)k . . . (βq)k

xk

k!
=

=

n∑
k=0

n!

(n− k)!
(n+ a)k

(α1)k . . . (αp)k
(β1)k . . . (βq)k

(−x)k

k!
=

n∑
k=0

dkz
k =: p(z),

where

dk :=
n!

(n− k)!
(n+ a)k

(α1)k . . . (αp)k
(β1)k . . . (βq)k

1

k!
> 0, z := −x.

Thus, the polynomial p(z) has degree n and positive coe�cients. The reversed polynomial:

p∗(z) := znp(1/z)

has degree n and positive coe�cients as well. Observe that

dk/dk+1 =
1

(n− k)

1

(n+ a+ k)

(β1 + k) . . . (βq + k)

(α1 + k) . . . (αp + k)
(k + 1) ≤ 1, k ∈ Z0,n−1,

where we used condition (51). We can apply the Enestr�om�Kakeya Theorem ([22, p.
136]) for the polynomial p∗(z) to obtain that all its zeros lie in the domain De := {z ∈
C : |z| > 1}. Therefore the zeros of Pn lie in D.
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We may proceed for polynomials Ln in a similar way:

Ln(x;α1, . . . , αp;β1, . . . , βq) = p+1Fq(−n, α1, . . . , αp;β1, . . . , βq;x) =

=

n∑
k=0

(−n)k
(α1)k . . . (αp)k
(β1)k . . . (βq)k

xk

k!
=

=

n∑
k=0

n!

(n− k)!

(α1)k . . . (αp)k
(β1)k . . . (βq)k

(−x)k

k!
=

n∑
k=0

d̂kz
k =: p̂(z),

where

d̂k :=
n!

(n− k)!

(α1)k . . . (αp)k
(β1)k . . . (βq)k

1

k!
> 0, z := −x.

Since
d̂k/d̂k+1 ≤ 1, k ∈ Z0,n−1,

by the Enestr�om�Kakeya Theorem we conclude that the reversed polynomial p̂∗ has its
zeros in De. Thus, the zeros of Ln lie in D as well. 2

Let us make an illustration on the last result. Consider the following three systems
of polynomials:

fn(x) = 3F1(−n, π, 5; 3;x), gn(x) = 4F1(−n, n+ 1, π, 5; 3;x),

and
hn(x) = 3F3(−n, π + 1, 2π + 1; 1, π + 8, 2π + 201;x), n ∈ Z+.

Figure 1. Zeros of f10(x).
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Figure 2. Zeros of g20(x).

Figure 3. Zeros of h30(x).
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Polynomials fn and gn �t into the conditions of Proposition 3, while polynomi-
als hn do not satisfy these conditions. Numerical calculations were performed by usi-
ng Mathematica, while by �nal formatting we used Paint.

In Figures 1 and 2 we see that all zeros of f10(x) and g20(x) are close to the origin and
they lie symmetrically (which is not surprising since polynomials have real coe�cients).
It seems that all zeros are located on certain algebraic curves.

Figure 3 shows that zeros of g20(x) can lie outside the unit disc. They are located on
an interesting curve as well. Of course, the nature of the above mentioned curves is not
yet clear. However this encourages some further investigations on the location of zeros of
hypergeometric polynomials Pn and Ln.
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Ïðî äåÿêi ãiïåðãåîìåòðè÷íi ñîáîëåâñüêi îðòîãîíàëüíi ìíîãî÷ëåíè
ç êiëüêîìà íåïåðåðâíèìè ïàðàìåòðàìè

Ñ. Ì. Çàãîðîäíþê
Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè, 4, Õàðêiâ, Óêðà¨íà, 61022
Â öié ñòàòòi ìè âèâ÷à¹ìî íàñòóïíi ãiïåðãåîìåòðè÷íi ìíîãî÷ëåíè:

Pn(x) = Pn(x;α, β, δ1, . . . , δρ, κ1, . . . , κρ) =

= ρ+2Fρ+1(−n, n+ α+ β + 1, δ1 + 1, . . . , δρ + 1;α+ 1, κ1 + δ1 + 1, . . . , κρ + δρ + 1;x),

òà
Ln(x) = Ln(x;α, δ1, . . . , δρ, κ1, . . . , κρ) =

= ρ+1Fρ+1(−n, δ1 + 1, . . . , δρ + 1;α+ 1, κ1 + δ1 + 1, . . . , κρ + δρ + 1;x), n ∈ Z+,

äå α, β, δ1, . . . , δρ ∈ (−1,+∞), òà κ1, . . . , κρ ∈ Z+, ¹ äåÿêèìè ïàðàìåòðàìè. Íàòóðàëü-
íå ÷èñëî ρ íåïåðåðâíèõ ïàðàìåòðiâ δ1, . . . , δρ ìîæå áóòè îáðàíèì äîâiëüíî âåëèêèì.
ßñíî, ùî ñïåöiàëüíèé âèïàäîê κ1 = · · · = κρ = 0 ïðèçâîäèòü äî ìíîãî÷ëåíiâ ßêîái

https://doi.org/10.1016/j.jat.2019.105337
https://doi.org/10.1080/10236198.2021.1887160
https://doi.org/10.1007/s43036-022-00221-1
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òà Ëàãåððà. Çâè÷àéíî, ïîäiáíi òà áiëüø çàãàëüíi ïîëiíîìè âèíèêàëè â ëiòåðàòóði
ðàíiøå. Íàøà ìåòà òóò ïîëÿãà¹ â òîìó, ùîá ïîêàçàòè, ùî ïîëiíîìè Pn(x) òà Ln(x)
¹ ñîáîëåâñüêèìè îðòîãîíàëüíèìè ìíîãî÷ëåíàìè íà äiéñíié îñi ç äåÿêèìè ÿâíèìè
ìàòðè÷íèìè ìiðàìè.

Âàæëèâiñòü îðòîãîíàëüíîñòi áóëà íàøîþ ãîëîâíîþ ïðè÷èíîþ çîñåðåäèòè íàøó
óâàãó íà ïîëiíîìàõ Pn(x) òà Ln(x). Òóò ìè âèêîðèñòîâó¹ìî äåÿêi íàøi iíñòðóìåíòè,
îòðèìàíi ðàíiøå. Çîêðåìà, íåùîäàâíî áóëî ïîêàçàíî, ùî ñîáîëåâñüêi îðòîãîíàëüíi
ìíîãî÷ëåíè ïîâ'ÿçàíi ÷åðåç äèôåðåíöiàëüíå ðiâíÿííÿ ç îðòîãîíàëüíèìè ñèñòåìàìè
A ôóíêöié, ùî äiþòü ó ïðÿìèõ ñóìàõ çâè÷àéíèõ L2

µ ïðîñòîðiâ êâàäðàòè÷íî ñóìîâà-
íèõ (êëàñiâ åêâiâàëåíòíîñòi) ôóíêöié âiäíîñíî ïîçèòèâíî¨ ìiðè µ. Âèïàäîê îäíîãî L2

µ

ìà¹ äîäàòêîâó öiêàâiñòü, îñêiëüêè âií äîçâîëÿ¹ âèêîðèñòîâóâàòè OPRL äëÿ îòðèìà-
ííÿ ÿâíèõ ñèñòåì ñîáîëåâñüêèõ îðòîãîíàëüíèõ ìíîãî÷ëåíiâ. Îñíîâíà ïðîáëåìà òóò
ïîëÿãà¹ â âèáîði ïiäõîäÿùîãî ëiíiéíîãî äèôåðåíöiàëüíîãî îïåðàòîðà ç ìåòîþ îòðè-
ìàííÿ ÿâíèõ ïðåäñòàâëåíü ñîáîëåâñüêèõ îðòîãîíàëüíèõ ìíîãî÷ëåíiâ. Ïiñëÿ öüîãî
äîêàç ñïiââiäíîøåíü îðòîãîíàëüíîñòi ¹ ïåðåâiðêîþ òàêîãî âèáîðó i ïðîâîäèòüñÿ â
iíøîìó íàïðÿìêó: ìè ïî÷èíà¹ìî ç âæå âiäîìèõ ìíîãî÷ëåíiâ òà éäåìî äî ¨õ âëàñòè-
âîñòåé.

Ìè òàêîæ êîðîòêî âèâ÷à¹ìî òàêi âëàñòèâîñòi âèùåíàâåäåíèõ ïîëiíîìiâ: iíòå-
ãðàëüíi ïðåäñòàâëåííÿ, äèôåðåíöiàëüíi ðiâíÿííÿ òà ðîçòàøóâàííÿ íóëiâ. Ïîáóäîâà-
íî ñèñòåìó òàêèõ ïîëiíîìiâ ç áiñïåêòðàëüíiñòþ ïåâíîãî âèäó.
Êëþ÷îâi ñëîâà: îðòîãîíàëüíi ïîëiíîìè; ñîáîëåâñüêà îðòîãîíàëüíiñòü; ðåêó-
ðåíòíi ñïiââiäíîøåííÿ.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 21 ñåðïíÿ 2023; îñòàííié âàðiàíò: 29 âåðåñíÿ 2023
ïðèéíÿòà: 2 æîâòíÿ 2023.



ISSN 2221-5646(Print) 2523-4641(Online)
Visnyk of V.N.Karazin Kharkiv National University
Ser. �Mathematics, Applied Mathematics
and Mechanics�

2023, Vol. 98, p. 25�35
DOI: 10.26565/2221-5646-2023-98-02
ÓÄÊ 517

Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iìåíi Â.Í. Êàðàçiíà
Ñåðiÿ "Ìàòåìàòèêà, ïðèêëàäíà

ìàòåìàòèêà i ìåõàíiêà"

2023, Òîì 98, ñ. 25�35

© D. D. Seliutin, 2023

D. Seliutin
PhD math, student
School of Mathematics and Informatics
V.N. Karazin Kharkiv National University, 4 Svobody Sq., Kharkiv, Ukraine, 61022

seliutin2020pg@student.karazin.ua http://orcid.org/0000-0002-4591-7272

On integration with respect to �lter

This article is devoted to the study of one generalization of the Riemann
integral. Namely, in the paper, it was observed that the classical de�nition
of the Riemann integral over a �nite segment as a limit of integral sums,
when the diameter of the division of the segment tends to zero, can be
replaced by a limit of integral sums over a �lter of sets, which can be descri-
bed in a certain "good way". This idea was continued, and in the work we
propose a new concept - the integral of a function over a �lter on the set of
all tagged partitions of a segment. Using of �lters is a very good method in
questions related to convergence or some of its analogues in general topologi-
cal vector spaces. Namely, if the space is non-metrizable, then the concept
of convergence is introduced precisely with the help of �lters. Also, using
�lters, you can formulate the concept of completeness and its analogues.
The completeness of spaces is one of the central concepts of the theory of
topological vector spaces, since Banach spaces are complete. That is, using
a generalization of the completeness of spaces constructed using �lters, we
can explore various generalizations of Banach spaces. We study standard
issues related to integration. For example, does the integrability of the �lter
function imply its boundedness? The answer to this question is a�rmati-
ve. Namely: the concept of �lter boundedness of a function is introduced,
and it is shown that if a function is integrable over �lter, then its integral
sums are bounded over the �lter, and this function itself is bounded in the
classical sense. Next, we showed that the �lter integral satis�es the linearity
property, namely, the integral over �lter of the sum of two functions is the
sum of the �lter integrals of these functions. We introduce the concept of
an exactly tagged �lter, and with the help of such �lters we study the �lter
integrability of unbounded functions on a segment. We give an example of
a speci�c unbounded function and a speci�c �lter under which this function
is integrable. Next, we prove a theorem that describes unbounded �lter-
integrable functions on a segment. The last section of the article is devoted
to the integration of functions relative to the �lter on a subsegment of this
segment.
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1. Introduction

Let us remind main concepts which we use in this paper. Throughout this
article Ω stand for a non-empty set. Non-empty family of subsets F ⊂ 2Ω is called
�lter on Ω, if F satis�es the following axioms:

1. ∅ /∈ F;

2. if A, B ∈ F then A ∩B ∈ F;

3. if A ∈ F and D ⊃ A then D ∈ F.

Also very useful for us is a concept of �lter base. Non-empty family of subsets
B ⊂ 2Ω is called �lter base on Ω, if ∅ /∈ B and for every A, B ∈ B there exists
C ∈ B such that C ⊂ A∩B. We say that �lter base generates �lter F if and only
if for each A ∈ F there is B ∈ B such that B ⊂ A.

Let f : R → R be a function. For t ∈ R denote O(t) the family of all nei-
ghbourhoods of t. Let F be a �lter on R, y ∈ R. Function f is said to be convergent
to y over �lter F (denote y = lim

F
f), if for each U ∈ O(y) there exists A ∈ F such

that for each t ∈ A the following holds true: f(t) ∈ U . We refers, for example, to
[1] for more information about �lter and related concepts.

The concept of �lter is a very powerful tool for studying di�erent properties of
general topological vector spaces. For example, in [3] author studies convergence
over ideal, generated by the modular function. Ideal is a concept dual to �lter. In
[2] we study completeness and its generalization using �lters.

In this article we refer our attention to classical Riemann integral. Let us
remind how we can construct this object. Let [a, b] ⊂ R, let f : [a, b] → R be a
continuous function. Denote Π = {a ≤ ξ1 ≤ ξ2 ≤ ... ≤ ξn = b} the partition of

[a, b], in other words,
n
∪

k=1
[ξk−1, ξk] = [a, b]. Consider also the set T = {t1, t2, ..., tn}

such that for each k = 1, 2, ..., n tk ∈ [ξk−1, ξk]. Let us call the pair (Π, T ) by the
tagged partition on the segment. Denote d(Π) the diameter of the Π � maximum
length of [ξk−1, ξk], where k = 1, 2, ..., n. Let us recall that function f is said to be

Riemann integrable if there exist the limit I = lim
d(Π)→0

n∑
k=1

f(tk) · |ξk−ξk−1|, and we

call this limit the Riemann integral of the function f , and write I =
b∫
a
f(t)dt. We

know many di�erent properties of this integral, for example linearity, integration
on subsegment of [a, b] etc.

If we look at the de�nition of Riemann integral more attentively, we realize
that, in fact we can use one special �lter and obtain desirable result. In next
section we are going to develop this idea.

2. Integration with respect to �lter

Just for simplicity we are going to consider functions, de�ned on [0, 1]. Let
f : [0, 1] → R be a function. As above, denote Π = {a ≤ ξ1 ≤ ξ2 ≤ ... ≤
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ξn = b} the partition of [0, 1], in other words,
n
∪

k=1
[ξk−1, ξk] = [0, 1]. Consider also

the set T = {t1, t2, ..., tn} such that for each k = 1, 2, ..., n tk ∈ [ξk−1, ξk]. For
k = 1, 2, ..., n denote ∆k := |ξk − ξk−1|. Denote also TP[0, 1] the set of all tagged
partition of [0, 1]. For a tagged partition (Π, T ) ∈ TP[0, 1] denote

S(f,Π, T ) =
n∑

k=1

f(tk)∆k.

Now we are going to introduce the central de�nition of this paper. It seems that
the this de�nition is new. At least, we didn't �nd it in the literature.

De�nition 1. Let f : [0, 1] → R be a function, F be a �lter on TP[0, 1].
We say that f is integrable over �lter F (F-integrable for short), if there exists
I ∈ R such that I = lim

F
S(f,Π, T ). The number I is called the F-integral of the

f (denote I =
1∫
0

fdF).

Remark 1. The fact that f is F-integrable we will write as follows:

f ∈ Int(F).

Remark 2. Using De�nition 1 we can construct the Riemann integral as
follows. Let δ > 0 be a real positive number. Denote

P<δ = {(Π, T ) ∈ TP[0, 1] : d(Π) < δ},

where d(Π) stands for diameter of Π. Consider now

B<δ = {P<δ : δ > 0}.

It is easy to check that B<δ is a �lter base. Denote F<δ �lter generate by B<δ.
Let f : [0, 1] → R be a function. Then f is integrable by Riemann if there exists
the limit lim

F<δ

S(f,Π, T ).

Bellow we study di�erent properties of �lter integration. Let us introduce one
more technical concept.

De�nition 2. Let X be a non-empty set, f : X → R be a function, and F be
a �lter on X. We say that f is bounded with respect to F (F-bounded for short), if
there is C > 0 such that there exists A ∈ F such that for every t ∈ A |f(t)| < C.

The following lemma is very simple, but for readers convenient we present its
proof.

Lemma 1. Let X be a non-empty set, f : X → R be a function, and F be a
�lter on X. Suppose that there exists I ∈ R, I = lim

F
f . Then f is F-bounded.

Proof. We know that I = lim
F

f . It means that for every ε > 0 there exists

A ∈ F such that for all t ∈ A |f(t)− I| < ε. Consider

|f(t)| − |I| ≤ |f(t)− I| < ε.
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In other words, |f(t)| ≤ |I|+ ε. Then just put C := |I|+ ε.
The next theorem generalizes well-know fact about Riemann integral: if functi-

on in integrable by Riemann then it's bounded.

Theorem 1. Let F be a �lter on TP[0, 1], f : [0, 1] → R be a function, and
f ∈ Int(F). Then S(f,Π, T ) is F-bounded.

Proof. Just use Lemma 1.
Let us formulate well-known fact about Riemann integral, using �lters.

Theorem 2. Let f : [0, 1] → R, there exists lim
F<δ

S(f,Π, T ). Then f is bounded,

in other words, there is C > 0 such that for all t ∈ [0, 1] |f(t)| ≤ C.
The next theorem is natural generalization of the Theorem 2.

Theorem 3. Let f : [0, 1] → R, let F be a �lter on TP [0, 1] such that for every
A ∈ F there exists B ∈ F<δ such that B ⊂ A and let there exists I ∈ R such that
I = lim

F
S(f,Π, T ). Then C > 0 such that for each t ∈ [0, 1] we have |f(t)| < C.

Proof. There exists I ∈ R such that I = lim
F

S(f,Π, T ) if and only if for all

ε > 0 there exists A ∈ F such that for all (Π, T ) ∈ A |S(f,Π, T ) − I| < ε. We
know that for A ∈ F there is B ∈ F<δ such that B ⊂ A, then, particularly, for
all ε > 0 there exists A ∈ F there is B ∈ F<δ such that B ⊂ A such that for all
(Π, T ) ∈ B |S(f,Π, T ) − I| < ε ⇒ for all ε > 0 there exists B ∈ F<δ such that
for all (Π, T ) ∈ B |S(f,Π, T ) − I| < ε. So using Theorem 2, there exists C > 0
such that for each t ∈ [0, 1] we have |f(t)| < C, in other words, f is bounded.

Now we are going to demonstrate that �lter integration has additive property.
To demonstrate this we proof next easy two lemmas. The following Lemmas 2
and 3 are well-known, but for readers comprehension we present their proofs.

Lemma 2. Let X be a non-empty set, f, g : X → R be a functions, and F be
a �lter on X. Let x = lim

F
f , y = lim

F
g. Then lim

F
(f + g) = x+ y.

Proof. We know that x = lim
F

f , so for each U ∈ O(x) there is A ∈ F such

that f(A) ⊂ U . Analogically, y = lim
F

f , it means that for each V ∈ O(x) there is

B ∈ F such that f(B) ⊂ V . We have to demonstrate that for each W ∈ O(x+ y)
there exists C ∈ F such that (f + g)(C) ⊂ W . Let �x W ∈ O(x + y). Then
there exist W1 ∈ O(x) and W2 ∈ O(y) such that W ⊃ W1 + W2. Then there
are C1, C2 ∈ F such that f(C1) ⊂ W1 and f(C2) ⊂ W2. Denote C := C1 ∩ C2.
Clearly that C ∈ F. So

(f + g)(C) = f(C) + g(C) ⊂ W1 +W2 ⊂ W.

Lemma 3. Let X be a non-empty set, f : X → R be a function, F be a �lter
on X, and α ∈ R. Let x = lim

F
f . Then lim

F
αf = αx.

Proof. x = lim
F

f , it means that for each U ∈ O(x) there is A ∈ F such that

f(A) ⊂ U . We have to demonstrate that for all V ∈ O(αx) there is B ∈ F such
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that (αf)(B) ⊂ V . Suppose that α ̸= 0. The case α = 0 is obvious. Remark that
if W ∈ O(x) then αW ∈ O(αx). So just put B := A. Then (αf)(B) = αf(B) ⊂
αU ∈ O(αx).

Theorem 4. Let F be a �lter on TP[0, 1], f, g : [0, 1] → R be a functions,
α, β ∈ R, f ∈ Int(F) and g ∈ Int(F). Then (αf + βg) ∈ Int(F)

Proof. Just use Lemmas 2 and 3.

3. Integration with respect to di�erent �lters

In the previous section we've studied arithmetic properties of integral over
�lter and problems deals with boundedness. This section is devoted to integration
over di�erent �lters and its relations.

Remark 3. Let us note that despite the fact that this section is devoted to
the integration with respect to di�erent �lters, here we describe some properties
of �lters deals with integration. Explicit examples of �lters di�erent from one,
described in Remark 2, appear in the following sections.

For (Π, T ) ∈ TP[0, 1] and t ∈ T we denote ∆(t) length of the element of
partition of Π which covers t.

Let (Π1, T1), (Π2, T2) be partitions of [0, 1]. Consider

ρ((Π1, T1), (Π2, T2)) =∑
t∈T1∩T2

|∆1(t)−∆2(t)|+
∑
T1\T2

∆1(t) +
∑
T2\T1

∆2(t).

For easy using of concept de�ned above consider F : [0, 1] → l1[0, 1], such that
F(t) = et, where

et(τ) =

{
1, if τ = t;

0, otherwise.

It is clearly then that

ρ((Π1, T1), (Π2, T2)) = ||S(F,Π1, T1)− S(F,Π2, T2)||.

Now we are going to demonstrate that the mapping ρ, de�ned above, is a
metric, or distance between two tagged partitions.

Proposition 1. Consider ρ : TP[0, 1]× TP[0, 1] → R, ρ((Π1, T1), (Π2, T2)) =
||S(F,Π1, T1)− S(F,Π2, T2)||. Then ρ satis�es all metric axioms.

Proof.

1. let (Π1, T1) = (Π2, T2).

It is clear that in this case ρ((Π1, T1), (Π2, T2)) = 0;

2. let ρ((Π1, T1), (Π2, T2)) = 0.

Then ρ((Π1, T1), (Π2, T2)) =
∑

t∈T1∩T2

|∆1(t)−∆2(t)|+
∑

T1\T2

∆1(t)+
∑

T2\T1

∆2(t) =

0. We have a sum of non-negative numbers equals to 0. This means that
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� ∀t ∈ T1 ∩ T2 |∆1(t)−∆2(t)| = 0 ⇒ ∀t ∈ T1 ∩ T2 ∆1(t) = ∆2(t);

� ∀t ∈ T1 \ T2 ∆1(t) = 0;

� ∀t ∈ T2 \ T1 ∆2(t) = 0;

⇒ (Π1, T1) = (Π2, T2).

3. consider (Π1, T1), (Π2, T2), (Π3, T3). Then

ρ((Π1, T1), (Π2, T2)) =

||S(F,Π1, T1)− S(F,Π2, T2) + S(F,Π3, T3)− S(F,Π3, T3)|| ≤
||S(F,Π1, T1)− S(F,Π3, T3)||+ ||S(F,Π3, T3)− S(F,Π2, T2)|| =

ρ((Π1, T1), (Π3, T3)) + ρ((Π3, T3), (Π2, T2))

Now we introduce very important concept.

De�nition 3. Let F1,F2 be �lters on TP [0, 1]. We say that F2 ρ-dominates �-
lter F1 (F2 ≻ρ F1), if for every ε < 0 and for eachA1 ∈ F1 there existsA2 ∈ F2 such
that for all (Π2, T2) ∈ A2 there is (Π1, T1) ∈ A1 such that ρ((Π1, T1), (Π2, T2)) < ε.

Proposition 2. Let F2 ⊃ F1. Then F2 ρ-dominates F1.

Proof. As F2 ⊃ F1 we obtain that if A ∈ F1 then A ∈ F2. Consider an
arbitrary ε > 0. Then for every A1 ∈ F1 there is A2 ∈ F2, A2 := A1 such that
for each (Π2, T2) ∈ A2 there exists (Π1, T1) ∈ A1, (Π1, T1) := (Π2, T2) such that
ρ ((Π1, T1), (Π2, T2)) = ρ ((Π2, T2), (Π2, T2)) = 0 < ε.

Previous proposition shows us that ρ-dominance generates some relation of
order on TP[0, 1] and is more general concept that relation of inclusion.

It is clear that if F1 ⊂ F2 and f ∈ Int(F1) then f ∈ Int(F2) � just use the
de�nition of function limit over �lter. So we can formulate next easy proposition.

Proposition 3. Let f : [0, 1] → R be a function, F1, F2 be �lters on TP[0, 1]
such that F1 ⊂ F2 and f ∈ Int(F1). Then f ∈ Int(F2).

Theorem 5. Let F1,F2 be �lters on [0, 1]. Let f : [0, 1] → R be a bounded
function. Let I = lim

F1

S(f,Π, T ) and F2 ≻ρ F1. Then I = lim
F2

S(f,Π, T ).

Proof. Denote C := sup
t∈[0,1]

|f(t)|.

We have to proof that for every ε > 0 there exists B ∈ F2 such that for each
(ΠB, TB) ∈ B we have |S(f,ΠB, TB)− I| < ε.

We know that for every ε > 0 there exists A ∈ F1 such that for each (Π1, T1) ∈
A we have |S(f,Π1, T1)− I| < ε.

Now for an arbitrary ε > 0 and A ∈ F1 found above one can �nd A2 ∈ F2 such
that for all (Π2, T2) ∈ A2 there is (Π1, T1) ∈ A1 such that ρ((Π1, T1), (Π2, T2)) < ε.
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Then put B := A2. Then for all (ΠB, TB) ∈ B we have (Π1, T1) ∈ A1 such that

|S(f,ΠB, TB)− I| =
|S(f,ΠB, TB)− S(f,Π1, T1) + S(f,Π1, T1)− I| ≤

|S(f,ΠB, TB)− S(f,Π1, T1)|+ |S(f,Π1, T1)− I| =∑
t∈TB∩T1

|f(t)| · |∆B(t)−∆1(t)|+
∑

t∈TB\T1

|f(t)| ·∆B(t)+∑
t∈T1\TB

|f(t)| ·∆1(t) + ε ≤ C · ρ((ΠB, TB), (Π1, T )) + ε ≤

Cε+ ε ≤ ε(1 + C).

4. Exactly tagged �lters

In this part of our paper we consider problems deals �lter integration of
unbounded functions.

De�nition 4. Let B be a �lter base on TP [0, 1]. We say that B is exactly
tagged if there exist A ⊂ [0, 1] � a strictly decreasing sequence of numbers such
that for each B ∈ B and for every (Π, T ) ∈ B we have that T ∩A = ∅.

De�nition 5.We say that �lter F on TP [0, 1] is exactly tagged if there exists
exactly tagged base B of F.

Theorem 6. If �lter F on TP [0, 1] is exactly tagged then there exists
unbounded function f : [0, 1] → R such that f ∈ Int(F).

Proof. Denote N−1 =

{
1

n

}
n∈N

and consider next �lter base B = (Bn)n∈N on

TP [0, 1]:
B1 =

{
(Π, T ) : T ∩ N−1 = ∅ and d(Π) < 1

}
;

B2 =

{
(Π, T ) : T ∩ N−1 = ∅ and d(Π) <

1

2

}
;

B3 =

{
(Π, T ) : T ∩ N−1 = ∅ and d(Π) <

1

3

}
;

...

Bm =

{
(Π, T ) : T ∩ N−1 = ∅ and d(Π) <

1

m

}
.

Consider now

f(t) =

n, if t =
1

n
, n ∈ N

0, otherwise
.

Then for each n ∈ N and for every (Π, T ) ∈ Bn we have that S(f,Π, T ) = 0,
so lim

B
S(f,Π, T ) = 0.

For a tagged partition (Π, T ) of [0, 1] and τ ∈ [0, 1] denote ℓ(Π, T, τ) the
number which is equal to the length of the segment ∆ ∈ Π, for which τ ∈ ∆, if
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τ ∈ T . If τ /∈ T , we put ℓ(Π, T, τ) = 0. In this notation

S(f,Π, T ) =
∑

t∈[0,1]

f(t)ℓ(Π, T, t).

Theorem 7. For a �lter F on TP [0, 1] the following assertions are equivalent:

1. There exists an unbounded function f : [0, 1] → [0,+∞) such that S(f,Π, T )
is F-bounded;

2. There exists a countable subset {tn}n∈N ⊂ [0, 1] such that there is A ∈ F
such that for every (Π, T ) ∈ A∑

n∈N
n · ℓ(Π, T, tn) < 1.

Proof. (1)⇒(2): Let f be a non-negative, unbounded function on [0, 1] such
that there is C > 0 and B ∈ F such that for each (Π, T ) ∈ B we have

∑
t∈[0,1]

f(t) ·

ℓ(Π, T, t) < C. As f is unbounded, there exists (αn) ⊂ [0, 1] such that for every
n ∈ N f(αn) ≥ Cn. Then there exists (αn) ⊂ [0, 1], C > 0, there is A ∈ F, A := B
such that for all (Π, T ) ∈ A we obtain:

∑
t∈[0,1]

n · ℓ(Π, T, αn) ≤
∑
n∈N

f(αn)

C
· ℓ(Π, T, αn) ≤

1

C

∑
t∈[0,1]

f(t) · ℓ(Π, T, t) < 1

C
· C = 1.

(2)⇒(1): Let there exists a countable subset {tn}n∈N ⊂ [0, 1] and C > 0 such
that there is A ∈ F such that for every (Π, T ) ∈ A

∑
n∈N

n·ℓ(Π, T, tn) < C. Consider

function

f(t) =

{
n, if t = αn, n ∈ N
0, if t ̸= αn

.

Obviously, f(t) is unbounded. Then there is C > 0 and there is B ∈ F, B := A
such that for every (Π, T ) ∈ A

∑
t∈[0,1]

f(t) · ℓ(Π, T, t) ≤
∑
n∈N

f(αn) · ℓ(Π, T, αn) ≤∑
n∈N

n · ℓ(Π, T, αn) < C

.
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5. Integration over �lter on a subsegment

Our next goal is as follows: if function f is integrable on [0, 1] over �lter F on
TP[0, 1] then for an arbitrary [α, β] ⊂ [0, 1] function f is is integrable on [α, β]
over �lter F.

To achieve this purpose we need to construct some restriction of �lter F on
subsegment [α, β] ⊂ [0, 1]. Now we present how we can construct such restriction.

Consider an arbitrary [α, β] ⊂ [0, 1]. We consider only T such that T ∩(α, β) ̸=
∅. Consider an arbitrary (Π, T ) ∈ TP [0, 1].

We have four cases:

1. min{T ∩ (α, β)} > min{Π ∩ (α, β)}
max{T ∩ (α, β)} < max{Π ∩ (α, β)};

2. min{T ∩ (α, β)} > max{Π ∩ (0, α)}
max{T ∩ (α, β)} < max{Π ∩ (α, β)};

3. min{T ∩ (α, β)} > min{Π ∩ (α, β)}
max{T ∩ (α, β)} < min{Π ∩ (β, 1)};

4. min{T ∩ (α, β)} > max{Π ∩ (0, α)
max{T ∩ (α, β)} < min{Π ∩ (β, 1)}.

We have to construct a restriction of (Π, T ) on [α, β]. In each of four described
cases we have such (Πk, Tk) ∈ TP [α, β], k = 1, 2, 3, 4:

1. Π1 =

(
Π\
(
(Π∩ [0, α))∪(Π∩(β, 1))∪min{Π∩(α, β)}∪max{Π∩(α, β)}

))
∪

{α, β}
T1 = T \

(
(T ∩ [0, α)) ∪ (T ∩ (β, 1])

)
;

2. Π2 =

(
Π \

(
(Π ∩ [0, α)) ∪max{Π ∩ (α, β)} ∪ (Π ∩ (β, 1))

))
∪ {α, β}

T2 = T1;

3. Π3 =

(
Π \

(
(Π ∩ [0, α)) ∪min{Π ∩ (α)} ∪ (Π ∩ [β, 1))

))
∪ {α, β}

T3 = T1;

4. Π4 =

(
Π \

(
(Π ∩ [0, α)) ∪ (Π ∩ [β, 1))

))
∪ {α, β}

T4 = T1.

Now if we have an arbitrary �lter F on TP [0, 1] we can construct �lter F[α,β]

on TP [α, β], induced with F in such way: consider an arbitrary A ∈ F and for each
(Π, T ) ∈ A we have to execute an algorithm, described above. For each A ∈ F

denote Aβ
α the restriction of A on [α, β], described above.
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De�nition 6. Let F be a �lter on TP [0, 1], [α, β] ⊂ [0, 1]. We call the �lter

F [α, β]-complemented if for each A ∈ F, for every (Π1, T1), (Π2, T2) ∈ Aβ
α there

exists (Π∗, T ∗) ∈ TP [0, α] and (Π∗∗, T ∗∗) ∈ TP [β, 1] such that

(Π∗, T ∗) ∪ (Π1, T1) ∪ (Π∗∗, T ∗∗) ∈ A,

(Π∗, T ∗) ∪ (Π2, T2) ∪ (Π∗∗, T ∗∗) ∈ A.

Here we present promised result about �lter integration on subsegment.

Theorem 8. Let f : [0, 1] → R, F be a �lter on TP [0, 1] such that for each
[α, β] ⊂ [0, 1] F is [α, β]-complemented. Let f be integrable of [0, 1] with respect to
F. Then for every [α, β] ⊂ [0, 1] f is integrable on [α, β] with respect to F

Proof. We know that for an arbitrary ε > 0 there exists A ∈ F such that for
all (Π1, T1), (Π2, T2) ∈ A we have: |S(f,Π1, T1)− S(f,Π2, T2)| < ε.

Let �x ε > 0 and consider an arbitrary [α, β] ⊂ [0, 1]. For A ∈ F consider

an arbitrary (Π1, T 1), (Π2, T 2) ∈ Aβ
α. As F is [α, β]-complemented we can �nd

(Π∗, T ∗) ∈ Aα
0 and (Π∗∗, T ∗∗) ∈ A1

β such that (Π11, T11) := (Π∗, T ∗) ∪ (Π1, T 1) ∪
(Π∗∗, T ∗∗) ∈ A and (Π22, T22) := (Π∗, T ∗) ∪ (Π2, T 2) ∪ (Π∗∗, T ∗∗) ∈ A. Then
ε > |S(f,Π11, T11)− S(f,Π22, T22)| = |S(f,Π1, T 1)− S(f,Π2, T 2)|.
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Ïðî iíòåãðóâàííÿ âiäíîñíî ôiëüòðà
Ä.Ä. Ñåëþòií

Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà
ìàéäàí Ñâîáîäè 4, 61022, Õàðêiâ, Óêðà¨íà

Äàíó ñòàòòþ ïðèñâÿ÷åíî äîñëiäæåííþ îäíîãî óçàãàëüíåííÿ iíòåãðàëà Ðiìàíà. À
ñàìå, â ðîáîòi ïîìi÷åíî, ùî êëàñè÷íå îçíà÷åííÿ iíòåãðàëà Ðiìàíà ïî ñêií÷åííîìó
âiäðiçêó ÿê ãðàíèöi iíòåãðàëüíèõ ñóì, êîëè äiàìåòð ðîçáèòòÿ âiäðiçêà ïðÿìó¹ äî íó-
ëÿ, ìîæå áóòè çàìiíåíî íà ãðàíèöþ iíòåãðàëüíèõ ñóì ïî ôiëüòðó ìíîæèí, ÿêi ìîæíà
îïèñàòè ïåâíèì "õîðîøèì ÷èíîì". Öþ iäåþ ïðîäîâæåíî, i â ðîáîòi çàïðîïîíîâàíî
íîâå ïîíÿòòÿ � iíòåãðàëà ôóíêöi¨ ïî ôiëüòðó íà ìíîæèíi âñiõ âiäìi÷åíèõ ðîçáèòòiâ
âiäðiçêà. Âèêîðèñòàííÿ ôiëüòðiâ ¹ äóæå õîðîøèì ìåòîäîì â ïèòàííÿõ, ïîâ'ÿçàíèõ
çi çáiæíiñòþ àáî äåÿêèìè ¨¨ àíàëîãàìè â çàãàëüíèõ òîïîëîãi÷íèõ âåêòîðíèõ ïðîñòî-
ðàõ. À ñàìå, ÿêùî ïðîñòið íå ¹ ìåòðèçîâíèì, òî ïîíÿòòÿ çáiæíîñòi ââîäèòüñÿ ñàìå
çà äîïîìîãîþ ôiëüòðiâ. Òàêîæ, âèêîðèñòîâóþ÷è ôiëüòðè, ìîæíà ôîðìóëþâàòè ïî-
íÿòòÿ ïîâíîòè òà ¨¨ àíàëîãiâ. Ïîâíîòà ïðîñòîðiâ ¹ îäíèì iç öåíòðàëüíèõ ïîíÿòü òå-
îði¨ òîïîëîãi÷íèõ âåêòîðíèõ ïðîñòîðiâ, îñêiëüêè áàíàõîâi ïðîñòîðè ¹ ïîâíèìè. Òîá-
òî, âèêîðèñòîâóþ÷è óçàãàëüíåííÿ ïîâíîòè ïðîñòîðiâ, ïîáóäîâàíèõ ç âèêîðèñòàííÿì
ôiëüòðiâ, ìè ìîæåìî äîñëiäæóâàòè ðiçíi óçàãàëüíåííÿ áàíàõîâèõ ïðîñòîðiâ. Äàëi â
ñòàòòi äîñëiäæóþòüñÿ ñòàíäàðòíi ïèòàííÿ, ïîâ'ÿçàíi ç iíòåãðóâàííÿì. Íàïðèêëàä,
÷è âèòiêà¹ ç iíòåãðîâíîñòi ôóíêöi¨ ïî ôiëüòðó ¨¨ îáìåæåíiñòü? Íà öå ïèòàííÿ äàíî
ñòâåðäíó âiäïîâiäü. Äîêëàäíiøå: ââåäåíî ïîíÿòòÿ îáìåæåíîñòi ôóíêöi¨ çà ôiëüòðîì,
i ïîêàçàíî, ùî ÿêùî ôóíêöiÿ ¹ iíòåãðîâíîþ çà ôiëüòðîì, òî ¨¨ iíòåãðàëüíi ñóìè ¹
îáìåæåíèìè çà ôiëüòðîì, à ñàìà öÿ ôóíêöiÿ ¹ îáìåæåíîþ â êëàñè÷íîìó ðîçóìiííi.
Äàëi ìè ïîêàçàëè, ùî iíòåãðàë çà ôiëüòðîì çàäîâîëüíÿ¹ âëàñòèâiñòü ëiíiéíîñòi, à
ñàìå iíòåãðàë çà ôiëüòðîì âiä ñóìè äâîõ ôóíêöié ¹ ñóìîþ iíòåãðàëiâ çà ôiëüòðîì
öèõ äîäàíêiâ. Ìè ââîäèìî ïîíÿòòÿ òî÷íî âiäìi÷åíîãî ôiëüòðà, i çà äîïîìîãîþ òà-
êèõ ôiëüòðiâ âèâ÷à¹ìî iíòåãðîâíiñòü çà ôiëüòðîì íåîáìåæåíèõ íà âiäðiçêó ôóíêöié.
Ìè íàâîäèìî ïðèêëàä êîíêðåòíî¨ íåîáìåæåíî¨ ôóíêöi¨ òà êîíêðåòíîãî ôiëüòðà, çà
ÿêèì äàíà ôóíêöiÿ ¹ iíòåãðîâíîþ Äàëi ìè äîâîäèìî òåîðåìó, ÿêà îïèñó¹ íåîáìåæå-
íi, iíòåãðîâíi çà ôiëüòðîì, ôóíêöi¨ íà âiäðiçêó. Îñòàííié ðîçäië ñòàòòi ïðèñâÿ÷åíî
iíòåãðåãðóâàííÿ ôóíêöié âiäíîñíî ôiëüòðà ïî ïiäâiäðiçêó äàíîãî âiäðiçêà.
Êëþ÷îâi ñëîâà: iíòåãðàë; ôiëüòð; iäåàë; áàçà ôiëüòðà.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 20 ëèïíÿ 2023; îñòàííié âàðiàíò: 24 ëèñòîïàäà 2023
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On linear stabilization of a class of nonlinear systems

in a critical case

In this paper, we address the stabilization problem for nonlinear systems in
a critical case. Namely, we study the class of canonical nonlinear systems.
Canonical nonlinear systems or chain of power integrators is an important
subject of research. Studying such systems is complicated by the fact that
they cannot be mapped onto linear systems. Moreover, they have the
uncontrollable �rst approximation. Previous results on smooth stabilization
of such systems were obtained under the assumption that the powers in the
right-hand side are strictly decreasing. In this work, we consider a case of
non-increasing powers in the right-hand side for a three-dimensional system.
A popular approach for studying such systems is the backstepping method,
which is a method of step-wise stabilization. This method requires a sequen-
tial investigation of lower-dimensional subsystems. Backstepping enables the
study of a wide range of nonlinear triangular systems but requires technically
complex and cumbersome computations. Therefore, a natural question arises
about constructing stabilizing controls of a simple form. Polynomial controls
can serve as an example of such controls. In the paper, we demonstrate
that linear controls can be considered as stabilizing controls. We derive
su�cient conditions for the coe�cients of the linear control that ensure
the asymptotic stability of the zero equilibrium point of the corresponding
closed-loop system. The asymptotic stability is proven using the Lyapunov
function method, which is found as the sum of squares. The negative de�ni-
teness of the Lyapunov function derivative in a neighborhood of the origin
guarantees asymptotic stability. In contrast to the case of strictly decreasing
powers, additional conditions on the control coe�cients, apart from their
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negativity, emerge. The obtained result extends to a broader class of nonlin-
ear systems through stabilization by nonlinear approximation. This allows
the consideration of systems with higher-order terms in the right-hand si-
de. The e�ectiveness of the applied approach is illustrated by several model
examples. The method used in this work to investigate the case of non-
increasing powers can be applied to systems of higher dimensions.

Keywords: stabilization; nonlinear systems; Lyapunov function
method; critical case; linear stabilization; linear control.

2010 Mathematics Subject Classi�cation: 93D15; 93D30; 93C10; 34H05.

1. Introduction

The stabilization problem for nonlinear systems in a critical case is an
important problem of nonlinear control theory [1, 2, 3, 4, 5, 6, 7, 8, 9]. Signi-
�cant attention has been drawn by high-order nonlinear systems that cannot be
mapped to linear systems [1, 2, 3, 4, 5, 6, 7, 8, 9]. These systems exemplify a
critical case. Since we are dealing with critical case, we cannot use the �rst (lin-
ear) approximation to �nd stabilizing controls for the original nonlinear system.
It is natural to attempt to construct simple classes of stabilizing controls, such
as linear controls. The problem of �nding such stabilizing controls is called the
linear stabilization problem.

In recent decades, a wide range of interest has been sparked by the systems
of the following form{

ẋi = xpii+1 + fi(x1, x2, . . . , xn), i = 1, . . . , n− 1,

ẋn = upn ,
(1)

where pi ≥ 1 are ratios of positive odd integers, fi(x1, . . . , xn) are continuous
real-valued functions with fi(0, . . . , 0) = 0 (i = 1, . . . , n− 1).

The stabilization problem for system (1) was studied in many works, see, for
instance, [1, 2, 3, 4, 5, 7, 8, 9]. Works [5, 7, 8, 9] rely on the backstepping approach,
which is based on recursive Lyapunov function design and leads to stabilizing
controls of rather complicated structure. In [1] simple stabilizing controls of the
form

u = a1x1 + · · ·+ anxn + an+1x
p1
2 + · · ·+ a2n−1x

pn−1
n ,

were constructed using a quadratic Lyapunov function (for pn = 1). Work [3]
shows that it is possible to linearly stabilize system (1).

The above-mentioned results from [3] were achieved under assumption that
the powers pi are strictly decreasing, that is, p1 > p2 > . . . pn ≥ 1. In this work
we weaken the condition of powers pi being strictly decreasing and prove that it is
possible to consider non-increasing values of pi and still be able to achieve linear
stabilization.
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Namely, we study the stabilizability of the system
ẋ1 = xp12 ,

ẋ2 = xp23 ,

ẋ3 = up3

(2)

with p1 > 1, p2 = p3 = 1. We �nd conditions on the coe�cients under which a
linear control stabilizes system (2). These results are generalized using nonlinear
approximation.

2. Problem formulation and linear control construction

Consider the nonlinear system
ẋ1 = xp12 ,

ẋ2 = x3,

ẋ3 = u,

(3)

where u ∈ R is a control, p1 > 1 is a ratio of two positive odd integers.

The stabilization problem for system (3) is to �nd a continuous control u(x)
such that the equilibrium point x = 0 of system (3) with u = u(x) is locally
asymptotically stable.

Consider the linear control

u(x) = −k1x1 − k2x2 − k3x3, (4)

where ki ∈ R are positive numbers.

Now we �nd conditions on the coe�cients k1, k2, k3 for the local asymptotic
stability of the zero solution of system (3). To this end, we consider the following
Lyapunov function

V (x) =
1

2

(
kp12
k1

(k1x1)
2 +

kp23
k2

(k1x1 + k2x2)
2 +

1

k3
(k1x1 + k2x2 + k3x3)

2

)
It is obvious that V (x) is positive de�nite for k1 > 0, k2 > 0, k3 > 0.

Applying the linear change of variables

e1 = k1x1, e2 = k1x1 + k2x2, e3 = k1x1 + k2x2 + k3x3,

we get

V (e) =
1

2

n∑
i=1

lie
2
i , (5)

where li = kpii+1k
−1
i , i = 1, 2, l3 = k−1

3 . The inverse change of variables is

x1 = k−1
1 e1, x2 = k−1

2 (e2 − e1), x3 = k−1
3 (e3 − e2).
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Using (3), we compute ė1, ė2, ė3 as follows:

ė1 = k1ẋ1 = k1x
p1
2 =

k1
kp12

(e2 − e1)
p1 ,

ė2 = k1ẋ1 + k2ẋ2 = k1x
p1
2 + k2x3 =

k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2),

ė3 = k1ẋ1 + k2ẋ2 + k3ẋ3 =
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

+ k3(−k1x1 − k2x2 − k3x3) =
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2) + k3u

Thus, applying the feedback u = −(k1x1 + k2x2 + k3x3) = −e3, system (3)
takes the form 

ė1 =
k1
k
p1
2

(e2 − e1)
p1 ,

ė2 =
k1
k
p1
2

(e2 − e1)
p1 + k2

k3
(e3 − e2),

ė3 = −k3e3 +
k1
k
p1
2

(e2 − e1)
p1 + k2

k3
(e3 − e2).

(6)

Now we calculate the derivative of V (e), given by (5), along the trajectories
of the closed-loop system (6)

V̇ (e) =
∂V

∂e1

k1
kp12

(e2 − e1)
p1 +

∂V

∂e2

(
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
+

∂V

∂e3

(
−k3e3 +

k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
.

Let us calculate each term separately

∂V

∂e1

k1
kp12

(e2 − e1)
p1 =

kp12
2k1

2e1
k1
kp12

(e2 − e1)
p1 = e1(e2 − e1)

p1 ,

∂V

∂e2

(
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
=

k3
2k2

2e2

(
k1
kp12

(e2 − e1)
p1

+
k2
k3

(e3 − e2)

)
= e2

(
k1k3

kp1+1
2

(e2 − e1)
p1 + (e3 − e2)

)
,

∂V

∂e3

(
−k3e3 +

k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
=

1

2k3
2e3

(
− k3e3

+
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)
)
= e3

(
− e3 +

k1
k3k

p1
2

(e2 − e1)
p1

+
k2
k23

(e3 − e2)
)
.

Then we have

V̇ (e) = e1(e2 − e1)
p1 +

k1k3

kp1+1
2

e2(e2 − e1)
p1 + e2(e3 − e2)− e23

+
k1

k3k
p1
2

e3(e2 − e1)
p1 +

k2
k23

e3(e3 − e2).
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Rewrite V̇ (e) in the form

V̇ (e) = −e1(e1 − e2)
p1 − e2(e2 − e3)− e23 +

k1k3

kp1+1
2

e2(e2 − e1)
p1

+
k1

k3k
p1
2

e3(e2 − e1)
p1 +

k2
k23

e3(e3 − e2).

(7)

To estimate the derivative V̇ (e) we use the following lemmas.

Lemma 1. [10] For any p ≥ 1 and any numbers xi ∈ R, i = 1, . . . , n, the following
inequality holds

|x1 + x2 + · · ·+ xn|p ≤ np−1(|x1|p + |x2|p + · · ·+ |xn|p).

Lemma 2. [10] Suppose that p ≥ 1 is a ratio of positive odd integers. Then the
following inequality holds

x(x+ a)p ≥ 21−pxp+1 + xap,∀x, a ∈ R.

Lemma 3. [6] Suppose that m > 0, n > 0 are constants. Then, given any number
γ > 0, the following inequality holds

|x|m|y|n ≤ m

m+ n
γ|x|m+n +

n

m+ n
γ−

m
n |y|m+n,∀x, y ∈ R.

First, using Lemma 1 and Lemma 2, we obtain the following inequalities:

−e1(e1 − e2)
p1 ≤ −21−p1ep1+1

1 + |ep12 ||e1|,
−e2(e2 − e3) ≤ −e22 + |e2||e3|,

k1k3

kp1+1
2

e2(e2 − e1)
p1 ≤ k1k3

kp1+1
2

2p1−1ep1+1
2 +

k1k3

kp1+1
2

2p1−1|ep11 ||e2|,

k1
k3k

p1
2

e3(e2 − e1)
p1 ≤ k1

k3k
p1
2

2p1−1|ep12 ||e3|+
k1

k3k
p1
2

2p1−1|ep11 ||e3|,

k2
k23

e3(e3 − e2) ≤
k2
k23

e23 +
k2
k23

|e3||e2|

(8)

Now, by applying Lemma 3, we deduce

|ep12 ||e1| =
∣∣∣∣ 1C1

e2

∣∣∣∣p1 |Cp1
1 e1| ≤

p1

(p1 + 1)Cp1+1
1

ep1+1
2 +

C
p1(p1+1)
1

p1 + 1
ep1+1
1 ,

|ep11 ||e2| = |Cp1
2 e1|p1

∣∣∣∣∣ 1

C
p21
2

e2

∣∣∣∣∣ ≤ p1C
p1(p1+1)
2

p1 + 1
ep1+1
1 +

1

(p1 + 1)C
p21(p1+1)
2

ep1+1
2 ,

|ep12 ||e3| =
∣∣∣∣ 1C3

e2

∣∣∣∣p1 |Cp1
3 e3| ≤

p1

(p1 + 1)Cp1+1
3

ep1+1
2 +

C
p1(p1+1)
3

p1 + 1
ep1+1
3 ,

|ep11 ||e3| = |Cp1
4 e1|p1

∣∣∣∣∣ 1

C
p21
4

e3

∣∣∣∣∣ ≤ p1C
p1(p1+1)
4

(p1 + 1)
ep1+1
1 +

1

(p1 + 1)C
p21(p1+1)
4

ep1+1
3 ,

|e2||e3| =
∣∣∣∣ 1C5

e2

∣∣∣∣ |C5e3| ≤
1

2C2
5

e22 +
C2
5

2
e23,

(9)
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where C1, C2, C3, C4, C5 are su�ciently small positive numbers.
Note that (9) is true for any positive Ci, i = 1, . . . , 5. In order to prove

asymptotic stability, we will �nd additional conditions on Ci to guaranty that
V̇ (e) is negative in some small deleted neighborhood of the origin.

Using estimates (8) and (9) sequentially, we have

V̇ (e) ≤ −21−p1ep1+1
1 +

p1

(p1 + 1)Cp1+1
1

ep1+1
2 +

C
p1(p1+1)
1

p1 + 1
ep1+1
1 − e22

+
1

2C2
5

e22 +
C2
5

2
e23 − e23 +

k1k3

kp1+1
2

2p1−1ep1+1
2

+
k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1
ep1+1
1 +

k1k3

kp1+1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
2

ep1+1
2

+
k1

k3k
p1
2

2p1−1 p1
p1 + 1

1

Cp1+1
3

ep1+1
2 +

k1
k3k

p1
2

2p1−1C
p1(p1+1)
3

p1 + 1
ep1+1
3

+
k1

k3k
p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1
ep1+1
1 +

k1
k3k

p1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
4

ep1+1
3

+
k2
k23

e23 +
k2

2k23C
2
5

e22 +
k2C

2
5

2k23
e23.

(10)

Rearranging the terms from the right-hand side of (10) we obtain the estimate
for V̇ (e) in the form

V̇ (e) ≤ep1+1
1

(
−21−p1 +

C
p1(p1+1)
1

p1 + 1
+

k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1

+
k1

k3k
p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1

)
+ e22

(
−1 +

1

2C2
5

+
k2

2k23C
2
5

)
+ e23

(
−1 +

C2
5

2
+

k2
k23

+
k2C

2
5

2k23

)
+ g(x),

(11)

where the function g(x) is composed of higher order terms. The function g(x) is
given by

g(x) =
p1

(p1 + 1)Cp1+1
1

ep1+1
2 +

k1k3

kp1+1
2

2p1−1ep1+1
2

+
k1k3

kp1+1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
2

ep1+1
2 +

k1
k3k

p1
2

2p1−1 p1
p1 + 1

1

Cp1+1
3

ep1+1
2

+
k1

k3k
p1
2

2p1−1C
p1(p1+1)
3

p1 + 1
ep1+1
3 +

k1
k3k

p1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
4

ep1+1
3 .

According to the Lyapunov function method, it is su�cient for V̇ (e) to be
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negative de�nite to guarantee asymptotic stability. Therefore we �nd conditions
for coe�cients of ep1+1

1 , e22, e
2
3 to be negative.

We start with the coe�cient of e22:

−1 +
1

2C2
5

+
k2

2k23C
2
5

< 0,

k2
2k23C

2
5

< 1− 1

2C2
5

,

k2
2k23C

2
5

<
2C2

5 − 1

2C2
5

,

k2
k23

< 2C2
5 − 1,

k2 < k23
(
2C2

5 − 1). (12)

Let us move on to the coe�cient of e23:

−1 +
C2
5

2
+

k2
k23

+
k2C

2
5

2k23
< 0,

k2
k23

+
k2C

2
5

2k23
< 1− C2

5

2
,

k2(2 + C2
5 )

2k23
< 1− C2

5

2
,

k2(2 + C2
5 ) < 2k23

(
1− C2

5

2
),

k2 <
2k23 − k23C

2
5

(2 + C2
5 )

. (13)

Finally, consider the coe�cient of ep1+1
1 :

−21−p1+
C

p1(p1+1)
1

p1 + 1
+

k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1
+

k1
k3k

p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1
< 0. (14)

It is clear that for any k1, k2, k3, there exist su�ciently small C1, C2, C4 such
that the coe�cient of ep1+1

1 will be negative. Indeed, we de�ne the function
r(C1, C2, C4) as follows:

r(C1, C2, C4) =
C

p1(p1+1)
1

p1 + 1
+

k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1
+

k1
k3k

p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1

It is obvious that r(C1, C2, C4) is a continuous function and r(0) = 0.
Therefore, by choosing su�ciently small C1, C2, C4 it is possible to make
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|r(C1, C2, C4)| smaller than any given number ε : ε ∈ (0, 21−p1). Then, for such
ε > 0, there exists δ > 0 such that

|r(C1, C2, C4)| ≤ ε for all ∥Ĉ∥ ≤ δ,

where Ĉ = (C1, C2, C4). Thus,

21−p1 − r(C1, C2, C4) > 0

when ∥Ĉ∥ ≤ δ, and the inequality (14) holds. Assume that C1, C2, and C4 are
positive and chosen small enough to satisfy the inequality (14).

So, from the conditions on the coe�cients k1, k2 and k3, given by (12) and (13),
we obtain the following constraints:

k2 < k23(2C
2
5 − 1),

k2 <
2k23−k23C

2
5

(2+C2
5 )

,

k1, k2, k3 > 0.

(15)

Using inequality (12), we deduce

C2
5 >

k23 + k2
2k23

.

From (13) we obtain

C2
5 <

2k23 − 2k2
k2 + k23

.

Combining the last two equations, we derive the constraint for C2
5 :

k23 + k2
2k23

< C2
5 <

2k23 − 2k2
k2 + k23

. (16)

To ensure the existence of C5 > 0, it is necessary for the following inequality to
hold

k23 + k2
2k23

<
2k23 − 2k2
k2 + k23

(17)

from which follows:
k23 + k2
2k23

− 2k23 − 2k2
k2 + k23

< 0,

−3k43 + 6k23k2 + k22
2k23(k2 + k23)

< 0.

It is clear that k23(k2 + k23) > 0, which yields

−3k43 + 6k23k2 + k22 < 0.
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First we �nd the roots of the equations

−3k43 + 6k23k2 + k22 = 0.

We put z = k23, then
−3z2 + 6zk2 + k22 = 0,

and

z =
k2(3± 2

√
3)

3
.

Recall that z = k23 is positive number, then z = k2(3+2
√
3)

3 . Therefore, we
conclude that inequality (17) holds for

k23 >
k2(3 + 2

√
3)

3
. (18)

Thus, condition (16) is non-contradictory and determines C5 so that system (15)
is consistent.

Now suppose that C5 is chosen to satisfy condition (16), C3 is any positive
number. Recall that C1, C2, C4 satisfy (14). This implies that by choosing k1, k2,
and k3 satisfying condition (18), we render V̇ (e) negative de�nite in a neighbor-
hood of the origin. Indeed, the function g(x) is composed of higher order terms,
since p1 > 1. So, if the coe�cients of e1, e2, and e3 are negative, then in some
su�ciently small neighborhood of the origin U(0) ∈ Rn we have

V̇ (e) < 0 for all e ∈ U(0) \ {0} .

This, by the Lyapunov function method, means that the zero equilibrium point
e = 0 of the system (6) is asymptotically stable. Therefore, since the change of
variables x1 = k−1

1 e1, x2 = k−1
2 (e2 − e1), x3 = k−1

3 (e3 − e2) is continuous, x = 0
is a locally asymptotically stable equilibrium point of system (3) with u = u(x)
given by (4). So, we have proved the following theorem.

Theorem 1. Let k1 > 0. Suppose that k2 > 0 and k3 satisfy the inequality

k23 >
k2(3 + 2

√
3)

3
= (2.154700538 . . .)k2. (19)

Then the linear control u = −k1x1 − k2x2 − k3x3 solves the stabilization problem
for system (3).

Condition (19) distinguishes our case from the case of strictly decreasing
powers, in which there is no additional requirements for k2 and k3 except that
they should be positive.

Example 1. Consider the stabilization problem for the nonlinear system:
ẋ1 = x52,

ẋ2 = x3,

ẋ3 = u.

(20)
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In this case p1 = 5, p2 = p3 = 1.
Let us choose arbitrary k1 > 0. Choose k2, k3 by the condition (19). For

example, we put k1 = 5, k2 = 2, k3 = 10. Then, by Theorem 1, the linear
stabilizing control (4) has the form u = u(x), where

u(x) = −5x1 − 2x2 − 10x3.

Let us substitute the control u(x) into system (20). By Theorem 1 the closed-
loop system has asymptotically stable equilibrium point. We will illustrate the
behavior of the closed-loop system trajectory, for example, for initial conditions

x1(0) = 1, x2(0) = 1, x3(0) = 1.

Fig. 1. The trajectory of system (20) with u = u(x).

3. Stabilization by nonlinear approximation

The results obtained in Section 2 can be generalized by considering the fol-
lowing nonlinear system: 

ẋ1 = xp12 + φ1(x1, x2, x3),

ẋ2 = x3 + φ2(x1, x2, x3),

ẋ3 = u,

(21)

where φi(x1, x2, x3) are continuous functions, i = 1, 2, 3.
To stabilize system (21), we use the same control u = u(x) as in the case of

system (3):
u(x) = −k1x1 − k2x2 − k3x3.
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So, suppose ki satisfy Theorem 1, therefore; u(x) stabilizes system (3). Assume
that the functions φi(x1, x2, x3) satisfy the following inequalities:

|φ1(x1, x2, x3)| ≤ ρ1(x1, x2, x3)
(
|x2|p1+δ1 + |x3|p1+δ1),

|φ2(x1, x2, x3)| ≤ ρ2(x1, x2, x3)
(
|x3|1+δ2)

in a neighborhood of the origin, where ρi(x1, x2, x3) ≥ 0 are some continuous
functions (i = 1, 2), δ1 > 0 and δ2 > 0 are some real numbers.

The control u = u(x) stabilizes system (21), since the functions φi(x1, x2, x3)
has higher order then xpii+1, i = 1, 2 (p1 > 1, p2 = 1). Indeed, we can use the same
change of variables and Lyapunov function as for system (3). Note that higher-
order terms generated by the functions φi(x1, . . . , xn) should be attributed to
the function g(x). These terms will not a�ect the sign of the derivative of the
Lyapunov function V̇ in a su�ciently small neighborhood of zero. Therefore, the
control u(x) stabilizes not only system (3) but also system (21). Thus, such an
approach is similar to the stabilization by �rst-order approximation. It should be
noted that system (3) is used as a nonlinear approximation of system (21).

We will illustrate this approach with the following example.

Example 2. We �nd a stabilizing control for the following nonlinear system
ẋ1 = x52 + x62 sin(x1 + x2),

ẋ2 = x3 + x23 cos(x1),

ẋ3 = u.

(22)

We use system (20) as a nonlinear approximation of system (22). Therefore,
system (22) can be stabilized by the same control as system (20).

So, consider the control u = u(x) of the form

u(x) = −5x1 − 2x2 − 10x3.

We recall that k1 = 5, k2 = 2, k3 = 10, p1 = 5, then condition (19) is satis�ed.
Put ρ1(x1, x2, x3) = 1, ρ2(x1, x2, x3) = 1, δ1 = 1, δ2 = 1. Then, it is clear that for
the functions φ1(x1, x2, x3) = x62 sin(x1 + x2) and φ2(x1, x2, x3) = x23 cos(x1) the
following estimates hold:

|φ1(x1, x2, x3)| ≤ ρ1(x1, x2, x3)
(
|x2|p1+δ1 + |x3|p1+δ1

)
= x62 + x63,

|φ2(x1, x2, x3)| ≤ ρ2(x1, x2, x3)|x3|1+δ2 = x23

in the entire space R3.
Based on the results of the work, it can be concluded that the zero equilibrium

point of system (22) under the linear control law u = u(x) is asymptotically stable.
Speci�cally, as shown above, since the control u = u(x) stabilizes the system of the
nonlinear approximation (20), it also stabilizes the original nonlinear system (22)
with higher-order terms in the right-hand side.
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To demonstrate the behavior of solutions of the closed-loop system (22) under
the chosen linear control u(x), we construct the trajectory, for example, using the
following initial conditions:

x1(0) = 0.8, x2(0) = 0.7, x3(0) = 1.

Fig. 2. The trajectory of system (22) with u = u(x).

Conclusion

This work presents a constructive method for stabilizing a class of high-order
nonlinear systems in a critical case. Namely, the class of three-dimensional canoni-
cal nonlinear systems is considered. Compared to previous results, the condition
of decreasing powers was relaxed to a condition of non-increasing powers. It has
been shown that for such systems, a linear control can be chosen to ensure that
the equilibrium point x = 0 is locally asymptotically stable.

Furthermore, an additional condition on the coe�cients k1, k2, and k3 was
found, compared to the case of strictly decreasing powers, to achieve local
asymptotic stability of the zero equilibrium point. Moreover, the class of systems
was extended by using stabilization through nonlinear approximation.
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Ïðî ëiíiéíó ñòàáiëiçàöiþ îäíîãî êëàñó íåëiíiéíèõ ñèñòåì ó
êðèòè÷íîìó âèïàäêó

Ì. Î. Áåáiÿ, Â. À. Ìàéñòðóê
Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè 4, 61022, Õàðêiâ, Óêðà¨íà
Â ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à ñòàáiëiçàöi¨ íåëiíiéíèõ ñèñòåì ó êðèòè÷íîìó âè-

ïàäêó. À ñàìå, âèâ÷à¹òüñÿ êëàñ êàíîíi÷íèõ íåëiíiéíèõ ñèñòåì. Êëàñ êàíîíi÷íèõ íåëi-
íiéíèõ ñèñòåì àáî ëàíöþã ñòåïåíåâèõ iíòåãðàòîðiâ ¹ âàæëèâèì îá'¹êòîì äîñëiäæåí-
íÿ. Âèâ÷åííÿ òàêèõ ñèñòåì óñêëàäíþ¹òüñÿ òèì ôàêòîì, ùî ¨õ íå ìîæíà âiäîáðàçèòè
íà ëiíiéíi ñèñòåìè. Êðiì òîãî, âîíè ¹ íåêåðîâàíèìè çà ïåðøèì íàáëèæåííÿì. Âi-
äîìi ðåçóëüòàòè ùîäî ãëàäêî¨ ñòàáiëiçàöi¨ òàêèõ ñèñòåì áóëî îòðèìàíî ïðè óìîâi
ñòðîãîãî ñïàäàííÿ ñòåïåíiâ ïðàâî¨ ÷àñòèíè. Ó öié ðîáîòi ðîçãëÿíóòî îäèí ç âèïàäêiâ
íåñòðîãîãî ñïàäàííÿ ñòåïåíiâ ó ïðàâié ÷àñòèíi äëÿ òðèâèìiðíî¨ ñèñòåìè. Ïîïóëÿð-
íèì ïiäõîäîì äî äîñëiäæåííÿ òàêèõ ñèñòåì ¹ ìåòîä ïîêðîêîâî¨ ïîáóäîâè ñòàáiëi-
çóþ÷èõ êåðóâàíü - backstepping. Âií ïîòðåáó¹ ïîñëiäîâíîãî äîñëiäæåííÿ ïiäñèñòåì
ìåíøî¨ ðîçìiðíîñòi. Öåé ìåòîä äà¹ ìîæëèâiñòü äîñëiäæóâàòè øèðîêi êëàñè íåëiíié-
íèõ òðèêóòíèõ ñèñòåì, àëå ïîòðåáó¹ òåõíi÷íî ñêëàäíèõ, ãðîìiçäêèõ îá÷èñëåíü. Òîìó
âèíèêà¹ ïðèðîäíå ïèòàííÿ ïðî ïîáóäîâó ñòàáiëiçóþ÷èõ êåðóâàíü ïðîñòîãî âèãëÿäó.
Ïðèêëàäîì òàêèõ êåðóâàíü ìîæóòü ñëóæèòè ïîëiíîìiàëüíi êåðóâàííÿ. Ó ñòàòòi ïî-
êàçàíî, ùî ìîæíà ðîçãëÿäàòè ëiíiéíi êåðóâàííÿ â ÿêîñòi ñòàáiëiçóþ÷èõ. Îòðèìà-
íî óìîâè íà êîåôiöi¹íòè ëiíiéíîãî êåðóâàííÿ, ÿêi ¹ äîñòàòíiìè äëÿ àñèìïòîòè÷íî¨
ñòiéêîñòi íóëüîâî¨ òî÷êè ñïîêîþ âiäïîâiäíî¨ çàìêíóòî¨ ñèñòåìè. Äëÿ äîâåäåííÿ àñèì-
ïòîòè÷íî¨ ñòiéêîñòi âèêîðèñòàíî ìåòîä ôóíêöi¨ Ëÿïóíîâà, ÿêó âäà¹òüñÿ çíàéòè ÿê
ñóìó êâàäðàòiâ. Âiä'¹ìíà âèçíà÷åíiñòü ïîõiäíî¨ ôóíêöi¨ Ëÿïóíîâà â îêîëi íóëÿ ãà-
ðàíòó¹ àñèìïòîòè÷íó ñòiéêiñòü. Íà âiäìiíó âiä âèïàäêó ñòðîãîãî ñïàäàííÿ ñòåïåíiâ,
âèíèêàþòü äîäàòêîâi óìîâè íà êîåôiöi¹íòè êåðóâàííÿ îêðiì ¨õ âiä'¹ìíîñòi. Îòðèìà-
íèé ðåçóëüòàò ðîçøèðþ¹òüñÿ íà áiëüø øèðîêèé êëàñ íåëiíiéíèõ ñèñòåì çà ðàõóíîê
ñòàáiëiçàöi¨ ïî íåëiíiéíîìó íàáëèæåííþ. Öå äà¹ çìîãó ðîçãëÿäàòè ñèñòåìè ç äîäàí-
êàìè áiëüø âèñîêîãî ïîðÿäêó ó ïðàâié ÷àñòèíi. Åôåêòèâíiñòü çàñòîñîâàíîãî ïiäõîäó
ïðîiëþñòðîâàíî íà êiëüêîõ ìîäåëüíèõ ïðèêëàäàõ. Âèêîðèñòàíèé â ðîáîòi ìåòîä äî-
ñëiäæåííÿ âèïàäêó íåñòðîãîãî ñïàäàííÿ ñòåïåíiâ ìîæå áóòè çàñòîñîâàíî äëÿ ñèñòåì
áiëüø âèñîêî¨ ðîçìiðíîñòi.
Êëþ÷îâi ñëîâà: ñòàáiëiçàöiÿ; íåëiíiéíi ñèñòåìè; ìåòîä ôóíêöi¨ Ëÿïóíîâà;
êðèòè÷íèé âèïàäîê; ëiíiéíà ñòàáiëiçàöiÿ; ëiíiéíi êåðóâàííÿ.
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Ñòiéêiñòü ìiíiìàëüíèõ ïîâåðõîíü

ó ñóáðiìàíîâîìó ìíîãîâèäi Ẽ(2)

Ó ðîáîòi äîñëiäæóþòüñÿ ãëàäêi îði¹íòîâàíi ïîâåðõíi â óíiâåðñàëüíîìó
íàêðèòòi ãðóïè âëàñíèõ ðóõiâ åâêëiäîâî¨ ïëîùèíè, ùî ìà¹ ëiâîiíâàði-
àíòíó ñòðóêòóðó òðèâèìiðíîãî ñóáðiìàíîâîãî ìíîãîâèäà. Öÿ ñòðóêòóðà
áóäó¹òüñÿ ÿê îáìåæåííÿ åâêëiäîâî¨ ìåòðèêè ãðóïè íà äåÿêèé öiëêîì
íåiíòåãðîâíèé ëiâîiíâàðiàíòíèé ðîçïîäië. Ñóáðiìàíîâà ïëîùà ïîâåðõíi
âèçíà÷à¹òüñÿ ÿê iíòåãðàë äîâæèíè îðòîãîíàëüíî¨ ïðî¹êöi¨ îäèíè÷íîãî
íîðìàëüíîãî ïîëÿ ïîâåðõíi íà öåé ðîçïîäië. Îá÷èñëåíî ôîðìóëó ïåðøî¨
âàðiàöi¨ ñóáðiìàíîâî¨ ïëîùi ïîâåðõíi, ç ÿêî¨ âèâåäåíî êðèòåðié ìiíiìàëü-
íîñòi. Òóò ìè ðîçóìi¹ìî ïiä ìiíiìàëüíèìè ïîâåðõíi, ùî ¹ êðèòè÷íèìè
òî÷êàìè ôóíêöiîíàëà ñóáðiìàíîâî¨ ïëîùi ïiä äi¹þ íîðìàëüíèõ âàðiàöié
ç êîìïàêòíèìè íîñiÿìè. Âñòàíîâëåíî, ùî òàêà ìiíiìàëüíiñòü ó äàíî-
ìó âèïàäêó íå ¹ åêâiâàëåíòíîþ äî ðiâíîñòi íóëþ ñóáðiìàíîâî¨ ñåðåäíüî¨
êðèâèíè ïîâåðõíi. Ïîêàçàíî, ùî åâêëiäîâà ïëîùèíà ¹ ìiíiìàëüíîþ òîäi
é òiëüêè òîäi, êîëè âîíà ïàðàëåëüíà àáî îðòîãîíàëüíà äî îñi z (äå êî-
îðäèíàòà z âiäïîâiäà¹ êóòó îáåðòàííÿ âëàñíîãî ðóõó). Îòðèìàíî óìîâó
ìiíiìàëüíîñòi äëÿ ÿâíî çàäàíî¨ ïîâåðõíi òà íàâåäåíi ïðèêëàäè òàêèõ ïî-
âåðõîíü. Ðîçãëÿíóòi ïðèêëàäè äåìîíñòðóþòü, çîêðåìà, ùî ç ìiíiìàëü-
íîñòi ïîâåðõíi ó ðiìàíîâîìó (ó äàíîìó âèïàäêó åâêëiäîâîìó) ñåíñi íå
âèïëèâà¹ ¨¨ ñóáðiìàíîâà ìiíiìàëüíiñòü òà íàâïàêè.

Äàëi ðîçãëÿäà¹òüñÿ ïèòàííÿ ïðî ñòiéêiñòü ìiíiìàëüíèõ ïîâåðõîíü. Äëÿ
öüîãî âèâåäåíî ôîðìóëó äðóãî¨ âàðiàöi¨ ñóáðiìàíîâî¨ ïëîùi. Çà ¨¨ äîïî-
ìîãîþ âñòàíîâëåíî, ùî ìiíiìàëüíi åâêëiäîâi ïëîùèíè ¹ ñòiéêèìè. Ââåäå-
íî êëàñ ïîâåðõîíü, äëÿ ÿêèõ äîòè÷íi ïëîùèíè ïåðïåíäèêóëÿðíi äî ïëî-
ùèí ðîçïîäiëó ñóáðiìàíîâî¨ ñòðóêòóðè, i ÿêi ìè çâåìî âåðòèêàëüíèìè.

50

https://doi.org/10.26565/2221-5646-2023-98-04
https://orcid.org/0009-0003-4226-8603
https://orcid.org/0000-0003-2340-5038


ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì98 (2023) 51

Çîêðåìà, äëÿ òàêèõ ïîâåðõîíü ôîðìóëà äðóãî¨ âàðiàöi¨ ñóòò¹âî ñïðî-
ùó¹òüñÿ. Ïîêàçàíî, ùî ïîâíi çâ'ÿçíi âåðòèêàëüíi ìiíiìàëüíi ïîâåðõíi
âè÷åðïóþòüñÿ åâêëiäîâèìè ïëîùèíàìè òà ãåëiêî¨äàìè, ïðè÷îìó ãåëiêî¨-
äè íåñòiéêi. Çâiäñè âèïëèâà¹ ðåçóëüòàò òèïó Áåðíøòåéíà: ïîâíà çâ'ÿçíà
âåðòèêàëüíà ìiíiìàëüíà ïîâåðõíÿ ¹ ñòiéêîþ òîäi é òiëüêè òîäi, êîëè öå
åâêëiäîâà ïëîùèíà, ùî îðòîãîíàëüíà äî îñi z.

Keywords: ñóáðiìàíîâèé ìíîãîâèä; ëiâîiíâàðiàíòíà ìåòðèêà; ìi-
íiìàëüíà ïîâåðõíÿ; ñòiéêiñòü.

2010 Mathematics Subject Classi�cation: 53C40; 53C17; 53C42.

1. Âñòóï

Âiäîìî, ùî ó òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði ïîâíà çâ'ÿçíà ìiíiìàëü-
íà ïîâåðõíÿ ¹ ñòiéêîþ òîäi é òiëüêè òîäi, êîëè ¹ ïëîùèíîþ. Öåé ðåçóëüòàò
áóâ îòðèìàíèé íåçàëåæíî Î. Â. Ïîãîð¹ëîâèì, Ì. äî Êàðìî i Ê. Ê. Ïåíãîì
òà Ä. Ôiøåð-Êîëáði i Ð. Øîåíîì (äèâ., íàïðèêëàä, [3]). Âií óçàãàëüíþ¹ êëà-
ñè÷íó òåîðåìó Ñ. Í. Áåðíøòåéíà, çãiäíî ç ÿêîþ áóäü-ÿêà ïîâíà ÿâíî çàäàíà
ìiíiìàëüíà ïîâåðõíÿ ¹ ïëîùèíîþ. Ó [4] áóëî ââåäåíå ïîíÿòòÿ ìiíiìàëüíî¨
ïîâåðõíi â ñóáðiìàíîâîìó ìíîãîâèäi. Ó ïîäàëüøîìó òàêi ïîâåðõíi òà ¨õíÿ
ñòiéêiñòü âèâ÷àëèñÿ ó ðiçíèõ ñóáðiìàíîâèõ ãåîìåòðiÿõ, çîêðåìà, ó ñóáðiìàíî-
âié òðèâèìiðíié ãðóïi Ãåéçåíáåðãà (äèâ. êîðîòêèé îãëÿä ó [8]). Çîêðåìà, ó [2]
òà [7] (äèâ. òàêîæ [1]) áóëè îòðèìàíi ðåçóëüòàòè òèïó Áåðíøòåéíà, òîáòî îïèñ
ñòiéêèõ ìiíiìàëüíèõ ïîâåðõîíü, ó öié ãðóïi. Òàêîæ ìiíiìàëüíi ïîâåðõíi äîñëi-
äæóâàëèñÿ ó ò. çâ. òðèâèìiðíié ñóáðiìàíîâié ñôåði ([6]) i ãðóïi âëàñíèõ ðóõiâ
åâêëiäîâî¨ ïëîùèíè òà ¨¨ óíiâåðñàëüíîìó íàêðèòòi ([5], äå îáãîâîðþâàëîñÿ òà-
êîæ çàñòîñóâàííÿ òàêèõ ïîâåðõîíü äî çàäà÷ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ó
íåéðîáiîëîãi¨, i [9]), àëå ïèòàííÿ ñòiéêîñòi íå ðîçãëÿäàëèñÿ. Ñàìå îñòàííþ çi
çãàäàíèõ ãåîìåòðié ìè áóäåìî äîñëiäæóâàòè â äàíié ðîáîòi.

2. Îñíîâíi ïîíÿòòÿ òà ïðèêëàäè

Ñóáðiìàíîâèì ìíîãîâèäîì çâåòüñÿ ãëàäêèé ìíîãîâèä M ðàçîì ç öiëêîì
íåiíòåãðîâíèì ãëàäêèì âåêòîðíèì ðîçïîäiëîì H íà M (âií çâåòüñÿ ãîðèçîí-
òàëüíèì ðîçïîäiëîì) i ãëàäêèì ïîëåì åâêëiäîâèõ ñêàëÿðíèõ äîáóòêiâ ⟨·, ·⟩H
íà H (ñóáðiìàíîâîþ ìåòðèêîþ). Çîêðåìà, ÿêùî M ðiìàíîâèé, òî ñóáðiìà-
íîâó ìåòðèêó ìîæíà ïîáóäóâàòè ÿê îáìåæåííÿ íà H ðiìàíîâî¨ ìåòðèêè M .
Ñàìå òàêó êîíñòðóêöiþ ìè é áóäåìî ðîçãëÿäàòè â ïîäàëüøîìó.

Àêòèâíî äîñëiäæóâàíèì ïðèêëàäîì ñóáðiìàíîâîãî ìíîãîâèäà ¹ òðè-
âèìiðíà ãðóïà Ãåéçåíáåðãà H1. Öå ïðîñòið R3 ç êîîðäèíàòàìè (x, y, z),
íà ÿêîìó ñòðóêòóðà ãðóïè Ëi çàäà¹òüñÿ ìíîæåííÿì (x, y, z)(x′, y′, z′) =(
x+ x′, y + y′, z + z′ + 1

2(xy
′ − yx′)

)
i âèçíà÷à¹ íàñòóïíèé áàçèñ ëiâîiíâàði-

àíòíèõ âåêòîðíèõ ïîëiâ:

X1 =
∂
∂x − y

2
∂
∂z , X2 =

∂
∂y + x

2
∂
∂z , X3 =

∂
∂z .
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Ðîçãëÿíåìî íà H1 ðiìàíîâó ìåòðèêó ⟨·, ·⟩ òàêó, ùî {X1, X2, X3} ¹ îðòîíîð-
ìîâàíèì áàçèñîì ó êîæíié òî÷öi. Ó ÿêîñòi ãîðèçîíòàëüíîãî ðîçïîäiëó H âi-
çüìåìî ðîçïîäië, ùî ïîðîäæåíèé áàçèñîì {X1, X2}, à ó ÿêîñòi ñóáðiìàíîâî¨
ìåòðèêè ⟨·, ·⟩H � îáìåæåííÿ ⟨·, ·⟩ íà H.

Íåõàé Σ � ãëàäêà îði¹íòîâàíà ïîâåðõíÿ ó òðèâèìiðíîìó ñóáðiìàíîâîìó
ìíîãîâèäiM , ñóáðiìàíîâà ìåòðèêà ⟨·, ·⟩H ÿêîãî áóäó¹òüñÿ ÿê îáìåæåííÿ íà H
äåÿêî¨ ðiìàíîâî¨ ìåòðèêè M . Ñèíãóëÿðíà ìíîæèíà Σ0 öi¹¨ ïîâåðõíi ñêëàäà-
¹òüñÿ ç òèõ ¨¨ òî÷îê p, äëÿ ÿêèõ äîòè÷íà ïëîùèíà TpΣ çáiãà¹òüñÿ ç Hp (ñèí-
ãóëÿðíèõ ). Âiäîìî, ùî Σ0 ìà¹ íóëüîâó ðiìàíîâó ïëîùó â ñèëó ïîâíî¨ íåiíòå-
ãðîâíîñòi ðîçïîäiëó H. ßêùî N � îäèíè÷íå íîðìàëüíå ïîëå Σ ó ðiìàíîâîìó
ñåíñi, òî ìîæíà îïèñàòè ñèíãóëÿðíó ìíîæèíó ÿê

Σ0 = {p ∈ Σ | Nh(p) = 0},

äå Nh � îðòîãîíàëüíà ïðîåêöiÿ ïîëÿ N íà H. Ðåøòó òî÷îê ïîâåðõíi áóäåìî
íàçèâàòè ðåãóëÿðíèìè. Ñóáðiìàíîâà ïëîùà îáëàñòi D ⊂ Σ âèçíà÷à¹òüñÿ ÿê

A(D) =
∫
D

|Nh| dΣ,

äå dΣ � ðiìàíîâà ôîðìà ïëîùi Σ. Íîðìàëüíîþ âàðiàöi¹þ ïîâåðõíi Σ, ùî
çàäàíà ãëàäêîþ ôóíêöi¹þ u, áóäåìî íàçèâàòè âiäîáðàæåííÿ φ : Σ × I → M ,
ùî âèçíà÷åíå óìîâîþ

φs(p) = expp(s u(p)N(p)).

Òóò I � äåÿêèé îêië íóëÿ â R, à expp � ðiìàíîâå åêñïîíåíöiéíå âiäîáðàæåííÿ.
Iíøèìè ñëîâàìè, ìè áóäó¹ìî âàðiàöiþ òðàäèöiéíèì äëÿ ðiìàíîâî¨ ãåîìåòði¨
÷èíîì, âèïóñêàþ÷è ãåîäåçè÷íi ç òî÷êè p ó íàïðÿìêó u(p)N(p). Ïîçíà÷èìî
÷åðåç A(s) = A(Σs) ñóáðiìàíîâó ïëîùó ïîâåðõíi âàðiàöi¨ Σs = φs(Σ), ùî
âiäïîâiäà¹ ïàðàìåòðó s (äëÿ îá÷èñëåííÿ ïåðøî¨ òà äðóãî¨ âàðiàöié äîñòàòíüî
çíàéòè ïëîùó îáðàçó íîñiÿ u, çàìèêàííÿ ÿêîãî ââàæàòèìåìî êîìïàêòíèì).
Òîäi A′(0) çâåòüñÿ ïåðøîþ (íîðìàëüíîþ) âàðiàöi¹þ ïëîùi, ùî âiäïîâiäà¹ φ,
à A′′(0) � äðóãîþ. Ïîâåðõíÿ Σ íàçèâà¹òüñÿ ìiíiìàëüíîþ, ÿêùî A′(0) = 0 äëÿ
áóäü-ÿêèõ íîðìàëüíèõ âàðiàöié ç êîìïàêòíèì íîñi¹ì ó Σ \ Σ0. Çàóâàæèìî,
ùî òóò ìè òàêîæ ñëiäó¹ìî ðiìàíîâié òðàäèöi¨, íàçèâàþ÷è ìiíiìàëüíèìè ïî-
âåðõíÿìè ñòàöiîíàðíi òî÷êè ñóáðiìàíîâîãî ôóíêöiîíàëà ïëîùi. Ìiíiìàëüíà
ïîâåðõíÿ Σ çâåòüñÿ ñòiéêîþ, ÿêùî A′′(0) ⩾ 0 äëÿ áóäü-ÿêèõ íîðìàëüíèõ âà-
ðiàöié ç êîìïàêòíèì íîñi¹ì ó Σ \ Σ0. Ó [2] òà [7] áóëî, çîêðåìà, âñòàíîâëåíî,
ùî ó ñóáðiìàíîâié òðèâèìiðíié ãðóïi Ãåéçåíáåðãà ïîâíà çâ'ÿçíà ìiíiìàëüíà
ïîâåðõíÿ ç ïîðîæíüîþ ñèíãóëÿðíîþ ìíîæèíîþ ¹ ñòiéêîþ òîäi é òiëüêè òî-
äi, êîëè öÿ ïîâåðõíÿ ¹ âåðòèêàëüíîþ (òîáòî ïàðàëåëüíîþ îñi z) åâêëiäîâîþ
ïëîùèíîþ, ùî ¹ ïðèêëàäîì ðåçóëüòàòó òèïó Áåðíøòåéíà.

Ó äàíié ðîáîòi ìè ðîçãëÿäàòèìåìî ìíîãîâèä Ẽ(2), ùî âèçíà÷à¹òüñÿ ÿê
óíiâåðñàëüíå íàêðèòòÿ ãðóïè âëàñíèõ ðóõiâ ïëîùèíè. Öå ïðîñòið R3 ç êî-
îðäèíàòàìè (x, y, z) (äå (x, y) âiäïîâiäà¹ ïàðàëåëüíîìó ïåðåíåñåííþ, à z �
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êóòó îáåðòàííÿ), íà ÿêîìó ñòðóêòóðà ãðóïè Ëi çàäà¹òüñÿ ìíîæåííÿì ðóõiâ
(x, y, z)(x′, y′, z′) = (x+ x′ cos z− y′ sin z, y+ x′ sin z+ y′ cos z, z+ z′) i âèçíà÷à¹
òàêèé áàçèñ ëiâîiíâàðiàíòíèõ âåêòîðíèõ ïîëiâ:

X1 = cos z ∂
∂x + sin z ∂

∂y , X2 =
∂
∂z , X3 = sin z ∂

∂x − cos z ∂
∂y . (1)

Íåíóëüîâèìè ïîïàðíèìè äóæêàìè Ëi öèõ ïîëiâ ¹

[X1, X2] = −[X2, X1] = X3, [X2, X3] = −[X3, X2] = X1. (2)

Ðîçãëÿíåìî íà Ẽ(2) ðiìàíîâó ìåòðèêó ⟨·, ·⟩, äëÿ ÿêî¨ {X1, X2, X3} ¹ îðòîíîð-
ìîâàíèì áàçèñîì ó êîæíié òî÷öi. Çàóâàæèìî, ùî âîíà âèÿâëÿ¹òüñÿ åâêëiäî-
âîþ. Ó ÿêîñòi ãîðèçîíòàëüíîãî ðîçïîäiëó H ðîçãëÿíåìî ðîçïîäië, ùî íàòÿ-
ãíóòèé íà áàçèñ {X1, X2}, à ó ÿêîñòi ⟨·, ·⟩H � îáìåæåííÿ åâêëiäîâî¨ ìåòðèêè
íà H. Íåõàé ∇ � çâ'ÿçíiñòü Ëåâi-×iâiòà ìåòðèêè ⟨·, ·⟩. Ç ôîðìóëè Êîøóëÿ
òà (2) (àáî ïðîñòî ç (1) i òîãî, ùî ∇ ïëàñêà) òîäi îòðèìó¹ìî

∇X1X1 = ∇X1X2 = ∇X1X3 = ∇X2X2 = ∇X3X1 =
= ∇X3X2 = ∇X3X3 = 0, ∇X2X1 = −X3, ∇X2X3 = X1.

(3)

Îïåðàòîð êðèâèíè ⟨·, ·⟩ íóëüîâèé, îñêiëüêè öÿ ìåòðèêà åâêëiäîâà.

3. Ôîðìóëè ïåðøî¨ òà äðóãî¨ âàðiàöi¨

Íåõàé òåïåð Σ � ãëàäêà îði¹íòîâàíà ïîâåðõíÿ ó Ẽ(2). Ââåäåìî äåÿêi äî-
äàòêîâi ïîçíà÷åííÿ. Íà ðåãóëÿðíié ÷àñòèíi Σ \ Σ0 ïîâåðõíi âèçíà÷èìî ãîðè-
çîíòàëüíå ãàóñîâå âiäîáðàæåííÿ νh = Nh

|Nh| òà õàðàêòåðèñòè÷íå âåêòîðíå

ïîëå Z, ÿêå ó êîæíié ðåãóëÿðíié òî÷öi p ïîâåðõíi Σ óòâîðþ¹òüñÿ ç νh(p) îáåð-
òàííÿì íà ïðÿìèé êóò ó ïëîùèíi Hp (â îði¹íòàöi¨, ùî âèçíà÷åíà âåêòîðîì
íîðìàëi X3(p) öi¹¨ ïëîùèíè). Öå ïîëå ¹ äîòè÷íèì äî Σ çà ïîáóäîâîþ. Ïîçíà-
÷èìî ÷åðåç S = ⟨N,X3⟩νh − |Nh|X3 âåêòîðíå ïîëå, ùî äîïîâíþ¹ Z ó êîæíié
ðåãóëÿðíié òî÷öi ïîâåðõíi äî îðòîíîðìîâàíîãî áàçèñó ¨¨ äîòè÷íî¨ ïëîùèíè.
×åðåç B ïîçíà÷àòèìåìî (ðiìàíîâèé) îïåðàòîð Âåéíãàðòåíà ïîâåðõíi Σ âiäíî-
ñíî N , ùî âèçíà÷à¹òüñÿ äëÿ áóäü-ÿêîãî äîòè÷íîãî äî Σ âåêòîðíîãî ïîëÿ W
óìîâîþ B(W ) = −∇WN .

Òåîðåìà 1 (Ôîðìóëà ïåðøî¨ âàðiàöi¨). Íåõàé Σ � ïîâåðõíÿ ó Ẽ(2). Òîäi
ïåðøà íîðìàëüíà âàðiàöiÿ ¨¨ ïëîùi, ùî çàäàíà ôóíêöi¹þ u, ìà¹ íàñòóïíèé
âèãëÿä:

A′(0) =
∫

Σ\Σ0

|Nh|−1 (−⟨B(Z), Z⟩+ ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)u dΣ. (4)

Äîâåäåííÿ. Çàñòîñó¹ìî òóò òåõíiêó, àíàëîãi÷íó äî âèêîðèñòàíî¨ ó ðîáî-
òi [7]. Ïîçíà÷èìî ÷åðåç N ðiìàíîâå îäèíè÷íå íîðìàëüíå ïîëå ïîâåðõîíü íîð-
ìàëüíî¨ âàðiàöi¨ φ : Σ×I → M , à ÷åðåçNh = N−⟨N,X3⟩X3 � éîãî îðòîãîíàëü-
íó ïðîåêöiþ íà H (ñóáðiìàíîâå íîðìàëüíå ïîëå). Ïîáóäó¹ìî íà ïiäìíîæèíàõ
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ðåãóëÿðíèõ òî÷îê ïîâåðõîíü âàðiàöi¨ ïîëÿ νh, Z òà S ÿê âêàçàíî âèùå. Çà
îçíà÷åííÿì ñóáðiìàíîâî¨ ïëîùi ìà¹ìî

A(s) = A(Σs) =
∫
Σs

|Nh| dΣs =
∫

Σ\Σ0

|Nh ◦ φs| |Jφs| dΣ,

äå dΣs � ðiìàíîâà ôîðìà ïëîùi ïîâåðõíi Σs, φs : Σ → Σs � äèôåîìîðôiçì âà-
ðiàöi¨, ùî âiäïîâiäà¹ ïàðàìåòðó s ∈ I, à Jφs � éîãî ÿêîáiàí. Îñòàííÿ ðiâíiñòü
àíàëîãi÷íà ôîðìóëi ðiìàíîâî¨ ïëîùi ïîâåðõíi âàðiàöi¨ (äèâ., íàïðèêëàä, [10,
ñ. 49]). ßê çãàäóâàëîñÿ âèùå, òóò äîñòàòíüî iíòåãðóâàòè ïî íîñiþ u. Äàëi
ïîçíà÷àòèìåìî |Nh|(s) = |Nh ◦ φs|. Òîäi

A′(s) =
∫

Σ\Σ0

(|Nh|′(s)|Jφs|+ |Nh|(s)|Jφs|′(s)) dΣ (5)

i, îñêiëüêè |Jφ0| = 1,

A′(0) =
∫

Σ\Σ0

(|Nh|′(0) + |Nh|(0)|Jφs|′(0)) dΣ. (6)

Ïðîâåäåìî äåÿêi äîïîìiæíi îá÷èñëåííÿ. Äèôåðåíöiþþ÷è ðiâíiñòü Nh =
N − ⟨N,X3⟩X3 ó íàïðÿìêó äîâiëüíîãî âåêòîðà v, îòðèìó¹ìî

∇vNh = ∇vN − ⟨∇vN,X3⟩X3 − ⟨N,∇vX3⟩X3 − ⟨N,X3⟩∇vX3 =
= (∇vN)h − ⟨N,∇vX3⟩X3 − ⟨N,X3⟩∇vX3.

(7)

Ó ðåãóëÿðíèõ òî÷êàõ ïîâåðõîíü âàðiàöi¨ çíà÷åííÿ ïîëiâ νh, Z òà X3 óòâîðþ-
þòü îðòîíîðìîâàíi áàçèñè i ⟨∇vνh, νh⟩ = 0, òîìó

∇vνh = ⟨∇vνh, Z⟩Z + ⟨∇vνh, X3⟩X3,

äå, îñêiëüêè νh = |Nh|−1Nh, à Z i Nh îðòîãîíàëüíi,

⟨∇vνh, Z⟩ = |Nh|−1⟨∇vNh, Z⟩ = |Nh|−1 (⟨∇vN,Z⟩ − ⟨N,X3⟩⟨∇vX3, Z⟩)

â ñèëó (7), îòæå

∇vνh = |Nh|−1 (⟨∇vN,Z⟩ − ⟨N,X3⟩⟨∇vX3, Z⟩)Z − ⟨νh,∇vX3⟩X3. (8)

Òàêîæ ó ðåãóëÿðíèõ òî÷êàõ |Nh| = ⟨Nh, νh⟩, òîìó ïîõiäíà öi¹¨ ôóíêöi¨ ó
íàïðÿìêó v äîðiâíþ¹

v(|Nh|) = ⟨∇vNh, νh⟩+ ⟨Nh,∇vνh⟩ = ⟨∇vNh, νh⟩,

áî ⟨νh,∇vνh⟩ = 0. Çâiäñè i ç (7) òîäi âèïëèâà¹

v(|Nh|) = ⟨∇vN, νh⟩ − ⟨N,X3⟩⟨∇vX3, νh⟩. (9)
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Çà ïîáóäîâîþ íîðìàëüíî¨ âàðiàöi¨ φ ó åâêëiäîâîìó ïðîñòîði ïîëå dφ
(

∂
∂s

)
äîðiâíþ¹ U = uN(0), äå N(0) � ïàðàëåëüíî ïåðåíåñåíå óçäîâæ íîðìàëåé äî
ïîâåðõíi Σ ¨ ¨ îäèíè÷íå íîðìàëüíå ïîëå. Çâiäñè i ç (9) âèïëèâà¹, ùî

|Nh|′(s) = U(|Nh|) = ⟨∇UN, νh⟩ − ⟨N,X3⟩⟨∇UX3, νh⟩. (10)

Îñêiëüêè ó ðåãóëÿðíèõ òî÷êàõ çíà÷åííÿ ïîëiâ Z, S òà N óòâîðþþòü îðòî-
íîðìîâàíi áàçèñè i ⟨∇UN,N⟩ = 0,

∇UN = ⟨∇UN,Z⟩Z + ⟨∇UN,S⟩S =
= −⟨N,∇UZ⟩Z − ⟨N,∇US⟩S = −⟨N,∇ZU⟩Z − ⟨N,∇SU⟩S,

äå îñòàííÿ ðiâíiñòü âèïëèâà¹ ç òîãî, ùî äóæêè Ëi [U,Z] òà [U, S] ïîëÿ U
i äîòè÷íèõ ïîëiâ äî ïîâåðõîíü âàðiàöi¨ íóëüîâi. Ïî÷èíàþ÷è ç öüîãî ìiñöÿ,
ïîçíà÷àòèìåìî ÷åðåç N , Nh, νh, Z òà S âiäïîâiäíi ïîëÿ íà ïîâåðõíi Σ (îñòàííi
òðè ç ÿêèõ âèçíà÷åíi ëèøå â ¨¨ ðåãóëÿðíèõ òî÷êàõ). Îòæå, ïðè s = 0

∇UN = −⟨N,∇Z(uN)⟩Z − ⟨N,∇S(uN)⟩S = −Z(u)Z − S(u)S,

áî N îäèíè÷íå, òîìó (10) ïðèéìà¹ âèãëÿä

|Nh|′(0) = ⟨−Z(u)Z − S(u)S, νh⟩ − ⟨N,X3⟩⟨∇NX3, νh⟩u =
= −⟨N,X3⟩S(u)− |Nh|⟨N,X3⟩⟨∇νhX3, νh⟩u

(11)

â ñèëó ðiâíîñòåé S = ⟨N,X3⟩νh − |Nh|X3, N = |Nh|νh + ⟨N,X3⟩X3 i (3). ßê
ïîêàçàíî, íàïðèêëàä, ó [10, ñ. 50-51], ïåðøà ïîõiäíà ìîäóëÿ ÿêîáiàíà φs â íóëi
äîðiâíþ¹ äèâåðãåíöi¨ ïîëÿ âàðiàöi¨ U = uN :

|Jφs|′(0) = divΣ(uN) = ⟨∇Z(uN), Z⟩+ ⟨∇S(uN), S⟩ =
= (⟨∇ZN,Z⟩+ ⟨∇SN,S⟩)u = − (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u. (12)

Òàêèì ÷èíîì, âèðàç ïiä iíòåãðàëîì ó (6) ìà¹ âèãëÿä

|Nh|′(0) + |Nh||Jφs|′(0) = −⟨N,X3⟩S(u)− |Nh|⟨N,X3⟩⟨∇νhX3, νh⟩u−
−|Nh| (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u. (13)

Çðîáèìî ùå êiëüêà äîïîìiæíèõ îá÷èñëåíü. Îñêiëüêè νh = ⟨νh, X1⟩X1 +
⟨νh, X2⟩X2, ç (3) âèïëèâà¹ ∇νhX3 = ⟨νh, X2⟩X1, îòæå ìà¹ìî ⟨∇νhX3, νh⟩ =
⟨νh, X1⟩⟨νh, X2⟩. Çà ïîáóäîâîþ òîäi Z = −⟨νh, X2⟩X1 + ⟨νh, X1⟩X2, òîìó
∇ZX3 = ⟨νh, X1⟩X1 â ñèëó (3), i òàêèì ÷èíîì

⟨∇νhX3, νh⟩ = ⟨νh, X1⟩⟨νh, X2⟩ = −⟨∇ZX3, Z⟩. (14)

Çâiäñè æ ìà¹ìî

⟨∇νhX3, Z⟩ = −⟨νh, X2⟩2, ⟨∇ZX3, νh⟩ = ⟨νh, X1⟩2. (15)

Çîêðåìà, îñêiëüêè νh îäèíè÷íèé, ⟨∇ZX3, νh⟩ − ⟨∇νhX3, Z⟩ = 1.
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Çàóâàæèìî òåïåð, ùî, îñêiëüêè Z i S = ⟨N,X3⟩νh−|Nh|X3 îäèíè÷íi, à νh,
Z òà X3 óòâîðþþòü îðòîíîðìîâàíi áàçèñè â ðåãóëÿðíèõ òî÷êàõ,

divΣS = ⟨∇ZS,Z⟩+ ⟨∇SS, S⟩ = −⟨S,∇ZZ⟩ =
= −⟨S, νh⟩⟨∇ZZ, νh⟩ − ⟨S,X3⟩⟨∇ZZ,X3⟩ = ⟨N,X3⟩⟨Z,∇Zνh⟩ − |Nh|⟨Z,∇ZX3⟩.

Îñêiëüêè

∇Zνh = |Nh|−1 (⟨∇ZN,Z⟩ − ⟨N,X3⟩⟨∇ZX3, Z⟩)Z − ⟨∇ZX3, νh⟩X3

â ñèëó (8) i òîìó, âðàõîâóþ÷è (14), (15) òà îçíà÷åííÿ îïåðàòîðà Âåéíãàðòå-
íà B, ìà¹ìî

∇Zνh = −|Nh|−1 (⟨B(Z), Z⟩ − ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)Z−
−⟨νh, X1⟩2X3,

(16)

çâiäñè âèïëèâà¹ ç óðàõóâàííÿì (14)

divΣS = −⟨N,X3⟩|Nh|−1 (⟨B(Z), Z⟩ − ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)+
+|Nh|⟨νh, X1⟩⟨νh, X2⟩.

Îñêiëüêè ïîëå N îäèíè÷íå, |Nh|2 + ⟨N,X3⟩2 = 1, òîìó îñòàòî÷íî ìà¹ìî

divΣS = −|Nh|−1 (⟨N,X3⟩⟨B(Z), Z⟩ − ⟨νh, X1⟩⟨νh, X2⟩) . (17)

Çà âëàñòèâîñòÿìè äèâåðãåíöi¨ òîäi

divΣ(⟨N,X3⟩uS) = S(⟨N,X3⟩u) + ⟨N,X3⟩udivΣS =
= ⟨∇SN,X3⟩u+ ⟨N,∇SX3⟩u+ ⟨N,X3⟩S(u)−

−⟨N,X3⟩|Nh|−1 (⟨N,X3⟩⟨B(Z), Z⟩ − ⟨νh, X1⟩⟨νh, X2⟩)u =
= −⟨B(S), X3⟩u+ ⟨N,X3⟩⟨∇νhX3, N⟩u+ ⟨N,X3⟩S(u)−

−|Nh|−1⟨B(Z), Z⟩u+ |Nh|⟨B(Z), Z⟩u+ |Nh|−1⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩u,

äå ó îñòàííié ðiâíîñòi çíîâó âèêîðèñòàëè |Nh|2+ ⟨N,X3⟩2 = 1. Îñêiëüêè ïîëå
B(S) ¹ äîòè÷íèì äî ïîâåðõíi Σ,

⟨B(S), X3⟩ = ⟨B(S), S⟩⟨S,X3⟩+ ⟨B(S), Z⟩⟨Z,X3⟩ = −|Nh|⟨B(S), S⟩.

Âðàõîâóþ÷è òàêîæ, ùî ∇νhX3 îðòîãîíàëüíå äî X3, îòðèìó¹ìî

divΣ(⟨N,X3⟩uS) = |Nh| (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u+ |Nh|⟨N,X3⟩⟨∇νhX3, νh⟩u+
+⟨N,X3⟩S(u) + |Nh|−1 (−⟨B(Z), Z⟩+ ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)u.

Òàêèì ÷èíîì, ðiâíiñòü (13) íàáóâà¹ âèãëÿäó

|Nh|′(0) + |Nh||Jφs|′(0) = −divΣ(⟨N,X3⟩uS)+
+|Nh|−1 (−⟨B(Z), Z⟩+ ⟨N,X3⟩⟨⟨νh, X1⟩⟨νh, X2⟩)u.

Ïiäñòàâëÿþ÷è öå ó (6) i âðàõîâóþ÷è, ùî
∫

Σ\Σ0

divΣ(⟨N,X3⟩uS) dΣ = 0, îòðè-

ìó¹ìî ïîòðiáíó ôîðìóëó ïåðøî¨ âàðiàöi¨ (4).
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Âèñíîâîê 1 (Êðèòåðié ìiíiìàëüíîñòi). Ïîâåðõíÿ Σ ó Ẽ(2) ìiíiìàëüíà òîäi
é òiëüêè òîäi, êîëè ó âñiõ ¨¨ ðåãóëÿðíèõ òî÷êàõ

⟨B(Z), Z⟩ = ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩. (18)

Ó [7] ðîçãëÿäàëàñÿ ñóáðiìàíîâà ñåðåäíÿ êðèâèíà H = −1
2divΣνh ïîâåðõíi Σ

i áóëî ïîêàçàíî, ùî ìiíiìàëüíiñòü Σ ó ãðóïi Ãåéçåíáåðãà åêâiâàëåíòíà óìîâi
H = 0. Îá÷èñëèìî öþ ôóíêöiþ äëÿ íàøîãî âèïàäêó. Ç (8) âèïëèâà¹, ùî

∇Sνh = |Nh|−1 (⟨∇SN,Z⟩ − ⟨N,X3⟩⟨∇SX3, Z⟩)Z − ⟨∇SX3, νh⟩X3 =
= |Nh|−1

(
−⟨B(S), Z⟩ − ⟨N,X3⟩2⟨∇νhX3, Z⟩

)
Z − ⟨N,X3⟩⟨∇νhX3, νh⟩X3.

Âðàõîâóþ÷è (14), (15) i ñàìîñïðÿæåíiñòü îïåðàòîðà Âåéíãàðòåíà, îòðèìó¹ìî

∇Sνh = −|Nh|−1
(
⟨B(Z), S⟩ − ⟨N,X3⟩2⟨νh, X2⟩2

)
Z−

−⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩X3.
(19)

Çâiäñè i ç (16) ìà¹ìî

−2H = divΣνh = ⟨∇Zνh, Z⟩+ ⟨∇Sνh, S⟩ =
= |Nh|−1

(
−⟨B(Z), Z⟩+ ⟨N,X3⟩(1 + |Nh|2)⟨νh, X1⟩⟨νh, X2⟩

)
.

Ïîðiâíþþ÷è öåé âèðàç ç (18), áà÷èìî, ùî äëÿ ïîâåðõîíü ó Ẽ(2) ìiíiìàëüíiñòü,
âçàãàëi êàæó÷è, íå ðiâíîñèëüíà ðiâíîñòi ñóáðiìàíîâî¨ ñåðåäíüî¨ êðèâèíè íó-
ëþ. Çàñòîñó¹ìî òåïåð îòðèìàíèé êðèòåðié ìiíiìàëüíîñòi äî íàéïðîñòiøîãî
êëàñó ïîâåðõîíü � åâêëiäîâèõ ïëîùèí. Ìè íå âæèâàòèìåìî ñëîâà �ãîðèçîí-
òàëüíà� i �âåðòèêàëüíà� äëÿ îïèñó ðîçòàøóâàííÿ ïëîùèíè âiäíîñíî îñi z, ùîá
óíèêíóòè ïëóòàíèíè ç iíøèìè çíà÷åííÿìè öèõ ñëiâ ó äàíié ðîáîòi.

Òâåðäæåííÿ 1. Åâêëiäîâà ïëîùèíà ó Ẽ(2) ¹ ìiíiìàëüíîþ òîäi é òiëüêè
òîäi, êîëè âîíà ïàðàëåëüíà àáî îðòîãîíàëüíà äî îñi z.

Äîâåäåííÿ. Îñêiëüêè äëÿ ïëîùèíè B = 0, (18) íàáóâà¹ âèãëÿäó

⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩ = 0,

òîáòî

⟨N,X1⟩⟨N,X2⟩⟨N,X3⟩ = 0.

Îäèíè÷íèé íîðìàëüíèé âåêòîð N = a ∂
∂x + b ∂

∂y + c ∂
∂z òóò ïîñòiéíèé, i ç óðà-

õóâàííÿì (1) óìîâîþ ìiíiìàëüíîñòi òàêèì ÷èíîì ¹

(a cos z + b sin z) c (a sin z − b cos z) = 0.

Çîêðåìà, ðåãóëÿðíèìè ¹ òî÷êè, äëÿ ÿêèõ (a cos z + b sin z)2 + c2 > 0. ßêùî
ïëîùèíà ïàðàëåëüíà îñi z, òî c = 0, à ÿêùî ïåðïåíäèêóëÿðíà äî íå¨, òî
a = b = 0, òîìó òàêi ïëîùèíè ìiíiìàëüíi. Íåõàé òåïåð ïëîùèíà ïîõèëà,
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òîáòî c ̸= 0 i a2 + b2 > 0. Ïðèïóñòèìî, ùî âîíà ìiíiìàëüíà. Ç ïîïåðåäíüîãî
ðiâíÿííÿ ìà¹ìî

1
2(a

2 − b2) sin 2z − ab cos 2z = 0.

Îñêiëüêè äëÿ ïîõèëî¨ ïëîùèíè z ïðèéìà¹ óñi äiéñíi çíà÷åííÿ, òîäi a2 − b2 =
ab = 0, òîáòî a = b = 0, ïðîòèði÷÷ÿ.

Äëÿ êðàùîãî ðîçóìiííÿ êëàñó ìiíiìàëüíèõ ïîâåðõîíü äàíî¨ ãåîìåòði¨ çà-
ïèøåìî òàêîæ ðiâíÿííÿ ìiíiìàëüíîñòi äëÿ îäíîãî ç òèïiâ ÿâíî çàäàíèõ ïî-
âåðõîíü.

Òâåðäæåííÿ 2 (Êðèòåðié ìiíiìàëüíîñòi äëÿ ÿâíî çàäàíèõ ïîâåðõîíü). Íå-

õàé ïîâåðõíÿ ó Ẽ(2) çàäàíà ðiâíÿííÿì y = f(x, z). Âîíà áóäå ìiíiìàëüíîþ
òîäi é òiëüêè òîäi, êîëè

− cos2 z f2
z fxx + (2 cos2 z fxfz − sin 2zfz)fxz+

+(− cos2 z f2
x + sin 2z fx − sin2 z)fzz−

−1
2 sin 2z f

2
xfz − cos 2z fxfz +

1
2 sin 2z fz = 0

(20)

äëÿ óñiõ (x, z) òàêèõ, ùî (fx cos z − sin z)2 + f2
z > 0.

Äîâåäåííÿ. Äëÿ äàíî¨ ïîâåðõíi

N = 1
δ

(
fx

∂
∂x − ∂

∂y + fz
∂
∂z

)
=

= 1
δ ((fx cos z − sin z)X1 + fzX2 + (fx sin z + cos z)X3)

â ñèëó (1), äå ïîçíà÷èëè δ =
√
1 + f2

x + f2
z . Òîìó

Nh = 1
δ ((fx cos z − sin z)X1 + fzX2) , ⟨N,X3⟩ = 1

δ (fx sin z + cos z) .

ßêùî ïîçíà÷èòè ∆ =
√
(fx cos z − sin z)2 + f2

z , òî |Nh| = ∆
δ , óìîâîþ ðåãóëÿð-

íîñòi áóäå ∆ ̸= 0, i â ðåãóëÿðíèõ òî÷êàõ

νh = 1
∆ ((fx cos z − sin z)X1 + fzX2) ,

òîìó çà ïîáóäîâîþ

Z = 1
∆ (−fzX1 + (fx cos z − sin z)X2) =

= − 1
∆fz cos z

(
∂
∂x + fx

∂
∂y

)
+ 1

∆(fx cos z − sin z)
(

∂
∂z + fz

∂
∂y

)
.

Ïîçíà÷èìî ÷åðåç Z1 i Z2 êîåôiöi¹íòè áiëÿ áàçèñíèõ âåêòîðíèõ ïîëiâ ïîâåðõíi
∂
∂x +fx

∂
∂y i

∂
∂z +fz

∂
∂y âiäïîâiäíî ó ïîïåðåäíüîìó âèðàçi. Îñêiëüêè â êîîðäèíà-

òàõ (x, z) êîåôiöi¹íòè äðóãî¨ ôóíäàìåíòàëüíî¨ ôîðìè ÿâíî çàäàíî¨ ïîâåðõíi
ìàþòü âèãëÿä

b11 = −fxx
δ , b12 = −fxz

δ , b22 = −fzz
δ ,

ìà¹ìî ïiñëÿ ðîçêðèòòÿ äóæîê

⟨B(Z), Z⟩ = bijZ
iZj = 1

δ∆2

(
− cos2 z f2

z fxx + (2 cos2 z fxfz − sin 2zfz)fxz+
+(− cos2 z f2

x + sin 2z fx − sin2 z)fzz
)
.
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Òîäi â ñèëó (18), ïðèðiâíþþ÷è öåé âèðàç äî

⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩ = 1
δ∆2 (fx sin z + cos z)(fx cos z − sin z)fz,

îòðèìà¹ìî óìîâó ìiíiìàëüíîñòi, ùî ìà¹ âèãëÿä (20).

Êðiì îðòîãîíàëüíèõ äî îñi z ïëîùèí y = a x + b, ïðèêëàäàìè ðîçâ'ÿçêiâ
ðiâíÿííÿ (20) ¹ çíàéäåíi ó [9] ïîâåðõíi y = a cos z + b òà y = x + a(sin z +
cos z)+b, äå a i b ïîñòiéíi. Àíàëîãi÷íi ðiâíÿííÿ ìîæíà âèïèñàòè äëÿ ïîâåðõîíü
âèãëÿäó x = f(y, z) i z = f(x, y). Íàâåäåíi ïðèêëàäè äåìîíñòðóþòü, çîêðåìà,
ùî ç ìiíiìàëüíîñòi ïîâåðõíi ó åâêëiäîâîìó ñåíñi íå âèïëèâà¹ ¨¨ ñóáðiìàíîâà
ìiíiìàëüíiñòü òà íàâïàêè. Òåïåð ïåðåéäåìî äî ïèòàííÿ ïðî ñòiéêiñòü òàêèõ
ïîâåðõîíü, îá÷èñëèâøè äðóãó âàðiàöiþ ñóáðiìàíîâî¨ ïëîùi.

Òåîðåìà 2 (Ôîðìóëà äðóãî¨ âàðiàöi¨). Íåõàé Σ � ìiíiìàëüíà ïîâåðõíÿ ó

Ẽ(2). Òîäi äðóãà íîðìàëüíà âàðiàöiÿ ¨¨ ïëîùi, ùî çàäàíà ôóíêöi¹þ u, ìà¹
íàñòóïíèé âèãëÿä:

A′′(0) =
∫

Σ\Σ0

(
|Nh|−1

(
Z(u)− ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)2−
−2|Nh|⟨B(Z), S⟩2u2 − 2⟨N,X3⟩⟨B(Z), S⟩Z(u)u+

+4⟨N,X3⟩|Nh|⟨νh, X1⟩⟨νh, X2⟩⟨B(S), S⟩u2+
+2
(
1− 2|Nh|2

)
⟨νh, X1⟩⟨νh, X2⟩S(u)u+

+ |Nh|
(
2− 3|Nh|2

)
⟨νh, X1⟩2⟨νh, X2⟩2u2

)
dΣ.

(21)

Äîâåäåííÿ. Ïðîäîâæèìî ìiðêóâàííÿ ç äîâåäåííÿ òåîðåìè 1. Ñïî÷àòêó
çíîâó ââàæàòèìåìî ïîëÿ N , Nh, νh, Z òà S çàäàíèìè íà ïîâåðõíÿõ âàðià-
öi¨. Ç (5) òà ðiâíîñòi |Jφ0| = 1 âèïëèâà¹

A′′(0) =
∫

Σ\Σ0

(|Nh|′′(0) + 2|Nh|′(0)|Jφs|′(0) + |Nh|(0)|Jφs|′′(0)) dΣ. (22)

Ïåðø çà âñå, ïåðåïèøåìî ôîðìóëó (10) ó áiëüø çðó÷íîìó äëÿ ïîäàëüøîãî
äèôåðåíöiþâàííÿ âèãëÿäi. Â ñèëó (3),

∇UX3 = ⟨U,X2⟩X1 = u⟨N(0), X2⟩X1,
∇UX1 = −⟨U,X2⟩X3 = −u⟨N(0), X2⟩X3,

(23)

îòæå (10) ïðèéìà¹ âèãëÿä

|Nh|′(s) = ⟨∇UN, νh⟩ − ⟨N,X3⟩u⟨N(0), X2⟩⟨νh, X1⟩.

Òóò u òà ⟨N(0), X2⟩ íå çàëåæàòü âiä s, òîìó, äèôåðåíöiþþ÷è, îòðèìó¹ìî

|Nh|′′(s) = U(|Nh|′) = ⟨∇U∇UN, νh⟩+ ⟨∇UN,∇Uνh⟩−
− (⟨∇UN,X3⟩+ ⟨N,∇UX3⟩) ⟨N(0), X2⟩⟨νh, X1⟩u−
−⟨N,X3⟩⟨N(0), X2⟩ (⟨∇Uνh, X1⟩+ ⟨νh,∇UX1⟩)u.

(24)
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Òàêîæ ç (8), (23) òà ðiâíîñòi ⟨Z,X1⟩ = −⟨νh, X2⟩ âèïëèâà¹, ùî

∇Uνh = |Nh|−1 (⟨∇UN,Z⟩ − ⟨N,X3⟩⟨∇UX3, Z⟩)Z − ⟨∇UX3, νh⟩X3 =
= |Nh|−1 (⟨∇UN,Z⟩+ ⟨N,X3⟩⟨N(0), X2⟩⟨νh, X2⟩u)Z−

−⟨N(0), X2⟩⟨νh, X1⟩uX3.
(25)

Ïiäðàõó¹ìî çíà÷åííÿ äîäàíêiâ âèðàçó (24) ïðè s = 0. Îñêiëüêè ïîëÿ Z, S
òà N óòâîðþþòü îðòîíîðìîâàíi áàçèñè ó ðåãóëÿðíèõ òî÷êàõ ïîâåðõîíü âàði-
àöi¨, à νh îðòîãîíàëüíå äî Z,

⟨∇U∇UN, νh⟩ = ⟨∇U∇UN,S⟩⟨S, νh⟩+ ⟨∇U∇UN,N⟩⟨N, νh⟩ =
= −⟨N,X3⟩ (2⟨∇UN,∇US⟩+ ⟨N,∇U∇US⟩)− |Nh|⟨∇UN,∇UN⟩ =
= −⟨N,X3⟩ (2⟨∇UN,∇SU⟩+ ⟨N,∇U∇SU⟩)− |Nh|⟨∇UN,∇UN⟩,

äå äðóãà ðiâíiñòü âèïëèâà¹ ç òîãî, ùî äðóãi ïîõiäíi âèðàçiâ ⟨N,S⟩ = 0 òà
⟨N,N⟩ = 1 ó íàïðÿìêó U ðiâíi íóëþ, à òðåòÿ � ç [S,U ] = 0. Òóò ∇U∇SU
äîðiâíþ¹ îïåðàòîðó êðèâèíè åâêëiäîâî¨ ìåòðèêè R(U, S)U = 0, áî ∇UU =
[U, S] = 0. Ïðè s = 0, ÿê áóëî âñòàíîâëåíî ó äîâåäåííi òåîðåìè 1 ïåðåä
ðiâíÿííÿìè (11), ∇UN = −Z(u)Z − S(u)S, òîìó

⟨∇UN,∇SU⟩(0) = −⟨Z(u)Z + S(u)S,∇SN⟩u =
= (⟨B(S), Z⟩Z(u) + ⟨B(S), S⟩S(u))u = B(S)(u)u

çà îçíà÷åííÿì îïåðàòîðà Âåéíãàðòåíà i îñêiëüêè Z òà S ó ðåãóëÿðíèõ òî÷êàõ
óòâîðþþòü îðòîíîðìîâàíi áàçèñè äîòè÷íèõ ïëîùèí. Òóò ó ïðàâié ÷àñòèíi é
äàëi òåïåð ïîçíà÷à¹ìî ÷åðåç N , Nh, νh, Z òà S âiäïîâiäíi ïîëÿ íà ïîâåðõíi Σ.
Òàêèì ÷èíîì,

⟨∇U∇UN, νh⟩(0) = −2⟨N,X3⟩B(S)(u)u− |Nh|(Z(u)2 + S(u)2). (26)

Ïðè s = 0 ðiâíÿííÿ (25) ïðèéìà¹ âèãëÿä

∇Uνh(0) = |Nh|−1 (−Z(u) + ⟨N,X3⟩⟨N,X2⟩⟨νh, X2⟩u)Z−
−⟨N,X2⟩⟨νh, X1⟩uX3 = |Nh|−1

(
−Z(u) + ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)
Z−

−|Nh|⟨νh, X1⟩⟨νh, X2⟩uX3.
(27)

Çâiäñè ìà¹ìî ç óðàõóâàííÿì ôîðìóëè S = ⟨N,X3⟩νh − |Nh|X3

⟨∇UN,∇Uνh⟩(0) = |Nh|−1Z(u)2 − ⟨N,X3⟩⟨νh, X2⟩2Z(u)u−
−|Nh|2⟨νh, X1⟩⟨νh, X2⟩S(u)u,
⟨∇UN,X3⟩(0) = |Nh|S(u).

(28)

Ç (23) âèïëèâà¹, ùî

⟨N,∇UX3⟩(0) = ⟨N,X2⟩⟨N,X1⟩u = |Nh|2⟨νh, X1⟩⟨νh, X2⟩u. (29)

Ç (27) òà ðiâíîñòi ⟨Z,X1⟩ = −⟨νh, X2⟩ îòðèìó¹ìî

⟨∇Uνh, X1⟩(0) = |Nh|−1⟨νh, X2⟩Z(u)− ⟨N,X3⟩⟨νh, X2⟩3u. (30)
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Íàðåøòi, ç (23) òàêîæ ìà¹ìî

⟨νh,∇UX1⟩(0) = 0, (31)

áî νh îðòîãîíàëüíå äî X3. Ïiäñòàâèìî (26) i (28)-(31) ó (24), ïðèâåäåìî ïî-
äiáíi òà ñïðîñòèìî:

|Nh|′′(0) = −2⟨N,X3⟩B(S)(u)u− |Nh|(Z(u)2 + S(u)2)+

+|Nh|−1
(
Z(u)− ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)2−
−2|Nh|2⟨νh, X1⟩⟨νh, X2⟩S(u)u− |Nh|3⟨νh, X1⟩2⟨νh, X2⟩2u2.

(32)

ßê ïîêàçàíî, íàïðèêëàä, ó [10, ñ. 50-51], äëÿ åâêëiäîâî¨ ìåòðèêè

|Jφs|′′(0) = (divΣU)2 + ⟨∇ZU,N⟩2 + ⟨∇SU,N⟩2−
−⟨∇ZU,Z⟩2 − 2⟨∇ZU, S⟩⟨∇SU,Z⟩ − ⟨∇SU, S⟩2 =

= ⟨∇ZU,N⟩2 + ⟨∇SU,N⟩2 + 2 (⟨∇ZU,Z⟩⟨∇SU, S⟩ − ⟨∇ZU, S⟩⟨∇SU,Z⟩) .

Ïåðåïèøåìî öþ ðiâíiñòü ó òåðìiíàõ îïåðàòîðà Âåéíãàðòåíà ç óðàõóâàííÿì
éîãî ñàìîñïðÿæåíîñòi:

|Jφs|′′(0) = Z(u)2 + S(u)2 + 2
(
⟨B(Z), Z⟩⟨B(S), S⟩ − ⟨B(Z), S⟩2

)
u2. (33)

Çàëèøèëîñÿ ïiäñòàâèòè (11) (âðàõóâàâøè (14)), (12), (32) i (33) ó âèðàç ïiä
iíòåãðàëîì ôîðìóëè (22):

|Nh|′′(0) + 2|Nh|′(0)|Jφs|′(0) + |Nh||Jφs|′′(0) = −2⟨N,X3⟩⟨B(S), Z⟩Z(u)u−
−2⟨N,X3⟩⟨B(S), S⟩S(u)u+ |Nh|−1

(
Z(u)− ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)2−
−2|Nh|2⟨νh, X1⟩⟨νh, X2⟩S(u)u− |Nh|3⟨νh, X1⟩2⟨νh, X2⟩2u2+

+2⟨N,X3⟩ (S(u) + |Nh|⟨νh, X1⟩⟨νh, X2⟩u) (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u+
+2|Nh|

(
⟨B(Z), Z⟩⟨B(S), S⟩ − ⟨B(Z), S⟩2

)
u2.

Ïiñëÿ ïiäñòàíîâêè óìîâè ìiíiìàëüíîñòi ïîâåðõíi (18) òà äåÿêèõ ñïðîùåíü
çâiäñè îòðèìó¹ìî ïîòðiáíó ôîðìóëó (21).

Òâåðäæåííÿ 3. Óñi ìiíiìàëüíi åâêëiäîâi ïëîùèíè ó Ẽ(2) ¹ ñòiéêèìè.

Äîâåäåííÿ. Â ñèëó òâåðäæåííÿ 1, ìiíiìàëüíà ïëîùèíà àáî ïàðàëåëüíà
îñi z, i òîäi ⟨νh, X2⟩ = 0, àáî îðòîãîíàëüíà äî íå¨, i òîäi ⟨N,X3⟩ = ⟨νh, X1⟩ = 0.
Îñêiëüêè êðiì òîãî B = 0, ôîðìóëà (21) íàáóâà¹ âèãëÿäó

A′′(0) =
∫

Σ\Σ0

|Nh|−1Z(u)2 dΣ ⩾ 0,

ùî é îçíà÷à¹ ñòiéêiñòü.
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4. Âåðòèêàëüíi ïîâåðõíi

Ðîçãëÿíåìî ùå îäèí (êðiì åâêëiäîâèõ ïëîùèí) êëàñ ïîâåðõîíü, äëÿ ÿêèõ
ôîðìóëà äðóãî¨ âàðiàöi¨ (21) ñóòò¹âî ñïðîùó¹òüñÿ. Áóäåìî íàçèâàòè ïîâåðõ-
íþ Σ ó òðèâèìiðíîìó ñóáðiìàíîâîìó ìíîãîâèäi âåðòèêàëüíîþ, ÿêùî ¨¨ äî-
òè÷íà ïëîùèíà TpΣ ïåðïåíäèêóëÿðíà äî ãîðèçîíòàëüíî¨ ïëîùèíè ñóáðiìà-
íîâî¨ ñòðóêòóðè Hp ó êîæíié òî÷öi p ïîâåðõíi, òîáòî ¨õíi âåêòîðè íîðìàëi
îðòîãîíàëüíi. Çîêðåìà, òàêi ïîâåðõíi íå ìiñòÿòü ñèíãóëÿðíèõ òî÷îê. Ó íàøèõ

ïîçíà÷åííÿõ âåðòèêàëüíi ïîâåðõíi ó Ẽ(2) õàðàêòåðèçóþòüñÿ åêâiâàëåíòíèìè
óìîâàìè ⟨N,X3⟩ = 0, |Nh| = 1 àáîN = Nh = νh. Óìîâà (18) ìiíiìàëüíîñòi äëÿ
íèõ ïðèéìà¹ âèãëÿä ⟨B(Z), Z⟩ = 0. Çàóâàæèìî, ùî âåðòèêàëüíi åâêëiäîâi ïëî-
ùèíè ó òðèâèìiðíié ãðóïi Ãåéçåíáåðãà, ÿêèìè çãiäíî ç ðåçóëüòàòàìè ðîáiò [2]
òà [7] âè÷åðïóþòüñÿ ïîâíi çâ'ÿçíi ñòiéêi ìiíiìàëüíi ïîâåðõíi ç ïîðîæíiìè ñèí-
ãóëÿðíèìè ìíîæèíàìè, ¹ âåðòèêàëüíèìè ó öüîìó ñåíñi. ßê ïîáà÷èìî äàëi ó
äîâåäåííi òåîðåìè 3, ôîðìóëà äðóãî¨ âàðiàöi¨ äëÿ òàêèõ ïîâåðõîíü ñóòò¹âî
ñïðîùó¹òüñÿ (íà ùî ìîæíà ñïîäiâàòèñÿ i ó âèïàäêó çàãàëüíîãî òðèâèìiðíîãî
ñóáðiìàíîâîãî ìíîãîâèäà).

Åâêëiäîâà ïëîùèíà ó Ẽ(2) ¹ âåðòèêàëüíîþ òîäi é òiëüêè òîäi, êîëè âî-
íà ïåðïåíäèêóëÿðíà äî îñi z, áî óìîâà îðòîãîíàëüíîñòi ¨¨ ïîñòiéíîãî âåêòîðà
íîðìàëi N òàX3 â óñiõ òî÷êàõ ïëîùèíè åêâiâàëåíòíà N = ± ∂

∂z . Òàêi ïëîùèíè
¹ ìiíiìàëüíèìè â ñèëó òâåðäæåííÿ 1. Iíøèì ïðèêëàäîì âåðòèêàëüíî¨ ìiíi-

ìàëüíî¨ ïîâåðõíi ó Ẽ(2) ¹ ñòàíäàðòíèé ãåëiêî¨ä x cos z + y sin z = 0. Äiéñíî,
éîãî îäèíè÷íå íîðìàëüíå ïîëå N ïðîïîðöiéíå äî ãðàäi¹íòà cos z ∂

∂x +sin z ∂
∂y +

(−x sin z + y cos z) ∂
∂z , à îòæå îðòîãîíàëüíå äî X3. Ìiíiìàëüíiñòü öi¹¨ ïîâåðõ-

íi ìîæíà âñòàíîâèòè çà äîïîìîãîþ ðiâíÿííÿ (20), âèðàçèâøè y = −x ctg z
ó òî÷êàõ, äå sin z ̸= 0, àáî áåçïîñåðåäíüî ïåðåâiðèâøè óìîâó ⟨B(Z), Z⟩ = 0,
ùî áóäå çðîáëåíî ó äîâåäåííi íàñòóïíî¨ òåîðåìè. Òàêîæ âëàñòèâîñòi âåðòè-
êàëüíîñòi òà ìiíiìàëüíîñòi íå ïîðóøàòüñÿ, ÿêùî ïàðàëåëüíî ïåðåíåñòè òàêèé
ãåëiêî¨ä óçäîâæ ïëîùèíè (x, y). Âèÿâëÿ¹òüñÿ, ùî öåé ñïèñîê ïðèêëàäiâ âè÷åð-
ïíèé. Äàëi ïiä ïîâíîòîþ ìè áóäåìî ðîçóìiòè ïîâíîòó iíäóêîâàíî¨ ðiìàíîâî¨
ìåòðèêè ïîâåðõíi.

Òåîðåìà 3. Áóäü-ÿêà ïîâíà çâ'ÿçíà âåðòèêàëüíà ìiíiìàëüíà ïîâåðõíÿ

ó Ẽ(2) � öå îðòîãîíàëüíà äî îñi z åâêëiäîâà ïëîùèíà àáî ïàðàëåëüíî ïå-
ðåíåñåíèé óçäîâæ ïëîùèíè (x, y) ñòàíäàðòíèé ãåëiêî¨ä x cos z + y sin z = 0.
Ïðè öüîìó ãåëiêî¨äè ¹ íåñòiéêèìè.

Äîâåäåííÿ. Îñêiëüêè äëÿ âåðòèêàëüíî¨ ïîâåðõíi ⟨N,X3⟩ = 0 i |Nh| = 1,
â óñiõ ¨¨ òî÷êàõ S = −X3, òîáòî â ñèëó ïîâíîòè ïîâåðõíÿ ñêëàäà¹òüñÿ ç ií-
òåãðàëüíèõ òðà¹êòîðié ïîëÿ X3 � ãåîäåçè÷íèõ, ùî ¹ ãîðèçîíòàëüíèìè åâêëi-
äîâèìè ïðÿìèìè ç íàïðÿìíèìè âåêòîðàìè (sin z,− cos z, 0). Îòæå, ïîâåðõíÿ
¹ ëiíié÷àòîþ. Ïðåäñòàâèìî ¨¨ ÿê

r(ρ, φ) = (x(φ), y(φ), z(φ)) + ρ(sin z(φ),− cos z(φ), 0), (34)
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äå (x, y, z) � íàòóðàëüíî ïàðàìåòðèçîâàíà (ó åâêëiäîâîìó ñåíñi, òîáòî (x′)2+
(y′)2 + (z′)2 = 1) iíòåãðàëüíà òðà¹êòîðiÿ ïîëÿ Z, òîìó âèêîíó¹òüñÿ óìîâà

x′ sin z − y′ cos z = 0 (35)

îðòîãîíàëüíîñòi Z i S. Çîêðåìà, äëÿ ïëîùèí ìîæíà ïîêëàñòè x = φ cos z
i y = φ sin z ïðè ïîñòiéíié z, à äëÿ ãåëiêî¨äiâ � âçÿòè ïîñòiéíi x òà y i z = φ.
Äëÿ òàêî¨ ïîâåðõíi áàçèñ äîòè÷íèõ ïëîùèí óòâîðþþòü ïîëÿ

rρ = sin z ∂
∂x − cos z ∂

∂y = −S, rφ = (x′ + ρz′ cos z) ∂
∂x + (y′ + ρz′ sin z) ∂

∂y + z′ ∂
∂z ,

òîìó N = 1
δ

(
z′ cos z ∂

∂x + z′ sin z ∂
∂y − σ ∂

∂z

)
, äå ïîçíà÷à¹ìî σ = x′ cos z +

y′ sin z + z′ρ i δ =
√
(z′)2 + σ2. Òàêèì ÷èíîì, N = Nh = νh = z′

δ X1 − σ
δX2,

òîìó

Z = σ
δX1 +

z′

δ X2 =
1
δ (−x′ sin z + y′ cos z)rρ +

1
δ rφ = 1

δ rφ (36)

â ñèëó (35). Îá÷èñëþþ÷è êîåôiöi¹íòè äðóãî¨ ôóíäàìåíòàëüíî¨ ôîðìè ïî-
âåðõíi (34) ó êîîðäèíàòàõ (ρ, φ), îòðèìó¹ìî

b11 = 0, b12 =
(z′)2

δ , b22 =
1
δ ((x

′′z′ − x′z′′) cos z + (y′′z′ − y′z′′) sin z) . (37)

Çàóâàæèìî, ùî óñi öi ìiðêóâàííÿ âiðíi é äëÿ äîâiëüíèõ âåðòèêàëüíèõ ïî-
âåðõîíü. Â ñèëó (36), óìîâà ìiíiìàëüíîñòi ⟨B(Z), Z⟩ = 0 òóò åêâiâàëåíòíà
b22 = 0, òîáòî

(x′′z′ − x′z′′) cos z + (y′′z′ − y′z′′) sin z = 0.

Ç óìîâè (35) âèïëèâà¹, ùî (x′, y′) = λ(cos z, sin z) äëÿ äåÿêî¨ ôóíêöi¨ λ, òîìó
ïîïåðåäí¹ ðiâíÿííÿ íàáóâà¹ âèãëÿäó

λ′z′ − z′′λ = 0, (38)

à óìîâà íàòóðàëüíîñòi ïàðàìåòðà φ äà¹ λ2 + (z′)2 = 1. Òîìó íà ïðîìiæêàõ,
äå λ = 0, ìà¹ìî z′ = ±1, x′ = y′ = 0, òîáòî ïîâåðõíÿ (34) ¹ ñòàíäàðòíèì ãå-
ëiêî¨äîì, ùî ïàðàëåëüíî ïåðåíåñåíèé óçäîâæ ïëîùèíè (x, y). Íà ïðîìiæêàõ,

äå λ ̸= 0, óìîâà (38) îçíà÷à¹, ùî
(
z′

λ

)′
= 0, òîáòî z′ = λc äëÿ äåÿêîãî ïî-

ñòiéíîãî c. Ç óìîâè íàòóðàëüíîñòi ïàðàìåòðà òîäi îòðèìó¹ìî, ùî λ = ± 1√
1+c2

i z′ = a = ± c√
1+c2

ïîñòiéíi, îòæå z = aφ+b i (x′, y′) = λ(cos(aφ+b), sin(aφ+b)).

Òîäi ïðè a = 0 ðiâíÿííÿ (34) çàäà¹ îðòîãîíàëüíó äî îñi z ïëîùèíó, à ïðè
a ̸= 0 � çíîâó ïàðàëåëüíî ïåðåíåñåíèé ñòàíäàðòíèé ãåëiêî¨ä.

Çàëèøèëîñÿ äîñëiäèòè ãåëiêî¨äè íà ñòiéêiñòü. Äëÿ öüîãî ñïî÷àòêó ñïðî-
ñòèìî ôîðìóëó äðóãî¨ âàðiàöi¨ (21). Äëÿ âåðòèêàëüíî¨ ìiíiìàëüíî¨ ïîâåðõíi
âèðàç ïiä iíòåãðàëîì ó öié ôîðìóëi íàáóâà¹ âèãëÿäó

Z(u)2 − 2⟨B(Z), S⟩2u2 − 2⟨νh, X1⟩⟨νh, X2⟩S(u)u−
−⟨νh, X1⟩2⟨νh, X2⟩2u2.

(39)
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ßê i â äîâåäåííi òåîðåìè 1, çðîáèìî ïåðåòâîðåííÿ, îá÷èñëèâøè äèâåðãåíöiþ
äîïîìiæíîãî ïîëÿ. Ïiäñòàâëÿþ÷è óìîâó ìiíiìàëüíîñòi ⟨B(Z), Z⟩ = 0 òà óìîâè
âåðòèêàëüíîñòi ïîâåðõíi ó (17) òà (19), îòðèìà¹ìî

divΣS = ⟨νh, X1⟩⟨νh, X2⟩, ∇Sνh = −⟨B(Z), S⟩Z.

Òîìó, âðàõîâóþ÷è, ùî ∇SX1 ïðîïîðöiéíå äî X3 (àíàëîãi÷íî äî (23)), à
∇SX2 = 0 â ñèëó (3), ìà¹ìî

divΣ
(
⟨νh, X1⟩⟨νh, X2⟩u2S

)
= (⟨∇Sνh, X1⟩+ ⟨νh,∇SX1⟩) ⟨νh, X2⟩u2+

+⟨νh, X1⟩ (⟨∇Sνh, X2⟩+ ⟨νh,∇SX2⟩)u2 + 2⟨νh, X1⟩⟨νh, X2⟩S(u)u+
+⟨νh, X1⟩⟨νh, X2⟩u2divΣS = −⟨B(Z), S⟩⟨Z,X1⟩⟨νh, X2⟩u2−
−⟨νh, X1⟩⟨B(Z), S⟩⟨Z,X2⟩u2 + 2⟨νh, X1⟩⟨νh, X2⟩S(u)u+

+⟨νh, X1⟩2⟨νh, X2⟩2u2 = 2⟨νh, X1⟩⟨νh, X2⟩S(u)u+
+
(
⟨B(Z), S⟩

(
⟨νh, X2⟩2 − ⟨νh, X1⟩2

)
+ ⟨νh, X1⟩2⟨νh, X2⟩2

)
u2.

Òàêèì ÷èíîì, (39) äîðiâíþ¹

Z(u)2 − 2⟨B(Z), S⟩2u2 − divΣ
(
⟨νh, X1⟩⟨νh, X2⟩u2S

)
+

+⟨B(Z), S⟩
(
1− 2⟨νh, X1⟩2

)
u2.

Çíîâó æ âðàõîâóþ÷è, ùî iíòåãðàë âiä äèâåðãåíöi¨ äîðiâíþ¹ íóëþ, îòðèìó¹ìî
çâiäñè ñïðîùåíó ôîðìóëó äðóãî¨ âàðiàöi¨:

A′′(0) =
∫
Σ

(
Z(u)2 + (−2⟨B(Z), S⟩2 + ⟨B(Z), S⟩(1− 2⟨νh, X1⟩2))u2

)
dΣ. (40)

Ïîêëàäåìî ó (34) ôóíêöi¨ x òà y ïîñòiéíèìè i z = φ. Òîäi ó ââåäåíèõ âèùå
ïîçíà÷åííÿõ ìà¹ìî ⟨νh, X1⟩ = z′

δ = 1√
1+ρ2

, Z = 1
δ rφ = 1√

1+ρ2
rφ, S = −rρ

i òàêèì ÷èíîì ⟨B(Z), S⟩ = − b12√
1+ρ2

= − 1
1+ρ2

â ñèëó (36) i (37). Âðàõîâóþ÷è

òàêîæ, ùî dΣ = δ dρdφ =
√
1 + ρ2 dρdφ, áà÷èìî, ùî (40) íàáóâà¹ âèãëÿäó

A′′(0) =
∫
Σ

1√
1+ρ2

(u2φ − u2) dρdφ.

Íåõàé u(ρ, φ) = u1(ρ)u2(φ), äå u1 � ãëàäêà íåâiä'¹ìíà ôóíêöiÿ ç êîìïàêòíèì

íîñi¹ì, à u2(φ) =
(
φ2 − 4

)2
íà âiäðiçêó [−2, 2] i äîðiâíþ¹ íóëþ çà éîãî ìåæàìè.

Äëÿ âiäïîâiäíî¨ ãëàäêî¨ íîðìàëüíî¨ âàðiàöi¨ ç êîìïàêòíèì íîñi¹ì òîäi ìà¹ìî
A′′(0) < 0 çà ïîïåðåäíüîþ ôîðìóëîþ. Òàêèì ÷èíîì, ãåëiêî¨äè äiéñíî íåñòiéêi.

Ç öi¹¨ òåîðåìè òà òâåðäæåííÿ 3 îòðèìó¹ìî íàñòóïíèé ÷àñòêîâèé ðåçóëüòàò
òèïó Áåðíøòåéíà.

Âèñíîâîê 2. Ó Ẽ(2) ïîâíà çâ'ÿçíà âåðòèêàëüíà ìiíiìàëüíà ïîâåðõíÿ ¹
ñòiéêîþ òîäi é òiëüêè òîäi, êîëè öÿ ïîâåðõíÿ ¹ îðòîãîíàëüíîþ äî îñi z
åâêëiäîâîþ ïëîùèíîþ.
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5. Ïðèêiíöåâi çàóâàæåííÿ

Àâòîðè õîòiëè á ïîäÿêóâàòè àíîíiìíîìó ðåöåíçåíòó çà êîðèñíi ïðîïîçèöi¨
ùîäî çìiñòó i âèêëàäåííÿ ðîáîòè, çîêðåìà, çà çàïðîïîíîâàíó íîâó ôóíêöiþ,
ùî âèêîðèñòàíà äëÿ äîâåäåííÿ íåñòiéêîñòi ãåëiêî¨äiâ ó äîâåäåííi òåîðåìè 3.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 9 æîâòíÿ 2023; îñòàííié âàðiàíò: 22 ëèñòîïàäà 2023
ïðèéíÿòà: 25 ëèñòîïàäà 2023.
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Stability of minimal surfaces in the sub-Riemannian manifold Ẽ(2)

I. O. Havrylenko, E. V. Petrov
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022

In the paper we study smooth oriented surfaces in the universal coveri-
ng space of the group of orientation-preserving Euclidean plane isometri-
es, which has a three-dimensional sub-Riemannian manifold structure. This
structure is constructed as a restriction of the Euclidean metric on the
group to some completely non-integrable left invariant distribution. The sub-
Riemannian area of a surface is then de�ned as the integral of the length
of its unit normal �eld projected orthogonally onto this distribution. We
calculate the �rst variation formula of the sub-Riemannian surface area and
derive the minimality criterion from it. Here we call a surface minimal if it
is a critical point of the sub-Riemannian area functional under normal vari-
ations with compact support. We show that the minimality in this case is
not equivalent to the vanishing of the sub-Riemannian mean curvature. We
then prove that a Euclidean plane is minimal if and only if it is parallel or
orthogonal to the z-axis (where the z-coordinate corresponds to the rotati-
on angle of an isometry). Also we obtain the minimality condition for a
graph and give examples of minimal graphs. The examples considered in the
paper demonstrate, in particular, that the minimality of a surface in the Ri-
emannian (in this case Euclidean) sense does not imply its sub-Riemannian
minimality, and vice versa.

Next, we consider the stability of minimal surfaces. For this purpose, we
derive the second variation formula of the sub-Riemannian area and show
with it that minimal Euclidean planes are stable. We introduce a class of
surfaces for which the tangent planes are perpendicular to the planes of the
sub-Riemannian structure, and call them vertical surfaces. In particular, for

https://doi.org/10.1051/cocv:2008051
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such surfaces the second variation formula is simpli�ed signi�cantly. Then we
prove that complete connected vertical minimal surfaces are either Euclidean
planes or helicoids and that helicoids are unstable. This implies a following
Bernstein type result: a complete connected vertical minimal surface is stable
if and only if it is a Euclidean plane orthogonal to the z-axis.

Keywords: sub-Riemannian manifold; left invariant metric; minimal
surface; stability.
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