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On two resolvent matrices of the truncated Hausdor�

matrix moment problem

We consider the truncated Hausdor� matrix moment problem (THMM) in
case of a �nite number of even moments to be called non degenerate if
two block Hankel matrices constructed via the moments are both positive
de�nite matrices. The set of solutions of the THMM problem in case of a
�nite number of even moments is given with the help of the block matrices of
the so-called resolvent matrix. The resolvent matrix of the THMM problem
in the non degenerate case for matrix moments of dimension q×q, is a 2q×2q
matrix polynomial constructed via the given moments.

In 2001, in [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001. -69(1-2). -P.175-187], the resolvent
matrix V (2n+1) for the mentioned THMM problem was proposed for the
�rst time. In 2006, in [A. E. Choque Rivero, Y. M. Dyukarev, B. Fri-
tzsche and B. Kirstein, A truncated matricial moment problem on a �ni-
te interval, Interpolation, Schur Functions and Moment Problems. Oper.
Theory: Adv. Appl. -2006. - 165. - P. 121-173], another resolvent matrix
U (2n+1) for the same problem was given. In this paper, we prove that
there is an explicit relation between these two resolvent matrices of the
form V (2n+1) = AU (2n+1)B, where A and B are constant matrices. We
also focus on the following di�erence: For the de�nition of the resolvent
matrix V (2n+1), one requires an additional condition when compared wi-
th the resolvent matrix U (2n+1) which only requires that two block Hankel
matrices be positive de�nite.
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In 2015, in [A. E. Choque Rivero, From the Potapov to the Krein-Nudel'man
representation of the resolvent matrix of the truncated Hausdor� matrix
moment problem, Bol. Soc. Mat. Mexicana. � 2015. � 21(2). � P. 233�
259], a representation of the resolvent matrix of 2006 via matrix orthogonal
polynomials was given. In this work, we do not relate the resolvent matrix
V (2n+1) with the results of [A. E. Choque Rivero, From the Potapov to
the Krein-Nudel'man representation of the resolvent matrix of the truncated
Hausdor� matrix moment problem, Bol. Soc. Mat. Mexicana. � 2015. � 21(2).
� P. 233�259]. The importance of the relation between U (2n+1) and V (2n+1) is
explained by the fact that new relations among orthogonal matrix polynomi-
als, Blaschke-Potapov factors, Dyukarev-Stieltjes parameters, and matrix
continued fraction can be found. Although in the present work algebraic
identities are used, to prove the relation between U (2n+1) and V (2n+1), the
analytic justi�cation of both resolvent matrices relies on the V.P. Potapov
method. This approach was successfully developed in a number of works
concerning interpolation matrix problems in the Nevanlinna class of functi-
ons and matrix moment problems.

Keywords: Hausdor� matrix moment problem; resolvent matrix.

2010 Mathematics Subject Classi�cation: 30E05; 47A56.

1. Introduction

We will use C, R, and N0 to denote the set of complex numbers, real numbers,
and nonnegative integers, respectively. We will employ Cp×q, 0p×q, 0q, Iq to denote
the p× q complex-valued matrices, the p× q zero matrix, the q × q zero matrix,
and the q × q identity matrix, respectively.

We consider the truncated Hausdor� matrix moment (THMM) problem for an
even number of moments, which is stated as follows: Let a and b be real numbers
with a < b, let n ∈ N0, and let (sj)

2n+1
j=0 be a sequence of complex q × q matrices.

Find the set Mq
≥[[a, b],B ∩ [a, b]; (sj)

2n+1
j=0 ] of all nonnegative Hermitian q × q

measures σ de�ned on the σ-algebra of all Borel subsets of the interval [a, b] such
that

sj =

∫
[a,b]

tjσ(dt)

holds true for each integer j with 0 ≤ j ≤ 2n+ 1.

We construct the following Hankel matrices:

H1,n := {sl+k}nl,k=0, H̃1,n := {sl+k+1}nl,k=0, (1)

H3,n := bH1,n − H̃1,n, H4,n := −aH1,n + H̃1,n. (2)

De�nition 1. Let the Hankel matrices H3,n and H4,n be as in (2). The sequence
(sk)

2n+1
k=0 is called Hausdor� positive de�nite (resp. nonnegative) on [a, b] if the

block Hankel matrices H3,n and H4,n are both positive (resp. nonnegative) de�nite.
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In [1], it is proved that the THMM problem for the even number of moments
has a solution if {sj}2n+1

j=0 is a nonnegative de�nite sequence.
Once we have veri�ed the existence of solutions for the THMM problem for

the even number of moments, instead of determining the set of measures σ, we
look for matrix-valued holomorphic functions s(z) de�ned as

s(z) :=

∫
[a,b]

1

z − t
σ(dt), z ∈ C \ [a, b], σ ∈Mq

≥[[a, b],B ∩ [a, b]; {sj}2n+1
j=0 ]. (3)

In (3), for each constructed measure σ, we have a unique s(z). We use Sq
≥[B ∩

[a, b]; (sj)
2n+1
j=0 ] to denote the set of all such s(z). In the case when the sequence

{sj}2n+1
j=0 is a positive de�nite sequence, called non-degenerate case, there are an

in�nite number of associated solutions. Each such solution can be written as

s(z) =
(
α(2n+1)(z)p(z) + β(2n+1)(z)q(z)

)(
γ(2n+1)(z)p(z) + δ(2n+1)(z)q(z)

)−1

where α(2n+1), β(2n+1), γ(2n+1) and δ(2n+1) are matrix�valued polynomials on
the variable z and are determined by the moments (sj)

2n+1
j=0 . The quantities p

and q denote q × q matrix-valued functions of z, which do not depend on the
moments (sj)

2n+1
j=0 . The set of column pairs column(p,q) is described in 2006 in

[1, De�nition 5.2]. The 2q × 2q matrix-valued function

U (2n+1) :=

[
α(2n+1) β(2n+1)

γ(2n+1) δ(2n+1)

]
(4)

is called the resolvent matrix (RM) of the THMM problem for an even number
of moments.

In 2001, in [19], another resolvent matrix for solving the same THMM problem
was proposed, which we denote by

V (2n+1) :=

[
α̂(2n+1) β̂(2n+1)

γ̂(2n+1) δ̂(2n+1)

]
. (5)

The matrices α̂(2n+1), β̂(2n+1), γ̂(2n+1) and δ̂(2n+1) are constructed by using
the sequence of moments (sj)

2n+1
j=0 . With the help of the entries of the matrix

polynomial (5) and a family of columns pairs column(p̃, q̃) [19, Equalities (18)-
(20)], an associated solution to the THMM problem is given in [19, Theorem
6].

The goal of this paper is to determine an explicit relation between the resolvent
matrices U (2n+1) and V (2n+1) of the form

V (2n+1)(z) = AU (2n+1)(z)B (6)

for z ∈ C. Here A andB are constant matrices. The resolvent matrices U (2n+1) and
V (2n+1) are both matrix polynomials on the variable z. They di�er as described
below:
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• For the de�nition of matrix U (2n+1), the positive de�niteness of matrices
H3,n and H4,n are required. For the de�nition of matrix V (2n+1), however,

the invertibility of matrix H̃1,n is additionally required.

The relation between the resolvent matrix V (2n+1) and resolvent matrix for the
truncated Hausdor� matrix moment in case of an even number of moments
proposed in [8] and the help of orthogonal matrix polynomials will be considered
in forthcoming work.

The importance of the relation between U (2n+1) and V (2n+1) is explained by
the fact that well-known objects such as orthogonal polynomials [25], [8], Blaschke-
Potapov factors [5], [6], Dyukarev-Stieltjes parameters [9],[12], continued fracti-
ons [11] and the three-term recurrence relation coe�cients [13] related to the
THMM problem in the case of an even number of moments can be obtained with
new expressions. Additionally, the mentioned relation can be used in the control
problem in a similar way as in [4, 3, 10]. In the frame of the V.P. Potapov schema,
interpolation problems in the Nevanlinna or Stieltjes class of functions and matrix
moment problems are studied in [2], [7], [15], [16], [17], [18], [20], [21] and [23].
The THMM problem was recently studied in [22] via an Schur�Nevanlinna type
algorithm. In [26] and [14], the operator approach was applied to solve the THMM
problem.

2. Notations and preliminaries

In this section, we reproduce matrices, which allow us to de�ne the entries of
the resolvent matrix (5) and (4). Let Rn : C→ C(n+1)q×(n+1)q be given by

Rn(z) := (I(n+1)q − zTn)−1, n ≥ 0, (7)

with

T0 := 0q, Tn :=

[
0q×nq 0q
Inq 0nq×q

]
, n ≥ 1. (8)

Let

v0 := Iq, vn :=

[
Iq

0nq×q

]
, n ≥ 1. (9)

Furthermore,

un :=column (−s0,−s1, . . . ,−sn) , (10)

u3,0 :=s0, u3,n := −R−1
n (b)un, (11)

u4,0 :=− s0, u4,n := R−1
n (a)un. (12)

If A is complex matrix, then A∗ denotes the conjugate transpose of A.

Lemma 1. Let (sj)
2n+1
j=0 be a Hausdor� positive de�nite sequence on [a, b].

Furthermore, let H1,n, H̃1,n, H4,n, H3,n, Tn, un, u3,n and u4,n be as in (1), (2),
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(8), (10), (11) and (12), respectively. Thus, the following identities hold:

H1,n =
1

b− a
(H3,n +H4,n), (13)

H̃1,n =
1

b− a
(bH4,n + aH3,n), (14)

unv
∗
n = H̃1,nT

∗
n −H1,n, (15)

Hr,nT
∗
n − TnHr,n = ur,nv

∗
n − vnu∗r,n, r = 3, 4. (16)

P r o o f. Equality (13) (resp. Equality (14)) can be readily veri�ed from (1) and
(2). Equality (13) is considered in [1, Equation (2.1)]. Equality (15) is proved in
[9, Equation (6.17)]. Equality (16) is considered in [19, Page 178] and [1, Equation
(2.2)].

Proposition 1. For a < b, let H1,n, H̃1,n, H3,n and H4,n be as in (1) and (2).
Moreover, let H3,n and H4,n be positive de�nite matrices.
a) Thus, the matrix H1,n is a positive de�nite matrix.

b) Let 0 < a < b (resp. a < b < 0), then matrix H̃1,n is a positive de�nite matrix
(negative de�nite matrix).
c) If a < 0 < b, the determinant of the matrix H̃1,n can be equal to 0.

P r o o f. For the proof of part a) and part b) with the condition 0 < a < b,
we use (13), (14) and the fact that the sum of positive de�nite matrices is a
positive de�nite matrix. To verify the part b) with a < b < 0, it is su�cient to
multiply equality (14) by −1 and apply part a). Part c) we prove by giving an
example. Let a = −3, b = 3(2−

√
3), s0 = −54(−2 +

√
3), s1 = 81(5− 3

√
3) and

s2 = −486(−7 + 4
√

3). Furthermore, let s3 be such that

−243
(

47
√

3− 81
)
< s3 < 243

(
147− 85

√
3
)
.

An approximation of this interval is given by −98.7522 < s3 < −54.5094. Clearly,
the matrices H3,1 H4,1 are positive de�nite, while the the determinant of the matrix

H̃1,1 on s3 = 1458
(
19− 11

√
3
)
is equal to 0. An approximation of the latter value

is s3 = −76.6309.

In the following de�nition, we use the invertibility of the matrix H̃1,n =
bH4,n+aH3,n

b−a .

De�nition 2. [19, Theorem 4] Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite

sequence on [a, b]. Let Hr,n, ur,n for r = 3, 4, Rn and vn be de�ned as in (2), (11),

(12), (7) and (9), respectively. Furthermore, let H̃1,n as in (14) be an invertible
matrix.

The entries of the 2q × 2q matrix polynomial V (2n+1)(z) as in (5) are de�ned
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by

α̂(2n+1)(z) := Iq + zv∗nR
∗
n(z̄)

(
bH4,n + aH3,n

b− a

)−1

un, (17)

γ̂(2n+1)(z) := u∗nR
∗
n(z̄)

(
bH4,n + aH3,n

b− a

)−1

un, (18)

β̂(2n+1)(z) := (z − b)(z − a)v∗nR
∗
n(z̄)

aH−1
4,n + bH−1

3,n

b− a
vn, (19)

δ̂(2n+1)(z) := Iq + u∗nR
∗
n(z̄)

a(z − b)R∗−1

n (a)H−1
4,n + b(z − a)R∗

−1

n (b)H−1
3,n

b− a
vn. (20)

The matrix (5) is called the �rst resolvent matrix of the THMM problem in the
case of an even number of moments.

Matrix V (2n+1)(z) has important properties concerning the matrix

Jq :=

[
0q −iIq
iIq 0q

]
. (21)

In particular, the inverse matrix of V (2n+1)(z) can be explicitly calculated via two
2q × 2q matrices de�ned below.

De�nition 3. Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite sequence on [a, b]. Let

Hr,n, ur,n for r = 3, 4, Rn, vn and Jq be de�ned as in (2), (11), (12), (7), (9)
and (21), respectively. For r = 3, 4, let

Ṽ (2n+1)
r (z) := I2q − iz

[
v∗n
u∗r,n

]
R∗n(z̄)H−1

r,n [vn ur,n]Jq. (22)

The matrix (22) is called the �rst Kovalishina resolvent matrix of the THMM
problem in the case of an even number of moments.
Furthermore, let H̃1,n as in (14) be an invertible matrix. Let

M4,n := −au∗nH̃−1
1,nun, M3,n : = bu∗nH̃

−1
1,nun,

N4,n := −bv∗nH−1
4,nH̃1,nH

−1
3,nvn, N3,n := av∗nH

−1
4,nH̃1,nH

−1
3,nvn.

For r = 3, 4, let

C(2n+1)
r :=

[
Iq 0q
Mr,n Iq

]
, D(2n+1)

r :=

[
Iq Nr,n

0q Iq

]
,

and

V (2n+1)
r (z) := Ṽ (2n+1)

r (z)C(2n+1)
r D(2n+1)

r . (23)

The matrix (23) is called the �rst auxiliary resolvent matrix of the THMM problem
in the case of an even number of moments.
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Equality (22) (resp. (23)) appears in [19, Theorem3] (resp. [19, Equality (7)]).

Note that the name Kovalishina resolvent matrix for the matrix Ṽ
(2n+1)
r (z) was

suggested by Yury Dyukarev as the paper [19] was being prepared. Prof. Irina
Kovalishina studied matrix interpolation and moment problems in the frame of
the V.P. Potapov method. See [23].

Observe that the matrix Ṽ
(2n+1)
r can be expressed in the following form

Ṽ (2n+1)
r (z) =

[
α̃

(n)
r (z) β̃

(n)
r (z)

γ̃
(n)
r (z) δ̃

(n)
r (z),

]
,

where

α̃(n)
r (z) :=Iq + zv∗nR

∗
n(z̄)H−1

r,nur,n,

β̃(n)
r (z) :=− zv∗nR∗n(z̄)H−1

r,nvn,

γ̃(n)
r (z) :=zu∗4,nR

∗
n(z̄)H−1

r,nur,n,

δ̃(n)
r (z) :=Iq − zu∗r,nR∗n(z̄)H−1

r,nvn.

In a similar manner, from (23) we write the matrix V
(2n+1)
r as follows:

V (2n+1)
r (z) =

[
ᾰ

(n)
r (z) β̆

(n)
r (z)

γ̆
(n)
r (z) δ̆

(n)
r (z)

]
where

ᾰ(n)
r (z) :=α̃(n)

r (z) + β̃(n)
r (z)Mr,n,

β̆(n)
r (z) :=α̃(n)

r (z)Nr,n + β̃(n)
r (z)(Iq +Mr,nNr,n),

γ̆(n)
r (z) :=γ̃(n)

r (z) + δ̃(n)
r (z)Mr,n,

δ̆(n)
r (z) :=γ̃(n)

r (z)Nr,n + δ̃(n)
r (z)(Iq +Mr,nNr,n).

In the next lemma, the explicit representation of the inverse of the matrix V (2n+1)

is given.

Lemma 2. Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite sequence on [a, b]. Let

Hr,n, ur,n, for r = 3, 4, Rn, vn, Jq and V
(2n+1)
r (z) be de�ned as in (2), (11), (12),

(7), (9), (21) and De�nition 2, respectively. Furthermore, let H̃1,n be as in (1).

Assume that H̃1,n is an invertible matrix. Thus, the following equality holds:

V (2n+1)−1

r (z) =JqV
(2n+1)∗
r (z̄)Jq, r = 3, 4. (24)

Moreover,

V (2n+1)−1
(z) =

[
δ̂(2n+1)∗(z̄) −β̂(2n+1)∗(z̄)

−γ̂(2n+1)∗(z̄) α̂(2n+1)∗(z̄)

]
. (25)
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P r o o f. The proof of (24) readily follows from the equality

Jq − V (2n+1)
r (x)JqV

(2n+1)∗
r (x) = 0

for real x, [19, Equality (8)] and the identity theorem of analytic functions [24,
Theorem III.3.2]. Equality (24) appears in [19, Equality (16)]. To prove (25), one
uses Equality (24) for r = 4 and the equality [19, Equation (10)]

V (2n+1)(z) =

[
Iq 0q
0q (z − a)−1Iq

]
V

(2n+1)
4 (z)

[
Iq 0q
0q (z − a)Iq

]
, (26)

which is valid for z ∈ C \ {a}. Finally, because point z = a is a removable di-
scontinuity for the inverse matrix of the right-hand side of (26), we obtain (25).

De�nition 4. [1, Proposition 6.10] Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite

sequence on [a, b]. Let Hr,n, ur,n, for r = 3, 4, Rn and vn be de�ned as in (2),
(11), (12), (7) and (9), respectively.

The entries of the 2q × 2q matrix polynomial U (2n+1)(z) as in (4) are de�ned
by

α(2n+1)(z) := Iq − (z − a)u∗3,nR
∗
n(z̄)H−1

3,nRn(a)vn, (27)

β(2n+1)(z) := u∗4,nR
∗
n(z̄)H−1

4,nRn(a)u4,n, (28)

γ(2n+1)(z) := −(b− z)(z − a)v∗nR
∗
n(z̄)H−1

3,nRn(a)vn, (29)

δ(2n+1)(z) := Iq + (z − a)v∗nR
∗
n(z̄)H−1

4,nRn(a)u4,n. (30)

The matrix (4) is called the second resolvent matrix of the THMM problem in the
case of an even number of moments.

3. Explicit relation between two resolvent matrices

In this section, we prove the explicit relation (6) between the resolvent matrix
V (2n+1) presented in [19] and the resolvent matrix U (2n+1) given in [1].

The next Remark can be proved by using (25).

Remark 1. Let the matrices α̂(2n+1), β̂(2n+1), γ̂(2n+1) and δ̂(2n+1) be as in (17)�
(20) Furthermore, let

Jq :=

[
0q Iq
Iq 0q

]
, (31)

and the matrix V (2n+1) be as in (5). Thus, the following equality is valid:

JqV
(2n+1)−1

(z)Jq =

[
α̂(2n+1)∗(z̄) −γ̂(2n+1)∗(z̄)

−β̂(2n+1)∗(z̄) δ̂(2n+1)∗(z̄)

]
. (32)

Now we state and prove the main result of this work.
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Theorem 1. Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite sequence on [a, b]. Let

H̃1,n, Hr,n, ur,n, for r = 3, 4, Rn, vn, and Jq be de�ned as in (1), (2), (11), (12),

(7), (9) and (31), respectively. Furthermore, let H̃1,n be an invertible matrix.
Moreover, let U (2n+1) and V (2n+1) be the resolvent matrices as in (4) and (5),
respectively. In addition, let

D(2n+1) :=

[
Iq + au∗nH̃

−1
1,nRn(a)vn 0q

0q Iq − av∗nH−1
4,nRn(a)u4,n

]
. (33)

Thus, the following equality holds

U (2n+1)(z) = JqV
(2n+1)(z)JqD

(2n+1). (34)

The proof of this theorem is provided in the Appendix section.

In the following lemma, to obtain a relation of the form

V (2n+1)(z) = AU (2n+1)(z)B, (35)

we calculate the inverse of the matrix D(2n+1) as in (33).

Lemma 3. Let H̃1,n, H4,n, Tn, Rn, vn, un and u4,n be as in (1), (2), (8), (7), (10)

and (12), respectively. Moreover, let H̃1,n be an invertible matrix. Furthermore,
let D(2n+1) be as in (33). Thus, the following equality holds:

D(2n+1)−1
=

(
Iq − au∗4,nR∗n(a)H−1

4,nvn 0q

0q Iq + av∗nR
∗
n(a)H̃−1

1,nun

)
. (36)

P r o o f. Let ηn := Iq + au∗nH̃
−1
1,nRn(a)vn, κn := Iq − av∗nH

−1
4,nRn(a)u4,n, νn :=

Iq − au∗4,nR∗n(a)H−1
4,nvn and τn := Iq + av∗nR

∗
n(a)H̃−1

1,nun. Thus, Equality (36) is
equivalent to the following two equalities:

ηnνn =Iq, (37)

κnτn =Iq. (38)

We prove (37). Using (12), we have

ηnνn = (Iq + au∗nH̃
−1
1,nRn(a)vn)(Iq − au∗4,nR∗n(a)H−1

4,nvn)

= Iq + au∗nH̃
−1
1,nRn(a)[−(Iq − aTn)H̃1,n +H4,n − avnu∗n]H−1

4,nvn

= Iq + au∗nH̃
−1
1,nRn(a)[−H̃1,n +H4,n + aH1,n]H−1

4,nvn

= Iq.

In the third equality, we used (15). The last equality follows from the second equali-
ty of (2). In a similar manner, Equality (38) can be proved using the Equalities
(12), (15) and (2). Thus, Equality (36) is valid.
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In the next corollary of Theorem 1, the relation (35) is proven.

Corollary 1. Let H̃1,n, H4,n, Tn, Rn, vn, un and u4,n be as in (1), (2), (8), (7),

(10) and (12), respectively. Furthermore, let D(2n+1) be as in (33), and let H̃1,n

be an invertible matrix. Moreover, let V (2n+1) and U (2n+1) be as in (5) and (4).
Thus, the following equality is valid:

V (2n+1)(z) = JqU
(2n+1)(z)D(2n+1)−1

Jq. (39)

P r o o f. The proof of Equality (39) readily follows from (34), equality J−1
q = Jq

and (36).

4. Auxiliary identities

In this section, we consider auxiliary identities that we will use in the main
theorem of this work.

Lemma 4. Let Tn, Rn, vn, H1,n, H̃1,n, H3,n, H4,n, un, u3,n and u4,n be as in (8),
(7), (9), (1), (2) (10), (11) and (12), respectively. Moreover, let z ∈ C. Thus, the
following equalities are valid.

(b− a)I(n+1)q = bR∗
−1

n (a)− aR∗−1

n (b), (40)

−R−1
n (a)H3,nR

∗−1

n (z̄) +R−1
n (z)H3,nR

∗−1

n (a) = (z − a)(H3,nT
∗
n − TnH3,n), (41)

R−1
n (z)H̃1,nR

∗−1

n (a) + zvnu
∗
4,n −H4,nR

∗−1

n (z̄)− (z − a)unv
∗
n = 0q, (42)

(z − a)(vnu
∗
3,n − u3,nv

∗
n)−R−1

n (a)H3,nR
∗−1

n (z̄) +R−1
n (z)H3,nR

∗−1

n (a) = 0q,

(43)

(z − a)vnu
∗
3,n + (z − b)u4,nv

∗
n −R−1

n (a)H3,nR
∗−1

n (z̄)−R−1
n (z)H4,nR

∗−1

n (b) = 0q.

(44)

P r o o f. The proof of the identities (40) and (41) readily follows from (7), (8) and
(2). To verify Equality (42), we use (7), (12), (15) and (2) to obtain:

R−1
n (z)H̃1,nR

∗−1

n (a) + zvnu
∗
4,n −H4,nR

∗−1

n (z̄)− (z − a)unv
∗
n

= (I(n+1)q − zTn)H̃1,n(I(n+1)q − aT ∗n) + z(TnH̃1,n −H1,n)(I(n+1)q − aT ∗n)

− (−aH1,n + H̃1,n)(I(n+1)q − zT ∗n)− (z − a)(H̃1,nT
∗
n −H1,n)

= H̃1,n − aH̃1,nT
∗
n − zTnH̃1,n + azTnH̃1,nT

∗
n + zTnH̃1,n − zH1,n

− azTnH̃1,nT
∗
n + azH1,nT

∗
n + aH1,n − H̃1,n − azH1,nT

∗
n + zH̃1,nT

∗
n

− zH̃1,nT
∗
n + zH1,n + aH̃1,nT

∗
n − aH1,n

= 0q.
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Equality (43) follows from (16) for r = 3 and (41).

We now we prove (44). We use (7), the identities (40) and (15):

−R−1
n (a)H3,nR

∗−1

n (z̄)−R−1
n (z)H4,nR

∗−1

n (b)

= −(I(n+1)q − aTn)H3,n(I(n+1)q − zT ∗n)− (I(n+1)q − zTn)H4,n(I(n+1)q − bT ∗n)

= −bH1,n + bzH1,nT
∗
n + H̃1,n − zH̃1,nT

∗
n + abTnH1,n − abzTnH1,nT

∗
n

− aTnH̃1,n + azTnH̃1,nT
∗
n + aH1,n − abH1,nT

∗
n − H̃1,n + bH̃1,nT

∗
n

− azTnH1,n + abzTnH1,nT
∗
n + zTnH̃1,n − bzTnH̃1,nT

∗
n

= −a(TnH̃1,n −H1,n)− bz(TnH̃1,n −H1,n)T ∗n + z(TnH̃1,n −H1,n)

+ ab(TnH̃1,n −H1,n)T ∗n + b(H̃1,nT
∗
n −H1,n)− abTn(H̃1,nT

∗
n −H1,n)

+ azTn(H̃1,nT
∗
n −H1,n)− z(H̃1,nT

∗
n −H1,n)

= −avnu∗n − bzvnu∗nT ∗n + zvnu
∗
n + abvnu

∗
nT
∗
n

+ bunv
∗
n − abTnunv∗n + azTnunv

∗
n − zunv∗n

= −(z − a)vnu
∗
n(−I(n+1)q + bT ∗n)− (z − b)(I(n+1)q − aTn)unv

∗
n

= −(z − a)vnu
∗
3,n − (z − b)u4,nv

∗
n.

In the last equality, we used (7), (11) and (12).

Lemma 5. Let the conditions of Lemma 4 be satis�ed. Thus, the following identi-
ties are satis�ed:

zR−1
n (a)H3,nR

∗−1

n (z̄)− z(z − a)vnu
∗
3,n + (b− z)(z − a)unv

∗
n

= R−1
n (z)((az + bz − ab)H̃1,nT

∗
n − zH̃1,n + abH1,nR

∗−1

n (z̄), (45)

(z − a)(z − b)H4,nT
∗
n − (z − a)(z − b)TnH4,n

+ (z − b)R−1
n (a)H4,nR

∗−1

n (z̄)− (z − a)R−1
n (z)H4,nR

∗−1

n (b)

= −(b− a)R−1
n (z)H4,nR

∗
n(z̄), (46)

R∗
−1

n (z̄) +
(z − b)
(b− a)

R∗
−1

n (a) + b
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nvnu

∗
n

= −(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nR

−1
n (b)H̃1,n. (47)
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P r o o f. To prove (45), we use (2), (7) and (15):

zR−1
n (a)H3,nR

∗−1

n (z̄)− z(z − a)vnu
∗
3,n + (b− z)(z − a)unv

∗
n

= z(I(n+1)q − aTn)H3,n(I(n+1)q − zT ∗n)− z(z − a)vnu
∗
3,n + (b− z)(z − a)unv

∗
n

= zH3,n − z2H3,nT
∗
n − azTnH3,n + az2TnH3,nT

∗
n − azTnH̃1,n + azH1,n

+ abzTnH̃1,nT
∗
n − abzH1,nT

∗
n + z2TnH̃1,n − z2H1,n − z2bTnH̃1,nT

∗
n

+ bz2H1,nT
∗
n + bzH̃1,nT

∗
n − bzH1,n − abH̃1,nT

∗
n + abH1,n − z2H̃1,nT

∗
n

+ z2H1,n + azH̃1,nT
∗
n − azH1,n

= zbH1,n − zH̃1,n − bz2H1,nT
∗
n + z2H̃1,nT

∗
n − azbTnH1,n + azTnH̃1,n

+ abz2TnH1,nT
∗
n − az2TnH̃1,nT

∗
n − azTnH̃1,n − ab(I(n+1)q − zTn)H̃1,nT

∗
n

− abzH1,nT
∗
n + z2TnH̃1,n + bz2H1,nT

∗
n + bz(I(n+1)q − zTn)H̃1,nT

∗
n − bzH1,n

+ abH1,n − z2H̃1,nT
∗
n + azH̃1,nT

∗
n

= ab(I(n+1)q − zTn)H1,n − abz(I(n+1)q − zTn)H1,nT
∗
n − ab(I(n+1)q − zTn)H̃1,nT

∗
n

+ bz(I(n+1)q − zTn)H̃1,nT
∗
n − z(I(n+1)q − zTn)H̃1,n + az(I(n+1)q − zTn)H̃1,nT

∗
n

= (I(n+1)q − zTn)((az + bz − ab)H̃1,nT
∗
n − zH̃1,n + abH1,n(I(n+1)q − zT ∗n))

= R−1
n (z)((az + bz − ab)H̃1,nT

∗
n − zH̃1,n + abH1,nR

∗−1

n (z̄).

In the second equality, we used the �rst equality of (2). The last equality follows
from (7).

Now we prove Equality (46). We use (7) and obtain

(z − a)(z − b)H4,nT
∗
n − (z − a)(z − b)TnH4,n + (z − b)R−1

n (a)H4,nR
∗−1

n (z̄)

− (z − a)R−1
n (z)H4,nR

∗−1

n (b)

= z2H4,nT
∗
n − bzH4,nT

∗
n − azH4,nT

∗
n + abH4,nT

∗
n − z2TnH4,n + bzTnH4,n

+ azTnH4,n − abTnH4,n + zH4,n − z2H4,nT
∗
n − azTnH4,n + az2TnH4,nT

∗
n

− bH4,n + bzH4,nT
∗
n + abTnH4,n − azbTnH4,nT

∗
n − zH4,n + bzH4,nT

∗
n

+ z2TnH4,n − bz2TnH4,nT
∗
n + aH4,n − abH4,nT

∗
n − azTnH4,n + abzTnH4,nT

∗
n

= (b− a)zTnH4,n + (b− a)zH4,nT
∗
n − (b− a)z2TnH4,nT

∗
n − (b− a)H4,n

= (b− a)(−(I(n+1)q − zTn)H4,n + z(I(n+1)q − zTn)H4,nT
∗
n)

= −(b− a)(I(n+1)q − zTn)H4,n(I(n+1)q − zT ∗n)

= −(b− a)R−1
n (z)H4,nR

∗
n(z̄).

In the last equality, we used (7).

Finally, we prove the identity of (47). We perform the left�hand side of (47).
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We use the Equalities (7) and (15) and obtain

R∗
−1

n (z̄) +
(z − b)
(b− a)

R∗
−1

n (a) + b
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nvnu

∗
n

=
(z − a)

(b− a)
[I(n+1)q − bT ∗n + (I(n+1)q − bT ∗n)bH−1

3,nvnu
∗
n]

=
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,n[H3,n + bvnu

∗
n]

=
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,n[H3,n + b(TnH̃1,n −H1,n)]

= −(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nR

−1
n (b)H̃1,n.

We now give the proof of Theorem 1.
Proof of Theorem 1

P r o o f. Since J−1
q = Jq and the inverse of the matrix V (2n+1)(z) is well de�ned,

we prove the equality

(JqV
(2n+1)(z)Jq)

−1U (2n+1)(z) = D(2n+1), (48)

which is equivalent to (34). Using the equality J−1
q = Jq, Equality (32) and the

representation (4), we denote the left-hand side of (48) as follows:

(
W11;n W12;n

W21;n W22;n

)
:= (JqV

(2n+1)(z)Jq)
−1U (2n+1)(z), (49)

where

W11;n := α̂(2n+1)∗(z̄)α(2n+1)(z)− γ̂(2n+1)∗(z̄)γ(2n+1)(z), (50)

W12;n := α̂(2n+1)∗(z̄)β(2n+1)(z)− γ̂(2n+1)∗(z̄)δ(2n+1)(z), (51)

W21;n := −β̂(2n+1)∗(z̄)α(2n+1)(z) + δ̂(2n+1)∗(z̄)γ(2n+1)(z), (52)

W22;n := −β̂(2n+1)∗(z̄)β(2n+1)(z) + δ̂(2n+1)∗(z̄)δ(2n+1)(z). (53)

We now perform the expression (50)�(53). For the expression (50), by using (17),
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(27), (18) and (29), we have

α̂(2n+1)∗(z̄)α(2n+1)(z)− γ̂(2n+1)∗(z̄)γ(2n+1)(z)

= Iq − (z − a)u∗3,nR
∗
n(z̄)H−1

3,nRn(a)vn + zu∗nH̃
−1
1,nRn(z)vn

− z(z − a)u∗nH̃
−1
1,nRn(z)vnu

∗
3,nR

∗
n(z̄)H−1

3,nRn(a)vn

+ (b− z)(z − a)u∗nH̃
−1
1,nRn(z)unv

∗
nR
∗
n(z̄)H−1

3,nRn(a)vn

= Iq + zu∗nR
∗
n(z̄)H−1

3,nRn(a)vn − bzu∗nT ∗nR∗n(z̄)H−1
3,nRn(a)vn

− au∗nR∗n(z̄)H−1
3,nRn(a)vn + abu∗nT

∗
nR
∗
n(z̄)H−1

3,nRn(a)vn

+ azu∗nT
∗
nR
∗
n(z̄)H−1

3,nRn(a)vn + bzu∗nT
∗
nR
∗
n(z̄)H−1

3,nRn(a)vn

− abu∗nT ∗nR∗n(z̄)H−1
3,nRn(a)vn − zu∗nR∗n(z̄)H−1

3,nRn(a)vn

+ abu∗nH̃
−1
1,nH1,nH

−1
3,nRn(a)vn

= Iq − au∗n(I(n+1)q − zT ∗n)R∗n(z̄)H−1
3,nRn(a)vn + abu∗nH̃

−1
1,nH1,nH

−1
3,nRn(a)vn

= Iq + au∗nH̃
−1
1,n[−H̃1,n + bH1,n]H−1

3,nRn(a)vn

= Iq + au∗nH̃
−1
1,nRn(a)vn.

In the second equality, we used (11) and (15). In the fourth equality, we used the
�rst equality of (2). Thus, Equality (48) is proved for the (1,1) block matrix.

Let us now prove Equality (48) for the (1,2) block matrix. Using (51), (17),
(18), (28), (30) and the identity (14), we have

α̂(2n+1)∗(z̄)β(2n+1)(z)− γ̂(2n+1)∗(z̄)δ(2n+1)(z)

= u∗4,nR
∗
n(z̄)H−1

4,nRn(a)u4,n + zu∗nH̃
−1
1,nRn(z)vnu

∗
4,nR

∗
n(z̄)H−1

4,nRn(a)u4,n

− u∗nH̃−1
1,nRn(z)un − (z − a)u∗nH̃

−1
1,nRn(z)unv

∗
nR
∗
n(z̄)H−1

4,nRn(a)u4,n

= u∗nH̃
−1
1,nRn(z)[R−1

n (z)H̃1,nR
∗−1

n (a) + zvnu
∗
4,n −H4,nR

∗−1

n (z̄)

− (z − a)unv
∗
n]R∗n(z̄)H−1

4,nun

= 0q.

In the last equality, we used (42). Thus, Equality (48) for the (1,2) block matrix
is proved.

We now prove the Equality (48) for the (2,1) block matrix. Using (52), (19),
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(20), (27) and (29), we obtain

− β̂(2n+1)∗(z̄)α(2n+1)(z) + δ̂(2n+1)∗(z̄)γ(2n+1)(z)

= (z − b)(z − a)

(b− a)
v∗n[−(aH−1

4,n + bH−1
3,n)Rn(z)R−1

n (a)H3,nR
∗−1

n (z̄)

+ (z − a)(aH−1
4,n + bH−1

3,n)Rn(z)vnu
∗
3,n + (b− a)Iq + (a(z − b)H−1

4,nR
−1
n (a)

+ b(z − a)H−1
3,nR

−1
n (b))Rn(z)unv

∗
n]R∗n(z̄)H−1

3,nRn(a)vn

= (z − b)(z − a)

(b− a)
v∗n{aH−1

4,nRn(z)[−R−1
n (a)H3,nR

∗−1

n (z̄) + (z − a)vnu
∗
3,n

+ (z − a)vnu
∗
3,n + (z − b)R−1

n (a)unv
∗
n −R−1

n (z)H4,nR
∗−1

n (b)] + bH−1
3,nRn(z)

· [−R−1
n (a)H3,nR

∗−1

n (z̄) + (z − a)R−1
n (b)unv

∗
n +R−1

n (z)H3,nR
∗−1

n (a)]}
·R∗n(z̄)H−1

3,nRn(a)vn

= 0q.

In the last equality, we employed Equality (44). Thus, Equality (48) for the (2,1)
matrix�block is proved.

We now prove the Equality (48) for the (2,2) block matrix. Using (19), (20),
(28) and (30), we have

− β̂(2n+1)∗(z̄)β(2n+1)(z) + δ̂(2n+1)∗(z̄)δ(2n+1)(z)

= Iq +
(z − a)

(b− a)
v∗n[−(z − b)(aH−1

4,n + bH−1
3,n)Rn(z)vnu

∗
4,n + (b− a)Iq

+ (a
(z − b)
(z − a)

H−1
4,nR

−1
n (a) + bH−1

3,nR
−1
n (b))Rn(z)H4,nR

∗−1

n (z̄)

+ (a(z − b)H−1
4,nR

−1
n (a) + b(z − a)H−1

3,nR
−1
n (b))Rn(z)unv

∗
n]R∗n(z̄)H−1

4,n

·Rn(a)u4,n

= Iq +
(z − a)

(b− a)
v∗n{a(z − b)H−1

4,nRn(z)[H4,nT
∗
n − TnH4,n

+
1

(z − a)
R−1
n (a)H4,nR

∗−1

n (z̄)− 1

(z − b)
R−1
n (z)H4,nR

∗−1

n (b)]

+ bH−1
3,nRn(z)[−(z − b)vnu∗4,n +R−1

n (b)H4,nR
∗−1

n (z̄)− (z − a)u3,nv
∗
n

+R−1
n (z)H3,nR

∗−1

n (a)]}R∗n(z̄)H−1
4,nRn(a)u4,n

= Iq +
a

(b− a)
v∗nH

−1
4,nRn(z)[−(b− a)(I(n+1)q − zTn)H4,n(I(n+1)q − zT ∗n)]R∗n(z̄)

·H−1
4,nRn(a)u4,n

= Iq − av∗nH−1
4,nRn(a)u4,n.

In the second equality, we used (11), (12), (16) for r = 3, (40), and (42). In the
third equality, we use Equality (47).
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Thus, Equality (48) for the block matrix (2,2) is proved. Consequently, having
proven Equality (48), we have proved Equality (34).
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Ïðî äâi ìàòðèöi ðîçâ'ÿçàííÿ çàäà÷i óñi÷åíîãî

ìàòðè÷íîãî ìîìåíòó Õàóñäîðôà.

À. Å. ×îêå Ðiâåðî1, Á. Å. Ìåäiíà Åðíàíäåñ2

1Óíiâåðñèòåò Ìi÷îàêàíà äå Ñàí Íiêîëàñ äå Iäàëüãî
2Îá'¹äíàíà àñïiðàíòóðà ç ìàòåìàòè÷íèõ íàóê, Íàöiîíàëüíèé àâòîíîìíèé
óíiâåðñèòåò Ìåêñèêè � Óíiâåðñèòåò Ìi÷îàêàíà äå Ñàí Íiêîëàñ äå Iäàëüãî

Ìè ðîçãëÿäà¹ìî óñi÷åíó ìàòðè÷íó ïðîáëåìó ìîìåíòiâ Õàóñäîðôà ó âèïàäêó ñêií-
÷åííî¨ ïàðíî¨ êiëüêîñòi ìîìåíòiâ, ÿêà íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî äâi áëî÷íi
Ãàíêåëåâi ìàòðèöi, ïîáóäîâàíi çà äîïîìîãîþ ìîìåíòiâ, ¹ äîäàòíî âèçíà÷åíèìè. Ìíî-
æèíà ðîçâ'ÿçêiâ óñi÷åíî¨ ïðîáëåìè ìîìåíòiâ Õàóñäîðôà ó âèïàäêó ñêií÷åííî¨ ïàð-
íî¨ êiëüêîñòi ìîìåíòiâ çàäà¹òüñÿ çà äîïîìîãîþ òàê çâàíî¨ ðåçîëüâåíòíî¨ ìàòðèöi.
Ðåçîëüâåíòíà ìàòðèöÿ óñi÷åíî¨ ïðîáëåìè ìîìåíòiâ Õàóñäîðôà ó íåâèðîäæåíîìó âè-
ïàäêó äëÿ ìàòðè÷íèõ ìîìåíòiâ âèìiðíîñòè q × q ¹ 2q × 2q ìàòðè÷íèì ïîëiíîìîì,
ÿêèé áóäó¹òüñÿ çà äîïîìîãîþ çàäàíèõ ìîìåíòiâ.

Ó 2001 ð., â ðîáîòi [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001.-69(1-2).-P.175-187], äëÿ çãàäàíî¨ âèùå óñi÷åíî¨
ïðîáëåìè ìîìåíòiâ Õàóñäîðôà âïåðøå áóëà çàïðîïîíîâàíà ðåçîëüâåíòíà ìàòðèöÿ
V (2n+1). Ó 2006 ð., â ðîáîòi [A. E. Choque Rivero, Y. M. Dyukarev, B. Fritzsche and
B. Kirstein, A truncated matricial moment problem on a �nite interval, Interpolation,
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Schur Functions and Moment Problems. Oper. Theory: Adv. Appl. -2006. - 165. - P.
121-173], áóëà äàíà iíøà ðåçîëüâåíòíà ìàòðèöÿ U (2n+1) äëÿ òi¹¨ ñàìî¨ ïðîáëåìè. Â
äàíié ðîáîòi ìè äîâîäèìî, ùî iñíó¹ ÿâíå ñïiââiäíîøåííÿ ìiæ öèìè äâîìà ðåçîëü-
âåíòíèìè ìàòðèöÿìè âèãëÿäó V (2n+1) = AU (2n+1)B, äå A i B � ñòàëi ìàòðèöi. Ìè
òàêîæ ôîêóñó¹ìîñü íà íàñòóïíié âiäìiííîñòi: äëÿ âèçíà÷åííÿ ðåçîëüâåíòíî¨ ìàòðèöi
V (2n+1) ìà¹ âèêîíóâàòèñÿ äîäàòêîâà óìîâà, ó ïîðiâíÿííi ç âèçíà÷åííÿì ðåçîëüâåí-
òíî¨ ìàòðèöi U (2n+1), äëÿ ÿêî¨ âèìàãà¹òüñÿ ëèøå ùîá äâi áëî÷íi Ãàíêåëåâi ìàòðèöi
áóëè äîäàòíî âèçíà÷åíi.

Ó 2015 ð., â ðîáîòi [A. E. Choque Rivero, From the Potapov to the Krein-Nudel'man
representation of the resolvent matrix of the truncated Hausdor� matrix moment
problem, Bol. Soc. Mat. Mexicana. � 2015. � 21(2). � P. 233�259], áóëî äàíå çîáðà-
æåííÿ ðåçîëüâåíòíî¨ ìàòðèöi, îòðèìàíî¨ â 2006 ð., ÷åðåç ìàòðè÷íi îðòîãîíàëüíi
ïîëiíîìè. Â äàíié ðîáîòi ìè íå ïîâ'ÿçó¹ìî ðåçîëüâåíòíó ìàòðèöþ V (2n+1) ç ðåçóëü-
òàòàìè [A.E. Choque Rivero, From the Potapov to the Krein-Nudel'man representation
of the resolvent matrix of the truncated Hausdor� matrix moment problem, Bol. Soc.
Mat. Mexicana. � 2015. � 21(2). � P. 233�259]. Âàæëèâiñòü ñïiââiäíîøåííÿ ìiæ U (2n+1)

i V (2n+1) ïîÿñíþ¹òüñÿ òèì, ùî ìîæóòü áóòè çíàéäåíi íîâi ñïiââiäíîøåííÿ ìiæ îðòî-
ãîíàëüíèìè ìàòðè÷íèìè ïîëiíîìàìè, ìíîæíèêàìè Áëÿøêå-Ïîòàïîâà, ïàðàìåòðàìè
Äþêàðåâà-Ñòiëòü¹ñà i ìàòðè÷íèìè íåïåðåðâíèìè äðîáàìè. Õî÷à â äàíié ðîáîòi âè-
êîðèñòîâóþòüñÿ àëãåáðà¨÷íi òîòîæíîñòi äëÿ äîâåäåííÿ ñïiââiäíîøåííÿ ìiæ U (2n+1) i
V (2n+1), àíàëiòè÷íå îá ðóíòóâàííÿ îáîõ ðåçîëüâåíòíèõ ìàòðèöü ñïèðà¹òüñÿ íà ìåòîä
Â.Ï. Ïîòàïîâà. Öåé ïiäõiä áóâ óñïiøíî ðîçâèíåíèé â áàãàòüîõ ðîáîòàõ, ïîâ'ÿçàíèõ
ç ìàòðè÷íèìè ïðîáëåìàìè iíòåðïîëÿöi¨ â êëàñi ôóíêöié Íåâàíëiííè i ìàòðè÷íîþ
ïðîáëåìîþ ìîìåíòiâ.
Êëþ÷îâi ñëîâà: Çàäà÷à ìàòðè÷íîãî ìîìåíòó Õàóñäîðôà, ìàòðèöÿ ðîçâ'ÿçàííÿ.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 27 ñi÷íÿ 2022; îñòàííié âàðiàíò: 5 ëèïíÿ 2022
ïðèéíÿòà: 7 ëèïíÿ 2022.
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On relation between statistical ideal and ideal

generated by a modulus function

Ideal on an arbitrary non-empty set Ω it's a non-empty family of subset I
of the set Ω which satis�es the following axioms: Ω /∈ I, if A,B ∈ I, then
A ∪ B ∈ I, if A ∈ I and D ⊂ A, then D ∈ I. The ideal theory is a very
popular branch of modern mathematical research. In our paper we study
some classes of ideals on the set of all positive integers N, namely the ideal of
statistical convergence Is and the ideal If generated by a modular function
f . Statistical ideal it's a family of subsets of N whose natural density is

equal to 0, i.e. A ∈ Is if and only if lim
n→∞

#{k ≤ n : k ∈ A}
n

= 0. A function

f : R+ → R+ is called a modular function, if f(x) = 0 only if x = 0,
f(x + y) ≤ f(x) + f(y) for all x, y ∈ R+, f(x) ≤ f(y) whenever x ≤ y, f
is continuous from the right 0, and �nally lim

n→∞
f(n) = ∞. Ideal, generated

by the modular function f it's a family of subsets of N with zero f -density,

in other words, A ∈ If if and only if lim
n→∞

f(#{k ≤ n : k ∈ A})
f(n)

= 0. It

is known that for an arbitrary modular function f the following is true:
If ⊂ Is. In our research we give the complete description of those modular
functions f for which If = Is. Then we analyse obtained result, give some
partial cases of it and prove one simple su�cient condition for the equality
If = Is. The last section of this article is devoted to examples of some
modulus functions f, g for which If = Is and Ig 6= Is. Namely, if f(x) = xp

where p ∈ (0, 1] we have If = Is; for g(x) = log(1 + x), we obtain Ig 6= Is.
Then we consider more complicated function f which is given recursively to
demonstrate that the conditions of the main theorem of our paper can't be
reduced to the su�cient condition mentioned above.

Keywords: ideal, statistical ideal, modulus function.

2010 Mathematics Subject Classi�cation: 76A11; 76B11; 76M11.

1. Introduction

Let Ω be a non-empty set. Let us remind that a non-empty family I ⊂ 2Ω is
called an ideal on Ω if I satis�es:
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1. Ω /∈ I;

2. if A,B ∈ I then A ∪B ∈ I;

3. if A ∈ I and D ⊂ A then D ∈ I.

In our article we consider those ideals I which contain the family of �nite sets
Fin.

For a subset A ⊂ N denote αA(n) := |A ∩ [1, n]|, where |M | stands for a
number of elements in the set M ⊂ N. Let A ⊂ N. The natural density of A is

d(A) := lim
n→∞

αA(n)

n
.

The ideal of sets A ⊂ N having d(A) = 0 is called the statistical ideal. We
denote this ideal Is.

The statistical ideal is related to the statistical convergence and is a very
popular branch of research.

In [1] authors introduced a generalization of the natural density of subset in
N. They called it f -density, where f is a modulus function.

Recall that a function f : R+ → R+ is called an unbounded modulus function
(modulus function for short) if:

1. f(x) = 0 if and only if x = 0;

2. f(x+ y) ≤ f(x) + f(y) for all x, y ∈ R+;

3. f(x) ≤ f(y) if x ≤ y;

4. f is continuous from the right at 0;

5. lim
n→∞

f(n) =∞.

Let f be a modulus function. The quantity df (A) := lim
n→∞

f(αA(n))

f(n)
is called

the f -density of A ⊂ N. The ideal If := {A ⊂ N : df (A) = 0} is called the f -
ideal. If appears implicitly in [1] where the convergence of sequences with respect
to If was studied, and appears explicitly in [3].

In [1, p. 527] it is noted that for an arbitrary modulus function f and A ⊂ N if
df (A) = 0 then d(A) = 0. In other words, If ⊂ Is. The ideals If and Is and the
corresponding ideal convergences have some similarities and some di�erences. The
aim of the paper is to present a complete description of those modulus functions
f for which If = Is. We do this in Theorem 1. After that in Theorem 2 we give
a handy su�cient condition for the equality Is = If , and �nally we present some
illustrative examples.

2. Main results

Let f be a modulus function, t ∈ [1,+∞), k ∈ N. Denote

hf (t) := lim sup
n→∞

f(n)

f(tn)
, gf (k) := hf (2k) = lim sup

n→∞

f(n)

f(2kn)
.
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The following Theorem is the promised main result of our paper.

Theorem 1. Let f be a modulus. The following statements are equivalent:

1. Is = If ;

2. lim
k→∞

gf (k) = 0.

3. lim
t→∞

hf (t) = 0.

Proof. Remark that the equivalence of conditions (2) and (3) follows evidently
from the monotonicity of hf (t) in the variable t. We include both of the conditions
because of some conveniences in the proof and for the future applications. So, it
is su�cient to demonstrate implications (3)⇒ (1) and (1)⇒ (2).

(3)⇒ (1). As we remarked in the Introduction, the inclusion Is ⊃ If is known,

so we need to show that Is ⊂ If . Denote δ
f
t := hf (t) +

1

t
. The quantity δft

is decreasing in t and lim
t→∞

δft = 0. We know that lim sup
n→∞

f(n)

f(tn)
< δft for all

t ∈ [1,+∞), in particular we have that for every k ∈ N there exists N1(k) ∈ N
such that for all n ≥ N1(k) the following holds true: f

(n
k

)
< δfkf(n).

Let A ∈ Is. By the de�nition of Is his means that lim
n→∞

αA(n)

n
= 0. In other

words, for each k ∈ N there exists N2(k) ∈ N such that αA(n) <
n

k
for each

n > N2(k). Denote Nk := max {N1(k), N2 (k)}. Then for each n > Nk

f(αA(n)) < f
(n
k

)
< δfkf(n).

From the previous inequality we have:

lim sup
n→∞

f(αA(n))

f(n)
≤ δfk −→k→∞ 0,

which completes the proof of the implication (3)⇒ (1).

(1)⇒ (2). Assume that lim
k→0

gf (k) 6= 0. By monotonicity, this implies the

existence of ξ > 0 such that gf (k) > ξ for every k ∈ N . Consequently,

lim sup
n→∞

f(n)

f(2kn)
> ξ for each k ∈ N. Then for every k ∈ N there exists an in�nite

subset Nk ⊂ N such that for each n ∈ Nk

f(n) > ξf(2kn). (1)

Choose 0 = n0 < n1 < n2 < n3 < ... such that nj ∈ Nj for each j ∈ N. So for
each k ∈ N

f(nk) > ξf(2knk).
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Denote mk := 2knk, k = 1, 2, . . . . Let us consider the following set A:

A = {m1 − n1 + 1,m1 − n1 + 2, ...,m1 − 1,

m2 − n2 + n1,m2 − n2 + n1 + 1,m2 − n2 + n1 + 2, ...,m2 − 1, ...},

that is from each block of naturals in (mk−1,mk] we chose the nk − nk−1 biggest
ones. For the correctness of the de�nition of A we have to check thatmk−mk−1 >
nk − nk−1 for every k ∈ N. Indeed, for all k ∈ N we have:

mk − nk + nk−1 −mk−1 = 2knk − nk + nk−1 − 2k−1nk−1 =

= nk(2
k − 1)− nk−1(2k−1 − 1) > 0,

because nk > nk−1 and 2k − 1 > 2k−1 − 1.
Denote αn := αA(n). Let us show that A /∈ If . By our construction, αmk

= nk

for all k ∈ N. Using the inequality (1) we obtain that
f(αmk

)

f(mk)
> ξ > 0, so

f(αn)

f(n)
6→ 0 as n→∞, that's why A /∈ If .

Let us �nally show that A ∈ Is. For every k ∈ N we can split the block of
naturals [mk + 1,mk+1] ∩ N as follows:

[mk + 1,mk+1] ∩ N = [mk + 1,mk+1 − nk+1 + nk − 1] ∩ N
∪ [mk+1 − nk+1 + nk,mk+1 − 1] ∩ N ∪ {mk+1}.

On the initial part of this set for j ∈ [mk + 1,mk+1 − nk+1 + nk − 1] we have:

αj = nk and
αj
j

=
nk
j
≤ nk
mk + 1

≤ nk
mk

=
1

2k
. On the next part, for j ∈ [mk+1 −

nk+1 + nk,mk+1 − 1] = [nk+1(2k+1 − 1) + nk, 2
k+1nk+1] we have αj = nk + xj ,

where 1 ≤ xj ≤ nk+1 − nk. Using this, we obtain that
1

j
≤ xj

j
≤ nk+1 − nk

j
, and

so

αj
j

=
nk + xj

j
≤ nk+1

nk+1(2k+1 − 1) + nk
≤ nk+1

nk+1(2k+1 − 1)
=

1

2k+1 − 1
<

1

2k
.

At the last point j = mk+1 we have: αj = nk+1 and

αj
j

=
nk+1

mk+1
=

1

2k+1
<

1

2k
.

So for an arbitrary k ∈ N and for j ∈ [mk + 1,mk+1] we have
αj
j
<

1

2k
, in other

words A ∈ Is.

Now let us discuss a particular case of Theorem 1 in which the condition for
If = Is can be substantially simpli�ed. First, a simple technical lemma.
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Lemma 1. Let f be a modulus function. Let there exists lim
n→∞

f(n)

f(2n)
= a. Then

gf (k) = lim
n→∞

f(n)

f(2kn)
= ak for all k ∈ N.

Proof. Let us use method of mathematical induction.
The base of induction: k = 2.

lim
n→∞

f(n)

f(4n)
= lim

n→∞

f(n) · f(2n)

f(2n) · f(4n)
= lim

n→∞

f(n)

f(2n)
· lim
n→∞

f(2n)

f(4n)
= a2.

The inductive transition: k → k + 1.

lim
n→∞

f(n)

f(2k+1n)
= lim

n→∞

f(n)

f(2kn)
· lim
n→∞

f(2kn)

f(2k+1n)
= ak · a = ak+1.

Theorem 2. Let f be a modulus. Suppose that there exists lim
n→∞

f(n)

f(2n)
. Then the

following statements are equivalent:

1. Is = If ;

2. lim
n→∞

f(n)

f(2n)
< 1.

Proof. Under the assumption of existence of lim
n→∞

f(n)

f(2n)
, Lemma 1 gives the

equivalence of our condition (2) and the condition (2) of Theorem 1.

3. Examples

At �rst, let us show that among the very elementary modulus functions f the
both possibilities If = Is and If 6= Is may happen.

Example 1. f(x) = xp, p ∈ (0, 1]. For this kind of functions If = Is. Indeed,

lim
n→∞

f(n)

f(2n)
= lim

n→∞

np

(2n)p
=

(
1

2

)p
< 1.

Example 2. f(x) = log(1 + x). In this case If 6= Is, because lim
n→∞

f(n)

f(2n)
=

lim
n→∞

log(1 + n)

log(1 + 2n)
= 1.

Our next goal is to show that Theorem 1 does not reduce to its particular case
given in Theorem 2, i.e. that there is a modulus functions f for which the limit

of
f(n)

f(2n)
does not exist.

Example 3. Put f(0) = 0, f(1) = 1, f(2) = 2. The values of f in the remaining
natural numbers we de�ne recurrently: if for some n ∈ N the values f(k) are
already de�ned for k ∈ [1, 2n], we de�ne f(k) for k = 2n + α ∈ [2n + 1, 2n+1],
α ∈ [1, 2n], by means of the formula

f(2n + α) =

{
f(2n), if n ∈ {1, 3, 5, ..}
f(2n) + f(α), if n ∈ {2, 4, 6, ...}.

(2)
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This de�nes f(n) for each n ∈ N ∪ {0}. In the intermediate points let us de�ne f
by means of linear interpolation. Such f is de�ned for each x ∈ R+, is monotonic,

continuous, and f(2k) := 2d
k
2
e for k ∈ N ∪ {0}.

Let us verify that f is a modulus function. For every w, z ∈ N (without lost
of generality we consider w > z) we have to demonstrate that

f(w + z) ≤ f(w) + f(z). (3)

This can be done by induction in n, where n is the smallest natural for which
w + z ≤ 2n.

The base n = 1 is straightforward. Suppose now that we already proved (3) for
0 ≤ w+ z ≤ 2n and let us prove it for 2n < w+ z ≤ 2n+1. Denote w+ z = 2n+α,
where α ∈ [1, 2n].

1. Let n be an odd number. It is clear that there are numbers w̃, z̃ ∈ N,
w̃ < w, z̃ < z such that w̃ + z̃ = 2n. Then f(w + z) = f(2n) = f(w̃ + z̃) ≤
f(w̃) + f(z̃) ≤ f(w) + f(z).

2. Let n be an even number. Then f(w + z) = f(2n + α) = f(2n) + f(α).

(à) Let w ≥ 2n, then z ≤ α. Represent w in the form of w = 2n + β. In
this case f(w + z) = f(2n) + f(α) and f(w) = f(2n) + f(β). Then
the inequality (3) rewrites as f(α) ≤ f(z) + f(β) which is true by the
inductive assumption.

(á) Let w < 2n, which means that 2n−1 < w < 2n and z > α. Then
f(w) = f(2n−1) = f(2n), because n− 1 is odd. Again, in this case the
inequality (3) is equivalent to a simpler one: f(α) ≤ f(w) which is true
since z > α.

So, we proved that the function, de�ned by (2) is a modulus function. Consider

now the sequence
f(2n)

f(2n+1)
, n = 0, 1, 2, .... When n is odd we have

f(2n)

f(2n+1)
= 1

and if n is even we have
f(2n)

f(2n+1)
=

1

2
. This means that the sequence

f(n)

f(2n)
has

no limit.

By the way, in this example gf (k) = lim sup
n→∞

f(n)

f(2kn)
=

1

2k−1
, so If = Is.
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Conclusion

In our paper we studied the ideal of statistical convergence Is and the ideal
If generated by a modular function f . In our research we gave the complete
description of those modular functions f for which If = Is. Then we analysed
obtained result, gave some partial cases of it and proved one simple su�cient
condition for the equality If = Is. At the end of this article we gave some examples
of some modulus functions f, g for which If = Is and Ig 6= Is.
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Ïðî çâ'ÿçîê ìiæ ñòàòèñòè÷íèì iäåàëîì òà iäåàëîì,

ïîðîäæåíèì ìîäóëüíîþ ôóíêöi¹þ

Ä. Ä. Ñåëþòií
Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè 4, Õàðêiâ, 61022, Óêðà¨íà

Iäåàë íà äîâiëüíié íåïîðîæíié ìíîæèíi Ω � öå íåïîðîæíÿ ñiì'ÿ ïiäìíîæèí I ìíî-
æèíè Ω, ÿêà çàäîâîëüíÿ¹ íàñòóïíèì óìîâàì: Ω /∈ I, ÿêùî A,B ∈ I, òî A ∪ B ∈ I,
ÿêùî A ∈ I i D ⊂ A, òî D ∈ I. Òåîðiÿ iäåàëiâ ¹ äóæå ïîïóëÿðíîþ îáëàñòþ ñó÷à-
ñíèõ ìàòåìàòè÷íèõ äîñëiäæåíü. Â äàíié ðîáîòi äîñëiäæåíî äåÿêi ñïåöiàëüíi êëàñè
iäåàëiâ íà ìíîæèíi íàòóðàëüíèõ ÷èñåë N, à ñàìå iäåàë ñòàòèñòè÷íî¨ çáiæíîñòi Is,
àáî ñòàòèñòè÷íèé iäåàë, òà iäåàë If , ÿêèé çàäàíî ìîäóëüíîþ ôóíêöi¹þ If . Ñòàòè-
ñòè÷íèé iäåàë � öå ñiì'ÿ ïiäìíîæèí ìíîæèíè N, ÿêi ìàþòü íóëüîâó íàòóðàëüíó

https://doi.org/10.15587/000048282
https://doi.org/10.36045/bbms/1464710116
https://doi.org/10.36045/j.bbms.210512
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ùiëüíiñòü, òîáòî A ∈ Is òîäi i òiëüêè òîäi, êîëè lim
n→∞

#{k ≤ n : k ∈ A}
n

= 0. Ôóíêöiþ

f : R+ → R+ íàçèâàþòü ìîäóëüíîþ ôóíêöi¹þ, ÿêùî f(x) = 0 òiëüêè ïðè x = 0,
f(x + y) ≤ f(x) + f(y) äëÿ áóäü-ÿêèõ x, y ∈ R+, f(x) ≤ f(y) ÿêùî x ≤ y, f íåïå-
ðåðâíà ñïðàâà â 0, i lim

n→∞
f(n) = ∞. Iäåàë, ÿêèé çàäàíî ìîäóëüíîþ ôóíêöi¹þ � öå

ñiì'ÿ ïiäìíîæèí ìíîæèíè N, ÿêi ìàþòü íóëüîâó f -ùiëüíiñòü, òîáòî A ∈ If òîäi i

òiëüêè òîäi, êîëè lim
n→∞

f(#{k ≤ n : k ∈ A})
f(n)

= 0. Âiäîìî, ùî äëÿ äîâiëüíî¨ ìîäóëüíî¨

ôóíêöi¨ f ìè ìà¹ìî íàñòóïíå âêëþ÷åííÿ: If ⊂ Is. Â íàøié ñòàòòi ìè äà¹ìî ïîâíèé
îïèñ òàêèõ ìîäóëüíèõ ôóíêöié f , ùî If = Is. Äàëi ìè äîñëiäæó¹ìî îòðèìàíèé ðå-
çóëüòàò, íàâîäèìî äåÿêi ÷àñòêîâi âèïàäêè îñíîâíîãî ðåçóëüòàòó òà äîâîäèìî ïðîñòó
äîñòàòíþ óìîâó äëÿ ðiâíîñòi If = Is. Îñòàííié ðîçäië íàøî¨ ðîáîòè ïðèñâÿ÷åíî ðîç-
ãëÿäó ïðèêëàäiâ êîíêðåòíèõ ìîäóëüíèõ ôóíêöié f , äëÿ êîòðèõ If = Is i If 6= Is.
À ñàìå, ó âèïàäêó f(x) = xp, ïðè p ∈ (0, 1] ìà¹ìî If = Is; ÿêùî f(x) = log(1 + x),
ìà¹ìî If 6= Is. Äàëi â ÿêîñòi ïðèêëàäó ìè ðîçãëÿäà¹ìî áiëüø ñêëàäíó ôóíêöiþ f ,
ÿêà ìà¹ ðåêóðåíòíó ïîáóäîâó, i ÿêà ïîêàçó¹, ùî óìîâè îñíîâíîãî ðåçóëüòàòó äàíî¨
ðîáîòè íå ìîæíà ïîñëàáèòè äî îäíîãî ÷àñòêîâîãî âèïàäêó.
Êëþ÷îâi ñëîâà: iäåàë, ñòàòèñòè÷íèé iäåàë, ìîäóëüíi ôóíêöi¨.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 18 æîâòíÿ 2021; îñòàííié âàðiàíò: 24 ãðóäíÿ 2021
ïðèéíÿòà: 19 ñi÷íÿ 2022.
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Äâîòî÷êîâà êðàéîâà çàäà÷à äëÿ ñèñòåì

ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü

ç êðàéîâèìè óìîâàìè, ùî ìiñòÿòü

ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè

Ó ðîáîòi ðîçãëÿäà¹òüñÿ äâîòî÷êîâà êðàéîâà çàäà÷à äëÿ ïñåâäîäèôåðåí-
öiàëüíèõ ðiâíÿíü òà ñèñòåì ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïî-
ðÿäêó ç êðàéîâèìè óìîâàìè, ùî ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi îïåðàòî-
ðè. Íåîáõiäíiñòü ðîçãëÿäó ïñåâäîäèôåðåíöiàëüíèõ îïåðàòîðiâ îáóìîâ-
ëåíà òèì, ùî, ïî-ïåðøå, ó ïðèêëàäíèõ çàäà÷àõ âñå ÷àñòiøå âèíèêàþòü
ðiâíÿííÿ ç òàêèìè îïåðàòîðàìè, à ïî-äðóãå, ðîçãëÿäàþ÷è òàêi ðiâíÿííÿ,
âäà¹òüñÿ äîñÿãòè êîðåêòíîñòi êðàéîâî¨ çàäà÷i â ïðîñòîði Ë.Øâàðöà S i
â äâî¨ñòîìó äî íüîãî ïðîñòîði.

Ñïî÷àòêó ðîçãëÿäà¹òüñÿ ñêàëÿðíå ïñåâäîäèôåðåíöiàëüíå ðiâíÿííÿ ç
ñèìâîëîì ç ïðîñòîðó C∞−∞, ùî ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöi-
éîâíèõ ôóíêöié, ÿêõ çðîñòàþòü ñòåïåíåâèì ÷èíîì. Äëÿ òàêîãî ðiâíÿííÿ
çàçíà÷à¹òüñÿ êîíêðåòíèé âèä êðàéîâî¨ óìîâè, çà ÿêîþ êðàéîâà çàäà÷à
êîðåêòíà ó ïðîñòîði S. Êðiì òîãî, íàâåäåíî ïðèêëàä äèôåðåíöiàëüíî-
ðiçíiöåâîãî ðiâíÿííÿ òà êîíêðåòíi êðàéîâi óìîâè ç ïñåâäîäèôåðåíöiàëü-
íèì îïåðàòîðîì òèïó çãîðòêè, çà ÿêèõ äàíà êðàéîâà çàäà÷à, ¹ êîðåêòíîþ
ó ïðîñòîði S.

Ïîòiì ðîçãëÿäà¹òüñÿ ñèñòåìà äâîõ ïñåâäîäèôôåðåíöiàëüíèõ ðiâíÿíü iç
ñèìâîëàìè ç ïðîñòîðó C∞−∞ i äëÿ öi¹¨ ñèñòåìè äîâîäèòüñÿ iñíóâàííÿ êîð-
ðåêòíî¨ êðà¹âî¨ çàäà÷i â ïðîñòîði S. Ïðè äîâåäåííi âèêîðèñòîâó¹òüñÿ
ïåðåòâîðåííÿ Ôóð'¹ i çâåäåííÿ ñèñòåìè äî òðèêóòíîãî âèäó. Äëÿ öüîãî
âèïàäêó òàêîæ íàâåäåíî ïðèêëàä òàêî¨ ñèñòåìè òà âêàçàíèé êîíêðåòíèé
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âèä êðàéîâî¨ óìîâè, ïðè ÿêî¨ öÿ êðàéîâà çàäà÷à ¹ êîðåêòíîþ ó ïðîñòîði
S.

Òàêèì ÷èíîì, ó ðîáîòi äîâåäåíî, ùî äëÿ áóäü-ÿêîãî ïñåâäîäèôåðåíöi-
àëüíîãî ðiâíÿííÿ, à òàêîæ äëÿ ñèñòåìè äâîõ ïñåâäîäèôåðåíöiàëüíèõ
ðiâíÿíü çàâæäè iñíó¹ êîðåêòíà êðàéîâà çàäà÷à ó ïðîñòîði S, ïðè öüîìó
êðàéîâi óìîâè ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè. Òàêîæ âêàçàíî
àëãîðèòì ïîáóäîâè êîðåêòíèõ êðàéîâèõ óìîâ, ÿêi ¹ ïñåâäîäèôåðåíöi-
àëüíèìè îïåðàòîðàìè, ñèìâîëè ÿêiõ çàëåæàòü âiä ñìâîëiâ ïñåâäîäèôå-
ðåíöiàëüíèõ ðiâíÿíü.

Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à; ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ;

ïåðåòâîðåííÿ Ôóð'¹; òðèàíãóëÿöiÿ.

2010 Mathematics Subject Classi�cation: 35S15.

Ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ âñå ÷àñòiøå âèíèêàþòü ó çàñòîñóíêàõ òî-
ìó, ùî, çîêðåìà, ìiñòÿòü äèôåðåíöiàëüíî-ðiçíiöåâi ðiâíÿííÿ òà ðiâíÿííÿ ó
çãîðòêàõ [1, 2, 3, 4] .

Ïðîòå êîðåêòíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i çi ñòàëèìè êîåôiöi¹íòàìè
ìîæå íå iñíóâàòè äëÿ äåÿêèõ ðiâíÿíü [5]. Òîìó âèíèêà¹ íåîáõiäíiñòü ðîçãëÿ-
äó êðàéîâèõ óìîâ, ùî ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè. Ïîêàæåìî,
ùî â êëàñi òàêèõ çàäà÷ çàâæäè iñíóþòü êîðåêòíi êðàéîâi çàäà÷i ó ïðîñòîði
Ë. Øâàðöà S òà ó ïðîñòîðàõ ñêií÷åííî-ãëàäêèõ ôóíêöié, ÿêi çðîñòàþòü àáî
ñïàäàþòü ñòåïåíåâèì ÷èíîì.

Ðîçãëÿíåìî ïñåâäîäèôåðåíöiàëüíå ðiâíÿííÿ

∂u(x, t)

∂t
= A

(
∂

∂x

)
u(x, t), x ∈ Rn, t ∈ [0, T ]. (1)

B

(
∂

∂x

)
u(x, 0) + C

(
∂

∂x

)
u(x, T ) = ϕ(x), (2)

äå A
(
∂
∂x

)
, B

(
∂
∂x

)
, C

(
∂
∂x

)
� ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè ç ñèìâîëàìè

Ã(s), B̃(s), C̃(s) ç ïðîñòîðó C∞−∞, ùî ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöi-
éîâíèõ ôóíêöié ñòåïåíåâîãî çðîñòàííÿ [6].

Ïîêàæåìî, ùî äëÿ áóäü-ÿêîãî Ã(s) ∈ C∞−∞ çíàéäóòüñÿ òàêi B̃(s) ∈ C∞−∞
òà C̃(s) ∈ C∞−∞, ùî êðàéîâà çàäà÷à (1)�(2) áóäå êîðåêòíîþ ó ïðîñòîði S.

Âèêîíà¹ìî ïåðåòâîðåííÿ Ôóð'¹ çà ïðîñòîðîâèìè çìiííèìè

∂ũ(s, t)

∂t
= Ã(s)ũ(s, t),

B̃(s)ũ(s, 0) + C̃(s)ũ(s, T ) = ϕ̃(s).

Ðîçâ'ÿçîê òàêî¨ çàäà÷i ìà¹ âèãëÿä

ũ(s, t) = etÃ(s)
(
B̃(s) + C̃(s) expTÃ(s)

)−1
ϕ̃(s),(

B̃(s) + C̃(s) expTÃ(s)
)
6= 0, s ∈ Rn.
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Âiçüìåìî B̃(s) ≡ 1, C̃(s) = exp
(
−iT ImÃ(s)

)
∈ C∞−∞.

Ïîêàæåìî, ùî Q(s, t) = etÃ(s)
(

1 + expTReÃ(s)
)−1
∈ C∞−∞.

Öå íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ òà

|Q(s, t)| = etReÃ(s)
(

1 + expTReÃ(s)
)−1

ßêùî ReÃ(s) ≥ 0, òî

|Q(s, t)| ≤ e(t−T )ReÃ(s)
(
e−TReÃ(s) + 1

)−1
≤ 1.

ßêùî ReÃ(s) < 0, òî

|Q(s, t)| ≤ 1.

Îöiíèìî ïîõiäíi∣∣∣∣ ∂∂sjQ(s, t)

∣∣∣∣≤
∣∣∣∣∣etÃ(s)

(
1+eTÃ(s)

)−1
t
∂Ã(s)

∂sj

∣∣∣∣∣+
∣∣∣∣∣etÃ(s)

(
1+eTÃ(s)

)−2
eTÃ(s)T

∂Ã(s)

∂sj

∣∣∣∣∣ ,
òîáòî îáèäâà äîäàíêè çàäîâîëüíÿþòü ñòåïåíåâó îöiíêó.

Àíàëîãi÷íî îöiíþ¹ìî ïîõiäíi âèùîãî ïîðÿäêó
∂k

∂skj
Q(s, t).

Êîðåêòíiñòü äîâåäåíî.

Äîâåäåìî êîðåêòíiñòü êðàéîâî¨ çàäà÷i äëÿ íåîäíîðiäíîãî ðiâíÿííÿ.
Äëÿ öüîãî ðîçãëÿíåìî êðàéîâó çàäà÷ó äëÿ íåîäíîðiäíîãî ðiâíÿííÿ.

∂u(x, t)

∂t
= A

(
∂

∂x

)
u(x, t) + f(x, t), (3)

B

(
∂

∂x

)
u(x, 0) + C

(
∂

∂x

)
u(x, T ) = 0. (4)

Ïiñëÿ ïåðåòâîðåííÿ Ôóð'¹ öÿ çàäà÷à ïåðåéäå â íàñòóïíó:

∂ũ(s, t)

∂t
= Ã(s)ũ(s, t) + f̃(s, t), (5)

B̃(s)ũ(s, 0) + C̃(s)ũ(s, T ) = 0. (6)

Ôóíêöiÿ Ãðiíà äëÿ öi¹¨ çàäà÷i ìà¹ âèãëÿä

G(s, t, τ) =

{
Q(s, t)e−τÃ(s) · B̃(s) t > τ,

−Q(s, t)e(T−τ)Ã(s) · C̃(s) t < τ.

Ïîêàæåìî, ùî G(s, t, τ) ∈ C∞−∞ ïðè îáðàíèõ B̃(s) òà C̃(s).
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Ïðè t > τ |G(s, t, τ)| ≤ e(t−T−τ)ReÃ(s) ≤ 1 çà óìîâè ReÃ(s) ≥ 0.

ßêùî ReÃ(s) < 0, òî |G(s, t, τ)| ≤ e(T−τ)ReÃ(s) ≤ 1.

Ïðè t < τ |G(s, t, τ)| ≤ e(t−T+T−τ)ReÃ(s) ≤ 1 çà óìîâè ReÃ(s) ≥ 0.

ßêùî ReÃ(s) < 0, òî |G(s, t, τ)| ≤ e(t+T−τ)ReÃ(s) ≤ 1.
Òàêèì ÷èíîì, |G(s, t, τ)| ≤ 1.

Àíàëîãi÷íî îöiíöi ïîõiäíèõ Q(s, t) äîâîäèòüñÿ, ùî∣∣∣∣∂kG(s, t, τ)

∂sj

∣∣∣∣ ≤ Ck(1 + |s|)pk

Òîìó G(s, t, τ) ∈ C∞−∞. Îòæå, êðàéîâà çàäà÷à (3)�(4) ¹ êîðåêòíîþ ó ïðîñòîði
S.

Ðîçãëÿíåìî íàñòóïíèé ïðèêëàä.
Ïðèêëàä 1.

∂u(x, t)

∂t
= a

∂2u(x, t)

∂x2
+ bu(x+ h, t), x ∈ R, t ∈ [0, T ], a, b, h ∈ R.

Òóò Ã(s) = −as2 + beihs ∈ C∞−∞, ImÃ(s) = b sinhs.

Òîìó, ÿêùî âçÿòè B̃(s) = 1, C̃(s) = eiT b sinhs, òî êðàéîâà çàäà÷à ç óìîâîþ

u(x, 0) + C

(
∂

∂x

)
u(x, T ) = ϕ(s)

áóäå êîðåêòíîþ ó ïðîñòîði S.
Âîíà òàêîæ áóäå êîðåêòíîþ ó äâî¨ñòîìó ïðîñòîði S ′ òà êîðåêòíî ðîçâ'ÿçóâàíîþ
ó ïðîñòîðàõ Ñîáîëåâà-Ñëîáîäåöüêîãî Hs

l (äèâ. [6]).
Áiëüø òîãî, îñêiëüêè ôóíäàìåíòàëüíà ôóíêöiÿ

Q(s, t) = et(−as
2+beihs)

(
1 + eT (−as2+b coshs)

)−1

çàäîâîëüíÿ¹ îöiíêó

|Q(s, t)| ≤

{
C1e

−ats2 ïðè a > 0,

C2e
a(T−t)s2 ïðè a < 0,

òî ðîçâ'ÿçêè òàêî¨ êðàéîâî¨ çàäà÷i áóäóòü íåñêií÷åííî äèôåðåíöiéîâíèìè çà
x ïðè t ∈ (0, T ) (äèâ.[7]).

Ðîçãëÿíåìî ñèñòåìó ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü

∂u(x, t)

∂t
= A

(
∂

∂x

)
u(x, t) (7)

ç êðàéîâèìè óìîâàìè

B

(
∂

∂x

)
u(x, 0) + C

(
∂

∂x

)
u(x, T ) = ϕ(x), (8)
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äå ìàòðèöi Ã(s), B̃(s) òà C̃(s) ðîçìiðàìè 2× 2 íàëåæàòü ïðîñòîðó C∞−∞.

Íåõàé λ1(s) òà λ2(s) � âëàñíi çíà÷åííÿ ìàòðèöi

Ã(s) =

(
a11(s) a12(s)
a21(s) a22(s)

)
.

Ëåãêî ïîêàçàòè, ùî λ1(s) òà λ2(s) íàëåæàòü ïðîñòîðó C∞−∞.
Óíiòàðíà ìàòðèöÿ

T (s) =
1√

|a12(s)|2 + |λ1(s)− a11(s)|2

(
a12(s) a11(s)− λ1(s)

λ1(s)− a11(s) a12(s)

)

çâîäèòü ìàòðèöþ Ã(s) äî òðèêóòíîãî âèãëÿäó (äèâ. [8])

T ∗(s)Ã(s)T (s) =

(
λ1(s) q(s)

0 λ2(s)

)
,

äå ôóíêöiÿ q(s) âèðàæà¹òüñÿ ÷åðåç aij(s) i òàêîæ íàëåæèòü ïðîñòîðó C∞−∞.
Òîìó çàìiíà v(s, t) = T ∗(s)ũ(s, t) ïðèâåäå äî ñèñòåìè

dv1(s, t)

dt
= λ1(s)v1(s, t) + q(s)v2(s, t),

dv2(s, t)

dt
= λ2(s)v2(s, t).

(9)

ßêùî âçÿòè êðàéîâi óìîâè{
v1(s, 0) + e−iT Imλ1(s)v1(s, T ) = ψ1(s),

v2(s, 0) + e−iT Imλ2(s)v2(s, T ) = ψ2(s),
(10)

òî, çãiäíî ïîïåðåäíüîìó, v1(s, t) òà v2(s, t) áóäóòü íàëåæàòè ïðîñòîðó S, à îò-
æå, i ũ(s, t) ∈ S.
Òàêèì ÷èíîì, äîâåäåíî òåîðåìó.

Òåîðåìà 1. Äëÿ áóäü-ÿêî¨ ìàòðèöi Ã(s) ∈ C∞−∞ ðîçìiðó 2× 2 iñíóþòü òà-

êi ìàòðèöi B̃(s) òà C̃(s), ÿêi íàëåæàòü ïðîñòîðó C∞−∞, ùî êðàéîâà çàäà-
÷à (7) � (8) ¹ êîðåêòíîþ ó ïðîñòîði S.

Ïðèêëàä 2. Ðîçãëÿíåìî ñèñòåìó

∂u1(x1, x2, t)

∂t
= u2(x1, x2, t)

∂u2(x1, x2, t)

∂t
= 2

∂2u2(x1, x2, t)

∂x2
2

− 2
∂2u2(x1, x2, t)

∂x2
1

− ∂4u1(x1, x2, t)

∂x4
1

+

+ 2
∂4u1(x1, x2, t)

∂x2
1∂x

2
2

− ∂4u1(x1, x2, t)

∂x4
2

+
∂2u1(x1, x2, t)

∂x2
1

.
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Çàïèøåìî ìàòðèöþ öi¹¨ ñèñòåìè

Ã(s) =

(
0 1

−(s2
1 − s2

2)2 − s2
1 2(s2

1 − s2
2)

)
.

Õàðàêòåðèñòè÷íå ðiâíÿííÿ öi¹¨ ìàòðèöi ìà¹ âèãëÿä

λ2 − 2(s2
1 − s2

2)λ+ (s2
1 − s2

2)2 + s2
1 = 0,

à âëàñíi çíà÷åííÿ λ1,2(s) = s2
1 − s2

2 ± is1.

Îòæå, óíiòàðíà ìàòðèöÿ ïåðåõîäó T (s) äîðiâíþ¹

T (s) =
1√(

s2
2 − s2

1

)2
+ s2

1 + 1

(
1 s2

2 − s2
1 + is1

−s2
2 + s2

1 + is1 1

)
,

à ïiñëÿ çàìiíè v(s, t) = T ∗(s)ũ(s, t) ïåðåéäåìî äî òðèêóòíî¨ ñèñòåìè
dv1(s, t)

dt
=
(
s2

1 − s2
2 + is1

)
v1(s, t) + q(s)v2(s, t),

dv2(s, t)

dt
=
(
s2

1 − s2
2 − is1

)
v2(s, t)

ç êðàéîâèìè óìîâàìè{
v1(s, 0) + e−iT s1v1(s, T ) = ψ1(s),
v2(s, 0) + e+iT s1v2(s, T ) = ψ2(s),

äå ψ(s) = T ∗(s)ϕ̃(s). Öÿ êðàéîâà çàäà÷à áóäå êîðåêòíîþ ó ïðîñòîði S íà
ïiäñòàâi äîâåäåíî¨ âèùå òåîðåìè.

ßêùî âiä ïåðåòâîðåííÿ Ôóð'¹ ïîâåðíóòèñÿ äî âèõiäíèõ ôóíêöié, òî êðà-
éîâi óìîâè áóäóòü òàêèìè

u1(x1, x2, 0) + u1(x1 + T, x2, T ) = w1(x1, x2)
u2(x1, x2, 0) + u2(x1 − T, x2, T ) = w2(x1, x2),

äå w(x) = T ∗
(
∂

∂x

)
ϕ(x).

Âèñíîâîê

Ó ðîáîòi äîâåäåíî, ùî äëÿ áóäü-ÿêîãî ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ,
à òàêîæ äëÿ ñèñòåìè äâîõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü çàâæäè iñíó¹ êîðå-
êòíà êðàéîâà çàäà÷à ó ïðîñòîði S, ïðè öüîìó êðàéîâi óìîâè ìiñòÿòü ïñåâäî-
äèôåðåíöiàëüíi îïåðàòîðè. Êðiì òîãî, âêàçàíî àëãîðèòì ïîáóäîâè êîðåêòíèõ
êðàéîâèõ óìîâ.
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Two-point boundary value problem for systems of

pseudo-di�erential equations under boundary conditions

containing pseudodi�erential operators.

O. Makarov1, I. Nikolenko2

1Department of Applied Mathematics
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022

2Department of Arti�cial Intelligence and Software
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022

This paper deals with a two-point boundary value problem for pseudodi�erential equati-
ons and for systems of second order pseudodi�erential equations under boundary condi-
tions containing pseudodi�erential operators. The need to consider pseudodi�erential
operators is caused by two reasons, �rst, such equations appear more and more often in
applied problems, and second, by considering such equations, it is possible to achieve the
well-posedness of the boundary value problem in the Schwartz space S and in its dual
space.

First, we consider a scalar pseudodi�erential equation with a symbol belonging to the
space C∞−∞, consists of in�nitely di�erentiable functions of polinomial growth. For this
equation it is found of the boundary condition under which a speci�c type the boundary
value problem is well-posed in the space S. In addition, an example of a di�erential-
di�erence equation and a speci�c boundary condition with a convolution-type pseudo-
di�erential operator under which this boundary value problem is well-posed in the space
S are given.

Then we consider a system of two pseudodi�erential equations with symbols from
the space C∞−∞. For this system, we prove the existence of a well posed boundary value
problem in the space S. The Fourier transform and the reduction of the system to a
triangular form are used in the proof. In this case, we also give an example of a system
and a speci�c boundary condition under which this boundary value problem is correct
in the space S.

Thus, the work proves that for any pseudo-di�erential equation, as well as for a system
of two pseudo-di�erential equations, there is always a correct boundary value problem
in the S space, while the boundary conditions contain pseudo-di�erential operators.
The algorithm for constructing correct boundary conditions is also indicated. They are
pseudo-di�erential operators whose symbols depend on the symbols of pseudo-di�erential
equations.
Keywords: boundary-value problem; pseudodi�erential equations; Fourier

transform; triangulation.
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Cramer's rule for implicit linear di�erential equations

over a non-Archimedean ring

We consider a linear nonhomogeneous m-th order di�erential equation in a
ring of formal power series with coe�cients from some �eld of characteristic
zero. This equation has in�nite many solutions in this ring � one for each
initial condition of the corresponding Cauchy problem. These solutions can
be found using classical methods of di�erential equation theory.

Let us suppose the coe�cients of the equation and the coe�cients of
nonhomogeneity belong to some integral domain K. We are looking for a
solution in the form of a formal power series with coe�cients from this
integral domain. The methods of classical theory do not allow us to �nd out
whether there exists an initial condition that corresponds to the solution of
the coe�cients from K and do not allow �nd this initial condition.

To solve this problem, we use the method proposed by U. Broggi. This
method allows to �nd a formal solution of the linear nonhomogeneous di-
�erential equation in the form of some special series.

In previous articles, su�cient conditions for the existence and uniqueness of
a solution were found for a certain class of rings K with a non-Archimedean
valuation. If these conditions hold, the formal power series obtained using
the Broggi's method is considered. Its coe�cients are the sums of series that
converge in the non-Archimedean topology considered. It is shown that this
series is the solution from K[[x]] of our equation.

Note that this equation over a ring of formal power series can be considered
as an in�nite linear system of equations with respect to the coe�cients of
unknown formal power series. In this article it is proved that this system can
be solved by some analogue of Cramer's method, in which the determinants
of in�nite matrices are found as limits of some �nite determinants in the
non-Archimedean topology.

Keywords: di�erential equation; formal power series; Cramer's rule.
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1. Introduction

Let us consider m-th order linear di�erential equation with constant coe�ci-
ents

amw
(m)(x) + am−1w

(m−1)(x) + . . .+ a1w
′(x) + a0w(x) = f(x), am 6= 0. (1)

Let ai belong to an integral domain K, f(x) ∈ K[[x]] be a formal power series.
The equation (1) is called implicit if the element am is not invertible in K. We are
looking for the solution of the equation (1) from K[[x]]. In [1] it is proved that for
some conditions on K and on coe�cients ai this equation has a unique solution
from K[[x]].

Let F denote the quotient �eld of K. Using the classical di�erential equations
theory methods we are able to solve the Cauchy problem �nding the in�nitely
many solution from F [[x]] � one solution for each initial condition. However, the
form of these solutions does not allow us to �nd the unique solution from K[[x]]
[2, Ch.VII].

For this purpose we use the construction proposed by U. Broggi (see [3, �5,
22.1]). He looked for the solution of (1) as a series

w(x) =
∞∑
k=0

ckf
(k)(x), (2)

where coe�cients ck satis�es the equality

(ams
m + am−1s

m−1 + . . .+ a1s+ a0)−1 = c0 + c1s+ c2s
2 + c3s

3 + . . . . (3)

In [1] we use the non-Archimedean topology construction in some special ring
K to formulate conditions for the existence and uniqueness of a solution of equati-
on (1) in K[[x]]. We also write the coe�cients of formal power series solution in
the form of series converged with respect to the non-Archimedean topology. The
results from [1] are formulated in the Section 2 of this article.

Di�erential equation (1) can be regarded as an in�nite linear system of equati-
ons with respect to the coe�cients of the unknown series. In the present article
it is shown that the unique solution of the equation (1) from K[[x]] can be found
using an analogue to the Cramer's rule. For m = 1 and K = Zp it was proved in
[4]. The proof of the main result of this article is based on using the methods and
constructions of [5].

2. Preliminaries

Suppose (F, |·|) is a �eld of characteristic zero with a non-Archimedean valuati-
on | · | and K = {s ∈ F : |s| ≤ 1} is its valuation ring ([6, Ch.XII, �4]). Let us
consider the di�erential equation (1) where a0, a1, . . . , am ∈ K and f(x) ∈ K[[x]].
We are looking for the solutions of this equation from K[[x]].

In [1, Section 4, Theorems 4 and 5] su�cient conditions for the existence and
uniqueness of a solution in K[[x]] are found. Noticing that an element a ∈ K is
invertible if and only if |a| = 1, we can formulate these conditions in the following
way:
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Theorem 1. Let in equation (1) a0 be invertible and ai be non-invertible in K
for any 1 ≤ i ≤ m. Then this equation has no more than one solution in K[[x]].

If, in addition, F is complete with respect to | · |, then series (2) converges
by the topology of coe�cientwise convergence (see [7, Chapter 1, Section 3]) in
K[[x]] and the sum of this series solves (1).

Let wk denote the coe�cient of x
k of the unknown series w(x). The following

statement shows, that we can �nd the formulas for these coe�cients to write the
solution in the form w(x) =

∑∞
n=0wnx

n.

Remark 1. Suppose (2) converges by coe�cientwise topology. Let f(x) =∑∞
n=0 fnx

n. Then f (k)(x) =
∑∞

n=0
(n+k)!
n! fk+nx

n. Thus,

wn =
∞∑
k=0

ck
(n+ k)!

n!
fk+n, (4)

where these series converge with respect to | · |.

The following theorem shows that the invertibility of a0 is an important condi-
tion for the existence of a solution of (1).

Theorem 2. Suppose ai is non-invertible in K for all 1 ≤ i ≤ m. If equation (1)
has a solution in K[[x]] for every f(x) ∈ K[[x]], then a0 is invertible.

Proof. Since (1) has a solution for any f(x), then for f(x) = 1 also. Writing the

degree zero coe�cient, we get
∑m

j=1 j!ajwj+a0w0 = 1. Since |aj | < 1, |wj | ≤ 1 for

any 1 ≤ j ≤ m, then
∑m

j=1 j!ajwj is non-invertible element of K. Since valuation

is non-Archimedean, then the sum of two non-invertible elements of K is non-
invertible, that is K is local. Therefore 1 −

∑m
j=1 j!ajwj = a0w0 is invertible.

Since K is commutative, then a0 is invertible.
The proof is complete.
Note that in some cases the equation (1) has a unique solution in K[[x]] even

if a0 is not invertible.
Example. Let K = Z and m = 1. For any non-zero coe�cients a0, a1 ∈ Z

if f(x) = a1 + a0x, then the equation a1w
′(x) + a0w(x) = f(x) has a solution

w(x) = x. Moreover, this solution is unique, that is the homogeneous equation
a1w

′(x) + a0w(x) = 0 has only trivial solution. Indeed, if w(x) =
∑∞

n=0wnx
n is

a solution of this equation, then a1nwn = −a0wn−1. Hence for any n ≥ 1 we get
n!an1wn = (−1)nan0w0. Let p denote some prime, that is not divisor of a0. Then
for any j there exists n such that n! is divisible by pj . Thus w0 is divisible by p

j

for any j. It is impossible for any integer w0 6= 0.

3. Main result

Now suppose a0 is invertible. Without loss of generality we can assume a0 = 1.
Then the sequence {ck} that is found by equality (3) satis�es the following system:
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
c0 = 1

c0 +
∑j−1

i=0 aicj−i = 0, j = 1, 2, 3, . . . ,m∑m
i=0 aicj−i = 0, j = m+ 1,m+ 2, . . .

. (5)

Let us rewrite (1) as an in�nite linear system of equations. For any k =
0, 1, 2, . . ., extracting coe�cients of xk, we get

a0wk+a1
(k + 1)!

k!
wk+1 + . . .+aj

(k + j)!

k!
wk+j+ . . .+am

(k +m)!

k!
wk+m = fk, (6)

where w(x) =
∑∞

k=0wnx
n.

By de�nition, put ai = 0 for any i > m. Then in the matrix form this system
of equations can be written as Aw = f , where

A =



1 a1 2a2 3!a3 4!a4 5!a5 · · ·
0 1 2a1 3!a2 4!a3 5!a4 · · ·
0 0 1 3!

2 a1
4!
2 a2

5!
2 a3 · · ·

0 0 0 1 4!
3!a1

5!
3!a2 · · ·

0 0 0 0 1 5!
4!a1 · · ·

...
...

...
...

...
...

. . .


and f =



f0

f1

f2

f3

f4

f5
...


. (7)

That is A ia an upper triangular matrix that has the terms αij =
(j − 1)!

(i− 1)!
aj−i

for any 0 ≤ i ≤ j and αij = 0 for any 0 < j < i.
Similarly as in [5] for any n ≥ 0 let An be obtained from the matrix An

by replacing the (n + 1)-th column with the vector f . For any j ≥ 0 by ∆̃j

(respectively, ∆̃n,j) denote the principal corner minor of the (j + 1)-th order of
the matrix A (respectively, An).

Theorem 3. Suppose F is a complete �eld of characteristic zero with a non-
Archimedean valuation | · |, K is the valuation ring of F , a0 = 1 and |ai| < 1 for
any 1 ≤ i ≤ m. Then equation (1) has a unique solution

w(x) =
∞∑
n=0

wnx
n

from K[[x]]. The coe�cients of this solution can be found using Cramer's rule:

wn =
detAn
detA

= detAn, n = 0, 1, 2, . . . , (8)

where the determinants are de�ned as following limits in K with respect to the
valuation | · |:

detA = lim
r→∞

∆̃r

detAn = lim
r→∞

∆̃n,r, n = 1, 2, 3, . . .



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì95 (2022) 43

Proof. Note that ∆̃r = 1 for any r, so detA = 1. By Theorem 1 equation (1)
has a unique solution over K in the form (2). Let us show that detAn = wn.

Let B̃r denote the determinant

B̃r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 2a2 3!a3 4!a4 5!a5 · · · r!ar

1 2a1 3!a2 4!a3 5!a4 · · · r!ar−1

0 1 3!
2 a1

4!
2 a2

5!
2 a3 · · · r!

2 ar−2

0 0 1 4!
3!a1

5!
3!a2 · · · r!

3!ar−3

0 0 0 1 5!
4!a1 · · · r!

4!ar−4
...

...
...

...
...

. . .
...

0 0 0 0 0 . . . r!
(r−1)!a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (9)

Let us consider

∆̃0,r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f0 a1 2a2 3!a3 4!a4 5!a5 · · · r!ar

f1 1 2a1 3!a2 4!a3 5!a4 · · · r!ar−1

f2 0 1 3!
2 a1

4!
2 a2

5!
2 a3 · · · r!

2 ar−2

f3 0 0 1 4!
3!a1

5!
3!a2 · · · r!

3!ar−3

f4 0 0 0 1 5!
4!a1 · · · r!

4!ar−4
...

...
...

...
...

...
. . .

...

fr−1 0 0 0 0 0 . . . r!
(r−1)!a1

fr 0 0 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Decomposing it relative to the �rst column, we get

∆̃0,r = f0−f1a1+f2

∣∣∣∣∣a1 2a2

1 2a1

∣∣∣∣∣−f3

∣∣∣∣∣∣∣
a1 2a2 3!a3

1 2a1 3!a2

0 1 3!
2 a1

∣∣∣∣∣∣∣+f4

∣∣∣∣∣∣∣∣∣
a1 2a2 3!a3 4!a4

1 2a1 3!a2 4!a3

0 1 3!
2 a1

4!
2 a2

0 0 1 4!
3!a1

∣∣∣∣∣∣∣∣∣+. . . =

= f0 − f1a1 + f2B̃2 − f3B̃3 + f4B̃4 − . . . = f0 −
r∑
i=1

(−1)i−1fiB̃i. (10)

In [5] the determinants

Br =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a2 a3 a4 · · · ar
1 a1 a2 a3 · · · ar−1

0 1 a1 a2 · · · ar−2

0 0 1 a1 · · · ar−3
...

...
...

...
. . .

...
0 0 0 0 . . . a1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(11)

are consedered and there is proved that Br = (−1)rcr, where the secuence {cr} is
a solution of (5).
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Note that

B̃r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 2a2 3!a3 4!a4 · · · k!ar

1 2a1 3!a2 4!a3 · · · r!ar−1

0 1 3!
2 a1

4!
2 a2 · · · r!

2 ar−2

0 0 1 4!
3!a1 · · · r!

3!ar−3
...

...
...

...
. . .

...

0 0 0 0 . . . r!
(r−1)!a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3! · . . . · r! ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a2 a3 a4 · · · ar

1 a1 a2 a3 · · · ar−1

0 1
2

1
2a1

1
2a2 · · · 1

2ar−2

0 0 1
3!

1
3!a1 · · · 1

3!ar−3
...

...
...

...
. . .

...

0 0 0 0 . . . 1
(r−1)!a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=
2 · 3! · . . . · r!

2 · 3! · . . . · (r − 1)!
Br = r!Br. (12)

Then B̃r = r!(−1)rcr. Hence

∆̃1,r = f0 −
r∑
i=1

(−1)i−1fiB̃i = f0 +
r∑
i=1

fii!ci =
r∑
i=0

fii!ci. (13)

Thus

detA0

detA
=

limr→∞ ∆̃0,r

limr→∞ ∆̃r

= lim
r→∞

r∑
i=0

i!fici =

∞∑
i=0

i!fici. (14)

It coincides to the w0 found in Remark 1.

Let us now consider An for any n ≥ 1 and its minor of i-th order ∆̃n,i−1. We
are interested in the limit by i, so it is enough to consider i such that i > n and
i > m. Then the principal corner minor ∆̃n,i−1 is equal to
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

nA

f0 (n+ 1)!an+1 · · · m!am 0 · · · ∗
f1 (n+ 1)!an · · · m!am−1 (m+ 1)!am · · · ∗
f2

(n+1)!
2 an−1 · · · m!

2 am−2
(m+1)!

2 am−1 · · · ∗
...

...
. . .

...
...

. . .
...

fn−2
(n+1)!
(n−2)!a3 · · · m!

(n−2)!am−n+2
(m+1)!
(n−2)! am−n+3 · · · ∗

fn−1
(n+1)!
(n−1)!a2 · · · m!

(n−1)!am−n+1
(m+1)!
(n−1)! am−n+2 · · · ∗

. . .
...

0
...

. . .

fn (n+ 1)a1 · · · m!
n! am−n

(m+1)!
n! am−n+1 · · · ∗

fn+1 1 · · · m!
(n+1)!am−n−1

(m+1)!
(n+1)! am−n · · · ∗

fn+2 0 · · · m!
(n+2)!am−n−2

(m+1)!
(n+2)! am−n−1 · · · ∗

...
...

. . .
...

...
. . .

...

fi−1 0 · · · 0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where the last i-th column is (0, · · · , 0, (i−1)!
(i−m−1)!am, · · · ,

(i−1)!
(i−3)!a2,

(i−1)!
(i−2)!a1, 1)>

and nA is the square submatrix of A formed by deleting all rows an columns
except the �rst n− 1 ones.

We see that its determinant ∆̃n,i−1 equals∣∣∣∣∣∣∣∣∣∣∣∣∣

fn (n+ 1)a1
(n+2)!
n! a2 · · · m!

n! am−n · · · (i−1)!
n! ai−n−1

fn+1 1 (n+ 2)a1 · · · m!
(n+1)!am−n−1 · · · (i−1)!

(n+1)!ai−n−2

fn+2 0 1 · · · m!
(n+2)!am−n−2 · · · (i−1)!

(n+2)!ai−n−3

...
...

...
. . .

...
. . .

...

fi−1 0 0 · · · 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (15)

Set B̌0 = 1 and

B̌r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(n+ 1)a1
(n+2)!
n! a2

(n+3)!
n! a3

(n+4)!
n! a4 · · · (n+r)!

n! ar

1 (n+ 2)a1
(n+3)!
(n+1)!a2

(n+4)!
(n+1)!a3 · · · (n+r)!

(n+1)!ar−1

0 1 (n+ 3)a1
(n+4)!
(n+2)!a2 · · · (n+r)!

(n+2)!ar−2

0 0 1 (n+ 4)a1 · · · (n+r)!
(n+3)!ar−3

...
...

...
...

. . .
...

0 0 0 0 . . . (n+ r)a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (16)
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Then, decomposing ∆̃n,i−1 relative to the �rst column, we obtain

∆̃n,i−1 =
i−n∑
s=1

(−1)s−1fn+s−1B̌s−1. (17)

Note that B̌r = (n+1)!·(n+2)!·...·(n+r)!
n!·(n+1)!·...·(n+r−1)! Br = (n+r)!

n! Br. Therefore

∆̃n,i−1 =

i−n∑
s=1

(−1)s−1fn+s−1
(n+ s− 1)!

n!
Bs−1 =

i−n−1∑
s=0

fn+s
(n+ s)!

n!
cs.

Then

lim
i→∞

∆̃n,i =
∞∑
s=0

fn+s
(n+ s)!

n!
cs = wn.

The proof is complete.

Remark 2. Equality (12) shows the connection between the determinants consi-
dered and the determinants constructed in the similar situation for the m-th order
implicit linear di�erence equation considered in [5].

Remark 3. By [1, Corollary 3] under the conditions of Theorem 3 for the second
order equation a2w

′′(x) + a1w
′(x) +w(x) = f(x) the solution can be found by the

following explicit formula:

w(x) =
∞∑
n=0

 ∞∑
j=0

(j + n)!

n!
fn+j

[ j
2

]∑
i=0

(−1)j−i
(
j − i
i

)
aj−2i

1 ai2

xn.

By Theorem 3 the solution of this equation can be found using the Cramer`s rule

wn = detAn = lim
r→∞

∆̃n,r, n = 0, 1, 2, . . .

It means that for

A =



1 a1 2a2 0 0 0 · · ·
0 1 2a1 6a2 0 0 · · ·
0 0 1 3a1 12a2 0 · · ·
0 0 0 1 4a1 20a2 · · ·
0 0 0 0 1 5a1 · · ·
...

...
...

...
...

...
. . .


(18)

the determinant of the matrix formed by replacing the (n+ 1)-th column of A by
the column vector f we can �nd in the following form:

detAn =

∞∑
j=0

(j + n)!

n!
fn+j

[ j
2

]∑
i=0

(−1)j−i
(
j − i
j

)
aj−2i

1 ai2.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì95 (2022) 47

Acknowledgement. The research was supported by the National Research
Foundation of Ukraine funded by Ukrainian State budget in frames of project
2020.02/0096 �Operators in in�nite-dimensional spaces: the interplay between
geometry, algebra and topology�.

REFERENCES

1. S. Gefter, A. Goncharuk, Linear Di�erential Equation with Formal Power Seri-
es Non-Homogeneity Over a Ring with a Non-Archimedean Valuation, ArXiv.
� 2021. � DOI: 10.48550/ARXIV.2112.02528.

2. H. Cartan. Elementary Theory of Analytic Functions of One or Several
Complex Variables, Dover Books on Mathematics. � 2013. Courier Corporati-
on, 228 p.

3. E. Kamke. Di�erentialgleichungen L�osungsmethoden und L�osungen. � 2013.
(in German) DOI: 10.1007/978-3-663-05925-7.

4. S. Gefter, A. Goncharuk. Generalized backward shift operators on the ring
Z[[x]], Cramer's rule for in�nite linear systems, and p-adic integers. In: A.
B�ottcher, D. Potts, P. Stollmann, D. Wenzel (eds) The Diversity and Beauty
of Applied Operator Theory. Operator Theory: Advances and Applications,
Vol. 268, Birkh�auser, Cham. � 2018. � P. 247-259. DOI: 10.1007/978-3-319-
75996-8_13.

5. A. B. Goncharuk, Implicit linear di�erence equations over a non-Archimedean
ring, Visnyk of V. N. Karazin Kharkiv National University, Ser. Mathematics,
Applied Mathematics and Mechanics. � 2021. � Vol. 93. � P. 18�33. DOI:
10.26565/2221-5646-2021-93-03.

6. S. Lang. Algebra. � 2002. DOI: 10.1007/978-1-4613-0041-0.

7. H. Grauert, R. Remmert. Analytische Stellenalgebren (in German), Ser. �Die
Grundlehren der mathematischen Wissenschaften�. � 1971. DOI: 10.1007/978-
3-642-65033-8.

Article history: Received: 15 June 2022; Final form: 22 June 2022
Accepted: 26 June 2022.

How to cite this article:

A. Goncharuk, Cramer's rule for implicit linear di�erential equations over a
non-Archimedean ring, Visnyk of V. N. Karazin Kharkiv National University. Ser.
Mathematics, Applied Mathematics and Mechanics, Vol. 95, 2022, p. 39�48. DOI:
10.26565/2221-5646-2022-95-04

https://doi.org/10.48550/ARXIV.2112.02528
https://doi.org/10.1007/978-3-663-05925-7
https://doi.org/10.1007/978-3-319-75996-8_13
https://doi.org/10.1007/978-3-319-75996-8_13
https://doi.org/10.26565/2221-5646-2021-93-03
https://doi.org/10.26565/2221-5646-2021-93-03
https://doi.org/10.1007/978-1-4613-0041-0
https://doi.org/10.1007/978-3-642-65033-8
https://doi.org/10.1007/978-3-642-65033-8


48 A. Goncharuk

Ïðàâèëî Êðàìåðà äëÿ íåÿâíîãî ëiíiéíîãî äèôåðåíöiàëüíîãî

ðiâíÿííÿ íàä íåàðõiìåäîâèì êiëüöåì

À. Á. Ãîí÷àðóê
Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè 4, Õàðêiâ, 61022, Óêðà¨íà

Ðîçãëÿíåìî ëiíiéíå íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ m-ãî ïîðÿäêó ó êiëüöi
ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ ç êîåôiöi¹íòàìè ç äåÿêîãî ïîëÿ íóëüîâî¨ õàðàêòåðè-
ñòèêè. Òàêå ðiâíÿííÿ ìà¹ íåñêií÷åííî áàãàòî ðîçâ' ÿçêiâ ó öüîìó êiëüöi � ¹äèíèé
ðîçâ' ÿçîê äëÿ êîæíî¨ ïî÷àòêîâî¨ óìîâè âiäïîâiäíî¨ çàäà÷i Êîøi. Öi ðîçâ' ÿçêè ìî-
æóòü áóòè çíàéäåíi çà äîïîìîãîþ êëàñè÷íèõ ìåòîäiâ òåîði¨ äèôåðåíöiàëüíèõ ðiâ-
íÿíü.

Ðîçãëÿíåìî òàêå ðiâíÿííÿ ó âèïàäêó, êîëè êî¹ôiöi¹íòè ðiâíÿííÿ i êîåôiöi¹íòè
íåîäíîðiäíîñòi íàëåæàòü äî äåÿêî¨ îáëàñòi öiëiñíîñòi K i áóäåìî øóêàòè ðîçâ' ÿçîê
ó âèãëÿäi ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó ç êîåôiöi¹íòàìè ç öi¹¨ îáëàñòi öiëiñíîñòi.
Ìåòîäè êëàñè÷íî¨ òåîði¨ íå äàþòü íàì çìîãè ç'ÿñóâàòè, ÷è iñíóâàòèìå ïî÷àòêîâà
óìîâà, ùî âiäïîâiäà¹ ðîçâ' ÿçêó ç êîåôiöi¹íòàìè iç K i ÿêà ñàìå.

Äëÿ ðîç' âÿçàííÿ öi¹¨ çàäà÷è ìè êîðèñòó¹ìîñÿ ìåòîäîì, ùî áóâ çàïðîïîíîâàíèé ó
ðîáîòi Ó. Áðîääæi, ÿêèé çíàõîäèòü ôîðìàëüíèé ðîçâ' ÿçîê ëiíiéíîãî íåîäíîðiäíîãî
äèôåðåíöiàëüíîãî ðiâíÿííÿ ó âèãëÿäi äåÿêîãî ñïåöiàëüíîãî ðÿäó.

Ó ïîïåðåäíiõ ðîáîòàõ çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi òàêîãî
ðîçâ'ÿçêó äëÿ äåÿêîãî êëàñó êiëåöü K ç íåàðõiìåäåâèì íîðìóâàííÿì. Ó âèïàäêó
âèêîíàííÿ öèõ óìîâ ðîçãëÿíóòî ôîðìàëüíèé ñòåïåíåâèé ðÿä, îòðèìàíèé çà äîïî-
ìîãîþ ìåòîäó Áðîääæi. Êîåôiöi¹íòàìè öüîãî ðÿäó ¹ ñóìè ðÿäiâ, ÿêi çáiãàþòüñÿ ó
ðîçãëÿíóòié íåàðõiìåäîâié òîïîëîãi¨ äî åëåìåíòiâ iç êiëüöÿ K. Ïîêàçàíî, ùî öåé ðÿä
¹ ðîçâ' ÿçêîì íàøîãî ðiâíÿííÿ ó êiëüöi K[[x]].

Âàðòî âiäìiòèòè, ùî òàêå ðiâíÿííÿ ó êiëüöi ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ ìîæíà
ðîçãëÿäàòè ÿê íåñêií÷åííó ëiíiéíó ñèñòåìó ðiâíÿíü âiäíîñíî êîåôiöi¹íòiâ íåâiäîìî-
ãî ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó. Â öié ñòàòòi äîâåäåíî, ùî öþ ñèñòåìó ìîæíà
ðîçâ'ÿçóâàòè çà äîïîìîãîþ äåÿêîãî àíàëîãó ìåòîäó Êðàìåðà, â ÿêîìó âèçíà÷íèêè
íåñêií÷åííèõ ìàòðèöü çíàõîäÿòüñÿ ÿê ãðàíèöi ñêií÷åííèõ âèçíà÷íèêiâ ó íåàðõiìå-
äîâié òîïîëîãi¨.
Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíå ðiâíÿííÿ; ôîðìàëüíi ñòåïåíåâi ðÿäè; ïðà-

âèëî Êðàìåðà.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 15 ÷åðâíÿ 2022; îñòàííié âàðiàíò: 22 ÷åðâíÿ 2022
ïðèéíÿòà: 26 ÷åðâíÿ 2022.



Ïðàâèëà äëÿ àâòîðiâ

¾Âiñíèêà Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó

iìåíi Â. Í. Êàðàçiíà¿,

Cåðiÿ ¾Ìàòåìàòèêà, ïðèêëàäíàÿ ìàòåìàòèêà i ìåõàíiêà¿

Ðåäàêöiÿ ïðîñèòü àâòîðiâ ïðè íàïðàâëåííi ñòàòåé êåðóâàòèñÿ íàñòóïíèìè
ïðàâèëàìè.

1. Â æóðíàëi ïóáëiêóþòüñÿ ñòàòòi, ùî ìàþòü ðåçóëüòàòè ìàòåìàòè÷íèõ
äîñëiäæåíü (àíãëiéñüêîþ àáî óêðà¨íñüêîþ ìîâàìè).

2. Ïîäàííÿì ñòàòòi ââàæà¹òüñÿ îòðèìàííÿ ðåäàêöi¹þ ôàéëiâ ñòàòòi
îôîðìëåíèõ ó ðåäàêòîði LATEX (âåðñiÿ 2e), àíîòàöié, âiäîìîñòåé ïðî àâòîðiâ
òà àðõiâà, ùî âêëþ÷à¹ LATEX ôàéëè ñòàòòi òà ôàéëè ìàëþíêiâ. Ôàéë-çðàçîê
îôîðìëåííÿ ñòàòòi ìîæíà çíàéòè â ðåäàêöi¨ æóðíàëó òà íà âåá-ñòîðiíöi
(http://vestnik-math.univer.kharkov.ua).

3. Ñòàòòÿ ïîâèííà ïî÷èíàòèñÿ ç ðîçøèðåíî¨ àíîòàöi¨ (îáñÿãîì íå ìåíø

íiæ 1800 çíàêiâ), â ÿêié ïîâèííi áóòè ÷iòêî ñôîðìóëüîâàíi ìåòà òà ðå-
çóëüòàòè ðîáîòè. Àíîòàöiÿ ïîâèííà áóòè òi¹þ ìîâîþ (àíãëiéñüêîþ àáî óêðà-
¨íñüêîþ), ÿêîþ ¹ îñíîâíèé òåêñò ñòàòòi. Çàêîðäîííi àâòîðè ìîæóòü çâåð-
íóòèñÿ äî ðåäàêöi¨ çà äîïîìîãîþ ç ïåðåêëàäîì àíîòàöié íà óêðà¨íñüêó ìî-
âó. Ïîâèííi áóòè íàâåäåíi ïðiçâèùà, iíiöiàëè àâòîðiâ, íàçâà ðîáîòè, êëþ÷îâi
ñëîâà òà íîìåð çà ìiæíàðîäíîþ ìàòåìàòè÷íîþ êëàñèôiêàöi¹þ (Mathemati-
cs SubjectClassi�cation 2010). Àíîòàöiÿ íå ïîâèííà ìàòè ïîñèëàíü íà ëiòåðà-
òóðó ÷è ìàëþíêè. Íà ïåðøié ñòîðiíöi âêàçó¹òüñÿ íîìåð ÓÄÊ êëàñèôiêàöi¨.
Â êiíöi ñòàòòi òðåáà äîäàòè ïåðåêëàä àíîòàöi¨ (îáñÿãîì íå ìåíø íiæ 1800

çíàêiâ) íà äðóãó ìîâó (àíãëiéñüêó ÷è óêðà¨íñüêó).
4. Ñïèñîê ëiòåðàòóðè ïîâèíåí áóòè îôîðìëåíèé ëàòèíñüêèì øðèôòîì.

Ïðèêëàäè îôîðìëåííÿ ñïèñêà ëiòåðàòóðè:

1. A.M. Lyapunov. A new case of integrability of di�erential equations of motion
of a solid body in liquid, Rep. Kharkov Math. Soc., � 1893. � 2. V.4. � P. 81-85.

2. A.M. Lyapunov. The general problem of the stability of motion. 1892. Kharkov
Mathematical Society, Kharkov, 251 p.

5. Êîæíèé ìàëþíîê ïîâèíåí áóòè ïðîíóìåðîâàíèé òà ïðåäñòàâëåíèé
îêðåìèì ôàéëîì â îäíîìó ç ôîðìàòiâ: EPS, BMP, JPG. Â ôàéëi ñòàòòi ìàëþ-
íîê ïîâèíåí áóòè âñòàâëåíèé àâòîðîì. Ïiä ìàëþíêîì ïîâèíåí áóòè ïiäïèñ.
Íàçâè ôàéëiâ ìàëþíêiâ ïîâèííi ïî÷èíàòèñü ç ïðèçèùà ïåðøîãî àâòîðà.

6. Âiäîìîñòi ïðî àâòîðiâ ïîâèííi ìiñòèòè: ïðiçâèùà, iìåíà, ïî áàòüêîâi,
ñëóæáîâi àäðåñè òà íîìåðè òåëåôîíiâ, íàóêîâèé ñòóïiíü, ïîñàäó, àäðåñè åëå-
êòðîííèõ ñêðèíüîê òà iíôîðìàöiþ ïðî íàóêîâi ïðîôàéëè àâòîðiâ (orcid.org,
www.researcherid.com, www.scopus.com) ç âiäïîâiäíèìè ïîñèëàíÿìè. Ïðîõàí-
íÿ òàêîæ ïîâiäîìèòè ïðiçâèùå àâòîðà, ç ÿêèì òðåáà âåñòè ëèñòóâàííÿ.

7. Ðåêîìåíäó¹ìî âèêîðèñòîâóâàòè â ÿêîñòi çðàçêà îôîðìëåííÿ îñòàííi
âèïóñêè æóðíàëó (vestnik-math.univer.kharkov.ua/currentv.htm).

8. Ó âèïàäêó ïîðóøåííÿ ïðàâèë îôîðìëåííÿ ðåäàêöiÿ íå áóäå ðîçãëÿäàòè
ñòàòòþ.

Åëåêòðîííà ñêðèíüêà: vestnik-khnu@ukr.net
Åëåêòðîííà àäðåñà â Iíòåðíåòi: http://vestnik-math.univer.kharkov.ua

https://mathscinet.ams.org/msc/msc2010.html
https://mathscinet.ams.org/msc/msc2010.html
http://www.udcsummary.info/php/index.php?lang=en
https://orcid.org/
http://www.researcherid.com/Home.action
https://www.scopus.com/search/form.uri?display=basic
http://vestnik-math.univer.kharkov.ua/currentv.htm
http://vestnik-math.univer.kharkov.ua
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