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Approximation of classes of Poisson integrals by Fejer

means

The work is devoted to the investigation of the extremal problem of approxi-
mation theory in functional spaces, namely to the solution of the problem
of �nding of the exact upper bounds on the given functional classes of the
quantities of the deviation of trigonometric polynomials, which are generated
by linear methods of summation of Fourier series. This problem is related
to the linear approximation of functions which is one of the main directions
of the classical approximation theory.

The simplest example of a linear approximation of periodic functions is the
approximation of functions by partial sums of their Fourier series. However,
the sequences of partial Fourier sums are not uniformly convergent over the
class of continuous periodic functions. Therefore, a many studies is devoted
to the research of the approximative properties of approximation methods,
which are generated by transformations of the partial sums of Fourier series
and allow us to construct sequences of trigonometrical polynomials that
would be uniformly convergent for the whole class of continuous functions.
Particularly, Fejer means have been widely studied in the last time. One
of the important problems in this �eld is the study of asymptotic behavior
of the upper bounds over a �xed classes of functions of deviations of the
trigonometric polynomials.

The aim of the work systematizes known results related to the approximation
of classes of Poisson integrals of continuous functions by arithmetic means
of Fourier sums, and presents new facts obtained for particular cases.

The asymptotic behavior of the upper bounds on classes of Poisson integrals
of periodic functions of the real variable of deviations of linear means of
Fourier series, which are de�ned by applying the Fejer summation method
is studied. The mentioned classes consist of analytic functions of a real vari-
able, which are narrowing of bounded harmonic in unit disc functions of
complex variable. In the work, asymptotic formulas for the upper bounds of
deviations of Fejer means on classes of Poisson integrals were obtained. These
formulas are asymptotically exact inequalities without additional conditions.
Examples are given when these inequalities turn into equality.
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1. Introduction

Let C(T), T = [−π;π] be the space of continuous 2π-periodic functions with
the norm

∥f∥C = max
t∈T

|f(t)|.

Denote by G(q,m), q ∈ (0; 1), m ∈ [−1; 1] the class of continuous 2π-periodic
functions, given by the convolution [1, p. 241]

f(x) = A0 +
1

π

∫
T

φ(x+ t)Pq(t) dt,

where A0 is a �xed constant,

Pq(t) =
∞∑
k=1

qk cos kt,

is the well-known Poisson kernel, the summable on T, 2π-periodic function φ
satis�es the conditions

ess sup
t∈T

|φ(t)| ≤ 1, MT[φ] :=
1

2π

∫
T

φ(t) dt = m.

The function φ continues periodically.
Let

S[f ] =
a0[f ]

2
+

∞∑
k=1

(ak[f ] cos kx+ bk[f ] sin kx) ,

be the Fourier series of the function f ∈ C(T), where

a0[f ] =
1

π

∫
T

f(x) dx, ak[f ] =
1

π

∫
T

f(x) cos kx dx,

bk[f ] =
1

π

∫
T

f(x) sin kx dx, k ∈ N,

are the Fourier coe�cients of the function f and let

Sn(f ;x) =
a0[f ]

2
+

n∑
k=1

(ak[f ] cos kx+ bk[f ] sin kx)

be the n-partial sum of the Fourier series of the function f .
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Nikolsky [1] established the asymptotic equality as n → ∞

sup
f∈G(q,m)

∥f(·)− Sn−1(f ; ·)∥C =
8qn

π2
K(q) +O(1)

qn

n
,

where

K(q) =

π
2∫

0

du

(1− q2 sin2 u)
1
2

is the complete elliptic integral of the �rst kind, O(1) is a quantity uniformly
bounded with respect to n. Stechkin [2] proposed another proof of this result,
which made it possible to re�ne the remainder.

Let f ∈ C(T). Trigonometric polynomials given by the relation

σn(f ;x) =
1

n

n−1∑
k=0

Sk(f ;x)

are called Fejer means of function f . Asymptotic equalities for upper bounds of
deviations of Fejer means on classes G(q, 0) were obtained in [3, 4]:

sup
f∈G(q,0)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1 + q2)
+O(1)

qn

n
, q ∈ (0; 2−

√
3],

where O(1) is a quantity uniformly bounded with respect to n. Some related
results may be found in [5, 7, 6].

The purpose of this work is to present the asymptotic formulas for upper
bounds of deviations of Fejer means taken over classes of Poisson integrals in case
when mean of function φ(t) would not be equal zero. So far, formulas that directly
take into account the values of the parameters q and MT[φ] have not been found.
This paper is motivated by the works [8, 9] where estimates are obtained for the
derivatives of bounded harmonic functions in the unit disc. On the circle, the limit
values of such functions coincide with the elements of the classes G(q, φ).

2. Result
The main result is as follows.
Theorem. Let f ∈ G(q,m), q ∈ (0; 1), MT[φ] = m, |m| ≤ 1.

1. If −1 ≤ m ≤ 0, q ∈ (0; 2 −
√
3], then the following inequalities hold as

n → ∞
q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+ 4qm
n

(1+q2) sin π
2
m+2q

(1+2q sin π
2
m+q2)2

+O(1) q
n

n , − 4
π arctan q ≤ m,

q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+O(1) q
n

n , m ≤ − 4
π arctan q,

≤ sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C ≤
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q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+O(1) q
n

n , − 4
π arctan q ≤ m,

q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+ 4qm
n

(1+q2) sin π
2
m+2q

(1+2q sin π
2
m+q2)2

+O(1) q
n

n , m ≤ − 4
π arctan q,

(1)

2. If −1 ≤ m ≤ 0, q ∈ (2−
√
3;
√
3− 2

√
2], and

∂Pq(
π
2 + π

2m)

∂q
≥ ∂Pq(π)

∂q
, (2)

then inequalities (1) hold.

3. If 0 < m ≤ 1, q ∈ (0; 2−
√
3] and condition (2) is ful�lled, then the following

inequalities hold as n → ∞

q

πn

4 cos π
2m

1 + 2q sin π
2m+ q2

+O(1)
qn

n
≤ sup

f∈G(q,m)
∥f(·)− σn(f ; ·)∥C

≤ q

πn

4 cos π
2m

1 + 2q sin π
2m+ q2

+
4qm

n

(1 + q2) sin π
2m+ 2q

(1 + 2q sin π
2m+ q2)2

+O(1)
qn

n
. (3)

Here O(1) is a quantity uniformly bounded with respect to n.

Proof

First we consider the case −1 ≤ m ≤ 0. For f ∈ G(q,m) we have [3, 4]

f(x)− σn(f ;x) =
q

πn

∫
T

φ(x+ t)
∂Pq(t)

∂q
dt+O(1)

qn

n
.

Denote

Γq(t) :=
∂Pq(t)

∂q
=

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
.

For any constant I we can write

f(0)− σn(f ; 0)−
q

πn
I

∫
T

φ(t) dt =
q

πn

∫
T

φ(t) (Γq(t)− I) dt+O(1)
qn

n
.

Denote

c := −1

4

∫
T

φ(t) dt = −π

2
m, c ∈

[
0;

π

2

]
. (4)

Taking into account relation (4), we have

∣∣∣∣f(0)− σn(f ; 0) +
4qc

πn
I

∣∣∣∣ =
∣∣∣∣∣∣ qπn

∫
T

φ(t) (Γq(t)− I) dt+O(1)
qn

n

∣∣∣∣∣∣ .
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Since ess sup
t∈T

|φ(t)| ≤ 1, we obtain

∣∣∣∣f(0)− σn(f ; 0) +
4qc

πn
I

∣∣∣∣ ≤ q

πn

∫
T

|Γq(t)− I| dt+O(1)
qn

n
.

Therefore

sup
f∈G(q,m)

∥∥∥∥f(·)− σn(f ; ·) +
4qc

πn
I

∥∥∥∥
C

≤ q

πn

∫
T

|Γq(t)− I| dt+O(1)
qn

n
. (5)

We �nd a constant I = I(c) such that the function φ(t) = sign (Γq(t)− I(c))
satis�es the condition (4).

We investigate the function Γq(t), t ∈ [0;π]. We have

Γ′
q(t) =

(6q2 − q4 − 1− 2q(1 + q2) cos t) sin t

(1− 2q cos t+ q2)3
.

If q ∈ (0; 2−
√
3], then the function Γq(t) is monotone decreasing on [0;π]. If

q ∈ (2−
√
3;
√

3− 2
√
2], then the function Γq(t) is monotone decreasing on

[
0; π2

]
and has one extremum on

[
π
2 ;π

]
.

Tacking into account that Γq(0) > 0, Γq

(
π
2

)
< 0 and Γq(π) < 0, we have that

function Γq(t) has a single simple zero on
[
0; π2

]
.

Therefore, we obtain

I(c) = Γq

(π
2
− c
)
=

(1 + q2) sin c− 2q

(1− 2q sin c+ q2)2

for any q ∈ (0; 2−
√
3] and any 0 ≤ c ≤ π

2 .

For q ∈ (2 −
√
3;
√
3− 2

√
2] we can denote I(c) = Γq

(
π
2 − c

)
only if

Γq

(
π
2 − c

)
≥ Γq(π). This condition is equivalent to inequality

2q − (1 + q2) sin c

(1− 2q sin c+ q2)2
≤ 1

(1 + q)2
,

or

sin c ≥ q4 − 2q3 − 2q2 − 2q + 1

−4q2
. (6)

Denote

s(q) :=
q4 − 2q3 − 2q2 − 2q + 1

−4q2
.

Since condition s′(q) > 0, q ∈ (0; 1) is met, then function s(q) is increasing
and

min
q∈[2−

√
3;1]

s(q) = s(2−
√
3) = −1, max

q∈[2−
√
3;1]

s(q) = s(1) = 1.
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If q ∈ (2 −
√
3;
√

3− 2
√
2], then inequality (6) is solvable for any �xed 0 ≤

c ≤ π
2 . Note, if q ∈ (0; 2−

√
3], then inequality (6) is true for any c.

Let

φ(t) = sign
(
Γq(t)− Γq

(π
2
− c
))

=

{
1, t ∈ [−π

2 + c; π2 − c],
−1, t ∈ [−π;−π

2 + c) ∪ (π2 − c;π].

It's clear that for function φ(t) the condition (4) is met. Therefore, there exists
function f∗ for which the following equality holds∣∣∣∣f∗(0)− σn(f

∗; 0) +
4qc

πn
Γq

(π
2
− c
)∣∣∣∣

=
q

πn

∫
T

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt+O(1)

qn

n
. (7)

Comparing relations (5), (7), we obtain

sup
f∈G(q,m)

∥∥∥∥f(·)− σn(f ; ·) +
4qc

πn
Γq

(π
2
− c
)∥∥∥∥

C

=
q

πn

∫
T

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt+O(1)

qn

n
. (8)

Next, we calculate the de�nite integral in (8)

∫
T

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt = 2

π∫
0

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt

= 2


π
2
−c∫

0

Γq(t) dt−
π∫

π
2
−c

Γq(t) dt

+ 4cΓq

(π
2
− c
)

= 2

 sin t

1− 2q cos t+ q2

∣∣∣∣∣
π
2
−c

0

− sin t

1− 2q cos t+ q2

∣∣∣∣∣
π

π
2
−c

+ 4cΓq

(π
2
− c
)

=
4 cos c

1− 2q sin c+ q2
+ 4cΓq

(π
2
− c
)
. (9)

Combining (8), (9), we get the formula (1). The �rst and second statements
of the theorem are proved. Repeating the reasoning above for case 0 < m ≤ 1
and I(c) = Γq

(
π
2 + c

)
, c = π

2m, we obtain the third statement of theorem. The
theorem is proved.

The following few examples illustrate the theorem.



10 O. Rovenska

Example 1. Let MT[φ] = − 4
π arctan q, q ∈ (0; 2−

√
3]. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1− q2)
+O(1)

qn

n
.

Example 2. Let MT[φ] = 0, q ∈ (0; 2−
√
3]. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1 + q2)
+O(1)

qn

n
.

This equality was obtained in [3].

Example 3. Let MT[φ] = 0, q ∈
[
2−

√
3;

√
2 +

√
5− 2

√
2 +

√
5

]
. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1 + q2)
+O(1)

qn

n
.

This equality was obtained in [4].

Example 4. Let MT[φ] = −0.4π−1, q = 0.3. Then

1.2 cos 0.2

πn(1.09− 0.6 sin 0.2)
+

0.48(1.09 sin 0.2− 0.6)

πn(1.09− 0.6 sin 0.2)2
+O(1)

0.3n

n
≤

≤ sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C ≤ 1.2 cos 0.2

πn(1.09− 0.6 sin 0.2)
+O(1)

0.3n

n
.

Example 5. Let MT[φ] = 1, q ∈ (0; 2−
√
3]. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

n(1 + q)2
+O(1)

qn

n
.
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Íàáëèæåííÿ êëàñiâ iíòåãðàëiâ Ïóàññîíà ñåðåäíiìè Ôåé¹ðà
Ðîâåíñüêà Î. Ã.

Äîíáàñüêà äåðæàâíà ìàøèíîáóäiâíà àêàäåìiÿ

Àêàäåìi÷íà 72, Êðàìàòîðñüê, 84313, Óêðà¨íà

Ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ åêñòðåìàëüíî¨ çàäà÷i òåîði¨ íàáëèæåíü ó ôóí-
êöiîíàëüíèõ ïðîñòîðàõ, à ñàìå: ðîçâ'ÿçàííþ çàäà÷i ïðî òî÷íi âåðõíi ìåæi íà çàäàíèõ
ôóíêöiîíàëüíèõ êëàñàõ âiäõèëåíü òðèãîíîìåòðè÷íèõ ïîëiíîìiâ, ùî ïîðîäæóþòüñÿ
ëiíiéíèìè ìåòîäàìè ïiäñóìîâóâàííÿ ðÿäiâ Ôóð'¹. Öÿ çàäà÷à âiäíîñèòüñÿ äî ëiíiéíî¨
àïðîêñèìàöi¨ ôóíêöié � îäíîãî ç îñíîâíèõ ïiäðîçäiëiâ êëàñè÷íî¨ òåîði¨ íàáëèæåíü.
Íàéïðîñòiøèì ïðèêëàäîì ëiíiéíî¨ àïðîêñèìàöi¨ ïåðiîäè÷íèõ ôóíêöié ¹ íàáëèæå-
ííÿ ôóíêöié ÷àñòèííèìè ñóìàìè ¨õ ðÿäiâ Ôóð'¹. Îäíàê ïîñëiäîâíîñòi ÷àñòèííèõ
ñóì ðÿäó Ôóð'¹ íå ¹ ðiâíîìiðíî çáiæíèìè íà öiëîìó êëàñi íåïåðåðâíèõ ïåðiîäi÷íèõ
ôóíêöié. Òîìó çíà÷íó êiëüêiñòü ðîáiò ïðèñâÿ÷ó¹òüñÿ äîñëiäæåííþ àïðîêñèìàöiéíèõ
âëàñòèâîñòåé íàáëèæóþ÷èõ ìåòîäiâ, ÿêi ïîðîäæóþòüñÿ ïåâíèìè ïåðåòâîðåííÿìè

http://doi.org/10.26565/2221-5646-2018-87-01
https://doi.org/10.1007/s11253-019-01665-0
https://doi.org/10.31861/bmj2020.02.10
http://doi.org/10.1134/S1995080221120283
http://doi.org/10.1017/S0305004100024129
https://doi.org/10.1007/s11854-010-0012-5
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÷àñòèííèõ ñóì ðÿäó Ôóð'¹ i äîçâîëÿþòü ïîáóäóâàòè ïîñëiäîâíîñòi òðîãîíîìåòðè-
÷íèõ ïîëiíîìiâ, ÿêi ¹ ðiâíîìiðíî çáiæíèìè äëÿ âñüîãî êëàñó íåïåðåâíèõ ôóíêöié.
Çîêðåìà, îñòàííi ðîêè iíòåíñèâíî âèâ÷àþòüñÿ ñåðåäíi Ôåé¹ðà. Îäíi¹þ ç âàæëèâèõ
çàäà÷ öüîãî íàïðÿìó ¹ âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè òî÷íèõ âåðõíiõ ìåæ ïî
ôiêñîâàíèì êëàñàì ôóíêöié âiäõèëåíü òðèãîíîìåòðè÷íèõ ïîëiíîìiâ. Ìåòà ðîáîòè �
ïðåäñòàâèòè íîâi ôàêòè ùîäî íàáëèæåííÿ êëàñiâ iíòåãðàëiâ Ïóàññîíà íåïåðåðâíèõ
ôóíêöié ñåðåäíiìè àðèôìåòè÷íèìè ñóì Ôóð'¹. Â ðîáîòi äîñëiäæåíî àñèìïòîòè÷íó
ïîâåäiíêó òî÷íèõ âåðõíiõ ìåæ ïî êëàñàõ èíòåãðàëiâ Ïóàññîíà ïåðiîäè÷íèõ ôóíêöié
äiéñíî¨ çìiííî¨ âiäõèëåíü ëiíiéíèõ ñåðåäíiõ ðÿäiâ Ôóð'¹, ÿêi âèçíà÷àþòüñÿ çà äîïî-
ìîãîþ ìåòîäó ïiäñóìîâóâàííÿ Ôåé¹ðà. Çàçíà÷åíi êëàñè ñêëàäàþòüñÿ ç ôóíêöié äié-
ñíî¨ çìiííî¨, ÿêi ¹ çâóæåííÿì îáìåæåíèõ ãàðìîíi÷íèõ â îäèíè÷íîìó äèñêó ôóíêöié
êîìïëåêñíîi çìiííîi. Ó ðîáîòi îòðèìàíî àñèìïîòè÷íi ôîðìóëè äëÿ òî÷íèõ âåðõíiõ
ìåæ âiäõèëåíü ñåðåäíiõ Ôåé¹ðà íà êëàñàõ iíòåãðàëiâ Ïóàññîíà. Öi ôîðìóëè ¹ àñèì-
ïòîòè÷íî òî÷íèìè íåðiâíîñòÿìè áåç äîäàòêîâèõ óìîâ. Íàâåäåíî ïðèêëàäè êîëè öi
íåðiâíîñòi ïåðåòâîðþþòüñÿ â ðiâíîñòi.
Êëþ÷îâi ñëîâà: Iíòåãðàë Ïóàññîíà; ñåðåäí¹ Ôåé¹ðà; àñèìïòîòè÷íà íåðiâ-

íiñòü
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ïðèéíÿòà: 15 òðàâíÿ 2023.



ISSN 2221-5646(Print) 2523-4641(Online)
Visnyk of V.N.Karazin Kharkiv National University
Ser. �Mathematics, Applied Mathematics
and Mechanics�

2023, Vol. 97, p. 13�24
DOI: 10.26565/2221-5646-2023-97-02
ÓÄÊ 517.929

Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iìåíi Â.Í. Êàðàçiíà
Ñåðiÿ "Ìàòåìàòèêà, ïðèêëàäíà

ìàòåìàòèêà i ìåõàíiêà"

2023, Òîì 97, ñ. 13�24

© V. I. Korobov, T. V. Andriienko, 2023

V. I. Korobov
D.Sc. in physics and mathematics, Prof.
Head Dep. of Applied Mathematics
V. N. Karazin Kharkiv National University
4 Svobody Sq., Kharkiv, Ukraine, 61022

valeriikorobov@gmail.com http://orcid.org/0000-0001-8421-1718

T. V. Andriienko
BS applied mathematics student
V. N. Karazin Kharkiv National University
Svobody Sq., 4, Kharkiv, Ukraine, 61022

tasa444419.ta@gmail.com http://orcid.org/0000-0001-9405-6571

Construction of controllability function as the time of

motion

This article is devoted to the controllability function method in admissible
synthesis problems for linear canonical systems. The work considers methods
of constructing such control so that the controllability function is time of
motion of an arbitrary point to the origin. A canonical controlled system
of linear equations ẋi = xi+1, i = 1, n− 1, ẋn = u with control constraints
|u| ≤ d is considered. The controllability function Θ can be found as the
only positive solution of the implicit equation 2a0Θ = (D(Θ)FD(Θ)x, x),

where D(Θ) = diag(Θ−−2n−2i+1
2 )ni=1. Matrix F = {fij}ni,j=1 is positive de�-

nite and a0 > 0 is chosen so that the control constraints are satis�ed. The
controllability function is motion time if Θ̇ = −1. From this condition, an
equation is obtained, the solution of which is considered in this work. Unlike
previous works on this topic, no additional restrictions are imposed on the
appearance of matrix F . The task of this article is to �nd the parameters
set of the matrix F and the column vector a, which satisfy the obtained
equation and for which the controllability function is the time of movement
from the point x to the origin. In this way, we get a family of controls
depending on this parameters such that the trajectory of system steers the
origin in �nite time. In general case, di�culties may arise when �nding the
solution of Cauchy problem of the corresponding system. Canonical system
can be reduced to Euler's equation, for which a characteristic equation can
be found, and therefore a trajectory in an explicit form. Two-dimensional,
three-dimensional and four-dimensional canonical systems are considered. In
each case, the matrix equation is solved and sets of parameters for which the
controllability functions value will be the time of movement of an arbitrary
point to the origin are found. Conditions on parameters are obtained from
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positive de�niteness of the matrix F . Some parameters and an arbitrary ini-
tial point are chosen and the solution of Cauchy problem in analytical form
is found.

Keywords: controllability; controllability function; controllability

function as the time of movement.

2010 Mathematics Subject Classi�cation: 76A11; 76B11; 76M11.

1. Introduction

To solve the problem of admissible synthesis in 1979, Korobov V.I. the
controllability function method was proposed in the article [1] and developed
in the monograph [2]. In works [3, 4], the controllability function was obtained as
time of motion from an arbitrary initial point to the origin. A family of controls
solving synthesis problem was found. An extended control set was proposed for a
two-dimensional canonical system in [5].

Let us consider the canonical system

ẋ1 = x2,

ẋ2 = x3,

...

ẋn−1 = xn,

ẋn = u

(1)

with the constraint |u| ≤ d.
To solve the control synthesis problem for the system ẋ = f(x, u) is to

construct a control u = u(x) which satis�es a given constraint |u| ≤ d. And
for which the trajectory of the closed-loop system ẋ = f(x, u(x)) starts at an
arbitrary point x0 and reaches the origin in a �nite time.

In the Korobov's method Θ(x) is a controllability function and the control
u(x) is constructed on base of Θ(x)

u(x) =

n∑
i=1

aixi
Θn−i+1(x)

. (2)

Let us denote a = (a1, a2, ..., an)
∗, ai < 0.

The function Θ(x) needs further de�nition.
If the following inequality holds

Θ̇ =

n∑
i=1

∂Θ(x)

∂xi
fi(x, u(x)) ≤ −βΘ1− 1

α (x), (3)

then the time of motion is �nite.
A particular case of inequality (3) is the equation (4) for α = β = 1

Θ̇ =
n∑

i=1

∂Θ(x)

∂xi
fi(x, u(x)) = −1. (4)
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In this case, the controllability function is the time of motion from an arbitrary
point x0 to the origin. This problem was considered in works [3, 4]. There was
highlighted a special case when the matrix F−1 has the form F−1 = DnCDn.
Where C is a Hankel matrix C = (ci+j)

n−1
i,j=0 and Dn = diag((−1)i−1/(i−1)!)ni=1.

Our work though considers the whole class of controllability functions without
constraints on matrix F−1. Let us move on to the construction of a controllability
function.

Let us consider the canonical system with the constraint |u| ≤ d. We will
choose a control according to the formula (2).

And the controllability function is de�ned as the only positive solution of the
equation

2a0Θ = (D(Θ)FD(Θ)x, x),

where x ̸= 0 and Θ(0) = 0, if x = 0. Here D(Θ) = diag
(
Θ−−2n−2i+1

2

)n
i=1

.Matrix

F = {fij}ni,j=1 is a positive de�nite matrix and a0 > 0 is such a number that the
constraints on a control are satis�ed. The value of a0 found [2] 2a0 = 1

(F−1a,a)
.

Let us denote y(Θ, x) = D(Θ)x. Then the control function satis�es the equati-
on

2a0Θ(x) = (Fy(Θ(x), x), y(Θ(x), x)). (5)

Derivative Θ̇(x) of the controllability function Θ(x) has the following form

Θ̇(x) =
((F (A0 + b0a

∗) + (A0 + b0a
∗)∗F )y(Θ(x), x), y(Θ(x), x))

((F −HF − FH)y(Θ(x), x), y(Θ(x), x)))
, (6)

where b0 =


0
0
...
0
1

, A0 =


0 1 0 ... 0
0 0 1 ... 0
... ... ... ... ...
0 0 0 ... 1
0 0 0 ... 0

 and H = diag(−−2n−2i+1
2 )ni=1.

We equate the derivative of Θ(x) (6) to -1 and get

F

(
A0 + b0a

∗ +
1

2
I −H

)
+

(
A0 + b0a

∗ +
1

2
I −H

)∗
F = 0. (7)

Denote A =
(
A0 + b0a

∗ + 1
2I −H

)
. It has the following form

n 1 0 ... 0 0
0 n− 1 1 ... 0 0
... ... ... ... ... ...
0 0 0 ... 2 1
a1 a2 a3 ... an−1 1 + an

 . (8)

We obtain
FA+A∗F = 0. (9)
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Our task is to �nd parameters of the matrix F and the column vector a so
that the equation (9) is ful�lled. Then the controllability function Θ(x) is time of
motion from an arbitrary point x0 to the origin.

Let us move on to the construction of the controllability function. From the
lemma [2, p. 79] we get an = −n(n+1)

2 . Consider det(A−λE). Matrix A is similar

to the skew-symmetric matrix F
1
2AF− 1

2 , therefore real parts of eigenvalues are
equal to zero. All coe�cients of λn−k are zero where k is odd and k ≤ n. In this
way we obtain equations for parameters ai. We substitute these parameters into
the matrix A and solve the equation (9). It should be noted, that the matrix FA
is skew-symmetric, therefore all main-diagonal elements are zeros. We obtain the
matrix F , which is positive de�nite as was said earlier. We use Sylvester's cri-
terion and �nd conditions for parameters of the matrix F and ai. In this way we
describe the whole class of controllability functions Θ(x) and controls u(x), which
transfer some initial point to the origin of coordinates. Moreover, the controllabi-
lity function is the time of motion.

Next, we �nd a trajectory of the canonical system (1), which reduces to an

Euler equation (Θ0 − t)nx
(n)
1 − (Θ0 − t)n−1anx

(n−1)
1 − ...− a1x1 = 0.

Looking for a solution in the form x1(t) = (Θ0 − t)λ we get the characteristic
equation. After solving we get an analytical solution.

2. Construction of the controllability function
in the two-dimensional case

Consider a solution of the synthesis problem. We �nd the controllability functi-
on Θ(x). On base of Θ(x), we construct the control u(x), which transfers an
arbitrary given point to the origin.

System has the following form{
ẋ1 = x2,

ẋ2 = u.
(10)

Theorem 1. Let

a1 < −9

2
, f22 > 0. (11)

The controllability function Θ = Θ(x) is de�ned as the only positive root of the

equation

− 4 + a1
a1(3 + a1)

Θ4 = −a1x
2
1 + 4x1x2Θ+ x22Θ

2, (12)

at x = 0, we put Θ(0) = 0.

Then control

u(x) =
a1x1
Θ2(x)

− 3x2
Θ(x)

. (13)

transfers an arbitrary initial point x0 ∈ R2 to the origin in time Θ(x0).



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì97 (2023) 17

Indeed, in this case

F =

(
f11 f12
f12 f22

)
, A =

(
2 1
a1 a2 + 1

)
Recall that the real parts of the eigenvalues are equal to zero, hence the coe�-

cients near odd powers of λ are equal to zero. We have

det(A− λE) = 2− a1 + 2a2 − (a2 + 3)λ+ λ2,

then a2 = −3.
Equation (9) has the form

2f11 + a1f12 = 0,

f12 + (a2 + 1)f22 = 0,

f11 + (a2 + 3)f12 + a1f22 = 0.

It follows that

F =

(
−a1f22 2f22
2f22 f22

)
, A =

(
2 1
a1 −2

)
, F 1 =

(
−4a1f22 6f22
6f22 2f22

)
. (14)

We use Sylvester criterion and get (11).
Therefore, form (5) where y(Θ(x), x) = (x1Θ

−3/2, x2Θ
−1/2) and 2a0 =

1
(F−1a,a)

we get (12). The solution is any control (13), where a1 < −9
2 . It should

be noted that we choose only parameters a1 and f22. The other ones we calculate
from (14) according to the formulas: f11 = −a1f22, f12 = 2f22 and inequalities (11)
must be ful�lled.

For example, let us choose a1 = −6, f22 = 1, then f11 = 6, f12 = 2, conditi-
ons (11) ful�lled. We have a0 =

1
18 . We obtain the equation relating Θ

1

9
Θ4 = 6x21 + 4x1x2Θ+ x22Θ

2

The system has the form (10), where

u = − 6x1(t)

Θ2(x1, x2)
− 3x2(t)

Θ(x1, x2)
.

So, a control is found that satis�es the constraints and translates any given
initial point to the origin in a �nite time. Let {1, 1} be the initial point. Let's �nd
the trajectory of the system. Equation (12) takes the form

1

9
Θ4 = 6 + 4Θ +Θ2

It has a unique positive solution Θ0 ≈ 4.4512.
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As was mentioned earlier, the system (10) reduces to Euler equation

(Θ0 − t)2ẍ1 + 3(Θ0 − t)ẋ1 + 6x1 = 0.

Looking for a solution in the form x1(t) = (Θ0 − t)λ we get a characteristic
equation

λ2 − 4λ+ 6 = 0.

We �nd roots λ1,2 = 2± i
√
2 and obtain

x1(t) = (θ0 − t)2
(
c1 cos(

√
2 ln(θ0 − t)) + c2 sin(

√
2 ln(θ0 − t))

)
.

From the initial conditions x1(0) = 1, x2(0) = 1 we �nd c1 = 0.17, c2 = 0.16.
Let us denote τ(t) =

√
2 ln(Θ0 − t). Finally, we have the solution in analytical

form
x1(t) = (Θ0 − t)2(0.17 cos(τ(t)) + 0.16 sin(τ(t))),
x2(t) = −2(Θ0 − t)(0.29 cos(τ(t)) + 0.04 sin(τ(t))).

The trajectory is shown in Fig. 1 and time of motion Θ0 ≈ 4.4512.

Fig. 1. The trajectory (x1(t), x2(t)) of the point {1, 1, 1} which reaches the origin
in time Θ0 ≈ 4.4512.

3. Construction of the controllability function
in the three-dimensional case

Similarly to the previous case, we will consider a solution of the synthesis
problem.

The system has the following form
ẋ1 = x2,

ẋ2 = x3,

ẋ3 = u.

(15)
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Theorem 2. Let

a1 < −75

2
, f23 > 0,

15f23
8

< f13 < −a1f23
20

. (16)

The controllability function Θ = Θ(x) at x ̸= 0 is de�ned as the only positive

root of the equation (5), at x = 0 we put Θ(0) = 0.

Then view control

u =
a1x1(t)

Θ3(x)
+

(a1 − 30)x2(t)

3Θ2(x)
− 6x3(t)

Θ(x)
. (17)

translates an arbitrary point x0 ∈ R3 to the origin in time Θ(x0).

Here

F =

f11 f12 f13
f12 f22 f23
f13 f23 f33

 , A =

 3 1 0
0 2 1
a1 a2 1 + a3

 .

Recall that the real parts of the eigenvalues are equal to zero, therefore the
coe�cients for even powers of λ are equal to zero. Then a3 = −6, a2 =

1
3a1 − 10.

We solve an equation (9) and get

F =

 −1
3a1f13 2f13 − 1

5a1f23 f13
2f13 − 1

5a1f23 −f13 + (5− 1
15a1)f23 f23

f13 f23
1
5f23

 , (18)

A =

 3 1 0
0 2 1
a1

1
3a1 − 10 −5

 , (19)

F 1 =

 −2a1f13 10f13 − a1f23 4f13
10f13 − a1f23 −4f13 + 4(5− 1

15a1)f23 3f23
4f13 3f23

2
5f23

 .

We use Sylvester's criterion for F and F 1 and obtain (16).

Therefore, from the equation (5), where y(Θ(x), x) = (x1Θ
− 5

2 , x2Θ
− 3

2 , x3Θ
− 1

2 )
we get (12). And control (17) is a solution of the synthesis problem. Note that
we choose only the parameters a1, f13 and f23, and we calculate the others from
(18),(19) according to the formulas: a2 = 1

3a1 − 10, f11 = −1
3a1f13, f12 = 2f13 −

1
5a1f23, f22 = −f13+(5− 1

15a1)f23, f33 =
1
5f23. Inequalities (16) must be satis�ed.

For example, let's choose a1 = −57, f13 = 2, f23 = 19
20 , then a2 =

−29, f11 = 38, f12 = 1483
100 , f22 = 159

25 , f33 = 19
100 , conditions (16) ful�lled. We

have a0 =
667

259000 . Equation (5) for chosen parameters

667

1295
Θ6 = 3800x21 + 2966x1x2Θ+ (636x22 + 400x1x2)Θ

2 + 190x2x3Θ
3 + 19x23Θ

4.
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And control solving synthesis problem

u = − 57x1(t)

(Θ0 − t)3
− 29x2(t)

(Θ0 − t)2
− 6x3(t)

Θ0 − t
.

Let {1, 1, 1} be an initial point. We get

667

1295
Θ6 = 3800 + 2966Θ + 1036Θ2 + 190Θ3 + 19Θ4

We have a unique positive solution Θ0 ≈ 10.0131.
The system (15) reduces to an Euler equation

(Θ0 − t)3
...
x 1 + 6(Θ0 − t)2ẍ1 + (10− 1

3
a1)(Θ0 − t)ẋ1 − a1x1 = 0.

As earlier, we �nd the characteristic equation

−λ3 + 9λ2 − 37λ+ 57 = 0.

We get roots λ1 = 3, λ2,3 = 3± i
√
10 and obtain an expression for x1.

From the initial conditions we �nd c1 = 0.017, c2 = −0.005, c3 = −0.016. Let
us denote τ(t) =

√
10 ln(Θ0 − t). Finally, we have an analytical solution

x1(t) = (Θ0 − t)3(0.017− 0.005 cos τ(t)− 0.016 sin τ(t)),
x2(t) = −3(Θ0 − t)2(0.017− 0.021 cos τ(t)− 0.01 sin τ(t)),
x3(t) = 6(Θ0 − t)(0.017− 0.038 cos τ(t) + 0.024 sin τ(t)).

The trajectory is shown in Fig. 2 and time of motion Θ0 ≈ 10.0131.

Fig. 2. The trajectory(x1(t), x2(t), x3(t)) of the point {1, 1, 1} which reaches
the origin in time Θ0 ≈ 10.0131.

Note that in order to use the methods described [3, 4] in three-dimensional
space, matrix F−1 must have a representation F−1 = D3CD3. For this, the matrix
D−1

3 F−1D−1
3 must be Hankel. This holds only if f13 = 2f23. In our example, we

selected such parameters for which it was not ful�lled.
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4. Construction of the controllability function
in four-dimensional case

Let us consider a solution of the synthesis problem. We have a system
ẋ1 = x2,

ẋ2 = x3,

ẋ3 = x4,

ẋ4 = u.

(20)

Theorem 3. Let

a1 < − 3675
8 , 1

16a1 − 39 < a3 < −23− 2
√
−a1,

23+a3+
√

4a1+(23+a3)2

8a1
f14 < f44 <

23+a3−
√

4a1+(23+a3)2

8a1
f14, f14 > 0,

(30 + a3)(3a1 − 49(30 + a3))f
2
14 + 6a1(−2a1 + 49(30 + a3))f14f44 − 441a21f

2
44 > 0,

1
2 (−a1(155 + 6a3) + 2(30 + a3)(1770 + 49a3))f

3
14 + 2(6a21 + 98(30 + a3)

2(33 + a3)−
−a1(8175 + a3(415 + 6a3)))f

2
14f44 + a1(−98(30 + a3)(636 + 17a3)+

+3a1(945 + 34a3))f14f
2
44 − 72a21(3a1 − 49(39 + a3))f

3
44 > 0,

1
4 (f

2
14 + 4(21 + a3)f14f44 − 18a1f

2
44)((5125− 8a1 + 130a3)f

2
14 + 4(−a1(107 + 6a3)+

+49(1425 + a3(115 + 2a3)))f14f44 + 2a1(48a1 − 49(633 + 16a3))f
2
44) > 0.

(21)

The controllability function Θ = Θ(x) at x ̸= 0 is de�ned as the only positive

root of the equation (5), at x = 0 we put Θ(0) = 0.

Control

u =
a1x1(t)

Θ4(x)
+

7(30 + a3)x2(t)

Θ3(x)
+

a3x3(t)

Θ2(x)
− 10x3(t)

Θ(x)
. (22)

translates an arbitrary point x0 ∈ R3 to the origin in time Θ(x0).

In this case

F =


f11 f12 f13 f14
f12 f22 f23 f24
f13 f23 f33 f34
f14 f24 f34 f44

 , A =


4 1 0 0
0 3 1 0
0 0 2 1
a1 a2 a3 1 + a4

 .

As earlier we obtain a4 = −10, a2 = 7(30 + a3).
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We solve the equation (9) and getF = {fij}4i,j=1

f11 = −a1
4 f14,

f12 = −(30 + a3)f14 − 3a1f44,
f13 = 5f14 − a1f44,
f22 = −1

4(30 + a3)f14 + (a1 − 49(30 + a3))f44,
f23 =

1
2f14 − 7(12 + a3)f44,

f24 =
1
4f14 + 21f44,

f33 = −1
4f14 − (a3 − 42)f44,

f34 = 9f44,

(23)

A =


4 1 0 0
0 3 1 0
0 0 2 1
a1 7(30 + a3) a3 −9

 .

From Sylvester criterion we get (21).

From (5), where y(Θ(x), x) = (x1Θ
− 7

2 , x2Θ
− 5

2 , x3Θ
− 3

2 , x4Θ
− 1

2 ) we get an
equation relative to Θ(x) . Note that we choose only parameters a1, a3, f14 and
f44 so that inequalities (21) are ful�lled, and we calculate the others according to
the formulas a2 = 7(30 + a3), a4 = −10 and (23).

For example, let's choose parameters a1 = −550, a3 = −73 and f14 = 75, f44 =
1, conditions (21) are ful�lled. Then we have a2 = −301, f11 = 20625

2 , f12 =
4875, f13 = 925, f22 =

9453
4 , f23 =

929
2 , f24 =

159
4 , f33 =

385
4 , f34 = 9 and a0 =

23
6536 .

Equation is relative to Θ

23
3268Θ

8 = 20625
2 x21 + 9750x1x2Θ+ (94534 x22 + 1850x1x3)Θ

2 + (929x2x3+
+150x1x4)Θ

3 + (3854 x23 +
159
2 x2x4)Θ

4 + 18x3x4Θ
5 + x24Θ

6.
(24)

We obtain control

u = −550x1(t)

Θ4(x)
− 301x2(t)

Θ3(x)
− 73x3(t)

Θ2(x)
− 10x3(t)

Θ(x)
.

Let {1, 1, 1, 1} be the initial point. From (24) we get

23
1634Θ

8 = 20625
2 + 9750Θ + 16853

4 Θ2 + 1079Θ3 + 703
4 Θ4 + 18Θ5 +Θ6.

Here the solution is Θ0 ≈ 19.2179.
We have Euler equation

(Θ0 − t)4
....
x 1 − a4(Θ0 − t)3

...
x 1 − a3(Θ0 − t)2ẍ1 − a2(Θ0 − t)ẋ1 − a1x1 = 0,

We �nd characteristic equation and get the roots λ1,2 = 4 ± 1.31129i, λ3,4 =
4± 0.964628i.
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We use the initial conditions to �nd constants c1 = 0.0083, c2 = 0.0015, c3 =

0.00005, c4 = 0.0011. Let us denote τ(t) = ln(Θ0 − t), β1 =
√
9− 5

√
3, β2 =√

9 + 5
√
3. Finally, we have a solution in analytical form

x1(t) = (Θ0 − t)4(0.0083 cosβ1τ(t) + 0.0015 sinβ1τ(t)+
0.00005 cosβ2τ(t) + 0.0011 sinβ2τ(t))

x2(t) = −4(Θ0 − t)3(0.0085 cosβ1τ(t)− 0.0003 sinβ1τ(t)+
+0.0011 cosβ2τ(t)− 0.0012 sinβ2τ(t))

x3(t) = 12(Θ0 − t)2(0.0086 cosβ1τ(t)− 0.0014 sinβ1τ(t)+
+0.0028 cosβ2τ(t)− 0.0004 sinβ2τ(t))

x4(t) = −24(Θ0 − t)(0.0082 cosβ1τ(t)− 0.0039 sinβ1τ(t)+
+0.0020 cosβ2τ(t)− 0.0064 sinβ2τ(t)).

The trajectory is shown in Fig. 3 and time of motion Θ0 ≈ 19.2179.

Fig. 3. The trajectory(x1(t), x2(t), x3(t), x4(t)) of the point {1, 1, 1, 1} which
reaches the origin in time Θ0 ≈ 19.2179
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Ïîáóäîâà ôóíêöi¨ êåðîâàíîñòi ÿê ÷àñó ðóõó
Â. I. Êîðîáîâ, Ò. Â. Àíäði¹íêî

Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè, Õàðêiâ, 61022, Óêðà¨íà

Äàíà ñòàòòÿ ïðèñâÿ÷åíà ìåòîäó ôóíêöi¨ êåðîâàíîñòi â çàäà÷àõ äîïóñòèìîãî ñèí-
òåçó äëÿ ëiíiéíèõ êàíîíi÷íèõ ñèñòåì. Â ðîáîòi ðîçãëÿíóòî ñïîñîá ïîáóäîâè òàêîãî
êåðóâàííÿ, ùîá ôóíêöiÿ êåðîâàíîñòi áóëà ÷àñîì ðóõó äîâiëüíî¨ òî÷êè â ïî÷àòîê êî-
îðäèíàò. Ðîçãëÿäà¹òüñÿ êàíîíi÷íà êåðîâàíà ñèñòåìà ëiíiéíèõ ðiâíÿíü ẋi = xi+1, i =
1, n− 1, ẋn = u ç îáìåæåííÿìè íà óïðàâëiííÿ |u| ≤ d. Ôóíêöiÿ êåðîâàíîñòi Θ çíàõî-
äèòüñÿ ÿê ¹äèíèé äîäàòíié ðîçâ'ÿçîê íåÿâíîãî ðiâíÿííÿ 2a0Θ = (D(Θ)FD(Θ)x, x),

äå D(Θ) = diag(Θ−−2n−2i+1
2 )ni=1. Ìàòðèöÿ F = {fij}ni,j=1 äîäàòíî âèçíà÷åíà, à a0 > 0

îáèðà¹òüñÿ òàê, ùîá âèêîíóâàëèñü îáìåæåííÿ íà êåðóâàííÿ. Ôóíêöiÿ êåðîâàíîñòi
¹ ÷àñîì ðóõó, ÿêùî Θ̇ = −1. Ç öi¹¨ óìîâè îòðèìàíî ðiâíÿííÿ, ðîçâ'ÿçàííÿ ÿêîãî
ðîçãëÿäà¹òüñÿ ó äàíié ðîáîòi. Íà âiäìiíó âiä ïîïåðåäíiõ ðîáiò ç öi¹¨ òåìè, íà âèãëÿä
ìàòðèöi F íå íàêëàäåíî äîäàòêîâi îáìåæåííÿ. Â öié ñòàòòi çíàéäåíî ìíîæèíó ïà-
ðàìåòðiâ ìàòðèöi F òà âåêòîð-ñòîâïöÿ a, ÿêi çàäîâiëüíÿþòü îòðèìàíîìó ðiâíÿííþ
òà äëÿ ÿêèõ ôóíêöiÿ êåðîâàíîñòi ÷àñ ðóõó iç òî÷êè x ó ïî÷àòîê êîîðäèíàò. Òàêèì
÷èíîì îïèñó¹òüñÿ âåñü êëàñ ôóíêöié êåðîâàíîñòi, ÿêi ¹ ÷àñîì ðóõó. Ó çàãàëüíîìó
âèïàäêó ïðè çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i Êîøi âiäïîâiäíî¨ ñèñòåìè ìîæóòü âè-
íèêàòè òðóäíîùi. Ñèñòåìà, ÿêà ðîçãëÿäàëàñü ó äàíié ðîáîòi çâîäèòüñÿ äî ðiâíÿííÿ
Åéëåðà, äëÿ ÿêîãî ìîæíà çíàéòè õàðàêòåðèñòè÷íå ðiâíÿííÿ, à îòæå i òðà¹êòîðiþ
ó ÿâíîìó âèãëÿäi. Ðîçãëÿíóòî äâîâèìiðíó, òðèâèìiðíó òà ÷îòèðèâèìiðíó êàíîíi÷íi
ñèñòåìè. Ó êîæíîìó âèïàäêó ðîçâ'ÿçàíî ìàòðè÷íå ðiâíÿííÿ òà çíàéäåíî ìíîæè-
íè ïàðàìåòðiâ, ïðè ÿêèõ çíà÷åííÿ ôóíêöi¨ êåðîâàíîñòi áóäå ÷àñîì ðóõó äîâiëüíî¨
òî÷êè â ïî÷àòîê êîîðäèíàò. Òàêîæ îáðàíî äåÿêèé äîâiëüíèé íàáið ïàðàìåòðiâ, ÿêi
çàäîâiëüíÿþòü óìîâàì äîäàòíî¨ âèçíà÷åíîñòi ìàòðèöi F òà ïîáóäîâàíî òðà¹êòîði¨ ç
îáðàíèõ ïî÷àòêîâèõ òî÷îê â ïî÷àòîê êîîðäèíàò.
Êëþ÷îâi ñëîâà: êåðîâàíiñòü; ôóíêöiÿ êåðîâàíîñòi; ôóíêöiÿ êåðîâàíîñòi ÿê

÷àñ ðóõó.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 29 êâiòíÿ 2023; ïðèéíÿòà: 7 ÷åðâíÿ 2023.
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A review on rheological models and mathematical

problem formulations for blood �ows

A review on constitutive equations proposed for mathematical modeling of
laminar and turbulent �ows of blood as a concentrated suspension of soft
particles is given. The rheological models of blood as a uniform Newtoni-
an �uid, non-Newtonian shear-thinning, viscoplastic, viscoelastic, tixotropic
and micromorphic �uids are discussed. According to the experimental data
presented, the adequate rheological model must describe shear-thinning ti-
xotropic behavior with concentration-dependent viscoelastic properties whi-
ch are proper to healthy human blood. Those properties can be studied on
the corresponding mathematical problem formulations for the blood �ows
through the tubes or ducts. The corresponding systems of equations and
boundary conditions for each of the proposed rheological models are di-
scussed. Exact solutions for steady laminar �ows between the parallel plates
and through the circular tubes have been obtained and analyzed for the
Ostwald, Hershel-Bulkley, and Bingham shear-thinning �uids. The in�uence
of the model parameters on the velocity pro�les has been studied for each
model. It is shown, certain sets of �uid parameters lead to �attening of the
velocity pro�le while others produce its sharpening around the axis of the
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channel. It is shown, the second-order terms in the viscoelastic models give
the partial derivative di�erential equations with high orders in time and mi-
xed space-time derivatives. The corresponding problem formulations for the
pulsatile �ows of the �uids with generalized rhelogical laws through the soft
tubes are derived. Their analytical solutions for the �ow velocity, hydrostatic
pressure and cross-sectional area of the tube are derived in the form of the
normal mode. It is shown, the dispersion equations produce an additional set
for the speed of sound (so called second sound) in the �uid. It is concluded,
the most general rheological model of blood must include shear-thinning,
concentration and second sound phenomena.

Keywords: di�erential equations; rheological models; suspensions;

�uid dynamics.

2010 Mathematics Subject Classi�cation: 93C20; 76Axx; 35Q35.

1. Introduction

Recent progress in numerical methods and high performance computing sti-
mulated development of sophisticated patient-speci�c mathematical models for
di�erent physiological systems, organs and tissues [1,2]. The models are based
on the systems of partial di�erential equations (PDE) described the blood �ow
as a viscous liquid (i) along the complex tree-type or network-type structures
of the blood vessels (ii) accounting for the complicated rheological relationshi-
ps for the blood (iii) and viscoelastic walls (iv) of arteries, veins and capillaries.
The �rst set of PDE (i) comprises the compressible Navier-Stokes equations for
the hydrostatic pressure pb, blood �ow velocity v⃗b and temperature Tb. Dynami-
cs of the blood vessel walls (ii) which are in direct �uid-structure interaction
(FSI) with the blood �ow is described based on the 3D models of viscoelastic
solid [3], 2D thin wall models [4], shell theory models [5], or membrane models
[6] for the vessel walls. The two sets (i), (ii) of PDEs give a formulation of the
FSI problem in mathematical hemodynamics [3,4]. Both sets are interconnected
via common boundary conditions (BC) at the �uid-solid interfaces. In the case
of non-Newtonian models of blood and viscoelastic vessel wall, the systems (i),
(ii) are combined via the �ow-dependent material parameters (blood viscosity µb,
wall viscosity µw, etc.) and temperature dependencies. The governing system (i)-
(ii) accounted for complex rheological relations (iii)-(iv) is quite sensitive to the
choice of rheological models and material parameters [3-6]. Therefore, signi�cant
attention has been paid to experimental and theoretical study of blood rheology
and vessel wall rheology.

The linear relationship between the shear rate γ̇ and shear stress τ in the
moving �uids was �rst discovered by I. Newton in his experiments with uniform
liquids [7]. In 1836-1848 French doctor J.Poiseuille experimentally studied slow
steady �ows of di�erent �uids (including blood of some experimental animals)
through circular glass and copper tubes, and found the linear dependence between
the pressure drop ∆p from the inlet to the outlet of the tube and the volumetric
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�ow rate Q (Hagen-Poiseuille law). In 1845 English mathematician G. Stokes
published mathematical derivation of the Hagen-Poiseuille formula

Q =
πR4∆p

8µbL
, (1)

where R and L are the radius and length of the tube.
Eq.(1) allows experimental estimation of the �uid viscosity when the value

Q can be measured at a given ∆p = const. In 1930-th it was shown in a series
experiments that the blood �ows through small capillaries (R ≤ 100µm) are
characterized by lower values of µb at low shear rates, while in the larger tubes it
is noticeably higher. The e�ect was discovered by R. Fahraeus and T. Lindqvist [8].
Besides, µb increases with shear rate γ̇ of the �ow, and at γ̇ ≥ 100s−1 it becomes
almost constant (i.e. �ow-independent). In order to keep the same general form
(1) of the Hagen-Poiseuille law, the e�cient viscosity was introduced as

µeff = k
∆p

Q (∆p)
, k =

πR4

8L
, (2)

computed from (1) on the experimental data; the e�cient viscosity can be a �ow-
dependent function µeff (γ̇).

Later the Fahraeus-Lindqvist e�ect was found not only in blood but also in
other suspensions of small solid particles in a uniform �uid. In some suspensions
dµeff/dγ̇ > 0 (shear-thickening �uids) while in others dµeff/dγ̇ < 0 (shear-
thinning �uids). For dilute suspensions the e�ect was explained by the particle-
free layer (PFL) appeared near the wall of the tube (Fig.1a) due to the net
hydrodynamic forces directed the particles towards the axis of the capillary
(Segre�Silberberg e�ect). One of the main components of the net force is the
Magnus force acting on the rotating particles in the Newtonian �uid �ow [9,10].
In the �ows of diluted blood, the cell-free layer of the thickness δ ∼ 3µm composed
by the blood plasma (BP) only is clearly visible in the glass tubs, small arteries
and capillaries (Fig.1b). The value of δ is comparable to the mean radius of the
red blood cells (RBC) rRBC = 3.5µm.

Fig. 1. Cell-free layer in the �ows of suspensions: a) a scheme;
b) the blood �ow with a PFL in a small artery.
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The simplest mathematical model of the Fahraeus-Lindqvist e�ect is based
on the Poiseuille �ow of two immiscible �uids through a circular tube. The �uids
occupy the core of the �ow (Fig.1a) Vcore = {r ∈ [0, R− δ] , x ∈ [0, L]} and the
PFL VPFL = {r ∈ [R− δ,R] , x ∈ [0, L]} with the viscosities µ1 and µ2, respecti-
vely. Solution of the incompressible Navier-Stokes equations (Poiseuille �ow) of
the two liquids with the velocity and shear stress continuity BC at the interface
r = R− δ gives the following expression for the e�cient viscosity [11]

µeff =
µ2

1− (1− µ2/µ1) (1− δ/R)4
. (3)

At δ = const (3) gives dµeff/dR > 0 that corresponds to the Fahraeus-
Lindqvist e�ect.

Important contributions to rheology and the theory of �uid �ows was done
by French physicist M. Couette who experimentally studied (in 1880-th) steady
�ows between two rotating coaxial cylinders. His rotational rheometer is one of
the most popular types of the viscometers used for the viscosity measurements
until nowadays. Detailed experiments with blood in the capillary, rotational and
other types of viscometers [12-14] revealed some other rheological properties of
blood (behind its shear-thinning properties), namely

1) the dependency µb (CRBC) on the RBC concentration CRBC (or its medical
term hematocrit Ht);

2) thixotropy (time-dependent shear-thinning due to the RBC aggregati-
on/disaggregation);

3) viscoplasticity with the yield stress τ0;
4) viscoelasticity (a combination of viscous and elastic properties);
5) micromorphic properties (due to local �ow-induced deformations of RBC).
Some of those properties promote increase in the blood viscosity, while others

led to its decrease, and their combination can produce some paradoxical e�ects
like a constant viscosity measured at the presence of two opposed e�ects [15].

Besides, more rheological e�ects are produced by speci�c biochemical nature of
the blood as a cellular suspension and its electromagnetic properties [16], namely

6) Electric potential of the RBC surface due to speci�c distribution of the
positive and negative charged molecular groups in the outer layer (glycocalyx)
and electric interaction (mostly repulsion) between the cells;

7) Formation of the hydration layer around the RBC in the aqueous solutions
(in blood plasma as water solution of mineral and organic components);

8) Copley-Scott Blair phenomenon (speci�c adsorption of large molecules and
cells to the vessel wall that lead to the double electric layer (DEL) formation,
electric interaction with the moving cells and ions, and physical decrease in the
vessel diameter) [10,17,18];

9) Active movement of leukocytes to/away from a chemokinetic agent [19];
10) Movement of leukocytes out of blood vessels through the vessel wall

(extravasation) to the location of tissue damage/in�ammation.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì97 (2023) 29

More complex e�ects are connected with the local, humoral and nervous
regulation like

11) Local release of the chemical factors in�uencing the cell properties, wall
thickness and vessel diameter, and therefore, the blood velocity;

12) Movement of the blood cells into the circulatory system from the marrow;
13) Release an additional blood volume into the circulation from the spleen;
14) Movement of the water component from/into the vessels controlled by the

volume receptors in the vessel wall.
In this paper a review of the most popular rheological models of blood is

presented, and the corresponding mathematical formulations for the blood �ow
in the blood vessels, tubes of biomedical units like cardiopulmonary bypass, mi-
cro�uidic systems, lab-on-a-chip or experimental equipment are discussed.

2. Classi�cation of the rheological models of blood.
2.1. Newtonian �uid model.

Newtonian �uid model has a �ow-independent viscosity µb = µb (T,Cj)
only dependent on the temperature T and concentrations Cj of some speci�c
components like polyacrylic polyethylene. Small concentrations of those polymers
can decrease the blood viscosity that is used in reanimation protocols. They can
also decrease the �ow resistivity in the high Reynolds regimes (polymer turbulence
drag reduction Toms e�ect). In the simplest cases the Newton �uid approach
µb = const can be accepted and then the basic mathematical model of the blood
�ow is the incompressible Navier-Stokes equationsdiv (v⃗) = 0,

ρb
dv⃗

dt
= −∇p+ µb∆v⃗ + ρbf⃗ ,

(4)

where f⃗ is the external net force.
This approach is valid for the large vessels (d > 1 − 5mm) and high shear

rates γ̇ > 200 − 400c−1. In the case of rigid boundaries and steady 1D �ow
(4) has analytical solutions for a cylindrical tube with any arbitrary smooth
cross-sectional perimeter [7]. Such solutions are usually used for validation of the
numerical models (�nite di�erence, �nite elements, �nite volumes and others). The
turbulent �ows of blood at higher Reynolds numbers Re=1000-6000 can also be
computed by direct numerical computations on (1); therefore particular turbulent
models (k − ε, k − ω, Spalart-Allmaras and others) are not considered here.

2.2. Shear-thinning models.

According to numerous experimental results, blood exhibits shear-thinning
properties that can be modeled as a linear dependence between the shear stress
τikand shear rate vik tensors with viscosity dependent on the components of the
shear rate tensor τik = 2µb (T,Cj , vik) vik. Since viscosity is a scalar function, the
allowed dependence is µb = µb (I1v, I2v, I3v), where I1v = Tr {vik} = vkk, I2v =
vxxvyy+vyyvzz+vxxvzz−v2xy−v2yz−v2xz, I3v = Det|vik| are the main invariants of
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the strain tensor. For an incompressible �uid I1v = 0 and the simplest rheological

model is µb = µb (I2v). When a synthetic invariant Iv =
√
2
(
I21v − 2I2v

)
is used

instead of I2v, for the 1D �ows Iv = γ̇ that is convenient for both experiments
and theoretical considerations. Therefore, the simplest rheological model of the
blood as a shear-thinning �uid is µb = µb (T,Cj , γ̇), where ∂µb/∂γ̇ < 0. The very
�rst power model was proposed by Ostwald in the form

µ = τ/γ̇ = k (γ̇)n−1 , (5)

where 0 < n < 1. The value of n is computed from experiments with blood �ows
at di�erent shear rates γ̇.

Substitution of (5) or any other complex rheological law into (4) gives the
non-linear system of PDEsdiv (v⃗) = 0,

ρb
dv⃗

dt
= −∇p+ µb (Iv)∆v⃗ + ρbf⃗ .

(6)

For instance, for the 1D Poiseuille �ow between two parallel plates along the
axis 0x (5), (6) gives

∂vx
∂x

= 0,

∂p

∂x
=

k

r

∂

∂r

(
r
∂vx
∂r

)(
∂vx
∂r

)n−1

+ ρbfx.
(7)

It is clear, the parabolic Poiseuille or linear Couette �ow pro�les do not satisfy
(7). Its solution can be found by numerical methods. In the case of the circular
tube and fx = 0 an analytical solution of (7) with the no-slip boundary conditions
(BC) at the walls gives [20]

v (r) =
nR

(n+ 1)

(
R∆p

2kL

)1/n(
1−

( r

R

)(n+1)/n
)
. (8)

The velocity pro�les computed in (8) for di�erent values n ∈]0, 1[ are �attened
(Fig.2a) compared to the parabolic solution (at n=1) while for the shear thickening
�uids (n>1) they become closer to the cone-type pro�le sharpened around the axis
0r (Fig.2b).

2.3. Viscoplastic models.

As other suspensions of aggregating particles, for starting the movement blood
needs a big enough shear stress τ > τ0, where τ0 is the yield stress needed to
destroy the network of aggregates (Fig.3a) those are chains of the RBCs (Fig.3b)
such as

γ̇ = 0 when τ < τ0,
γ̇ > 0 when τ > τ0.

(9)
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Fig. 2. Velocity pro�les v(r) for the Ostwald �uid �ow:
a) at 0 < n < 1; b) at n > 1.

The simplest linear model of (9) was proposed by E.C.Bingham (1916)

τ = τ0 + µγ̇, when τ > τ0 (10)

or in the tensorial form

τik = 2

(
τ0
Iv

+ µ

)
vik,

√
I2τ > 2τ0. (11)

where I2τ is the second invariant of the shear stress tensor τik.

Fig. 3. a) A network of aggregates in the model viscoplastic �uid;
b) RBC chains in the blood.

A non-linear rheological model was proposed by N. Casson (1959) based on
his experiments with pigment-oil suspensions of the ink type [21]

√
τ =

√
τ0 +

√
µbγ̇, when τ > τ0 (12)

or in the tensorial form
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τik = 2

(√
τ0
Iv

+
√
µb

)2

vik,
√

I2τ > 2τ0. (13)

Detailed experimental measurements on blood and RBC suspensions revealed
a very good correlation between

√
τ and

√
γ̇ [12]. The yield stress value depends

on the RBC concentration (Ht) and concentration Cfbg of the protein �brinogen
(fbg) which is responsible for the REB aggregation: τ0 = τ0 (Ht,Cfbg). A typical
value for healthy blood is accepted as τ0 = 0.005N/m2. The most frequently used
approximations are

√
τ0 = (Ht− 0.07)3/2 (0.49Cfbg + 0.24) ;

√
τ0 = 0.01 (Ht− 10) (Cfbg + 0.5) .

(14)

The asymptotic viscosity in blood as a shear-thinning viscoplastic �uid µ∞ =
lim
γ̇→∞

µ (γ̇) = µ∞ (Ht, µbp) is also a function of the RBC concentration (Ht) and

blood plasma viscosity µbp. The former is a Newtonian �uid and its viscosity
depends on the temperature µbp = µbp (T ) and concentrations Cp of the most
important proteins

µbp =
µ0

1− kpCp
, (15)

where kp=const determined for the prevalent proteins.
When (14) is used in the rheological model, the resulting system of PDE must

be completed by the di�usion equation for Cp.
In 1926 the linear Bingham model (10) was generalized by W. Hershel and

R.Bulkley in the form

τ = τ0 + µγ̇n, when τ > τ0. (16)

The model (16) gives
1) Newtonian �uid at τ0 = 0, n = 1;
2) Shear-thinning �uid at τ0 = 0, 0 < n < 1;
3) Ostwald model (5) at τ0 = 0;
4) Bingham �uid (10) at τ0 > 0, n = 1;
5) Generalized viscoplastic shear-thinning �uid at τ0 > 0, 0 < n < 1.
The tensorial form of (16) can be written as

τik = 2µb (I2v) vik, µb (I2v) = kIn−1
2v +

τ0
I2v

, (17)

where k is the constant from (5).
The second expression (17) can be reformulated for the 1D �ow as

ub(γ̇) =

{
µ0, when τ < τ0,

τ0 |γ̇|−1 + k |γ̇|−1 , when τ > τ0,
(18)
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where µ0 = τ0 |γ̇0|−1 + k |γ̇0|−1, γ̇0 is the critical shear rate corresponded to the
yield shear stress τ0.

Substitution (17) into the Navier-Stokes equations gives for the Poiseuille �ow
between the parallel plates located at the distance H [20]

∂p

∂x
=

∂

∂y

(
µb

∂v

∂y

)
=



µb
∂2v

∂y2
, when

∣∣∣∣(∂v

∂y

)∣∣∣∣ < γ0,

∂

∂y

((
k

(
∂v

∂y

)n−1

+ τ0

(
∂v

∂y

)−1
)(

∂v

∂y

))
,

when
∣∣∣(∂v

∂y

)∣∣∣ ≥ γ0.

(19)

Solution of (19) with the no-slip BC at the plates is

v (y) =



n

(n+ 1)π0

(
((y − δ)π0 + γ̇n0 )

n
n+1 − (γ̇n0 − δπ0)

n
n+1

)
,

y ∈ [0, δ [ ,

∣∣∣∣∂v∂y
∣∣∣∣ > γ0,

π0
2µ0

y (y − 1) + k, y ∈ [δ, 1− δ [ ,

∣∣∣∣∂v∂y
∣∣∣∣ < γ0,

n

(n+ 1)π0

(
(γ̇n0 − (y − 1 + δ)π0)

n
n+1 − (γ̇n0 − δπ0)

n
n+1

)
,

y ∈ [1− δ, 1] ,
∂v

∂y
< −γ0,

(20)

where π0 = −∆P
h

L

µ0γ0 − γn0
τ0

, δ =
µ0γ0
|π0|

, k is computed from (19) according to

the velocity continuity conditions at the interfaces y = δ; 1− δ.
Expression (20) gives �attened shear-rate dependent velocity pro�les v(r/circ),

where r/circ = 2r/H (Fig.4).

Fig. 4. Velocity pro�les for generalized viscoplastic �uid (20) at n=1,2,3,4.

E�cient viscosity of the Hershel-Bulkley �uid (17) in steady laminar �ow can
be written as [22]
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µeff = µ0

(
8vav
h

)n−1(3n+ 1

4n

)n (1−X)−1

(1− aX − bX2 − cX3)n
, (21)

where X =
4Lτ0
h∆P

, a = (2n+ 1)−1, b = 2na (n+ 1)−1, c = bn, vav is an averaged

velocity of the �uid �ow through the channel.
Numerical computations on (20) showed a good correspondence with experi-

mental measurements on di�erent �uids. When the Reynolds number is computed
based on the e�cient viscosity Re = ρvavhµ

−1
eff , the standard Newtonian friction

factor

f =
64

Reeff
(22)

is in agreement with measurement data.
The Hershel-Bulkley model is used for optimization of the long-range pipelines

pumping such non-Newtonian �uids like oil. This model gives good results for
steady [23] and pulsatile [24] blood �ow through the curved and stenosed arteries.

2.4. Viscoelastic models

Due to viscoelasticity of the erythrocyte membranes, their aqueous suspensi-
ons possess complex viscoelastic properties with stress and strain relaxations after
each cycle of load-discharge by the external forces. The simplest 3-element model
of blood as a suspension of the �uid-�lled elastic shells is the Je�rey model [25]

k1
∂τik
∂t

+ τik = µbp
∂vik
∂t

+ k2
∂2vik
∂t2

, (23)

where k1 = (µHb + µbp) /Em, k2 = µHbµbp/Em, Em is the Young modulus of the
membrane, µHb and µbp are the viscosities of the hemoglobin solutions inside the
erythrocytes and the blood plasma.

More sophisticated models accounted for the membrane sublayers and vi-
scoelasticity of the blood plasma can be written in the general form

...+ k3
∂2τik
∂t2

+ k1
∂τik
∂t

+ τik = µ0vik + k2
∂vik
∂t

+ k4
∂2vik
∂t2

+ .... (24)

3. Mathematical problem formulations for generalized rheological laws

Substitution (24) into the Navier-Stokes equations gives the momentum
equation (linearized 1D case) in the form

[
...+ k3

∂2

∂t2
+ k1

∂

∂t
+ I

](
ρ
∂v

∂t
+

∂p

∂x

)
=

[
µ0I + k2

∂

∂t
+ k4

∂2

∂t2
+ ...

]
∂2v

∂x2
, (25)

where I is the unit operator.
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When k1−4 = 0, (25) gives the 1D equation for Newtonian �uids. When k2−4 =
0, k1 ̸= 0, the hyperbolic equation (25) describes the wave propagation in the
viscoelastic �uid. In the case of plane waves propagation through a long �uid-
�lled soft tube with a given unstrained cross-section pro�le S0 (x), the well-known
J.Lighthill's model can be generalized for the viscoelastic �uid with rheological
equation (24) in the form

∂S

∂t
+ S0

∂U

∂x
= 0,

∂U

∂t
+

1

ρ

∂P

∂x
− µ0U

S0
= 0,

...+ k4
∂2S

∂t2
+ k2

∂S

∂t
+ S = k0P + k1

∂P

∂t
+ k3

∂2P

∂t2
+ ...,

(26)

where P and U are the mean pressure and �ow velocity through the cross-section
of the tube, k−1

0 is the circumferential elasticity of the soft tube per unit length.
By excluding the variables S (t, x) and P (t, x)from (26), one can obtain a

partial derivative di�erential equation for U (t, x)in the form

...− k3
∂4U

∂t4
+

(
k3µ0

S0
− k1

)
∂3U

∂t3
+

(
k1µ0

S0
− k0

)
∂2U

∂t2
+

k0µ0

S0

∂U

∂t
+

S0

ρ

∂2U

∂x2
+

k2S0

ρ

∂3U

∂t∂x2
+

k4S0

ρ

∂4U

∂t2∂x2
+ ... = 0.

(27)

Eq.(27) has a solution in the form of running wave U (t, x) = U∗ ·
exp (i (ωt− nx)), where U∗is the amplitude, n is the wave number. Substitution
gives the dispersion equation

...+ ω4 + ip1ω
3 + ω2

(
p2 − p3n

2
)
+ iω

(
p4n

2 − p5
)
+ p6n

2 = 0, (28)

where p1 =
µ0

S0
− k1

k3
, p2 =

k1µ0

k3S0
− k0

k3
, p3 =

k4S0

k3ρ
, p4 =

k2S0

k3ρ
, p5 =

k0µ0

k3S0
,

p6 =
S0

k3ρ
.

For the case k5,6,7,... = 0 the expressions for the wave speed c (ω) and
wave dispersion ω (n) have been computed in [26]. Numerical computations on
the generalized Lighthill-Shapiro model have been performed with the material
parameters of blood and arterial vessel walls. Despite the four di�erent soluti-
ons for the wave speed obtained in [25] (two Young's �uid-based modes and two
Lamb's solid-based modes), the model (28) gives more types of the solid-based
wave modes which could characterize the micro- and nanostructure of the wall
material. The models with additional relaxation times gives the stress-strain rate
curves, strain relaxation curves in the isotopic experiments and stress relaxation
curves in the isometric experiments which �t better to the experimental curves



36 L. V. Batyuk, N. M. Kizilova, S. O. Poslavsky

measured on biological tissues compared to the standard 3-element rheological
models [27].

In the 3D case (24) can be rewritten as

ρ

(
...+ k3

∂3v⃗

∂t3
+ k1

∂2v⃗

∂t2
+

∂v⃗

∂t

)
=

= −
[
I + k1

∂

∂t
+ k3

∂2

∂t2
+ k5

∂3

∂t3
+ ...

]
∇p+

+

[
µ0 + k2

∂

∂t
+ k4

∂2

∂t2
+ k6

∂3

∂t3
+ ...

]
∆v⃗.

(29)

Eq.(29) also admits wave solutions in the form of normal mode

f (t, x) = f∗ · exp (i (ωt− nr⃗)) , f = {p, v⃗} . (30)

Substitution of (30) into (29) gives the sound speed and dispersion in the
bulk viscoelastic �uid. In the case of a long axisymmetric �uid-�lled distensible
tubes when the �uid �ow is initiated by periodic pressure oscillations P (t)|x=0 =
P ∗eiωt at the inlet of the tube, (30) describes 2D cylindrical wave propagation
vx (t, r, x) = v∗ (r) · exp (iω (t− x/c)), c = ω/n (ω), and the wave amplitude is a
solution of the Bessel's equation

1

r

∂

∂r

(
r
∂v∗

∂r

)
− Ξv∗ (r) = ΘP ∗, (31)

where Ξ = ρ
...− ik3ω

3 − k1ω
2 + iω

µ0 + ik2ω − k4ω2 − ik6ω3 + ...
+

ω2

c2
,

Θ =
iω
(
1 + ik1ω − k3ω

2 − k5ω
3 + ...

)
c (µ0 + ik2ω − k4ω2 − ik6ω3 + ...)

.

In the case k5,6,7,... = 0 the solution of (31) has been computed and analyzed
in [28] for the material parameters corresponded to blood as the �uid and arterial
vessel wall of healthy individuals and patients with some diseases.

Similar problem formulations can be derived for shear-thinning and vi-
scoplastic models as well as their combinations with viscoelastic model (25). For
each separate case the problem of solution existence and uniqueness, stability and
physical relevance must be studies. Moreover, correct formulation of boundary
and initial conditions for the partial di�erential equations with time derivatives
of order n⟩2 must be a case for special considerations.

4. Conclusions

Real liquids usually possess more complex rheological properties that cannot
be described by uniform Newtonian �uids. Many sophisticated constitutive equati-
ons for complex solids and �uids have been developed in theoretical rheology.
Recently, an attention was attracted by the suspensions of micro- and nanoparti-
cles (micro/nano�uids, respectively), and blood is one the most studied micro�ui-
ds. The rheological models developed for blood and other suspensions can be divi-



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì97 (2023) 37

ded into the shear-thinning, viscoplastic, viscoelastic general models. Their combi-
nations allow characterization of their viscous, elastic, shear rate dependent, yield
stress (tixotropy) and other mechanical properties. Substitution of more general
rheological laws into the Navier-Stokes equations for viscous �uids give systems
of partial di�erential equations with time derivatives of the orders n⟩2 that needs
correct formulations of additional boundary and initial conditions for the vari-
ables. It is shown, for the viscoelastic models the governing system of equations
is hyperbolic and allows solution in the form of running pressure and �ow waves.
Due to the high order derivatives, the dispersion relations produce a big variety of
the frequency-dependent properties and types of the stress and strain relaxation.
Bifurcations and stability of the solutions as well as the problem formulations of
the mixed shear-thinning, viscoplastic and viscoelastic rheological properties will
be a subject for our future studies.
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Îãëÿä ðåîëîãi÷íèõ ìîäåëåé i ïîñòàíîâîê ìàòåìàòè÷íèõ çàäà÷
äëÿ êðîâîòîêó

Áàòþê Ë. Â.1, Êiçiëîâà Í. Ì.2, Ïîñëàâñüêèé Ñ. Î. 2

1 Õàðêiâñüêèé íàöiîíàëüíèé ìåäè÷íèé óíiâåðñèòåò

ïðîñïåêò Íàóêè 4, 61000, Õàðêiâ, Óêðà¨íà
2 Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè 4, 61022, Õàðêiâ, Óêðà¨íà
Íàâåäåíî îãëÿä ðåîëîãi÷íèõ ðiâíÿíü, ÿêi çàïðîïîíîâàíi â ëiòåðàòóði äëÿ ìàòå-

ìàòè÷íîãî ìîäåëþâàííÿ ëàìiíàðíèõ i òóðáóëåíòíèõ òå÷ié êðîâi ÿê êîíöåíòðîâàíî¨
ñóñïåíçi¨ ì'ÿêèõ ÷àñòèíîê. Äåòàëüíî îáãîâîðþþòüñÿ ðåîëîãi÷íi ìîäåëi êðîâi ÿê îäíî-
ðiäíî¨ íüþòîíiâñüêî¨ òà íåíüþòîíiâñüêî¨ ðiäèí; ðiäèíè, ùî ðîçðiäæóþòü çi çñóâîì;
â'ÿçêîïëàñòè÷íî¨; â'ÿçêîïðóæíî¨; òèêñîòðîïíî¨ òà ìiêðîìîðôíî¨ ðiäèí. Çãiäíî ç íà-
âåäåíèìè åêñïåðèìåíòàëüíèìè äàíèìè, àäåêâàòíà ðåîëîãi÷íà ìîäåëü êðîâi ïîâèííà

https://doi.org/10.3390/polym14183890
https://doi.org/10.1063/1.5004759
https://doi.org/10.1186/s13662-021-03539-x
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îïèñóâàòè ïñåâäîïëàñòè÷íó i òiêñîòðîïíó ïîâåäiíêó ç çàëåæíèìè âiä êîíöåíòðàöi¨
â'ÿçêîïðóæíèìè âëàñòèâîñòÿìè, ÿêi âëàñòèâi êðîâi çäîðîâî¨ ëþäèíè. Öi âëàñòèâîñòi
ìîæíà äåòàëüíiøå âèâ÷àòè íà âiäïîâiäíèõ ìàòåìàòè÷íèõ ôîðìóëþâàííÿõ çàäà÷ äëÿ
òå÷ié êðîâi êðiçü òðóáêè àáî êàíàëè. Îáãîâîðåíi ñèñòåìè ðiâíÿíü i ãðàíè÷íi óìîâè
äëÿ êîæíî¨ iç çàïðîïîíîâàíèõ ðåîëîãi÷íèõ ìîäåëåé. Òî÷íi ðiøåííÿ äëÿ ñòàöiîíàðíèõ
ëàìiíàðíèõ òå÷ié ìiæ ïàðàëåëüíèìè ïëàñòèíàìè òà ÷åðåç òðóáêè êðóãîâîãî ïåðåðiçó
âèïèñàíi òà ïðîàíàëiçîâàíi äëÿ ðiäèí Îñòâàëüäà, Ãåðøåëÿ-Áàëêëi òà Áiíãàìà. Äëÿ
êîæíî¨ ìîäåëi äîñëiäæåíî âïëèâ ïàðàìåòðiâ ìîäåëi íà ïðîôiëi øâèäêîñòi. Ïîêàçàíî,
ùî ïåâíi íàáîðè ïàðàìåòðiâ ðiäèíè ïðèçâîäÿòü äî ñïëîùåííÿ ïðîôiëþ øâèäêîñòi, à
iíøi âèêëèêàþòü éîãî çàãîñòðåííÿ íàâêîëî îñi êàíàëó. Ïîêàçàíî, ùî ÷ëåíè äðóãîãî
ïîðÿäêó â ìîäåëÿõ â'ÿçêîïðóæíîñòi ïðèâîäÿòü äî ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü
ç ÷àñòèííèìè ïîõiäíèìè ç âèñîêèìè ïîðÿäêàìè çà ÷àñîì i çìiøàíèìè ïðîñòîðîâî-
÷àñîâèìè ïîõiäíèìè. Íàâåäåíi âiäïîâiäíi ïîñòàíîâêè çàäà÷ äëÿ õâèëüîâèõ òå÷ié ði-
äèí ç óçàãàëüíåíèìè ðåîëîãi÷íèìè çàêîíàìè êðiçü ì'ÿêi òðóáêè. Îòðèìàíî àíàëiòè-
÷íi ðîçâ'ÿçêè äëÿ øâèäêîñòi òå÷i¨, ãiäðîñòàòè÷íîãî òèñêó i ïëîùi ïåðåðiçó òðóáêè ó
âèãëÿäi íîðìàëüíèõ ìîä. Ïîêàçàíî, ùî äèñïåðñiéíi ðiâíÿííÿ äàþòü äîäàòêîâèé íà-
áið äëÿ øâèäêîñòi çâóêó (òàê çâàíèé äðóãèé çâóê) ó ðiäèíi. Çðîáëåíî âèñíîâîê, ùî
íàéáiëüø çàãàëüíà ðåîëîãi÷íà ìîäåëü ïîâèííà âêëþ÷àòè åôåêòè ïñåâäîïëàñòè÷íi,
êîíöåíòðàöi¨ ÷àñòèíîê òà äðóãîãî çâóêó.
Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíi ðiâíÿííÿ; ðåîëîãi÷íi ìîäåëi; ñóñïåíçi¨; ãi-

äðîäèíàìiêà.
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Çàäà÷à çíàõîäæåííÿ âåðõíüî¨ îöiíêè îïòèìàëüíîñòi

äëÿ ñòðàòåãié ðåãåíåðàöi¨ ïå÷iíêè ó âèïàäêó

÷àñòêîâî¨ ãåïàòåêòîìi¨.

Ó öié ðîáîòi ðîçãëÿäà¹òüñÿ îäíà ç âàæëèâèõ ïðîáëåì ìàòåìàòè÷íî¨ áiîëîãi¨, à
ñàìå ðîçðîáêà ìàòåìàòè÷íèõ ìîäåëåé äèíàìiêè ñêëàäíèõ áiîëîãi÷íèõ ñèñòåì, ÿêi
ìàþòü çàäîâiëüíó ïîÿñíþâàëüíó òà ïðîãíîçîâàíó ñèëó. Íåîáõiäíîþ óìîâîþ ðîçðîá-
êè òàêèõ ìîäåëåé ¹ ðîçâ'ÿçàííÿ çàäà÷i iäåíòèôiêàöi¨ îá'¹êòèâíèõ ïðèíöèïiâ i ïðàâèë
ðåãóëÿöi¨ ¾êëiòèííî¨ ñèñòåìè¿, ùî âèçíà÷à¹ ñåðåä óñiõ ìîæëèâîñòåé ñàìå ¾ñïðàâæíié
øëÿõ¿ ¨¨ äèíàìiêè, ÿêó ìè ñïîñòåðiãà¹ìî â åêñïåðèìåíòi.

Îäèí ç ïåðñïåêòèâíèõ ïiäõîäiâ äî ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i  ðóíòó¹òüñÿ íà ãiïîòåçi,
ùî ðåãóëÿöiÿ ïðîöåñiâ ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó òêàíèí òà
îðãàíiâ îðãàíiçìó âiäáóâà¹òüñÿ çà äåÿêèìè ïðèíöèïàìè, êðèòåðiÿìè îïòèìàëüíîñòi,
ùî ðîçâèíóëèñÿ çàâäÿêè ïðèðîäíîìó âiäáîðó îðãàíiçìó ïiä ÷àñ éîãî ïîïåðåäíüî¨
åâîëþöi¨.

Â äàíèé ÷àñ ðîçâ'ÿçàòè öþ çàäà÷ó äîñèòü âàæêî ÷åðåç áåçëi÷ íåâèçíà÷åíîñòåé
ó øëÿõàõ ïîïåðåäíüî¨ åâîëþöi¨ îðãàíiçìó, äèíàìiêè çìiíè çîâíiøíiõ óìîâ, à òàêîæ
âèñîêî¨ îá÷èñëþâàëüíî¨ ñêëàäíîñòi ðîçâ'ÿçàííÿ òàêî¨ çàäà÷i.

Çàìiñòü öüîãî íàìè çàïðîïîíîâàíî ñïðîùåíó ïîñòàíîâêó çàäà÷i ïîøóêó ñòðàòå-
ãié êåðóâàííÿ ðåãóëÿöi¹þ, ùî äà¹ âåðõíþ îöiíêó îïòèìàëüíîñòi äëÿ ïðîöåñiâ ïiä-
òðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó ïå÷iíêè. Âåðõíÿ îöiíêà îïòèìàëüíî-
ñòi ðåãóëÿöi¨ òà òåñòóâàííÿ ãiïîòåç äëÿ ìîäåëi ðåãåíåðàöi¨ ïå÷iíêè ðîçãëÿíóòî äëÿ
âèïàäêó ÷àñòêîâî¨ ãåïàòåêòîìi¨ (PHõ) òà áóëî âèðiøåíî ïðîãðàìíèìè ìåòîäàìè
Python.

Áóëî ïîêàçàíî, ùî ó âèïàäêó ÷àñòêîâî¨ ãåïàòåêòîìi¨ îòðèìàíi ó ÷èñåëüíèõ åêñ-
ïåðèìåíòàõ ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè äëÿ çàäà÷i âåðõíüî¨ îöiíêè îïòèìàëüíîñòi
ÿêiñíî çáiãàþòüñÿ ç òèìè ïðîöåñàìè ðåãåíåðàöi¨ ïå÷iíêè, ÿêi ìîæíà ñïîñòåðiãàòè ïiä
÷àñ áiîëîãi÷íèõ åêñïåðèìåíòiâ.

41

https://doi.org/10.26565/2221-5646-2023-97-04
https://orcid.org/0000-0003-2121-5214
https://orcid.org/0000-0003-4055-7172


42 Â. Â. Êàð¹âà, Ñ. Â. Ëüâîâ

Òàêîæ ó ÷èñåëüíèõ åêñïåðèìåíòàõ ïåðåâiðåíî òàêi ãiïîòåçè: íàñêiëüêè âàãîìèé
âêëàä ðîáèòü ïðîöåñ êîíòðîëüîâàíîãî àïîïòîçó, ÿê âïëèâàþòü íà ñòðàòåãiþ ðåãåíå-
ðàöi¨ ïå÷iíêè iíøi ïðîöåñè (ïîëiïëî¨äiÿ, äiëåííÿ i óòâîðåííÿ äâîÿäåðíèõ ãåïàòîöè-
òiâ).
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü ïðîöåñiâ ðåãåíåðàöi¨; ÷àñòêîâà ãåïàòå-

êòîìiÿ; äèíàìi÷íå ïðîãðàìóâàííÿ; êðèòåðié îïòèìàëüíîñòi.

2010 Mathematics Subject Classi�cation: 92C37; 65Y99.

1. Âñòóï

Îäíi¹þ ç ôóíäàìåíòàëüíèõ òà ïðàêòè÷íî âàæëèâèõ ïðîáëåì òåîðåòè÷íî¨
òà ìàòåìàòè÷íî¨ áiîëîãi¨ ¹ ðîçðîáêà ìàòåìàòè÷íèõ ìîäåëåé äèíàìiêè ñêëà-
äíèõ êëiòèííèõ ñèñòåì, ùî âîëîäiþòü çàäîâiëüíîþ ïîÿñíþâàëüíîþ òà ïå-
ðåäáà÷óâàëüíîþ ñèëîþ. Çîêðåìà, äî òàêèõ ñêëàäíèõ êëiòèííèõ ñèñòåì, ùî
âèêëèêàþòü íàéáiëüøèé ïðàêòè÷íèé iíòåðåñ, íàëåæàòü îðãàíè òà òêàíèíè
îðãàíiçìó, òà ¨õ øòó÷íi àíàëîãè � îðãàíî¨äè òà îðãàíè.

ßê ïðàâèëî, ìàòåìàòè÷íi ìîäåëi òàêèõ ñêëàäíèõ êëiòèííèõ ñèñòåì ïðåä-
ñòàâëÿþòü äèíàìi÷íi ìåðåæi âçà¹ìîäiþ÷èõ àãåíòiâ-êëiòèí âèùèõ ïîðÿäêiâ, â
ÿêèõ ïðîòiêàþòü ìíîæèííi âíóòðiøíüîêëiòèííi ïðîöåñè i ïðîöåñè ìiæêëiòèí-
íèõ âçà¹ìîäié. Òàêi ìåðåæi ìîæóòü ìiñòèòè ñîòíi ìiëüéîíiâ i áiëüøå êëiòèí
ðiçíèõ òèïiâ i íàáàãàòî áiëüøå ìíîæèííèõ ìiæêëiòèííèõ âçà¹ìîäié ðiçíèõ òè-
ïiâ. �õ äèíàìiêà ìîæå ïðîòiêàòè â ðiçíèõ õàðàêòåðèñòè÷íèõ ìàñøòàáàõ ÷àñó
i ìîæå âêëþ÷àòè ìiãðàöiþ àãåíòiâ-êëiòèí, çìiíè òèïiâ àãåíò-êëiòèí, ¨õ íàðî-
äæåííÿ i ñìåðòü; çìiíè òèïiâ ìíîæèííèõ âçà¹ìîäié ìiæ àãåíòàìè-êëiòèíàìè,
âèíèêíåííÿ íîâèõ âçà¹ìîäié òà ¨õ çíèêíåííÿ.

Òàêi íåëiíiéíi äèíàìi÷íi ìåðåæi äóæå ñêëàäíi [1]. Íàâiòü ÿêiñíî ¨õ äèíà-
ìiêà ìîæå ìàòè ïðàêòè÷íî íåîáìåæåíèé íàáið ñâî¹¨ ôàçîâî¨ îðãàíiçàöi¨: ðiçíi
òèïè ñòàòè÷íèõ òà/àáî äèíàìi÷íèõ ôàçîâèõ ïåðåõîäiâ òà õèìåðíèõ ñòàíiâ;
ðiçíi òèïè ôàçîâèõ ïåðåõîäiâ, ãëîáàëüíi òà/àáî ëîêàëüíi áiôóðêàöi¨.

Ç iíøîãî áîêó, ìè ñïîñòåðiãà¹ìî ëèøå îáìåæåíó êiëüêiñòü ÿêiñíèõ ïîâå-
äiíîê ¾êëiòèííî¨ ñèñòåìè¿ òà â iíäèâiäóàëüíîìó åêñïåðèìåíòi ñïîñòåðiãà¹ìî
ëèøå îäèí ¾ñïðàâæíié øëÿõ¿ ¨¨ äèíàìiêè.

Ìîæíà ïðèïóñòèòè, ùî äèíàìiêà ¾êëiòèííèõ ñèñòåì¿ ïiäïîðÿäêîâó¹òüñÿ
ïåâíèì ïðàâèëàì öiëåñïðÿìîâàíî¨ ðåãóëÿöi¨ (êåðóâàííÿ), ùî çâîäèòü âåëè-
÷åçíó ñêëàäíiñòü ¨õ äèíàìiêè ëèøå äî ïåâíî¨ îáìåæåíî¨ êiëüêîñòi ÿêiñíèõ
ïîâåäiíîê [2].

Î÷åâèäíî, ùî áåç ÿâíîãî óÿâëåííÿ ïðèíöèïiâ, ïðàâèë i ìåõàíiçìiâ öiëå-
ñïðÿìîâàíî¨ ðåãóëÿöi¨ (êåðóâàííÿ) ó ¾êëiòèííèõ ñèñòåìàõ¿ áóäü-ÿêà ¨õíÿ ìà-
òåìàòè÷íà ìîäåëü äàñòü íàì ëèøå íåîñÿæíèé íàáið ïîòåíöiéíèõ ìîæëèâî-
ñòåé, ñåðåä ÿêèõ ¹ ñïðàâæíÿ äèíàìiêà, ùî ñïîñòåðiãà¹òüñÿ íàìè â åêñïåðè-
ìåíòi.

Iäåíòèôiêàöiÿ îá'¹êòèâíèõ ïðèíöèïiâ i ïðàâèë ðåãóëÿöi¨ ¾êëiòèííî¨ ñèñòå-
ìè¿, ùî âèçíà÷à¹ ñåðåä óñiõ ìîæëèâîñòåé ñàìå ¾ñïðàâæíié øëÿõ¿ ¨¨ äèíàìi-
êè, ÿêó ìè ñïîñòåðiãà¹ìî â åêñïåðèìåíòi/ñïîñòåðåæåííi, ¹ íåîáõiäíîþ óìîâîþ
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ðîçðîáêè ìàòåìàòè÷íèõ ìîäåëåé iç çàäîâiëüíîþ ïîÿñíþâàëüíîþ òà ïåðåäáà-
÷óâàíîþ ñèëîþ.

Îäèí ç ïåðñïåêòèâíèõ ïiäõîäiâ äî ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i  ðóíòó¹òüñÿ íà
ãiïîòåçi, ùî ïðàâèëà ðåãóëÿöi¨ áiîëîãi÷íèõ ïðîöåñiâ ïiäïîðÿäêîâàíi äåÿêèì
îá'¹êòèâíèì ïðèíöèïàì, êðèòåðiÿì (ñóá)îïòèìàëüíîñòi[3, 4].

Â ñèëó îá'¹êòèâíîñòi äàíèõ ïðèíöèïiâ i êðèòåði¨â îïòèìàëüíîñòi, ïðàâèëà
ðåãóëÿöi¨, ÿêi ¨ì çàäîâîëüíÿþòü, áóäóòü ñïðàâåäëèâi äëÿ áóäü-ÿêîãî ðiâíÿ
äåòàëiçàöi¨ îïèñó áiîëîãi÷íî¨ ñèñòåìè, â òîìó ÷èñëi i äëÿ ïðîöåñiâ, ÿêi ìè íå
ñïîñòåðiãà¹ìî â åêñïåðèìåíòi àáî íå ìîæåìî îïèñàòè ÷åðåç ¨õíþ íàäçâè÷àéíó
ñêëàäíiñòü.

Ïðèíöèïè îïòèìàëüíîñòi ó áiîëîãi¨ âèêîðèñòîâóþòüñÿ âæå äàâíî. Ñïî÷à-
òêó ãiïîòåçà îïòèìàëüíî¨ êîíñòðóêöi¨ îðãàíiçìó áóëà ôîðìàëüíî ñôîðìóëüî-
âàíà Ðàøåâñüêèì [5], à ïîòiì ðîçøèðåíà Ðîçåíîì [6]. Öåé ïðèíöèï ñòâåðäæó¹,
ùî áiîëîãi÷íi ñòðóêòóðè, íåîáõiäíi äëÿ âèêîíàííÿ ïåâíî¨ ôóíêöi¨, ìàþòü áóòè
ìàêñèìàëüíî ïðîñòèìè i îïòèìàëüíèìè ç ïîãëÿäó ïîòðåá ó åíåðãi¨ òà ðåñóð-
ñàõ. Áóëî ïîêàçàíî, ùî àíàëîãi÷íi ïðèíöèïè îïòèìàëüíîñòi óçãîäæóþòüñÿ çi
ñïîñòåðåæåííÿìè ïðî æèâó ðå÷îâèíó íà ðiçíèõ ðiâíÿõ îðãàíiçàöi¨, âiä îñíîâ-
íèõ ÿâèù ìîëåêóëÿðíî¨ òà êëiòèííî¨ áiîëîãi¨ äî ðiâíiâ îðãàíiâ, iíäèâiäóóìiâ,
ïîïóëÿöié òà ¨õ åâîëþöi¨ [4, 7, 8, 9, 10, 11].

Íàðàçi öåé ïiäõiä äîñèòü óñïiøíî çàñòîñîâó¹òüñÿ äëÿ ìàëèõ áiîôiçè÷íèõ
òà áiîõiìi÷íèõ ñèñòåì íà îñíîâi ïðèíöèïiâ òà êðèòåði¨â îïòèìàëüíîñòi, ñòà-
òèñòè÷íî¨ ôiçèêè, íåðiâíîâàæíî¨ òåðìîäèíàìiêè òà ôiçèêè êîíäåíñîâàíîãî
ñòàíó ðå÷îâèíè [12, 13, 14].

Îäíàê, äëÿ òàêèõ ñêëàäíèõ êëiòèííèõ ñèñòåì ÿê îðãàíè òà òêàíèíè îðãà-
íiçìó çàñòîñóâàííÿ îñíîâíèõ ïðèíöèïiâ òà êðèòåði¨â îïòèìàëüíîñòi òåîðåòè-
÷íî¨ ôiçèêè, äóæå âàæêî i, íà íàøó äóìêó, íå çîâñiì êîðåêòíî.

Íàéáiëüø ïðèðîäíî ïðèïóñêàòè, ùî ïðèíöèïè, ÿêèì ïiäêîðÿòüñÿ ïðàâè-
ëà ðåãóëÿöi¨ ïðîöåñiâ ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó îðãàíiâ
òà òêàíèí îðãàíiçìó, âiäïîâiäàþòü ïðîöåñó ïðèðîäíîãî âiäáîðó ïiä ÷àñ éîãî
ïîïåðåäíüî¨ åâîëþöi¨ ùîäî äåÿêîãî êðèòåðiþ (ñóá)îïòèìàëüíîñòi, íàïðèêëàä,
êðèòåðiþ åôåêòèâíiñòü/ñòiéêiñòü (�tness) [10, 11]. Íàïðèêëàä, âèâåäåííÿ ïðà-
âèë ðåãóëÿöi¨ ñïðîùåíî ìîæíà ïðåäñòàâèòè ÿê ïðîöåñ íàâ÷àííÿ ç ïiäêðiïëåí-
íÿì ó ÷àñi, ÿêèé çâåðòà¹òüñÿ äî ìèíóëîãî íà îñíîâi åâîëþöiéíèõ (ãåíåòè÷íèõ)
àëãîðèòìiâ [15].

Â äàíèé ÷àñ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i, íàâiòü ó ¨¨ ñïðîùåíié ïîñòàíîâöi,
äîñèòü âàæêî ÷åðåç áåçëi÷ íåâèçíà÷åíîñòåé ó øëÿõàõ ïîïåðåäíüî¨ åâîëþöi¨
îðãàíiçìó, äèíàìiêè çìiíè çîâíiøíiõ óìîâ, â ÿêèõ âîíà âiäáóâàëàñÿ, à òàêîæ
âèñîêî¨ îá÷èñëþâàëüíî¨ ñêëàäíîñòi ðîçâ'ÿçàííÿ òàêî¨ çàäà÷i.

Ìè ïðîïîíó¹ìî ðîçãëÿíóòè çíà÷íî ïðîñòiøó ïîñòàíîâêó çàäà÷i âåðõíüî¨
îöiíêè îïòèìàëüíîñòi, äëÿ ÿêî¨ îïòèìàëüíà ñòðàòåãiÿ ðåãóëÿöi¨ ãàðàíòîâà-
íî êðàùà ÷è åêâiâàëåíòíà îá'¹êòèâíèì ïðàâèëàì ðåãóëÿöi¨, ÿêi ìè ìîæåìî
ñïîñòåðiãàòè â ðåàëüíèõ áiîëîãi÷íèõ ñèñòåìàõ.

Ïîñòàíîâêà òà ðîçâ'ÿçàííÿ çàäà÷i âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ñòðàòåãié
ðåãóëÿöi¨ áiîëîãi÷íèõ ïðîöåñiâ ìîæå ìàòè âàæëèâèé ÿê òåîðåòè÷íèé, òàê i
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ïðàêòè÷íèé iíòåðåñ.
ßê âiäîìî, ïîñòàíîâêà áiîëîãi÷íîãî åêñïåðèìåíòó, ùî äîçâîëÿ¹ ñïîñòåði-

ãàòè ÿê âiäáóâà¹òüñÿ ðåãóëÿöiÿ ïðîöåñiâ â îðãàíàõ i òêàíèíàõ îðãàíiçìó ç
çàäîâiëüíèì ðiâíåì äåòàëiçàöi¨, ¹ äîðîãîþ i òðóäîìiñòêîþ îïåðàöi¹þ, ÿêà ÿê
ïðàâèëî ïîòðåáó¹ óíiêàëüíîãî îáëàäíàííÿ. Îõîïèòè óñi çíà÷óùi äëÿ îòðè-
ìàííÿ íîâèõ äàíèõ òà çíàíü ïðî ðåãóëÿöiþ áiîëîãi÷íèõ ïðîöåñiâ óìîâè òà
ñöåíàði¨ åêñïåðèìåíòó ïðàêòè÷íî íåìîæëèâî. Òàêîæ áàãàòî òîíêèõ àñïåêòiâ
ïðîöåñiâ ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó íà ñüîãîäíiøíüîìó
ðiâíi ðîçâèòêó òåõíîëîãi¨ ìè íå ñïîñòåðiãà¹ìî.

Çàäà÷à ïîøóêó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ìîæå, â ïðèíöèïi, íà ÿêi-
ñíîìó ðiâíi îöiíèòè îñîáëèâîñòi ðåãóëÿöi¨ áiîëîãi÷íèõ ïðîöåñiâ â óìîâàõ òà
ñöåíàðiÿõ, íå îõîïëåíèõ áiîëîãi÷íèì åêñïåðèìåíòîì, òà ïðîàíàëiçóâàòè ìî-
æëèâi ïðîöåñè ðåãóëÿöi¨, ñïîñòåðåæåííÿ ÿêèõ ¹ â äàíèé ÷àñ òåõíîëîãi÷íî
íåäîñÿæíi.

Öÿ çàäà÷à äîçâîëÿ¹ íà ÿêiñíîìó ðiâíi ïîïåðåäíüî ïåðåâiðèòè ãiïîòåçè ùî-
äî òîãî, ÿê âiäáóâà¹òüñÿ ðåãóëÿöiÿ áiîëîãi÷íèõ ïðîöåñiâ ç ìåòîþ ¨õ ïîäàëüøî¨
ïåðåâiðêè â áiîëîãi÷íîìó åêñïåðèìåíòi.

Íàïðèêëàä, äëÿ áàãàòüîõ ïðîöåñiâ ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî
ãîìåîñòàçó ìè íå çíà¹ìî ÷è ïiäëÿãà¹ ¨õ ðåãóëÿöiÿ öiëåñïðÿìîâàíîìó êåðóâàí-
íþ, ¨õ ðåãóëÿöiÿ äåòåðìiíîâàíà àáî ìà¹ âèïàäêîâèé õàðàêòåð. Ìè ìîæåìî
ôîðìóëþâàòè ãiïîòåçè ïðî òîé ÷è iíøèé òèï ðåãóëÿöi¨ ïðîöåñiâ é ó ïîðiâ-
íÿííi çi ñòðàòåãiÿìè âåðõíüî¨ îïòèìàëüíî¨ îöiíêè çà óìîâ ïîâíî¨ êåðîâàíîñòi,
îöiíþâàòè, ÷è ìà¹ òîé ÷è iíøèé òèï ðåãóëÿöi¨ ôiçiîëîãi÷íå çíà÷åííÿ. Öi äàíi
ìîæóòü áóòè ïiäñòàâîþ äëÿ ïëàíóâàííÿ òà ïðîâåäåííÿ áiîëîãi÷íîãî åêñïåðè-
ìåíòó, ùî ïiäòâåðäæó¹ àáî ñïðîñòîâó¹ öþ ãiïîòåçó.

Ó öié ðîáîòi çàäà÷ó âèçíà÷åííÿ âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ðåãóëÿöi¨
òà ïåðåâiðêó ãiïîòåç ìè ðîçãëÿíåìî íà ïðèêëàäi ìàòåìàòè÷íî¨ ìîäåëi ôiçiîëî-
ãi÷íî¨ ðåãåíåðàöi¨ ïå÷iíêè, çîêðåìà, ìîäåëi ðåãåíåðàöi¨ ïå÷iíêè ïðè ÷àñòêîâié
ãåïàòåêòîìi¨ (PHx).

2. Ïîñòàíîâêà çàäà÷i âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ñòðàòåãié
ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó

ïðè ôiçiîëîãi÷íié ðåãåíåðàöi¨ ïå÷iíêè.

Ïå÷iíêà - îäíà ç íàéáiëüø âiäîìèõ òà âèâ÷åíèõ áiîëîãi÷íèõ ìîäåëüíèõ
ñèñòåìà ïðîöåñiâ ðåãåíåðàöi¨ îðãàíiâ òà òêàíèí îðãàíiçìó.

Ïå÷iíêà âiäîìà ñâî¨ì âèñîêèì ðåãåíåðàòèâíèì ïîòåíöiàëîì, îñêiëüêè âî-
íà çäàòíà âiäíîâëþâàòè äî 70% ñâî¹¨ ìàñè ïiñëÿ òðàâìè àáî ÷àñòêîâî¨
ðåçåêöi¨[17]. Ïðîöåñ ðåãåíåðàöi¨ ¹ ñêëàäíîþ âçà¹ìîäi¹þ ðiçíèõ òèïiâ êëiòèí
i ñèãíàëüíèõ øëÿõiâ [18]. Âiäîìî, ùî â çàëåæíîñòi âiä îáñòàâèí àêòèâóþòüñÿ
äâà ðiçíi ðåæèìè ðåãåíåðàöi¨. Ó ðàçi ïîðóøåííÿ ïðîëiôåðàöi¨ ãåïàòîöèòiâ,
íàïðèêëàä, ïiñëÿ òÿæêîãî àáî õðîíi÷íîãî ïîøêîäæåííÿ ïå÷iíêè, ñòîâáóðî-
âi êëiòèíè ïå÷iíêè òà êëiòèíè-ïîïåðåäíèêè àêòèâóþòüñÿ ó ÿêîñòi ìåõàíiçìó
ðåãåíåðàöi¨ òà âiäíîâëåííÿ ôóíêöi¨ ïå÷iíêè [19], òàêîæ çàäiþ¹òüñÿ ïðîöåñ ôi-
áðîçó. Íàâïàêè, ïiñëÿ ÷àñòêîâî¨ ðåçåêöi¨ àáî ïîìiðíîãî ïîøêîäæåííÿ ïå÷iíêè
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âíàñëiäîê òîêñè÷íîãî âïëèâó ïîâíà ðåãåíåðàöiÿ ïå÷iíêè â îñíîâíîìó äîñÿãà¹-
òüñÿ çà ðàõóíîê ïðîöåñiâ ãiïåðïëàçi¨ ïàðåíõiìàòîçíèõ êëiòèí òà ïðîëiôåðàöi¨
ïàðåíõiìàòîçíèõ i íåïàðåíõiìíèõ êëiòèí, ùî çàëèøèëèñÿ (ïðîöåñ ôiçiîëîãi-
÷íî¨ ðåãåíåðàöi¨ ïå÷iíêè).

Íåîáõiäíî âiäçíà÷èòè, ùî îäíi¹þ çi ñïåöèôi÷íèõ ðèñ ïðîöåñó ðåãåíåðàöi¨ ¹
ñóòò¹âî ðiçíi õàðàêòåðèñòè÷íi ÷àñè êîæíîãî iç çãàäàíèõ ïðîöåñiâ. Â iäåàëüíèõ
óìîâàõ ðåïëiêàöiÿ òðèâà¹ � 24 ãîäèíè, ïåðåõiä ó ïîëiïëî¨äíiñòü � 12 ãîäèí,
ãiïåðïëàçiÿ � 30-60 õâèëèí, ïîäië äâîÿäåðíèõ ãåïàòîöèòiâ � 1 ãîä. Â óìî-
âàõ çîâíiøíüîãî ñòðåñîâîãî âïëèâó ¨õ õàðàêòåðèñòè÷íi ÷àñè ìîæóòü çíà÷íî
çáiëüøóâàòèñÿ.

2.1 Ìàòåìàòè÷íà ìîäåëü ïðîöåñiâ ïiäòðèìêè/âiäíîâëåííÿ
äèíàìi÷íîãî ãîìåîñòàçó ïðè ôiçiîëîãi÷íié ðåãåíåðàöi¨ ïå÷iíêè

Íà ïîïåðåäíiõ åòàïàõ íàìè áóëî ðîçðîáëåíî ìîäåëü ïðîöåñiâ ïiäòðèì-
êè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó ïðè ôiçiîëîãi÷íié ðåãåíåðàöi¨ [15] â
ïðèïóùåííÿõ îäíîðiäíîãî íàáëèæåííÿ; íåçàëåæíîñòi áiîëîãi÷íèõ ïðîöåñiâ;
ïîìiðíîãî òîêñè÷íîãî âïëèâó, à òàêîæ ïðîâåäåíî ¨¨ âåðèôiêàöiþ [16]. Ó çàäà-
íié ìàòåìàòè÷íié ìîäåëi ïðîöåñ ðåãåíåðàöi¨ ïå÷iíêè âiäáóâà¹òüñÿ çà ðàõóíîê
ïðîöåñiâ ãiïåðïëàçi¨, ðåïëiêàöi¨, ïîëiïëîäi¨, äiëåííÿ äâîÿäåðíèõ ãåïàòîöèòiâ
òà êîíòðîëüîâàíîãî àïîïòîçó. Âàæëèâîþ îñîáëèâiñòþ ìîäåëi ¹ òå, ùî ïå÷ií-
êà, ÿê i áóäü-ÿêèé iíøèé îðãàí ëþäèíè, îáìåæåíà çà îá'¹ìîì, òîìó âîíà ìîæå
âìiñòèòè ëèøå ïåâíó êiëüêiñòü êëiòèí. ×åðåç öå ïiä ÷àñ ðåãåíåðàöi¨ âèíèêà¹
ìiæêëiòèííà êîíêóðåíöiÿ çà ¹ìíiñòü ïå÷iíêè.

Â ðîçðîáëåíié ìîäåëi äëÿ òîãî, ùîá âðàõóâàòè iñòîòíî ðiçíi õàðàêòåðèñòè-
÷íi ÷àñè îñíîâíèõ ïåðåõiäíèõ ïðîöåñiâ, ÿêi òàêîæ çàëåæàòü âiä çîâíiøíüîãî
(íåñòàöiîíàðíîãî) òîêñè÷íîãî âïëèâó, êîæåí òàêèé ïðîöåñ ìîäåëþ¹ìî îêðå-
ìî: ïðîöåñ ðåïëiêàöi¨, ãiïåðïëàçi¨, àíòèñòðåñîâà ïðîãðàìà i ïðîöåñè íåêðîçó
òà àïîïòîçó.

Ðîçðîáëåíà ìàòåìàòè÷íà ìîäåëü [15], ÿêà îïèñó¹ ïðîöåñè ïiäòðèìàí-
íÿ/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó (ðåãåíåðàöi¨) ïå÷iíêè, ¹ óçàãàëüíå-
ííÿì òàêèõ âiäîìèõ ìîäåëåé ïîïóëÿöiéíî¨ äèíàìiêè, ÿê óçàãàëüíåíi ðiâíÿí-
íÿ Ëîòêè-Âîëüòåððà, ðiâíÿííÿ Ëîòêè-Âîëüòåððà ç çàïiçíiëèìè àðãóìåíòàìè,
iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ Âîëüòåððà.

Ó íàøié ìîäåëi ïå÷iíêîâó ÷àñòî÷êó ïðåäñòàâëÿ¹ìî ó âèãëÿäi ¨¨ êëiòèííîãî
ñêëàäó. ßê îñíîâíi ôóíêöiîíàëüíi êëiòèíè, ðîçãëÿäà¹ìî òiëüêè ãåïàòîöèòè
ðiçíèõ òèïiâ: Γ(t) - êiëüêiñòü íîðìàëüíèõ ãåïàòîöèòiâ â ìîìåíò ÷àñó t; Γ2(t)
-êiëüêiñòü ÷îòèðüîõïëî¨äíèõ ãåïàòîöèòiâ â ìîìåíò ÷àñó t; Γ4(t) - êiëüêiñòü
âîñüìèïëî¨äíèõ ãåïàòîöèòiâ â ìîìåíò ÷àñó t; Γ2(t) - êiëüêiñòü äâîÿäåðíèõ
ãåïàòîöèòiâ â ìîìåíò ÷àñó tt; Γgip(t) - êiëüêiñòü ãåïàòîöèòiâ â ñòàíi ãiïåðïëàçi¨
â ìîìåíò ÷àñó t; As(t) - êiëüêiñòü ãåïàòîöèòiâ â ñòàíi àíòèñòðåñó â ìîìåíò
÷àñó t; Ap(t) - êiëüêiñòü ãåïàòîöèòiâ â ñòàíi àïîïòîçó â ìîìåíò ÷àñó t; N(t) -
êiëüêiñòü ãåïàòîöèòiâ â ñòàíi íåêðîçó â ìîìåíò ÷àñó t.

Ôàêòîð òîêñè÷íîñòi � Tox(t) = τ(t) +DP (t).

Òóò: τ(t) - çîâíiøíÿ òîêñè÷íiñòü (åêçîòîêñè÷íiñòü) â ìîìåíò ÷àñó t; DP (t)
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- òîêñè÷íiñòü, ùî âèíèêà¹ çà ðàõóíîê ïðîäóêòiâ íåêðîçó (åíäîòîêñè÷íiñòü) â
ìîìåíò ÷àñó t.

Òîêñè÷íà äiÿ ðiâíîìiðíî ðîçïîäiëÿ¹òüñÿ íà âñi êëiòèíè ïå÷iíêè. Çîâíiøíÿ
òîêñè÷íiñòü çíèæó¹òüñÿ çà ðàõóíîê ôóíêöiîíàëüíî¨ àêòèâíîñòi ãåïàòîöèòiâ
(ïðîãðàìà àíòèñòðåñó) òà çà ðàõóíîê êðîâîòîêó (e1). Âíóòðiøíÿ òîêñè÷íiñòü
ó ñâîþ ÷åðãó çíèæó¹òüñÿ çà ðàõóíîê ôàãîöèòàðíî¨ àêòèâíîñòi (F ) i òàêîæ
ðàõóíîê êðîâîòîêó(e2).

τ(t+ 1) = τ(t)− τ(t)x(t)− τ(t)e1

äå x(t) =
∑

k ckΓ(t) - êîåôiöi¹íò çíèæåííÿ òîêñè÷íîñòi âíàñëiäîê ôóíêöiî-
íàëüíî¨ àêòèâíîñòi ãåïàòîöèòiâ.

DP (t+ 1) = DP (t)−DP (t)F −DP (t)e2

Äèíàìiêà çìiíè êëiòèííîãî ñêëàäó ïå÷iíêè âèçíà÷à¹òüñÿ ïàðàìåòðàìè ïå-
ðåõîäó: a(t) - âiäíîñíà êiëüêiñòü ãåïàòîöèòiâ, ÿêi iíiöiþþòüñÿ äëÿ âõîäæåí-
íÿ â öèêë ðåïëiêàöi¨; b(t) - âiäíîñíà êiëüêiñòü ãåïàòîöèòiâ, ÿêi iíiöiþþòüñÿ â
ïîëiïëî¨äiþ;b2j(t) - âiäíîñíà êiëüêiñòü ãåïàòîöèòiâ, ÿêi iíiöiþþòüñÿ â äâîÿäåð-
íi; a2j(t) - âiäíîñíà êiëüêiñòü ãåïàòîöèòiâ, ÿêi iíiöiþþòüñÿ ç äâîÿäåðíèõ ãåïà-
òîöèòiâ íà ðîçïîäië; g(t) - âiäíîñíà êiëüêiñòü ãåïàòîöèòiâ, ùî ïî÷àëè ïðîöåñ
ãiïåðïëàçi¨; ω(t) - âiäíîñíà êiëüêiñòü ãåïàòîöèòiâ, ÿêi iíiöiþþòüñÿ íà êîíòðî-
ëüîâàíèé àïîïòîç.

Êîíêóðåíöiÿ â ìîäåëi âðàõîâó¹òüñÿ ó âèãëÿäi:

k(t) = 1− 1

Ω

(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t)

)
äå Ω - ¹ìíiñòü ñåðåäîâèùà.
Ïðè ïðèïóùåííi îäíîðiäíîñòi i íåçàëåæíîñòi ñïðàâåäëèâî íàáëèæåííÿ â

ñåðåäíüîìó, ÿêå ïðèçâîäèòü äî ðiâíÿíü ïîïóëÿöiéíî¨ äèíàìiêè äëÿ ðiçíèõ
òèïiâ êëiòèí ïå÷iíêè.

Ðiâíÿííÿ, ùî îïèñóþòü äèíàìiêó ïîïóëÿöié ðiçíèõ òèïiâ êëiòèí ïå÷iíêè:

Γ(t+ 1) = Γ(t)− a(t)k(t)Γ(t) + 2µ(Tox(t))Γ(t) + a2j(t)Γ
2(t)− g(t)Γ(t)−

−ω(t)Γ(t)− k(t)b(t)Γ(t)− r(Tox(t))Γ(t) +As(t)

Γ2(t+ 1) = Γ2(t)− a(t)k(t)Γ2(t) + 2µ(Tox(t))Γ2(t) + k(t)b(t)Γ(t)− g(t)Γ2(t)−

−k(t)b(t)Γ2(t)− ω(t)Γ2(t)− r(Tox(t))Γ2(t) +As(t)

Γ2(t+1) = Γ2(t)+b2j(t)Γ(t)−a2j(t)Γ
2(t)−g(t)Γ2(t)−ω(t)Γ2(t)−r(Tox(t))Γ2(t)+As(t)
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Γgip(t+ 1) = Γgip(t) + g(t)
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t)

)
− ω(t)Γgip(t)−

−r(Tox(t))Γgip(t) +As(t)

As(t+ 1) = As(t) + µ(Tox(t))
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t)

)
−

−ω(t)As(t)− r(Tox(t))As(t)−As(t)

Ap(t+1) = Ap(t)+ω(t)
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t)

)
−r(Tox(t))As(t)

N(t+1) = N(t)+r(Tox(t))
(
Γ(t) + Γ2(t) + Γ4(t) + Γ2(t) + Γgip(t) +As(t) +Ap(t)

)
äå: µ(Tox(t)) - ïàðàìåòð öèêëó, ùî âiäïîâiäà¹ çà çàòðèìêó ïåðåáiãó ðåãå-
íåðàöiéíèõ ïðîöåñiâ ÷åðåç òîêñè÷íiñòü; r(Tox(t)) - ïàðàìåòð, ÿêèé ïîñèëà¹
êëiòèíè äî íåêðîçó ïiä ÷àñ âèñîêî¨ òîêñè÷íîñòi.

2.2. Ïîñòàíîâêà çàäà÷i ïîøóêó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi
ðåãóëÿöi¨ ïðîöåñiâ ðåãåíåðàöi¨ ïå÷iíêè.

Â çàäà÷i ïîøóêó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ðåãóëÿöi¨ ïðîöåñiâ ðåãå-
íåðàöi¨ ïå÷iíêè äëÿ çàäàíî¨ ìîäåëi ïåðåäáà÷à¹òüñÿ, ùî îðãàíiçì çäàòíèé ïîâ-
íiñòþ êåðóâàòè ÷àñîâèìè ïàðàìåòðàìè ïåðåõîäiâ:

λ(t) = (a(t), b(t), b2j(t), a2j(t), g(t), ω(t)) - êåðóþ÷i ïàðàìåòðè,
0 ≤ λi(t) ≤ 1,∀t ∈ [0, T ], i = 1, . . . , 6.
Íåõàé óçàãàëüíåíi ðiâíÿííÿ, ùî îïèñóþòü äèíàìiêè ïîïóëÿöié ðiçíèõ òè-

ïiâ êëiòèí ïå÷iíêè i íàäàíi ó ïîïåðåäíüîìó ïóíêòi, ¹:

x(t+ 1) = f(x(t), τ(t), λ(t)), 0 ≤ λi(t) ≤ 1, ∀t ∈ [0, T ] (1)

äå x(t) = (Γ(t),Γ2(t),Γ4(t),Γ
2(t),Γgip(t), As(t), Ap(t), N(t)) ∈ Rn - òèïè ôóí-

êöiîíàëüíèõ êëiòèí ïå÷iíêè â ìîìåíò ÷àñó t, τ(t) - çàäàíà ôóíêöiÿ çîâíiøíüî¨
òîêñè÷íîñòi, x(0) - çàäàíèé ïî÷àòêîâèé ðîçïîäië ôóíêöiîíàëüíèõ êëiòèí ïå-
÷iíêè.

Ââàæà¹ìî, ùî êîæåí ç ðiçíèõ òèïiâ ãåïàòîöèòiâ ìà¹ ñâié ïîêàçíèê ôóí-
êöiîíàëüíîñòi. Öåé êîåôiöi¹íò âèçíà÷à¹, íàñêiëüêè åôåêòèâíî êëiòèíà âèêî-
íó¹ ñâî¨ ôóíêöi¨. Ïðîöåñ ãiïåðïëàçi¨ ïiäâèùó¹ ôóíêöiîíàëüíiñòü ïå÷iíêè ç
äîïîìîãîþ íàðîùóâàííÿ áiëêîâèõ êîìïëåêñiâ. Ïîëiïëî¨äíi òà äâîÿäåðíi ãå-
ïàòîöèòè ôóíêöiîíóþòü åôåêòèâíiøå çà ðàõóíîê çáiëüøåíîãî ÷èñëà õðîìî-
ñîì. À â ðåçóëüòàòi ïðîöåñó ðåïëiêàöi¨ óòâîðþ¹òüñÿ äâi êëiòèíè, ùî ïîâíiñòþ
ôóíêöiîíóþòü.
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Óçàãàëüíåíèé ïîêàçíèê ôóíêöiîíàëüíîñòi ïå÷iíêè â ìîìåíò ÷àñó t �
Φ(t) =

∑n
i=1 cixi(t).

Çàäà÷à âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ïîëÿãà¹ ó çíàõîäæåííi îïòèìàëüíî¨
ñòðàòåãi¨ λ

∗
(t), ùî äîñòàâëÿ¹ ìiíiìóì ñóìàðíî¨ çâàæåíî¨ ñåðåäíüîêâàäðè÷íîãî

âiäõèëåííÿ ôóíêöiîíàëüíîñòi ïå÷iíêè âiä ¨¨ îïòèìàëüíî¨ ôóíêöiîíàëüíîñòi íà
iíòåðâàëi æèòò¹âîãî öèêëó îðãàíiçìó.

λ
∗
(t) = argmin

λ(t)

N∑
i=0

v(ti)(K − Φ(ti))
2 (2)

ti = i∆t,∆t � êðîê äèñêðåòèçàöi¨, [0, T ] = ∆tN � iíòåðâàë æèòò¹âîãî
öèêëó îðãàíiçìó.

K � îïòèìàëüíà ôóíêöiîíàëüíà àêòèâíiñòü îðãàíiçìó.
0 ≤ v(ti) ≤ 1 � âiäíîñíà âàãà ìîìåíòó æèòò¹âîãî öèêëó.

3. Âèçíà÷åííÿ âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ñòðàòåãié ðåãåíåðàöi¨
ïå÷iíêè â óìîâàõ ÷àñòêîâî¨ ãåïàòåêòîìi¨ (PHx).

Íàéáiëüø ÷àñòî âèêîðèñòîâóâàíîþ ìîäåëëþ äëÿ âèâ÷åííÿ ôiçiîëîãi÷íî¨
ðåãåíåðàöi¨ ïå÷iíêè ¹ ìîäåëü ÷àñòêîâî¨ ãåïàòåêòîìi¨ (PHx), âïåðøå îïèñàíà
Õiããiíñîì i Àíäåðñîíîì íà ùóðàõ [20]. Â öié ìîäåëi ïðèáëèçíî äâi òðåòèíè
ïå÷iíêè âèäàëÿ¹òüñÿ õiðóðãi÷íèì øëÿõîì. Ïðîöåñ ðåãåíåðàöi¨ ïî÷èíà¹òüñÿ
íåãàéíî, ùî ïðèçâîäèòü äî ïîâíîãî âiäíîâëåííÿ ìàñè ïå÷iíêè ïðîòÿãîì 7-10
äíiâ [18, 21]. Ïåðåâàãà õiðóðãi÷íî¨ ìîäåëi â ïîðiâíÿííi ç ìîäåëÿìè òîêñè÷íîãî
ïîøêîäæåííÿ ïîëÿãà¹ â òîìó, ùî ïðîöåñ ðåãåíåðàöi¨ ïiñëÿ PHx íå ïîâ'ÿçàíèé
ç ìàñèâíèì íåêðîçîì i âèêëèêàíèì íåãîñòðèì çàïàëåííÿì, òàê ùî âñi çìiíè,
ùî ñïîñòåðiãàþòüñÿ ïiñëÿ PHx, ìîæíà âiäíåñòè äî ôiçiîëîãi÷íîãî ïðîöåñó
ðåãåíåðàöi¨. Ó êëiíi÷íîìó êîíòåêñòi öåé ôiçiîëîãi÷íèé ïðîöåñ ðåãåíåðàöi¨ ñòà¹
âàæëèâèì ó ïàöi¹íòiâ, ÿêi ïåðåíåñëè ÷àñòêîâó ðåçåêöiþ ïå÷iíêè, ó äîíîðiâ òà
ðåöèïi¹íòiâ ïiñëÿ òðàíñïëàíòàöi¨ ïå÷iíêè âiä æèâîãî äîíîðà òà ó ïàöi¹íòiâ iç
ãîñòðîþ ïå÷iíêîâîþ íåäîñòàòíiñòþ.

Ùî íàì âiäîìî ïðî ïðîöåñ ðåçåêöi¨ ïå÷iíêè ç åêñïåðèìåíòiâ áiîëîãiâ?
Çáiëüøåííÿ ðîçìiðó ãåïàòîöèòiâ (ãiïåðïëàçiÿ) âiäáóâà¹òüñÿ âæå ÷åðåç êiëüêà
ãîäèí ïiñëÿ 70% PHx, íàáàãàòî ðàíiøå, íiæ ¨õ âñòóï ó êëiòèííèé öèêë, i äîñÿ-
ãà¹ ïiêó ÷åðåç 1 äåíü ïiñëÿ 70% PHx, ùî äîçâîëÿ¹ ïðèïóñòèòè, ùî çáiëüøåííÿ
ðîçìiðó êëiòèí ¹ ïåðøîþ ðåàêöi¹þ ãåïàòîöèòiâ íà âòðàòó ìàñè ïå÷iíêè, ÿê çà-
çíà÷èëè Õiããiíñ òà Àíäåðñîí [20]. Îñêiëüêè ãåïàòîöèòè òðîõè çìåíøóþòüñÿ â
ðîçìiðàõ i ïî÷èíàþòü àêòèâíî âñòóïàòè â êëiòèííèé öèêë âiä 1 äíÿ äî 2 äíiâ
ïiñëÿ 70% PHx, öåé ïðîìiæíèé ÷àñ ìîæå áóòè ïåðiîäîì, êîëè ãåïàòîöèòè ïå-
ðåõîäÿòü ç ôàçè ãiïåðïëàçi¨ â ôàçó ðåïëiêàöi¨. Îäíàê ðåçóëüòàòè áiîëîãi÷íèõ
åêñïåðèìåíòiâ ïîêàçóþòü, ùî ãiïåðòðîôiÿ âèíèêà¹ â íîðìàëüíèõ ãåïàòîöèòàõ
i ïåðåäó¹ ðåïëiêàöi¨ êëiòèí ïðè ðåãåíåðàöi¨ ïå÷iíêè. Âàæëèâî âiäçíà÷èòè, ùî
ðiâåíü ãiïåðòðîôi¨ ïå÷iíêè ïðèáëèçíî îäíàêîâèé ïiñëÿ 30 i 70% PHx, à ãåïà-
òîöèòè ïðàêòè÷íî íå äiëÿòüñÿ ïiñëÿ 30% PHx. Òàêèì ÷èíîì, ãiïåðòðîôiÿ ¹
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ïåðøîþ ðåàêöi¹þ ïðè ðåãåíåðàöi¨, à ðåïëiêàöiÿ iíiöiþ¹òüñÿ, ÿêùî ãiïåðòðîôi¨
íåäîñòàòíüî äëÿ âiäíîâëåííÿ ôóíêöiîíàëüíîñòi ïå÷iíêè.

Ïîëiïëî¨äiÿ ¹ õàðàêòåðíîþ ðèñîþ ãåïàòîöèòiâ ññàâöiâ i áëèçüêî 70% ãå-
ïàòîöèòiâ äîðîñëèõ ãðèçóíiâ ¹ òåòðàïëî¨äíèìè. Äàâíî âiäîìî, ùî ïëiäíiñòü
ãåïàòîöèòiâ çáiëüøó¹òüñÿ ïiñëÿ PHx [23, 24]. Õî÷à áiëüøiñòü ãåïàòîöèòiâ ïðî-
õîäÿòü ôàçó S ïðè ðåãåíåðàöi¨ ïå÷iíêè ïiñëÿ 70% PHx, íå âñi ãåïàòîöèòè
ïðîõîäÿòü öèêë ðåïëiêàöi¨ â ïîâíîìó îáñÿçi, ùî çóìîâëþ¹ çáiëüøåííÿ ïëî¨-
äíîñòi.

Áiíóêëåàöiÿ � ùå îäíà öiêàâà îñîáëèâiñòü ãåïàòîöèòiâ äîðîñëèõ, ÿêà ïî÷è-
íà¹òüñÿ ç íåîíàòàëüíî¨ ïå÷iíêè. Äàâíî âiäîìî, ùî êiëüêiñòü áiÿäåðíèõ ãåïà-
òîöèòiâ çìåíøó¹òüñÿ ïiä ÷àñ ðåãåíåðàöi¨ ïå÷iíêè ïiñëÿ 70% PHx, çà îöiíêîþ
ìiêðîñêîïi÷íèõ ñïîñòåðåæåíü òà ðó÷íîãî ïiäðàõóíêó [25, 26].

Îòæå, ïðè 30% PHx ïå÷iíêà âiäíîâëþ¹ ñâîþ ïî÷àòêîâó ìàñó çà ðàõóíîê
çáiëüøåííÿ ðîçìiðó ãåïàòîöèòiâ, àëå íi ÷èñëî êëiòèí, íi ÷èñëî ÿäåð ãåïàòîöè-
òiâ íå çìiíþþòüñÿ. Êðiì òîãî, îñêiëüêè ëèøå íåâåëèêà ÷àñòèíà ãåïàòîöèòiâ
ïðîõîäèòü ôàçó S, ¨õ ïëî¨äíiñòü iñòîòíî íå çìiíþ¹òüñÿ. Íàâïàêè, ïðè âèäà-
ëåííi 70% ïå÷iíêè ÷åðåç êiëüêà ãîäèí ïiñëÿ PHx âiäáóâà¹òüñÿ ãiïåðïëàçiÿ ãå-
ïàòîöèòiâ, çà ÿêîþ ñëiäó¹ ðåïëiêàöiÿ êëiòèí. Ìàéæå âñi ãåïàòîöèòè âõîäÿòü ó
S-ôàçó, àëå áëèçüêî ïîëîâèíè ïiääà¹òüñÿ êëiòèííîìó ïîäiëó çáiëüøåííÿ ñâîãî
÷èñëà. Ïiä ÷àñ ðåïëiêàöi¨ áiÿäåðíi ãåïàòîöèòè, ìàáóòü, ïåðåâàæíî ïiääàþòüñÿ
íåòðàäèöiéíîìó êëiòèííîìó ïîäiëó, çà ÿêîãî õðîìîñîìè ç äâîõ ÿäåð ïîäiëÿ-
þòüñÿ íà äâà ÿäðà ç óòâîðåííÿì äâîõ ìîíîíóêëåàðíèõ äî÷iðíiõ ãåïàòîöèòiâ.
Â ðåçóëüòàòi ÿäåðíå ÷èñëî çìåíøó¹òüñÿ, à ïëiäíiñòü çáiëüøó¹òüñÿ.

3.1 Çàäà÷à ïîøóêó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ðåãåíåðàöi¨
ïå÷iíêè â óìîâàõ ÷àñòêîâî¨ ãåïàòåêòîìi¨ (PHx).

Îñêiëüêè ïðîöåñ ðåãåíåðàöi¨ ïiñëÿ ðåçåêöi¨ çàéìà¹ ïðèáëèçíî 7-10 äíiâ
çàäà÷ó ïîøóêó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi (2) ìîæíà çâåñòè äî òàêî¨:

λ
∗
(t) = argmin

λ(t)

N∑
i=0

(K − Φ(ti))
2 (3)

×àñîâèé êðîê äèñêðåòèçàöi¨ ∆t ïîòðiáíî îáðàòè òàê, ùîá áóëî âðàõîâàíî
øâèäêiñòü ïðîòiêàííÿ óñiõ ìîäåëüîâàíèõ ïðîöåñiâ. Êîæåí iç çãàäàíèõ ïðîöå-
ñiâ ìà¹ õàðàêòåðèñòè÷íèé ÷àñ ïåðåáiãó. Â iäåàëüíèõ óìîâàõ ðåïëiêàöiÿ òðèâà¹
- 24 ãîäèíè, ïåðåõiä ó ïîëiïëî¨äíiñòü - 12 ãîäèí, ãiïåðïëàçiÿ - 30 - 60 õâèëèí,
ðîçïîäië äâîÿäåðíèõ ãåïàòîöèòiâ - 1-2 ãîäèíè. Çãiäíî öüîãî, êðîê äèñêðåòè-
çàöi¨ ∆t áóëî îáðàíî - 10 õâèëèí, à iíòåðâàë ìîäåëþâàííÿ [0, T ] - 10 äíiâ.

Äëÿ 30% PHx òà 70% PHx áóëî çàäàíî òàêèé ïî÷àòêîâèé ðîçïîäië êëi-
òèí x(0): (30% PHx) 51% - êiëüêiñòü íîðìàëüíèõ ãåïàòîöèòiâ; 7% - êiëüêiñòü
ïîëiïëî¨äíèõ ãåïàòîöèòiâ; 4% - êiëüêiñòü äâîÿäåðíèõ ãåïàòîöèòiâ; 8% - êiëü-
êiñòü ãåïàòîöèòiâ â ñòàíi ãiïåðïëàçi¨; (70% PHx) 21% - êiëüêiñòü íîðìàëüíèõ
ãåïàòîöèòiâ; 5% - êiëüêiñòü ïîëiïëîiäíèõ ãåïàòîöèòiâ; 3% - êiëüêiñòü äâîÿäåð-
íèõ ãåïàòîöèòiâ; 1% - êiëüêiñòü ãåïàòîöèòiâ â ñòàíi ãiïåðïëàçi¨. Ïðè ðåçåêöi¨
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ïå÷iíêè âíàñëiäîê òðàâìè óòâîðþ¹òüñÿ ïåâíà êiëüêiñòü íåêðîòè÷íèõ êëiòèí,
ïðîäóêòè ðîçïàäó ÿêèõ çàòðèìóþòü ïðîöåñ ðåãåíåðàöi¨.

Êiëüêiñòü íåêðîòè÷íèõ êëiòèí äëÿ îáîõ âèïàäêiâ çàäà¹ìî íà ðiâíi 10%.
Ôóíêöiÿ çîâíiøíüî¨ òîêñè÷íîñòi τ(t) = 0.
Çàäà÷ó ïðîïîíó¹òüñÿ ðîçâ'ÿçóâàòè ìåòîäîì Íåëäåðà � Ìiäà [27], ìåòîä

îïòèìiçàöi¨ (ïîøóêó ìiíiìóìó) ôóíêöi¨ âiä êiëüêîõ çìiííèõ. Öåé ìåòîä âèêî-
ðèñòîâóâàâñÿ â ôóíêöi¨ optimize ç ìîäóëÿ scipy.optimize áiáëiîòåêè äëÿ python
ìîâè, ÿêà âèêîðèñòîâó¹òüñÿ äëÿ ìàòåìàòè÷íèõ ðîçðàõóíêiâ.

Àëãîðèòì ïîëÿãà¹ ó ôîðìóâàííi ñèìïëåêñó òà ïîäàëüøîãî éîãî äåôîð-
ìóâàííÿ ó íàïðÿìêó ìiíiìóìó, çà äîïîìîãîþ òðüîõ îïåðàöié: âiäîáðàæåííÿ;
ðîçòÿãóâàííÿ; ñòèñêó. Âèêîðèñòà¹ìî ðåàëiçàöiþ ìåòîäó Íåëäåðà-Ìiäà, â ÿêî-
ìó ïàðàìåòðè ðîçøèðåííÿ, çâóæåííÿ òà çâóæåííÿ çàëåæàòü âiä ðîçìiðíîñòi
çàäà÷i îïòèìiçàöi¨ [28].

3.2. Ðåçóëüòàòè ÷èñåëüíèõ ðîçðàõóíêiâ äëÿ çàäà÷i ïîøóêó âåðõíüî¨
îöiíêè îïòèìàëüíîñòi ðåãåíåðàöi¨ ïå÷iíêè ïiñëÿ 30% òà 70% PHx

Ïðè ðîçâ'ÿçàííi çàäà÷i îïòèìiçàöi¨ äëÿ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòà-
íó ïå÷iíêè áóëè îòðèìàíi òàêi ñòðàòåãi¨ ðåãåíåðàöi¨ (Ðèñ.1).

Ðèñ. 1. Ñòðàòåãiÿ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè (À)
òà êëiòèííèé ñêëàä ïå÷iíêè (Á) ïiñëÿ 30% PHx (I) àáî 70% PHx (II).

Ïîìiòèìî íà ãðàôiêàõ, ùî ïåðøi ãîäèíè ïðîöåñ ðåãåíåðàöi¨ íå âiäáóâà¹-
òüñÿ ÷åðåç âíóòðiøíþ òîêñè÷íiñòü âiä ïðîäóêòiâ ðîçïàäó íåêðîçó. Äàëi ïî-
÷èíà¹òüñÿ ïðîöåñ çáiëüøåííÿ ðîçìiðó ãåïàòîöèòiâ (ãiïåðïëàçiÿ, êåðóþ÷èé ïà-
ðàìåòð g(t)) - öå ïåðøà ðåàêöiÿ îðãàíiçìó çàäëÿ âiäíîâëåííÿ éîãî ôóíêöiî-
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íàëüíîñòi. Ìàéæå âîäíî÷àñ ç ãiïåðïëàçi¹þ âiäáóâà¹òüñÿ äiëåííÿ äâîÿäåðíèõ
êëiòèí (êåðóþ÷èé ïàðàìåòð a2j(t)). Áiíóêëåàöiÿ òåæ ¹ øâèäêèì ïðîöåñîì
äëÿ ïîíîâëåííÿ ôóíêöiîíàëüíîñòi ïå÷iíêè. Ïiñëÿ 70% i 30% PHx ãiïåðïëàçiÿ
âiäáóâà¹òüñÿ âæå ÷åðåç äîáó, íàáàãàòî ðàíiøå, íiæ âñi iíøi ïðîöåñè, ùî çáiãà-
¹òüñÿ ç áiîëîãi÷íèìè åêñïåðèìåíòàìè. Ïðîöåñ ãiïåðïëàçi¨ äîñÿãà¹ ïiêó ÷åðåç
2 äíi. Äàëi ãåïàòîöèòè ïî÷èíàþòü àêòèâíî âñòóïàòè â êëiòèííèé öèêë ó 2-4
äíi ïiñëÿ 70% PHx, ãåïàòîöèòè ïåðåõîäÿòü ç ôàçè ãiïåðïëàçi¨ â ôàçó ðåïëi-
êàöi¨. Ìîæíà ïîáà÷èòè íà ãðàôiêàõ ðèñ.2, ùî ïàðàìåòð (t), ùî âiäïîâiäà¹ çà
âiäíîñíó äîëþ ãåïàòîöèòiâ, ÿêi iíiöiþþòüñÿ â ðåïëiêàöiþ, äëÿ âèïàäêà 30%
PHx çíà÷íî ìåíøèé, íiæ äëÿ âèïàäêà 70% PHx. Òàêèì ÷èíîì, ó âèïàäêó
30% PHx ãåïàòîöèòè ìàéæå íå äiëÿòüñÿ. Öå âiäïîâiäà¹ òîìó, ùî ìè ñïîñòåði-
ãà¹ìî ó æèòòi. Ïðîöåñ ω(t), ùî âiäïîâiäà¹ çà êîíòðîëüîâàíèé àïîïòîç ãiïåð-
òðîôîâàíèõ ãåïàòîöèòiâ, äîïîìàãà¹ çðîáèòè êëiòèííèé ñêëàä ïå÷iíêè áiëüø
îïòèìàëüíèì äëÿ ðåàêöi¨ íà ïîäàëüøi ñòðåñîâi âïëèâè íà ïå÷iíêó. Öåé ïðî-
öåñ ïîñòóïîâî îíîâëþ¹ ñêëàä ïå÷iíêè i ïîçáàâëÿ¹òüñÿ âiä ãiïåðòðîôîâàíèõ
ãåïàòîöèòiâ i çàìiñòü íèõ çâiëüíÿ¹ ìiñöå äëÿ íîðìàëüíèõ ãåïàòîöèòiâ, ÿêi
óòâîðþþòüñÿ â ðåçóëüòàòi öèêëiâ ðåïëiêàöi¨.

Âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè ïiñëÿ 30% PHx òà 70% PHx
íàâåäåíî íà ãðàôiêàõ (Ðèñ.2).

Ðèñ. 2. Âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè
ïiñëÿ 30% PHx (À) àáî 70% PHx (Á).

Îòðèìàíi ó ÷èñåëüíèõ åêñïåðèìåíòàõ ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè äëÿ
çàäà÷i âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ÿêiñíî çáiãàþòüñÿ ç òèìè ïðîöåñàìè ðå-
ãåíåðàöi¨ ïå÷iíêè, ÿêi ìîæíà ñïîñòåðiãàòè ïiä ÷àñ áiîëîãi÷íèõ åêñïåðèìåíòiâ.

3.3. Ïåðåâiðêà ãiïîòåç.

Íà ñó÷àñíîìó ðiâíi ðîçâèòêó òåõíiêè áiîëîãi÷íîãî åêñïåðèìåíòó ìè íå ìî-
æåìî ñïîñòåðiãàòè áàãàòî êëþ÷îâèõ ìîëåêóëÿðíèõ ïðîöåñiâ, ÿêi âiäáóâàþòüñÿ
â êëiòèíi ïiä ÷àñ ðåãåíåðàöi¨ ïå÷iíêè. ßê íàñëiäîê öüîãî ìàòåìàòè÷íi ìîäå-
ëi ðåãåíåðàöi¨ ïå÷iíêè ïåðåäáà÷àþòü âåëèêó êiëüêiñòü ãiïîòåç ùîäî ïðàâèë
ðåãóëÿöi¨.
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Òîìó äàâàéòå äëÿ çàäà÷i âåðõíüî¨ îöiíêè îïòèìàëüíîñòi â âèïàäêó ðåãå-
íåðàöi¨ ïå÷iíêè ïiñëÿ 70% PHx îöiíèìî, ÿêèé âêëàä ìà¹ êîæåí ç êåðóþ÷èõ
ïàðàìåòðiâ ó ïðîöåñi ðåãåíåðàöi¨ ïå÷iíêè. Ïåðåâiðèìî òàêi ãiïîòåçè: íàñêiëü-
êè âàãîìèé âêëàä ìà¹ ïðîöåñ ω(t) - êîíòðîëüîâàíîãî àïîïòîçó (äëÿ öüîãî
ðîçãëÿíåìî âèïàäêè ç âiäñóòíiñòþ ïðîöåñó àïîïòîçó i ç âèïàäêîâèì àïîïòî-
çîì), ÿê âïëèâàþòü íà ñòðàòåãiþ ðåãåíåðàöi¨ ïå÷iíêè iíøi ïðîöåñè (âèïàäêè
ïîñòiéíèõ ïîëiïëîäi¨, äiëåííÿ äâîÿäåðíèõ i óòâîðåííÿ äâîÿäåðíèõ).

Ãiïîòåçà 1. Âiäñóòíiñòü ïðîöåñó àïîïòîçó.

Ðîçâ'ÿæåìî çàäà÷ó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi â âèïàäêó ðåãåíåðàöi¨
ïå÷iíêè ïiñëÿ 70% PHx ó âèïàäêó, êîëè λ6(t) = ω(t) = 0,∀t.

Ðèñ. 3. Ñòðàòåãiÿ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè (À) òà
êëiòèííèé ñêëàä ïå÷iíêè (Á) ïiñëÿ 70% PHx ó âèïàäêó âiäñóòíîñòi àïîïòîçà.

Íà ðèñ. 3 ìà¹ìî ñòðàòåãiþ ðåãåíåðàöi¨ ïå÷iíêè ïiñëÿ 70% PHx ó âèïàäêó
âiäñóòíîñòi êîíòðîëüîâàíîãî àïîïòîçà. ßê áà÷èìî ç êëiòèííîãî ñêëàäó ïå÷ií-
êè (ðèñ.3.Á), ùî ïiñëÿ çáiëüøåííÿ ñâîãî ðîçìiðó êëiòèíè òàê i çàëèøàþòüñÿ
ó ãiïåðòðîôîâàíîìó ñòàíi.

Ãiïîòåçà 2. Ïðîöåñ àïîïòîçó ãiïåðïëàçíèõ êëiòèí ¹ âèïàäêî-

âèì.

Ðèñ. 4. Ñòðàòåãiÿ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè (À) òà êëiòèííèé
ñêëàä ïå÷iíêè (Á) ïiñëÿ 70% PHx ó âèïàäêó íåêîíòðîëüîâàíîãî àïîïòîçà.

Ðîçâ'ÿæåìî çàäà÷ó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi â âèïàäêó ðåãåíåðàöi¨
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ïå÷iíêè ïiñëÿ 70% PHx ó âèïàäêó, êîëè ïðîöåñ àïîïòîçó ¹ âèïàäêîâèì i ìà¹
åêñïîíåíöiéíèé ðîçïîäië λ6(t) = ω(t) = αeαt,∀t, α > 0.

ßêùî ïîðiâíÿòè ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè ó âèïàäêàõ ïîâíî¨ êåðîâà-
íîñòi (ðèñ.2.II) i êîíòðîëüîâàíîãî àïîïòîçà (ðèñ.4), ïîáà÷èìî, ùî îòðèìàíi
ñòðàòåãi¨ äóæå ñõîæi, õî÷à ó âèïàäêó íåêîíòðîëüîâàíîãî àïîïòîçó ïðîöåñè
äåùî ìåíø iíòåíñèâíi.

Ãiïîòåçà 3. Ïðîöåñ ïîëiïëîäi¨ ¹ ïîñòiéíèì.

Ðîçâ'ÿæåìî çàäà÷ó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi â âèïàäêó ðåãåíåðàöi¨
ïå÷iíêè ïiñëÿ 70% PHx ó âèïàäêó, êîëè λ2(t) = b(t) = 0.1, ∀t.

Ðèñ. 5. Ñòðàòåãiÿ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè (À) òà êëiòèííèé
ñêëàä ïå÷iíêè (Á) ïiñëÿ 70% PHx ó âèïàäêó ïîñòiéíî¨ ïîëiïëîäi¨.

Ïîðiâíÿ¹ìî ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè ó âèïàäêàõ ïîâíî¨ êåðîâàíîñòi
(ðèñ.2.II) i ïîñòiéíî¨ ïîëiïëîäi¨ (ðèñ.5). Îòðèìàíi ñòðàòåãi¨ ðåãåíåðàöi¨ äóæå
ñõîæi, îäíàê ó âèïàäêó ïîñòiéíî¨ ïîëiïëîäi¨ (ðèñ.5.Á) ïiäñóìêîâà äîëÿ ïîëi-
ïëî¨äíèõ ãåïàòîöèòiâ áiëüøà, íiæ ó âèïàäêó ïîâíî¨ êåðîâàíîñòi.

Ãiïîòåçà 4. Ïðîöåñ äiëåííÿ äâîõÿäåðíèõ ãåïàòîöèòiâ ¹ ïîñòié-

íèì.

Ðîçâ'ÿæåìî çàäà÷ó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi â âèïàäêó ðåãåíåðàöi¨
ïå÷iíêè ïiñëÿ 70% PHx ó âèïàäêó, êîëè λ4(t) = a2j(t) = 0.2, ∀t.

Ðèñ. 6. Ñòðàòåãiÿ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè (À) òà
êëiòèííèé ñêëàä ïå÷iíêè (Á) ïiñëÿ 70% PHx ó âèïàäêó ïîñòiéíî¨ áiíóêëåàöi¨.
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Ïîðiâíÿ¹ìî ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè ó âèïàäêàõ ïîâíî¨ êåðîâàíîñòi
(ðèñ.2.II) i ïîñòiéíîãî äiëåííÿ äâîõÿäåðíèõ ãåïàòîöèòiâ (ðèñ.6). Îòðèìàíi
ñòðàòåãi¨ ðåãåíåðàöi¨ ñõîæi, îäíàê ó âèïàäêó ïîñòiéíîãî äiëåííÿ äâîõÿäåðíèõ
ãåïàòîöèòiâ (ðèñ.6.Á) ïiñëÿ ïðîòiêàííÿ ïðîöåñó ðåãåíåðàöi¨ ïå÷iíêè ïiäñóì-
êîâà äîëÿ äâîÿäåðíèõ ãåïàòîöèòiâ íóëüîâà, òîìó ùî äi¹ ïîñòiéíèé ñèãíàë íà
¨õ äiëåííÿ.

Ãiïîòåçà 5. Ïðîöåñ óòâîðåííÿ äâîõÿäåðíèõ ãåïàòîöèòiâ ¹ ïî-

ñòiéíèì.

Ðîçâ'ÿæåìî çàäà÷ó âåðõíüî¨ îöiíêè îïòèìàëüíîñòi â âèïàäêó ðåãåíåðàöi¨
ïå÷iíêè ïiñëÿ 70% PHx ó âèïàäêó, êîëè λ3(t) = b2j(t) = 0.2,∀t.

Ðèñ. 7. Ñòðàòåãiÿ âiäíîâëåííÿ ôóíêöiîíàëüíîãî ñòàíó ïå÷iíêè (À) òà
êëiòèííèé ñêëàä ïå÷iíêè (Á) ïiñëÿ 70% PHx ó âèïàäêó ïîñòiéíîãî

ñèãíàëó íà óòâîðåííÿ äâîõÿäåðíèõ ãåïàòîöèòiâ.

Ïîðiâíÿ¹ìî ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè ó âèïàäêàõ ïîâíî¨ êåðîâàíîñòi
(ðèñ.2.II) i ïîñòiéíîãî ñèãíàëó íà óòâîðåííÿ äâîõÿäåðíèõ ãåïàòîöèòiâ (ðèñ.7).
Îòðèìàíi ñòðàòåãi¨ ðåãåíåðàöi¨ ñõîæi, îäíàê ó âèïàäêó ïîñòiéíîãî ñèãíàëó
íà óòâîðåííÿ äâîõÿäåðíèõ ãåïàòîöèòiâ (ðèñ.7.Á) áà÷èìî, ùî ïðè çàêií÷åííi
ïðîöåñó ðåãåíåðàöi¨ ïå÷iíêè ïiäñóìêîâà äîëÿ äâîÿäåðíèõ ãåïàòîöiâ áiëüøà,
íiæ ó âèïàäêó ïîâíî¨ êåðîâàíîñòi.

Òàêèì ÷èíîì, âåðõíÿ îöiíêà îïòèìàëüíîñòi ïðîöåñiâ ðåãåíåðàöi¨ ïå÷iíêè
íàéòî÷íiøå âiäîáðàæà¹ ïðîöåñè, ùî âiäáóâàþòüñÿ â áiîëîãi÷íîìó åêñïåðèìåí-
òi ïiä ÷àñ ðåãåíåðàöi¨. ßê íàñëiäîê, öå ïðèçâîäèòü äî ãiïîòåçè, ùî ãiïåðïëàçíi
êëiòèíè ïiäïîðÿäêîâàíi êîòðîëüîâàíîìó àïîïòîçó ç áîêó îðãàíiçìó, ÿêó ïî-
òðiáíî ïiäòâåðäèòè â áiîëîãi÷íîìó åêñïåðèìåíòi.

4. Âèñíîâêè

Ó âèïàäêó ÷àñòêîâî¨ ãåïàòåêòîìi¨ îòðèìàíi ó ÷èñåëüíèõ åêñïåðèìåíòàõ
ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè äëÿ çàäà÷i âåðõíüî¨ îöiíêè îïòèìàëüíîñòi ÿêiñíî
çáiãàþòüñÿ ç òèìè ïðîöåñàìè ðåãåíåðàöi¨ ïå÷iíêè, ÿêi ìîæíà ñïîñòåðiãàòè ïiä
÷àñ áiîëîãi÷íèõ åêñïåðèìåíòiâ.

Ðîçãëÿíóòî ãiïîòåçè ïðî êëþ÷îâi ïðîöåñè ðåãåíåðàöi¨ ïå÷iíêè. Ïðè àíà-
ëiçi öèõ ãiïîòåç áóëî âèÿâëåíî, ùî ðîçâ'ÿçàííÿ çàïðîïîíîâàíî¨ íàìè çàäà÷i
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îïòèìiçàöi¨ ¹ âåðõíüîþ îöiíêîþ âñiõ ãiïîòåç. Ñòðàòåãi¨ ðåãåíåðàöi¨ ïå÷iíêè,
îòðèìàíi äëÿ ðiçíèõ ãiïîòåç, íå ñèëüíî âiäðiçíÿþòüñÿ, îñêiëüêè çíà÷íó ðîëü ó
ïðîöåñi ðåãåíåðàöi¨ ïiñëÿ ÷àñòêîâî¨ ãåïàòåêòîìi¨ ìà¹ ïðîöåñ ãiïåðïëàçi¨, ÿêèé
ó âñiõ ãiïîòåçàõ ¹ êåðîâàíèì ïàðàìåòðîì.

Ó öié ðîáîòi ðîçãëÿíóòî îáìåæåíèé ñöåíàðié ðåãåíåðàöi¨ ïå÷iíêè (âèïà-
äîê ÷àñòêîâî¨ ãåïàòåêòîìi¨ ïå÷iíêè). Çàäà÷à âåðõíüî¨ îöiíêè îïòèìàëüíîñòi
òà ïåðåâiðêó ãiïîòåç íåîáõiäíî ðîçãëÿíóòè â iíøèõ ðîçøèðåíèõ ñöåíàðiÿõ:
âèïàäêè çîâíiøíüîãî òîêñè÷íîãî âïëèâó ðiçíî¨ iíòåíñèâíîñòi òà êîìáiíàöi¨
çîâíiøíüîãî òîêñè÷íîãî âïëèâó òà ðåçåêöi¨ ïå÷iíêè.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 29 áåðåçíÿ 2023; ïðèéíÿòà: 6 ÷åðâíÿ 2023.

REFERENCES

1. N. Kiani, D. Gomez-Cabrero, G. Bianconi. Networks of Networks in Biology:
Concepts, Tools and Applications. Cambridge: Cambridge University Press.
2021. 214 pp. DOI 10.1017/9781108553711

2. O. Wolkenhauer, M. Mesarovic. Feedback dynamics and cell function: why
systems biology is called systems biology. Mol BioSyst. � 2005. � Vol. 1(1). �
P. 14�16. DOI: 10.1039/B502088N

3. E.T. Liu. Systems biology, integrative biology, predictive biology. Cell. � 2005.
� Vol. 121(4). � P. 505�506. DOI: 10.1016/j.cell.2005.04.021

4. W.J. Sutherland. The best solution. Nature. � 2005. � Vol. 435. DOI:
10.1038/435569a

5. N. Rashevsky. Mathematical principles in biology and their applications. 1961.
Spring�eld, LA. 128 pp.

6. R. Rosen. Optimality Principles in biology. 1967. Springer New York, NY. 198
pp. DOI 10.1007/978-1-4899-6419-9

7. N. Tsiantis, J.R. Banga. Using optimal control to understand complex
metabolic pathways. BMC Bioinformatics. � 2020. � Vol. 21. DOI
10.1186/s12859-020-03808-8

8. E. Todorov. Optimality principles in sensorimotor control. Nature neurosci-
ence. � 2004. � Vol. 7(9). � P. 907�915. DOI 10.1038/nn1309

9. M. G. J. de Vos, F. J. Poelwijk, S. J. Tans. Optimality in evolution: new insights
from synthetic biology. Current opinion in biotechnology. � 2013. � Vol. 24(4).
� P. 797�802. DOI 10.1016/j.copbio.2013.04.008

https://doi.org/10.1017/9781108553711
https://doi.org/10.1039/B502088N
https://doi.org/10.1016/j.cell.2005.04.021
https://doi.org/10.1038/435569a
https://doi.org/10.1007/978-1-4899-6419-9
https://doi.org/10.1186/s12859-020-03808-8
https://doi.org/10.1038/nn1309
https://doi.org/10.1016/j.copbio.2013.04.008


56 Â. Â. Êàð¹âà, Ñ. Â. Ëüâîâ

10. J.M. Smith. Optimization theory in evolution. Annu Rev Ecol Syst. � 1978.
� Vol. 9(1). � P. 31�56. DOI: 10.1146/annurev.es.09.110178.000335

11. G.A. Parker, J.M. Smith et al. Optimality theory in evolutionary biology.
Nature. � 1990. � Vol. 348(6296). � P. 27�33. DOI: 10.1038/348027a0

12. I. Yegorov, F. Mairet, H. De Jong, J.L. Gouze. Optimal control of bacterial
growth for the maximization of metabolite production. J Math Biol. � 2019. �
Vol. 78(4). � P. 985�1032. DOI: 10.1007/s00285-018-1299-6

13. L. Bayon, P.F. Ayuso, J. Otero, P. Suarez, C. Tasis. In�uence of enzyme
production dynamics on the optimal control of a linear unbranched chemi-
cal process. J Math Chem. � 2019. � Vol. 57(5). � P. 1330�1343. DOI:
10.1007/s10910-018-0969-36

14. M.D. Petkova, G. Tkacik, W. Bialek, E.F. Wieschaus, T. Gregor. Optimal
decoding of cellular identities in a genetic network. Cell. � 2019. � Vol. 176(4).
� P. 844�855. DOI: 10.1016/j.cell.2019.01.007

15. V. V. Karieva, S. V. Lvov. Mathematical model of liver regeneration processes:
homogeneous approximation, Visnyk of V.N.Karazin Kharkiv National Uni-
versity. Ser. �Mathematics, Applied Mathematics and Mechanics�. � 2018. �
Vol. 87. � P. 29�41. DOI: 10.26565/2221-5646-2018-87-03

16. V. V. Karieva, S. V. Lvov, L. P. Artyukhova. Di�erent strategies in the
liver regeneration processes. Numerical experiments on the mathematical
model. Visnyk of V.N.Karazin Kharkiv National University. Ser. �Mathemati-
cs, Applied Mathematics and Mechanics�. � 2020. � Vol. 31. � P. 36�44. DOI:
10.26565/2221-5646-2020-91-03

17. G. Y. Minuk. Hepatic regeneration. If it ain't broke, don't �x it. Can. J.
Gastroenterol.� 2003. � Vol. 17. � P. 418�424. DOI: 10.1155/2003/615403

18. R. Taub. R. Liver Regeneration: From Myth to Mechanism. Nature Reviews
Molecular Cell Biology. � 2004. � Vol. 5. � P. 836�847. DOI: 10.1038/nrm1489

19. T. Itoh, A. Miyajima. Liver regeneration by stem/progenitor cells.
Hepatology. � 2014. � Vol. 59(4)� P. 1617�1626. DOI: 10.1002/hep.26753

20. G. M. Higgins, R. M. Anderson. Experimental pathology of the liver.
Restoration of the liver of the white rat following partial surgical removal,
Archives of Pathology. � 1931. � Vol. 12. � P. 186�202.

21. K. Nishiyama, H. Nakashima, M. Ikarashi, M. Kinoshita, M. Nakashima,
S. Aosasa et al. Mouse CD11b+Kup�er cells recruited from bone marrow
accelerate liver regeneration after partial hepatectomy. PLoS One. � 2015. �
Vol. 10(9). DOI: 10.1371/journal.pone.0136774

https://doi.org/10.1146/annurev.es.09.110178.000335
https://doi.org/10.1038/348027a0
https://doi.org/10.1007/s00285-018-1299-6
https://doi.org/10.1007/s10910-018-0969-3
https://doi.org/10.1016/j.cell.2019.01.007
https://doi.org/10.26565/2221-5646-2018-87-03
https://doi.org/10.26565/2221-5646-2020-91-03
https://doi.org/10.1155/2003/615403
http://dx.doi.org/10.1038/nrm1489
http://dx.doi.org/10.1002/hep.26753
https://doi.org/10.1371/journal.pone.0136774


ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì97 (2023) 57

22. Y. Miyaoka, A. Miyajima. To divide or not to divide: revisiting liver
regeneration. Cell Division.� 2013. � Vol. 8. � P. . DOI: 10.1186/1747-1028-8-8

23. Y. Miyaoka, K. Ebato, H. Kato, S. Arakawa, S. Shimizu, A. Miyajima.
Hypertrophy and unconventional cell division of hepatocytes underlie li-
ver regeneration. Curr Biol. � 2012. � Vol. 22. � P. 1166�1175. DOI:
10.1016/j.cub.2012.05.016

24. G. Gentric, S. Celton-Morizur, C. Desdouets. Polyploidy and liver proliferati-
on. Clin Res Hepatol Gastroenterol. � 2012. � Vol. 36. � P. 29�34. DOI:
10.1016/j.clinre.2011.05.011

25. H.W. Beams, R.L. King. The origin of binucleate and large mono nucleate
cells in the liver of the rat. Anat Rec. � 1942. � Vol. 83. � P. 281�297. DOI:
10.1002/ar.1090830207

26. P. M. G. St. Aubin, N. L. R. Bucher. A study of binucleate cell counts in
resting and regenerating rat liver employing a mechanical method for the
separation of liver cells. Anat Rec. � 1952. � Vol. 112. � P. 797�809. DOI:
10.1002/ar.1091120406

27. J. Nelder, R. Mead. A simplex method for function minimization. Computer
Journal. � 1965. � Vol. 7 (4). � P. 308�313. DOI: 10.1093/comjnl/7.4.308

28. F. Gao, L. Han. Implementing the Nelder-Mead simplex algorithm with
adaptive parameters. Computational Optimization and Applications. � 2012.
� Vol. 51. � P. 259�277. DOI: 10.1007/s10589-010-9329-3

Liver regeneration after partial hepatectomy:
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This work deals with one of the important problems in Biomathemati-
cs, namely the development of mathematical models for the dynamics of
complex biological systems, which are su�ciently clear and predictable. A
necessary condition for the development of such models is the solution to
the problem of identifying the objective regulation principles and rules of the
"cellular system", which determines among all possibilities the "true path"
of its dynamics, which we observe in the experiment.

One of the promising approaches to solving this problem is based on
the hypothesis that the processes` regulation of maintaining/restoring the
dynamic homeostasis of body`s tissues and organs occurs according to certain
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principles, optimality criteria, which have developed due to the natural
selection of the organism during its previous evolution.

Currently, it is quite di�cult to solve this problem due to many uncertai-
nties in the ways of the previous organism`s evolution, changes in external
conditions, as well as the high computational complexity of solving such a
problem.

Instead, we proposed a simpli�ed task of �nding regulation control strategi-
es, which gives a upper optimality estimate for the processes of maintaini-
ng/restoring dynamic liver homeostasis. The upper optimality estimate of
the regulation and hypothesis testing for the liver regeneration model was
considered for the case of partial hepatectomy (PHx) and was solved by
Python methods.

It was shown that in the case of partial hepatectomy the liver regeneration
strategies, which are obtained in numerical experiments for the problem of
upper optimality estimation, qualitatively coincide with those processes of
liver regeneration that can be observed during biological experiments.

The following hypotheses were also tested in numerical experiments: how
important is the process of controlled apoptosis, how other processes
(polyploidy, division and formation of binucleated hepatocytes) a�ect the
liver regeneration strategy.

Keywords: mathematical model of regeneration processes; partial

hepatectomy; dynamic programming; optimality criterion.
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