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Approximation of classes of Poisson integrals by Fejer
means

The work is devoted to the investigation of the extremal problem of approxi-
mation theory in functional spaces, namely to the solution of the problem
of finding of the exact upper bounds on the given functional classes of the
quantities of the deviation of trigonometric polynomials, which are generated
by linear methods of summation of Fourier series. This problem is related
to the linear approximation of functions which is one of the main directions
of the classical approximation theory.

The simplest example of a linear approximation of periodic functions is the
approximation of functions by partial sums of their Fourier series. However,
the sequences of partial Fourier sums are not uniformly convergent over the
class of continuous periodic functions. Therefore, a many studies is devoted
to the research of the approximative properties of approximation methods,
which are generated by transformations of the partial sums of Fourier series
and allow us to construct sequences of trigonometrical polynomials that
would be uniformly convergent for the whole class of continuous functions.
Particularly, Fejer means have been widely studied in the last time. One
of the important problems in this field is the study of asymptotic behavior
of the upper bounds over a fixed classes of functions of deviations of the
trigonometric polynomials.

The aim of the work systematizes known results related to the approximation
of classes of Poisson integrals of continuous functions by arithmetic means
of Fourier sums, and presents new facts obtained for particular cases.

The asymptotic behavior of the upper bounds on classes of Poisson integrals
of periodic functions of the real variable of deviations of linear means of
Fourier series, which are defined by applying the Fejer summation method
is studied. The mentioned classes consist of analytic functions of a real vari-
able, which are narrowing of bounded harmonic in unit disc functions of
complex variable. In the work, asymptotic formulas for the upper bounds of
deviations of Fejer means on classes of Poisson integrals were obtained. These
formulas are asymptotically exact inequalities without additional conditions.
Examples are given when these inequalities turn into equality.

© O. G. Rovenska, 2023
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1. Introduction

Let C(T), T = [—m;7] be the space of continuous 27-periodic functions with
the norm

I7lle = max | (1)

Denote by G(q,m), ¢ € (0;1), m € [—1; 1] the class of continuous 27-periodic
functions, given by the convolution [1, p. 241]

f@) = o+ [ ola+ 0P bt
T

where Ay is a fixed constant,
oo
P,(t) = Z ¢~ cos kt,
k=1

is the well-known Poisson kernel, the summable on T, 27-periodic function ¢
satisfies the conditions

1

esssup |p(t)| <1, Mry[p]:= 2/@(2&) dt =m.
teT ™

T

The function ¢ continues periodically.
Let

S[f] = “OQW + ) (ag(f] cos kx + be[f] sin k),
k=1

be the Fourier series of the function f € C(T), where

ao[f]—i/f(x)dx, ak[f]—jr/f(x)coskxdx,
T T

bk[f]:i/f(x)sinkxdx, ke N,
T

are the Fourier coefficients of the function f and let

aolf]

Sn(fiz) = 5

+ Z(ak[f] cos kx + by[f] sin kx)
k=1

be the n-partial sum of the Fourier series of the function f.
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Nikolsky [1] established the asymptotic equality as n — oo

n

sup 1FC) = Sucs(fi)le = L K(g) + o)L,
f€G(g,m) d n

where

.mwzj du_
0

(1 —¢g?sin u)%
is the complete elliptic integral of the first kind, O(1) is a quantity uniformly
bounded with respect to n. Stechkin [2| proposed another proof of this result,
which made it possible to refine the remainder.

Let f € C(T). Trigonometric polynomials given by the relation

n—1
oulfia) = = 3 Sulfsa)
k=0

are called Fejer means of function f. Asymptotic equalities for upper bounds of
deviations of Fejer means on classes G(q,0) were obtained in |3, 4]

V= on(f: )l = —24 7 o
w0 = nlfi)lo = s+ O e 052 VA

where O(1) is a quantity uniformly bounded with respect to n. Some related
results may be found in [5, 7, 6].

The purpose of this work is to present the asymptotic formulas for upper
bounds of deviations of Fejer means taken over classes of Poisson integrals in case
when mean of function ¢(t) would not be equal zero. So far, formulas that directly
take into account the values of the parameters ¢ and Mr[p] have not been found.
This paper is motivated by the works [8, 9] where estimates are obtained for the
derivatives of bounded harmonic functions in the unit disc. On the circle, the limit
values of such functions coincide with the elements of the classes G(q, ¢).

2. Result
The main result is as follows.
Theorem. Let f € G(q,m), q € (0;1), Mr[p] =m, |m| < 1.

1. If =1 <m <0, ¢ € (0;2— /3], then the following inequalities hold as
n — oo

q 4cos gm dgm (144¢2) sin 5m+2q

T 7+ n (142gsin Fm+¢?)?

a ¢ _4
7 142¢sin Sm+q + O<1) n T arCtqu S m,

4cos Zm n
_ fcosom q- _4
7 T92gsn Tmrg? T o)L, m < —2 arctan g,

< sup [[f() —onl(fi)lle <
feG(g;m)
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4cos Tm n
9 _ Pt a _4
mn 142¢sin gm+q2 + O(l) n po arctan q < m,

4cosTm 4 (14+4?) sin Zm+2q n 4
% 1—‘,—2qsin§7’n—|—q2 + % (1+2¢sin %?n—&—qz)z + O(l)%’ m < T arctanq,
(1)
2. If-1<m<0,qge (2—V3;V3—2V2], and
OFy(5 +Fm) _ 0Py(r) o)

0q - 9q ’
then inequalities (1) hold.

3. If0 <m <1, q€ (0;2—+/3] and condition (2) is fulfilled, then the following
inequalities hold as n — oo

n

q 4 cos m q

- . +0(1)— <  su N —o ;-

mn 14 2gsin §m + ¢? S n feG(g),m) I7C) n(f5)lle
<4 dcoshm dgm (4 @)singm+2 o000 g
SEnlt2gmgmt @ (r2gsmgm @R O

Here O(1) is a quantity uniformly bounded with respect to n.
Proof
First we consider the case —1 < m < 0. For f € G(q, m) we have 3, 4]

@) = antfiz) = 2 [ oo+ 028 ar o)L

T

Denote
0P (t) (14 ¢*) cost —2q

dq (1 —2qgcost + ¢%)?

Ly(t) :

For any constant I we can write

n

£0) = ou(£:0) — L1 [ oyt =2 [ ooy w0 - 1) e+ o)

™ n
T T
Denote ]
T T
== = —— =1 . 4
c 4/g0(t)dt 5™, €€ [O, 2} (4)
T

Taking into account relation (4), we have

— |2 e @0 -1 @t o
T

4qc

£0) —ou(£:0)+ -1
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Since esssup |¢(t)| < 1, we obtain
teT

V@—%um+1

< /|r — 1] at+ o)L

Therefore

4
sup Hf —anf)+£1
JeG(g,m)

< f/\r y dt+O(1)%. (5)

We find a constant I = I(c) such that the function ¢(t) = sign (I'y(¢) — I(c))
satisfies the condition (4).

We investigate the function I'y(t), t € [0; 7]. We have

I (1) = (6> — ¢* —1—2q(1+q)cost)smt
(1 —2qgcost + ¢?)3

If ¢ € (0;2 — /3], then the function I'y(t) is monotone decreasing on [0; 7]. If

q € (2—+/3; V3 — 2v/2], then the function T';(¢) is monotone decreasing on [O, 2]

and has one extremum on [%, 77]

Tacking into account that I'y(0) > 0, Ty (5) < 0 and I'y(7) < 0, we have that
function I'y(t) has a single simple zero on [0' 7]
Therefore, we obtain

s (14 ¢®)sinc — 2q
o0-ri(5 -
(¢) =T ¢ (1 — 2gsinc + ¢2)2

for any ¢ € (0;2 — /3] andany0<c< T,
For ¢ € (2 — v3;v/3—2V2] we can denote I(c) = Iy (3 —c) only if
Iy (g — c) > I'y(m). This condltlon is equivalent to inequality
2¢ — (1 + ¢?)sine < 1
(1—-2¢sinc+¢%)2 = (1+¢)%’

or

19203 —2¢2 — 29+ 1
sine > 4 a _432 a+! (6)

Denote

_q —2¢° —2¢> —2q+1
s(q) :== vy .

Since condition s'(q) > 0, ¢ € (0;1) is met, then function s(q) is increasing
and

min s =s(2 — \/g
e (q) = s( )

-1, max s(q) = s(1) = 1.
e (q) = s(1)
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If ¢ € (2 —/3;V3 —2V2], then inequality (6) is solvable for any fixed 0 <
c < 5. Note, if ¢ € (0;2 — V3], then inequality (6) is true for any c.
Let

p(t) = sign (Fq(t) —Ty (g B C)) - { Elt, fé_[g:,i’g;cc)}?u (5 —c ).

It’s clear that for function ¢(t) the condition (4) is met. Therefore, there exists
function f* for which the following equality holds

£2(0) — on(s%:0) + 221, (5~ o)
- % / ’Fq(t) - T, (g ~ c)’ dt + 0(1)%. (7)
T

Comparing relations (5), (7), we obtain

|50 = onlf)+ 200 (5 )

FeGgm ™ 2 c
=L / () Ty (5 )| at + 0(1)%. (8)
T

Next, we calculate the definite integral in (8)

T (t) =Ty (= —c)| dt =2 qu(t)—rq T_o)|at
T 2 0 2

int 2 int "
5 sin B sin LT, <E —c)
1 —2qcost + g2 o 1—2gcost+¢q?|_ 2
5—c
4cosc s
- 4cl (f— ) 9
1—2qsinc+q2+ Galyg € (9)

Combining (8), (9), we get the formula (1). The first and second statements
of the theorem are proved. Repeating the reasoning above for case 0 < m <1
and I(c) =Ty (5 +¢), ¢ = Tm, we obtain the third statement of theorem. The
theorem is proved.

The following few examples illustrate the theorem.
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Example 1. Let My[p] = —2 arctang, g € (0;2 — v/3]. Then

sup || f(-) = on(fi)llc =

feG(a,m) (1l — ¢?) n’

Example 2. Let Mr[p] =0, ¢ € (0;2 — +/3]. Then

feciom) 170) = onlfille = sy n’

This equality was obtained in [3].

Example 3. Let Mr[p] =0, ¢ € [2—\/5;\/2+\f—2 24+ /5|. Then

4q q
sup () —on(fi)llc = —7—F—5 +O1)—.
FeG(gm) ! (1 + ¢?) n
This equality was obtained in [4].
Example 4. Let My[p] = —0.47~!, ¢ = 0.3. Then
1.2 cos 0.2. 0.48(1.09 sin 0.2 —0.6) N 0(1)0.3" <
™ (1.09 — 0.6sin0.2) ~ 7n(1.09 — 0.6sin0.2)? n
1.2co0s0.2 0.3™
< D — .. < O(1 .
= teGlam) I7C) =onlfi e = a 59 —06smo2) T W
Example 5. Let Mr[p] =1, ¢ € (0;2 — +/3]. Then
4q q"
sup  [|[f() —on(fi)llec = ———5 +O(1)—.
feG(qm) " n(1+q)? n
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Pobory npucBsgeHo DOCTIIKEHHIO eKCTPeMaIbHOI 3a1a49i Teopii HaOIuKeHb y PyH-
KIIOHAJTBHAX IIPOCTOPAX, & CaMe: PO3B’sI3aHHIO 33,031 PO TOYHI BEPXHI MeXKi Ha 3aJaHIX
GYHKIIOHATBHUX KJTACAX BiAXUIEHD TPUTOHOMETPHIHUX IOJIHOMIB, IO MOPOZKYIOTHCS
JIHIWHUMY METOIAMU TincyMoByBanHs psaiB @yp’e. Ila 3amada BiTHOCUTHCS 10 JTiHITHOT
anpokcuMariii PyHKII# — OZHOrO 3 OCHOBHUX MiIPO3IiIiB KJIACHIHO! TeOpil HADIMKEHD.
HaitnpocrimuM npukIagoM JHiHIHHOL anmpokcuMaril nepioguaanx (YHKINH € HaOIuKe-
HHs (QyHKOi# gacTuHHUME cyMamu iX psamiB @Pyp’e. OgHAK TOCTITOBHOCTI YACTHHHUX
cyM pany Pyp’e He € piBHOMIPHO 30i2KHUMH HA IIIOMY KJaCl HEIIEPEePBHUX MEPIOIITHAX
dyukmniit. Tomy 3HauHy KiABKICTH POOIT MPUCBATYETHCS TOCTIIZKEHHIO aTTPOKCAMAITI HHITX
BJIACTUBOCTEH HAOIMAKYIOUUX METO/IB, SKi MOPOIKYIOTHCS MEBHUMHU MEPETBOPEHHSIMU
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12 O. Rovenska

qacTuHHUX cyM psay Pyp’e i 103BosAIOTH MOOY/yBaTU MOCJIiIOBHOCTI TPOrOHOMETDH-
YHUX TOJIHOMIB, $IKi € PIBHOMIpHO 301KHUMY JJIsi BCHOTO KJIACy HEMepeBHUX (DYHKIIiA.
30KpeMa, OCTaHHI POKHM iHTEHCHMBHO BUBUYAIOTHCA cepenni Peitepa. OmHi€0 3 BasKJIMBAX
3a7a9 [IHOr0 HAMPSMY € BHUBYEHHS ACHMITOTHYHO! MOBEIIHKH TOYHUX BEPXHIX MEXK IO
dikcoBannM KaacaMm (PYHKIIH BiAXUIEHb TPUTOHOMETPUIHAX HOMiHOMIB. MeTta poborn —
MIPeCTABUTH HOBI (aKTH MO0 HAOIMKEHHs KaaciB inrerpasnis Ilyaccona memepepBHEX
dbyukmiit cepeqaivu apudmernaanvu cym @yp’e. B poboTi m0OCTi1XKEHO aCUMITOTHYHY
TMOBEIIHKY TOYHUX BEPXHIX MeXK Mo Kjaacax maTerpajis [lyaccona mepiognunnx dyHKIIiHk
JifiCHOT 3MIHHOI BinXujeHb JIHIHHUX cepeauix psamiB @yp’e, AKi BU3HAYAOTHCA 3 IOTO-
MOro0 Merofy miacymoByBants ®efiepa. 3a3HadeHi KIacu CKIANAIOThCA 3 DYHKIGH Tiii-
CHOI 3MIHHOI, sIKi € 3BY2KE€HHAM OOMEXKEHUX FAPMOHIYHUX B OJMWHUIHOMY JHUCKY (DYHKITii
KOMILJIEKCHOL 3MiHHOI. Y poboTi oTpuManHo acuMuoTuvHi GOPMYJIn [Jisi TOYHUX BEPXHIX
MexK Bimxuienn cepennix @eitepa Ha kiacax inrerpanis Ilyaccona. i dopmynu € acum-
NTOTUYHO TOYHUMH HEpPiBHOCTsAME O€3 J0JaTKOBUX yMOB. HaBemeHO mpuk/aau KOJU Iii
HEpPiBHOCTI MEPeTBOPIOIOTHCSA B PiBHOCTI.

Kmouwosi caosa: Imrerpan Ilyaccoma; cepemne Peiiepa; acMMOTOTHYHA HepiB-
HICTH

Ictopis crarTi: orpumana: 4 ciuua 2023; octanuiit BapianT: 25 kBiTHA 2023;
npuitaaTa: 15 TpaBug 2023.
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Construction of controllability function as the time of

motion

This article is devoted to the controllability function method in admissible
synthesis problems for linear canonical systems. The work considers methods
of constructing such control so that the controllability function is time of
motion of an arbitrary point to the origin. A canonical controlled system
of linear equations &; = x;41,7i = 1,n — 1,4, = w with control constraints
|u| < d is considered. The controllability function © can be found as the
only positive solution of the implicit equation 2aq® = (D(©)FD(0)z, ),
where D(©) = dz’ag(@‘w)?zl. Matrix F' = {fi;}7;—; is positive defi-
nite and ag > 0 is chosen so that the control constraints are satisfied. The
controllability function is motion time if © = —1. From this condition, an
equation is obtained, the solution of which is considered in this work. Unlike
previous works on this topic, no additional restrictions are imposed on the
appearance of matrix F. The task of this article is to find the parameters
set of the matrix ' and the column vector a, which satisfy the obtained
equation and for which the controllability function is the time of movement
from the point x to the origin. In this way, we get a family of controls
depending on this parameters such that the trajectory of system steers the
origin in finite time. In general case, difficulties may arise when finding the
solution of Cauchy problem of the corresponding system. Canonical system
can be reduced to Euler’s equation, for which a characteristic equation can
be found, and therefore a trajectory in an explicit form. Two-dimensional,
three-dimensional and four-dimensional canonical systems are considered. In
each case, the matrix equation is solved and sets of parameters for which the
controllability functions value will be the time of movement of an arbitrary
point to the origin are found. Conditions on parameters are obtained from
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positive definiteness of the matrix F'. Some parameters and an arbitrary ini-
tial point are chosen and the solution of Cauchy problem in analytical form
is found.

Keywords: controllability; controllability function; controllability
function as the time of movement.

2010 Mathematics Subject Classification: T6A11; 76B11; 76M11.

1. Introduction

To solve the problem of admissible synthesis in 1979, Korobov V.I. the
controllability function method was proposed in the article [1] and developed
in the monograph [2]. In works [3, 4], the controllability function was obtained as
time of motion from an arbitrary initial point to the origin. A family of controls
solving synthesis problem was found. An extended control set was proposed for a
two-dimensional canonical system in [5].

Let us consider the canonical system

( .
T = X2,

To = zs3,

ITpn—1 = Tn,

Ty =1U

with the constraint |u| < d.

To solve the control synthesis problem for the system & = f(x,u) is to
construct a control u = wu(z) which satisfies a given constraint |u| < d. And
for which the trajectory of the closed-loop system & = f(z,u(z)) starts at an
arbitrary point zg and reaches the origin in a finite time.

In the Korobov’s method ©(x) is a controllability function and the control
u(z) is constructed on base of ©(z)

Qa;T;

@n—i—&—l(x) : (2)

u(zx) =
i=1
Let us denote a = (a1, aq, ...,an)*,a; < 0.
The function ©(z) needs further definition.
If the following inequality holds

6= 2 firu(e)) < ~50!h(x), (3)
=1

then the time of motion is finite.
A particular case of inequality (3) is the equation (4) for a = =1

6 =329 i ) = 1. (@)
=1
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In this case, the controllability function is the time of motion from an arbitrary
point xo to the origin. This problem was considered in works |3, 4]. There was
highlighted a special case when the matrix F~! has the form F~! = D,CD,,.
Where C'is a Hankel matrix C' = (ch)Z;:lO and D,, = diag((—1)"1/(i—1))",.
Our work though considers the whole class of controllability functions without
constraints on matrix F~'. Let us move on to the construction of a controllability
function.

Let us consider the canonical system with the constraint |u| < d. We will
choose a control according to the formula (2).

And the controllability function is defined as the only positive solution of the
equation

204900 = (D(O)FD(©)z, ),

—2n—2i+1 )n

where x # 0 and ©(0) = 0, if z = 0. Here D(0) = diag <@7 2 lil.Matrix
F = {fij}1j—1 is a positive definite matrix and ag > 0 is such a number that the
constraints on a control are satisfied. The value of ag found [2| 2a¢ = ﬁ

Let us denote y(©, z) = D(©)z. Then the control function satisfies the equati-
on

2a00(z) = (Fy(O(2), z),y(O(z), ). (5)

Derivative ©(z) of the controllability function ©(xz) has the following form

((F (Ao + boa®) + (Ao + boa™)" F)y(O(x), z), y(O(x), z))

O(z) = ’ , 6
) (F ~ HF — FH)y(0(x).2).y(0(x). 2)) N
0 0 1 0 .. 0
0 0 1 .. 0 '
where bp = | ... |, A4g=1]... ... ... ... .| and H= dz’ag(—%)?ﬂ.
0 0O 0 0 .. 1
1 0 0 0 .. O
We equate the derivative of ©(x) (6) to -1 and get

Denote A = (Ao + bga™* + %I — H) It has the following form

n 1 0 .. 0 0
0 n—-1 1 .. 0 0
(8)
0 0 0 2 1
a1 az as ... ap—1 l4ay,

We obtain
FA+A'F =0. (9)
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Our task is to find parameters of the matrix F' and the column vector a so
that the equation (9) is fulfilled. Then the controllability function ©(x) is time of
motion from an arbitrary point xg to the origin.

Let us move on to the construction of the controllability function. From the
lemma [2, p. 79] we get ap, = —%. Consider det(A — AE). Matrix A is similar
to the skew-symmetric matrix F SAF _%, therefore real parts of eigenvalues are
equal to zero. All coefficients of A"~ are zero where k is odd and k < n. In this
way we obtain equations for parameters a;. We substitute these parameters into
the matrix A and solve the equation (9). It should be noted, that the matrix F'A
is skew-symmetric, therefore all main-diagonal elements are zeros. We obtain the
matrix F, which is positive definite as was said earlier. We use Sylvester’s cri-
terion and find conditions for parameters of the matrix F' and a;. In this way we
describe the whole class of controllability functions ©(x) and controls u(x), which
transfer some initial point to the origin of coordinates. Moreover, the controllabi-
lity function is the time of motion.

Next, we find a trajectory of the canonical system (1), which reduces to an
Euler equation (©¢ — t)”x(ln) — (©0 — t)”*lanw(ln_l) — ... —ajz; =0.

Looking for a solution in the form z1(t) = (@9 — t)* we get the characteristic
equation. After solving we get an analytical solution.

2. Construction of the controllability function
in the two-dimensional case

Consider a solution of the synthesis problem. We find the controllability functi-
on O(x). On base of O(x), we construct the control u(z), which transfers an
arbitrary given point to the origin.

System has the following form

{?’1 - (10)

To = U.

Theorem 1. Let

9
a; < 5 fao > 0. (11)

The controllability function © = ©O(x) is defined as the only positive root of the

equation
44 ay

Ca1(3+al)

at © =0, we put O(0) = 0.
Then control

01 = —a12? + 421290 + 23602, (12)

al1x 31‘2

) = G2y ~ Ol

transfers an arbitrary initial point zo € R? to the origin in time O(xo).
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Indeed, in this case

F:(f“ f12)7 A:<2 1 )
fiz fo2 ar az+1

Recall that the real parts of the eigenvalues are equal to zero, hence the coeffi-
cients near odd powers of A are equal to zero. We have

det(A — AE) =2 — a1 + 2az — (ag + 3)\ + \?,

then a9 = —3.
Equation (9) has the form

2f1 +a1fi2 =0,
fiz+ (a2 +1)foa =0,
f11 + (a2 + 3) fi2 + a1 fae = 0.

It follows that
—ay fo2 2f22> (2 1 > 1 <—4a1f22 6f22)
F= A= - . 14
( 2fe2  fo2 ay —2 6f2  2f22 (14)

We use Sylvester criterion and get (11).

Therefore, form (5) where y(0(z),z) = (210732, 2,07Y2) and 2a¢ =
m we get (12). The solution is any control (13), where a1 < —3. It should
be noted that we choose only parameters a; and fas. The other ones we calculate
from (14) according to the formulas: f11 = —aj fa2, fi2 = 2 f22 and inequalities (11)
must be fulfilled.

For example, let us choose a; = —6, fos = 1, then f11 = 6, fi1o = 2, conditi-
ons (11) fulfilled. We have ag = {5. We obtain the equation relating ©

1
594 = 62 + 421220 + 2307

The system has the form (10), where

6.%1 (t) 3:L’2 (t)

0%z, w2)  O(xy,a9)

u =

So, a control is found that satisfies the constraints and translates any given
initial point to the origin in a finite time. Let {1, 1} be the initial point. Let’s find
the trajectory of the system. Equation (12) takes the form

1
§@4:6+4@+@2

It has a unique positive solution ©y ~ 4.4512.
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As was mentioned earlier, the system (10) reduces to Euler equation
(©p — t)zi"l +3(0g — )& + 621 = 0.

Looking for a solution in the form z1(t) = (@9 — t)* we get a characteristic
equation
A2 —4X 46 = 0.

We find roots Ao =2 £ iv/2 and obtain
z1(t) = (By — t)2 (01 cos(vV21In(fp — 1)) + casin(v2 In(fy — t))) :

From the initial conditions z1(0) = 1,22(0) = 1 we find ¢; = 0.17,¢c2 = 0.16.
Let us denote 7(t) = v/2In(6g — t). Finally, we have the solution in analytical
form

71(t) = (09 — )2(0.17 cos(7(t)) + 0.16 sin(7(t))),
x2(t) = —2(0g — t)(0.29 cos(7(t)) + 0.04 sin(7(t))).

The trajectory is shown in Fig. 1 and time of motion ©¢y ~ 4.4512.

Fig. 1. The trajectory (x1(t),x2(t)) of the point {1,1,1} which reaches the origin
in time ©g ~ 4.4512.

3. Construction of the controllability function
in the three-dimensional case

Similarly to the previous case, we will consider a solution of the synthesis
problem.
The system has the following form

x‘l = X2,
i‘g = I3, (15)

T3 = u.
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Theorem 2. Let
75
ay < —?,fzzs >0,

15523 < i3 < _a12€23‘
The controllability function ©® = ©(x) at x # 0 is defined as the only positive
root of the equation (5), at x = 0 we put ©(0) = 0.
Then view control

(16)

arz1(t) (a1 —30)za(t)  6x3(t)

3
= — ) 17
03 (x) 302%(x) O(z) (17)
translates an arbitrary point o € R3 to the origin in time ©(x).
Here
fir fiz fis 31 0
F=1\fiz fo fs|, A=10 2 1
fis foz f33 ap ay 1l+ag
Recall that the real parts of the eigenvalues are equal to zero, therefore the
coefficients for even powers of A are equal to zero. Then a3 = —6,a9 = %al —10.
We solve an equation (9) and get
— a1 fi3 2f13 — +a1 fa3 J13
F=|2fis—taifos —fis+(B—EFa)fos fos |, (18)
f13 Ja3 £ fa3
3 1 0
A=1|o0 2 1|, (19)
ai %al —10 -5
—2a1 f13 10f13 — a1 fo3 4f13
F'= [10fi3 —aifos —4fi3+4(5— a1)fo3 3fo3
4f13 3f23 2 fa3

We use Sylvester’s criterion for F' and F! and obtain (16).

Therefore, from the equation (5), where y(0(x), x) = (xl@_%, 2,073 , 563@_%)
we get (12). And control (17) is a solution of the synthesis problem. Note that
we choose only the parameters a1, fi3 and fo3, and we calculate the others from
(18),(19) according to the formulas: a9 = %al — 10, f11 = —%alflg, f12 = 2f13 —
%alfgg, foo = —fis+(5— 1—15a1)f23, faz = %fgg. Inequalities (16) must be satisfied.

For example, let’s choose a3 = —57,f13 = 2,fo3 = %—8, then ay =
—29, f11 = 38, f12 = %,fn = %,fgg = %, conditions (16) fulfilled. We

have ag = %. Equation (5) for chosen parameters

667

505 0% = 380027 + 296611120 + (63623 + 400x122)0? + 19022230 4 192507
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And control solving synthesis problem

ue  OTi(t) - 29a5(t) 63t

(0 — t)3 (6 — t)2 Oy —t

Let {1,1,1} be an initial point. We get

667
T%@G = 3800 + 29660 + 103602 + 19003 + 1964

We have a unique positive solution ©y =~ 10.0131.
The system (15) reduces to an Euler equation

.. 1 .
(©0 — )31 +6(0¢ — t)%i1 + (10 — gal)(@o —t)&1 —aix; =0.
As earlier, we find the characteristic equation
—A* 4+ 9A% — 37\ + 57 = 0.

We get roots A1 = 3, A23 = 3 £4/10 and obtain an expression for zi.
From the initial conditions we find ¢; = 0.017,¢c3 = —0.005, c3 = —0.016. Let
us denote 7(t) = v/101In(©¢ — t). Finally, we have an analytical solution

71(t) = (09 — 1)3(0.017 — 0.005 cos 7(t) — 0.016 sin 7(2)),
2a(t) = —3(0y — 1)2(0.017 — 0.021 cos 7(t) — 0.01 sin 7(t)),
x3(t) = 6(09 —t)(0.017 — 0.038 cos 7(t) + 0.024 sin 7(t)).

The trajectory is shown in Fig. 2 and time of motion ©g ~ 10.0131.

Fig. 2. The trajectory(z1(t), z2(t), x3(t)) of the point {1,1,1} which reaches
the origin in time ©¢ ~ 10.0131.

Note that in order to use the methods described |3, 4] in three-dimensional
space, matrix '~ must have a representation F~! = D3CDs. For this, the matrix
D3*1F_1D3*1 must be Hankel. This holds only if fi3 = 2f23. In our example, we
selected such parameters for which it was not fulfilled.
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4. Construction of the controllability function
in four-dimensional case

Let us consider a solution of the synthesis problem. We have a system

T1 = X2,
T2 = 3, (20)
T3 = T4,
$4 =Uu.

Theorem 3. Let

ap < =385 La; —39 <az < —23-2y/—ay,
234+a3 4, (23 2 234a3—+/4 23
+a3++/4a1+(23+a3) Fia < faa < +a3—+/4a1+(23+a3)? Fray fra >0,

8a1 8a1

(30 + a3)(3a1 — 49(30 + as))f124 + 6a1(—2a1 + 49(30 + a3))f14f44 — 441a%ff4 > 0,

3(—a1(155 + 6as) + 2(30 + a3) (1770 + 49a3)) f7, + 2(6aF + 98(30 + a3)*(33 + a3)—
—a1 (8175 + a3(415 + 6a3))) f74 faa + a1 (—98(30 + a3)(636 + 17a3)+
+3a1(945 + 34a3)) fraf3 — 72a3(3a1 — 49(39 + a3)) f3, > 0,

%(f124 + 4(21 + ag)f14f44 - 18a1ff4)((5125 — 8a; + 130(13)f124 + 4(—&1(107 + 6a3)+
+49(1425 +asz(115 + 2a3)))f14f44 + 2a; (48@1 —49(633 + 16&3))]”24) > 0.

(21)

The controllability function © = O(x) at © # 0 is defined as the only positive
root of the equation (5), at x = 0 we put ©(0) =
Control
alxl(t) 7(30 + ag)xg (t) asxs (t) 10x3 (t)

YTeiw) T @) @) e (22)

translates an arbitrary point o € R3 to the origin in time ©(x).

In this case

fii fiz fi3 fua 4 0
po |1z f2 Sz fau a0 3 1 0

fiz fo3s faz fa |’ 0 0 2 1

fia foa f3a faa ap ay as 14 ay

As earlier we obtain ag = —10, a9 = 7(30 + a3).
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We solve the equation (9) and getF' = {fij}ﬁjzl

fir == fua,

fi2 = —(30 + a3) f14 — 3a1 fua,

fi13 = 5f14 — a1 faa,

oz = —1(30 + a3) fua + (a1 — 49(30 + az)) fus,
fo3 = & fia — 7(12 + a3) faa,

foa = 7 f1a+ 21 fua,

f33 = —1f11 — (a3 — 42) fua,

f34 = 9f447

4 1 0 0
0 3 1 0
A= 0 0 2 1

ar 730+ a3) a3 —9

From Sylvester criterion we get (21).

From (5), where y(O(x),z) = (x1®7%, 29073, 33072, 1:4@7%) we get an
equation relative to ©(x) . Note that we choose only parameters ai,as, f14 and
faa so that inequalities (21) are fulfilled, and we calculate the others according to
the formulas ag = 7(30 + a3z),as = —10 and (23).

For example, let’s choose parameters a; = —550,a3 = —73 and f14 = 75, fya =
1, conditions (21) are fulfilled. Then we have as = —301, f1; = Q%ﬁ,flg =
4875, f13 = 925, fog = 253 fo5 = 929 fo, = 129 fy0 = 38 £, — 9 and ag = 2.
Equation is relative to ©

9308 = 2002542 4 975021220 + (249223 + 185021 23)0% + (929z223+

+150$11‘4)@3 + (%J)% + %$2$4)@4 + 181‘3.7)4@5 + l‘i@6 (24)

We obtain control

_550:U1(t) . 301.132(t) B 731,‘3(t) _ 10$3(t)
0% (x) ©3(x)  ©%*z)  O(x)

Let {1,1,1,1} be the initial point. From (24) we get
To370% = 202 4+ 97500 + 1995202 +10790°% + P! + 180° + 6.

Here the solution is ©g ~ 19.2179.
We have Euler equation

(@0 — t)4 'i"'l — a4(@0 — t)s i"l — ag(@o — t)g.i'l — GQ(@O — t).fl — a1r1 = 0,

We find characteristic equation and get the roots A\j o = 4 £1.31129¢, A\34 =
4 +0.964628i.
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We use the initial conditions to find constants ¢; = 0.0083, co = 0.0015,¢c3 =
0.00005,c4 = 0.0011. Let us denote 7(t) = In(Qg — 1), B1 = V9 —5V3, B2 =
V9 + 5v/3. Finally, we have a solution in analytical form

1(t) = (B9 — £)*(0.0083 cos 17 (t) + 0.0015 sin 17 (t)+
0.00005 cos Bo7(t) + 0.0011 sin Bo7(t))

za(t) = —4(60 — 1)*(0.0085 cos S17(t) — 0.0003 sin 31 7(t)+
+0.0011 cos B27(t) — 0.0012sin B27())

z3(t) = 12(0g — ¢)(0.0086 cos 51 7(t) — 0.0014 sin By 7(t)+
+0.0028 cos Bo7(t) — 0.0004 sin By7(t))

24(t) = —24(0¢ — )(0.0082 cos By 7(t) — 0.0039 sin By 7(t)+
+0.0020 cos Bo7(t) — 0.0064 sin Bo7(t)).

The trajectory is shown in Fig. 3 and time of motion O ~ 19.2179.

F

Fig. 3. The trajectory(zy(t), z2(t), x3(t), x4(t)) of the point {1,1,1,1} which
reaches the origin in time ©¢ ~ 19.2179
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ITobynosa dyHKIT KEPOBAHOCTI AK Yacy pyXy
B. I. Kopo6os, T. B. Augpienko
Xapxiscoruti naytonasvhul yrwieepcumem imenws B. H. Kapasina
matidan Ceobodu, Xapwie, 61022, Ykpaina

Jana crarTs mpuCBaYeHa METOMY (DYHKINI KePOBAHOCTI B 33/1a9aX JIOMYCTHUMOIO CHH-
Te3y /I JMHIHHAX KaHOHIYHUX crcTeM. B pobOoTi po3rIsgHyTO CIocod mobymOBH TAaKOrO
KepyBaHH#A, 00 (PYHKITisT KEPOBAHOCTI Oy/ia 9acoM PyXy JOBLIBHOI TOYKH B IIOYATOK KO-
opanHaT. Po3rnanaeThcsa KaHOHIUHA KEPOBAHA CUCTEMA JHHIITHUX DIRHAHD &) = Tjy1,1 =
1,n — 1,4, = u 3 oOMexkeHHsIMY Ha yrpaBiinHs |u| < d. @yHKIis KepoBaHoCcTi O 3HAXO-
JIUTHC 9K €IMHUI NOJaTHIil pO3B’sA30K HeaBHOrO piBHaHHA 2000 = (D(0)FD(0)x, ),
1e D(©) = diag(©~—"=""")"_,. Marpunz F = {fij}7j=1 momarmo Bu3Hadena, a ag > 0
0OMPAETHCA TaK, MO0 BUKOHYBAJINCH OOMEXKEHHS HA kepyBaHHﬂ. OyHKIIA KEPOBAHOCT1
€ YacoM PYXYy, AKIIO © = —1. 3 njei YMOBHU OTPUMAHO DiBHSIHHS, PO3B’SA3aHHS SKOTO
po3LISAIAEThCA ¥ AaHii pobori. Ha BimMimy Bif momepesamix pobiT 3 1mi€l TeMu, Ha BUTJIAT,
Marpuili F' He HAK/IaJIEHO JOJATKOBI OOMerkeHHsi. B mi#f cTtarTi 3HAMIEHO MHOXKUHY IIa-
pamMeTpiB mMaTpuili F' Ta BEKTOP-CTOBMIIS @, AKi 33IOBLIHHAIOTH OTPUMAHOMY PiBHSIHHIO
Ta Ay SKuX DYHKIIS KePOBAHOCTI 9ac pyXy i3 TOUKM & y TMOYATOK KOOpamHAT. Takwmm
9UHOM OIHUCYETHCH BECh KJaC (DYHKINH KEPOBAHOCTI, SKi € 4acOM PyXy. ¥ 3arajbHOMY
BUIIAJKY TPH 3HAXOMKEHHs Po3B’a3Ky 3amadi Ko BigmoBigHol cucTeMyu MOXKYTH BH-
Hukaru TpyaHoimi. Cucrema, sKa pO3MJIsiaiach y JaHiil poboTi 3BOAUTHCS 10 PIBHSIHHS
Eitnepa, fgns sSKoro Mo)kHa 3HAUTH XapaKTEPUCTUYIHE PIBHAHHS, & OTXKE i TPAEKTOPIO
y ABHOMY BUTIAAL. PO3ryIgHyTO ABOBMMIpHY, TPUBUMIPHY Ta YOTHPUBUMIpPHY KaHOHIYHI
cucremu. Y KOXHOMY BHUIQJKY PO3B’S3aHO MATPWYHE DIBHAHHSA TA 3HANIEHO MHOXKHU-
HE TTapaMeTpiB, MpH IKAX 3HaUEeHHA (PYHKIII KEPOBAHOCTI Oyae 9acoM PyXy JOBLILHOI
TOYKH B MOYATOK KOOpAMHAT. TakoK 0OpaHO MeAKHil JOBLMbHMI HAOIp mapamerpis, sAKi
3aI0BIIBHAIOTH yMOBaM JIO/IATHOI BH3HAMeHOCTI MaTpuili F' ta mobymoBaHo TpaekTopil 3
0OpaHWX MOYATKOBUX TOYOK B MOYATOK KOODIWHAT.

Karwuosi caosa: KepoBaHicTh; (PYyHKIIIS KEPOBAaHOCTI; (DYyHKI[iS KEPOBAHOCTI AK

Jac pyxy.

Icropisa crarri: orpumana: 29 ksitua 2023; npuitaara: 7 yepsus 2023.
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A review on rheological models and mathematical

problem formulations for blood flows

A review on constitutive equations proposed for mathematical modeling of
laminar and turbulent flows of blood as a concentrated suspension of soft
particles is given. The rheological models of blood as a uniform Newtoni-
an fluid, non-Newtonian shear-thinning, viscoplastic, viscoelastic, tixotropic
and micromorphic fluids are discussed. According to the experimental data
presented, the adequate rheological model must describe shear-thinning ti-
xotropic behavior with concentration-dependent viscoelastic properties whi-
ch are proper to healthy human blood. Those properties can be studied on
the corresponding mathematical problem formulations for the blood flows
through the tubes or ducts. The corresponding systems of equations and
boundary conditions for each of the proposed rheological models are di-
scussed. Exact solutions for steady laminar flows between the parallel plates
and through the circular tubes have been obtained and analyzed for the
Ostwald, Hershel-Bulkley, and Bingham shear-thinning fluids. The influence
of the model parameters on the velocity profiles has been studied for each
model. It is shown, certain sets of fluid parameters lead to flattening of the
velocity profile while others produce its sharpening around the axis of the
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channel. It is shown, the second-order terms in the viscoelastic models give
the partial derivative differential equations with high orders in time and mi-
xed space-time derivatives. The corresponding problem formulations for the
pulsatile flows of the fluids with generalized rhelogical laws through the soft
tubes are derived. Their analytical solutions for the flow velocity, hydrostatic
pressure and cross-sectional area of the tube are derived in the form of the
normal mode. It is shown, the dispersion equations produce an additional set
for the speed of sound (so called second sound) in the fluid. It is concluded,
the most general rheological model of blood must include shear-thinning,
concentration and second sound phenomena.

Keywords: differential equations; rheological models; suspensions;
fluid dynamics.

2010 Mathematics Subject Classification: 93C20; 76Axx; 35Q35.

1. Introduction

Recent progress in numerical methods and high performance computing sti-
mulated development of sophisticated patient-specific mathematical models for
different physiological systems, organs and tissues [1,2]. The models are based
on the systems of partial differential equations (PDE) described the blood flow
as a viscous liquid (i) along the complex tree-type or network-type structures
of the blood vessels (ii) accounting for the complicated rheological relationshi-
ps for the blood (iii) and viscoelastic walls (iv) of arteries, veins and capillaries.
The first set of PDE (i) comprises the compressible Navier-Stokes equations for
the hydrostatic pressure pp, blood flow velocity #, and temperature Tp. Dynami-
cs of the blood vessel walls (ii) which are in direct fluid-structure interaction
(FSI) with the blood flow is described based on the 3D models of viscoelastic
solid |3], 2D thin wall models [4], shell theory models |5], or membrane models
[6] for the vessel walls. The two sets (i), (ii) of PDEs give a formulation of the
FSI problem in mathematical hemodynamics [3,4]. Both sets are interconnected
via common boundary conditions (BC) at the fluid-solid interfaces. In the case
of non-Newtonian models of blood and viscoelastic vessel wall, the systems (i),
(i) are combined via the flow-dependent material parameters (blood viscosity up,
wall viscosity iy, etc.) and temperature dependencies. The governing system (i)-
(ii) accounted for complex rheological relations (iii)-(iv) is quite sensitive to the
choice of rheological models and material parameters [3-6]. Therefore, significant
attention has been paid to experimental and theoretical study of blood rheology
and vessel wall rheology.

The linear relationship between the shear rate 4 and shear stress 7 in the
moving fluids was first discovered by I. Newton in his experiments with uniform
liquids [7]. In 1836-1848 French doctor J.Poiseuille experimentally studied slow
steady flows of different fluids (including blood of some experimental animals)
through circular glass and copper tubes, and found the linear dependence between
the pressure drop Ap from the inlet to the outlet of the tube and the volumetric
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flow rate ) (Hagen-Poiseuille law). In 1845 English mathematician G. Stokes
published mathematical derivation of the Hagen-Poiseuille formula

TRYAp

Q=" 1

where R and L are the radius and length of the tube.

Eq.(1) allows experimental estimation of the fluid viscosity when the value
Q can be measured at a given Ap = const. In 1930-th it was shown in a series
experiments that the blood flows through small capillaries (R < 100um) are
characterized by lower values of u; at low shear rates, while in the larger tubes it
is noticeably higher. The effect was discovered by R. Fahraeus and T. Lindqvist [8].
Besides, ju, increases with shear rate 4 of the flow, and at 4 > 100s~! it becomes
almost constant (i.e. flow-independent). In order to keep the same general form
(1) of the Hagen-Poiseuille law, the efficient viscosity was introduced as

Ap TR

Meff:kmy = R0 (2)

computed from (1) on the experimental data; the efficient viscosity can be a flow-
dependent function pers (7).

Later the Fahraeus-Lindqvist effect was found not only in blood but also in
other suspensions of small solid particles in a uniform fluid. In some suspensions
dpierf/dy > 0 (shear-thickening fluids) while in others du.rs/dy < 0 (shear-
thinning fluids). For dilute suspensions the effect was explained by the particle-
free layer (PFL) appeared near the wall of the tube (Fig.1a) due to the net
hydrodynamic forces directed the particles towards the axis of the capillary
(Segre-Silberberg effect). One of the main components of the net force is the
Magnus force acting on the rotating particles in the Newtonian fluid flow [9,10].
In the flows of diluted blood, the cell-free layer of the thickness § ~ 3um composed
by the blood plasma (BP) only is clearly visible in the glass tubs, small arteries
and capillaries (Fig.1b). The value of § is comparable to the mean radius of the
red blood cells (RBC) rrpc = 3.5um.

"
R
R-0

Fig. 1. Cell-free layer in the flows of suspensions: a) a scheme;
b) the blood flow with a PFL in a small artery.
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The simplest mathematical model of the Fahraeus-Lindqvist effect is based
on the Poiseuille flow of two immiscible fluids through a circular tube. The fluids
occupy the core of the flow (Fig.1a) Viore = {r € [0, R — 4],z € [0, L]} and the
PFL Vppr ={r € [R -6, R],x € [0, L]} with the viscosities 1 and pso, respecti-
vely. Solution of the incompressible Navier-Stokes equations (Poiseuille flow) of
the two liquids with the velocity and shear stress continuity BC at the interface
r = R — ¢ gives the following expression for the efficient viscosity [11]

feff = e : (3)
1— (1= pa/m)(1—6/R)*

At 6 = const (3) gives ducr¢/dR > 0 that corresponds to the Fahraeus-
Lindqvist effect.

Important contributions to rheology and the theory of fluid flows was done
by French physicist M. Couette who experimentally studied (in 1880-th) steady
flows between two rotating coaxial cylinders. His rotational rheometer is one of
the most popular types of the viscometers used for the viscosity measurements
until nowadays. Detailed experiments with blood in the capillary, rotational and
other types of viscometers [12-14| revealed some other rheological properties of
blood (behind its shear-thinning properties), namely

1) the dependency uy (Crpce) on the RBC concentration Crpe (or its medical
term hematocrit Ht);

2) thixotropy (time-dependent shear-thinning due to the RBC aggregati-
on/disaggregation);

3) viscoplasticity with the yield stress 7o;

4) viscoelasticity (a combination of viscous and elastic properties);

5) micromorphic properties (due to local flow-induced deformations of RBC).

Some of those properties promote increase in the blood viscosity, while others
led to its decrease, and their combination can produce some paradoxical effects
like a constant viscosity measured at the presence of two opposed effects [15].

Besides, more rheological effects are produced by specific biochemical nature of
the blood as a cellular suspension and its electromagnetic properties [16], namely

6) Electric potential of the RBC surface due to specific distribution of the
positive and negative charged molecular groups in the outer layer (glycocalyx)
and electric interaction (mostly repulsion) between the cells;

7) Formation of the hydration layer around the RBC in the aqueous solutions
(in blood plasma as water solution of mineral and organic components);

8) Copley-Scott Blair phenomenon (specific adsorption of large molecules and
cells to the vessel wall that lead to the double electric layer (DEL) formation,
electric interaction with the moving cells and ions, and physical decrease in the
vessel diameter) [10,17,18];

9) Active movement of leukocytes to/away from a chemokinetic agent [19];

10) Movement of leukocytes out of blood vessels through the vessel wall
(extravasation) to the location of tissue damage/inflammation.
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More complex effects are connected with the local, humoral and nervous
regulation like

11) Local release of the chemical factors influencing the cell properties, wall
thickness and vessel diameter, and therefore, the blood velocity;

12) Movement of the blood cells into the circulatory system from the marrow;

13) Release an additional blood volume into the circulation from the spleen;

14) Movement of the water component from/into the vessels controlled by the
volume receptors in the vessel wall.

In this paper a review of the most popular rheological models of blood is
presented, and the corresponding mathematical formulations for the blood flow
in the blood vessels, tubes of biomedical units like cardiopulmonary bypass, mi-
crofluidic systems, lab-on-a-chip or experimental equipment are discussed.

2. Classification of the rheological models of blood.
2.1. Newtonian fluid model.

Newtonian fluid model has a flow-independent viscosity p, = (T, C;)
only dependent on the temperature T and concentrations C; of some specific
components like polyacrylic polyethylene. Small concentrations of those polymers
can decrease the blood viscosity that is used in reanimation protocols. They can
also decrease the flow resistivity in the high Reynolds regimes (polymer turbulence
drag reduction Toms effect). In the simplest cases the Newton fluid approach
uy = const can be accepted and then the basic mathematical model of the blood
flow is the incompressible Navier-Stokes equations

div (7) = 0,
dv . . (4)
Po gy = —Vp + AV + py f,

where f is the external net force.

This approach is valid for the large vessels (d > 1 — 5mm) and high shear
rates 4 > 200 — 400c™!. In the case of rigid boundaries and steady 1D flow
(4) has analytical solutions for a cylindrical tube with any arbitrary smooth
cross-sectional perimeter [7]. Such solutions are usually used for validation of the
numerical models (finite difference, finite elements, finite volumes and others). The
turbulent flows of blood at higher Reynolds numbers Re=1000-6000 can also be
computed by direct numerical computations on (1); therefore particular turbulent
models (k — ¢, k — w, Spalart-Allmaras and others) are not considered here.

2.2. Shear-thinning models.

According to numerous experimental results, blood exhibits shear-thinning
properties that can be modeled as a linear dependence between the shear stress
T;rand shear rate v;; tensors with viscosity dependent on the components of the
shear rate tensor 7, = 2uyp, (T, Cj, vix) vk Since viscosity is a scalar function, the
allowed dependence is up = pp (L10, L20, I3y), where Iy, = Tr{vi} = vgk, oy =

2 2 2
Vg Vyy T VyyVzz + Vg Vzz — Vgy — U

oz~ Unz, 130 = Det|vy| are the main invariants of
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the strain tensor. For an incompressible fluid /1, = 0 and the simplest rheological
model is pp = pp (I2,). When a synthetic invariant I, = 4/2 (va — 2[2v) is used
instead of Is,, for the 1D flows I, = 4 that is convenient for both experiments
and theoretical considerations. Therefore, the simplest rheological model of the
blood as a shear-thinning fluid is p, = pp, (T, Cj, ), where Oy /07 < 0. The very
first power model was proposed by Ostwald in the form

p=T/4=k(#)", (5)

where 0 < n < 1. The value of n is computed from experiments with blood flows
at different shear rates .

Substitution of (5) or any other complex rheological law into (4) gives the
non-linear system of PDEs

div (V) = 0,
dv . . (6)
Py = —Vp + iy (Iy) AT+ pp f .

For instance, for the 1D Poiseuille flow between two parallel plates along the
axis 0x (5), (6) gives

9 _ g

Oz 1 (7)
Op kO (O (Ov\T

or  ror \ or or Phla:

It is clear, the parabolic Poiseuille or linear Couette flow profiles do not satisfy
(7). Its solution can be found by numerical methods. In the case of the circular
tube and f, = 0 an analytical solution of (7) with the no-slip boundary conditions
(BC) at the walls gives |20]

=gy () (-G e

The velocity profiles computed in (8) for different values n €]0, 1] are flattened
(Fig.2a) compared to the parabolic solution (at n=1) while for the shear thickening
fluids (n>>1) they become closer to the cone-type profile sharpened around the axis
Or (Fig.2b).

2.3. Viscoplastic models.

As other suspensions of aggregating particles, for starting the movement blood
needs a big enough shear stress 7 > 79, where 79 is the yield stress needed to
destroy the network of aggregates (Fig.3a) those are chains of the RBCs (Fig.3b)
such as

=0 when T < T,
>0 when T > 719

(9)
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Fig. 2. Velocity profiles v(r) for the Ostwald fluid flow:
a)at 0 <n <1;b)atn> 1.

The simplest linear model of (9) was proposed by E.C.Bingham (1916)

T =10+ py, whenT>1 (10)

or in the tensorial form

.
Tik = 2 (I—O + M) Vi, V1or > 270. (11)

v

where Io; is the second invariant of the shear stress tensor 7;.

Fig. 3. a) A network of aggregates in the model viscoplastic fluid;
b) RBC chains in the blood.

T - 5

A non-linear rheological model was proposed by N. Casson (1959) based on
his experiments with pigment-oil suspensions of the ink type [21]

VT =70+ VY, when 1> (12)

or in the tensorial form
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2
Tik = 2 <1 / 71;0 + \//Tb> Viks \/ Iy > 27. (13)

Detailed experimental measurements on blood and RBC suspensions revealed
a very good correlation between /7 and /3 [12]. The yield stress value depends
on the RBC concentration (Ht) and concentration C'yg of the protein fibrinogen
(fbg) which is responsible for the REB aggregation: 7o = 7o (Ht, C'tpg). A typical
value for healthy blood is accepted as 79 = 0.005N/m?. The most frequently used
approximations are

V70 = (Ht —0.07)%2 (0.49C 13, 4 0.24) ;
(14)
V70 = 0.01 (Ht — 10) (Cjpy + 0.5).

The asymptotic viscosity in blood as a shear-thinning viscoplastic fluid g =
lim (%) = ploo (Ht, pipp) is also a function of the RBC concentration (Ht) and
J—o0

blood plasma viscosity up,. The former is a Newtonian fluid and its viscosity
depends on the temperature py, = gy (1) and concentrations C), of the most
important proteins

_ Ho
Hop = 1— kp Cpa
where k,—const determined for the prevalent proteins.
When (14) is used in the rheological model, the resulting system of PDE must
be completed by the diffusion equation for C,.
In 1926 the linear Bingham model (10) was generalized by W. Hershel and
R.Bulkley in the form

(15)

T=19+p¥", when T>T19. (16)

The model (16) gives

1) Newtonian fluid at 7o =0, n=1;

2) Shear-thinning fluid at 0 =0, 0<n < 1;

3) Ostwald model (5) at 7o = 0;

4) Bingham fluid (10) at 70 > 0, n =1,

5) Generalized viscoplastic shear-thinning fluid at 70 >0, 0<n < 1.
The tensorial form of (16) can be written as

_ To
Tite = 24y (I2y) Vi, iy (I2y) = k13, 1y o
v

where k is the constant from (5).
The second expression (17) can be reformulated for the 1D flow as

, when T < 19,
wp(y) =40 TS (18)
oY+ k|, when T > 70,



Bicuuk XHY, Cep. «Maremaruka, IpuKkjaJHa MATEMATUKS I MexaHikay, Tom 97 (2023) 33

where 119 = 70 |50 + k [30] ", Ao is the critical shear rate corresponded to the
yield shear stress 7p.
Substitution (17) into the Navier-Stokes equations gives for the Poiseuille flow
between the parallel plates located at the distance H [20]
(0%

0w | _
Hb 8y2 ) ay 70,

oo (o) Vg (&) ) ) G))

when )(3—;)‘ > Y.

when

Solution of (19) with the no-slip BC at the plates is

e (= 0)m 55 — (6 — m) =),
ve sl |5 >

") = v+ veloa-ol, | <0 n 20)
rmym (68 = =14 8)m0) ™ — (3 — m) 7).
yel—a,1], gz<—”yo,

h )
where 7y = _Apfw’ 5 — Holo
L 70 |70
the velocity continuity conditions at the interfaces y = ;1 — 9.

Expression (20) gives flattened shear-rate dependent velocity profiles v(r/"),

where 7/¢"¢ = 21 /H (Fig.4).

, k is computed from (19) according to

yO
0.41'%

0.3

02 25"
Bep g
0.1’ n:4/ W
N
1 I 1 I 1 i Il:v i :\ I 1 L
L 0.4 06 03

s i V
Fig. 4. Velocity profiles for generalized viscoplastic fluid (20) at n=1,2,3 4.

Efficient viscosity of the Hershel-Bulkley fluid (17) in steady laminar flow can
be written as [22]
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8vaw \" ! (30 +1\" (1—-x)7"
eff — ; y 21
Hetf “°< h) ( in ) (1—aX — bX2 — cX3)" (21)

4L
where X = ﬁ, a=02n+1)"1 b=2na(n+1)"", ¢ = bn, vay is an averaged

velocity of the fluid flow through the channel.

Numerical computations on (20) showed a good correspondence with experi-
mental measurements on different fluids. When the Reynolds number is computed
based on the efficient viscosity Re = pvavhp;flf, the standard Newtonian friction
factor

64
Regyr

(22)

is in agreement with measurement data.

The Hershel-Bulkley model is used for optimization of the long-range pipelines
pumping such non-Newtonian fluids like oil. This model gives good results for
steady [23] and pulsatile [24] blood flow through the curved and stenosed arteries.

2.4. Viscoelastic models

Due to viscoelasticity of the erythrocyte membranes, their aqueous suspensi-
ons possess complex viscoelastic properties with stress and strain relaxations after
each cycle of load-discharge by the external forces. The simplest 3-element model
of blood as a suspension of the fluid-filled elastic shells is the Jeffrey model [25]

OTik ov; 0?v;
IR A
where k1 = (1y + top) /Em, k2 = prvttep/ Em, Em is the Young modulus of the
membrane, gy and ji, are the viscosities of the hemoglobin solutions inside the
erythrocytes and the blood plasma.

More sophisticated models accounted for the membrane sublayers and vi-
scoelasticity of the blood plasma can be written in the general form

k1 (23)

%7 0Tk Ok 0%,
k T ik + k k
2 + k1— ot + Tik = HoVik + Ko—— ot + K4 o2

e+ k33— + ... (24)

3. Mathematical problem formulations for generalized rheological laws

Substitution (24) into the Navier-Stokes equations gives the momentum
equation (linearized 1D case) in the form

(92 0%

Ltk o
+ ks a2 T | a2

(25)

0? 0 ov Op
a2 m”](m B

)
+ +>:{01+k26 +kips

where [ is the unit operator.
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When k14 = 0, (25) gives the 1D equation for Newtonian fluids. When ko4 =
0, k1 # 0, the hyperbolic equation (25) describes the wave propagation in the
viscoelastic fluid. In the case of plane waves propagation through a long fluid-
filled soft tube with a given unstrained cross-section profile Sy (z), the well-known
J.Lighthill’s model can be generalized for the viscoelastic fluid with rheological
equation (24) in the form

oS ou

E‘FSO%—O,

oU 18P U

D por S (26)
08 aS OP 0*P

where P and U are the mean pressure and flow velocity through the cross-section
of the tube, &, Lis the circumferential elasticity of the soft tube per unit length.

By excluding the variables S (¢,x) and P (f,z)from (26), one can obtain a
partial derivative differential equation for U (¢, z)in the form

64U kguo 83U klMO 82U ko,u() oUu
ks (B ) ko) S OMOCT
3 o +( So 1) o +< So 0> oz S, ot 2
Sp 9°U N kaSo 03U N kiSo O*U +o =0
p O0x2 p Otdxr? p Ot20x2 7
Eq.(27) has a solution in the form of running wave U (t,z) = U* -

exp (i (wt —nx)), where U*is the amplitude, n is the wave number. Substitution
gives the dispersion equation

o+ W +ipw® + w? (p2 — p3n?) +iw (pan® — ps) +pen® =0,  (28)
where p; = ok b2 = firo _ Ko p3 = Fa50 bs = k250 D5 = Kotio
So k3’ ksSo ks’ ksp’ ksp’ k3So’
So
pPe = 7 —-
ksp
For the case ksg7,.. = 0 the expressions for the wave speed c(w) and

wave dispersion w (n) have been computed in [26]. Numerical computations on
the generalized Lighthill-Shapiro model have been performed with the material
parameters of blood and arterial vessel walls. Despite the four different soluti-
ons for the wave speed obtained in [25] (two Young’s fluid-based modes and two
Lamb’s solid-based modes), the model (28) gives more types of the solid-based
wave modes which could characterize the micro- and nanostructure of the wall
material. The models with additional relaxation times gives the stress-strain rate
curves, strain relaxation curves in the isotopic experiments and stress relaxation
curves in the isometric experiments which fit better to the experimental curves
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measured on biological tissues compared to the standard 3-element rheological
models [27].
In the 3D case (24) can be rewritten as
Tk 8364—]{: 8217+817 B
P T3 T2 T ) T

0 0? 03
=—|I — — — + .. 29
|: +k16t+k36t2+k58t3+ :|Vp+ (29)
0 0? 03 .

Eq.(29) also admits wave solutions in the form of normal mode

f(tx) = f*-exp(i(wt —nr)), f={p}. (30)

Substitution of (30) into (29) gives the sound speed and dispersion in the
bulk viscoelastic fluid. In the case of a long axisymmetric fluid-filled distensible
tubes when the fluid flow is initiated by periodic pressure oscillations P (t)|,_, =
P*e™t at the inlet of the tube, (30) describes 2D cylindrical wave propagation
Vg (t,ryx) = 0™ (1) - exp (iw (t — z/c)), ¢ = w/n (w), and the wave amplitude is a
solution of the Bessel’s equation

10 ([ ov* .
ror (7“ o > — =" (r) = OF7, (31)
e — ik3w3 - k1w2 + tw w2

here = = —
v u0+ik52w—k4w2—ik’6w3+... + 2’

Tw (1 + iklw - k3w2 — ]{75003 + )
C (,U() + ikzw - k4w2 — ik6w3 + ) ’

In the case ks 67,.. = 0 the solution of (31) has been computed and analyzed
in [28] for the material parameters corresponded to blood as the fluid and arterial
vessel wall of healthy individuals and patients with some diseases.

Similar problem formulations can be derived for shear-thinning and vi-
scoplastic models as well as their combinations with viscoelastic model (25). For
each separate case the problem of solution existence and uniqueness, stability and
physical relevance must be studies. Moreover, correct formulation of boundary
and initial conditions for the partial differential equations with time derivatives
of order n)2 must be a case for special considerations.

4. Conclusions

Real liquids usually possess more complex rheological properties that cannot
be described by uniform Newtonian fluids. Many sophisticated constitutive equati-
ons for complex solids and fluids have been developed in theoretical rheology.
Recently, an attention was attracted by the suspensions of micro- and nanoparti-
cles (micro/nanofluids, respectively), and blood is one the most studied microflui-
ds. The rheological models developed for blood and other suspensions can be divi-
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ded into the shear-thinning, viscoplastic, viscoelastic general models. Their combi-
nations allow characterization of their viscous, elastic, shear rate dependent, yield
stress (tixotropy) and other mechanical properties. Substitution of more general
rheological laws into the Navier-Stokes equations for viscous fluids give systems
of partial differential equations with time derivatives of the orders n)2 that needs
correct formulations of additional boundary and initial conditions for the vari-
ables. It is shown, for the viscoelastic models the governing system of equations
is hyperbolic and allows solution in the form of running pressure and flow waves.
Due to the high order derivatives, the dispersion relations produce a big variety of
the frequency-dependent properties and types of the stress and strain relaxation.
Bifurcations and stability of the solutions as well as the problem formulations of
the mixed shear-thinning, viscoplastic and viscoelastic rheological properties will
be a subject for our future studies.
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Oruisia peoJiorivamx mMozeJieii i IIoCTaHOBOK MaTeMAaTHUYHUX 331249
JJI9 KPOBOTOKY

Bamriox JI. B.!, Kizinosa H. M.2, ITocnascekuit C. O. 2
L Xapriscoruti nayionarvrut meduwnud yrisepcumen
npocnexm Hoywu 4, 61000, Xapwie, Yxpaina
2 Xapriscoruti nayionarvrut yrisepcumem imeni B. H. Kapasina
matidarn Ceobodu 4, 61022, Xapxise, Yrpaina
Hapeneno orsisi peosorivHuX piBHSAHDB, SKi 3alPOMOHOBAHI B JIITEpaTypi JJIsl MaTe-
MaTHIHOTO MOJIEIIOBAHHS JIAMIHAPDHUX 1 TypOyJE€HTHUX Tedill KPOBi K KOHIIEHTPOBAHOL
cycrensii M’ IKuX 9acTHHOK. /leTabHO 0OrOBOPIOIOTHCS PEOTOTITHI MO KPOBi K OTHO-
PiZIHOT HBIOTOHIBCHKOI Ta HEHbIOTOHIBCHKOI PiJIMH; PIAMHM, 110 PO3PLIKYIOTH 31 3CyBOM;
B’SI3KOIIACTUYHOT; B’ I3KOMPYKHOT; THKCOTPOMHOI Ta, MiKpOMOP(MHOI pianH. 3rigHo 3 HaA-
BEJIEHUMHU eKCIIePUMEHTAILHUMHI JJAHNMH, a/IEKBATHA PEOJIOTIHA MOIETh KPOBi TOBUHHA
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OIUCYBATH IICEBIOIJIACTUYHY 1 TIKCOTPOIIHY IOBEJIHKY 3 3aJI€2KHUMHU BiJl KOHIIEHTPAIil
B’SI3KOTIPY KHUMY BJIACTHBOCTSIMHY, SIKi BJIACTUBI KPOBi 310poBoi jtroaunun. 11i BractuBocTi
MOXKHQ, [IeTaJIbHIITE BUBYATH HA BiAMOBIIHUX MaTEMATHIHUX (DOPMYITIOBAHHSAX 33,124 /It
Tediit KpoBi Kpi3b TpyOku abo kanaju. OOTOBOpeHi CHCTeMM PIBHSHB i "DAHWYHI YMOBHU
JI7IsT KOPKHOI 13 3aIIPOIIOHOBAHUX Peooriaanx Momesneil. Toani pimerHs A CTamioHapHuX
JIAMIHAPHHUX Tediil MixK mapaJjelbHIMH IJTACTHHAMHE Ta 9epe3 TPYOKHU KPyTroBOro nepepisy
BUMMCaHi Ta mpoanasizosani mus pigun Ocreannga, Leprmens-Baakm Tta Binrama. dna
KOXKHOI MOJIEJI JTOCTIIKEHO BIIMB TTapaMeTpiB Moe i Ha mpodii meuakocti. [Tokazano,
10 TeBHI HAOOPH MapaMeTpiB PiAuHN MPU3BOAATH 10 CIIOMIEHHS MPOQIIIO MBUIKOCTI, a
iHII BEUKJIUKAIOTH HOr0 3aroCTPeHHs] HABKOJIO OCi KaHaty. [loka3aHo, 1Mo 9ieHn Ipyroro
MOPSAJIKY B MOJEJAX B’sI3KOMPYKHOCTI IPUBOAATH J0 cucTeM audepeHIiaIbHuX PiBHIHD
3 YACTUHHUMU IIOXI/THUMHU 3 BHCOKUMHU IIOPAIKAMH 33 9ACOM 1 3MilIAHUMU [IPOCTOPOBO-
gyacoruMU ToximHuMu. HaBemeri BiAMOBIAHI MOCTAHOBKYU 3a7a4 JJsT XBUJIBOBUX Tediil pi-
JVH 3 y3araJbHEHUMU PEOJIOTITHUMEU 3aKOHAMHU Kpi3b M gKi TpyOku. OTpuMaHo aHAMITH-
9Hi pO3B’SA3KH M1 MIBUAKOCTI T€dUil, TiIPOCTATHIHOIO THCKY 1 IO ITepepily TpyOKu y
BUIJIAA HOpMaIbHUX MO, [lokazano, 1m0 aucmepciiini piBHAHHA JAI0Th J0JIaTKOBUM Ha-
6ip Juis wBMAKOCTI 3BYKY (Tak 3BaHuil apyruii 38yK) y piauni. 3pobieHo BUCHOBOK, IO
HaOIIBIT 3arajbHa PEOJIOTIUHA MOJEh MOBUHHA BKIIOYATH €(QEKTH MCeBIOIIACTUYHI,
KOHTIEHTPAIIll YaCTHHOK Ta JAPYTOTO 3BYKY.

Karwuosi crosa: nudpepeHiagbpHl PIBHAHHS; PEOJIOTIYHI MO/ieji; cycmeHs3il; ri-
JpoAanHaMiKa.

Icropis crarTi: orpumana: 4 ciuns 2023; ocrauniit Bapiant: 17 tpasus 2023
npuitaara: 7 gepaa 2023.
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3agadya 3HAXOMXKEHHS BEPXHBOI OIIHK! OIITUMAJBLHOCTI
JJI CTpaTeriii pereHepallii MIeYiHKNA Y BUIIAIKY
YaCTKOBOI rernaTekToMil.

V 1iit poOOTi PO3TIISAIAETHCA OHA 3 BAXKJIMBHAX MpOoOEM MaTeMaTHIHOI 0iosorii, a
caMe PO3poOKa MATEeMATHIHUX MOJETeil MUHAMIKH CKIQTHUX OIOMOTIYHHX CHUCTEM, sIKi
MalOTh 33/I0BLIbHY MOSCHIOBAIBHY Ta MPOrHO30BaHy cuity. HeoOximHo0 yMOBOIO PO3pob-
KH TAaKHX MOJesieil € po3B’sa3anisd 3a1a4i inenrudikaril 00’ €KTUBHUX IPUHITAIIB 1 IPABUJI
PErynsrii «KJIITHHHOI CHCTEMU», IO BU3HAYAE CEPEJT YCIX MOXKIUBOCTEH caMe «CITPaBIKHil
IIAX» 11 IUHAMIKH, IKY MU CITOCTEPITAEMO B €KCIIEPUMEHTI.

OivH 3 MEPCIEKTUBHUX TIiIXO0/IIB 10 PO3B’S3aHHS ITi€l 3824l I'PYHTYETHCS HA TimoTesi,
IO PeryJisiiis IPOIECIB MiATPUMKH /BIIHOBIEHHS NUHAMIYHOIO FOMEOCTa3y TKAHWH Ta
OpraHiB OpramiaMy BifOyBa€TbCA 33 AEAKUMU IPUHIUIIAME, KPUTEPIAMHA ONTHMATHHOCTI,
IO PO3BUHYJIUCA 3aB/AKHU MPUPOIHOMY BiAOOpy opraHizmy Imij 9ac HOro mornepemsHbol
€BOJTIONTII.

B manwit yac po3B’s3aTH II0 3339y JOCUTH BAXKKO 4depe3 0e3/1iY HeBU3HAUEHOCTEH
y IIJISXaX MOTepeaHbol €BOJIONII Oprani3My, IMHAMIKY 3MiHA 30BHIMTHIX YMOB, & TAKOXK
BHCOKOI OOYHCTIOBATBHOI CKJIAIHOCTI pO3B’A3aHHS TaKOl 3a/1adi.

3aMicTh MBOrO HAMY 3AMPOIMOHOBAHO CIIPOINEHY MOCTAHOBKY 3a/adi MOIIYKYy CTpaTe-
rifi KepyBaHHS PEryJIAI€I0, 10 JIA€ BEPXHIO OIHKY ONTUMAJJIbHOCTI JIJIS IIPOIECIB IIijI-
TPUMKU/BIJIHOBJIEHH JAMHAMIYHOIO roMeocrasy nedinku. Bepxus ouiHka ourumasibHO-
CTi peryndrii Ta TeCTyBaHHS TilMoTe3 JJIs MOJEJi pPereHepariii mevinKu PO3TJIAHYTO I
Bunajky 4vactkoBoi renarekromii (PHx) ta ©ysio BUpileHO NpOrpaMHUME METOIAMU
Python.

Byno mokazano, 1m0 y BHMAAKy 9acTKOBOI TelMaTeKTOMil OTPUMAHI ¥ 9MCEeTbHAX eKC-
IepUMEHTAX cTpaTerii pereHepariii neviHku Jijid 33349l BEPXHbOI OIIHKU ONTUMAJJIbHOCTI
SAKICHO 30iraloTbCs 3 TUMHU IIPOIECAMH PEreHepariii meIinKu, ki MOXKHA, CIIOCTEPITATH ITiT,
Jac OI0JIOTIYHUX eKCTIEPUMEHTIB.
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TakoxK y uncenbHUX €KCIEPUMEHTAX MEePEeBipeHo Taki rimore3u: HACKIIbKU BAaroMuit
BKJI3I POOWTH TPOIEC KOHTPOJIHOBAHOTO AMONTO3Y, K BIJIMBAIOTH HA CTPATEri0 pereHe-
parii neginku inmi nporecu (MOMIIOIAisA, AlI€HHS I YTBOPEHHS ABOSIEPHUX I'eNaTOIM-
TiB).

Karouosi cro6a: MaTeMaTHdHa MOJeJIb MPOIECIB pereHepariii; YacTkoBa remare-
KTOMisl; AMHaAMIYHe IporpaMyBaHHd; KPAUTEPiA ONTUMAaJIbHOCTI.

2010 Mathematics Subject Classification: 92C37; 65Y99.

1. Beryn

Opniero 3 byHIAMEHTAILHAX Ta MPAKTUYHO BAXKIUBUX TPOOIEM TEOPETUITHOT
Ta, MaTeMaTUYHOI OioJioTil € po3pobKa MaTEeMATHIHUX MOAETEH AUHAMIKNA CKJIa-
JHAX KJITUHHUX CHUCTEM, IO BOJIOJIIOTH 33JI0BLIBHOIO TOSICHIOBAJILHOIO Ta Iie-
penbadyBaJbHOI CUJIOK. 30KPEMa, JI0 TAKUX CKJAJHUX KJIITHHHUX CHUCTEM, IO
BUK/IMKAIOTh HAWOIIBIMWHI TPaKTUIHUN 1HTEpeC, HAJIeXKATH OPTaHd Ta TKAHWHU
OpTaHi3My, Ta IX IITYYHI aHAJOTH — OPTAaHOIIN Ta OPTaHH.

Ax mpaBwmo, MaTeMaTUYHI MO/IEl TAKUX CKAATHUX KIITUHHUX CHCTEM IIPEJ-
CTaBJISIIOTH JUHAMIUHI Meperki B3aEMOJIIIOUNX areHTiB-KJIITHH BUIUX MOPSIKIB, B
AKUX TIPOTIKAIOTH MHOKMHHI BHYTPIITHbOKJITHHHI IIPOIECH 1 TTPOTECH MIYKKJIITHH-
Hux B3aemo/iil. Taxki Mepexi MOXKYTb MicTUTH COTHI MJIbIOHIB i BisibIlle KJHTHH
pisHUX TUMiB i HabaraTo GiabITe MHOXKUHHAX MiKKJIITHHHUX B3a€MOIIH PI3HUX TH-
mis. Ix guHamika MOKe TTPOTIKATH B PI3HIX XapaKTEPUCTHIHIX MACITTabax qacy
1 MOYXKe BKJIIOYATH MITpaIliio areHTiB-KJIITHH, 3MiHA TUMIB areHT-KJITHH, 1X Hapo-
JIXKEHHH 1 CMePTh; 3MIHU TUITB MHOXKWHHNUX B3a€MOI MiXK areHTaMu-KJIITHHAMHA,
BUHUKHEHHSI HOBUX B3a€MOJiit Ta iX 3HUKHEHHS.

Taki nHesiniitni guaamivni Mepexi jgyxke ckaaai [1]. Hasite sixicuo Tx guna-
MiKa MOKe MaTH MPAaKTHIHO HeoOMexKeHnnit Habip ¢cBoel (ha30Bol opramizarii: pis3Hi
TUIM cTaTHYHUX Ta/abo juHaMivHEX (PA30BUX HEPEXO/iB Ta XUMEPHUX CTaHIB;
pisHi Tunm ha30BUX mepexoiB, robasbhi Ta/abo JokagbHl 6idypKariii.

3 iHII0ro GOKY, MU CIOCTEPIraEMO JIUIe 00MEXKEHY KiJbKICTh fKICHUX 1TOBE-
JIIHOK «KJITUHHOI CHCTEMW» Ta B IHAWBIIYATLHOMY €KCIIEPUMEHTI CIIOCTEPIraeMO
JIWIIIE OJIMH «CIPaBKHIA MIsaxy 11 JUHAMIKH.

Mox#a TpunIyCcTUTH, M0 AMHAMIKA «K/JTITHUHHUX CACTEM» MiATIOPIIKOBYETHCS
MEBHUM [PABUJIAM IILJICCIPSIMOBAHOI perysisifii (KepyBaHHs1), [0 3BOJUTH BEJH-
9e3Hy CKAQMHICTH 1X JAWHAMIKH JIAIIE [0 TeBHOT 00MeXKeHO! KiIbKOCTI AKiCHUX
MOBEIIHOK [2].

OueBnpHo, 1m0 6€3 SIBHOIO YSIBJIEHHS IPWHITAIIB, TPABUJI 1 MEXaHI3MIB ITijie-
CIPAMOBAHOI perysisrii (KepyBaHHs) y «KJITHHHUX CHCTEMaX» OyIb-gKa IXHS Ma-
TEMaTUYHA MOJE/Ib JACTh HAM JIAIIE HEOCSKHUI HADIP HOTEHIIHHUX MOXKJINBO-
cTelt, cepesl IKUX € CIPABXKHA IWHAMIKA, IO CIIOCTEPITaEThCd HAMU B €KCIIePH-
MEHTI.

Lnentudikariis 06’eKTHBHUX TPUHIIUIIB 1 TPABUI PETYJIAT] «KJIITHHHOI CHCTE-
MW», IO BU3HAYAE CEPEJT YCIX MOXKJIUBOCTEN caMe «CIpaBXKHIM MUIax» 11 JUHAMI-
KM, Ky MU CIIOCTEPIraEMO B eKCIIEPUMEHT] /ClIoCTepesKeHHi, € HeobXiIHO yMOBOIO
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pPO3pOOKK MaTeMaTUYHUX MOJIESEl i3 3a10BlIbHOI0 TIOSICHIOBAJIGHOIO Ta 1epeida-
YYBAHOIO CHJIOIO.

O/vH 3 MepCIeKTUBHUX MAXO/IB 0 PO3B’S3aHH Tiel 3a/1a4i I'PYHTYEThCS Ha
rimoTesi, MO MpaBuiia peryssiiii H6i0J0riYHUX TPOIECIB MiIMOPIKOBAHI JESTKIM
06’€KTMBHUM NpHHIMIAM, Kpurepism (cy6)onrumanbrocti|3, 4].

B cuny 06’exTrBHOCTI AaHUX DPUHITATIB i KPUTEPITB ONTUMAIBHOCTI, TPABUIA
peryasIii, ki M 3aJ0BOJBHSIOTE, OYAYTh CIIPABEIJIUBL [jisi OYIb-SIKOTO PiBHS
nmerastizarii omucy 6i0J0TiIHOT cruCTeMU, B TOMY YHCJI 1 JjId TPOTIECiB, siKi MU He
CIIOCTEPITAEMO B €KCIIEpUMEHTI ab0 He MOXKEMO OIMMCATH Yepe3 IXHI0 HaI3BUYANHY
CKJIAJIHICTD.

IIpunmumnu ontumasbHOCTI y 6i0J10Tii BUKOPUCTOBYIOTHCS BKe jtaBHO. Crioga-
TKY TiloTe3a OnTUMATBHOI KOHCTPYKIN opraxizMy 6yia ¢gpopMaabHo chopMyIho-
Bana PamesceknM [5], a morim posnmipena Poserowm [6]. Ileit mpuannm creeppxkye,
1110 6i0JIOTIUHI CTPYKTYpHU, HEOOXITHI JJIsT BUKOHAHHS TTeBHOI (PYHKIT, MAIOThL OYyTH
MaKCUMAJIbHO TMPOCTAME 1 ONTUMAJLHUMY 3 OISy TOTped v eHeprii Ta pecyp-
cax. Bymo mokaszamo, 1o aHaJOTIvH]I TPUHITHITA ONTUMAJIBHOCT Y3TOIKYIOTHCS 31
CITOCTEPEKEHHIMHA TIPO YKUBY PEUOBWHY HA PI3HUX PIBHAX OpraHizaiiii, BiJi OCHOB-
HUX SIBUII, MOJIEKYJISIPHOT Ta, KJITUHHOI 6Giosoril /10 piBHIB OpraHiB, iHAUBIIYyMiB,
nomysAnii ra ix esosronii [4, 7, 8, 9, 10, 11].

Hapazi meit migxig 70cuTh yCHOimiHO 3aCTOCOBYETHCA I Maanx Oiodiznannx
Ta, OIOXIMIYHMX CHCTEeM Ha OCHOBI IPHHIMIIB Ta KPUTEPIlB OITHMAaJILHOCTI, CTa-
TucTraHOl (PidvKkmM, HEPIBHOBAXKHOI TepMoAmHAMIKY Ta (DIBWKH KOHIEHCOBAHOTO
crany pedosmau [12, 13, 14].

OpHak, Jyist TAKUX CKJIQJIHUX KJAITUHHUX CHCTEM 9K OPraHU Ta, TKAHUHU Opra-
HI3MY 3aCTOCYBaHHS OCHOBHWX TTPWHITUIIB Ta, KPUTEPITB OMTUMAIHHOCTI TEOPETH-
9HOI PI3UKH, AyKe BayKKO 1, Ha HAIIY JyMKY, He 30BCIM KOPEKTHO.

Haiibinbm npupogso mpunycKaTu, M0 TPUHIIANN, SKAM IiIKOPATHCI TPaBU-
JIa, PETyJIAIIT MPOTIECiB MATPUMKH / BITHOBJIEHHST IUHAMITHOTO TOMEOCTA3y OPraHiB
T4 TKAHWH OPraHi3my, BiAMOBIIAIOTH MPOIECY MPUPOIHOrO BinOOpy mij wdac itoro
MOTEePETHBOT €BOJTIONIT TIOI0 JIeAKOTO KpUTepito (cy6)OonTHMATBHOCTI, HAIPUKIIA/,
kpuTepito edexkTuBHICTH /crifikicTs (fitness) [10, 11]. Hanpukiaa, BuBements mpa-
BIWJI PETYJIATII CITPOIIEHO MOXKHA TTPEJICTABUTH 9K TPOITeC HABYaHHS 3 T IKPITTIeH-
HSIM Y 9aci, IKWii 3BePTAEThCS 0 MUHYJIOrO HA OCHOBI €BOJTIOIIHIX (TeHETHIHUX )
anropurmis [15].

B pammit wac poss’sa3ammsa miel 3agadi, HABITH y I CIpPOINEHIl IIOCTAHOBII,
JIOCUTH BayKKO uepe3 6e3/1i9 HeBU3HAUEHOCTEH y IIgXaX MONEPEIHBOI €BOJIIONIT
OpraHi3My, AMHAMIKH 3MiHI 30BHIIIHIX YMOB, B IKHX BOHA BiAOyBaJiacd, a TaKOXK
BHCOKOI OOYHUCTIOBAJILHOI CKIAQIHOCTI PO3B’AI3aHHS TaKOl 3a1a4i.

Mu mpomonyeMo pO3TATHYTH 3HAYUHO MPOCTIMTY MOCTAHOBKY 33189l BEPXHBOL
OIIHKN ONTHUMAJIbLHOCTL, JJIsl KOl ONTUMAJBHA CTPATETid PeTYIIlii rapanToBa-
HO Kpalla 9 eKBiBa/ieHTHA O0'€KTUBHUM IMPABUIAM PEryJdllil, 9Ki MU MOYKEMO
CIIOCTEpIraTH B peajibHUX Oi0JOTTYHUX CHCTEMAX.

IlocramoBka Ta po3B’sI3aHHd 331891 BEPXHBOI OIIHKH ONMTHMAILHOCTI CTpaTerii
peryagrii 6i00TIYHUX TPOIECIB MOYXKE MATH BAXKJIWBUIM 9K TEOPETHIHUHN, TaK i
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MMPaKTUIHWH 1HTEpecC.

Ax Bimomo, mocTamoBka 0iOJIOTIIHOrO EKCIEPUMEHTY, IO JT03BO/IAE CIIOCTEPi-
raTu 9K BiZOYBa€ThCA PEry/dllid IPOIECiB B OpraHax i TKaHWMHAX OPraHi3My 3
33/IOBITHHUM PiBHEM JeTasi3allll, € JOPOTO 1 TPYAOMICTKOIO OTEPAITIE0, KA TK
npaBuio motrpebye yHiKagabHOTO obnajHanHsd. OXOMUTH yCi 3HAUYINL JJIS OTPU-
MaHHsl HOBUX JAHWX T4 3HAHb PO PEryJ/Idilifo OioJOTIgHMX MPOIECIiB YMOBHU Ta
crieHapil eKCIepuMeHTy HPAaKTUIHO HEMOXKJ/INBO. TakoxK 6araTro TOHKHX aCIIEKTiB
LPOLECIB IIITPUMKHM / BI/IHOBJIEHHS! JJMHAMIYHOIO IOMEOCTa3y Ha ChOIOJHIIIHBOMY
PiBHI PO3BUTKY TEXHOJIOTII MU HE CIIOCTEPITaEMO.

3ajiava MOIIYKY BEPXHBOI OTHKHU ONTHUMAJIBHOCTI MOXKE, B IIPWHITUIT, Ha SKi-
CHOMY PiBHI OIHUTH OCOOJHMBOCTI peryssdiii 6i0JOTiIHUX IIPOIECIB B yMOBAX Ta
CITeHAPigX, HE OXOILICHUX Oi0JOTiYHMM EKCIIEPUMEHTOM, T4 MPOAHAII3YyBATA MO-
2KJIWBI TPOTIECU PETYAIll, CIOCTEpeKeHHs JKUX € B JAaHWH Yac TeXHOJOTiYHO
HEJOCSI>KHI.

[Ia 3a7a9a 703BOJIsAE HA SKICHOMY PiBHI OTIEPETHBO MEPEBIPUTH TiITOTE3MN IO~
JI0 TOTO, 9K Bi0yBaeThCa peryidaiid Hi00TITHIX MPOIECIB 3 METOI0 TX TMOAAIBITTOT
IepeBipku B 6i0I0MIHOMY €KCIIEpHUMEHT.

Hanpukmiaz, gyst 6araThox Nponecis miJTPUMKH /BiHOBIEHHS JINHAMIYHOTO
TOMEOCTa3y MU He 3HAEMO TN MAIATAE 1X PeryJIdlis MiecIpIMOBAHOMY KEPYBaH-
HIO, 1X pery/isdamnig gerepMinoBana abo Mae BUIIAIKOBWIH xapakTep. Mwu moxxemo
GOpMYIIOBATH TITOTE3W MPO TON UM IHIMHN TUI PEery/smil IpomeciB i y mopis-
HSHHI 31 CTPATErigIMU BEPXHBOI ONTUMAJIBHOT OIIIHKH 33, YMOB ITOBHOT KEPOBAHOCTI,
OIIHIOBATH, Y MAE€ TOW U IHIIKN TUll perysdnil giziosoriune 3navents. i nani
MOXKYTb OyTH TiICTABOIO /s [JIAHYBAHHA T4 IIPOBEACHHS 010/IOriYHOrO eKCIepu-
MEHTY, 110 IiATBEP/KYE ab0 CIIPOCTOBYE IO TilTOTE3Y.

V it pobori 33184y BU3HAUEHHS BEPXHBOI OIIHKY ONTHMAIBHOCTI PEry/Iartii
Ta, TIePeBiPKY riloTe3 MU PO3TJIsIHEMO Ha IIPUKJIA/I MaTEMATHIHOI Mozest ¢dizioio-
TiYHOT perenepariii mevinKu, 30KpeMa, MOJIel pereHepaliii IeviHKy TPA 9aCTKOBIH
renarexromii (PHx).

2. TTocTaHoBKAa 33aj71a4l BEPXHBOT OI[IHKA ONTUMAJIBHOCTI cTpaTeriii
MiATPUMKHY /BiITHOBJIEHHS JMHAMIYHOr0 rOMeocTasy
mpu ¢iziogoriuniii perenepanii meuiHKU.

[Teuinka - oxma 3 HANWOIIRIT BIIOMWX Ta BUBUYEHWX OIOJOTITHUX MOIETHHUX
CHUCTEMa TIPOIIECiB pereHepariili OpraHiB Ta TKAHWH OPTaHI3MYy.

[leuinka BimoMa CBOIM BHCOKWM pereHepaTHBHUM MOTEHINIAIOM, OCKLIBKHA BO-
Ha 3garda sigposmosaru 0 70% cBoel mMacu micjas TpasMu a00 4acTKOBOL
pesekriii|17]. Ilporec perenepariii € CKIaHOIO B3a€MOJIEI0 PI3HUX THUINB KJITHH
i curnaspauX nUIAxis [18]. Bigomo, 1m0 B 3a/1€KHOCTI Bifl 06CTABUH aKTUBYIOTHCS
IBa Pi3Hi pexxmmu peremeparii. ¥ pazi mopyrnenus mposidepariii TemaTonnTis,
HAIIPUKJIAJ, TCAd TAXKKOr0 ab0 XPOHITHOTO TOIIKOIKEHHS MeYiHKU, CTOBOYpPO-
Bl KJITWHA TIEUIHKWA Ta KJIITHHU-TIOTEPETHUKA aKTUBYIOTHCH Y TKOCTI MEXaHI3My
perenepariil Ta BiaHOBJIEHHST (DYHKINT medinku [19], Takox 3ait0eThest mporiec dhi-
6po3y. Hapmaku, mic/ia 9acTKOBOI pe3ekirii ad0 MOMIPHOTO TMOTIKOKEHHST TTeTiHKHT
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BHACJIIJOK TOKCUIHOTO BIUIUBY MTOBHA PereHepariid MeTiHKT B OCHOBHOMY JOCITae-
ThCS 38 PAXYHOK IPOIECiB rimepiuiasil mapeHxiMaTo3uux KAiThH Ta npoJideparril
MapeHXiMaTO3HUX 1 HEMapeHXIMHUX KJITHH, 10 3ajgumusmca (porec disiomori-
YHOT pereHeparil meviHKm).

Heob6xinno BigzmayunTn, 10 ogHIE0 31 cuenud)ivHux pruc IpoIecy pereHeparii €
CYyTTEBO PI3HI XapPaKTEPUCTUYHI YaCH KOXKHOTO i3 3rajganux nporecis. B ineanbanx
YMOBaxX peILIiKallid TpuBa€ — 24 TOAWHW, MEPEXiN y MOMnIoigaicTs — 12 roanw,
rinepmiadiss — 30-60 xBuimn, momia ABOgAepHuX renaronuTie — 1 rog. B ymo-
BaX 30BHIITHLOTO CTPECOBOTO BIUIUBY IX XapaKTEPUCTUIHI YaACH MOXKYTH 3HAYTHO
3OLTBITTY BATHCS.

2.1 MaremaTu4dHa MOAeJIb HPOLECIB NiATPUMKY /BiHOBJICHHS
JAWHAMIYHOTO roMeocTasy npu ¢piziosoriuniii perenepariii mediHKu

Ha monepenunix eramax mamm 0ys10 po3pob/EHO MOAEIL MPOIECIB MiATPUM-
K¥/BLTHOBJICHHST IMHAMITHOTO roMeocTasy mpu diziosoriuniit pereneparii [15] B
TPUIYIEHHIX OJHOPIIHOrO HADJIMMKEHHS; HE3a/IeXKHOCTI Hiooriaynnx mporecis;
MOMIPHOTO TOKCHYHOTO BILUIHBY, & TAKOXK TPOBeeHO i1 Bepudikarito [16]. Y 3ama-
Hill MATEeMATHUIHIT MOIE/Ii TPOIEC pereHeparlii mevinKy BiJ0YBAETHCS 38 PAXyHOK
MIpOIleciB Timepnaasii, peluTiKarii, MOmIoAil, JITEHHS IBOSAePHUX TelaTONTIB
T8, KOHTPOJBOBAHOTO AIONTo3y. BaxK/mnBoro 0cobmBicTIO MOAET] € Te, 110 HediH-
Ka, siK 1 Oy/1b-9Kuil IHIUI OpraH JIoUHN, 0OOMeKeHa 33 00’ €MOM, TOMY BOHA MOZKE
BMICTUTH JIUIIE NEBHY KiAbKICTb Kiaitua. Yepes 1e 1mij 4ac perenepariii BUHUKAE
MIXKKJIITHHHA KOHKYPEHITiS 32 €MHICTh MeTiHKH.

B pozpobaeniit mogeni st Toro, mobd BpaxyBaTu iCTOTHO Pi3HI XapaKTePUCTH-
YH] YaCH OCHOBHUX ITEPeXiTHUX ITPOIIECiB, sKI TAKOXK 3aJ1eKaTh BiJl 30BHINTHHOTO
(HeCTAIIOHAPHOr0) TOKCHYHOrO BILIUBY, KOKEH TAKMIl IIPOIEC MOJIETIEMO OKpe-
MO: TIpOIlec peIlUTiKallil, Timepiasii, aHTuCTpecoBa TPOTpaMa i IPOTecH HEKPO3Y
Ta, amonTo3y.

Pospobsiena maremarndana Mozesnb [15], dka ommcye mporecu MiATpUMAH-
Hsl/BIJIHOBJIEHHSI JIMHAMIYHOTO romeocrasy (pereHepariii) HediHKH, € y3arajibHe-
HHAM TaKUX BIAOMHUX MoAeaell TMOmyJAaiiHol IUHAMIKHY, K y3araJbHeHl piBHSIH-
wa Jlorku-Boabreppa, piBasguus Jlorku-Bosipreppa 3 3amnizuijmymu aprymMenTaMu,
inTerpo-nudepentianbhi piBagaag Bojbreppa.
ckaany. 9k ocHOBHI (byHKITIOHAIBHI KJITHHM, PO3TJISIAEMO TiIbKH TENaTOIUTH
pizaux Tunis: I'(¢) - KiABKiCTH HOpMATBLHUX renaTonuTiB B MOMEHT vacy t; ['(t)
-KITBKICTh 9OTHPBOXIUIONTHIX TenaTonuTiB B MoMeHT wacy t; ['4(t) - ximbkicThb
BOCHMUILIOTAHMX remaronuTis B Moment wacy t; I2(t) - xinbkicrs nsosaeprux
renaroruTiB B MoMeHT gacy tt; Iy () - kinbkicTs remaronmTis B cTani rimeprrasii
B MOMeHT dacy t¢; As(t) - KiJIbKICTb TemaToONUTIB B CTaHI AHTUCTPECY B MOMEHT
vacy t; Ap(t) - KiabKiCTh renaronuTiB B CTaHi anonrosy B MoMenT [acy t; N(t) -
KIJTBKICTH DernaToluTiB B CTaHl HEKPO3Y B MOMEHT dYacy t.

®akrop Torcuanocti — Tox(t) = 7(t) + DP(t).

Ty1: 7(t) - 30BHIIIHSI TOKCHYIHICTH (€K30TOKCUYHICTH) B MOMeHT 4acy t; DP(t)
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- TOKCHYHICTB, [0 BUHUKAE 33 PAXyHOK MPOJYKTIB HEKPO3Yy (€HIOTOKCHIHICTH) B
MOMEHT 4Jacy t.

Toxcuuna Jiist piIBHOMIPHO PO3NOALISETHCS HA BCl KJIITUHN [MEYiHKNA. 3OBHIITHS
TOKCHYHICTD 3HMXKYETHCI 38 PAXYHOK (DYHKIIOHAIBLHOI aKTUBHOCTI T'eIATOIUTIB
(mporpama aHTHCTpECY) Ta 33 PaXyHOK KPOBOTOKY (e1). BHyTpimHs TokcuaHiCTh
y CBOIO 9epry 3HMXKYEThCA 3a paxyHOK darormuraphol aktusrocTi (F) i Takox
PaxyHOK KPOBOTOKY(€2).

T(t+1)=7(t) —7(t)x(t) — 7(t)es

ne x(t) = Y, ciI'(t) - xoedilienT 3HMMKEHHST TOKCHYHOCTI BHACILIOK (DyHKIIO-
HAJIbHOI aKTUBHOCTI I'elaTOIUTIB.

DP(t+1) = DP(t) — DP(t)F — DP(t)es

JurnaMika 3MiHA KAITUHHOTO CKIaAY MeTiHKN BU3HAUAETLCA TapaMeTpaMu Te-
pexony: a(t) - BiHOCHA KIJIBKICTH renaTonuTis, gkl IHIMIOTHCA 118 BXOJIZKEH-
HS B IUKJ perutikarii; b(t) - BigHOCHA KiTBKICTh TeHaTONUTIB, AKi IHIMIIOIOTHCH B
HOJIII0NI0;bo; (t) - BiiHOCHA KIJIBKICTh MEMATOINNTIB, sIK1 IHIMIIOIOTHCS B IBOSITEP-
Hi; ag; (t) - BigHOCHA KIIBKICTH TENATONUTIB, sIKi IHIIIIOITHCS 3 JIBOSIJIEPHAX Iella-
TONUTIB HA PO30OALT; ¢g(t) - BIIHOCHA KIMBKICTH TEMNATOINTIB, IO MOYATH TPOIIEC
rinepriasii; w(t) - BigHOCHA KIJIBKICTH enaTonuTiB, fKi iHIIIIO0THCS Ha KOHTPO-
JBOBAHUN aloITo3.

Koukypentiist B Mo/ieJli BDaXoBY€ETLCSl Y BUTVIAI:

E(t)=1- % (T(#) + Do) + Ta(t) + T2(t) + Tgip(t))

e ) - eMHICTH CEpPEIOBUIIA.

[Tpu mpunymenni 0gHOPIIHOCTI 1 HE3AJIEKHOCTI CIIPABELIUBO HADIMKEHHA B
CEPETHBOMY, dKe TPU3BOMUTL N0 PIBHSAHBL TOMYASINNHHOT AWHAMIKN Jad PI3HUX
TUTIB KJITUH TEYIHKHA.

PiBusHHS, 1110 ONUCYIOTH AMHAMIKY HOIYJISANIN PI3HUX THUIIB KJIITUH HEYiHKH:

D(t+1) = T(t) — a()k(O)T(t) + 2u(Tox(t))L(t) + az; (T2 (t) — g(t)L (1)~

—w(t)T(t) — k(O)b()T(t) — r(Tox(t))T(t) + As(t)

Pt +1) = Ta(t) — a(t)k(t)T2(t) + 2u(Tox(t))Ta(t) + k()b (E) — g(t)Ta2(t)—

—k(t)b(t)Ta(t) — w(t)Ta(t) — r(Tow(t)a(t) + As(t)

T2(t4+1) = T2(t)+bo; ()T (t) —az; ()T2(£) —g ()T (t) —w ()T (t)—r(Tox(t)) T (t)+ As(t)
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Lyip(t +1) = Lgip(t) 4 g(t) (D(t) + o) + Tu(t) + T2()) — w(t)Tgip(t)—

—r(Tox(t))gip(t) + As(t)

As(t+1) = As(t) + w(Tox(t)) (T(t) + Ta(t) + Ta(t) + T2(t) + Tgip(t)) —

—w(t)As(t) — r(Tox(t))As(t) — As(t)

Ap(t+1) = Ap(t) +w(t) (D(£) + Da(t) + Ta(t) + T2(t) + Lyip(t)) —r(Tox(t)) As(t)

N(t+1) = N(t)+r(Tox(t)) (T(t) + Ta(t) + Ta(t) + T?() + Tgip(t) + As(t) + Ap(t))

ne: u(Tox(t)) - mapamMerp MWK, IO BIANOBiZae 3a 3aTPUMKY Tepebiry pere-
Hepaniifiaux mporecis depe3 tokcuunicts; r(Tox(t)) - napamerp, sikuii mocuiae
KJIITUHA JI0 HEKPO3Y i/l 9ac BUCOKOI TOKCHIHOCTI.

2.2. IlocranoBKa 3a7ad4i MOINYKY BEPXHBOI OMiHKHN OINITUMAJIbLHOCTI
peryagriii poIeciB perexHepaiii meviHKu.

B 3amagi momyky BepXHBOI OIMIHKH ONMTUMAJIBHOCTI PETYJISIN] TPOIIECiB pere-
Heparii MedinKy s 33aH01 MOJIesi mependadaeThes, 10 OPraHi3M 3aTHHUI TTOB-
HICTIO KepyBaTH YaCOBUMHU MapaMeTpaMN MepeXoIiB:

A(t) = (a(t),b(t), ba;(t), az;(t), g(t),w(t)) - kepyroui mapamerpu,

0< N\(t) <1LVtel[0,T],i=1,...,6.

Hexait y3aranbueni piBagnss, 1m0 ONuCyOTh AUHAMIKHA OIS PI3HUX TH-
TR KJITWH TEeYiHKN 1 HaJaHl y TonepeTHhOMY TTYHKTI, €:

T(t+ 1) = f(@(t), (), A(t)),0 < A\i(t) < 1,Vt € [0, 7] (1)
ne Z(t) = (D(t),Ta(t), La(t), T2(t), Dyip(t), As(t), Ap(t), N(t)) € R™ - tunm byn-
KIIOHAJBHUX KJITHH TIEIIHKN B MOMEHT Jacy ¢, 7(t) - 3a/aHa (byHKIIsS 30BHIITHBOI
rokcuuanocti, Z(0) - 3azanuii noyaTKoBUii PO3MO/LI (DYHKIIOHATIBHIX KIITHH Tie-
qiHKH.

BBazkaemo, 1mo KoXKeH 3 pi3HHX THUIIB I'eMaTOIUTIB MA€ CBiif MOKA3HUK (DYyH-
xiioHaabHOCTI. Ileit koedirieHT BU3HaYaE, HACKIIBKYN e(PeKTUBHO KJIITHHA BUKO-
nye cBoi dynkimii. [Iporec rineprrazii nigsuiniye dyHKIIOHAIBHICTH TEYIHKT 3
JIOIIOMOTOI0 HAPOIIYBAHHA OLIKOBHX KOMILIEKCIB. llomimmoigmi Ta mBosimepHi re-
maroruTu (QYHKIIOHYIOTh e(DEKTUBHIINIE 33 PAXYHOK 3OLIBITEHOTO 9HCIa XPOMO-
COM. A B pe3yJIBTATI TTPOIECY PEILTIKAINT YyTBOPIOETHCST Bl KIITHHM, IO TIOBHICTIO
PYHKIIOHYIOTD.
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VzarajbHeHUil MOKa3HUK (QYHKIIOHAJIBHOCTI IMeYiHKM B MOMEHT dYacy t —
O(t) = 3oL, cimi(t).

3a/1ava BepXHBOT OT[HKHY OIITUMAIBHOCTI MOJIATAE Y 3HAXOYKEHH] OMTUMAIBHOT
cTparerii A (t), Mo JoCTaB/IsIE MIHIMYM CYMAapHOI 3BayKeHOT CepeTHBOKBAIPUIHOTO
Biaxumenna HyHKITIOHAJIHLHOCTI TEUIHKY BifT 11 onTuMaabHOl (PYHKITIOHATHLHOCTI HA
IHTEPBAJIL JKUTTEBOTO ITUKJY OPraHi3My.

N
X'(t) = argmin Y " v(t:) (K — O(t;))? (2)
A(t) i—0
t; = iAt, At — xkpox guckpermsauii, [0,7] = AtN — iHTepBan *KUTTEBOIO

IIUKJIY OPraHi3MYy.
K — onrumasibHa (pyHKIIOHAIBHA aKTUBHICTH OPTraHi3My.
0 <wv(t;) <1 - BigHOCHA Bara MOMEHTY YKHUTTEBOTO [UKJLY.

3. BusnaueHHs BepPXHBOIT OI[IHKKM ONTUMAJIbHOCTI cTpareriii perenepaii
MmevyiHKM B yMoOBax 4YacTkoBoi remarekromii (PHx).

Haii6inbimr 9acTo BUKOPUCTOBYBAHOIO MOJIE/LIIO Jijid BUBYeHHd Diziosorianol
pereneparii TeYiHKA € MOoJesb JacTKoBoi remarekromii (PHx), Bmepire ommcamna
Xirrincom i Anjepconom na mypax [20]. B uiit moupesi npubimsuo i rperunu
TeYiHKN BUIAJISIETHCA Xipypriunum misxoM. [Iporec pereneparrii mOYMHAETHCST
HeraifHO, IO TPU3BOJAUTE [0 MMOBHOTO BiTHOBJIEHHS MAacH MeYiHKM mpoTsaroM 7-10
nuis [18, 21|. Tlepesara xipypriunoi Moje/i B HOPIBHAHHI 3 MOJIEJISIMU TOKCUYIHOTO
TIOTITKO/IZKEHHS TIOJISITAE B TOMY, 10 TIpotiec perenepairiil micis PHx ve nop’sa3anuit
3 MACUBHUM HEKPO30M 1 BUKJIWUKAHUM HETOCTPUM 3alaJeHHSM, TaK IO BCl 3MIHH,
mo crnocrepiraorhes nicas PHx, moxua BigHecTn 1o ¢iziosioriuHoro mnporecy
peremepartii. ¥ KaiHIYHOMY KOHTEKCTI 11e# (hizioorianmit mporec perenepartii crae
BaXK/IMBUM Y TAINEHTIB, AKi MepeHec N JaCTKOBY PE3eKINIo MeTiHKd, Y JOHOPIB Ta
PENUIIEHTIB TC/Id TPAHCIIAHTAI TeYIHKK Bij] XKUBOTO JOHOPA Ta, Y MAIIEHTIB 13
TOCTPOIO TIETIHKOBOIO HEJIOCTATHICTIO.

[Io maMm BimoOMO HpO MPOIEC PE3EKINl MEeYiHKW 3 eKCIepuMeHTIB Oiosorin?
36inbmennst po3mipy remarouuTis (rinepmiasis) BinfyBaeThca BKe depes3 KijbKa
rogun micas 70% PHx, mabaraTo panimnie, HixK IX BCTYI y KJIITHHHWE DAKJI, 1 7OCH-
rae niky gepes 1 genp micasa 70% PHx, mo 103B0J1s1€ NPUITyCTATH, 10 301TbITEHHS
POBMIPY KJIITHH € TIEPIITOI PEAKIE0 IelaToIUTIB Ha BTpaTy MacH NEIiHKH, K 3a-
saaamn Xirrine Ta Angepcon [20]. OCkiibKY renaTonuT TPOXH 3MEHIILYIOTHCS B
po3Mipax i TOYHHAIOTh aKTUBHO BCTYIATH B KJIITHHHUAN UK Big 1 J1HS /10 2 AHIB
mics 70% PHx, 1ieii mpoMizKHMH 9ac MOKe OYTH MepiofoM, KOJIU TeMaTONNTH e~
pexoasTh 3 ¢azu rimepriasii B dasy pemmikarmii. OgHak pesyabTar 610J0TITHIX
€KCIIEPUMEHTIB [MOKA3YI0Th, IO TinepTpodis BUHUKAE B HOPMAJBHUX MeMaToONuTax
i mepeye peryTikarlii KIiThH npu pereneparii nedinku. Bak/mBo BiA3HAYATH, 110
piBens rineprpodil medinku npubamsno ognaxosmii micag 30 1 70% PHx, a rema-
TOLMTU NPAKTHYHO He Ainarehed micad 30% PHx. Takum umboM, rineprpodid €
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IIEPIIOI0 PEAKIIIEI0 IIPK PereHeparil, a PerIiKarisa iHimiI0eTh s, IKIMO0 TinepTpodil
HEJIOCTATHBO JJIsi BIAHOBAEHHS (PYHKITIOHAIBHOCT] IEYIHKH.

TTosinaoinig € XapaKTepHOI PUCOI0 TEeMaTONUTIB cCaBIiB i Oau3bko 70% re-
MATOIUTIB JOPOCAUX TPU3YHIB € TeTpamaoiganmMu. /laBHO BiZIOMO, MO MILTHICTH
renaronuTis 36inbmyerses micas PHx [23, 24]. Xoua 6iabmicTs renaTonutis opo-
xonarh a3y S mpu peremepanil mewimkm micas 70% PHx, me Bci remaronurn
MPOXOAATh MK/ PEILIKAIl B MOBHOMY 00CH31, 10 3YMOBJIIOE 301/bIIEHHS I1JIOI-
JTHOCTI.

Binykirearrist — e omma mikaBa 0COOJUBICTD MEMATOIUTIB JOPOCIHX, AKa IO~
HAEThCH 3 HEOHATAJ bHOI medinku. /laBHO BimoMo, 110 KiabKicTh bisgmepHux rema-
TOIMTIB 3MEHIIYEThCS I Jac perenepamil meuinku micas 70% PHx, 3a ominko0
MIKPOCKOILYHUX CIIOCTEPEKEHb Ta PYyUHOIo HigpaxyHky [25, 26).

Orxe, npn 30% PHx medinka BiZHOBJIIOE CBOIO MOYATKOBY MAacy 3a PaxyHOK
36LIBITIEHHS PO3MIPY T'elaTOIUTIB, ajie Hi YUCI0 KJATHH, Hi YUC/IO0 sJiep MenaTolu-
TiB HE 3MIHIOITHCH. KpiM TOro, OCKiJIbKY JIUIE HEBEJIUWKA YACTHHA I'eHaTONUTIB
npoxojuThk dazy S, iX miIoiaHicTh icTOTHO He 3MiHeThcd. HaBmaku, npu Buja-
nenni 70% neqinkm gepes kiabka roguu nicas PHx Bigfysaerbes rinepruiasis re-
TaTOINTIB, 32 KOO CJIi/Iye peruTikaria KaiTuHa. Maiizke BCl TenaTonuT BXOAATh Y
S-dazy, ase 6J1M3bKO MOJOBUHY M ITAETHCS KAITHHHOMY TO/TLTY 301IbITEHHS CBOTO
aucaa. Ilig gac pemikamii 6isnepni remaronuTy, MabyTh, TEPEBAYKHO I I TAI0THCS
HeTPaJuIifHOMY KJITHHHOMY TOILTY, 38 SKOT0 XPOMOCOMH 3 JIBOX sJIep TOIis-
FOThCA HA JIBA S7pa 3 YTBOPEHHAM JIBOX MOHOHYKJICADHUX JOUIPHIX TeTaTOINTIB.
B pesyabrari simepHe 9nc/I0 3MEHITYETHCS, & IILTHICTD 30LIbITYETHC.

3.1 3azaya nolNyKY BEPXHBOI OLiHKM OIITMMAJIbHOCTI pereneparnii
IeviHKu B ymMoOBax 4acTtkoBoi renarekromii (PHx).

OckinbKy TIpolec pereHeparii mciasd pesekiil 3aiiMae nmpubamsuo 7-10 guis
3a/1a4y TONIYKY BEPXHBOI OIHKN ONTUMAJBHOCTI (2) MOXKHA 3BECTH JI0 TAaKOI:

N
X'(t) = arg r;l(glz (K — &(t:))* (3)
=0

Yacopuii Kpok auckpermsail At moTpibHo obparu Tak, mob 0yaI0 BpaxOoBAHO
MIBUJKICTH TPOTIKAHHS YCixX MOjenboBanux nporecis. Koxen i3 3rajganux mnpore-
ciB Mae xapakTepuctunaauil yac nepebiry. B igeambanx yMoBax peruiikarisa TpuBae
- 24 ronmHM, TMepexis v MOMMIOIAHICTL - 12 romwH, rimepriasid - 30 - 60 xBuanw,
POBIOALT ABOAAEPHUX TenaToOUTIB - 1-2 rogunn. 3rigHo nporo, KpoK JUCKPETHU-
samii At 6y0 obpano - 10 xBunH, a inTepsas moaemosanus [0,7] - 10 auis.

Hna 30% PHx Ta 70% PHx 6y10 3a7aH0 Takmii IIOYATKOBHWIT PO3IOMLT KJIi-
tur T(0): (30% PHx) 51% - xiabKicTh HOpMAJIBHUX IENaTONUTIB; 7% - KiAbKICTH
IOJIIJIOITHAX renaronuTis; 4% - KINbKICTh ABOANCPHUX renaronuTis; 8% - Kinb-
KicTh TenaronuTis B crani rinepriasii; (70% PHx) 21% - kinbkicTs HOpMaIbHUX
remaTounTis; 5% - KIIBKICTH DOMILIOLIHNX remaTonuTis; 3% - KIIbKICTE nBOAIEp-
HUX renaronuTis; 1% - KiTbKicTh renaronuTis B crani rimeprrasii. Tlpn pesexii
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TTeYiHKN BHACIIIOK TPABMU YTBOPIOETHCS TeBHA KIMbKICTL HEKPOTUIHUX KJIITHH,
MPOJYKTH PO3HALY IKUX 3aTPUMYIOTH IIPOIEC PereHepariii.

KinpKicTh HEKPOTHYHUX KJITHH I 060X BHIAIKIB 3amaeMo Ha pisui 10%.

®ynKIiis 30BHINHBOI ToKCcHaHOCTI T (1) = 0.

Bagaay mpornonyeThest po3s’asysarn merogom Hengepa — Mina [27], meron
onruMizarii (morryKy MiaiMyMy) byHKII Bl Kibkox 3Minaux. Lleit Mmeron Buko-
puctoByBaBcs B hyHKIIT optimize 3 mogysisa scipy.optimize 6idgioTexn mist python
MOBH, K3, BUKOPHUCTOBYETHCS JIJIsi MATEMATHIHUX PO3PAXYHKIB.

Asropurm moJisirae y pOpPMyBaHHI CHMILIEKCY Ta TOAAJBIIOTO Horo gedop-
MYBAHHS ¥ HANPAMKY MIHIMYMY, 33 JOIOMOrOIO TPLOX OIEpPAalliil: BiIoOparKeHHsT;
pO3TATYBaHH; CTUCKY. Bukopucraemo peasizaiiio merony Hennepa-Mina, B sgko-

My [apaMeTpU PO3IINPEHHH, 3By KEHHS Ta 3BYZKEHHs 3a/Ie2KaTh Bij po3MipHocTi
3ajadl onrumizanii [28].

3.2. Pe3ysbTaTé UnceJbHUX PO3PaXyHKIB JJIA 3a7a4i MONIYKY BEPXHBOT
OL[iHKK OIITUMAJILHOCTI perenepanil nedinku micas 30% ta 70% PHx

[Ipu po3s’st3ammi 3aga4i ONTUMIBAINT /1T BITHOBICHHS PYHKIIOHAILHOIO CTa~
Hy medinku Oysm oTpuMmaHi Taki crparerii perenepanii (Puc.1).

LAy | I Y U - —
a0 a(t) - control replication | T T

bit) - controd polyplodia |
@it) - controd hyperplasih

a2jit) - control division of binuclear cells
b2jit) - control binuclear cells

with - control apoptosis
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Puc. 1. Crpareria BigaoBIeHHsT (DyHKIIOHAIBLHOTO CcTany nedinkm (A)
Ta KaTHHHWN ckaaz nedinkn (B) micaa 30% PHx (I) a6o 70% PHx (II).

[TomiTrMo Ha rpadikax, IO MEpII TOAUHK IPOIEC pereHeparlii He BiaOyBae-
THCS Yepe3 BHYTPIMIHIO TOKCUYHICTH Bil TPOAYKTIB posmaay mHekpozy. asai mo-
YUHAETHCS TIPOTIEC 30LIBIIEHHST PO3MIPY TemaTonuTiB (rinepriiasisi, KepyoJuii ma-
pamerp ¢(t)) - 1e meprua peakiiis oprasizmy 3ajist BiHOBJIEeHHs fioro dyHKIio-
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HajbHOCTI. Maifike BogHOYAC 3 TimepinIasieio BiOYBaEThCsI TiMEHHS ABOSIEPHIX
kiaiTus (Kepytounit mapamerp ag;j(t)). Bimykieanis Tex € mBuakuM mpomecom
JUIs TIOHOBJIeHHs (byHKIoHabHOCT] nedinku. [licas 70% i 30% PHx rinepriasis
BiZOyBaeThCs BXKe Yepes a00y, HabaraTo paHille, HixK BCl iHII mporiecH, 1o 36ira-
eThed 3 biooriuanMu ekcrnepuMenTtamu. 1Iporec rimepriazii mocarae miky depes
2 pmi. /lasi remaTonuTy TOYMHAIOTH AKTUBHO BCTYNATH B KIITUHHNN MUK y 2-4
qui micas 70% PHx, renaronmtn nepexogaars 3 dasn rimepriasii B a3y peri-
karii. Moxua nobauntu Ha rpadikax puc.2, mo napamerp (t), Mo BiamoBiTae 3a
BITHOCHY [IOJTIO TeNaTONUTIB, AKi IHIIIOTHCA B perutikariio, arsa sunaaka 30%
PHx suagno menmmii, Hixk s Bunagka 70% PHx. Takum 9uHOM, y BHIAIKY
30% PHx renarountn Maiizke He gainarses. 1le Biamosigae Tomy, mo Mu crocrepi-
raemo y xurTi. Ilporec w(t), mo BianoBimae 3a KOHTPOJIBOBAHUI AMOIITO3 Tiltep-
TpOoOBAHNX TEMATONUTIB, JOTIOMATAE 3POONTH KJITUHHAN CKJIAT HEIiHKN O1IbII
ONTUMAJBHUAM JJIs PeaKIlii Ha IOJAJIBIN CTPeCcOBl BILIUBY Ha medinky. Ile#t mpo-
1IeC TIOCTYIIOBO OHOBJIFOE CKJIAJ MEUIHKU 1 M0O30aBISIETHC Bifl TimepTpodoBaHUX
rernaTonuTiB 1 3aMIiCTh HUX 3BIJIBHAE MICIe JJId HOPMAJbHUX TelaTONUTIB, dKI
VTBOPIOIOTLCS B PE3YJIBTATI TTUKJIIB PETLIIKAIII.

Binznosnerna GpyHKOIOHAILHOTO crany nedinku micas 30% PHx Ta 70% PHx
HapejleHO Ha rpadikax (Puc.2).

A) L E)

Functional State
State

Functional

Time (hrs) Time (hrs)

Puc. 2. Bignosienns dyHKIIOHAIHHOTO CTAHY TEYiHKHT

micasa 30% PHx (A) a6o 70% PHx (B).

OrpuMani y 9uMCeTbHUX EKCIEPUMEHTAX CTpaTeril pereHepariil MediHKyW s
3a/1a4i BEPXHBOI OMIHKH ONTUMAJIBHOCTI sIKICHO 30iTaf0ThCst 3 TUMU MPOIECAMHU Pe-
TeHeparlil TeviHKu, IKi MOYKHA, CIIOCTEPITATH i 9ac HI0TOTIIHNX eKCIIePUMEHTIB.

3.3. IlepesBipka rimores.

Ha cyuacromy piBHi pO3BUTKY TeXHIKK OI0OJOTIYHOTO KCIIEPUMEHTY MU HE MO-
2KEMO CIOCTepiraTu 6araTo KIYI0BUX MOJIEKYISIPHUX ITPOTIECiB, AKi Bi1OyBaIOTHCs
B KJITWHI g gac perenepariii medinku. Zlk HACTIIOK IIHOTO MaTeMaTHUIHI MOIe-
JIi pereHepariil mediHKM mepeadadatoTh BEJUKY KiAbKICTh TilIOTE3 MO0 ITPABUI
peryJsmii.
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Tomy napaiiTe g 3ajadi BEPXHBOI OIMIHKKA ONTHUMAJBHOCTI B BUIIAJIKY pere-
nepanii neginku nicas 70% PHx oniammMo, skuii BKIaj Mae€ KOXKEH 3 KEPYIOIUX
ITapaMeTpiB y Opoteci perenepariii nedinku. IlepeBipuMo Taxi rimore3n: HACKLIb-
KU BaroMuii BKJIaJ Mae Tporec w(t) - KOHTPOJBOBAHOrO AlomnTo3y (/s IHOTO
POBTIAHEMO BUMAJIKKA 3 BIACYTHICTIO MPOTIECY ATOTTO3Y 1 3 BUTATKOBAM ATOTTO-
30M), sIK BILTMBAIOTHb HA CTPATEril0 pereHepartii MediHKd iHIM TpOorecH (BUMAIKN
MOCTIHHWX MOJITLIOANIT, JTiIEHHST TBOSITEPHAUX | yTBOPEHHS JBOSIIEPHUX ).

I'inomesa 1. Bidcymnuicms npouecy anonmaosy.

Po3p’saxxemo 3agady BepxXHBOI OIiHKKM ONTUMAJIBHOCTI B BHUMAJIKY pereHepartii
neuinkn micas 70% PHx y Bunanky, ko Ag(t) = w(t) = 0, Vt.

E] e B L] B s rewares
A) —— ait) - control replication
== bit) - controd polyplodia
08 —— glt) - controd hyperplasia
" = ajit) - control division of binuchear cells
% 06 —— b2jit) - control binuclear cells
-§' 04
3
5
o
02
00
] 50 100 150 200 50 00 -
Time {hrs) -

Puc. 3. Crpareria BigHoBsenHs dbyHKIIOHATIBHOIO cTaHy nedinku (A) Ta
kaiTuaEE ckran nedinku (B) micas 70% PHx y umaaky BiacyTHOCTI amomnrosa.

Ha puc. 3 maemo crpareriio peremepanii newinku miciag 70% PHx y sumagky
BIZICY THOCTI KOHTPO/JIBOBAHOTO atonTo3a. flk 6a4nMo 3 KJAITUHHOIO CKJIALy MediH-
ku (puc.3.B), mo micsst 361abIIeHHs CBOTO PO3MIPY KJITHHHU TakK 1 3aJMIIAI0THCS
y rineprpodOBAHOMY CTaHI.

I''nomesa 2. Ilpouec anonmo3y 2inepnaa3HuT KAIMUH € 8unadxo-
8UM.

AJO 7 = alt) - contred replication
—— bit) - control polyplodia
06 = git] - control hyperplasia
a2jit) - control division of binuclear cells

E o5 b2jit) - control binuclear cells
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Puc. 4. Crpareris Bigaosnenus GbyHKIIOHATLHOTO cTany nedinku (A) Ta KiiTHHHUI
ckaay nedinkn (B) micas 70% PHx y Bumagky HEKOHTPOJBLOBAHOTO AMOITO3A.

Po3p’saxxemo 3agady BepxXHBOI OIiHKKM ONTUMAJIBHOCTI B BHUMAJIKY pereHepartii
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nedinku micast 70% PHX y Bumajiky, KoJiu OpoIec amonTo3y € BUIAIKOBUM 1 Mae
eKcTioRentifinmit posnogin Ag(t) = w(t) = ae®, Vt,a > 0.

K10 TTOPIBHATH CTPATETil pereHepallii MeYiHKA y BUIAIKaX ITOBHOI KEpoBa-
Hocri (puc.2.IT) 1 KouTposbOBAHOTO anonTo3a (puc.4), nobauumo, Mo orpuMani
cTpaTerii Jye CX0Xi, X04a y BUMAIKY HEKOHTPOJTHOBAHOTO AIlONTO3y TPOIECH
JIEI0 MEHII 1HTeHCHBHI.

I'inomesa 3. IIpouec noainaodii € nocmitiinum.

Posp’sxkemo 3a1ady BepxXHBOI OIIHKU ONTUMAJJIBHOCTI B BUMAJKY PETeHeparril
neuinku micas 70% PHx y sunazaky, komu \o(t) = b(t) = 0.1, Vt.

Y = ™
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— a2j{t] - control division of binuclear cells =}
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Puc. 5. Crpareria BigaoBnenust GhyHKIIOHAIBLHOTO cTany nedinku (A) Ta KaiTuHHUT
ckiaan nedinku (B) micaa 70% PHx y Bunagky mocrifiaol mosmimroii.

IlopiBusiemo crparerii perenepariil mevYiHkyd y BHNAIKAX TOBHOI KEPOBAHOCTI
(puc.2.11) i mocriiinol mosimmozil (puc.5). OrpuMmani crparerii perexeparii yzxe
CXOXK1, OJIHAK Yy BUMAJKY MOCTIHHOT momimmofii (puc.5.B) mimcymkoBa Mo/ moti-
TJIOTAHUX renaTonuTiB Oiabia, HiXK y BUIAJIKY TTOBHOI KEPOBAHOCTI.

I'inomesa 4. IIpouec dinenns deoxrsadeprux 2enamouyumis € nocmidi-
HUM.

Posp’sxkemo 3a/1a1y BepxXHBOI OIIHKU ONTUMAJJIBHOCTI B BUMAJIKY PETeHepariil
nedinkn micag 70% PHx y sunagky, komm Ag(t) = ag;(t) = 0.2, Vt.
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Puc. 6. Crpareris BigHOBIEHHS (DYyHKIIOHATIBHOrO cTaHy nedinku (A) Ta
kaiTuaEAi ckran nedinky (B) micaa 70% PHx y Bunaaky mocriiiHol GiHyKIearri.
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[TopiBHAEMO cTpaTerii pereHepariil ITeYiHKHA Yy BUITaJIKaX IOBHOI KEPOBAHOCTI
(puc.2.IT) i nocrifinoro ainennst jaBoxsjepaux renarouutis (puc.6). Orpumvani
cTparerii perenepariil cxoxKi, OJHAK y BAMAIKY IOCTIHOTO AiTEHHS ABOXANEPHUX
renaroruTis (puc.6.B) miciaa mporikaHHS TpOIeCy pereHeparii MeYiHKN TTICyM-
KOBa JI0JIsT IBOAIEPHUX TeMaTONUTIB HYIbOBa, TOMY IO JIi€ MOCTIHHWN CUTHAT Ha
IX TIJTeHHS.

I'i'nomesa 5. Ilpouec ymeopenns 060xAdepHUL 2eNaAMOUUMIE € NO-
cmitinum.

Pozp’stizkemo 3aj1auy BepXHBOI OIIHKU ONTUMAJIBHOCTI B BUIIAJIKY pPeEreHepartil
nedinkn micas 70% PHx y Bumazky, ko A3(t) = bo;(t) = 0.2, Vt.
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Puc. 7. Crpareris BigHoBienHst GyHKIIOHAJBHOTO cTany nedinku (A) Ta
KuiTuHHKUI ckaay nedinku (B) nicas 70% PHx y Bunajky nocriiinoro
CUTHAJIY Ha YTBOPEHHH JIBOXSIEPHUX EMaTOINTIB.

[TopiBHAEMO CcTpaTerii pereHepallil MeYiHKHA y BUITaIKaX MOBHOI KEPOBAHOCTI
(puc.2.IT) i nocTifiHOro CUrHAMY Ha YTBOPEHHH JBOXSIAEPHAX renaronuTis (puc.7).
Orpumani crparerii pereHepallii cx0xKi, OJHAK Yy BUIIQJIKy IOCTIf{HOIO CHTHAJY
HA YTBOPEHHsI ABOXsepHUX renaronuTis (puc.7.B) 6auumo, mo npu 3axingenni
[Ipollecy pereHepariii MmeviHKy HiJCyMKOBa JIOJId JIBOSIEPHUX TEaTolliB OLIbIIA,
HiXK y BUTIQJKY TTOBHOI K€POBAHOCTI.

Takum amHOM, BEPXHS OIiHKA ONMTHUMAJIBLHOCTI ITPOTIECIB pereHepariii meqinkm
HaiTOYHIIIE BigoOparkae IpoIecH, 110 BigOyBaiOThHCI B 010JI0TTIHOMY eKCIIEPIMEH-
Ti i wac perenepariii. K HACTIIOK, e TPU3BOAUTE [0 MIOTE3M, IO TiMEPILIa3HI
KJITHHY IANOPSIIKOBAHI KOTPOJIBLOBAHOMY AIIONTO3y 3 DOKY Oprami3my, siKy IIO-
TPiOHO MATBEPAUTH B HIOJTOTITHOMY €KCIIEPUMEHTI.

4. BucHosku

V BumagKy YacTKOBOI TENATEKTOMIl OTPUMAaHI y YUCENBHUX EKCIIEPUMEHTAX
cTpaTerii pereHepariii TeIiHKHT JJTA 33,/1a9i BEPXHBOI OIIHKHT OIITUMAaJIbHOCTI IKICHO
30Iral0ThCd 3 TUMU TPOTIECAME PETEHEPAITi] MeUiHKY, SIKi MOYKHA, CITOCTEPITATH T1i T
qac 610JIOrYHUX E€KCIIEPUMEHTIB.

PosrsgayTo rimoTe3m mpo KJIIOUOBI mpoliecu pereneparnil mewinku. Ilpw ama-
Ji31 1mx rimore3 6YJI0 BUSBJAEGHO, IO PO3B’I3aHHS 3aIPOMOHOBAHOI HAMK 33134l
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ornTuMizalii € BEPXHBOI OIIHKOIO BCiX rinore3. Crparerii perenepariil medinku,
OTPUMaHI /g PI3HUX TIOTE3, He CUABHO BIIIPIZHAIOTHCH, OCKL/IBKA 3HAYHY POJIb Y
Iporieci pereHeparii micjigd YacTKOBOI TemaTeKTOMIl Mae Mporiec Tineprniasii, axmit
V BCIX TiIoTe3aX € KEPOBAHUM TTapaMEeTPOM.

Y miit poboTi posrasHyTO 00MeKeHuit crenapiii peremepanii neuinku (Buma-
JOK 9aCTKOBOI TelaTeKTOMIl MediHKM). 3ajada BEPXHBOI OIMIHKW ONTHMATBLHOCTI
Ta TEepPeBipKy rimore3 HEOOXiMHO PO3TIAHYTH B IHIIUX PO3MIUPEHUX CIEHAPITK:
BUIIAJIKM 30BHIITHBOIO TOKCHYHOTO BIUIMBY Pi3HOI IHTEHCHBHOCTI Ta KOMOIHAIIIT
30BHINIHBOT'O TOKCUYHOT'O BILJINBY T PE3€KINll MeIiHKH.

IcTopia crarti: orpumana: 29 b6epesna 2023; npuitaara: 6 wepsua 2023.
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Liver regeneration after partial hepatectomy:
the upper optimality estimate

V. V. Karieva!, S. V. Lvov?
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4, Svobody sq., Kharkiv, Ukraine, 61022

This work deals with one of the important problems in Biomathemati-
cs, namely the development of mathematical models for the dynamics of
complex biological systems, which are sufficiently clear and predictable. A
necessary condition for the development of such models is the solution to
the problem of identifying the objective regulation principles and rules of the
"cellular system", which determines among all possibilities the "true path"
of its dynamics, which we observe in the experiment.

One of the promising approaches to solving this problem is based on
the hypothesis that the processes‘ regulation of maintaining/restoring the
dynamic homeostasis of body‘s tissues and organs occurs according to certain
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principles, optimality criteria, which have developed due to the natural
selection of the organism during its previous evolution.

Currently, it is quite difficult to solve this problem due to many uncertai-
nties in the ways of the previous organism‘s evolution, changes in external
conditions, as well as the high computational complexity of solving such a
problem.

Instead, we proposed a simplified task of finding regulation control strategi-
es, which gives a upper optimality estimate for the processes of maintaini-
ng/restoring dynamic liver homeostasis. The upper optimality estimate of
the regulation and hypothesis testing for the liver regeneration model was
considered for the case of partial hepatectomy (PHx) and was solved by
Python methods.

It was shown that in the case of partial hepatectomy the liver regeneration
strategies, which are obtained in numerical experiments for the problem of
upper optimality estimation, qualitatively coincide with those processes of
liver regeneration that can be observed during biological experiments.

The following hypotheses were also tested in numerical experiments: how
important is the process of controlled apoptosis, how other processes
(polyploidy, division and formation of binucleated hepatocytes) affect the
liver regeneration strategy.

Keywords: mathematical model of regeneration processes; partial
hepatectomy; dynamic programming; optimality criterion.
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