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On two resolvent matrices of the truncated Hausdorff
matrix moment problem

We consider the truncated Hausdorff matrix moment problem (THMM) in
case of a finite number of even moments to be called non degenerate if
two block Hankel matrices constructed via the moments are both positive
definite matrices. The set of solutions of the THMM problem in case of a
finite number of even moments is given with the help of the block matrices of
the so-called resolvent matrix. The resolvent matrix of the THMM problem
in the non degenerate case for matrix moments of dimension ¢ x g, is a 2¢ X 2¢q
matrix polynomial constructed via the given moments.

In 2001, in [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001. -69(1-2). -P.175-187], the resolvent
matrix V27t for the mentioned THMM problem was proposed for the
first time. In 2006, in [A. E. Choque Rivero, Y. M. Dyukarev, B. Fri-
tzsche and B. Kirstein, A truncated matricial moment problem on a fini-
te interval, Interpolation, Schur Functions and Moment Problems. Oper.
Theory: Adv. Appl. -2006. - 165. - P. 121-173|, another resolvent matrix
U@+ for the same problem was given. In this paper, we prove that
there is an explicit relation between these two resolvent matrices of the
form V@t = AUtV B where A and B are constant matrices. We
also focus on the following difference: For the definition of the resolvent
matrix V"t one requires an additional condition when compared wi-
th the resolvent matrix U2"*1) which only requires that two block Hankel
matrices be positive definite.
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In 2015, in [A. E. Choque Rivero, From the Potapov to the Krein-Nudel’man
representation of the resolvent matrix of the truncated Hausdorff matrix
moment problem, Bol. Soc. Mat. Mexicana. — 2015. — 21(2). — P. 233~
259], a representation of the resolvent matrix of 2006 via matrix orthogonal
polynomials was given. In this work, we do not relate the resolvent matrix
V(41 with the results of [A. E. Choque Rivero, From the Potapov to
the Krein-Nudel’'man representation of the resolvent matrix of the truncated
Hausdorff matrix moment problem, Bol. Soc. Mat. Mexicana. — 2015. — 21(2).
~P. 233-259]. The importance of the relation between U2+ and V(?7+1) is
explained by the fact that new relations among orthogonal matrix polynomi-
als, Blaschke-Potapov factors, Dyukarev-Stieltjes parameters, and matrix
continued fraction can be found. Although in the present work algebraic
identities are used, to prove the relation between U2 t1) and V1) the
analytic justification of both resolvent matrices relies on the V.P. Potapov
method. This approach was successfully developed in a number of works
concerning interpolation matrix problems in the Nevanlinna class of functi-
ons and matrix moment problems.

Keywords: Hausdorff matrix moment problem; resolvent matrix.

2010 Mathematics Subject Classification: 30E05; 47A56.

1. Introduction

We will use C, R, and Ny to denote the set of complex numbers, real numbers,
and nonnegative integers, respectively. We will employ CP*9, 0,4, O, 14 to denote
the p x ¢ complex-valued matrices, the p x ¢ zero matrix, the ¢ X g zero matrix,
and the g x g identity matrix, respectively.

We consider the truncated Hausdorff matrix moment (THMM) problem for an
even number of moments, which is stated as follows: Let a and b be real numbers
with a < b, let n € Ny, and let (sj)gifgl be a sequence of complex g X g matrices.
Find the set M%[[a,b],B N [a,b]; (sj)?i"gl] of all nonnegative Hermitian ¢ X ¢
measures o defined on the o-algebra of all Borel subsets of the interval [a, b] such

that
5j = / to(dt)

[a,b]

holds true for each integer j with 0 < 57 < 2n 4 1.
We construct the following Hankel matrices:

Hyp = {811k k=0, Hin = {8145+1 k=0 (1)

H3,n = le,n - ﬁl,ny H4,n = _aHl,n + ﬁl,n- (2)

Definition 1. Let the Hankel matrices Hs,, and Hy,, be as in (2). The sequence
(k)i is called Hausdorff positive definite (resp. nonnegative) on [a,b] if the
block Hankel matrices Hs , and Hy,, are both positive (resp. nonnegative) definite.
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In [1], it is proved that the THMM problem for the even number of moments
has a solution if {s; }?Z}rl is a nonnegative definite sequence.

Once we have verified the existence of solutions for the THMM problem for
the even number of moments, instead of determining the set of measures o, we

look for matrix-valued holomorphic functions s(z) defined as

s(z) == / io(dt), ceC\[ab), oeMLllab],Bn[ab; {5128 (3)
)

In (3), for each constructed measure o, we have a unique s(z). We use G4 [B N

[a, b]; (sj)ii'gl] to denote the set of all such s(z). In the case when the sequence
{s; ?Zarl is a positive definite sequence, called non-degenerate case, there are an

infinite number of associated solutions. Each such solution can be written as
-1
s(2) = (a2 p(z) + B2 () a(2) ) (Y2 V() pl2) + 6P (2) a(2))

where a@t1) g2nt+1) 4 (@nt1l) ynd §2n+1) are matrix—valued polynomials on
the variable z and are determined by the moments (sj)?igl. The quantities p
and q denote ¢ x ¢ matrix-valued functions of z, which do not depend on the
moments (sj)?iérl. The set of column pairs column(p, q) is described in 2006 in
[1, Definition 5.2]. The 2¢ x 2¢ matrix-valued function

(4)

U(2n+l) [a(2n+1) 6(2n+1)]

,.)/(2n+1) §5@n+1)

is called the resolvent matrix (RM) of the THMM problem for an even number
of moments.

In 2001, in [19], another resolvent matrix for solving the same THMM problem
was proposed, which we denote by

~(2n+1)  2(2n+1)
2n+1) .__ « B
Vi )= [;)7(211+1) g(2n+1)] : (5)

The matrices a2ntD, gent+l)  5@ntl) ang §2n+) are constructed by using
the sequence of moments (sj)?igl. With the help of the entries of the matrix
polynomial (5) and a family of columns pairs column(p,q) [19, Equalities (18)-
(20)], an associated solution to the THMM problem is given in [19, Theorem
6].

The goal of this paper is to determine an explicit relation between the resolvent
matrices U and V21 of the form

V(Qn—‘rl)(Z) _ AU(Qn—H)(Z)B (6)

for z € C. Here A and B are constant matrices. The resolvent matrices U (27 +1) and

V(1) are both matrix polynomials on the variable z. They differ as described
below:
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e For the definition of matrix U®"t1) the positive definiteness of matrices
Hs,, and Hy, are required. For the definition of matrix V(@4 however,
the invertibility of matrix Hy,, is additionally required.

The relation between the resolvent matrix V(2"*t1) and resolvent matrix for the
truncated Hausdorff matrix moment in case of an even number of moments
proposed in [8] and the help of orthogonal matrix polynomials will be considered
in forthcoming work.

The importance of the relation between U7+ and V(2"+1) is explained by
the fact that well-known objects such as orthogonal polynomials [25], [8], Blaschke-
Potapov factors [5], |6], Dyukarev-Stieltjes parameters [9],[12], continued fracti-
ons [11] and the three-term recurrence relation coefficients [13] related to the
THMM problem in the case of an even number of moments can be obtained with
new expressions. Additionally, the mentioned relation can be used in the control
problem in a similar way as in [4, 3, 10]. In the frame of the V.P. Potapov schema,
interpolation problems in the Nevanlinna or Stieltjes class of functions and matrix
moment problems are studied in [2], [7], [15], [16], [17], [18], [20], [21] and [23].
The THMM problem was recently studied in [22]| via an Schur—Nevanlinna type
algorithm. In [26] and [14], the operator approach was applied to solve the THMM
problem.

2. Notations and preliminaries

In this section, we reproduce matrices, which allow us to define the entries of
the resolvent matrix (5) and (4). Let R, : C — C(»+Dax(+1)d 1o given by

Rn(2) == (I(ng1)q — 2T n>0, (7)
with
Th =0 T = OqX”q Oq >1 8
0 = Ug, n = I 0 , n=1. ( )
nq ngxq
Let
1y
vo =1y, Up = , n>1. (9)
Ongxq
Furthermore,
Uy :=column (—8g, —S1,...,—8n), (10)
u3,0 =50, uzp = =Ry (D) un, (11)
Ug0 1= — S0, Ugy = Ry Ha)uy. (12)

If A is complex matrix, then A* denotes the conjugate transpose of A.

Lemma 1. Let (sj)iiarl be a Hausdorff positive definite sequence on |a,b].

Furthermore, let Hy ,, ﬁl,n, Hyyn, H3p, Th, Up, us g, and ugy, be as in (1), (2),
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(8), (10), (11) and (12), respectively. Thus, the following identities hold:

1
Hl,n = m(HS,n + H4,TL)7 (13)
~ 1
Hl,n = m(bH‘lu” =+ aHg,n), (14)
unvz = f_jl,nT; - Hl,m (15)
Hy o Ty — ToHy i = UrnUy, — Vnly,, 7 =3,4. (16)

Proof. Equality (13) (resp. Equality (14)) can be readily verified from (1) and
(2). Equality (13) is considered in [1, Equation (2.1)]. Equality (15) is proved in
[9, Equation (6.17)]. Equality (16) is considered in [19, Page 178] and [1, Equation

Proposition 1. For a < b, let Hy ,, ﬁlm, Hs,, and Hy, be as in (1) and (2).
Moreover, let H3,, and Hy, be positive definite matrices.

a) Thus, the matriz Hy ,, is a positive definite matric.

b) Let 0 < a < b (resp. a < b<0), then matriz ffl,n is a positive definite matriz
(negative definite matriz).

c) If a <0 < b, the determinant of the matriz f[lm can be equal to 0.

Proof. For the proof of part a) and part b) with the condition 0 < a < b,
we use (13), (14) and the fact that the sum of positive definite matrices is a
positive definite matriz. To verify the part b) with a < b < 0, it is sufficient to
multiply equality (14) by —1 and apply part a). Part c) we prove by giving an
ezample. Let a = —3, b= 3(2 —V/3), sop = —54(—2+ V/3), 51 = 81(5 — 3v/3) and
s9 = —486(—7 + 4v/3). Furthermore, let s3 be such that

—243 (47\/5 . 81) < 53 < 243 (147 _ 85\/3) .

An approzimation of this interval is given by —98.7522 < s3 < —54.5094. Clearly,
the matrices Hs 1 Hy 1 are positive definite, while the the determinant of the matriz
ﬁl,l on s3 = 1458 (19 - 11\/5) s equal to 0. An approzimation of the latter value
18 3 = —76.6309.

In the following definition, we use the invertibility of the matrix ﬁl,n =
bH4,n+aH3,n
b—a ’

Definition 2. [19, Theorem 4] Lel (sk)%:gl be a Hausdorff positive definite
sequence on [a,b]. Let Hy p, up, forr = 3,4, R, and v, be defined as in (2), (11),
(12), (7) and (9), respectively. Furthermore, let IA—I/'Ln as in (14) be an invertible
matriz.

The entries of the 2q x 2q matriz polynomial V"V (2) as in (5) are defined
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by
A o gy iy (o) (P elhon) T, a7)
S = iy o) (Mlin Eelhan) T, a9
B i (2 - ) - i)t (19)
3@ (2) o= I, + w RA (%) oz - DR (a)H‘*’gl js(z e LNGLY Vn. (20)

The matriz (5) is called the first resolvent matriz of the THMM problem in the
case of an even number of moments.

Matrix V2?+1)(2) has important properties concerning the matrix

o, —il,
Jg = [Z,Iq oq]' (21)

In particular, the inverse matrix of V2?1 (2) can be explicitly calculated via two
2g X 2g matrices defined below.

Definition 3. Let (Sk)izgl be a Hausdorff positive definite sequence on |a,b]. Let
H,p, Uy forr = 3,4, Ry, v, and J, be defined as in (2), (11), (12), (7), (9)
and (21), respectively. For r = 3,4, let

VD () = I, — iz { uqfk" ] R} (2)H,  [vn trn)Jq. (22)

rn
TN
The matriz (22) is called the first Kovalishina resolvent matriz of the THMM
problem in the case of an even number of moments.
Furthermore, let Hyy, as in (14) be an invertible matriz. Let

My, = —aqufNIiiLun, Ms, = bqufNIi}lun,
Ny = —bU:LH;}LﬁLnH?:,}L’Un, N3, = avZH;}Lﬁl,nHiévn.
Forr=3,4, let
S I e ]
and
VD (5) o T ) )

The matriz (23) is called the first auziliary resolvent matriz of the THMM problem
in the case of an even number of moments.
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Equality (22) (resp. (23)) appears in [19, Theorem3| (resp. [19, Equality (7)]).

Note that the name Kovalishina resolvent matrix for the matrix V,*" ! (z) was
suggested by Yury Dyukarev as the paper [19] was being prepared. Prof. Irina
Kovalishina studied matrix interpolation and moment problems in the frame of
the V.P. Potapov method. See [23].

Observe that the matrix 17}(2"+1) can be expressed in the following form

~ am(z) BM(=

where
a™ (2) =1, 4+ 2v:R}(Z )H nUrms
B () = — s R H o
T (2) =2l Ry (2) Hy i,
grn)(z) :*Iq Zu*,nR;kz( )H
In a similar manner, from (23) we write the matrix V2 as follows:

where
dg”)(z) :z&&")(z) + Eﬁ")(Z)MT ns
B (2) :=a" (2) Ny + B (2) Iy + My Ny ),
5 (2) =7 (2) + 6 (2) My,
08 (2) =" (2) Ny + 0 (2) Iy + My Nyn)

In the next lemma, the explicit representation of the inverse of the matrix V (27+1)
is given.

Lemma 2. Let (sk)i"'gl be a Hausdorff positive definite sequence on [a,b]. Let

H,pn, urp, forr =3,4, Ry, vy, Jy and VT@”H)(Z) be defined as in (2), (11), (12),
(7), (9), (21) and Definition 2, respectively. Furthermore, let Hy , be as in (1).
Assume that Hy , is an invertible matriz. Thus, the following equality holds:

V;(2n+1)*1(z) :JqVT@”"‘l)* (2)Jy, =34 (24)
Moreover,
[ e
vty (ZZ \ (25)
(2) @) (z) @@t (z)
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Proof. The proof of (24) readily follows from the equality
Jq = V. (@) 1,2 () = 0

for real z, [19, Equality (8)] and the identity theorem of analytic functions [24,
Theorem II1.3.2]. Equality (24) appears in [19, Equality (16)]. To prove (25), one
uses Equality (24) for r =4 and the equality [19, Equation (10)]

pEnt) () _ [éz ’ _(;q) 1IJ yem () [(I)Z . _Oqa )Lj , (26)

which is valid for z € C\ {a}. Finally, because point z = a is a removable di-
scontinuity for the inverse matriz of the right-hand side of (26), we obtain (25).

Definition 4. [1, Proposition 6.10] Let (sy);™h' be a Hausdorff positive definite
sequence on [a,b]. Let Hyp, Uy, for v = 3,4, R, and v, be defined as in (2),
(11), (12), (7) and (9), respectively.

The entries of the 2q x 2q matriz polynomial U™ (2) as in (4) are defined

by
o(2nt1) (Z) =1, — (2 —a)uz, R;(z )H:;’%Rn(a)vn, (27)
B (2) =l Ry () Hy LR (@), (28)
(2n+1)(z) _( 2)(z — a)vy R};(2) Hy p Ry (a)vn, (29)
D (2) 1= I + (2 = a)o Ry (2) Hy R (@) - (30)

The matriz (4) is called the second resolvent matriz of the THMM problem in the
case of an even number of moments.

3. Explicit relation between two resolvent matrices

In this section, we prove the explicit relation (6) between the resolvent matrix
V241 presented in [19] and the resolvent matrix U+ given in [1].
The next Remark can be proved by using (25).

Remark 1. Let the matrices @20, BentD) 52n+1) gpng 5@t pe qs in (17)-
(20) Furthermore, let

~ 0q Iq}
Jo = , (31)
! [Iq Og
and the matriz VD be as in (5). Thus, the following equality is valid:

_ (2n+1)* (5) /\(Qn-‘rl ( )
BV )3 :{ ) w1 s
q q R(2n+1) ( ) 5(2 +1)* (Z)

Now we state and prove the main result of this work.
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Theorem 1. Let (sk)zzgl be a Hausdorff positive definite sequence on |a,b]. Let
ﬁlm, H,p, Upn, forr=3,4, Ry, vy, and J, be defined as in (1), (2), (11), (12),
(7), (9) and (31), respectively. Furthermore, let fh,n be an invertible matriz.
Moreover, let UMD and VD) e the resolvent matrices as in (4) and (5),
respectively. In addition, let

« 771
D = ot aunh&]mR”(a)U" I, — aU;‘LHZilLRn(a)M,n (33)
Thus, the following equality holds
Ut () = SqV(2"+1)(z)3q®(2"+1). (34)
The proof of this theorem is provided in the Appendix section.
In the following lemma, to obtain a relation of the form
Vet (z) = AU (2)B, (35)

we calculate the inverse of the matrix D*"*1) as in (33).

Lemma 3. Let Hi, Hup, Toy Ry, Un, tn and ugy be asin (1), (2), (8), (7), (10)
and (12), respectively. Moreover, let Hy,, be an invertible matriz. Furthermore,
let DY) be as in (33). Thus, the following equality holds:

@(2n+1)_1 — Iq - a“z,nR;(a)H;}LUn Oq ~ ) (36)
0, Iy + v Ry @) T L

Proof. Let n, == I, + auZﬁi}LRn(a)vn, kp 1= Iy — aU;H;}LRn(a)uzm, Uy =
I, — auZ’nR;“L(a)H;}Lvn and 1, = I, + aU:R;‘L(a)PNIi}Lun. Thus, Equality (36) is
equivalent to the following two equalities:

Nnvn =Ig, (37)
KnTn =1q. (38)

We prove (37). Using (12), we have

v = (Ig + awy Hi Ry (a)on) (I = au, Ry () Hyyvn)
=1+ auflﬁi}LRn(a) [—(Iy — aTn)ﬁl,n + Hyp — avnu;]HZ’}Lvn
=1,+ au;klﬁi;Rn(a) [—ﬁl’n + Hyp+ aHLn}H;;Un
=1,
In the third equality, we used (15). The last equality follows from the second equali-

ty of (2). In a similar manner, Equality (38) can be proved using the Equalities
(12), (15) and (2). Thus, Equality (36) is valid.
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In the next corollary of Theorem 1, the relation (35) is proven.

Corollary 1. Let I}Ln, Hyyn, Ty, Ry, vp, up and ugy be asin (1), (2), (8), (7),
(10) and (12), respectively. Furthermore, let D"+ be as in (33), and let Hy
be an invertible matriz. Moreover, let V1) and UC™D be as in (5) and (4).
Thus, the following equality is valid:

V(2n+1) (Z) — JqU(2n+1)(2)©(2n+l)—13q‘ (39)
Proof. The proof of Equality (39) readily follows from (34), equality 3(;1 =Jq
and (36).

4. Auxiliary identities

In this section, we consider auxiliary identities that we will use in the main
theorem of this work.

Lemma 4. Let T, Ry, vy, Hiy, fNILn, Hs ., Hyp, Up, us, and ugp, be as in (8),
(7), (9), (1), (2) (10), (11) and (12), respectively. Moreover, let z € C. Thus, the

following equalities are valid.

(b—a)I(ni1) = bR, (a) —aR% (b), (40)

—R;Ya)HsRY ' (2) + R, N (2)HsnR: ' (a) = (2 — a)(Hs T — Ty Hsp), (41)

R, (2)Hin R (@) + zvauf,, — HinRYE (2) = (2 — a)upvls = 0g, (42)

(2 — a)(vptil,, — uz vi) — Ry (a)H o R: ™ (2) + Ry (2)Ha RS (a) = Oy,
(43)

(2 — a)ou, + (2 — b)ug vy — Ry (a)Hsn RS (2) — Ryt (2)Han R, (b) = 0y
(44)
Proof. The proof of the identities (40) and (41) readily follows from (7), (8) and
(2). To verify Equality (42), we use (7), (12), (15) and (2) to obtain:
R, (2)Hi R (@) + zoauf,, — HinRY (2) = (2 — a)upv)
= (Itni1)g — 2Tn) Hin(Iini1yg — aT%) + 2(TnHip — H )Ly 1)g — aT)
— (—aHyp+ Fy) Ty — 2T3) — (2 — ) (i TS — Hy )
= Hyp —aHy T — 2T Hyp + 02Ty Hy )T + 2T, Hy y — 2Hy
— azTanLnT,if +azH )T, +aHi, — fILn —azHy T, + szLnT;
— zﬁlvnT,if +zHi, + aIA{TLnT;’{ —aHy
=0,
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Equality (43) follows from (16) for r = 3 and (41).
We now we prove (44). We use (7), the identities (40) and (15):

— R, (a)Hz Ry, (2) = Ry, (2) Hun Ry, (b)
= _(I(n+1)q - aTn)H3,n(I(n+1)q —217) — (I(n+1)q - ZTn)H4,n(I(n+1)q — bTy)
= —bHy, + bzH, , T + Hy,, — 2H, , T + abT, Hy ,, — abzTy, Hy T3
— T Hyp + azTyHy )T + aHyy — abHy T — Hy oy, + bHy T
— azTy, Hyy + abzTy Hy T + 2T Hy y — b2Ty Hy T
= —a(TpHy, — Hyp) — b2(TyHy o — Hy )T + 2(TyHy oy — Hy )
+ ab(Ty Hy p — Hy )T + b(Hy T — Hy ) — abTy,(Hy T — Hy )
+ azTy(Hy T — Hy ) — 2(Hy o T — Hy )
= —avpu,, — bzv,uy T + zvpuy, + abvyu), T,y
+ bupv; — abTpupv) + azTyunv), — zu,v,,
= —(z — a)vpup(—L(nt1)g + 013) — (2 = O)(L(ny1)g — aTn)unvy

=—(z— a)vnuz;n — (2 — b)ug nvy,.
In the last equality, we used (7), (11) and (12).

Lemma 5. Let the conditions of Lemma 4 be satisfied. Thus, the following identi-
ties are satisfied:

1

2R N a)Hs Ry (2) — 2(2 — a)vaul, + (b — 2)(2 — a)upv);
= R;'(2)((az + bz — ab)H, , T} — zHy , + abHy , R (%), (45)

(2 = a)(z = B HunT; — (2 = a)(z = b) T Ha
(5= DR @R, (2) — (2 — R () Hia R, ()

n

= —(b—a)R; ' (2)HynR:(2), (46)

P (Z - b) x—1 (Z - CL) %1 - *
RY (%) + (b_a)Rn (a) +b b a) Ry, (b)Hj vnus,
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Proof. To prove (45), we use (2), (7) and (15):

zR;l(a)Hg,nR;;_l (2) — z(z — a)vnugn + (b—2)(z — a)upv),
= 2(I(ng1)q — A1) H3 n(Iny1)g — 2T,) — 2(2 — a)vpus,, + (b — 2) (2 — a)unvy,
= zH3,, — ngng; —azl, Hsp + az2TnH37nT; — azTnﬁLn +azH;,
+ abzTy Hy T — abzH, T + 2T Hy , — 2°Hy  — 2201, Hy T
+b22Hy T + bzHy T — bzHy ,, — abHy T + abHy ,, — 22Hy , T
+ 22H1,n + az]TILnT; —azH,
= 2bHy ,, — Zﬁl,n — bzzHLnT;: + zZﬁLnT;f —azblHyy + azTanLn
+ ab2* T Hy f Ty — a2° T Hy Ty — a2TnHy — ab(Iiny1yg — 2T0) Hin T
— abzHy o Tj + 22Ty Hy g + b22Hy o T + b2(I 4 1)y — 2T0)Hy T — b2Hy
+abHy , — 22Hy W Tk + azHy , Ty
= ab(Iiny1yg — 2Tn) Hip — ab2(Iny1yg — 2T0) Hin Ty — ab(Iin 1y — 210 Hi o Tk
+02(Iny1yg — 2T) Hin T — 2(Iny1yg — 2T0) Hip + az(Iini1yg — 2Tn) Hin T
= (Iny1)g — 2T0)((az + bz — ab)Hy yTjt — 2Hy 5 + abHy o(Iny1yg — 215))
= R;Y(2)((az + bz — ab)H, , T — zHy ,, + ale,nR;‘;l (2).

In the second equality, we used the first equality of (2). The last equality follows
from (7).
Now we prove Equality (46). We use (7) and obtain

(z—a)(z—b)Hy, T, — (2 —a)(z — b)TpHap + (2 — b)R;l(a)Hsz,"fl (%)
— (2= )R, () Hy Ry, (b)
= 22Hy T — b2Hy o T — azHy T + abHy T — 2T Hyy, + 02T Hy o,
+azTHyy — abTpHyp + 2Hay — 22 Hy T — azTy Ha g + a2 T Hy T
—bHy 4+ b2Hy T + abTy Hyy — azbTy Hy T — 2Hyp, + bz Hy T
+ 22T, Hy = 02° Ty Hy o Tk + aHyp, — abHy Ty — 02Ty Hyp, + abz Ty Hy T
=(b—a)2ThHypn + (b—a)zHy, T — (b —a)2*Ty Hy y T — (b — a)Hyp,
=(b- a)(_(I(n—f—l)q - ZTn)H4,n + Z(I(n-i—l)q - ZTn)H4,nT;)
= —(b—a)(I(nr1)qg — ZTn)Han(I(ny1)g — 2T7)
= —(b—a)R," (2)Hyn Ry (2).

In the last equality, we used (7).
Finally, we prove the identity of (47). We perform the left-hand side of (47).
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We use the Equalities (7) and (15) and obtain

1

R+ G @)+ b B O o
= E; — Z; Lins1)g = VT3 + (In1yg — 0T )bH; vnus]
- E; — Z; R (b)H; L [Hsp + bugul)

- Ei — Z; R (b)H; L [Hsp + b(Tn Hyy — Hip))

— R OH R O

We now give the proof of Theorem 1.
Proof of Theorem 1

Proof. Since 3;1 = Jq and the inverse of the matriz V(Q”‘H)(z) s well defined,
we prove the equality

@3V (2)3,) T (z) = DR, (48)

which is equivalent to (34). Using the equality 3(1—1 = Jq, Equality (32) and the
representation (4), we denote the left-hand side of (48) as follows:

Wll;n WlQ;n
Watn  Waaip

)

) = Qv (3, TUIG), (49)

where

Wll;n — (2n+1 (2)0&<2n+1)(2) - ;?(2n+1)* (2),}/(2n+1)(z)’ (5())
Wl2;n — 2n+1 (2)5 (2n+1) (Z) o ;Y\(2n+1)* (2)5(2n+1)(2)7 (51)
Wargn = =B (2)aCmD(2) 4 5B (2200 (), (52)
WQQ;n — 2n+1 ( ) (2n+1 (Z)+5(2n+1) ( )5(2n+1)(z) (53)

We now perform the expression (50)-(53). For the expression (50), by using (17),
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(27), (18) and (29), we have

H2n+1)* (2)a(2n+1) (2) — A(2n+1)* (2)7(2%1) (2)
= Iy — (2 — a)u} , R} (2) Hy ) Ru(a)vn + 2uj, Hi ) Ri(2)n
— 2(z — a)ul, Hy p Ry (2)vnu3 , Ry (2) Hy o R (@) n
+ (b — 2)(2 — a)up Hy Ry (2)un v}y Ry (2) Hy R (a)vn
= I, + zup R}, (2) Hy ) Ry (a)v, — bzup T Ry, (2) Hy R (a)vn
— auZRZ(E)Hg}lan(a)vn + abu:T;R:(E)Hg’}LRn(a)vn
+ azuy Ty Ry, (2)Hy ) Ry (a)von + bzu), Ty Ry (2) Hy y Ry (a)vy
— abu;T;R;(Z)H?:éRn(a)vn - zuZRZ(E)H?;}LRn(a)vn
+ abuZﬁiiHl,nH:;}LRn(a)vn
= Iy — auy(I(ng1)q — sz)RZ(E)H&%Rn(a)vn + abuZﬁi}lHLanﬁRn(a)vn
= Iy + au Hy } [~ Hyp + bHy ) Hy  Ro(a)vp
=1,+ auZﬁiﬁRn(a)vn.

In the second equality, we used (11) and (15). In the fourth equality, we used the
first equality of (2). Thus, Equality (48) is proved for the (1,1) block matriz.

Let us now prove Equality (48) for the (1,2) block matriz. Using (51), (17),
(18), (28), (30) and the identity (14), we have

a@nt+)* (2)5(2n+1) (2) — ;y\(2n+1)* (2)5(2n+1) (2)

=}, Ry (2) Hy R (@) s + 20, Hy ) R (2) v, Ry (2) Hy ) R (@)t
— up Hy R (2)un — (2 — a)up Hy Ry (2)un vl Ry (2) H i R (@)uan

= uh Hy } Ru(2) Ry (2)Hin Ry () + 2vtl,, — HinRE (2)
— (2 — a)uuy ] Ry (2) Hy pup

= 0,.

In the last equality, we used (42). Thus, Equality (48) for the (1,2) block matriz
18 proved.

We now prove the Equality (48) for the (2,1) block matriz. Using (52), (19),
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(20), (27) and (29), we obtain

_ §(2n+1)* (g)a(2n+1) (Z) + g(QnJrl)* (2)7(2n+1) (Z)

— (= ) A 4 DR @) B ()

+ (2 —a)(aHy, +bHz ) Ra(2)vnus, + (b — a)Ig + (a(z — b)Hy, R, (a)
+b(z — a)Hy Ry (0)) R (2)un v | Ry (2) Hy R (@)vn

3,n"'n

— (c = V) e R By @B () + (2 = o,

+ (2 — Q)vaus, + (2 — b)Ry H(a)unvl — Ry (2) Hun R, (b)) + bH; Ra(2)
(=R M) Ha Ry, (2) + (2 — a) Ry (D)unvy, + Ry, (2)Ha By, (a)]}
- R}(2)H; , Ra(a)vn
=0,
In the last equality, we employed Equality (44). Thus, Equality (48) for the (2,1)
matriz—block is proved.

We now prove the Equality (48) for the (2,2) block matriz. Using (19), (20),
(28) and (30), we have

6(2n+1 ( )IB(Zn—H( )_|_5(2n+1) ( )6(2n+1)( )

— I+ E;:Zivﬂ—(z —b)(aH} + bH3 ) R (2)vntdh , + (b — a) ],

<a§z § Hy Ry (@) + bHy LRy (0) Ru(2) Han RS (2)
T

a(z = b)Hy, Ry () +b(2 — a)Hy , Ry (b)) R (2)unvy ) Ry, (2) o,

= I,+ (Z: @) vi{a(z = b)Hy  Ra(2) [Hyn Ty — ToHap

1 —1
(Z—CL) ( —b)R ( )H4nR (b)]

+ bHy Ry ()~ (z — bYonuy, + Ry 0)Han R (2) — (2 — a)ug nv)
+ RNz )H3 R ()]} R () H ) Ru(a)uap
=Lt 5o a)v wHinBn(2)[= (b — ) Ing1yg — 2T0) Han(Inaryg — 2151 Ry (2)
. H;an(a)uzm
=1, 7— aU;H;}LRn(a)uzl,n.

_|_

Ry (a)HinRy, (2) -

In the second equality, we used (11), (12), (16) for r = 3, (40), and (42). In the
third equality, we use Equality (47).
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Thus, Equality (48) for the block matriz (2,2) is proved. Consequently, having
proven Equality (48), we have proved Equality (34).
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IIpo aBi matpuni po3B’si3aHHs 3a/4a4i yciueHOro
MATPUYIHOTO MOMEHTY Xaycaopda.
A. E. Yoke Pisepo!, B. E. Mesina Epnanyec?
L Visepcumem Mivoaxana de Can Hixorac de Idanveo
206’conana acnipanmypa 3 mamemamuunur nayk, Hayionaivonutd a6monommud
ynieepcumem Mexcurxu — Ynisepcumem Mivoaxana de Can Hixonac de Idasveo

Mu posrisgaemMo yciueHy mMarpudHy npobjemy mMomeHTiB Xaycaopda y BHUIIAJIKY CKiH-
9EeHHOI MAPHOI KiTbKOCTI MOMEHTIB, K& HA3WBAETHCS HEBUPOXKEHOIO, SIKINO 1B O/09HI
lamkenesi marpurii, mobyIOBaHi 33 JOIOMOIOI0 MOMEHTIB, € IOJATHO BU3HAYEeHUMH. VHO-
JKWHA PO3B’SA3KIB yciueHoi mpobemu MOMeHTIE Xaycaopda y BUMAIKY CKIHYEHHOI map-
HOI KiJIBKOCTI MOMEHTIB 33/Ia€ThCA 33 JTOTMOMOTOI0 TaK 3BAHOI PE30JbBEHTHOI MATPHIIL.
PezonbBenTHa MmaTpuils ycidenol mpobsemu moMentiB Xaycmopda y HeBUPOIKEHOMY BH-
MaJIKy JJIsi MATPUYHUX MOMEHTIB BUMIPHOCTH ¢ X ¢ € 2q X 2q MATPUYHHUM IOJIHOMOM,
sAxuit OyyeThbCsd 3a JOMOMOTOI0 3aaHUX MOMEHTIB.

¥ 2001 p., B pobori [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001.-69(1-2).-P.175-187], misa 3razanoi Buile yciueHol
npobiemu MmomeHTiB Xaycaopda Brepie Oysa 3amporOHOBAHA PE30JIbBEHTHA, MATPHUILA
V2t Y 2006 p., B pobori [A. E. Choque Rivero, Y. M. Dyukarev, B. Fritzsche and
B. Kirstein, A truncated matricial moment problem on a finite interval, Interpolation,
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Schur Functions and Moment Problems. Oper. Theory: Adv. Appl. -2006. - 165. - P.
121-173], 6yna mama inma pesombeentra marpuis U g riei camoi mpoGiemu. B
JaHiit pobOTI MU TOBOAWMO, IO iCHY€ SIBHE CIIBBIiIHOINEHHS MiXK IUMHU JTBOMA PE30JIhb-
BEHTHUMU MaTPUIAMU BUIVIAILY y@ntl) — AU(2"+1)B, ne A i B — crani marpuni. Mu
TaKOK (POKYCYEMOCH Ha HACTYITHI# BiIMIHHOCTI: /)T BUBHAYEHHST PE30IbBEHTHOI MATPHUIIL
V(2741 yae BEKOHYBATHCS JOJATKOBA YMOBA, y MOPIBHSHHI 3 BH3HAYEHHSIM PE30/IbBEH-
THOI MaTpuili U (2"+1), NI TKOT BUMAraeThcst jimme mob asi 6mouni Tamkenaesi marpuri
Oy/au JOJATHO BU3HAYEH].

V¥ 2015 p., B pobori [A. E. Choque Rivero, From the Potapov to the Krein-Nudel’'man
representation of the resolvent matrix of the truncated Hausdorff matrix moment
problem, Bol. Soc. Mat. Mexicana. — 2015. — 21(2). — P. 233-259], Gysio mane 306pa-
2KEHHS Pe30/IbBeHTHOI Marpuni, orpumanol B 2006 p., depe3 MarpudHi OpTOrOHAJIbHI
nosinomu. B mamiit po6ori Mu me now’s3yemo pesombeenTry Marpuiio V(2T 3 pesyin-
raramn [A.E. Choque Rivero, From the Potapov to the Krein-Nudel’'man representation
of the resolvent matrix of the truncated Hausdorff matrix moment problem, Bol. Soc.
Mat. Mexicana. — 2015. — 21(2). — P. 233-259]. Baxmsicrs cripsinnomens mix U271
i V2t posicuioerbest M, 10 MOXKYTH OyTH 3HAiAeH] HOBI CLIBBLAHOEHHS MiK OpPTO-
TOHAJILHUMY MATPUIHUME TIOJIHOMaMu, MHOKHUKaMu Bisike-TloTamosa, mapamerpamu
okapeBa-CTifTheca i MATPUYHUMHE HEMTEpEepBHUME apobamu. Xoda B maHiit pobOTi Bu-
KOPHCTOBYIOTHCS ajareOpaidni TOTOXKHOCTI JJIs JOBEIEHHSI CIIIBBIIHOIIIEHHS MiXK U@ntl)
V(24D apanitimdane oGrpyHTYBaHHS 060X PE30IbBEHTHIX MATPHIb CIIAPAETHCS Ha METOJL
B.II. Iloramosa. et miaxix 6yB ycmimuo po3BuHEeHHit B 6ararbox poboTax, MoB’S3aHUX
3 MarpudHuME mpobseMamu inTepnosdnil B kiaci dynkniii Hepanminau i marpuaHOO
TIPOOJIEMOI0 MOMEHTIB.

Karwnoei crosa: 3agaua MaTpudHOro MOMeHTy Xaycaopda, MaTpuils po3B’si3aHHS.

Icropia crarri: orpumana: 27 ciuna 2022; ocransiit Bapiant: 5 smnuasa 2022
npuitaara: 7 gunasg 2022.
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On relation between statistical ideal and ideal
generated by a modulus function

Ideal on an arbitrary non-empty set {2 it’s a non-empty family of subset J

of the set Q which satisfies the following axioms 0 ¢7if A,B €7, then
AUB e J,if Ae Jand D C A, then D € 7. The ideal theory is a very
popular branch of modern mathematical research. In our paper we study
some classes of ideals on the set of all positive integers N, namely the ideal of
statistical convergence Js and the ideal J; generated by a modular function

f- Statistical ideal it’s a family of subsets of N whose natural density is

<n:
#{k<n:keA} = 0. A function

f: RY — RT is called a modular functlon if f( ) =0 only if z = 0,

fl@+y) < flx) + f(y) for all 2,y € R, f(z) < f(y) whenever z <y, f

is continuous from the right 0, and finally lim f(n) = co. Ideal, generated
n—

equal to 0, i.e. A € J; if and only if hm

by the modular function f it’s a family of subosoets of N with zero f-density,
k<n:keA
in other words, A € Jy if and only if lim JE#iksn:keA)) =0 It

n—00 f n

is known that for an arbitrary modular function f the following is true:
J¢ C Js. In our research we give the complete description of those modular
functions f for which J; = J,. Then we analyse obtained result, give some
partial cases of it and prove one simple sufficient condition for the equality
J¢ = Js. The last section of this article is devoted to examples of some
modulus functions f, g for which J; = J5 and J, # J5. Namely, if f(z) = 2P
where p € (0,1] we have J; = J; for g(z) = log(1 + ), we obtain J, # J,.
Then we consider more complicated function f which is given recursively to
demonstrate that the conditions of the main theorem of our paper can’t be
reduced to the sufficient condition mentioned above.

Keywords: ideal, statistical ideal, modulus function.

2010 Mathematics Subject Classification: T6A11; 76B11; 76M11.

1. Introduction

Let Q be a non-empty set. Let us remind that a non-empty family J c 2% is

called an ideal on Q if J satisfies:
© D. Seliutin, 2022
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1. Q¢ 7;
2. if A,B € Jthen AUB € 7J;
3.ifAeJand D C Athen D€ 7.

In our article we consider those ideals J which contain the family of finite sets
Fin.

For a subset A C N denote aa(n) := |A N [1,n]|, where |M]| stands for a
number of elements in the set M C N. Let A C N. The natural density of A is
d(A) = lim A0

n—00 n

The ideal of sets A C N having d(A) = 0 is called the statistical ideal. We
denote this ideal Js.

The statistical ideal is related to the statistical convergence and is a very
popular branch of research.

In [1] authors introduced a generalization of the natural density of subset in
N. They called it f-density, where f is a modulus function.

Recall that a function f: RT — R* is called an unbounded modulus function
(modulus function for short) if:

1. f(z) =0 if and only if x = 0;
flx+y) < f(x)+ f(y) for all z,y € RT;
3. f(@) < fly) ifw <y;

4. f is continuous from the right at 0;

N

5. lim f(n) = cc.

n—oo

M is called

n
the f-density of A C N. The ideal J5 := {A C N : df(A) = 0} is called the f-
ideal. T appears implicitly in [1] where the convergence of sequences with respect
to Jy was studied, and appears explicitly in [3].

In [1, p. 527] it is noted that for an arbitrary modulus function f and A C N if
d¢(A) = 0 then d(A) = 0. In other words, J5 C Js. The ideals J¢ and J, and the
corresponding ideal convergences have some similarities and some differences. The
aim of the paper is to present a complete description of those modulus functions
f for which J; = J;. We do this in Theorem 1. After that in Theorem 2 we give
a handy sufficient condition for the equality Js = J¢, and finally we present some
illustrative examples.

Let f be a modulus function. The quantity d¢(A4) := lim

2. Main results
Let f be a modulus function, ¢ € [1,400), k € N. Denote

f(n) __ o f(n)
(i)’ g (k) == hy(2¥) = limsup F@Fn)

n—oo

hy(t) := limsup

n—o0 f
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The following Theorem is the promised main result of our paper.
Theorem 1. Let f be a modulus. The following statements are equivalent:
1. Js=7Ty;
2. i k) =0.
Jim gy (k)

3. tliglo hf(t) =0.

Proof. Remark that the equivalence of conditions (2) and (3) follows evidently
from the monotonicity of k() in the variable t. We include both of the conditions
because of some conveniences in the proof and for the future applications. So, it
is sufficient to demonstrate implications (3) = (1) and (1) = (2).

(3) = (1). As we remarked in the Introduction, the inclusion Js O J is known,

1
so we need to show that J, C J;. Denote 5 = hy(t) + T The quantity 6]

is decreasing in ¢ and lim 5{ = 0. We know that limsup f(n) < 5{ for all
t—00 N—00 f(tn)

t € [1,400), in particular we have that for every k € N there exists Ny(k) € N
such that for all n > Ny (k) the following holds true: f (%) < 5£f(n)
Let A € J5. By the definition of J; his means that lim M

n—oo n
words, for each k € N there exists Na(k) € N such that asa(n) < % for each

n > Na(k). Denote Ny, := max {Nj(k), N2 (k)}. Then for each n > Ny,

= 0. In other

n
flaam) < £ () < oLs o).
From the previous inequality we have:

limsupM < 5,{ — 0,
which completes the proof of the implication (3) = (1).
(1) = (2). Assume that %irr[l)gf(k:) # 0. By monotonicity, this implies the
ﬁ
existence of & > 0 such that gy(k) > ¢ for every k € N . Consequently,

lim sup f(z)
subset N, C N such that for each n € N

> £ for each k € N. Then for every k € N there exists an infinite

f(n) > &£ (2Fn). (1)

Choose 0 = ng < n1 < ng < n3g < ... such that n; € N; for each j € N. So for
each k € N

flng) > &f(25ng).
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Denote my, := 2Fny, k =1,2,... . Let us consider the following set A:

A:{ml —m+1m —ni+2,....,m —1,
mg—ng—i—nl,mg—ng—i—nl+1,m2—n2+n1+2,...,m2—1,...},
that is from each block of naturals in (mg_1, my| we chose the ny — ni_1 biggest

ones. For the correctness of the definition of A we have to check that my —mp_1 >
ng — ni_1 for every k € N. Indeed, for all £ € N we have:

Mg — N+ N1 — mi—1 = 2" — g +ngog — 28 gy =
= (28 —1) =y (21— 1) >0,

because ny > ngy_; and 2F — 1 > 2k=1 — 1,
Denote v, := aa(n). Let us show that A ¢ J;. By our construction, o, = ng

for all k& € N. Using the inequality (1) we obtain that é({:];nk)) > & > 0, s0
k
f(an)
0 as n — oo, that’s why A ¢ J.
) 7 ¢35

Let us finally show that A € Js. For every k € N we can split the block of
naturals [my + 1, my1] NN as follows:

[mk + 1,mk+1] NN = [mk + 1, mg41 — Nggr1 + Nk — 1] NN
U [karl — N1 + Nk, Mp1 — 1] NNU {mk+1}.

On the initial part of this set for j € [mg + 1, mgy1 — ngr1 + nk — 1] we have:

o g N N .
a; =ng and L = 2 < < — = —. On the next part, for j € |m —
J k j ] _mk+1_mk 2k: p ) J [ k+1
Nk+1 + Nk, Mkg+1 — 1] = [nk+1(2k+1 — 1) + ng, 2k+1nk+11] we have a; = Nk + Zj,

T n -n
where 1 < x; < ngiq — nyg. Using this, we obtain that — < 2< M, and
<0 J J J

Qj T + x; < Ng+1 Tk41 _ 1 < i
j j T ngpe1 (28 — 1) g T ongg (26— 1) ok+1l 1 T 9k’

At the last point j = my4q1 we have: a; = ng4q and

Qg o Nk+1 o 1 1

j - Mpt1 9k+1 ok’

j 1
So for an arbitrary k£ € N and for j € [my + 1, mg1] we have a—? < ok in other
J
words A € Js.

Now let us discuss a particular case of Theorem 1 in which the condition for
J7 = Js can be substantially simplified. First, a simple technical lemma.
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= a. Then

Lemma 1. Let f be a modulus function. Let there exists lim ()

n—00 f(Qn)
- f(n)
k)=1
95 (k) = lim <ot
Proof. Let us use method of mathematical induction.
The base of induction: k = 2.

f) S0 fen) ) S,

lim = lim —+———> = lim im =
e f(4n) e F(2n) - [(dn) | o f(2n) e f(dn)
The inductive transition: k¥ — k + 1.
: ftn) o fn) . f(2) k1
W3R F(2FF ) o F(2Fn) e F@F) |

=d"* for all k € N.

f(n)

Theorem 2. Let f be a modulus. Suppose that there exists lim . Then the
w5 £(2n)
following statements are equivalent:
1. Js=7Ty;
o tim 0

Proof. Under the assumption of existence of lim f(n)

equivalence of our condition (2) and the condition (2) of Theorem 1.

, Lemma 1 gives the

3. Examples
At first, let us show that among the very elementary modulus functions f the
both possibilities Jy = J, and Jy # J; may happen.
Example 1. f(z) = 2P, p € (0,1]. For this kind of functions Jy = J,. Indeed,
P

. fn) . n? (1
e F2n) ke R (2> <t

Example 2. f(z) = log(1 + ). In this case J; # J,, because nhHrI;o f((;l)) =

log(1 4+ n)
im ————— =

n—oo log(1 + 2n)

Our next goal is to show that Theorem 1 does not reduce to its particular case
given in Theorem 2, i.e. that there is a modulus functions f for which the limit

f(n)
of

f(2n)
Example 3. Put f(0) =0, f(1) =1, f(2) = 2. The values of f in the remaining
natural numbers we define recurrently: if for some n € N the values f(k) are
already defined for k € [1,2"], we define f(k) for k = 2" + a € [2" + 1,2"F1],
a € [1,2"], by means of the formula

does not exist.

f2m),ifn € {1,3,5,..}

n : (2)
f2") + f(a),if n € {2,4,6,...}.

o= {
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This defines f(n) for each n € NU{0}. In the intermediate points let us define f
by means of linear interpolation. Such f is defined for each z € R, is monotonic,
continuous, and f(2F) := 2051 for k e NU {0}.

Let us verify that f is a modulus function. For every w, z € N (without lost
of generality we consider w > z) we have to demonstrate that

flw+2) < f(w) + f(2). (3)

This can be done by induction in n, where n is the smallest natural for which
w+z < 2™

The base n = 1 is straightforward. Suppose now that we already proved (3) for
0 < w+ 2z < 2™ and let us prove it for 2" < w+ z < 2" Denote w4+ 2z = 2" +«,
where o € [1,2"].

1. Let n be an odd number. It is clear that there are numbers w,z € N,
W < w, Z < z such that W+ Z =2". Then f(w+z2) = f(2") = f(w + 2) <
f(@) + f(2) < f(w) + f(2).

2. Let n be an even number. Then f(w + 2z) = f(2" + ) = f(2") + f(«).

(a) Let w > 2", then z < a. Represent w in the form of w = 2" + . In
this case f(w + z) = f(2") + f(a) and f(w) = f(2") + f(B). Then
the inequality (3) rewrites as f(«) < f(z) + f(/5) which is true by the
inductive assumption.

(6) Let w < 2", which means that 2! < w < 2" and z > «. Then
f(w) = f(2"71) = f(2"), because n — 1 is odd. Again, in this case the
inequality (3) is equivalent to a simpler one: f(«) < f(w) which is true
since 2z > a.

So, we proved that the function, defined by (2) is a modulus function. Consider

2n 2m
now the sequence fJ(CQ(”JF)l)’ n =20,1,2,.... When n is odd we have fj(f2("+)1) =1
2" 1
and if n is even we have 12" = —. This means that the sequence () has
f@rtty 2 f(2n)
no limit.
h TN 1 NS
y the way, in this example g;(k) = limsup so Jr = TJs.

n—00 f(an) N 2k—1"
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Conclusion

In our paper we studied the ideal of statistical convergence Js and the ideal
Js generated by a modular function f. In our research we gave the complete
description of those modular functions f for which J; = J,. Then we analysed
obtained result, gave some partial cases of it and proved one simple sufficient
condition for the equality Jy = J,. At the end of this article we gave some examples
of some modulus functions f, g for which J; = J, and J, # Js.
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ITpo 3B 430K MiXk CTATUCTUYHHNM 1JI€aJIOM Ta izeasiom,
HOPO2KEHUM MOAYJIbHOIO (PYyHKI[IEIO
. JI. Cegmtorin
Xapriecoruti noutonasvrull yrisepcumem imens B. H. Kapasina
matidarn Ceobodu 4, Xapwie, 61022, Vrpaina

Inean ma MOBiMBHIN HETOPOXKHIN MHOXKUHI () — 1€ HEMOPOKHSA CiM’S TIMHOKAH J MHO-
kunu ), sgKa 3a70BOJIbHsIE€ HacTymauM ymoBam: 0 ¢ J, akmo A, B € 3, 10 AUB € 7,
akmo A € 31 D C A, ro D € 7. Teopid imeaniB € myKe MOMyJsipHOIO 00JIACTIO Cyda-
CHHX MaTeMaTHIHHUX JOCTiIKeHb. B mamiit poboTi mOCTiaKeHO JAesKi cremianbHi KIacu
imeasiB ma MHOXKUHI HaTypasbHuxX uducesn N, a came imeasn crarucruynoi 36ixkuocti Jg,
abo crarucTwaamii igeas, Ta imeas Jy, akwmit 3amaH0 MomyabHOIO dynKmieo Jy. CraTu-
CTUYHHI imean — 1e ciM’s miAMHOXKWH MHOXKUHU N, fKi MaiOTh HYJIOBY HATYPAJIbHY
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#{k<n:ke A}

MIbHICTE, TOOTO A € J, Tomi 1 TiibKu Toxl, Koau lim
n—oo

n
f: RY — R* masmpaiors momymbHOIO dyHKIi€o, axkmo f(x) = 0 Tiapkw npu x = 0,
f@+y) < f(@) + f(y) ana Gymp-axnx z,y € RY, f(z) < f(y) axmo @ < y, f Hene-
pepsHa copasa B 0, 1 lim f(n) = oco. Ineasn, axuii 3a7aH0 MOAYJIbHOIO (DYHKIED — 1€
n—oo

= (0. OysKIio

ciM’a migmuoxkun MHOKuMHE N, aKi MaroThb HyNbOBY f-miijibHiCTB, TOOTO A € Jf TOmi i
. . . k<n:keA
TiNbKY TOAL, Ko lim fk < b

n—00 f(n)

dynkuii f Mu Maemo HacTynHe BKIoveHHA: Jr C Js. B mamiit crarTi Mn 1aemMo moBHMt
OTIIC TaKUX MOMYNbHUX GyHKIiH f, mo Jf = J,. Jami Mu gocmimgKyemo oTpuMaHmit pe-
3yJIBTAT, HABOJUMO JI€sIKi YACTKOBI BUIAJKH OCHOBHOIO PE3YJIbTATY Ta JOBOAUMO IIPOCTY
JloCTaTHIO yMOBY 1A pisuocti Jy = Jg. Ocranniit pos/in Hamoi poboru HpUcBA4eHO Po3-
DAy TPUKJIaIiB KOHKPeTHUX MOAYIbHUX GyHKniil f, ama xorpux Jy = J, i Ty # Js.
A cawme, y Bunagky f(z) = zP, mpu p € (0, 1] maemo J; = J,; axmo f(z) = log(l + ),
maeMo Jy # Jg. Jani B sikocTi npukiagy Mu posrisigaeMo Oibin ckiaaaHy dyHKIio f,
KA MA€ PEKyPEHTHY MOOYIO0BY, i sIKa MOKA3YE, IO YMOBU OCHOBHOTO PE3YIbTATY JAHOL
poboTy He MOXKHA TOCTAOUTH JI0 OTHONO YACTKOBOI'O BHIAJIKY.

Karwouosi crosa: imeast, craTUCTUYHUN i/1easr, MOAYJIbHI (DYHKITII.

= 0. Bimomo, 1110 /17151 AOBiTHHOI MOy TBHOT

Icropis crarTi: orpumana: 18 :xoBTHa 2021; ocTanHiit BapianT: 24 rpyansa 2021
npuitaara: 19 ciaaa 2022.
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JIBoTOYKOBaA KpaiioBa 3aJadva AJd CUCTEM
niceBaoaAnepeHiaJIbHUX PIBHAHb
3 KpaifiloBUMHU yMOBaMU, IO MICTATH
nceBJ10An(epeHItiajJIbHI onepaTopu

YV poboTi po3risgmacThCsa ABOTOYKOBA KpaioBa 3aa4da JI1s MCeBIoandepeH-
MaTbHUX PIBHSHD Ta CHCTEM IICEeBIA0AM(pEPEHIIATbHIX PIBHIHD IPYTOTro MO~
PsIKY 3 KpalOBUMHU YMOBAMH, IO MiCTITh IICEeBA0AAMEPEHITIaIbHI OIepaTo-
pu. HeobximgHicTs po3risimy mnceBaoandepeHIliaIbHuX OMepaTopiB 00yMOB-
JIeHa TUM, 110, MO-TIEPITe, y MPUKIQTHAX 33/1a9aX BCE YACTiIEe BUHUKAIOTH
PIBHSIHHS 3 TAKUMU OIEPATOPAMU, & MMO-JIPYTe, PO3TISIIAI0YN TaKi PiBHAHHS,
BIAETHCs JOCATTH KOPEKTHOCTI KpaitoBoi 3azadui B mpocropi JI. [llsapua S i
B JIBOICTOMY /IO HbOI'O IIPOCTOPI.

Cuogarky pO3IIsSJIa€ThCsd CKajgpHe ImcesaoaudepeHiiaibie PIBHAHHS 3
CHMBOJIOM 3 mpocropy C'™ . IO CKIAJAEThCA 3 HECKIHUYEHHO audepeHIi-
oBHUX (DYHKIIH, IKX 3POCTAIOTH CTEEHEBUM YUHOM. JIj1s TaKOTO piBHSIHHS
3a3HAYAECTHCA KOHKPETHUil BHJ KpailoBOI YMOBH, 3a SKOIO KpailoBa 3a/a4a
kopekTHa y mpocropi S. Kpim roro, maBegeno npuksiaz audepeniianibHo-
PI3HIIEBOTO PiBHAHHSA Ta KOHKPETHI KpaitoBi yMOBH 3 1ceBmoandepeHIliab-
HUM OTI€PATOPOM THUITY 3TOPTKH, 3a IKUX JaHa KpaifioBa 3a/1a4a, € KOPEKTHOIO
y mpocTopi S.

ITorim po3rIsimaeTbes cucTemMa ABOX TceBaoauddEpeHIiaIbHNX PIBHIHD i3
cuMBoIaMH 3 mpoctopy C°% i nig niel cucreMu 10BOAUTHCA iCHYBaHHSA KOD-
PeKTHOI KpaeBoi 3amadi B npocropi S. Ilpu noBejienHi BUKOPUCTOBYETHCS
nepersoperns @Pyp’e 1 3BefeHHs cuCTEMU /10 TPUKYTHOrO Buay. s mporo
BUIMAIKY TAKOXK HABEIEHO MPUKJIAJ, TAKOI CUCTEMHU T, BKA3AHWI KOHKPETHUH

© 0. Makarov, I. Nikolenko., 2022
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BU/I KPAOBOI yMOBHU, IIPU SKOI 1 KpaloBa 33/a4a € KOPEKTHOIO Y IPOCTOPi

S.

Takum anHOM, y pOOOTiI HOBEAEHO, IO i OYIb-AKOTO IICEBIOAu(EPEHIIi-
AJILHOTO PIBHSIHHS, 8 TAKOXK JJIsT CHCTEMH JIBOX TICEBIOAN(EPEHIIATHLHUX
PIBHSHB 3aBXK/IM iCHY€ KOPEKTHA KPAHoBa 33/1a4a y MPOCTOPi S, Mpu mMbOMY
KpaifioBi yMOBU MicTaTh mceBaoandepeniiaabai oneparopu. TakoK BKa3aHO
aropuT™M 1MoOyI0BA KOPEKTHWX KPAailOBUX YMOB, siKi € TICeBIOIudepeHIri-
AJTBHUMH OIEPATOPaMK, CHMBOJIH SKiX 3a/1€KaTh BiJ CMBOJIB 1ceBaoande-
peHIlia/IbHUX PIBHSHb.

Karowosi caosa: kpaiioBa 3aj1ada; nceaoandepeHiaaibHi PIBHIHHS;
neperBopeHHs Pyp’e; TpUAHTYJIALid.

2010 Mathematics Subject Classification: 35515.

[Tcermomudepentiianibii piBHAHHA BCE YACTIINE BHHUKAIOTH ¥ 3aCTOCYHKAX TO-
My, 110, 30KpeMa, MicTaTh JudepeHIiaabHO-Pi3HIIEeBl PIBHAHHS Ta PIBHSIHHS Yy
sroprkax |1, 2, 3, 4] .

[Ipore KOpeKTHOI IBOTOYKOBOI KpaioBol 3ajadi 31 crajamMu KoedillieHTaMu
MOXKe He icHyBaTu Jyisi Jeskux pisasitb [5]. Tomy BuHuKae HEOOXijHICTH pO3IJIsi-
Iy KpailoBUX yMOB, ITI0 MICTATH IceBaoaudepenmianbui omeparopu. Ilokakemo,
IO B KJacli TaKWX 33739 3aBKIM ICHYIOTH KOPEKTHI KpaloBi 3aJadi y TmpocTopi
JI. IlIBaprma S Ta y nmpocTopax CKIHYeHHO-IIJIKUX (PYHKIIH, sTKi 3pOCTaloTh abo
CMaJal0Th CTENEHEBUM THHOM.

Pozrianemo niceBmoandepentiianbie piBHAHHS

i) (2

o 83;) u(z,t), xe€R" te[0,T]. (1)

B <88x> u(z,0) +C (;x) (@, T) = o), @)

me A (d%) B ( df;) C (%) — 1ceBjo/indepeHIlia bt ONEPATOPU 3 CUMBOJIAMEU
A(s), B(s),C(s) 3 mpoctopy C, MO CKIATAECTHCS 3 HeCKIHYeHHO AudepemIi-
fiopHIX (DYHKIIII cTenenesoro spoctanns [6]. N
[Tokazkemo, mo st 6yap-skoro A(s) € C% smaiiayreca Taki B(s) € O
ta, C(s) € C%, mo kpaiiosa 3aja4a (1)—(2) 6yae kopekTHOW0O y npocropi S.
Bukonaemo nepersopenna @yp’e 3a MpOCTOPOBUMH 3MIHHIMEI
ou(s,t) ~, .~
Tt’ = A(s)u(s,1),
B(s)i(s,0) + C(s)uls, T) = @(s).

Posp’s130k Takoi 3amadi Mae BUTIIST

(s, 1) = 1) (B(s) + (o) exp TA(s)) 35,
(B(s C(s) exp TA(s )) #0, s e R™
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Bissmenmo B(s) =1, C(s) = exp (—iTImAYs)) € 0.

~ ~ -1
Mokazxemo, mo Q(s,t) = etA() <1 + exp TReA(s)> € C2%.
[Te meckinuenno nudepentiiioBHa PYHKITisT TA

~ ~ —1
1Q(s, 1)] = etReAl) (1 + exp TReA(s))

ko ReA(s) > 0, o

~ ~ -1
1Q(s,1)] < o(t=T)ReA(s) (e—TReA(s) i 1) <1

sIkmo ReA(s) < 0, 10

Q(s, 1) < 1.
Ouirumo moxigui
9 tA(s) TAe) ", 0A(s) tA(s) TAs)\ "2 _TA(s)
— < o A
asz(S’t)‘— e (1+e ) t D5, + le <1+e ) eTAG) T

TO6TO 06MIBA JOJAHKH 3aJ0BOJLHAIOTH CTEIEHEBY OIIHKY.
6k
AHaIOrivuHO OIIHIOEMO TIOXiIHI BUIIOTO MOPSAIKY WQ(S, t).
S
J

Kopexmmnicmo dosedero.

JoBemeMo KOPEKTHICTh KPaoBol 33,184l I HEOTHOPIAHOTO PIBHSTHHS.
s TIbOTO PO3TUIAHEMO KpalioBy 33/1ady I HEOMHOPITHOTO PiBHSIHHS.

8u(£, ) _ 4 (aax) u(z,t) + f(z,1),

5 (L) ate0+0 (2 utery=o.

[Ticns mepersoperns Pyp’e 11s 3a7a49a mepeiie B HACTYIIHY:

ou(s,t)  ~+ - ~
50 = Asyats. 1)+ Fs, ),

B(s)u(s,0) + C(s)u(s,T) = 0.
Oyukmig ['pina gaa miel 3a7a49i Mae BATIIT

Q(s, t)e ™) . B(

- B(s) t>,
—Q(s,1)eT=7AG) . C(5s) t<T.

G(s,t,7) = {

[Mokaxkenmo, mo G(s,t,7) € C*% upu obpannx E(s) Ta 6’(3)

DA(s)
c%j

)
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Iput>71 |G(s,t,7) < e(t=T—T)ReA(s) < 1 34 ymosu ReA(s) > 0.
ko ReA(s) <0, o |G(s,t,7)| < e(T-T)ReA(s) < 1,

IIput <71 |G(s,t,7) < e(t=T+T—T)ReA(s) < | 34 ymosu ReA(s) > 0.
dxmo ReA(s) <0, o |G(s,t,7)| < e(HT=T)ReA(s) < 1.
Takum unsom, |G(s,t,7)| < 1.

Anasoriuno ominni moximHUX @Q(S,t) TOBOAUTHCH, IO

kG (s,t,7)
c%j

< Ci(1 +[s])P*

Tomy G(s,t,7) € C. Orxe, kpaiioba 3aga4a (3)—(4) € KOPEKTHOW y HPOCTOPI
S.

Po3rnganemo HacTynmHUH TPUKIAL.

IMpuknaazn 1.
2
augxl;t) - aa g(;:;t) + bU(fE + ha t)’ T e Ra te [O’T]’ a, b’ h eR.

ImA(s) = bsin hs.
iTbsin hs

Tyr A(s) = —as® + beihs € C

o0

Tomy, AKITO B3ATH E(s) =1, 5(3) =e , TO KpaiioBa 3ajada 3 yMOBOIO

u(z,0) + C (;) w(z,T) = (s)

Xz

Oyme KOPEeKTHOW y mpocTopi S.
Bona rakox 6ye KOpeKTHOIO y ABOICTOMY IIPOCTOPi S’ Ta KOPEKTHO PO3B’ I3y BAHOIO
y mpocropax Cobonesa-Crnobozmerpkoro Hj (mus. [6]).

Binbm Toro, ockinbku dpyHmaMenTaabHa DYHKITA

Q(S t) _ 6t(—asQ+be“LS) (1 + eT(—as2—|—bcoshs))71
)
3aJT0BOJILHAE OIIHKY

C’le_at52 mpu  a > 0,
C’gea(T_lt)s2 opu a < 0,

Q(s, t)] < {

TO PO3B’A3KM TAKO! KPaioBoi 3agati OYIyTh HECKIHUYEHHO MuDepPEeHITiiOBHUMY 38
zupu t € (0,T) (nus.[7]).
Po3zryianemo cucremy ncepaonudepeHiiaibHuX PIBHAHD

f%(a?t) _4 @) (s 1) (7)

3 KpailoBumMu yMOBaMu

B ((,i) u(z,0) + C (i) (@, T) = o(x), (8)
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e matpuui A(s), B(s) Ta C(s) posmipamu 2 X 2 Hazexars upocropy C_ .
Hexait \1(s) Ta A\2(s) — BacHi 3HaYEHHST MATPUIIL

g(s) — (all(s) 012(5)> .

asy (S) as9 (S)

Jlerko mokazatu, 1o A1(s) Ta Aa(s) Hamexkars mpocropy O .
VYHiTapHa MaTPUTIST

! aia(s)  an(s) — Mi(s)
T(s) =
\/|CL12($)|2 + ’)\1(8) — a11<5)|2 <)‘1(8) - all(S) alg(s) >

3BOIUTL MATPHUIIO g(s) 210 TPUKYTHOTO Buriisy (aus. [8])

T*(s)A(s)T(s) = <A1(§S) qu((i))> ’

1e byHKIA ¢(S) BUPasKaeThCs depes a;;(s) i TakokK HaTeXKUTh mpocTopy C2% .
Tomy zamina v(s,t) = T*(s)u(s,t) npusene g0 cucremn

dvi(s,t) 3
———= = Mi(s)vi(s,t) + q(s)va(s, ),
d’l)g%g,t) . (9)

AxImo B3ATH KpaoBl yMOBH

UI(S, 0) + e*’L:TIm)\l(S)Ul(S’T) — ¢1(3), (10)
va(s,0) + e T ImA2() gy (5, T) = 1hy(s),
TO, 3TiTHO TIOTIEPETHBOMY, V1 (S, ) Ta va(s,t) OyIyTh HaJIEKATH TPOCTOPY S, & OT-
x®e, 1 u(s,t) € S.
TakuM YMHOM, TOBEJIEHO TEOPEMY.

Teopema 1. Jlaa 6ydv-axoi mampuui g(s) € C posmipy 2 X 2 ichyroms ma-

o0

Ki Mampuyi E(s) ma 5’(3), AKi nasexrcams npocmopy C

wa (7) - (8) e xopexmmnoro y npocmopi S.

wo kpatiosa 360a-

ITpuknan 2. Posrisaemo cucremy
8u1 (:Bl, 9, t) _ u2($17 2, t)
81@ (wl, 9, t) _ 282162 (wl, T2, t) _ 82162(1‘1, T, t) B 64U1 (.rl, T, t)
ot Oz Ox? Oxt
84U1 (xl,xg,t) 84U1 (1‘1,$2,t> 82u1(x1,x2,t)
0x20x3 B ox} Ox?

+2
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SanuiemMo MaTPHUITO 1€l CHCTEME

N 0 1
3= (L et 2t )

XapakTepucTHUIHE PIBHIHHS Ti€T MATPUIN Ma€ BUTJIST
2 2 2 2 2\2 2
A= 2(s] — sp)A + (81— s3)" + 51 =0,

a BJIACHi 3HageHHd \j o(s) = s7 — s3 & is1.

Orxe, yuiTapna marpunsg nepexoay 1(s) gopisatoe

T(s) = 1 1 s3 — 52 +isy
2 2 2 2 _32+32+7:31 1 ’
\/(32—31) +s2+1 20

a micsst 3amiam v(s,t) = T*(s)u(s,t) mepeiigeMo 10 TPUKYTHOI CHCTEMU

Blesl) _ (2~ 3 4 is1) va(s.) + al)en(s 1),
dva(s,t) ,
— = (S% — 55— is1) va(s, t)

3 KpailoBumMu yMOBaMu

U1 (57 0) + eiiTslvl(Sv T) = ¢1(5)7
1}2(8, O) + e+iT81v2(87 T) = ¢2(S>7

e P(s) = T*(s)@(s). s kpaiioBa 3agaga Oyjge KOpekTHOWO y mpoctopi S Ha
MiICTaBl JOBEICHOI BUIIE TEOPEMH.

fximo Bix meperBopends Pyp’e MOBEPHYTHUCA 10 BUXITHUX (DYHKIIH, TO Kpa-
OBl yMOBU OyIyTh TaKUMHU

ul(x17x270) + 'U/l(xl + T; x27T> == wl(xlaxQ)
’LLQ((E]_,.TQ,O) + UQ(QE]_ - Ta $2,T) - wQ(xla$2)7

Bucaosok

Y pobori moBeneHo, 110 Mg OyIb-IKOTO MCEBAOANMEPEHIIAILHOIO PIBHIHHS,
a TAKOXK JI/Id CUCTEMHU [BOX ICEBAOANMDEPEHITIATbHIX PIBHIHD 3aBK N iICHYE KOpe-
KTHa KpaiioBa 3ajada y mMpocTopi S, npu 1boMy KpaloBi yMOBH MICTSTh TICEBIO-
mudpepentianbHi omeparopu. KpiM TOT0, BKA3aHO aJTOPUTM MOOYI0BH KOPEKTHUX
KpalioBUX YMOB.
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Two-point boundary value problem for systems of
pseudo-differential equations under boundary conditions
containing pseudodifferential operators.

O. Makarov!, I. Nikolenko?

L Department of Applied Mathematics
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022
2Department of Artificial Intelligence and Software
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022

This paper deals with a two-point boundary value problem for pseudodifferential equati-
ons and for systems of second order pseudodifferential equations under boundary condi-
tions containing pseudodifferential operators. The need to consider pseudodifferential
operators is caused by two reasons, first, such equations appear more and more often in
applied problems, and second, by considering such equations, it is possible to achieve the
well-posedness of the boundary value problem in the Schwartz space S and in its dual
space.

First, we consider a scalar pseudodifferential equation with a symbol belonging to the
space C°_, consists of infinitely differentiable functions of polinomial growth. For this
equation it is found of the boundary condition under which a specific type the boundary
value problem is well-posed in the space S. In addition, an example of a differential-
difference equation and a specific boundary condition with a convolution-type pseudo-
differential operator under which this boundary value problem is well-posed in the space
S are given.

Then we consider a system of two pseudodifferential equations with symbols from
the space C=°_. For this system, we prove the existence of a well posed boundary value
problem in the space S. The Fourier transform and the reduction of the system to a
triangular form are used in the proof. In this case, we also give an example of a system
and a specific boundary condition under which this boundary value problem is correct
in the space S.

Thus, the work proves that for any pseudo-differential equation, as well as for a system
of two pseudo-differential equations, there is always a correct boundary value problem
in the S space, while the boundary conditions contain pseudo-differential operators.
The algorithm for constructing correct boundary conditions is also indicated. They are
pseudo-differential operators whose symbols depend on the symbols of pseudo-differential
equations.

Keywords: boundary-value problem; pseudodifferential equations; Fourier
transform; triangulation.
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ramer’s ru r implicit linear differenti uation
Cramer’s rule fo licit linear differential equations
over a non-Archimedean ring

We consider a linear nonhomogeneous m-th order differential equation in a
ring of formal power series with coefficients from some field of characteristic
zero. This equation has infinite many solutions in this ring — one for each
initial condition of the corresponding Cauchy problem. These solutions can
be found using classical methods of differential equation theory.

Let us suppose the coefficients of the equation and the coefficients of
nonhomogeneity belong to some integral domain K. We are looking for a
solution in the form of a formal power series with coefficients from this
integral domain. The methods of classical theory do not allow us to find out
whether there exists an initial condition that corresponds to the solution of
the coefficients from K and do not allow find this initial condition.

To solve this problem, we use the method proposed by U. Broggi. This
method allows to find a formal solution of the linear nonhomogeneous di-
fferential equation in the form of some special series.

In previous articles, sufficient conditions for the existence and uniqueness of
a solution were found for a certain class of rings K with a non-Archimedean
valuation. If these conditions hold, the formal power series obtained using
the Broggi’s method is considered. Its coefficients are the sums of series that
converge in the non-Archimedean topology considered. It is shown that this
series is the solution from K{[z]] of our equation.

Note that this equation over a ring of formal power series can be considered
as an infinite linear system of equations with respect to the coefficients of
unknown formal power series. In this article it is proved that this system can
be solved by some analogue of Cramer’s method, in which the determinants
of infinite matrices are found as limits of some finite determinants in the
non-Archimedean topology.
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1. Introduction

Let us consider m-th order linear differential equation with constant coeffici-
ents

amt0™(z) + am 0™ D (@) + .+ a1/ (2) + a0w(@) = F(@), am £0. (1)

Let a; belong to an integral domain K, f(z) € K|[x]] be a formal power series.
The equation (1) is called implicit if the element a,, is not invertible in K. We are
looking for the solution of the equation (1) from K[[x]]. In [1] it is proved that for
some conditions on K and on coefficients a; this equation has a unique solution
from K|[[x]].

Let F' denote the quotient field of K. Using the classical differential equations
theory methods we are able to solve the Cauchy problem finding the infinitely
many solution from F'[[x]] — one solution for each initial condition. However, the
form of these solutions does not allow us to find the unique solution from K{[z]]
[2, Ch.VII].

For this purpose we use the construction proposed by U. Broggi (see [3, §5,
22.1]). He looked for the solution of (1) as a series

w(z) =Y e fP(@), (2)
k=0

where coefficients ¢ satisfies the equality
(@ms™ + Q18" 4+ .. +as+ ao)_1 =co+c18+ cas® + 38+ ... (3)

In [1] we use the non-Archimedean topology construction in some special ring
K to formulate conditions for the existence and uniqueness of a solution of equati-
on (1) in K[[z]]. We also write the coefficients of formal power series solution in
the form of series converged with respect to the non-Archimedean topology. The
results from [1] are formulated in the Section 2 of this article.

Differential equation (1) can be regarded as an infinite linear system of equati-
ons with respect to the coefficients of the unknown series. In the present article
it is shown that the unique solution of the equation (1) from K[[z]] can be found
using an analogue to the Cramer’s rule. For m = 1 and K = Z,, it was proved in
[4]. The proof of the main result of this article is based on using the methods and
constructions of [5].

2. Preliminaries

Suppose (F, |-|) is a field of characteristic zero with a non-Archimedean valuati-
on |-|and K = {s € F : |s| < 1} is its valuation ring (|6, Ch.XIL, §4]). Let us
consider the differential equation (1) where ag, aq,...,a, € K and f(z) € K|[z]].
We are looking for the solutions of this equation from K[[z]].

In [1, Section 4, Theorems 4 and 5| sufficient conditions for the existence and
uniqueness of a solution in K[[z]] are found. Noticing that an element a € K is
invertible if and only if |a| = 1, we can formulate these conditions in the following
way:
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Theorem 1. Let in equation (1) ag be invertible and a; be non-invertible in K
for any 1 < i <m. Then this equation has no more than one solution in K[[x]].

If, in addition, F is complete with respect to | - |, then series (2) converges
by the topology of coefficientwise convergence (see [7, Chapter 1, Section 3]) in
K{[[z]] and the sum of this series solves (1).

Let wy, denote the coefficient of 2* of the unknown series w(x). The following
statement shows, that we can find the formulas for these coefficients to write the
solution in the form w(z) = 07 jw,a".

Remark 1. Suppose (2) converges by coefficientwise topology. Let f(x) =
Yool o fna™. Then f®)(z) = Yo (n:!k)!karnx”, Thus,

Wn = chz(n;g!k)!fk-&-m (4)

k=0
where these series converge with respect to | - |.

The following theorem shows that the invertibility of ag is an important condi-
tion for the existence of a solution of (1).

Theorem 2. Suppose a; is non-invertible in K for all 1 < i < m. If equation (1)
has a solution in K[[z]] for every f(x) € K[[x]], then ag is invertible.

Proof. Since (1) has a solution for any f(x), then for f(z) = 1 also. Writing the
degree zero coefficient, we get 37" jlajw;+aowy = 1. Since |a;| < 1, Jw;| < 1 for
any 1 < j <m, then Z;”:l Jjlajw; is non-invertible element of K. Since valuation

is non-Archimedean, then the sum of two non-invertible elements of K is non-
invertible, that is K is local. Therefore 1 — E;n:lj!ajwj = agpwq is invertible.
Since K is commutative, then ag is invertible.

The proof is complete.

Note that in some cases the equation (1) has a unique solution in K{[z]] even
if ag is not invertible.

Example. Let K = Z and m = 1. For any non-zero coefficients ag, a1 € Z
if f(x) = a1 + apz, then the equation ajw'(z) + agw(z) = f(x) has a solution
w(x) = x. Moreover, this solution is unique, that is the homogeneous equation
a1w'(z) + apw(z) = 0 has only trivial solution. Indeed, if w(z) = > 7 jwpa™ is
a solution of this equation, then aynw, = —agw,_1. Hence for any n > 1 we get
nlafwy, = (—1)"ajwg. Let p denote some prime, that is not divisor of ag. Then
for any j there exists n such that n! is divisible by p’. Thus wy is divisible by p’
for any j. It is impossible for any integer wq # 0.

3. Main result

Now suppose ag is invertible. Without loss of generality we can assume ag = 1.
Then the sequence {c¢; } that is found by equality (3) satisfies the following system:
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co = 1
o+ Yigaicii = 0, j=1,23,....m . (5)
E;’;Oaicj_i =0, j=m+1,m+2,...
Let us rewrite (1) as an infinite linear system of equations. For any k =
0,1,2,..., extracting coefficients of z*, we get
agWg +G1ka+1+. ..tay (k +])!wk+j+. . .+amek+m = fr, (6)

k! k! k!

where w(z) = > 72 wpa™.
By definition, put a; = 0 for any ¢ > m. Then in the matrix form this system
of equations can be written as Aw = f, where

1 al 2(12 3!&3 4!&4 5!(15 s fO

0 1 2a; 3lay 4lag Slag - ;1

0 O %!Cu %!ag %!ag s 2

= — | /3
A=1o 0 0 1 ey Fay | @S 1 (7)

00 0 0 1 3a - f5
- . : G-t
That is A ia an upper triangular matrix that has the terms «a;; = (=) aj—;

i—1)!

for any 0 <¢ < j and o;j = 0 for any 0 < j <.
Similarly as in [5] for any n > 0 let A,, be obtained from the matrix A,
by replacing the (n + 1)-th column with the vector f. For any j > 0 by A;

(respectively, A, ;) denote the principal corner minor of the (j + 1)-th order of
the matrix A (respectively, A,,).

Theorem 3. Suppose F is a complete field of characteristic zero with a non-
Archimedean valuation | - |, K is the valuation ring of F', ap =1 and |a;| <1 for
any 1 <i < m. Then equation (1) has a unique solution

o0
w(x) = Z wpz"
n=0

from K|[z]]. The coefficients of this solution can be found using Cramer’s rule:
v — det A,
" det A

where the determinants are defined as following limits in K with respect to the
valuation | - |:

=det A,,n=0,1,2,..., (8)

det A = lim A,
r—00

det A, = rliglo An,rvn =1,2,3,...
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Proof. Note that A, =1 for any r, so det A = 1. By Theorem 1 equation (1)
has a unique solution over K in the form (2). Let us show that det A, = wj,.
Let B, denote the determinant

a1 2ao 3lag 4lay Bblas - rla,
1 2a; 3lag 4las blag - rla,—q
0 1 %!al %!ag %!(Lg ce %’ar,g
B,=|0 0 1 %al %CLQ %ar,g ) (9)
0 0 0 1 Sa - Hay
0 0 0 0 0 .. Zyu
Let us consider
fo a1 2ay 3lag 4lay blas --- rla,
f1 1 2a; 3lag 4las dlag -+  rla,—1
o O 1 35!&1 45!(12 %!613 e %!arf2
Aqg, fs 0 0 1 %al %ag ces é—éar,g
' fa 0O 0 0 1 Ta1 ot q0r—4
frea 00 0 0 0o ... (Tﬁ—‘l)!al
fr 0 0 0 0 0o ... 1

Decomposing it relative to the first column, we get

al 2a2 3!a3 4!&4
al 2&2 3!&3

~ al 2&2 1 2a1 3!a2 4!&3
Ao = fo—fra1+fo —f3|1 2a1 3lag|+fs a1 4
1 2a a1 0 1 3Fa 3Fa
0 1 7’@1 |
0 0 1 3,CL1
= fo— frar+ f2By — fsBs + faBs— ... = fo— Y _(=1)""'f;B;. (10)
i=1
In [5] the determinants
ap az a3 a4 --- Ay
1 a1 ag as - Qp—1
0 1 a; ag - QApr_9
BT == 0 ]_ al a”r_i?) (11)
O 0 0 0 ... um

are consedered and there is proved that B, = (—1)"¢,, where the secuence {c,} is
a solution of (5).
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Note that
a1 2a9 3lag 4lag --- kla,
1 2a; 3lag 4las -+  7rla,_1
B _ 0 1 %!al 45!012 %!(L,r72 B
10 0 1 %al %ar_g B
!
0 O 0 0 ﬁal
ay a2 a3 aqg - ar
1 al a9 as Qp_1
0 § 3a1 a3 -+ 30,2
=2-3-...-7. 1 1 1 =
0 0 37 ﬁal A gar,3
1
0 0 0 0 mal
2-31....-r!
= B, =r!B,.
2.3 (r—1)1" "

Then B, = 7!(—1)"¢c,. Hence

T

Avp=fo= D (V" iBi= fo+ Y fiilei= Y fiiles.
=1 =0

=1

Thus
det A lim A R .
0 == r—00 ~0’T — lim Z!fici = Zz‘fzcl
det A limy o0 A, 77005 i=0

It coincides to the wgy found in Remark 1.

(12)

(13)

(14)

Let us now consider A,, for any n > 1 and its minor of i-th order An,i_l. We
are interested in the limit by ¢, so it is enough to consider ¢ such that ¢ > n and

¢ > m. Then the principal corner minor A,, ;_; is equal to
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fO (n + 1)!an+1 m!am 0 *
fi  (n+1la, mlay,—1 (m+ Dlay, *
| |
[ (n—;—l) n— %!am— (m-2&-1) m— *
Jn—2 gﬁfégl as T %éﬂam—nm ((:;Lj_gl)l' Am—n+3 *
| |
fn—l EZtB'GQ T (n#!l)!am—n—&—l %am—n—l—? X
fn (n + 1)@1 c. %!!amin wamfrﬂrl ek
!
’ 0 ’ fn—i—l 1 T (n%!l)!am—n—l %am—n *
|
fn+2 0 te (TL%!Q)!am—n—Q ((72121))' Qm—n—1 *
fi1 0 e 0 0 a1
where the last i-th column is (0, ---, 0, %am, e gz:;;;ag, %al, n’

and "A is the square submatrix of A formed by deleting all rows an columns
except the first n — 1 ones.
We see that its determinant An,i_l equals

(n+2)!

fn (n+1ay a2 e %!!amfn 'n! Aj—n—1
m! i—1)!
Jnt1 1 (n+2)ay - (nT;)!am—n—l T ((T'H_ll))'!ai—n—Q
m! i—1)!
fn+2 0 1 e mam—n—Q T ﬁai—n—i’) . (15)
fi 0 0 . 0 . 1
Set By = 1 and
(TL + 1)611 (n:!2)!a2 (n;LQ—!?))!aS (n:;l)!cu L (nz!r)! .
n+3)! n+4)! n+r)!
1 (TL + 2)0,1 gnilg!@ %nil;!a?’ T %arfl
(n+4)! (n+4r)!
= Lo nd8a Ggpee o Gaoptr—2| g
" n+r)!
0 0 1 (n+4)a; --- Enigg!ar,g
0 0 0 0 (n+7)ay
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Then, decomposing An,¢—1 relative to the first column, we obtain

i—n

An,i—l = Z(_l)s_lfn—l-s—lBS—I- (17)

s=1

Note that B, = (Z,Jr(il);(gfz)'(nJr(Tnjlg?'Br = (nZ!T)!BT. Therefore

i—n i—n—1

~ _ n+s—1)! n+ s)!
An,ifl — Z(_l)s 1fn+sl(n!)le — Z fnJrs#Cs-

s=1 s=0 n:
Then -
.o n+s)!
lim A, ; = Z fn+8ucs = wy,.

1—00 o n!
The proof is complete.
Remark 2. Fquality (12) shows the connection between the determinants consi-

dered and the determinants constructed in the similar situation for the m-th order
implicit linear difference equation considered in [5].

Remark 3. By [1, Corollary 3] under the conditions of Theorem 3 for the second
order equation asw” () + ajw'(z) + w(z) = f(x) the solution can be found by the
following explicit formula:

oo [ oo . (4] o
J+n ! i—ifJ —1 j—2i ¢ n
w(z) = Z Z( - ) fnJer(—l)J ( ; )a{ 2a2 ™.
n=0 \ j=0 ' i=0

By Theorem 3 the solution of this equation can be found using the Cramer‘s rule
w, = det A, = lim An,r,n =0,1,2,...
r—00

It means that for

al 2(12 0 0 0

1
0 1 2a1 6&2 0 0
0 0 1 3&1 12a2 0 .
A=10 0 0 1 4da; 20ay --- (18)

1 5&1

the determinant of the matriz formed by replacing the (n + 1)-th column of A by
the column vector f we can find in the following form:

< Gam, G
dot A, = Do (7)ol e,
=0

n!
j=0
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IIpasuiio Kpamepa pjisi HessBHOrO JiiHiliHoro jaudepeHniajibHOro
PiIBHSIHHS HAaJ| HeapXiMea0BUM KiJIbIleM
A. B. l'onuapyk
Xapriscvkut naytonasvrut ynisepcumem wment B. H. Kapasina
matidarn Ceoboou 4, Xapxis, 61022, Yrpaina

Posrisimemo Jiniiine HeogHOpinne mudepeHIiagbHe PIBHAHHA M-TO TOPSIKY Y KiabIi
dOpMATHHAX CTEIEHEBUX PAIB 3 KOeDIMieHTaMu 3 JesKOTO MOJsi HYJIbOBOI XapaKTepH-
cruku. Take piBHSIHHS Ma€ HECKIHYEHHO 0araTo po3B’ s3KiB y IIbOMY KidbIi — €TuHUit
PO3B’ SI30K JIjTst KOYKHOI MOYATKOBOI yMoBH Biamosigaol 3aaqi Komri. IIi po3s’ sa3ku mo-
XKyTh OyTH 3HANIEH] 3a JOMOMOTOI0 KJIACHYHUX METOMIB Teopii AudepeHIiaJIbHuX PiB-
HSHbD.

PosrnsgaemMo Take piBHAHHS y BHIAAKY, KOTH KOEMDIMEHTH PiBHAHHS i KoedirmieHTn
HEOTHOPITHOCTI HaIekKATh A0 Jesakol obmacti mimicHocti K 1 OymeMo mykaTn po3s’ si30K
y Burasai (popMasbHOIO CTEIeHeBOro psaay 3 Koedimientamu 3 miel obsracti mimicHOCTI.
Meronu KJTacCMYHOI TEOpil HE JAIOTH HAM 3MOTH 3’SCyBaTH, UM iCHyBATHME TOYATKOBA
YMOBA, IO BinmoBimae po3s’ s3ky 3 Koedimientamu i3 K i gka came.

s po3’ Ba3aHHS i€l 331491 MU KOPUCTYEMOCST METO/IOM, 110 Oy B 3aIpOIOHOBAHU ¥
poboti Y. Bpommxki, sikuit 3HaX0AUTH HOPMATHHUN PO3B’ A30K JIHIHHOTO HEOTHOPITHOTO
JudepeHIiaTbHOrO PIBHAHHS Y BUIVISIL JESKOrO CIEMaTbHOTO PALLY.

V nomepennix poboTax 3HANWIEHO IOCTATHI YMOBH iCHYBAHHS TA €IWHOCTI TAKOTO
PO3B’A3KY [JIsT JEIKOrO Kjacy Kijemb K 3 HeapXiMeneBUM HOPMYBAHHSM. Y BHUIAIKY
BUKOHAHHS IUX YMOB PO3TJISHYTO (POPMAJIbHUI CTENMEHEBUI Psijl, OTPUMAHWM 34 OIO-
Mororo meromy bpommxki. Koedimierramu mporo psamay € cymMu psmiB, siKi 30iraioTbes y
pO3LIgHY T HeapxiMemoBiit Tomosorii mo eemenTis i3 Kinbig K. [Tokazano, 1o et pss,
€ O3B’ A3KOM Hamoro piBHsHH:A y Kinbmi K[[z]].

Bapro BiaMiTuTH, 1110 Take piBHSAHHS y KiJIBIH (pOpMATBHUX CTETEHEBUX PSAJIB MOYKHA
PO3TJISIIATH sIK HECKIHIEHHY JIHIHY CHCTEMY PIBHSHBb BiTHOCHO KOEMIIi€HTIB HEBIIOMO-
ro GOpMANBHOIO CTENEHEBOrO Psay. B miit cTarTi MOBEIEHO, IO II0 CHCTEMY MOYKHA
PO3B’A3yBaTH 32 [IONOMOIOIO JIesIKOrO aHajory meromy Kpamepa, B SKOMY BU3HAYHUKA
HECKIHYEHHUX MaTPUIb 3HAXOJATHCHA SK I'DAHUIl CKIHYEHHUX BU3HAYHUKIB y Heapxime-
JIOBiil TOIOJIONII.

Karwwosi caosa: mudpepeniiaibHe piBHsSHHSA; dopMajbHI CcTENEHEBI psa/u; mpa-
Busio Kpamepa.

Icropisa crarri: orpumana: 15 wepsua 2022; ocrauuiit Bapiant: 22 geppus 2022
npuitaaTa: 26 vepsasa 2022.
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Penakitist mpocuTh aBTOPIB IpY HAIPABJICHHI CTATEN KEPYBATHUCI HACTYTHUMHA
MpaBUIAMH.

1. B xypnami nybuikyooThcs CTATTI, 110 MAIOTh PE3Y/IbTATH MaTeMaTHYHHUX
JIOCTII/IZKeHDb (aHTVIHICHKOI0 ab0 yKPATHCHKOIO MOBAMM).

2. TlomammgaMm cTaTTi BBAXKAETHCA OTPUMAHHS PeAaKIiero daitais crarTi
odopmennx y perakropi LATEX (Bepcis 2e), anoTariit, BijoMmocTeit mpo aBToOpiB
Ta, apxiBa, 1o Brrogae LATEX daitan crarti Ta daiiim masroskis. Paiia-3pasok
oOopMIIEHHA CTATTI MOYXKHA 3HANTH B peJakilili KypHaJay Ta Ha BeO-CTODIHII
(http://vestnik-math.univer.kharkov.ua).

3. CrarTs MOBMHHA MOYMHATHCH 3 PO3MMPEHOI aHoTarii (06cAroM HE MEHII
ui>k 1800 3makiB), B dkiil moBuHHI OyTH UiTKO CHOPMYIBLOBAHI MeTa Ta pe-
3ysbTaTn poboTr. AHOoTarig moBUHHA OyTH TIER0 MOBOIO (AHTIHCHEKOI0 ab0 yKpa-
THCBKOIO), SIKOK) € OCHOBHHI TEKCT cTaTTi. 3aKOPIOHHI aBTOPH MOXKYTh 3BEp-
HYTHCS JIO PEJaKIiil 3a JIOTOMOTOI0 3 NEepPeKJaj oM aHOTAIill Ha YKPAaTHChbKY MO-
By. lloBumHi 6yTH HaBemeHl MPI3BUINA, iHIIIAIN ABTOPIB, Ha3Ba POBOTH, KIIOIOBI
C/IOBA Ta HOMED 33 MiXKHAPOJHOKI MareMaTndHOK Kiacudikamien (Mathemati-
cs Subject Classification 2010). Axoraris He TOBUHHA MaTH TTOCHIaHb HA JIiTepa-
Typy um masaonku. Ha meprmiit cropinmi Bkadyerbes momep YK xnacudikarii.
B xinmi crarTi Tpeba momaru mepeksas anorarii (o6carom He meHin Hixk 1800
3HAKIB) Ha APyry MOBY (AHIIHACHKY UM yKPATHCBKY ).

4. Cnucok jgiteparypw moBUHEH OyTH 0MOPMIIEHU JIATHHCHKAM MTPUETOM.
[Ipuknaan odopM/IeHHS CIIUCKA JITEpATYPH:

1. A.M. Lyapunov. A new case of integrability of differential equations of motion

of a solid body in liquid, Rep. Kharkov Math. Soc., — 1893. — 2. V.4. — P. 81-85.

2. A.M. Lyapunov. The general problem of the stability of motion. 1892. Kharkov

Mathematical Society, Kharkov, 251 p.

5. Koxnwnit mMamoHOK moBHMHEH OyTH NPOHYMEPOBAHWI Ta MTPEACTABICHUN
okpemuM aitiom B ogHoMy 3 hopmaris: EPS, BMP, JPG. B daiiri crarti mastio-
HOK MOBWHEH OyTw BCTapaeHuit apropom. Ilig mamoHkKoOM moBuHeH OyTH ITiammc.
HazBu haitniB MalfoHKIB TOBHHHI TOYMHATUCEH 3 IPU3UIIA IIEPIIOr0 aBTOPA.

6. BigmomocTi npo aBTopiB moBwHHI MicTHTH: Npi3BUINA, iMeHA, 110 HATHKOBI,
cayk00Bi ajipecu Ta HOMepu TesiedOHIB, HAYKOBUI CTYIIIHD, ITOCA/LY, aJ[PECU eJie-
KTPOHHUX CKPMHBOK Ta iH(opMarnio npo Haykosi npodaitim asropis (orcid.org,
www.researcherid.com, www.scopus.com) 3 BiamOBitHUMI mocUIaHsIMu. [Ipoxan-
Hsl TAKOXK TOBIJOMUTH TIPI3BUINE aBTOPA, 3 IKUM Tpeba BECTH JUCTYBAHHSI.

7. PexkomenayemMo BUKOPHUCTOBYBATH B AKOCTI 3pa3ka OQPOPMIEHHS OCTAHHI
BUMycKH )KypHaay (vestnik-math.univer.kharkov.ua/currentv.htm).

8. Y Buma Ky mopyIneHHs mpaBus ohOPMICHHS PeIaKIlia He Oyae po3rasaaTu
CTATTIO.

Enexrponna ckpunbka: vestnik-khnu@ukr.net
Enexkrponna ampeca B Inrepreri: http: //vestnik-math.univer.kharkov.ua
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